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ABSTRACT

CURVATURE AND NORMALITY OF COMPLEX CONTACT

MANIFOLDS

By

Belgin Korkmaz

In the first part of this thesis, we define complex contact metric structures and

introduce a notion of normality for complex contact metric manifolds. In terms of

the covariant derivatives of the structure tensors, we give a necessary and sufficient

condition for a complex contact metric manifold to be normal. Then we define the

GH-sectional curvature for normal complex contact metric manifolds, and classify

those with constant GH-sectional curvature +1. We also define ’H-homothetic defor-

mations and use them to get examples of normal complex contact metric manifolds

with constant GH-sectional curvature c with c > —3.

In the second part, we show that complex contact metric manifolds with R(X, Y)V =

0 are given locally by 0"“ x CP"(16) under a certain assumption. We give a complex

contact metric structure on C"+1 x CP"(16) with R(X, Y)V = O.



To my parents, sisters and to my husband

iii



ACKNOWLEDGMENTS

First, I want to thank my advisor, Dr. David E. Blair, for his excellent guidance,

help and encouragement throughout my study for this thesis.

I also want to thank the members of my thesis committee, Dr. Bang-Yen Chen,

Dr. Wei-Eihn Kuan, Dr. Gerald Ludden and Dr. Jon Wolfson for their careful review

of my work.

Many thanks to Dr. Mustafa Korkmaz for his help in typing this thesis and his

continuous support. Also, many thanks to Ayla Ayalp for her help in typing.

Finally, I would like to thank Dr. Turgut Onder of Middle East Technical Uni-

versity, Ankara, 'Ihrkey, for his help to go to study at Michigan State University.

iv



Contents

0 Introduction 1

1 Complex contact metric structures and normality 3

1.1 Basic definitions .............................. 3

1.2 Normality on complex contact metric manifolds ............ 9

1.3 Some basic facts on normal complex contact metric manifolds . . . . 23

2 Normal complex contact metric manifolds with constant GH-sectiona1

curvature 31

2.1 GH-sectional curvature .......................... 31

2.2 Examples of normal complex contact metric manifolds ........ 42

2.3 ’H-homothetic deformations ....................... 44

3 Complex contact metric structures with R(X, Y)V = 0 52

3.1 Preliminaries ............................... 52

3.2 Structures with R(X, Y)V = 0 ...................... 56

3.3 A complex contact metric structure on the manifold C"+1 x CP"(16) 70



Chapter 0

Introduction

The theory of complex contact manifolds started with the papers of Kobayashi [12]

and Boothby [4], [5], in late 1950’s and early 1960’s, shortly after the celebrated

Boothby-Wang fibration in real contact geometry [6]. It did not receive as much at-

tention as the theory of real contact geometry. In 1965, Wolf studied homogeneous

complex contact manifolds [17]. Recently, more examples are appearing in the litera-

ture, especially twistor spaces over quaternionic Kahler manifolds (e.g. [13], [14], [15],

[16], [18]). Other examples include the odd dimensional complex projective spaces

[9], and the complex Heisenberg group [1].

In the 1970’s and early 1980’s there was a development of the Rieamannian theory

of complex contact manifolds by Ishihara and Konishi [8], [9], [10]. However, their

notion of normality as it appears in [9] seems too strong, since it does not include

the complex Heisenberg group and it forces the structure to be Kahler. In the first

chapter of this thesis, we introduce a slightly different notion of normality which

includes the complex Heisenberg group. The main theorem of the first chapter states

the necessary and sufficient conditions, in terms of the covariant derivatives of the

structure tensors, for a complex contact manifold to be normal.

In Chapter 2, following the corresponding theory of real contact geometry, we de-



fine the GH-sectional curvature for normal complex contact manifolds and we classify

those with constant GH-sectional curvature +1. Then we define H-homothetic defor-

mations and show that they preserve normality. Here we note that Ishihara-Konishi’s

notion of normality is not preserved under ’H-homothetic deformations.

In Chapter 3, we study complex contact manifolds for which the vertical plane

is annihilated by the curvature. We show that those manifolds are given locally by

C"+1 x CP"(16). We also give the complex contact metric structure on C"+1 x

cpnua).



Chapter 1

Complex contact metric structures

and normality

1.1 Basic definitions

Definition 1.1 Let M be a complex manifold with dimc M = 2n+1 and let J denote

the complex structure on M. M is a complex contact manifold if there exists an open

covering it = {00} of M, such that

1) on each 00, there is a holomorphic l-form wa with waA(dwa)" ¢ 0 everywhere,

and

2) if 00, (1 0,9 75 0 then there is a non-vanishing holomorphic function Aafi in

0., F1 05 such that

too = A05 (4)5 in 00 n 05.

On each 00,, we define ”Ha = {X 6 T0,. [wa(X) = 0}. Since Amy’s are nonvanish—

ing, ’Ha = 7-15 on 00005. So ”H = U’Ha is a well-defined, holomorphic, non-integrable

subbundle on M, called the horizontal subbundle.

Definition 1.2 Let M be a complex manifold with dimc M = 2n + 1, complex struc-

ture J and hermitian metric g. M is called a complex almost contact metric manifold

if there exists an open covering it = {00} of M such that

3



1) in each 00,, there are 1-forms no and v0 = uaJ, (1,1) tensors Ga and H0 = GaJ,

unit vector fields U0. and V0 = —JUa such that

H§=G§=—Id+ua®Ua+va®Va

g(GaX, Y) = —g(X,G'aY)

9(UmX) = “0(X)

00.] = —JGa

GaUa = 0

ua(Ua) = 1,

2) if 00, 0 (9,3 76 (ll then there are functions a, b on 00 0 03 such that

u); = aua —bva

v5 = bug, + ava

Gfi =aGa -bHa

Hg =bGa+aHa

a2+b2 =1.

As a result of this definition, on a complex almost contact metric manifold M,

the following identities hold (cf. [9]):

HaGa = —G0Ha = J+Ua®Va—va®Ua

JHa = —HaJ = Ga

9(HaX, Y) = -g(X, HaY)

GaVa = HaUa = HaVa = O

uaGa == vaGa = uaHa = vaHa = 0

JVa = U0, g(Ua, Va) = 0.



Let (M, {wa}) be a complex contact manifold. We can find a non-vanishing,

complex-valued function multiple no, of 0)., such that on 00, 0 0p, 1ra = humus with

hag: 00 fl 0;; —> 81. Let no 2 ua — iva. Then v0, = uaJ since can, is holomorphic.

From now on, we will suppress the subscripts if 00, is understood.

Locally, we can define a vector field U by du(U,X) = 0 for all X in ’H and

u(U) = 1, v(U) = 0. Then we have a global subbundle V locally spanned by U

and V = —JU with TM = ’H EB V. We call V the vertical subbundle of the con-

tact structure. Here we note that we can find a local (1,1) tensor G such that

(u, v, U, V, G, H = GJ, 9) form a complex almost contact metric structure on M (cf.

[10])-

Definition 1.3 Let (M, {w}) be a complex contact manifold with the complex struc-

ture J and hermitian metric 9. We call (M, u,v, U, V, g) a complex contact metric

manifold if

1) there is a local (1,1) tensor G such that (u,v, U, V, G, H = GJ,g) is a complex

almost contact metric structure on M, and

2) g(X,GY) = du(X, Y) and g(X, HY) = dv(X, Y) for all X,Y in ’H.

In his thesis [7], Foreman shows the existence of complex contact metric structures

on complex contact manifolds.

We will assume that the subbundle V is integrable. Since every known example of

a complex contact manifold has an integrable vertical subbundle, this is a reasonable

assumption for our work. From now on, we will work with a complex contact metric

manifold M with structure tensors (u, u, U, V, G, H, g) and complex structure J.

Define 2-forms G and H on M by

A A

G(XvY) = 9(XiGY)a H(X3Y) = 9(XvHY)



Then for horizontal vector fields X, Y,

G(X, Y) = du(X, Y), H(X, Y) = dv(X, Y).

In general, we have

A

G=du—o/\v, (1.1)

H=dv+0/\u. (1.2)

where o(X) = g(VxU, V) (cf. [7]).

Let p denote the projection map p : TM —> ’H.

In real contact geometry, there is a symmetric Operator h = §££¢,where 6 is the

characteristic vector field and d) is the structure tensor of the real contact metric

structure, which plays an important role. Here, .6 denotes the Lie differetiation. In

particular, on a real contact metric manifold we have

Vxé = -¢X - ¢hX

or. [3].

Similarly, we define symmetric operators hU, hv: TM —+ ’H as follows:

hU = %39m(£UG) 0 P

hv = %sym(£vH) o p

where sym denotes the symmetrization. Then we have

huG = —Ghy, th = —Hhv,

hU(U) = hU(V) = hv(U) = hv(V) = 0,



and

VXU = —G'X — GhUX + 0(X)V, (1.3)

va = —HX — HhVX — o(X)U, (1.4)

where V is the Levi-Civita connection of 9 (cf. [7]).

Hence

VyU = 0’(U)V, VvU = 0’(V)V, VuV = —0’(U)U,VvV = —0’(V)U. (1.5)

It can be seen easily by a direct computation that

(vxéxx 2) + (VYGXZ. X) + (VzGXX, Y) = 3dG(X, Y, Z),

and

(VXH)(Y, Z) + (vyfrxz, X) + (VZH)(X, Y) = 3dH(X, Y, Z).

Then, using equations (1.1) and (1.2) we get

(VXG)(Y1 Z) + (VYG)(Z,X) + (VzGXX, Y)

= —v(X)S2(Y, z) — v(Y)Q(Z, X) — v(Z)Q(X, Y)

+o(X)g(Y, HZ) + o(Y)g(Z, HX) + 0(Z)g(X, HY), (1.6)

and

(VxHXY. Z) + (VYH)(Z,X) + (VzH)(X,Y)

= u(X)Q(Y, Z) + u(Y)o(z, X) + u(Z)o(X, Y)

—o(X)g(Y, GZ) — o(Y)g(Z, GX) — o(Z)g(X, GY), (1.7)

where o = do.

Lemma 1.4 VUG = o(U)H,and VVH = —o(V)G.
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Proof: By equations (1.6) and (1.3) we get

(VUGXXa Y) = —(Vxé)(Y, U) - (Vi/GNU???) + v(X)9(U, Y)

+o(Y)o(X, U) + o(U)g(X, HY)

= —g(VxU, GY) + g(VyU, GX) + v(X)Q(U, Y)

+o(Y)o(X, U) + o(U)g(X, HY)

= g(GX + GhUX, GY) — g(GY + GhUY, GX) + v(X)Q(U, Y)

+o(Y)o(X, U) + o(U)g(X, HY)

= o(X)o(U, Y) + o(Y)o(X, U) + o(U)g(X, HY). (1.8)

If X and Y are horizontal then

(VUGXX, Y) = 0(U)9(X,HY)-

On the other hand by (1.5)

(Vué)(U, Y) = -9(VUU,GY) = 0,

and

(voéxm) = —g(vov, GY) = 0.

So, (VUG)Y = o(U)HY for any Y.

Similarly, using (1.7) and (1.4) we get

(VVH)(X, Y) = u(X)o(Y, V) + u(Y)o(V, X) — o(V)g(X, GY). (1.9)

Again by (1.5) (VVH)(U, Y) = (va)(v, Y) = 0. So, (VVH)Y = —a(V)G’Y. [:1

Now, if we use Lemma 1.4 in equations (1.8) and (1.9) we get

Q(U,X) = v(X)Q(U, V), (1.10)

and

o(v,X) = —o(X)o(U, V). (1.11)
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1.2 Normality on complex contact metric mani-

folds

Let M be a complex contact metric manifold. Ishihara and Konishi [9] defined (1, 2)

tensors S and T on a complex almost contact manifolds as follows:

S(X, Y) = [G, G](X, Y) + 2v(Y)HX — 2v(X)HY + 2g(X, GY)U

—29(X, HY)V — U(GX)HY + U(GY)HX + o(X)GHY

—U(Y)GHX

T(X, Y) = [H, H](X, Y) + 2u(Y)GX —- 2u(X)GY + 2g(X, HY)V

—2g(X, GY)U + 0(HX)GY — o(HY)GX — o(X)HGY

+U(Y)HGX

where

[G, G](X, Y) = (VGXG)Y — (VGyG)X — G(VXG)Y + G(VyG)X

is the Nijenhuis torsion of G. In [9], they introduced the notion of normality which is

the vanishing of the two tensors S and T. One of their results is that if M is normal

then it is Kahler. This result suggests that Ishihara-Konishi’s notion of normality is

too strong. Here we will give a somewhat weaker definition.

Definition 1.5 A complex contact metric manifold M is normal if

1) S(X, Y) = T(X, Y) = 0 for all X,Y in H, and

2) S'(U,X) = T(V,X) = 0 for all X.

In real contact geometry, normality implies the vanishing of the Operator h. The

following proposition is the analogous result for complex contact geometry.

Proposition 1.6 If M is normal, then hu = h, = 0.
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Proof: Since M is normal,

0 = S(GX, U)

= [G,G](GX, U) — U(U)GHGX

= (Vasz)U — G(VGXG)U + G(VUG)GX — o(U)HX

= —Gv(,oxU + G2VGXU + GVUG2X — GZVUGX — o(U)HX

= GVXU — u(X)GVUU — v(X)GVVU — VGXU + u(VGXU)U

+v(VGxU)V — GVUX + u(X)GVUU + v(X)GVUV + VUGX

—u(VUGX)U - v(VUGX)V — o(U)HX.

