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ABSTRACT

PARAMETER ESTIMATION IN NONLINEAR TIME SERIES:
RANDOM COEFFICIENT AUTOREGRESSIVE AND
SELF-EXCITING THRESHOLD MODELS

By

Lianfen Qian

This dissertation studies the parameter estimation in two nonlinear time series
models: Random coefficient autoregressive and self-ezciting threshold autoregressive
models.

For the random coefficient autoregressive model of order p (RCAR(p)), we discuss
a class of minimum distance (MD) estimators for the true unknown parameters.
These estimators are defined via certain weighted empiricals as in Koul (1986). The
class of estimators considered includes the least absolute deviation estimator and an
analogue of the Hodges-Lehmann estimator. The dissertation contains a proof of the
asymptotic normality of these estimators and a simulation study. It is observed that
RCAR(2) model with the Hodges-Lehmann type estimator fits the Canadian lynx
data at least as well as with the least square estimator.

For the first order stationary ergodic self-ezciting threshold autoregressive model
with single threshold parameter, we show that the maximum likelihood estimators of
the underlying true parameters are strongly consistent under some regularity condi-
tions on the error density. Then, we prove that the maximum likelihood estimator of
the threshold parameter is n—consistent if the threshold parameter is the discontinu-
ity point of the autoregressive function. Further, we derive the asymptotic normality
of the estimators of the coefficient parameters. We also obtain a simple approxima-
tion of a sequence of normalized log-likelihood processes, hence prove the tightness

of the sequence of normalized log-likelihood processes.
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Introduction

Nonlinear time series analysis has achieved a rapid development in the past two
decades. The two main factors expediting nonlinear time series model building are:
Essentially complete theory of linear time series analysis and some complicated dy-
namics phenoinena that can not be modeled by linear time series models. Many
different types of nonlinear time series models have been studied in literature (see
Priestly (1980), Pagan (1980), Nicholls and Quinn (1982) and Tong (1983, 1990). In
this dissertation, we will focus on the parameter estimations of two nonlinear time
series models: The random coefficient autoregressive and the self-exciting threshold
autoregressive models.

The first part of this dissertation is concerned with the random coefficient autore-

gressive model of order p (RC AR(p)) in which one observes {X;,: € Z} satisfying
X; = (0 + Z.‘)TY,'_l +¢€, 1€Z, (01)

for some @ € RP, where {€;,i € Z} and {Z;, i € 2} are independent sequences
of independent identically distributed random vectors with respective distribution
functions F and G. Here Y, := (Xo,...,X1-p)7 is an observable random vector
independent of {€}, Yi-1 := (Xiz1y...,Xip)T, Zi := (Ziay..., Zip)T, p>1lisa
known integer and Z denotes the set of all integers. For the importance of these
models in time series analysis, see the Lecture Notes by Nicholls and Quinn (1982)
and the monograph by Tong (1990). RCAR(p) models include the well known AR(p)
models (take Z; to be degenerate at 0).

The problem of interest here is to estimate the unknown parameter @ based on

{Yo, X1,...X»}. We will study the Minimum Distance (MD) estimators 8 of @ which

1



are based on minimizing certain types of distance functions M,(-), called dispersion,
related to the data and the parameter, for measurable function g from R? to R?. The
importance of this methodology in linear models is discussed in Koul (1992, Chapters
5 and 7). These estimators have many desirable properties, including consistency,
robustness against outliers in the error, efficiency and asymptotic normality in AR
models.

Koul (1992) discussed the asymptotic behavior of the estimators & under the
AR(p) setup. We obtain the asymptotic normality of  under the RCAR(p) setup.
The method of proof is similar to that of Koul (1992) which requires obtaining the
asymptotic uniform quadraticity of M,(t) and showing V(8 — 8) = 0p(1).

This part of the material is organized as follows. Assumptions and statements of
main theorems appear in Section 1.2 while proofs appear in Section 1.3. Section 1.4
contains a simulation study and an application to the Canadian lynx data. The sim-
ulation study shows that the Hodges-Lehmann type estimator is as good as the Least
Square (LS) estimator and Huber estimator (HE). For the additive effects outliers
model, Dhar (1990, 1991) established the robustness of the MD estimator. Later,
Dhar (1993) working on the AR(p) model showed through simulation that the MD
estimator, with H(z) = z and g(y) = y, has the smallest absolute bias even for the
small sample size n = 10 and the smallest mean square error for n = 50 and 100,
under the logistic error distribution.

As an application, we fit the RCAR(2) model with MD estimators to the annual
trappings of the Canadian lynx over the years 1821-1934. The result shows that this
model] provides an acceptable alternative to the more widely adopted class of AR
models.

A self-ezxciting threshold autoregressive model is a piecewise linear model. It is
fitted by different linear autoregressive functions in both past variables and param-
eters for different subsets of data. Tong (1977) first mentioned the usefulness of
these models. Later, Tong (1978a, 1978b, 1980) developed these models further in
a systematic way for modeling of discrete time series data. He argued that various

phenomena such as limit cycles, jump resonance, harmonic distortion and chaos can



be modeled by discrete time series that are piecewise linear. He called these models
the self-ezciting threshold autoregressive (SETAR) models. See Tong (1983, 1990) for
a comprehensive introduction to general SETAR models.

The second part of the dissertation is concerned with the large sample behavior
of maximum likelihood estimators in a special SETAR model, called SETAR(2;1,1),
defined as follows:

Xi=h(Xi1,0)+€, 121, (0.2)
for some 0 = (Of,r)T € R®, where 8, = (ao, a1,bo,b,)7 € R* and for any z € R,
h(z,0) = (a0 + a1z)I(z < 1) + (bo + biz)I(z > 7).

Here, the errors {¢;} are independent and identically distributed random variables
with mean zero, finite nonzero variance and ¢, is independent of X,. The parameter
r, the location of the change of the autoregressive function h, is called the threshold.

Define a region O of parameters as follows.
0= {0 = (001ala:301,31,s)T € Rs t o < l,ﬂl < 13 (23] :Bl < 1} (03)

Petruccelli and Woolford (PW)(1984) proved that the model (0.2) with ap = by =0,
r = 0 is ergodic if and only if & € ©. Note that © is much wider compared to
the region of stationarity of AR(1) model. Chan, Petruccelli, Tong and Woolford
(CPTW)(1985) continued PW’s work and found some other sufficient conditions on
the parameters for {X;} in model (0.2) to be ergodic. Note that the process {X;}
defined in (0.2) is a Markov chain. From ergodicity, one can readily obtain stationarity
if the measure induced by the initial distribution of the Markov chain is the same
as the invariant measure of ergodicity. Since this part of the dissertation discusses
the asymptotic properties of the maximum likelihood estimators, it will be assumed
that the initial measure is equal to the invariant measure. That is, we will work with
stationary and ergodic SETAR (2;1,1) model.

For the case of the threshold r having only finite number of possible values and
assuming Gaussian errors, Tong (1983) constructed a maximum likelihood estimator
of the unknown parameters using Akaike Information Criterion (1973). If the thresh-

old r is known, CPTW (1985) obtained the consistency and asymptotic normality



property of the least-square estimators of the coefficient parameter 8, under some
regularity conditions. But in practice, the threshold parameter r is unknown and
can take infinitely many values in R. In this case, Petruccelli (1986) proved that
the conditional least-square estimator (CLSE) of 8 is strongly consistent for the SE-
TAR(2;1,1) model. Chan (1993) developed the strong consistency of the same CLSE
in a general SETAR model. Furthermore, he claimed that he obtained the limiting
distribution of the CLSE of the threshold under some regularity conditions on the
errors.

We derive the asymptotics of a maximum likelihood estimator (MLE) of the under-
lying parameter @ in model (0.2), when the errors have a density f, not necessarily
to be Gaussian. Unlike the popular AR model, the likelihood function of the SE-
TAR(2;1,1) model is not differentiable with respect to the parameters. Actually, it
is not continuous in the threshold parameter in general. Thus the routine method of
computing maximum likelihood estimator can not be adopted. Instead, in Chapter
2, Section 2.1 discusses a profile maximum likelihood method to obtain the MLE
6, = (éfn, 7n)T of @ = (0T, 7)T. Section 2.2 states assumptions for latter use. In Sec-
tion 2.3, Theorem 2.3.1 shows that the MLE is strongly consistent. If the threshold
parameter r is a discontinuity point of the autoregressive function h, then the maxi-
mum likelihood estimator 7, is not only consistent, but also n-consistent as shown in
Theorem 2.4.1, i.e. |n(7, — r)| is bounded in probability. In Chapter 3, we develop
the asymptotic normality of the coeflicient parameter estimator 61, and some more
byproduct results. In Chapter 4, as a consequence of the n-consistency of #,, the suit-
ably normalized log-likelihood sequence of processes {in} (see section 4.1) is shown to
be approximated by a sequence of simpler processes which describe the log-likelihood
under known coefficient parameter @,. Through the latter processes, the tightness of
{i,} is derived. It is expected that this result will be useful in obtaining the limit-
ing distribution of the standardized maximum likelihood estimator of the threshold
parameter.

Notation. Throughout this dissertation, the symbol 8 is the fixed unknown
underlying parameter, the function f is the p.d.f. of €; and F denotes the distribution



function corresponding to f. The expectation under 8 is denoted by E.

Weak convergence is denoted by =. A sequence (random) goes to zero (in proba-
bility) is denoted by o(1)(op(1)) while O(1) (Op(1)) means that it is bounded (in prob-
ability). The multivariate normal distribution with mean zero and covariance matrix
T is denoted by N(0,T'). Let R be the real line (—o00,00), and R = R U {—00, 0},
then the compactness of the set R is under the metric d(-,-) defined by d(z,y) =
| arctan z — arctany|. A function ¢ satisfies the Lip (1) if Vz, y € R, 3 L > 0, such
that

lp(z) — @(y)| < Llz — y|.

For any event A, the complement event of A is denoted by A° and the indicator
function is denoted by I(A). Throughout, the capital letter C, the symbols v;, i =
1,2,... stand for absolute constants and they can have different values in different
places. The notation z7y stands for the inner product of vectors z and y. For any
matrix M = (m;), |M|| = £i;|mi;| , MT stands for the transpose of M, det(M)
and adj(M) stand for the determinant, adjoint matrix of M, respectively. Vectors
of dimension more than one are denoted by bold face letters. The index i in the

summation varies from 1 to n unless specified otherwise.
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Random Coeflicient Autoregressive

Model



Chapter 1

Minimum distance estimation

1.1 Introduction

This part of the dissertation considers the random coefficient autoregressive model of

order p (RCAR(p)) in which one observes {X;,i € Z} satisfying
X; = (0 + Z,‘)TY,'_I +¢€, 1€2Z, (1.1)

for some unknown @ € RP and for independent sequences {¢;,i € Z} and {Z;,: € Z}
of independent identically distributed random vectors with distribution functions F'
and G, respectively. Also, it is assumed that Fe; = 0 and Ee? = 0% > 0, EZ, =0
and E'ZIZIT = ¥ > 0. Here, Y := (Xo,...,X1-p)T is an observable random vector
independent of {¢;}, Yio1 = (Xi=1,...,Xi=p)T, Z; := (Za,..., Z,)T, p> 1is a
known integer and Z denotes the set of all integers. This model includes the well
known AR(p) model (take Z; to be degenerate at 0). For the importance of RCAR(p)
models in time series analysis, see the Lecture Notes by Nicholls and Quinn (1982)
and the monograph by Tong (1990) .

The problem of interest here is to estimate the unknown parameter 6 in model
(1.1) based on {Yo, Xi,...X,}. We study Minimum Distance (MD) estimators of 8
which are based on minimizing some types of distance functions, called dispersion,
related to the data and the parameter. The importance of this methodology in linear

models can be found in Koul (1992, Chapters 5 and 7). These estimators have many
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desirable properties, including consistency, robustness against outlier in the error,
efficiency and asymptotic normality in AR models.

To describe these estimators, let g = (gi,...,g,)T be a measurable function from
RP to R?, and |- | be the Euclidean norm. For a given nondecreasing right continuous
function H on R, define the dispersion function, for u € R?,

Myw) = [ |n-’“ilg(Y.~-l){1(x.~ —uTY i S y) - (=Xt uTY iy < y)HdH(y)

and a class of MD estimators of 8, one for each g and H, to be
6 := argmin{M,(u);u € R"}.

Here I(A) is the indicator function of the event A. The existence of the MD estimator
8 follows from Dhar (1993).

Note that if we take H(z) = z, g(y) =y, then 0 is the Hodges-Lehmann type
estimator. If we denote U; := Z,.TY;-I + €, then the RCAR(p) model becomes
X; =07Y;_., + U; and M, is essentially the same as the K} of Koul (1992) with ¢;
there replaced by U;.

