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ABSTRACT
A 3-D LAMINATED PLATE FINITE ELEMENT
WITH ZIG-ZAG SUBLAMINATE APPROXIMATIONS
FOR COMPOSITE AND SANDWICH PANELS
By

Yuen Cheong Yip

This dissertation describes the development of a new zig-zag theory and an eight-node
brick finite element using zig-zag sub-laminate approximations which are suitable for the
analysis of both thick and thin laminated composite plates and sandwich panels. The zig-
zag theory employs the sublaminate concept, in which each computational layer (or
sublaminate) contains several, even many, physical layers. The new element derived from
this new theory has the topology of a three-dimensional (3-D) continuum-type element (an
eight-node brick) although it is based on plate kinematics. This eight-node brick topology
permits the stacking of elements through-the-thickness of a laminate, which is not
convenient in conventional plate/shell elements whose kinematics are usually with respect
to the reference mid-surface. This allows sub-layering for through-the-thickness
refinement if higher accuracy is desired.

This zig-zag sublaminate approach has the following desirable properties: (i) satisfies
interlaminar transverse shear stress continuity; (ii) satisfies transverse shear tractions at the
top and bottom surfaces of the plate exactly; (iii) tends to the correct prescribed load value
for the transverse normal tractions at the top and bottom with refinement in the thickness

direction; (iv) has a small and fixed number of degrees-of-freedom per sublaminate; (v)



uses traditional engineering degrees-of-freedom (displacements and rotations); and (vi)
permits the use of adaptive techniques for through-the-thickness discretization when used
with the eight-node brick topology.

In thin plate applications, the parasitic shear locking phenomenon has plagued shear
deformable elements since their inception. This new eight-node brick finite element using
zig-zag sub-laminate approximations utilizes the assumed strain field approach to extend
the element to thin plate applications. The element shear strain fields meet both field-
consistency and edge-consistency requirements.

Numerical results demonstrate that this new element is robust, accurate and
computationally efficient. The element also passes the membrane and Kirchhoff patch
tests for plates. The current models show excellent promise for efficient and accurate
analysis of thick laminated composites and sandwich panels. Furthermore, the eight-node
brick topology will permit the use of adaptive techniques for through-the-thickness
discretization and will allow the coupling of the new elements to conventional 3D

continuum-based elements.
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Chapter 1

INTRODUCTION AND BACKGROUND

1.1 Introduction

As analytical solutions are usually restricted to problems with simple geometry,
loading and boundary conditions, the finite element method is therefore useful when
dealing with complex problems. Using conventional three-dimensional (3-D)
displacement-based finite elements is very computationally expensive. Yet in the analysis
of composite laminates where local effects are important (e.g. embedded delaminations,
ply-dropoffs, free edges, cracks or other regions of 3-D stress fields), one must use a
theory based on 3-D kinematics. Most two-dimensional (2-D) plate/shell models are
therefore inadequate. However, with the more recent advent of such 2-D (quasi-3-D)
theories like the layerwise (e.g., Reddy (1987), Lu and Liu (1992), Liu (1995), Li and Liu
(1996)) and zig-zag theories (e.g., DiSciuva (1985, 1987), Cho and Parmerter (1993)),
these local effects are modeled satisfactorily. We can implement these more precise
theories to develop a robust finite element model that is more computationally efficient
than the conventional displacement-based continuum finite element model and yet
describe the local kinematics adequately.

The zig-zag theory has several important features that are ideally suited for our

purpose. Firstly, it possesses only a fixed number of degrees of freedom, regardless of the






number of layers in the laminate. Secondly, it is accurate and satisfies conditions such as
(1) the continuity of transverse shear stress through the thickness of the laminate and (ii)
the homogeneous shear traction boundary conditions. Although these features imply an
almost ideal combination of accuracy and efficiency, there is one significant drawback to
this theory. The a prior assumptions of the displacement field require the transverse
deflection degree-of-freedom to be C ! continuous. This restricts the choice of element
interpolation functions that can be used and is therefore very inconvenient for the
development of general purpose finite element models based on these theories.

The focus of this research will be on the development of a robust C° finite element
model based primarily on the high-order zig-zag theory. It incorporates ideas from the
layerwise theories (Reddy, 1987; Barbero and Reddy, 1990; Li and Liu, 1996), the sub-
laminate analysis concept of Flanagan (1994), in conjunction with an interdependent
interpolation scheme of Tessler and Hughes (1983, 1985). The plate element will be
developed in a consistent approach that features exact satisfaction of boundary and
interface conditions for displacements and shear tractions. Averill and Yip (1996a)
presented a generalized form of the high-order zig-zag theory for beams in which the
continuity of the transverse deflection was relaxed by introducing a new variable along
with an appropriate constraint condition. Based on this generalized form of the theory, a
two-node beam element was developed that contained only C° variables. The constraint
condition was then enforced via a combination of analytical and numerical means by
utilizing an interdependent interpolation scheme (Tessler and Dong, 1981) and the penalty
method, resulting in a simple, efficient and robust finite element beam model.

The new proposed plate finite element model will be based on modified forms of the



high-order zig-zag theories. These elements contain only engineering-type degrees of
freedom, displacements and rotations, and have the nodal topology of an eight-node brick
element, though they are based on plate kinematics. This, therefore, allows our proposed
finite element great versatility to model laminates of complex cross-sections. Depending
on the technique used in modeling the laminate, this finite element formulation will enable
us to achieve a solution similar to that of either the high-order zig-zag or layerwise theory.
If all the layers in the laminate are modeled as an equivalent mathematical layer (or
block), the current model becomes equivalent to the high-order zig-zag theories
(DiScuiva, 1987; and Averill and Yip, 1996b). If the number of mathematical layers is
equal to the number of physical layers in the laminate, it will yield the conventional
discrete layerwise theory (Reddy, 1987 and Li and Liu, 1996).

This type of plate element permits vertical stacking through the thickness of a laminate
with all the proper continuity conditions except for transverse normal traction. In addition
to being able to emulate the high-order zig-zag theory and layerwise theory, this unique
form of the proposed plate element can also be utilized to emulate a concept very similar
to the “local and global laminate” model (sub-laminate analysis) proposed by Pagano and
Soni (1983) to model a laminate consisting of many layers. They came up with a global
and local model whereby they divided the laminate into two parts; namely, (i) the local
region - region that is of interest and (ii) the global region - the remaining region. The field
equations in their model are based upon an assumed thickness distribution of stress
components within each layer of the local region and an assumed thickness distribution of
displacement components in the global region (effective properties are used). Although an

apparent loss of accuracy occurs in the calculation of transverse shear stress components
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in the global model, increasing the number of sub-laminates will obviously enhance both
the accuracy of transverse stress predictions as well as the local predictions.

The type of sub-structuring technique described above is especially important when
solid modeling of individual layers may not be feasible yet it is important to isolate a
region of critical behavior. This efficient local-global modeling of composite structures
has been employed widely (see for example, Lee and Liu, 1991; Kong and Cheung, 1995;

Yu et al., 1995; Li and Liu, 1996a).

1.2 Background: Laminated Plate/Shell Theories

Several recent survey papers summarize the approaches of plate theories (Bert, 1984;
Noor and Burton, 1989, 1990; Kapania and Raciti, 1989; Reddy, 1990). They consider the
problem of reducing the three-dimensional equations of the theory of elasticity to two-
dimensional plate/shell equations. The two-dimensional theories are obtained from the
three-dimensional elasticity theory by making a prior assumptions concerning the
variation of displacements and/or stresses through the thickness coordinate of the
laminate, yielding an equivalent single-layer plate theory. These theories based on the
method of expansion with respect to the thickness coordinate can be found in the work of
Mindlin (1961). The classical laminate plate theory (CLPT) is an extension of the classical
plate theory (CPT) to laminated plates. In both theories, the inplane displacements are
assumed to vary linearly through the thickness and the transverse displacement is assumed
to be constant through the thickness (i.e., transverse normal strain is zero) - Reissner and
Stavsky (1961), and Dong et al. (1962). With the anisotropic and non-homogeneous
nature of composite laminates, important effects of transverse shear and normal

deformation cannot be neglected, demanding improvements in the classical laminate plate
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theory (CPLT), which is based on the well-known Kirchhoff assumptions. As a result,
modeling approaches which take into account these effects have been the topic of research
in the last two decades.

A refinement to the classical laminate theory is provided by the first-order shear
deformation plate theory (FSDT). The first-order shear deformation theory is commonly
known as the “Mindlin plate theory”, (Mindlin (1961) and Reissner (1945)). The first-
order shear deformation theory yields a constant value of transverse shear strain through
the thickness of the plate, and thus requires shear correction factors. Inclusion of first-
order transverse shear effects is often adequate as shown by Yang et al. (1966), provided
the laminate does not contain adjacent layers with drastically varying stiffness properties
(see Averill, 1994; Sun and Whitney, 1973).

Second and high-order shear deformation plate theories (HSDT) involve high-order
expansions of the displacement field (Reddy, 1984; and Barbero and Reddy, 1990).
Barbero and Reddy (1990) suggested a generalized strain-consistent third-order theory
and demonstrated that the displacement fields of many other “equivalent single layer”
third-order theories can be derived from it. The displacement field of HSDT
accommodates the vanishing of transverse shear strains (and hence shear tractions) on the
top and bottom of a laminate. This type of theory, however, generally results in
incompatible transverse shearing stresses between adjacent layers.

In summary, all the above theories (CLPT, FSDT, HSDT) differ only in their choices
of assumed displacement fields. Termed as “equivalent single layer” approach, all those
theories have a common drawback in that the thickness variation of displacements, and

. . . . 1 . .
thus strains, is assumed to be continuous and smooth (i.e. C continuous). This



characteristic will lead to a discontinuous interlaminar stress field because of different
constitutive properties in adjacent plies. It therefore precludes the satisfaction of
continuity of transverse stresses at interfaces between adjacent layers of different
materials, and does not accurately reflect the kinematics in laminates. This may become
significant for laminates that contain drastically different constitutive properties in
adjacent layers.

To overcome the deficiencies of “equivalent single layer” theories, discrete-layer (or
layerwise) theories (DLT) have been developed in which a unique displacement field is
assumed within each layer (see for example, Reddy, 1987; Toledano and Murakami, 1987;
Lu and Liu, 1992). These theories explicitly account for the layerwise construction of
laminates and allow the possibility of achieving continuous transverse shear stresses at all
layer interfaces.

The layerwise theory by Reddy (1987) treats each layer within the multi-layered
laminates as separate individual layers or combines several layers into sub-laminates. He
assumes that the displacement field is expanded within each layer using Lagrangian shape
functions used in conventional elasticity displacement finite elements. It is therefore a
quasi-3-D model based on plate kinematics as opposed to truly 3-D kinematics. Each layer
of the theory can be treated either as a mathematical or a physical layer. Several physical
layers can be combined into a sub-laminate and treated as a mathematical layer wherever
necessary (for computational savings). Because of the layerwise construction of this
theory, it can therefore model local effects like delaminations, ply terminations (i.e. ply-
dropoffs), ply splits, etc. The most significant aspect of this layerwise theory is that,

compared to the conventional 3-D displacement finite element model, it has a data
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structure that saves computational time while giving exactly the same results for
comparable meshes (see Robbins and Reddy, 1992). However, this theory contains a
number of degrees-of-freedom that is proportional to the number of layers in the laminate.
Consequently, for analysis of thick-section laminates involving hundreds of layers, the
computational effort required will still be enormous. The number of degrees of freedom
will grow rapidly with the number of layers and computer storage may force limitations
on the total number of layers analyzed.

The sub-laminate concept within the layerwise theory by Reddy (1987) that can be
employed to model several layers as one equivalent single layer is an attractive feature to
save computational costs and efforts. However, one drawback of this concept when several
layers are combined is that the continuity of interlaminar shear stress conditions will be
violated.

Liu and his co-workers (1995, 1996) extended the work of Reddy (1987) by adding
nodal rotations in addition to nodal displacements as independent variables. The nodal
rotations, however, are not required to be continuous across the composite interface so as
to satisfy interlaminar shear stress continuity, reflecting the correct nature of the laminate
kinematics. The theory gives excellent results for both stresses and displacements and,
more importantly, allows accurate predictions of transverse shear stresses from the
constitutive equations instead of having them recovered from the equilibrium equations as
commonly done.

The discrete layerwise theory (DLT) developed using plate kinematics requires only 2-
D finite elements. The advantage is that the element aspect ratio for these layerwise

models is restricted only in the two dimensions (in-plane coordinates), as opposed to all



three dimensions in the conventional elasticity finite elements. It is required for 3-D
displacement finite elements to have an element aspect ratio of one or close to one for
good converged results. To achieve this ratio, the thinness of each layer in the laminate
will force the other two dimensions of an element to be small in the case of 3-D elements.
Consequently, a very large number of 3-D elements will be needed to ensure a proper
mesh

There is another new class of laminate theory termed the zig-zag theories which
incorporates the layerwise construction (different constitutive properties in each layer) of
laminates into the in-plane displacement kinematics. This was done by assuming
piecewise continuous functions through-the-thickness for in-plane displacement
components. These theories only involve a small number of degrees of freedom
(depending on the order of approximation of the displacement fields) unlike the layerwise
theories discussed above where the number of degrees of freedom is a function of the
number of layers in the laminate. This reduction in the number of degrees of freedom
circumvents the overwhelming difficulties and complexities associated with stress analysis
of multi-layered composite laminates.

The original idea can be found in the earlier works of DiSciuva (1985) where he
assumed a global linear variation superposed on a piecewise linear variation through the
thickness of the in-plane displacement. This theory is termed a first-order zig-zag theory
(FZZT). Although the theory enforces interlaminar shear stress continuity at each
individual interface analytically, the transverse shear stresses are constant through the
thickness because of the low order assumed for the displacement field. In addition, it does

not satisfy the traction conditions at the top and bottom surfaces. This drawback was



overcome by extending the theory to include higher-order terms for the in-plane
displacement field (see for example, Murakami, 1986; DiScuiva, 1987, 1992; Lu and Liu,
1992; Cho and Parmerter, 1993; Liu, 1995; Averill and Yip, 1996a). Refinement to the
first-order zig-zag theory was done by superposing a global cubic function instead of a
linear variation through the thickness onto the zig-zag function for the in-plane
displacement component. This improved the prediction of structural response in thick, and
especially, asymmetrical laminated structures (the form of DiSciuva’s theory (1993) is
strictly valid only for symmetric laminates). These are termed high-order zig-zag theories
(HZZT). Several other investigators have followed up with variations and slight
improvements on the above zig-zag theories (Xavier, Lee and Chew, 1993; Ling-Hui,

1994; and Murakami, 1986).

1.3 Background: Laminated Plate/Shell Finite Element Models

Modeling of thick-section laminates using conventional continuum-type finite
elements normally involves extremely large numbers of these elements to achieve accurate
predictions, and is therefore highly computationally expensive. Structural finite element
models derived using first-order (FSDT) as well as high-order (HSDT) shear deformation
theories (see Reddy, 1987) do not face this problem, but they are often inaccurate because
of two factors. First, they often do not adequately represent the effects of transverse shear
stresses and transverse normal stresses. Second, the commonly assumed linear variation of
inplane displacement components through-the-thickness of the laminate is only valid in an
average sense and is inadequate for accurately predicting the response of these structures,
especially in critical damage analysis. Higher order effects are therefore needed for

improved structural analysis. Bogdanovich (1991) presented a detailed discussion of the
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various shortcomings of these computational models used in the analysis of thick
laminated composite plates. A detailed discussion of various theories and computational
models for composite laminates can also be found in Reddy and Robbins (1994).

Discrete layerwise theory (Reddy, 1987; Barbero and Reddy, 1990; Robbins ef al.,
1991; Lu and Liu, 1992; Robbins and Reddy, 1993; Liu, 1995; Li and Liu, 1996) and
layerwise constant shear theories (see Srinivas, 1973; Epstein and Glockner, 1977; Epstein
and Huttelmaier, 1983; Barbero et al., 1990) were introduced to overcome the limitations
of shear deformation theories (FSDT and HSDT). These theories are based on a
distribution of displacements that is continuous through-the-thickness, while derivatives
with respect to the thickness coordinate are not necessarily continuous. Discontinuous
derivatives will result in discontinuous transverse strains at layer interfaces. This in turn
will allow the satisfaction of interlaminar transverse stress continuity. These theories are
very accurate, but the “three-dimensional” elements derived from such theories generally
have a large number of degrees-of-freedom associated with them. This is because the
degrees-of-freedom are directly related to the number of physical layers in the laminate. In
fact, the elements of the discrete layerwise theories of Reddy (1987, 1994) can be viewed
as a ‘super-element’ of an assembly of continuum elements.

These discrete layerwise theories can be used in conjunction with other less refined
theories for more efficient local-global modeling of composite structures (see Lee and Liu,
1991; Kong and Cheung, 1995; Yu et al., 1995). Other notable recent “three-dimensional”
elements for laminate analysis include the layerwise constant shear element of Barbero
(1991) and Zinno and Barbero (1994) which have the form of an eight-node brick element

with constant transverse shear stresses and deflection through-the-thickness. This
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topology allows the flexibility of mesh refinement through the thickness, has the
versatility of modeling complex shape structures, e.g. ply drop-off, lap-joints, tapered
beams, etc., and also maintains compatibility with conventional three-dimensional
continuum elements. Other models include those of Babuska ez al. (1992) and Actis and
Szabo (1993) which use the hierarchical approach and Bogdanovich (1991) which uses

piecewise-polynomial deficient spline functions to analyze composite laminates.

1.4 The Present Study

This dissertation will introduce a new technical theory and associated finite element
model for analysis of thick laminated composite and sandwich panels. This theory
essentially combines the discrete layerwise and zig-zag theories mentioned above. The
theory employs the sublaminate concept, in which each computational layer (or
sublaminate) contains several, even many, physical layers. Within each sublaminate, an
accurate approximation of the displacement field is employed that accounts for discrete-
layer effects without increasing the number of degrees-of-freedom as the number of layers
is increased. This is accomplished by satisfying analytically the continuity of transverse
shear stresses at layer interfaces as well as shear traction conditions at both top and bottom
surfaces of each sublaminate. Because the resulting through-thickness variation of “in-
plane” displacements takes the form of a piecewise nearly linear function, the theory is
still essentially a zig-zag theory.

The operative degrees-of-freedom in the theory are located at both the top and bottom
surfaces of each sublaminate to facilitate the satisfaction of continuity conditions between
sublaminates. Averill and Yip (1996b) have employed this scheme for a layerwise beam

with success. This fundamental idea of recasting the proposed displacement field into
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surface quantities rather than traditional mid-plane quantities without altering the
mechanics of the plate problem can be traced to Flanagan (1994). Flanagan (1994) sub-
divided a general laminate beam into sub-laminates to determine the strain energy release
rates in composites.

The accuracy and efficiency of the present theory is thus adaptable, depending on the
number of sublaminates chosen to model a given laminate. For most global structural
analyses, only one sublaminate is needed through the thickness of the entire laminate to
attain the desired accuracy of overall structural response measures. More sublaminates
may be used to increase the accuracy of overall structural response predictions or to
capture local effects such as interlaminar stresses. Depending upon the ply stacking
sequence and the type of global and/or local response measures that are sought, the
optimal number of sublaminate approximations required for accurate analysis of thick
multilayered composite laminates or sandwich panels will often be greater than one but far
less than the number of the layers in the laminate. The adaptable nature of the current

theory can thus be used to great computational advantage.

1.5 Interpolation Theory: The C-Concepts

We will also introduce the basic concepts needed to understand why some finite
elements fail while others succeed when modeling structural mechanics problems. The
concepts of continuity and completeness as understood in finite element practice are first
introduced. The continuity criterion ensures the compatibility of the displacement fields
across element edges. This can be reasonably achieved by ensuring the continuous
representation of the displacement fields across element edges if the element is C°. C !

elements like those derived from the Kirchhoff-Love theories of plates and shells, where
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strains are based on second derivatives of displacement fields, will require continuity of
first derivatives of displacement fields in addition to the displacement fields themselves.
The completeness criterion restricts the form of the assumed displacement field to ensure
the element can produce the strain-free rigid body motion as well as constant strain state
condition. These two criteria are seen to be insufficient to provide a complete and coherent
formal basis for the displacement type finite element method.

The poor behavior of conventionally formulated displacement-type C° finite
elements, generally called ‘locking’, is often attributed to the high rank and non-
singularity of the penalty-linked stiffness matrix. Shear locking is due to the inability of
shear deformable elements to accurately model the curvatures within an element under a
state of zero transverse shearing strain (Averill and Reddy (1992)). Prathap (1994)
demonstrated that the correct rank and non-singularity required emerges directly from the
consistency of the discretized strain field approximations and are not necessarily the
primary cause of the poor behavior of the elements. He introduced the concepts of
consistency and correctness norms and collectively called them the C-Concepts, namely,
continuity, completeness, consistency and correctness. The consistency criterion requires
that the interpolation functions chosen to initiate the discretization process must also
ensure that any special constraints that are anticipated must be allowed for in a consistent
way. Failure to do so causes the model to be ‘locked’ out of the ‘correct’ solution.

The C-Concepts of Prathap (1994) will be utilized in the development of our new finite
elements based on the sub-laminate zig-zag theory. Numerical results will demonstrate

that the new elements developed using this new strategy are very accurate and robust.
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1.6 C° versus C' Finite Elements

The development of elements based on well-known classical theories like the Euler-
Bernoulli beam theory, the Kirchhoff-Love plate theory and equivalent shell theories will
result in C' elements. These C' theories will entail more restriction on the use of
approximation functions in the trial space besides having limitations in the range of
applicability. C : continuity will require the continuity of slopes in addition to the
continuity of fields across element boundaries. They therefore must rely on cubic or higher
polynomials for the element shape or basis functions. As such it is more attractive to have
elements that require C° continuity and therefore require only simple basis functions to
satisfy the continuity of fields across element boundaries. It is with this in mind that our
new elements are specially formulated using a penalty-type formulation to require simple

(/] . o .
C~ continuous basis functions.

1.7 Interdependent Interpolation

Most conventional displacement type C° finite elements are prone to “lock” in the thin
regime. This arises from the field inconsistency when equal order interpolations are used
for field variables which appear in different orders of its derivatives in the strain field that
has to be constrained. Thus, if one ensures that the strain field is consistently represented
by a proper a priori choice of unequal order interpolations for the contributing field
variables, there would not be ‘locking’. Tessler and Dong (1981) and Tessler and Hughes
(1983, 1985) derived a family of Timoshenko beam and Mindlin-Reissner plate elements
using this approach.

However, unequal order of interpolations typically gives rise to elements with nodes

having different degrees-of-freedom at each node. In the case of a Timoshenko beam
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element with three nodes (two end nodes and a mid-node), it will have the deflection
degree-of-freedom, w defined at all three nodes and the rotation degree-of-freedom, 0
defined only at the two end nodes. A simple quadrilateral Mindlin plate element will
require eight nodes, four corners and four mid-side nodes. The deflection degree-of-
freedom, w will again appear in all eight nodes and the rotation degrees-of-freedom, 6
and By only at the four corner nodes. Tessler and co-workers (1981, 1983, 1985)
overcame this problem by condensing out the undesirable middle or mid-side nodes by
explicitly enforcing the linear Kirchhoff mode in the case of the beam or through the use
of four differential edge constraints, i.e. the vanishing of the linear transverse shear strain,
in the case of a plate. This will result in an explicit deflection/rotation dependence.

In the present formulation, interdependent interpolation will be used both to alleviate
locking and to partially satisfy explicit constraints that are introduced to relax continuity

of the variables.

1.8 Organization of the Dissertation

The dissertation will be organized in such a way that each of the above concepts will
be introduced gradually. In Chapter 2, the basic concepts of the new technical theory and
the development of the finite element model will be introduced for the one-dimensional
beam problem. The beam problem is the simplest case that could be used to demonstrate
the underlying principles involved in the new technical theory.

Chapter 3 will introduce the interdependent interpolation concepts to alleviate shear
locking in Mindlin plate elements. In addition, the field and edge-consistency concepts
will be introduced to identify the inconsistent strain fields that is causing elements to be

‘locked’ out of the solutions for constrained problems e.g. the vanishing of the transverse
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normal and shear strains in thin plates.

Chapter 4 extends the one-dimensional laminate beam theory of Chapter 2 to a two-
dimensional laminate theory for plates. In Chapter 5, the independent interpolation
scheme and the field and edge-consistency concepts discussed in Chapter 3 will be
adapted and used to develop a robust plate finite element model using this new technical
theory.

Von Kdrmén non-linearities are added to the element model in Chapter 6. Actual
experimental test results were used to compare the solutions predicted by the model. The
conclusions are in Chapter 7. The chapter summarizes the major differences between the
present theory and the existing discrete layerwise and zig-zag theories as well as their
derived finite element models. It also includes a section that discusses possible area of

research that can be pursued in the future.
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Chapter 2

LAYERWISE BEAM ELEMENT

As a preliminary study, we will first consider finite element approximations of the
simplest structure, i.e. the beam element, using the new laminate theory with zig-zag
approximations. This is important as it will clearly illustrate the principle that is used in
deriving the new laminate theory. This chapter will also briefly cover the interdependent

interpolation concept that is used in beams.

2.1 Introduction

A new laminated beam theory is developed that can be considered a hybrid theory,
combining the general layerwise theories with independent layerwise kinematic
approximations and the efficient zig-zag theories in which the layerwise degrees of
freedom are eliminated by enforcing transverse shear stress continuity conditions. In the
new theory, the through-the-thickness approximation of the inplane displacement
components takes the form of a layerwise theory in which each layer is really a
sublaminate containing several, even many, physical layers. Within each sublaminate, a
zig-zag through-the-thickness approximation of the inplane displacement components is
taken in which the layerwise degrees of freedom are eliminated by enforcing continuity of
transverse stresses. Shear traction conditions at the top and bottom of each sublaminate are

also satisfied. The theory includes the effects of transverse normal strain, and is cast in a

17
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form that is exceptionally well-suited for solution by the finite element method. An
accurate and convenient four-node planar element with beam-type kinematics is

developed and its utility is demonstrated.

2.2 Theory Formulation
In the present theory, the layerwise construction of laminated composite beams is
modeled as M sublaminates, with each sublaminate containing N, layers, where m is the

sublaminate number (see Figure 1).

