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ABSTRACT

VARIATIONAL PROBLEMS ON COMPLEX CONTACT MANIFOLDS
WITH APPLICATIONS TO TWISTOR SPACE THEORY

By

Brendan J. Foreman

A complex contact manifold is a complex manifold M with complex dimension
2n +1 and an open atlas & = {O;} such that:
1. On each 0;, there exists a local holomorphic 1-form wj, called a local contact form,
such that w; A (dw;)™ #0.
2. On O; N Ok, there exists a holomorphic function fjx : ©O; N Ok = C such that
wj = fikwk.
A famous example of this type of manifold is the twistor space of a quaternionic-
Kahler manifold with nonzero scalar curvature. The kernel of the contact forms
forms a 2n—complex-dimensional, non-integrable subbundle # of TM. There is also a

subbundle V with certain special properties such that TM =V @ #.

In this thesis, we investigate special metrics on compact complex contact mani-
folds by studying the critical conditions of various Riemannian functionals on a par-
ticular class of Riemannian metrics called the associated metrics. An associated metric
is a Hermitian metric with respect to the complex structure on M, which makes
TM = Vé&#H an orthogonal splitting and gives # a quaternionic structure. These asso-
ciated metrics generalize the Salamon-Bérard-Bergery metrics on the twistor spaces
of quaternionic-Kahler manifolds. After defining and showing the existence of these
metrics, we develop their structure equations.

We then define two Riemannian functionals, called the Ricci curvature of v and
the s—Ricci curvature of V. Using certain properties of the space of all associated

metrics, we are able to find the critical conditions of these functionals. Finally, we



investigate the complex contact structure of twistor spaces by applying the previous
results. This work allows us to characterize the Salamon-Bérard-Bergery metrics

among all associated metrics.
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INTRODUCTION

A complezr contact manifold is a complex manifold M with dim¢cM = 2n+ 1 and an
atlas & = {O;} such that:

1. On each 0j, there exists a maximally-ranked holomorphic 1-form w;, that is,
w; A (dwj)™ # 0 on Oj;

2. On O; NOk #0, w;j = fijxwx Where fjx:0; NOx = C is a holomorphic function.

The study of these geometric objects began with Kobayashi [Ko] in the late 1950’s.
The subject continued in the early 60’s during which both Boothby in [Bo] and Wolf in
[Wo] studied homogeneous complex contact manifolds. Further inquiry began again
in the early 1980’s with the work of Ishihara and Konishi in [IsS1],[IsS2], and [IsS3].
Since this time, research in complex contact geometry has experienced a resurgence
with recent important results by Salamon [Sa], Bérard-Bergery [Bé], LeBrun [Lel],
[Le2], and Morpianu and Semmelmann [MoS].

However, with the exclusion of the work of Ishihara and Konishi, complex con-
tact manifolds have not yet been approached from a solely Riemannian perspective.
This approach has been very successful in the study of real contact manifolds, e.g.
Blair [Bl1]. In particular, by specifying a special class of Riemannian metrics called
associated metrics on a real contact manifold, many properties of real contact mani-
folds can be exploited. Furthermore, much success has occurred through the study of
associated metrics which are critical for various Riemannian functionals [B12],[BI3],
[Bl4], [B15], and [BL].

In the first chapter of this dissertation, we establish the definition and existence

of an associated metric for a complex contact manifold. We continue by deriving
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2
structure equations for these metrics. In the second chapter, we describe the space of
all associated metrics and derive the critical conditions for two Riemannian functionals
on this space. Finally, in chapter three, we apply these results in order to study the
complex contact structure of twistor spaces over quaternionic-Kahler manifolds with

positive scalar curvature.



Chapter One

COMPLEX CONTACT MANIFOLDS AND ASSOCIATED METRICS

We establish the necessary notation in Section 1. In Section 2 and Section 3, we
define and prove the existence of an associated metric of a complex contact struc-
ture. In section 4, we establish basic facts about a complex contact metric structure.
Finally, we derive important structure equations for associated metrics in Section 5

and Section 6.
1.1 Notation and Basic Identities

In order to expedite many of the calculations involved ahead of us, we need to

set up some fairly basic notation.
Definition Let (V,J) be a vector space with almost complex structure J. For any
linear transformation A:V — V, we define linear transformations:
A VoV, A VSV
by

A = 2(A=JAJ), A% = (A4 JAD).

Then, we have the following facts:

1) AU =JA.
2) A4J = -JA%
3) A= A"+ A%

4) Suppose g is a hermitian metric on (V,J). Then, A is (skew-)symmetric with
respect to g, if and only if both A* and A? are (skew-)symmetric with respect to g.

3
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5) For any two linear transformations A, B: V — V, we have:

(AB)* = A*B* + A°B¢,

(AB)! = A*B? + A*B".
6) Let V< be the complexification of V with
V0= (X eVC:UX =iX}, V' ={XeVC:JX =-iX]}.

Let A: V = V be any linear transformation. Extend A to be a linear transformation

on V<. Then:

A:(Vo,l) C VO,I; Aa(vl,O) C VI,O

Ad(vo,l) C Vl,O; Ad(vl,O) C VO,I.

In our case, (V,J) = (TM, J) where J is an integrable complex structure on M. Al-
though we could easily define analogous notation for other almost complex structures
that will appear on M , we will not; * and ¢ will always be defined with respect to
the integrable structure J.

Let us now suppose that V has an inner product g. Let A: V® V = R be any

(0,2)-tensor on V. Then we define A' : V — V to be the linear transformation given by:
g(A'X,Y) = A(X,Y)V X,Y € V.
Also, if we fix a vector X, we define the (0,1)-tensor ((X)A by:
(X)4)(Y) = A(X,Y),

for every vector Y € V.
Let T : V = V be any linear transformation. Then we define two new linear
transformations

sym(T) :V >V, skew(T):V >V,



g(swm(T)X,¥) = 3(s(TX,Y) +5(TY, X));

g(skew(T)X,Y) = 3(o(TX,Y) ~ g(TY, X))

Then sym(T) is symmetric with respect to g, and skew(T) is skew-symmetric with
respect to g. Also, T = sym(T) + skew(T).

Finally, a note about the component notation of endomorphisms. For T: vV —» Vv
a linear transformation on V and {e;,...ex} an orthonormal basis of V, then we set

— ;k
Tej = T:, Ck.



1.2 Basic Definitions and Constructions

Recall that we call a complex manifold M with dim¢cM = 2n + 1 and complex
structure J a complez contact manifold, if there exists an atlas & = {O;} such that:

1. On each 0;, there exists a maximally-ranked holomorphic 1-form w;, that is,
wj A (dw;)" # 0 on Oj,

2. On O; N Ok # B,w; = fjkwk where fjx : O; N Ok = C is a holomorphic function.

For any complex contact manifold M, let J denote its complex structure.

Set #; = ker(w;). Then, on O; N Ok, H; = Hi. So, # = UN; is a well-defined holo-
morphic, non-integrable subbundle on M, called the contact subbundle or the horizontal
subbundle. Note: dimg#H = 4n.

Set L = TM/#. Then L is a complex line bundle and
0H>TMS3L -0

is a short, exact sequence. Let 5: L — M be the natural projection. We may consider
each w; = ¢j ow, where each ¢; : 5~1(0;) - 0; x C is a local trivialization of L and
GoGt = fix.

Let {n; : 5~1(0j) = O; x C} be a trivialization of L such that n; o n;' = hjx where
hjx : O; x Ox = S'. Set m; = nj ow. Then:

1. Since ker(n;) = ker(w;), =; is a complex-function multiple of w;.

2. m; A (dx;)? A m; A (dm;)?" # 0 on O;.

3. On O; NOk,m; = hjxms.

Set m; = u; — iv;, where uj,v; are real 1-forms on O;. Then v; = uj o J. We call
x = {m;} a normalized contact structure with respect to w = {w;}.

It is easily seen that M has a global complex contact structure if and only if
L is a trivial complex line bundle over M. Since Kobayashi [Ko] has shown that
a(M) = (n + 1)ei(L), we see that, if M is compact, then M has a global complex

contact structure if and only if ¢;(M) =0, i.e. L is trivial, cf. Boothby [Bo].
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From now on, if 0; is understood, we will suppress the subscripts of each local
tensor.
Now, we wish to show the existence of a unique complex line subbundle vV of TM
which satisfies certain properties along with TM =V & H.
On O €u, set
N ={X €T,0 :du(X,Y)=0VYY € Hp}
Ny ={X €T,0:dv(X,Y)=0VY €Hp} VpeO.
Then both N and N on O have real-dimension 2. Also, since du and dv have maximal
rank on #, we know that NnH = NN#H = (0),i.e. u(X) # 0 and v(X) # 0 VX € (N — (0)) U
(N - (0)).
Let U,V be the unique vector fields on © such that:
UeNVeN
wU)=1,v{U)=0
u(V)=0,9(V)=1.
Set V= -JU. So, JV =U.

Lemma 1.2.1 For X € TO,Y € #,dv(X,Y) = du(JX,Y).

Proof: Suppose Y € # is an infinitesimal automorphism of J, i.e. [Y,JX] = J[Y,X] VX €
TM.
Thus, for X e #, X =U,orX =V,
dv(X,Y) = %(Xv(Y) ~ Yu(X) - o([X, Y])
= —30((X,Y))

= Lurx,v)

[\

v(J[JX,Y))

N = N =

(wo )(J[VX,Y])

1
= -5u(lVX,Y])

= du(JX,Y)



8

Since # is a holomorphic subbundle of TM, we can choose a local basis E’, of # such
that each element of E' is a infinitesimal automorphism of J. Set E = E'U{U, V}. Then
we know from the above calculation that dv(X,Y) = du(JX,Y) for all X € E, Y € E'.
Since E is a local basis of TM and E’ is a local basis of #, this proves the lemma.

Thus, for Y € #, dv(V,Y) = du(JV,Y) = du(U,Y) = 0. Also, u(V) = u(~JU) = —v(U) =
0 and (V) = —(uo J)(JU) = u(U) = 1. Thus, V = V, and we have the following proposi-
tion.

Proposition 1.2.2 On each O € U, there exist unique vector fields U,V = —JU such

that:

u(U) =1, v(U) =0, («(U)du)|lx =0
u(V) =0, v(V) =1, ((V)dv)|x =0.
Set Vo = span{U, V} YO € U. We shall now show that on O; N Ok # 8,Vo, = Vo,
Now, =; = uj — iv; = hjxmk, and m = ux — ivi. Set hjx = a + ib, where a and b are real
functions on O; N Ok such that a2 + 42 = 1. Then,
u; = atg + bu,
v; = ~bui + avk.
Let X € #|o,n0,- Then,
du;(aUk + bV, X) = d(aux + buvi)(aUx + bVi, X)
= ad(aug + bvg ) (Uk, X) + bd(aux + bue) (Vi, X)
= a2dug (Uk, X) + abdvi (Ux, X) + abdu(Vk, X) + b2duk (V, X)
+ a(da A ugk) (Ui, X) + a(db A v ) (Us, X)
+ b(da A uk)(Vi, X) + b(db A ve)(V, X)
= ab(dv (U, X) + dus(Vi, X)) — %ada(X) - %bdb(X)
= ab(du (JU, X) — dug(JUx, X)) — %X(az +87)

=0.
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u;(aUk + bVi) = (aur + bui)(aUx + Vi)
=a%+b?
=1

v;j(aUk + bVi) = (—bux + ave)(aUx + bVk)
= —ab+ab

=0.
Therefore, U; = aUx + bVi. Consequently, V; = —bUx + aVi. So,

Uj —iV; = (aUk + bVi) — i(=bUk + aVi)
= (a + b)(Ux — iVi)
= hjx(Uk = iVi),
ie. Uj +iVj = hj (U +iVi).

Thus, V, given locally by span{U,V}, is a well-defined, J-invariant subbundle of
TM, which can also be seen as a complex line bundle over M with transition functions
given by {A}'}.

We have shown:

Theorem 1.2.3 There is a unique two-dimensional, J-invariant, subbundle vV of T™M

such that:
1. TM=HOV

2. V=L as complex line bundles.
3. There is a local basis of V, {U,V = -JU} with:
a. u(U)=1,0U) = 0,u(V)=0,v(V) =1,
b. du(U,X) = dv(V,X) =0 VX € A.
We call V the vertical subbundle of the contact structure. Let p: TM - H, ¢: TM -V
be the projections with respect to the splitting TM = # @ V. Note that, on O e U4,q =

u®U +v® V. In other words, » = ¢ og, where ¢ : Vo = O x C, is a particular local

trivialization of V. Also, note that, since both # and V are preserved by J, poJ = Jop



10
and goJ = J oq. Since we will need such notation in the future, we will define J’ = pJ,
i.e. J restricted to # and J” = ¢J, i.e. J restricted to V.

From this point hence, we will assume that V is, in fact, a foliation, i.e. it is
an integrable sub-bundle of TM. Although it is still unproven whether the vertical
subbundle of any complex contact manifold is integrable, every known example of
a complex contact manifold has an integrable vertical subbundle. Furthermore, the
twistor spaces over quaternionic-Kaehler manifolds with positive Ricci curvature have
this sort of vertical subbundle. Thus, for our work, we will lose no generality by

making this assumption.

Now, each O € i, define a local, C-valued 2-form Q by:
Q =dn(pX,pY) VX,Y € TO.

Let G = Re © and A = -Im Q. So, by Lemma 1.2.1, we know: H(X,Y) = G(JX,Y)
V X,Y € TO.

Suppose O; N Oy # @ with x; = hjxme. Then, dn; = dhjx A + hjxdmjx. So, Q; = hjxQx,
since mx o p = 0. Thus, G; = aGx + bHi, H; = —bGk + aHy. Since du;(X,Y) = Q;(X,Y) and
duj(U;, X) =0 for all X,Y € #, we know that G; = du; + a; Av; for some real 1-form a;.
Similarly, we have that A; = dv; + 8; A u; for some real 1-form 3;.

Suppose X is perpendicular to V;. Then

0 =Gj(X,V;)
= duj(X, Vj) + aj A vi(X, V)
= duj(X,V;) + 705(X).
Thus, a;(X) = —2du;j(X,V;). Similarly, 8(Y;) = —2dv;(X,U;) VY L U;.

Now, suppose X € #. Then, by Lemma 1.2.1, 18;(X) = —dv;(X,U;) = —du;(X,JU;) =

du;(X,V;) = —3a;(X),

ie. (B)lu=—(o;)ln-
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Set

o;(X) = B;(X) VX €%,
oj(U;) = a;(Uj),
a;(V;) = B;(V;),
and linearize o;. Then we have:
G; = duj — 0; A v;
Hj =dv; +0j Auj ;
Or Q; =dm; —i 0j Am;.

Now, on O; N Ok, Q; = h;xQ. So, we have:

drj — i A tj = hjg(dme — iox A i)
d(hjkmk) — icj A = hjrdmy — 16 A (hjrme)
dhjx A Tk + hjrdmy — ioj A m; = hjrdmy — o A 7;
hj',:dh,-k Amj—io; Amj+ioe Am; =0
(hj'kldh,-k —i0j+iox) Am; =0
So, on #, we have:
h;’k‘ dhj‘k1 —ioj +iox = 0.
Since hjx has values in S, we know that, for any Y € T(0; N Ok), b3, dhjx(Y) € iR.
Also, recall that =;(U;) = 1 and ;(V;) = —i. So, we know:
0 = 2(hj,!dhjk — io; + iok) A m;(Uj, V5)
= (k5 dhju(V;) — io;(V5) + iow(V5)) + i(hj, dhju(U;) — io5(U;) + iow(Uj))
Taking the real and imaginary parts of the above equation, we see:
h3e dhjn(U;) ™! = i03(U;) + dow(Uj) = 0,

h3e dhjn(V;) = io;(V;) + iow(V;) = 0.
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Since {U;,V;} spans V on O0; N Ok, we have:
h;kldhjk —i0j +iox = 0,
that is, the {o;} is the set of local 1-forms for a connection on V. We call this connection
the Ishihara-Konishi connection.

Now, we define a complex almost contact structure. This is an analogous defini-

tion in the complex category of an almost contact structure in the real category.

Definition A compler almost contact structure on a complex manifold (M, J) with complex
dimension 2n + 1 is a maximal atlas % = {0} and a Hermitian metric g such that, on
each O, there are local tensors: G : TO — TO,u : TO — R and a local vector field U,

which satisfy these properties:
1) G? = —id on span(U, JU)

GoJ=-JoG
GU =0, u(U)=0, uoG=0
2) u(X) = g(U, X)
9(X,GY) = -9(GX,Y)
3) On ONO', there exists h:ONO' = S* with:
u—iuoJ="h(u-iuvolJ),

G-iGJ=h(G —iGJ)
For a fixed open set © c M, we call {G,H,U,V,u,v,9,0} a local complez almost contact

structure.

Finally, we define the associated metric of a normalized complex contact structure.

Definition For a normalized complex contact structure {r = u—i uo J}, on M and
local vertical vector fields {U,V = —JU} , we call a metric g associated to the contact
structure, if there exist local endomorphisms {G} of TM such that:

1) {G,H =GJ,U,V,u,v,g} is a complex almost contact structure on M.

2) 9(X,GY) - ig(X,GJY) = dn(X,Y) V X,Y € H.
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1.3 Construction of an Associated Metric

The following work is due to Ishihara and Konishi in [IsS3]. We will show that
every complex contact structure admits an associated metric. First, though, we will

need the following theorem, cf. Chevalley [Ch], Hatakayama [Ha].

Theorem 1.3.1 Let Gi(n,R) be the general linear group of R", O(n) be the orthogonal
group of R™, and H(n) be the groups of positive definite symmetric n x n matrices.

Then there is an analytic isomorphism
® : Gl(n;R) = O(n) x H(n),
whose inverse is given by matrix multiplication.

We will now construct an associated metric on an arbitrary complex contact
manifold M. Let = = u — iv be the local normalized contact form and U and V be the
local vertical vector fields associated to =, as explained before. Let p: TM — #,q:
TM — V be the usual projections.

Let § be any Hermitian metric on M. We define a new Hermitian metric § locally
by

§(X,Y)=g(pX,pY) +u®@U +v® V.
Then, since u® U + v® V is a global (1,1)-tensor as is p, we know that § is, in fact, a

well-defined global Hermitian metric on M. Furthermore, we have locally:
§(U, X) = u(X);

§(V, X) = v(X).
Out of §, we will now construct an associated metric g. Let © be an open subset

of M with local normalized contact form = = u — iv. Let U,V be the vertical vector
fields on O as in Theorem 1.2.3. Let E = {E;,JE,,..., Es,, JE2,} be an orthonormal
basis of # with respect to §. So, E U {U,V} is an orthonormal basis of T0O.

With respect to E, we can represent G by a (4n + 2) x (4n + 2) matrix:

= (¢0
°‘(oo)'
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where ¢ € Gl(4n; R). By the above theorem, we know that there are unique matrices
a € O(4n), B € H(4n) such that ¢ = of.

