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ABSTRACT

A GAUSS-GALERKIN FINITE ELEMENT
METHOD FOR A CLASS OF SINGULAR
DIFFUSION EQUATIONS IN TWO SPACE
VARIABLES

By

Li Liu

In this dissertation we are concerned with a Gauss-Galerkin finite element method
for a class of singular diffusion equations in two space variables. More specifically, we
consider the Fokker-Planck equation

ou d(au) 4 10%(b*u)  O(cu) | 10%(d’u)

ot oz ' 2 017 5y 2 o (z,y,t) € (0,1)* x [0, T).

We are concerned with the case when the problem is “singular” in the x variable and
“regular” in the y variable, i.e., the coefficient 4> may vanish along £ = 0 and z = 1,
but ¢ and d? are bounded away from zero for y € [0, 1].

In the proposed Gauss-Galerkin finite element method, finite element discretization
is made in the y variable and the Gauss-Galerkin method is used in the x variable be-
cause of the nature of the problem. Convergence of the finite element approximation

is established first. Then we analyze the convergence of the resulting Gauss-Galerkin



approximation. Finally, by combining the above results, the convergence of the Gauss-
Galerkin finite element approximation is obtained.

A number of test problems are studied. The numerical results show that the pro-
posed Gauss-Galerkin finite element method is efficient in solving singular diffusion

equations of the type considered here.
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CHAPTER 1

Introduction

1.1 Background and Motivation

In this dissertation we are concerned with a Gauss-Galerkin finite element method

for a class of singular diffusion equations in two space variables. Let Q = (0,1)2 be

the unit square. We consider the Fokker-Planck equation

Ou _ 0O(au)  10°(Vu) O(cu) | 10%(d*u)

ot oz + 2 0x? Oy + 2 0y? (L1)
with boundary conditions
Bu=g on (0,T) x 00 (1.2)
and initial condition
u(z,y,0) = yo(z,y) on N (1.3)

(1.1 ) describes the probability density u = u(z, y, t) for a stochastic process governed

by a set of two stochastic differential equations in (z,y) with the respective drifts



a = a(z,t) and ¢ = c(y, t) and diffusions b = b(z,t) and d = d(y, t):

dX = adt + bdW,
dY = cdt + ddW, (1.4)
P{X(0) =z,Y(0) = y} = p(z,y) = given

where W, = W,(t) and W, = W,(t) are independent standard Wiener processes. This
is a special case of (2.19) with n = 2 and bj, = by; = 0. We are concerned with the
case when the problem is “singular” in the x variable and “regular” in the y variable,
i.e., the coefficient 4> may vanish along z = 0 and £ = 1, but ¢ and d? are bounded
away from zero for y € [0, 1].

We shall propose and analyze a numerical method called the “Gauss-Galerkin finite
element method” to solve the initial-boundary value problems for the above Fokker-
Planck equations. The method is a generalization of the one dimensional Gauss-
Galerkin method which was originally proposed by Dawson[1] and further developed
by Hajjafar, Salehi and Yen [4]. We shall briefly describe the one dimensional Gauss-
Galerkin method here. More details can be found in [4]. Consider the stochastic

differential equation

dX = a(X,t)dt + b(X, t)dW (1.5)

for X = X (t) with the initial condition

X(0) =X, given. (1.6)

The state space is assumed to be a finite interval which we take as [0, 1] and W = W (t)
above is the standard Wiener process. It is assumed that the coefficients a and b in
(1.5) are continuous functions of X and ¢ in [0, 1] x [0, T] where T > 0 is a constant.

The initial value X in (1.6) is assumed to be a random variable so that the solution



X (t) to (1.5) and (1.6) is a Markov process. It is known that if the law of the process

X (t) has a smooth density u(z,t), then u(z,t) satisfies the Fokker-Planck equation

ou

Ou d(au) N 162(b°u)
ot

Lu=-—
u oz 2 0z2 '’

(1.7)

u(z, 0) = given, (1.8)

plus boundary conditions at £ = 0 and £ = 1. The operator L = L(t) is known as the
forward Kolmogorov operator. (1.7) and (1.8) lead to a parabolic initial boundary

value problem for u(z,t). The formal adjoint L* = L*(t) of L above is

L'Eai+

1., 0
5z 3% 52 (1.9)

and is known as the backward Kolmogorov operator. For each v = v(z) in some
appropriate space V', we may multiply (1.7) by v, integrate with respect to z from 0
to 1 and obtain