Z,z
W 27
’ %Sx}u}l}m}z%&%&\ 7

Figure 1. Schematic of sublaminate and layer divisions in the laminate theory

The total number of layers in the laminate is then:

M .
Ntotal = 2 Nm (1)
m=

The thickness and material stiffness properties of each layer are arbitrary, and it is
assumed that adjacent layers are perfectly bonded together. In the following, z is a local
(sublaminate) thickness coordinate with its origin at the bottom of the sublaminate, while
Z is the global (laminate) thickness coordinate. The coordinate x is measured along the

length of the beam.
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If the width of the beam is small, then 6, T, T, are negligible, and a state of plane

stress can be assumed. The plane stress constitutive relations for the kth layer of the beam

take the form:
(k) W Ak AT 0
5. C( ) C( ) 0 e,
o,| = C(k) C(k) 0 |le, (2)
Txz 0 o ci|lx

The infinitesimal strain-displacement relations are:

(k) (k)
(k) _ Ouy L6 _ ou,
oE v )
®) 5 (k)
(k) _ Ou, Ou,

In each sublaminate, an independent displacement field is assumed in which the
through-the-thickness variation of inplane displacements is described by a cubic
polynomial in the local thickness coordinate with a piecewise linear (or zig-zag) function
superimposed upon it. The transverse deflection is assumed to vary linearly with the
transverse coordinate. The displacement components of the nth layer within the mth

sublaminate, where 1 Sn< N, and 1 <m <M, can be written as:

(m n) Z Zk (m)(x)+ Z (z-2, )i(m)
i=1 @

(m iy ) = w(m)(x)( h,,,) ""’(x)( ,,.)

where the subscripts b and ¢ refer to the bottom and top surfaces, respectively, of the mth
sublaminate, and A, is the total thickness of the mth sublaminate.

It is possible to eliminate the degrees of freedom ?’;Em) in Eq. (4) by enforcing the
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condition of transverse shear stress continuity at each layer interface. The condition of

shear stress continuity at the jth interface is:

(m, j)
txz

(m, j+1)
=T 5
Z=Z/ *2 Z=Zj ( )

Making use of Egs. (2-4) in Eq. (5), it is found that:

LAY
€ = a,-(ul +— )+b,~u2

dx
(6)
+E(i‘f'—d—wb)+21a
i\dx dx 3
where:
( C(t) \ i-1
A 55 "
a; = C(i+l) 111+ ZGJJ
55 N j=1
(cD oy -l
h. = | 35 _ p .
b[ = C(i"']) 2Z,+ ij]
55 \ j= )
(8 Ya,
A ] A
&= |-+ Y ¢ ]
(i+1) Jj
Css' NP j=1
(i) Y i-1
~ Css 2
d‘ = C(i+1)— 3Zi + Zd"}
55 j=

Additional simplification of Eq. (4) can be achieved through satisfaction of the
transverse shear traction boundary conditions at the top and bottom surfaces of each

sublaminate. For sublaminate m, these conditions are:

T

(m, 1) (m)

=71
X2z 2=0 b
(m,N,)
xZ

(8)
tﬁ'")

z=h,

where 1:2"'), ‘tfm) are the applied shear tractions (or interlaminar shear stresses, as the
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case may be) at the bottom and top surfaces, respectively, of the mth sublaminate.

The displacement field is cast in its final form by introducing the variables:

(m) (m, l)l A(m)
u =Uu =u
b X 2=0 0

%)

N,
ufm) _ ui’" )

z=h,
Eqgs. (8, 9) can be solved either analytically or numerically so that the displacement field

for the mth sublaminate can be expressed in terms of the operative degrees of freedom (all

functions of x only):

(m)
» Ty

(m) (m) o(m) (m)  (m) W™ g(m (10)
t L 4

Up >Wp 9, 5T U
where again the subscripts b and ¢ refer to the bottom and top surfaces, respectively, of the

sublaminate, and

0, =—--" .6 =__! (11)

The displacement field now takes the form:
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ui’" " - (m)[l + p(m) 2 + p(zm)z + 2 (z-z )a( )]

i=1

/ n-1
(m) (In) 2 (m) (m)
+u, | -p; Py 2 —Z (z-2z)aq; J
\ i=1

p
+00 2+ p 4+ pM 2 4 Z(Z z)b('")J
\

i=1

.
+9£m) p(5'")zz+ ém)z + Z(Z z)C( )] (12)
\

i=1

( n-1
2 3
+ 1 pM 24 piM 2% 4 pM2 4 Y (z- z,.)d,(.'")J
\ i=1

( n-1
2 3
+1"| p\2% + p\T2 + Y (z—z,-)ef"')]
\ i=1

(m, n) (m) Z m)( Z
uz =Wy (1 - ’Tn)". w, (h—m)

In Eq. (12), p, (k=1to 11) and a,, b, c;, d,, e; are functions of the layer shear stiffnesses
and thicknesses, and can thus be calculated a priori. Their functional forms are given in
Appendix A.

In the sublaminate displacement field described above, the functions of z that multiply
the degrees of freedom of (10) can be viewed as shape functions that describe the through-
the-thickness variation of these measures within the sublaminate. Thus, a layerwise
laminate theory can be developed in the form introduced by Reddy (1987), where now
each “layer” in the layerwise theory may contain several, even many, physical layers. Of
course, this concept was always possible to envision with the layerwise theories, but the
present formulation provides an extremely accurate and efficient approximation within

each sublaminate. The sublaminate approximations are connected by imposing continuity
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of displacements and transverse shear stresses at the interface between each sublaminate

region. The theory thus has the following properties:

)

(ii)

(iii)

(iv)

v)

continuity of transverse shear stresses through the entire thickness of the
laminate is satisfied;

shear traction boundary conditions on the top and bottom surfaces of the
laminate are satisfied exactly;

a piecewise (layerwise) continuous through-the-thickness variation of the
inplane displacements is allowed, yet the number of degrees of freedom in each
sublaminate is independent of the number of layers in that sublaminate;

a linear through-the-thickness variation of the transverse deflection in each
sublaminate explicitly accounts for transverse normal strains and stresses;

only engineering-type degrees of freedom are used -- displacements and
rotations, plus shear traction terms that are always known on the surfaces and

unknown between sublaminates.

The accuracy and efficiency of the present theory is thus adaptable, depending on the

number of sublaminates chosen to model a given laminate. If only one sublaminate is used

through the thickness of the entire laminate, then the theory falls into the class of zig-zag

theories (see DiSciuva, 1985, 1986, 1987, 1993; Cho and Parmerter, 1993; Xavier, Lee

and Chew, 1993; Ling-Hui, 1994; Murakami, 1986; Averill, 1994; Averill and Yip,

1996a). If the number of sublaminates is equal to the number of layers in the laminate,

then the theory can be categorized with the more general layerwise theory of Reddy

(1987). In this case, a cubic layerwise through-the-thickness variation of the inplane

displacement components would yield extremely high accuracy (as in Lu and Liu, 1992).
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The optimal number of sublaminate approximations required for accurate analysis of thick
multilayered composite laminates or sandwich panels will often be greater than one but far
less than the number of layers in the laminate. The adaptable nature of the current theory

can thus be used to great computational advantage.

2.3 Finite Element Model

Because first derivatives of w, and w, appear in the displacement field of Eq. (12),
second derivatives of these variables are present in the strain energy functional, requiring
them tobe C' continuous. In the current finite element model, this continuity requirement
is weakened by treating 6, and 0, as independent degrees of freedom and subsequently

imposing the constraints

dw
8= 8- =0
(13)
dw,
8 = ’-:i_,; =0

via a combination of an interdependent interpolation scheme and the penalty method
(Lynn and Arya, 1974; Zienkiewicz, Owen and Lee, 1974; Reddy, 1980). All degrees of
freedom in the displacement field are then required to be only c® continuous.

The principle of minimum total potential energy is employed to develop the finite

element model. For a constrained system, we have:

ST, = U +8V + a(‘g’(‘j’gi)dx)
i 3{[e1 Y| - o

where U is the internal strain energy, V is the potential energy of external forces, and v, v,

(14)
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are penalty parameters that enforce constraints in Eq. (13).

Substituting Eqgs. (2, 3, 12, 13) into Eq. (14), the governing equations, boundary
conditions, and displacement-based finite element model can be developed. While the
finite element geometry could take the form of a two-node beam element with eight
degrees of freedom per node, it is advantageous to use the topology of a four-node, planar
element, as shown in Figure 2 (bottom). This topology allows the laminate thickness to be
conveniently subdividled and modeled by multiple finite elements (representing
sublaminates). It is thus possible to increase the accuracy of the finite element model, as
needed, to capture through-the-thickness gradients and transverse (interlaminar) stresses.
It is also possible to simulate delaminations using the redundant node concept.

The element formulation takes advantage of an interdependent interpolation concept
introduced by Tessler and Dong (1981) and recently used by other element developers
(Averill, 1994; Averill and Yip, 1996a; Friedman and Kosmatka, 1993). Except for the
element interpolation scheme discussed below, all aspects of the finite element
formulation follow the well-known standard procedures (see, for example, Reddy, 1993),
and the details are omitted.

In the constrained element formulation, the transverse deflection degrees of freedom
w,, w, are initially approximated using quadratic Lagrange interpolation functions, while
all other degrees of freedom are expanded using linear Lagrange interpolation functions.
Such an approximation scheme results in a six-node element in which each of the two
midside nodes contain a single degree of freedom associated with the transverse deflection
(see Figure 2, top). These midside nodes are eliminated by considering a modified form of

the constraint conditions in Eq. (13):
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o5

o.M\ _o
dx —K)_

(15)

By substituting the element approximations into Eq. (15), the midside degrees of
freedom w,,, w,; may be determined in terms of the other nodal degrees of freedom,
resulting in a new interdependent element interpolation scheme:

2 2

Wy = 2 wbij+ Z e,,jN,-
=t 7 (16)

I-ZWP"'ZGIJ j

j=1 j=1

where P, P, are the linear Lagrange interpolation functions,
— a 2 — a 2
No=5U-8) Np=-F(1-8) (17)

a, is the length of element e, and & is the natural axial coordinate in the element
(-1<&<1). If the constraints in Eq. (13) are viewed as being composed of a constant
part and a linear (in x) part, then the above interdependent interpolation scheme satisfies
the linear part of the constraints identically. This makes the penalty function technique in
the present formulation more robust, because the penalty parameter enforces only the
constant part of the constraints. This approach effectively increases the order of the
element without introducing any additional nodes or degrees of freedom and eliminates

the shear locking problem so an exact order of integration may be used. A consistent force

vector is also obtained.
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Figure 2. Nodal topology of unconstrained element (top) and constrained
element (bottom)

2.4 Numerical Studies

Numerical results are presented for bending of a simply-supported laminated beam
subjected to a sinusoidally varying transverse load of magnitude one (see Figure 3).
Comparisons are made between predictions of models based on first-order shear
deformation theory (FSDT) (see Yang, Norris and Stavsky, 1966), the present layerwise

zig-zag theory (LZZT), and an exact elasticity solution of Pagano (1969).

YIvye

Figure 3. Schematic of loading and support conditions

The material properties used in the analyses are as listed in Table 1, where E is a
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reference value that is chosen here to be 1.0x10°. Laminates composed of combinations
of these materials have been used previously (Toledano and Murakami, 1987), and provide
a good test of the models because they are distinctly different in their stiffness
characteristics. Material 1 is considered compliant in tension/compression and compliant
in shear. Material 2 is stiff in tension/compression and stiff in shear. Material 3 is stiff in

tension/compression and compliant in shear.

Table 1. Material properties used in the numerical analyses

E/E, G/E,
Material 1 1.0 0.2
Material 2 325 8.2
Material 3 25.0 0.5

The laminate configuration used in the present numerical study is described in Table 2.
It is an unsymmetrical five-layer laminate with seemingly random layer thicknesses and
material properties that vary drastically from layer to layer. This example provides a very
rigorous test of a laminate theory’s ability to model complex laminates subjected to
sharply varying loads. While results are presented here for only one laminate, it should be
noted that the current model has been tested on many problems with a wide variety of
lamination sequences and geometries, including sandwich beams. In each case,
comparisons between predictions of the present model and the exact elasticity solution

were at least as good as the comparisons presented here.
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Table 2. Description of laminate sequence

Laminate Layer Number Relative Thxck_ness Material Number
(Volume Fraction)

0.100
0.250
0.150
0.200
0.300

5 layer random

N HE WN -
W o= W N e

For a thick laminate with span-to-thickness ratio of four, the normalized maximum
deflection and the normalized maximum inplane normal stress predicted using a single
sublaminate are plotted in Figure 4 versus the number of elements used in the mesh. The
results are normalized by the exact solution of Pagano (1969) which has been modified for
beam analysis by specifying the appropriate constitutive equations for beams, Eq. (2),
instead of those for cylindrical bending. When only four elements are used, the error in
both cases is less than four percent. However, it appears that a nearly converged solution is
attained using approximately ten elements. Thus, all subsequent finite element results are
obtained using a uniform mesh of ten four-node elements (with full integration) for LZZT
and ten two-node elements (with interdependent interpolation of Tessler and Dong, 1981)
for FSDT. Note in Figure 4 that there is approximately five percent error in the predicted
stress when ten elements are used. This error exists because the current model does not
predict the exact result for this laminate when the aspect ratio, L/h, equals four. Thus, the
error is primarily due to assumptions in the theory as opposed to finite element
approximation errors. The accuracy of these predictions increases rapidly as the aspect
ratio of the beam increases.

In Figure 5, the predicted normalized center deflection versus the span-to-thickness
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ratio of the beam is shown. The deflection predictions of FSDT degrade sharply for aspect
ratios less than about 50, largely because the material properties of adjacent layers vary
drastically. It should be pointed out that a shear correction factor of 5/6 (valid only for
isotropic beams) was used to obtain the FSDT results, which accounts for some of the
error. Predictions obtained using LZZT with one element (one sublaminate) through the
thickness are accurate for all aspect ratios greater than about two, and no shear correction
factor is needed. Due to the interpolation schemes used, there is no locking in either model
as the beam thickness (and thus the thickness of each element) decreases.

In Figures 6 and 7, the through-thickness distributions of inplane displacement and
inplane normal stress, respectively, as predicted by FSDT, LZZT, and Elasticity, are
plotted for a thick laminate having a span-to-thickness ratio of four. It can be seen that
LZZT, with only one element through the thickness, does an excellent job of predicting
the through-thickness distributions of both inplane displacements and stresses, even for
this very thick laminate. FSDT is not able to capture these variations. These two plots
highlight the importance of including the zig-zag through-thickness variation of inplane
displacements (and hence, inplane strains) for laminates in which the material properties
of adjacent layers vary considerably.

In Figures 8 and 9, the utility of being able to use multiple LZZT elements through the
thickness of a laminate is demonstrated for the prediction of transverse shearing stresses
and the through-thickness distribution of the transverse deflection in a thick laminate with
span-to-thickness ratio of four. When five LZZT elements (one per physical layer) are
used through the thickness, the predictions of transverse shearing stress (calculated using

the constitutive equations, Eq. (2)) are indistinguishable from the exact solution, and the
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variation of transverse deflection is very good. Because increasing the number of
sublaminates in the model also increases the finite element discretization through-the-
thickness of the laminate, a greater number of degrees of freedom is required for such
refined analyses. It has been shown, however, that excellent results can usually be obtained
using only one element through the thickness of a laminate. Further, because inplane
normal stresses are predicted very accurately, transverse stresses can be obtained by the
now standard approach of integrating the two-dimensional equations of equilibrium

through the thickness (as in Averill and Yip, 1996a).

2.5 Summary

The new theory and finite element model described show excellent promise for
accurate, efficient, and convenient modeling of laminated and sandwich beams. The level
of accuracy in the prediction of through-the-thickness variations of displacements, strains,
and stresses can be varied by choosing the number of sublaminates used in the model. In
most cases, only one sublaminate, or one finite element through-the-thickness, is needed
to achieve the desired accuracy of both global deflections and local inplane stresses, even

for very thick laminates.



32

1.05 (Ore) s . PR S
(0,,)““‘ \A '''''
o~ -
095} \
0.9 8 W max
wlxacl
0.85 |
08}
o5} -
4 . . . .
2 4 6 8 10

Number of elements in the mesh

Figure 4. Predicted normalized maximum deflection and normalized
maximum inplane normal stress versus number of elements in
the mesh
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Figure 5. Normalized center deflection versus span-to-thickness ratio of a
five-layer simply-supported beam subjected to a sinusoidal load
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of a simply-supported beam subjected to a sinusoidal load
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Figure 8. Transverse shear stress versus normalized thickness coordinate at

x=L/10 of a simply-supported beam subjected to a sinusoidal load
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Chapter 3

MINDLIN PLATE ELEMENT

In the following discussion, we shall study the small deformation response of plates
using Mindlin plate theory, a popular theory in the application of finite element methods
for the bending of plate structures. This is a prologue to the more complex laminate theory
to be discussed later. This chapter will illustrate the field and edge consistency concepts
that are crucial in the development of robust quadrilateral plate elements without

introducing the complex nature of the displacement fields of laminate theories.

3.1 Introduction

The use of Mindlin plate bending theory for the development of plate finite elements is
popular, as only a C° continuity requirement is imposed on the field variables (transverse
displacement, w and rotations, 8, and 6 ). This allows the development of simple, low-
order elements containing three or four nodes with only three bending degrees of freedom
per node. Unfortunately, early studies showed that these simple low-order elements are
‘flexurally challenged’ (i.e., they ‘lock’) and exhibit violent stress oscillations in the thin
regime. Prathap (1994), in his review paper, provided explanations to the locking
behaviors exhibited by many such low order quadrilateral elements. Fried (1974) was the
first to provide the necessary insights as to why the displacement approach failed in such a

constrained problem, namely the vanishing of the transverse shear strains in the thin limit,
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and he suggested the use of reduced/selective integration as a possible cure. Hughes, et al.
(1977) employed this reduced/selective integration technique on the shear strain energy to
produce the first ‘simple and efficient’ plate bending element that was free of locking.
However, this plate element was found to have two zero energy modes that caused the
element performance to deteriorate if the element was distorted and used in the general
quadrilateral form.

Recent studies by Tessler and Dong (1981), Tessler and Hughes (1983), Hughes and
Tezduyar (1981) and Zienkiewicz and Xu (1993) tried to alleviate locking by attempting
to satisfy the inconsistent kinematically derived strain field using an unequal order
interpolation of field variables (e.g. quadratic for w, linear for 6, and Gy ). The use of
unequal order interpolation requires that elements have different degrees-of-freedom at
different nodes. In the present case, the quadrilateral plate element would have eight
nodes, with w defined at all eight nodes, 6, and Oy defined only at the four corner nodes.
To remove the four mid-side nodes, Tessler and Hughes (1983) imposed four edge
constraints by requiring the tangential shear strains at the elemental boundaries fo be
constant along each of the four edges. This is, in fact, equivalent to satisfying the linear
part of the tangential Kirchhoff shear strain constraint at each edge of the element. These
four constraints are used to condense out the four mid-side nodes, resulting in an
interdependency among the w field and the 6, and O, fields, as opposed to the
conventional models where the three fields have independent interpolation schemes.
Zienkiewicz and Xu (1993) showed that their plate elements derived using mixed
formulations do not lock. However, the plate element of Tessler and Hughes (1983) using

the displacement approach needs to be supplemented by a residual energy balancing
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technique using relaxation parameters to prevent locking in severe cases (Tessler, 1986).
These relaxation parameters are obtained by tuning the element response for specific test
cases. This energy balancing technique is now widely used. However, it is artificial in that
it introduces an error that compensates for another error without removing the original
€rTor.

Recently, in addition to the more familiar completeness and continuity requirements,
Prathap and co-workers (1983, 1988, 1992, 1994) have performed extensive research on
the importance of the field and edge-consistency requirements and variational correctness
in the formulation to produce error-free, robust displacement-type finite elements. Prathap
(1994) collectively called them the C-concepts, namely, continuity, completeness,
consistency and (variational) correctness. He and his co-workers have developed robust
finite elements based on the C-concepts, including four-node (Prathap and Somashekar,
1988) and nine-node (Naganarayana et al., 1992) quadrilateral plate bending elements.

The assumed strain approach in which independent consistent shear strain fields, not
derived directly from the interpolations for the displacements (Hughes and Tezduyar, 1981
and MacNeal, 1982), is one way to satisfy the field consistency requirement. The
variational basis of the assumed strain methods was discussed by Simo and Hughes
(1986). Substitute shear strains have also been used by Dvorkin and Bathe (1984); and
Prathap and Somashekar (1988) to develop four-node elements as well as Huang and
Hinton (1984); Jang and Pinsky (1987) in their development of eight- and nine-node
Mindlin plate elements. Besides ensuring field consistency in their elements, Hughes and
Tezduyar (1981) were the first to use tangential shear strain interpolations on each of the

element edges to ensure edge-consistency in a general quadrilateral so that elements
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assembled in an arbitrary grid would not lock. Other recent robust plate bending elements
include those by Crisfield (1983) (based on the classical plate theory), Bathe and Dvorkin
(1986), and Hinton and Huang (1986), wherein mixed interpolations for the shear strains
and tensorial transformation were used to achieve field and edge consistent elements.

In the current paper, the main focus is to improve the performance of the four-node
element MIN4 of Tessler and Hughes (1985) by identifying and eliminating the
inconsistent terms in the shear strain fields using an approach similar to that of Prathap
and Somashekar (1988). This will remove the need for ‘tunable’ relaxation parameters to
prevent locking in the thin regime. After performing such modifications, the consistent
shear strain fields of the new MIN4-CC element are, surprisingly, shown to be identical to
those developed by Prathap and Somashekar (1988) in the element QUAD4-CC. The
primary differences between the elements then appear to be the representation of
consistent load vectors and the post-processing of transverse deflection, which is quadratic
in the present element. The behavior of these and other elements are thoroughly illustrated

by numerical examples.

3.2 Formulation
The Mindlin theory for a linearly elastic isotropic plate is briefly summarized below.
The displacement components are:
ux(x’ Ys Z) = _Zex(-x! y)

uy(x,y,2) = -20,(x, y) (18)
uz(x’ ¥, 2) = w(x,y)

where w(x,y) and rotations, 6 (x, y) and By(x, y) are defined at the plate’s midsurface

and the sign convention is as shown in Figure 10. All quantities are referred to a fixed
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system of rectangular, Cartesian coordinates. A general point in this system is denoted by
either (x,y,z) or (x;, x,, x3) , whichever is more convenient. Throughout, Latin and Greek
indices range from 1 to 3 and 1 to 2, respectively, unless otherwise stated.

From Eq. (18), the strain components will be:

Exx = _zex,x Eyy = _Zey.y g,=0

Yy = Woy=0)) Yy = (W,=0) ¥, =28, ,+6, )
where a comma in the indices denotes partial differentiation.
Assuming ©,, is negligible, and with the generalized plane stress assumptions, the

stresses are given by:

E

O = ———[2(6, ,+ 08, )]
1-v
S 0. +6
G,, = - 5[2(v8, +6, )] (20)
1-v
c,, = -G[z(8, ,+6, )]
O'xz = G(W,x—ex)v o)’l = G(W’y—ey)

where E and G are the elastic and shear modulus, respectively, and v is the Poisson’s
ratio.

Moment resultants of the stresses G oy, and o,, are defined as:

xx’
M,, = [20,,dz = -D(8, ,+ 18, )
Afy‘v = IZO'yde = —D(DOX'X+Oy,y) 3}

1-v
M,, = [26,,dz = -D—=(6, ,+8, )

where M, and M, are bending moments, M, is the twisting moment, and D is the

bending rigidity defined by
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Eh
D= — 22
12(1 -v?) (22)
where A is the thickness of the plate.
Finally, the transverse shear force resultants, Q and Qy are defined as:
Q, = [o,dz = KGh(w,,-8,) o)

0, = [o,dz = K*Gh(w,,-8,)

The factor k2 in Eq. (23) is a shear correction factor that attempts to take into account the
actual non-uniform distribution of shear stress in the thickness direction. A value of

k2 = m°/12 is used for all computations here.

Figure 10. Sign convention for rotations and stress resultants
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The equations of motion, the natural boundary conditions and the displacement-based

finite element are obtained using the principle of virtual work:

W = oW,

int

+8W,, =0 (24)

where W, and W __ are the internal and external work done, respectively. The virtual

int ext

strain energy of the plate in indicial notation is given by:
SW,, = [o,;88,dV  ij=1,23 (25)

where the integration is carried out over the volume, V, and summation of repeated indices

is implied. The virtual work due to external forces is:

8W,,, = — [ (8w +m,808,)dQ + [ (Myynp)80,dT — [ QnoBwdl
Q r, I, (26)

op =12
where ¢, the distributed transverse loading in the z-direction, and distributed moments,

m,, are given by:

g = [pF.dz+(0,1%2
. . h
m = jzpf,dz + i(o“|h/2 * 02| yy0) (27

m; = IZP}ydz + g(oﬂlh/z * oyzl_h/2)

p is the density of the plate, and Z’ = ]A‘,-QI is the body force per unit mass. Mg and Q,
are the prescribed boundary moments and shear forces, respectively, 2 and I" are the area
and boundary domains of the plate, respectively. Using the decomposition rule,
(M ﬂanﬂ)Sea can be written as:

(Mﬁmnﬁ)SB(Jl =M,,00,+M,.050, (28)

where 86, = 80,n,, 80, = 60-56,n and 58 = 86,2, .
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Now, let the moduli D .5 be defined by:

Dy, = D, D5, =D, Dy, =D, D,yy,, =D

1-v (29)
Dy312 = Diggy = Dyyyp = Dyppy = ——D

and all other terms are zero. Then using Eqgs. (18-23) in Eq. (25), the virtual work equation

can be written as:

[ DpaysBy, 5504, pdQ — [KGh(w, o~ 84)860,dQ
Q Q

+ [KGh(w,q~8,)8W,dQ = L (59) + Ly(Sw) (30)
Q

opB,y,0=12

where the boundary and load conditions for the plate are written as two linear functionals:

L,(80) = -[m,80, dQ- [(M,,88,+M,50,) dT

Q T, (31)
Ly(dw) = - Iqu dQ - IQnSW dar (n, s: no sum)

Q r,

I' refers to the complete boundary. If I'; is the portion of the boundary where
displacements are specified and I', is the portion where surface tractions are specified,
then', Ul =Tand ') NI, = G

The equilibrium equations are obtained as:

Mﬂa’ﬁ —Qy = —my

32
Opa=a (32)
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and the following boundary conditions can be identified:

Simply
Clamped sus::gz_l S“pgl‘(’:;‘_j'zl Free Symmetric
symmetric
w=0 w=20 w=20 0=0 0=0
6, =0 M. =0 6, =0 M, =0 M, =0
n = M,,=0 M,,=0 M,, = 6,=0

Note that simply supported-1 (SS-1) is the appropriate simply-supported condition for
Mindlin-type plate elements to deal with general boundary types such as curved-
boundaries. Simply-supported-2 (SS-2) is based on thin-plate theory, and in cases where
there is no danger of over-constraining such as in simply-supported, thin rectangular

plates, SS-2 can be used to further eliminate degrees-of-freedom.