By (1.5) C(VvU) = G(VUV) = G(VuU) = 0. AlSO

u(VUGX) = 9(VUGX, U) = —g(VUU,GX) = 0

v(VUGX) = 9(VUGX, V) = —g(VUV, GX) = 0.

Again using (1.3)

VGXU = —G2X - GhUGX + o(GX)V.

So u(VGxU) = 0, v(VGxU) = o(GX). Hence

0 = G(—GX — GhUX + o(X)V) + 02X — (22th — o(GX)V

+o(GX)V + (VUG)X — o(U)HX

= 2hUX +0’(U)HX — o(U)HX

= 2hUX.

Therefore hU = 0. Similarly, using T(HX, V) = 0 and Lemma 1.4 we get hv = 0. D

By the above proposition, on a normal complex contact metric manifold we have

VXU = —GX + o(X)V (1.12)
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and

VXV = —HX — o(X)U. (1.13)

In the next proposition, we give the necessary and sufficient conditions, in terms

of VG and VH, for M to be normal. Again, compare with the condition for a real

contact metric manifold to be normal.

Proposition 1.7 Let M be a complex contact metric manifold. M is normal if and

only if

(I) g((VxG)Y, Z) = o(X)g(HY, Z) + o(X)o(GZ, GY) — 2v(X)g(HGY, Z)

-U(Y)9(X, Z) -v(Y)g(JX, Z)+U(Z)9(X, Y) —v(Z)g(X, JY)

and

(11) g((VxH)Y, Z) = —o(X)g(GY, Z) + u(X)o(HZ, HY) — 2u(X)g(HGY, Z)

+u(Y)g(JX, Z) —v(Y)g(X, Z)+u(Z)g(X, JY) +v(Z)g(X, Y).

Proof: Suppose that M is normal. For arbitrary vector fields X and Y, we can write

X = X' + u(X)U + v(X)V, Y = Y’ + u(Y)U + v(Y)V

where X’ and Y' are in 71. Then GX = GX’, GY = GY’ and

S(X, Y) VGXGY — GVGXY -— VGYGX + GVGYX — GVXGY

+G'2VXY + GVyGX — (:2va + 2v(Y)HX — 2v(X)HY

+2g(X, GY)U — 2g(X, HY)V — U(GX)HY + o(GY)HX

+o(X)GHY — o(Y)GHX

= VGXYGY' — GVGXIY’ — u(Y)GvGX.U — o(Y)GvGX,v — VGYIGX’



XHo(n)0(X)n+X(D"A)D(X)a+X(D”A)D(Xln+

X(D"A)D(X)a-X(D”A)£)(X)n—XH(X)av-XH(X)av

XH0(A)0(X)a-

XHo(n)0(X)n—XHo(A)0(X)a+XHD(H)9(X)"+

XH(X)az—XH(X)az+XH(X)a-xo(X)n-X(D"A)D(X)a+

X(o”A)o(X)n+XH(X)a+X000"+X(oAA)o(X)a-

X(D”A)D(X)”—XH(X)a—xo(X)n+XH(X)a+X9(X)n—(X‘X)S
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ZI



(Z‘XH)5(X)az—(z‘XH)5(X)az=(z‘(X‘X)S)5

erogaraql,

'(Z‘XHo)5(A)0(X)a-

(Z‘XHo)5(/1)D(X)n—(Z‘XHo)6(X)0(X)a+

(Z‘XH0)5(H)0(X)n+((XH‘20)5(A)0+

(X‘Zo)o—(XHD‘Z:9)5z)(X)a-(XH‘20)5(n)0(X)n-

((XH‘ZD)5(A)9+(X‘ZDlU-(XHo‘Zo)b‘z)(X)a+
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(Z‘XHo)5(n)0(X)n-(Z‘XHo)5(X)0(X)a+
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483GM(iI'I)PU?(9'I)“101.21

'XHo(X)0(X)a—XHo(H)D(X)n—XHo(A)0(X)a+

SI



(zo‘XH)5—(Xo‘ZH)5+(Z‘XoHW=
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‘aouaH
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(A‘XDlSu;aseqqammsqnsam11qu:0=(XQAAyi2198am(7'1)Buisn‘KlmllmlS

'(XDAAln=(H‘Xo/‘AW=(xo‘nAAW—=00s'A(X)0=HAA‘(9'I)£8
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—2u /\ v(X, Z)Q(U, V) + R(X, Z)

= 2g(HGX, Z) — 2u A v(X, Z)Q(U, V) + 9(X, Z)

Combining with (1.16), we get

Q(GZ,GX) = R(X, Z) — 2u /\ v(X, Z)Q(U, V) (1.17)

Applying the above process to T(X, Y) we get

g(T(X,Y),Z) = 2u(Y)g(GX,Z)—2u(X)g(GY,Z)

+u(X)Q(HZ, Y) — u(Y)o(HZ,X) (1.18)

and

o(Hz, HX) = o(X, Z) — 2u A v(X, Z)o(U, V) (1.19)

Combining (1.17) with (1.19) gives

Q(GZ,GX) = {2(HZ, HX). (1.20)

Equation (1.20) implies

Q(G2Z, 02X) = o(HGZ, HGX).

If we compute the left-hand side and the right-hand side seperately using (1.10) and

(1.11), we get

Q(G"’Z, 62X) = (2(2, X) + (u(X)v(Z) — v(X)u(Z))Q(U, V),

and

o(HGZ, HGX) = o(JZ, JX) + (u(X)v(Z) — u(Z)o(X))o(U, V).

Therefore

o(Z,X) = o(JZ, JX). (1.21)
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Replacing X with GX in (1.17) we get

Q(GX, Z) = Q(GZ,G2X)

= —Q(GZ, X) + u(X)Q(GZ, U) + v(X)Q(GZ, V).

Equations (1.10) and (1.11) imply {2(GZ, U) = 9(GZ, V) = 0. Hence

52(GX, Z) = Q(X,GZ). (1.22)

Similarly, replacing X with HX in (1.19) we get

f2(HX,Z) =Q(X,HZ). (1.23)

Finally, replacing X with JX in (1.21) we get

o(JX, Z) = —o(X, JZ). (1.24)

We now want to compute S(X, Y) in a different way. First, we can rewrite

G(VXG)Y as follows:

0(va)Y = GVXGY — 02’va

= VXGZY — (VXG)GY + VXY — u(VXY)U - v(VXY)V

= —VXY + u(Y)VXU + X(u(Y))U + v(Y)VxV + X(v(Y))V

—(VXG)GY + g(VxU, Y)U — X(u(Y))U + g(VXV, Y)V

—X(v(Y))V + va

.—_ u(Y)(—GX + o(X)V) + v(Y)(—HX — o(X)U) — (VXG)GY

+g(—GX + o(X)V, Y)U + g(-—HX — o(X)U, Y)V

= —u(Y)GX + o(X)u(Y)V - v(Y)HX — o(X)v(Y)U — (VXG)GY

—g(GX, Y)U + a(X)v(Y)U — g(HX, Y)V — o(X)u(Y)V.
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It follows that

G(VXG)Y = -u(Y)GX — v(Y)HX — (VXG)GY

+g(X, GY)U + g(X, HY)V. (1.25)

Now let us substitute (1.25) in S(X, Y) to get

S(X, Y) = (VGXG)Y — (VGyG)X + (VXG)GY — (VyG)GX

+u(Y)GX + 3v(Y)HX — u(X)GY — 3v(X)HY — 4g(X, HY)V

—o(GX)HY + o(GY)HX + o(X)GHY - o(Y)GHX.

Taking the inner product with Z and using equations (1.6), (1.22) and (1.25) gives

9(5(X, Y), Z) = 29((VzGlY, GX) + 2v(Z)Q(X, GY) - v(Y)9(X, GZ)

+v(X)fl(Y, GZ) + 20(Z)g(Y, HGX) + 2u(Y)g(GX, Z)

+4v(Y)g(HX, Z) — 2v(X)g(HY, Z) — 4v(Z)g(X, HY).

If we combine the above equation with equation (1.15) we get

2g((VzG)Y, GX) + 2v(Z)Q(X, GY) + 2o(Z)g(Y, HGX)

+2u(Y)g(GX, Z) + 2u(Y)g(HX, Z) - 4v(Z)g(X, HY) = 0.

In order to get the equation we want, we replace X with GX which gives

2g((VzG)X, Y) + 2v(Z)Q(GX, GY) + 20(Z)g(X, HY) — 2u(Y)g(X, Z)

—2v(Y)g(X, JZ) — 2v(Y)u(Z)v(X) + 4v(Z)g(X, GHY)

+2u(X)g(Z, Y) — 2v(X)g(Z, JY) + 2v(X)v(Y)u(Z) = 0.

Now equation (I) follows.

Applying the same process to T(X, Y) we can easily see that equation (II) also

holds.
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Conversely, suppose that formulas (I) and (II) hold. To show that M is normal,

first let us check S(X, U). Since formula (1) holds,

9(5(Xr U)r Y) = g((VuG)GY,X) + 9((VaxG)Ur Y) + 9((VxG)Ur GY)

= v(U)!)(HGY, X) - g(GXr Y) - g(X, GY) - v(U)g(GHX, Y)

=0.

Therefore S(X, U) = 0. Similarly, T(X, V) = 0.

Now let X and Y be two vector fields in 11. Making use of the fact that u(X) =

v(X) —_- u(Y) = v(Y) = o and applying formula (I), we get

g(S(Xr Y), Z) = g((VaxGWr Z) + 9((VayG)Zr X) + 9((VxG)Yr GZ)

+g((VyG)GZ, X) + 2u(Z)g(X, GY) — 2v(Z)g(X, HY)

—o(GX)g(HY, Z) + o(GY)g(HX, Z) + o(X)g(GHY, Z)

—o(Y)g(GHX, Z)

= o(GX)g(HY, Z) + u(Z)g(GX, Y) — v(Z)g(GX, JY)

+o(GY)g(HZ, X) — u(Z)g(GY, X) — v(Z)g(JGY, X)

+o(X)g(HY, GZ) + o(Y)g(HGZ, X) + 2u(Z)g(X, GY)

—2v(Z)g(X, HY) — o(GX)g(HY, Z) + o(GY)g(HX, Z)

+o(X)g(GHY, Z) — o(Y)g(GHX, Z)

=0.

Therefore S(X, Y) = 0.

In a similar way, we can also show that T(X, Y) = 0. Therefore M is normal. D

At the moment, normality appers to be a local notion since the tensors S and

T were defined locally. Our next step is to show that normality is, in fact, a global
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notion. Towards this end let us define a third tensor W as follows:

W(X, Y) = [G, H](X, Y) + %(0(GX)GY — o(HX)HY — o(oY)GX

+U(HY)HX) — u(Y)HX — v(Y)GX + u(X)HY

+v(X)GY + 2g(X, GY)V + 29(X, HY)U

where [G, H](X, Y) 2: %([GX, HY]+[HX, GY]-—G[HX, Y]—H[GX, Y] —G[X, HY]-

H[X, GY]).

If M is normal, in other words if

S(U, X) = T(V, X) = o for all X, and

S(X, Y) = T(X, Y) = o for all X and Y in u,

then equations (1) and (II) hold. Then using (I) and (II), we get

g([G, H](X, Y), Z) = %(0(HX)g(HY, Z) — o(GX)g(GY, Z) — 4u(Z)g(X, HY)

—4v(Z)g(X, GY) + o(GY)g(GX, Z) — o(HY)g(HX, Z)

+u(X)o(GZ, Y) — o(X)o(HZ, Y) + u(Y)o(HZ, X)

—u(Y)o(GZ, X)).

Hence for X, Y in ’H

%(0(HX)HY — o(GX)GY — 4g(X, HY)U — 4g(X, GY)V

+U(GY)GX — o(HY)HX + o(GX)GY — o(HX)HY — o(GY)GX

W(X, Y)

+0(HY)HX) + 2g(X, GY)V + 2g(X, HY)U

= 0.

Now we want to check the normality condition on an overlap 000'. On the open

set 0, we have tensors u, v, G, H, S,T and W. On 0’, we have u',v’,G’, H’, S’,T’.

Since M is a contact metric manifold, there are functions a and b on Or) 0’ such that

u’zau—bv
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v’=bu+av

G'=aG—bH

H'=bG+aH

a2+b2=1.

Lemma 1.8 S' = £125 + b2T — 2abW and T’ = b2S + a2T + 2abW.

Proof: First of all U’ = aU — bV and V’ = bU + aV.Using this fact we can compute

o’ as follows:

0'00 = g(VxU’, V')

= g(Vx(aU — bV), bU + aV)

= ganU — beV + X(a)U — X(b)V, bU + aV)

== azg(VxU, V) — bzg(VxV, U) + bX(a) — aX(b)

= o(X) + bX(a) - aX(b).

