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ABSTRACT

CURVATURE AND NORMALITY OF COMPLEX CONTACT
MANIFOLDS

By

Belgin Korkmaz

In the first part of this thesis, we define complex contact metric structures and
introduce a notion of normality for complex contact metric manifolds. In terms of
the covariant derivatives of the structure tensors, we give a necessary and sufficient
condition for a complex contact metric manifold to be normal. Then we define the
G H-sectional curvature for normal complex contact metric manifolds, and classify
those with constant G H-sectional curvature +1. We also define H-homothetic defor-
mations and use them to get examples of normal complex contact metric manifolds

with constant G H-sectional curvature ¢ with ¢ > —3.

In the second part, we show that complex contact metric manifolds with R(X,Y)V =
0 are given locally by C™*! x CP"(16) under a certain assumption. We give a complex

contact metric structure on C**! x CP"(16) with R(X,Y)V = 0.
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Chapter 0

Introduction

The theory of complex contact manifolds started with the papers of Kobayashi [12]
and Boothby [4], [5], in late 1950’s and early 1960’s, shortly after the celebrated
Boothby-Wang fibration in real contact geometry [6]. It did not receive as much at-
tention as the theory of real contact geometry. In 1965, Wolf studied homogeneous
complex contact manifolds [17]. Recently, more examples are appearing in the litera-
ture, especially twistor spaces over quaternionic Kéhler manifolds (e.g. [13], [14], [15],
[16], [18]). Other examples include the odd dimensional complex projective spaces

[9], and the complex Heisenberg group [1].

In the 1970’s and early 1980’s there was a development of the Rieamannian theory
of complex contact manifolds by Ishihara and Konishi [8], [9], [10]. However, their
notion of normality as it appears in [9] seems too strong, since it does not include
the complex Heisenberg group and it forces the structure to be Kéhler. In the first
chapter of this thesis, we introduce a slightly different notion of normality which
includes the complex Heisenberg group. The main theorem of the first chapter states
the necessary and sufficient conditions, in terms of the covariant derivatives of the

structure tensors, for a complex contact manifold to be normal.

In Chapter 2, following the corresponding theory of real contact geometry, we de-



fine the G H-sectional curvature for normal complex contact manifolds and we classify
those with constant G H-sectional curvature +1. Then we define H-homothetic defor-
mations and show that they preserve normality. Here we note that Ishihara-Konishi’s

notion of normality is not preserved under H-homothetic deformations.

In Chapter 3, we study complex contact manifolds for which the vertical plane
is annihilated by the curvature. We show that those manifolds are given locally by
Cn+!l x CP"(16). We also give the complex contact metric structure on C"*! x

CP"(16).



Chapter 1

Complex contact metric structures
and normality

1.1 Basic definitions

Definition 1.1 Let M be a complez manifold with dimc M = 2n+1 and let J denote
the complez structure on M. M is a compler contact manifold if there exists an open

coveringUU = {O,} of M, such that

1) on each O,, there is a holomorphic 1-form w, with wa A (dw,)™ # 0 everywhere,

and

2) if Op N Og # O then there is a non-vanishing holomorphic function A\sp in
O N Op such that

Wq = '\aﬂ wg in O, N Oﬂ.

On each O,, we define Ho = {X € TO, |wa(X) = 0}. Since Aqp’s are nonvanish-
ing, Ha = Hg on O,NOp. So H = UH, is a well-defined, holomorphic, non-integrable

subbundle on M, called the horizontal subbundle.

Definition 1.2 Let M be a complex manifold with dimc M = 2n+ 1, complez struc-
ture J and hermitian metric g. M is called a complez almost contact metric manifold

if there erists an open coveringU = {O4} of M such that
3



1) in each Oy, there are 1-forms u, and va = uaJ, (1,1) tensors G4 and Hy, = GoJ,

unit vector fields U, and V, = —JU, such that

H:=G2=-1d+ua Q@ U, + va ® V,
9(GoX,Y) = —g(X,G,Y)
g(Ua,X) = uq(X)

GoJ = —JG,
G Uy =0
uo(Ua) =1,

2) if Oy N Op # O then there are functions a,b on O, N Op such that

uUg = auq — by,

vg = bu, + av,

G = aG, — bH,
Hﬂ =bGa+aHa
a?+b=1.

As a result of this definition, on a complex almost contact metric manifold M,

the following identities hold (cf. [9]):

H.Go = —-GoHy=J +ua ®Vy — v ® Uy
JH, = —HoaJ =G,
9(HoX,Y) = —g(X, H,Y)

GoVa =H Uy =H,V,=0
UeGa = VaGa = UgHy = Vo Hy =0
JVa = U, g(Uqs, Vo) =0.



Let (M, {waq}) be a complex contact manifold. We can find a non-vanishing,
complex-valued function multiple 7, of w, such that on O, N O, ma = hasms with
hap: Oa N Op — S!. Let my = uq — 4. Then v, = u,J since w, is holomorphic.

From now on, we will suppress the subscripts if O, is understood.

Locally, we can define a vector field U by du(U,X) = 0 for all X in H and
u(U) =1, v(U) = 0. Then we have a global subbundle V locally spanned by U
and V = —JU with TM = H® V. We call V the vertical subbundle of the con-

tact structure. Here we note that we can find a local (1,1) tensor G such that

(u,v,U,V,G,H = GJ, g) form a complex almost contact metric structure on M (cf.

[10]).

Definition 1.3 Let (M, {w}) be a complez contact manifold with the complez struc-

ture J and hermitian metric g. We call (M,u,v,U,V,g) a compler contact metric

manifold if

1) there is a local (1,1) tensor G such that (u,v,U,V,G,H = GJ, g) is a complez

almost contact metric structure on M, and

2) 9(X,GY) = du(X,Y) and g(X, HY) = dv(X,Y) for all X,Y in H.

In his thesis [7], Foreman shows the existence of complex contact metric structures

on complex contact manifolds.

We will assume that the subbundle V is integrable. Since every known example of
a complex contact manifold has an integrable vertical subbundle, this is a reasonable
assumption for our work. From now on, we will work with a complex contact metric

manifold M with structure tensors (u,v,U,V,G, H, g) and complex structure J.

Define 2-forms G and H on M by

G(X,Y) = g(X,GY), H(X,Y) = g(X, HY).



Then for horizontal vector fields X, Y,

G(X,Y) =du(X,Y), H(X,Y) = dv(X,Y).
In general, we have

-

G=du-o0Av,

H=dv+oAu
where o(X) = g(VxU,V) (cf. [7]).
Let p denote the projection map p: TM — H.

In real contact geometry, there is a symmetric operator h = %L’{q&,where § is the
characteristic vector field and ¢ is the structure tensor of the real contact metric

structure, which plays an important role. Here, £ denotes the Lie differetiation. In

particular, on a real contact metric manifold we have

Vx€=—-¢X - ohX

CE. [3).

Similarly, we define symmetric operators hy, hy: TM — H as follows:

hy = 3sym(£yG)op

hy = isym(£vH)op

where sym denotes the symmetrization. Then we have

hyG = —Ghy, hyH = —Hhy,

hy(U) = hy(V) = hv(U) = hy(V) =0,



and

VxU = -GX — GhyX + o(X)V,

VxV = —HX — HhyX — o(X)U,

where V is the Levi-Civita connection of g (cf. [7]).

Hence

VoU = o(U)V,VyU = o(V)V, VyV = —o(U)U, VyV = —a(V)U.

It can be seen easily by a direct computation that
(VxG)(Y, 2) + (V¥G)(Z, X) + (V26)(X,Y) = 3dG(X,Y, 2),

and

(VxH)(Y,Z) + (VyH)(Z,X) + (VzH)(X,Y) = 3dH(X,Y, Z).

Then, using equations (1.1) and (1.2) we get

= —u(X)Y, Z) — v(Y)Z, X) - v(Z)X,Y)

+o(X)g(Y,HZ) +0(Y)g(Z, HX) + 0(Z)g(X, HY),

and
(VxH)(Y,Z) + (VyH)(Z,X) + (VzH)(X,Y)
= uw(X)UY, 2) + w(Y)QZ, X) + uw(Z2)Q(X,Y)
~a(X)g(Y,GZ) — 0(Y)9(Z,GX) — 0(2)9(X,GY),
where = do.

Lemma 1.4 VyG =o0(U)H,and VyH = —a(V)G.

(1.3)

(1.4)

(1.5)

(1.6)

(1.7)
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Proof: By equations (1.6) and (1.3) we get
(VuG)(X,Y) = —(VxG)(Y,U) - (VyG)(U, X) +v(X)QU,Y)
+v(Y)QUX,U) + o(U)g(X, HY)
= —g(VxU,GY) + g(VyU,GX) + v(X)Q(U,Y)
+o(Y)QX,U) + o(U)g(X, HY)
= g(GX +GhyX,GY) — g(GY + GhyY,GX) + v(X)QU,Y)
+u(Y)QX,U) + o(U)g(X, HY)
= o(X)QU,Y) + v(Y)QUX,U) + o(U)g(X, HY). (1.8)
If X and Y are horizontal then
(VuG)(X,Y) = o(U)g(X, HY).
On the other hand by (1.5)
(VuG)(U,Y) = —g(VuU,GY) =0,

and

(VuG)(V,Y) = —g(VuV,GY) = 0.
So, (VyG)Y = o(U)HY for any Y.
Similarly, using (1.7) and (1.4) we get
(VvH)(X,Y) = u(X)QY, V) +u(Y)UV, X) — a(V)g(X,GY). (1.9)
Again by (1.5) (VvH)(U,Y) = (VvH)(V,Y) = 0. So, (VyH)Y = —o(V)GY. O
Now, if we use Lemma 1.4 in equations (1.8) and (1.9) we get
QU, X) = v(X)QU,V), (1.10)
and

QV, X) = —u(X)QU, V). (1.11)
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1.2 Normality on complex contact metric mani-
folds

Let M be a complex contact metric manifold. Ishihara and Konishi [9] defined (1, 2)

tensors S and T on a complex almost contact manifolds as follows:
S(X,Y) = [G,G](X,Y)+2v(Y)HX — 2v(X)HY +2¢9(X,GY)U
-29(X,HY)V —o(GX)HY + o(GY)HX + o(X)GHY
-o(Y)GHX
T(X,Y) = [H,H|(X,Y)+2u(Y)GX - 2u(X)GY + 29(X,HY)V
-29(X,GY)U + o(HX)GY — o(HY)GX — o(X)HGY

+o(Y)HGX
where
[G, G](X, Y) = (chG)Y - (VGyG)X - G(VxG)Y + G(VyG)X

is the Nijenhuis torsion of G. In [9], they introduced the notion of normality which is
the vanishing of the two tensors S and T'. One of their results is that if M is normal
then it is Kahler. This result suggests that Ishihara-Konishi’s notion of normality is

too strong. Here we will give a somewhat weaker definition.

Definition 1.5 A complez contact metric manifold M is normal if
1) S(X,Y)=T(X,Y) =0 for all X,Y in H, and
2) S(U,X)=T(V,X) =0 for all X.

In real contact geometry, normality implies the vanishing of the operator h. The

following proposition is the analogous result for complex contact geometry.

Proposition 1.6 If M is normal, then h, = h, = 0.
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Proof: Since M is normal,
0 = S(GX,U)
= [G,G|(GX,U) -o(U)GHGX
= (VexG)U — G(VexG)U + G(VyG)GX —a(U)HX
= —GVexU +G*VexU + GVyG*X - G’°VyGX — o(U)HX
= GVxU - u(X)GVyU — v(X)GVyU — VgxU + u(VexU)U
+v(VexU)V — GVyX + u(X)GVyU + v(X)GVyV + VyGX

—u(VyGX)U — v(VyGX)V - o(U)HX.

By (1.5) G(VyU) = G(VyV) = G(VyU) = 0. Also

w(VyGX) = g(VyGX,U) = —g(VyU,GX) = 0

v(VyGX) = g(VyGX,V) = —g(VyV,GX) = 0.
Again using (1.3)
VexU = -G*X — GhyGX + a(GX)V.
So u(VgxU) =0, v(VexU) = 0(GX). Hence

0 = G(-GX - GhyX +o(X)V) +G*X — G*hyX — o(GX)V
+o(GX)V + (VyG)X —o(U)HX
= 2hyX +0(U)HX —o(U)HX
= 2hyX.
Therefore hy = 0. Similarly, using T(HX,V) = 0 and Lemma 1.4 we get hy = 0. O

By the above proposition, on a normal complex contact metric manifold we have

VxU = -GX + o(X)V (1.12)
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and

VxV = -HX - o(X)U. (1.13)

In the next proposition, we give the necessary and sufficient conditions, in terms
of VG and VH, for M to be normal. Again, compare with the condition for a real

contact metric manifold to be normal.

Proposition 1.7 Let M be a complex contact metric manifold. M is normal if and

only if

O 9(VxG)Y,2) = o(X)g(HY, Z) + v(X)QUGZ,GY) — 2v(X)g(HGY, Z)
—u(Y)g(X, 2) -v(Y)g(J X, Z) +u(Z)g(X,Y) - v(Z)g(X, JY)

and

(I1) 9((VxH)Y,Z) = —0(X)g(GY, Z) + u(X)QUHZ,HY) — 2u(X)g9(HGY, Z)
+u(Y)g(JX, Z)—-v(Y)g(X, Z2)+u(Z)g(X,JY)+v(Z2)g(X,Y).