3.3 Finite Element Model

The finite element model utilizes the interdependent interpolation concept of Tessler
and Hughes (1983, 1985). The transverse deflection, w is initially approximated using
quadratic serendipity interpolation functions, N;, while all other degrees-of-freedom are
approximated using linear Lagrange interpolation functions, P;. This, however, will result
in mid-side degrees-of-freedom associated with w (a consequence of the higher order
interpolation functions used). The finite element therefore is not of a convenient form as
depicted by Figure 11a. The mid-side nodes are condensed out to achieve a uniform four-
node quadrilateral element. This is done by explicitly enforcing the linear part of the

Kirchhoff constraints,
Ysz’_y = (W’s—es)’s = O (33)

along each side. A brief summary is outlined below (refer to Appendix B for details).



(a) unconstrained element (b) constrained element
. { w’ 9 x’ ey}
o {w}

Figure 11. Topology of the finite element model

Independent bi-linear in-plane displacements and rotations and a Serendipity (eight-

node) transverse deflection are initially assumed, i.e.,

8
w = ZN‘.w,
i=1
4 4
6, = ZPiexi ey = Zpieyi (34)
‘=l l=]
4 4

where P;(§,n) and N,(§, ) are respectively bi-linear and Serendipity shape functions,

and 6,,, Gy‘- and w; denote nodal degrees-of-freedom (refer to Figure 12).
Ix I
! "

\ A
D

Figure 12. Quadrilateral element coordinate description
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The four mid-side w degrees-of-freedom are condensed out by the use of four differential

edge constraints:

(W’ss—es.s)lg’n = 4] =0 (se [0, Ik]) (35)

where /, is the edge length and subscript & represents the corresponding edge as depicted
in Figure 12. Each of these constraints is explicitly solved for w, _ 4 and back-substituted
into Eq. (34) (refer to Appendix B for details). This produces a four-node, quadratic,
coupled transverse deflection:

4
w= 3 [Pw;+Ny 8+ Ny 6] (36)

i=1
where N¢; and N, ; are given by:

1 1
Ney=gNss Negp=-Negp Ngg=—3N; Ngg=-Ngy

1 1 (37)
Nai=3Ne  Npa=zNe Nyz=-Npp  Nyg=-Np
and
1 1
Ns=5(1-§)(1-m), Ne = 5(1-n?)(1+8)
: | (38)
Np=3(1-E)(1+m),  Ng = 5(1-1%)(1-§)
9&,:‘ and Bm- in Eq. (36) are rotations corresponding to the natural (local) coordinate

system (see Figure B.1). This approach effectively increases the order of the element

without introducing any additional nodes or degrees-of-freedom.

3.4 Consistent Shear Strain Fields
The interdependent interpolation scheme alleviates the shear locking problem but does

not eliminate it totally. This stems from the fact that constrained strain fields, i.e. the
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transverse shear strains, are still not field consistent. In a general quadrilateral, it is
difficult to see the consistent form of the shear strains clearly because of the non-uniform
mapping from a natural (local) coordinate system into a Cartesian (global) system. In
order to see this clearly, the transverse shear strains need to be converted to the natural
coordinate system. Prathap and Somashekar (1988) termed the transverse shear strains in
the natural coordinate system as covariant shear strains. Examining the covariant shear

strain component, Y, using Egs. (34, 37, 38):

e, = (Wg—0)
= Pi,gwi‘i'(Ngi,g—Pi)egi'i’Nni,geni
1- 2
- (—81‘—){-9,,ll +0,,-6,5+6, ) (39)
(1-m) (1+n)

+

4

The coefficients of the quadratic term (1-m2) are clearly inconsistent since they
contain only Gn ; rotations alone and will therefore lead to spurious constraints and shear
locking when thin plates are modeled. Therefore, eliminating the inconsistent terms and

simplifying, a consistent shear strain, ¥, is obtained. The consistent shear strain is

mathematically represented as:

7§Z = Pi’éwi + (Ng,,g - P‘)e§‘ (40)
This shear strain is equivalent to interpolating the w degree-of-freedom using:
instead of Eq. (36) with the interpolation strategy for the rest of the degrees-of-freedom

remaining unchanged.

In a similar manner, the consistent shear strain, ¥, can be derived from the
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inconsistent shear strain, v, , and is given by:

Yne = Piqgw; + (Npion = POy, (42)
or with the w degree-of-freedom interpolated using:
W= Pw+N 6, (43)

This consistent field approach using the new assumed shear strain fields is similar to the
selective/reduced integration concept except that it only removes the relevant inconsistent
terms and therefore will not produce spurious zero energy modes. Prathap (1994)
demonstrated through the use of the Hu-Washizu theorem that the kinematically derived
strain field when replaced with a consistent constrained strain field is equivalent to a least-
squares smoothing operation. Simo and Hughes (1986) also showed that the assumed

strain method is variationally correct

3.5 Edge Consistency

Even with the choice of field-consistent transverse shear strain fields, edge-
consistency requirements must still be ensured to prevent locking in an element, especially
for general quadrilateral cases. It is essential that the tangential shear strain, y,, on an
edge be consistently matched or else there is a spurious constraint generated on the edge.
This can be achieved if the transformation from the natural coordinate to the Cartesian
coordinate systems are done in such a way that the edge constraints are preserved
consistently. Normal jacobian transformations of two adjoining elements at their own
integration points will redefine this consistency causing a mismatch of tangential shear
strain at the common edge. Prathap and Somashekar (1988) suggested the use of element

nodal coordinate transformations for the interpolation of the covariant-based shear strain
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fields to preserve the consistency definitions of tangential shear strain, y,, along a
common edge between two elements.

The nodal covariant degrees-of-freedom are transformed to the Cartesian counterparts

using:

{752} = a“ a|2 {‘YXZ} {YXZ} = b“ b12 {Y§Z} (44)
Tnz ay) A Yy: Tyz byy byy| (Y
where [a] = [b]-l . Following Eq. (19), the Cartesian coordinate based shear strain, v,

can now be expanded as:

’sz(g’ T\) = W,x— ex

(45)
(Wagé’x + W’nn ’x) - ex

Introducing the covariant rotations, Gg and 8, into Eq. (45) and using the transformation
definition of Eq. (44), the Cartesian based shear strain, y,, can be expressed in terms of
the two covariant based shear strains, Y. and v,

'sz(g’ Tl) = (W’g - GF’)&,X + (Wan - eq)n X

= Ygzg’x-'-Y‘qzn'x (46)
= Y11+ VP12

and now Eq. (46) can be modified using the definitions of the consistent transverse shear

strain fields, ¥g, and ¥n. from Egs. (41, 42) to give a consistent shear strain, 'y_xz:

?xz(g’ n) = 7§zbll + ?nszZ 47)
Nodal transformation must be carried out for the nodal covariant rotations, Bgi and en ; to

convert them back to the Cartesian coordinate definitions of the rotations, 8 ; and Gy,-.

Thus, the shear strain, ¥, in terms of 8,; and 8 ; can be written as:
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4
‘7xz(§’ n) = Z {ex,‘[(au)‘-(Ng,'ag-Pi)bn + (a21)i(Nni'n -P)b,]

i=1 (48)
+0,,[(a)5),(Ngje = P)byy + (ag) (Nyim = P)by,]

+w[Peby + Pigbyyl}
where b, ; are evaluated at the integration points and a,; are computed at the nodal points.
Similarly, the shear strain definition for ¥,, will be:

4
7yz(§’ n) = 2 {ex,'[(an),-(Ngiag‘P,')bzl + (a21)i(N'ﬂi’TI - P,‘)bzz]

i=1 (49)
+0,,[(a12),(Nging = P)byy +(a3),(Nyjn — P)byy]

+ wi[l’,.,,:b21 + Pi’ﬂbZZ] }
The consistent definitions of the Cartesian shear strain fields, ¥,, and ¥,, derived in this
manner will eliminate shear locking problems due to spurious constraints and as such an
exact order of integration may be used to evaluate the shear strain energy.

Interestingly, these two shear strain fields, ¥,, and ¥,, are identical to those of the
four-node element QUAD4-CC of Prathap and Somashekar (1988). Nonetheless, this new
element is different in two ways. One difference between the two element types is that
deflection obtained using this new interpolation is quadratic instead of bi-linear in
QUADA4-CC. A different force vector is also obtained by using this approach. This force
differs from the four-node element of Prathap and Somashekar (1988) by virtue of the
interdependent interpolation scheme used for the deflection. As such, the force vector for a
distributed face or edge load will involve the rotation terms because of the

interdependency of the rotations and transverse deflection (see Eq. 36).
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3.6 Numerical Studies

The numerical experiments presented here are standard tests used by several authors to
verify the performance of new elements (see, e.g., MacNeal and Harder, 1985; Prathap
and Somashekar, 1988). The present element derived in this paper will be referred to as
the MIN4-CC (the CC is to denote that it is field- as well as edge-consistent). The results
of this element will be compared with the results using the QUAD4 element of the MSC/
NASTRAN (MacNeal, 1985), MIN4 element of Tessler and Hughes (1985), QUAD4-CC
element (field and edge consistent) of Prathap and Somashekar (1988) and the AQRS8
element (assumed-stress quadrilateral) of Aminpour (1990).

Spectral analysis of the elemental stiffness matrix revealed three zero eigenvalues
associated with the three rigid body modes. No spurious zero energy modes are present.
This is to be expected since the stiffness matrix is obtained using a fully-integrated
scheme.

The Kirchhoff patch test is a test of the accuracy of the element to reproduce the pure
flexural mode. The patch is shown in Figure 13. Elements are of arbitrary shape patched
together to form a rectangular exterior boundary. As such, boundary conditions
corresponding to constant bending curvatures are easy to apply. The applied displacement
boundary conditions and the theoretical solution are also shown in Figure 13. The MIN4-
CC element passes the bending patch test and is able to reproduce the constant bending

moments and the surface stresses exactly for this arbitrary shaped patch.
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Ja
b |
I Node X y
p 3 1 0.04 0.02
a 2 0.18 0.03
2 3 0.16 0.08
1 . 4 0.08 0.08
>
Boundary conditions:
w=-10"(x2+ xy+y?)
8, = -107(x/2+y)
8, = —107(x+y/2)
Theoretical solution:
Bending moments per unit length: M,, =M, = 1.11 1x107, M, = 3.333x10°°
Surface stresses: ©,, =0, =10.667, c,, = $0.200

Geometric and material properties: a =0.12, b = 0.24, thickness =0.001, E = 1x10°%, v = 0.25

Figure 13. Kirchhoff patch test for plates

Straight Cantilever Beam. The third test suggested by MacNeal and Harder (1985) is
solved for the three cases shown in Figure 14. The irregular element shapes are used to test
the combination of such shapes with linearly varying strains. The normalized tip

displacements in the direction of the loads are given in Table 3.

? [ I T T T ] Geometric and Material Properties:
4 ( a ) Regular length = 6.0; width = 0.2; depth = 0.1
& E = l.Ox107; v =030
,/ N /450}\\ /A“OX — Loading: unit forces at free end
7 (b) Trapezoidal Theoretical:
out-of-plane: 0.4321
twist: 0.03406
Ve A 45°
2 A A S A A

(c) Parallelogram

Figure 14. Straight cantilever beam
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Table 3. Straight cantilever beam

Tip load direction MIN4-CC MIN4 QUAD4-CC QUAD4 AQR8

(a) rectangular shaped elements
Out-of-plane shear 0.980 0.980 0.980 0.986 0.981
Twist 0.850 1.203 0.850 0.886 1.011

(b) trapezoidal shaped elements
Out-of-plane shear 0.963 0.893 0.963 0.968 0.965
Twist 0.805 1.248 0.805 0.896 1.029

(c) parallelogram shaped elements

Out-of-plane shear 0.978 0.975 0.978 0.977 0.980
Twist 0.778 1.117 0.778 0.890 1.159

All elements performed well with the regular mesh. The irregular-shaped elements
which contain considerable distortions cause performance deterioration of all the elements
except for AQRS8 as can be seen from the results in Table 3. For all elements, both the
parallelogram and trapezoidal meshes caused unsymmetrical results at the free ends with a
twist load. This, however, is to be expected because of the unsymmetrical mesh. Values
reported above are therefore the mean values.

Curved Cantilever Beam. The curved cantilever beam as shown in Figure 15 is the
next test. This will also be a test of the effect of slight irregularity. Out-of-plane shear load
is applied at the free end to produce the out-of-plane deformations. The normalized out-of-

plane deflection for the curved cantilever beam is reported in Table 4.
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Geometric and Material Properties:
inner radius = 4.12;

outer radius = 4.32;

arc = 90°;

thickness = 0.1;

E = 1.0x10;
90° v = 0.25;

\1 Loading: out-of-plane unit forces at tip

Theoretical tip deflection: 0.5022
Fixed

Figure 15. Curved cantilever beam

Table 4. Curved cantilever beam

Tip load direction MIN4-CC MIN4 QUAD4-CC QUAD4 AQRS
Out-of-plane shear 0.944 1.023 0.944 0.951 0.956

Long Cantilever Test. This test was taken from Prathap and Somashekar (1988). Tip
out-of-plane shear loads are used to produce a constant variation of shear force and a
linear variation of bending moment. Different configurations are used to check for

distortion sensitivity. These are as shown in Figure 16.

40 Geometric and Material Properties:

\ length = 100;

idth = 1.0;
50 100 0 10 5 )
depth =0.1;

(a) (b) P

E = 1.0x10%;
v =00

NN

RN

10

NN

90 100
(c) (d)

RN

100 Loading: unit forces at free end

Theoretical:

w=4000; (M

o)y =155 (M), = 25

xx)z

Figure 16. Long cantilever beam
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Normalized results obtained for the different configurations are identical to the four-
node element of Prathap and Somashekar (1988). The regular mesh configuration
produced results that agree with field-consistent 2-node linear shear flexible beam
elements. Linear bending moment can also be reproduced at the centroids of each of the
elements. However, in the distorted configurations (b, ¢ and d), the elements can only
produce constant bending moments. Prathap and Somashekar (1988) reported that such
results indicate that the assemblage of two distorted elements acts only with the efficiency
of a single linear beam element. The effect of distortion will therefore lower the efficiency
of the two-element patch. Note, however, that even in extreme distortion i.e. collapsing the

quadrilateral elements into triangular elements (configuration d), locking is not present.

Table 5. Long cantilever beam test

Configuration w (tip) M ox M,,
(element 1) (element 2)

(@) 0938 | 1.000 1.000

(b) 0.750 0.667 2.000

(c) 0.750 0.667 2.000

(d) 0.750 0.667 2.000

Rectangular Plate. A rectangular plate will be used to test the convergence
characteristics of the new element under different boundary supports, aspect ratio and
loading conditions (see Figure 17). The test results are detailed in Tables 6 and 7. Uniform
convergence characteristics are clearly seen for all elements in all cases. In the case of a
clamped plate with aspect ratio of five, models that use MIN4 converge more slowly than

the other models.
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a=2.0; b=2.0o0r 10.0;
thickness = 0.0001;

E = 1.7472x10 ;
v =03;

Geometric and Material Properties:

Boundaries = simply supported or clamped

- sym Mesh = N x N (on 1/4 of plate);
7 [ I Loading:uniform load, g = 107 or
[ b | center load, P = 40x107
Theoretical solutions:
Boundary supports Aspect ratio Displacement at center of plate
b/a Uniform pressure Center load
Simple 1.0 4.062 11.60
Simple 50 12.97 16.96
Clamped 1.0 1.26 5.60
Clamped 5.0 2.56 7.23

Figure 17. Geometry, material properties, boundary conditions and

theoretical solutions for the rectangular plate tests

Table 6. Results for rectangular plate, simple supports: uniform load

Normalized transverse defection at center
(a) aspect ratio=1.0
Mesh MIN4-CC MIN4 QUAD4-CC QUAD4
2x2 1.079 1.035 0.978 0.981
4x4 1.019 1.009 0.995 1.004
6x6 1.008 1.004 0.998 1.003
8x8 1.005 1.002 0.999 1.002
(b) aspect ratio = 5.0
L Mesh _ MIN4-CC MINf QUAD4-CC QUAD4
2x2 0.800 1.098 0.971 1.052
4x4 0.992 1.001 0.978 0.991
6x6 0.996 1.001 0.991 0.997
8x8 0.998 1.001 0.995 0.998
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Table 7. Results for rectangular plate, clamped supports: center load

Normalized transverse defection at center

(a) aspect ratio = 1.0

Mesh MIN4-CC MIN4 QUAD4-CC QUAD4
2x2 0.865 0.990 0.865 0.934
4x4 0.965 1.000 0.965 1.010
6x6 0.985 1.001 0.985 1.012
8x8 0.992 1.000 0.992 1.010

(b) aspect ratio = 5.0

Mesh MIN4-CC MIN4 QUAD4-CC QUAD4
2x2 0.318 0.634 0.318 0.519
4x4 0.825 0.699 0.825 0.863
6x6 0911 0.795 0911 0.940
8x8 0.946 0.860 0.946 0.972

To assess the robustness of the element, a square, simply-supported plate subjected to
a doubly-sinusoidal load was analyzed for span-to-thickness ratios, a/h, from 10 to 10°.
For all cases, an 8x8 mesh was used in a quarter-model of the plate. The normalized center
deflection and maximum normal stress results (with respect to the elasticity solution of
Burton and Noor, 1994) are plotted in Figures 18 to 21. Stresses are evaluated at the
centroid of each element, which is the optimal stress recovery point for the MIN4-CC
element (see Barlow, 1976). There is no sign of numerical ill-conditioning even with
extreme thinness. Predictions of center deflection using MIN4 deteriorate rapidly in the
very thin regime for a plate aspect ratio of one. These results clearly show that the element

is very robust for both moderately thick and thin plates.
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1.005 [~ — —— * °
1 /:/f ................ - - .

_ -. ......... -— -. _________ -.. . - - — — _-

0.995

099

W

0.985 | ]

0.98

——  MIN4-CC
0975t & MIN4
! --— QUAD4-CC
0.” ..I
10. 100. 1000. 10000. 100000.

a/h

Figure 18. Normalized center deflection versus span-to-thickness ratio of a
simply-supported square plate under sinusoidal loading (a/b = 1)

0.95

w 09

085
—e—  MIN4CC
osl e MING
--m -  QUAD4-CC
10. 100. 1000. 10000. 100000.

a’/h

Figure 19. Normalized center deflection versus span-to-thickness ratio of a
simply-supported rectangular plate under sinusoidal loading (a/b
=5)
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1 v
I *— ) 4
099 e e B N A
........... -._.._._.,_A_.-
0.98
axx
0.97
—— MIN4-CC
0.96 | o MING
, - m -  QUAD4-CC
V'S
/
0. | A i A A
95 10. 100. 1000 10000. 100000.

a/I;

Figure 20. Normalized maximum normal stress versus span-to-thickness
ratio of a simply-supported square plate under sinusoidal

loading (a/b = 1)
1 v v v
D _1_ PR _1
0975} 1
095}
0925t
axx 0‘9 S
0.875}
—— MIN4-CC
s MING
0851 -m -  QUAD4CC
10. 100. 1000. 10000. 100000,
a/h
Figure 21. Normalized maximum normal stress versus span-to-thickness

ratio of a simply-supported rectangular plate under sinusoidal
loading (a/b = 5)
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Circular Plate. A circular plate with clamped edges is commonly used to analyze an
element’s behavior in a moderately thick plate regime. Of particular interest is a solution
due to a center point load. According to Reissner’s theory, a logarithmic singularity exists
under the load. Figure 22 shows the coarse mesh of a symmetric quadrant used to analyze

the problem.

ya
Geometric and Material Properties:
radius, a = 5.0;

thickness, &= 0.1 or 2.0;
Boundaries = clamped

sym Mesh = 12;

E = 1.0x10%;

v=203

Loading:uniform pressure, g = 1 or

¢ center load, P=4
sym Theoretical:

\ 2¥

| Uniform
a
_ 9 [ 2_22 4 22 2
w = 64D[(a r) +l-0h (a-r ):]
Center load
P 2 2 2. a 8D r
w = l6nD[(a -r)=2r ln;-kchazln‘_’]

Figure 22. Clamped circular plate (quadrant)

Figures 23-26 show the non-dimensionalized deflection along an edge of the clamped
circular plate. Results of center deflection show that the MIN4-CC element is capable of
reproducing accurate results for a clamped circular plate under uniform or center loads.
Note that the deflection curves obtained using the MIN4-CC and MIN4 elements are
quadratic in nature whereas only linear variations are predicted by the QUAD4-CC
element. However, this is only a result of the post-processing of deflection in the case of

MIN4-CC, and this could be done for the other elements as well.



0 o N -
0.2}
047}
w
0.6 | 1
Reissner Theory
08} MIN4-CC
T MIN4
— .- QUAD4-CC
-1 [ - A A A A A
0 1 2 3 4 5

Figure 23. Normalized deflection (# = wl6nD/(Pa%)) along line of
symmetry (y=0) of a thin (a/A=50) clamped circular plate under
center load

o
0S5}
1t
w
-15}
—_— Reissner Theory
A . —— MIN4-CC
2t/ A MIN4 1
. g - - - QUAD4-CC
&~ , : . X ,
0 1 2 3 4 5

Figure 24. Normalized deflection (# = w16nD/(Pa%)) along line of
symmetry (y=0) of a thick (a/A=2.5) clamped circular plate
under center load
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0
02}
04}
w
0.6} 1
Yy Reissner Theory
MIN4-CC
S MIN4
-1} —--,— QUAD4-CC
0 1 2 3 a 5

Figure 25. Normalized deflection (% = w64D/(qa?)) along line of

symmetry (y=0) of a thin (a/A=50) clamped circular plate
under uniform load

0 L
05t
w -1t
Reissner Theory
-1.5} MIN4-CC 1
- MING
......... - - — QUAD4-CC
0 1 2 3 4 5

Figure 26. Normalized deflection (# = w64D/(qa?)) along line of

symmetry (y=0) of a thick (a/A=2.5) clamped circular plate
under uniform load
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Morely’s Acute Skew Plate. The last test is to assess the behavior of the new element
under skew distortions (see Figure 27). Of particular interest is the acute 30° skew plate
simply-supported on all edges. An exact solution for the uniformly loaded condition has
been provided by Morley (1963) which indicated a singularity at the vicinity of the obtuse

vertices, with moments of opposite sign.

Geometric and Material Properties:

a=100;
thickness = 0.1;
Ya ss-10r ss-2 angle, B = 30° or 60°

Boundaries: simply-supported (SS-1 or SS-2)

ss-1 5s-1 Mesh=Nx N

/ a E =10x10%; v = 03
$5-4OF 55-2 > Loading: uniform load, g = 1
2 JI Theoretical:

4 3
w = 0.408’%’“0 (B = 30°)

w= 2.569[‘;—"‘10_3 (B = 60°)
Figure 27. Morley’s acute skew plate

All solutions except for those obtained using MIN4 converged very slowly because of
the singularity and showed a much stiffer solution for the acute 30° angle case compared
to the solution of Morley (1963). Results obtained with MIN4-CC are comparable to the
nine-node element of Naganarayana et al. (1992). The choice of using a combination of
SS-1 and SS-2 boundary conditions or purely SS-2 boundary conditions has an effect on
the results for the 30° angle case. Solutions using the combination of SS-1 and SS-2
boundary conditions yield a stiffer result with a coarse mesh but both choices of boundary
conditions converged to about the same solution when the mesh was refined. The stiffer
result using the combination type boundary conditions could be traced to an over-

constraining of thin plate elements caused by SS-2. This phenomenon was also seen by
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Rossow (1977) who reported that displacement based finite element models
underestimated the deflection at the center of the plate by almost 20 percent even with a
very refined mesh. Since the acute skewed plate is a numerically difficult problem, the

accuracy of the results can be considered to be fairly good.

Table 8. Normalized center deflection: uniform load

(@ P = 30°
(i) Combination of SS-1 & SS-2 b.c. (ii) Purely SS-1 b.c.
Mesh MIN4-CC MIN4 QUAD4-CC | MIN4-CC MIN4 QUAD4-CC
2x2 0.811 1.637 0.487 1.037 2.030 0.622
4x4 0.756 1.118 0.699 0.956 1.187 0.877
8x8 0.774 1.021 0.762 0.856 1.052 0.841
16 x 16 0.818 0.999 0.815 0.841 1.018 0.838
32x 32 0.863 0.995 0.862 0.876 1.008 0.875
® B = 60°
(i) Combination of SS-1 & SS-2 b.c. (ii) Purely SS-1 b.c.
Mesh MIN4-CC MIN4 QUAD4-CC | MIN4-CC MIN4 QUAD4-CC
2x2 1.185 1.362 0.711 1.359 1.619 0.815
4x4 1.014 1.074 0.925 1.041 1.111 0.948
8x8 0.987 1.028 0.965 0.992 1.038 0.970
16 x 16 0.990 1.009 0.985 0.991 1.016 0.985
32x32 0.986 1.003 0.985 0.986 1.007 0.985
3.7 Summary

The MIN4-CC element contains consistent shear strain fields as well as consistent
edge tangential shear strains, obviating locking even when the element is severely
distorted. Even though an interdependent interpolation scheme was used for the element
approximation of deflection, the present consistent strain fields were shown to be

equivalent to those developed by Prathap and Somashekar (1988). Thus, the main
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differences between these two elements are in the consistent load vectors and in the
predicted transverse displacement distributions. Numerous numerical tests demonstrated
that the MIN4-CC element is both robust and accurate.

The assumed strain field approach that was successfully utilized to derive the MIN4-
CC element will next be used to develop a robust LZZ3 element using our new laminate
theory. It will ensure the satisfaction of both field and edge consistency requirements in

the element and prevent element locking in the thin regime.



Chapter 4

LAYERWISE PLATE ELEMENT - THICK PANELS

The field and edge consistency concepts have been introduced in the previous chapter.
It is now easier to introduce the new laminate theory for the bending of plate structures. In
this chapter we will solely concentrate on the formulation of the new zig-zag sub-laminate
theory for plates and the associated finite element model with direct application to thick
sandwich panels. The extension of the finite element model to thin plate bending

structures will be discussed in the next chapter which deals with the locking phenomenon.

4.1 Introduction

The layerwise plate element derived using the new laminate theory could take the form
of a four-node plate element. However, similar to the case of the layerwise beam element
discussed in Chapter 2, it is more advantageous to cast the element in the form of an eight-
node brick. This topology allows the laminate thickness to be conveniently subdivided and
modeled by multiple finite elements (representing sublaminates). It is thus possible to
increase the accuracy of the finite element model, as needed, to capture through-the-
thickness gradients and transverse (interlaminar) stresses. It is also possible to simulate
delaminations using the redundant node concept.

Both the theory and the finite element model have been developed in two forms. The

first form, called here LZZ3, is based on a high-order zig-zag theory and will be discussed

65
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in detail in this chapter. The finite element model LZZ3 contains seven degrees-of-
freedom per node: u,v,w,0,,0,,1,, 7, . The first five degrees-of-freedom are the usual
ones used in plate/shell finite elements. The remaining two degrees-of-freedom, 7, Ty
are the transverse shear tractions (or interlaminar shear stresses, as the case may be). If
only one sublaminate (element) is used through the thickness of a laminate, then these
transverse shear degrees-of-freedom can be eliminated at the element level, leaving only
the traditional five engineering degrees-of-freedom. The second form of the model, called
here LZZ], is based on a first-order zig-zag theory (see Cho and Averill, 1996) and
contains the usual five engineering degrees-of-freedom only. This model will not be

discussed here.