Koul (1992) discussed the asymptotic behavior of the estimators 6 under the
AR(p) setup. A simulation study of Dhar (1993) shows that many of these MD
estimators outperform the least square estimator in an AR(p) model with asymmetric
error. In this paper, we obtain the asymptotic normality of 6 under the RCAR(p)
setup. The method of proof is similar to that of Koul (1992) which requires obtaining
the asymptotic uniform quadraticity of M,(t) and showing |/n(8 — 8)| = Op(1).

The material is organized as follows. Assumptions and statements of main theo-
rems appear in section 1.2 while proofs appear in Section 1.3. Section 1.4 contains
a simulation study and an application to the Canadian lynx data. The simulation
study shows that the Hodges-Lehmann type estimator is at least as good as the least
square (LS) estimator and the Huber estimator in the sense of having smaller biase

and mean squared error. For the annual trappings data of the Canadian lynx over

a

the years 1821-1934, it is observed that the RCAR(2) model with 8 estimated by 6

provides an acceptable alternative to the more widely adapted class of AR models.



1.2 Assumptions and Theorems

Throughout this part of the dissertation, we assume that {X;} is strictly stationary
and ergodic satisfying model (1.1). Sufficient conditions for this to happen are dis-
cussed in Theorems 2.1, 2.7 and Corollary 2.3.2 of Nicholls and Quinn (1982). In
particular, when p = 1, then the following two assumptions imply the strictly sta-
tionarity and ergodicity of {X;}.

(i) {€i,i € Z} and {Z;,i € Z} have mean zeros and finite variances o% and 0%,

respectively.
(i1) 62 + 0% < 1.

Now let v be a measurable function from R? to R, y,a € R,t € R?. Define

pilyit,a) = / Fly—a"Y iy + 0™V Y iy + ol Yia]))dG(a),
V(y; t’a) \/— Z7(Yt 1 I(U < y+ n_l/z(tTY i-1+ a’lyt—ll))$

v(y; t,a) \/— Zv(Y,-l)P'(y, t,a),

1=1
W(y;t,a) = V(y;t,a) — v(y; ¢, a).
Write pi(y,t), W(y,t), v(y,t), V(y,¢t) for pi(y; ¢,0), W(y; ¢,0), v(y;¢,0), V(y;¢,0),
respectively. Also define
K,(6 +n~"?t) = /[v y,t) + V(—y,8) =023 y(Yir)PdH(y), t € RP.
i=1

Observe that choosing ¥(Y;-1) = g;(Y:-1) in K. (8 +n~'/2t) gives the jth summand
in M,(6 +n~'/2t).

We now state the conditions required for the asymptotic uniform quadraticity
of K,(@ +n~'/?t) in t. In the sequel, all expectations are taken under the true
parameter 8. Moreover, by the symmetry around 0 of the distribution G, we mean
dG(z) = (-1)?dG(—=z).

(F) Functions F, G and H are symmetric around 0 and F has a Lebesgue density f.

(C1) E v*(Yo) < oo.



(C2) For any t € R? and a € R,

J E (Y o)ln(yit @) - pi(y;0,0)ldH (y) = o(1).

(C3) There exists a constant k, 0 < k < oo, such that V4§ > 0,V ¢t € R?

lirr}lian/[ ‘/"Zv i-1)(pi(y; ¢, 8) — p.-(y;t,—5))]2dH(y)Sk52)=1,
=1

where vt = max(v,0),y” =1+ — 1.

(C4) For every t € R,
/{n“”zv(Y- 1) - pi(y,0)] - A )t/2}2dH(y) = op(1).

where A(y) = 2E v(Yo)Y? [ f(y — 2TY0)dG(2).
(C5) [ E v*(Yo)F(y— Z{Yo)(1 - F(y — Z1Y,))dH(y) < oo

We state two more conditions required for the asymptotic normality of the esti-

mator 0: Let B(y) = Eg(Yo)Ygff(y - 2zTY,)dG(z), y € R.

(C6) The matrix B(y) is nonnegative definite for each y € R, [B(y)dH(y) and
[ BT (y)B(y)dH(y) are positive definite p x p matrices.

(C7) Either
sTg(Y,-_l)Y,-T_ls >0, V1<i<n,V8seR? |s=1,a.s.

or

8Tg(Y,_1)YT ,8<0, V1<i<n, Vs€ER? |s|=1,a.s.

Remark 1 The above conditions are assumed so that the desired asymptotic
uniform quadraticity and asymptotic normality of 0 are achievable. In the case of
the AR(p) model, i.e., when Z; = 0, the above conditions (C1)-(C4) correspond
to the conditions (7.4.7a), (7.4.8)-(7.4.10) of Koul (1992) and the condition (C5) is
implied by (7.4.7a) and (5.5.69) of Koul (1992). For the Huber type estimator, i.e.,
fory e R?, g(y) = yi(ly| <)+ k|}yL|I(|3/| > c), for some positive constants k and
¢, the conditions (C7) is a priori satisfied. If H is a finite measure, 7(y) = y;, the
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Jth component of y, 7 = 1,...,p, g(y) = ¥y and F has uniformly continuous density,
having positive integral with respect to the measure induced by H, then all of the
above conditions (C1)-(C7) are implied by the strict stationarity and ergodicity of

{X:}.

Now we are ready to state our main theorems.
Theorem 1.2.1 Suppose that conditions (F), (C1)-(C5) hold. Then, ¥V 0 < B < oo,

sup |K,(8 +n7'/?t) — K,(8 + n™'/?t)| = 0p(1),
[ti<B

where

K0+ n7178) = [[V(5,0) 4 V(=4,0) =2 3 5(¥icr) + Aly) tdH(y).

=1

Upon using this result p times, the jth time with

'7(Yi—1) = gj(Yl'—l)v ] = 1’-"1pa (12)

we obtain the required asymptotic uniform quadraticity of the dispersion M,(u). For
stating the desired results, we need to clarify the conditions (C1)-(C5) when 7 is as
in the equation (1.2). Condition (C1) is now equal to

(Clg) Eg3(Y,) < oo for all j =1,...,p.
Similarly, condition (C2) is equal to Vt € RP,a € R, 1 < j <p, ||t|]] £ B < o0,
(C2g) [ Eg}(Yo)lpi(y; t,a) — p1(y; 0,0)|dH (y) = o(1).

Let (C3g) stand for the condition (C3) after y*(Y;_1) is replaced by gf(Y;_l),l <
j < p, in condition (C3), 1 < i < n. Interpret (C4g), (C5g) similarly.
Corollary 1.2.1 Suppose that conditions (F), (Clg)-(C5g) hold. Then
sup |M,(8 + n~/%t) — M,(8 + n"'/%t)| = op(1), (1.3)
iti<B

where

M0 +1728) = [[|= 3V i) {I(Us < 9) = I(=U; <)} + BPdH ().
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Theorem 1.2.2 In addition to the assumptions of Corollary 1.2.1, assume that the
conditions (C6) and (C7) hold. Then

Vvn( — ) = N(0,T), (1.4)
where
I = VIE@(-Uh) - $(U7)a(Y 0)g” (Vo) ($(=U1) — $(U7))TV T,
¥(v) = [ 1 < y)BT@)H(), w(y7) = [I(z < y)BT(2)dH (2),
vi= [ B7(y)B(y)dH ().

Remark 2 Least Absolute Deviation Estimator (l.a.d.). If we choose g(y) =y

and H(-) degenerates at 0, then 8 is the La.d. estimator, v.i.z.
0104 = argmin{ln"lnz Yi1sign(X; —tTY,)%, t € R?}.

Because of the importance of the l.a.d. estimator, we summarize all the conditions
on f for the case p = 1. All conditions (F) and (C1)-(CT7) are satisfied when G
is symmetric around zero, F' has a uniformly continuous and even density f, and

EXZ2f(Z1X,) > 0. Therefore, Theorem 1.2.2 implies that /n(8 — 8) = N(0,5%,),

where
.2 _ EX3AX(0)[I(=U, <0) = I(U; > 0))?
Olad = A4(0)
_ EX§ _ E(X3)
T AY0) T 4(EX3f(Z1X0))*
1.3 Proofs

Notation For any measurable functions f and g from R**! to R, define

fs = gull = [(f(v.9) - o(y, wI'dH(),

where u, 8 € R”. In the following, W*,v* stand for W, v with ~ replaced by v*.
The proof of Theorem 1.2.1 is similar to that of Theorem 7.4.1 of Koul (1992) and

is facilitated by the following two Lemmas.

-
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Lemma 1.3.1 Suppose that the RCAR(p) model (1.1) holds. Then the followings
hold.
(A). The condition (C2) implies that V 0 < B < oo,

E [W(y;t,a) - WE(y;t,0PdH(5) = 0(1),V [t S Ba € R.  (L5)
(B). The condition (C3) implies that V |t| < B,V 0 < B < oo,

liminf P( sup [vE(y;s) —vE(y;t)|? < kd?) =1, (1.6)
" 1s-tisB

where k and é are as in (C3).

(C). The conditions (C1), (C3) and (C4) imply that V 0 < B < oo,

I:}LIL [v(y,t) - v(y;0) - A(y) t/2]*dH(y) = op(1). (1.7)

Lemma 1.3.2 Suppose that the conditions (C2) and (C3) hold, then ¥ 0 < B < oo,

sup [[W(y,8) - W(y,0)"dH(y) = op(1), (1.8)
iti<B
sup [[W(y,t) - W(y,0)"dH (y) = op(1). (1.9)
iti<B

The proofs of the above lemmas are similar to those of Lemmas 7.4.2 and 7.4.3
of Koul (1992) with the following modification: Replace the o—fields used there by
Fi=0{¢j,Z;,Yo,j <1}, 1 > 1 and the linear term there by A t/2.

Proof of Corollary 1.2.1. Note that the jth summand in M, is the same as
that in K., when the function + is replaced by g; in (1.2). Therefore (1.3) follows

from Theorem 1.2.1 easily. u]

Before proving the Theorem 1.2.2, we need the following three lemmas.

Lemma 1.3.3 Let {u1,us,...} be a stationary ergodic stochastic process such that

E{u?} is finite and E(ui|uy,...,ui—1) = 0,V i > 1, with probability one. Then the

distribution of n="/2 " u; approaches the normal distribution with mean zero and

variance Eu?.
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Proof. See Billingsley (1961).
Lemma 1.3.4 Suppose that the assumptions of Theorem 1.2.2 hold. Then
V(6 - 6) = 0p(1).
Proof. It suffices to prove that, for every ¢ > 0, 3 B > 0 and integer N, >

P( inf My(u) > M,(0)) >1—¢, ¥V n>N,, (1.10)
In1/2(u-8)|>B

because then

P(|vn(6—8)>B)< P( inf  M,(u)< M,(8))<e, ¥V n>N..
Int/2(u-8)|>B

The following lemma gives (1.10). 0

Lemma 1.3.5 For any ¢ > 0,3 B (depending on € ) and N., 0 < B < oo, such that

P( tinf M,(04+n7"%t)> M,(8))>1-¢, ¥Yn>N, (1.11)
[€|>B

P(ltinf M,(0 +n~'?%) > M,(8)) >1—¢, Vn>N.. (1.12)
|>B

Proof. Write V,(y,t), W;(y,t) for V(y,t), W(y,t), respectively, when v replaced
by g; in (2) at jth time. Put V,(y,t) := (Vi(y,t),..., Vi(y,t))T and W,(y,t) :=
(Wa(y, t), ..., Wy(y, t))T. Note that the measure generated by H being o-finite, there
exists a partition {A;} of R such that 0 < [, dH < 00,1 =1,2,.... Let h = T2, I4,,
then 0 < |h|% = [h%dH < co. For t € RP?, define

N(®) = [Val,t) = Vo(-v,)]A(y)dH (),

N(#) = [[Ve(y, 0) - Vy(~3,0) + B)tlh(y)dH ().

Then, for any 8 € R?,|s| = 1, by the C-S inequality,

STNOR = | [ 8T1Va(w,t) - V(v )A(y)dH ()|
[ (8t ) - Vi(=, ) "dH ) A,

M, (0 +n=2t)|hl%.

IN

IN
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Fora 0 < B < o0, t € RP, write t = su,|8| =1, then

TN()|?
ot M8 n e > s N
oy Mo(@ + 0™ Pau) 2 inf k1%

Similarly,

: TR (su)
-1/2 S s |8" N(su
|u|>33|fs|=ng(0+" 8")—lui>gf|fsl=1 lRlf

Note that, by the condition (C5),
E [ W(y,0)dH(y) = Ev*(Yo) [ F(y— ZTYo)(1 - F(y — ZTYo))dH(y) < co.