Set
Bl 0 al 0

10}’ 00
001 000

Then 3 defines a local metric, and & defines a local endomorphism # — #. Now, & is

™
]

a skew-symmetric matrix. So, we have:

‘=~
‘af)=-ap
‘Bla=-af
Bla=-alp
B=-af a

B=-a* ‘afa,

since a € O(4n) and B € H(4n). So,

B =(-a’) -(‘aBa).
—— N——

€0(4n) €H(4n)

By uniqueness of the O(4n) x H(4n) decomposition of Gi(4n; R), we have:

B =t afa

I=-a?,
i.e.

a f=pfa

ta = —a

So, & represents a local endomorphism G : TO — O such that Glspan(u,vy = 0 and

G? = —p. And f represents a local metric, g, such that ¢(X,GY) = —g(GX,Y)V X,Y € TO
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since, for X,Y € TO, )
9(X,GY) =* [X] B [GY]

= [X] Ba [Y]
= [X] & [Y]
=G(X,Y)

-G(Y, X)

~[Y] @ [X]

—g(Y7 GX)

= —g(GX! Y)v
where [X],[Y] are the column representations of X,Y € TO with respect to E. Recall:

G(X,Y)=-H(JX,Y); H=G(JX,Y). With respect to E, J has the matrix form:

I=
0 -1
1 0 0 0
where I’ = 0 0
0 -1
0 0 1 0

()

such that v =*I'¢ = -TI'¢. Thus, ¢ = —I'¢ = —T'af = 63, where we define § = -Ta.
Now, !(-Ta)(-Ta) = 'o'T Ta = faa = idy,. This means that § = —I'a € O(4n), and so
¥ = 64 is the unique O(4n) x H(4n) decomposition of ¢ € Gl(4n; R). Also, ¥ is the matrix

representation of the endomorphism H given by:

9(X,HY) = H(X,Y),

with respect to the basis E. Note: g(X,HY) = H(X,Y) = G(X,JY) = g(X,GJY) VX,Y €

TO. Thus, H = GJ. Furthermore, since A is a 2-form, we know that v is a skew-
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symmetric matrix. So,

Y=y
‘(T¢) = —'T¢
‘4T = —'T'$
—4T = -'T¢
o =' T'¢.

Thus,

G(X,JY)=G(JX,Y)
9(X,GJY) = g(JX,GY)
9(X,GJY) = —g(GJX,Y)

9(X,HY) =—g(HX,Y)

When restricted to #, g is a Hermitian metric with respect to G and H. Thus,
for X,Y € #,9(X,Y) = g(HX,HY) = g(GJX,GJY) = g(JX,JY). So, when restricted to
H,g is a Hermitian metric with respect to J. Furthermore, from the definition of g as
the metric corresponding to the matrix 3, we know that when restricted to v g is a
Hermitian metric with respect to J and that the splitting # @ V is orthogonal with
respect to g. Thus, g is a Hermitian metric on © with respect to J.

Now, all we need to do is to show:

1)g as defined locally above, actually defines a global metric.

2)The local endomorphisms {G} have the correct transition functions.

Let v denote the transformation of adapted frames E = {E,, JE;, ..., E2n, JE2q,U, V}
and E = {E,,JE),...,Ean, JE2,,U,V} on the open set O©nO. Let h denote the transition
function of » and #, i.e. = = hi. Let a and b be the real functions given by h = a + ib.

Since both E and E are orthonormal bases with respect to §, we have y=1 =t 4.
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Now, we know that G — il = h((G) — i(#)). In paricular, we have:

$ = 7(a(8) +b(9));
¢ = v(ad + b9)'y
af = y(a&f + bdB)
af = y(a& + b)3'y
ap = (1(aa + bd)'y) (v5'7)

€0(4n)  €H(4n)

Thus,

a = y(aa + bd)'y

B =~B".

The first equation tells us that, on ©NO,G = aG+bH. So, H = GJ = -bG +aH. The
second equation tells us that 8 defines a global metric on #. So, [g]g = B+ [u@u+v@v]g
defines a global metricon TM = H&V. Therefore, {G, H,U, V,u, v, g} is a complex almost
contact metric structure on M. And, thus, we have shown that every complex contact
structure has at least one complex contact metric structure. We shall see in the future

that there are infinitely many of these metric structures.
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1.4 Basic Facts and Structure Equations of a Complex Contact Metric Structure

For this section, we will assume {G;, H;,U;, V;, uj,vj,g} is a complex contact metric
structure on M for atlas {O;} such that g is an associated metric. We will omit the
indices when it is possible to do so without confusion. One of the first things we
learn about such a structure is that the particular unit ”trivializations” of V are not

important.

Proposition 1.4.1 Let U be a unit section of V. Let V = —JU. Define @ be the 1-form
on the domain of ¥ given by:

#(X) = 9(U, X).

Let # = #oJ. Set # = & — ii. Define the local endomorphism G by
9(X,GY) = du(pX, pY).

Then:
1) {m;} U {7} is a normalized contact structure on M.
2) {U;,uj,G;}u{0,@,G} is a complex almost contact structure on M.
3) {#,U,G,g} is a local complex contact metric structure, which is compatible with

the original complex contact metric structure.

This proposition follows easily from the fact that ' = alU+bJU, for any unit vertical
vector field on the overlap of the domains of ' and U and, thus, @& = au+b(uo J). This
proposition means that we need only to choose a local unit vertical vector field U;

and, on its domain, we have a complex almost contact structure {G, H,U,V,u,v, g}.
Proposition 1.4.2 V is totally geodesic.
Proof: Let {U,V = —JU} be a local orthonormal basis of V. Let X € H. Since V is

integrable, [U, V] € V. So,

0=g([U,V],X) =9g(VvV - VvU, X).
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Also,
0 = dv(U, X) + du(V, X)

= --;-v([U, X]) - %u([v! X))

= 3(= 9V, VuX) +9(V, VxU) - g(U, Vv X) + 9(U, VxV))

= %(Q(VUV, X) +9(VvU, X))

= 29(VuV + Vv U, X)
Therefore, g(VyV, X) = 0. So, pVyV = 0. Similarly, pVyU = 0.

Also, for X e %,
0 = 2du(U, X)

= —u([U7 X])
= —g(U,VuX)+9(U,VxU)
= —g(U, VUX)

=g(VuU, X)
Thus, pVyU = 0. Similarly, pVvV = 0. Therefore, V is a totally geodesic foliation of

TM with respect to g.
Corollary 1.4.3 On 0, o(X) = g(VxU,V).

Proof: We know G =du—o Av. So, for X e or X = U,
du(X,V)=0ocAv(X,V)
1

Also,
du(X,V) = —-—;-u([X, V)

= 5(=9(U, VxV) + 9(U, Vv X))

1
= Eg(VxU, V)
Thus, ¢(X) = g(VxU,V) for X € # or X = U. Similarly, using & = dv + o A u, we get

that ¢(X) = g(VxU,V) for X € # or X = V. Therefore, ¢(X) = g(VxU,V).

It is important to note that ¢ depends solely on the choice of U. By choosing

unit vertical vector field U, we get a local almost contact structure {G,u} along with
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o. At times, we will need to emphasize this dependence. For this purpose, we will set

oy = 0. So, for any unit vertical vector field U,
ou(X) = —-9(VxU,JU).

Note: For a unit vertical vector field U,
oyu(X) =-9(VxJU,JJU)
= g(VxJU,U)
= —g(JU,VxU)
= oy(X).
So, the dependence on U is not as rigid as one would initially suppose. We will be
using this particular fact quite a few times.
We now would like to describe the basic structure equations of a complex contact

metric manifold. We will now assume that g is an associated metric of the complex

contact structure of M.

Let U be a unit vertical vector field with © = domain of U. Let {G, H,U,V, u,v,g,0}

be the almost contact structure corresponding to U as given by Proposition 1.4.1.

We define two local endomorphisms hy, ky : TO = TO by:

1
g(huX,Y) = 5(9(VpxU, pY) +9(Vpy U, pX);

1
gkuX,Y) = §(y(VpxU, pY) = 9(Voy U, pX),

for any X,Y € TO.

Then we have:

VxU = o(X)V +hyX + ku X, VX € TO.
M
(34 €

So, hy and ky represent the symmetric and skew-symmetric parts of the linear trans-

formation X — pVxU.
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Now, suppose X,Y are horizontal vector fields. Then:

o(kuX.Y) = 29(VxU,Y) = 25(VrU, X)
= -%g(U, VxY - Vy X)
= —Ju([X,Y])
= du(X,Y)
=9(X,GY)

= —-g(GX,Y).
Thus, ky = -G, i.e.

pVxU =-GX + hyX.
Similarly, we find that k;y = H, so that
pVxV =-HX + hy X.

Note: kyjy = H = —=JG = Jky. This is very much reminiscent of the real contact case
where we have the relation: Vxé = —¢X — ¢hX.

Also, note that we can define hy and ky for any vertical vector field, U, regardless
of whether it is unit or not. Thus, we have, in fact, two vector bundle maps Vv —
Hom(TM,TM) given by:

U hy

Uwrmky.

Now, in fact, like the real case, hy has a very geometric interpretation:
Proposition 1.4.4 For any unit vertical vector field U, hy = 0 if and only if (Lyg)|x = 0.

Proof: Let X,Y e H.
(CUg)(X7 Y) = Ug(X’Y) - g([Uv X]:Y) - g(X, [Uv Y])

=g(VuX,Y)+9(X,VuY) - 9(VuX,Y) +9(VxU,Y) — g(X,VuY) + g(X,VyU)

=29(hu X,Y)
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Locally, since V is a foliation, we can take open sets © of M and fibre out their
vertical parts:

o

lp
0,

with V|o = ker(p.). Then, from Ishihara [Is], we know that there exists a metric § on
O such that g = p*(§) +u®u+v®v, i.e. g is "projectable,” if and only if (Lyg)lx =0
for all unit vertical vector fields U. Thus, we see that hy is the obstruction of the
”projectability” of the associated metric g.

We now would like to give some rather basic lemmas dealing with hy, hyy. The

first also deals with ky and kju.

Lemma 1.4.5 The vector bundle map V - Hom(TM,TM) given by: U — (hy + ky) is a
vector bundle homomorphism, i.e. it is linear in the variable U. And, thus, the maps

U~ hy,U — ky are both linear in the variable U.

Proof: Let U, W be any vertical vector fields with the same domain. Let X be a vector

field defined on the same domain as U and W. Then:

(hyu+gw + kgusgw)X = pVx(fU + gW)
=p(Xf)U + fpVxU + p(Xg)W + gpVxW
= fpVxU + gpVxW
= fhuX + fku X + ghw X + gkw X
= f(hu + kv) X + g(hw + kw) X.
Lemma 1.4.6 p(VxJ)U = hjuX — JhyX.

Proof:
p(VxJ)U = pVx(JU) - pJVXxU

= hJUX +kjuX —JhyX — Jhkp X

=hjuyX - JhyX.
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For any vertical vector field U, set AyX = p(VxJ)U. Now, since J is an integrable
complex structure and g is Hermitian, we know V;xJ = JVxJ for any vector X. So,

Ay oJ =JoAy YU € V. Or A¢ = 0. This gives us two relationships:

p(VxJ)U = hiy X — Jhi X;

th = Jhg.

It is important to note that A%, is symmetric with respect to g and that —Ja, is
skew-symmetric with respéct to g. Thus, Ay = 0 if and only if both 2%, =0 and A} = 0.
In particular, if g is Kahler, then A =0 for all U e v.

We will finish this section with a couple of very elementary results concerning the
Nijenhuis torsion of G. Recall for any (1,1)-tensor, ®, on a manifold, we define the

Nijenhuis torsion to be a (1,2)—tensor, [®, ®], given by:

[®,8](X,Y) = ®2[X,Y] + [0X, ®Y] - B[®X,Y] - &[X, BY].

Lemma 1.4.7 For X,Y € #,W €V, we have:

2) [G,GIW, X) = -G(LwG)X.

Proof:

1)
plG, G)(X, GY) = G*[X, GY] + p[GX, GGY] - G[GX, GY] - G[X, GGY)]

= G(G[X, GY] + G[GX,Y] - [GX,GY] +[X,Y))

= G(-G’[X,Y] - [GX,GY] + G[X,GY] + G[GX, Y))
= -G[G,G](X,Y)

= G[G,G](Y, X)

= —p[G, G|(Y,GX)

=p[G,G)(GX,Y)
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[G,G)(W, X) = G2[X, W] + [GX, GW] - G[GX, W] - G[X, GW]
= -G2[W, X] + G[W, GX]
= G(-GLwX + Lw(GX))

= G(LwG)X.
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1.5 A description of VG

Before we can continue, we will need a description of VG with respect to the
various structure tensors of the complex contact metric structure. We will actually
end up with two descriptions, the second being a refinement of the first.

In order to do this, we need the following two equations that we get from ba-
sic Riemannian geometry. The first is the invariant description of the Levi-Civita
connection of a Riemannian metric, g :

29(VxY,Z2)=Xg(Y,Z)+Yg9(X,2Z) - Z9(X,Y)
+9([X,Y], 2) + 9([Z, X]Y) - 9([Y, Z], X).
The second is the invariant description of the exterior derivative of a given 2-form & :
3d®(X,Y,2) = X8(Y,2) + Y®(Z, X) + Z&(X,Y)
- ®([X,Y], 2) - ®([Z, X].Y) - ®([Y, Z], X).
Proposition 1.5.1
20((VxG)Y, Z) = g([G, G)(Y, Z), GX) - 3v Ado(X, GY,GZ) + 3v Ado(X,Y, Z)
—-20(X)H(Y,Z) + 4v(X)g(Y,J' 2)
—o(Y)H(Z, X) + 0(GY)9(Z, J' X) - 2u(Y)g(X, pZ) - 20(Y)g(Z, J'X)
+0(2)A(Y,X) - 0(GZ)g(Y, J' X) + 2u(2)g(X, pY) + 20(Z)g(Y, J' X),
where J' = pJ.

Proof:
29((VxG)Y, 2) = 29(Vx(GY), 2Z) +29(VxY,G2)

= X9(GY, 2) + (GY)9(X, Z) — Z9(X,GY)
+9([X,GY), Z) + ¢([2, X], GY) - ¢([GY, Z], X)
+ Xg(Y,GZ) +Yg(X,GZ) - (GZ)9(X,Y)

+9([X,Y],G2) +¢([GZ, X],Y) - ¢([Y, GZ), X)
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= -XG(Y, 2) + (GY)(G(GZ, X) + u(Z)u(X) + v(Z)v(X)) - ZG(X,Y)
- G(1X,GY),G2) + u(lX, GY))u(2) + v([X,GY))v(2)
+G((2, X),Y) - 9(G[GY, Z), GX) + u(X)u([Z, GY]) + v(X)v((Z,GY))
+ XG(GY,G2) - YG(Z,X) - (GZ)(G(GY, X) + u(Y)u(X) + v(Y)v(X))
+G([X,Y],2) - G([GZ,X],GY) + u([GZ, X])u(Y) + v([GZ, X])v(Y)
- 9(G[Y,G2],GX) + u(X)u([GZ,Y]) + v(X)v([GZ,Y))
+G([Y, 2}, X) - ¢([Y, Z), GX)

- G([GY,G2), X) + 9(IGY,GZ], GX)

= XG(GY,GZ) + (GY)G(GZ, X) + (GZ)G(X,GY)

- G([X,GY],G2) - G([Gz, X),GY) - G([GY,G2), X)
-XG(Y,2)-YG(2,X) - ZG(X,Y)

+G([X,Y),2)+ G((2,X],Y) + G(IY, 2], X)

-9([Y, 2], GX) + ¢([GY, G2, GX) - ¢(G[Y, GZ], GX) - ¢(G[GY, Z],GX)
+ (GY)(u(2)u(X) + v(Z2)v(X)) + u([X, GY])u(Z) + v([X,GY])v(2)

+ u(X)u([X, GY]) + v(X)v([Z, GY]) - (GZ)(u(Y)u(X) + v(Y)v(X))

+u([GZ, X])u(Y) + v([GZ, X])v(Y) + u(X)u([GZ,Y]) + v(X)v([GZ,Y])

= 3dG(X,GY,GZ) - 3dG(X,Y, Z) + ¢([G, G(Y, Z),GX)
+ (GY)(u(2)u(X) + v(2)v(X)) + u([X, GY])u(Z) + v([X,GY])v(Z)
+ u(X)u([X, GY]) + v(X)v([Z, GY]) — (GZ)(u(Y)u(X) + v(Y)v(X))

+u([GZ, X))u(Y) + v([GZ, X])v(Y) + u(X)u([GZ,Y]) + v(X)v([GZ,Y])



27

= 3dG(X,GY,GZ) - 3dG(X,Y, Z) + ¢([G, G)(Y, Z), GX)

+ (Ler (u(2))) u(X) + u(X) (L (u(X))) + (Lay (v(2))) v(X) + v(X)(Lar (v(X)))
+u(Lx(GY))u(Z) + v(Lx (GY))(2)

+u(X)u(£2(GY)) + v(X)v(Lz(GY))

+ Lay (u(2))u(X) + u(X)Lay (u(X)) + LY (v(2))v(X) + v(X)Ley (v(X))
+u(LazX)u(Y) + v(Lez X)v(Y)

+ u(X)u(LgzY) + v(X)v(LczY)

= 3dG(X,GY,GZ) - 3dG(X, Y, Z) + ¢([G, G)(Y, Z), GX)
+ u(X)(Loy (u(2)) — w(Lay Z) - Loz(u(2)) + u(LazY))
+ v(X)(Lay (v(2)) - v(Ley Z) — Lz (v(2)) + v(LazY))
+u(2)(Loy (u(X)) - u(Lay X)) + v(Z)(Loy (v(X)) - v(Lay X))
- u(Y)(Lez(u(X)) - u(Lcz X)) — v(Y)(Laz(v(X)) — v(Lcz X))
Thus,
20((VxG)Y, 2) = 3dG(X,GY,GZ) - 3dG(X,Y, Z) + ¢([G, G)(Y, Z), GX)
+u(X)((Leyu)(Z) — (Lazu)(Y)) + 2u(Z)du(GY, X) — 2u(Y)du(GZ, X)
+v(X)((Layv)(Z) — (Lazv)(Y)) + 20(2)du(GY, X) — 20(Y)dv(GZ, X)

We will now refine this result by analyzing the various terms in the above equation.

dG = d(du — o A v)
=—doAv+oAdy

=-doAv+oAH.
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Therefore,
3dG(X,GY,GZ) = —3do Av(X,GY,GZ) + 3¢ A H(X,GY,GZ)
= —v(X)do(GY,G2) + o(X)H(GY,GZ)
+0(GY)H(GZ,X) + 0(GZ)H(X,GY)
= —v(X)do(GY,GZ) + ¢(X)9(GY, HGZ)
+0(GY)g(GZ, HX) + 0(GZ)g(X, HGY)
= —v(X)do(GY,GZ) - o(X)g(Y, HZ)
+0(GY)g(Z,J'X) + o(GZ)(X,J'Y)
= —-vAdo(X,GY,G2)
- o(X)g(Y, HZ) + 0(GY)9(J'X, Z) — 0(GZ)(J'X,Y),
Also,
-3dG(X,Y,2) =3do Av(X,Y,2) - 30 AH(X,Y, 2)
= 3do A (X, Y, 2)
-o(X)H(Y,2) -o(Y)H(Z,X)-0(2)H(X,Y)
= 3do A (X, Y, 2)
—o(X)g(Y,HZ) -o(Y)9(Z,HX) - o(2)9(X, HY).
2) Set Mi(X,Y) = (Loyu)(2) — (Lazu)(Y) and Ma(Y,Z) = (Layv)(Z) - (Lazv)(Y). So,
M, and M, are 2-forms on O. Let Y, Z € #. Then,
M (Y, 2) = (Layu)(Z2) — (Lazu)(Y)
= —u(LyZ) + u(LszY)
= 2du(GY, Z) - 2du(GZ,Y)

=29(GY,GZ) - 29(GZ,GY)
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M (U,2) = —(Lezu)(V)
= u[GZ, U]
= ~2du(GZ,U)
=0;

MV, 2) = ~(Lezu)(V)
= —2du(GZ,V)
= —20 Av(GZ,V)
=-0(G2).

