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ABSTRACT

ANALYTICAL AND COMPUTATIONAL APPROACHES
IN MECHANICS OF COMPOSITE MATERIALS
By
Peiying Sheng

This thesis consists of two parts. In the first part, we analyze elastic fields of a half
space having a spherical inclusion. The half-space is subjected to either a remote shear
stress parallel to its plane boundary or to a uniform shear eigenstrain in the inclusion. The
interface between the inclusion and the surrounding matrix is either perfectly bonded or is
allowed to slide (slip) without friction. We obtain an analytical solution using displace-
ment potentials in forms of integrals and infinite series.

In the second part, we study the effective moduli and damage formation in out-of-
plane elasticity (or, equivalently, two-dimensional conductivity) of matrix-inclusion com-
posite materials with either randomly or periodically distributed inclusions (fibers) by a
computational approach based on a finite difference spring-network scheme. Damage evo-
lution is simulated by sequentially removing/breaking springs (bonds) in this lattice in
accordance with the evolving state of stress/strain concentrations. The composite systems
are characterized by two parameters: stiffness ratio and strength ratio of both phases. In
particular we investigate the following aspects: basic classification of effective constitu-
tive responses, geometric patterns of damage, varying degrees of randomness of the inclu-

sions’ arrangements, and mesh resolution of continuum phases.
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CHAPTER 1

A SPHERICAL INCLUSION
IN AN ELASTIC HALF-SPACE
UNDER SHEAR

1. INTRODUCTION

1.1 INTRODUCTION

When an inclusion is present in a matrix and a loading is applied, the elastic fields
are disturbed in the vicinity of the inclusion. These stresses depend on a number of fac-
tors: the geometry and location of the inclusion, the elastic constants of the inclusion and
the matrix, the boundary conditions at the matrix-inclusion interface, the loading, and
other.

Inclusion problems have been addressed by many researchers. For a review of liter-
ature in this area see Mura (1987). Most of these studies, however, considered the cases
when the inclusion is embedded in an infinitely extended material and the matrix-inclu-
sion interface is perfectly bonded.

The elasticity problem of a half-space with a spherical (or spheroidal) inclusion or
cavity has been studied by several researchers. Among them, Tsuchida and Nakahara

(1970, 1972) solved the problem of a semi-infinite elastic body with a spherical cavity



subjected to a remote all-around tension or a uniform pressure on either the surface of cav-
ity or on the plane boundary. Tsutsui and Saito (1973) solved the problem of a semi-infi-
nite body containing a perfectly bonded spherical inhomogeneity under all around tension,
while Tsuchida and Mura (1983) considered a similar problem involving a spheroidal
inhomogeneity. Other related papers are due to Atsumi and Itou (1974), Tsuchida et al.
(1973), Tsuchida et al. (1982), and Yu and Sanday (1990). The problem of an ellipsoidal
inclusion, having same elastic constants as the matrix and subjected to dilatational strains
was solved by Seo and Mura (1979), and the same problem but involving a spherical
inclusion was studied by Mindlin and Cheng (1950) and Wachtman and Dundurs (1971).
All the above works were restricted to axisymmetric cases. Tsuchida and Nakahara
(1974), using a combination of Boussinesq, Neuber and Dougall displacement potentials,
solved an asymmetric problem of a spherical cavity in a half space subjected to either a
uniaxial tension or a pure shear. Recently, Jasiuk et al. (1991) solved the problem of a
half space containing a sliding spheroidal inclusion under either an axisymmetric remote
tension or an eigenstrain loading.

The corresponding two dimensional problems involving a half-plane include: a hole
under a uniaxial tension solved by Jeffery (1920) and Mindlin (1948), an inclusion sub-
jected to an eigenstrain loading considered by Richardson (1969), and a circular perfectly
bonded inclusion under a remote uniaxial tension studied by Saleme (1958) and Shioya
(1967). Also, Lee et al. (1992) addressed the case of a sliding circular inclusion in a half-
plane under either a remote uniaxial tension or an eigenstrain loading.

In this thesis, we investigate the joint effect of a traction free-plane boundary and a
sliding spherical inclusion embedded in a half-space. The inclusion is subjected to either
aremote pure shear stress parallel to the plane boundary or a pure shear eigenstrain in the
inclusion. The interface between the inclusion and the matrix is either perfectly bonded or
allows slip without friction (shear tractions are zero) while maintaining continuity of nor-

mal displacement and tractions. This study is related to earlier works involving a spheroi-



dal sliding inclusion under shear embedded in an infinite matrix (Jasiuk er al., 1987,

Sheng, 1992).

1.2 PROBLEM STATEMENT

We consider a semi-infinite elastic material containing a spherical inclusion of radius
a, having different elastic constants than those of the matrix, as shown in Fig.1. The load-
ing is either a uniform pure shear stress, parallel to the plane boundary, applied at infinity,
or an eigenstrain loading of shear type in the inclusion.

These loading conditions can be expressed as

OXX = _6\\ = po (x’ .y - oo)
(hH
exx = -—E'\_.‘. =€ (in Q )

*

* *
where C,, o_‘,), are stresses, £ , E)‘)‘ are eigenstrains, and Po and € are constants. In
our notation we use a bar to denote quantities in the inclusion.

In the solution we use all three coordinate systems, Cartesian (x, y, z), cylindri-

cal (r, 0, z) and spherical (R, 8, @) . The relations among these coordinate systems are

X = rcos® = RsingcosO

y = rsin® = Rsin@sin® (2

N
n

Rcoso

We let the origin of coordinates be at the center of the spherical inclusion and the
positive direction of the z-axis be downward and, without the loss of generality, we take

the perpendicular distance from the origin of the inclusion to the traction-free surface as



unity so that the plane boundary is located at z = -1.
The boundary conditions are as follows:

1. tractions at infinity (x, y — o) are

O, = —O"‘.)_I = Py 3)

for a remote shear loading, and vanishing tractions at infinity for an eigenstrain case,

2. the traction-free condition on the plane surface (z =-1)

o::l:__l =0

o_r| =0 4)
lr=-l

0:9! =0

(r=a)
“Rlpoa = "y,
“olg o = Pols -
“ole-a = ole-a
ORkly o = ORrly ®



or frictionless sliding at the interface with no separation in the normal direction (pure slid-

ing)
“Rlg o = PRlg
0R9|R=a =0 | (6)
%rolg_, = O
Opol, . =0
Orolgoq = °

In the above expressions, u; and G,; represent displacements and stresses, respectively.



2. METHOD OF SOLUTION

2.1 ELASTICITY THEORY IN THREE-DIMENSIONS

The problem considered in this thesis is solved by using the displacement poten-

tials approach. If no body forces are accounted for, the displacement equations of equilib-
rium for elasticity in three-dimensions are

Viu + ! xVe =0

7
U+t T2y (7)
where u = displacement vector

v = Poisson’s ratio

e = dilatation, Vey

2 2 2
2 .
V= 82 + 82 + az,Lap]aaan operator
dx~ dy" 0z
a o] a A a 7 o] ~ % . . . .
V= a—xl +§— +—a—zk, where i ,j , k are unit vectors in x, ), z direction respec-

tively.
The general solution of the boundary value problem of the partial differential equations of
€quilibrium can be given by harmonic displacement potentials.

In order to construct a solution to our problem we use a combination of six harmonic
displacement potential functions, namely ¢,, ¢,, ¢,, ¢;, ¢, and )»3. Among them,
the set of 0p 95 0y 95 is due to Papkovich and Neuber, the set of ¢, ¢, and k3 to
Boussinesq, and the set of ¢,, ¢, and 13 to Dougall. For reference, we include the
expressions for the stress and displacement fields resulting from these potentials in the
Appendix A. It should be pointed out that the combination of the potentials chosen here

i not unique. Other combinations, consisting of at least three potentials, may also give



the same solution. We choose our combination for a mathematical convenience.

2.2 UNDISTURBED FIELD

According to a superposition principle in elasticity, for the applied remote loading
case the stress and displacement field in the matrix can be considered as a sum of two
parts, the undisturbed field in the absence of the inclusion caused only by the applied load-
ing at infinity and the field due to the disturbance by the inclusion. Similarly, for the
eigenstrain case, the stress and displacement field in the inclusion can be considered as a
sum of two parts, the nonelastic field when the inclusion is allowed to deform freely due to
the eigenstrain without any constrain from the matrix and a field resul'ting from elastic
strains caused by the presence of matrix.

For the matrix, the potential function which gives the elastic field due to the remote
shear loading (3) in the absence of inclusion is

1 2 2 1,2,2
by = ipo (x°=y=) = poaR P, (p) cos26 (8)

where pu = cos¢ and P:’ (n) is the associated Legendre’s function of the first kind of

order n and degree m. The displacements and stresses corresponding to (8) are
2Guy = %pORPé’ (W) cos20 = p,Rsin?@cos28

2Guy = poRP% (1) cos26 = —p Rsin@cos26

“3sin@

2Gu,, = —épORPg’(p) singcos28 = p Rsin@cosQcos26



Opp = %POPg (W) c0s26 = P sin?@cos26

Ogg = —P(C0s20

Q
1}

PCcos?pcos28 9)

Oy =P Cospsin26

¢

1 2 . )
Ope = _EPOPE (M) sin@cos26 = p sin@cosQcos26
where the prime refers to the derivative with respect to u and G is the shear modulus of
the matrix.
For the eigenstrain loading, the undisturbed stresses in the inclusion are zero and the
displacements, derived from displacement-strain relations, are as follows

1‘4; = %e"RPi (M) cos26

7, = _§lﬁe‘RP§(p) sin20 (0)

-~ | P
n = —8[18 RP," (M) cos26

where l = sin@



2.3 HARMONIC POTENTIALS

The main concern in this investigation is to choose the proper harmonic potential
functions so that the specified boundary conditions can be satisfied by the corresponding
stresses and displacements. Generally, the harmonic potential functions which satisfy the
displacement equation of equilibrium in the forms of spherical and cylindrical coordinates
are related to Legendre functions and Bessel functions.

For the matrix, the potentials accounting for the disturbance due to the presence of

inclusion are

Y C,R"* VP2 (1) cos28

¢0 =
n=2

0, = Y D,,R_("H)P,lz(u) cos®
n=1

0, =-3 DR " VP. (1) sind (1)
n=1

0, = Z E"R—("”)Pi(u) cos26

n=2

= E
04 = = 3 R+ VP () cos26

n=2
while the following potentials allow to satisfy the traction-free condition (4)

06 = [w; (1) J; (Ar) e*cos26d
0

o, = j%(l)fl (Ar) e"*:cos@d\
0



0, = =W, (W) J, (Ar) essinah (12)
0

03 = [y (1) J, (hr) e7cos20dM
0

Ay = [ws (M) J, (Ar) ePsin260d2
0
In the above equations C,, D, and E, are the unknown constants, y;, ¥, Vs and Y,
are the unknown functions which will be determined from the boundary conditions, and
J(Ar) is the Bessel function of the first kind of n order.

For the inclusion region we choose the following displacement potentials

Y T,R"P:(p) cos28

¢0 =
n=2
6, = 2 D,,R"P,],(u) cos®
n=1
¢, = -3 D,R"P) (1) sin® (13)
n=1
0, = 3 E,R'P2(n) cos28
n=2

The displacements and stresses can be derived from potentials (11)-(13) by using
relations given in the Appendix A. We combine these fields with the fields given in (9)
and/or (10) and find the total fields.

Note that for the remote shear loading the potential function (8) yields the stresses
Oyx = =0, = p, at infinity, while the other stress components are zero. The stresses

derived from the potentials (11) and (12) vanish at infinity. Therefore, the total stresses



11

satisfy the boundary conditions at infinity (3). For the eigenstrain case for the matrix
region we only use the potentials (11) and (12). These satisfy the traction-free boundary

conditions at infinity automatically.