It follows easily that M,(@) is bounded in probability. That is, Ve > 0,3 M, < oo
such that
P(M,(0) < M) >1—-¢/2, foralln > 1. (1.13)

Thus it suffices to prove that

|sT N(su)|?
& 81 S _ )
P(Iul>g,1l-9l=l P > M) >1—k¢, (1.14)
|.sTI§’(au)|2
LA Gl IS — e )
Pl it T 2 M) > 1 (1.15)
But, Vt € RP,
IN(t) — N(¢)|?
< [ Vi) = Vi(w.0) = Vy(—0.) + Vil —,0) — Bt dH )l

< 2R [[W,e — Woo + W_p + Wogoll + [v,4 — vg0 + v_yg + v—g0 — Bt[}].
By using Lemma 1.3.1(C) p times and Lemma 1.3.2, we obtain that V 0 < B < oo,

sup |N(t) — N(¢)|* = op(1).
iti<B

Now rewrite N(t),

M) = [V(,0) - Vi(~y, 0)aw)dH(y) + [ Bh()dH(y) ¢
= Nl + Nz t.

By the C-S inequality,
|Ny|* < My (8) |kl
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Therefore, by (1.13), there exists b = M!/2|h|y, such that,
P(IM|<b)>1—c (1.16)

Denote a, = 8T [ B(y)h(y)dH(y)s = 8T [ B(y)dH(y)s, a = infj,=1{a,}. Then by
the condition (C6), a@ > 0. The rest of the proof is similar to that of Lemma 5.5.4.
of Koul (1992). 0

Proof of Theorem 1.2.2. Expand M,(8 + n~/2t) in ¢,
M,(0 + n~'/%t)
1
= 1,(0) +2 7= 3" [0 <)~ I(=U: < )} Wg(¥i-1)AH )
t--l .
+ 47 [ BT()B)dH() ¢.

Let 8 := argmin{M,(u) : u € R?}. Then by the same proof as that of the Theorem
5.4.1 of Koul (1992), we have

~

(6 - 8)" [ B7()B(y)dH(y)(6 - 8)| = or(1).
Therefore it is enough to prove
Vn(8 — 8) = N(0,T). (1.17)

But 8 must satisfy the following equation

V(B -8) = (| BT)Bw)H W) S, (1.18)
where
}:(d’ - ¥(U7))g(Yi).
Since {X;} is strictly stationary and ergodic, so are (¢Y(-U;) — ¥(U;))g(Yi-1).

Furthermore, by the condition (F), U; is a continuous random variable and given Y,

the conditional distribution of U; is the same as that of —U;. Thus

EfY(~Uh) — %(U7)|Fo] =0 (1.19)
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Now, for any p-component vector 3,

E{B"(¥(~U:) = (U7 ))g(Yi-1)g” (Y1) ($(=Ui) — (Ui-))" B}
= BTE{(%(~Uh) — %(U7))g(Yo)g™ (Yo)(#(~Uh) — (U7 ))}B.

This expectation exists if Eg3(Yo) < 0o, j = 1,...,p and condition (C6) holds.
Then E{BT(¢¥(-U:) — %(U7))g(Yi-1)|Fiea} = 0 follows from (1.19) and station-
arity of U;. An application of Lemma 1.3.3 shows that n~1/2y" ﬁT(z,b(—U.-) -

¥(U;7))g(Y i-1) converges weakly to the normal distribution with mean zero and

variance

BTE{(¥(~U1) = ¥(U7))g(Yo)g" (Yo)(#(=U1) — % (U"))7}B,

for all B € R?. U; Thus, by the Cramer-Wold device, S, converges weakly to
the multivariate normal distribution with mean vector zero and covariance matrix
E{(%(~U1) = %(U7))g(Yo)g" (Yo)(#(~U1) — %(U7))"}. Hence v/n(6 — 8) con-
verges in distribution to the normal distribution with mean vector zero and covariance

matrix
VIE{(%(=Uh) — ¥(U7))g(Yo)g" (Yo)(%(—U1) — 9(Uy)) IV

This ends the proof of Theorem 1.2.2. ]

1.4 Simulation results

In this section, we investigate the performance of the MD estimators under the
RCAR(1) model for finite samples. A simulation study (100 replications) was per-
formed for samples of size n = 20, n = 50 and n = 100. The samples were generated
by the RCAR(1) model,

Xi=0+2Z)Xi-1 + ¢

with the true parameter § = .5, and different error distributions and normal distibuted

random coefficients.
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The comparison is made among LS, Huber and MD estimators. The MD esti-
mators considered for comparison under the RCAR(1) model are as follows. The
function H, g are taken to be the identity function (i.e., H(y) = g(y) = y,y € R).
The Huber function ¢ is defined as follows.

z, if|z] <c¢
é(z) = { (1.20)

csign(z), if |z] > ec.
with ¢ estimated by S; = Median|X;|.

The random coefficient distribution G' considered here is a normal distribution
with mean zero and variance .25; This enables to have 6? + 6% < 1. The error
distributions considered are the following.

(a) F is the standard normal distribution,
(b) F' is the double exponential(1) distribution,
(c) F is the logistic (1,1) .

The RCAR(1) process is generated as follows:

In case (a),

1. generate a vector < w(1), w(2) >7, where the w(i)’s are successivly generated
by a standard normal random number generator. So they are independent.

2. Repeat step 1 (n + 200) times where n is the sample size desired. Let the
w(1), .5w(2) generated in the mth time be €,,Z,,,m = 1,...,n + 200, respectively.
Then < €, ..., €n4200 >T and < Z3,..., Zny200 >T will theoretically be independent,
have zero means and E¢? = 1, and EZ? = .25.

3. Calculate

Xi=(0+ Z)Xi-1 + €,

where Xj is generated by the normal distribution with mean zero and variance 2. Then
ignore the first 200 X values produced. This enables {X;} to reach an equilibrium
since we assume {X;} is stable.

In the case (b) ( or (c)), we independently generate w(1),w(2) from double ex-
ponential(1) ( or logistic (1,1)) and standard normal distribution, respectively. Then

do the same thing as in case (a) for steps 2 and 3.

-
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The LS estimator is computed using the formula Y"7_, X; X1/ Y%, X2 ,. The
Huber estimator is the solution of

T(u):= En:X,-_lczS(X,- —uX;_,)=0. (1.21)

i=1
with ¢ as given in (1.20).

For the Huber estimator, S; =Median | X; — uX;_,| is first computed using the LS
estimator 6,, then S, is again computed by using the zero of (1.21). This iterative
procedure is terminated when the absolute difference between the consecutive zeros
of (1.21) is less than 107€.

To compute the MD estimator, we minimize the dispersion M,(u) over [—1,1]
and the minimizer is denoted by 0,.4. Table 1.1 contains the simulation results of
the averages (Mean) and the mean squared errors (MSE) of the estimators for the
true parameter § = 0.5 in the RCAR(1) model with 100 replicates and sample size
n. Notice that the MD estimator computed in Table 1.1 is a local minimization.
According to the paper by Dhar (1993, Lemma 1.1), in the case H(z) = «z, the
minimizer of function M,(u) can only be one or a convex combination of a pair of
elements from the set

{ (X: = X)) (Xic = X;ea), (X + X)) (Xica + Xja) }
Xicy # Xjo1, Xict # —Xjo1,1 < iy j <. '

Thus the global minimizer can be computed through comparing (84, My(64)) and pairs
(u, My(u)) for u € D starting with (Oma, My(Oma)).

From Table 1.1, we observe that the Huber estimator has the biggest MSEs except
in the case of Dexp(1l) error and n = 50 which could be caused by the computing
accuracy. Most of the biases and the MSEs of MD estimator are less than these of
LSEs. Also, the estimated standard deviation of the averages of the estimates can be
computed by SV/v/100 = SV/10, where SV is the sample variance which is related to
MSE by the formula MSE = (n—1)SV/n+(Mean — 0)2. Again, we observe that all
estimators are under estimating. For the sample of size n = 100, the MD estimators
with H(z) = g(z) = z are between LSE and Huber estimator. The simulation study

was done by Mathematica.
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Table 1.1: Simulation results

Error distribution

N(0, 1) Logistic (1,1) Dexp(1)

Estimator | Mean MSE Mean MSE Mean MSE
n=20

LS 437970  .055660 | .432906 .058949 | .439949 .068925

Huber 452448 .061695 | .447024 .066406 | .447882 .075071

MD 441372 .055152 | .433595 .061095 | .437264 .076194
n=50

LS 0.469420 .020073 F 444754  .025691 | .477704 .020230

Huber 0.463232 .026582 | .458541 .030475 | .479045 .026283

MD 0.473069 .020896 | .454640 .0263490 | .476869 .031124
n=100

LS 475662 .013030 | .486802 .010064 | .474512 .013748

Huber 488874 .014368 | .498575  .13089 | .487110 .013204

MD 483978  .012277 | .494234  .11173 | .483249 .012016
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Table 1.2: The estimators of the RCAR(2) model for lynx data

-

Estimators | 8, 0, i 12 22 %
LS 1.3844 -.7479 | .0770 -.0694 .0821 | .0364

ML 1.4274 -.8073 | .0664 -.0489 .0839 | .0300
MD 1.3932 -.7495 | .0764 -.0706 .0845 | .0367

An applied example

We now fit a second order autoregressive random coefficient model

Xi =01+ 20Xy + (0:+ Za) X1, + &

)

to the classical Canadian lynx data. Here X = X; — X, X is the average value of the
Xi's, and X; is the log,o of the ith data. We took the first one hundred observations.
The MD estimators 6y, 8, of 0;,6, are 1.3932, -.749498. Let Z, = (Z11, Z5)' and

T T
2:{ T _Ez,27.

212 222

To estimate the covariance matrix £ of Z, and the variance 0% of ¢;, substitute
the MD estimator 8 into (3.2.4) and (3.2.5) of Nicholls and Quinn. The estimators
Y11, 12, $22 and 6% obtained thus are .076433, -.070556, .084552 and .03668. The
comparison of the LSE , MLE of Nicholls and Quinn’s and the MD estimator is given
in Table 1.2.

From Table 1.2, we can see that the MD estimator performs at least as well as
the LSE. Also, notice that the ML estimator of Nicholls and Quinn has the smallest
estimated variance 6% and the smallest norm of the estimated covariance matrix of
Z,. The three dimensional graph of the dispersion M,(u), u € R? is in Figure 1.1.

The zeros of the characteristic polynomial (1 — 1.3932z + .7494982%) are
1.15509 exp {+i27/9.88329}, and so by using RCAR(2) model, it exhibits a period of
9.88329 cycle which is close to the result of Moran(1953).
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Figure 1.1: The graph of the dispersion M,(u)
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Chapter 2

Definitions, assumptions and

consistency

2.1 The profile maximum likelihood estimation
Recall that the SETAR(2;1,1) model is defined by
Xi = h(Xie,0) + 6, i>1, 2.1)
for some 8 = (87,r)T € RS, where 8, = (ao, a1, bo, ;)T € R* and for any z € R,
h(z,0) = (ao + a1z)I(z < 1) + (bo + byz)I(z > 7).

Here, the errors {¢;} are independent and identically distributed random variables
with mean zero, finite nonzero variance and ¢, is independent of Xp.

We begin with the definition of the maximum likelihood estimators of the unknown
underlying parameter 6 in model (2.1). Assume 8 is an interior point of © defined in
(0.3). Note that © is an open subset of R®. There exists a compact subset K of R*
such that @ is an interior point of K x R.

Denote 2 = K x R, then  is a compact set. Let = (o, 1,0, 51,5)7 be any
point in . Note that {X;} in model (2.1) forms a Markov chain. Let gg(Xo) be
the initial density of X, under 9, f be the density function of ¢;, then the one step
transition densities, starting with X;_,, is f(X; — h(Xi-1,9)), ¢ > 1. If one observes

22
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(Xo,***,Xn), then the likelihood function under @ is II} f(X; — h(Xi-1,9))g9(Xo).
Let 8, = (&0,.,&1,1,50,,,51,1,1",,)7 be any measurable function of (X, X}, ..., X,) from

R+ to N such that bn maximizes the conditional likelihood function
L.(9) =107 f(X; — h(Xi=1,9)), over .

Write 9 = (97,5)T, 8 = (87,r)T. Because of the behavior of the threshold
parameter r in the likelihood function, the maximizing algorithm will be taken in the

following fashion:
Step 1. For fixed s € R, denote Lus(9) = Ln(P4,8) = L, (). Let 91,.(s) € K

be any value satisfying the following equation:
D1a(s) = argma:cﬂleKLm(ﬂl).