4.2 Theory Formulation

In the present theory, the laminate is composed of N perfectly bonded layers stacked
together in the thickness direction. The thickness and material stiffness properties may
vary arbitrarily from layer to layer. These layers can be modeled as M sublaminates, with
each sublaminate containing N, layers, where m is the sublaminate number (see Figure

28). Mathematically, this is represented as:

Nr= Y N, (50)
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zis a local (sublaminate) thickness coordinate
with its origin at the bottom of the sublaminate
Z is the global (laminate) thickness coordinate

.|

le V//mgg IN2(2)
Sublaminate 2 :
,  FDO000aGAIDO000G 111
1 I : 0(2)
----- Sublaminate-1- - - - -
Zy v 1 X

Figure 28. Schematic of sublaminate and layer divisions

In order to facilitate the development of the theory, all expressions in the following

derivation pertain to the mth sublaminate. The sublaminate number designation is omitted

for brevity. The constitutive relations for the kth layer of the mth sublaminate with respect

to the laminate coordinate axes are given by:

"a

a )
k k k
W [ClY ¢y iy 0 0 Cig|r qw
(k) (k) o **
Cp Cp3 0 0 Cy £,
(k) (k)
C 0 0 C €
= 33 i I 36 2z (51)
(k)
Cas Cas O ||Vr
sym C(S? 0 Yxz
ny
cl= "

The 13 anisotropic material constants in Eq. (51) can be expressed in terms of 9

independent constants. The layer strain-displacement relations using small strain

assumptions are:

‘sz = W,y + V.,

where a comma in the indices denotes partial differentiation.

x €y =

’sz =w,, + u,z

€ = U, v,

(52)
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In each sublaminate, an independent displacement field is assumed in which the
through-the-thickness variation of in-plane displacements is described by a cubic
polynomial in the local thickness coordinate with a piecewise linear (or zig-zag) function
superposed upon it. The transverse deflection is assumed to vary quadratically with the
thickness coordinate. The assumed displacement fields are initially assumed in the
following form:

3 n-1
uM(x,y,2) = Y i + Y (z-2)&;
k=0 i=1

3 n-1
kA A
WPy, = Y o+ Y @-2), 3)
k=0

i=1

won = mfiZ)ow(EenZfi-2)

where the subscripts b and ¢ refer to the bottom and top surfaces, respectively, of the
sublaminate. A is the total thickness of sublaminate m. All quantities are referred to a fixed
system of rectangular, Cartesian coordinates. A general point in this system is denoted by
either (x,y,2) or (x,, x,, x3), whichever is more convenient.

The use of the non-conforming bubble function assigned to field variable u, is to
ensure the removal of the Poisson’s ratio stiffening effect whenever the full three-
dimensional constitutive relations are used. Poisson’s ratio stiffening effect is the
phenomenon that is observed in continuum elements when only one layer of linear
elements is used through the depth to model a region of flexure. This stiffening effect
originates from the bending energy terms and emerges from the inability of the

approximation functions to interpolate the transverse normal strain, €,,, linearly through

22

the depth of the plate (see Prathap, 1985).
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Since the sole purpose of the bubble function is to eliminate the Poisson’s ratio
stiffening effect, terms involving W; in the computation of transverse shear strain
re]aﬁons are ignored. This simplification will eventually lead to W, being a nodeless
variable (degree-of-freedom) and thus C™' continuous in the resulting finite element
model. It is then condensed out at the element level.

It is possible to eliminate the degrees-of-freedom é,- and 1; in Eq. (53) by enforcing
the conditions of transverse shear stress continuity at each interface. The conditions of

shear stress continuity at the jth interface, where z = 2 j» are:

) _ G+ ) _ G+D)
Txz = Ty Tyz - Tyz (54)

Making use of Eq. (53) along with the infinitesimal strain-displacement and linear
elastic constitutive relations, Eq. (54) can be solved to give closed-form expressions for é ;

and 7j; in terms of the remaining degrees of freedom.

” ~ awb a S awt awb
n; = ali(vl+a_y )+“2i"2+aai"3+a4i(§; ~3 )

aw, ow, aw,,)

+ b“(u1 +a—y )+ byiup + byus + b4,-($ ~3:

. = ) +—" |+ CrV,+Cr:Vr+Cy| —" —=—
i = Cpln dy CoiVy ¥ C3;V3 T Cy; dy dy

(35)

~ Ow, - - ow, dw,

where
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_ 2 ek N
Ao = G f + Z apq)+bk Z cpq)

A (k) ry
b, = bk\f + 2 dpq}+ak Z bpq)

g=1 \g =
k-1 \ (k-1 \
Py (k) -~
Cop = fp + 2 apg ¥ 3 Cpy
q=1 7/ \¢= (56)
o k-1 =1
dpy = di[fp + 2 d,, +CkL2 by,
q=1 =1 /
oy =3
(k) (k) _ i
f 2Zp f4 Z

and
G = Ak”(cssH)C(k)—C45+I)C(k))—1
b“k = Ak+l(cg§+l)c(k)—C%H)C(k))
CAk - A“l(c(kafl)c(k) C45+|)C(k)) (57)
d, = A“l(c("*"C"‘)—C45*"C"")—1

k 1 k 1 k 1

These conditions therefore reduce the number of degrees of freedom by 2(N,, - 1) for
each sublaminate, leaving us with ten degrees of freedom per sublaminate.

Additional simplification of Eq. (53) can be achieved through satisfaction of the
transverse shear traction boundary conditions at the top and bottom surfaces of the

laminate. These conditions are:
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e (Nn)
T =7 =7
Xz z=12, xb X2 |, -p xt
(58)
T(l)l =1 (Ny) =1
Y2 |z =g, yb S22 P yt

where T,,, T, T, T, are the applied shear tractions (or interlaminar shear stresses, as

the case may be) at the bottom and top surfaces of the sublaminate.

The displacement field is cast in its final form by introducing the surface variables:

(1) N (n ~
U, = u = =Uu =
b x Z 0 b y 20 (59)
LA A
u, = ux A Vt = uy A

Eqgs. (58, 59) can be solved either analytically or numerically (see Appendix C) so that the
displacement field for each sublaminate can be expressed in terms of the operative degrees

of freedom (all functions of the inplane coordinates, x and y, only):
Up, Vp, Wy, 0, Gyb, T Ty Up Vo Wp 0., Gy,, Too Tyt (60)

where the subscripts b and ¢ refer to the bottom and top surfaces of the sublaminate,

respectively, and
ow, ow
0, = Ix 0, = gl
(61)
awb awt
By = dy 0, = Jy

The replacement of the partial derivatives of the deflection with the “new” rotations
was done to allow the assumed displacement degrees-of-freedom to remain C’
continuous. The constraints in Eq. (61) will have to be enforced explicitly by a penalty
formulation during the development of the finite element model.

The displacement field in Eq. (53) for the mth sublaminate can now be represented in
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terms of through-thickness shape functions as:

A(k k
ui") = ug)(x, y)d>£l")(z)
=1,..,7
W = a0, )PV (2) 5 (62)

u, = wy(x, y)M (z) + wyM;(2)

Z
where summation on repeated indices is implied. Index a is used to represent the top and

bottom surfaces with 1: bottom and 2: top; and
A (k) A(1) a(2) ~(3) A(4) A(5) ~(6) ~(7)
ua : {u yu ,u ,u ,u ,u ,u }(1 = (u’v’w’ex’ey’TX’Ty)a (63)

Here <bf:"), ‘Pg‘") and M are shape functions of the thickness coordinate (z) only and are
known functions obtained either analytically or numerically by the process mentioned
earlier. These shape functions are listed in detail in Appendix C. Note that ¢S")and
WO are always equal to zero and as such the inplane displacement fields, «, and u, are

a

independent of w, and W, .

4.3 Theory and Finite Element Model
The equations of motion, the natural boundary conditions and the displacement-based
finite element model of the mth sublaminate are obtained using the principle of virtual

work:

Swi™ = sw'™ +sw'™ = 0 (64)

int ext
where the subscripts int and ext refer to internal and external work done, respectively.

The virtual strain energy of the single sublaminate is given by:

Wi = [o,8e,dV i, j=1,23 (65)

int

over the volume V,, of the mth sublaminate.
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In order to reduce the continuity requirements on w,, w, , the rotational degrees-of-
freedom 6,,,0,,,0,,,6,, in Eq. (63) are introduced, thus eliminating all second-order
derivatives of the transverse deflection degrees-of-freedom in the internal work functional
and making all degrees of freedom C° continuous. The rotational degrees-of-freedom are
coupled to the transverse deflection degrees-of-freedom through an interdependent
interpolation scheme (Tessler and Hughes, 1983 and 1985) and the constraints in Eq. (61)
are enforced by a penalty method.

Making use of Egs. (62, 63, 65), the resultants of the sublaminate stresses

Osxr Oyyr Orpo Toys Tep Ty, CAN be obtained by defining:
N, ( Zi
k k
My = | [ 0ulxy 29, (2)dz
i=1 KZ.‘-l
N, (i \
k k
(Myy)fx) =2 J‘ Oyy (%, ¥y (2)dz
i=1%_,
) N 2 ) \ (66)
M) = F | [ 15y 29, (2)dz
i=1 \zi—l }
N, r
k k
M)y = 2| [ tx 0¥ (@)dz
i=1 z’._l J
a=12;k=124,..7
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N- ( z,‘ \
Qg = 2| [ tel® 3 IMo(2)dz

=1\

N,,I (Z,- \
(@) = 2| [ 5elx 7, IMy(2)dz

i=1\ J

N. (Z, \
@)y = Y| [ 0.(x 7. 2M, (2)dz

i=1\ | J

Z

\ (67)

(@) = Y| [ 0,5y 0M; (2)dz

i=l_, /

Z;
(_[ T, (%, 3, )Y )(z)dz
. J

i-1

=
)
R =
|
7 iMe

zZ; \
[ [ %05y, ¥ (2)dz
Zi-1 /

ck=1,2,4,...,7

™M

i
i

N -

o=1,

Now introducing the virtual work due to external forces:

SWer, = - [ pbdu; av - [ 1,8u; dT
I’ r, i,j=123 (68)

where ¢; = o;n;

where p is the density, b = b;é;,t = 1,¢, and n = n,¢; are the body force per unit mass,
the surface traction and unit normal respectively. I" refers to the complete boundary of the
mth sublaminate and I", the boundary where surface tractions are specified. Due to the
sublaminate geometry, the boundary domain, I" can be separated into two subregions such
that I' = A U R, where A refers to the surface area of the top and bottom surfaces (or

interfaces) and R refers to the remaining surface area that defines the circumference of the

sublaminate. Using Eqgs. (62, 68), the virtual work due to external forces is:
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SW.r) = - [['pbdu; dz dA - [1,3u; dA - [1,8u, dz ds
A A R

-I[‘Iaawa +(m; + mz)g‘)&ig‘) +qdw,;] dA
A

(k) (k) > (69
- j(MIB + M), ngdity ds- j[(Q,,)aawa +0,8%,] ds
S 52
o,B=12; k=124,..,7
a refers to either top or bottom surface of the plate

where ¢, the distributed transverse loading in the z-direction, and the distributed
“generalized” moments, g and my are given by:

Gy = Ipsza dz+[o, M,]"

g = j pb M, dz
(ml)f:) ) jpb,}Dg‘) o+ [szq)g)]: o=12k=124,..7 (70)

k k k) h
(my)y = [pb, ¥y dz+[1,, ¥, 1,

yz ' a
M 18 My, Q, and Qn are the prescribed “generalized” boundary moments and shear

forces and they are:

k k k k

MDY = M HP M) = M,

k) _ (k) (k) _ (k)
(@n)y = j‘t,,zMadz 0, = jtnzM3dz

a=12k=124..,7
s, refers to the portion of the top and bottom boundary contour s of the sublaminate where
displacements are specified and s, is the portion where surface tractions are specified.

Making use of Eqgs. (64, 65, 69), the virtual work equation can be written as:
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0= j[_[c‘)(Mm).,l +a(Myy)a +3(Mxy)a +8(Myx)a
A

ox dy dy ox
- (Rx)ff) - (Ry)g‘)]ﬁﬁg‘) (72)
(@), 90, )
L ox %+ a; %~ (Qz)a]awa + (Qz)8w3]dA * L(a((!k)) +L(wg)

a=12k=124..,7
where L(4{X)), L(w,) are the boundary terms that result from integration by parts and
aﬁf’ is defined by Eq. (53). The boundary and load conditions for the mth sublaminate can

be written as two linear functionals:

X k) (k b, sa
L@P) = - [my +my) 80 dA - [(M 5+ Mo ngay ds
A

52

L(wg) = - [[ggdwq + 38w, dA- [[(Q,) 8w +0,8%;] ds (73)
A s
a=12k=1,24, ...,72
and the governing equations in indicial notation are given by:
Swy: (-Qp 5+ Q3)g = 4q
8ag: Z; =1 (MYB'Y_RB)E:) = ‘2;23 =1 (’"B)::) (74)
Os: (03 = dq

oB,y=12 k=124,..,7
To understand the boundary conditions associated with this higher-order laminate theory,
the degrees-of-freedom in the displacement field of Eq. (62) can be recast into a more

general form:

WD (D)D)
u. =u .Y  +u, o
* :10; (l‘; ::’; (: I1=1,2,3 a=12 (75)
u, = UpgWn + 56"V o

where the new set of degrees-of-freedom will be represented as:



77

ald: @b, a®,a®), = (4,0 s Ts)y
o a=1,2 (76)
ald: @, a®»,ad), = (4,06, To)y

and subscripts s and n refer to the tangential and normal directions, respectively, on the
: ) ) 0 O . .

boundary surface. The shape functions, ® ., , ®,,, ‘¥,, and ¥, are readily obtained

from the original shape functions (see Appendix D) using transformation equations for

Cartesian vectors, e.g.

u

n = Lu +1 u

ny*y a7
U, = —lnyux+l"xuy

£
where [, = cos(n, x) = dy/ds and lny = cos(n,y) = —dx/ds are direction cosines
of the outward normal of the boundary.
Substituting Eq.(75) into the boundary and load terms associated with the #{¥

degrees-of-freedom of Eq. (73) will yield:

L(a) = ~[[(m) P8 + (m,)P8i,q] dA
A

(78)
+ I[(Ms)g)SEsa + (Mn)g)ﬁﬁm] ds
52
where the new generalized moments are defined as:
l l 1 1) h
(mp)D = | pLb, @) + b, ¥h] dz + [T, P40 +7,, ¥,
(79)

! !
(Mp){) = j[(oxx"x"‘"xy"y)q’é;*(Txy"x"‘oyy"y)‘*'é&] dz
1=1,2,3; a=1,2; B =s,n
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Now, the following sets of boundary conditions can be identified:

Simply Simply .
Clamped supported-1 ::::’;’m“fndc;’c Free Symmetric*
Usg = 0 Usq = 0 Usqg = 0 M) =0 M)HP =0
Upg = 0 MH)P=0 M)P=0 M)V =0 uy=0
we =0 we =0 w, =0 0, =0 0, =0
80 =0 M)P =0 86 = 0 M)P =0 M)H)P =0
g =0  (M)P =0 M)P =0 M)P =0 6,=0
Tea = 0 M) =0 Ta =0 MH)P =0 M)HP =0
Tha = 0 M) =0 M)P=0 M)P=0 Tu=0

*Symmetric conditions are only applicable to laminates with orthotropic materials that are stacked
with their principal material directions at either 0° or 90° to the coordinate axes (cross-ply lami-
nates are a special case of these specially orthotropic laminates).

The essential boundary conditions are similar to the plate/shell theory formulation with
the exception of the transverse *“shear traction” (or interlaminar shear stresses, as the case
may be) degrees-of-freedom. A closer look at the boundary conditions will, however,
seem to yield an ambiguity in the boundary conditions associated with the “shear traction”
degrees-of-freedom, T,, and 1, . These degrees-of-freedom appear explicitly in both the
essential and natural boundary conditions. In actual fact, there is no ambiguity. The
essential boundary conditions associated with the “shear traction” degrees-of-freedom for
the boundary types must always be complied with as dictated by the variational approach.
In cases where the shear traction conditions are known, (e.g., zero shear traction is
commonly encountered), it is therefore desirable (but not necessary) to specify the “shear

traction” degrees-of-freedom to correspond to this shear traction condition. However, in
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the event when the applied shear traction load is non-zero, it is imperative that the shear
traction must be included as an applied load using either Egs. (70, 71) or Eq. (79). Also,
note that simply supported-1 (SS-1) is the appropriate simply-supported condition for the
plate elements with both general laminate and curved boundary types, and are very similar
to those of the Mindlin plate element. For cross-ply laminates or laminates with
orthotropic materials that are stacked with their principal material directions at either 0°
or 90° to the coordinate axes, SS-2 can be used to further eliminate degrees-of-freedom
since T, and T, are directly related to the shear strains through the kinematic assumptions.

While the finite element geometry could take the form of a four-node plate element
with fourteen degrees-of-freedom per node, it is advantageous to use the topology of an
eight-node brick element as shown in Figure 29a. This topology allows the substructuring
of the laminate into sublaminates for mesh refinement in the thickness direction. This will
increase accuracy and also permit the simulation of delamination using the redundant
node concept. Furthermore, using the eight-node brick element topology allows this new
3-D ‘structural’ element to be coupled with conventional 3-D continuum elements,
although compatibility would not be strictly satisfied in this case.

The finite element model utilizes the interdependent interpolation concept of Tessler
and Dong (1981), Tessler and Hughes (1983, 1985) and Tessler (1990). The transverse
deflection, w,, w, is initially approximated using quadratic interpolation functions, N,
while all other degrees-of-freedom are approximated using linear Lagrange interpolation
functions, P;. This unequal interpolation scheme is a consequence of trying to satisfy the
Kirchhoff constraints in a consistent manner. This, however, will result in mid-side

degrees-of-freedom associated with w,, w, (a consequence of the higher order
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interpolation functions used). The finite element therefore is not of a convenient form as
depicted by Figure 29b. The mid-side nodes are condensed out to achieve a uniform eight-
node brick element. This is done by explicitly enforcing the linear part of the constraints
of Eq. (53) along each side in a similar fashion as Tessler and Hughes (1983) (see
Appendix D for details). This approach effectively increases the order of the element
without introducing any additional nodes or degrees of freedom and alleviates the shear

locking problem so an exact order of numerical integration may be used.

(a) 8-node brick element

(b) unconstrained element

(up vy wp 8,y eyr’ Ter Tye)

(Upr Vi Wi O B0 Tups Typ)

(c) constrained LZZ3 element

mid-side nodes
condensed out 5 7 (up Vp wlv exp Bw, txl' Ty,)-,
f<Z’ | ’

X 2 (“b' Vo W exh‘ eyb' Tt tyh)z

Figure 29. Topology of the LZZ3 finite element model

4.4 Numerical Studies

Several numerical experiments dealing with anisotropic plates are presented. Spectral
analysis of the LZZ3’s stiffness matrix revealed six zero eigenvalues associated with the
six rigid body modes. No spurious zero energy modes are present. This is to be expected
since the stiffness matrix is integrated using a 3x3 Gauss quadrature rule “in the plane”.

Numerical results are presented for bending of three simply-supported laminated
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square panels subjected to a double-sinusoidally varying transverse load (see Figure 30).
The laminates are very thick, having a span-to-thickness ratio of four. Numerical examples
such as these are an excellent test of a model’s ability to capture local effects. Physically,
these examples are similar in many ways to local models of the region directly beneath an

impact load.

- m m m e m - - m—,

simply-supported . p

double-sinusoidal
““““““““““““ transverse loading

Note: Load is distributed over entire top surface

Figure 30. Schematic of loading and boundary conditions for example problems

Numerical results are obtained using a quarter-model with discretization of 8x8
elements in the plane of the panel and one or more elements through the thickness.
Comparisons are made between predictions of the current model and an exact elasticity
solution (Burton and Noor, 1994). The stress distributions across the thickness are
evaluated at the center of the eiements, since the center can be treated as the optimal
location for stress recovery (Barlow, 1976).

A Random Five-layer Panel. The first example is a random five-layer laminate. The
lamination scheme is given in Table 9 and the material properties used are listed in Table
10.

Three levels of thickness discretization were used. The first model employed a single
element through-the-thickness (a sublaminate containing all five layers), the second used

three elements through-the-thickness (one for the bottom layer (i.e. layer one), one for the
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next to bottom layer and the third, for the remaining three layers) and the last model used

five elements (one for each physical layer) through-the-thickness of the entire panel.

Table 9. Lamination scheme for random five-layer panel

Table 10. Material properties for random five-layer and sandwich panel

Layer No. Material | Thickness
1 1 0.10
2 2 0.25
3 3 0.15
4 1 0.20
5 3 0.30

Matl. 1 Matl. 2 Matl. 3 Core

E, 1.0e6 33.0e6 25.0e6 5.0e4

E 25.0e6 21.0e6 1.0e6 1.5e5
2

E 1.0e6 21.0e6 1.0e6 5.0e4
33

v 0.01 0.25 0.25 0.01
12

v 0.25 0.25 0.25 0.15
23

v 0.25 0.25 0.25 0.15
13

G 0.5e6 8.0e6 0.5¢6 2.17e4
12

G 0.5e6 4.0e6 0.2e6 4.20e4
23

G 0.2¢6 8.0e6 0.5¢6 2.17e4
13

A Sandwich Panel. The second example is a sandwich panel with five composite face
sheets on the top and bottom of a core material. The material properties are already listed
in Table 10. The lamination scheme is given in Table 11. Note that the five-layer face sheet

laminate is by itself a rather challenging laminate to analyze due to the variations of
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material properties and layer thicknesses.

Three levels of thickness discretization were used. The first model employed a single
element through-the-thickness of the entire sandwich panel, the second used two elements
through-the-thickness - subdividing the laminate equally, and the other used three
elements through-the-thickness - one for the bottom face sheets (a sublaminate containing

five layers), one for the core, and one for the top face sheets.

Table 11. Lamination scheme for sandwich panel

Layer No. Material Thickness
1 1 0.010
2 2 0.025
3 3 0.015
4 1 0.020
5 3 0.030
6 Core 0.800
7 3 0.030
8 1 0.020
9 3 0.015
10 2 0.025
11 1 0.010

A Panel from TACOM’s Composite Armored Vehicle. The third example utilized a
lamination scheme that is similar to that present in the US Army TACOM’s Composite
Armored Vehicle (CAV). The laminate can be divided into three sections, as described
below:

(1) Inner Shell. Four plies of S-2 Glass/Phenolic Fabric with stacking sequence

{ [90,/0,] }with thickness of 0.01 for the four plies stack. Thirty-seven plies of S-
2 Glass/8553-40 Epoxy Tows with stacking sequence {[0/90],

[45/-45/0/90], , [45/0/45], [90/0/-45/45], } with thickness of 0.021.
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(2) Armor Core. One layer of EPDM rubber (thickness = 0.0625) and one layer of
ceramic tile with inserts (thickness = 0.7).

(3) Outer Shell. Twelve plies of S-2 Glass/8553-40 Epoxy Fabric. Stacking sequence
is [0/790/45/-45/0/90], with thickness of 0.01.

The laminate consists of 55 layers and is nearly two inches thick. To allow
comparisons between predictions of the current model and the exact elasticity solution, all
layers are oriented at either 0 or 90 from the reference axis by replacing all 45° plies
with 90° plies and the —45° plies with 0° plies. This is not a restriction of the current
model, however, which is capable of modeling completely general lamination schemes.

The material properties are listed in Table 12.

Table 12. Material properties for TACOM'’s composite armored vehicle (CAV) panel

S-2 Glass/ | S-2Glass/ | S-2 Glass/ EPDM
Phenolic 855340 855340 Rubber Ceramic
Fabric Tow Fabric
—_—
E,, 3.0e6 6.2¢6 3.0e6 3.0e3 5.0e6
E 3.0e6 1.0e6 3.0e6 3.0e3 5.0e6
22
E 1.2e6 1.0e6 1.1e6 3.0e3 1.25e5
33
v 0.13 0.29 0.13 0.45 0.15
12
v 0.18 0.37 0.18 0.45 0.15
23
v 0.18 0.29 0.18 0.45 0.15
13
Gy, 1.0e6 0.3e6 1.0e6 1.0e3 2.5¢6
G 4.6e5 0.3e6 3.9e5 1.0e3 8.5¢3
23
Gy 4.6e5 0.3e6 3.9e5 1.0e3 8.5¢3

Once again, three levels of thickness discretization were used. The first model

employed a single element through the thickness of the entire panel, the second used four
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elements through-the-thickness with each sublaminate representing the different sections -
one for the inner shell, two for the armor core, and one for the outer shell. The third model
used three elements through-the-thickness with the two sublaminates in the armor core
combined and the rest similar to the second model.

The convergence characteristics of the different LZZ3 models were studied with
different mesh density. The center deflection at the mid-surface was used for comparison
even though the variation of the transverse deflection through-the-thickness for a thick
laminate can be substantial. This is readily seen in Figures 32, 38 and 46. Three
discretizations were used for all cases. The cases with one and three elements through-the-
thickness (sublaminates) are as described above. The two elements case is obtained simply
by subdividing the panel thickness into two equal parts. The convergence characteristics
for all the cases are depicted in Table 13.

Table 13 showed that for all cases even with a coarse mesh of 4x4, the results are
converged with the exception of the one-sublaminate model in the CAV panel case. For the
CAV panel, results clearly demonstrated that thickness refinement through the use of more
sublaminates is needed for laminates with such complicated layups. A note of caution is
that more thorough comparison between the different (sublaminate) models must, in
general, take into account through-the-thickness variation of the displacements and

stresses for thick panels.
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Table 13. Results for square plate, simple supports: sinusoidal load

Normalized transverse deflection at center

(a) random five-layer panel

Mesh 1 sublaminate | 2 sublaminates | 3 sublaminates
2x2 1.070 1.072 1.073
4x4 1.008 1.008 1.011
6x6 0.997 0.997 0.999
8x 8 0.978 0.993 0.998
(b) sandwich panel
Mesh 1 sublaminate | 2 sublaminates | 3 sublaminates
2x2 1.131 1.120 1.133
4x4 1.054 1.033 1.056
6x6 1.040 1.014 1.042
8x8 1.035 1.007 1.037
(c) CAV panel
Mesh 1 sublaminate | 2 sublaminates | 3 sublaminates
2x2 0.863 1.052 1.057
4x4 0.822 0.999 1.003
6x6 0.815 0.989 0.993
8x8 0.812 0.986 0.989

Results of the analyses for all three examples are shown in Figures 31 to 51 for the 8x8
mesh discretization, where predictions by the LZZ3 models of the through-thickness

variations of inplane displacement, u , transverse deflection, u,, inplane stress o,

Z!

inplane shear stress T, , transverse shear stress T,, and transverse normal strain, €,, are

xy?
compared to the variations predicted by three-dimensional elasticity. Even for these
extremely thick laminates, it can be seen that good predictions of u,, u,, ©,, and T, are
obtained using only one element (sublaminate) through-the-thickness, with slight

improvements in these predictions when the thickness is discretized using three or more

elements. This is to be expected since the deflection, u,, and the inplane stresses, o,, and
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T,,, can be captured adequately by zig-zag theories which are equivalent to our LZZ3

xy?
model when one sublaminate is used.