2.4 SOLUTION
Potentials (11)-(12) are expressed in spherical and cylindrical coordinates, respec-
tively. In 6rder to satisfy the traction-free boundary condition (4) on the surface z=-1 it is

convenient to use cylindrical coordinates. With the aid of the relation,

Pr(W) _ (-1)"-
Rn+l (n-m)!

j A (Ar) eMedh (z<0) (14)

we can express potentials (11) in terms of cylindrical coordinates as

i } A"J, (Ar) ercos20dA

n=2
JL
0

%

0, = z nJ, (Ar) e*cosBdA

n=1

-]

0, =-Y D, j AnJ | (Ar) eMsinBdh (15)
n=2 0
0, = Z E,,j?»"lz(kr) ercos20dA

n=2 o

0, = - 2 E;JN’J (Ar) e*2cos20dA
n=2

where

_ (=n-
"= C"(n—2)!




_ (-nH"
-D"(n—-l)!
(16)

)
S

_p (=D
E, = E"(n—2)!

Then, we substitute the potentials ¢, ¢,, ¢,, ¢;, ¢, and A,into the boundary

conditions (4) at the plane surface (z = -1) as follows:

2
0 d 0 0 d 0
0+[ o ¢:lcos€)+2v1—?lsm9+[r ¢2—2va—‘f]sin9

(O = 9:2 2v8r a6 0z?
2 2% 2. 36 30
109, T3 3 M4 vy ¥4 _
+2v;% cose+zaz2 2(1 v)az 'araz 2(2-v) 3% - 0
30, 90, 20, a6, 2,
19 @9
(G;e):=_1 = 7aeaz 360: =———co0s0 + (1 2v)a Sm9+868 sinB- (1 2v)a— cos©
2% 9. 190 3, 31
9 ¥3 1993 190 94 1994 3
*iao0: "33 33 2 V38 e = 0 (17)
2%, [ 3% 2, o 20
_ 0 T A 2 o 22
(O':r):=_l = 370z + {’araz (1-2v) 37 }c059+ [ra e - (1=-2v) 3 Jsme
2 2 2
¢3 d6; 190, d0, (1-v 8¢4+18 A _
-V ro6dz

aa (1—2\/)5 +E‘a—62'+rg—

Note that the potential function (8) gives no tractions on the plane surface z = -1

Next, we substitute the potentials (12) and (15) into the above equations (17) and express

boundary conditions on the traction-free plane (4) as



13

J’[[ T {EA +2(1-2v) DA - (Ae2-2v) BT e
0 n=2

+{y; (1) +2>Tv‘"4(7‘) + (-h+2-2v) yg (M) -2vD, e )Jz(xr)
+ {—f)lke'”‘+\y4(l)}r11 (Ar) ]ek)\zd)\ =0

J'[[ T (CA +2(1-2v) DA T (e 1m2v EATT e
oLt n=2

-{y;(A) + 2%%(7») +(=A+1-2v)y (D) +2vD,e_2}‘} )kzjz'(kr) (18)

2A - )
+ 7( (1-2v) zzb,,x" ~le=2h_y, (M) JJZ (Ar)

+(—ir!+r).2){f)lle‘”‘+\u4(k)}.Iz(kr) ]e)‘dl =0

j[[-z {(EA" +2(1-2v) DA A+ 1-2v) EA" )
0 n=2

+{y;(A) +g%\y4(k) + (=A+1-2v)ys(A) +2vble'2;‘} jz—}lz(kr)

n=2

+(—(1 -2v) Y f),,).""e‘21+2vD1e'2k+2Tv\y4(k) +\u6(7»)]

X A2, (Ar) 1d\ = 0

Then, we let the coefficients of terms involving J, (Ar), J,(Ar)and J," (Ar) be

zero and use the following relations:



14

(a) the Fourier-Bessel integral

f& = [[yfnd,ond,omdvdi - (s>-1,x>0)
00

(b) the transformation from the Legendre function to Bessel function

oo

[Arg,, (ar) eran (2<0)
0

PL(W) _ (_1yn-m

"1 (n-m)!

(c) the relation between Bessel and modified Bessel function

hd b'y' 'K, (yb)

| —J (xb)dr = ——
Oix2+y2i 2T (1+1)

function,

(d) the definition of the modified Bessel function

K, ,(W) =K, = A/%e—k

(e) the recursion formula for the Gamma function

F'x+1) = xI'(x) (x>0)

(19)

(20)

21

where K (z) is a modified Bessel function of the second kind and I' (n) is a Gamma

(22)

(23)

Then, the unknown functions y;, y,, Y5 and y, which satisfy the boundary con-

dition at the plane surface (4), become

V(W) =2(-A+1-2v)°D1e ™+ T [(-2h+3-4v) C, A
n=2
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+2(1-2v) (=2A+3-4v) D, - 2{2(1=v) (1 -2v) ~A}} E, ]A"""

\V4(X) = —Dlle (24)

Ws(A) = =2(=A+1-2v)De

+Z[ 28 h-4(1-2v)D, + 2h+3-4v) E, 12"

n=2

ye(M) = (1-20) ¥ b e

n=2
Next, we wuse the relation (16) and express the unknown functions
Vi W, Vs and Y, in terms of unknown constants C,, D,, and E,, which are now the
only unknowns in the harmonic potential functions (11) and (12) and will be determined
from the boundary conditions at the inclusion-matrix interface (5) or (6).
It is convenient to use the spherical coordinate system to satisfy the boundary condi-
tions at the inclusion’s interface. We use the following relation to transform potentials

from Bessel function to Legendre’s function,

m+n (XR)

TP () (25)

1,0 et 2 (-1)

Then, we rewrite potentials (12) in the spherical coordinates as follows

¥ &,R"P2 () cos26
n=2

©
o
]

S
]

Y nnR"P,l, (M) cos8

n=1



16

0, = - 3 n,R"P) (1) sin® (26)
n=1
- 2
03 = Y §,R'P. (1) cos20
n=2
Ay = Y x,R"P(n)sin26
n=2
where

o -\"
& = v G
0
T (-1)"
N, = —.["’40‘) Trl
0
27
—7» n+1
Cn = _.[WS()‘) ((nzz)!d)‘
0

0 (1)
% = =[w nr 1
0

After substituting y,, y,, W, and y,, given in equations (24), into (27) and using the

formula

oo

[erxtar = TEXD (c>0,b>-1) (28)
c
0
we have

2
_ 2(1-2v) (1-2v) }
E-‘n__2|:70,n+2+ n+2 YO.n+l+(n+]) (n+2)YO"' Dl

+ z [2(n+3)Ym—2.n+3+ (3_4V)Ym—2.n+2] Cm

m=2
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+

M s

2(1-2\1)[“2 3-4v ]Dm

, ne2im=Ln s TG 2) (n 1) Il

m

- [2(1=V) (1=2V)
+ Z 2[ n+2 Ym—2,n+l_(n+3)Ym—2.n+3:|Em
m=2
N, = DYy
(29)
1-2v
Cn = ‘2[70‘“2"' n+2'YO.n+l]Dl
= — 4(1-2v
+ z 2(n+3)7m—2,n+3cm— Z %Ym—l..n-lem
m=2 m=2
=Y [2+3)Y, 5 ,,.3- 3-8V, _,,,.E,
m=2
- 1-2v
“n = —z_'z(n+2) (n+ 1) Ym=1.00m
where
=DM+ (30)
Ypq = p'g! Hpra+l

Then, we express displacements and stresses in terms of the potentials (11), (13) and
(26) by using the relations given in the Appendix A. Finally we substitute the displace-
ments and stresses, given by the potentials (11)-(13), and the undisturbed ones (9) in the
matrix and/or non-elastic ones (10) in the inclusion, into equations (5) and use the recur-
sion formula for Legendre functions given in the Appendix B. Then, the boundary condi-

tions at the interface, for the case of perfect bonding, become:

u
RR:a
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5-4v 2 c C
—T—DIPZ(p)+Z[{KmnCn+K,? D,,,+KE, |E, ,+KE _|E

2 n+1 7" n+ nn+17"n+1
a n=2

X
+K§,n§n+Kr?,n-lnn—l +K}ln+lﬂn+l+KC n—lcn—l +Kr§,n+1§n+l+Kn,nKn,n }

n,

1 C
_f{Kn,nCn+Krln),n—an—l +KnD,n+]Dn+1 +Kr€n-lE

n-1

+K,€,,+,E,,',,+l } :le:(p) = —%(p0—2Ge‘)aP§(p) 31

nn+l1"n n n,n+lEn+l+

- C
Y [{H’ C,+HP D, ,+HP D +HE |E | +HE

n n X
n,n>n n.n—lnn—l +Hn,n+1nn+l+H§,n—lcn—l+H§.n+lgn+l+Hn,nKn

1, pn€ D D E
+H:,n+2Kn+2 }_I:{Hn,ncn'*'nn,n—lbn—l+Hn,n+IDn+l+Hn.n—lEn—l

+RE B b PR = §(pg-26") aP () (32)

=0

u‘P|R=a ‘P|R=a

E
n-l+Rn.n+lEn+l

- C
Z [{Rn,ncn+RriD,n—an—l +RnD,n+an+l+Rr€n-lE
n=2

+R5,n§n+Rr?.n-lnn—l +R}

X
n,n+lnn+l+Rr§,n—l§n—l+RE,n+l§n+l+R K

n,n n

1 € D D E
+R:,n+2Kn+2 }—f{Rn.nCn"'Rn,n-an—l +Rn,n+]Dn+I +Rn‘.n-lEn—l



19

+R£n+lEn+] } ]P,%'(ll)

£ E +R:1],nnn+Rr§.nCn+R:,n+lKn+l }

+ 3 [ (RE,D, + KL E,
n=2

—%{RﬁnDﬁRf,,,En} ]Pﬁ(u) = é(po—zce*)an'm) (33)

D E E
Dn+l +Ln.n—1En—l +Ln.n+lEn+l

2(5-v) 2 - C
3 DIPZ(u') + Z [{Ln.ncn+Lr1.n+l
3a n=2

K
+L5,n§n+Lr?.n—lnn-l +L;‘,n+lnn+l +Lr§.n-lcn-1 +L§.n+lcn+l +Ln,nKn,n }

C
AL Tt L2 1Dy + 18,1 Dy e+ L By + L B b | PR

(34)

Po -
= —§°P5(u)

S-4v 2 - c
DIPZ(u) + 2 [{Sn,ncn+srxn.n—an-l +SnD,n+an+l+Sf,n—~lEn-l

3

3(1 n=2
E

+Sn.n+lEn+l +‘S‘S,nén“'sr?,n—lnn-l +Sr?,n+lnn+] +S§,n-lCn—l +Sr§.n+lcn+l

C
X X D D E
+S X, +S n+2Kn+2}_{Sn,11Cn+Sn.n—an-l+Sn,n+an+l+Sn,n—lEn—l

n.n n n,



Py,
+S£n+lEn+l}:|P,%(p) =§0P§(H) (35)

OR‘PIR ca GR‘PIR =a

S-4v 2 l c
3 D|P2(}1)+§2 [{Tn.ncn+TnD.n—an—l+TD D +1+T5,n—lE
n=2

nn+1"n n-1

6a

+TE E +Tr;?,nén"-T:z‘l,n—l‘nn—l+Tr‘;‘.n+lﬂn+l-*-Trg,n-lcn-l-’-Tc

nn+1"n+1 n.n+lCn+l

C
X X D D E
+Ty %, +T n+2Kn+2}"{Tn,ntn+Tn,n—an—l+Tn,n+an+l+Tn,n-lEn-l

n.n n n,

nn n n.n n

N —

+T3E 1 Enir } ]Pf'(p) + 2 [{TD D +TE E +T;\‘nn"+T§,n§n+
n=2
Py_,,
TS X FATLD, TEE, Y [PRG) = 2PY () (36)

where the primed quantities are the first derivatives with respecttop and I’ = G/G. The

coefficients are defined as

C _ n+1
K"t" ——an+2
_2(1=2v)
KEJI‘” - nan+2
KE (n+3-4v) (n-2)
nn-l (2n-1)a"