Step 2. Consider the profile conditional likelihood function s — L,(91.(s),s).
Note that L,(?1.(s),s) has only finite number of possible values. Let #, be the any

value satisfying the following equation
Tn = argmaz e Ln(P1n(s), s),

and substitute 7, into ¥;,(s) to get

a

oln = 19171(7':71)-

Then

6, = (élTn,f'n)T is a maximum likelihood estimator of 8. (2.2)

To see (2.2), for any ¥ = (87, 5)T € Q, by the definitions of 8;, and #,, we have
Ln(élmfn) = Ln(ﬂln(fn%fn) Z Ln(ﬂln(s), 5) Z Ln(‘o)a

and hence,

Lo(B1n,7n) = sup Ln(9).
den

This means that én = (éfn,f',,)T is a MLE of 8.
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2.2 Assumptions

In this section, we are listing assumptions and some examples. The following assump-
tions on the density f of ¢; will be used in the following chapters of part II.
(C1) f is absolutely continuous and positive everywhere on R. With the a.e. deriva-
tive f', let o = f'/f and I(f) = [ ¢*(z)f(z) dz < oco.
(C2) ¢ is Lip(1).
(C3) ¢ is differentiable and the derivative ¢’ is Lip(1).
(C4) Ele|? < .
To derive the n-consistency, we need to assume the following:

(M) The threshold r in R is the discontinuity point of h, or equivalently,
bo—aog+7r(by —a1) #0, r € R.

Remark 1. From the invariant equation gg(y) = [ f(y—h(z,0))gg(z) dz, y € R,
the condition (C1) implies that gg is bounded away from 0 and oo over compact sets.
It is the minimal requirement for obtaining asymptotically efficient estimators of the
coefficient parameters. See Koul and Schick (1995).

Remark 2. For the Markov chain {X;} in model (2.1), denote its k-step transition
probability by P¥(z, B) where z € R and B is a Borel set. By the discussions in Chan
and Tong (1985) and Chan (1989), the condition (C1) and 8 € © imply that {X;}
admits an unique invariant measure Gg(-) such that 3C, p <1, Vz € R, Vk >
1, ||P*(z,-) = Gg(:)lltv < C(1+ |z|)p*, where || - ||n and |- | denote the total variation
norm and the Euclidean norm, respectively.

Remark 3. The Lip(1) and the differentiability of ¢ imply the boundedness of

Remark 4. When discussing the CLSE, Chan (1993) assumed the finiteness of
fourth moment of €; while we need the finiteness of the third moment of ¢; only.

Examples satisfying the conditions (C1)-(C4).

Example 1. If f is the standard normal density function, then (C1)-(C4) hold.

Example 2. If f is the logistic density, i.e. f(z) = F(z)(1 — F(z)), then (C1)-
(C4) hold.
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Example 3. Let f(z) = ¢(m)(1 + z?/m)~("+t1)/2 _o0 < £ < 0o, where m is
a positive integer and ¢(m) is a constant such that f is a density function. Then,
E¢ =m/(m—2) < oo, m > 2and

m+1

f(z) = c(m)( - —2——) (1+ %2)_%_12%. (2.3)
Thus,
o=rIf= -T2 ﬂ;’/‘m,
and
7@ < T2 fe) (24)

Hence (C1) holds. By (2.4),

fAz) _ /m+1y2
o < (7)) 1@

This implies that I(f) < co. The Lip(1) of ¢ holds because of

= | - )0 R

Hence (C2) holds. Note that

Sm+l'
m

B ik BV T (W
and
lp"| < Gm; 3

So (C3) holds. Furthermore, for m > 6, E|€;|* < oo which implies (C4).
Throughout in the following proofs, we use the fact that E|¢;|* < oo implies

E|Xo|* < oo, for k = 2,3, as proved by Chan, Petruccelli, Tong and Woolford (1985).

2.3 Strong consistency of the MLE

We are going to show the strong consistency of the MLE 6.,.. To this effect, let I, be
the conditional log-likelihood ratio:

_1 f(Xi — h(Xi1,9))
b = T R (Xer,8) (29)
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and denote

-1,0) — h(X;-1,9))
f(e)

$(Xi-1,€6,9) =1n flei + A(X: ,1<i<n. (2.6)

Note that
(9) = = S b(Ximr, i, D). 2.1)

Write 9 = (97,5)T € Q and h(z,9) = h,(z,9,). Let

h,(.’l)) = (8/801)(’13(3’ 191))

= (I(z<s),zl(x<s),I(z>s),zl(z>s)T,seR,zeR.

Observe that for any z € R,

h(z,9) = 97h,(z). (2.8)
Also,
|ha(z)] < VI + 22, (2.9)
and for any s € R, t € R,
lho(z) — ho(z)| < V21 +22)[(sAt<z<sVi) (2.10)

< V2ol+ ) (et < |s—t)) (2.11)

Thus, by (2.8) and (2.9),
|h(z,9)] < |1]|V1 + 22 (2.12)

Recall that @ € © means the stationarity and ergodicity of underlying process {X;}.

Throughout, we will work on the stationary and ergodic process {X;}.
Theorem 2.3.1 Suppose that the conditions (C1) and (C2) hold. Then,
6, 250, as n— oo, (under 0). (2.13)

Before proving Theorem 2.3.1, we need the following lemma. Let U,g denote any open

neighborhood of 9.
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Lemma 2.3.1 Under the assumptions of Theorem 2.3.1, for any 9 € Q and its open
neighborhood U,

E sup [$(Xo,€1,97) — P(Xo,€61,9)| = 0, as Ug shrinks to 9. (2.14)
19.EU19

Proof. Define
Ug(n) ={9"=(9]7,s")T € Q: 9] — | <, d(s*,s) <n}, n>0.
It suffices to show that

E sup "()b(XOa 61719‘) - 1/)(X0, Cl,‘l’)l — 0, as n — 0. (215)
ﬂ.eUﬂ(n)

Let (¥) = Xi1 — h(Xo,?) and 6(Xo,9") = h(Xo,¥) — h(Xo,9"). For any ¥ =
(97, 5)T, recall

h,(Xo,‘l,]) = h(Xo,‘o],S) = h(Xo,‘l,), (216)

and rewrite

§(Xo,9%) = hy(Xo,01) — has (Xo, 92).

For any z € R, by (2.8) and (2.9),
|hs(z,91) — hs(z,897)| < | — 9]|V1 + 22, (2.17)
and by (2.10) and (2.11),

|hs(z,9]) — hoe(z,97)] < |9]|\/2(1+22%) I(sAs"<z<sVs") (2.18)

< 120+ Iz —s| < Js" —s).  (219)

Thus on Ug(n) and for s € R,

16(Xo,9")| < |hs(Xo,B1) — hyr(Xo, Bh)| + |hae (Xo, D1) — koo (Xo, 97)

< [V2I9I(1Xo = | < |s* = sl) + |91 — 9;[]y/(1 + X3)
< [V2I9:11(1Xo — 5| < Iso(n) — s]) + nly/(1 + X2)

A(’I,Xo), (3ay)’ (220)
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where so(n) is such that d(so(n),s) = n.
Note that

p(e1(?)) = [p(er + h(Xo,0) — h(Xo, D)) — ¢(e1)] + (1) (2:21)

Condition (C2), EXZ < oo and (2.12) imply that there exists a constant L such that
for any ¥ € Q,

Ed(a(9) < 2E [¢(a) + LIA(Xo,8) — h(Xo, D)
< 2I(f) + 4L(164* + |94 ) E(1 + X2) < oo. (2.22)

The absolute continuity of In f, which follows from (C1), and (2.20) imply that
. . A(n,Xo)
[(Xo,1,9) = ¥(Xo, e, D < [ 77 fp(a(®) +0) dv.  (2:23)
-A(n,Xo)
Thus, (2.22), (2.23) and Cauchy-Schwarz inequality imply that the

LHS of (2.15) < E{[|2¢(e1(?))| + LA(n, Xo)]A(n, Xo)}
< 2(Ep*(e(9))) VX (EAY(n, Xo))/? + LEA*(n, Xo). (2.24)

Moreover,
. 2
EA*(n, Xo) = E(1 + X3)(V2I8:[1(1Xo — s| < iso(n) — s|) +7) —0,  (2.25)

as 7 — 0. Therefore, the finiteness of I(f) and (2.25) imply (2.15) for any s € R.
In the case s = oo, similar to (2.20),
16(X0,8")| < (VEIII(Xo > s) +1)y/(1 + X3)

< (VaI9ilI(Xo > so()) +1)V/1+ X3
Aq(n, Xo)

where d(so(n),00) = . Again,
EA%(n, Xo) — 0, as n — 0.

Thus the proof goes through for s = oo. The proof is similar in the case s = —o0,

except one replaces I(Xp > s*) by I(Xo < s*). Therefore Lemma 2.3.1 is proved. O
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Proof of Theorem 2.3.1. Let a(¥) = E¢(Xo, €1,9) for ¥ € Q. The conditions
(C1) and (C2), the mean value theorem, the independence of €¢; and X, and Cauchy-
Schwarz inequality imply that E|¢(Xo,€1,9)| < 0o. Thus « is a well defined finite
function from @ to R. Note that (@) = 0 and Inz < £ — 1, unless z = 1. For
any given open neighborhood V of 8 in Q and any 4 € V° = Q\ V, an conditional

argument yields that

f(e1 + h(Xo,0) — h(Xo,9))
fle)

 sfeptesps)

< B{[Urtw+h xo,o) ~ h(Xo, 9)) - f(3)] dy} =0

a(®) = Eln (2.26)

By Lemma 2.3.1, a is continuous and hence the compactness of V¢ implies that there
exists 99 € V¢, such that

sup a(¥) = a(d) < 0.
deve

Let 8o = —a(¥)/3. For any ¥ € V¢, by Lemma 2.3.1 again, there exists o > 0, such
that
E sup II)(X(), €1, 19*) S EQ/)(X(), 61,19) + 60 S 0(190) + 50 = —250. (227)
19‘€U19(')o)
Again, the compactness of V¢ implies that there exists a finite number M of Uﬂj(r/o),
9; € Ve, j =1,2,..., M such that UM U,gj(no) = V°. Then by the ergodic theorem
and (2.27), there exists a ng such that for any n > no, 1 < 3 < M,

wp  L(8) < - swp (X, 9)

19'eU19‘(no) v’ GU.l, (o)
< E sup ¢(Xo,€1,9%)+ 6 < —bo, a.s.
19.€U19_(ﬂo)
But,
sup l,(9) > 1,.(0) = 0. (2.28)
dev

Therefore, for any neighborhood V of 8 in 2, 3 ny, s.t. for all n > ny,

sup [,(9%) < max sup [(9%) < —do <0 < sup [,(9).
9 ea\v 1si<M Vg, (m) dev
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This implies that

A

6,.€V, a.s.VVand Vn > no.

By the arbitrary of V, 8., goes to 0 almost surely. O

2.4 n-consistency of the threshold estimator

From now on we will invoke the condition (M). The discontinuity of h at r will give

a stronger result about the estimator 7, of the threshold r, i.e., the n—consistency of

A

Tn-
Theorem 2.4.1 Suppose conditions (C1)-(C3) and (M) hold, then
In(fn — )| = Op(1).