Note that aX(a) + bX (b) = 0 for any X since a2 + b2 = 1. Also G’H’ = GH. Now

let us compute S"(X, Y) using what we have so far and grouping terms under a2, b2

and ab:

S’(X, Y) = a2[(VGxG)Y — (VGYG)X - o(va)Y + G(VYG)X

+2u(Y)HX - 2v(X)HY + 29(X, GY)U — 29(X, HY)V

—o(GX)HY + o(GY)HX + o(X)GHY — o(Y)GHX]

+bz[(VHxH)Y — (VHyH)X — H(VxH)Y + H(VyH)X

+2u(Y)GX - 2u(X)GY + 29(X, HY)V — 2g(X, GY)U

+o(HX)GY — o(HY)GX — o(X)HGY + o(Y)HGX]
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-ab[(VaxH)Y + (VHxG)Y - (VGYH)X - (VHYG)X

—G(VxH)Y — H(VXG)Y + G(VyH)X + H(VyG)X

—2u(Y)HX — 2v(Y)GX + 2u(X)HY + 2u(X)GY

+4g(X, GY)V + 4g(X, HY)U + o(GX)GY — o(HX)HY

—o(GY)GX + o(HY)HX] + [aGX(a) — bHX(a) — ob2aX(o)

+b3HX(a) + aszX(b) -— ab2HX(b)]GY + [-aGX(b)

+bHX(b) — aszX(a) + aszX(a) + a3GX(b) — a2bHX(b)]HY

+[—aGY(a) + bHY(a) + obZGY(o) — b3HY(a) — o2bGY(b)

+ab2HY(b)]GX + [aGY(b) - bHY(b) + a2bGY(a) — aszY(a)

—a3GY(b) + aszY(b)]HX + [aX(b) — bX(a) + bX(a)

—aX(b))GHY + (—aY(b) + bY(a) — bY(a) + aY(b)]GHX

a2S(X, Y) + b2T(X, Y) — 2abW(X, Y).

Applying the same process to T’(X, Y) we get

T’(X, Y) = b2S(X, Y) + a2T(X, Y) + 2abW(X, Y).

The proof of the lemma is complete. [I]

Now assume that S(X, Y) = T(X, Y) = 0 for all horizontal X and Y, and

S(U,X) = T(V, X) = 0 for all X. Then, as we checked above, W(X, Y) = 0 for

all horizontal X and Y. Therefore, 5’(X, Y) = T’(X, Y) = 0 by the above lemma.

For an arbitrary vector field X, let us apply the above lemma to S’(U’ , X) to get

S'(U'rX) a2S(U’, X) + b2T(U’, X) — 2abW(U', X)

o3S(U, X) — a2b8(l/, X) + ab2T(U, X) — b3T(V, X) — 2a2bW(U, X)

+2ab2W(V, X)

—a2b[—(VGXG)V — G(VVG)X + G(VXG)V — 2HX + o(V)GHX]
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—o(V)g(GX, GY) + o(V)g(HX, HY) + 9(GHY, GX)

—2g(HGX, HY)]

= —a2b[—Q(GY, X) + o(GY, X)) + ab2(Q(HY, X) —— o(HY, X)]

= 0.

Therefore S’(U’, X) = 0.

Similarly we can show that T’ (V’ , X ) = 0.

Therefore normality conditions agree on the overlaps. So the notion of normality

is global.

We now give an expression for VxJ. Recall that on a complex contact manifold

we have H = GJ = -JG, V = —JU, U = JV. Also, using Proposition 1.6 gives

(VXJ)U = HX +U(X)U — J(—GX +U(X)V) = 0

and

(VXJ)V = —GX + o(X)V — J(—HX — o(X)U) = 0.

Then we can write

(VXH)GY = (VXJ)Y — J(VxG)GY.

Taking the inner product with Z and applying equations (1) and (II) gives

(III) g((VxJ)Y, Z) = u(X)(Q(Z,GY) — 2g(HY, Z)) + v(X)(Q(Z, HY)

+ 2g(GY, Z)).

1.3 Some basic facts on normal complex contact

metric manifolds

In this section, we will establish some basic formulas for a normal complex contact

metric manifold M with structure tensors u, v, U, V, G, H, J, 9. First, we will consider
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the curvature of the vertical plane, g(R(U, V)V, U). Using Proposition 1.6,

R(U, V)V = VU(—0(V)U) - VV(-0(U)U) + 0([U, V])U

= —U(U(V))U - o(V)o(U)V + V(o(U))U + o(U)o(V)V

+O’([U, V])U

= —-2Q(U, V)U.

Therefore

g(R(U, V)V, U) = —2o(U, V). (1.26)

Now let X and Y be two horizontal vector fields. Then using Proposition 1.6,

R(X, Y)U = Vx(—GY + o(Y)V) — Vy(—GX + o(X)V) + G[X, Y] — U([X, Y])V

= —VXGY + X(o(Y))V + o(Y)VxV + VyGX — Y(o(X))V

-U(X)Vyv + GVxY — GVyX - 0([X, Y])V

= —(VXG)Y + (VyG)X + 20(X, Y)V — o(Y)HX + o(X)HY.

By equation (I) we know that

(VXG)Y = u(X)HY + g(X, Y)U + g(JX, Y)V.

If we substitute this in R(X, Y)U we get

R(X, Y)U = 2(g(X, JY) + R(X, Y))V. (1.27)

Similarly, using Pr0position 1.6 we have

R(X, Y)V = —2(g(X, JY) + R(X, Y))U. (1.28)

Now, let us compute R(X, U)U for horizontal X, using Proposition 1.6:

R(X, U)U = Vx(or(U)V) — VU(—GX + o(X)V) + G[X, U] — o([X, U])V
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= X(o(U))V + U(U)(—HX — o(X)U) + VUGX

-U(U(X))V + o(X)o(U)U + GVXU — GVUX — 0’([X, U])V

= 29(X, U)V — o(U)HX + (VUG)X + X.

Since X is horizontal, R(X, U) = 0 by (1.10), and (VUG)X = U(U)HX by equation

(1). Therefore

R(X,U)U = X. (1.29)

Similarly,

R(X, V)V = X. (1.30)

Again, for a horizontal vector field X we will compute R(X, U)V and R(X, V)U using

Proposition 1.6 as follows:

R(X, U)V = Vx(—o(U)U) — VU(——HX — o(X)U) + H[X, U] + o([X, U])U

= —X(o(U))U — o(U)(—GX + o(X)V) + VUHX + U(o(X))U

+o(X)o(U)v + HVXU - HVUX + o([X, U])U

= o(U)GX + (VUH)X — JX. (1.31)

Similarly,

R(X, V)U = —o(V)HX + (VVG)X + JX. (1.32)

Now we want to define a new tensor PG as follows: For a (1, 1) tensor G, let

PG(X, Y, Z, W) = 9(R(Xr Y)GZ, W) + g(R(Xr Y)Z, CW)-

In this way we also have PH and PJ.

Our next step is to get an expression for PG free of the curvature tensor R. By a

direct computation, it is easy to see that we can write

PG(X, Y, Z, W) = —(vxvyé — vyvxé — leyléxZ, W).
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For horizontal vector fields X, Y, Z and W, if we compute the right hand side of

the above equation using (I), we get:

PG(X, Y, Z, W) = 29(HZ, W)o(X, Y) - 2g(HX, Y)Q(Z, W)

+4g(HX, Y)g(JZ, W) + g(GX, Z)g(Y, W)

+9(HXr Z)9(JY, W) - g(GXr W)9(Yr Z)

—9(HX. W)9(JY, Z) - g(GYr Z)9(Xr W)

-g(HY? Z)9(JXr W) + g(GYr W)9(Xr Z)

+g(HY, W)g(JX, Z). (1.33)

In the same way, we can show that

PH(X, Y, Z, W) = —2g(GZ, W)o(X, Y) + 29(GX, Y)o(Z, W)

-49(GXr Y)g(JZr W) + g(HXr Z)9(Y, W)

—g(GXr Z)9(JY, W) - 907X. W)9(Y, Z)

+g(GX, W)g(JY, Z) — g(HY, Z)g(X, W)

+g(GY, Z)g(JX, W) + g(HY, W)g(X, Z)

-g(GY. W)9(JX. 2) (1.34)

Since JX = HGX = —GHX for horizontal X,

P.1(X, Y, Z, W) = g(R(X.Y)HGZ, W) - 9(R(Xr Y)Z,GHW)

= PH(X1KGZiW) - PG(X’K27HW)

= 29(GX, Y)o(GZ, W) + 2g(HX, Y)Q(HZ, W)

+4g(GX, Y)g(HZ, W) — 4g(HX, Y)g(GZ, W). (1.35)

Lemma 1.9 For horizontal vector fields X, Y, Z and W, the curvature tensor satisfies

the following equations:
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(i) g(R(GX,GY)GZ, GW) = g(R(X,Y)Z, W) — 2g(JZ, W)o(X, Y)

+ 2g(HX, Y)n(GZ, W) + 2g(JX, Y)Q(Z, W) - 2g(HZ, W)9(GX, Y),

(ii) g(R(HX, HY)HZ, HW) —_- g(R(X, Y)Z, W) — 29(JZ, W)o(X, Y)

— 2g(GX, Y)o(HZ, W) + 2g(JX, Y)o(Z, W) + 2g(GZ, W)o(HX, Y).

Proof: By the definition of Pa, the left hand side of (i) is equal to

g(R(X, Y)Z, W) + PG(Z, W, X, GY) + PG(GX, GY, Z, GW).

Equation (1.33) gives

PG(Z, W, X, GY) + PG(GX, GY, Z, GW) = 2g(JX, Y)Q(Z, W)

-—2g(HZ, W)o(GX, Y) — 29(JZ, W)o(X, Y) + 2g(HX, Y)o(GZ, W).

Therefore equation (i) holds.

Similarly, using the definition of PH and equation (1.34) we obtain (ii). D

Lemma 1.10 The following equations hold for horizontal vector fields X, Y, Z and

W:

(i) g(R(X. GX)Y. GY) = g(R<X, Y)X, Y) + o(RlX. GY)X. GY)

+ 4g(JX, Y)Q(X, Y) —— 4g(HX, Y)Q(GX, Y) — 29(GX, Y)2

- 4g(HX, Y)2 - 29(X, Y)” + 29(X, X)g(Y, Y) - 4g(JX, Y)2

(ii) g(R(X. HX)Y. HY) = g(R(X. Y)X, Y) + g(R(X, HY)X. HY)

+ 4g(JX, Y)Q(X, Y) + 4g(GX, Y)Q(HX, Y) — 2g(HX, Y)2

- 49(GX, Y)’ - 29(X, Y)” + 29(X, X)9(Y, Y) - 4g(JX, Y)”.

Proof: By Bianchi’s first identity

g(R(X, GX)Y, GY) = —g(R(GX, Y)X, GY) — g(R(Y, X)GX, GY).
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(X‘X)U(X‘X[‘)5i7=(X‘X‘X0‘X)9d—(X0‘X‘X‘X)0d

198am(991)uolqenbaBursa

'(X0‘X‘X‘X)9ol+(X‘X(X‘X)H)5=(X0‘X0(X‘X)H)5-—

pue

(X‘X‘X0‘X)9d—(X0‘X(X0‘X)H)5=(X0‘X(X‘X0)H)5-

salldwl9d30Homage?911.1.
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'(X‘Xr(X‘Xr)H)5-(X‘X(Xr‘Xr)H)5-=(X‘Xr(Xr‘X)H)5

flannel)!rr1sstlrnmlaKs

(st-l)°z(/IO‘X)5I7+z(XH‘Xl5i7+(XH‘X)o(X0‘X)5Z+

(X0‘X)U(XH‘X)5z—(X‘Xr(Xr‘X)H)5=(X‘Xr(Xr‘X)H)5

(3121)‘(X‘Xr(Xr‘X)H)5=(X‘Xr(Xr‘X)H)5

(WI)‘r,(XH‘X)5I7+((210‘Xl5i7+(X0‘X)U(XH‘X)b‘z—

(XH‘X)o(X0‘X)Ez+(X‘X(X‘X)H)5=(Xr‘Xr(X‘X)H)5

(0171)‘(X‘X(X‘X)H)5=(XI’‘Xr(Xr‘XI')H)5

5/1‘Xsplay1010911[e1uozpoq.101selnuuo;

311111301101aq1138am(991)uomenbapue[cl10uor1rugapaq1Bursa‘Klr'eumig

(69'1)'(X‘XH(XH‘X)H)5=(X0‘Xr(Xr‘X0)H)5

(391)‘(X‘Xr(Xr‘X)H)5=(X0‘XH(XH‘XD)H)5

(1.91)‘z(X‘X)5Z—(x‘Xr)U(X‘X)5z+

(X‘Xr(Xr‘X)H)5=(X0‘XH(Xr‘X)H)5

(991)‘g(X‘X)5i7-(X‘Xr)o(X‘X)5z—

(X‘XH(XH‘X)H)5—=(X0‘Xr(XH‘X)H)5

:Xplay1010911[e1uoziloq'e.10}p10qseInuuo;

Burmono;aq112111ass01(991)uonenbapue9dJOuomugapaq1asnIreo9AA

(:1°suoy1enbaaqu'e311181111110!Kq91111113]aq11339AA

68
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Substituting formulas (1.41) and (1.43) in the above equation we get

9(R(Xr JX)JY)Y) = 9(R(XrY)Yr X) + 9(R(XrJY)JYrX)

+4(g(X, GY)o(X, HY) — g(X, HY)o(X, GY)

+2g(X, GY)2 + 2g(X, HY)2 (1.44)



Chapter 2

Normal complex contact metric

manifolds with constant

GH-sectional curvature

2.1 GH-sectional curvature

Let M be a normal complex contact metric manifold with structure tensors u, v, U,

V, G, H, J, g. For a horizontal vector field X, the plane section generated by X and

Y = aGX + bHX,a2 + b2 = 1, is called a GH-section or an ’H-holomorphic section.