KE _ (n+5-4v) (n+3)
nn+l — (2n+3)a'”’2
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Ks,n = na"-!
KN _n-4+4v

mn-17"2p ]

n-2+4v

Kine1 = "33 @
_(n=-4+4v) (n-2) ,_
K'E’""_ 2n-1 an~!
_(n=2+4+4v) (n+3)
Kins1 = 2n+3 an*
Ky = 4g"!
HC = 1 = RC
non —a,,...z = Dnn
1-2v
D - — pD
Hn.n—l - (2n-1)a" - Rn,n—]
1-2v
D - tT&evV _ pD
Hn,n+l - (2n+3)an+2—Rn,n+]
E  —__N-2 _pE
Hn.n-—l - (271—])(1" - Rn,n—l
HE _ n+3 _ E
nn+l = (2n+3)a,,+2_ non+1
H;%.n =-a""! = RS,n

(37)

(38)
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nn-1

RN

n,n-1

nn-1

RK

nn-1

LD

nn+1 ~

1-2v
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= Zrz-lan-I = Rin-)
1-2v
= 534" =R,

=_(n_—2_)_an_l = Rg

2n-1 nn-1
_ n+3 1 _
=337 = RS ..
-n?+n-4

2n-1 “ I=R"’<'"

- (n+3) (n+4)a"+1
2n+3

_(n+1) (1-2v)

(n=1)a"+!
=4d-v)

ant!
=-2(1-v)a"
= 4(1-v)a"
=n(n+3)a"

(n+1) (n+2)
an+3

2(1-2v) (n+12)
nan+3

= RX

non+2

(39)
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LE _ (n=2) (n(n+3) -2v)
mn-l (2n-1)a"+!
LE _ (n+2) (n+3) (n+5-4v)
mesl (2n+3)a"+3
Ls'n =n(n-1)a"-2

(n=1)(n-4+4v) _
n = n-2
Lan-i 2n-1 ?
N =_(n+l)(n—2)—2v n
n,n+1 2n+3

_(n=1)(n=-2)(n-4+4v) ,_
L'%”’]— 2n-1 an?
L - (n+3) ((n=2) (n+1) -2v)
Linen 2n+3 ?
Ly, =4(n-1)a"-?

2(n+2)
C _£\"7T<) - 7C
Sn,n - an+3 - Tn.n
D _ (=2v)y(n+1) _ .p
Sn.n—l - (2n—l)a"” - Tn,n—l
gD - (1-2v) (n=-3) (n+2) = 7D
nn+l n(2n+3)a"+3 nn+l
SE _2(n=2)(n+2-2v) = TE

nn-1 " (2n—])a"+‘ n.n-1

(40)
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_2(n+3) (n+4-2v)

Sf.n+l - (2n+3)an+3 =T£n+l

S:,=-2(n-a""2=T;,

st == a @)
S1pay = D) g o

5,y =B I 22 1

50y = IR = T

sx, = —(n(n+2) +4- (n—ilz.(’;”))“"_z =X,

SEavs = WL e - Ty,

R

rp, - Ad e

m,=-(1-v)(n-1)a"" (42)

TS, =2(1-v) (n=1)a""!

n(n-1)(n+3) ,_
Tr‘f.n-hl = 2 a :
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All terms with a bar in equations (31)-(36) can be obtained from the corresponding terms
without a bar, given in eqns. (37)-(42), by replacing &, 1, { and v with C,D, E and V.
For example, RS ., K2, |, R, ., RE _, and RE | can be obtained from K%, ,,
K" KN, e Kén,n_l and K¢ respectively, by replacing v with 9.

nn-1’ nn+1l°

Using eqns. (29), we reduce the unknown constants in equations (31)-(36), repre-
senting the boundary conditions on the interface, to only C,,D,, E,,C,, D, and E,.
Finally, we equate the coefficients of P2 (1) and P2’ (p) on both sides of eqns. (31)-(36)
for each n from n=2 to n — =, and obtain an infinite set of algebraic equations. Each of
these sets contains six equations and six unknowns. For the numerical solution we trun-
cate this infinite set of equations at n = N. Therefore, there are 6N equations and 6N
unknowns to be solved. We truncate the series such that the boundary conditions (5) or
(6) are satisfied to at least three significant figures. After these constants are evaluated,
the stresses and displacements are known everywhere in the matrix and in the inclusion.

We follow the same procedure for the sliding interface case, but use the sliding
boundary conditions (6) instead of (5). The sliding boundary conditions at the interface
include eqns. (31) and (34)-(36) and
CROIR . =0
Y [57.,Cu+32, 1Dy #3210,y +35, \Ey #3554 E,y 1P2() =0
n=2 @3)

6R¢|R=a =0

non+l

%2 [Tf,ntn"‘Trl:),n-an-l*”TD D1+ T n1Ene +T37 wi1Ens) 1P ()
n=2

NI

4 v [72.D,+TE E,]P2(n) = 0 (44)
n=2
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In the calculations, for the case of a perfectly bonded inclusion, we set the constant
D, to zero since D, and C, play the same role in the potentials and only one needs to be
kept. Furthermore, we take one of the constants D, and E, as zero for the case of the per-
fectly bonded inclusion, and set both constants to zero for the sliding inclusion case.

In particular, when the matrix is infinite, the analytical solution involves only a finite
number of terms in potential functions. For the case of an infinite body containing a spher-
ical cavity and subjected to uniform shear stresses ¢ = -G, = Py at infinity, the con-
stants become

S S
©2= 7 50°

5 3

Dy =57 59°

(45)

while the other terms vanish.

For the case of an infinite body containing a spherical inhomogeneity subjected to

uniform shear stresses ¢, = —C,, = Py at infinity with the pure sliding interface, the
solution is
E. = 70T (1-v) 1
3T (17-19v) (T+59) +4(7-5v) (7-49) 2
Dl = 2E3
Cz = —(] +27v)02E3
(46)
T, = -oEs
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3
3 (g 2(7+59) , )
Dy =—s5\gt— 5 L

2
al 3
with the other terms vanishing. This solution in a form of finite series is expected from
the work of Ghahremani (1980). The solution for perfectly bonded spherical inclusion in
an infinite space is also expressed in terms of finite series as shown by Goodier (1933).

Similarly, the solution for the spherical inclusion in an infinite space with an eigen-

strain loading case involves finite series for both perfect bonding and sliding cases.



3. RESULTS AND DISCUSSION

We carry out the numerical computations for various radii of inclusion a ranging
from 0.2 to 0.99 and for the different ratios of shear modulus of the inclusion to the matrix
' = G/G. We take the Poisson’s ratio as 0.3 for both the inclusion and the matrix, for
simplicity. We give the numerical results for the case of the uniform shear loading in
Figs. 2-19 and for the uniform shear eigenstrain in Fig. 20.

Fig. 2 shows stresses Cyo and P along the surface of the perfectly bonded inclu-
sion when the radius of inclusion a = 0.2, 0.5 and 0.8 (plotted in solid, dashed and dashdot
lines respectively), 8 = 00, and I' = 100. Recall that the inclusion is located a unit dis-
tance from the free surface so the larger the radius a the closer is the inclusion to the free
surface. As expected, the radius of the inclusion has a small influence on the stresses Coop
and B0 when the angle @ is less than 90°, and the larger effect when ¢ is greater than
90° which corresponds to the region near the free surface. Note that the stress By in the
inclusion is more influenced by the free surface than the corresponding stress component
Soo in the matrix.

Figs. 3 - 5 show stresses Cpo and Soo in the same cases as in Fig. 2, but the ratio of
shear moduli is 2, 0.5, 0.01 respectively. Once again, the radius of the inclusion has a
small influence on the stresses Coo and S P when the angle ¢ is less than 90°, and the
larger effect when @ is greater than 90°. Further more, the following can be observed as
the ratio of shear moduli decreases. The influence of the free surface on stress C oo in the

matrix becomes larger and larger and on stress Soo smaller and smaller. The stress S0

almost vanishes as " = 0.01 which is close to the case of a cavity so that the obtained

28
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result is reasonable. The stress o 00 in the matrix increases around the points ¢ = 0°
and 180° while decreases around point ¢ = 90°, and it will be compressive when the
ratio I is less then 1, or say, the inclusion is weaker than the matrix.

Figs. 6 - 9 show stresses oo and S0 along the surface of the sliding inclusion
when the radius of inclusion a = 0.2, 0.5 and 0.8 (plotted in solid, dashed and dashdot lines
respectively), 8 = 0°. The corresponding ratios of shear moduli I" are 100, 2, 0.5, 0.01.
As expected, similar to the case of perfectly bonded inclusion, the radius of the inclusion
has a small influence on the stresses Coo and By when the angle @ is less than 90°, and
the larger effect when @ is greater than 90° which corresponds to the region near the free
surface. Note that the stress By in the inclusion is more influenced by the free surface

than the corresponding stress component G in the matrix when I' takes big values,

90
while the stress &, in the inclusion is less influenced by the free surface than the corre-

sponding stress component G = in the matrix when I'" takes small values. As " = 0.01

%0
which is close to the case of a cavity, the stress By in the inclusion goes towards zero.
The stress Cpo in the matrix increases around the points ¢ = 0° and 180° as the ratios
of shear modulus I" decrease, however, it decreases around point ¢ = 90°, and is always
compressive there regardless of value of ratio, I' .

Fig. 10 compares the stress 8, Versus the angle ¢ for the cases of perfectly
bonded and sliding interfaces when I' = 2. We observe that the stress increases for the
sliding case and decreases for the perfect case as ¢ increases from 0° to 90°, and vice
versa from 90° to 180°, so that By reaches its maximum value at ¢ = 0° and the mini-
mum value at @ = 90° for the case of perfectly bonded interface, while the minimum at
¢ = 0° and the maximum at ¢ = 90° for the case of sliding interface. The maximum
value of By in the inclusion for the sliding case is about 2.7 p, for I' = 2 and increases
as I' goes up. The similar situation occurs for Oy for the case of perfectly bonded inter-
face when I increases. For example, when I = 100 the maximum of stress 6, in the

o9

matrix occurs at @ = 90° but when ' =2at @ = 0°. In this case the stress O is much
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lower than that of the sliding case and has a value of 0.8 to 0.9p, depending on the radius
of the inclusion (i.e. the distance from the free surface). Note that the traction-free sur-
face has a higher influence on S0 for the sliding case. As the ratio I' becomes small, say
0.01, which is close to the case of a cavity, the stresses oo and Ow coincide in cases of
both perfectly bonded and sliding inclusion.

Figs. 11 - 14 illustrate the jump of the tangential displacement [u¢] along the inter-
face for various radii of the inclusion a = 0.2, 0.5 and 0.8 (plotted in solid, dashed and
dashdot lines respectively) and 6 = 0° for the sliding case. The same as before, the corre-
sponding ratios of shear modulus I'" are 100, 2, 0.5, 0.01. Note that the jump of the dis-
placement is higher for ¢ > 900 (i.e. near the traction-free surface) and increases when the
inclusion is closer to the free surface. This is true for all ratios of shear modulus I,
according to the results from our sample computations. This is expected since the inclu-
sion can deform more freely near the free surface.

Figs. 15 - 18 illustrates the stresses 6, and 8, along the z-axis fromz=-1toz=1
when the inclusion is perfectly bonded. The radius of the inclusion takes on the values
a = 0.2, 0.5 and 0.8 (plotted in solid, dashed and dashdot lines respectively). The corre-
sponding ratios of shear modulus I" are 100, 2, 0.5, 0.01. First, we consider the case in
which the ratio I' is larger than 1, i.e., the case of stiffer inclusion. The stress &, in the
inclusion decreases from z = a to z = -a when the inclusion is close to the free surface
( @20.5). The slope of 8 , goes to zero when the radius is small, which implies that for
the situation of a << 1, equivalent to that of an infinite body containing the inclusion, the
stress 8,  is uniform which is expected from Eshelby’s (1957) solution. The curves have
similar forms for other I' > 1, but have bottom up image for I" < 1. Note from Fig. 18 that
when T is very small (close to the case of a cavity), there is large stress concentration at
the interface near the free surface. When I' = 1 the curve is a straight line, as expected,
since this is the case of a homogeneous material.