In Figures 34, 41 and 49, the transverse shear stress is calculated using the constitutive
relations with no shear correction factors. In each example, more than one element
through-the-thickness is needed to capture the variation of t,, adequately. The deviation
from the exact solution is more drastic in the results of the sandwich and CAV panels
(Figures 41 and 49) where these panels have material properties that are drastically
different in adjacent plies. The predictions of T,, could be improved for the case when
one element is used through-the-thickness by recovering the stress using the three-
dimensional equations of equilibrium.

From Figures 36, 44 and 51, plots of the normal transverse strain €,, are shown.
Results of €,, is not expected to be good for models using small number of elements
through-the-thickness because of the simple approximation of the assumed displacement
field, u,. However, one can clearly see that the normal transverse strain, €,, will approach
the elasticity solution as more elements are used in the through-the-thickness direction.
This is especially seen in Figure 36 for the random five-layer panel when one sublaminate

is used to represent each layer. In general, however, accurate normal stress, G, , has to be

zz?
recovered using the three-dimensional equation of equilibrium if the number of elements

used in the through-thickness direction is kept low.

4.5 Summary
The current LZZ3 model shows excellent promise for efficient and accurate analysis of
thick laminated composites and sandwich panels. This zig-zag approach has the following

desirable properties: (i) interlaminar transverse shear stress continuity conditions are
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satisfied; (ii) transverse shear tractions at the top and bottom surfaces of the plate are
satisfied exactly; (iii) transverse normal tractions at the top and bottom will tend to the
prescribed load value with an increase in the number of sub-layers; (iv) a small and fixed
number of degrees-of-freedom per sublaminate are needed to accurately describe the
kinematic behavior of complex sublaminate regions; (v) traditional engineering degrees-
of-freedom (displacements and rotations) are used; and (vi) the eight-node brick topology
permits the use of adaptive techniques for through-thickness discretization.

The casting of the technical theory in terms of surface quantities also allow the model
to represent the applied loads better. In most plate theories, surface tractions are applied at
the reference surface which usually corresponds to the mid-surface. This is acceptable for
thick plates but not for thin plates. For a thick plate as observed by the numerical
experiments, the through-the-thickness distribution of in-plane displacements, stresses as
well as the transverse stresses are non-symmetric with respect to the mid-surface.

Results showed that the current LZZ3 model is much more efficient and potentially
more accurate than 3D continuum-based models for analysis of laminated composites and
sandwich panels. The LZZ3 model is also computationally competitive with traditional

low-order plate elements.
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Figure 31. Axial displacement versus normalized thickness coordinate of a
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simply-supported square plate (random S-layer) subjected to
sinusoidal load
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Figure 32. Transverse deflection versus normalized thickness coordinate of a

simply-supported square plate (random S-layer) subjected to
sinusoidal load
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Figure 33. Inplane normal stress versus normalized thickness coordinate of a
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Figure 34. Transverse shear stress versus normalized thickness coordinate of
a simply-supported square plate (random S-layer) subjected to
sinusoidal load
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Figure 35. Inplane shear stress versus normalized thickness coordinate of a
simply-supported square plate (random S-layer) subjected to
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Figure 36. Transverse normal strain versus normalized thickness coordinate
of a simply-supported square plate (random 5-layer) subjected to
sinusoidal load
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Figure 37. Axial displacement versus normalized thickness coordinate of a
simply-supported square plate (sandwich) subjected to sinusoidal
load
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Figure 38. Transverse deflection versus normalized thickness coordinate of a
simply-supported square plate (sandwich) subjected to sinusoidal
load
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Figure 39. Inplane normal stress versus normalized thickness coordinate of a
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Figure 40. Inplane normal stress versus normalized thickness coordinate of a
simply-supported square plate (sandwich) subjected to sinusoidal
load - top face sheet
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Figure 42. Inplane shear stress versus normalized thickness coordinate of a
simply-supported square plate (sandwich) subjected to sinusoidal
load
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Figure 43. Inplane shear stress versus normalized thickness coordinate of a
simply-supported square plate (sandwich) subjected to sinusoidal
load - top face sheet
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Figure 44. Transverse normal strain versus normalized thickness coordinate
of a simply-supported square plate (sandwich) subjected to
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Figure 45. Axial displacement versus normalized thickness coordinate of a
simply-supported square plate (CAV) subjected to sinusoidal load
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Figure 46. Transverse deflection versus normalized thickness coordinate of a
simply-supported square plate (CAV) subjected to sinusoidal load
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Figure 47. Inplane normal stress versus normalized thickness coordinate of a
simply-supported square plate (CAV) subjected to sinusoidal load
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Figure 48. Inplane normal stress versus normalized thickness coordinate of a
simply-supported square plate (CAV) subjected to sinusoidal load
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Figure 50. Inplane shear stress versus normalized thickness coordinate of a
simply-supported square plate (CAV) subjected to sinusoidal load
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Chapter 5

LAYERWISE PLATE ELEMENT - THIN PANELS

The layerwise plate element developed in Chapter 4, like many conventional
displacement-based C° -plate finite elements, is plagued by the shear locking phenomenon
when utilized in the thin regime. This chapter will primarily deal with the locking
problem. The assumed strain field approach described in Chapter 3 for a Mindlin C° -plate
element will be adapted for use with the layerwise C°-plate element to eradicate locking

in the thin regime.

5.1 Introduction

In the previous chapter, a new technical theory and associated finite element model
were developed for the analysis of thick laminated composite and sandwich panels. This
theory, like most refined theories, is primarily intended for thick plate applications where
the effects of the transverse shear and normal stresses cannot be ignored (i.e., classical
laminate theory is no longer accurate). Although the refined model developed from the
theory may be primarily intended for thick plate situations, it is critical that this model
exhibit robustness even for plates in the thin regime. In addition, the eight-node topology
of the new element permits refinement in the thickness direction. This through-the-
thickness refinement using several elements can also lead to very large span-to-thickness

element ratios regardless of thick or thin plate geometries. This chapter discusses the

100
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techniques used to make the finite element model of the new sublaminate zig-zag theory
robust for both thick and thin plate applications.

This chapter will focus on the critical problems and techniques to resolve shear
locking, Poisson’s ratio stiffening and stress oscillations that usually plague three-
dimensional displacement-based finite elements developed using general higher-order
displacement fields. The causes of the shear locking phenomenon in thick plate elements
have always been either the presence of an inconsistent transverse shear strain field (see
~ Somashekar et al., 1987) or a lack of edge-consistency of the tangential transverse shear
strains (Prathap and Somashekar, 1988; Mohan et al., 1994). The use of reduced and
selective integration techniques (Zienkiewicz et al., 1971; Pawsey and Clough, 1971;
Hughes et al., 1977, Averill and Reddy, 1992), hybrid and mixed methods (Lee and Pian,
1978; Noor and Andersen, 1977; and Spilker and Munir, 1980) and modified shear strain
methods (Hughes and Tezduyar, 1981; Hinton and Huang, 1986; and Crisfield, 1984) are
but some of the many ways used to alleviate or remove the shear locking phenomenon
encountered by plate finite elements in the thin regime. A detailed discussion of the
various techniques was reviewed by Prathap (1994). Using the field and edge-consistency
concepts proposed by Prathap (1994), Yip et al. (1996) developed a robust and accurate
four-node C° Mindlin-type plate element for the homogeneous and isotropic case. The
fundamental concepts used to develop this four-node plate element will be utilized to
derive a field- and edge-consistent eight-node brick element from the “inconsistent”

element described in Chapter 4.
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5.2 Formulation
In the previous chapter, the assumed displacement fields in a sublaminate were
represented in terms of through-thickness shape functions as follows:
A (k k
u(x,y,2) = g (x, y)®Y(2)
k=1,..7

a=12
u,(x,y,2) = we(x, y)My(z) + w3M,(2)

Ak k
uy(x,y,2) = 2% (x, ) ¥ (2) (80)

where summation on repeated indices is implied. Index o is used to represent the top and
bottom surfaces with 1: bottom and 2: top; and the degrees-of-freedom are represented as:

(K A(1) A(2) A(3) A(4) A(5) A(6) ~(7)
ua): {a a7, a7, e a7, 0, & ta=(v,w90,,0,1,7), (81)

d>§:), ‘Pg() and M, are shape functions of the thickness coordinate (z) only and are known

functions obtained either analytically or numerically (see Appendix C for details).

5.3 Interdependent Interpolation

The rotational degrees-of-freedom, 6,, and 0, , are coupled to the transverse

ya

deflection degrees-of-freedom, w, through an interdependent interpolation scheme
(Tessler and Hughes, 1983 and 1985) given by:
i=1.,4,a=1,2 (82)

Wog = Piwiq+N,.0,.

+N y,.ey,.a
Here P; are the bilinear Lagrangian interpolation functions (details in Appendix B).
This interpolation strategy for w,can be expressed in terms of the natural (local)
coordinate system instead of the global (Cartesian) coordinate system (see Figure 52):
Wo = Piw;q + NgBeig + N, ;0 i=1.,4,0a=12 (83)

nio

Here Ng; and N depend on quadratic Serendipity functions, N, , , and are given by:
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1 1
1 1 (&4)
Nr\l‘-"ZNS’ Nn2 4N6’ NnJ--NnZ’ Nn4‘—Nr|l
and
1 1
Ns=3(1-E)(1-m),  Ng=3(1-n2)(1+E)
(85)
1 1
N7=§(1-§2)(1+ﬂ), Ng = i(l—nz)(l—é)
O, and O,; in Eq. (83) are rotations corresponding to the natural (local) coordinate
l
system. Note also that s = +j { where j; = 5'5 is the line jacobian and § = § or 7,

depending on the corresponding edge k. s refers to the tangential direction of the line edge

(for convention, refer to Figure 52).

ex
{

Figure 52. Quadrilateral element coordinate description

5.4 Field Consistent Shear Strain Fields

The above interdependent interpolation scheme alleviates the shear locking problem
but does not eliminate it totally. The element developed using this scheme still locks in the
very thin regime. The source of this shear locking phenomenon was identified to be

inconsistency of the transverse shear strain fields with respect to the inplane coordinates, x
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and y. There are also inconsistencies in the thickness coordinate, z but the integrated effect
of the transverse interpolation inconsistencies is insignificant compared to the in-plane
interpolation inconsistencies (Robbins et al., 1991). This stems from the fact that when the
span-to-thickness ratio is large, terms associated with the thickness coordinate, z, will be
small. As such, it is only necessary to make the transverse shear strain fields field
consistent with respect to the inplane coordinates to prevent the shear locking
phenomenon.

In a general quadrilateral, it is difficult to see the consistent form of the shear strains
clearly because of the non-uniform mapping from a natural (local) coordinate system into
a Cartesian (global) system. In order to see this clearly, the transverse shear strains need to
be converted to the natural coordinate system. Prathap and Somashekar (1988) termed the
transverse shear strains in the natural coordinate system as covariant shear strains.

The transformation of any fields from the covariant to Cartesian based coordinate

systems can be given by the following:

Ygz YIZ
‘Y‘r]z sz

where [J] is the Jacobian matrix and is defined as:

a, a Xt Y,
[J] = 11 #12 = 13 yé (87)
a3 ax Xon s
The Jacobian inverse is:

- b,, b 1la,, —a
[J] 1 = 11 “12 = m 22 12 (88)
by by, —aj 4

where |J| is the determinant of the Jacobian matrix.
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Now consider the Cartesian coordinate based transverse shear strain, v, :

Yo (& M) = Uy, +u,,, 39)
= Uy + (U8 p + Uy M,y)
Because of the presence of terms from the inverse Jacobian, it is much easier to introduce
some new in-plane displacement fields, ug and u, so that the in-plane displacement field,
u, can be rewritten as:
u, = uébll +unb12 (90)

or in terms of its new set of degrees-of-freedom in the covariant frame as:

U, = Aa@paby; +aa®@haby  1=1,2,3; a = 1,2 91)

where the new set of degrees-of-freedom will be represented as:

He: @O, HD, = (0 %) 92)
aRg: @D, uP, a(M)g = (uy, By Tn)g
Here <Dg& and <l>.$11()Jl are still shape functions of the thickness coordinate (z) only and are
given in detail in the Appendix D.
Making use of the form for the in-plane displacement, u , in Eq. (90), the Cartesian
based shear strain, v,,, of Eq. (89) can be simplified as:

‘sz(g’n) = (“P,’z*“z’g)bn +(un’z+uz’n)bl2 (93)
= Ye b1 + Vb2

where the definitions §,, = b, and m,, = b,, were used and we have now expressed

the Cartesian based shear strain, Yz in terms of a set of covariant based shear strains,

{¥ep Yn.} - Ignoring the bubble function W, in the transverse shear strains, the covariant

shear strain, when expanded using Eq. (91) becomes:
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?éz = uéad)gl), z + Ogad)é%z z + Tgaq)é%l),z + Wa,gMa

h ) ; oa=12 94)
Tne = Una®dz + Ona @R ; + Tqa®i ; + WanMo
or written in a concise form:

75: = '-‘gﬂ)!q)go)l,z + WG’QMG (95)

ynz=u(‘)<b(’) +w, ..M 1=123 a=12

na-na,z anMq
where the definition in Eq. (92) was used.
Likewise, for the shear strain field, Yyes there is again a need to introduce some new in-

plane displacement fields, 1‘4;’ and &, so that the in-plane displacement field, u, can be

n y
rewritten as:
or in terms of its new set of degrees-of-freedom in the covariant frame as:
u, = GigWioby +igu¥osby  1=1,2,3; 0= 1,2 97)

where shape functions, W{) and P} are listed in the Appendix D. In a similar manner
as above, the shear strain Yy, can be expressed in terms of a set of covariant based shear

strains, {'?;’z, '?nz} . Mathematically, this is as shown below:

Yy (&M) = uy,, +uy,,
u)nz + (uz,ggay + uzv‘nn ’y)

i . (98)
= (u&,z + uz,g)bm + (un,z + uz,n)b22
= Yeeba1 + Ynzba
where
‘? = afDWE) +w M
gz éa éa,z wEa (99)

?ﬂz - ﬁi(ll&\lll(\l&.z"'wa'nMa =123 a=12



107

In the finite element formulation, bilinear Lagrangian interpolation functions,
P&, n) are used to interpolate the degrees-of-freedom, (¥, or equivalently
uf)) and () of Eq. (92) with the exception of w,, :

~(k) _ p ack). =) — p (D) . =) = pqn
Ug = Piu,(a)’ ué& - Piuél)a’ uT(lc)l - Piur(]t)a

i=1..,4k=124..,71=12,3;00=1,2

(100)

The interdependent interpolation strategy is used for the degrees-of-freedom, w, (see Eq.

(83)).

Using Egs. (83, 94, 99) with the small strain assumptions, the covariant shear strain

component, Y, identified with v, is:

?gz = ug,z +uz,§
= Piug;q®t) . + 0zia® D+ Tia®EY ) + My (P; xwio + Ny, 18,0+ Ny 010)

(1-n?

'_sn—){‘enla-enZa"enSa—eMa}Ma

£ 301-m{ (up, - + (050 —0p (D + M

a -Mn o, 2\ HE2a “gla) (F,Za gla)( Ea,z a)
+OL) (Teag = Tr1o) 1+ (1 +M{ P (g — Upaq)

(2)

3) (101)
+ (9§3a - 9§4a)(¢§a’ z + M(I) + ¢§(1, Z(t§3a —_ 1§4a) }]

1- (1 2
+ g_4l){¢§a. z(uéla + u§2a) + d)(ga). z(eéla + e§2a)

+ L) (Te10+ Te2a) + Ma(Wag = Wig) )
+ L) (g + 00 + BE) (B0 + Ogaa)
+ 0L (Teaq + Teaa) + Mo(Wsa — Wag)}
On examining Eq. (101), the coefficients associated with the quadratic term (1 -n2)
will clearly lead to an inconsistent shear strain field, ¥, since they contain only 6,

rotational degrees-of-freedom. This will cause spurious constraints and shear locking in

the thin regime where 7&: tends to zero. The inconsistent terms came from the
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interdependent interpolation scheme for degrees-of-freedom w,. Leaving out the

inconsistent terms, a consistent Y&z can then be written in a concise form,

_ — ) am®
Ve, = P i“é&d’éa,z +(PigWiq + NeintBeio)M,

i=1..,4, 1=1,23;, a=1,2

(102)

The inconsistent terms came from the interdependent interpolation scheme for degrees-of-
freedom w, . The consistent transverse shear strain, Ygz of Eq. (102) can be derived using

the following interpolation for w :
Wq = Piwia+N§i6§ia i=1, ...,4, a = 1,2 (103)

instead of Eq. (83) with the interpolation strategy for the rest of the degrees-of-freedom
remaining unchanged.
In a similar manner, the consistent shear strain, Ynz can be derived from the

inconsistent shear strain, '7,‘ 2 identified with vy N and is given by:

¥y, = Pidi) o) (P

i*nia®Pna, z Wia* NoimOnid) M, (104)

i

with the w, degrees-of-freedom, now interpolated using:

Wy = Piwim+Nm.6mcl i=1..,4,a=172 (105)
The other two consistent transverse shear strains, Ygz and ?nz obtained from the
inconsistent covariant based shear strains, ?gz and Y, , identified with Y. of Eq. (99) will

be of a similar form to Egs. (102, 104) and they are:

= P.0 ()
= Pad ¥ 106
Tne = Pi{} ¥no, o + (PimWiq + NpimBnic) M, (106)

i=1..,4, =123, a=1,2

Strictly speaking this set of new shear strain fields, {Yﬁz’ Ynz’ jgz, Ynz} is still not field
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consistent. They are only field consistent with respect to the in-plane coordinates.
However, to make them totally field consistent (which may not be necessary at all as
reported by Robbins et al., 1991) is simple. Any term associated with the thickness
coordinate, z that is of an order higher than one in the set of shape functions,
{(Dé& 2 (Di& 2 ‘I’g&, » ‘Pi& .} must be removed. But this would severely compromise
the accuracy of the model in applications to thick plates. As will be demonstrated through
numerical results, such a strict enforcement of field consistency is not necessary for the
present model.

This consistent field approach using the new assumed shear strain fields is very similar
to the selective/reduced integration concept except that it only removes the inconsistent
terms. Straightforward selective/reduced integration will not work as it removes a lot more

terms than necessary in the strain fields and introduces spurious zero energy modes in the

process.

5.5 Consistent Penalty Constraints
In the new laminate theory and finite element formulation, four constraints were
introduced to produce a C° element. The constraints correspond to the top and bottom

rotations and are given as follows:

Cx(x = (w’x_ex)a C)’(! = (W’y_ey)a o= 1’2 (107)

These constraints are enforced by the penalty method in the finite element formulation.
Note that the form of Eq. (107) is very similar to the form of the shear strain fields
obtained from Mindlin plate theory in Chapter 3. These penalty constraints therefore need

to be checked for consistency just like the above transverse shear strain fields. Using the



—
PGy o ey



110

relation from Eq. (86), the constraints in Eq. (107) can be recast into their covariant

counterparts as:

Ceq = a1 Crg+appCoy

108
c (108)

na = a7 Cro + 022Cyu
Following the above procedures, the covariant based penalty components, Ceq, will

be examined:
Ceoa = (Wig=8g),
(1-n?%
= Tn{_en|a+9n2a"en3a+en4a} (109)

(1-

M

1+
n){_ef_,la - e§2a— Wigt W2a} + (4_7]){_9&3“ - e§4ot +Wiq - w4a}

Again, the coefficients of the quadratic term (1 -m2) are inconsistent as they are
functions of the rotational degrees-of-freedom Om. alone and therefore must be eliminated
to prevent any spurious constraints. Eliminating the inconsistent terms and simplifying,
the consistent penalty component, E’ga can be obtained by interpolating the w, degrees-
of-freedom using exactly the same form as in Eq. (102) above instead of Eq. (83) with the
interpolation strategy for the rotational degrees-of-freedom remaining unchanged. Ega

can then be written in a concise form,
Ca = Pigwiq+ (Ngjg — P))Bg (110)

In a similar manner, the penalty constraint component, E’na can be derived from the

Inconsistent component, Cﬂ o as:

Cnz = PigW,q + (Nypim = P)Brig (111)

with the w, degrees-of-freedom interpolated using Eq. (105) above. These derived fields

are totally field consistent since the thickness coordinate, z, does not explicitly appear in
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any of the equations.

5.6 Consistent Transverse Normal Strain Field

A problem that is normally encountered with finite elements that utilize the three-
dimensional constitutive relations is the rapid deterioration of the computed transverse
normal stress as the span-to-thickness ratio increases. This problem is especially severe in
modeling of isotropic plates under flexure. Predicted bending deflections are typically
stiffer by about 10%, depending on the value of Poisson’s ratio, when one element is used
through-the-thickness. This stiffening effect, however, is not apparent if (i) reduced
(plane-stress) constitutive relations are used or (ii) when two or more elements are used
through-the-thickness or (iii) for laminated plates. Prathap (1994) termed the effect as
Poisson’s ratio stiffening. This phenomenon was attributed to an interpolation
inconsistency that prevents the finite element model from simulating a state of zero
transverse normal stress in the presence of general non-zero bending strains (see Robins et
al., 1991). Addition of the bubble function using a nodeless variable W, in the
displacement field, u,, as seen in Eq. (80) eliminates the stiffening effect. This, however,
does not ensure the field-consistency in the definition of the transverse normal strain, €, .

Besides the normal Kirchhoff constraints, i.e. the vanishing of the transverse shear

strains, there is another constraint related to the vanishing of the transverse normal stress,
Ezz = —( C3I€XX + C32€yy + C36ny)/C33 (1 12)
In the thin limit, the transverse normal strain must be consistent with the combined

Poisson effects from the dominating in-plane strains. Notice that € , exhibits a higher

order in-plane interpolation (quadratic) and a lower order transverse interpolation (linear)

than €,.,€, andy,, . In general, these interpolation inconsistencies will prevent Eq.
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(112) from being satisfied exactly and a deleterious numerical constraint will be imposed.
Therefore, these inconsistencies in the transverse normal strain field must be eliminated.
Again, using the same argument as in the transverse shear strains, only the in-plane
interpolation inconsistencies need to be removed as the contribution to the strain energy
by terms involving the thickness coordinate z is minimal.

The in-plane normal strains, €,, and €, the in-plane shear strain, v, as well as the

yy?

transverse normal strain, €, are expanded in terms of the covariant based degrees-of-

2

freedom in a similar fashion as in Eq. (101). Omitting all the tedious algebraic processes,

the consistent transverse normal strain, ézz , is found to be:

€, = {(1-8)w +w,+ (651 = 6n0)],

+(1+&)[wy+wy+ (8n2-653)],

(113)
+(1-n)[w; +wy + (8 - 6g)],
or in a concise form:
€,(&M) = (Pwig+ Ny B+ N, Beio) My, + W M3, (114)
i=1..,4,a=12
where the interpolation functions are:
Py = (2-§-m)/8; Ney = (1-1)/8; Nqi = (1-8)/8;
Py = 2+8-1m)/8; Ngy = ~(1-m)/8; Np2 = (1+8)/8; (115)
P; = 2+E+m)/8; Nes = -(1+n)/8; Np3 = —(1+8)/8;
Py = (2-£+1)/8; ITI§4 = (1+1)/8; 7\7,]4 = —(1-8)/8;

This is different from what is normally obtained using a 1-point or reduced quadrature rule

to evaluate the original transverse normal strain, €, :
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8ZZ = uZ’Z

i=1..,4,a=12

Again, the “consistent” strain field, €,, is only in-plane interpolation consistent and not

transverse interpolation consistent (linear for €, cubic for the other three strains, €__, €

[44 ’ xXx? yy

and 7v,,). It can be made totally field consistent even with respect to the thickness
coordinate, z by removing all terms associated with quadratic z terms or higher in the

contributing € and v, strain fields when evaluating the strain energy contribution

xx° eyy
of the transverse normal strain, €,,. For the same reasons given previously for the
transverse shear energy terms, this last step is not necessary as the contribution of the

transverse normal strain field to the overall strain energy is very minimal in the thin

regime.

5.7 Edge Consistency

Even with the choice of field-consistent transverse shear strain fields, edge-
consistency requirements must still be ensured to prevent locking in an element, especially
for general quadrilateral cases. The consistent matching of the tangential shear strain, 7y,
on any common inter-element edge is crucial. Any deviation will give rise to spurious
constraints on the edges when the elements are non-rectangular. Normal jacobian
transformations of two adjoining elements at their own integration points will redefine this
consistency causing a mismatch of tangential shear strain at the common edge. Prathap
and Somashekar (1988) showed that using element nodal coordinate transformations for
the interpolation of the covariant-based shear strain fields and, in this case, the covariant-

based penalty constraint fields as well, will preserve the consistency definitions of
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tangential shear strain, Y, , as well as the penalty constraint fields, C, , along a common

sa?

edge between two elements.
So for the inconsistent Cartesian based transverse shear strain, Y, the set of
inconsistent transverse shear strain fields, {¥g,¥,,} of Eq. (93) will now each be

replaced with their own consistent definitions from Egs. (103, 104).

V(& M) = ¥ b1i +7,,.012

. ()
= (P.-“g-L‘b&a, e+ (PigWiq + NeingBria)M )by (117)

— !
+(PaD) ®5) 4 (Pow, + Ny @M )by,

i“nia " Na, 2 m”ia

i=1..,4,1=1,23 aa=1,2
Following the procedure of Prathap and Somashekar (1988) (see also Yip et al. (1996)),
nodal transformation must be carried out to convert the set of nodal covariant degrees-of-
freedom, {@g;q, ly;q} (see Eq. (92)) back to their Cartesian coordinate definitions, afl
of Eq. (81). Using Egs. (86, 117), the Cartesian based shear strain, ¥,,, after the nodal
transformation will become:

4
_ (n (1
¥.,(&M) = Z {“ia[(all)ipi‘bia, P11+ (ay)Pi®rq b1l
i=1

1 1
+ via[(aIZ)iPi¢(§(2,zbll + ((122).P-¢( ) b12]

irTna,z

3 3
+Tal (@) PO by + (a),P.OYa bs]

i1 na,z
3) (3) (118)
+ Ty,'a[(alz)ipiq)ga, zbll + (a22).P-<D blZ]

i1 na,z

+9xia[(a”)‘.(P,-<I>(2) + NgjeMo)by, +(a)(P®  + Ny inM)by,]

5o, 2 iPna,z F Vnim

(2) )
+0,ia[(312),(Pi®yq , + NejsgMo)byy +(a3),(Pi®rg, ; + NoysgM )by
+Wia[Pi’§b11+Pi’qb12]Ma} a=12

where b‘.j are evaluated at the integration points and a;; are computed at the nodal points.