We define the GH-sectional curvature 9710,),(X) as the curvature of a GH-section:

9710,),(X) = K(X,aGX + bHX)

where K(X, Y) is the curvature of the plane section generated by X and Y.

Lemma 2.1 QHa,b(X) is independent of the choice of the numbers a and b if and

only ifK(X,GX) = K(X,HX) and g(R(X,GX)HX,X) = 0.

Proof: We can write the GH-sectional curvature as

gur,t(X) = a2K(X, GX) + b2K(X, HX) + -g-(—;ab7),-g(R(X, GX)HX, X).

If 97-10,),(X) is independent of the choice of a and b, then taking a = 1, b = 0 gives

97-10,),(X) = K(X,GX) and taking a = 0,b = 1 gives 97-10,),(X) = K(X,HX). So
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(X‘X1‘(X1"X)H)5+(X‘XH(XH‘X)H)5=

(X0—X‘XI’—XH(Xr—XH‘X0—X)H)5

pue

[(X0‘Xr(XH‘X0)H)5+(X0‘Xr(Xr‘X)H)b‘+

(X0‘XH(Xr‘X)H)5+(X0‘X1'(XH‘X)H)5+

(X‘Xr(XH‘X)H)5+(X0‘XH(XH‘X)H)5]z+

(X0‘Xr(Xr‘X0)H)5+(X0‘XH(XH‘X0)H)5+

(X‘Xr(Xr‘X)H)5+(X‘XH(XH‘X)U)5=

(X0+X‘Xr+XH(X[’+XH‘X0+X)H)5

198GMuoi1'e1nduioo19911pKg'(XI'—XH‘XQ—X))I=(X0-X)}L5

pus(XI’+XH‘X0+X)X=(X0+X)H50s‘(XH‘X)X=(X)u5Halli.'I=q

‘0=oasooqoueo9M‘qpan0JG99101199111JO1n9pu9d9pu;st003599mg:fooxd

Zr
'9+((X0—X)7-£5+(X0+X)H5)-I-=(XiX)X

‘XplayJ03990zviuozuoqoJOJz'znoprsodoxd

”SI110121338[1101}S‘BIIIILIJO}81“3S“0'.)3111033.198M‘SllflOp0’.).IBpJOIII9111119111112)

[euoi1oas-H0108111.191In91n1eA1n9oiqdromoloq911.1111011mm9m‘d91s1X9u9111sV

'(XmoKqllalouappus‘q

pusv1099101199q1jo1u9pu9d9pu1sl(x)9‘”}£51'eq1eurnsse[[1113amnoMOI]word

gopurev109:);qu9111101u9pu9d9puisr(Xyl‘i’flfi99u9qpure)1:(qu‘vl-Lfi

119115)o=(X‘XH(X0‘X)H)b‘131113X=(XH‘X)X=(X0‘X)XJ!‘Klasmuoo

'0=(X‘XH(X0‘X)H)5pus(XH‘X)X=(X0‘X)X

8‘8



'lz(XH‘X)56—z(X0‘X)5Z—(XH‘X)U(X0‘X)5—

(X0‘X)U(XH‘X)5]%+[(X)oi7—(X)or—(X-le-

(X+X)o-(Xr—X)Os+(Xr+not]?=(X‘X(X‘X)H)5

aaov9m.91punXsplay1019911191110211011JOJg'z9111111911

'91n1911m9

9111d10u101011911110$1111911119m19Am919uo1199s9111101uo1ssaldxaU9911183M1X9N

’8+9=(xr‘X)X

uo111sodordsno1A91d9111Kqu9111,'Xuopu9d9p1ousaop

o9.1911m‘o=0071519']'1u1od119991911011999-Hf)9111J099101199111101uapU9d9pu1

s191111911111919uo11oas-Hf)911119111uo11dumss99111111111111mm011119116MOI]3AA

1:)'9+((X0—1995+(X0+ratio)?=(X1"X)X

9101919111,

'9—(XI'‘X)Xz=(X0-X)H.5+(X0+X)7-t5

9A9113M(68'I)'(9£"I)semmro;8u1sn‘AAON

'[[(X0‘XH(Xr‘X)H)5+(X0‘Xr(XH‘X)H)5lz+

(X0‘Xr(Xr‘X0)H)b‘+(X0‘XH(XH‘X0)H)5+

(X0—X)7t5+(X0+19215

(X‘Xr(Xr‘X)H)5+(X‘XH(XH‘X)H

198GM9A0q9suo119nb904119111pm9M11

'[(X0‘XI'(XH‘X0)H)5—(X0‘Xr(Xr‘X)H)5-

(X0‘XH(Xr‘X)H)6+(X0‘Xr(XH‘X)H)b‘+

(X‘XI'(XH‘X)H)5-(X0‘XH(XH‘X)H)5-lz+

(X0‘Xr(Xr‘XD)H)5+(X0‘XH(XH‘X0)H)5+
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'le(XH‘X)5Z+z(X0‘X)5Z+

(X0‘X)U(XH‘X)5-(XH‘X)U(X0‘X)5]vz+

[(X‘Xr(Xr‘X)H)5+(X‘X(X‘X)H)58l17+

[(X‘Xr(Xr‘X)H)5+(X‘Xr(Xr‘X)H)b‘lz=(Xr—X)o+(Xr+X)o

9A9113M(W'I)pue(IVI)‘(0p°1)391nm10191118u1sn

'[(Xr‘Xr(X‘X)H)5+(Xr‘X(Xr‘X)H)5]v—

[(X‘X(X‘X)H)b‘+(Xr‘Xr(Xr‘X[')H)5+

(X‘Xr(Xr‘X)H)5+(X‘Xr(Xr‘X)u)5]z=(XI—X)o+(Xr+no

198am‘9Aoq9suo119nb90311191118u1u1q1uooK8

“[(Xr‘X(Xr‘Xr)H)b‘+

(Xr‘X(X‘X)H)5-(Xr‘Xr(X‘X)H)5—(Xr‘X(Xr‘X)H)5—

(X‘X(Xr‘X)H)5+(Xr‘Xr(Xr‘X)H)5-lz+(X‘X(X‘X)H)5+

(xr‘Xr(Xr‘Xr)U)5+(X‘Xr(Xr‘X)H)5+(X‘Xr(Xr‘X)H)5=(Xr—X)o

pm;

[Mr‘X(Xr‘X1')H)5—

(Xr‘X(X‘X)H)5+(Xr‘X1‘(X‘X)H)5-(Xr‘X(Xr‘X)H)5-

(X‘X(Xt‘X)H)5-(Xr‘X1'(Xr‘X)H)5]z+(X‘X(X‘X)H)5+

(xr‘Xr(Xr‘Xr)H)5+(X‘Xr(Xr‘X)H)5+(X‘Xr(Xr‘X)H)5=(XI+X)o

uo1191ndu10919911pKg:fooxd

'(X‘Xr(Xr‘X)H)5=(X)omum

I78
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Doing the same calculations for Q(X + Y) + Q(X — Y) and using the formulas (1.42),

(1.43) and (1.44), we get

Q(X + Y) + Q(X — Y) = 2[g(R(X, JX)JX, X) + g(R(Y, JY)JY, Y)]

+4[3g(R(X, JY)JY, X) + g(R(X, Y)Y, X)]

+24[g(X, GY)o(X, HY) — g(X, HY)o(X, GY)

+2g(X, GY)2 + 2g(X, HY)2].

Finally, combining what we have so far

3Q(X + JY) + 3Q(X -— JY) — Q(X + Y) - Q(X — Y) — 4Q(X) — 4Q(Y)

= 32g(R(X, Y)Y, X) + 48[g(X, GY)Q(X, HY)

—g(X, HY)o(X, GY) + 2g(X, GY)2 + 2g(X, HY)2],

giving us the desired result. Ci

Since K(X, JX) = c + 3 does not depend on X, from the above lemma we get

0+3

4

+g[g(X, HY)o(X, GY) — g(X, GY)o(X, HY)

 

g(R(Xr Y)Y, X) = [g(Xr X)9(Yr Y) - g(X, Y)2 + 39(X’ JY)2l

-29(Xr GY)2 - 2g(X1HY)2lt (2-1)

for horizontal X and Y.

Now let X and Y be two arbitrary vector fields. We can write

X = Z + u(X)U + v(X)V, Y = W + u(Y)U + v(Y)V

where Z and W are in 71. Then using the formulas (1.26)-(1.32) and (2.1), we have

g(R(XrYWr X) = g(R(Zr W)W, Z)-2(U(X)U(Y)+v(X)v(Y))9(Zr W)

+(u(Y)2 + v(Y)2)9(Zr Z) + (v(X)2 + v(X)2)9(Wr W)
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—12u A v(X, Y)g(Z, JW) — 12v A v(X, Y)o(Z, W)

—8(u A v(X, Y))212(U, V) (2.2)

= g(R(Zr W)W Z) - 2(“(400140”) + v(X)v(Y))9(Xr Y)

+(U(Y)2 + v(Y)ZMXr X) + (MK)2 + v(X)2)9(Y, Y)

—12u A v(X, Y)g(X, JY) — 12u A v(X, Y)o(X, Y)

+16(u A v(X,Y))2(1+ Q(U, V))

= 6‘, 1lu<X)u<Y) + v(X)v(Y)]g(X, Y)

c - 1

4

—3(c + 7)u A v(X, Y)g(X, JY)

c + 3

4

+g[g(X, HY)12(X, GY) — g(X, GY)o(X, HY) — 29(X. GY)2

 

[(u(Y)2 + v(Y)2)g(Xr X) + (“(X)2 + v(X)2)9(Y1 Y)l
 

+ [g(Xr X)9(Y, Y) + 39(X1JY)2 - g(X, Y)zl
 

—2g(X, HY)2] + 4(c + 7)(u A v(X, Y))2 — 12u A v(X, Y)Q(X, Y)

+16(u A v(X, Y))29(U, V). (2.3)

In order to simplify the above equation somewhat, we need to examine the term

R(X, Y). Since Q’H(X) = c + 3 does not depend on X,

g(R(X, GX)GX, X) = g(R(XrHXWXrX) = 690%)2

and

g(R(X, JX)JX, X) = (c + 3)g(X,X)2.

Substituting these in Lemma 1.11 we get

6 1; 3g(X, X) (2.4) mm, X) = —

for horizontal X.
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In order to compute Q(JX,X) for an arbitrary vector field X, we can apply

formula (2.4) to the horizontal component of X to get

o(JX,X) = -c:3g(X,X) + 6:3

+(u(X)2 + v(X)2)Q(U, V). (2.5)

  

(U(X)2 + v(X)2)

Replacing X with JX + Y in (2.5) we have

c+3

o(X, Y) = 2 g(JX, Y) +uAv(X, Y)(c+3+ 2Q(U,V)) (2.6) 

Now if we substitute (2.6) in (2.3) we get a somewhat simpler expression for the

sectional curvature as

g(R(X. Y)Y, X) = C; 1[u(X)u(Y) + v(X)v(Y)lg(X. Y)

‘c 4 1 l(u(Y)2 + v(Y)2)9(X, x) + (M)? + 2200990”) V))

 

 

+3(c — 1)u A v(X, Y)g(X, JY)

c+3

4

c.—

4

—8(u A v(X, Y))2(c +1 + R(U, V). (2.7)

+ 

[g(Xr X)g(Y, Y) + 39(X, JY)2 - g(X, Y)Z]

119(X.GY)2 + o(X.HY)21
 

+3

Now to get an expression for the curvature tensor, we will use the following identity

of [2]:

6g(R(X, Y)Z, W) = $(B(X + sW, Y + tZ) — B(X + 32, Y + tW))|,=o,,=o,

where B(X, Y) = g(R(X,Y)Y,X).

If we compute the right hand side of the above identity using (2.7), we get the

following expression for the curvature tensor:

R(X, Y)Z = 6; 1[(u(X)u(Z) + v(X)v(Z))Y — (u(Y)u(Z) + v(Y)v(Z))X 
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+4u A v(X, Y)JZ + 2a A v(X, Z)JY + 2u A v(Z, Y)JX

+2g(X, GY)G'Z + g(X, GZ)GY + g(Z, GY)GX + 2g(X, HY)HZ

+g(X, HZ)HY + g(Z, HY)HX + [u(Y)g(X, Z) — u(X)g(Y, Z)

+v(X)g(Z, JY) + v(Y)g(X, JZ) + 2v(Z)g(X, JY)]U

+[v(Y)9(Xr Z) - 110090”. Z) - u(X)9(Zr JY) - u(Y)G(Xr JZ)

-ZU(Z)9(Xr JY)lVl

c+3

+ 4 [g(Y,Z)X — g(X,Z)Y+g(Z,JY)JX 

+g(X,JZ)JY + 2g(X,JY)JZ]

_§(c + 1 + my; V))[(v(X)u A v(Z, Y) + u(Y)u A v(Xr Z)

+2v(Z)u A v(X, Y))U — (u(X)u A v(Z, Y) + u(Y)u A v(X, Z)

+2u(Z)u A v(X, Y))V]. (2.8)

Now we are ready to prove the following proposition.