Fig. 19 shows the stresses 6, and 8, at selected points P, M1, 11, 12, and M2 along
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the z-axis (see Fig.1) when the radius a of the inclusion varies continuously from 0.2 to
0.99 for both the perfectly bonded (dashed curves) and sliding (solid curves) cases and
I' = 100. The point P is on the free plane surface, M1 and M2 on the side of the matrix at
the interface, I1 and 12 on the side of the inclusion at the interface. It can be seen that the
free plane surface will contribute significantly to the stresses ¢, and &, at the points P,
M1 and I1, but will have a very small effect at points 12 and M2, which are away from the
plane boundary.

For the case of the perfectly bonded interface, 6, at M1 and M2 in the matrix is
very small (almost zero for I' = 100), but & at I1 and 12 in the inclusion is high (larger
than 2p, for I' = 100). This is expected because when the inclusion is much stiffer than
the matrix it carries most of the loading. The stress ¢, at the point P decreases when the
radius a increases. The inverse situation occurs when the inclusion is softer than the
matrix.

For the case of the sliding inclusion, when the inclusion is not close to the free plane
surface, the stresses 6, and &, at these five points are not greater than the applied stress.
But if the radius of the inclusion is close to unity, there is a high stress concentration in
o, at the points P and M1 and it increases as the radius a increases. Also, the stresses are
very high in the extreme situation of a cavity addressed by Tsuchida and Nakahara (1974).

Fig. 20 illustrates the variation of stress 6, and &, along z axis fromz=-1t0z =
1 when the inclusion is perfectly bonded at the interface for the shear eigenstrain loading
case. The radius of the inclusion has the value of 0.2, 0.5 and 0.8, and I" =2. Itis inter-
esting to note that comparing the results to a similar case for the shear stress loading prob-
lem with the same I', Fig. 7 has an inverse image. However it is similar to one for the
case of a uniform shear loading when I' = 0.5.

In conclusion, in this paper we solve the problem of an inclusion in a half-space
under an asymmetric loading, either remote or eigenstrain loading of shear type. We study

the joint effect of traction-free surface and the boundary conditions at the matrix-inclusion



interface, which is either perfectly bonded or allows slip. We show that both the free sur-
face and sliding may alter significantly the stress fields and may cause high stress concen-

trations.
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Fig. 1 Spherical inhomogeneity in a half-space.
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Fig. 2 Stress GW’(O versus angle ¢ for different radii a = 0.2 (solid line), 0.5

‘P‘P)
(dashed line) and 0.8 (dashdot line) when I' = 100 and 6 = O0 for perfect

bonding and remote shear loading case.
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Fig. 3 Stress Cyo (T versus angle @ for different radii @ = 0.2 (solid line), 0.5

(P(P)
(dashed line) and 0.8 (dashdot line) when I" =2 and 6 = OO for perfect

bonding and remote shear loading case.
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Fig. 4 Stress OW(GW) versus angle ¢ for different radii a = 0.2 (solid line), 0.5
(dashed line) and 0.8 (dashdot line) when I' = 0.5 and 6 = 00 for perfect

bonding and remote shear loading case.
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Fig. 5 Stress GW(B versus angle ¢ for different radii a = 0.2 (solid line), 0.5

o9) _
(dashed line) and 0.8 (dashdot line) when T = 0.01 and 6 = O0 for perfect

bonding and remote shear loading case.
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Fig. 6 Stress © versus angle ¢ for different radii @ = 0.2 (solid line), 0.5

W(ow)
(dashed line) and 0.8 (dashdot line) when I' = 100 and 0 = 00 for sliding and

remote shear loading case.
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Fig. 7 Stress o, (8 versus angle ¢ for different radii @ = 0.2 (solid line), 0.5

(P<P( W)
(dashed line) and 0.8 (dashdot line) when I' = 2 and 6 = O0 for sliding and

remote shear loading case.
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Fig. 8 Stress ow(cw) versus angle ¢ for different radii a = 0.2 (solid line), 0.5

(dashed line) and 0.8 (dashdot line) when I' = 0.5 and 6 = OO for sliding and

remote shear loading case.
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Fig.9 Stress © versus angle ¢ for different radii a = 0.2 (solid line), 0.5

(o

9 (P<P)
(dashed line) and 0.8 (dashdot line) when I = 0.01 and 6 = 00 for sliding

and remote shear loading case.
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Fig.10  Stress 8,, Versus angle @ for perfect bonding and sliding cases when
r=05,0-= 00 and different radii @ = 0.2 (solid line), 0.5 (dashed line) and

0.8 (dashdot line) for remote shear loading
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Fig.11 Jump in displacement [u(p] versus angle ¢ for different radii a = 0.2 (solid
line), 0.5 (dashed line) and 0.8 (dashdot line) when I" = 100, 6 = 00 for pure

sliding case and remote shear loading.
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Fig.12 Jump in displacement [u‘p] versus angle ¢ for different radii a = 0.2 (solid
line), 0.5 (dashed line) and 0.8 (dashdot line) when T"' =2 , 0 = O0 for pure

sliding case and remote shear loading.
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Fig.13 Jump in displacement [u(p] versus angle ¢ for different radii a = 0.2 (solid
line), 0.5 (dashed line) and 0.8 (dashdot line) when I' = 0.5, 6 = 0o for pure

sliding case and remote shear loading.
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Fig.14 Jump in displacement [u¢] versus angle ¢ for different radii a = 0.2 (solid
line), 0.5 (dashed line) and 0.8 (dashdot line) when T = 001 , 6 = O0 for

pure sliding case and remote shear loading.
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Fig.15 Stress o, (8,,) along z-axis for different radii a = 0.2 (solid line), 0.5
(dashed line) and 0.8 (dashdot line) when T = 100 for perfect bonding case and

remote shear loading.
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Fig.16 Stress o, (8,,) along z-axis for different radii a = 0.2 (solid line), 0.5
(dashed line) and 0.8 (dashdot line) when T' = 2 for perfect bonding case and

remote shear loading.
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Fig.17  Stress o, (8,,) along z-axis for different radii @ = 0.2 (solid line), 0.5
(dashed line) and 0.8 (dashdot line) when I" = 0.5 for perfect bonding case and
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Fig.18 Stress o, (8, ) along z-axis for different radii a = 0.2 (solid line), 0.5
(dashed line) and 0.8 (dashdot line) when I' = 0.01 for perfect bonding case

and remote shear loading.
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Fig.20 Stress o, (8,) along z-axis for different radii a = 0.2 (solid line), 0.5
(dashed line) and 0.8 (dashdot line) when I' = 100 for perfect bonding and the

eigenstrain case.
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APPENDIX A

displacement and stress fields in spherical coordinates
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displacement and stress fields in cylindrical coordinates
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APPENDIX C

definitions of Legendre’s function and recursion formulas
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CHAPTER 2

EFFECTIVE PROPERTIES AND DAMAGE
FORMATION IN RANDOM COMPOSITE
MATERIALS: A COMPUTATIONAL APPROACH

1. INTRODUCTION

Industrial applications of composite materials are constantly growing, necessitat-
ing an improved understanding of their thermomechanical response. The heterogeneous
nature of composites indicates that their mechanical properties have to be understood basi-
cally at the microscopic level - this is the task of micromechanics.

Most research conducted in micromechanics concerns the local fields and effective
pProperties of composites and is based on the simplest case: a single inclusion problem.
Some analytical solutions were obtained. The early research involving heterogeneous
Materials can be found from the classical textbooks of elasticity where some simple inclu-
sion problems, especially the hole problem are mentioned. For example, one of them writ-
ten by Muskhelishvili (1953) shows the solution of the plane problem containing a
Circular inclusion under several loadings. A famous paper dealing with a single inclusion
1S due to Eshelby (1957), who found that the stresses in an ellipsoidal and perfectly

bonded inclusion are uniform under a constant loading.
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It is obvious that even for a single inclusion case, the micromechanics problem is
very complex. There is a large number of factors which influence the local and global
fields. These include the material constants of the constituents, the shape and relative size
of reinforcement (inclusion), the geometric arrangement, the boundary condition at the
inclusion-matrix interfaces, and others. As a result, only a few analytical solutions have
been obtained for some simpler cases.

Composites containing many inclusions, usually distributed in an irregular fash-
ion, pose great challenges making those analytical solutions practically impossible. For
this case, many theories or methods, such as generalized self-consistent scheme, self-con-
sistent scheme, differential scheme and Mori-Tanaka method are presented to predict
approximate effective elastic properties of composites, based on the fundamental solution
of a single inclusion. Generally, these methods give effective properties as a function of
the properties of each phase and the volume fractions of phases, and are applicable to rela-
tively simple condition, such as two phases and perfectly bonded interfaces, although
some solutions dealing with more than two phases have been reported. Comprehensive
reviews of literature in micromechanics are given by Christensen (1979), Hashin (1983),
Mura (1982).

Although the above mentioned methods show quite good approximation of effec-
tive elastic moduli of composites, solving for the local fields, and hence, the strength and
damage characteristics still poses a challenge. Here, we take note of two approximation
concepts - the periodic assumption of structure in composite materials and the numerical
solution for a discrete model of composites. First, geometric distribution of fibers (inclu-
sions) in the composites is often approximated by assuming a periodic arrangement. This
simplifies significantly the complicated problem and enables one to solve for the local and
effective fields by considering a unit cell. Regarding the numerical calculation, one
choice, of course, would be the finite element method which is powerful and can handle

arbitrary geometry and properties of constituents. However there is another algorithm,
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involving a so-called spring network, which is simpler and more efficient with regard to
time and expense in calculation.

The lattice algorithm is based on the idea introduced by Kirkwood (1939) and
Keating (1966) for the long wave method whereby the force on an atom is calculated in
terms of two nearest neighbor force constants o and P (central and noncentral, or
stretching and bending force, respectively) and atomic displacements. The relation
between the force constants and the elastic coefficients is obtained by comparing the
potential energy at macroscopic level and microscopic level. When the method is trans-
lated from physics to micromechanics, the force constants in the former become stiff-
nesses of springs in a spring-network, which is a discrete representation of the original
continuum model. The spring network model of composites can have a topology of trian-
gle, square, honeycomb, and other lattices. The algorithm is actually equivalent to a finite
difference method.

More and more, the lattice algorithm has been used for composite mechanics
because of the advancing computer technology. In most cases the triangular lattice was
used; Snyder, Garboczi and Day (1992), and Day et al. (1992) worked on effective elastic
response; Chen and Thorpe (1992) compared the elastic moduli of glass/epoxy fiber rein-
forced composites with the second and third order bonds; Sahimi and Goddard (1986),
and Beale and Srolovitz (1988) investigated elastic fracture in randomly inhomogeneous

materials; Chan et al. (1992), using honeycomb lattice, gave the elastic moduli and tensile
fracture stress as a function of the number of removed bonds in the network (randomly
distributed defects in materials).

It is interesting to note that Holnicki-Szulc and Rogula (1979) used this idea
inversely, i.e., to simulate a discrete engineering structure with a continuum model. In this
Way, they simplified the analysis of mechanics of a truss structure.

There are many other references in the literature taking advantage of the lattice

Network. However, to our knowledge, no study has been conducted on the local fields and
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the damage initiation and propagation in composites with randomly distributed inclusions.

In this second part of the thesis, we study the effect of random geometry in com-
posites on their effective properties and damage by using the above mentioned lattice
algorithm. The relation between elastic moduli of continuous material model and stiffness
of springs in the corresponding discrete model is derived in details in terms of tensors.
This is done for both two-dimensional elasticity and conductivity. Then, problems involv-
ing effective two-dimensional conductivity (equivalent to the out-of-plane ela-ticity) of
composite materials with either randomly or periodically distributed inclusion are solved
and the results compared with Hashin’s bounds on these properties. Finally, we study the
initiation and propagation of microdamage, which are simulated by breaking springs
(bonds) according to local stress concentrations in the spring network modelling the com-
posite material. The main focus is on the effects of random geometry on damage forma-
tion in composite materials; this will be studied for various parameters of constituents,
such as elastic moduli and fracture criteria, different system size and different random

configurations of composites.