Also, M;(Y, Z) = 2dv(GY, Z) — 2dv(GZ,Y)

= 49(Y,J'2);

My(U, V) =0;

My(V, Z) = 0;

M3 (U, Z) = —(Lezv)(V)
=v([GZ,U))
= —2dv(GZ,U)
=2(c Au)(GZ,U)
=0(G2).

Thus,
M, (Y, Z) = 2(c 0 G) Au(Y, 2),
My(Y,Z) = 4g(Y,J'Z) - 2(c 0 G) A u(Y, Z).
3) du(GY, X) = (G + o Av)(GY, X)
= G(GY, X) + o Av(GY, X)

=g(Y,pX) + %a/\v(GY,X)
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dv(GY, X) = (H - ¢ Au)(GY, X)

= H(GY, X) - o A u(GY, X)

= g(GY, HX) - %a(GY)u(X).
We now have:

29((VxG)Y, 2) = ¢([G,G](Y, 2),GX)
— 3do A v(X,GY,GZ) + 3do Av(X, Y, Z)
- o(X)g(Y, HZ) + o(GY)g(J' X, Z) - ¢(GZ)g(J'X,Y)
— o(X)g(Y,HZ) - o(Y)g(HX, Z) + 0(Z)g(HX,Y)
+2u(X)((o 0 G) Av)(Y, 2Z)
+2u(2)g(pX, Y) + u(2)¥(X)o(GY)
— 2u(Y)g(pX, Z) — u(Y)v(X)o(G2Z)
+v(X)(49(Y, J'Z) — 2((c 0 G) Au)(Y, 2))
+20(2)g(Y, J'X) — v(Z)u(X)o(GY)

- 20(Y)g(2, J'X) + v(Y)u(X)o(G2)

=9([G,G](Y, 2),GX)
— 3do Av(X,GY,GZ) +3do Av(X,Y, Z)
- o(X)g(Y, HZ) + 0(GY)g(J' X, Z) — 0(GZ)g(J' X, Y)
- o(X)g(Y,HZ) — o(Y)g(HX, Z) + 0(Z)g(H X,Y)
+2u(Z)9(pX,Y) — 2u(Y)g(pX, Z)
+4v(X)g(Y, J' 2)

+20(2)g(Y, J'X) — 20(Y)g(Z, J'X)
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= ¢([G, GI(Y, Z),GX) — 3do A v(X,GY,GZ) + 3do Av(X,Y, 2)
- 20(X)g(Y, HZ) + 0(GY)g(J' X, Z) - 0(GZ)g(J'X,Y)
-o(Y)g(HX,Z) + 0(Z)g(HX,Y)

- 2u(Y)g(pX, Z) + 2u(Z)g(pX.Y)
+ 4v(X)g(Y, J' Z)

- 20(Y)g(Z, J'X) + 2v(2Z)g(Y, J' X)
Therefore,

29((VxG)Y, 2) = 9([G, GI(Y, Z), GX) — 3do Av(X,GY,GZ) + 3do A v(X, Y, 2)
—20(X)H(Y,Z2) +o(GY)g(2,J'X) — 0(GZ)g(Y,J' X)
—o(Y)H(Z,X) +0(2)H (Y, X)
- 2u(Y)g(pX, Z) + 2u(2)9(pX,Y)
+4v(X)g(Y,J' Z)

- 2u(Y)g9(Z,J' X) + 2v(Z2)g(Y, J' X)

= 9([G, GI(Y, Z), GX) — 3do A v(X,GY,GZ) + 3do Av(X,Y, Z)
—20(X)H(Y, Z) + 4v(X)g(Y, J' Z)
—o(Y)H(Z,X) +o(GY)g(Z, J'X) - 2u(Y)g(pX, Z) — 20(Y)g(Z, J'X)
+0(2)H(Y,X) — 0(G2)g(Y, ' X) + 2u(2)g(pX,Y) + 2v(2Z)g(Y, J' X)
This proposition gives a few very important structure equations dealing with

complex contact metric structure.

Corollary 1.5.2 Let U be a unit vertical vector with corresponding complex almost
contact structure {G,H,U,V,u,v,0,g}. Then:

a. VyG=o(U)H, and VyH = —(V)G.

b. G(VuJ) = —(VuJ)G.

C. GhU = —huc.
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d. p(CuG)p= 2Ghy + a(U)H

symmetric skew-symmetric
e. tr(hy)=0.

f. deW,X)=0forall X eH,WeV.
Proof:

a. Clearly, ¢(VyG)g =0, since ¢G = Gg=0. Also, for X € # and W € V, we have:
9((VuG)X, W) = g(Vu(GX), W) -9(GVu X, W)

= g(Vu(GX), W) + 9(VuX,GW)
=9(Vu(GX), W)
= —g(GX,VuW)

=0,
since V is totally geodesic, and so VyW € V. Therefore, ¢(VyG)p = 0; and, since VyG

is skew-symmetric with respect to g, p(VyG)g = 0.

Let Y,Z € #. Substituting X = U into the above equation, we get:
29((VuG)Y, Z) = =3vAdo(U,GY,GZ)+ 3vAdo(U,Y, 2)

-20(V)H(Y, Z)
= —20(V)g(Y,HZ)

= 20(V)g(HY, 2).
And, so, VyG = o(U)H.

Thus, for each unit vertical vector field U, we have: —Vyky = oy (U) ksU. Substi-

tuting JU for U in this equation, we get:
—Vivky = —oju(JU) ky, or Vvkyjy = oy(V) ky.

Thus, Vv H = —-0(V)G.
b. G(VuJ) =Vy(GJ) - (VuG)J

= —Vy(JG) - o(U)HJ
= —Vy(JG) + o(U)JH
= -Vu(JG) + J(VuG)

= —(VuJ)G.
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c. & d. Let X,Z e#H. Note: G(VxG)U = -G?*VxU = pVxU = -GX + hy X.

Also,
29(G(VxG)U, Z) = —2¢((VxG)U, GZ)

= -¢([G,G)(U,GZ),GX)+ o(U)H(GZ,X) + 29(X,GZ)
= 9(G(LuG)GZ,GX) + o(U)g(GZ, HX) + 29(X, GZ)
= 9(G(LyG)GZ,GX) + ¢(U)g(GZ, HX) — 29(GX, Z).
Combining these equations, we get:
2(hv X, Z) = 9(G(LyG)GZ,GX) + o(U)g(Z, JX)
9((LvG)GZ,X) = 29(X,huZ) + o(U)9(X,J2)
p(LyG)G = 2hy + o(U)J’
p(LyG)p = —2hy G — o(U)J'G
p(LuG)p = —2hyG + o(U)H
Now, all we need to show is that hy and G anti-commute. This will not only give us
the equation, but it will also show that 2Ghy is a symmetric operator with respect to
g. It is easily seen that p(Lyp)p = 0. So, we have 0 = —p(Ly(G?))p = —p(LuG)G - G(LyG)p

= —p(LyG)pG — Gp(LuG)p. Thus, we see that p(LyG)p and H both anti-commute with

G; and, so, —2hyG anti-commutes with G. Therefore, hy anti-commutes with G.

e. If e.is true for a unit vertical vector, then it is clearly true for any vertical vector.

Thus, we need only show that it is true when |U| = 1.
tr(hy) = tr(phyp) = —tr(G2hy) = tr(GhyG) = tr(G?hy) = —tr(hy),
since hy and G anti-commute.

f. Let X e #,W € V. Since p(VyG)p = (VvG),
0=29((VuG)Y,V)

=3vAdo(U,X,V)

= do(U, X).
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S0,0 = (1(U)doy)|n for any unit vertical vector field U. Fixing a unit vertical field
U and substituting JU for U, we get 0 = (:(JU)dosu)|lnu. Now, oy = oy. So, we have
0 = do(JU, X) for any horizontal vector X. Since the equation is true for both U and

JU, it is true for any W € v.
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1.6 Curvature Identities

We will now cover some curvature identities, which are true for any associated

metric of M. We define the Riemannian curvature of the metric g by:
RxyZ =VxVyZ - VyVxZ - Vixy)Z.

With respect to any basis e = {ey, ..., e4ns2}, We let R;_,-,.‘ denote the components of R

by:
Rt'jkl € = Regej €k.

For future reference, we define:

S(X,Y) = trace(Z — RzxY),
9(X,QY) = 5(X,Y),
Ric(X) = S(X, X),

79 = Tx(Q),

for any two vectors X,Y on M.
Proposition 1.6.1 Let X be a horizontal vector field, U a unit vertical vector field.
Then:

PRyxU =-X + hg,X +p(Vuhyu)X + o(U)hju X.

Proof: Let {G,H,U,V,u,v,9,0} be the local complex almost contact structure corre-

sponding to U. Then,
PRuxU = pVyVxU - pVxVuyU - pViy x)U
=pVu(a(X)V + kuX + huX) = pVx(e(U)V) — pVeyxU + pVe,vU
= pVu(ku X) + pVu(hu X) + o(U)pVx (JU) = kyVu X — hyVy X

+ ku(VxU) + hy(VxU)
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= p(Vukv)X + pkuVuX + p(Vuhv)X + phyVuX + o(U)hju X + o(U)ksu X
- kyVyX = hyVuX + ky(ku X + hu X) + hy(ku X + hy X)

= —(VuvG)X + p(Vuhy)X + o(U)HX + o(U)hju X — X + (hy)?X

= —o(U)HX + p(Vuhy)X + o(U)HX + o(U)hjuX - X + (k)X

= p(Vuhu)X + o(U)hjuX — X + (hv)?X.

Proposition 1.6.2 Let X be a horizontal vector field, U a unit vertical vector field.

Then:
pRuxJU = p(Vuksu)X + p(Vuhsu)X — ov(U)(ku X + hu X)

- JX +kjuhuX + hjuku X + hyuhy X.
Or

pPRuxJU = —(VuyJ)G + p(Vvhjv)X —o(U)hyX — JX + Hhy* X — hyjy’GX + hyuhy X,

where {G, H,U, V, u,v,g,0} is the local complex almost complex structure corresponding
to U.

Proof:
PRuxJU = pVyVx(JU) - pVxVu(JU) — pVeyx(JU) + pVv v (JU)

=pVu(ksuX + hjuX + o(X)U) — pVx(c(U)U)
—kwVuX = hjuVuX + kjuVxU + hjuVxU
= pVu(ksuX) + pVu(hsu X) — o(U) (kv X + hy X)
= kivVuX = hjuVuX + kju(ku X + hu X) + hyu(ku X + hy X)
= p(Vuksu)X + ksuVu X + p(Vuhv)X + hjuVu X
—o(U)(kvX + huX) = kjuVyX — hjuVu X
—JX + kjuhuX + hjukuX + hguhu X
= p(Vvksv)X + p(Vuhsv)X — o(U)(kuX + hu X)

~JX +kjuhuvX + hjukuX + hjuhu X
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Now,
Vu(ksv) = Vu(Jky)
= (VuJ)ku + J(Vuky)
= (VuJ)ky — J(VuG)
= (VuJ)ky — o(U)JH
= (VyJ)ky - o(U)G

= —(VuJ)G - o(U)G.

Also, k%G = Jhy®G = —=JGhy® = Hhy?. So,

pRuxJU = —(VyJ)G —¢(U)G + p(Vuhsu)X — o(U) (kv X + hy X)
- JX + kjuvhuX + hjuku X + hyjuhv X
= —(YuJ)G = o(U)G + p(Vuhsu)X + o(U)GX = o(U)hu X
—JX+ HhyX — hjuGX + hjuhy X
= —(VuJ)G+p(Vuhsu)X —o(U)hy X

—JX+Hhy’X - hyju*G + hyuhu X.

This last identity allows us to derive a fairly satisfactory description of do when

restricted to # in terms of other structure tensors.

Proposition 1.6.3 Suppose X,Y are vector fields in # and U is a unit vertical vector
field with corresponding local complex almost contact structure {G, H,U,V,u,v,9,0}.

Then

do(X,Y) =29(JX,Y) +9((VuJ)GX,Y) — 29(Hh X,Y).

Proof: For endomorphisms S, T, define [S,T) = ST ~TS. Then the Bianchi identity tells
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us that,
9(RvsuX,Y) = —g(RxvJU,Y) — g(RyuxU,Y)

= g(RuxJU,Y) — g(RwxU,Y)

= g(RyxJU,Y) — g(Ryy JU, X)

= -g((VuJ)GX,Y) - g(JX,Y) + g(hyjuhu X,Y)
+9((VuJ)GY, X) + 9(JY, X) — g(hju huY, X)

= -29(VuJ)GX,Y) - 29(JX,Y) + g([hsv, hv]X,Y),
where [S,T] = ST — TS for any endomorphisms S, T. Thus,

9(RuvX,Y) = 29((VuJ)GX,Y) + 29(JX,Y) + g([hv, hv] X, Y).
Hence,
2do(X,Y) = Xo(Y) - Yo(X) — o([X,Y))
= Xg(VyU,V) = Yg(VxU, V) - g(Vix,y)U, V)
=9(VxVyU,V) +g¢(VyU,VxV)
-9(VyVxU,V) - g(VxU,VyV) - g(Vix,y)U,V)

=g(RxyU,V)+g(VyU,VxV) - g(VxU,VyV)

Now,
9(VyU,VxV) =g(-GY + hyY,—-HX + hy X)
=g(GY,HX) - g(GY,hy X) — g(hvY, HX) + g(hu Y, hv X)

= g(Y, JX) +g(Y, Gth) - g(Y, huHX) +g(Y, hvth)

-9(VxU,VyV) = —g(X,JY) — g(X,GhvY) + g(X,huy HY) — g(X, hyhv Y)
= g(JX,Y) +g(hvGX,Y) — g(Hhu X,Y) — g(hvhu X, Y).
So,
9(VyU,VxV) = g(VxU,VyV) =29(JX,Y) + g([hv, hv]X,Y)

+9((Ghv + hvG)X,Y) — g((Hhv + hv H)X,Y).
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But
Ghy + hyG = Gh{, + hEG
= 2Gh{
= —-2GJh§,
= —2Hh¢
= —(Hhy + hy H).
Thus,
9(VyU,VxV) — g(VxU,VyV) = 29(JX,Y) - 49(Hh{ X,Y) + g([hu, hv]X,Y).
Therefore,

do(X,Y) = 39(RxyU,V) +3(JX,Y) - 20(HA X, Y) + 39([bu, hv]X, )
= 9((VuJ)GX,Y) +9(JX,Y) + %g([hv, hy)X,Y) + g(JX,Y)
~ 20(HA X, Y) + 39(hu, BvIX,Y)
= 9((VoI)GX,Y) +9(JX,Y) + 39(lhv, hulX,Y) + 9(JX,Y)
- 29(Hh$ X,Y) - %g([hv, hylX,Y)

=g((VuJ)GX,Y) +29(JX,Y) — 29(Hh{ X, Y).

We will finish this section with an application of this proposition:

Proposition 1.6.4 p(LyG)p= (-2h},G) +(2J' + (VuJ)G+o(V)H).
e N “

symmetric skew-symmetric

Proof: Let X,Y € #. Then G(VxG)V = GVx(GV) - G*VxV = pVxV.
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This implies:
29(VxV,Y) = 29(G(VxG)V)Y)
= -29((VxG)V,GY)
= —g([G, G](V,GY),GX) — 3v Ado(X, V,GY)
+0(V)g(GY, HX) +29(GY, JX)
= 9(G(LvG)GY, GX) — do(GY, X)
+0(V)g(Y,JX) - 29(Y, HX)
= 9((LvG)GY, X) — do(GY, X)
- o(V)g(JY, X) + 29(HY, X)
Also, pVxV = —=HX + hy X. Thus, we have:
29(VxV,Y)=-29(HX,Y) +2g9(hv X,Y)

=29(X, HY) + 29(X, hv ).
Recall: for any 2-form, ¢, we define the (1,1)—tensor ¢! by:
9(¢'X,Y) = ¢(X,Y).
Hence,
2H + 2hy = p(LvG)G — p(do)'G + o(V)J' + 2H
p(LvG)G = p(do)'G + o (V) J' + 2hy
p(LvG)p = p(do)! + o(V)H - 2hyG

p(LvG)p = 2J' +p(VuJ)G — 2HAE, + o(V)H — 2hy G

p(LvG)p = 2J' + p(VuJ)G + (V) H — 2h,G,

since —h{ G = Jh{,G = —JGh{; = Hh§,.
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1.7 Identities concerning Ay and its covariant derivative

We will finish this chapter with a few identities which describe the covariant
derivative of hy in the direction U and JU. These will be very important in the
upcoming chapters.

Proposition 1.7.1 For any unit vertical vector field U, we have:

Vivhy = Vuhyy = —ou(U)hv — ou(JU)hsu + 2ksuhy + 2Ry ky .

Proof: Let X € H,U € I'°(V). Then, by Proposition 1.6.2,
pRyxJU =p(Vkiu)X +p(Vhju)X — oy (U) (kv X + hu X)
—JX +kjuhuX + hjuku X + hyjuhy X.
Since Vykjyu, ky, and J are all skew-symmetric with respect to g, we know that for any

horizontal vector field X,
9((Vuksv)X,X) =0,

ou(U)g(kv X, X) =0,

9(JX,X) =0.