Similarly,
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4
¥,.EM = Y {uia[(all)ipi\Péla),zbﬂ + (a21)iPi\P$]l(:,zb22]

i=1

i 1
+Vu’a[(an).-P.-‘PéJ, b +(ay),P¥ia byl

TN,z

(3) 3)
+Tyial(a));Pi¥eg by +(ay)),P¥ g ,b20]

3) 3) (119)
+Tyiql(a12),P¥eq b2y + (an),Pi¥yqq, ;02]

i1 ne,z

+ exia[(all)i(Pi\Pgl). 2+ NeigMo)by +(ay, ),'(PE‘P'E]Z(i 2 ¥ NpimMa)bnl
(2) (2)
+0,,00(a12), (P 4 NysueM )by, +(a), (P 4 NpiunMo)bys]

+ Wia[Pi’§b2l + Pvnb22]Ma} = 1, 2
This is repeated for the Cartesian coordinate based penalty constraints, C, , which are
written as:
Cxa(g’ n) = (w’x - ex)a
(120)
= ((W’gg’x+w’nn’1)—9x)a o = 1,2
Introducing the covariant rotations, 6 and 0, into Eq. (120) and using the
transformation definition of Eq. (86), the Cartesian based penalty constraints, C , can

now be expressed simply in terms of the two covariant based penalty constraints, C, and

Cha

Cxa(g’ 11) (Wag_eg)agvx*'(W’n_en)an’x
Cgag’x + Cnan’x (121)

= C&abll + Cnabl2

The above equation is then replaced with the consistent definitions of the penalty
constraint components, Cg, and Crq from Egs. (110, 111) to give a field consistent Coo:
Cra(&m)= E'§mbn + Emxblz

=(Pi'§wia+ (Ngi’g—Pi)eéia)bll + (Pi’nwia+ (Nni'n-Pi)enia)bn (122)
i=1..,4, =12
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Once again, nodal transformation must be carried out for the nodal covariant rotations,
Ggi and 9,‘ ; to convert them back to the Cartesian coordinate definitions of the rotations,
0,; and 6,;. Thus, the penalty constraint component, C,o expressed in terms of 0 i and

8, can be written explicitly as:

4
E‘xa(éa T\) = Z {exia[(all)i(Ngi’g - Pi)b]l + (02] )i(Nﬂi’ﬂ d Pl)blzl
= (123)
+0,,6[(a13),(Neig = Pbyy + (ag) (Npjy = P)by5)
+Wo[Pigbyy + Piupbys]} oa=12

The penalty constraint definitions for E‘ya are of a similar form to the above equation and

are given by:
4
Zw)’(l(é’ n) = z {exia[(all),'(ngg - P))b,, + (a,, )i(Nni"ﬂ - P))b,,]
a (124)
+0,,0[(a12),(Ngjg — P)byy + (ag)(Nyjon — Pi)bp]
+ Wia[Pvgbzl +Pnbpl} a=12

Likewise, the consistent normal strain, €, , after transforming the covariant rotations into
the Cartesian rotations will be given by:

4
g, (&M = Y {0:ial(a1)) Ny + (a3, Ny ]

i=1
+86,,0[(a;p), Ny, + (a)Np;)
wml_".}M

(125)

a’z + W3M 3z
The consistent definitions of the Cartesian shear strain fields, ¥,, and ¥, , normal
strain field, §,, as well as the penalty constraints, C,y and C,, derived in this manner

will eliminate locking problems due to spurious constraints and as such an exact order of

integration may be used to evaluate the shear strain energy.
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5.8 Numerical Studies

First, a spectral analysis of the new, field consistent layerwise finite element model
was performed to check for spurious deformation modes. An unconstrained element yields
six zero eigenvalues corresponding to the six independent rigid body modes (three
translations and three rotations).

The new finite element was subjected to patch tests proposed by MacNeal and Harder
(1985) to determine its suitability for arbitrarily distorted element shapes. Though the new
finite element has an eight-node brick topology (it could also take the form of a four-node
plate element except that it will lose the ability for stacking in the thickness direction; see
Chapter 4 for discussion), it is based on plate kinematics and as such, it is more
appropriate to use the patch tests designed for plate elements.

Membrane and Kirchhoff Patch test. This is an accuracy test of the element to
reproduce the pure stretching and flexural modes. The patch is shown in Figure 53.
Elements are of arbitrary shape patched together to form a rectangular exterior boundary.
As such, boundary conditions corresponding to constant bending curvatures are easy to
apply. The applied displacement boundary conditions and the theoretical solution are also
shown in Figure 53.

The patch is modeled with a single layer of elements through the thickness. The
present element passed both patch tests. It is able to reproduce both the in-plane strains
and stresses exactly for the membrane patch test as well as the constant bending moments
and the surface stresses exactly for the Kirchhoff patch tests for this arbitrarily shaped
patch.

Circular Plate. A circular plate will be used to check the performance of the LZZ3
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model for a non-uniform mesh. This problem was discussed in Section 3.6. A circular
plate with clamped edges for two load and span-to-thickness ratios will be analyzed.
Figure 54 shows the mesh of a symmetric quadrant used to analyze the problem. Two
through-thickness discretizations are used: one and two sublaminates. Their results will be
compared with the exact solutions based on Reissner-Mindlin theory (see Hughes e? al.,

1977).

)‘T .

| Node X y
p 3 1 0.04 0.02
a 2 0.18 0.03
2 3 0.16 0.08
1
x 4 0.08 0.08
—>
(a) Membrane Plate Patch Test
Boundary conditions:
u= 10_3(x+y/2)
v =102(y+x/2)
Theoretical solution:
-3
Er =€) =T, =107, O, = Oy, = 1333, T,y = 400

(b) Bending Plate Patch Test
Boundary conditions:

w =102 +xy+y?)
8, = —107(x/2+y)
9, = —10-3(x+y/2)
Theoretical solution:
Bending moments per unit length: M, =M = L111x107, M, = 3.333x10°
Surface stresses: o, = 0, = $0.667, o,, = $0.200

Geometric and material properties: a = 0.12, b = 0.24, thickness = 0.001, E = 1x10°, v = 0.25

Figure 53. Patch test for plates
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YA Geometric and Material Properties:

radius, a = 5.0; thickness, A = 0.1 or 2.0;

Boundaries = clamped

Mesh=12;

E = 1.0x10%;

sym | v =03

Loading:uniform pressure, ¢ = 1 or
center load, P=4

Theoretical:

Uniform

A A%

=1[2_22 422_2]
w 64D(a r)+—l_uh(a r)
a Center load

__P 22 2 a 8D . r
w = 161:0[(“ -2 kGhazln-]

Ef3

where D = ——
12(1 -v2)

Figure 54. Clamped circular plate (quadrant)

Figures 55 and 56 show the non-dimensionalized deflection (normalized to the thin
plate solution) along an edge of the clamped circular plate for the LZZ3 models under the
two different load conditions as well as span-to-thickness ratios. For the thin clamped
plate under center or uniform loads, both models are capable of reproducing accurate
results. For a very thick plate of span-to-thickness ratio 2.5, results correlated well with
the exact solution away from the predicted logarithmic singularity in the point load case
but not very well (error of 10%) in the uniform load case. The finite element solutions also
showed variation of the deflection in the through-thickness direction for thick plate cases.
Through-thickness deflection can differ by as much as 20% for the center point load case
and 4% for the uniform load case (see Figures 55 and 56 for the deflection of the top and
bottom surfaces of the plate). In view of the fact that we are trying to model a very thick
plate, results obtained by both models are deemed to be reasonable. Also these results
reinforce the results of the earlier patch tests in that the LZZ3 models can perform well for

non-uniform mesh.
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05}

1 ==

¥l

Reissner Theory

top (loading) surface —— 1 sublaminate
2 o 2 sublaminates ]
0 1 2 3 4 5

Figure 55. Normalized deflection (% = w16nD/(Pa%)) along line of symmetry
(y=0) of a clamped circular plate under center load

0.
0S5}
w -lr
15}t — Reissner Theory
2R —o— 1 sublaminate
X A 2 sublaminates
top (loading) surface
0 1 2 3 4 5

Figure 56. Normalized deflection (#w = w64D/(qa?)) along line of symmetry
(y=0) of a clamped circular plate under uniform load
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Numerical results are again presented for the bending of two simply-supported
laminated square panels (of Chapter 4) and an isotropic plate subjected to a double-
sinusoidally varying transverse load. The material property of the isotropic panel is the
same as in the patch tests. The laminated panels chosen for the tests are the sandwich and
TACOM’s composite armored vehicle (CAV) panels. The detailed lamination sequence,
geometric and material properties for both panels are listed in Section 4.4. This time, the
laminates are thin panels having a span-to-thickness ratio of ten and one thousand. The
latter case will be an excellent test of a model’s ability to accurately simulate bending in
very thin laminates.

Numerical results are obtained using a quarter-model with various discretizations of
the plane of the panel and either one or more elements through-the-thickness.
Comparisons are made between predictions of the current models, a finite element model
based on first-order shear deformation (Mindlin) theory and an exact elasticity solution
(Burton and Noor, 1994). The Mindlin-type element selected is a nine-node Lagrangian
element with selectively reduced integration and appropriate shear correction factors, (see
Whitney, 1973; Chatterjee and Kulkarni, 1979).

The simply-supported, square plate under double-sinusoidally varying transverse load
will be used to test the convergence characteristics of LZZ3 models for different mesh
densities and the two span-to-thickness ratios. The center deflection at the mid-surface
was used as a comparison measure. Three thickness discretizations were used for all cases.
For the laminated panel, the cases with one and three elements (sublaminates) through-
the-thickness are as described in Chapter 4. The two elements case is obtained simply by

subdividing the panel into two equal parts. The results of all the cases are shown in Table



122

14, where predicted deflections are normalized by the exact solution.

Table 14. Results for square plate, simple supports: sinusoidal load

Normalized transverse deflection at center Normalized transverse deflection at center

(a) isotropic panel

(i) span-to-thickness ratio = 10 (ii) span-to-thickness ratio = 1000

Mesh 1 sublaminate | 2 sublaminates | 3 sublaminates | 1 sublaminate | 2 sublaminates | 3 sublaminates

2x2 1.071 1.073 1.071 1.061 1.067 1.067
4x4 1.022 1.021 1.018 1.015 1.016 1.017
6x6 1.013 1.011 1.008 1.007 1.007 1.007
8x8 1.010 1.008 1.005 1.004 1.004 1.004
(b) sandwich panel

(i) span-to-thickness ratio = 10 (ii) span-to-thickness ratio = 1000

Mesh 1 sublaminate | 2 sublaminates | 3 sublaminates | 1 sublaminate | 2 sublaminates | 3 sublaminates

2x2 1.095 1.094 1.095 1.058 1.065 1.059
4x4 1.026 1.024 1.026 1.015 1.015 1.012
6x6 1.014 1.011 1.014 1.006 1.007 1.007
8x8 1.009 1.006 1.009 1.004 1.004 1.004
(c) CAV panel
(i) span-to-thickness ratio = 10 (ii) span-to-thickness ratio = 1000

Mesh | 1 sublaminate | 2 sublaminates | 3 sublaminates | 1 sublaminate | 2 sublaminates | 3 sublaminates
2x2 1.052 1.072 1.079 1.060 1.060 1.060
4x4 0.993 1.012 1.020 1.014 1.014 1.014
6x6 0.975 0.999 1.009 1.006 1.006 1.006
8x8 0.971 0.997 1.005 1.002 1.003 1.003

In all cases, converged results are obtained even for a coarse mesh of 4x4. Note that for the
span-to-thickness ratio of ten which is moderately thick, more thorough comparison
between the different (sublaminate) models must, in general, take into account the
through-the-thickness variation of the deflection (see for example, Figure 61).

Plots of the normalized center deflection for span-to-thickness ratios from four to 10*
are shown in Figures 57 to 59 for two of the LZZ3 models as well as the nine-node
Lagrangian FSDT element. The first LZZ3 model selected employed a single element

through-the-thickness of the entire panel, and the other used three elements through-the-
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thickness. The results clearly demonstrated the superiority of the LZZ3 models as
compared to finite elements based on first-order shear deformation theories. This is
especially obvious in the moderately thick TACOM’s CAV panel which has a very
complicated layup scheme. The LZZ3 models exhibit no shear locking or Poisson’s ratio
stiffening phenomenon when applied to plates in the thin regime. However, when the
element span-to-thickness ratio exceeds 10° , there is a need to increase the computational
precision (e.g. double precision to quad. precision) due to numerical ill-conditioning of
the stiffness terms. This is especially true in modeling thin plates with finite elements
possessing full three-dimensional capability. There is, therefore a limit imposed on the
span-to-thickness ratio beyond which the resulting system of equations will be
numerically unsolvable unless some form of “relaxation” parameters are used. This
numerical ill-conditioning is in no way related to the shear locking phenomenon attributed
to field- and edge-inconsistencies but is strictly related to the machine finite word length
and it is termed “machine locking” by Briassoulis (1993). The study also showed that the
deflection results are relatively insensitive to the choice of value of penalty parameters
used to enforce the constraints of Eq. (41). A low value, however, will yield additional
zero eigenvalues during the eigenvalue test.

The through-the-thickness variations of displacements and stresses for the two
laminated panels as predicted by the two LZZ3 models as well as the nine-node
Lagrangian FSDT model are shown in Figures 60 to 88. Plots show comparison among the
three finite element models and the three-dimensional elasticity solution for through-
thickness variations of inplane displacement, u, , transverse deflection, u,, inplane stress
c

inplane shear stress T, , transverse shear stress T,, and transverse normal strain,

xx? xy*
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€,,. For both the symmetric (sandwich panel) and unsymmetrical (CAV) layups with
span-to-thickness ratio of a thousand, the FSDT as well as the LZZ3 models yield accurate
results for the inplane displacement, u, (Figures 75 and 82) but not for the transverse
shear stress T,, (Figures 79 and 86) with the exception of the three elements through-the-
thickness LZZ3 model. In general, accurate inplane displacements will lead to accurate
inplane stresses (see Figures 77-78, 80, 84-85, 87). However, for moderately thick
laminates with span-to-thickness ratio of ten, the FSDT model is inadequate for both the
sandwich and CAV panels.

In the case of t,,, predictions using the FSDT model with Whitney’s shear correction
factors are very poor, as expected. As for the LZZ3 models, more than one element
through-the-thickness is needed to capture the variation of T,  in each of these rather
complicated examples. The transverse shear stress shown in Figures 64, 72, 79 and 86, is
computed using the three-dimensional constitutive relations with no shear correction
factors. Predictions of the normal transverse strain, €,, improve as more elements are used
in the through-the-thickness direction. Nevertheless, as mentioned earlier, it is more

common to recover the normal stress, 6, using the three-dimensional equations of

equilibrium.

5.9 Summary

The present LZZ3 model using the assumed strain field approach has been shown to be
robust and accurate for application to thick and thin panels. It passes the membrane and
Kirchhoff patch tests and has no spurious energy modes. This new finite element model is
therefore a viable alternative to the elements derived using discrete layerwise or zig-zag

theories as well as the conventional continuum elements.
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Figure 57. Normalized center deflection versus span-to-thickness ratio of a
simply-supported square plate (isotropic) subjected to sinusoidal
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Figure 58. Normalized center deflection versus span-to-thickness ratio of a
simply-supported square plate (sandwich) subjected to sinusoidal
load
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Figure 59. Normalized center deflection versus span-to-thickness ratio of a
simply-supported square plate (CAV) subjected to sinusoidal load
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Figure 60. Axial displacement versus normalized thickness coordinate of a
simply-supported square plate (sandwich) subjected to sinusoidal
load
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Figure 61. Transverse deflection versus normalized thickness coordinate of a
simply-supported square plate (sandwich) subjected to sinusoidal

load
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Figure 62. Inplane normal stress versus normalized thickness coordinate of a
simply-supported square plate (sandwich) subjected to sinusoidal
load
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Figure 63. Inplane normal stress versus normalized thickness coordinate of a
simply-supported square plate (sandwich) subjected to sinusoidal
load - top face sheet
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Figure 64. Transverse shear stress versus normalized thickness coordinate of
a simply-supported square plate (sandwich) subjected to
sinusoidal load
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Figure 65. Inplane shear stress versus normalized thickness coordinate of a
simply-supported square plate (sandwich) subjected to sinusoidal
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Figure 66. Inplane shear stress versus normalized thickness coordinate of a
simply-supported square plate (sandwich) subjected to sinusoidal
load - top face sheet
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Figure 67. Transverse normal strain versus normalized thickness coordinate
of a simply-supported square plate (sandwich) subjected to
sinusoidal load

05} C~=..
04}
0.3
02}
0.1}

T

Elasticity

- FSDT
""" LZZ3: 1 sublaminate
———— LZZ3: 3 sublaminates

v

N

0.1}
0.2}
03}
04}
-0.5

v

u x10

Figure 68. Axial displacement versus normalized thickness coordinate of a
simply-supported square plate (CAV) subjected to sinusoidal load
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Figure 69. Transverse deflection versus normalized thickness coordinate of a
simply-supported square plate (CAV) subjected to sinusoidal load
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Figure 70. Inplane normal stress versus normalized thickness coordinate of a
simply-supported square plate (CAV) subjected to sinusoidal load
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Figure 71. Inplane normal stress versus normalized thickness coordinate of a
simply-supported square plate (CAV) subjected to sinusoidal load
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Figure 72. Transverse shear stress versus normalized thickness coordinate of
a simply-supported square plate (CAV) subjected to sinusoidal
load
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Figure 73. Inplane shear stress versus normalized thickness coordinate of a
simply-supported square plate (CAV) subjected to sinusoidal load
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Figure 74. Transverse normal strain versus normalized thickness coordinate
of a simply-supported square plate (CAV) subjected to sinusoidal
load
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Figure 77. Inplane normal stress versus normalized thickness coordinate of a
simply-supported square plate (sandwich) subjected to sinusoidal
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Figure 78. Inplane normal stress versus normalized thickness coordinate of a
simply-supported square plate (sandwich) subjected to sinusoidal
load - top face sheet
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Figure 79. Transverse shear stress versus normalized thickness coordinate of
a simply-supported square plate (sandwich) subjected to
sinusoidal load
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Figure 80. Inplane shear stress versus normalized thickness coordinate of a
simply-supported square plate (sandwich) subjected to sinusoidal
load
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Figure 81. Transverse normal strain versus normalized thickness coordinate
of a simply-supported square plate (sandwich) subjected to
sinusoidal load
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Figure 82. Axial displacement versus normalized thickness coordinate of a
simply-supported square plate (CAV) subjected to sinusoidal load
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simply-supported square plate (CAV) subjected to sinusoidal load
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Figure 84. Inplane normal stress versus normalized thickness coordinate of a
simply-supported square plate (CAV) subjected to sinusoidal load
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Figure 85. Inplane normal stress versus normalized thickness coordinate of a
simply-supported square plate (CAV) subjected to sinusoidal load
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Figure 86. Transverse shear stress versus normalized thickness coordinate of
a simply-supported square plate (CAV) subjected to sinusoidal
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Figure 87. Inplane shear stress versus normalized thickness coordinate of a
simply-supported square plate (CAV) subjected to sinusoidal load
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Chapter 6

NON-LINEAR MODEL

In this chapter, some aspects of the formulation and solution of geometrically non-
linear problems will be treated. The study will concentrate on small strain/moderate
rotation problems, typically encountered in slender, flexible structures. The solution will
be based on a Total Lagrangian formulation, and the procedure adopted to trace out the

complete load-deflection path is the Newton-Raphson method.

6.1 Introduction

Most of the early work on geometric non-linearity related primarily to the linear
buckling problem (see Crisfield, 1994 for his review on geometric non-linear problems).
For genuine geometric non-linearity, ‘incremental’ procedures (or forward Euler) were
originally adopted by Tumner et al. (1960) using the ‘geometric stiffness matrix’ in
conjunction with an updating of coordinates.

For non-linear analysis, a number of ‘alternative’ strain measures are used. The
common strains are the rotated engineering, Green’s, Almansi’s and rotated log strains.
These strain measures are then used in the virtual work equation to develop the finite
element model resulting in either the ‘Total Lagrangian’, ‘Updated Lagrangian’ or ‘Co-
rotational’ formulations. These formulations are identical from a continuum mechanics

point of view, the only difference being the choice of reference configuration. However, in
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discretized form, applied to a structural element based on some approximating theory, the
performances of the various formulations are usually quite different (see Mattiasson et al.,
1986).

Composite structures are designed such that their in-plane stiffnesses are almost
always much greater than the transverse stiffnesses. It is therefore pertinent to consider
only the von Kdrmén non-linear strains (a special case of the Green’s strains) which will
account for moderately large deflections and small strains. The inclusion of the von
Kirmidn non-linear strains will allow geometric non-linear analysis of laminated
composite plates using the Total Lagrangian approach.

The non-linear algebraic equations of the non-linear model are solved by iterative
methods, which will be discussed in Section 7.3. In iterative methods, the expressions
involving the dependent variables and their derivatives are computed using their values
from the previous iteration, so that the integrals can be evaluated (by numerical integration
methods).

As in linear analysis, problems occur with shear locking and, again as with linear
analysis, these can be improved by various methods such as the use of (selective) reduced
integration or the assumed strain field approach as discussed in Chapter 3. We will once
again adopt the approach of the assumed strain field approach for the layerwise plate

element to prevent shear locking.

6.2 Theory Formulation
The displacement field given in Eq. (62) with respect to the initial configuration is

reproduced here for convenience:
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W = P, ol (z)

P 4 a

(n) _ (k) (k) k=1,..7

) = 2 (X, V¥ (2) ow= 12 (126)
u = wo (X, Y)My(Z) +WyMs(Z)

with the shape functions ®{¥, W{¥), M and M, defined in Appendix C.

In general, the upper-case X, Y, Z and the lower-case x, y, z will relate to the initial and
current coordinates respectively. In the present work, this distinction is not really
necessary since the Total Lagrangian procedure always refers measures to the initial
undeformed configuration. The stress measure that is conjugate to the Green’s strain

tensor, E is the second Piola-Kirchhoff stress tensor, S and they are given as:

[ DRSPS _1 ox, dx, _
£= 2(~ E-1); EU - 2[8—)_(-,8_ XJ 8!’1’] (127)
and
= &’ -1 T. (F-1) = &’_a i d J
S = 5 (F1Y) -g-(F 1), Sij =5 axko”_ax, (128)

Using the second Piola-Kirchhoff stress tensor, § and the Green’s strain tensor, E as a
suitable pair of energy conjugate stress and strain measures, the virtual work equation is

given by:

S.0E..dV, = |t.0u,dl + | pbdu, dV (129)
J. 1Y) iy o I [ it | o J. [ D | ]
1% r, 14

o o

V, and I, are the volume and surface area, respectively, in an arbitrary known reference
configuration. The vectors, b and ¢ are the body forces per unit volume and the surface
tractions, respectively in the initial undeformed state.

If the in-plane strain terms, (e.g., (du,/90X)? and (du,/dX)?), are small compared
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to one, then they can be considered negligible, and the Green’s strain tensor, £ of Eq.

(127) degenerates to the von Kdrman strains. They can be expressed as:

ou, 1/9uN2 ou, |/0u,\: du
S R

== 3x T 25x » =3y T2y oz
(130)
JE - E)uy“.auZ oE = au,+auz JE = aux+auy+ du,\ou,
2~ 9Z " 9Y x2 = 9Z oX xy ~ 9Y 90X (a_X 5?)
Variation of Eq. (130) leads to:
ddu, (du,\ddu,
OE , = 3% +(8_X 3% )
odu, (ou,\odu
= 0%y [(TE YT,
O,y = 37 +(ay Y )
ddu
SEZZ = a_Z z
29 29 (13D
_ oou, oou,
28Eyz = 5= +6Y
ddu, ddu,
28EXZ = a_Z +ﬁ
ddu_ Jdu ou_\/0du 0du_\/du
= _ Xy [ 2y "z &)z
BE, =57 *3x +(ax Y )*(ax ay)

The constitutive relations relating the Lagrangian-Green’s strain and second Piola-
Kirchhoff stress for the case of small strains and large rotations are of a similar form to Eq.

(51). The proof is outlined in Appendix E.
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w [P e® o0 o0 c¥r qw

Sax C"" c® o0 o C”" Ex

Su| Cyy 0 0 Cil|l|E, (132)
S, C"" C(k) o |[2E,,

S 2E

sz sym C(k) 0 2Exz

[ xy] C(k) [“ ™ xy]

where the index k is to denote the layer number.

If the non-linear (von Kdrman) strains, Eq. (130), with the constitutive relations, Eq.
(132), are to be included in the virtual work equation, Eq. (129), the procedure discussed
in Section 4.3 does not change, except that the resulting algebraic equations will be non-

linear. The Principle of Virtual Work yields:

o - ([P 200 a0 M,
’{ | ox oY T oY ' ox
- (R - (R 18

@), Q)
ax oy

'[aix[“"x)asg_;ﬂ] [(N )aBa;B]+Jix[(Nyx)aag_:B]

a aWB R
+ a_Y[(ny)aBa_x :Hwa]dA +L(@h)
wB=1,2k=1,24.,7:0=1.,7

where L(ﬁ((x’)) are the boundary terms. The stress resultants are as defined in Egs. (66,
67) except that the stresses are replaced by the second Piola-Kirchhoff stresses and the
reference configuration is the initial undeformed configuration. The additional stress

resultants that are not defined by Egs. (66, 67) are:
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N (hi \
(Ngg = X | [SulX, ¥, )M (2)My(2)dZ
i=1\9
N (hi \
(Ny)aB = Z Syy(X, Y, Z)Ma(Z)MB(Z)dZ (134)
i=1\g J
N (".' \
(Nodeg = 2, \j S(X. Y, Z)Ma(Z)MB(Z)dZ) = (N,
i=1\g

The boundary and loading conditions for the plate are:

L) = - [(my +my) 80y dA - [ (Mg + o) ngal ds

A s,
L(wg) = = [[goBwq +38W;] dA- [[(Q,) 8w, + 0,8W;] dS
A 5 (135)

= [ LN g Wpon + (N ) g Wps1BWe dS
s
a,B2= ,2k=1,2,4,...,7
where the definitions of Egs. (70, 71) were used after again replacing the stresses with the
second Piola-Kirchhoff stresses. The subscripts n and s refer to the outward normal and

tangential directions respectively and they are with respect to the initial undeformed

configuration. Note that the following expressions were used to obtain the final form of

Eq. (135):
N, =N, + 2N, ol + Nytgy
N, = (Ny=NJL L +N, (2 +12)
9 _, 989, 9 (136)
ox "Xdn ™ os
0 _ 0 d
8_)7 - lny m*’ lnx a

where [,, and [, are the direction cosines of the outward normal of the boundary in the

initial configuration.
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The finite element model for the layerwise plate theory is obtained by substituting the

element approximations, Eq. (137), into the virtual work equation, Eq. (133).

u = Pu; v =Py,
w= P,-wi+Nx‘-9n-+Nyi6y,.
6, =P8, 6, = Pb, (137)
T, = Py T, = Py,
i=1,..4

P; are the bi-linear Lagrangian functions and N,;, N, are defined in Appendix B.

xi?
The finite element model can then be expressed in a matrix form,

[K°l{d°}-{F¢} =0 (138)
where [K¢], {d¢} and {F¢} are the elemental stiffness matrix, nodal degrees-of-
freedom vector and generalized force vector, respectively (see Appendix F for details).