2. COMPOSITE MICROSTRUCTURE AND THE
MESO-CONTINUUM MODELS

2.1 THE RANDOM COMPOSITE MODEL

By a random composite we understand a set B = {B(w); w € Q} of deterministic
media B(w), where ® indicates one specimen (realization), and Q is an underlying sample
(probability) space (Ostoja-Starzewski 1993a). All specimens B(w) occupy the same
domain in x,,x,-plane. whereby we employ a two-dimensional (2-D) setting for the clarity
of presentation. Formally speaking, Q is equipped with a ¢-algebra F and a probability
distribution P. We specify P as a Poisson process with inhibition, which ensures that there
is no overlap of inclusions shaped as round disks. In particular, we use a sequential Pois-
son process and assume the disks to be occupied by a homogeneous isotropic continuum
of one kind, while the matrix by a continuum of another kind.

In setting up of the model we assume both phases to satisfy the so-called ellipticity

conditions: 3, n > 0 such that for any € the following inequalities hold for all the phases

Cee <eCe<mee (D

As a result, we have a realistic ergodic medium model without holes and rigid inclusions
described by a random field C = { C (x, ) ;x € B;w € Q } with piecewise-constant real-
izations. It is clear that this piecewise-constant nature of stiffness fields is an obstacle with
employing the governing equations of continuum elasticity, which require that the stiff-
ness fields be once differentiable. Thus, there is a need for another, so-called, meso-con-

inuum model - one that possibly loses some information due to a “smearing - out”
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procedure, but is sufficiently differentiable.

2.2 TWO SCALE-DEPENDENT RANDOM MESO-CONTINUUM
FIELDS

First, with the help of Fig. 1, we introduce a square-shaped window of scale

=L
8 =2 @)

Equation (2) defines a nondimensional parameter & > 1 specifying the scale L of observa-
tion (and/or measurement) relative to a typical microscale d (i.e. grain size) of the material
structure. & = 1 is the smallest scale we consider: scale of a fiber. In view of the fact that
the composite is a random medium, the window bounds a random microstructure By =

{Bs(w):w € Q}, where Bs(w) is a single realization from a given specimen B(w).

Fig.1 Square - shaped window

A continuum-type constitutive law is obtained by postulating the existence of an effective

. ! . .
homogeneous continuum Bgon () of the same volume Vg (i.e. area in 2-D), whose
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potential energy E, or complementary energy E*, under given uniform boundary condi-
tions equals that of a microstructure Bg(w) under the same boundary conditions. These

are of two basic types:

i) displacement-controlled (essential)

u(x) = eij on 0B (3)

0 . . .
where € is a given constant tensor and 0By is the boundary of B,

ii) stress-controlled (natural)

t = G(.)n. on 885 4)

0 . .
where g 1S a given constant tensor.

Boundary condition (3) results in an effective random stiffness tensor Qg((o),

with the constitutive law being stated as

3(w) = C5(0)¢e (5)

w-dependence in (5) points to a random nature of the resulting stress field and of the effec-
tive stiffness tensor, with the fluctuations disappearing in the limit § — o .
Condition (4) results in a following random operator form, involving a random

compliance tensor. of constitutive law

£(0) = S (w)g° (6)

Hereinafter, superscripts € and " stand for essential and natural conditions, respectively.
Also, we use here the same type of notation for out-of-plane elasticity and conductivity,
Whereby ¢ and ¢ are vectors, C;; is an elastic stiffness (conductivity), and S;; is an elastic

Compliance (resistivity).
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Following (Ostoja-Starzewski, 1992, 1993a) we list here these principal observa-
tions:

1. Due to the heterogeneity of the microstructure Bg(), the inverse

i = [si]" ™

is for any finite 8, in general, different from C g obtained under essential conditions.

2. Qg(co) and Qg () satisfy an inequality

Cy () < C5(0) ®)

Hereinafter, for two second-rank tensors A and B, an order relation B < A means

LB L <tA L Vi#0 (9)

3. In view of the spatial homogeneity of microstructure’s statistics, Qg (w) and Qg (w)
converge as O tends to infinity: this defines a deterministic continuum By, for a single
specimen B(w)

c“(0) = C"(w) = C° (w) (10)

whereby the window of infinite extent plays the role of an RVE of deterministic elasticity
(conductivity) theory; in other words, it is at § — o that the invertibility of the constitu-
tive law is obtained.

4. Ergodicity of the microstructure implies that

) =c? VoeQ (1n

Where C¢f s the effective response tensor (independent of ®) of a homogeneous medium.

S. At any finite § both response tensors are, in general, anisotropic, with the nature of
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anisotropy dependent on any specific Bg(w).

6. Since the window may be placed arbitrarily in the domain of B(w), the essential and
natural boundary conditions define two different inhomogeneous tensor fields at the scale
8 with continuous realizations, which lead to two basic random continuum approxima-
tions: Bg = {Bg (w);me Q} and Bg = {Bg (w), w e Q}, respectively. Accordingly, a
window of size & may be considered as an RVE of these two random continuum models.
7. Our definition of two inhomogeneous tensor fields is conceptually similar - but not the
same - to the procedure of local averaging (Vanmarcke, 1983) in the theory of random
fields applied to a single realization C(®); m€ € ; it becomes the same in case of a 1-D
model only when applied to compliance. In two and three dimensions computational
mechanics methods have to be implemented - in a Monte Carlo sense - to find the ener-
gies and, hence, the effective constants of finite windows and their probability distribu-
tions PL Q;)J and PL _C_';J Similarly, the autocorrelation (autocovariance) functions may be
determined (see also Ostoja-Starzewski and Wang, 1989 and 1990).

8. Principles of minimum potential and complementary energies can be used to obtain a

hierarchy of scale-dependent bounds on the effective stiffness tensor ceff

= (5’*)" —(sh < <sg.>" <(sh e <y <(ch=c” (12)
6<d

9. Since two different random anisotropic continua result, a given boundary value prob-

lem must then be solved to find the upper and lower bounds on response of composites.



3. THE FINITE-DIFFERENCE MODEL

3.1 LAYOUT

The nature of a composite microstructure - i.e. presence of many inclusions distrib-
uted at random in the specimen - precludes any simple analytical solution of the local
fields for this problem and of the crack propagation study in such a system. Therefore we
adopt a method analogous to those used in modelling of stiffness and/or failure of atomic
lattices (see Day et al., 1992; Beale and Srolovitz, 1988) and conduct the simulations in two
dimensions. Such investigations are based, in the simplest setup, on simulations of break-
down of a lattice with central-force interactions, in which some bonds are initially taken out
to represent the disorder, and from which cracks then develop in the course of simulation
(see Section 4 below).

To use the discrete model, a two-dimensional triangle lattice (Fig.2) is arranged to
cover the area occupied by the material. Suppose the material consists of cells of hexagon
shaded in Fig.1. All the cells have the same size, shape and orientation, and are centered

at vertices of the lattice. However, the material for each cell maybe different.

Fig.2 Two - dimensional discrete triangle lattice configuration
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‘We consider a single cell (Fig.3), as a discrete model and describe the original con-
tinuum with six normal springs o and six angular springs (or watch spring) [3". To
answer what material problems this kind of model can describe, we need to find the rela-

tion between the stiffness of springs and the elastic moduli of the represented continuum.

Fig.3 A discrete spring model of a single hexagon cell

3.2 MODEL FOR PLANE ELASTICITY
3.2.1 Alpha Model

As mentioned above, the model consists of straight and angular springs, but we
Prefer to discuss them separately for the sake of clarity and simplicity. Consider a cell of
isotropic material as shown in Fig.3. A discretized model consisting of six straight springs
‘W hich connect at the center of hexagon will be used to simulate the original material of
<Continuous model. All springs are linear elastic and can rotate around the center freely.
The nth spring has an angle 8" with the coordinate axis X, and stiffness ", so the model
is called an o - model.

The relation of elastic properties between the continuum and the discrete model

Can be derived from the equivalence of energy of both models. For the continuum model,

the elastic energy E of the hexagon is expressed as
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1

E = 5Ciue EuA ij k=12 (13)

where, C is the fourth order tensor of elastic moduli, the stiffness tensor. A is the area of

the hexagon cell. € is the linear strain tensor of the second order.

R 7

to
>

Fig.4 Normal spring

To get the energy expression for the discrete model, we note that OL represents nth
spring of stiffness o and length I (Fig. 4). X ; and X are the rectangular Cartesian coor-

dinates. N is directed along the axis of the spring. We assume that point O is fixed and the

displacements of point L are u”; and u",.

The force P in the spring is

P" = (l"u',:/ ’ (]4)
and
"';v = l;u; (15)

Where [, = cos8, [, = sin@ are the directions of the spring.

Using (14 ) and (15). the strain energy in the spring can be written as
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2 (16)

= =0 Illjejkl E; 1

(S]]

12”
= S e e

The total energy of all six springs with the same length / is

6 2

6
E=YE za"l"lll,euek, (17)

Comparing expressions (17) and (13) . the elastic moduli of a material represented

by the discrete spring model are found as

'J

6
le/ = 2 an1717]:17 (18)

The area of the hexagon is

A = 2.3F (19)

Substituting the expression (19) into (18), we get

n.n.n
uH 2 I'Ij L (20)

n-]

It is obvious that this expression for elastic moduli satisfies the requirements of the
SYmmetry of stress and strain tensors which is necessary. The result obtained here is

€Xactly the same as given by Holnicki - Szulc and Rogula (1979).
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3.2.2 Beta Model
Again consider the single cell given in Fig.3, but only with six linear elastic angu-
lar springs used to constrain the free-rotation of the o springs. The stiffness of the nth

angular spring is denoted by B", so the model is called a B - model.

N

o

Tl
-

Fig.5 Angle change, A

Using Fig. 5, we want to find what is the angle change A8 when the point L
moves to the point L through an infinitesimal displacement. Let I be the unit vector

along OL and [ be the length of OL. It is seen that
Ixa =IxI'=1-A8 (21
Equation (21) leads to

dxu = lekijliuj = &€l (22)

~ ]
A6=7 ] jpli'p

Where, €ij 1s the permutation tensor and €, is a strain tensor, i, j, p= 1,2, I, = cos®



85

and I2 = sinH.

The angle change between two segments is measured by (Fig. 6)

~ -n+1 ~
A = A" — Q"

n+1

Fig.6 Angular spring

Substituting equation (22) into (23), we get,

~ n+1.n+1 n.n
20 = e, | 71010

For a single angle spring B” . the strain energy due to A is

En - %B"!A({)Iz

Substituting equation (24) into (25), we get

2
1 n n+ln+l nmn
E'=3B {ek,.j.ejp(ll. L -1,1,,)}

(23)

(24)

(25)

(26)
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Expanding expression (26) and using the identity

8 8 -8 3. 27

€Lij€kpg = Oip®jg ~ %ig%p

where Sij is Kronecker delta, and taking advantage of permutation function of 8,.]., we

finally get,
-— B" n n n n,n
= S A8 LIt = LI,
Slkl;+]1"+lln+]1n+] 1n+ll"+lln+]ln+l (28)

n+1.n

~28 .1 1"+'1"”1 JRIA

tk'p'y 1 }Eijekl

The total energy in a cell with six angular springs is

n.n

_ p” n n
E = 23{5 rimin 1/11

tk “pt ot ptl
n=1

+6-A/"+]l"*11n+11n+l 1n+lln+]1n+lln+l (29)
tkp J

S8, 0 D w2 T e e

Where superscript (n+1) takes the value of 1 when n=6.

Equation (29) is really an expression of the strain energy of the unit cell of discrete
model. But to get the expression for elastic moduli, the symmetry with respect to i and j, k
and /, and ij and kI should be satisfied. That means some subscripts in equation (29)
sShould be permuted and the expression of the energy needs to be reconstructed so that it
Can be symmetric. There is no difficulty to work it out, but the desired expression will be

tedious for the general case.