The proof of Theorem 2.4.1 is technical and lengthy but interesting. We will begin

with some notation. Let J : R? — R and
p(z) = EJ(z,6), pi(z) = E|J(z,6)|, p:(z) = EJ*(z,€1),z € R, (2.29)
For u > 0, define
Gu) =EI(r < Xo <r+u), Gu(u)= %Zl(r < Xic1 <r+u),

and

R.(u) = %ZJ(X,‘-],C,‘)I(T < Xi-1 <r+u).

ra(w) = =3 p(Xit)I(r < Xiy < 1+ ).

n

Also, let J¢(X;_1,¢€) = J(Xi-1,€) — p(Xi=1). For ug > u; >0, let

1
Rn(u1,ug) = ;Z | (Xi1, &) I(r + w1 < Xicy <1 +uy),

R(u1,uz) = ERq(u1, us).
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Lemma 2.4.1 Suppose that (C1) holds, then there erists constants 0 < m < M < oo
and 0 < C < oo independent of n. For any0 <4 <1 andV u, uy, u; € [0,6], V n,

mu < G(u) £ Mu, (2.30)
Var(I(r < Xo £ r+u)) < CG(u), (2.31)
Var(nG,(u)) < nCG(u). (2.32)

Proof. The facts (2.30) and (2.31) follow from the assumption (C1) and Remark
1. To prove (2.32), without loss of generality, assume r = 0. Note that

Var(nGn(u)) = nVar(I1(0 < Xo < u))+Y_ Cov(1(0 < Xi—1 < u),I(0 < X;—1 < u)).
k#j

But, Remark 2 and a conditioning argument yield that for any k¥ > 2 and u < 4,

|Cov(I1(0 < Xo < u), I(0 < Xk-1 < u))|
= |EI(0 < Xo < u)[/(0 < Xi-1 < u)— G(u)]|
< EI(0 < Xo < u)|[P*(Xo,(0,u]) — G(u)]| < Cp*7'G(u).
Thus (2.32) follows from the stationarity of {X;} and the fact ¥y4; p*~ = O(n). O

Lemma 2.4.2 Suppose that the functions p, and p; are continuous over R. Then,
there exists constant 0 < C < oo independent of n such that V0 < § < 1 and

v u,uy,uz € [076]7 uz 2 uy, v n,

R(uy,uz) < C(G(uz) — G(wr)). (2.33)

Var(|J(Xo, &1)|I(r + u1 < Xo < 7+ u3)) < C(G(uz) — G(uy)). (2.34)
Var(Ra(u1,u2)) < C(G(ua) — G(w1))/n. (2.35)

Var(Ra(u) — ra(u)) < CG(u)/n. (2.36)

Proof. Without loss of generality, assume r = 0 again. The continuity of p;

implies that

~

R(uy,us)

E{I(u1 < Xo < ua) E[|J(Xo, )| |Xo] }

2 sup pi(2)E I(u1 < Xo < uz)
z€[0,1)

< RHS of (2.33).

IN
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The continuity of p; and the Cauchy-Schwarz inequality imply that the

LHS (234) < EIJC(X0,€1)|2I(UI < Xo < UQ)

E{I(u; < Xo < uz)E[|J°(X0,€1)|2|X0]}

INA

4 sup po(z)EI(u; < Xo < uy)
z€[0,1)

< RHS of (2.34). (2.37)

Next, we shall verify (2.35). The argument is similar to the proof of (2.32). Expanding
the left hand side of (2.35),

Var(nR,(u1,uz)) = nVar(|J(Xo, )| [(u1 < Xo < u2))

+ Z CO‘U(IJC(Xk_l, Ck)ll(ul < X),_l S ’U.Q), IJC(X]'_I, ej)|1(u1 < Xj_l S UQ)).
k#;

Note that |p(z)| < pi(z). By the continuity of p;, the property of Markov chain and
Remark 2, for any k > 2,

|E[II( X1, €)1 (w1 < Xix < w3)|Xn, Xo| = E|T(Xo, 1) (w1 < Xo < u5)|
B[ [V (Xemt DI F @) (1 < Xees Swa)|Xa] = [ [ 17%(2,0)| dF ()dG(2)|

< [7[J @ widrw)] (P2, de) - Ga(ae)])
< 2$Z?og]p1(r)llp"‘2(xx,-)—Go(')llw
< CoF(1+ X)) < CpF3(1 + |h(8, Xo)| + ler)). (2.38)

The continuity of p, and p?(z) < pa(z), E€} < oo, the Cauchy-Schwarz inequality
and an argument like (2.37) imply that

E [lJC(Xo,Cl)élll(ul < Xo S Ug)]
= E{E [‘JC(Xo,Cl)QllXQ] I(‘Ul < Xo < ’MQ)}
< 2 \/ sup pa(z)E(e1)? (G(uz) — G(uy)). (2.39)

€(o,1]

Then the definition of the autoregressive function h, the Markov property of {X;},
(2.38), (2.39) and Remark 2 yield that

|Cov(1J(Xo, 1) (w1 < Xo < uz), [T (Xk-1, €8) T (w1 < Xpoy < uz))|
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= |B{|J(Xo, &1)|I(u1 < Xo < up) x

(E[I95(Xk=1, el (1 < Xima < u3)|Xa, Xo] = EII(Xo, 1) (1 < Xo < up)) ||
< Cp 2B (Xo, &) (w1 < Xo < ua) (1 + h(8, Xo)| + |ea])
< Cp*%(G(uz) = G(w)),

Therefore (2.35) follows from the stationarity of {X;} and the fact ¥"; p*~7 = O(n).
The proof of (2.36) follows from the property of the square integrable martingale
R, (u) — rn(u), for fixed u > 0. That is,

Var(n(R.(u) — rn(u))) = nVar(J(Xo, e1)I(u1 < Xo < uy)).
This completes the proof of Lemma 2.4.2.

Proposition 2.4.1 Suppose that (C1) holds and the functions p, and p, are contin-
uous. Then, for each ¢ > 0, n > 0, there is a constant B < 00, V0 < § < 1 and
Vn2[B/§]+1,

P ( sup |Gn(u)/G(u) — 1| < 17) >1—g¢, (2.40)
B/n<u<é
Rn(u) — ra(u)
P (B/iliggs G < 17) >1-—g (2.41)

Note. The condition (C1) is for (2.40), the continuity of p, and p, is for (2.41).

Proof of Proposition 2.4.1. For any B > 0 and 0 < § < 1, choose a partition
of the interval (B/n,d] as follows: Fix a b > 1 and let M, be the greatest integer less
than or equal to In(né/B)/Inb. Note that

Mo . .
(B/n,8)=J L, L= (bB/n,b"*'B/n], i=0,..,Mo—1, In, = (b B/n,d].

Then (2.30) and (2.32) of Lemma 2.4.1 imply that V n; > 0,
P(s1§p |Gn(b'B/n)/G(b'B/n) — 1| > n)
< 3_Var(Ga(b'B/n))/(n}G*(b'B/n))
< C3_1/(muiBb) = C/(mni B(1 - b71)). (2.42)
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For 0 < z <y < bxr < § with |Ga(z)/G(z) — 1| < m and |G, (bz)/G(bz) — 1| <
we have,
(1 -m)G(z)/G(bz) =1 < Gu(z)/G(bz) —1 < Ga(y)/G(y) — 1
< Gn(bz)/G(z) — 1 < G(bz)/G(z)(1 + m) — 1.(2.43)

The strictly increasing property of G and Dini theorem imply that V n > 0, one can
choose 7, > 0 and b > 1 sufficiently small such that

oD% |G By T 1. v ‘ G B/ LM~ < (2.44)
Now let
| g |Ga®B) 6o B/r)
= {Og‘lgflo G(bB/n) 1} APV 7 ‘G(b*+'B/n) l<mg.

Then on Ap, (2.43) and (2.44) imply that

sup_ [Ga(w)/G(u) ~ 1| = max. sup|Ga(u)/G(w) - 1

B/n<u<lé

G(b'B/n G(V¥ ' B/n
< oé’.’?i‘;o{ W/-/—r)l—)(l — M) - ll v |_C(T(BT/1/1)—)(1 +m) - 1|}
<.

And then by (2.42), choosing B sufficiently large and ng = [B/é] + 1, for any n > ny,

P(_sup_[Ga(u)/Glu) =11 2 m) S P(A7) < e (2.45)

Hence (2.40) holds. w
To prove (2.41), for ¥ B/n < u < b"*'B/n, i > 0,

|Ra(u) = ra(u)] < |Rn(u) = ra(u) = (Ra(b'B/n) = ra(b'B/n)|
+|Ra(b'B/n) — ra(b'B/n)|
< Ru(6'B/n,u) + |Ra(b'B/n) — ra(b'B/n)|.

Thus, by the increasing property of R, and G,
| B2 = el
biTB<uS (,H:B G(u)

R.(b'B/n,b+*'B/n) N |R.(bB/n) — ro(b'B/n)|
= G(¥B/n) G(b'B/n) '

(2.46)
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Also, note that (2.30) of Lemma 2.4.1 and (2.36) of Lemma 2.4.2 imply that for any
m > 07
(b'B/n) — ro(b'B/n)

R,
P (sw |2z 2 )
< 3 Var(Ra(bB/n) = ro(W'B/m) (2G*(¥ B /)

< CS1/(mu?BY) = C/(mrB(1 - b)), (2.47)
and (2.30) and (2.35) yield that

P (sup [R,,(b‘B/n,b‘*‘B/n)/G(b‘B/n) — R(b'B/n,b"*'B/n)/G(¥' B/n)| > n,)
< Z Var b'B/n b‘+lB/n))/(nfG2(b‘B/n))

< C(b— 1)/(nim Zl/b' Cb/(n;m*B). (2.48)
By (2.30) and (2.33),

sup |R(6'B/n, b B/n)/G(b'B/n)| < C(6'B(b—1)/n)/(mb'B/n) < C(b—1)/m.

' (2.49)
Thus for any € > 0, n > 0, one can choose 7; > 0 and b > 1 sufficiently small such
that 9 + C(b— 1)/m < n and then choose sufficiently large B such that

2C v 2b
mni(l —b=')e * minfe’
Then, by choosing ng = [B/§] + 1, (2.46)-(2.49) imply that for any n > n,,

B >

R.(u) — ra(u) )
Pl su > <e. 2.50
(B/n<€_<_6 G(u) =1 (2:50)
This completes the proof of Proposition 2.4.1. O

Now let
fle; +a+ BXi1)

fle) ’

where a = by—ag, § = b; —a,. The functions p, p; and p; are defined correspondingly.

For u > 0, define

J(Xi—la Ci) = 1/)(Xt-—l, ) =In

Zd) i1 &)I(r < Xioy <7+ u).

Zp i-1)(r < Xicp £r4u).



36

Corollary 2.4.1 Suppose that (C1)-(C2) hold. Then, for each ¢ > 0 and 5 > 0,
there is a constant B < oo such thatV0<d <1 andV n >[B/d§]+1,

D (u) — du(u)
G(u)

< 17) >1—k¢, (2.51)

P ( sup
B/n<u<é
Proof. The continuity of p;, p; can be derived from the conditions (C1) and (C2)

(See Appendix). Thus (2.51) follows (2.41) immediately. a

Before proving Theorem 2.4.1, we need some more notation. Write

f(Xi — ho(Xio1, 1))
f(e)

"Z;(Xi—laeiatas) = 1[1 y t € R4, s € 72,

where h, is defined in (2.16). Let
{(Xi—lafia t,S) = 'J)(Xi—l’ Cg,t,S) - IZ(Xi—la €iy ta 7'), te R41 s € 72’ 1< 1 <n.
Then, for 1 <i<n, te R4, s€R,

£(Xi1, €irt,8) = %(ﬁ(xi—hfnt,S))
= —p(Xi — ho(Xiz1,8)ha(Xiz1) — (X — he(Xiz1,8))hr(Xiz1)
= —[p(Xi = ho(Xic1,)) = @(Xi — he(Xio1,8))] ha( Xin)
—(Xi = he(Xio, t)) [ila(Xi—l) — he(Xic1)] -

Now we are ready to prove Theorem 2.4.1.
Proof of Theorem 2.4.1. Since 8, is strongly consistent by Theorem 2.3.1,
without loss of generality, the parameter space can be restricted to a neighborhood

of 8, say,
Q) ={PeN: |9 -0, <é|s—r| <é},

for some 0 < § < 1 to be determined later. Then, it suffices to show that [,(#,,s) —
(P, r) is negative for n|s — r| large enough. More specifically, we shall show that
for every ¢ > 0, thereisa B > 0 and v > 0,1 > § > 0 and no such that for any

nZ”O?

P ( sup [n(91,9) = la(B1,m)] —7) >1— 2. (2.52)
B/n<|s-r|<8,9€q(5) G(ls —rl)
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For any ¥ = (19{,5)T, denote ln,(9) = [.(P, 8) = l,(P?). Now, decompose [,(9,s)—

[.(¥1,r) into two terms as follows:

ln('ala 5) - l,,('l91,r) = [lns(ol) - lnr("l) - (lna(al) - lnr(al))] + [lrw(ol) - lnr(al)]
= 1(9) +13(s), (say).