Similar to the linear layerwise finite element model, the inconsistent transverse shear
strain, normal strain and penalty constraint fields must be replaced by their consistent
counterparts, Eqs. (118-119, 123-125) in the non-linear model to eliminate the shear

locking and Poisson’s ratio stiffening effects.

6.3 Newton-Raphson Iteration Method

The non-linear algebraic equations of the non-linear model are solved by iterative
methods. The element stiffness matrix in Eq. (138) is non-linear and unsymmetric when
the non-linear von K4rmdén strains are included. Therefore, the assembled non-linear
equations will be non-linear and unsymmetric. The assembled non-linear equations must
be solved, after imposing the boundary conditions, by an iterative method, which seeks an

approximate solution to the algebraic equations by linearization. The two most common
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methods are the direct iteration and the Newton-Raphson iteration methods. The latter
method is probably the most widely used because of the symmetry of the tangent stiffness
matrix obtained.

The Newton-Raphson iterative scheme is described in many books (see for example,
Ochoa and Reddy (1992); Crisfield (1994)). The method is based on a Taylor series
expansion of the algebraic equations, Eq. (139), about the known solution, { d}i at the ith
iteration. The global finite element equations can be written as:

[K{d}H{d}-{F} =0 (139)
For an approximate solution {d }i :

{R} = [K|{d}-{F}=#0 (140)
where {R} is called the residual and is generally not equal to zero unless convergence

has been attained. Expanding {R} about {d }i , we obtain

{R(di*1)} = {R(d*’)}+[3§—§}1]'<{d}"”—{d}")
(141)

IMOXHRYY ¢ vivt _ rgriy2
+2![a{d}2:| ({d}+! - {d})2+ ...

Since our goal is to minimize the residual {R(d‘)} , we can write Eq. (141) as:
Oz{R(d")}+[K%]{Ad"}+0({Ad"})2 (142)

where [K;] is the tangent stiffness matrix (or geometric stiffness matrix),

(K] = [Kp(d)] = [3%—;] (143)

(the stiffness coefficients of [K;] are listed in Appendix F). If the finite element model is

derived using a variational principle, it can be shown that the tangent stiffness matrix,

[K;], will always be symmetric even if the direct stiffness matrix, [K], is symmetric for



149

non-linear problems. Neglecting quadratic terms and higher, the truncated Taylor series

can be rewritten as:

{Adi} = ~[KET {R(d)}
o ' _ (144)
= -[K7(d)] (([K(d){d'}-{F}))
and the total solution at the (i + 1)th iteration is given by:
{di*+1} = {di} +{Ad'} (145)

The iterative solution of Eqgs. (144, 145) is continued until a predetermined criterion
and tolerance, & (normally chosen in the range, 10°<5<10™ ) is satisfied. Two typical

error critieria are:

({Ad"}T{Ad"})”2 <
({di}T{di})llz -

({Ri}T{Ri})IIZ <5
{FY{FpH'2

Displacement criterion: Idll, =
(146)

Force (or Residual) criterion: ||R], =

There are many other convergence criteria such as the energy norms, but the above two
criteria often are the most useful.

The method described above yields the solution for a given load, but it is often
desirable to know the load-deflection path. Also, these methods may be inefficient, even
non-convergent, for highly non-linear problems. It is therefore desirable to use
incremental strategies to solve most non-linear structural problems. Eq. (139) can be

rewritten as:
[K({a})] = MF,} (147)
where {F,} is a reference load and A is a scalar parameter. The methodology does not

change except that the load is applied in increments. For the kth increment, we can rewrite

Eq. (144) as:
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{Ad'} = —[K(d))]; ([K(d)I{di} - A {F,}) (148)
where

{d;*'} = {d;} +{Ad}}

(149)

and {dg} is the solution at the end of the last increment. In general, it is good to have
three to six iterations per increment. This is controlled by the load increment AA, .

Note that at the beginning of each iteration the tangent stiffness matrix and residual
vector must be updated using the latest available solution, {d‘} or {d}} . Rather than
updating the tangent stiffness during every iteration, it is common to make the

approximation:
[Ki1, = [K$], (150)

and as such update [K;] only at the beginning of each increment. Since the tangent
stiffness matrix is kept constant and only the residual vector is updated during the
iterations within each increment, there will be computational savings. Such an approach is

called the (incremental) modified Newton-Raphson method.

6.4 Numerical Results

Geometric non-linear responses of composite plates can be very different from
isotropic, metallic plates. The responses of composite plates are highly dependent on the
lamination scheme and boundary conditions and can be very significant even at small
loads and deflections. Two laminates were selected to assess the accuracy of our model.

The first is a single-layer orthotropic plate and the second is a cross-ply (0/90/90/0)
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laminate. The cases selected are attractive because test results exist for the non-linear
behavior of square plates with all four edges either simply supported or clamped under
uniform transverse loading (see Zaghloul and Kennedy, 1975; cited in Ochoa and Reddy
(1992)). The geometries and material properties for the 0° ply that were used in the
experiments are as follows:

(1) Orthotropic plate:

a=b=12 h=0.138
E, = 3x10°, E, = E, = 1.28x10°

6 (151)
(i) Cross-ply laminate (0/90/90/0) :
a=b=12, h = 0.096
E, = E; = 1.8282x10°, E, = 1.8315x10°
(152)

G, = Gy = G5 = 0.3125x10°

Vi2 = Vy3 = Vi3 = 0.2395

A quarter plate model will be used to analyze the two cases. Different meshes were
used to determine the convergence characteristics of the new layerwise zig-zag element,
LZZ3 for the two cases. In Figures 89 and 92, the load-deflection curves of different
inplane discretizations are shown. A mesh of 4x4x1 for both cases yielded converged
results in both cases. Through-thickness refinement using four sublaminates (each
representing a physical layer) reinforced the fact that a mesh of 4x4x1 is adequate to
model both cases. The load-deflection curves for the through-thickness refinement for
both cases are shown in Figures 90 and 93.

In Figures 91 and 94, the present theory was compared with solutions obtained by the
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classical laminated plate (CLPT) and the first-order shear deformation (FSDT) theories in
addition to the test results obtained by Zaghloul and Kennedy (1975). A mesh of 8x8x1
was used for the comparison. For the simply-supported orthotropic plate, LZZT as well as
the shear deformation element yield results that are in excellent agreement with the
experimental data (see Figures 89 to 91). The classical laminate bending element under-
predicts deflection.

The load-deflection curves obtained from the quarter-plate model for the clamped,
cross-ply laminate are shown in Figures 92 to 94. The finite element solutions of the LZZ3
model under-predict the deflection (almost 15% at the maximum load of 2) when
compared with the experimental data. This trend is also seen in the shear deformation
element (see Figure 94). In fact, the load-deflection curves by the two different theories
are almost identical. Since mesh refinements of the LZZ3 model showed that the results
are converged. This therefore lead us to the same conclusion as Ochoa and Reddy (1992).
They attributed the poor prediction of their shear deformation element to be due to
inaccuracies in the representation of the material stiffnesses as well as the actual boundary

conditions of the experiment.

6.5 Summary

The prediction of the load-deflection path by the non-linear LZZ3 model does not
differ much from the shear deformation element of Ochoa and Reddy (1992). This is to be
expected since the span-to-thickness ratios of the two experiments are large. In Chapter 5,
we have demonstrated that the first-order shear deformation element perform adequately
for large span-to-thickness ratios except in cases of laminates with drastically different

materials in adjacent layers or large number of plies. Therefore, in order to evaluate the
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true performance of the non-linear LZZ3 model, one must also compare the in-plane
displacements as well as the (Cauchy) stresses. However, because of lack of experimental

data we are unable to do so.
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0.5 1 15 2
load, A
Figure 89. Load-deflection curves for the bending of a simply-supported, square,

orthotropic plate under uniform transverse loading - effect of inplane
mesh refinement

0 0.5 1 1.5 2
load, A

Figure 90. Load-deflection curves for the bending of a simply-supported, square,
orthotropic plate under uniform transverse loading - effect of
through-thickness mesh refinement
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load, A

Figure 91. Load-deflection curves for the bending of a simply-supported, square,
orthotropic plate under uniform transverse loading - comparison
among different theories and experimental results
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Figure 92. Load-deflection curves for the bending of a clamped, square,

symmetric cross-ply (0/90/90/0) plate under uniform transverse
loading - effect of inplane mesh refinement
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Figure 93. Load-deflection curves for the bending of a clamped, square,

symmetric cross-ply (0/90/90/0) plate under uniform transverse
loading - effect of through-thickness mesh refinement
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Figure 94. Load-deflection curves for the bending of a clamped, square,

symmetric cross-ply (0/90/90/0) plate under uniform transverse

loading - comparison among different theories and experimental
results



Chapter 7

CONCLUSIONS

Two main objectives were accomplished -- the development of a new technical theory
and a new, robust C° plate finite element for sandwich and composite panels. The new
technical theory has some common features of other approaches of laminate theories, in
particular the discrete layerwise and the zig-zag theories. However, in the formulation
presented here, the use of surface quantities to represent the degrees-of-freedom as well as
the satisfaction of the non-homogeneous transverse shear traction at the top and bottom of
the sublaminate is a significant departure from the other two types of theories. A review of

the most relevant aspects of those differences are summarized in the next section.

7.1 Review

Our technical theory as well as the discrete layerwise and zig-zag theories are assumed
displacement approaches. Discrete layerwise theories do not generally satisfy the
interlaminar continuity of transverse shear stresses explicitly (see Li and Liu (1996) for an
exception to this) while both the new theory and the zig-zag theories do satisfy these
conditions exactly. However, the discrete layerwise theories will achieve this in the limit
with increasing number of sub-divisions.

The concept of stacking elements through the thickness is readily achieved by

elements derived from discrete layerwise theories as the only condition that must be met is

157
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the continuity of displacements. This is because there is no specific requirement for the
continuity of interlaminar transverse shear stresses. The zig-zag theories which have their
reference planes at the mid-planes cannot be stacked. The elements using zig-zag theories
must meet both the displacement continuity as well as the continuity of transverse stresses.
This cannot be done since the zig-zag theories satisfy only homogeneous shear traction
(traction-free) conditions at the top and bottom surfaces. Any stacking will only result in
‘zero’ or discontinuous shear traction between two sublaminates. In the present theory, the
non-homogeneous shear traction conditions are satisfied exactly. This is achieved through
the shear traction degrees-of-freedom that can be left unknown at the interface where two
sublaminates are stacked on top of one another.

The new theory allows the development of an eight-node brick finite element model
because it uses surface degrees-of-freedom. Essentially, the theory is still based on plate
kinematics and uses an approach that is in many ways opposite to what is normally done,
that is, to degenerate a three-dimensional body into a two-dimensional surface. Casting of
the technical theory in terms of surface quantities, however, has the advantage of allowing
the model to represent exactly how the surface tractions are applied. In the case of the zig-
zag theories, surface tractions are applied at the reference surface which corresponds to
the mid-surface. This is acceptable for thin plates but not for thick plates. As observed in
our numerical experiments (see also Bogdanovich (1991)), in a thick plate with symmetric
laminate scheme, the through-thickness distribution of in-plane displacements, stresses
and transverse stresses are non-symmetric with respect to the mid-surface. This is due to
the presence of transverse normal stress in the plate.

The assumption that transverse displacement is independent of the through-the-



159

thickness coordinate must be used with caution. The maximum deviation of transverse
displacement from the constant value is in the range of +12 — 18% for laminated as well
as sandwich panels of up to 55 layers and having span-to-thickness ratio of 4 as shown by
our numerical computations. This deviation narrowed to less than 2% for span-to-
thickness ratio of 10. Nevertheless, this assumption generally is acceptable in many
practical problems if the span-to-thickness ratio is large and the material properties are not
drastically different as in sandwich panels. However, neglecting the transverse normal
stress through the assumption of inextensible normal strain will result in the inability to
predict failure modes initiated by this stress component. The choice of a quadratic
displacement field in the thickness direction for our theory overcomes this problem and is
adequate as revealed by comparisons between the exact solutions (Pagano, 1969; and
Burton and Noor, 1994) and our finite element computations.

The layerwise theories result in elements with a large number of degrees-of-freedom.
The finite element model derived using the new theory only has a small and fixed number
of degrees-of-freedom while retaining the desired accuracy just as in the zig-zag theories.
This is very attractive and efficient for large computational models. Furthermore, our
theory will yield traditional engineering (displacement and rotation) degrees-of-freedom.
These engineering degrees-of-freedom will allow easier imposition of boundary and
loading conditions.

In summary, it has been demonstrated through numerous numerical tests that the finite
element model derived using this new theory is a viable alternative to the elements derived
using discrete layerwise or zig-zag theories as well as the conventional continuum

elements. It passes the patch test and is accurate and robust.
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7.2 Areas of Future Research

The approach to using surface quantities to ‘regenerate’ plate finite elements into
three-dimensional elements is new and attractive. Some areas of current research include
extending the theory to the generalized shell theory as well as to heat transfer theories.
There is therefore a lot of potential for future research to expand this concept.

As for the derivation of finite element models, there is a need to consider things such
as material non-linearity and thermal effects, plasticity (in metal forming applications) and
damage (for delamination problems). The development of a six-node wedge element using
this theory is also needed. The reason is that for some geometric boundary types, the
wedge element types sometimes are preferred over the eight-node brick element type.

An important area of future research is to eliminate the restriction of the existing finite
element formulations to flat plates. This is because the existing finite element has the
restriction that the thickness coordinate must be straight. The curved shell element under
development will alleviate this problem but yet still does not allow modeling of tapered
structures or plates with variable thickness. Therefore, the formulation of a more general
topology for the plate element will create greater flexibility in the model.

Accurate transverse normal stress is important for analyzing crack problems or
problems that have failure modes associated with this stress component. The model
accurately predicts displacements and stresses other than the transverse normal stress.
Another area of possible research is therefore to improve the transverse normal stress
prediction in the model.

The new finite element model has potential for use in a lot of applications. The

element can be used for explicit and implicit dynamic analysis, structural optimization as
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well as metal forming processes. In addition, this element will be able to perform damage
analysis with the availability of new adaptive techniques like the superposition method
(Fish, 1992; Kim et al., 1991) to improve the quality of finite element calculations in

regions of unacceptable errors.
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APPENDIX B

Interdependent Interpolation

This appendix is relevant to both Chapters 2 and 3 which deal with the use of
interdependent interpolation functions for the MIN4-CC and LZZ3 finite element models.
The details of the derivation of these interdependent interpolation functions will be shown
here.

The interdependent interpolation scheme enforces the linear part of a constraint of the
form:

0)=0 (B.1)

(w,s =9
along each element side. In the case of the LZZ3 model, it may be for either the top or
bottom surface. The constraint of Eq. (B.1) can be associated to the vanishing of the
transverse shear strain in Chapter 3 for the Mindlin plate theory. However, in the laminate
theory of Chapter 4, the constraint is not equal to the vanishing of the transverse shear
strain. It does not have any physical meaning. Its sole purpose is to introduce a new
variable, 6, or Gy so that the new laminate theory becomes a C° instead of a c' theory.
The discussion that follows is valid for both the four-node Mindlin as well as the top

and bottom surfaces of the eight-node LZZ3 finite element models. The subscript o that

usually differentiates the two surfaces in the case of the LZZ3 model will be omitted here

for clarity:
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Figure B.1 Quadrilateral element coordinate description

The xy coordinate and the &ncoordinate systems are refer to as the “global” and

“local” coordinate systems, respectively. Independent bi-linear rotations and a Serendipity

(eight-node) transverse deflection are initially assumed, i.e.,

4
0,(x,y) = Y Pix,)8,

i=1

4
x= Y P& M)x

i=1

8
w= Z N,-(x,y)wi
i=1

4
Oy(x, y) = z Pi(x, y)ey,. (B.2)

i=1

4
Yy = ZP,@,T\))’,

i=1

where P;(§,m),and N,(§,n) are respectively bi-linear and Serendipity shape functions,

and 0

xi?

0,; and w; denote nodal degrees-of-freedom. Because of mapping of the global

coordinates x and y into the local €, | coordinates as depicted in Eq. (B.2), then

P&, M)=Pi(x(Po (&, M), YoPo(E M)

and

Ni(g’ n)=1‘vi(xapa(§a Tl), yaPa(ga n))
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The bilinear functions are given by:

P, = ;A +EE)(1+nn) (B3)

and the biquadratic serendipity functions by:

Ny = LA+ EE)T +nm) ~ (1= ED(1 +nm) - (1 -n2)(1 +£E)IEN?
(B4)

+3(1=E)(1L+ (1 - EHNZ +5(1-n)(1 +EL)(1 ~nHE?
where (éin)e [_(17 1)] .

For side 1-2, let s denote the coordinate running along an element edge as shown in

Figure B.1. The constraint along this side (n =-1) is:

9;)

s~ VUs |Tl=—l

(w (B.5)

Because of the anisoparametric interpolation, different degrees-of-freedom will appear at
the corners and mid-side nodes (see for example Figure 29). To achieve a uniform four-
node configuration, the four mid-edge w degrees-of-freedom are then condensed out by

the use of four differential edge constraints:

Wiss=8 ), oy =0 (€ [0AD (B.6)

where [, is the edge length. The differential constraint equation is written for each
element edge. Each of these constraints is then explicitly solved for w,, , and back-
substituted into Eq. (B.2).

So for the edge 1-2, the differential constraint will be given by:

(w’ss - es’s)ln =_1 =0 (B.7)

Computing the following edge derivatives:
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>
1]

wln:—]

= Niw‘lq o

= 2E(E= 1wy + 58 + Dwy + (1= ED)ws

et

1
= (w + w2—2w5).—2
R

(B.8)

>

n=-l

A
W’SS

n=-1

where ds = jSI ldé and j is the edge jacobian.

]’] =
Now, the tangential edge rotation, also known as covariant rotation when normalized by its

length (refer to Figure B.1) is:
0. =0n (B.9)

and will be approximated using bilinear functions similar to the Cartesian rotations, 6

and 6, . The derivatives of the tangential edge rotation along side 1-2 will be:

0 = 9‘|q=_1
= Pie.u"n:_l
1 B.1
= S[(1-8)8, +(1+8)8,,] (B.10)
A 1 1
Os.5 = 2[632_95117

s n=-I
Substituting Eqs. (B.8) and (B.10) into Eq. (B.7), the mid-side wy degree-of-freedom is

found to be:

1 1 .

where j;, = j; | is used to denote the line jacobian corresponding to edge 1-2. The
n=-

line jacobian can be obtained in the following manner:



= Xln a4 = P,xi|n_ | y = y|ﬂ=-| = Piyi'n:—l
o o 1
X, = :‘Z[Xz‘x]] Y. = i[)’2-)’|]
J| = 32 (B.12)

=-1

[

=1,/2

In general, the subscript s is one of the variables & or 1. Curve s generally corresponds to
one of the edges of an element of reference on which parameter s is defined. The other
mid-side w, ,, degrees-of-freedom can be obtained by cyclic changes of indices

1 52 —53—54,etc. from Eq. (B.11) and can be easily verified to be:

1 1 ;
we = 5(Wy+w3) = 7(8,3-8,) )
1 1 .
wq = E(w3+w4)—‘—1(954—953)]34 (B.13)
1 1 .
Wg = §(W4+W1)‘Z(es1‘9s4)141

w, , 4 in terms of covariant rotations is readily obtained from Egs. (B.11, B.13):

1 1
1 1
we = i(wz +wy) - 2(9“3 - 9,12)
| | (B.14)
Wy = E(W:; + W4) - Z(9§3 - 6&4)
1 1
by making the appropriate substitution of the corresponding edge transformation. Egs.

(B.11 and B.13) or Eq. (B.14) can also be cast in terms of Cartesian rotations by using

simple transformation equation for Cartesian tensors:
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6 =1 6 +1 0,
n nx“x ' "nyvy (B.15)
o, = —ln)_(-)x+lm6y

where [, = cos(n,x) = dy/ds and lny = cos(n,y) = —dx/ds are direction cosines

of the outward normal of the boundary. The following expression for the w, , , degrees-

of-freedom are then obtained:

ws = 3(wy +wy) - %l(xz—x.)(exz—exl) +(r2=y1(8),-8,))]

We = %(Wz +ws) - %[(X3 -x3)(0,3-6,,)+(y3- yz)(eﬂ _ 9).2)]
(B.16)

Wy = %(W3+w4)—%[(X4~x3)(9x4—9x3)+(y4_y3)(ey4_9)_3)]
Wg = %(w4+w1)—é[(xl—x4)(9“ =0.4) + (¥ = ¥4)(6,,-6,,)]

Substitution of the mid-side w, , , degrees-of-freedom using Eq. (B.16) back into Eq.
(B.1) for the displacement field, w will produces a four-node, quadratic, coupled
transverse deflection:

4
w= Y [Pw;+N_8,+N 0 ] (B.17)

xioxi
i=1

where N,; and N, depend on N, , and edge projections on x and y axes and are given

by:

x1

1
= ‘§[012N5‘041N8] Ny

1
= ‘§[b|2N5 — b4 Nl

1 1
N, = —g[“23N6“112N5] Ny, = ‘g[b23N6_b12N5]

(B.18)

1 1
N = —§[a34N7‘“23N6] Nys '§[b34N7—b23N6]

1 1
Nys = —glagy Ng—a3N,) Nys = —glbyNg—b3yN,]



where

and a; = X;—X;; b,-j=y,-—y

J
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1

= ;(1-E)1-m)

1

= 5(1-n?)(1+8)

2
1

= Z(1-E)(1+m)

2

1
5(1-12)(1-8)

(B.19)



APPENDIX C



180

APPENDIX C

Shape Functions

The shape functions in the displacement field, Eq. (62) are obtained after substituting
Egs. (51-53, 55-57) into Egs. (58, 59) and solving them analytically so that the remaining
degrees-of-freedom ( &,, 13, V,, and 95 ) in the in-plane displacement field for the mth
sublaminate can be expressed in terms of the new operative degrees-of-freedom of Eq.
(63),i.€. (Up, Uy Viy V10,4, 0,1, 0.5, 001 Tips Tep Ty Ty )

Let

X = {ay, it5, ¥y, and P4}
and
U= {ty Vv, 0,4,0,,0 5,0, T, T Ty ‘ty,}T.

So Egs. (58, 59) can be written as:

-1
= raUy (C.1)

where indices i, j=1,...,4and k = 1,...,12
and



N,.-1
2z + 2 a,;
i=
N, -1
2z + 2 d,;
i=
N, -1
€2
i=1
N.-1
2
iy, + 3 (zy, -2)dy,
i=1
N,-1
2 (ay, -2)ey,
i=1
N, -1
2 (zy,-22)b,,
i=1
N-1

2
N, * Z (ZN,.. - Zi)azi
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N, -1
Ry, = b;;
i=1
N, -1
2
Ry = 3zy + Y, ay
i=1
N, -1

t= (C.2)
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i=1

N,-1
Z b,; T =-Ts
i=1
N, -1
1+ Y ay Ty =-Typ
i=1
Natl 1 (N,)
A (1) A (1) ~ (1) A (Vg
Quss — Y, (b;Qas —a,;0ss) Ty 1o = —Qss
i=1
N, -1 o
~ (1) ~ (1) A (1) A (N,
=-0ss - Y, (a,,0ss —b;,Qss) T 1, = Qss
i=1
N,-1
1+ ) dy Ty = -Tys
i=1
N, -1
Y, cu Ty =-Ty
i=1
N, -1 o
a (1) A (1) (1) ANy
Qus — 2 (dl,'Q44 -¢,;Css) T2, 10 = Qu
i=1
Nal (1 I (N,)
~ (1) 2 A (1) A (N,
= Qss — Y, (c);055 -d|;Qss) T, 12 = —Qss
i=1
N, -1 N, -1
=y, + X (an,-2)d, T3 = = X (n,—2)d,,
i=1 i=1
N, -1
= Y (2, —2)ec, Ty = Ty
i=1
1 No 1 (1)
A (1) A (1) a
—ZN‘_Q44 - 2 (ZNM—Z,')(dliQM 'C“‘Q45)

(C.3)
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N,-1
(1) (1) (1)
T3,11 = Iy K45 — z (ZN_-Z,-)(‘-'],QSS -d;Qss)
i=1
-1
Ty = Z (ZN -z;) 4, Ty = —Tys
i=1
N, -1 N, -1
Ty =2y,+ Y (w -2, T == X (an,~2)ay, (C.3)
i=1 i=1 :
A (1) Nl A (1) ~ (1)
T49 = Q45 2 L i )(bl,Q44 al,Q45 )

i=1
N,

A (1) A (1) A (1)

Ty = —2y,955 - 2 (zy -2 )(a;Oss —b,,Qss)

i=1
(k)
C.:.
all other T;; = 0 and Q,(,k) = L

Ay
The displacement field of Eq. (62) after introducing the interpolation functions (Eq.

(B.1)) can be written as:

u, = g Pi(x, »)®)(2)
u, = ‘(k)P i(x, y)‘}‘(k)(z) (C4)
¢ = WigPi(x,y) + 0, Ni(x, y) +0,,,N,i(x, y)) M (2)

&
]

where indices o = 1,2;i=1,...,4;k = 1,2,...,7and iaa = 4(c—-1)+i .Indices

o identify whether the degree-of-freedom is at the top or bottom, k indicates the degree-

. ~ (k)
of-freedom and ic, the local element node number. &', w;y, 0,;, and 6, are the
nodal degrees-of-freedom. Note that w;, = *fi) = “(k)8k3 where 6, is the Kronecker
delta. Similarly, we can write 6 ;, = ‘f:) = “(k)8k4 and 0, = “fi) = ‘(k)Sks :

The shape functions, <Dg‘), ‘Pg‘) and M, are defined as follows:
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o) = 1+1{"
o) =0

o = —z+1
all other @ = T

\},(,2) = 1+A(]2)

¥ =0
¥ = —z+AP

all other ‘Pg‘) = AE:)

M, = (1 _L) (C.5)
Zy_
z
M. = =
2 Zn,
M, = i(] _L)
N, N,
where
N, -1

k) _ 2 3 .