For the cases we consider, i.e., the cases of two-dimensional isotropy and orthot-
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ropy, only a few permutations are needed. In this case, equation (29) can be rewritten as

follows

E=3 % (8 epr o8 b

n=1

—B”S,.klnlf' + lln +1

n n n+1n 30
LAY I AR A A (30)

k d
_an ,nl"ln+]1n+1+Bnln+11n1n1n+l }8 e
ik'pj°p l i j k'l ikl

The elastic energy of a continuous cell should be

1.8
E = §Cijklelj€kl‘4 (31)

Comparing equation (31) and (30), the elastic constants of the equivalent contin-

uum model can be simulated by the discrete lattice model according to

6
B 1 n _ ) n, .nn ( n _ )n n.n
Cijur = A Z {(B +pr-! 8 LI, -\ B +B" l LT
n=1

_anikl;iljnﬁ—11;+][7+Bn1:’1;1+112+]1;' (32)

n+1n+1 n+1 n.n+1

A S AR UL A L A

ik'pjp
W here superscript (n-1) takes the value of 1 when n=1.
3.2.3 The General Model

By superposition of equation (20) and (32), the elastic moduli of a cell of contin-

uum are expressed in terms of stiffness of general discrete o — 8 model as follows
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n=1
1 6
Zz (a +pn ‘)Bklpljlpl (B +B ')mjnzkr,
=i

Bt 10 e
n+]l;|+]+B"[:ul”fknl7+l}

- S,klpl;' b J

(33)

where A = 2~/§l2

.3 APPLICATION OF THE MODEL FOR PLANE ELASTICITY
3.3.1 Application to orthotropic material

For a two dimensional orthotropic material, there should be two axes about which

the material is symmetric. To satisfy this condition, we take the coordinate axes as the

sy mmetric ones, and choose (Fig.7)
(34)

(35)

Fig.7 Discrete model of a two dimensional orthotropic cell
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B! = B3 = B+ = BS (36)
B> = p° (37)

Using directly expression (33) with the conditions (34)-(37), the elastic moduli

corresponding to the or*hotropic discrete model are evaluated as

Cijp = Cp =0 (38)

1 | 1(3 3,5
Cin = :[(2(114"2“')"’[_2(331*'5 -)J (39)

=173 2_1(2 ! §2)
Chn = 5 3[40‘ g 4B +2B ] (40)
N N 1(3132) 41)
Caapn = 2J3[4°‘ 5 2B +5B }
= 32419
Ciapz = 2J§‘:4a +134B] (42)

Where subscripts in the tensor are simplified notation as general convention. The obtained

tensor of elastic moduli is symmetric.
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3.3.2 Application to isotropy
3.3.2.1 Using both o« and [} model

For isotropic material, we assign all straight and angular springs the same values

of stiffness, respectively. In this case, the elastic moduli of a cell in (33) degenerate as fol-

lows

o 6
("'Uu == Z

§>I'@

25
6
n n n.n
g (28, =20 @)

A AL Ay Y A A A

nn+ln+1 n+l, nn+l
8,,\1171} » Lo+ L)
Assume that the straight and angular springs are distributed uniformly, the length

of [ is taken as a unit, the corresponding relation between the elastic moduli of the contin-

uum model and the stiffnesses of the discrete model is determined as

Cia = Cayp = €y =€y =0 (44)
Cim = Coonp = ﬁ—;(%a‘*llz% ) (45)
Ciima = Gy = Z—Iﬁ(ga—ézﬁ) - (46)

Ciapp = %ﬁ(%a*'ll'zg ) (47)

In view of the listed results, it is obvious that the obtained elastic moduli in terms
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of stiffness of the discrete model satisfy the requirements of symmetry due to stress and

strain tensors and strain energy. It is also observed that the condition

1
Ciaz = 5(Crin=Cip) (48)

is satisfied, so that there are only two independent constants and the proposed model can
really represent an isot. 'pic continuum of isotropy.

Using the relation,

K+u = C, (49)

= Cg (50)

3

1(3 19)
= (342 52
BN 2

Wwhere | is the shear modulus and x is the two-dimensional bulk modulus. It may be

Noted that the bulk modulus due to the angular springs is identically zero, i. e.,

kP =0 (53)

That implies the presence of angular springs never change the area of material.

The formula for a two-dimensional Poisson’s ratio is as follows,

A
|
=
9!

12
= — = = 54
v K+p  C (>4
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Substituting equations (51) and (52) into (54), we get

al2-3B

32+ 3B (55)

From equation (55), we find the range of Poisson’s ratio which can be covered with this

model, i.e.,

\)
8

(56)

<
1
|
<

\)
8

™R RI™®

Note that this is a two dimensional Poisson’s ratio.

3.3.2.2. Using only the o - model
In this modeling without angular spring, the straight springs are chosen such that
all the six have the same length and stiffness, and all the angles between any adjacent ones

are equal to each other. In this case, equation (8) can be rewritten as

6
o n,n.n.n
Cou = A Y LULLT (57)

n=1
From equation (57), the elastic moduli are evaluated. The results show all the con-

ditions of isotropic elastic properties are satisfied, such as

Ciim = Coom (38)
Ciy = €y = 0. (59)

]
Cizi2 = 5 (Ciin=Chiz) (60)
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The elastic constants are listed as

Ciimn=6C,= =3 & (61)
NE

Cijpp = Cyy = g & (62)
NE)

Ciopp = Cgg = e (63)

K=""q (64)
o (65)

where p is the shear modulus and x is two-dimensional bulk modulus.
The same expression as in equation (57) was mentioned by Holnicki-Szulc (1979).
“T he results equivalent to equations (64) and (65) were given by Keating (1966) and Kirk-
wood (1939), but the stiffness of springs which they took is half of what we take here so
that the coefficients in their expression would be twice the ones in equations (64) and (65).
As we did above, if we substitute equations (64) and (65) into (54), we get
Vv = 1/3, which means the above-mentioned model can be used only for the case of two-
dimensional Poisson’s ratio being 1/3.
To get Poisson’s ratio different from 1/3, the parameters, such as stiffness of
Springs or angles between springs may be changed instead of adding angular springs.
Chen and Thorpe (1992) employed the equilateral triangular lattice without angle springs,
but assigned three different stiffnesses to the straight springs. the range of Poisson ratio is
from 1/3 10 1. Thus, by combination of Thorpe’s model and ours, Poisson’s ratio in the

ful) range for 2-dimensions, from -1 to 1, can be obtained.
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3.4 APPLICATION TO CONDUCTIVITY

We now consider the two-dimensional conductivity problem governed by
Laplace’s equation. The model can also be used for several other problems, such as out -

of - plane elasticity, membrane problem, etc., which have the same governing equation.

3.4.1 Triangle lattice model
Again we refer to Fig.2 , to the model with the normal springs. Following the same
procedure we used for the two-dimensional elastic problem but at lower level of tensor,

we get

n n

P u

a"(e .1'.')‘ (66)

[

. 1
E’—Z

N— N =

n.n.n

o Il. Ij siej

where u is out of plane displacement (temperature), € is gradient of displacement (gradi-

ent of temperature). The total energy of all six springs is

6
n 1 n.n.n
E= Y E =5y alleg (67)
For the continuous model. the elastic energy E of the hexagon is expressed as

| «a
E = ECUE;E,A (68)

Where Cij is the tensor of elastic moduli (conductivity). Comparing expressions (67) and
(68) and substituting the area of the hexagon (19), the elastic moduli represented by the

discrete spring model are found as
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6
o 1 n.n.n
Cij = m Z o Ii[j (69)

n=1
Assume the straight springs are chosen such that all six have the same length and
stiffness, and all the angles between any adjacent ones are equal to each other. In this case,

equation (69) can be evaluated as

(70)
Cha=Cy =0 )

It is obvious that obtained conductivity tensor satisfies the requirements of symme-

try and indicates the isotropy of the model.

3.4.2 Square Lattice Model

Fig. 8 shows the two-dimensional square lattice which is to cover the area which
materials occupy. Suppose the material consists of cells of square shaded in the figure. All
the cells have the same size, shape and orientation, and are centered at vertices of the lat-
tice and fill the lattice. However, the material for each cell maybe different.

We consider a single cell (Fig.9), as a discrete model, and describe the original
continuum with four straight springs o of the same length. Following the same procedure
as for the triangular lattice, we get the conductivity of the original continuum in terms of

the stiffness of the discrete model as

4
1 n
Cy=z 2ol (72)

n=1
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Fig.8 Square lattice Fig.9 Discrete square cell

Let all four stiffnesses o be equal to each other. The expression (72) is evaluated

as

¢, =0C),=:za (73)
C,=0C,, =0 (74)

An orthotropic model can also be established by using square lattice if we set

a], o’ equal to a3, o respectively. As a result, the model will be represented by

(01 (75)

9]
o
2

]

o? (76)

C,=Cy =0 (77)



4. EFFECTIVE CONDUCTIVITY

4.1 METHOD OF SOLUTION

To study the effective conductivity of a composite material, the above-mentioned
square and triangular lattices are used to discretize its domain. We consider two - phase
materials, i.e., composites containing inclusions, which are arranged either periodically or
randomly in the matrix. Regarding the latter, the structure of composite material is created
by generating, in a Monte Carlo sense, pseudo-random numbers for coordinates of the
centers of inclusions. A rounding off of these numbers is done to set the center of inclu-
sion exactly on the grid points. Then the stiffness of all springs (or, say, bonds) are
assigned according to whether they fall in the matrix or in the inclusion. Any spring strad-
dling the circular boundaries of inclusions has its stiffness ( o ) assigned according to a
series spring system weighted by the partial lengths ( /,, /;, ) of the springs that belong to

the respective domains, i.e., by the harmonic average:

Loy |
o= |+ (78)
lo, oy,
where [ =total spring length
o, o, =stiffness of partial spring.
The two-dimensional conductivity and the out - of - plane elasticity problems that
we are concerned with in this investigation have the same governing equations mathemat-
ically. For the two problems, the constitutive equation is

o, (x) =C;(0)g(x) (79)

97
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where o is either heat flux for the conductivity case or stress for the out - of - plane elas-
ticity case. € g is temperature gradient for the conductivity and strain for the out-of-plane
elasticity. C, i is the conductivity or, out-of-plane shear modulus for the two cases, respec-
tively. All of these are random variables depending on their local position.

In order to solve problems related to inhomogeneity, ‘effective modulus’ should be
defined. The formula used here can be found from a general textbook so that it is shown
here without more details. Based on the stochastic concept of random field theory, there
are two kinds of ‘average’, volume average and ensemble average. Using the concept of
volume average, we take a special specimen subject to a displacement boundary (essen-
tial) condition as follows

u=€x. (80)

where u is the displacement and temperature for out - of - plane elasticity and conductiv-
ity cases, respectively. X; is the position vector, e_j is the average strain or intensity which

is defined by

1
e, = 7[eda 81)
A

Furthermore, the effective modulus can be defined as

eff—
i iy

al
[
P!

(82)

In this case, the potential energy is

E=ec"e (83)

N —

On the other hand, using the discrete model in section 2, the same potential energy

can be obtained by simply summing the energy in each spring as
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o, (Au)’ (84)

N —

n
E=Z
i=1

where @ is the stiffness of the ith spring in the model, and Au, is its deformation. n is
the number of springs in the model.
Equating the energy in (82) and (83), the effective modulus can be found. The fol-

lowing three tests are carried out to evaluate C,,, C,, and C,, respectively.

1) taking g, =1, €,=0 leadsto (89)
C,, = 2E, (86)

11) taking g, = 0,22 =1 leads to (87)
C,, = 2E, (88)

1) taking g, = 1,&,=1 leads (89)
C,,=E-E,-E (90)

where E|, E, and E; are the energies in the three tests, respectively.

4.2 RESULTS

We examine the effects of several factors on the conductivity. These include the
arrangement of inclusions, the type and size of lattice, the ratio of conductivity of inclu-
sion to matrix, the volume fraction of inclusions and randomness, and compare the
obtained results with their Hashin second - order bounds.