Therefore,
9(RuxJU, X) =¢((Vuhsv)X, X) — ou(U)g(hu X, X)
+ g(ksjuhu X, X) + g(hsvkv X, X) + g(hsuhv X, X).
This statement is true for any unit vertical vector U. In particular, it is true for
JU when we have specified U. Substituting 'JU’ for 'U’ in the above equation, we get:
—9(RyuxU,X) = - g((Vsvhv)X,X) — o5u(JU)g(hsu X, X)
— 9(kvhsu X, X) - g(huksv X, X) — g(huvhju X, X),

that is,
9(RyvxU, X) =9((Vavhv)X, X) + ou(JU)g(hsu X, X)

+ g(kvhiu X, X) + g(hvksu X, X)+g(hvhjuX, X)
=9((Vovhv)X, X) + ou(JU)g(hsu X, X)

- 9(ksvhu X, X) — g(hsvku X, X) + g(hsuhu X, X).
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Furthermore, we know that
9(RwxU,X) = g(RuxJU, X).
So, we have:
g((Vjuhu)X,X) +ou(JU)g(hsu X, X) — g(ksuhv X, X) — g(hsvku X, X)

=9((Vvhsv)X, X) — ov(U)g(hu X, X) + 9(ksvhu X, X) + g(hsvku X, X).
Therefore,

g((VJuhu)X, X) -9((Vuhu X, X) = - tru(JU)g(h;uX, X) - du(U)g(th, X)

+2g(ksuhu X, X) + 2g9(hsuku X, X).
Now Vuhjyu,Vyuhy,hy,and hyy are all g-symmetric. Thus,
9((Vouhv)X,Y) — g((VuhsuX,Y)=-oy(JU)g(hsu X,Y) — oy (U)g(hu X,Y)

+g(ksvhuX,Y) + g(hsuku X,Y)

+g(ksuhvY, X) + g(hsukvY, X)

=-oy(JU)g(hsvX,Y) —ou(U)g(hvX,Y)

+ g([ksv, hu)X,Y) + g([hsv, ku X],Y)

=—oy(JU)g(hsuX,Y) - oy (U)g(huX,Y)

+2g9(ksuhy X,Y) + g(hipku X,Y),

since
[ksv, hu) = ksuhy - huksu

= kyjuhly — hiyksu + ksuhl — h kyu
= kyjuhy — hyksu + k_yuhg, - k]Uhi‘j

= kjuhy — hipksu.

This proves the proposition.

Now, both operators kjyh{, = Hhy® and k%, ky = —hsu’G anti-commute with J. So,

combining these facts with Propostion 1.7.1, we have the following corollary:
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Corollary 1.7.2 For any unit vertical vector field U,

(Vavhu)® = (Vuhau)* = —ou(U)hy — ou(JU)AGy.

We close this section with some additional identities involving hy? and its covari-

ant derivative.
Proposition 1.7.3 For any vertical vector fields U and W, (Vwh§)* = 1[ViwJ, h].

Proof:
J(Vwh§)J = Vw (Jh§J) — (VwJ)hEJ — Thi (Vw J)

= thg - (ijhg + hi‘;(VJwJ).

This proves the proposition.
The previous two results give us the following proposition.

Proposition 1.7.4 For any unit vertical vector field U,

hy¢(VuJ) = (VuJ)hy.

Proof: Let U be a unit vertical vector field with corresponding complex almost contact

structure {G, H,U,V,u,v,g}. Then we know by Corollary 1.7.2 that

(Vovhy)’ = (Vuhyu)? = —o(U)hy* — o(JU)hyu’.

The right-hand side of this equation anti-commutes with G, so the left-hand side must

also anti-commute with G. In particular,

(Vavhv)* = (Vuhyu)’ = G((Vivhu)* = (Vuhiu)®)G =0,

i.e.

(Vavhu)' = G((Vauhy)®)G = (Vuhyu)® = G((Vuhiu)®)G.
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Now,
-G(Vuhv)’)G = —(G(Viuhy)G)*

= —(Vsu(GhuG) — (VsuG)hyuG — Ghy(ViuG))*
= —(Vovhv — (VouG)huG - Ghy(ViuG))*
= —(Vovhv)’ + (ViuG)’ hu®G + (VuG)*hy’G

+ Ghy* (VuG)? + Ghy (Vv G)*.

Also,
VG = Vi (JH)

= (VayJ)H + J(VyuH)
= —(YuJ)G - ¢(JU)JIG

= —(Vu)G+ o(JU)H.

Hence,

(ViuG)* = —(VuJ)G;

(ViuG)? =e(JU)H.

Using these facts, we get
-G(Vuhy)'G = —(Vyuhy)* = (VuJ)Ghu®G + o(JU)Hhy*G
+ o(JU)Ghy* H — Ghy®(VyJ)G
= —(Vovhy)* = (VuJd)hu® + hy®(VuJ).
Therefore,

(Vovhu)* = G(Viuhv)*)G = =(VuJ)hu® + hy*(Vu J).

Also,
—G(Vuhyu)’G = —(G(Vuhv)G)*

= —(Vu(GhyuG) — (VuG)hyjuG — Ghyu(VyG))*
= —(Vu(GhyuG))’ + o(U)Hhu'G + o(U)Ghyu’H

= —(Vu(GhuG))*.
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So,
(Vvhiv)® = G(Vuhiv)’G = (Vuhay)® — (Vu(GhyuG))*

= (Vu(hyv — GhyuG))*

= 2(Vvhjud)’.
Therefore, 2(Vuhyu?)® = —(VuJ)hy® + hy?(VuJ). But, by Proposition 1.7.3,

2(Vuhivl)® = [Vaud, bl
= (Vou)hsu® = hau®(Vau J)
= J(VuJ)Jhy® = Jhy®J(VyJ)
= (VuJ)hy? - hp®(VyJ).

Thus, 0 = (Vuhsu®)* = (VuJ)hv? - hy® (Vo).



Chapter Two

THE SPACE OF ASSOCIATED METRICS

In this chapter, we describe the set of all associated metrics. In Section 1, we
derive some properties of this space, including a complete description of its tangent
space. In Section 2, we use this tangent space to relate the structure tensors of any two
associated metrics. In Section 3, we begin the groundwork to analyzing the critical
conditions of Riemannian functionals of associated metrics. Finally, in Section 4 and

Section 5, we define and derive the critical conditions for two Riemannian functionals.

2.1 The Space of all Associated Metrics

For this chapter we will assume that M is a compact complex contact manifold
with normalized contact structure given by z = {=}.

Let A = space of all metrics associated to the normalized contact structure, z.
Then A is, of course, contained in the space of all Hermitian metrics on M, which
is, in turn, contained in the space of all Riemannian metrics on M. Now, since it
is clear that given an associated metric ¢ on M , there is a unique complex almost
contact structure {G,U,u,g} that comes with g, we see that A is, in fact, the space of
all complex almost contact structures on M, which are derived from x. We shall now

study A in more detail.
Proposition 2.1.1 For any g¢,¢' € 4,dV, = dV,.

Proof: Let g € A. Let O c M be an open set with local complex almost contact
structure {G, H,U,V,u,v,9,0}. Let {X;,GX;,JX;, HX;};.,U{U,V} be a local orthonormal
46
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basis of TO with corresponding dual basis {r;, 7}, 7;*,7**} U {u, v} with respect to g.

Then dV, = uAv A (A, (15 A7) AT3* ATs**). Now, G(X,Y) = g(X,GY) ¥ X,Y € TO. So,

n
G=Y (AT + 7" AT™).

Jj=1
And so,
du=G+oAv
n
= E(q/\r;+r;‘ AT**)+0oAv.
j=1
Therefore,

n
uAvA (du)?" =u/\vA(Z:(rj /\1';+13-“A13-‘“)+o/\v)2"
j=1

n
» - ey 20
=uAvA (D (AT + 1 AT™)
ji=1
ZUAVAA (AT AT AT AL AT ATIATI AT

= Anu AvVA (A;=1(Tj A 13‘ A 13“ A T"‘.))

= A,dV,,
where A, is a constant depending only on n. Hence,

dVy = Ai,.u Av A (du)?".

Thus, we have shown that dVj is a (4n+2)—form independent of ¢; and, so, the volume

elements of any two associated metrics are the same.

We have established that all associated metrics give the same volume for M. For
a fixed real number a, let R, = space of all Riemannian metrics ¢ on M such that
Jx dVy = a. Then we know that, for g € R.,T,Ra = {D € Hom(TM,TM) : ¢(DX,Y) =
9(X,DY), [, Tx(D)dV; = 0}. In particular, A C R, for some fixed a, cf. Ebin [Eb].
Thus, we know that for ¢ € A and D € T,A4, D is symmetric with respect to g and
Joy TE(D)dV, = 0.

Note that, once a particular metric g is fixed we will be identifying (1, 1)-tensors

with (0, 2)-tensors by the identification:

D(X,Y) = g(X, DY).
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The work above gives us part of the following theorem:

Theorem 2.1.2 Let ¢ € A with local complex almost contact structure given by
{G,U,u,0}. Then D € T,A if and only if

1) D is symmetric with respect to g,

2) DJ = JD,

3) DG=-GD on 0,

4) DU =0on O.

So, with respect to a local basis E = E' U{U,V}, where E’ is a local basis of #,

b0
D= ,
(0 0)

where D = D|3, DJ = JD, and DG = -GD.

Proof: Let t— g, be a path in A with g = go. Then we define D € T, A by
d
(X, Y))l=0 = D(X,Y) = g(X, DY).

So,

9:(X,Y) = g(X,Y) +tg(X, DY) + O(t?).

Note that, by definition of 7,4, any element of T;A can be realized by such a path.
Now, each g, is Hermitian with respect to J; so, for each X,Y € O,
g:(X,JY) = g(X,JY) + tg(X,DJY) + O(t?)
=-g:(JX,Y) = —g(JX,Y) - tg(JX, DY) + O(t?),
Hence, for t # 0, we have: tg(X,DJY) + O(t?) = —tg(JX, DY) + O(t?). Thus, ¢(X,DJY) +
O(t) = —g(JX,DY) + O(t). And, by letting t — 0, we get: ¢(X,DJY) = —g(JX, DY) or
9(X,DJY) = g(X,JDY). Thus, DJ = JD.
Also, for X € TO,
9(X,U) = u(X)

= gg(X, U)

= g(X,U) + tg(X, DU) + O(t?).
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So, 0 =tg(X,DU) + O(t?); or, for t # 0, 0 = g(X, DU) + O(t). Let t = 0, and we get:
0=g(X,DU) ¥ X € TO.

Thus, DU = 0.
Now, D is symmetric with respect to g, and TM = H &V is an orthogonal splitting.

So, we know D(#) C H, i.e. with respect to a local basis E = E' U {U,V}, where E' is a

local basis of #,
D l 0
D=
010

9(X,GY) = du(X,Y) = g:(X,G:Y) = 9(X,G:Y) + tg(X, DG,Y) + O(t?),

Let X,Y € #. Then:

i.e.
G = G; + tDG, + O(t?).
By applying G; on the right and G on the left, we have:
G: =G +tGD + O(t?).

Squaring this, we get: GDG — pDp = 0. So, GDp = pDG. Since D(#) C H#, we know that
pDp = D; thus, GD = -DG.

Suppose D is a g-symmetric (1,1)-tensor on M such that DJ = JD,DU = 0,DG =
—GD. Set g:(X,Y) = 9(X,etPY),G: = G o !?, where

lA"’+1A3+....

A _
e _I+A+2! 3

Note: etPJ = Jet?; e!PG = Ge*P; etPU = U. Also, eAe~4 = I. If A is g-symmetric, then
eA is as well. If A is skew-symmetric with respect to g, then we have: g(X,eAY) =

g(e~4X,Y). Therefore,
9(X,JY) = g(X,ePJY)

= g(X, Je'PY)
= —g(JX,ePY)

= —gt(JX,Y).
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Thus, each g; is Hermitian with respect to J.

For X,Y e,
9:(X,G:Y) = g(X,ePGetPY)

= g(X,ePe *PGY)
= g(xa GY)
= du(X,Y).
This also tells us that g, is Hermitian with respect to G:, as well. Additionally,
GiJ = GetPJ = GJetP = —JGe'P = -JG,,

G? = (Ge*P)(Get?) = GetPe PG = G? = —p.

Furthermore, it is clear that the local endomorphisms G;, H; = G:oJ transform exactly
as the original ones, G,H = Go J, do. Finally, for X € TO,g:(X,U) = g(X,e*PU) =
(X, U) = u(X).

Thus, {G;, H: = G; 0 J,U,V,u,v,g:,0} forms a complex contact metric structure on

M. Thus, D € T,A. This proves the theorem.

The last result of this section concerns the connectivity of .A. This proposition not

only tells us that A is path-connected; it also tells us that A is geodesically connected.

Proposition 2.1.3 Let g,¢' € A. Then there exists D € T,A such that ¢’ = ge?, i.e.

¢(X,Y) = g(X,ePY).

Proof: We will denote the local complex almost contact structure corresponding to g
by {G,H,U,V,u,v,9,0} and that corresponding to ¢’ by {G',H',U’,V',v',v',¢’,0'}. Note
that we can assume that @ = ©’,so that U=U",u=v'.

We need to find D € T, A such that:

1) ¢’ = ge?,

2) DJ = JD,DG = -GD, DU =0,

3) D is symmetric with respect to g.
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Let
0 0

G= 0 0

0 -1
1 0

Then G € Gi(4n;R). Let X = {X;}i~, C # be a local g-orthonormal basis of # such

0 0

that [G] = G. Here, for any (1,1)-tensor or (0,2)-tensor on #, A, we denote its matrix
representation with respect to X by [4]. Then
¢ =[G
= [dul4]
= (du(Xi, Xj))
= (¢'(X;,G'X;))

= [¢'][G]

So, [¢'] = =G[G'], or [G"] = G[¢']. This shows that —G[G] is a positive definite, symmetric
matrix. Thus, there exists a unique D such that ¢? = —G[G']. Let D be the linear

transformation on TM given by the matrix

()

with respect to the basis X U{U,V}. Then e? = [¢P|4], and, by definition, D|y = 0. We
have now shown that ¢’ = ge?. At this point, we only need to show that D € T, A.

Set J = [J]. Then [¢|T = —*T[¢'] = Jl¢], since ¢’ is Hermitian with respect to J
and X is a J-basis. Then, ¢e?J = JeP;and so DJ = JD. Thus, DJ = JD, since Dy = 0.
Also,

~1=[GT =Glg'1Gly"] = GePGeP.



Lastly, we have:

which completes the proof.
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G = ePGe?;
Ge P = ¢~ 0g;
6D = -DG;
GD = -DG,
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2.2 Relations between Associated Metrics

By Proposition 2.1.3, we know that any two associated metrics on M can be
connected by a geodesic in A. We now would like to describe the relationship between
the structure tensors of these two associated metrics, in terms of the tangent vector,D,

of the path connecting them.

Propostion 2.2.1 Suppose D € T,A aﬁd g (X,Y) =g(X,ePY) forall X,Y € TM. Let V' and
V be the Levi-Civita connections for ¢’ and g, respectively. Let k’,k : V = End(H) be
the skew-symmetric operators of the corresponding metrics; and let &',k : V — End(H)
be the symmetric operators. Then, for X € #:
1) kyX =kyePX =ePhyX.
2) hyX =1pe~P(VyeP)X + (kv — e PkyeP)X + (hu + e"PhyeP)X,
3) (Vy)X = (VuJ)X+2e~PkyJX+pe=P (VyeP ) IX + e~ P[hE,eP)JX —e~P{ky,eP}IX.
Proof: Let X,Z € #,U € V. By definition,
§ (KX, 2) = 56 (YU, 2) - 56'(V5U, X)
- —%u(V'xZ —V,X)
= ~3u([X, 2]

= g(ku X, Z).
Close scrutiny of this equation gives us: &}, = kye? = e~Pky. This proves the first part

of the proposition.

Now, 2¢'(VxU,2) =Ug'(X,2)+4'((X,U],2)+¢'((Z,X],U) +¢'(X,[2,V])
= Ug(X,ePZ) + g([X,U), P 2) + 9([2, X],ePU) + g(X,eP[2,V))
= Ug(X,e2) + 9(IX, U], e”2) - 9(1X, Z), U) + g(e" X, [Z,U])
= 9(VuX,e?2) +9(X,Vy(eP2)) + 9(VxU,ePZ) — (Vv X,eP 2)

+2g(kuX,Z) + g(e? X,V zU) — g(eP X, Vy 2).
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So,
29'(VxU, 2) =2g(ku X, Z) + 9(X, Vu(e® 2)) — 9(X, P Vy 2)
+9(VxU,eP2) + g(VzU,eP X)
=29(kv X, Z) + 9(X, (VveP)2)
+9(kuX,e%2) + g(hu X,eP 2) + 9(X,ePky Z) + g(X,eP hy Z)
=2g(ku X, Z) + 9(X,(VveP)2)
+9(ePkuX,2) + g(ePhy X, 2) — g(kveP X, Z) + g(hveP X, Z)
=29(kv X, Z) + 9(X,(VveP)Z2)
+9([e?, kvl X, 2) + 9({®, hu} X, 2),
where {A,B} = AB + BA and [A, B] = AB — BA, for any two linear transformations 4

and B. Also,
29'(VxU,2) = 2¢'(ky X, Z) + 24’ (hy X, Z)

= 29(ku X, Z) + 29(hiy X,eP 2)

= 29(ku X, Z) + 29(eP b}y X, Z).
Thus, we have two expressions for 2¢'(V U, Z). Setting these equal to each other, we

get:
2¢Phl; = VyeP + [€P, ky) + {eP, hv)

1 1 1
Or, hy = §e"D(VueD) + E(kv —e Pkyel) + -2-(hu + e PhyeP).

Thus, the second part of the proposition is proven.

Let Z, W € # be unit vectors. Then
2'(Vy2Z, W) =Ug'(2,W) +4'([U, 2], W) + ¢'(W,U], 2) + ¢' (U, [W, 2])
=Ug(Z,e"W) +9([U, Z),ePW) + g([W, U], e°2) + g(U, e [W, 2])
=9(VuZ,e°W) +9(2,Vu(ePW)) + 9(VuZ,ePW) — g(VzU,eP W)
+9(VwU,eP2) — g(VuW,eP Z) + g(ePU,[W, 2))
=29(VuZ,ePW) + g(2, Vu(ePW)) — 9(Z,eP Yy W)

- 9(VzU,ePW) + g(VwU,eP 2) + g(U, [W, 2])



55

=29(VuZ,ePW) + g(Z, (VueP)W)
—g(huZ,ePW) = g(kuZ,e® W) + g(huW,eP Z) + g(kuW,eP Z) + 29(W, ky Z)
=29(VyZ,e"W) +g(Z,(Vue®)W)
- g(hu 2, eDW) + g(eDZ, hyW)
—g(kvZ,ePW) + g(eP Z, kyW) + 2g(ky Z, W)
=29(ePVyZ, W)+ g((VueP)Z, W) — g(ePhy 2, W) + g(hveP Z, W)
— 9(ePkyZ, W) - g(kyeP Z,W) + 2g(ky Z, W)

=g(2¢PVyZ + (VueP)Z + [hy,eP)Z - {ky,eP}Z, W) + 29(ku Z, W).
Since ¢'(Vy 2, W) = g(e?Vy 2, W), we get:

2peP VY Z = 20eP°Vy Z + p(VueP)Z + plhv, €212 — p{ky,eP}Z + 2ky 2
Or, pVyZ =pVuZ+e PhkyZ + %PC'D(VUCD + [hu,€P] - {ku,eP}) 2.