Proof: Suppose that M is normal. For arbitrary vector fields X and Y, we can write
X=X"+uX)U+v(X)V, Y=Y +u(Y)U +v(Y)V
where X’ and Y’ are in . Then GX = GX', GY = GY’ and

S(X,Y) VexGY — GVgxY — VgyGX + GVgy X — GV xGY

+G?VxY +GVyGX — G*Vy X + 20(Y)HX — 2v(X)HY
+29(X,GY)U - 29(X,HY)V —o(GX)HY + o(GY)HX
+0(X)GHY - o(Y)GHX

= VaxtGY' - GVGXIY' - u(Y)GVerU - v(Y)GVleV - VGYIGX’
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+GVey X'+ u(X)GVeyU + v(X)GVey'V — GV GY'
—u(X)GVyGY' — v(X)GVyGY' + GX(VxY' + u(Y)VxU
+u(Y)VxV + u(X)VyY 4 v(X)VyY) + GVyGX' + u(Y)GVyGX'
+u(Y)GVyGX' — GA(Vy X'+ u(X)VyU + v(X)Vy'V + u(Y)Vy X
+u(Y)VyX) + 20(Y)HX — 20(X)HY + 29(X’',GY')U - 29(X', HY")V
—o(GX"YHY' + o(GY")HX' + o(X")GHY' + u(X)o(U)GHY
+v(X)o(V)GHY — o(Y')GHX' — u(Y)o(U)GHX — v(Y)o(V)GHX
= S(X",Y') = u(Y)G(-G*X + o(GX)V) — v(Y)G(~HGX — o(GX)U)
+u(X)G(=G?Y + o(GY)V) + v(X)G(~HGY — o(GY)U)
—u(X)GVyGY — v(X)GVyGY +u(Y)GH-GX' + a(X")V)
+o(Y)GA(—HX' — o(X)U) + u(X)G?VyY +v(X)G?VyY
+u(Y)GVyGX + v(Y)GVyGX — u(X)G*(=GY' + a(Y")V)
—o(X)GX(=HY' = o(Y')U) — u(Y)G2Vy X — v(Y)G2Vy X
+20(Y)HX — 20(X)HY + u(X)o(U)GHY + v(X)o(V)GHY

~u(Y)o(U)GHX - v(Y)o(V)GHX.

Since M is normal, S(X',Y’) =0. So

S(X,Y) = —u(Y)GX +v(Y)HX +u(X)GY — v(X)HY — uw(X)G(VyG)Y
~o(X)G(VyG)Y +u(Y)GX +v(Y)HX + u(Y)G(VyG)X
+u(Y)G(VyG)X — u(X)GY — v(X)HY + 20(Y)HX — 20(X)HY
+u(X)o(U)GHY + v(X)o(V)GHY — u(Y)o(U)GHX
~o(Y)o(V)GHX

= w(Y)HX — (X)HY — u(X)G(VyG)Y — v(X)G(VyG)Y

+u(Y)G(VyG)X +v(Y)G(VyG)X + u(X)o(U)GHY
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+v(X)o(V)GHY - u(Y)o(U)GHX — v(Y)o(V)GHX.
From (1.6) and (1.11) we get
(VvG)(X,Y) = —(VxG)(Y,V) = (VyG)(V, X) = v(X)u(Y)QU, V)
+o(Y)u(X)QU, V) - QX,Y) +o(V)g(X, HY)
= g(HX,GY) - g(HY,GX) + 2u Av(X,Y)QU,V)
—Q(X,Y) +0(V)g(X,HY).
Thus
(VvG)(X,Y) =29(X,GHY) + 2u Av(X,Y)QU, V)
—Q(X,Y) +0(V)g(X,HY). (1.14)
Now, using equation (1.14) and Lemma 1.4, for any vector field Z we have
9(S(X,Y),2) = 4(Y)g(HX,Z) - 49(X)g(HY, Z) + u(X)(VuG)(GZ,Y)
+v(X)(VvG)(GZ,Y) — u(Y)(VyG)(GZ, X)
—v(Y)(VvG)(GZ, X) + u(X)o(U)g(GHY, Z)
+v(X)a(V)g(GHY, Z) — u(Y)o(U)g(GHX, Z)
—v(Y)a(V)g(GHX, Z)
= 4(Y)g(HX,Z) - 4v(X)g(HY, Z) + w(X)o(U)g(GZ, HY)

+v(X)(29(GZ,GHY) - Q(GZ,Y) + a(V)g(GZ, HY))
—u(Y)o(U)g(GZ, HX) - v(Y)(29(GZ,GHX) - GZ, X)
+a(V)9(GZ, HX)) + uw(X)a(U)g(GHY, Z)
+v(X)a(V)g(GHY, Z) — u(Y)o(U)g(GHX, Z)
—v(Y)a(V)g(GHX, ).

Therefore

9(8(X,Y),2) = 20(Y)g(HX, Z) - 2v(X)g(HY, Z)
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—-v(X)QGZ,Y)+v(Y)QGZ, X) (1.15)
If we take Y = V and GX instead of X in (1.15), we get
9(S(GX,V),Z2) =29(HGX,Z) + UGZ,GX) (1.16)
On the other hand,

S(GX,V) = —GVegxV +G*VexV +GVyG?X
-G?’VyGX +2HGX - o(V)HX
= —G(-HG?X - o(G’X)U) + G*(—HGX — o(GX)U)
+G(-VvX + u(X)VyU + v(X)VyV + V(u(X))U
+V(@(X))V) + VyGX — u(VyGX)U

—v(VyGX)V +2HGX — o(V)HX.

By (1.3), VyU = a(V)V. So 0 = —g(VyvU,GX) = ¢g(VvGX,U) = u(VyGX).
Similarly, using (1.4) we get v(VyGX) = 0. When we substitute these in S(GX,V)
we get

S(GX,V) = 4HGX + (VvG)X — o(V)HX

Hence,

9(S(GX,V),Z) = 4¢(HGX,Z)+ (VvG)(Z,X) - 0o(V)g(HX,Z)
= 49(HGX,Z) - (VzG)(X,V) - (VxG)(V, Z)
+u(X)u(Z)QU, V) - UZ, X) — v(Z)u(X)U, V)
+a(V)g(Z,HX) - a(V)g(HX, Z)
= 49(HGX,Z)-g(VzV,GX)+g(VxV,GZ)
—2u A (X, Z)QU, V) + Q(X, Z)

= 49(HGX,Z) + g(HZ,GX) - g(HX,GZ)
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—2unv(X,Z2)QU,V)+QX, 2)

= 29(HGX,Z)-2unv(X,Z)QU,V)+QX,Z)
Combining with (1.16), we get
QGZ,GX)=QX,2Z) -2unv(X,Z2)QU,V) (1.17)
Applying the above process to T'(X,Y) we get

9(T(X,Y),Z2) = 2u(Y)g(GX, Z) - 2u(X)g(GY, 2)

+u(X)QUHZ,Y) - w(Y)QUHZ, X) (1.18)

and

QHZ,HX) = X, Z) - 2u Av(X, Z)QU, V) (1.19)

Combining (1.17) with (1.19) gives
QUGZ,GX) = QHZ, HX). (1.20)
Equation (1.20) implies
Q(G*Z,G*X) = Q(HGZ,HGX).

If we compute the left-hand side and the right-hand side seperately using (1.10) and
(1.11), we get

AG?Z,G2X) = Q(Z, X) + (w(X)v(Z) - v(X)u(Z))QU, V),

and

QHGZ,HGX) = UJZ,JX) + (u(X)v(Z) — w(Z)v(X))QU, V).

Therefore

QZ,X)=JZ,TX). (1.21)
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Replacing X with GX in (1.17) we get
QGX,Z) = QGZ,G*X)
= —-Q(GZ,X)+u(X)QUGZ,U) +v(X)QGZ,V).
Equations (1.10) and (1.11) imply Q(GZ,U) = Q(GZ,V) = 0. Hence
QGCX,2Z)=QUX,G2). (1.22)
Similarly, replacing X with HX in (1.19) we get
QHX,Z)=QX,HZ). (1.23)
Finally, replacing X with JX in (1.21) we get

QJX, Z) = -Q(X,JZ). (1.24)

We now want to compute S(X,Y) in a different way. First, we can rewrite

G(VxG)Y as follows:

G(VxG)Y = GVxGY —G*VxY

= VxG?Y — (VxG)GY + VxY — u(VxY)U — v(VxY)V

= —VxY +u(Y)VxU + X@Y)U + v(Y)VxV + X(o(Y))V
—(VxG)GY + g(VxU,Y)U = X(w(Y))U + g(VxV,Y)V
~X@(Y))V + VxY

= uw(Y)(-GX + o(X)V) + v(Y)(—HX — o(X)U) - (VxG)GY
+9(-GX + o(X)V,Y)U + g(-HX — o(X)U,Y)V

= —u(Y)GX +o(X)u(Y)V - v(Y)HX — o(X)u(Y)U — (VxG)GY

—9(GX,Y)U + o(X)v(Y)U — g(HX,Y)V — o(X)u(Y)V.
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It follows that
G(VxG)Y = —u(Y)GX -v(Y)HX — (VxG)GY
+9(X,GY)U + g(X,HY)V. (1.25)
Now let us substitute (1.25) in S(X,Y) to get
S(X,Y) = (VexGQ)Y — (VgyG)X + (VxG)GY — (VyG)GX

+u(Y)GX + 3u(Y)HX — u(X)GY — 3u(X)HY — 4g(X, HY)V

—0(GX)HY +o(GY)HX + o(X)GHY — o(Y)GHX.
Taking the inner product with Z and using equations (1.6), (1.22) and (1.25) gives

+u(X)QUY,GZ) +20(Z)g9(Y,HGX) + 2u(Y)g9(GX, 2Z)

+4v(Y)g(HX, Z) — 2v(X)g(HY, Z) — 4v(2Z)g(X,HY).
If we combine the above equation with equation (1.15) we get

29((VzG)Y, GX) + 20(2)Q(X, GY) + 20(Z)g(Y, HGX)

+2u(Y)g(GX,Z) + 2v(Y)g(HX,Z) — 4v(Z)g(X,HY) = 0.
In order to get the equation we want, we replace X with GX which gives

29((VzG)X,Y) + 2v(2)QUGX,GY) + 20(2)g(X,HY) — 2u(Y)g(X, Z)
=2v(Y)g(X,JZ) — 2v(Y)u(2)v(X) + 4v(2)g(X,GHY)

+2u(X)g(Z,Y) - 2v(X)g(Z,JY) + 2v(X)v(Y)u(Z) = 0.

Now equation (I) follows.

Applying the same process to T'(X,Y) we can easily see that equation (II) also
holds.
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Conversely, suppose that formulas (I) and (II) hold. To show that M is normal,
first let us check S(X,U). Since formula (I) holds,

9(8(X,0),Y) = g((VvG)GY, X) +9((VexG)U,Y) + 9((VxG)U, GY)
—-o(U)9(GHX,Y)
= o(U)9(HGY, X) - g(GX,Y) — g(X,GY) —o(U)g(GHX,Y)

= 0.

Therefore S(X,U) = 0. Similarly, (X, V) = 0.
Now let X and Y be two vector fields in . Making use of the fact that u(X) =
v(X) = u(Y) = v(Y) = 0 and applying formula (I), we get
9(5(X,Y),Z2) = g((VexG)Y,Z) +9((VarG)Z, X) + 9((VxG)Y,GZ)
+9((VyG)GZ, X) + 2u(Z)g(X, GY) — 20(2)g(X, HY)
—o(GX)g(HY, Z) + o(GY)g(HX, Z) + o(X)g(GHY, Z)
—o(Y)g(GHX, Z)
= o(GX)g(HY, Z) + u(2)g(GX,Y) — v(Z)g(GX, JY)
+0(GY)g(HZ, X) — u(Z)g(GY, X) — v(2)g(JGY, X)
+0(X)g(HY,GZ) + o(Y)g(HGZ, X) + 2u(Z)g(X, GY)
~20(2)g(X, HY) — o(GX)g(HY, Z) + o(GY)g(HX, Z)
+0(X)g(GHY, 2) — o(Y)g(GHX, Z)

= 0.
Therefore S(X,Y) = 0.

In a similar way, we can also show that T'(X,Y) = 0. Therefore M is normal. O

At the moment, normality appers to be a local notion since the tensors S and

T were defined locally. Our next step is to show that normality is, in fact, a global
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notion. Towards this end let us define a third tensor W as follows:

W(X,Y) = (G, H|(X,Y)+ %(U(G’X)GY — o(HX)HY - o(GY)GX
+o(HY)HX) - u(Y)HX — o(Y)GX + u(X)HY

+v(X)GY + 2¢(X,GY)V + 29(X, HY)U

where (G, H|(X,Y) = 3([GX,HY|+[HX,GY]-G[HX,Y]-H[GX,Y] -G[X,HY]—
H[X,GY)).
If M is normal, in other words if

S{U,X)=T(V,X)=0 forall X, and
S(X,Y)=T(X,Y)=0 forall X andY in H,

then equations (I) and (II) hold. Then using (I) and (II), we get

9([G, H](X,Y),Z2) = -;-(U(HX)Q(HY, Z) - 0(GX)g(GY, Z) - 4u(2)9(X, HY)

—-4v(2)9(X,GY) +0(GY)g(GX,Z) —o(HY )g(HX, Z)
+u(X)QGZ,Y) —v(X)QUHZ,Y) +v(Y)QUHZ, X)

—u(Y)Q(GZ, X)).