Proposition 2.4 Let M be a normal comlex contact metric manifold with complex

dimension greater than or equal to 5. If the GH—sectional curvature is independent

of the choice of the GH-section at each point, then it is constant on M.

Proof: Suppose that the complex dimension of M is 2n + 1. If the GH—sectional

curvature is independent of the choice of the GH-section at each point, then the

curvature tensor has the form (2.8). Let us choose a local orthonormal basis of the

form

{X,,GX,,HX,-, JX,,U,V|1 g i g n}.

Then the Ricci tensor has the form

S(X, Y) = i[g(R(X.-.X)Y.X.) +g(R(GX..X)Y.GX.-) +g(R(HX.—.X)Y.HX.)
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+g(R(JX,-, X)Y, JX.)] + g(R(U, X)Y, U) + g(R(V, X)Y, V)

= ((n + 2)c + 3n + 2)g(X, Y)

+(—(n + 2)c + n — 2 — 29(U, V))(u(X)u(Y) + v(X)v(Y)).

The scalar curvature S has the form

5 = Z[S(X,-,X,-)+S(GX,-,GX,)+S(HX.-,HXi)
i=1

+S(JX.-, JX.)] + S(U, U) + S(V, V)

= 2(n + 2)(2n — 1)c + 4n(3n + 4) — 49(U, V).

Since (2 = do, d0 = 0. In particular, dQ(U, V, X) = 0, which implies

XQ(U, V) = u(X)UQ(U, V) + v(X)VQ(U, V).

By Bianchi’s identity,

2123((VX.S)1X.X.) + (ver.S)(X. GX.) + (VansxX. HX.)
i=1

+(VJXr-S)(X1JX£))+(VUS)(X1U)+(VVS)(X1V)l_ VxS = 0-

Substituting the expressions for S(X, Y) and S, the above equation gives

2(1 — n)X(c) — (u(X)U(c) + v(X)V(c)) = 0.

If we let X = U, we get U(c) = 0, and if we let X = V, we get V(c) = 0.

Therefore, X(c) = 0 if n is different from 1. So c is constant on M when n > 1. D

Definition 2.5 A normal complex contact metric manifold M with constant GH-

sectional curvature is called a complex contact space form.

The following theorem is an easy consequence of Proposition 2.2 and Lemma 2.3.
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Theorem 2.6 Let M be a normal complex contact metric manifold. Then M has

constant GH-sectional curvature c if and only if for horizontal X, the holomorphic

sectional curvature of the plane generated by X and JX is c + 3.

This theorem gives rise to a natural question; is it possible for a normal complex

contact metric manifold to have constant holomorphic sectional curvature? We answer

this question by the following proposition.

Proposition 2.7 Let M be a normal complex contact metric manifold. If M has

constant holomorphic sectional curvature c, then c = 4 and M is Ka'hler.

Proof: For an arbitrary unit vector field X, let X = Z + u(X)U + v(X)V, where Z

is horizontal. If we take Y = JX, W = JZ in equation 2.2, we get

g(R(X, JX)JX, X) = g(R(Z, JZ)JZ, Z) + 6(u(X)2 + v(X)2)Q(X, JX)

-4('u(X)2 + v(X)2)

+4(u(X)2 + v(X)2)2(1 + o(U, V)). (2.9)

Since M has constant holomorphic curvature c,

g(R(X, JX)JX,X) = g(R(U, V)V, U) = c,

and

g(R(Z, JZ)JZ, Z) = g(Z, Z)2c.

Theorem 2.6 implies that ng) = c — 3. Also by formula 2.6

o(X, Y) = §g(JX, Y) + u A v(X, Y)(c + 211(U, V)).

Since g(R(U, V)V, U) = —2Q(U, V), Q(U, V) = —§. Therefore Q(X,Y) —-— §g(JX, Y),

and hence R(X, JX) = g.
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Since X is unit, g(Z, Z) = 1 — u(X)2 — v(X)2. Substituting these back in 2.9, we

get

(0 - 4)(U(X)2 + v(X)2)(1- “(XV - 11002) = 0-

We can choose X so that u(X) 7S 0, v(X) 74 0 and u(X)2 + v(X)2 75 1. Then we

must have c = 4. In this case, g7-t(X) = 1 and Q(U, V) = —2.

Since M is normal, by equation (III)

g((VxJ)Y, Z) = u(X)U(Z, GY) + o(X)o(Z, HY) — 2v(X)g(HY, Z)

+2v(X)9(GY. Z)

= 2v(X)g(JZ, GY) + 2v(X)g(JZ, HY) — 2v(X)g(HY, Z)

+2v(X)g(GY, Z)

=0.

Hence M is Kahler. El

Theorem 2.8 Let M be a normal complex contact metric manifold with constant

GH-sectional curvature 1 and Q(U, V) = —2. Then M has a constant holomorphic

sectional curvature 4 and it is Kiihler. If, in addition, M is complete and simply

connected, then M is isometric to CP2"+1 with the Fubini-Study metric of constant

holomorphic curvature 4.

Proof: Since g7-i(X) = 1, g(R(X, JX)JX,X) = 4g(X,X)2 for a horizontal vector

field X by Theorem 2.6. Substituting c = 1 and 0(U, V) = —2 in (2.6), we get

R(X, Y) = 2g(JX, Y). For an arbitrary unit vector field X, let X = Z + u(X)U +

v(X)V, where Z is horizontal. Then g(Z, Z) = 1 — u(X)2 — v(X)2. Now, from (2.9)

it follows that

g(R(X, JX)JX, X) = 4(1 — u(X)2 — v(X)2)2 — 4(u(X)2 + v(X)2)
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+12(u(X)2 + u(X)?) — 4(u(X)" + 12002)"

=4.

Hence M has constant holomorphic curvature 4, and by Proposition 2.7 M is

Kéihler. C]

2.2 Examples of normal complex contact metric

manifolds

Our first example of a normal complex contact metric manifold is the complex Heisen-

berg group.The complex Heisenberg group is the closed subgroup Hc of GL(3, C)

1 bl2 513

0 1 (123 I b121b13lb‘23 E C

0 0 1

Blair defined the following complex contact metric structure on Hg in [1]. See also

given by

[11]. Let z1,z2,23 be the coordinates on Hc 2 C3, defined by zl(B) = b23, z2(B) =

bu, z3(B) = b13 for B in Ho. Then the hermitian metric (matrix)

 

  

( 1+ [22]2 0 —22 \

0 0 l O

_ 1 42 0 1

g _ 8 1 + [232]2 0 —22

0 1 0 0

—22 0 1 ) 

is a left invariant metric on HC. Define a holomorphic l-form 6 = %(dz3 — zgdzl) and

set0=u—ivand4-a-%=U+iV.
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Also define a (1-1) tensor

 

0 1 0

K 0 -1 0 0 \

__ 0 22 O

G — 0 1 0

—1 0 0 0

K 0 72 1 i
   

Then (u, u, U, V, G, H = G], g) is a complex contact metric structure on Hc. Blair

also computed the covariant derivatives of G and H as

(VXG)Y = g(X, Y)U -— u(Y)X -— g(X, JY)V — v(Y)JX + 2v(X)GHY

and

(VXH)Y = g(X, Y)V — u(Y)X — g(X, JY)U + v(Y)JX — 2u(X)GHY.

In [1], the following are also listed:

g(VxU, V) =0,

VXU = —GX,

VXV = —HX.

As a consequence of the first equality, we see that o is identically zero. Therefore, by

Proposition 1.7 this structure on Hc is normal.

The hermitian connection of g is also given in [1]. So we can establish the following

curvature identities easily:

g(R(X,GX)GX.X) = g(R(X.HX)HX.X) = —3g(X.X)2.

g(R(X, GX)HX, X) = 0.
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Therefore, He has constant GH-sectional curvature —3.

Our second example is the odd dimensional complex projective space CP2’H'1

with the standard Fubini-Study metric g of constant holomorphic curvature 4. It

is established in [8] that (CP2"+1(4), g) admits a normal complex contact metric

structure via the Hopf fibering

71' : s4n+3 __> CP2n+l.

Since this structure has constant holomorphic curvature 4, (CP2"+1(4), g) has con-

stant GH—sectional curvature 1 by Theorem 2.6.

2.3 ’H-homothetic deformations

The odd dimensional complex projective space with the Fubini—Study metric is an

example of a normal complex contact metric manifold with constant GH-sectional

curvature 1.To get other examples with constant GH- sectional curvature, we need

to study the ’H-homothetic deformations.

Let M be a normal complex contact metric manifold with sructure tensors (u, v, U,

V,G, H, 9). For a positive constant a, we define new tensors by ii = au, ii = av,

U = fiU, V: fiV, G=G, H: H, g =ag+a(a— 1)(u®u+v®v). This change

of structure is called an ’H-homothetic deformation.

Proposition 2.9 If (u, U, U, V, G, H, g) is a normal complex contact metric structure

on (M, J), then (11,17, U, V,G, H, g) is also a normal complex contact metric structure

on (M, J).

Proof: Clearly, a: = aw is a complex contact structure on M. Also, 71 = ”H, dii(U, X) =

du(U, X) = o for all X in 11, 9(1)) = u(U) = 1 and 6(0) = 0. Now, let us check the
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first condition of Definition 1.2:

6:2 = G2=—Id+u®U+v®V

= —Id+au®lU+av®lV

a a

= —Id+a®U+v®f/,

o(éXY) = i(GX.Y)=ag(GX.Y)

= -ag(X.GY)=—9(X.GY)

= —§(X, GY),

GJ = GJ = -JG = —JG,

GUzGU=$GU=Q

If 0 fl 0’ 75 (b, then there are functions a and b on 0 fl 0’ which satisfy the second

condition of definition 1.2. Then

11’=au’=a(au—bv)=aii—b17

17'=av'=a(bu+av)=bu+av

G’zG’=aG—bH=aG—bH

H'=H'=bG+aH=bG+aH

a2+b2=1.

Therefore the first condition of definition 1.3 is satisfied.
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For horizontal X and Y, dii(X, Y) = adu(X, Y) = ag(X,GY) = g(X,GY) and

dii(X, Y) = adv(X, Y) = ag(X, HY) = g(X, HY). So the second condition of defi-

~ ~ ~

nition 1.3 is also satisfied and hence (1'1, ", U, V, G, H, g) is a complex contact metric

structure on (M, J).

To check for normality, first we need to see how the covariant derivative changes.

29(YXY. Z) = X9(Y, Z) + Y9(Xr Z) — Z9(X. Y)

+g(lX. Y], Z) + 9(1ZX]. Y) + 9([Zr Y]. X)

= X(og(Y, Z) + o(o —— 1)u(Y)u(Z) + o(o — 1)v(Y)v(Z))

+Y(ag(X, Z) + o(o — 1)u(X)u(Z) + o(o — 1)v(X)v(Z))

—Z(og(Y, X) + o(o — 1)u(Y)u(X) + o(o — 1)v(Y)v(X))

+ag([X, Y], Z) + o(o — 1)u([X, Y])u(Z) + o(o — 1)v([X, Y])v(Z)

+og([Z, X], Y) + o(o — 1)u([Z, X])u(Y) + o(o — 1)v([Z, X])v(Y)

+ag([Z, Y], X) + o(o — 1)u([Z, Y])u(X) + o(o — 1)v([Z, Y])v(X)

= 2ag(VxY. Z) + a(a - 1)12'u(VxY)u(Z) + U(Z)9(Y. VxU)

+u(Y)g(Z. W) + 2v(VxY)v(Z) + v(Z)g(Y. vxv)

+v(Y)g(Z, VXV) + u(X)g(Z, VyU) + u(Z)g(X, VyU)

+v(X)g(Z. W) + v(Z)g(X, VYV) - u(X)g(Y, sz)

-u(Y)g(X. VzU) — v(X)9(Y. VzV) — v(Y)9(X. VzV)]

= 29(VxY. Z) + o(a - 1)[—u(Z)9(Y. GX) + u(Z)cr(X)v(Y)

—u(Y)g(Z, GX) + u(Y)U(X)v(Z) — v(Z)g(Y, HX) — v(Z)o(X)u(Y)

—v(Y)g(Z, HX) — v(Y)o(X)u(Z) — u(X)g(Z, GY) + u(X)U(Y)v(Z)

—u(Z)g(X, GY) + u(Z)a(Y)v(X) — u(X)g(Z, HY) — v(X)o(Y)u(Z)

—v(Z)g(X, HY) - v(Z)o(Y)u(X) + u(X)g(Y, GZ) — u(X)0(Z)v(Y)



XH0(X)9—XH0(X)9+XH(X0)9+XH(X0)9—

X(XH‘X)§z—.51(X0‘X)§z+XH(X)96—XH(X)93+

Xxéz?_X939?+4X49?+AQXQQ_

#940+XQ‘QA—XXQAQ—X0"%=(X‘X)s~

119111,-9=oanl

'(X)0=(Arims=

D

 

D

(11m)a+(A‘nXAW;=
{—0

DD

+‘X5—:-
1—70(Ana)I
 

(Mar;

1)

(A714(4sz=

(4‘QXNQ=(X)9

99u9H

'X0(70-1)+HXA=0X4

193em(on)U!n=X91918M.11

(01's)[XH(X)a+X0(X)n+XH(X)n+X0(X)n](D—1)+XXA=XXA

910191911;

'[(Z‘XH)§(X)a+(Z‘X0)§(X)n+

(Z‘XH)§(X)“+(Z‘X0)§(X)nl(1-D)z—(Z‘XXAMZ=

[(Z‘XH)5(X)a+(Z‘X0)5(X)"+

(Z‘XH)5(X)a+(Z‘X0)5(X)nl(1—0M-(Z‘XXA)§z=

[(X)"(Z)9(X)“+(ZH‘X)5(X)“+

(X)n(Z)0(X)a+(ZH‘X)5(X)a+(X)“(Z)D(X)n-(Z0‘X)5(X)n+

L17
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= VGXGY — GVGXY — (1 — a)G(u(Y)G2X + v(Y)HGX) — VGyGX

+GVGyX + (1 — a)G(u(X)G2Y + u(X)HGY) — GVXGY

—(1 — a)G(u(X)G2Y + u(X)HGY) + 6:2va

+(1 — a)G2(u(X)GY + u(X)HY + u(Y)GX + v(Y)HX) + GVYGX

+(1 -— a)G(u(Y)G2X + v(Y)HGX) — (:2va

—(1 — a)G2(u(X)GY + u(X)HY + u(Y)GX + v(Y)HX) + 20w(Y)HX

—2av(X)HY + 2g(X, GY)U -— 2g(X, HY)V — o(GX)HY + o(GY)HX

+o(X)GHY — o(Y)GHX

= S(X, Y) + 2(a — 1)(v(Y)HX — u(X)HY).