However, ¢V{,Z = ¢VyZ = 0. Thus,
1
VyZ=VuZ+ePkvZ+ §pe"D(VueD + [hy,€P] - {kv,eP})Z.

Hence, for any horizontal vector X,
(V)X = Viy(JX) = IV X

1
2

-JVyX —Je PkyX - %Jpc'D(VueD +[hv,€P] - {kv,eP}) X

=Vy(JX) + e PhkytX + zpe~P(Vye® + [hy,eP] - {ky,eP})IX

=(Vo)X +e PhkyJX —ePJkyX + %pe'o((VUeD)J - J(VyeP)) X
+ 39”2 ([hw,eP1 = Jlhu, ePDX - 3peP ({ky,eP}] — I{ku,ePPX
=(VuJ)X +2¢ Pkyix + %pe'DZ(VueD)“JX
+ 3pe20hy, P14 X ~ 2peP2{ky,eP)4IX
=(VuJ)X + 2 PkyJX + pe~P(VyeP)iu X
+ pe~P[hf,eP1UX — pe~P{ky,eP}IX.

This proves the last part of the proposition.
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2.3 Riemannian Functionals on A.

We will be interested in analyzing certain functions on A. In particular, we are
interested in characterizing the critical points of various functions. In order to do

this, we will need the following lemma.

Lemma 2.3.1 Let g € A. Suppose that T is a (1,1)-tensor field, which is symmetric

with respect to g. Then:

/ tr(TD)dV, =0V D € T, A,
M
if and only if p(TJ + JT)p = HTG — GTH on each 0.

The last condition can be written as:
pT’p = -GT*G.
Writing T as a (0,2)-tensor (T(X,Y) = g(X,TY)), this is equivalent to:

T(X,Y)+T(JX,JY)- T(GX,GY) - T(HX,HY) =0V X,Y € H.

Proof: Let T be a g-symmetric (1, 1)-tensor field such that f,, tr(TD)dV, = 0 for any
D € T,A. Let {G,H,U,V,u,v,9,0} be a local almost contact structure with respect to
g and f a C* function with compact support in O. Let X' = {X;,GX;,JX;, HX;} be
a local orthonormal basis of # on O, so that X = X' U {U,V} is a local orthornormal
basis of TO. .

We define a linear transformation D : TM — TM by:

with respect to X. Then D is a globally-defined, symmetric (1,1)-tensor on M, and

that DU =0, DJ = JD, DG = —GD. Thus, D € T;A. And, so, [,, tr(TD) = dV,.



57
Set T = (T;;) as a matrix with respect to X. Then tr(TD) = 2f(T14 + T3,). In par-
ticular, 0 = f,, f(Ti4 + T32)dV; for any C* function f with support in O. Then, on
O,Tie+ Ts2 = 0; or T(X1, HX1) + T(GX1,JX1) = 0.
Now, X; can be any unit horizontal vector field on ©. This means that, for any

horizontal vector X, T(X, HX) + T(GX,JX) = 0. Writing T as a (1, 1)-tensor, we get:
9(X,THX) = —g(GX,TJX) V¥ X € H.

Substituting X + Y for X in the above equation and using the g-symmetry of T, we
get:

9(X,THY — HTY) = g(X,GTJY) + 9(X,JTGY) ¥V X,Y € .

Hence,

pTH — HTp = GTJp + pJTG,
pTp+ HTH = pJTJp - GTG;
pTp—pJTJp=-GTG - HTH,;
(T -JTJ)p=-GTG - GJITGJ;
p(T-JTJ)p=-G(T -JTJ)G;

pT’p=-GT’'G.

Now, suppose pTp—pJTJp=-GTG — HTH for every local complex almost contact
structure {G,U,u,9,0}. Let D € T,A. Since DU = 0 and DV = -DJU = -JDU = 0, we
know that Dg = 0. In particular, pDg = 0. Since D is symmetric with respect to g, we
know also that ¢Dp = 0. Thus, D = pDp.

Therefore,
TD=(p+q)T(p+4q)D

= (p+q)TpDp

= pTpDp + qTpDp.
So, tr(TD) = tr(pTpDp).
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Now, pTp = pJTJp— GTG — HTH. So,
pTpDp = pJTJpDp - GTGDp— HTHDp
= JpTpDpJ + GTpDG + HTpDH.

But,
tr(JpTpDpJ) = tr(J?pTpDp) = —tr(pTpDp)

tr(GTpDG) = tr(G*pTpDp) = —tr(pTpDp)
tr(HTpDH) = tr(H*pTpDp) = —tr(pTpDp).

So, tr(pTpDp) = —3tr(pTpDp) = 0. Thus, tr(TD) = tr(pTpDp) = 0. This implies that

/ tr(TD)dV, = 0.

M

Since D was an arbitrary element of 7,4, we have that f[, tr(TD)dV, = 0 for any
D € T, A. This proves the lemma.

Let g € A,D € T;A. Then it is easy to see that for any (1,1)-tensor S on M skew-
symmetric with respect to g, we have tr(DS) = 0. Thus, we may modify the above

lemma as follows:

Lemma 2.3.2 Let g € 4, and T be any (1,1)-tensor on M, Then:
/ tr(TD)dV, =0V D € TyA,
M

if and only if

p(sym(T*))p = —G(sym(T*))G.

We will now review a fairly easy example of how we use this lemma to characterize
the critical associated metrics of a particular functional.
Theorem 2.3.3 Let M be a complex complex contact manifold; A its space of associated

metrics. Then g € A is critical for the functional A(G) = [}, 7,dV; if and only if

PQpr—-J'QJ' = -GQG + HQH.
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Proof: Let g, be a path of metrics in A with g = go and $(g:)|:=0 = D, i.e. for any
X, YeTM,

S (X, Y)lkeo = D(X,Y).
Then, as proven in [Bl5],

d

= (Ao = - /M tr(@QD)dV,.

Thus, ¢ is critical for A if and only if 0 = f,, tr(QD)dV, for any D € T, A4, which, by

Lemma 2.3.1, is equivalent to:

PQp-J'QJ =-GQG + HQH.
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2.4 Ricci Curvature of V

This section and the next will be spent analyzing two specific Riemannian func-
tionals. Both of these functionals can be thought of as complex analogues of the
Riemannian functional, ¢ — [, Ric(€)dV;, on the space of associated metrics of a com-
pact, real contact manifold, where ¢ is the characteristic vector field (or Reeb vector
field) of the contact structure [Bl1].

Let U be a unit vertical vector field on an open domain © ¢ M. As usual, set
V = —JU. Suppose U’,V' = —JU' are also unit vertical vector fields with the same

domain. Then, there exist real functions on ©,a and b such that:
1) a®?+b2=1;
2) U'=aU-bV;
3) V'=bU +aV.
Then, letting R;; be the components with respect to any basis of TO of the Ricci
operator,
Ric(U’) + Ric(V') = R;;U"U" + R;; V" V"
= Rij(aU = V) (aU — bV)! + R;j(bU + aV)(bU + aV)’
= R;;(a®U'U’ - abU*VI — ab'V"U" +b2Vivi
+ b2UUY + abU* VI + abViU7 + B2ViVY)
= Ri;(U'U7 + V*VY)
= Ric(U) + Ric(V).

Thus, if we define Ric(V) locally by:
Ric(V) = Ric(U) + Rie(V),

Ric(V) is a globally-defined Riemannian function on M, called the Ricci curvature of V.

Proposition 2.4.1 Locally, Ric(V) = —4do(U, V) + 8n — tr(h}) — tr(h%,).
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Proof: Let U be a unit vertical vector field. Then, by Proposition 1.6.1,
pRxvU = X = A4 X — p(Vuhy)X — o(U)hy,

for any horizontal vector field X. Thus,
Ric(U) = g(RvuU, V) + tr(p) — tr(hi;) — tr(p(Vuhu)p) — o(U)tr(hv)

=g(RvuU, V)+4n - tr(h?j) - tr(p(Vuhu)p).

Now, hy is symmetric with respect to g. So, there exists an orthonormal basis
{X1,...,Xan} of H such that hyX; = AX; for each j. Now, tr(hy) = 0; so, 352, A; = 0.

Then
9((Vvhv)X;j, X;) = 9(Vu(hu X;), X;) = 9(hv (Vu X;), X;)

= 9(Vuv (A X;), X;) — 9(Vu Xj, hv X;)
= (UX)g(X;, X;) + Aig(Vu X, X;) — Ajg(VuXj, X;)

= UAJ'.
So, tr(p(Vuhv)p) = 32, (UX) = U (E;;l ;) = 0. Furthermore,
2o (U, V) = Ua(V) = Vo (U) - o([U, V])

=Ug(VvU,V)-Vg(VuU,V) - g(VywiU,V)

=g(VuVvU,V) 4+ g(VvU,VyV) - g(VvVyU,V)
-9(VuU,VvV) - g(VwvU,V)

=g(VuVvU,V) - g(VyVyU,V) - 9(VynU,V)

= g(RuvU,V).
So, g(RvyU,V) = —=2do(U, V). Thus,
Ric(V) = Ric(U) + Ric(V)

= Ric(U) + Ric(JU)
= —4do(U, V) + 8n — tr(h}) — tr(hy).
Set I: A — R by I(g) = [,, Ric(V)dV,. We now seek the critical points of 7. By the

above proposition, we know:

I(g) = —4 /M do(U,V)dV, + 8nVol(M) — /M(tr(hvz)ur(hw’))dvg.
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Recall that the definitions of U, V, and ¢ do not depend on the given associated metric,
so that [,,(do(U,V))dV, does not depend on the particular associated metric. Thus, 7

can be written in the form
I(g) = constant + / (tr(hv?) + tr(hsu?))dV,,
M

so that any projectable metric, i.e. one for which hy = 0 for any vertical vector field
U, is not only a critical metric, but a maximum as well, since tr(4%?) > 0 for any
g-symmetric linear transformation A. However, these might not be the only critical

metrics of I.

Theorem 2.4.2 Let M be a complex contact manifold with space of associated metrics
A. Then g € A is critical for the Riemannian functional I if and only if its structure

tensors satisfy:
(Vuhu)® + (Vovhsv)® = —o(U)h5y + o(JU )R, + 4kuhg/,
for each unit vertical vector field U.

Proof: Let g; be a path in A with go = g. Define D € T, A by:

d
Djx = E(Q‘J’k)lt:O-

Also, we define tensor fields:
Dj! = 2(V; D¢ + VieDj' — V' D;
Jk—2(1k+k_1- Jk))
Dj“m = VjDk[m - Vijlm.
Here V is the Levi-Civita connection of g. Then, it is known [BI5] that:
d
D.ik‘ = ‘E(rjk‘)lt:o,
D™ = 5 (Riwa™)|
ikt = dt ikl )|t=0-

where T;,' are the Christoffel symbols of ¢ and R;u™ are the components of the

Riemannian curvature of g.
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Fix a unit vertical vector field U; denote its corresponding local complex almost
contact structure by {G, H,U,V,u,v,g,0}. Then, denoting by div any object which is a
divergence,
S Rics(UNlzo = (R VUM img

= Dij'UIU*

= (ViDj*)UIU* — (V; Dy’ U U*

=div - D' Vi(UIU*) + Di* V(Ui U*)

= div = 3(V; D4 + VaDy' — V' D) Vi(UIU¥)

1 . . , .
+5(ViD' + Vi D;" - ViDy)V;(UIU*).
Now, tr(D) = 0. So, VxD;* = 0. Also, ViD;, = V' Dy; = V;D,*. Thus,
D;;i*UIU* = div - %(V,-D,." + ViD;' — VD) Vi(UIU*)

=div - (V;D:*)Vi(UIU*) + -;—(V‘Djk)V,-(U" U*)

=div + Ds'V;V;(UIU*) - %Dj,,v‘v;(va*).
We set:

Py = D*V;Vi(UIU*),
Py = Dj V'V (UU*).
First, we will consider P,. Using the facts that V is totally geodesic and that

D = pDp, we find
P, = D'V;V;(UU¥)

= D’ V;((V:U9)U* + U3 (V;U*))
= Di'V;((0: V7 = G + (k)i )U* + U¥ (0:V* — Gi* + (hv)i*))

= Dy'V;j(0;VIU*) = D' V(G U*) + Di'V((hy )i’ U*)

+ D' Vi(0:U7V*) = DV (UIG*) + D' V(U7 (hu)i*)
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= Dkia’,'Vj(VjUk) - DkiG.'j(VjUk) + Dki(hu).'j (VjUk)
+ D', U3 (V;VF) — D(V,;U9)Gi* - Di'U¥(V;Gi¥)

+ D' (V;U7) (hy)i* + DU (V(hu)i¥)

= D' 0i(Vv U*) = D*GZ (V;U*) + Dy (hu )i (V;U*)
+ Di'oi(VuV*) = D (V;U9)Gi* - D (VuGi¥)

+ D (V;U9) (hu)i* + Dif (Vuho)i*

= —Di'G# (V;U*) + D' (hy )i’ (V;U*) — D& (V;U9)Gi*

— D} (VuGi*) + D} (V;U7) (hy)i* + Dii(Vuho)i¥,

= —DkiG,'j(O','Vk - ij + (hu)jk)
+ Di'(hy)i’ (0;V* = Gi* + (hv);")
- Dki(aj Vj - ij + (hu)jj)G,'k - D,,‘(VUG).-"

+ Dk‘(UjVj - ij + (hu)jj)(hu);k + Dki(Vuhu),'k

= Di'G7G;* - D' G/ (hv);* — Di' (hu)i’ G*
+ Di'(hv )i (hv);* — o(V)Di'G* - o(U) D’ Hi
+ DkiO'(V)(hu),'k + Dk"(Vuhu),'k

= —tr(Dp) —tr(DhyG) —tr(DGhy) +tr(Dhy?)
Ny s’ N
=-tr(D)=0 =tr(DhyG)
- o(V)tr(DG) —o(U) tr(DH) 4+0(V)tr(Dhy) + tr(D(Vyhv))
=0 =0
= tr(Dhy?) + o(V)tr(Dhy) + tr(D(Vuhy)).
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Now, we will consider P,.

P2 = Djx ViV, (UU*)

= D;x Vi (VU9 U + U (V.U*))

= 2D;x V' ((V:U7)U*)

= 2Djx(0:VIU* — GAU* + (hy) U*

= —2D;,G (V'U*) + 2D, (hv)i (V'U*)

= —2D;xG{ (¢*'V* — G* + (hu)™*) + 2Dj (hv)i (0 V* = G* + (hy)™)
= 2D;xG# G* - 2Djx G (hu)™ — 2Djk(hv)i’ G* + 2Djx(hv)i’ (hv)*

= —2D;*G/ Gk’ - 2D;*G7 (hu )i’ + 2D;* (hu)’ Gi* + 2D;* (hu)i? (hy )i’
= 9tr(Dp) — 2tr(DG(hy)) + 2tr(D(hy)G) + 2tr(D(hy)?)

= —4tr(DG(hy)) + 2tr(D(hy)?).

Therefore,
D;jx'UiU* = div + P, - -;—Pg
= div + tr(D(hy)?) + o(V)tr(Dhy) + tr(D(Vuhy))
+ 2tr(DG(hv)) - tr(D(hv)?)
= div + tr[D((Vuhy) + o(V)hu + 2Ghy)]

=div + tr[D((Vyhy) — ou(JU)hy — 2kyhv))
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So,

%(Ric(U))lg=o =div+ tr[D((Vuhu) - oy(JU)hy - Zkuhu)],

for every unit vertical vector field U.

Thus, for a fixed unit vertical vector field U with Vv = —JU,

%(Ric(V))l;:o = %(Ric(JU))Iwo
= div + tr[D((Vvhsv) + ogu(U)hu — 2kjuhay))]
= div + tr[D((Vsvhsv) + ov(U)hyu — 2ksuhv))).

Therefore, locally,

%(R‘C(V))lt=o =div + tr[D((Vvhu) + (Vivhiv)

—oy(JU)hy + oqu(U)hyu — 2kvhy — 2kjuhiy)).

So,
G0 = T Ric)dVs)lco
- [u %(Ric(V))|,=odV,
= /M tr[D((Vuhy) + (Vovhsu) — ou(JU)hy
+o3u(U)hsu = 2kuhy — 2kuhiy)}dV,.
Set

Ty = p(Vuhv)p+ p(Vsvhsv)p — ou(JU)hy + o5u(U)hyu — 2kyhy — 2ksuhiy.

Then, by Lemma 2.3.1, g is critical for I if and only if T} = —GT3G for every
unit vertical vector field U with corresponding complex almost contact structure
{G,H,U,V,u,v,g9,0}.

Now, ki = 0 = k%, and kyuhsu? = JkyJhy® = kyhy®. Also, recall that kyhy = —hyky.

Thus,

T4 = p(Vuhu)'p+ p(Vivhsu)'p — ou(JU)hy® + o3u(U)hyy® — dkyhy®.
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Now,
G(Vuhy)G = Vy(GhyG) - (VyG)hyG — Ghy(VuG)

= Vyhy — o(U)HhyG — o(U)GhyH
= Vuhy + o(U)HGhy + o(U)hy GH
=Vyhy + U(U)Jhu - U(U)huJ

= Vuvhy +20(U)Jhy®.

So, G(Vuhy)*G = (Vuhy)*, since Jhy® anti-commutes with J. Thus, for any unit vertical

vector field U, we have: ky(Vyhy)*kv = (Vuhy)®. So, for any vertical vector field U, we

also have:
kju(Vavhsv) ksv = (Vovhou)'.
But
kyu(Vavhsv)’ kv

= Jku(Vivhsv)' Jhu

= —J2ky(Vyvhyu)'ky

= ky(Vivhsvu)' ky

= G(Vyuhsv)’G.

So, for any unit vertical vector field U, we have:

(Vuhu)‘ = G(VUhU),G;

(Vivhsv)* = G(Viuhyu)'G.

Furthermore, we already know that hy’, hyy*, kyhy? all anti-commute with G. So, we
have already that 7* anti-commutes with G. Thus, T* = -GT*G if and only if T* = 0.

This proves the theorem.

This first corollary is obvious from the results of the above theorem, since the

critical condition of I is obviously true, if h = 0.

Corollary 2.4.3 Let g € A. If g is projectable, then g is critical for the Riemannian

functional I.