Hence for X,Y in H

%(J(HX)HY - 0(GX)GY - 4g(X, HY)U — 49(X,GY)V

+0(GY)GX — o(HY)HX + o(GX)GY — o(HX)HY - ¢(GY)GX

W(X,Y)

+o(HY)HX) + 29(X,GY)V + 29(X,HY)U
= 0.
Now we want to check the normality condition on an overlap ON®’. On the open

set O, we have tensors u,v,G,H,S,T and W. On @', we have v',v',G',H', S, T'.

Since M is a contact metric manifold, there are functions a and b on ON Q' such that

v =au—-bv
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v =bu+av
G' =aG - bH
H =bG +aH

a2+v=1.

Lemma 1.8 S’ = a2S + b*T — 2abW and T' = b2S + a*T + 2abW.

Proof: First of all U’ = aU — bV and V' = bU + aV .Using this fact we can compute

o’ as follows:

o'(X) = g(VxU,V’)
= ¢g(Vx(aU - bV),bU + aV)
= gaVxU — bYxV + X(a)U — X(b)V,bU + aV)
= ag(VxU,V) - b2g(VxV,U) + bX(a) — aX(b)

= o(X)+bX(a) — aX(b).

Note that aX(a) + bX (b) = 0 for any X since a? + b? = 1. Also G'H' = GH. Now
let us compute S'(X,Y’) using what we have so far and grouping terms under a2, b

and ab:

S'(X,Y) = a¥(VaxG)Y — (VayG)X — G(VxG)Y + G(VyG)X
+20(Y)HX — 20(X)HY + 29(X,GY)U — 2¢(X, HY)V
~o(GX)HY +o(GY)HX + o(X)GHY — o(Y)GHX]
+0?(VaxH)Y — (VayH)X — H(VxH)Y + H(VyH)X
+2u(Y)GX — 2u(X)GY + 2g(X, HY)V — 2g(X,GY)U

+a(HX)GY — o(HY)GX — o(X)HGY + o(Y)HGX]
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—ab[(VexH)Y + (VaxG)Y — (VerH)X — (VayG)X
—~G(VxH)Y - H(VxG)Y + G(VyH)X + H(VyG)X
—2u(Y)HX — 20(Y)GX + 2u(X)HY + 2v(X)GY
+4g(X,GY)V + 4g(X, HY)U + o(GX)GY — o(HX)HY
~0(GY)GX + o(HY)HX] + [aGX (a) — bHX (a) — ab*GX (a)
+b*HX (a) + a®G X (b) — ab?HX (b)]GY + [-aGX (b)
+bHX (b) — a®GX (a) + ab?HX (a) + a*GX (b) — a®bHX (b)]HY
+[—aGY (a) + bHY (a) + ab?GY (a) — b*HY (a) — a®bGY (b)
+ab?HY (b)]GX + [aGY (b) — bHY (b) + a?bGY (a) — ab*HY (a)
—a®GY (b) + a®bHY (b)|HX + [aX (b) — bX (a) + bX (a)

—aX (b))GHY + (—aY (b) + bY (a) — bY (a) + aY (B)]GHX

= a’S(X,Y) +b’T(X,Y) — 2abW (X, Y).
Applying the same process to T'(X,Y) we get

T'(X,Y) = B®S(X,Y) + a®T(X,Y) + 2abW (X, Y).

The proof of the lemma is complete. O

Now assume that S(X,Y) = T(X,Y) = 0 for all horizontal X and Y, and
S(U,X) = T(V,X) = 0 for all X. Then, as we checked above, W(X,Y) = 0 for
all horizontal X and Y. Therefore, S'(X,Y) = T'(X,Y) = 0 by the above lemma.

For an arbitrary vector field X, let us apply the above lemma to S’(U’, X) to get

S'(U', X) a’S(U', X) + B*T(U', X) — 2abW (U’, X)

I

a*S(U, X) — a?bS(V, X) + ab®T(U, X) — b*T(V, X) — 2a%bW (U, X)

+2abW (V, X)

—a2b[~(VxG)V — G(VvG)X + G(VxG)V — 2HX + o(V)GHX]
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+ab?[—(VxH)U — H(VyH)X + H(VxH)U — 2GX — o(U)HGX]
—a2b[—(Vex H)U — (VxG)U — G(VyH)X + G(VxH)U
—H(VyG)X + H(VxG)U + 2HX] + ab?[— (Vex H)V
—(VaxG)V — G(VyH)X + G(VxH)V — H(VyG)X
+H(VxG)V + 2GX]

= —a?[G(VexV — G(VvG)X — G®VxV — 2HX + o(V)GHX]
+ab?[H(VyxU — H(VyH)X — H®VxU — 2GX - o(U)HGX]
—a?b2HX + H(VexU + G(VuxU — G(VyH)X — GHVxU
—~H(VyG)X — HGVxU] + ab?[2GX + HVgxV + GVyxV
~G(VyH)X - GHVXV — H(VyG)X — HGVxV]

= —a®[-G(VvG)X — 4HX + o(V)GHX) + ab?’[-H(VyH)X
—4GX - o(U)HGX] — a®b[4HX — G(VyH)X — H(VyG)X]
+ab?[4GX — G(VvH)X — H(VyG)X]

= a®[G(VvG)X + o(V)HGX + G(VyH)X + H(VyG)X]

—ab’[H(VyH)X + o(U)HGX + G(VvH)X + H(VyG)X].
Now, taking the inner product with Y and using equations (I) and (II) gives

9(S'(U', X),Y) = —a’[g((VvG)X,GY) - o(V)g(HGX,Y) + g(VuH)X,GY)
+9((VyG)X, HY)] + ab*[g((VyH) X, HY) — o(U)g(HGX,Y)
+9((VvH)X,GY) + g((VvG) X, HY))

= —a’[o(V)g(HX,GY) + Q(G?Y,GX) — 2gHGX,GY)
—o(V)g(HGX,Y) — o(U)g(GX,GY) - Q(HGY, HX)
—29(GHX,GY) + o(U)g(HX, HY)] + ab?*[-o(U)g(GX, HY)

—Q(H%Y, HX) — 2¢9(GHX,HY) — o(U)G(HGX, Y)
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-o(V)9(GX,GY) +o(V)g(HX,HY) + Q GHY,GX)
—29(HGX,HY)]
= —ad®[-Q(GY, X) + Q(GY, X)) + ab*(QHY, X) - Q(HY, X))
= 0.
Therefore S'(U’, X) = 0.
Similarly we can show that T'(V’, X) = 0.

Therefore normality conditions agree on the overlaps. So the notion of normality

is global.

We now give an expression for VxJ. Recall that on a complex contact manifold

we have H = GJ = -JG,V = —JU,U = JV. Also, using Proposition 1.6 gives
(VxJ) U=HX +0(X)U-J(-GX +0(X)V)=0

and

(VxJ)V=-GX +0(X)V-J(-HX —o(X)U) =0.
Then we can write
(VxH)GY = (VxJ)Y — J(VxG)GY.
Taking the inner product with Z and applying equations (I) and (II) gives
(1I11) 9((VxJ)Y,Z) = uw(X)(QZ,GY) — 2¢9(HY, Z)) + v(X) (U Z, HY)

+29(GY, 2)).

1.3 Some basic facts on normal complex contact
metric manifolds

In this section, we will establish some basic formulas for a normal complex contact

metric manifold M with structure tensors u,v,U,V, G, H, J, g. First, we will consider
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the curvature of the vertical plane, g(R(U, V)V, U). Using Proposition 1.6,

R(U, V)V = Vy(-o(V)U) - Vy(-o(U)U)+0o([U,V))U
= =U((V)U -a(V)o(U)V +V(e(U))U +o(U)a(V)V
+o([U,V))U
= =20(U,V)U.
Therefore
g(R(U,V)V,U) = -2Q(U, V). (1.26)

Now let X and Y be two horizontal vector fields. Then using Proposition 1.6,

RX,Y)U = Vx(=GY +o(Y)V) = Vy(=GX + o(X)V) + G[X, Y] - o([X, Y]}V
= —VxGY + X(O’(Y))V + O‘(Y)va + VyGX — Y(O’(X))V
—O'(X)VyV +GVxY —GVyX - 0’([X, Y])V

= —(VxG)Y + (VyG)X +20(X,Y)V —0o(Y)HX + o(X)HY.
By equation (I) we know that
(VxGQ)Y =o(X)HY + g(X,Y)U + g(JX,Y)V.
If we substitute this in R(X,Y)U we get
R(X,Y)U =2(9(X,JY) + Q(X,Y))V. (1.27)
Similarly, using Proposition 1.6 we have

R(X,Y)V = -2(g9(X,JY) + Q(X,Y))U. (1.28)

Now, let us compute R(X,U)U for horizontal X, using Proposition 1.6:

RX,U)U = Vx(o(U)V) = Vy(-GX +o(X)V) + G[X,U] - o([X, U)V
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= X(a(U))V +o(U)(~HX — o(X)U) + VyGX
~U(e(X))V + o(X)o(U)U + GVxU — GVyX — o([X,U))V
= 20X, U)V — o(U)HX + (VyG)X + X.

Since X is horizontal, Q(X,U) = 0 by (1.10), and (VyG)X = o(U)HX by equation
(I). Therefore

R(X,U)U = X. (1.29)
Similarly,
R(X,V)V = X. (1.30)

Again, for a horizontal vector field X we will compute R(X,U)V and R(X,V)U using

Proposition 1.6 as follows:
R(X,U)V = Vx(-o(U)U) - Vy(-HX - o(X)U) + H[X,U] + o([X,U)U
= —X(o(U)U - o(U)(~GX + a(X)V) + VyHX + U(o(X))U
+0(X)o(U)V + HVxU — HVyX + o((X,U))U
= o(U)GX + (VyH)X - JX. (1.31)
Similarly,

R(X,V)U = —o(V)HX + (VyvG)X + JX. (1.32)

Now we want to define a new tensor Pg as follows: For a (1,1) tensor G, let
PG(Xa }/) Z; W) = g(R(X1 Y)GZa W) + g(R(Xa Y)Za GW)
In this way we also have Py and P;.

Our next step is to get an expression for Pg free of the curvature tensor R. By a

direct computation, it is easy to see that we can write

Ps(X,Y,Z,W) = —(VxVyG — VyVxG — Vixv|G)(Z,W).
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For horizontal vector fields X,Y, Z and W, if we compute the right hand side of

the above equation using (I), we get:

Pe(X,Y,Z,W) = 29(HZ,W)QX,Y) - 29(HX,Y)UZ,W)
+4g(HX,Y)g(JZ,W) + g(GX, Z)g(Y,W)
+9(HX, Z)g(JY,W) — g(GX,W)g(Y, Z)
—-9(HX,W)g(JY, Z) — g(GY, Z)g(X, W)
—9(HY, Z)g(JX, W) + g(GY,W)g(X, Z)

+g(HY,W)g(JX, Z). (1.33)

In the same way, we can show that

Pu(X,Y,Z,W) = —29(GZ,W)QUX,Y)+29(GX,Y)Q(Z,W)
—49(GX,Y)g(JZ,W) + g(HX, Z)g(Y, W)
—9(GX, 2)g(JY,W) — g(HX,W)g(Y, Z)
+9(GX,W)g(JY, Z) — g(HY, Z)g(X, W)
+9(GY, 2)g(JX, W) + g(HY, W)g(X, Z)

-9(GY,W)g(J X, Z). (1.34)
Since JX = HGX = —GHX for horizontal X,

Pi(X,Y,Z,W) = g(R(X,Y)HGZ,W) - g(R(X,Y)Z,GHW)
= PH(X1YaGZ’W) - PG(X’KZ7HW)
= 2(GX,Y)UGZ,W) + 29(HX,Y)UHZ,W)

+49(GX,Y)g(HZ,W) — 49(HX,Y)g(GZ,W). (1.35)

Lemma 1.9 For horizontal vector fields X,Y, Z and W, the curvature tensor satisfies

the following equations:
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+29(HX,Y)UGZ,W) + 29(JX, Y)UZ, W) — 29(HZ, W)QGX,Y),

(i) g(R(HX,HY)HZ,HW) = g(R(X,Y)Z,W) - 2¢(JZ,W)Q(X,Y)
—29(GX,Y)QHZ,W) + 29(JX,Y)UZ,W) + 29(GZ,W)QUHX,Y).

Proof: By the definition of Pg, the left hand side of (i) is equal to
9(R(X,Y)Z,W)+ Ps(Z,W, X,GY) + Pe(GX,GY, Z,GW).
Equation (1.33) gives

Ps(Z,W, X,GY) + Ps(GX,GY, Z,GW) = 29(JX,Y)QUZ, W)

_2g(HZ,W)QGX,Y) — 29(JZ,W)UX,Y) + 29(HX,Y)UGZ,W).

Therefore equation (i) holds.

Similarly, using the definition of Py and equation (1.34) we obtain (ii). O

Lemma 1.10 The following equations hold for horizontal vector fields X,Y,Z and
W:
(i) 9(R(X,GX)Y,GY) =g(R(X,Y)X,Y) + g(R(X,GY)X,GY)
+4g(JX,Y)QX,Y) —49(HX,Y)QGX,Y) — 29(GX,Y)?
- 49(HX,Y)* - 29(X,Y)? + 29(X, X)g(Y,Y) — 49(J X,Y)?
(i) g(R(X,HX)Y,HY)=g(R(X,Y)X,Y)+ g(R(X,HY)X,HY)
+4g9(JX,Y)QX,Y) +49(GX,Y)QHX,Y) — 29(HX,Y)?
-49(GX,Y)? - 29(X,Y)* +29(X, X)g(Y,Y) — 49(J X,Y)>.