We shall prove that there exists a § small enough such that

1L(9)
sup 1 = op(1), (2.53)
B/n<|s—r|<5,0€q(s) G(ls—rl)
and
I3(s) )
P su — L < -2y]>1-¢ 2.54
(B/«lf-’r.sa Gls—r) = (2:54)

We will prove the case s > r only and write s = r + u for some u > 0. For the
case s < r, the proof will be exactly the same. To prove (2.53), by using the absolute

continuity of ¥,

In(9)

1
;Z [E(Xl'—lv 6,',‘!91,3) - E(Xi-lachalas)]
1 1,
= ;E/o €7 (Xiz1, €, 01 + v(91 — 01),5) (91 — 0,) dv. (2.55)
By the Lip(1) of ¢, (2.17), (2.18), (2.9), (2.10) and (2.11) imply that there exists a

constant L, for1 <i<n, t € R%, s € R,

€(Xiz1, €L, )|

L{ho(Xiz1,8) = he(Xicr, )|/ + X2,

+{le(e)| + Llhr(Xic1,81) = he(Xict, )] /1 + X2y I(s AT < Xisy S5V 1)
(Lltly/r+ X2, + [le(e)] + L16s - ely/1+ X2,])

X1+ X2 I(sAr < Xy <sVr). (2.56)

Thus, for any ¥ € Q(§), by (2.55) and (2.56), there exists 0 < C' < oo, such that

L(9) Gn(u)| | |Ra(u) = ra(u) ]
G(u) G(u) G(u) ’

with J(z,y) = |¢(y)| in the definitions of R, and r,. Thus, (2.53) follows from the

AN

IA

<cs || S0l

Proposition 2.4.1 by choosing § > 0 sufficiently small.



38

To prove (2.54), recall that @ = by — ag, 3 = b; —a; and let J = 1 in the definition
of p in (2.29). Then [%(s) can be decomposed as follows:
Bs)=B(r+u)= Ed)(X, Lea)(r< Xiog <r+u)
fle + a + ﬁX -
—Z [ )

a+pBXi,)

I(r< Xi—1 <71 +4u)

+; Y [p(a+B8X --1) —pla+Br)I(r < Xi_y <7+ u) + pla+ Br)Ga(u)
= [Da(u) = da(w)] + En(u) + Io(u)

Then
up n(r+ ) Su {D,,(u)-d,.(u) E.(u) G(u ‘ (a4 or }
S IGw S SR\ o |t Gw |t G et
+p(a + Br). (2.57)

Note that p(a + 8r) = [In[f(z + a + Br)/f(z)]dF(z) < 0 by the condition (M). Fix
an n > 0 such that y = [—p(a + Br) — (2 + |p(a + Br)|)]/2 > 0. Note that

sup En(u)
B/n<u<é G(u)
I(r< Xioy <r+u)
S K et A = plat 0I5
_ Gn(u) _
< 121[101?6] |p(a + Br + Bz) — p(a + Br)| (o) 1|+ l] (2.58)

By the Proposition 2.4.1 and the continuity of p (see Appendix), we can see that

goes to zero in probability for sufficiently small § > 0. Let

(| Da() = dn(w)| | | Ea(w)| , |Galu) _ r
) 6w |t e l|'p(a+ﬂ)|]

< n(2+ Ip(a + Br))},
_ “ D, (u) — dn(u)
b= {B/nﬁq Gu) <"}’
n(u)
{B/n<u<6 G( ) <77}’
_ Gn(u)
b = {B/iligq G( )
o, Bz )
B/'n<u<6

En(u
SUPB/n<u<s | ?((u_)l

A={sup

B/n<u<é

+ |+

C =
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Observe that BNCND C A and (2.57) implies A C £. Hence, by (2.40), (2.51) and
choosing ¢ > 0 sufficiently small,

P(§) > P(A) > P(BNCND) >1—e. (2.59)

This completes the proof of (2.54).
Thus, V € > 0, there exists ¥ > 0 and § > 0 sufficiently small such that with (2.53)
and (2.54),

[l"(ﬂla S) - lﬂ("l,r)]
Ply o Gla=r) <)
B ¢)s—r|<6,0€0(5)
I(9) 12(s)
= su S| <Y sup e < =2y
(§<I°-'|Sg'9€0(6) G(ls —rl) §<|a—I:|56 G(ls—rl)
1L(9) 12(s)

> 1- > - —n7 >
=1 ( - -7) ’ (§<T?-I:|55G(ls—rl)‘ 2”)

B (Ja—r|<s,9€0(5)

G(ls—rl)
> 1—2e.

This ends the proof of (2.52) and hence of Theorem 2.4.1. 0



Chapter 3
Limiting distribution of 61,

We now consider the limiting distribution of 61.. Recall that

f(&i + h(Xi-1,6) — h(Xi1,9))

'l,[)(X,'_l,C,',‘lS) = ln f(e,-)

9 EN,
and the log likelihood ratio function is
1
ln(ﬂ) = ; Z‘([)(X,‘-],C,‘,'ﬂ), ) € Q.

In the definition of the MLE é,,, the first four components of the parameter point
in Q is treated separately from the last component and we have proved that 7, is
n—consistent. Thus, we need some results of ¥,,(s) uniformly in s in the interval
[r — B/n,r + B/n] for some B, 0 < B < co which is given in the following Theorem
3.1.1.

3.1 Uniform consistency

Theorem 3.1.1 Suppose that (C1) and (C2) hold. For any 0 < B < oo,

sup  |D1a(s) — 61| = op(1).
|s—r|<B/n

First of all, we need an analogue of the Lemma 2.3.1. Recall that ¢ = (97,s)T
and lns(91) = l(91,8). Now write

lba(X.‘-l, €, 01) = w(xi—l’ €, ‘01’ S).

40
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Let n > 0, define
Ug,(n) = {95 € K : [8] - 9] < n}.

Lemma 3.1.1 Under the conditions (C1) and (C2), for any ¥, € K and its neigh-
borhood Uy (n) in K,

E sup |¢8(X0, Cla‘T;) - d)s(X07 61,191)| - Oa asn — 0. (3'1)
aek,ﬂIeUl,] (n)

Proof. Let 6,(Xo,9]) = hs(Xo,9]) — hs(Xo,%1). Observe that by (2.17) on

Uy, (n),
|65(Xo, 97)| < [97 — Oh|y/1 + XF < ny/1 + X3. (3:2)

By the absolute continuity of In f, which follows from (C1),

17\/1-+-X2

o(Xo, €1,97) — ¥s(Xo, €1,91)| < ° 9 dv. :
|%hs(Xo, €1,97) — ¥a(Xo, €1,91)| < _n\/H—xgl‘P(fl( ) +v)| dv (3.3)
The condition (C2), EX2 < oo and (2.12) imply that
E sup ¢*(€;(94, s)) < oo. (3.4)
SER

Therefore, (3.3)-(3.4) and the finiteness of the second moment of X, yield that the
LHS of (3.1) < 9qF [sup 2lp(ar(9)) V1 + X3+ LE(1 + Xg)nz]
sE‘R

1/2
< o [E sup soz(el(o))} (B(1 + X2 + LE(L + X2)r?
8€ .

— 0, asn—0,

thereby completing the proof of Lemma 3.1.1. a

Proof of Theorem 3.1.1. The following argument is similar to the one used
in the proof of Theorem 2.3.1, except here we deal with the component ¥; of ¥ for
all s € R. Let a,(9;) = a(¥;,s). By the definition of the function «, for any open
neighborhood V; of 6, in K and any 9, € V¢, s € R, a(¥) < 0.

Given V; C K, by the continuity of a and compactness of (K \ V;) x R, there
exists a 9o; € (K \ V1) x R, such that

sup a(?d) = a(¥n) <0.
Pe(K\V))xR
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Let do1 = —a(¥01)/3 > 0. By using Lemma 3.1.1, there exists an 7y; > 0,

ES“E sup 7/’3(X0,€1, 19;) < E?/)a(xo, 61,191)+501 < 0(1901)+501 = —2d;. (3-5)
s€R ‘o;EU,al (m01)

By the compactness of K \ V; again, there exists a finite number M; of U191 (n01),
J
9, € K\ W, j=1,2,..., M; such that U{"‘ Uﬂl,-("Ol) = K \ Vi. Then by the ergodic
theorem and (3.5), there exists an n; such that for any n > n;, 1 < j < M,
1

sup  sup l,s(9]) < —Zsup | sup Yo(Xio1, €, 97)
s€R 191€U19 (n01) n aeﬂﬂleuﬂ (n01)
1 1

E Sll}_) sup ’(/),(Xo, €, ‘!9;) + 501
s€ER 19:€U191 (01)
J

IN

IN

—do1, a.s.,
which implies that

sup sup Il (¥]) < sup_ max sup los(97) £ =b01, a.s. (3.6)
s€R YleK\V seR 1S7SM 19:€U0 (n01)
1

But,

sup sup ln,(91) 2 supl,,(6,). (3.7)
aeﬁ 191€V1 aeﬁ

Taylor’s expansion of In f at ¢; yields that 3 v, |y| < 1, such that,
s (6) = = 3 (6 + (b (Xic,81) = hu(Xict, 02)))[ho(Xicr, 82) — hu(Xicn, 1)
Then the Lip(1) condition of ¢ and (2.19) imply that
a(02) < = 3 [lple)] + Ll (Xics, 6:) — hu(Xicr, 01
x (181 XL 11Xt = 7l < Is = r)
< %Z [I%(ff)l + L|6:]y/1+ X,?_l] 101]\/1 + X2, I(|1Xiy — 7| < |s — r])(3.8)
Therefore, for any B, 0 < B < o0, (3.8) yields that

sup  |1,5(61)]
|s—r|<B/n

=3 [lptel + LI Iy/T+ X 161+ XL 1(1Xics = r{ < B/)
=3 [lo(edl + Loy + (rl + B/nY] 6]
x\/1+ (Ir| + B/n)2I(|Xi=y — r| < B/n).

IA

INA
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Take expectation both sides to obtain

£, l0) =00,

Thus, for any € > 0, there exists nj, such that as n > ny, V |s — r| < B/n,

P( inf  1.(8:) > —8) > 11—

|s—r|<B/n

By (3.6), (3.7) and the above, there exists a ng = n; V n, such that V n > ny,

P(sup sup [,(97) < inf  sup l;,(8)) > 1—ce. (3.9)
seR 19;€K\V1 |s—r|<B/n Pievy
Let
Ac={sup sup [,(9]) < inf sup l,,(%)¢.
{’Gﬁ Bexv BrisBing, ey, }
Then, on A,

d(s) €V, VY|s—r|< B/n, ¥V n2>n,.

Thus, by the arbitrary of 1,

sup |91.(s) — 1] = op(1).
ls-r|<B/n

This ends the proof of Theorem 3.1.1. m]

3.2 Asymptotic normality of 6,
Before stating the next theorem, recall that l,,(#:) = l.(¥1, s), and for z € R,
hy(z) = 5?9—(};,(:5,191)) = (I(z < s),zl(z < s),I(z > s),zI(z > s))T.
1

Let

uis(9) = —p(Xi — hs(Xiz1,1))hs(Xiz1), 1 <1 < m.

Denote A,(z) = hy(z)(ho(z))T.



44

Lemma 3.2.1 Suppose that 0 < I(f) < oo and EX? < oo, then

% " i (8:) = N(O,T), (3.10)

where

'=FE ‘Pz(ﬁl)Ar(Xo)-
Proof. Note that with F; = 0{Xj,j < ¢},
Eg [uir(61)|Fi-1] = Eg [—sa(éi)ilr(Xi—l)lf}-l] = h,(Xi.1)Eg(—¢(&:)) =0, a.s.

Therefore, for any vector v € R*, by the finite Fisher information of f, v7 3" u;,(8,)

is a zero mean square integrable martingale. By ergodic theorem,

% Yoot {E [uir(ol)(ui"(ol))T ‘7'-*'-1] } v
= VI T ALKy

— vTTv, a.s.