68

Corollary 2.4.4 Suppose g € A is Kaehler and critical for I, then ¢ is projectable.

Proof: Let U be a unit vertical vector field. Since g is Kaehler, we know that hy = A§

by Lemma 1.4.6. So, we know:
(Vuhu®)* + (Vavhsu®) = 4hyky,
by Theorem 2.4.2. But, Proposition 1.7.3 tells us that:

1
(Vuhy?) = §[VJUJ, hy%) =0,

1
(VJUhJUd)S = —i[VUJ' hJUd] =0.

So, we know that 4hy%ky = 0. Since ky is non-singular on #, we know that a¢ =0,

and thus g is projectable.
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2.5 =-Ricci Curvature of V

We will now discuss another functional on A which may be viewed as a complex
analogue of the Ricci curvature of ¢ on real contact manifolds. This is the so-called
+-Ricci curvature of V.

In general, for any vector fields X,Y, we define the s-Ricci curvature of X,Y to
be:

Ric*(X,Y) = —tr[Z = JR(X, Z)JY).

Let U be any unit vertical vector field on M. Set V = —JU. Then:
Ric*(U,U) = =tr[Z » JR(U, Z)JU]
= -U*UPJ,™ J Reji™.
=U*V™JI Ri;i™.

Let Z,X,Y € TM be vector fields. Then:

Let E = {E),..., E4ny2} be any orthonormal J-basis of TM. Then

Ric*(X,Y) = —tr[Z » JR(X, Z)JY]
4n+42
i=1
4n+2
= Y 9(R(X,E;)JY, JE;)
i=1
4n+42
= Y 9(R(X,JE;)JY, JJE;)
ji=1
4n+2
=- Y 9(R(X,JE;)JY, E;)
j=1
4n+2
=- Y g(R(JY, E;)X,JE;)
i=1
4n+42
= Y 9(R(JY,E;)JI X, JE;)
i=1

= Ric*(JY, JX).
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So, we have:

Ric"(U,U) = Ric*(JU,JU),

Ric*(U,JU) = Ric*(JJU,JU) = —Ric* (U, JU) = 0.
Thus, if a,b are local real functions on the domain of U sﬁch that a2 + b2 = 1, we have:
Ric*(aU + bJU,aU + bJU) = Ric* (U, U).
So, the function Ric*(V) given locally by:
Ric* (V) = Ric*(U, V),

for every unit vertical vector field U, is a globally defined function. We call Ric*(V) the

*-Ricci curvature of the vertical subbundle. We define the functional I* : 4 » R by:
r'(g) = / Ric*(V)dV,,.
M

Theorem 2.5.1 Let g € A. Then g is critical for I* if and only if, for all unit vertical

vector fields U,

hy?(VyJ) = 0.

Before we give the proof of this theorem, we will prove the following necessary

lemma.
Lemma 2.5.2 Let g € 4, D € T, A. For any unit vertical vector field U,tr(DhyJ) = 0.

Proof: tr(DhyJ) = tr(DJhy), since J commutes with D. So, tr(DhyJ) = tr(Dhy*J).
But, tr(Dhy’J) = —tr(G?Dhy*J) = tr(GDhy®JG) = tr(G?>Dhy*J) = —tr(Dhy*J), since G

anti-commutes with D, hy*, and J. Thus, tr(DhyJ) = 0.

Proof (of Theorem 2.5.1): Let g € A. Let U be a unit vertical vector field with corre-

sponding local complex almost contact structure {G, H,U,V,u,v,g,0}. Suppose t — g,
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is a path in A with go = g and tangent vector D € T, A, i.e. Djx = 2((g:)jk)lt=0- Using
the same notation as in the proof of Theorem 2.4.2, we have:

_4

= (ViDjm' YUXV™ JJ — (V; D )URV™ J?

& (Rt (Vleo = LUV Rag oo
= div — Dj' Vi(U*V™J) + Dim! V;(UFV™ )
= div - %(Vij' + Vijl - V'ij)vk(UkaJlj)
+ %(VkDml + Ve Di! = V! Do) V5 (U*V™JF)
= div — %(V,-D,,,‘)v,‘(u"v'w,i) - %(v,,.n,-')vk(ukvw,f )
+ -;—(V’ij)vk(U*V"‘J,j)
+ 5 (VD)5 (UAV™ ) + 5(Vm D)V (U V™)
~ 3 (VD) VUV ™).

Now, since D is symmetric and J is skew-symmetric with respect to g, we know:

(Ve D) Vi (UkV™J7) = 0.

Also, . '
(V' D) Vi(USV™ Ji) = (V1D ) Vi (U V™ JY)
= —(ViDmj)Vi(UFV™ g3
= =(V; D) Vi (U V™ JY)
= —(V; D YVi(U*V™ ).
Thus,

d, .. , a1 ;
5 (Bic” (V) le=o = div — (ViDn)Vi(UFV™JF) + -2—(V,,Dm')V,-(U"V"‘J,’)
+ %(V,,,D,,‘)V,-(U"V"‘JH) - 5 (V' D) V(U V™ )
= div + Dp,' V; Vi (UFV™ ) - %Dm‘VkV_,-(U"V'"J,j)

~ 3DV VUV II) + = D V'V, (UF V™ J).
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Set

Q1 = D' V; Vi (UFV™J)7);
1 ] kym 13

Q2 = —ED"‘ Vij(U |4 JlJ);
1 kym 15

Q3 = -—ka VmV_,'(U |4 J[ );

Qu = D V'V (UF V™).
So, £ (Ric*(V))le=o = Q1 + Q2 + Q3 + Q4. We now will analyze each of these terms.

Q1 = Dn'V; Vi (UFV™JY)
= D! V;((VRU*)V™ I + UX(ViV™)J + UV™(VidF))
= D! Vi(a(V)V™ I = Uk U™ JF + V™(Vyd)r)
= D' V;(0(V)V™ i = o(U)U™ ) + V™(VyJ)/)
= D! (@(V)(V;V™) = a(U)(V;U™)F + (V;V™) (Ve d)d)
= Dp!(o(V)(=o:U™ — H;™ + (hv); ™)/’
= o(U)(o;V™ = G;™ + (hu); ™)/’
+ (=o;U™ = H;™ + (hv);")(VuJ)/)
= Dp' (0(V)(G™ + (hvJ)™) + o(U)(HI™ + (hu J)™)
— (HVuI)W™) + (hv Vv J)™)
= 0(V)Dm'Gi™ + 0(V) D! (hv )™ + o(U) D' Hi™ + 0/(U) D (hu )™
— D! (HVyJ)i™ + D! (hy Vu J)™
= ¢(V)tr(Dhv J) — o(U)tr(Dhy J) — tr(DH(Vy J)) + tr(Dhy (Vy J))

= —tr(DH(VyJ)) + tr(Dhy (VyJ)).
In order to analyze Q., Qs, and Q4, we will need the following identity.

Vi(UkV™II) = (V;UR) V™0 4+ UR(V;V™) P + U V™ (95 0))
= (o;V* = G;* + (ho);*) V™0

+ Uk (=0 ;U™ — H;™ + (hy); ™) P = UKV™(8J)
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= o;V*V™ I = GV I + (o) VI
— o;URU™ I — URH;™JP 4 Uk(hy);™ 07 = U*V™(8J)
= o;VEV™ I — HFV™ + (hy ) V™
- a;UKU™J + UXG/™ + U*(hv J)™ — UKV™(8J);
= (00 INVAV™ = (¢ o JWUU™ — H*V™ 4 (hyJ) V™
+U*G/™ + U*(hy J),™ — UV™(8J)1.
Q= —%D,,,‘vkv,-(u"v"v,f)
= —-%Dm’V;,((a' o JWVEV™ — (¢ 0 JNU*U™
- H*V™ 4 (hyd)fvm
+U*G™ + U (hv J)™ - U*V™(8J)1)
- --;-D,,.' (00 INV*(TkV™) = (0 0 IWU*(ViU™)
+ (VkUX)G™ + U*(ViG™)
+ (VaU*)(hv I)™ + UXVi(hy J)™
= (VeV™)H¥ + (Vi V™) (ho I)*
— UKV V™)(6J)
= ~3 D! (VUHGI™ + UH(V4Gi™)
+ (VeU*)(hv )™ + UV (hv I)™

— (VRV™)H* + (ViV™) (hu J)¥)

-%Dm'(a'(V)G:"' +o(U)H™

+0(V)(hy )™ + Vo (hy )

— (=H™ + (hv )™ H* + (-He™ + (hv ™) (hu I)")
= —3 Dt (o(V)(hy I™ + Vo (v )™

— (hv)k™Hi* — Hy™ (hu J)* + (hv )™ (hu I)i*)
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Hence,
1 1 1 1 1
Q2 = —50(v)tr(Dhy J) - 5tr(DVu(hv J)) + 3tr(Dhv H) — 5tr(DhyG) — 5tr(Dhv hy J)
= ——;—tr(DVu (hvJ)) + %tr(thH) - %tr(DhuG) - -;—tr(th hoJ),
by use of Lemma 2.5.1.

Also,

1 .
Qs = —ED,,’VmVj(U"V"‘Jx’)

= _% D' V(0 0 INVFV™ = (0 0 JYU*U™ + U*G™ + Uk (hv J),™
—V™H* + V™ (hy J)* - UV™(6J))
- _%D,,‘((a o IN(VmVF)V™ = (0 0 I(VrnU*)U™
+(VmU*)G™ + (Vi U*)(hv I)™
— (VmV™)H* = V™ (Vi Hi¥)
+ (Y V™) (hy D) + V™ (Vi (hu J)i*) - UFV™(8T))
= —%Dk‘((V,,.U")G;"' + (VeU*)(By I)™
— (Ve V™) H* — V™(Vn H¥)
+ (Ve V™) (hu I)* + V™ (Vi (By I)i¥)
= _%D,J((o,,,v" — G + (hy)m*)Gi™
+ (@mV* = Gm* + (hv)m®)(Bv I)™
+o(U)H* - (Vv H)
— o(U)(huJ)i* + Vv (huJ)i¥)
= —3 D (~Gm* + (bu)n*)Gi™
+(=Gm* + (hy)m*) (hv I)™

+o(U)H* - (VvHF)

— o(U)(hu J)* + Vv (huJ)i¥)
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= _%Dk'(}’lk + (huG)* — (Ghv J)/* + (huhv J)*
+a(U)H* +o(U)G* - o(U)(hu I)* + Vv (hu J)i¥)
= —3tr(D) - 5tr(DhuG) + 3r(DGhy J) = atr(Dhuhy J)
- %a’(U)tr(DH) - -;-U(U)tr(DG) + a(U)%tr(DhuJ) - %tr(DVV(hUJ))
- —%tr(DhuG) + %tr(DGth) - %tr(Dhuth)
- %tr(DVV(hUJ))

Thus, .
Qs = —%tr(DhuG) - -;-tr(DGth) - 5tr(DhuhyJ)

- %tr(DVv(huJ))
1 1 1
= —itr(DhuG) - -iir(DHhv) - §tr(Dhuhv J)

- -;-tr(DVv (huJ))

= —%tr(DhuG) + %tr(thH) - -;-tr(Dhuhv J)

- %tr(DVV(huJ))
Finally, )
Q4= EDmkVIVj(UkaJ(j)

= DV (e 0 IYVAV™ = (00 IYUFU™

2
+U*G/™ + UX(hy J)™
— V™ H* + V™ (hyd)* - UFV™(8J))
- -;-D,,.,,V'(U"Gl"‘ + Uy I)™

—V™H* + V™ (hyJd)")

Dk ((V'U*)GI™ + (V' U*)(hv J)™

N =

— (V'V™HX + (V'V™) (hy J)¥)
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D,,.,,((U’V" - le + (hU)lk)G‘m

_1
T2
+ ('V* = G™ + (hu)*)(hvJ)™
- (—JIUm _ Hlm + (hv)lm)H(k
+ (=o' U™ = H'™ + (hv)™) (hy I)i*)

Dmk(—G"’sz + (hv)*G/™

DN ==

- G'*(hyIN™ + (hv)* (hvI)0™
+ H™H* — (hy)™H*
— H'"™(hyJ)i* + (hv)™ (hu J)¥)

= %D,,.,,(G"'G;"‘ +(hw)G™
+ GH(hy I)™ + (hy)¥ (hv I)™)

+ %ka(—H"“Hl" = (hv)™ H*

+ H™ (hy J)* + (hv)™ (hu J)i¥)

= %tr(GGD) + -;—tr(GhUD) + %tr(hv JGD) + %tr(thhuD)

- %tr(HHD) - -;—tr(Hth) + %tr(hUJHD) + %tr(hthvD).

So
, Q4= %tr(GhuD) - %tr(thD) + %tr(thhuD)
- %tr( Hhy D) + -;-tr(huGD) + -;—tr(thhv D)
= %tr(thhuD) + %tr(hthv D)
= %tr(thJhU) + %tr(thJ hv)
Thus,

d . .
E(th (M=o =div+ Q1+ Q2+ Qs + Q4
= div — tr(DH(VyJ)) + tr(Dhy (VyJ)) - %tr(DVu (hvJ)) + %tr(thH)
- %tr(DhUG) - %tr(thhuJ) - %tr(DhuG) + %tr(thH)

- -;-tr(Dhuth) - %tr(DVV(huJ)) + %tr(th Thy) + %tr(Dhthv)
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So,

%(Ric‘ (V))lemo = div — tr(DH(VyJ)) + tr(Dhy (VuJ)
— Lir(D(Vuh) ) - 32r(Dhy (Tu )
+ %tr(th H) - %tr(DhuG)
- Lr(D(Vyho) ) - 5tr(Dho(Vv)
+ -;-tr(thH ) - -;-t"(DhUG)
— 3tr(DhvhoJ) - 5tr(Dhuhy J)
+ %tr(th Jhy) + %tr(thJ hv)

= div — tr(DH(VuJ)) + %tr(th (VuJ)) - %tr(th (Vv))

— Str(D(Vuhv)J) - Str(D(Vvhy)J) = tr(DhyG) + tr(Dhv H)

- %tr(th hud) - %tr(Dhuhv J)+ %tr(th Thy) + -;—tr(Dhthv)

Now,
tr(DhyhyJ) = tr(D(hv hy)*J)
=tr(Dhy’hy’J) + ir(ththdJ)
= tr(Dhy*hy* J) + tr(DJhy®hy?)
= tr(Dhy*hy* J) + tr(D(hy®)?).
But,

tr(D(hy®)?) = —tr(G*D(hy®)?)
= tr(GD(hy%)?G)
(since DG = ~GD)
= tr(G?D(hy%)?)
= —tr(D(hy®)?).
So, tr(D(hy?)?) = 0. Thus, tr(Dhy hyJ) = tr(Dhy*hy®J). Similarly, we find:
tr(Dhy hy J) = tr(Dhy’ hyv*J)
tr(Dhy Jhy) = tr(Dhy* Jhy*) = tr(Dhy*hy* J)

tr(Dhthv) = tr(Dhu'th') = tr(DhU.hv'J)
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Using these facts, we get:
%(Ric'(vm:o = div = tr(DH(VuJ) + gtr(Dhy (Vo)) = str(Dhy(VvJ))
~ 5tr(D(Vuhv)J) - 5tr(D(Vvhu)J)
_ tr(DhyG) + tr(Dhy H)
= div — tr[D(H — %hv - -;—hUJ)(VuJ)] - %tr[D((Vuhv)J + (Vyhy)J)]

+r[D(~hu G + hv H)].
Set

1 1 1 1
T=pH+ Eh'"’ - §hUJ)(VUJ)P - EP(VU’UU)JP - §P(VJUhU)JP +hyG+hyuH.

Now, since hyy? = Jhy®, we know that hy?G = —h,y?H. So, (hyG)* = hy®G = —h,y°H =
—(hjuH)*. Thus,
T* = p(H + ghav* = 5hu*J)(VuJ)p
~ 3#(Vuhau)'Ip - 2p(Vswhu)"Jp
= p(H + Jhy®)(VuJ)p - %P(Vvhw)'-fp - %P(V.ruhu)'-fp
= H(Vu))p+ Jho*(VuJ)p ~ 3p(Vuhaw)'Jp = 3p(V suhu)' .
Since G(VyJ) = =(VuJ)G and J(VyJ) = =(VyJ)J, we know that H(VyJ) = (VyJ)H.

Thus, H(VyJ) is a g-symmetric operator. However, since Vyhyy and Vyyhy are
symmetric and J is skew-symmetric with respect to g, we know that the operators

(Vyvhy)*J and (Vyhyy)®J are skew-symmetric with respect to g. Thus,
sym(T*) = H(VuJ)p + sym(Jh§s (Vv J)p)
= H(VuJ) + sym(hsu*(VuJ)p)
=H(VyJ)p+ %P[hwd, VuJlp.
Now,

~GH(VyJ)G = —H(VyJ)G? = H(VyJ).

And

~Glhsu?, VuJ)G = [hyu?, VuJIG? = —[hsu?, VuJ).
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Thus,
~G(sym(T*))G = —G(H(VuJ) + %[’UU‘»VUJ])G

= H(VuJ) - 3lhsw’, Vo).
So, sym(T*) = —G(sym(T*))G if and on1y if [hsu?,VuJ] = 0. Since hyu¢ = Jhyt, we see
that [hyy?,VyJ] = 0 if and only if hy¢(VyJ) = —=(VuJ)hy?. However, by Propostion
1.7.4, we know that hy® and VyJ commute. Therefore, g is critical for I* if and only

if hy®(VyJ) = 0. This proves the theorem.
Corollary 2.5.2 Let g € A. If g is projectable, then g is critical for I*.
Corollary 2.5.3 Let g € A. If g is Kaehler, then g is critical for I*.

Corollary 2.5.4 Let M be a compact complex contact manifold with dimcM = 3. Then
g € A is critical for I* if and only if, at each point m € M, either Af = 0 for every
U € YV or VyJ =0 for every U € Vp, i.e. locally either ¢, = 0 for any vertical vector U

or VyJ for any vertical vector U.

Proof: Let g € A. Let U be a unit vertical vector. Let {G,H,U,V,u,v,9,0} be the
local complex almost contact structure corresponding to U. Suppose X € # is a unit
eigenvector of hy with eigenvector A. Then hyGX = —GhyX = =AGX. So, GX is also
an eigenvector of hy. Furthermore, since X is an eigenvector of hy and hy is symmet-
ric, we know hy(JX), hy(HX) € span{JX, HX}. Also, g(hy HX, HX) = g(huGJX,GJIX) =
—9(GhyJX,GIX) = —g(hy J X, J X).