Similarly we can show that

at

T(X, Y) = T(X, Y) + 2(a — 1)(u(Y)GX — u(X)GY).

Thus

S(U,X) = S(U,X) .—_ éS(U,X) = 0,

Q
I
H

and

T(V,X) = T(V,X) = %T(V,X) = 0.

Q
I
H

If X and Y are horizontal, then

~

S(X, Y) = S(X, Y) = 0,

and

T(X, Y) = T(X, Y) = 0.

Therefore the deformed sructure is also normal. [I]

Now we want to see what happens to the GH-sectonal curvature under an ’H-

homothetic deformation. First we check how the sectional curvature changes.
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For horizontal vector felds X and Y,

R(X, Y)Y = 6,,va — 6,,va — 9“,le

= 17,,va — vyva — V1X,Y]Y — (1 — a)(u([X, Y])GY + v([X, Y])HY)

= VXVYY + (1 — a)(u(VyY)GX + v(VyY)HX) — VYVXY

—(1 — a)(u(VxY)GY + v(VxY)HY) — lele

—(1 — a)(u([X, Y])GY + v([X, Y])HY).

Since X and Y are horizontal and M is normal, we have

“(VXYl = g(VXYr U) = —g(VXUi Y) = 51(er Y),

and

”(VXY) = g(VXYr V) = _g(VXV1Y) = g(HX,Y).

Hence, u(VyY) = v(VyY) = 0, u([X,Y]) = 29(GX, Y), u([X,Y]) = 2g(HX, Y).

Therefore

~

R(X, Y)Y = R(X, Y)Y + 3(1 — a)(g(X, GY)GY + g(X, HY)HY)

for X, Y in ”H. So, for horizontal vector fields X and Y,

g(R(X, Y)Y, X) = ag(R(X, Y)Y, X) + 3o(1 — o)(g(X, GY)2 + g(X, HY)2).

Assume that the original structure on M has constant GH-sectional curvature e.

Let X be a unit horizontal vector field with respect to the new structure on M. Let

Y = aGX +bHX with o2 + b2 = 1. Then GY = —aX — bJX and HY = aJX — bX.

Thus

~

g(R(X, Y)Y, X) = ag(R(X, Y)Y, X)

+3o(1 — o)(g(X, —aX — bJX)2 + g(X, aJX — bX)2)
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= acg(X, X)2 + 30(1— c1)(a2g(X,X)2 + bzg(X, X)2)

1 ,_ 2 1 - 2
= ac32-9(X,X) +3a(1—a)2!—2-g(X,X)

_c_ 3(1—a)

a a

c+3

= —3.

a

 

Hence the new structure has constant GH-sectional curvature 9—? — 3.

Next, we want to see how the curvature of the vertical plane changes under an

’H-homothetic deformation. We know that o = 6. So, (2 = OHence

9(1?(I7. V)V. 0) = 45261?)

2 1

In particular, if c = 1 and 9(U, V) = —2 then the new structure has constant

GH-sectional curvature g — 3 with R(U, V) = —;25. This observation gives us the

following theorem.

Theorem 2.10 In addition to its standard structure, complex projective space CP2"+1

also carries a normal complex contact metric structure with constant GH-sectional

curvature % — 3 and 9(U, V) 2 -f; for every a greater than 0.

With this theorem we get examples of normal complex contact metric manifolds

with constant GH—sectional curvature 6 > -3. Conversely, as we state in the following

theorem, every such manifold is ’H-homothetic to a normal complex contact metric

manifold with constant GH-sectional curvature c = 1.

Theorem 2.11 A normal complex contact metric manifold with metric g of constant

GH-sectional curvature 5 > —3 is ’H-homothetic to a normal complex contact met-

ric manifold with metric g of constant GH-sectional curvature c = 1. Moreover, if
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9(U, V) = —§¥)—2— then the metric g is Ka'hler and has constant holomorphic curva-

ture 4.

Proof: Let M be a normal complex contact metric manifold with metric g of constant

GH-sectional curvature E > —3. Apply an ’H-homothetic deformation to (M, g) with

a = # > 0. We know that the new structure is also a normal complex contact metric

structure with constant GH-sectional curvature c = 9E?! — 3 = (E + 3);,‘5 — 3 = 1.

Moreover, if Q(U,V) = —5éi83l3 then 52(U, V) = 3159(1)} V) = —E%);§H—83fi = —2 .

Then by Theorem 2.8, (M, g) is Kiihler and has constant holomorphic curvature 4. El



Chapter 3

Complex contact metric structures

with R(X, Y)V = 0

3.1 Preliminaries

Let M be a complex contact metric manifold with structure tensors (u, v, U, V, G, H, 9).

Recall from Section 1.1 that we can write the covariant derivatives of U and V as

VXU = —GX — GhUX +o(X)V (3.1)

VXV= —HX—Hth—U(X)U (3.2)

where U(X) = g(VxU, V) and flu, hv : TM —-) it are symmetric operators such that

hUG = —GhU, th = —Hhv. Again from Section 1.1 we have

A

G=du—oAv (3.3)

H=dv+oAu (3.4)

where G(X, Y) = g(X,GY) and H(X, Y) = g(X, HY). Also recall from Section 1.2

that

(VXG)(Y, Z) + (vyoxz, X) + (VZG)(X, Y) = —3d(o A v)(X, Y, Z). (3.5)

Lemma 3.1 The following equations hold for horizontal vector fields X, Y and Z:

52
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(i) (VXG)(GY1 Z) = (VXG’) (Y1 GZ)

(ii) (vaXGY. GZ) = —(vré)(Y, 2)

(iii) (vxaxY, Z) + (VGXG)(GY, Z) = g-[ol(o A v)(X, GY, GZ) — d(o A v)(X, Y, Z)

— d(o A v)(GX, GY, Z) — d(o A v)(GX, Y, GZ)].

Proof: The first two parts of the lemma can be seen easily by a direct computation.

In order to show (iii), let

A(X, Y, Z) = (VXG)(Y, Z) + (vyon, X) + (VzG)(X, Y)

+(VGXG)(GY, Z) + (Vayé'XZ, GX) + (vzaon, GY)

+(VGXG)(Y, GZ) + (VyG)(GZ, GX) + (VGZGXGX, Y)

—(VXG)(GY, GZ) — (ngGXGZ, X) — (VGZG)(X, GY).

By equation 3.5, A(X, Y, Z) is equal to two times the left-hand side of (iii). On the

other hand, if we apply (i) and (ii), we see that A(X, Y, Z) is equal to two times the

right-hand side of (iii). Therefore (iii) holdsfl

In this chapter, we will consider the complex contact metric manifolds with hr; =

hv. So from now on we will assume that hr; = hv = h. Then h is a symmetric

operator which anti-commutes with G and H. We want to compute some curvature

terms, using the above two lemmas.

Let X be a horizontal vector field. Then by (3.1) and (3.2)

R(U, X)U = VUVXU — VXVUU — V[U,X]U

= VU(-—G'X - GhX + o(X)V) — VX(U(U)V) + G[U, X]

+Gh[U, X] — o([U, X])V

= —VUGX — VUGhX + U(o(X))V — o(X)o(U)U

—X(U(U))V — U(U)(—HX — HhX — o(X)U) + GVUX



.0=

XHu(n)0-X9H(H)0—=

Xnnou-X(00A)u—

X90HA—X02109+X9(0“A)-X900A=

X00219—XDilnA+X02190-X9HA0X0(90A)+X(anltD

‘pu9111911109111110

'A(X‘f1)DPZ+A(XD('{”A))“+[1(XD(1!”A))”+

XDWHA)—X(HHA)0-—X3118+X3—=n(X0‘0)210—[1(X‘11)21

99u9H

'qu—A(X0(u“A))a-

{1(X0(WA))n—X0(9“A)+X

X0510+X0(90A)z0—X=H(XD‘{1)HD

198am‘9K1dd9pU9(9'9)111X01111MX9991d919m11

(9'2)'qu+X(u/IA)0-—X—A(X‘0)0206=[1(X‘0)21

9:)U9H

'qu+X11+X(WA)0—X21-X—X9H(n)0+

XH(n)0+A(XY))DPZ+X9H(o)0—XH(n)0-=

(A(X)0+X90-X0—)'q0—X(unA)0—

XilnAD+(X(X)0+X110—X0-)0-(X21+X)H(H)0+

A(X‘fllDPZ+anAD-X9(0”A)—X(00A)-=

A([X71])0—nXAu0—X01190+aXA0—

V9
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Similarly,

U((Vuh)GX) = 9((Vuh)GXrU)

= -9((Vuh)UrGX)

= g(VUU,hGX)

= g(o(U)V,hGX)

=0,

and

v((Vuh)GX) 9((Vuh)GXr V)

= —o((voh)Y.GX)

= g(VUV,hGX)

-_— g(—a(U)U,hGX)

= 0.

Therefore

R(U,X)U — GR(U,GX)U = —2X + 2h2X + 2dU(U,X)V. (3.7)

We now compute v([X, Y]), v([X, Y]) and d(o A v)(X, Y, Z) for horizontal vector

fields X, Y, Z. If X and Y are in ”H, then by equation (3.3) we have

u([X.Yl) = —2du(X, Y)

= —2g(X, GY) — 2(o A v)(X, Y).

Hence

u([X, Y]) = 29(GX, Y). (3.3)

Similarly,

v([X,Y]) = 2g(HX, Y). (3.9)
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If X, Y, Z are in H then

d(o A v)(X, Y, Z) = (do A v — o A dv)(X, Y, Z)

= %(0(X)dv(Z, Y) + o(Y)dv(X, Z) + a(Z)dv(Y, X)

= %(0(X)g(Z, HY) — o(X)o A u(Z, Y) + o(Y)g(X, HZ)

—o(Y)o A u(X, Z) + o(Z)g(Y, HX) — o(Z)o A u(Y, X)).

Therefore [

d(o A v)(X, Y, Z) = %[0(X)g(Z, HY) + o(Y)g(X, HZ) + o(Z)g(Y, HX)]. (3.10)

 
3.2 Structures with R(X, Y)V = 0

Let M be a complex contact manifold with ha 2 hv = h. For horizontal vector fields

Y and Z, if we apply equation (3.1) to R(Y, Z)U, we get

R(Y, Z)U VszU — VszU — 171,),sz

= Vy(—GZ — GhZ + o(Z)V) — Vz(—GY — GhY + o(Y)v

+G[Y, Z] + Gh[Y, Z] — o([Y, Z])V

= —VyGZ — VyGhZ + Y(o(Z))v + o(Z)(—HY — HhY — o(Y)U)

VZG'Y + VthY — Z(o(Y))V — o(Y)(—HZ — HhZ — o(Z)U)

+GVyZ — szY + GthZ — GthY — o([Y, Z])V

= —(VyG)Z — (VyGh)Z + 2do(Y, Z)V — o(Z)H(Y + hY)

+(sz)Y + (Vth)Y + o(Y)H(Z + 112)

Then for X in ’H,

g(R(Y. Z)U, X) = (VyCv‘)(Zr X) - 9((VrGh)Zr X)

—o(Z)g(H(Y + hY), X) + (VZG)(X, Y)

+g((Vth)Y,X) + o(Y)g(H(Z + hZ), X).