Specimens have inclusions arranged either periodically or randomly. In both two
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cases, all the boundaries are periodic. The samples of composite configuration are shown
in Fig.10. Only essential (displacement) boundary problems are solved. Following issues
are discussed,

(1) Since we represent a continuum system by a discrete lattice, the first important
question is how large should the diameter of the inclusion relative to the mesh spacing be
in order to adequately approximate the continuous material. We explore this issue by con-
sidering a classical case of effective conductivity of a material with a dilute concentration

of circular hole for which an exact solution is known to have the form

c’ = (1-%p " ©91)

7 is the effective conductivity of a composite, C" is the conductivity of a

where
matrix, f is the volume fraction of the inclusion to the composite and :R is a constant
which equals to 2 for a hole in dilute case.

A specimen of size 114x114 with square lattices is used to test the effect of the size
of an inclusion on accuracy of solution. The diameter of the single cavity in the matrix
changes from 2 to 20 spacings, the corresponding conductivities are obtained and the con-
stant R is calculated from equation (78). All the related data are given in Table 1 below.
It is seen that the inclusion having a very small diameter d = 2 or 4 does not represent the
continuum system well. As we increase the diameter, the accuracy improves and R con-
verges to the analytical solution, although there is a fluctuation. However, for large diam-
eters we have two competing effects - the larger the diameter the better the approximation,
but, at the same time, the dilute assumption ceases to hold. Note that we have computer
limitations on the lattice size. Finally we compromise by choosing d=14 where the volume
fraction, close to 1 percent, corresponds to a dilute system. The effect of the hole size on

the effective conductivity is also shown in Fig. 11. In Fig. 11 and the following Figs. 12 -

15 and 20 - 21, the calculation points are connected simply by the straight lines for clarity.
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No regression has been made.

Table 1:
amewr | jome | g | P

2 .00024 0.9997

4 .00097 1.7373

6 00218 2.0356 +1.5
8 .00387 1.9783 -1.5
10 .00604 1.9078 -5.0
12 .00870 2.0541 +2.5
14 .01185 1.9848 -1.0
16 .01547 2.0032 +0.1
18 .01958 2.0193 +1.0
20 .02417 1.9914 -0.5

(11) In addition to (i), the mesh dependence is examined as follows. We vary the
size of specimens and inclusions simultaneously, but keep the volume fraction of the
inclusions unchanged. A volume fraction of 0.349 is used here. The sizes of the window
are L =64, 127, 253 and 379, and the corresponding diameters of the inclusions are d =
14, 28, 56 and 84, respectively. dis fixed. In other words, we consider the dependence
of effective conductivities on the mesh. The investigation is conducted for various ratios,
0.0, 0.01,0.1,0.2,0.5, 1, 2, 5 and 10, of the conductivity of inclusions to those of matri-
ces. Fig.12 shows the relation between the ratio and the effective conductivity which is
also normalized by the conductivity of matrix. The results indicate that the effective con-

ductivities from the window size 64 and 127 coincide well, and the effective conductivi-
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ties go up when the window size increases after that. The bigger is the contrast c/c”
in conductivities, the stronger is the scale dependence.

(iii) As mentioned in section 2, the conductivity is scale-dependent. To understand
this effect, we vary the size of window with L = 64, 127, 253 and 379. The diameter of
inclusion is still taken as 14 in order to ensure the accuracy of solution. The correspond-
ing values of scale & are 4.5, 9, 18 and 27, respectively. No bigger specimen can be taken
because of the computer limitation.

Fig. 13 shows the relation between the ratio of the conductivity of inclusions to
those of matrices and the effective conductivity which is also normalized by the conduc-
tivity of matrix. The results show that the effective conductivities coincide well for the
case of C'/C" <10. The effective conductivities go down when the ratio L/d increases.

Figs. 14 - 15 and Figs. 20 - 21 show the conductivity for the cases of L=64 and
128, respectively. Fig. 14 and Fig. 20 give the dimensionless effective conductivity (nor-
malized by the conductivity of matrix), C 7, C", versus the ratio of the conductivity of
the inclusion to the matrix, C'/C" and the volume fraction of the inclusion to the com-
posite, f, in two - dimensions. The volume fractions are taken as 0.03879, 0.1939, 0.3491,
0.4266, 0.5042 and 0.5818, respectively. The upper figure is the shaded effective conduc-
tivity surface and the lower one is the intersection of the above surface with the planes
where the volume fraction is fixed. To see more details, Fig. 15 and Fig. 21 give the
curves of the effective conductivity versus the volume fraction with ratio of the conductiv-
ity of the inclusion to the matrix being 100, 50, 10, §, 2, 1, 0.5, 0.2, 0.1, 0.02 and 0.01,
respectively. In the figures, the curves for 11 cases are plotted in various forms of solid,
dashed or dashdot lines for the sake of clarity. The difference of conductivities obtained in
. these cases is very small, for most cases, in a range of 1 percent relatively, so that they
appear to be weakly scale-dependent for the range of the ratio of the conductivity of the
inclusion to one of the matrix, 0.1 - 10, which is more practically applicable to compos-

ites. In other words, the effective conductivity obtained from different & scale but contain-
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ing inclusions of diameter 14 are comparable to each other.

(iv) Regarding the stochastic aspects, 10 samples are randomly chosen for each
case. The mean value and variance of the results obtained are calculated. The results from
two loading conditions, g, =1¢&= 0 and g = 0, g, = 1 are also averaged to elimi-
nate the macroscopic anisotropy because of the limited window size. The distribution of
the conductivity with different random .arrangements of inclusions can be found in Figs.
16 - 19 which show the effective conductivities corresponding to various volume (area,
here) fractions for a certain conductivity ratio, C'/C". In the figures, the dot marker
stands for the case of L=64 and the circular marker for L=127. The scatter of the results is
obvious but not significant, and the relative variance, for most cases, does not exceed 0.06.
It is noted that randomness plays a more important role when the ratio of conductivity of
the inclusion to the matrix is far from a unity, such as the case c'/7c™ =002 in Fig. 16.

(v) As a special case, comparing to random ones, the effective conductivity of
composites with periodically arranged inclusions are evaluated for the same volume frac-
tion and stiffness ratio. Fig. 24 and 32 display for two different stiffness ratios the stress-
strain curves of a periodic composite and of several random composites. It is seen that
the effective conductivity for the periodic composite is within the range of scatter of the
effective conductivities for the random composites, i.e., although the stress-strain curves
appear different. the initial slopes, i.e. conductivities, are almost the same. It should be
noted, however, that this result has been obtained for a rather restrictive model: a periodic
window with the dimension only about 3.5 times larger than the diameter of the inclusion.

Ceff calculated via C"8 and Cg (see Section 2.2).

This is not the case with

(vi) The range of volume fraction of inclusions is from zero to about 0.6, the max-
imum value that can be obtained in the case of non-overlapping inclusions. For the above
test, the volume fractions are taken as 0.03879, 0.1939, 0.3491, 0.4266, 0.5042 and
0.5818, respectively. Figs. 16-19, where the solid lines are the Hashin second upper and

lower bounds for the effective conductivity of composite in two-dimensions, show that the
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effective conductivities for various volume fractions are consistent with the Hashin sec-
ond - order bounds.

(vii) A sample is also made of for the ratio of conductivities of the inclusion to the
matrix from 0.01 to 100 which covers a range wide enough to be applicable to most prac-
tical composite materials. The results show that all the values of the effective conductivity
fall within their feasible range enclosed by Hashin second-order bounds in Figs. 16-19.
Furthermore, the values approach the lowér bounds as the ratio is larger than 1, and the
upper bounds for the ratio less than 1. This implies the model lattice has a little lower
stiffness, since according to the theory in (12), all conductivity should be near the upper
bounds.

(viii) In order to understand the sensitivity of conductivities to the type of lattice,
both triangle and square lattice are used. The results from the two different types of dis-
crete models are quite consistent for the same composite material. No more comparison of
lattice types will be mentioned, it is not the main concern in our study.

In this section, the effect on the conductivity of many facts, such as the size of
mesh, the ratio of the window dimension to the diameter of inclusions, the composite con-
figurations (randomly and periodically arranged inclusions), the ratio of the conductivity
of inclusion to the conductivity of matrix, the volume fraction of inclusions and the lattice
shapes are examined. The inclusion of diameter 14 and the window of 64x64 are used to
get reasonable conductivities with feasible expenses on HP or SUN work station. The cal-

culated conductivities fall within Hashin second order bounds.



S. DAMAGE AND FRACTURE SIMULATION OF
COMPOSITES

5.1 METHOD OF SOLUTION

The investigation of damage and fracture in composite material is based on a sim-
ple and straight - forward idea, i.e., simulation of breakdown of a spring lattice model, in
which heterogeneity is introduced by, for example, taking out some springs to represent
the disorder and from which cracks then develop in the course of simulation.

In this part of thesis, we assume that the microstructural response of composites is
elastic-brittle. In other words, the springs in the lattice will have linear elastic property
until they break according to the established criterion. For the two phase material, there
are two kinds of springs representing matrix and inclusion, respectively. Therefore, the
composite material can be characterized by four parameters. Of them, C" and C are
stiffnesses of springs for inclusions and matrices, and t::'r and eir are critical strains at
which springs will break. In this notation, the superscripts m and i stand for the matrix and
inclusion, respectively, and cr for ‘critical’. The global response of a composite is, how-
ever, a result of cooperative spatio-temporal phenomena of breaking along with the stress
and strain redistribution in the microstructure - a process which is simulated as described
below.

The fine mesh model of the matrix-inclusion composite forms the basis of compu-
tational simulation of damage formation. These are conducted in the following steps.

(i) We subject the boundary of a square-shaped lattice to kinematic boundary con-

105
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ditions

u = ijj j=12 92)

where € = (£,&,) is the macroscopic (applied) strain (for out of plane elasticity case

where €, ,=&,, and g, =§&,, )orintensity (for conductivity case). In the numerical

1

examples in this paper we take & =& and &, =0 .

(i) We simulate the increasing loading conditions through raising & by small
increment A€ in every next run of the simulation.

(i) In every run we use a relaxation algorithm for the square lattice (conjugate
gradient algorithm for the triangle lattice) to solve for the equilibrium of the lattice, and
next, we search for all springs, in either matrix or inclusions, whose strains exceed the
local fracture criterion

m m i i

€ >¢ and € >¢ (93)

cr cr

For any spring straddling the circular boundaries of inclusions having a weighted stiffness
assigned, a harmonic averaged fracture criterion is set up also and a criterion similar to
(93) is used. If the above criterion is met, given springs will be removed from the lattice -
thus representing a crack - and the microscopic strain € is increased according to step ii).
(iv) The increase of € by AE is conducted by first unloading the entire lattice, and
then reloading it by strain € + AE.
(v) We repeat the above steps until a continuous crack is formed through the whole

specimen (state of crack percolation).
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the terminology of Section 2, a single specimen Bg(w) at 6=4.5 and ® = ®;, whose
overall stress-strain response is given in Fig. 24. Thus, a question arises as to how strong

is the scatter among specimens of the same type. To that end we present damage evolution

patterns (Figs. 25 and 26) and corresponding stress-strain curves (Fig. 24) for two other

configurations indexed by ®, and w3, respectively. These three stress-strain curves are

marked with a, b and c in the figure, respectively. Fig. 24 shows also the response curves

of the inclusion material and matrix material per se.

Following observations are now in order:

- Scatter in effective moduli in the pre-damage region, as shown in the last chapter, is
much smaller than that which sets in after damage starts taking place.

- As expected, qualitatively same damage phenomena occur. A big space of 20 samples
will be presented later for statistical study.

- The stress-strain curves are all of the same type - i.e. pre-peak - albeit the scatter in
their shapes and the strain - to - failure is significant.

- Presence of inclusions - both random and periodic - has a strongly weakening effect
on the overall strength of a composite as compared with the strength of the inclusion mate-
rial or matrix material; this is due to the strain/stress concentrations.

- Spatial randomness in the distribution of inclusions has a strongly weakening effect on
the overall strength of a composite as compared with the strength of an idealized periodic
composite, Fig. 24; note that this observation is highly dependent on the particular mate-
rial parameters - for example, the case C'/C™ = 5 and eir/ 8':, = 5 exhibited a much
smaller effect.