Let X = {X,GX,JX,HX} so that X is an orthonormal frame of #. Then, with

respect to X,




So,
o [\ aa] o (o |3
Thol =11 70
BV
\0-1 0 0 vV —p O—Il 0
(-sv| o
= v B
-2 0
\ 0 | o2
Thus,
hot = —;—(hu + JhuJ)
A—p v
1 v —»\+;A| 0
T2 “A+p v
0 ' v o A-p
Furthermore, using Proposition 1.4.6,
hyy? = Jhy?
A—-p —v
=1 0 l v A-p
T2 A—-p v
—-v A—#I 0
Now, suppose
_ (A B
==(3 3)

is a 4 x 4 matrix such that A, B, and D are 2 x 2 matrices with

Let

Then
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So,
a;—d; az+d: 26, 0
El=YE4rpry =1 02tds os—ds 0 2b
2 2 2b; 0 —a;+dy az+d;
0 2b4 a2 +d; —az+ds

In particular, suppose E is the matrix representation of hyy with respect to X.
Comparing the above matrix with our previous representation of h;y¢, we see that
v = 0. Therefore, JX and HX are also eigenvectors of hy with respective eigenvalues

u and —pu. Furthermore, this allows us to get a better description of hy and hy?:

A0
0
hy = 0 =X = |
M
0 0 —u
izl 0 -0-w
vi=-=
2 0 I—('\"I‘) 0

0 A-p
Now, with respect to X, VyJ can be written as a skew-symmetric matrix:
0 a c d

_{-a 0 e f
VuJ = — —e 0 b
—-d -f =b 0

Furthermore, (VyJ)J = —J(VyJ); and

0 a c d
wonr=( 8]
0
d
~J(VyJ) = {
0
—-a 0 e f
So, we have that a=b,c= f=0,d=¢; or
0 a 0 d
_{=-a 0 d O
Vvl = 0 -d 0 a
-d 0 -a 0
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Furthermore, we also know that G(VyJ) = —(VuJ)G.

0 a 0 d
_ -a 0 d 0
G(VuJ) = 0 -d 0 a
-d 0 -a 0
-d )
a 0 d (0 1
0
_|—-a 0 d 0 -10
~(Vul)l6=14y a4 o a i
\—d 0 —-a 0 \ 0 -10
—-a 0 -d 0
{0 —-a 0 d
“{d 0 -a 0
\0 —d 0 =-a/
So, we know that a = 0 or that
VulJ =
Now,
A-p 0 ' 0 0 |0d
hU (VuJ)zl 0 _(A-”) do
2 0 |-(,\—p) 0 0 —d| 0
—-p -d 0
(5 o) o |0
=d(z\—p)
0 -10 0 -1 0
\ 01/ \-10
(o |0 1)
=d(A - p) -10
01 0
\ -1 0 )
= (VuJ)hy.

Thus, at each point of M, hy%(VyJ) = 0 for every vertical vector U if and only if either
d=0or A= pu. Since g is critical for I* if and only if hy?(VyJ) = 0 for every vertical
vector U, this proves the corollary.

Another interesting corollary arises from Theorem 2.5.1, when we consider com-

plex contact manifolds which have a global complex contact structure. Before we
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continue with the corollary, we need the following results concerning global contact

structures.

Proposition 2.5.5 Suppose w is a global complex contact form on M. Then there a

normalized contact structure on M such that ¢ =0.

Proof: Set » = w with w = u—iv. Locally, by the complex version of Darboux’s theorem

(cf. [LeB]), there is a local complex coordinate system (z,...,z,) such that

w=dzg+ 21dz3 4 ...+ 22pn-1d22n

with
u=Rew
=dzo+ z1dzo+ ...+ 2201422, + Y1dY2 + . . . + Y2n-—1dY2n;
v=-Imuw
= —dyo — z1dys — ... — Z2n—1dY2n — Y1dZ2 — ... — Y2n—1dY2n.
Thus,
du=dzyAdza+...+dzon_y Adzon +dyy Ady2 + ...+ dyan—1 A dy2n;
dv=—dzi Adys — ... —dzon_1 Adz2q —dy1 Adzy — ... — dy2n-1 Adz2,.
In particular, we know U = 32-;V = —32-. Furthermore, du(-32-, X) = 0 for all X € TM.

Since G = du — ¢ A v, we know ¢(X) = 0 for all X € TM. This proves the proposition.

Corollary 2.5.6 Suppose M is a compact complex contact manifold with a global

complex contact structure. Then I* is constant on A.

Proof: Let g € A. Let be a unit vertical vector field U with corresponding complex
almost contact structure {G, H,U,V,u,v,g9}. By the above proposition,we can choose
such a structure with o = 0.

Using Proposition 1.6.3, we get:
0=2J"+(VuJ)G - 2Hhy®.
By composing the right side by G, we get

0=—-2H - VyJ + 2Jhy°.
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However, both H and (VyJ) are skew-symmetric operators with respect to g; whereas

Jhy? = hyy? is symmetric with respect to g. Therefore, we have

VyJ = -2H.
In particular, since hy? = 0, g satisfies the critical condition of Theorem 2.5.1. Now,
g is any associated metric on M. Therefore, we know that I* is constant on A. This

completes the proof of the corollary.



Chapter Three

TWISTOR SPACES OVER QUATERNIONIC-KAHLER MANIFOLDS

In this chapter, we apply a few of the results of the previous two chapters to a
particular class of complex contact manifolds: the twistor spaces of a quaternionic-
Kahler manifold with positive scalar curvature and dimension 4n > 8. In section 1,
we discuss the complex contact structure of twistor spaces and establish some basic
facts. In section 2, we verify that the Salamon-Bérard-Bergery metric is associated
to the complex contact structure. In section 3, we apply the work for I* to the space

of all associated metrics to a twistor space.
3.1 Quaternionic-Kahler Manifolds and Twistor Spaces

Recall that a Riemannian manifold (M,§) with dim M > 8 is called quaternionic-
Kahler, if the holomony group of M is contained in Sp(n)- Sp(1). This means that there
exists a 3-dimensional subbbundle E ¢ End(TM) such that locally there exists a basis
of E, {A, B,C}, with:

1) A?=B?=C?=-id.

2) AB=-BA=C.

3) VxA,VxB,VxC € span{A, B,C} for any vector field X on M, where ¥V denotes
the Levi-Civita connection of §. We call each of these local frames a local quaternionic-
Kahler frame of M.

From this point on, we will assume that (M, j) is a quaternionic-Kahler manifold
with an open atlas # = {0} such that, on each O € U, there exists a quaternionic-
Kahler frame {4, B,C}. One of the most important properties of quaternionic-Kahler
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manifolds is given by the following Theorem due to Alekseevskii (See [Be]):
Theorem 3.1.1 § is an Einstein metric on M.

Now, § induces a bundle metric ¢’ on E by making each local quaternionic-Kahler
frame of M an orthnormal frame of E. Let 5: E & M be the natural projection. Set
V = ker(p).. So, E is an R3-bundle over M with a bundle metric, which reduces to the
Euclidean metric on R® when restricted to the vertical fibres. In other words, if, over

meOEU, Sy =arA+bB+¢,C,S; = asA+bB + ¢;C € (5)~ (), then we have:
9'(51,52) = a1a2 + bibz + cyc2.
Let M be the S2-bundle in E with respect to ¢/, i.e. locally
M={zA+yB+:C€E: 2+ + 22 =1}.

We call M the twistor space of M. Let p : M — M. be the natural projection. Set
V' = ker p.. Since we can view M C E fibre-wise as simply S? c R3, for F = zA+yB+:z2C €

p~1(0) with & e and z? + y? + 22 = 1, we can make the idenfication:
Ve={X€E:XL1LF}={aA+bB+cC€E:za+yb+ zc=0}.

Let § denote ¢’ restricted on V', using this identification. Now, since ¢’ is simply the
Euclidean metric on R3, we see that § is the standard metric on S?. Furthermore,
the orientation of the vertical fibres of M is preserved by §; so we see that we have a
well-defined complex structure J on V' given by the natural complex structure of S2.
Now, ¥ on E induces a splitting TE = V @ #'. This splitting is given, on M, by
TM =V @ #, where H =H'|y. Let a : TM =V & H - V' be the induced projection.
We give M an almost complex structure J as follows: Let S € M with p(S) = .
1) Suppose W € V;. Then we let JW = jW.
2) Suppose X € Hs. Let (hor)s : T»M — Hs be the horizontal lift function at

m to S € p~1(m), i.e. for Y € TsM, (hor)sY is the unique vector in #s such that
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ps((hor)s)Y) = Y. Recall that S is, in fact, an almost complex structure on 7 M. Then
we define:

JX = ((hor)s 0 Sop.)X.

Finally, we define a metric on M by:
9(X,Y) =g(aX,aY) + G(p. X, p.Y),

for each X,Y € TM. Note that, by its definition, g is projectable, i.e. hy = 0 for
every vertical vector U. This metric is called the Salamon-Bérard-Bergery metric on M
corresponding to M. Using all of this notation and contruction, we have the following

important results due to Salamon and Bérard-Bergery [Sa],[B-B|:

Theorem 3.1.2

1) J is an integrable complex structure on M; the vertical fibers of the projection
p: M — M are compact complex curves of genus 0.

2) If M has nonzero Ricci curvature, then a : TM — V' is a contact form on M,
ie.

A (dva)" #0on M,

where V is the bundle connection on V' with respect to §.
3) If § has positive Ricci curvature on M, then the Salamon-Bérard-Bergery
metric g is Kahler-Einstein with positive Ricci curvature such that the vertical fibres

of p are totally geodesic.

From this point on, we will assume that A is compact with positive Ricci curva-
ture.

Let 7 : V' -5 M be the natural bundle projection. Recall that § is the Salamon-
Bérard-Bergery metric restricted to V'; and V is the bundle connection on V' induced
from the bundle metric §. So, V = aV. Again, J is the restriction of J on V'. Thus,

aoJ=Joa.
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Let & = {0} be an open atlas of M with local trivializations of V' & : 7=!(0) - OxC
with &(v) = (r(v), $(v)) for all v € 7~}(0) such that:

1) §(vi,v2) =< ¢(n1),é(v2) > on 7=1(0), where <, > is the Euclidean inner product
on R2.

2) #(Jv) = ig(v) Yv € T71(0).

Set # = ¢oa. Let u and v be the real 1-forms on O such that = = u — iv. Now,
r(JX) = ¢(a(JX)) = ¢(J((X))) = i¢aX = ir(X) for any vector X. So, if we were to
extend = to be a complex 1-form on T€0O, then we would have =(X +iJX) = 0 for all
X eT€0. Thus, v=uolJ.

Since for 0, @’ € U with respective trivializations ® = (r, ¢),®' = (7, ¢’) we know that
é = h¢' for some function h: ONO’ = S?, we have r = hx’ for the same h. Thus, = = {n}
is a normalized contact structure on M corresponding to a. Using =, we construct the
contact line subbundle V. Thus, ostensibly we have two vertical subbundles: V' and
V. We now will show that, in fact, V' = v.

Let © € u with trivialization ® = (r,4),7 = ¢ o a. For each z € O, let ¢,(z) =
®-1(z,1),es(z) = &~1(z,—i), so that e = {e;,e;} is a local orthonormal basis of V' with
respect to §. Also, e = —Je;.

Let (wi;) be the connection matrix with respect to e given by
Vxej = wji(X)er +wja(X)ez Vi,j=1,2.
Since e is orthonormal, we know w;; = wz; = 0 and w;; = —w2;. So,

Ve = wi2(X)e2

vxez = —wlg(X)el .
Furthermore, a = u® ¢; + v ® e2; and

u(e1) = 1;v(e;) = 0;

u(ez) = 0;v(ez) = 1.
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Let X,Y € TO. Then:
2(d%a)(X,Y) = Vx(a(¥)) - Vy(a(X)) - o([X,Y])
= Vx(u(Y)er + v(Y)er) — Vy(u(X)er + v(X)e1) — u([X, Y])er — v([X, Y))e2
= X(u(Y))er + u(Y)Vxer + X(v(Y))ez + v(Y)Vxez
— Y (u(X))er — u(X)Vyer — Y (v(X))e2 — v(X)Vyez
= u([X,Y])e1 - v([X,Y])ez
= (Xu(Y) = Yu(X) = u([X,Y]))e1 + u(Y)wi2(X)ez — v(Y Jwi12(X)es
+ (Xv(Y) = Yo(X) = v([X, Y]))e2 — u(X)wi2(Y)ez + v(X)wi2(Y)es
= (2du(X,Y) + 2v Aw12(X,Y))e;
+ (2dv(X,Y) = 2u Awy3)(X,Y))es.
So,

#(dVa) = (du— B Av) —i(dv+ B Au),

where g = w;2.

Now, since V' is a subbundle of TO, we may apply these various forms to elements
of V. Recall Vxe; = aVxe; j = 1,2. Let X € #, so that a(X) = 0. Then, since V' is
totally geodesic with respect to g.

(@ a)(er, X) = (Ve (a(X) — Vx(aler)) = afes, X])
= 3(~aVxer — a(Ve, X = Vxer))
=0.

In particular,
(du — B Av)(e1, X) = Re(¢(d¥a))(e1, X) =0 VX € H.

Thus, du(e;, X) = 0 for all X € #. This means that e, = U, since it satisfies the definition
of U. Also, e; = —Je; = —JU = V. Therefore, on 0,V' = V. Since O was an arbitrary

element of ¥, we have: V' = V.
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Now, we have:

$(d%a)(U, X) =0,

$(d%a)(V, X) =0,

for any horizontal vector X. Furthermore, we have:
(@) (e1,2) = 5(Veulalea)) = Vs aler) = allen, )
- %m,e, - Vese1 = a(fe, e2])
= %Q(Ve,e2 = Ve,e1 — [e1,€2))
=0.

So, ¢(d¥a)(U,V) =0, or
#(d¥a)(X,Y) = ¢(d¥ a)(pX,pY) VX,Y € TO.

Furthermore, we have:

dr(pX,pY) = ¢(d¥a)(pX, pY),

for any vectors X,Y by eqns. (). Thus, for any vectors X,Y,
Q(X,Y) = dn(pX, pY)
= $(d®)(pX,pY)
= ¢(d¥a)(X,Y).
So, Q= ¢(d"’a), and B = o, where ¢ is the Ishihara-Konishi connection of the normalized
contact structure =.

In particular, this means that, when restricted to vertical vectors, the Ishihara-
Konishi connection of M is simply the standard connection of S?. In other words,
if F € M and we let SZ2 be the vertical S?-leaf through F, then, for U,W € Vg, we
may identify U,W with vectors tangent to S2,U*,W*, respectively, using the local
trivialization

M2O0OxS*’30OxRE>E,
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and oy(W) = —¢*(Viy.U*,J°U"), where g° is the standard metric on S? with induced

Levi-Civita connection V* and J* is the standard complex structure on S2.

At this point, we review some important facts about the standard metric and

complex structure on S2.
Consider S? = {(z,y,2) € R®: 22 + y?> + 22 = 1}. Let O = {(z,y,2) € §? : z # 1}. Define

coordinates on O, by:
= (= Y
(s,t) = (l-z’ 1—z)'

Then we find that:
5= (l-z-2z )—8 - zyg +:1:(1—z)—‘9 )

%:-zyé;%ﬂl-z-y’)%wu-z)c%.

Then |Z|=|&|=1-2.Set U= %, JU = I‘ﬁ_l Then we find:
Vu(JU) = =tU; VpJU = sU.

So, if Bw (X) = —§(VxW,JW) for all X,W € TS?, then we have:

Bu(U) = =t; Bu(JU) = s.

Now, if we set O’ = {(z,y,z) € S? : z # —1}, define coordinates on O’ by:

Y,

/ n —_ v
) =37 T+
and set
A 8/’
U' = 88", ,JU':—%‘, ,
l5 | I3 |

then we find that
Bu(U') = =t'; Bu:(JU') = &'.

Therefore, if (s,t) are the stereographic coordinates of any hemisphere of S? with

U,JU the orthonormal vectors in the directions of Z, 2, respectively, then we have:

Bu(U) =t;Bu(JU) = —s.

-ﬁ;- V' = I_%T’ then

Furthermore, if we take s' = —s,¢/ = —t and U’ = Fal

Bu(U") =t'; By (JU') = -¢'.
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3.2 The Salamon-Bérard-Bergery Metric

For this section, we will use the same notation that we used in the previous
section, however we will also assume that the quaternionc-Kahler metric § on M has
been rescaled so that its scalar curvature is %t2. We now would like to show that the
corresponding Salamon-Berard-Bergery metric g on M is an associated metric.

Let © e u. Using the same notation as the previous section, we already know: for
X € #,9(U, X) = g(e1, X) = 0 by definition of g. Also, for the same X, u(X) = Re(¢oa)(X) =
0. Also, g(U,U) = g(e1,€1) = §(e1,e1) = 1 = u(U) by definition of e;. And g(U, V) = g(e1,e2) =
0 = u(V), by definition of e;. This means that u(Y) = g(U,Y) forallY e H or Y € V.

Thus, u(Y) = g(U,Y) for any vector in TO. Also,

v(Y) =u(JY) =¢(U,JY) = —g(JU,Y) = g(V,Y), VY € TO.
Furthermore, g is Hermitian with respect to J (in fact, it is Kahler).

Now, on 0O, define the local endomorphism G : TO = TO by:
9(X,GY) = Re(QX,Y)) = Re($(d”a)(X,Y)),

for all vectors X,Y € TO. Thus, we have automatically that G is skew-symmetric with

respect to g. Furthermore,
GU =0,GV =0,uoG=0.

Also, by the definition of {Q}, the endomorphisms {G} transform on the intersections
of elements of & correctly. Thus, in order for g to be an associated metric,we only
need to show two things:

1) G*=-p.

2) GoJ=-JoG.

In order to do this, we will need to specify a trivialization of V. Let & = {0} be the

usual open atlas of M such that, on each O, there exists a local quaternionic-Kahler
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structure {4,B,C} C M. As usual, for O e, © = p=}(0) so that O = {zA+yB+:C €

E:z2+y*+ 22 =1}. Set

O ={zA+yB+:2C€0:2#1},

O0'"={zA+yB+:2C€0:z# -1}.
Now, over @, we have the usual trivialization:
M=0x5*0xR=E.
So, for F = zA + yB + zC, we may make the following identification:
VFr={aA+bB+cC€E:az+by+cz=0}

with the metric § of Vr induced from the bundle metric of E.
Using this identification, we define the following sections of V over M :

1) For F=zA+yB+:C€ 0, set

—,2 — )2
U’:-;-( z +ij:l Z) )A_lz_yzB'*"tC’
2 — 22

T 1-2 2 1-2

2) For F=zA+yB+:C€ 0",

w_ 1(=22+y* + (1 +2)?) zy

set U" = 2 T A-17B+2C,
w_ 2y , 1(=2+y+(1+2)%
V= =A- T B-yC.