'(X‘Zur)5(X0)Dz+(X‘X9r)5(Z0)Dz-(X‘Z9H)5(X)oz+

(X‘XuH)5(Z)0z-(X0‘X0(902A))5+(X0‘Z(u0*9A))5-

(X0‘XWDZDAW‘+(XD‘ZD(1/D"A))5—(X‘X0(90ZDA))5—

(X‘ZD(110"9A))5+(X‘X(1IDZA))5+(X‘ZUID‘Allfi-=(Z‘X‘X)0

198am1'1;911111191p119(11's)8u1sn(Z’X‘XlO91nduroo9M11:fooxd

'(Xur‘X)5(ZD)DZ—(Ztlr‘X)5(X0)Dz+(Z11H‘X)5(X)Dz+

(XuH‘X)5(Z)Dz—(X‘Z‘X)H—(Z‘X‘X)8=(Z‘X‘X)0

z‘QBUIHIO'I

'(Z9(0/‘9A)0‘X)5+(Z(D"9A)DU‘X)5+

(Z(D‘A)1{‘X)5+(Z9(0I‘A)‘X)5—(Z‘X‘X)H

pu9

(X0‘n(Z‘X0)H)5+(X0‘H(Z0‘X)H)5+

(X‘a(Z0‘X0)H)5-—(X‘H(Z‘X)H)5=(Z‘X‘X)0

19'1

(11's)'(Z‘X‘X)(av0m:—

(X‘(29+Z)H)5(X)0+(X‘(Xu+X)H)5(Z)0—

(X‘X(90ZA))5+(X‘Z(9£)"A))5—(Z‘X(0XA))5=(X‘[1(Z‘X)H)5

UGILL

'(Z‘X‘X)(av0m:—(Z‘X)(0XA)-=(X‘X)(QZA)+(X‘Z)(Q"A)

salldwl(9's)I10191911139

L9
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Now, let us rewrite B(X, Y, Z) as follows:

B(X, Y, Z) = —g(X, VyGhZ) + g(X,GVth) + g(X, thGZ)

—g(X, hGVyZ) + g(X, hGVGyGZ) — g(X, hG2V3yZ)

+g(X, GVGyGhZ) — g(X, G2VGYhZ)

= —g(X, (VyGh)Z) - g(X,GthZ) + g(GX, Vth2Z)

+g(X, thGZ) + g(X, GthZ) + g(X, hGVGYGZ)

+g(GX,GhVGyZ) — g(GX, (ngGh)Z) — g(GX, GhVGyZ)

—g(X, ngthZ)

= —g(X, (VyGh)Z) — g(GX, (VyGh)GZ) — g(GX, GthGZ)

+g(X, thGZ) + g(X, hGVayGZ) - g(GX, (VGyGh)Z)

+g(X, (VGyGh)GZ) + g(X, GhVGyGZ)

= —9(Xr (VYGhlzl — g(GX, (VYGh)GZ) — g(GX1(VGYGh)Z)

+g(X, (ngGh)GZ).

Combining the expressions we have for C(X, Y, Z) and B(X, Y, Z) gives us the lemma.

Cl

Now, we state and prove the main theorem of this chapter.

Theorem 3.3 Let M be a complex contact metric manifold with hu 2 hv. If

R(X, Y)V = 0, then M is locally isometric to C"+1 x CP"(16).

Proof: Let h = hu 2 fly. Since R(X, Y)V = 0, in particular R(X, Y)U = 0 for all

X, Y. Then by (3.7), —X+h2X+do(U, X)V = 0. Hence, h2X = X for horizontal X .

Therefore h has two non-zero eigenvalues, +1 and -1. Let [+1] denote +1 eigenspace

of h, and [—1] denote —1 eigenspace of h. Recall that h anti-commutes with G and

H. So, h commutes with J since J = HG— u® V +v®u and hU = hV = 0. Hence,
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ifX is in [+1] (resp. [—1] ) then GX,HX are in [—1] (resp. [+1] ) and JX is in [+1]

(resp. [—1] ). Therefore [+1] and [-—1] are 2n dimensional and ’H = [+1] $[-—1].

If X is in [+1], then hX = X and hence VXU = —2GX + o(X)V, VXV =

—2HX — o(X)U. On the other hand if X is in [—1] then VXU = o(X)V, VXV =

—0(X)U.

By assumption, R(X,Y)U = 0 for all X,Y. So, G(X, Y, Z) = 0 for horizontal

X, Y and Z. We will use this fact to compute (VXG)Y for horizontal X and Y. We

claim that

(VXG)(Y, Z) + o-(X)g(Z, HY) = 0.

To prove this claim let us compute the right-hand side of the equation in Lemma 3.2

in eight different cases.

Case 1: Suppose that X and Z are in [+1], Y is in [—1]. Then

B(X, Y, Z) = —2(ngG)(GX, Z).

By part (iii) of Lemma 3.1 and equation (3.10),

—2(VGYG)(GX, Z) = 2(VyG) (X, Z) + 3[d(o A v)(Y, X, Z) + d(o A v)(GY, GX, Z)

+d(o A v)(GY, X, GZ) —— d(o A v)(Y, GX, GZ)]

= 2(vyé)(X, Z) + o(Y)g(Z, HX) + o(X)g(Y, HZ)

+o(Z)g(X, HY) + o(GY)g(Z, JX) + o(GX)g(Y, JZ)

—o(Z)g(X, HY) + o(GY)g(Z, JX) — o(X)g(Y, HZ)

+o(GZ)g(X, JY) + o(Y)g(Z, HX) — o(GX)g(Y, JZ)

—o(GZ)g(X, JY)

= 2(VyG)(X, Z) + 2o(Y)g(Z, HX) + 2o(GY)g(Z, JX).
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Also, B(X, Z, Y) = 2(VZG)(X, Y). Now, by Lemma 3.2,

0 = C(X, Y, Z)

= 2(VYG)(X, Z) + 2o(Y)g(Z, HX) + 2o(GY)g(Z, JX)

+2(vzc“:) (Y, X) + 2o(Z)g(X, HY) + 2o(Y)g(X, HZ)

+20(GY)g(X, JZ) + 2o(GZ)g(X, JY).

Since Z is in [+1], HZ is in [—1] and hence g(X, HZ) = 0. Similarly, g(X, JY) =

o.

By equation (3.5)

(VyG)(X, Z) + (VZG)(Y, X) = —(VXG)(Z, Y) + 3d(o A v)(X, Y, Z)

= (VxG‘XY, Z) + u(X)g(Z. HY)

+o(Y)g(X, HZ) + U(Z)g(Y, HX).

Hence

0 = 2(VXG)(Y, Z) + 2U(X)g(Z, HY).

Case 2: Supose that X and Z are in [—1], Y is in [+1]. Following the same

procedure as in Case 1, we have

B(X) Y) Z) = _2g(X1 G(ngG)Z)

= 2(Vcr@)(GXr Z)

= —2(vyé)(X, Z) — 2o(Y)g(Z, HX) — 2o(GY)g(Z, JX)

and

B(X, Z, Y) = —2(VZG)(X, Y).

So by Lemma 3.2

0 = C(X, Y, Z)
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= —2(vyé)(X, Z) -— 2o(GY)g(Z, JX) — 2(VZG)(Y, X)

—2o(Z)g(X, HY) —- 2a(Y)g(X, HZ) — 2a(GY)g(X, JZ) — 2o(GZ)g(X, JY)

= —2(vxa)(Y, Z) — 20(X)g(Z, HY) — 2o(Z)g(Y, HX) — 2o(Z)g(X, HY)

—_- —2(VXG)(Y, Z) — 2o(X)g(Z, HY).

Case 3: Supose that X and Y are in [—1], Z is in [+1]. To get this case, we can

interchange Y and Z in Case 2 which gives us the claim.

Case 4: Supose that X and Y are in [—1], Z is in [+ 1]. Again, this case is obtained

by interchanging Y and Z in Case 1.

Case 5: Suppose that X is in [+1], Y and Z are in [—1]. Then

B(X, Y, Z) = 2(VyG)(X, Z)

and

B(X, Z, Y) = 2(VZG) (X, Y)

So

0 = C(X, Y, Z)

= 2(VYG)(X, Z) + 2(VZG)(Y, X) + 2o(Z)g(X, HY)

—2o(Y)g(X, HZ) — 2o(GY)g(X, JZ) + +2o(oZ)g(X, JY)

= 2(VXG)(Y, Z) + 2o(X)g(Z, HY) + 2o(Y)g(X, HZ)

+2o(Z)g(Y, HX) + 2o(Z)g(X, HY) — 2o(Y)g(X, HZ)

-._- 2(VXG)(Y, Z) + 2o(X)g(Z, HY).

Case 6: Suppose that X is in [—1], Y and Z are in [+1]. In this case, C(X, Y, Z)

turns out to be just the negative of its value in Case 5. So we get the same result.
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Case 7: Suppose that X, Y and Z are in [+1]. Then

B(X. Y. Z) = -Z(VGYC’)(GXr Z)

= 2(VyG)(X, Z) + 2o(Y)g(Z, HX) + 2o(GY)g(Z, JX)

and

B(X, Z, Y) = —2(VGZG)(GX, Y)

= 2(VZG)(X, Y) + 2o(Z)g(Y, HX) + 2o(GZ)g(Y, JX).

So

0 = C(X, Y, Z)

= 2(VyG)(X, Z) + 2o(GY)g(Z, JX) + 2(VzG)(Y, X)

—2o(GZ)g(Y, JX) - 2o(Z)g(X, HY) + 2o(Y)g(X, HZ)

+2o(GY)g(X, JZ) — 2o(GZ)g(X, JY)

= 2(VXG)(Y, Z) + 2o(X)g(Z, HY) + 2o(Y)g(X, HZ) + 2o(Z)g(Y, HX)

2(VXG)(Y, Z) + 2o(X)g(Z, HY).

Case 8: Suppose that X, Y and Z are in [—1]. This case gives the same result as

Case 7 since C(X, Y, Z) is just the negative of its value in Case 7.

Hence the claim is proved.

We can easily compute the vertical component of (VXG)Y using equations (3.1)

and (3.2) as follows:

g((VxG)Y, U) : -g((vXG)U) Y)

= —g(VXU10Y)

= g(G(X + hX),GY)

= g(X + hX, Y)



0=(H(n)0‘HXA)5+(AXA‘A(n)0)5=([1XXX

‘XK19111q19rod

'0=(AAA‘A(X)0)5—(f1(X)0‘f1"A)5—=(X‘sz

mm[1—]11191‘Xfies‘X.10X11

'0=(AAA‘HHA)5-(AnA‘n/‘A)5=(A‘0)116118111.

'(A‘A‘HXA)5-(AXA‘H*A)5=

(AAA‘HXAW—(AXA‘fl‘Alfi+(A‘H(X‘X)H)5=

(A‘niA‘XlAfli-(AAA‘HXA)5-

(A‘HXA‘AW-(AXA‘n/‘AW+(A‘HAA’AW=

(A‘HWIAW-(A‘HXA)5X-(A‘H*A)5X=

([X‘XDD-((X)0)X-((X)D)X=

(X‘X)Dpz(X‘X)1)3

:smono;99AAp119{1AJOsm191U113911111119111‘1811.11

pp=15191111199911'[1—]pu9[1+]110op1099mm91119u11119x901p991:3M‘MON

'Xpu9X191110211011.10}

(are)A(X‘(Xv+X)F)5+{1(X‘th+X)5+XH(X)0=X(0XA)

9119113Mm1919sno1A91d91111111018u1u1quroQ

'(X‘(X9+X)r)5=

(X0‘(X9+X)H)5=

(X0‘AXA)5-=

(X‘A(0XA))5-=(A‘X(0XA))5

pu9
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and

29(X, V) = g(U(V)V,VxV) + g(VxU,U(V)U) = 0.

Therefore, if X or Y is in [—1] $1} then R(X, Y) = 0.

If both X and Y are in [+1], then

o(X, Y) = %[g(—2GY + o(Y)v, —2HX — o(X)U)

—g(—2GX + o(X)V, —2HY — o(Y)U)]

= 2190’. JX) + g(JX, Y)l

= 4g(Y, JX).

Now let X, Y and Z be in [—1]. Then, by equations (3.10), (3.11) and (3.12)

0 = g(R(X, Y)U, Z)

= —g((VxGh)Y, Z) + g((VyGh)X, Z)

= g(VxGY, Z) + g(GthY, Z) — g(VyGX, Z) — g(GthX, Z)

= g((VxG)Yr Z) - 9(VxY. GZ) + g(GVxY. Z)

-9((VYG)Xr Z) + g(VrX. GZ) - g(GVyX, Z)

= U(X)9(HY, Z) - 9(er er GZ) + 9(0er er Z) - U(Y)9(HXr Z)

Therefore [X, Y] is in [—1] 61’. Also,

0 = g(R(X,U)U,Y)

= 9(Vx(0(U)V) - Vu(o(X)V) + G[X, U]

+Gh[X, U] — o([X, U])V, Y)

= 2g(G[X,U],Y)

= —29([X, U], GY),
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and

0 = g(R(X,V)U,Y)

= 9(Vx(0(V)V) - Vv(0(X)V)

+G[X, V] + Gh[X, V] — o([X, V])V, Y)

= 2g(G[X,V],Y)

= —2g([X, V],GY).

So, [X, U] and [X, V] are in [—1]$ V. We already know that [U, V] is in V since V is

integrable. Therefore [—1]$ V is integrable.

Next we want to show that [—1]$ V -integral submanifolds are totally geodesic.

Let X and Z be in [+1] and Y in [—1]. Then

0 = g(R(X, Y)U, Z)

= g(Vx(0(Y)V) - Vr(—2GX + U(X)V)

+G[X, Y] + Gh[X, Y] — o([X, Y])V, Z)

= o(Y)g(—2HX — o(X)U, Z) + 29(VyGX, Z)

= 29(VyGX, Z).

So, VyGX is in [—1]$V. Since Y is in [—l], VyU = o(Y)V and VyV = —o(Y)U

are in V. So, VUY and VVY are in [—1]$V since [Y, U], [Y, V] are in [—1]$V.