Proof: By Bianchi’s first identity

9(R(X,GX)Y,GY) = —g(R(GX,Y)X,GY) — g(R(Y, X)GX,GY).
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The definition of Pg implies

and

—g(R(Y, X)GX,GY) = g(R(X,Y)X,Y) + Ps(X,Y, X,GY).

Using equation (1.33) we get

Pe(X,Y, X,GY) — Pe(X,GY, X,Y) = 49(JX,Y)Q(X,Y)
—4g(HX,Y)QGX,Y) - 49(HX,Y)? — 29(X,Y)?

—49(JX,Y)? - 29(GX,Y)* +29(X, X)g(Y,Y)

which gives equation (i) and equation (ii) is obtained in the same way. O

Lemma 1.11 If X is a horizontal vector field, then

9(R(X,GX)GX, X) + g(R(X, HX)HX, X) + g(R(X, JX)J X, X)
= —69(X, X)(QJX, X) + g(X, X)).

Proof: Recall that GX = —HJX. Then by the definition of Py
9(R(X,GX)GX,X)=g(R(X,GX)JX,GJX) — Pg(X,GX,JX, X).
By Lemma 1.10

9(R(X,GX)JX,GJX) = —g(R(X,JX)JX,X)—- g(R(X,HX)HX,X)

—4g(X, X)Q(JX, X) — 29(X, X)2.
We can compute Py(X,GX,JX, X) using equation (1.34) to get

Py(X,GX,JX,X) = 29(X, X)QJIX, X) + 4g(X, X)>.
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We get the lemma by joining the above equations. O

We can use the definition of P; and equation (1.33) to see that the following

formulas hold for a horizontal vector field X:

9(R(X,HX)JX,GX) = —g(R(X,HX)HX,X)

—29(X, X)Q(JX, X) — 49(X, X)?, (1.36)

9(R(X,JX)HX,GX) = g(R(X,JX)JX,X)

+29(X, X)QJX, X) — 29(X, X)%,  (L.37)

9(R(GX,HX)HX,GX) = g(R(X, JX)JX, X), (1.38)

9(R(GX,JX)JX,GX) = g(R(X, HX)HX, X). (1.39)

Similarly, using the definition of P; and equation (1.35) we get the following

formulas for horizontal vector fields X,Y:

9(R(JX,JY)JY,JX) = g(R(X,Y)Y, X), (1.40)

g(R(X,Y)JX,JY) = g(R(X,Y)Y, X) + 29(X,GY)QUX, HY)

—29(X, HY)Q(X,GY) + 49(X,GY)? + 49(X, HY)?, (1.41)

9(R(Y,JX)JX,Y) = g(R(X, JY)JY, X), (1.42)

g(R(X,JY)JX,Y) = g(R(X,JY)JY, X) — 29(X, HY)QX,GY)
+29(X,GY)QX, HY) + 49(X, HY)? + 49(X,GY)%.  (1.43)
By Bianchi’s 1®* identity

g(R(X,JX)JY,Y) = —g(R(JX,JY)X,Y) - g(R(JY,X)JX,Y).
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Substituting formulas (1.41) and (1.43) in the above equation we get
9(R(X,JX)JY)Y) = g(R(X,Y)Y,X)+g(R(X,JY)JY, X)

+4(g(X, GY)Q(X, HY) — g(X, HY)Q(X,GY)

+29(X,GY)* + 29(X,HY)? (1.44)



Chapter 2

Normal complex contact metric
manifolds with constant
(GH-sectional curvature

2.1 (GH-sectional curvature

Let M be a normal complex contact metric manifold with structure tensors u, v, U,
V,G, H, J, g. For a horizontal vector field X, the plane section generated by X and
Y = aGX + bHX,a? + b? = 1, is called a GH-section or an H-holomorphic section.

We define the G H-sectional curvature GH, ;(X) as the curvature of a G H-section:
GHap(X) = K(X,aGX + bHX)

where K(X,Y) is the curvature of the plane section generated by X and Y.

Lemma 2.1 GH,,(X) is independent of the choice of the numbers a and b if and
only if K(X,GX) = K(X,HX) and g(R(X,GX)HX, X) =0.

Proof: We can write the G H-sectional curvature as

— a2 2 2ab
GHap(X) =a*K(X,GX) + bV°K(X,HX) + g(X’X)2g(R(X,GX)HX,X).

If GH,p(X) is independent of the choice of a and b, then taking a = 1,b = 0 gives
GH.p(X) = K(X,GX) and taking a = 0,b = 1 gives GH,5(X) = K(X,HX). So
31
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K(X,GX) = K(X, HX) and g(R(X,GX)HX, X) = 0.
Conversely, if K(X,GX) = K(X,HX) = K and g(R(X,GX)HX, X) = 0 then
GHap(X) = K and hence GH, (X) is independent of the choice of a and 5.0

From now on we will assume that G#,;(X) is independent of the choice of a and

b, and denote it by GH(X).

As the next step, we want to write holomorphic curvature in terms of G H-sectional

curvature. In order to do this, we are going to use the formulas from section 1.3.

Proposition 2.2 For a horizontal vector field X,

K(X,JX) = S(GH(X +GX) + GH(X — GX)) +3.

Proof: Since GH(X) is independent of the choice of a and b, we can choose a = 0,
b= 1. Then GH(X) = K(X,HX). SoGH(X +GX)=K(X+GX,HX + JX) and
GH(X - GX)=K(X - GX,HX — JX). By direct computation we get

g(R(X +GX,HX + JX)HX + JX, X + GX)
= g(R(X,HX)HX,X)+ g(R(X,JX)JX,X)
+9(R(GX, HX)HX,GX) + g(R(GX, JX)JX,GX)
+2[g(R(X, HX)HX,GX) + g(R(X, HX)J X, X)
+9(R(X, HX)JX,GX) + g(R(X,JX)HX,GX)

+9(R(X,JX)JX,GX)+ g(R(GX,HX)JX,GX)]
and

g(R(X —GX,HX - JX)HX - JX,X - GX)

= g(R(X,HX)HX,X)+ g(R(X,JX)JX, X)
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+9(R(GX,HX)HX,GX) + g(R(GX,JX)JX,GX)

+2[-g(R(X,HX)HX,GX) - g(R(X,HX)JX, X)

+9(R(X,HX)JX,GX) + g(R(X,JX)HX,GX)

—-9(R(X,JX)JX,GX) - g(R(GX,HX)JX,GX)].
If we add the two equations above we get

GH(X + GX) + GH(X - GX)

= m[g(R(X, HX)HX,X) + g(R(X, JX)JX, X)
+g(R(GX, HX)HX,GX) + g(R(GX, JX)JX,GX)

+2[g(R(X,HX)JX,GX) + g(R(X,JX)HX,GX)]].
Now, using formulas (1.36)-(1.39) we have
GH(X +GX)+GH(X - GX) =2K(X,JX) —6.

Therefore

K(X,JX)

%(gu(x +GX) +GH(X — GX)) +3. O

We now want to work with the assumption that the GH-sectional curvature is
independent of the choice of the GH-section at each point. Let GH(X) = ¢, where ¢
does not depend on X. Then by the previous proposition

K(X,JX)=c+3.

Next we give an expression for the sectional curvature in terms of the holomorphic

curvature.
Lemma 2.3 For horizontal vector fields X and Y, we have
J(R(X, Y)Y, X) = 3-15[3Q(X +JY) +3Q(X - JY) - Q(X +Y)
~Q(X ~ Y) - 4Q(X) - 4Q(V)] + 3{g(X, HY)Q(X, GY)

—9(X,GY)QUX, HY) — 2¢(X,GY)? — 29(X, HY)?).
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where Q(X) = g(R(X,JX)JX, X).

Proof: By direct computation

QX +JY) = g(R(X,JX)JX,X)+g(R(Y,JY)JY,Y) + g(R(JX,JY)JY, JX)
+9(R(X,Y)Y, X) + 2[¢g(R(X, JX)J X, JY) — g(R(X, JX)Y, X)
—g(R(X, JX)Y,JY) — g(R(X,Y)JX,JY) + g(R(X,Y)Y, JY)

—9(R(JY, JX)Y,JY)]
and

QX -JY) = g(R(X,JX)JX,X)+g(R(Y,JY)JY,Y) + g(R(JX,JY)JY, JX)
+g(R(X, Y)Y, X) + 2[-g(R(X, JX)JX, JY) + g(R(X, JX)Y, X)
—g(R(X,JX)Y,JY) — g(R(X,Y)JX,JY) — g(R(X,Y)Y, JY)

+9(R(JY, JX)Y, JY)].
By combining the two equations above, we get

QX +JY)+Q(X —JY) = 2[g(R(X,JX)JX,X)+ g(R(Y,JY)JY,Y)
+9(R(JX,JY)JY,JX) + g(R(X, Y)Y, X)]

—4[g(R(X,JX)Y,JY) + g(R(X,Y)JX,JY)).
Using the formulas (1.40), (1.41) and (1.44) we have

QX +JY)+Q(X —=JY) = 2[g(R(X,JX)JX,X)+ g(R(Y,JY)JY,Y)]
+4[3g(R(X, Y)Y, X) + g(R(X, JY)JY, X)]
+24[g(X, GY)Q(X, HY) — g(X, HY)Q(X, GY)

+29(X,GY)? + 29(X, HY)?).
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Doing the same calculations for Q(X +Y) +Q(X —Y) and using the formulas (1.42),
(1.43) and (1.44), we get

QX +Y)+Q(X-Y) = 2[g(R(X,JX)JIX,X)+g(R(Y,JY)JY,Y))
+4[39(R(X, JY)JY, X) + g(R(X,Y)Y, X))
+24[g(X, GY)QUX, HY) — g(X, HY)Q(X, GY)

+29(X,GY)* + 29(X, HY)?].
Finally, combining what we have so far

3Q(X +JY) +3Q(X —JY) - Q(X +Y) — Q(X - Y) — 4Q(X) — 4Q(Y)
= 329(R(X,Y)Y, X) + 48[g(X, GY)Q(X, HY)

—g(X, HY)Q(X, GY) + 29(X,GY)? + 29(X, HY )?),

giving us the desired result. O
Since K(X,JX) = ¢+ 3 does not depend on X, from the above lemma we get

IRV, X) = SE20g(X, X)g(¥,Y) - g(X,Y)? + 3g(X, JY)’

+319(X, HY)Q(X, GY) - g(X, GY)Q(X, HY)

—29(X,GY)? - 29(X,HY)?, (2.1)

for horizontal X and Y.

Now let X and Y be two arbitrary vector fields. We can write
X=Z+uX)U+v(X)V,Y =W +u(Y)U +v(Y)V
where Z and W are in H. Then using the formulas (1.26)-(1.32) and (2.1), we have

I(R(X, Y)Y, X) = g(R(Z,W)W,Z) - 2(u(X)u(Y) +v(X)v(Y))9(Z, W)

+(u(Y)? +9(Y)*)9(Z, Z) + (u(X)? + v(X)*)g(W, W)
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—12u Av(X,Y)g(Z, JW) - 12u A v(X,Y)QZ, W)
-8(uAv(X,Y))*Q(U,V) (2.2)
= 9(R(Z, W)W, Z) - 2(u(X)u(Y) + v(X)v(Y))g(X,Y)
+(u(Y)? +9(Y)*)g(X, X) + (w(X)? + v(X)*)g(Y,Y)
—12u Av(X,Y)g(X,JY) — 12u A v(X,Y)Q(X,Y)

+16(u A (X, Y))2(1 + Q(U, V)
= S RXuY) +o(X)u(¥)lg(X,Y)
c—1
4
—3(c+7)uAv(X,Y)g(X,JY)
c+3
4

+g[g(X, HY)QX,GY) — g(X,GY)Q(X,HY) — 2g9(X,GY)?

[(u(Y)? +0(¥)*)g(X, X) + (w(X)? + v(X)*)g(Y,Y)]

+—[9(X, X)g(Y,Y) + 3g9(X,JY)? - g(X,Y)?]

—29(X,HY)?] + 4(c+ T)(u A v(X,Y))? — 12u A v(X,Y)Q(X,Y)

+16(u A v(X, Y))2Q(U, V). (2.3)

In order to simplify the above equation somewhat, we need to examine the term

Q(X,Y). Since GH(X) = ¢ + 3 does not depend on X,
g(R(X,GX)GX,X)=g(R(X,HX)HX,X) = cg(X, X)?
and
g(R(X,JX)JX,X) = (c+3)g(X, X)2

Substituting these in Lemma 1.11 we get

c+3
2

QUJIX, X) = ——g(X, X) (2.4)

for horizontal X.
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In order to compute 2(JX, X) for an arbitrary vector field X, we can apply

formula (2.4) to the horizontal component of X to get

c;3g(X,X)+c+3

2
+(u(X)? + v(X))QU, V). (2.5)

QJX,X) = — (u(X)? + v(X)?)

Replacing X with JX +Y in (2.5) we have

c+3

QX,Y) = —

9(JX,Y) +uAv(X,Y)(c+3+2QU,V)) (2.6)

Now if we substitute (2.6) in (2.3) we get a somewhat simpler expression for the

sectional curvature as

GRX Y)Y X) = 2 u(X)u(Y) +o(X)u(¥)]g(X,Y)

c—1
4
+3(c - 1uAv(X,Y)g(X,JY)

c+3

4
C—

4
-8(uAv(X,Y)) (c+ 1+ Q(U,V). (2.7)

[(w(Y)? + 0(Y)*)g(X, X) + (u(X)* + v(X)*)g(Y, )]

+

[9(X, X)g(Y,Y) +3g(X,JY)? — g(X,Y)?]