It is easy to verify that both {U’,v’} and {U”,V"} are local orthonormal frames of v
on @ and O”, respectively.
Using these local frames, we define the following trivializations of v :

1) ¢ :771(0’) = O x C is defined by:
¢'(F,aA+bB +cC) = (F, k+1il),

where aA + bB+bC = kU’ +1V’, for all Fe€ ©’, aA+bB +bC € Vp.
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2) ¢":771(0") - 0” x C is defined by:

¢"(F,aA +bB + cC) = (F, k +il),

where aA +bB +bC = kU"” +1V", for all F € 0", aA+bB +bC € Vp.

Now, we need to use some results about quaternionic-Kahler manifolds, which we
will briefly review. All of these results are to be found in [Be].

Using the Riemannian submersion p : (M,g) = (M,§) and the contact form « :

V& H - H, we define on M,A:H xH =V by
AxY = 2a([X.Y]), VX,Y € %.

A is called the second O’Neill tensor of the submersion p.

For F € M and X,Y € HF, we get:
1%
(AxY)r = —§R (P X, puY)F,

where V is the Levi-Civita connection of § and RV is the Riemannian curvature of ¥

extended to elements of M C End(TM) in the usual way. By Ricci’s identity, we get:
1.-
(AxY)r = —5[R(p. X, p.Y), F],

where R is the Riemannian curvature of §j so that R(p.X,p.Y) € Hom(TM,TM) for
X,Y eTrM.
Let X,Y € O. Let # be the Ricci operator of §. Using the Einstein property of §

and the fact that the scalar curvature of § is 2t2, we get:

2
n+2

[R(X,Y), A] = (F(CX,Y)B - #BX,Y)C)

= 2(§(CX,Y)B - §(BX,Y)C),

(R(X,7),B] = - i S(=F(CX, V)4 + FAX,¥)C)

=2(-§(CX,Y)A+§(AX,Y)C),

2
n+2

[R(X,Y),C]= (F(BX,Y)A - F(AX,Y)B)

=2(§(BX,Y)A - §(AX,Y)B),
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for X,¥ € TO.
Suppose F = zA+ yB + zC € O with p(F) = m,z2 +y* + 22 = 1. Let X,Y € HFr with
X = p.X,i’ = p.Y. Then
i .
(@¥a)(X,Y) = 5(Vx(a(Y)) - Vy(a(X)) - a([X, Y)))

1
= —-2-a([X, Y])

]
L
>
>
=
5

]
N = DN =t N =

Ré(p.X,p.Y)F
[R(X,Y), F]
= 2=lR(X,7), 4]+ 3IR(X, P), B] + 3:AR(X, ¥),C).
=z(§(CX,Y)B - §(BX,Y)C)
+y(-§(CX,Y)A+§(AX,Y)C)
+2(§(BX,Y)A - §(AX,Y)B)
= [-y3(CX,Y) + 2§(BX,Y))A
+[z§(CX,Y) - z§(AX,Y))B
+[-z§(BX,Y) + yj(AX,Y)]C.

Now, since basic vector fields span #, we can assume that X and Y are basic vector
fields on O. Also, we can assume that X and Y are elements of an orthonormal 4-B-C
basis of M. Under these circumstances, we have only three non-trivial possibilities:

1) ¥=AX,

2) ¥ =BX,

3) Y=CX.

Now, suppose F = zA + yB + zC € O'. Under each possibility, we wish to find
a formula for Re(¢’'(dVa)(X,Y)). Using some linear algebra, we obtain the following

results.
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Case 1. Suppose ¥ = AX.

Then .
(d¥e)(X,Y) =-zB+yC
zy ., l—z-2%2_,
T1-z  1-z v
So,
’ dv X.Y) = zy 1-z-2%
¢((d7a)(X,Y) = 7= —i—5—
Thus,
Re(¢'(d°)(X,Y)) = 1=

Case 2. Suppose Y = BX.

Then
(d%a)(X,Y) =24 -2zC
_ yz +z—-1_, Ty '
1=z U+ 1- zv )
Thus,
Re(@((d¥a)(x,¥)) = LFE=L,

Case 3. Suppose Y = CX.

Then
(@a)(X,Y) = —yA +zB

=—yU' —zV'.
So,

Re(¢'((d%0)(X,Y)) = —y.

Now, we will denote the orthonormal A-B-C basis by E = {E,,..., E4,} with E; =
AE,,E3 = BE,,E4 = CE,, etc. Denote the corresponding basic frame of # on O by
e={e1,...,ean} With p,e; = E; for each j = 1,...,4n. Since p is a Riemannian submersion,
we know that ¢ is also an orthonormal basis of # on O.

So, if [g]. is the matrix representation of g on # with respect to e and if [§]g is the

matrix representation of § on TO with respect to E, then [g], = [§]g = Iun.
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Now, on @', we let G’ be the local endomorphism given by:
9(X,G'Y) = du(pX,pY) = Re(¢'(d" )(X,Y)).

Let [G),, [Re(¢'(d¥ a))]. be the matrix representations with respect to ¢. Since [g], = I4n,
we have that [G’), = [Re(¢'(d"a))]..

Using the previous linear algebra results, we know that, at F =z4+yB+:C € ¢,

@ 0 0
[G’]£= 0 e 0 ’
0 0 -4
where : .
0 zY Yy +2-1 —y
1-2z 1=z
2 -1
=] "1 0 Bt i
ey 0 s
tz-1 _zy 0
y 1-2 1=z

Using the fact that 22 + y* + 2% = 1, it is easy to verify that (¢')? = -I4. So, [G')2 = Isn.

Therefore, (G')? = —p. Similarly, if we define G” on ©” by
9(G"X,Y) = Re(¢"(d”)(X,Y))

for each X,Y € TO”, we find that (G”)? = —p.

All that remains to show is that, on @’,G'oJ = -J oG, and that, on 0”,G" o J =
—J o G". Clearly, we need only do this on ¢’. The argument on ©” will be exactly the
same.

Let F=zA+yB+:2C € O with z2+y? + 22 = 1. Then, for X € #fr, X = p.X we have,

by definition of J,
pPe(JX)=(zA+ yB + z2C)p. X

= z(AX) + y(BX) + 2(CX).
Using the same bases E and ¢ as before and letting [J]. be the matrix representation

of J with respect to e, we find:
v 0 0

Ve=1] o 01,

0 0 v



where
0 -z -y -z
[z 0 -z y
¥ = y z 0 -z
z -y 2z 0
Then,
'V 0 0
GlelVle=| o 0
0 0 v
So, we need only verify that &'¥ = —¥'®’.
P +z=1
0 I_x—y; 1:2 ;—y 1 0 e —y -—2
Y = _Tg_y; 0 -y _”_14-_17_ z 0 -z y
—ultzm1 y 0 8 vy z 0 -z
1-2 1-2
il sy 0 z -~y z 0
Yy 1-3 1-3

Now, except for the diagonal entries, it is clearly seen that &'¥’ is a skew-symmetric

matrix. Furthermore, the diagonal entries are given by:

zy yz+z—1_yz_zzy+y"+yz—y—yz(1—z)

zl—z+y 1-2 1-2z
_ Y+ +z-1-2+2%
- 1-2
Y2+ P+ 22-1)
- 1-2
=0.

So, ®W¥ is zero along its diagonal, that is, ®'¥’ is a skew-symmetric matrix. Thus, we
have:
l(¢lwl) - —QI‘P,,
t(wl)t((pl) - —QIW,,
Ve = —¢'v
Y = -’y
So, G'oJ = JoG'. Thus, g is an associated metric of the complex contact structure of

M.

Since the fibration p : (M,g) = (M, §) is a Riemannian submersion, we know that g

is a projectable associated metric, that is, for any unit vertical vector field U, hy = 0.
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We now use this fact to find that g is actually the only projectable associated metric
on M. In order to do this, we need a few general facts about the space of associated
metrics for any complex contact manifold. For the next three lemmas, we will assume

that M is any complex contact manifold.
Lemma 3.2.1 Suppose g € A with h = 0. Let D € T, A. Then 0 = p(Vye?)p + ePky -
kyeP VU e v if and only if p(LyeP)p =0 VU € V.

Proof: Let X be a horizontal vector field and U a vertical vector field. Then:
0=p(Vuel)X + ePkyX — kyeP X

= pVu(e? X) — kyeP X — pePVy X + ePhky X

= pVU(eDX) —pV.oxU — pePVu X + pePVxU
=pLy(eP X) — peP Ly X

= p(LyeP)X.

The converse is clear by reversing the order of the above equations.

Lemma 3.2.2 Suppose g is a projectable associated metric, D € T, A. Also, suppose
p(LueP)p=0VYU e V.

Then U)X =0 for each vertical vector field U and for each eigenvalue X of D.

Proof: Let X € # such that DX = )X, |X|=1. Then:
p(VueP)X = kyeP X — Py X

= e)‘kux - e"‘kUX.
So, g((VveP)X, X) = 0. But
0=g((VveP)X, X)

= g(Vu(e? X), X) — (P Vu X, X)
= g(V(e*X), X) — e*g(Vu X, X)
= (Ue*)g(X, X) + *9(Vu X, X) — X g(Vu X, X)

= (Ue).
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So, 0 =Ue* = (UA)e*. So, 0 = U), since e* is never zero.

Lemma 3.2.3 For g € A a projectable associated metric and D € T, A4, we have
p(LveP)p = 0 for every vertical vector field U if and only if p(CyD)p = 0 for every

vertical vector field U.

Proof: It is clear that, if p(LyD)p = 0 for a vertical vector field U, then p(LyeP)p = 0.

Now, suppose that p(Lye?)p =0. Let X € # such that DX = AX. Then:
0= p(LyeP)X

= pCu(eDX) - peDL:uX
= pLy(e* X) — peP Lu X
= (UeM)X + e*pLyX — ePpLyX

=e*plyX - ePpLly X,
by using Lemma 3.2.1. So, pePLyX = e*pLyX. Since every eigenvector of e? with

eigenvalue ¢* is an eigenvector of D with eigenvalue A\, DLy X = ALy X. So,
0=(UNX +ApLlyX - DLy X

= pLy(AX) — D(Lu X)

= pLy(DX) - D(Cu X)

= p(CyD)X.
Thus, p(LyD)p = 0. This proves the lemma.
Proposition 3.2.4 Let g,¢' € A such that g is projectable. Let D € T,A such that
¢’ = geP. Then ¢ is projectable if and only if p(Ly D)p = 0 for any vertical vector field
U.

Proof: Let U be a vertical vector field. Then, by Proposition (2.2.1), we know:
1 1
U= Epe'D(VUeD)p + E(kv — e Pkyel) + %(hu + e PhyeP)

1 _ 1 -
= 2pe”2(VueP)p+ 5 (kv — e~ Pkue®),

since g is projectable. So, ¢’ is projectable if and only if

0= p(VUeD p+ ePky — kyePl.
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By Lemmas 3.2.1 and 3.2.3, ¢’ is projectable if and only if p(Cy D)p = 0 for any vertical

vector field U.

We shall now apply this proposition to the twistor space over a quaternionic-
Kahler manifold. Using the same notation as before, we let g be the Salamon-Berard-
Bergery metric. If D € T,A, then p(CyD)p = 0 if only if D "projects down” to a
(1,1)-tensor on M, i.e. there exists a (1,1)-tensor D on M such that Dop, = p. o D. We

will now use this fact to show the following theorem.

Theorem 3.2.5 The Salamon-Berard-Bergery metric is the only projectable associ-
ated metric of the twistor space over a compact quaternionic-Kahler manifold with

dimension > 8 and positive scalar curvature.

Proof: Let g be the Salamon-Berard-Bergery metric. Let ¢’ € A. Then, by Propostion
2.1.3, there exists D € T,A such that ¢’ = ge?. By Proposition 3.2.4, ¢’ is projectable
if and only if p(Cy D)p = 0 for any vertical vector field U.

Suppose p(Ly D)p = 0 for any vertical vector field U. For F € M,z = p(F), let
Lr :T:M - Te M
be the horizontal lift of the Riemannian submersion p : (M, ¢) = (M, §), i.e.

peLr =idly, s,

aoLp =0.

Since D is projectable, there exists a (1,1)-tensor D on M such that D is the horizontal
lift of D, i.e. on Te M,

D = LgDp..

This is actually another way of saying Dop. = p. o D. Or, D = p.DLf on T, M. Clearly,
since D is g-symmetric, D is j-symmetric.

Now, on TrM,J = L o F o p., where we view F € End(TM). Also, DJ = JD. So, we
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have that, for F € M,
LroDop,oLpoFop,=LpoFop.,oLroDonp,.
But, p. o Lr = id|5. So,
LroDoFop.=LpoFoDoop,.

By applying p. on the left and Lr on the right, we get:

~ ~

DoF=FoD.

Thus, D commutes with each element of M c End(TM).

We also have that DG = -GD. So, for X,Y € A,

9(X,DGY) = —g(X,GDY)
¢(DX,GY) = g(GX, DY)
du(DX,Y) = du(DY, X)

u([DX,Y]) = u([DY, X]).

Similarly, since HD = —DH, we have that, for X,Y € #,v([DX,Y]) = v([DY, X]). So,

n([DX,Y]) = n([DY, X]). Thus, o([DX,Y]) = a([DY, X]) = —a([X, DY]). This means that
ApxY =-Ax DY,
where A is the second O’Neill tensor defined previously in this section.
Recall that for X;, X; € #F,
Ax,X; = —%R"’(p.xl,p.xz)F

) P
= —§[R(p.X1,P.X2)vF]‘

So, in our case, we have that for X,Y € #F

-—%[R(p.(DX),p.Y,F]: [R(p. X, p.(DY), F].

| =
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Or, for X,Y € T: M,

—-[R(DX,Y),F) = [R(X, DY), F].
In particular, if {4, B,C} is a local quaternionic-Kahler structure on M, we have:

—-[R(DX,Y),A] = [R(X, DY), A]
-2(§(CDX,Y)B - §(BDX,Y)C) =2(§(CX,DY)B - §(BX,DY)C)
-§(cDX,Y)B+ §BDX,Y)C = §(CX,DY)B - §(BX,DY)C

-§(CDX,Y)=§(CX,DY),

since the endomorphisms {4, B,C} are linearly independent. Now, recall that we have
already established that D is g-symmetric and that D commutes with each element

of M. Since C € M, the last equation above gives us:

-§(CDX,¥)=§(CDX,Y).

0=g(CDX,Y).
By substituting CX for X, we get that D = 0, which means that D = 0. Thus, ¢’ = g.

This proves the theorem.
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3.3 Applications of Variational Methods on Twistor Spaces

We are now in the position to apply some of the results from Chapter Two to the
space of associated metrics of the twistor space of a quaternionic-Kahler manifold of
dimension 4n > 8 with positive scalar curvature. Throughout this section, we will use

the notation derived in the previous section.

Theorem 3.3.1 Let M be the twistor space of a compact quaternionic-Kahler manifold
M with positive scalar curvature and dimension 4n > 8. Let ¢’ € A. Then g is critical

for I* if and only (hy')? = 0 for every vertical vector U.

Proof: Let g be the Salamon-Bérard-Bergery metric on M. Let the structure tensors
and connection of the Salamon-Bérard-Bergery metric be given by &, h, V, respectively.
In particular, A =0, and VJ = 0.
By Proposition 2.1.3, we know that there exists D € T, A such that ¢’ = ge?. By
Proposition 2.2.1, we have:
(Vi J) = 2¢"PkyJ + pe~P (VyeP)4J — eP(kyeP + ePky)J,
= kyeP,
1 _p Dy, 1 -Dy_ D
hy = 3Pe (Vve®) + Ep(ku —e “kye”).

Hence,

1 _ 1 _
(hy)* = 5pe™P(VueP)* + Sp(ky — e PhueP).

Suppose that ¢’ is a critical metric for I*. Recall from Theorem (2.5.1) that the

critical condition for I* is given by:
(h)*(VyJ) = (Vi) (hy)? =0,

for any unit vertical vector field U.
Fix a unit vertical vector field U with corresponding complex almost contact
structure {G,H,U,V,u,v,90}. Let H, = Im((h};)%); Ho = ker((h{;)?). Note that both %,

and #, are preserved under the actions of J and G = —ky.
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Let X € #,. Then (V{,J)X = 0. Now,
J =pe P (VyeP)iJ — (e72P — 2¢7P2 + Dky J.
So,

pe P (VyeP)uX = (7P — 272 + DkyJ X,

pe P (VyeP)iX = (e72P — 2¢P + Nky X,

since JH; = H,. Also,

1 1, _
(hy)?X = oPe D(vyeP)ix - E(e 20 _ Nky X.

Combining these two equations, we get:
(k)X = —(e~P = Dky X.
Now, (hy,)%k}; = —kj;(hy)¢. Furthermore,
(hy)3kly X = ~(e™P — DkykyeP X
=P -nePx
=X -¢ePXx,
—ky(hy)iX = kyeP(e™P = Dky X
= ky(I - eP)ky X
=k} (I-eP)x
=-(I-eP)Xx
=-X+ePXx.
So, 2X = (e? +e~P)X. Thus, #, is an eigenspace of (e? + e~P) corresponding to the
eigenvalue 2.
Now, D is diagonalizable, so we know that (e? + ¢~?) is diagonalizable such that
every eigenvector of D is an eigenvector of (e? +e~P) and vice versa. Furthermore, we

know that (e?+e~P)Y = uY if and only DY = \Y with u = e*+e~*. So, since all elements
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of #, are eigenvectors of (e? + e~?) with eigenvalue 2, for each X € #,;, DX = AX with
e* + e=* = 2. Thus, (e* - 1)2=0. Or, A = 0. Therefore, DX =0 VX € ;.
Now, suppose (h{;)¢ # 0. Then there exists X € #,,A > 0 such that X # 0, (k)X =

AX. Then
AX = (k)X

=—(e? - DkyX
=—ky(e? - X
= —ky (e X - X)
= —ky(X — X)
=0.

This contradicts the fact that AX # 0. So, (hy’)? = 0. This proves the theorem.

Now, we use this result to give a characterization of the Salamon-Bérard-Bergery

metric.

Theorem 3.3.2 Let M be the twistor space of a compact quaternionic-Kahler manifold
M with positive scalar curvature and dimension 4n > 8. Let ¢’ € A with Levi-Civita
connection V. Let J be the complex structure of M. Then the following conditions are
equivalent:

1) ¢ is the Salamon-Bérard-Bergery metric.

2) ¢ is projectable.

3) ¢ is Kahler.

Proof: By Theorem 3.2.4, we already know that conditions 1 and 2 are equivalent.
Also, we know that the Salamon-Bérard-Bergery metric is Kahler. Thus, we need
only show that condition 3 implies condition 2 or 1.

Suppose ¢’ is Kahler. In particular, this implies, by Lemma 1.4.6, that (h},)* =0
for any vertical vector U. Also, we know that VyJ = 0 for any vertical vector U. So, ¢’

is critical for 1*. Thus, (hy')? = 0 for any vertical U. This means that ¢’ is projectable,
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proving the theorem.
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