Up until now the randomness was due to nonuniform geometric arrangements,
while the properties of matrix and inclusions were taken as homogeneous - in reality each
material possesses some spatial random inhomogeneity in elastic moduli and strength, and
thus the damage patterns and the effective response of an actual periodic system would

differ from the one in Fig. 24 because of damage localization; those effects are examined
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later.

(i11) The issue of material microstructure randomness effects on the overall com-
posite properties can further be clarified by a comparison with a composite of exactly
same volume fraction (i.e. 0.349) but a perfectly periodic distribution of inclusions, the
results from which configuration are shown in Fig. 24 and Fig. 27. The former contains
the entire stress-strain response of such a composite, and the latter illustrates the evolution
of damage.

Once again, in view of Fig. 24, it is seen that the effective conductivities in both
random and periodic cases are almost identical. However, the stress-strain curve for the
periodic case extends much longer than for the random cases, and there are some differ-
ences between the random cases themselves. The smaller strength in the random case is
caused by the stress concentration due to the nonuniform distribution of inclusions. This
can also be observed from Fig. 27 where the deformation appears uniform, and the dam-
age happens periodically in the configuration at same time so that the composite can
undertake higher loading than in the random case. Also, the fact that the breaks occur uni-
formly in Fig. 27 for the case of a composite with the periodic arrangement of inclusions
shows our algorithm and program work well.

(iv) In order to better understand the effect of randomness of special arrangements
of inclusions on the overall mechanical properties, the other case with the different stiff-
ness ratio and strength ratio, C'/C" =2 and eir/e':r = 0.2, is illustrated here. Figs. 28 - 30
and Fig. 31 are the damage evolution graphs for three random samples and the periodic
one. The corresponding stress-strain curves are shown in Fig. 32. From these graphs the
following conclusions are drawn.

The stress-strain curves are all of the same type, although the scatter between them
in their strain-failure is noticeable. But different from the case in the last section, the
effective response of the composite, both random and periodic, is of the elastic-brittle type

with feature of one peak only in the curve.
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As expected, qualitatively same damage phenomena occur, but the idealized peri-
odic composite leads to an overestimate of the effective strength: geometric randomness
has a weakening effect. However, different from the last case, here the damage forms ini-
tially in the denser region due to stress concentrations in their vicinity, stiff inclusions tend
to form links carrying relatively more load. Microcracking then spreads across the speci-
men whereby the random character of the damage pattern reflects the heterogeneity of the
microstructure.

Presence of inclusion, both random and periodic, has a weakening effect on the
overall strength of a composite as compared with the strength of the inclusion material or
matrix material, due to the stress and strain concentration.

(v) Comparing to the case in section (ii), the effect of changing eir/ e':r while
keeping the stiffness ratio C'/C™ fixed is shown in Figs. 33 and 34; the first one gives the
damage evolution pattern, while the second presents the stress-strain curve; note that the
same geometry as in Fig. 23 is being used. We see that:

- Although the inclusions are softer than the matrix, just as in the previously studied case,
their now higher strength causes damage to initiate in the matrix.

- Cracking occurs within the inclusions at a later stage, and is seen to be needed for a total
breakdown of a composite. Comparing with the case in the last section, the different
strength ratio leads to the different damage processes.

- The stress-strain response is of the pre-peak type.

(vi) A question may be raised at this point as to the effect of a small change in com-
posite’s geometry on both the damage pattern and the overall stress-strain response. Such
a change is present in the composite of Fig. 35 as compared to the original one of Fig. 33.
It is seen from the ensuing damage evolution that such small microstructural variations can
lead to some differences in crack patterns and thus to nonnegligible changes in stress-strain
curves as shown in Fig. 34 in which the curves for the two different configuration are
marked by d and e, respectively.

(vii) At this stage we return to the aspect of mesh dependence in our simulation

method. Some light on this very broad and important issue is shed by simulations of
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exactly same composite as the one of Fig. 35 at double the mesh spacing per inclusion as
presented in Fig. 36. The corresponding stress-strain curve is marked by f. A comparison
of these two figures indicates that cracks form and evolve in almost same locations at two
different mesh resolutions. However, this is a delicate issue which requires a further study;
see also (de Borst et al, 1993). The stress-strain response curves given in Fig.34 show that
the qualitative features are preserved under a change of mesh.

(viii) Furthermore, we are concerned with the effects of intrinsic randomness of
geometric arrangements of inclusions on the overall stress-strain response of composite in
the entire parameter space which is specified by two parameters, as used previously: the
stiffness ratio C//C™ and strain-to-failure (strength) ratio eir/ e:’r . In the following we call
the plane defined by these two parameters a ‘damage plane’, and a representation of a given
property, such as effective stress-strain curves, a ‘damage map’.

Fig. 37 shows the damage map of stress-strain curves of composites and the related
matrix and inclusion materials for the all nine combination of the two parameters which
are valued as 0.1, 1 or 10. Fig.38 shows the same damage map without the curves for
matrix and inclusion materials so that a bigger scale can be used to get more details. It is
observed that from the left of the map to the right, from the bottom to the top, i.e., as the
strength ratio and stiffness ratio increase, the type stress-strain curve changes from the pre-
peak to the elastic-brittle one. Correspondingly, the break initiates from inside the inclu-
sion to inside the matrix. In the former case, cracks initiate in the weak inclusion, then stop
growing until a high level of load is reached due to the difference between the properties of
matrix and inclusion materials. The cracking procedure is discontinuous so that the stress-
strain curves are of the pre-peak type. In the latter case, cracks develop through the matrix
material continuously and the stress- strain curve is of the post-peak (or elastic-brittle) type.

Fig. 39 is the corresponding damage pattern map. It is clear that from the left side,
fluctuation of location of the figure to the right side, from the bottom to the top, the crack
initiates from inside the inclusion to inside the matrix.

(ix) As stated earlier, models of uniform materials are usually used for analysis,

however, real materials are always heterogeneous due to fluctuation of geometry or prop-
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erties of material’s constituents. The influence of geometry is considered here.

Figs. 40 - 41 illustrate the effect of fluctuation of inclﬁsion location on the damage
pattern map and the stress-strain curve for the parameters eir/ e':r =2and C/C"=0.2,
respectively. In Fig. 40, the left column represents the evolution of the idealized periodic
arrangement of inclusions, while the right column the case of that the inclusion at the third
column and the third row is moved up one unit. Although the cracks initiate in the matrix
in both cases, only one crack, instead of many in the idealized case, forms in the vicinity of
the inclusion which is moved. It indicates the damage pattern is quite different due to the

stress concentration.

Fig. 41 shows the stress-strain curve also fluctuates due to the concentration and the
composite is weakened. '

Figs. 42 - 43 illustrate the cases with two different sets of parameters: sir/ e':r =2,
C'/C™ =5 and ei/e:’r = 0.5, C'/C™ = 0.1. Similarly as before, the cracks are not uni-
formly distributed any more. It should be noted that for the first two case is cracks always
occur in the matrix no matter if the location of the inclusion moved, but for the last case
the crack which initiates in the inclusion for the idealized composite, will start in the
matrix responding to the small change of the inclusion location.

(x) In addition to geometry, we examine the effect of fluctuation of matrix materi-
als on the damage pattern and stress-strain curves which are shown in Figs. 44 - 49. At this
point, we assume that the strength of matrix deviates a little from the uniform status as fol-

lowing

_ (l r) (94)
=&, +1—V

where, €__ = strength of uniform material
Ae , = strength fluctuation

r = uniform distribution random number, [-0.5, 0.5]



N = weight factor, 100 in this case.

The parameter pairs chosen for the material fluctuation are: eir/ e:‘r =2, C'/C" =
0.2;€. /€ =2, C/C™=5and €. /€ = 0.5, C/C™ = 0.1 for three different cases. Com-
paring with the uniform materials, the figures show that the damage of composites is not
uniform any more due to the stress concentration caused by the existing fluctuation. The
appearance and location of cracks are very much similar to those without material fluctua-
tion, but the number of them reduce to one. Figs. 45, 47 and 49 indicate the stress-strain
responses with or without material fluctuation are quite similar to each other, the stiffness
is unchanged and only the strength of composites is reduced.

(xi) All previous studies are conducted by using one or a few samples for each case
of randomly arranged inclusions. The problem to be deal with is: what is the response of
stress-strain relation to the random configuration of inclusions? For this purpose, the Q
space containing 20 samples is employed for statistical study. The numerical characteris-
tics are also included. Figs. 50, 53, 56, 59, 62, 65 and 68 are assembly of effective consti-
tutive responses. Figs. 51, 54, 57, 60, 63, 66, 69 and 52, 55, 58, 61, 64, 67, 70 give the
distribution function of maximum stresses and strain which are normalized by the corre-
sponding matrix properties, respectively.

Fig. 71 gives the damage map of constitutive curves. The pair of parameters,
eir/ e'c"r and C//C™ are used. The results from the 20 samples for each different pair of
parameter show the type of constitutive curves may change by chance. Fig. 72 and 73 give
the damage map of maximum stress distribution function and maximum strain distribution

function, respectively.

5.3 CLOSURE

As expected, the statistical analysis reported here shows that the conductivities of
composites are less dependent on the randomness of configuration. In contrast to this, big
deviations of maximum stress or strain are found, which suggests that the stochastic study

is necessary and important to determine properties of heterogeneous materials.
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We would like to conclude with the following statement. The discrete lattice and
continuum models have quite different - if not opposing, and hence mutually complement-
ing - features. Thus, for example, the discrete lattice approach as presented here enables
one to capture the global aspects of randomness, while the continuum based approach is
suited to conduct a detailed study of interaction of a crack with a single inclusion, see e.g.
Li and Chudnovsky (1993). The damage initiation and propagation in composite materials
cannot be adequately addressed without the incorporation of geometric and material ran-
domness, and thus the present study illustrates a need as well as a possible basis for a sto-
chastic continuum damage mechanics of such systems. The damage information obtained

in this study needs to be compared with experiments and results of other numerical meth-

ods.
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Fig. 10 Composite configuration: periodic and random arragement of inclusions
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Fig. 13 Delta dependence of effective conductivity



125

Fig. 14 Effective conductivity, at window size L=64
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Effective conductivity versus volume fraction, at window size L=64
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Fig. 18 Effective conductivity and Hashin second order bounds versus

volume fraction, Ci/Cm =0.2and 5
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Fig. 23 Damage pattern for random arrangement of inclusion,

e'/e"= 05, C'/C" =01
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Fig. 25 Damage pattern for random arrangement of inclusion,
e/e"= 05 C/c"=01
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Fig. 26 Damage pattern for random arrangement of inclusion,
e'/¢"= 05, C'/c"=0.1
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Fig. 27 Damage pattern for random arrangement of inclusion,
e'/e"= 05, C/c" =01
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Fig. 28 Damage pattern for random arrangement of inclusion,

g/e"=2, /" =02



Fig. 29 Damage pattern for random arrangement of inclusion,

e/e"=2, C/cC"=02
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Fig. 30 Damage pattern for random arrangement of inclusion,

e/e"=2, /" =02
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Fig. 31 Damage pattern for random arrangement of inclusion,
re"=2, C/c"=02
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Fig. 33 Damage pattern for random arrangement of inclusion,

e/e"= 10, c7C"=0.1
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Fig. 35 Damage pattern for random arrangement of inclusion,

e/e"= 10, C'/C" =01
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Fig. 36 Damage pattern for random arrangement of inclusion

e/e"= 10, ¢'/C" =01 ,L=127
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Fig. 40 Effect of fluctuation of inclusion arrangement on damage pattern,

e'/e"= 20, ¢/ =02
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Fig. 42 Effect of fluctuation of inclusion arr on damage pattern,

e/e"=2, C/C"=5



Fig. 43 Effect of fluctuation of inclusion arr on damage pattern,

e/e"= 05, C'/c"=0.1
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Fig. 44 Effect of fluctuation of matrix material on damage pattern,

e/e"=2, C/c"=02
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Fig. 46 Effect of fluctuation of matrix material on damage pattern,

e/e"= 05 C/C"=01
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Fig. 48 Effect of fluctuation of matrix material on damage pattern,

e/e"=2, /=5
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