+3 1[g(X, GY)? 4+ g(X,HY)?Y

Now to get an expression for the curvature tensor, we will use the following identity
of [2):

69(R(X,Y)Z,W) = %(B(X + sW,Y +tZ) — B(X + 52,Y + tW))|s=o.1=0,

where B(X,Y) = g(R(X,Y)Y, X).
If we compute the right hand side of the above identity using (2.7), we get the
following expression for the curvature tensor:

RXY)Z = S {(X)u(2) +o(XD(2)Y ~ (¥ )u(2) + (Y )o(Z)X
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+duAv(X,Y)JZ +2uAv(X,2)JY +2uAv(Z,Y)]JX
+29(X,GY)GZ + g(X,GZ)GY + g(2,GY)GX + 29(X,HY)HZ
+9(X,HZ)HY + g(Z, HY)HX + [u(Y)g(X, Z) — u(X)g(Y, Z)
+u(X)g(Z,JY) + v(Y)g(X, JZ) + 20(Z)g(X, JY)|U

+u(Y)g9(X, Z) — v(X)g(Y, Z) — u(X)g(Z,JY) — u(Y)G(X, JZ)

—2u(2)g(X,JY)|V]
c+ 3

9(Y, 2)X — g(X, 2)Y + ¢(2, JY)IX
+g(X, JZ)JY +29(X, JY)JZ]

—%(c 14 QU V)[X)uAv(Z,Y) + o(Y)u Av(X, Z)
+20(Z)u A (X, Y))U = (u(X)u A o(Z,Y) + u(Y)u A (X, Z)

+2u(Z)u Av(X,Y))V]. (2.8)
Now we are ready to prove the following proposition.

Proposition 2.4 Let M be a normal comlez contact metric manifold with complez
dimension greater than or equal to 5. If the GH —sectional curvature is independent

of the choice of the G H -section at each point, then it is constant on M.

Proof: Suppose that the complex dimension of M is 2n + 1. If the GH-sectional
curvature is independent of the choice of the GH-section at each point, then the
curvature tensor has the form (2.8). Let us choose a local orthonormal basis of the
form

{X:,GX;, HX;, JX;,U, V|l <i<n}.

Then the Ricci tensor has the form

X Y) 2[9 X,,X)Y, X,) +g(R(GX,,X)Y, GX,) +g(R(HX,,X)Y, HX,)
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+9(R(J X, X)Y, JX,)] + g(R(U, X)Y,U) + g(R(V, X)Y, V)
= ((n+2)c+3n+2)g(X,Y)

+(—(n+2)c+n—-2-29(U,V))(w(X)u(Y) + v(X)v(Y)).
The scalar curvature S has the form

S = E[S(X,, X,) + S(GX,, GX,) + S(HX,, HX,)

=1

+S(JX;, JX)] + S(U,U) + S(V, V)

= 2(n+2)(2n — 1)c+4n(3n + 4) — 4Q(U, V).
Since €2 = do, d2 = 0. In particular, dQ(U, V, X) = 0, which implies
XQU, V) =u(X)UQU, V) +v(X)VQU,V).
By Bianchi’s identity,
23 ((Vx,5)(X,X) + (Vox,5) (X, GX) + (Vx, )X, HX)

+(Vx,S) (X, IX:)) + (VuS)(X,U) + (VyS)(X, V)] — VxS = 0.

Substituting the expressions for S(X,Y) and S, the above equation gives

2(1 - n)X(c) - (u(X)U(c) + v(X)V(c)) = 0.

If we let X = U, we get U(c) = 0, and if we let X = V, we get V(c) = 0.

Therefore, X(c) = 0 if n is different from 1. So c is constant on M when n > 1. O

Definition 2.5 A normal complez contact metric manifold M with constant GH -

sectional curvature is called a complez contact space form.

The following theorem is an easy consequence of Proposition 2.2 and Lemma 2.3.
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Theorem 2.6 Let M be a normal complezx contact metric manifold. Then M has
constant G H-sectional curvature c if and only if for horizontal X, the holomorphic

sectional curvature of the plane generated by X and JX is c + 3.

This theorem gives rise to a natural question; is it possible for a normal complex
contact metric manifold to have constant holomorphic sectional curvature? We answer

this question by the following proposition.

Proposition 2.7 Let M be a normal complex contact metric manifold. If M has

constant holomorphic sectional curvature c, then c = 4 and M is Kahler.

Proof: For an arbitrary unit vector field X, let X = Z + u(X)U + v(X)V, where Z

is horizontal. If we take Y = JX, W = JZ in equation 2.2, we get

g(R(X,JX)JX,X) = g(R(Z,JZ)JZ,Z) + 6(u(X)*+ v(X)>)QX, JX)
—4(w(X)? + v(X)?)

+4(u(X)? + v(X)??*(1 + Q(U, V)). (2.9)
Since M has constant holomorphic curvature c,
9(R(X,JX)JX,X) = g(R(U,V)V,U) = ¢,

and

9(R(Z,72)JZ,Z) = g(Z, Z).

Theorem 2.6 implies that GH(X) = ¢ — 3. Also by formula 2.6
QX,Y) = gg(Jx, Y) +uAv(X,Y)(c+ 20U, V)).

Since g(R(U, V)V,U) = =2Q(U, V), QU, V) = —5. Therefore Q(X,Y) = $9(J X,Y),
and hence Q(X,JX) = §.
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Since X is unit, g(Z, Z) = 1 — u(X)? — v(X)2. Substituting these back in 2.9, we
get
(c = 9)(u(X)? +v(X)*)(1 - u(X)* - v(X)?) = 0.
We can choose X so that u(X) # 0, v(X) # 0 and u(X)? + v(X)%? # 1. Then we

must have ¢ = 4. In this case, GH(X) =1 and Q(U,V) = -2.

Since M is normal, by equation (III)

d(VxD)Y,Z2) = w(X)QZ,GY)+v(X)UZ, HY) - 2u(X)g(HY, Z)
+2v(X)g(GY, Z)

= 2u(X)g(JZ,GY) + 2v(X)g(JZ, HY) — 2u(X)g(HY, Z)
+2v(X)g(GY, Z)

= 0.

Hence M is Kahler. O

Theorem 2.8 Let M be a normal complex contact metric manifold with constant
GH -sectional curvature 1 and Q(U,V) = —2. Then M has a constant holomorphic
sectional curvature 4 and it is Kdhler. If, in addition, M is complete and simply
connected, then M is isometric to CP?**! with the Fubini-Study metric of constant

holomorphic curvature 4.

Proof: Since GH(X) = 1, g(R(X,JX)JX,X) = 4g(X, X)? for a horizontal vector
field X by Theorem 2.6. Substituting ¢ = 1 and Q(U,V) = —2 in (2.6), we get
Q(X,Y) = 2¢g(JX,Y). For an arbitrary unit vector field X, let X = Z + u(X)U +
v(X)V, where Z is horizontal. Then g(Z,Z) =1 — u(X)? — v(X)?2. Now, from (2.9)

it follows that

g(R(X,JX)IX,X) = 4(1 - u(X)? - v(X)?)? — 4(u(X)? + v(X)?)
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+12(u(X)? + v(X)?) — 4(u(X)? + v(X)?)?

= 4.

Hence M has constant holomorphic curvature 4, and by Proposition 2.7 M is

Kahler. O

2.2 Examples of normal complex contact metric
manifolds

Our first example of a normal complex contact metric manifold is the complex Heisen-

berg group.The complex Heisenberg group is the closed subgroup He of GL(3,C)

1 b2 bis
0 1 by3 | |biz,bis,b3€C
0 0 1

Blair defined the following complex contact metric structure on Hc in [1]. See also

given by

[11). Let 2y, 2, 23 be the coordinates on Hc ~ C3, defined by z,(B) = by3, 22(B) =

b12, 23(B) = b3 for B in Hc. Then the hermitian metric (matrix)

1+|22|2 0 —=2
0 0 1 0
! —z 0 1
I=8| 1+ 0 -2
0 1 0 0
—Z29 0 1

is a left invariant metric on Hc. Define a holomorphic 1-form 8 = %(dz3 — 2odz;) and

set0=u—ivand4£—;=U+iV.
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Also define a (1-1) tensor

0 10
0 -1 00
_ 0 29 0
G= 0 1 0
-1 0 O 0
0 z 1

Then (u,v,U,V,G, H = GJ, g) is a complex contact metric structure on He. Blair

also computed the covariant derivatives of G and H as
(VxG)Y =g¢(X,Y)U —u(Y)X — g(X,JY)V —v(Y)JX + 2v(X)GHY
and

(VxH)Y = g(X,Y)V —v(Y)X - g(X,JY)U + u(Y)JX — 2u(X)GHY.

In [1], the following are also listed:

9(VxU,V) =0,
VxU = -GX,
VxV =-HX.

As a consequence of the first equality, we see that o is identically zero. Therefore, by

Proposition 1.7 this structure on H¢ is normal.

The hermitian connection of g is also given in [1]. So we can establish the following

curvature identities easily:

9(R(X,GX)GX, X) = g(R(X,HX)HX, X) = -39(X, X)?,
9(R(X,GX)HX, X) = 0.
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Therefore, Hc has constant G H-sectional curvature —3.

Our second example is the odd dimensional complex projective space CP?**!
with the standard Fubini-Study metric g of constant holomorphic curvature 4. It
is established in [8] that (CP?**!(4),g) admits a normal complex contact metric

structure via the Hopf fibering
T S4n+3 N CP2n+1.

Since this structure has constant holomorphic curvature 4, (CP?**!(4), g) has con-

stant G H-sectional curvature 1 by Theorem 2.6.

2.3 H-homothetic deformations

The odd dimensional complex projective space with the Fubini-Study metric is an
example of a normal complex contact metric manifold with constant G H-sectional
curvature 1.To get other examples with constant GH- sectional curvature, we need

to study the H-homothetic deformations.

Let M be a normal complex contact metric manifold with sructure tensors (u, v, U,
V,G,H,g). For a positive constant c, we define new tensors by &« = au, 7 = av,
U=1U,V=1v,G=G,H=H, j=ag+ca(e—1)(u®u+v®uv). This change

of structure is called an ‘H-homothetic deformation.

Proposition 2.9 If (u,v,U,V,G, H, g) is a normal complez contact metric structure

on (M, J), then (&,,U,V,G, H,§) is also a normal complez contact metric structure

on (M, J).

Proof: Clearly, @ = aw is a complex contact structure on M. Also, H = H, dil(ff ,X) =

du(U, X) = 0 for all X in H, @(U) = u(U) =1 and #(U) = 0. Now, let us check the
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first condition of Definition 1.2:

G = GP=-Id+uU+v®V
= —Id+au®lU+av®lV
a a

= -Id+a®U+9®V,

(GX,Y) = §(GX,Y)=ag(GX,Y)
= —ag(X,GY) = -§(X,GY)

= —3(X,GY),

§(0,X) = ~4(U,X) = (U, X) + (@ - 1ju(X)
= u(X)+ (o - 1)u(X) = au(X)
= 4(X),
GJ=GJ=-JG=-JG,
Gi=ci=1eu=o
«

If ONQO' # 0, then there are functions a and b on @ N O’ which satisfy the second

condition of definition 1.2. Then
@ = au' = alau — bv) = ait — bv
7' = av' = a(bu + av) = b + ad
G'=G'=aG - bH =aG - bH
H = H =bG +aH =bG + aH
a®+ b =1.

Therefore the first condition of definition 1.3 is satisfied.
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For horizontal X and Y, da(X,Y) = adu(X,Y) = ag(X,GY) = §(X,GY) and
di(X,Y) = adv(X,Y) = ag(X,HY) = §(X,HY). So the second condition of defi-
nition 1.3 is also satisfied and hence (&, 9,U,V,G, H, §) is a complex contact metric

structure on (M, J).

To check for normality, first we need to see how the covariant derivative changes.