Therefore, [—-1] $ V-integral submanifolds are totally geodesic.

Now let X, Y and Z be in [+1]. Then, by equations (3.10), (3.11) and (3.12)

0 = g(R(lelUiZ)

= g((VzGlxr Y) — 9((VXGler Z) + g((VYGh)Xr Z)

= o(Z)g(HX, Y) — g(VXGY, Z) + g(GthY, Z)
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+g(VyGX, Z) — g(GthX, Z)

= -9((VxG)Yr Z) + 9(VxY. GZ) — g(GVxY. Z)

+g((VyG)X, Z) — g(va, GZ) + g(GVyX, Z)

= -o(X)g(HY, Z) + 29([X, Y], GZ) + o(Y)g(HX, Z)

= 2g([X, Y], GZ).

Also, by equations (3.8) and (3.9)

9([Xrer U) = u([Xr Y1) = 29(GX. Y) = 0.

and

g([X, Y], V) = v([X, Y]) = 29(HX, Y) = 0.

Therefore [X, Y] is in [+1], and hence [+1] is integrable.

To Show that [+1]-integral submanifolds are totally geodesic, let X, Z be in [—1]

and Y be in [+1]. Then again by equations (3.10), (3.11) and (3.12)

0 = g(R(X, Y)U, Z)

= g((VzG)Xr Y) - g((VXGh)Y1 Z) + 9((VYGh)Xr Z)

+2o(X)g(HY, Z) — o(Z)g(Y, HX) — o(X)g(Z, HY)

= o(Z)g(HX, Y) — g(VxGY, Z) + g(GthY, Z)

—g(VyGX, Z) — g(GthX, Z) - a(Z)g(Y,HX)

+o(X)g(Z, HY)

= -9((VxG)Y. Z) + g(VxY. GZ) + g(GVxY, Z)

-9((VYG)X1 Z) + g(VrX. GZ) - 9(GVrX. Z)

+0(X)g(Z, HY)

= —o(X)g(HY, Z) — o(Y)g(HX, Z) + 2g(va, GZ)

+U(X)g(Z, HY)
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= —29(VyGZ, X).

Also,

g(erz, U) = —g(VrU. GZ) = 2g(GY. GZ) = o,

and

g(VyGZ, V) = —g(VyV,GZ) = 2g(HY,GZ) = 0.

So, VyGZ is in [+1] and hence [+1]-integral submanifolds are totally geodesic.

Now, we want to show that [-—1]$V—integral submanifolds are flat. We can

choose coordinates 11‘, u’, ,u“"+2 such that {—fli’i” span [—1]$V. Then, choose

functions ff such that

a 2n+2 ‘ a

.= __ .1—
X‘ au2n+2+i + J}; ft any

are in [+1] for i = 1, ...,2n. Then, for k = 1,. .,2n + 2, [a—Zp,X,-]-— [a—ug,22-’__’_+2 flair

are in [—-1]$V. So,

8
VliT'X‘lU = 0

On the other hand, since R(g—g—p, X,)U = 0,

VlfiftxilU = V VXU_VX.V 8 U

= V331(—ZGX.-+0(X,-)V) vx,(o(5‘3-ukw)

GX.-+g‘3;(a(xX))v— o(X)o(6—3,)U

0

Bu"

GX +2u(—

= —2v

‘1’
)
:
0

-Xi—(0())V-0(05—Z,,-)(2HX1-0(Xi)U)

X,)v + o([—a— th)V + 20(5%)HX,.
—2V Bu" ’‘1

’]
K
O
)

Buk’

Since 6—2; is in [-1] @V, 9(au—6F,X,-) = 0. So,

8

V GX,‘ '-'—' 0' 530er0

a—uF

Hence, VyGX, = o(Y)HX, for Y in [—1]$V. Therefore, there is a basis {6,},22‘1’"2 of

[—1]63V such that Vye, = —o(Y)Je,- for Y in [—1]$V.
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If Z = 2,22? 2181 then

2n+2

VyZ = 2Vy(z,e,)

i=1

2n+2

: Z; (Y(Zi)€i — 210(Y)J€i)

2n+2

= Z Y(z,-)e,- — U(Y)JZ.

i=1

Then, using the fact that R(Y, Z) = O, we get

R(Y, Z)Z = Vy i (Z(z,-)e,- — z,o(Z)Je,-) — V2 “2 (Y(z,~)e,~ — z,-0(Y)Je,~)

i=1 i=1

— :(lYt Z](z,-)e,- — Z,0'([Y, Z])J€,)

2n+2

= :1 [Y(Z(z,-))e,~ — Z(z,-)o(Y)Jc, — Y(z,-)o(Z)Je,-

:Z,Y(U(Z))Je,- — z,o(Z)o(Y)e, — Z(Y(z,-))e,- + Y(z,-)U(Z)Je,-

+Z(z,-)U(Y)Je,- + z,Z(o(Y))Jc,- + z,o(Y)o(Z)e,~

—[Y, Z](z,-)e,- + a,o([Y, Z])Je,-]

= —22§2z,o(Y, Z)Je,-

i=1

=0.

Therefore the [—1] 6 V-integral submanifolds are flat.

Now let X be a unit vector in [+1]. We are going to show that K(X, JX) = 16.

To do this, we are going to compute g(R(X,JX)HX,GX) in two different ways.

First, by a direct computation and (3.12) we have

g(VxVJxGJX, GX) = g(Vx(VJxG)JX,GX) + g(VxGVJxJX, GX)

= g(Vx(a(JX)HJX + 2U), GX) + g((VxG)VJX-]Xr GX)

+g(VxVJxJX,X)



(Xf‘,XDX9AXHA)5=(xr‘XXDAXHA)5

198SM(31-9)pm:

Sill)3111811"9‘5641.753=.X118111'[I-]U!91.X91994).X0=X611119umam‘[1+]

111S!X301118'(XI'‘X(X0‘XH)H)5=(X0‘XH(Xr‘X)H)5‘ptmtl1911108111no

'91—(X‘Xr(Xr‘X)H)5=

(Xr‘Xr)58—8—(X‘Xr(Xr‘X)H)5=

(X1“X)1)z-8—(X‘Xr(Xr‘X)H)5=(X0‘XH(Xr‘X)H)5

9101919111,

'(X‘XIW‘XIAW+(in‘X])0-=

(X‘XrWXlAW+(X0‘XrH([Xr‘Xl)0)5=

(X‘XrIXI‘XiA)5+(X0‘Xr(0iX"XiA))5=(X0‘Xr0lxr‘xlA)5

OSIV

'(X‘XI‘XAX’A)5+t+((X)o)X[——=

(X‘XI‘XAX’AW+(X0‘XrXAH(Xr)0)5+

(X0‘Xl’Hl5I7—(X0‘XOX’A)5(X)0—((X).0)X[-—=

(X‘XrXAX’A)5+

(X0‘XI‘XA(DX’A))5+(X0‘(A8+XIH(X)0)X‘A)6=

(X0‘XI’XADX’Al5+(X0‘Xr(0XA)X"A)6=(X0‘XFDXAX’Al5

‘Klmllwls

'(X‘XFX‘AXA)5+v—((Xr)0)X—=

(X‘Xl‘xrAXAlfi+(X0‘XI'X’AH(X)D)5+

(X0‘X0)b‘17-(X0‘XDXA)5(XI‘)0-((Xr)0)X—=
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= g(VHX((VGXG')X' + GVGXX'), JX)

= g(VHX(U(GX)HX’ + 29(GX, X’)U — 29(HX, X’)V), JX)

+g(er(2§i2 GX(x,-)Ge,~ — o(GX)HX’), JX)

i=1

2n+2

= g(VHX(—2U+ Z GX(mi)Ger-).JX)

i=1

= 2§2(HX(GX(x,))g(Ge,-, JX) + GX(Zr)9((VHxG)6iv JX)

Six(z.)g(GVeri. JX))

= 2:2(HX(GX(x,))g(Ge,-, JX) + GX(Zr)9(0(HX)Hen JX)

:(gx(x,)g(a(HX)He.-, JX))

: 2E2HX(GX(x,-))g(Ge,-,JX).
i=1

A similar calculation gives

2n+2

g(VGXVHXX, JX) = Z GX(HX(x,-))g(Ge,-, JX),

1:1

and

2n+2

g(V[GX,HX]X1JX) = Z [GXr HX](Z1)9(G€ir JX)-

i=1

Therefore g(R(HX,GX)X, JX) = 0 and hence K(X, JX) = 16. C)

3.3 A complex contact metric structure on the

manifold C“1 x CP”(16)

Let [tr], . . . , tn] be the homogeneous coordinates on CP" and let u, = {t5 75 0}. On

Ll,- there are coordinates 'LUj = if, j = 0, . . . ,n, j 96 i. Let 0,- : C”+1 x Ll, and let

{z0, . . . , zn} be the coordinates on C"+1. Define a holomorphic 1-form w,- on 0,- as

1 n

w,- = — E tkdzk.

ti k=0
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Then 1.0, A (dw,)" 7S 0 on 0.- and w,- = 3w,- on 0,- fl 0,. Thus {10,- §‘=0 is a complex

contact structure on C"+1 x CP“(16).

For computational purposes, let us consider 00 with too = dzo + 22:, wkdzk. The

product metric is given by the matrix

 

 

0 | 91 0

g z 0 92

.91 0 0

0 93‘

where 91 = éInH and

1+2": w 25,-—iU‘,-w-
(g2)ij=( k1] kl) J J
 

8(1+ 22:1 lwkl2)2

Here [n+1 is the (n + 1) x (n + 1) identity matrix. Let f0 = 1 + 22:1 [wk|2. Define

real 1-forms uo, v0 as

 

 

1 n

uo = 4m(d20 + (170 + g(wkdzk + TU—deZ-k»,

i n

’00 = 4m(dzo — (170 + g(wkdzk - wkdik».

Set

2 11

U0 = ——(320 + 670 '1' ECU—lkazk + kaZk»

V 30 Ic=1

and

-2' *3

Vb = —l(azo - 320 + 2(wk8zk — wkaik».

V 30 lc=l

Then (do = 2m(uo - ’i’Uo), duO(Uo,X) = 0 for all X in H, 110(U0) = 1, 'Uo(U0) = O

and g(Uo,X) = u0(X) for all X.

Let

r 0 c. )

 
Go:
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where

( wt wz wr. ‘1

[W112 "' f0 @1102 wlwn

G1 = wlw2 [wzl2 — f0 E21011

K wlwn w2wn I'wnl2 — f0 )

and

...w2

 

Then G2 = —Id+uO®Uo+’Uo®Vo, G01] = —JGo, GoUo = 0, g(GoX, Y) = —g(X, GoY)

and g(X, GoY) = du0(X, Y), g(X,HoY) = dvo(X, Y) for all X,Y in ’H, where H0 =

GoJ.

To check the second condition of Definition 1.2, let us check 00001 as an example.

We have

f0 = 1 + 2 [wk]2

k=l

on 00 and

11

f1 = 1+ [100]2 + 2 [wk]2

k=2

on 01 sothat-fL‘1’=[:—;[;. Seta—ib=\/—%§? on 00001. Then a2+b2=1and

u1 = auo - bvo G1 = aGo — bHo

U1=on+aU0 H1 =bGo+aHo

where (ul, v1, G1, H1) are the structure tensors on 01. Therefore (uk, vk, Uk, Vk, Gk,

Hp, g) with the open cover {0k}2:0 is a complex contact metric structure on C"+1 x

CP"(16).
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We give the Levi-Civita connection of 9 below. We abbreviate 53,—]: by Bwk. We

list only the non-zero terms and we do not repeat terms with commutativity or

conjugation.

V610,, 8w), = :2ffiha’wk,

Vawkaw, = —%(‘v7,0wk + Wka’wj).

Using the formulas for the connection given above, we can compute the covariant

derivatives of U and V as follows:

VxU = -f%[:(bkwk + Ek’wkvao '1' 8-2-0)

k=l

+i((10j;(bkwk + bkwk) — Zfbj)aZj

j=1k1=

+(1Uj imwk + bkwk) — 2fbj)6—Z_j)],

k=l

VxV = ifi[Z(bkwk + bkwk)(azo - 370)

k=l

'1‘va1'szbkwk+bkwk))-2fbj)CZJ'

j=1 k1:

—(w,- £20197. + 51101) — 2fb,-)62,-)]

k=l

where

X: X(akazk + (11,620+ X(bkawk + bkawk)

k:0 k=l

Then we can compute the l-form a and the symmetric operator h = hr; = hv.

i n

= —sz:1(wkdwk — wkdwk),
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1 n n n n

hX = -[(Z wka)c — a0 2 [wk|2)820 + (Z Eta), — 60 Z [wk|2)020

f k=l k=l k=l k=l

+ 2((Ejao — fa,- + w, E wkak)azj + (wJ-Eo — f5,- + w,- 2 wk'dk)BZJ-)]

+ X(bJ-Bwj + UJ'GTU-J).

1:1

As for the curvature, we can see by a direct computation that R(X,Y)V = 0, for

every X, Y. Then,

(VXG)Y = o(X)HY + g(X + hX, Y)U + g(J(X + hX), Y)V

and

(VXH)Y = —o(X)GY — g(J(X + hX), Y)U + g(X + hX, Y)V

for X,Y in ’H.
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