Thus, the martingale central limiting theorem of Hall and Hedye (1980) shows that
the sum n~/2 3 vTu;.(0,) converges weakly to the normal distribution with mean
zero and variance v T'v for all v € R*. Thus, n~/2 ¥ u;,(8,) converges weakly to the

multivariate normal distribution with mean vector zero and covariance matrix I'. O

Theorem 3.2.1 Suppose that conditions (C1)-(C4) hold. Then for any B, 0 < B <
00,

|,_f|u<%/n Vn(91.(s) — 6:) = N(0,T'1). (3.11)

As a consequence, for any B, 0 < B < o0,

sup  |v/n(D1a(s) — 01)] = Op(1). (3.12)

|s—r|<B/n

Proof. Note that for any s € R,

7]
6_19-1-(1“(01)) = Z “ia("’l)-
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Consider the Taylor’s expansion of (3/89)(ls(?)) at 0;:

0
0%

where 67,, = 0, + 71(9, — 0,), 1 is a function of (X, .., X,,01,5), 11| < 1 and
a ,
Jna(t) = Z b_tuis(t) = Z‘P (Xt - ha(Xi—l’t))As(Xi—l), te R4-
Then, the definition of #,,(s) and (3.13) yield that

Jns(03,5)

% D uis(8:) + % Vn(P1.(s) — 6;) = 0. (3.14)

For any matrix M = (m;;), define | M|| = ¥ |m;;|. Then for any finite number of

ln, 191 Zu,, 01) + J,,,(Olna)(ﬂl - 01), (313)

matrices {M;} and finite number of real numbers a;, we have

|X it < X lasll| Ml (3.15)
By the definition of A,,
|4s(z)|| = (1 + |z|)?, for all s € R and = € R. (3.16)

First, we prove the following: For any B, 0 < B < oo,
Jn,(O

n

) s

sup
|s—r|<B/n

For any s, such that |s — r| < B/n,

Js(03ns) = 2 @(Xi = hy(Xic1,050,) As(Xicn)
= X [¢(Xi = h(Xi1,65,,)) — ©'(Xi = ho(Xio1,01))] Ay(Xic1)
+ 3 [¢(Xi = ho(Xie1,01)) — ¢(e)] Au(Xicn)
+ #'(e)As(Xiz1)
= Jine(B3ns) + Jrns + Jans, (s09). (3.18)

= OP ) (3.17)

For the first term in (3.18), the Lip(1) of ¢’, (3.15), (3.16) , (2.16) and (2.17) imply
that

I1ns(@30)| < 3 |0(Xi = ho(Xic1,03n,)) — @/(Xi = ha(Xic1,00))| [ As(Xic)l
< LY |ho(Xiz1,010,) — ho(Xic1,01)| (1 + | Xiza])?
< LY [91a(s) — 61](1 + X2 )2 (1 + | Xica])?
< L sup  [Bia(s) = 6] D o(1+ | Xima ). (3.19)

|s—r|<B/n
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Thus (3.19), Theorem 3.1.1, the ergodicity of {X;} and the finiteness of the third
moment of X yield that
‘]1718(0;1“)

n

sup
|s—r|<B/n

Recall that €;(91,s) = X; — hy(Xi_1,91). For Jan,, again the Lip(1) of ¢', (3.15),
(3.16) and (2.19) imply that

<L sup |191n(s)—01|%2(1+|X;_1|)3=0p(1). (3.20)

ls=r|<B/n

sup [ Janoll € sup 3T [e(€i(01,9)) — ()] [| AL (X))

|s—r|<B/n |]s-r|<B/n
< LI6:| (1 + X20) P I(|1Xiey — 7| < B/n)(1 + | Xiza|)®

< L|6:)Y (1 +|r| + B/n)*I(|X;-1 — r| < B/n).

The above inequality, the stationarity of {X;} and Remark 2 imply that
J. 2ns

E sup m

|s—r|<B/n

For J3,,, observe that for all z € R,

= 0(n™"). (3.21)

|As(z) — Ar(2)|| = 2(1 + |z|)21(s Ar<z<sVr)<2(1+ |a:|)2 I(]t—r| < |s=T7]).
This implies that

E sup |A.(Xo)— A(Xo)l

|s—r|<B/n
< 2E(1+|Xo|)*I(|Xo — r| < B/n)
< 2(14|rl+ B/n)*EI(|Xo —r| < B/n) = O(n™"). (3.22)
Also, by (3.15),
sup J3na +r”
|s—r|<B/nll T
1 , 1
= s |2 ) [A(Xi) - A(Xin) | +]5 Z @A Xir) +T]

= term, + term,, (say).

Thus (3.22), the stationarity of { X;} and the independence between ¢; and X;_, imply

that
E(term;) < n'lE(n|so'(el)| sup lAa(XO)—Ar(XO)H)
ls—r|<B/n

= E|¢'(a)|O(n™) = 0(n™),
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and by the ergodic theorem, termy; — 0, a.s. Thus,

J ns ’
ey Fll = op(1). (3.23)

sup
ls=r|<B/n

Therefore, (3.20)-(3.23) and Markov inequality yield (3.17).
Next, we are going to show that for any B, 0 < B < o0,

E[Ia—rI<B/n Vn 2.[ui(8r) = i (61)]

To prove (3.24),

] = 0(n"1/?), (3.24)

D [uis(81) — uir(64)]
= Y [-0(Xi — hy(Xiz1,01))hy(Xic1) + (&) hr(Xio1)]
=Y [—p(€: + he(Xi1,01) — ha(Xiz1,601)) + @(€)]ha(Xiz1)
= Y p(e)ho(Xiz1) — he(Xiz1)]
= lins — Izns, (say).

For any s, |s — r| < B/n, the triangle inequality, the Lip(1) of ¢, (2.19) and (1.20)
imply that

|linel < LY |ho(Xic1,01) — he(Xi1,01)] [hs(Xiz)|
< L6 31+ XEDI(1Xica — 7| < |s — 7))
< L|6:] 3 (1 + (Ir] + B/n))I(|Xi-1 — 7| < B/n).

Thus, by the stationarity of {X;} and Remark 2,

Ilna
Jn

Similarly, the independent of ¢; and X;_;, the stationarity of {X;}, the integrability
of ¢ and (2.19) imply that '

E( sup

|s—r|<B/n

) = 0(n1/?). (3.25)

12113
E{ sup
( |s-r|<B/n \/T—i

Therefore (3.25) and (3.26) yield (3.24).
Note that

) = O(n1?). (3.26)

EI(XO < T)EXSI(XO < T') > (EXOI(XQ < 7'))2,
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and
EI(Xo > r)EX3I(Xo > ) > (EXol(Xo > 1))2.
Thus EA,(Xo) is positive definite matrix and so is I'.
Denote Iy, = —Jn,s(03,,,)/n. By (3.17) and the positive definiteness of T, Ty, is

positive definite eventually for every s, |s — r| < B/n, and

sup |det(T,s) — det(T)| = op(1). (3.27)
ls=r|<B/n
By the Cramer’s rule,
-1 _ 04j(Tns)
L)™' =2 :
(Tn) det(T'ps)

Then the continuity property of the adj(I's,) in the components of 'y, and (3.15)
yield that

sup |II=! =T = "adJ(Fm) adJ(F)"

|s—r|<B/n det F,u) det F)
adj(Ty,) — adj(T) . det(T',,) — det(T")
<
< |[=agy I+ les@]| der et | = °
That is,
sup |[I7; — T = op(1). (3.28)
|s—r|<B/n

It follows from (3.14), for any s, |s — r| < B/n,

Vi(B1a(s) — 61) + T7'n 723" u,(8,)
= (F - I"l) (n"ll2 Z uis(01) — n~1/2 Z u.-,(a,))
F -1 ( -1/2 Z uu 1) - n—1/2 z ulr(ol )

—(Td =T )23, (8y). (3.29)
Thus, by (3.24), (3.28) and Lemma 3.2.1,

sup [V/ii(B1n(s) = 1) + T2 Fouir(81)] = op(1)

|s—r|<B/n

Again by Lemma 3.2.1, Theorem 3.2.1 is proved. O

As a corollary of Theorem 3.1.1 and 3.2.1, we have the following uniform conver-

gence rate of 9,(+).
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Theorem 3.2.2 Suppose that (C1)-(C4) hold, then for any B, 0 < B < oo,

sup  |91n(s) — B1a(r)| = 0p(n/?).
|s—r|<B/n

Proof. Consider the Taylor’s expansions of (d/d¥:)(lss(?1) and (d/d®)(ln-(91)

at 0, and evaluate them at ¥,,(s) and 9,,(r), respectively. We have

0 = D ui(61) + Jns(67,,)(P1n(s) — 61)

> tir(01) + Jor (67,,)(91a(r) — 61).

Hence,
% 3 [is(81) — tir(81)] = Ty B1a(s) — B1a(r)]
+[Tne = T| VA(B1a(5) = 61) = [Tar — T V/(B1a(r) = 61).

Therefore, Theorem 3.2.1, (3.17) and (3.24) imply that

sup [V(B1a(s) — B1a(r))| = 0p(1).

|s—r|<B/n

This completes the proof. O



Chapter 4

Some asymptotic results on

log-likelihood process

In this chapter, we discuss some asymptotic results for a sequence of normalized profile
log-likelihood processes. It is expected that these results will be useful in obtaining
the limiting distribution of the standardized maximum likelihood estimator of the
threshold parameter.

Recall that

(y5) = L Sin TR BB, o o7 e

For 2 € R, a sequence of normalized profile log-likelihood processes is

[.(z) = =2n[la(O1a(r + 2/n),7 + z/n) — Lo(D1a(r), 7).

Observe that in view of Theorem 3.1.1, @,,(r + z/n) is an approximation of 6,
uniformly in z over bounded sets. Thus a natural candidate for the approximation of
in is I, defined as follows: For z € R,

— hryzyn(Xiz1,601))
f(e)

I.(z) = —=2n[l.(01,7 + z/n) — 1,(64,7) =—221 . (4.1)

4.1 An approximation [, of the normalized profile

log-likelihood process [,

50
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Theorem 4.1.1 Suppose that (C1)-(C4) hold. Then for any B, 0 < B < oo,

In(2) = In(2)| = 0p(1).

sup
lzI<B

Proof. Without loss of generality, assume r = 0. Decompose the concerned

process in the following way,

1 ra - _ 1], f(X.'-'hz/n(Xi-l,a )
-3 [ln(z) - ln(z)] =-3 [ln(z) -2 In 7(&) 1 ]

— f(X' — hz/"(xl-hol"(z/n))) _ f(Xl - hz/n(Xi—laal))
R [h‘ T = ho(Xen, Brnlz/m) ™ FOK = ho(Xir, 62)) ]
S(Xi = ho(Xi-1,P1n(2/n)))
2 ho(Kar, 91n(0)
= [1n(2) + [2n(2), (say).
It suffices to show that V B < oo,
sup |l1a(2)| = 0p(1), (4.2)
|z|<B
and
sup |lzn(2)| = op(1). (4.3)
|zI<B

Actually, we shall prove a slightly stronger result than (4.2). To state this stronger
result, recall that for 1 <1 < n,

€i(%,s) = () = X; — hyo(Xiz1, ), (‘9{,3)T € .

Denote
Stz n) e .
Pnzi(t) =In flet,0) - R R, 1<i<n.
Then, for any 2, 1 <1 < n,
Prsi(t) = —@(€(t,2/n))hesn(Xic1) + @(€i(t,0))ho(Xio1)

= [ = elelt, 2/n) + p(€(t, 0))| huyn(Xic1)
+[ = @lei(t,0)) + 9(60)] [hejn(Xic1) = ho(Xi-1)]
-(P(Ci)[ilz/n(xi—l) - ilo(Xi—l)]- (4.4)
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Note that
l1a(2) = Y_[Pazi(91n(2/n)) — Przi(81)].

From (3.12), sup;,;<p |vn(914(2/n) — 01)| = Op(1). The stronger result that will be
proved is that for any 0 < C < oo,

E{  sup  |¥ [psi(t) — paci(61)]] } = O(n71/?). (4.5)
|zI<B.vrt-0:|<C
Denote 0,,(t) = 0, + s(t — 6,) and recall that ¢ = f’/f. By the absolute continuity
of In f,

[ #0ut)) (¢ - 04) ds
= Sl,'z(t) + S2iz(t) + 33iz(t)a (say)a

DPnzi (t) - pnzi(al)

where, by (4.4),
16:(8) = [ [-le(Bua(8),2/m)) + p(es(O1u(), )] BT (X1 )t — 03) s,

s2:(8) = [ [-e81u(8),0)) + ()] [huga(Xica) = ho(Xia)] " (6~ 1) ds,
s3is(t) = —9(63) [hesn(Xica) = ho(Xia)] (£~ 6).
The Lip(1) of ¢ and (2.19) imply that uniformly in all ¢, 7 and s,
|lp(€i(815(2), 2/n)) — p(€i(614(2),0))]
S Llhz/n(xi—ls ola(t)) - hO(Xi-l?ala(t))l
< LI0w()]y1 + X2, I(|Xiza| < |2l/n)
< L(|01] + [£ — 61])y/1 + X2y I(|Xi1]| < |2|/n).

Therefore, by (2.18) and (2.9),

sup |s1i2(E)]
l2I<B.lva(t-0,)I<C

< CLn7'2(164] + Cn7'2) /(1 + Xiz—l)'slli% I(1Xi-1] < |21/n) Jham(Xica)]

< CLo™'2[|84] + Cn™?] (1 + (B/n)))I(|1Xica| < B/n).
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Thus, the stationarity of {X;} and Remark 2 yield that

E { sup |2 sltz(t)l} —1/2 (4.6)

lz1<B.Ivn(t-01)i<c
For s,i.(t), the Lip(1) of ¢, (2.17) and (2.9) imply that for all ¢ and 1,

sup  [snilt)]
|21<B,lvm(t-8,)1<c
< sup [ 1p(€i(81a(8),0)) — ple0)lds lheju(Xica) = ho(Xioa)]lE — 6]

l2I<B,|v/n(t-01)I<c 70

< L sup |t — 64]*(1 + (B/n)*)I(|Xi-1| < B/n)
V=(t-601)<c

< LC*n7'(1 4 (B/n))I(|1Xi-1| < B/n).