2(VxY,2) = Xg(Y,2)+Y§(X,Z) - Z§(X,Y)

+9([X,Y), 2) + 3((2, X],Y) + 9(2, Y], X)

= X(ag(V,Z) + ala — 1)u(Y)u(Z) + ala — 1)v(Y)v(Z))
+Y (ag(X, Z) + a(a — D)u(X)u(Z) + a(a - 1)v(X)v(Z))
—Z(ag(Y, X) + a(a — Du(Y)u(X) + ale — 1)v(Y)v(X))
+ag([X, Y], Z) + ala — 1)u((X, Y])u(Z) + aa — 1)o([X, Y])v(2)
+ag([Z, X],Y) + ala — 1)u((Z, X)u(Y) + ala — 1)v([Z, X])u(Y)
+ag([Z, Y], X) + a(a — 1)u([Z, Y])u(X) + a(a — 1)v([Z, Y])v(X)

= 209(VxY, Z) + ala — 1)[2u(VxY)u(Z) + u(Z)g(Y, VxU)
+u(Y)g(Z, VxU) + 2v(VxY)v(Z) + v(Z)g(Y, VxV)
+u(Y)g(Z, VxV) + u(X)g(Z, VyU) + u(Z)g(X, VyU)
+v(X)g(Z,VyV) +v(2)g9(X, VyV) — u(X)g(Y,V2U)
—u(Y)g(X, VzU) = v(X)g(Y,VzV) — v(Y)g(X,VzV)]

= 25(VxY,Z) +a(a - 1)[-u(2)g(Y, GX) + u(Z)o(X)u(Y)
—u(Y)g(Z, GX) + u(Y)o(X)v(Z) — v(2)g(Y, HX) — v(Z)o(X)u(Y)
~u(Y)g(Z, HX) = v(Y)o(X)u(Z) — u(X)g(Z, GY) + u(X)o(Y)v(Z)
—u(2)g(X,GY) + u(Z)o(Y)v(X) - v(X)g(Z, HY) — v(X)o(Y)u(Z)

—v(2)9(X, HY) — v(Z)o (Y)u(X) + u(X)g(Y,GZ) — u(X)o(Z)v(Y)
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+u(Y)g(X,GZ) — u(Y)o(2)v(X) + v(X)g(Y, HZ) + v(X)o(Z)u(Y)
+o(Y)g(X, HZ) + v(Y)o(Z)u(X)]

= 2§(VxY, 2) - 20(a — 1)[u(Y)g(GX, Z) + v(Y)g(HX, Z)
+u(X)g(GY, Z) + v(X)g(HY, Z)]

= 2§(VxY,2Z) - 2(a - D[u(Y)§(GX, 2) + v(Y)g(HX, Z)

+u(X)§(GY, 2) + v(X)3(HY, Z)].
Therefore
VxY =VxY 4+ (1 -a)u(Y)GX +v(Y)HX + uw(X)GY +v(X)HY] (2.10)
If we take Y = U in (2.10) we get
VxU =VxU+(1-a)GX.
Hence
3(X) = §(VxU,V)

1 _ -

a—1 -
o ‘U(VXU)
-1

«
(64

1 -
= Eg(VXUa V) +

= 2g(VxU,V) + 2 u(VxU)

= g(VxU,V) =a(X).
Thus 0 = &. Then
S(X,Y) = VaxGY —GVixY — VayGX +GVsy X
—GVxGY + G?VxY + GVyGX — G?Vy X
+25(Y)HX - 20(X)HY + 2§(X,GY)U - 25(X, HY)V

-5(GX)HY +5(GY)HX + 6(X)GHY — 5(Y)GHX
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= VexGY — GVgxY - (1 - @)G(u(Y)G*X +v(Y)HGX) — VoyGX
+GVey X + (1 - )G(u(X)G?Y + v(X)HGY) - GVxGY
—(1 - a)G(u(X)G*Y +v(X)HGY) + G*VxY
+(1 — )G (w(X)GY + v(X)HY +u(Y)GX +v(Y)HX) + GVyGX
+(1 - a)G(u(Y)G*X + v(Y)HGX) — G*Vy X
—(1 - @)G*(w(X)GY + v(X)HY +u(Y)GX +v(Y)HX) + 20v(Y)HX
—20v(X)HY +29(X,GY)U - 29(X,HY)V — o(GX)HY + o(GY)HX
+0(X)GHY — o(Y)GHX

= S(X,Y)+2(a-1)@Y)HX - v(X)HY).

Similarly we can show that
T(X,Y)=T(X,Y) +2(a - 1)(u(Y)GX — u(X)GY).

Thus

$(0, X) = 25U, x) = éS(U,X) 0,

Rilr

and

~

TWV,X)==-T(V,X) = éT(V’ X) =0.

R+

If X and Y are horizontal, then

S(X,Y)=S5(X,Y) =0,
and

T(X,Y)=T(X,Y) =0.
Therefore the deformed sructure is also normal. O

Now we want to see what happens to the GH-sectonal curvature under an H-

homothetic deformation. First we check how the sectional curvature changes.
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For horizontal vector felds X and Y,

R(X,Y)Y = VxVyY —VyVxY - VixyY
= VxVyY —VyVxY — VixyY — (1 - a)(u([X,Y]))GY +u([X,Y]))HY)
= VxVyY +(1-a)u(VyY)GX + v(VyY)HX) — VyVxY

—(1 - @)(u(VxY)GY +v(VxY)HY) - Vixy|Y

-1 -a)(u(X,Y]))GY +v([X,Y])HY).
Since X and Y are horizontal and M is normal, we have

uw(VxY) =g(VxY,U) = —g(VxU,Y) = g(GX,Y),
and

v(VxY) =g(VxY,V) = —g(VxVY) = g(HX,Y).

Hence, u(VyY) = v(VyY) = 0, u([X,Y]) = 29(GX,Y), v([X,Y]) = 29(HX,Y).
Therefore

R(X,Y)Y = R(X,Y)Y +3(1 — a)(9(X,GY)GY + g(X,HY)HY)
for X,Y in #. So, for horizontal vector fields X and Y,

§(R(X,Y)Y, X) = ag(R(X,Y)Y, X) + 3a(l — a)(9(X,GY)? + g(X, HY)?).

Assume that the original structure on M has constant G H-sectional curvature c.
Let X be a unit horizontal vector field with respect to the new structure on M. Let
Y =aGX +bHX with a®+b? = 1. Then GY = —aX —bJX and HY = aJX — bX.
Thus

I(R(X,Y)Y,X) = ag(R(X,Y)Y,X)

+3a(1 — a)(g(X, —aX — bJX)? + g(X,aJ X — bX)?)



50

= acg(X,X)? +3a(l — a)(a®g(X, X)? + b*g(X, X)?)

1.0 o 1.
= ac;g(X,X) + 3a(1 —o:);g(X,X)2

c 3(1l-a)
Qa Qa
c+3

= -3.
o

Hence the new structure has constant G H-sectional curvature %3 - 3.

Next, we want to see how the curvature of the vertical plane changes under an

H-homothetic deformation. We know that o = . So, Q = 2.Hence

GRO, V)V, 0) = —20(U,V)

2 1
= -50(U,V) = 9(RTU,VIV,U).

In particular, if ¢ = 1 and Q(U,V) = —2 then the new structure has constant
G H-sectional curvature 4 — 3 with Q(U,V) = —%. This observation gives us the

following theorem.

Theorem 2.10 In addition to its standard structure, complez projective space CP*"*!
also carries a normal compler contact metric structure with constant G H -sectional

curvature % -3 and QU,V) = —;2; for every a greater than 0.

With this theorem we get examples of normal complex contact metric manifolds
with constant G H-sectional curvature ¢ > —3. Conversely, as we state in the following
theorem, every such manifold is #-homothetic to a normal complex contact metric

manifold with constant G H-sectional curvature ¢ = 1.

Theorem 2.11 A normal complez contact metric manifold with metric § of constant
G H -sectional curvature ¢ > —3 is H-homothetic to a normal complex contact met-

ric manifold with metric g of constant G H -sectional curvature ¢ = 1. Moreover, if
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QU,V) = —&832 then the metric g is Kdahler and has constant holomorphic curva-

ture 4.

Proof: Let M be a normal complex contact metric manifold with metric g of constant
G H-sectional curvature ¢ > —3. Apply an H-homothetic deformation to (M, §) with

a = &3 > 0. We know that the new structure is also a normal complex contact metric

structure with constant GH-sectional curvature ¢ = &2 — 3 = (¢+3)33 -3 = 1.
Moreover, if Q(U,V) = — &3 then QU,V) = 20U, V) = -5, &% = 2.

Then by Theorem 2.8, (M, g) is Kahler and has constant holomorphic curvature 4. O



Chapter 3

Complex contact metric structures
with R(X,Y)YV =0

3.1 Preliminaries

Let M be a complex contact metric manifold with structure tensors (u,v,U, V,G, H, g).

Recall from Section 1.1 that we can write the covariant derivatives of U and V as
VxU =-GX — GhyX +0’(X)V (3.1)
VxV =-HX — Hhy X — o(X)U (3.2)

where o(X) = g(VxU,V) and hy, hy : TM — H are symmetric operators such that
hyG = —=Ghy, hy H = —Hhy. Again from Section 1.1 we have

~

G=du—0oAv (3.3)

H=dv+oAu (3.4)

where G(X,Y) = g(X,GY) and H(X,Y) = g(X, HY). Also recall from Section 1.2

that

(VxG)(Y, Z) + (VyG)(Z,X) + (VzG)(X,Y) = =3d(o Av)(X,Y,Z).  (3.5)

Lemma 3.1 The following equations hold for horizontal vector fields X,Y and Z:
52
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(i) (VxG)(GY, Z) = (VxG)(Y,GZ)
(i) (VxG)(GY,GZ) = —(VxG)(Y, 2)

(iii) (VxG)(Y, Z) + (VexG)(GY, Z) = 3[d(0 Av)(X,GY,GZ) —d(0 Av)(X,Y, Z)
—d(oc Av)(GX,GY,Z) — d(o Av)(GX,Y,GZ)).

Proof: The first two parts of the lemma can be seen easily by a direct computation.

In order to show (iii), let

AX,Y,Z) = (VxG)(Y,Z)+(VyG)(Z,X)+ (V26)(X,Y)
+(VexG)(GY, Z) + (VerG)(Z2,GX) + (V2G)(GX,GY)
+(VexG)(Y,GZ) + (VyG)(GZ,GX) + (VazG)(GX,Y)

—(VxG)(GY,GZ) — (VoyG)(GZ, X) — (VezG)(X,GY).

By equation 3.5, A(X,Y, Z) is equal to two times the left-hand side of (iii). On the
other hand, if we apply (i) and (ii), we see that A(X,Y, Z) is equal to two times the
right-hand side of (iii). Therefore (iii) holds.O

In this chapter, we will consider the complex contact metric manifolds with hy =
hy. So from now on we will assume that hy = hy = h. Then h is a symmetric
operator which anti-commutes with G and H. We want to compute some curvature

terms, using the above two lemmas.

Let X be a horizontal vector field. Then by (3.1) and (3.2)

RUX)U = VyVxU—VxVyU - VyxU
= Vy(-GX - GhX + o(X)V) - Vx(a(U)V) + G[U, X]
+Gh[U, X] — o([U, X])V
= —VyGX — VyGhX + U(a(X))V — o(X)o(U)U

~X(o(U))V = o(U)(~HX — HhX — o(X)U) + GVyX
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—GVxU + GhVyX — GhVxU — o([U, X))V

= —(VuG)X - (VyG)hX — GVyhX + 2do(U, X)V
+o(U)H(X + hX) — G(~GX — GhX + o(X)V) + GVyhX
—~G(Vyh)X — Gh(-GX — GhX + o(X)V)

= —o(U)HX — o(U)HhX + 2do(U, X)V + o(U)HX

+o(U)HhX — X —hX — G(Vyh)X + hX + h?X.
Hence
R(U,X)U = 2do(U,X)V — X — G(Vyh) X + h*X. (3.6)
If we replace X with GX in (3.6) and apply G, we get

GRU,GX)U = X —G*(Vyh)GX + GRGX

—v((Vyh)GX)V — h2X.
Hence

R(U,X)U - GR(U,GX)U = -2X +2h*X — G(Vyh)X — (Vyh)GX

+u((Vyh)GX)U + v((Vyh)GX)V + 2do(U, X)V.
On the other hand,

G(Vuh)X + (Vyh)GX = GVyhX — GhVyX + VyhGX — hVyGX
= VyGhX — (VyG)hX + hGVyX — VyGhX
—h(VyG)X — hGVyX
= —o(U)HhX —o(U)hHX

= 0.
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Similarly,
u((Vuh)GX) = g¢((Vuh)GX,U)
= —g((Vuh)U,GX)
= ¢(VuU,hGX)
= g(o(U)V,hGX)
= 0,
and
v((Vuh)GX) = g((Vuh)GX,V)
= —9((Vvh)V,GX)
= ¢g(VuV,hGX)
= g(—O'(U)U, hGX)
= 0.
Therefore
R(U,X)U — GR(U,GX)U = —2X + 2h*X + 2do (U, X)V. (3.7)
We now compute u([X,Y]),v([X,Y]) and d(o A v)(X,Y, Z) for horizontal vector
fields X,Y,Z. If X and Y are in H, then by equation (3.3) we have

'U-([X, Y]) = —2du(Xs Y)

= —29(X,GY) - 2(0 Av)(X,Y).
Hence
u([X,Y)) = 29(GX,Y). (3.8)
Similarly,

v([X,Y]) =29(HX,Y). (3.9)
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If X,Y, Z are in H then

d(oc Av)(X,Y, 2Z) (doAv—0Adv)(X,Y,2)

= (X2, Y) +o(V)do(X, 2) + o(Z)dv(Y; X)
= 3(6(X)g(Z, HY) - o(X) Au(Z,¥) +0(¥)g(X, HZ)
_o(Y)o Au(X, Z) + o(2)g(Y, HX) — 0(Z)o Au(Y, X)).
Therefore

d(o Av)(X,Y,Z) = %[O‘(X)g(z, HY) +0(Y)g(X,HZ) + 0(Z)g(Y, HX)]. (3.10)
3.2 Structures with R(X,Y)V =0

Let M be a complex contact manifold with hy = hy = h. For horizontal vector fields

Y and Z, if we apply equation (3.1) to R(Y, Z)U, we get

R(Y,Z)U

VyVzU — VzVyU — Viy U

= Vy(-GZ - GhZ + 0(Z)V) — Vz(-GY — GhY +o(Y)V
+G[Y, Z) + GhY, Z] - o([Y, Z))V

= —VyGZ - VyGhZ +Y(0(2))V +0(2)(~HY — HRY — o(Y)U)
V2GY +V;GhY — Z(a(Y))V - o(Y)(~HZ — HhZ — o(Z)U)
+GVyZ — GVzY + GhVyZ — GhV ;Y —o([Y, Z))V

= —(VyG)Z - (VyGh)Z +2do(Y,Z)V — 6(Z)H(Y + hY)

+(VzG)Y + (VzGh)Y +o(Y)H(Z + hZ)

Then for X in H,

9(R(Y,Z2)U,X) = (VyG)(Z,X)-g((VyGh)Z, X)
—o(Z)g(H(Y + hY), X) + (VzG)(X,Y)

+9((VzGh)Y, X) + o(Y)g9(H(Z + h2Z), X).
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Equation (3.5) implies
(VyG)(Z,X) + (VzG)(X,Y) = —(VxG)(Y, Z) — 3d(0 Av)(X,Y, Z).
Then

g(R(Y,Z)U,X) = g((VXG)Y7Z)_g((VYGh)ZvX)+g((VZGh)Y’X)

—0(Z2)g(H(YY + hY ), X) +o(Y)g(H(Z + hZ),X)

=3d(oc Av)(X,Y, 2). (3.11)
Let
C(X,Y,Z) = g(R(Y,2)U,X) - g(R(GY,G2Z)U, X)
+9(R(Y,GZ)U,GX) + g(R(GY, Z)U,GX)
and
B(X,Y,Z) = —g(X,(VyG)hZ)+ g(X,h(VyG)Z)
+9(X,hG(VeyG)Z) + 9(X,G(VeyG)hZ).
Lemma 3.2

C(X,Y,Z) = B(X,Y,Z)- B(X,ZY) - 20(Z)g(X, HhY)

+20(Y)g(X,HhZ) + 20(GY)g(X,JhZ) — 20(GZ)g(X, JhY).