To = Tiko? +Takal + 9, @=2)(r) yalai+ o kad3i + 3 kaC2i+ T4 kaC3i);
i=1
N, -1

2 3 b b .

o = T3kal *rakal + 2, (@21 kb2 * Ty kab3i+ T3 kaB2i + T4 ka@3i)
i=1

and koo = 2(k— )+a;witho = 1,2:k = 1,2,...,7.

>
—~~
==
N
I
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APPENDIX D

Transformed Shape Functions
The shape functions, <D£2(z), <I>,(]’&(z), ‘Pé’&(z) and ‘P,(]’& (z) are related to the shape
functions, ®)(z) and W) (z) of Eq. (75) through the transformation matrix of Eq.

(81) in the following way:

<l>£}x) = (P + PPb,, /b))
OR) = (O + Db, /b))
d)é%x) = (PO + Db, /b))
D) = (B + ©Pbyy/byy)
DR = (DL + Db/ byy)
D) = (P + Dby /byy)

YiY = (PP +P0by /by))
Y = (YO +¥{by /by))
V) = (Y +¥Pb, /by)
Yl = (PP +¥Dby/byy)
‘I’T(]Q = (‘P&S)+‘P&4)b12/b22)
YR = (P +¥b,/by)

multiplied with the factors b, and b,, respectively.

(D.1)

Note that b,, and b,; may both be equal to zero, but @) and ‘P{) are always pre-



APPENDIX E



186

APPENDIX E

It is important to find out how the second Piola-Kirchhoff stress and strain tensors are
related to the Cauchy stress and strain tensors for the case of small strains/large rotations.
Mattiasson et al. (1986) showed that there is a definite relation between the quantities. The
proof is reproduced here for completeness.

The relation between the reference position vector, X, the current position vector, x,

and the displacement vector, u is given by:

x = X+u; x; = X;+u; (E.1)

The Lagrangian-Green strain, £ can be expressed as:

1 1
Eij = —(u,-'j+uj‘,-)+—(uk.iuk,j) = g;+M; (E.2)
2 2

where the comma denotes differentiation with respect to the initial configuration, and €;;
is the linear Lagrangian strain tensor.

Consider a small part of a continuum in a fixed Cartesian coordinate system,
X;, i = 1,2,3, with base vectors 1;. Applying a finite rotation to a vector, dX through an

orthogonal rotation tensor, R, yields:

iX" = R-dX;  |dx| = |dx"| = as (E3)

*

E 3 a
Here X;,i = 1,2, 3 define another Cartesian coordinate system with base vectors, I;,

which initially coinciding with X, but rotate with the body.
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*
Now, giving the body an infinitesimal deformation so that the vector dX tumns into

dx:

dx = dx;]; = dx:z: (E4)
The following relation is obtained:

dX +du = dX +du (E.S)

where du is the relative displacement vector between two neighboring particles.

Let |dx] = ds. The difference ds® - ds? in terms of the Lagrangian strain tensor, E, is:
is’-ds’ = 2 E,dX,dX, = 2 E_dX,dX, (E.6)
Here, it must be emphasized that the displacement gradient du;/dX; is of finite
magnitude, while du:/dx; « 1 by virtue of the infinitesimal deformation assumption.
This implies that the quadratic part of the strain tensor E; can be neglected. One can

therefore write E; = 8:1 Noting thatdX; = dX,f, wefind E;; = E;, and finally

iy

E; =g, (E.7)

This result shows that for a case of small strains, but large rotations, the Lagrangian strain
tensor components are equal to the linear Lagrangian strain components in a system co-
rotating with the particle.

Using the polar decomposition theorem, the deformation gradient tensor, F can be

multiplicatively decomposed into a rotation tensor, R and a stretch tensor, U as:

ox;
F=R-U whereF‘.j=&—)-XL (E.8)
J

For infinitesimal strain, the stretch tensor can be expressed as:
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U=I+e (E9)

S

where € is a small number and A:A = [:I. The deformation gradient can thus be

approximated by:

F=R (E.10)

Noting that ratio of densities, p,/p =1 in the case of infinitesimal strain, the second

Piola-Kirchhoff stress tensor can then be written as:

Po i T -1
S=—(F7") -¢-(F7)
p (E.11)
=~ B . g . BT
The component forms of the Cauchy stress tensor, ¢ are:
¢ = o,l1; = oli1; (E.12)

A* . . . . -
where [; is a base vector in the co-rotating Cartesian coordinate system.
*
The matrices of tensor components o, and o, are thus related by the normal

transformation laws:

T *
[o] = [R] [0 I[R] (E.13)
where [R] is the matrix of the components of R in the fixed system. Combining Egs.

(E.11 and E.13), we get:

[S] = [R)((R) [ NRDIR] = [o'] (E.14)
The above equation shows an all important result that for small strains, the second Piola-
Kirchhoff stress components are equal to the Cauchy stress components in a system co-
rotating with the particle.

This implies that a constitutive relation, formulated for the case of infinitesimal strain
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and rotation, and relating Cauchy stress and engineering strain or rates of these quantities,

can be used unaltered to relate Lagrangian strain and second Piola-Kirchhoff stress. For

instance, constitutive relations given in the form:

(E.15)

I
i)
100

g=f(g)org

can be written as:

S=fE)orS (E.16)

I
o]
ity



APPENDIX F



190

APPENDIX F
El ¢ Stiff Matrix (von K4rmén strains)

The finite element model of Eq. (138) when written in the expanded form is:

N

K1) [K12] [K'3] [K™] [K'5] [K'6] (K] [K'8]]| (') (f!)
[K21] [K2] [K®] [K¥] [K2] (K] [K?] [K3]|| {d?) (f2)
[K31] [K32] [K%] [K™] (K] [K%] [K%) (K8 | (a?) ()
(K1) (K] (K9] [K*] (K] (k) (K7 (k)] () [ _ ) 074 |y
(K51 [K52] [K5) (K] [K55] [K56) [K57) [K5#)|| (a5) (f5)
[KS1] [K©] [KS3] [K®4] [KS5] [K6] [KS7] [KO8]|| {db) (£6)
[K7'] [K™2] [K™] [K™] (K] [K¢] [K™") (K™8]|| {d7) ()
K1) K] (K] [K®] (K% (K%) (K] (K] | (a®) | | (%) |
where
(d!)={u,); (d2)={v,);
()=(w);  (d4)=(0,)
i=12,..8 (E2)
(@)=(0,h  (d8)={1,.);
(=t (dB)=(y);

A special note is that {w;} will be condensed out at the element level since it is a

nodeless variable. Expressing Eq. (F.1) in indicial notation, we obtain for the ith iteration:

op=12..8

(Kj?‘k"df)i = (F?)i o [12 8 (f0,B8) (E.3)
25N Gf o, B = 8)

Here summation of , B is implied. The tangent stiffness, [K;] of Eq. (140) can then be

obtained from Eq. (F.3) by:
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oBy=1,2..8

_ {1,2, .8 (ifa,B,y%8) (F4)

i odY oK%Y i

Tk = (Kj‘},—ad'g +——ad13"'d,*,,] e
’ )m -

g 1 Gf o, B,y = 8)

The stiffness components of [K] and [K;] are obtained from the left hand side of
the virtual work equation of Eq. (126) while using the constitutive relations, Eq. (129), to
relate the second Piola-Kirchhoff stresses and the Green'’s strain for large rotations, small
strains.

[$8E;dv, = [CLESE; dv,
14 14

o

(ES5)

o

iL,j,k=12,..6
Here, for convenience, contracted notation has been used instead of the normal tensorial
notation,
Sl = Sxx; S2 = Syy; S3 = Szz; S4 = syz; S5 = sz; s6 = Sxy; (F.6)
E =E,; E,=E,; Ey=E, E;=2E,; Es=2E,; E¢=2E,
and C,, are the elastic coefficients defined in Eq. (129). The direct stiffness, [K] is
therefore obtained by adding the individual stiffness contributions of each “strain” product
from Eq. (F.5). This is represented mathematically as:
B A B
a a
KU = 2 2 Cmn[kij ]mn (E7)
m=1ln=1
where [k;B]mn are defined in Appendix G and C,,, are the elastic coefficients. The

tangent stiffness, [K ], is obtained using a similar approach and are listed in Appendix

H.
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APPENDIX G

rd

rman strains
To derive the direct stiffness matrix, it is easier to look at the individual strain products

of Eq. (E.5). Using Egs. (123, 127-129, 134) and simplifying, we obtain, for example:
[E\3E, av, = auﬁﬁ’( [ Py xP; x@PE) dV)u%)
v, Vo

k) 1
v, ’

+M[P; x8y3+ Ny x84+ Ny x8s1(u, x)

x (P, ,®L
P x® G.1)
1 0
i,j=12,..4
k,1=12,..,17
o =12
o =4(a-1)+i=12,...,8
B=4B-D+j=12,..,8
where 8,-]- is the Kronecker delta. In general, Eq. (G.1) can be expressed in the form:
k1=12,..8
mn=12,...,6
il } o, = 1,2,...8 (if k#8)
IEnSEm av, = 8d:"a[kia, jB]mnij RS (if k=38) (G-2)
VO
. 1,2,...8 (if [#8)
jB = .
1 (if1=18)
where nodal degrees-of-freedom, di’ﬂ are as defined in Egs. (F.2, E3) and [kfé, jB]mn is

the stiffness contribution from the strain products, E,, E, . Comparing Eqgs. (G.1) and
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(G.2), we obtain:
ki

lkiq, g1 = _[Pi. xPj x®OP dv
V,

1
' J [ipr: (OEP x5+ Noj x84+ Noyj y8151Mg(uy ) (G.3)

+[P; x5+ Ny; x84+ N, xOks1M o (u, x)

1

where the first and second integrands represent the linear and non-linear contributions to
the overall stiffness matrix. The other stiffness components can be derived in a similar
manner and they are as follows:

[kfclx,jﬁ]n = IPi,XPj, y @OV dv
v

o

1
+ ”:EP,. x<p((lk)[pj, O3+ Ny yOis+ Ny y8s1Mp(u, y)
v,= b

G4)
+[P; x843+ Ny xOia + Ny x8y51M o (u, )
1
Kl _ _ _
lkiq, jpli3 = JP;'. x®OMg 7[P 33+ N 8, +N 8]dV
+ I (M Mg 7[P; x8i3+ N,; xOis+ Ny, x8s] (G-5)
v

X[PB;3+ N, 8,4+N 8;s1(u,x)]dv

Notice that the consistent normal strain field, €,,, Eq. (125), has been utilized and the

z2?

following interpolation functions have been introduced:
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N = @) N+ (ay) Ny, ]

_ _ _ (no sum on i) (G.6)
Ny,. = [(alz),-Ng,-"'(azz).-Nm-]

and definitions of N £ N ni &€ given in Eq. (115).

k8
[Kig, 1113 = IPi,Xq)((xk)MlZ dv
Vo (G.7)
+ I[MaMz,z[Pi, xO3+ Ny xOpa + Ny x8ys1(u, )1 dV
v

kil
[Kig, jplis = [ Pi x®LIP; yOF) +P; y¥{0] dV
\%

o

1
+ I [iMB(Pi, x@E + My [P, 83+ N, x84+ Ny x8;s1(u, x))
v

o

(G.8)
X ([P x8;3+ Nyj x8ia+ Ny x85)(u y)

+[P; yd3+ N,y ySs+ Ny yd;51(u, x))

+M[P; 383+ Ny x8ia+ Ny x8s1P; y @) + P y¥{1(u, )] dV

ki
(Kig, jpla1 = j P, yP; ¥ dv
vV

o

1
+ JD[EP"' y\P&k)[Pj, xO;3 + N,; xO14 + N, X815]Ma(uz, x) G9)

+M,[P; B3+ N, y8;4+ N, yOusl(u, y)

1
X (P X O 2TP, B+ Ny x84 N 81, x))] v
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kl
[Kig, jp)22 = J' P, yP, yYSOWE) dv
14

1
+ I [EP.' Y‘F&k)[Pj, yOr3+ N, yd+ Ny yd51Mg(u, y)
v,-° "

(G.10)
+[P; yO3+ N,i yOia + Ny, v, sIM(u, y)
1
ki - _ _
Vl’
+ I [MoMp 7[P; y8y3+ N,; yOi4+ Ny yys] (G.11)
v

o

x[P 83+ N, 8, +N 8;1(u, y)] dv

k8
[kia, 1123 = _[Pi, y\*'c(zk)Mlz dv
e (G.12)
+ I [MoM; 2[P; yO3+ Ny yOia+ Ny ySis1(u, y)1dV
v

o

kil
[kia.jB]26 = IPi, Y‘P&k)[Pj. Yq’fil) +Pj, X\Pﬁl)] dv
v

1
; (G.13)
X ([P/v x813 + ij’ x6[4 + Nyj, XSIS](uZ. Y)
+[P; yOu + N,; yOu + N, rOis1(u; x))

+M[P; yS3+N,; yds+ N, y8is1[P; yd)g) +P; x‘}‘ﬁ’)](uz' y)1av

ki - — -
[kig, jgla1 = [P x®PMy 7[PBi3+ N 84+ N 8] dV
VO

1 = - - G.14

X[P; 483+ N,; x8s+N,; x8,51(u, x)1dV
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81
[ky, jpla = ij.x‘bﬁl)Ma.de
v

[4

1
+ I I:EMBM:;'z[Pj, xO3+ Nyj xBia+ Ny x851(u_ x)]1dV
v,

ki = - =
(kia, jpl32 = IPj, y¥YM, 7P B3+ N 84+ N 851 dV
v

o

1 —_ — —
+ [iMﬁMa, AP+ N By + N 3]
v,

xj, Y

81
[k, jpla = ij, yY§M; ; av
v

o

1
+ I[EMBM3.Z[PJ, rO+ Ny ydia+ N, j yOis] (uy )1 dV
Vo

ki = - -
[kiq, jpl33 = j My Mg 7[P 83+ N 84+ N 5]
Vﬂ

k8 5 < -
[Kio, 1133 = JMa, My 2[P B3+ N 84+ N 851 dV
v

o

81 > 5 5
[k, jgla; = IM3. Mg PB;3+N 8+ N 85]1dV
v

[

["??]33 = J‘(M:%,z)2 dv
14

o

(G.15)

(G.16)

(G.17)

(G.18)

(G.19)

(G.20)

(G.21)
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ki 5 = =
[kig, jglss = [ Mg, 2P, y®f + P, x¥PIUPS; + N, 8,4+ N 851 AV
Vv

o

1 - — —
+ j [iMa’ ZMB[PiSkS + in8k4 + Nyi8k5] (G22)
14

X([P; x8;3+ N, xd4+ Ny, x8;51(u, y)
+[P;, O3+ N, ydu+Ny; yd;51(u, x))1 dv

8!
[k, jgls = le Z[P; yOfP + P, ¥[P] v
V

o

L G.23
+ I[§M3 ZMB([PJ. x813+ij,X814+Nyj, XSIS](uZ,}') ( )
vV, ’
+[P; y8i3+ N, yOis+ Ny y8;s1(uy x))1 dV

The consistent form of the transverse shear strains, Eqs. (118, 119) must be used to
evaluate the stiffness components for the non-linear model. For convenience, the

transverse shear strains will be expressed in a concise form as:
o _ g(k) A(K), = _ yk) A(k)
Yoo = Lyialli s Vyz = Lyt (G.24)

(k) L(k)

where the interpolation functions, L ;;, L), are readily obtained from Eqs. (118, 119)

and are given as:

(n (n (1
Lyio = [(a)))Pi®gq, 11 +(ay)),Pi®Prg .b1,]
(2) (1 (1)
Lyio = [(a13),Pi®¢q, b1y + (a3) P Prg .b12]
3)
Lyia = [Pygbyy + Pigbys]
4) _ (2) (2)
(5) (2) 2)
ina = [(a12)i(Pid)§a, :t N&i’éMa)bll + (a22)i(Pi¢na,z + Nni’nMa)bIZ]

6 3 3
Ly = [(an),-Pi‘p( ) bn"'(“zn),-P"D(  b12]

Ea,z iTna,z
7 3 3 .
Lfa-())t = [(a,z)‘.P,-<D(§(3’ bt (azz)‘.Pid>$‘o)L' 12l (no sum on i)
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(1 (n (1)

Lo = [(a);P¥eq, b2 +(a3)) P ¥ g 52r]
(2) (1) 1)

Lyio = [(alz);Pi‘Pga,zbzl +(ap),P'¥qq 0]
3)

Lyia = WiglPigby + Piyby,]

4 2 2
L‘y,.; = [(a“),.uv,.w‘g(,iz+1v§,.,§Mm)b21 +(azl)‘.(P,.‘Pf‘J'z+Nm.,nMa)b22] (G.26)

5 2 )
L;i& = [(a12).‘(Pi‘}l(§oz,z+N§i’§Ma)b2l +(a),(P¥yg , + NpiqMg)by,l

6 3 3
Ly = [(all)ipiqléa),zbﬂ +(‘121),-Pi‘{’( ) b22)

yiot na, z

3 3 .
L) = [(alz)‘.P,-‘Péa)’ Db+ (a22)‘.P.‘P( ) b,,] (no sum on i)

yia i na,z

ki k) , ()
[kig, jB]44 = joiaijB dav (G.27)
Vll
ki k) , (D)
[kia, jB]45 = joiaLij dv (G.28)
Vo
ki ki
[kio, jplsa = [kiq, jplas (G.29)
kl k) , ()
[kiq, jB]55 = ILyiuLij dv (G.30)
v

o

[kfé,m]m = ij, x PP, y @O+ P, y ¥ ] dV
VD
1
v

¢ (G.31)
XMo([P; xO43+ Ny, xOpa+ Ny xO4s1(uy y)

+[P; y83+ N, yOps + N, yOrs1(u,, x))

I
+5M (P xBiy + Ny By + Ny xBisIPy y @0 + Py ¥ P, x)] av
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kl
[Kig, jplsz = [ P,y ¥RILP, y® P + P, ¥ (0] aV
v

1
+ J [(Pj. Y\Pfil) + QMB[P/‘, YO+ N, yduu+ Ny, ydisl(u, y))

XMo([P; x83+ Ny xS+ Ny xSis1(uy y)

+[P; y83+ N, yOia + Nyi yOisl(u, x))

(G.32)

1
kl - — —
[Kiq, jples = IMB,z[Pi, y® + P x¥PUP B3+ N, 84+ N 85] dV
VO
+ J' (M Mg [P 83+ N 8, +N 8] (G.33)
Vﬂ
X([P; xB3+ N,; xOa+ Ny x8s1(u, y)
+[P; yO3+ Ny yOpa+ Ny, yOys1(u, x))1 dV
lkfi 1les = IM3,Z[Pi, y® + P, x¥P] dv
Vﬂ
+ I (M3, zMo([P; x8:3+ Ny xOis+ Ny x8s1(u, y) (G.34)
v

o

+[P; ydy3+ N, yOia + Ny yOsl(u, x))1dV
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[kig, jples = [ [P, y®E + P, YPOIP, @) + P, (¥ dV
14

o

1
+ [EMB([P,.' W 4+ P, WO
v,

+ Mo ([P; xOx3+ Ny xOia+ Ny x851(u, y)

+[P; yOy3+ N ySia + Ny, yOis1(u, ) (G.35)
X([P; x8;3+ N, x8ia+N,; x851(u, y)

+[P; yOy3+ N, yOiy + Ny, y851(u, x))

+[P; y®f +P; y'¥§)]

XMy ([P; xO3+ Ny xOia+ Ny x8;51(u, y)

+[P; y83+ Ny ySia + Ny, y8i51(u, x))]1 dV

all other [ko gl = 0 (G.36)
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APPENDIX H

T ¢ Stiffness Matrix (von K&rmén strains)

The tangent stiffness components are obtained via Eq. (F.4). They are as follows:

T ki Kl
[ kig, jplin = lkiq, jplis
1
+ I l:ipi, xPEOUP; xBy3+ Ny x84+ Ny x8,51Mp(u, &)
v

o

+(MoM[P; x8;3+ N x84+ Ny, x8;s1)

X[P; x83+ N, x84+ Ny; y851[(u, x)? + (u, x)11 dV (H.1)
Lj=1,2..4
kl=12..7
ofp =12

i =4(a-1)+i=12,...,8
jB=4PB-1+j=12,...,8

T, ki ki
[ kia,jB]IZ = [kia,jB]IZ

1
v, ’
+ (M Mg[P; 8,3+ N, x8a+ Ny, x8;s1) (H.2)

1
X (E(Pj, yOr3+ N, v+ Ny v8,5)(u, x)(u, y)

1
+(P; x83+N,; y8,+N xsts)[(u» y)+ 50, ")2])] v

T kI ki
[ kia, jplis = Lkig, jhi
+ I [M Mgl P; x83+ N,; x8a+ Ny, x8s] (H.3)
v

o

X [P, xO;3 + N,; xOu + Ny, x8,5](uz’ 2)1dv
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T, ki ki
[ kia,jb]w = [kia,jB]l6

1
+ I [E(Pi' x@O + My [P, 83+ N,; 8+ N, . 8,51(u, &)
v

+[P; y8,3 +N,; y8,4 +N,; y8,5](uz, x))
+ MGMB[P:', 18k3 + in, x6k4 + Nyi, x8k5]

P [Pj’ Ot N, Ot Ny, 18,5][ux, ytuy, x+(u, x)(u, y)11dV

T, ki ki
[ kia.jB]Zl = [kia,jﬁ]2l

1
+ J [EP‘_, HDIP, 1813+ N x84+ Ny 815 1M, )
+MoMg[P; yd,3+ N,; vy 4+ Ny, y8;s] (H.5)

1
X (E(Pj, X813 + ij, x814 + Nyj, x815)(“z, X)(uz' y)
1 2
+(P;y83+ Ny yBu+ N, Y815)[(ux_ X+ 5 x) D] dv

T, kl kl
[ Kia, jpl2a = [kig, jpl22

1
+ j [§P‘. Y\P((!k)[Pj, YO+ N, yOs+ N yd,s1Mp(u, y)
p Lo b

(H.6)
+ (Mo Mg[P; y83+ N ySs+ Ny ydis])
X[P; yd;3+N,; y8s+ N, yd;s1l(u, Y +(u, )11 adv
T, ki ki
[ kia,jB]23 = [kiij]23
+ J. [MoMgLP; ydy3+ N, ySis+ Ny, yO;s) (H.7)
v

o

X[P; y83+ N, yBi+ Ny y851(u, 7)1 dV
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Tk K
[ xu./B]26 [:a,JB]26

+ j [5(1’,-, Y ¥ + Mo[P; 83+ Ny ySia+ Ny, y8y51(u, )

X My([P; x83+ Ny, x81a+ N, x8;51(uy y) (H.8)
+[P; y83+N,; yd4+N,; y8;51(u, x))
+MoMp[P; S5+ N yd 4+ N, yds]
X[P; y83+ N, ydu+ Ny, y&sllu, y+u, x+ (u, x)(u, y)11dV
T M K

[ kig, jpla1r = [kig, jplai

+ J’ [2M MylP 8+ N 8+ N 3] (H.9)
X [Pj,x513 +N,; xSia+ Ny xOs1(u, x)1dV

where N _, Ny‘. are defined in Eq. (G.5).

T,8l 8!
[ &y, jglar = [k, jpla
1 (H.10)
v ,
T kil kl
[k ia, 1B]32 [k ia, JB]32
+ [EM%ZMB[ES,G+1T1xi8k4+ﬁyi8k5] (H.11)
T,8!
[k, gl = [kl 13132
(H.12)

+| I:iMa MBLPj v+ Ny yBis + Ny y8is)(u,, ”)] v
J127s
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T, ki Kl
[ Kig, jplic = [kio, jpl3s

1 - — —
+ I [§Ma, ZMplP i3+ N, By + N 5;s]
Va

X ([P} x83+ N, x84+ Ny x851(u, y)
+[P; y83+ N, y8iy + N yd;51(u, x))1 dV

T, 8l 81
( kl,jB]36 = [kl.jB]36

1
+ I [EM3 MpPj x5+ N,j x81a+Nyj x851(u, y)
v, ’

+[P; y83+N,; ySs+N,; y8;51(u, x))]1 dV

[kaclz, jB]6l = [kfci, jB]61
¥ J BMGMB[P o xB+ No xBia + N, 48]
X ([P;, yB3 + N, yOia + Ny, y8is1(uy, )’
+[P; xOy3+ Ny xOps + Ny x84s1(u, x)(u, y))
+ MMy 5, %+ ()]

X ([P; x843+ N,i xOia + Nyi xOus1[P; ySy3+ N, y

(H.13)

(H.14)

(H.15)

Spa+ N yOys]

+[P; yOu3 + Ny yOia + Ny y8ys1IP; 483+ N j x84+ Ny x85])

1

S¢s1[P; y @) + P, X‘Pc(xk)](“z, x)] dav
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T, ki Kl
[ kia, jplez = lkig jple2

1
Vo

X ([P; x83+ N,i xBs + Ny; x8;51(u, y)?

+[P; ySi3 + Ny y8ps + Ny, y8,51(u, x)(u, y))
(H.16)

1
+ MoMgl 5 (4, )2 + ()]
X([P; x84 3+ Ny x84+ Ny xS s1[P; yd3+ N, yOpq + Ny y8s]
+[P; O3 + Ny yOya + Ny yOis1P; x5+ Ny x84+ Ny x8y51)

1

*aMlPs O3+ Nyj y8ia+ Nyj y8yslP y @ + P ¥ (u, Y)] v

yiY
T, kI ki
[ kia.jB]63 = [kia,jB]63
+ J’ (M Mp(u, 7)
%

o

(H.17)
X ([P; x5+ Ny xOp4 + Ny xOs1(P; yOy3+N,; yOis + N y8;s]
+[P; yd3+ N,i yOpa + Ny yOis1[P; x5+ N x84+ Ny, x851)]1 dV
T, k12 ki
[ icx, jB]66 = [kia,jB]66

1
+ [iup[p,., yOE + P, W]
v,

X ([P x83+ N x4+ Ny x851(uy, y)
+ [Pj, Y8k3 + ij, Y8k4 + N)’j’ ysksl(uz, X))

1
+ §MaMB([PJ" x03+ N, j xO + N i 5851 (u, y) (H.18)

+[P; yd3 + N, ydys + Ny, yOrs1(u, x))

X ([P; xOk3+ Ny xBpa+ Ny x8s1(u,, y)

+[P; yd3+ N,i yOpa + Ny, y8y51(u, x))

+ M Mpl(u, y) + (uy x) + (U, x)(u, y)]

X([P; x8k3+ Ny xOxa+ Ny x8ys1(Pj y8y3+ Ny y8s + Ny y8;s]
+[P; ySy3+N,; yO4+ N, y5k5][Pj, xO3+ N, x%u+Ny; x851)]1 dV

allother [Tk P, = [Kis, jglmn (H.19)
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