This together with the stationarity of {X;} and the boundedness of gg on compact
set implies that

E { sup |E 32iz(t)|} =0(n™). (4.7)
|2I<B,lva(t-61)I<c
To s3i.(t), by (2.10),
sup |s3iz(t)]
|z1<B,lva(t-61)<c
< lp(es))  sup [1ae/n(Xic1) = ho(Xica)|It — 4]

|l21<B.lva(t-0,)|<c
< Cn Y g(e)|\/1 + (B/n)2I(|Xia| < B/n).

The above, the integrability of ¢ and Remark 2 yield that
E { sup |Z sa.'z(t)l} = 0(n~'?). (4.8)
lz1<B.lva(t-61)I<c
Therefore, (4.6)-(4.8) imply (4.5) and hence (4.2).
Now it remains to prove (4.3). To prove (4.3), the result of Theorem 3.2.2 will be
needed. Recall that

f(X, - ho(x"—la 1911&(2/")))
=2 ln f(Xi = ho(Xiz1,%10(0)))

l2n

For any t € R, denote

D1nt(2) = D1(0) + £(F1n(2/n) — 91a(0)).
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Then the absolutely continuity of In f gives

n(2) = 3 [ [~0(X; = ho(Xica, Bane( 2R (Xic)] (Ban(z/m) = D1a(0))

= /01 [—(Xi = ho(Xiz1,P1ne(2))) + p(€)] dt AT(Xio1)(B1n(2/n) — 914(0))
=Y @) (Xiz1)(B1n(2/n) — B1a(0))

Thus, the Lip(1) of ¢, Theorem 3.2.2, (2.17) and (2.9) imply

sup {|The first term of i5,(2)|}
lzI<B

R 1
< lsllili; L|91a(2/n) — 914(0)||ho(Xi-1)] Z/o |ho(Xi-1, B1ne(2)) = ho(Xi-1,61)| dt

< op(n ) [ sup |9 6,/ dt (1 + X?
< op(n )/0 |§|u<11)9| ne(2) — 1] dt 3 (1 + X7,)

= op(n~?)0p(n~"?)0p(n) = 0p(1) (4.9)

For the second term of ign(z), since 3 <p(e;)izo(X;_1) is a zero mean square integrable

martingale process,
S p(eho(Xica)] = Op(n'1?) (4.10)
But Theorem 3.2.2 implies that
sup [91a(2/n) — 91a(0)| = 0p(n™V?).
lzI<B

Therefore (4.3) follows from the above two equations and (4.9). This ends the proof
of Theorem 4.1.1. O
Thus, the limiting process of the sequence of processes {i,,(z), z € R} is the same

as that of the process I,(z) by Theorem 4.1.1.

4.2 Tightness of I

We need a preliminary result from our model (2.1). Note that I(f) < oo implies the
boundedness of f (Koul, 1992, p52). From the invariant equation of gg, gg(y) =

[ f(y — h(z,0))gg(z)dz, so is gg.
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Proposition 4.2.1 Suppose that f is continuous, positive everywhere and bounded
on R, then for any 0 < ¢ < oo, there ezists 0 < C < oo, such that for any interval
I C [—c,c] with length I(I),V k> 1,

P(Xo € I,Xx € I) < CUI)) (4.11)

Proof. We shall use the mathematical induction and the boundedness of f. Let

z be any point in R. For k =1,

P(z,I) = P(X; € I|Xo=z)=P(h(Xo0,0)+ € € I|Xo=2z)
= [ fv—hiz,0))dy < CUD).

If the assertion holds for kK = m, then for k =m + 1,
Pmi(a, 1) = [ P(z,dy)P(y,1) < CU(I) [ f(y — h(z,8))dy < CL(1I).

Thus,
P(Xoe Xy €l)= /1 P¥(z, I)gg(z)dz < C(I(I))™.

Now for 2z > 0, recall (4.1), let a = a3 — a1, B = B2 — i,

Py flei +a+BXi1)
() = -2 L St

Note that I, € D[0,00), the following discussion will involve weak convergence on

I(r< Xi-y <1+ 2z/n).

D0, 0). To that effect, we need to introduce the modulus of a function in the space

D[0,00). For any ¢ € D([0,00)), define rop(¢)(t) = ¢(t), a <t < b, a <b.

Theorem 4.2.1 (Whitt, 1980) Let P,, n > 1, and P be probability measures on
D([0,00)). Then P, => P if and only if P,r;,, => Pr;}\ on D([sk,t]) for all k

sxtx Sktk

and some sequence {[sk,tx],k > 1} with U, [sk,t] = [0, 00).

-1
Skix

Corollary 4.2.1 P, is relatively compact if and only if P,r, . 1is relatively compact

for all k and some sequence [sk,ti] such that U, [sk,tx] = [0, 00).
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Thus, take sk, tx] = [k, k + 1], it is enough to work on D[k, k + 1], for every k& > 0.
That is, for every ¢ € D|[0,00), define

Bs(¢) = sup [min{|$(u’) — ¢(u)l, [6(u") — ¢(u)|}]

k<u—6<u’ <ulu’<u+é6<k+1

+ Sup |(u) = g(k)| + sup  |B(u) - $(k+1)|, k>0.

k<u<k+ k+1-6<u<k+1

Theorem 4.2.2 Suppose that f is continuous, positive everywhere and bounded on

R, then ({Io(~2),z > 0}, {i.(z),z > 0}) is tight. That is, Vk>0,V e>0,
lim sup P(BE(I,) > €)= 0. (4.12)

Proof. We shall only show the tightness of {I,(z),z > 0}, since the proof is the
same for {l,(~z),z > 0}.

The following argument is similar to the proof of Lemma 3.2 in Ibragimov and
Has’minski (1981, pp. 261). Let A; = A;(u,u + &] be the event that a trajectory of
I, possesses at least i discontinuities on the interval (u,u + &]. We shall prove the
following inequalities:

P(A;) <C4, P(A;) <C8& (4.13)

A trajectory of I, has at least one discontinuity on (u,u + 4] only if at least one
Xi-1 € (r+u/n,r + (u+8)/n]. Denote C; = {X;_1 € (r+u/n,r+ (u+8)/n]}, then
by the boundedness of f and Remark 2,

P(A;)) <) P(Ci)) < Cé. (4.14)

A trajectory of I, has at least two discontinuities on (u,u + 8] only if at least one pair
of (X;-1,X;-1) € (r +u/n,r + (u+ 8)/n]?, i # j. Hence, by Proposition 4.2.1 and
the stationarity of {X;},
P(A) <Y P(Xio1 € (r+u/n,r+(u+8)/n], X;-1 € (r+u/n,r+(u+8)/n]) < C&.
i#]
This and (4.14) prove (4.13).
Now let B be the event that on the interval [k, k + 1], there exists at least two

points of discontinuities of I, such that the distance between them is less than 26.
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Let us divide the interval [k, k+ 1] into m = [§~!] subintervals §; of length m~1. Each
interval with length less than 2§ is totally contained in é; U (8;4+1 U §;42). Therefore,

m m-2
B C U Ag(é,) U U Ag(J,-.H U 6,'+2).

=1 =1
Hence,
m m-—2
P(B) <) P(Ay(&)) + Y P(Ax(di1 U diy2)) < Cmé® < C6. (4.15)
i=1 =1

Furthermore, as long as the event B does not occur (i.e., the complement of B, say
B¢, occurs), any interval of the form [u — é,u + §] possesses at most one point of
discontinuity of /,. So that this function is continuous on either [u, u + 8] or [u — &, u].
For example, suppose that I, is continuous on [u,u + 8]. Then [, has no jump on

[u, u + 8]. Note that I, is a step function, so [, is a constant on [u,u + 4], i.e.

sup  |l,(u) — In(u")] = 0.
u<u’ <u+é

Finally, on B¢, there is at most one discontinuity point of [, and Ve > 0,

{ sup  |la(u) = I.(k)| > 6/2} N B° C Ai(r + k/n,r + (k + 6)/n],

k<u<k+6

thus, by (4.13),

P({ sup ) lla(u) — I.(K)| > €/2} N B°) (4.16)

k<u<k+

< P(Ai(r + k/n,r + (k + 8)/n]) < C4,
and

P{ sup |l(u)=Il.(k+1)|>¢/2} N B) (4.17)

k+1-6<u<k+1

< P(Ay(r+ (k+1=38)/n,r+ (k+1)/n]) < CS.
Therefore, by (4.15)-(4.17), for every € > 0,
P(Bf(in) > €) < P(B)+ P(B° N {B5(ln) > €})
< C6+P{ sup |l(u)—1I.(K)| > ¢/2} N B°)
k<u<k+$6
+P({ sup |ln(u) —L(k+1)| > ¢/2} N BY)

k+1-6<u<k+1

3CS. (4.18)

IN
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It follows from (4.18) that, V£ >0,V ¢ > 0,
elsir% sup P(B%(I,) > €) = 0.

Therefore, {I,(z),z > 0} is tight. a

4.3 Some problems for future research

Note that for each n, the process I, is a jump process with finite number of possible
jumps at nX;_,,7 = 1,...,n. It is thus reasonable to expect that the limiting process
of I, will asymptotically behave like a compound Poisson process with rate gg(r)
whose left and right jump distributions are given by the conditional distribution of
¢1 = —2In[f(e1 — a — BXo)/f(e1)] given Xo = r~ and the conditional distribution of
¢2 = —2In[f(e1+a+BXo)/f(e1)] given Xo = r*, respectively. The former conditional
distribution is the limiting conditional distribution of {; given r—4§, < Xy < r—4é; and
the latter is that of (; givenr +6, < Xo <r+46;asé; | 0,6, | 0and §; >0, é; > 0.

I am presently working on the above problem.

After obtaining the limiting distribution of I, it will be easy to obtain some
inference on the limiting distribution, which will be related to the compound Poisson

process, of the standardized maximum likelihood estimator of threshold parameter r.



Appendix A

Lemma A.0.1 Suppose that pr(y) = [|In[f(z + y)/f(z)}|dF(z) < 00, YV y € R.
Then (i) and (ii) below are equivalent.

(i). p1(y) is continuous at a + fr,

(ii). [|In[f(z+a+ By)/f(z)] —In[f(z + a+ Br)/f(z)]|dF(z) is continuous at r.

Proof. Suppose that (i) holds and y, — r. Let

f(z +a+ Byn) f(z+a+pr)
a(z) =In , z)=In .
gn(7) (@) 9(z) (@)
Then, the continuity of f implies that,
gn — g, point-wise
and which implies
gt -9t g9 (A.1)
Thus, by (i),
[15aldF — [1g]dF. (A.2)
Combining (A.1) and (A.2) implies that
[gtdF — [g*aF. (A.3)

Since 0 < (g% — g%)* < g%, (¢* —g¥)* — 0 and [ g*dF < |g|dF < oo, by dominate
convergence theorem,

/ (g% — gE)* dF — 0. (A.4)
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The result (A.4) and [((g* — g¥)dF — 0 imply that

[(g* - g¥ydF 0.
Thus,
[lg* - g¥1dF -0 (A5)
which implies
/|g—g,,|dF—» 0.

The fact that (ii) implies (i) is obvious. m]

Lemma A.0.2 Let p(y) = [In[f(z+y)/f(z)]dF(z), then the continuity of p, implies
the continuity of p; and p.

Proof. Let y, — r, denote

7) = f(z +a+Byn) _ f(z +a+p6r)
hn(z) =1 @) , h(z)=1In O
Then
hn — h, /|h,,|2dF_./h2dF, (A.6)

A convergence theorem in Hajek-Sidak (1967, pp. 154) and (A.6) imply that
/ |k — B|*dF — 0. (A7)

By Lemma A.1, (A.7) is equivalent to the continuity of p;. The continuity of p follows

from (ii) of Lemma A.0.1. O

Lemma A.0.3 The conditions (C1) and (C2) imply the continuity of

p2(v) = E {In[f(e1 + v)/f(€1)]}* on R.

Proof. For any z and y in R,

o557 - (555 )
i Le+2) ‘m flatz) | flat y)'

<Ehraol @ f(@)
<2 |z —y| (Elp(er + n(z — y))] )"2

{(I ﬂﬁ+m)) (’ ﬂq+yw)”}
fle1) fle) ’




61

where || < 1, which is between z and y. The conditions (Cl) and (C2) imply
the finiteness of E|p(€; + n(z — y))|? and E lln L(f%lr for any = and y. Therefore,
E {In[f(e1 + y)/f(€1)]}? is continuous in R. O
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