Proof: If we compute C(X,Y, Z) using (3.11) and Lemma 3.1 we get

C(X,Y,Z) = —g((VyGh)Z,X)+g((VzGh)Y,X) + g((VerGh)GZ, X)
—9((VezGh)GY, X) - g((VyGh)GZ,GX) + 9((VezGh)Y, GX)
—9((VeyGh)Z,GX) + g((V2Gh)GY,GX) — 20(Z)g(HRY, X)

+20(Y)g(HhZ,X) — 20(GZ)g(JhY, X) + 20(GY)g(JhZ, X).
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Now, let us rewrite B(X,Y, Z) as follows:

B(X,Y,Z) = —g(X,VyGhZ)+ g(X,GVyhZ) + g(X,hVyGZ)

—9(X,hGVy 2) + g(X,hGVsyGZ) — g(X,hG*Vy Z)
+9(X,GVeyGhZ) — g(X,G*VgyhZ)

= —g(X,(VyGh)Z) — g(X,GhVyZ) + g(GX,VyhG*Z)
+9(X,hVyGZ) + g(X,GhVy Z) + g(X, hGV ey GZ)
+9(GX,GhVgyZ) — g(GX, (VeyGh)Z) — g(GX,GhVgy Z)
-9(X,VeyhG?2)

= —g(X,(VyGh)Z) — g(GX, (VyGh)GZ) — g(GX,GhVyGZ)
+9(X,hVyGZ) + g(X,hGVyGZ) — g(GX, (VeyGh)Z)
+9(X, (VeyGh)GZ) + g(X,GhVyGZ)

= —g(X,(VyGh)Z) — g(GX,(VyGh)GZ) — g(GX,(VeyGh)Z)
+9(X, (VegyGh)G2).

Combining the expressions we have for C(X,Y, Z) and B(X,Y, Z) gives us the lemma.

O

Now, we state and prove the main theorem of this chapter.

Theorem 3.3 Let M be a compler contact metric manifold with hy = hy. If

R(X,Y)V =0, then M is locally isometric to C**! x CP"(16).

Proof: Let h = hy = hy. Since R(X,Y)V =0, in particular R(X,Y)U = 0 for all
X,Y. Then by (3.7), - X +h2X +do(U, X)V = 0. Hence, h2X = X for horizontal X .
Therefore h has two non-zero eigenvalues, +1 and —1. Let [+1] denote +1 eigenspace
of h, and [—1] denote —1 eigenspace of h. Recall that h anti-commutes with G and

H. So, h commutes with J since J = HG—u®V +v®u and hU = hV = 0. Hence,
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if X isin [+1] (resp. [—1] ) then GX, HX are in [—1] (resp. [+1] ) and JX is in [+1]
(resp. [—1] ). Therefore [+1] and [—1] are 2n dimensional and H = [+1] §[—-1].

If X is in [+1], then hX = X and hence VxU = -2GX + o(X)V, VxV =
—2HX — o(X)U. On the other hand if X is in [—1] then VxU = o(X)V, VxV =
-o(X)U.

By assumption, R(X,Y)U = 0 for all X,Y. So, C(X,Y,Z) = 0 for horizontal
X,Y and Z. We will use this fact to compute (VxG)Y for horizontal X and Y. We

claim that

(VxG)(Y, Z) + o(X)g(Z,HY) = 0.

To prove this claim let us compute the right-hand side of the equation in Lemma 3.2

in eight different cases.

Case 1: Suppose that X and Z are in [+1], Y is in [-1]. Then
B(X,Y,Z) = -2(VeyG)(GX, Z).
By part (z3¢) of Lemma 3.1 and equation (3.10),

—2(VeyG)(GX,2) = 2(VyG)(X,Z)+ 3[d(o Av)(Y, X, Z) +d(c Av)(GY,GX, Z)
+d(o Av)(GY, X,GZ) — d(o Av)(Y,GX,GZ)]
= 2(VyG)(X,2)+0(Y)g(Z, HX) + o(X)g(Y, HZ)
+0(2)g(X,HY) + 0(GY)g(Z,JX) + 6(GX)g(Y, J Z)
~0(2)9(X,HY) +0(GY)g(Z,JX) - o(X)g(Y,HZ)
+0(G2)g(X,JY) + o(Y)g(Z, HX) - 0(GX)g(Y, JZ)
-0(GZ)g(X,JY)

= 2(VyG)(X,2)+20(Y)g(Z, HX) + 20(GY)g(Z, J X).
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Also, B(X,Z,Y) = 2(VzG)(X,Y). Now, by Lemma 3.2,

0 = C(X,Y,2)
= 2(VyG)(X,Z)+20(Y)g(Z, HX) + 20(GY)g(Z, JX)
+2(VzG) (Y, X) + 20(Z)g(X,HY) + 20(Y)g(X, HZ)

+20(GY)g(X,JZ) + 20(GZ)g(X, JY).

Since Z is in [+1], HZ is in [—1] and hence g(X, HZ) = 0. Similarly, ¢(X,JY) =

By equation (3.5)

(VyG)(X,2) + (VzG)(Y,X) = —(VxG)(Z,Y)+3d(c Av)(X,Y, Z)

= (VxG)(Y,2) +0o(X)g(Z, HY)
+o(Y)g(X,HZ) + o(2)g(Y, HX).

Hence

0=2(VxG)(Y, Z) + 20(X)g(Z, HY).

Case 2: Supose that X and Z are in [—1], Y is in [+1]. Following the same

procedure as in Case 1, we have

B(X,Y,Z) = -29(X,G(VeyG)Z)
= 2(VeyG)(GX, 2)
= —2(VyG)(X,Z) -20(Y)g(Z,HX) — 20(GY)g(Z, JX)
and
B(X,Z,Y) = -2(VzG)(X,Y).

So by Lemma 3.2

0 = C(X,Y,2)
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= —2(VyG)(X,Z) - 20(GY)g(Z,JX) - 2(VzG)(Y, X)
—20(2)9(X,HY) - 20(Y)g9(X,HZ) — 20(GY)g(X,JZ) — 20(GZ)g(X,JY)
= —2(VxG)(Y,Z) - 20(X)g(Z,HY) — 20(Z)g(Y, HX) — 20(Z)g(X, HY)

= —2(VxG)(Y,2Z) - 20(X)g(Z, HY).

Case 3: Supose that X and Y are in [-1], Z is in [+1]. To get this case, we can

interchange Y and Z in Case 2 which gives us the claim.

Case 4: Supose that X and Y are in [-1], Z isin [+1]. Again, this case is obtained

by interchanging Y and Z in Case 1.

Case 5: Suppose that X is in [+1], Y and Z are in [-1]. Then
B(X,Y, 2) = 2(VyG)(X, 2)

and

B(X,2,Y) =2(VzG3)(X,Y)

So

0 = C(X,Y,2)
= 2(VyG)(X,Z) +2(VzG)(Y, X) +20(Z)g(X, HY)
—20(Y)g(X, HZ) - 20(GY)g(X, JZ) + +20(GZ)g(X, JY)
= 2(VxG)(Y, 2) +20(X)g(Z,HY) + 20(Y)g(X, HZ)
+20(Z)g(Y, HX) + 20(Z)g(X, HY) — 20(Y)g(X, HZ)

= 2(VxG)(Y, Z) + 20(X)g(Z, HY).

Case 6: Suppose that X is in [—1], Y and Z are in [+1]. In this case, C(X,Y, Z)

turns out to be just the negative of its value in Case 5. So we get the same result.
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Case 7: Suppose that X,Y and Z are in [+1]. Then

B(X,Y,Z) = -2(VeyG)(GX,Z)

= 2(VyG)(X,2)+20(Y)g(Z, HX) + 20(GY)g(Z, I X)
and

B(X,Z,Y) = -2(VgzG)(GX,Y)

= 2(VzG)(X,Y)+20(2)g(Y,HX) + 20(GZ)g(Y, JX).
So

0 = C(X,Y,2)
= 2(VyG)(X,Z) +20(GY)g(Z,JX) + 2(VzG)(Y, X)
—20(GZ)g(Y,JX) — 20(Z)g(X, HY) + 20(Y)g(X, HZ)
+20(GY)g(X,JZ) — 20(GZ)g(X, JY)
= 2(VxG)(Y, Z) + 20(X)g(Z, HY) + 20(Y)g(X, HZ) + 20(2)g(Y, HX)

= 2(VxG)(Y,Z) +20(X)g(Z, HY).

Case 8: Suppose that X,Y and Z are in [—1]. This case gives the same result as

Case 7 since C(X,Y, Z) is just the negative of its value in Case 7.
Hence the claim is proved.

We can easily compute the vertical component of (VxG)Y using equations (3.1)

and (3.2) as follows:

9((VxG)Y,U) -9((VxG)U,Y)
= -g(VXUv GY)
= g(G(X +hX),GY)

= g(X +hX,Y)
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and
9(VxG)Y,V) = —g((VxG)V,Y)

= —-g(VxV,GY)

= g(H(X +hX),GY)

= g(J(X + hX),Y).
Combining with the previous claim we have

(VxGQ)Y =o(X)HY + g(X + hRX,Y)U + g(J(X + hX),Y)V (3.12)

for horizontal X and Y.

Now, we need to examine the values of do on [+1] and [—1]. Recall that 2 = do.
First, we write €2 in terms of VU and VV as follows:
20X,Y) = 2do(X,Y)
= X(a(Y)) - Y(o(X)) - o([X,Y])
= Xg(VyU,V)-Yg(VxUV) - g(VixyUV)
= g9(V:VyU,V) +g(VyU,VxV) - g(VyVxU,V)
-9(VxU,VyV) - g(VixyU,V)

= g(R(X,Y)U,V) +g(VyU,VxV) — g(VxU,VyV)
= g(VyU,VxV) - g(VxU,VyV).

Then 2Q(U, V) = g(VvU, VyV) - g(VyU, Vv V) =0.

If X or Y, say X, is in [—1] then
2Q(X,Y) = —g(VyU,o(X)U) — g(c(X)V,VyV) = 0.

For arbitrary X,

2Q(X, U) = g(U(U)Va VXV) + g(VXU’U(U)U) =0
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and
20(X, V) = g(a(V)V, VxV) + g(VxU,a(V)U) = 0.
Therefore, if X or Y is in [-1]@ V then Q(X,Y) = 0.

If both X and Y are in [+1], then

QX,Y) = %[g(—?GY +o(Y)V,—2HX — o(X)U)
-9(-2GX + o(X)V,-2HY — o(Y)U)]
= 2[g(Y,JX) +g(JX,Y)]

= 4g(Y,JX).

Now let X,Y and Z be in [—1]. Then, by equations (3.10), (3.11) and (3.12)

0 = g(R(X,Y)U,2)
= —g((VxGh)Y,Z) + g((VyGh)X, Z)
= g(VxGY, Z) + g(GhVxY, Z) — g(VyGX, Z) - g(GhVy X, Z)
= 9((VxG)Y,Z) - g(VxY,GZ) + g(GVxY, Z)
-9((VyG)X, Z) + (Vv X,GZ) — g(GVyX, 2)
= o(X)g(HY,Z) - ¢([X,Y],GZ) + 9(G[X,Y], Z) - 0(Y)g(HX, Z)

= _29([X, Y]a GZ)
Therefore [X,Y] is in [-1]@ V. Also,

0 = g(R(X,U)U,Y)
= 9(Vx(c(U)V) = Vy(a(X)V) + G[X,U]
+GhX,U] — o(|X, U)V,Y)
= 2(G[X,U],Y)

= -29([X,U],GY),
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0 = g(R(X,V)U,Y)

= 9(Vx(e(V)V) = Vy(a(X)V)
+G[X,V]+Gh[X,V] - o([X,V])V,Y)
= 2¢(G[X,V],Y)

= —29([X) V]a GY)

So, [X,U] and [X,V] are in [-1] @ V. We already know that [U, V] is in V since V is

integrable. Therefore [-1) @V is integrable.

Next we want to show that [-1] @ V -integral submanifolds are totally geodesic.

Let X and Z be in [+1] and Y in [—1]. Then

So, VyGX is in [—

= g(R(X,Y)U,Z)

= g(Vx(a(Y)V) = Vy(-2GX + a(X)V)
+G[X,Y) + Gh[X,Y] - o([X,Y))V, Z)

= o(Y)g(-2HX — o(X)U, Z) + 29(VyGX, Z)

= 2g(VyGX, Z)

1)@ V. Since Y isin [-1], VyU = o(Y)V and VyV = —a(Y)U

are in V. So, VyY and VyY are in [-1]@V since [Y,U],[Y,V] are in [-1]@D V.

Therefore, [—1] @ V-integral submanifolds are totally geodesic.

Now let X,Y and Z be in [+1]. Then, by equations (3.10), (3.11) and (3.12)

I

9(R(X,Y)U, Z)
9((VzG)X,Y) - g((VxGh)Y, Z) + g((VyGh)X, Z)

0(Z2)g(HX,Y) - 9(VxGY, Z) + g(GhVxY, Z)
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+9(VyGX, Z) — g(GhVy X, Z)
= —9((VxG)Y,2) + g(VxY,GZ) - g(GVxY, Z)
+9((VyG)X, Z) — g(VyX,GZ) + g(GVy X, Z)
= —a(X)g(HY,Z) +29([X,Y],GZ) + o(Y)g(HX, Z)
= 29([X,Y),G2).
Also, by equations (3.8) and (3.9)
9([X, Y], U) =u([X,Y]) = 29(GX,Y) = 0,
and
9([X,Y],V) = v([X,Y]) = 2¢(HX,Y) = 0.
Therefore [X,Y] is in [+1], and hence [+1] is integrable.

To show that [+1]-integral submanifolds are totally geodesic, let X, Z be in [—1]
and Y be in [+1]. Then again by equations (3.10), (3.11) and (3.12)

0 = g(R(X,Y)U,2)

= g((VzG)X,Y) - g((VxGh)Y, Z) + ¢((VyGh)X, Z)
+20(X)g(HY, Z) — 0(2)g(Y, HX) — 0(X)g(Z, HY)

= 0(2)9(HX,Y) - g(VxGY, Z) + g(GhV xY, Z)
—9(VyGX, Z) — g(GhVy X, Z) — 0(Z)g(Y, HX)
+0(X)g(Z, HY)

= —9((VxG)Y,2) + g(VxY,GZ) + g(GVxY, Z)
-9((VyG)X, Z) + 9(VyX,GZ) - g(GVy X, 2)
+0(X)g(Z,HY)

= —o(X)g(HY,Z) - o(Y)g(HX, Z) + 29(Vy X,GZ)

+0(X)g(Z,HY)



67
= —2¢(VyGZ,X).

Also,
9(VyGZ,U) = —g(VyU,GZ) = 29(GY,GZ) = 0,

and

9(VyGZ,V) = —-g(VyV,GZ) = 29(HY,GZ) = 0.
So, VyGZ is in [+1] and hence [+1]-integral submanifolds are totally geodesic.

Now, we want to show that [—1] @ V-integral submanifolds are flat. We can
choose coordinates u',u?, ..., u*"*? such that {32 }324? span [-1)@ V. Then, choose

functions f7 such that

p) 2n+2 0

R J_—
X' Ou2n+2+i + f\;l f' o

are in [+1] for i = 1,...,2n. Then, for k = 1,...,2n + 2, [, Xi] = 32, Z22F° f155]
are in [-1]@ V. So,
v[;%;,Xe]U = a([a 0 X))V

On the other hand, since R(—éuQ;, X:)U =0,

V[#»XI]U = V

] .
Du‘ '

V_e (=2GXi +o(Xi)V) - Vx.(a( wild)

2V GXi+ %(a(x,-))v - o(X.-)o(—)U

SV - "(a D)(=2HX, ~ o(X,)U)

8
ouk

—Xi(o(7—

X;)V + a([i

0
Ouk y ;])V + 20’(@)}'{){,

du
= 2V GX;+20(>-

8
auk

ou*’
Since 32 is in [-1] DV, Q(32, Xi) = 0. So,

0
A% GX; =0 EZE)HX'

]
8uk
Hence, VyGX; = o(Y)HX; for Y in [-1) @ V. Therefore, there is a basis {e;}?"}? of
[-1] @V such that Vye; = —o(Y)Je; for Y in [-1] D V.



68

If Z = Y22 ze; then

2n+2

VyZ = Y Vy(ze)
=1

2n+42

= 2—:1 (Y(zi)ei — zio(Y)Je;)

2n+42

= Z Y(zi)e.- —O’(Y)JZ

Then, using the fact that Q(Y, Z) = 0, we get

R(Y,2)Z

2n+42 2n+2

Vy Z: (Z(Z,‘)e,' - Z,‘U(Z)Jeg) - VZ Z (Y(z,-)e,- - z,-a(Y)Je.-)

i=1

2n+2

- Z} (IY; Z](z)e: — zi0([Y, Z]) Je:)

2n+2

; Y(Z(2i))ei — Z(z:)o(Y)Jei — Y(2:)o(Z)Je;
—Z,'Y(O'(Z))Je,' - Z,‘O’(Z)O’(Y)e,; - Z(Y(z,-))e; + Y(z,-)a(Z)Je,-
+Z(z)o(Y)Je; + 2. Z(a(Y))Je; + zio(Y)o(2Z)e;

~1Y, Z)(z:)e; + zio([Y, Z])Jei]
—22"12.52 Z,'Q(),, Z)Je,'

0.

Therefore the [—1] @ V-integral submanifolds are flat.

Now let X be a unit vector in [+1]. We are going to show that K (X, JX) = 16.

To do this, we are going to compute g(R(X,JX)HX,GX) in two different ways.

First, by a direct computation and (3.12) we have

9(VxV;xGIX,GX) = g(Vx(VixG)JX,GX)+g(VxGV;xJX,GX)

= g(Vx(c(JX)HJX +2U),GX) + 9g((VxG)V;xJX,GX)

+g(VxVJxJX,X)
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= -X(a(JX)) - o(JX)g(VxGX,GX) — 49(GX,GX)
+9(a(X)HV ;xJX,GX) + g(VxVixJ X, X)
= —X(o(JX)) -4+ 9(VxVixJX, X).

Similarly,

g(VJxVxGJX, GX) g(VJx(VxG)JX, GX) + g(VJxGVxJX, GX)

= g(Vyx(a(X)HIX +2V),GX) + g((VsxG)VxJX,GX)
+9(VxVxJX, X)

= —JX(0(X)) - 0(X)g(VsxGX,GX) — 4g(HIX,GX)
+9(0(JX)HV xJX,GX) + g(VixVxJX, X)

= —JX(0(X))+4+9(V,xVxIX,X).

Also
I(Vixyx)GIX,GX) = g((Vixuyx)G)JX,GX) + g(Vixux)J X, X)
= g(o(IX, JX)HIX,GX) + 9(Vix,sx1J X, X)
= —0’([X, JX])-}-g(V[xe]JX,X).
Therefore

g(R(X,JX)HX,GX) = g(R(X,JX)JX,X)-8-2Q(X,JX)
= g(R(X,JX)JX,X)—-8—-8¢(JX,JX)
= g(R(X,JX)JX,X) — 16.
On the other hand, g(R(X,JX)HX,GX) = g(R(HX,GX)X,JX). Since X is in

[+1], we can write X = GX' where X' is in [—1]. Then X' = ¥?"}? z;e;. Using this

and (3.12) we get

g(VHxVGxX, JX) = g(VHxVGxGX’, JX)
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= g(VHX((VGXG)X’ + GVGxX'), JX)

= ¢(Vax(o(GX)HX' +29(GX, X")U — 29(HX, X")V), JX)
+g(VHx(2§2GX(x,-)Ge,~ -o0(GX)HX'),JX)

=1

2n+2
= g(Vax(-2U + Y GX(z:)Ge;), JX)

i=1

= 2§2(HX(GX(xi))g(Gei, JX) + GX (2:)9((VaxG)ei, JX)
-:—=G1X(x,~)g(GVHx€.‘, JX))

= 2§2(HX(GX(zi))g(Gei, JX)+GX(zi)g(c(HX)He;, JX)
lzGlX(:v,-)g(a(HX)HCi, JX))

- 2§2HX(GX(xi))g(Gei, JX).

i=1
A similar calculation gives
2n+2
9(VexVuxX,JX) = Y GX(HX(z:))g(Ge:, JX),

i=1

and
2n+2
9(Viex,ux) X, JX) = 3 [GX, HX](z:)9(Ge:, JX).

i=1

Therefore g(R(HX,GX)X,JX) =0 and hence K(X,JX) = 16. O

3.3 A complex contact metric structure on the
manifold C"*! x CP"(16)

Let [to,...,ts] be the homogeneous coordinates on CP" and let &; = {¢; # 0}. On
U; there are coordinates w; = ft{-, j=0,...,n,j #i Let O; = C**! x YY; and let

{20, ...,2} be the coordinates on C**!. Define a holomorphic 1-form w; on O; as

| =

Wi =

-

n
Z tkdzk.
i k=0
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Then w; A (dw;)® # 0 on O; and w; = :, w; on O; N O;. Thus {w;}, is a complex
contact structure on C"*! x CP"(16).

For computational purposes, let us consider Oy with wy = dzo + > §_; wxdzx. The

product metric is given by the matrix

0 \ g 0
g = 0 g2
g 0 0
0 of
where g, = zl; w1 and
(92)ij = (1+ 25 lwwl’)dy — Biw;

8(1 + k= |we[?)?
Here I.4; is the (n + 1) x (n + 1) identity matrix. Let fo = 1 + Y p_; |wk|?. Define

real 1-forms uy, vy as

1 n
Ug = 4\/76(d20 +dzZy + kzgl(wkdzk + wkdfk)),
v = 4\;76((120 —dzZy + kzzzl(wkdzk - ’lﬂkdfk)).
Set
2 n
Uy = E(BZO + 0z + kgl(’lﬁkazk + wkafk))
and
—21 LN
Vo = _(620 - 820 + E(wkazk - wkaik)).
\/76 k=1

Then Wy = 2\/76(110 - i’Uo), dUQ(UQ,X) =0 for all X in H, UQ(UQ) = 1, 'U()(Uo) =0
and g(Up, X) = uo(X) for all X.

Let
0 Gy

Go =
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where
wy Wo e Wy
lwi|? = fo wywe ce W)Wy
G, = W, |wl—fo - Wows
W1 Wn Woly, ot |wn|2 - fO
and
—Woy
G2 = f(? . In

Then G2 = —Id+ug®@Uy+1vy®@Vy, GoJ = —JGo, GoUp = 0, 9(GoX,Y) = —g(X, GoY)
and g(X,GoY) = duo(X,Y), g(X, HoY) = dv(X,Y) for all X,Y in H, where Hy =
GoJ.

To check the second condition of Definition 1.2, let us check OyNO, as an example.
We have

fo=1+ Jul?
k=1

on O and

fi=1+wol> + 3 |wl?
k=2

on O, sothat%=+%{;. Seta—ibz\/fﬂiﬁl on Oy N O;. Then a® + b?> =1 and

U = ayg — b’Uo Gl = GGQ - bHo
v, = bug + avy H, = bGy + aH,

where (u;,v;, G, H,) are the structure tensors on O,. Therefore (u, vk, Uk, Vi, Gk,
Hy, g) with the open cover {O}?_, is a complex contact metric structure on C"*! x

CP"(16).
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We give the Levi-Civita connection of g below. We abbreviate z>- a - by Owg. We
list only the non-zero terms and we do not repeat terms with commutativity or

conjugation.

ng,,awk = ifw‘awk,

Vawkaw_,' = —}(‘ﬁ)’jawk + wkawj).

Using the formulas for the connection given above, we can compute the covariant
derivatives of U and V as follows:

VxU = =33 (bewe + bewy) (020 + 0%0)
k=1

2 Z bW + bkwk - 2fb )BZ]
j=1 k=1

(wy 3 (b + Bewe) — 276,)3%,)],
k=1

VxV = ifi[Y (bewe + bews) (20 — 8%0)

k=1

+ Zn:((wj zn:(bkwk + bewy) — 2b;)0z;

=1 k=1
—(w; Y- (b + brwy) — 2fb;)0%;)]
k=1
where

X = Z(akazk + Ekazk) + E(bkawk + Ekawk).
k=0 k=1

Then we can compute the 1-form o and the symmetric operator h = hy = hy.

. 0
o= 2 Z(wkdwk — Widwy),
4f k=1
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Z WAk — Qo Z |wi|?)zo + (E Wiak — Qg Z lwi|*)0Z0

hX =
k=1 k=1 k=1
n n n
+ Z((wjao — faj + wj Z wkak)azj + (‘U)jao — faj + w; Zwk'dk)azj)]
j=1 k=1 k=1

+ Z(bjawj + Bjaw])
j=1

As for the curvature, we can see by a direct computation that R(X,Y)V = 0, for

every X,Y. Then,
(VxG)Y =o(X)HY + g(X + hX,Y)U + g(J(X + hX),Y)V

and

(VxH)Y = —a(X)GY — g(J(X + hX),Y)U + g(X + hX,Y)V

for X,Y in H.
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