%(u,v) = (u,L*v), veV, (1.10)

where (-,-) stands for the L, inner product. We note that in order to lead to (1.10)
from (1.7) it is necessary that all the boundary terms resulting from integrations by
parts vanish. We are concerned with singular processes for which the coefficients a

and b vanish at boundary z = 0 and z = 1. To solve (1.10), we replace u(z,t)dz by

dun(x’t) = Zak(t)drk(t)dx (111)
k=1

associated with an n-point discrete measure p,(t), where in (1.11) x4 = zk(t),k =
1,2,---,n, are the nodes and the a;’s are the corresponding weights. We also let

{vi(z)},1=1,2,---,2n, be a set of linearly independent functions in V. Substituting






tn(z,t) and each of v;(z) into (1.10) yieds

d n n
7 > ak(t)vi(zx(t Z t)L*vi(zk()),i = 1,2, -, 2n. (1.12)
k=l =

This is a system of 2n ordinary differential equations for the n nodes and the n weights
as functions of t. A convergence analysis as n tends to infinity is made in [4]. An
algorithm for computational purpose is also given in [4] along with numerial results
of several test problems. The results show that the Gauss-Galerkin method gives ex-
cellent results and is efficient in capturing the singularities at the boundary for large
t.

As there seems to exist no straightforward way to generalize the one dimensional
Gauss-Galerkin method to a two dimensional one (there is no direct Gauss quadra-
ture formula in two dimensions), Huang and Yen [5] made a modest generalization
by discretizing the partial differential equations by the finite difference method in the
y direction and then solving the resulting systems of partial differential equations in
x and t by the Gauss-Galerkin method. The results showed that the method in [5] is
indeed capable of treating singular parabolic partial differential equations.

In our Gauss-Galerkin finite element method, finite element method is made of the y
variable while one dimensional Gauss-Galerkin method is used for the x variable. The
convergence of the finite element approximation is established first based on the so
called “energy” type estimates. Then, using the theories of measures and moments,
the Gauss-Galerkin approximation for the semi-discrete equations is shown to con-
verge when one dimensional Gauss-Galerkin approximation is made in x direction.
Finally, Combining the above results, the convergence of Gauss-Galerkin finite ele-
ment approximation is established.

We use piecewise linear finite elements in our numerical computations. we first test

a problem where the exact solution is known. By comparing the numerical solution



with the exact solution, we find that the approximation is very efficient and accurate,
even when only a few finite elements and only a few Gauss-Galerkin nodes are used.
For our model problem I Case I and model problem II, we compare the numerical
solutions between our Gauass-Galerkin finite element method and Gauss-Galerkin
finite difference method [5]. Those two methods produce almost identical numerical
solutions. Whereas in [5] it is shown that the Gauss-Galerkin finite difference method
is superior to the traditional two dimensional finite difference method in achieving
high accuracy for solving this type of singular Fokker-Planck equations, Our results
suggest that the Guass-Galerkin finite element method is at least as efficient and
accurate as the Gauss-Galerkin finite difference method. We also study the depen-
dence of the solutions upon parameters in the singularities and the dependency of
the solutions upon lower order terms in our Fokker-Planck equations by applying our
method to several problems. The numerical solutions obtained show that the pro-
posed method is indeed capable in handling initial-boundary problems for singular

diffusion equations of the type considered here.

1.2 Organization of the Dissertation

This dissertation is organized as follows. Chapter 2 contains some basic material
related to stochastic processes and Fokker-Planck equations. Chapter 3 discusses the
problem formulation and some mathematical properties. We set up the Fokker-Planck
equations with a set of boundary conditions. Then we obtain a weak form in the y
variable for fixed x and t. We also obtain several energy estimates. Chapter 4 estab-
lishes the Gauss-Galerkin finite element approximation and includes two parts. One
is the one dimensional finite element approximation in the y variable while the other
the one dimensional Gauss-Galerkin approximation in the x variable. In Chapter 5

we study the convergence of the Gauss-Galerkin finite element approximation. First,



we establish the convergence of the semi-discrete finite element approximation in y.
We then prove the convergence of the Gauss-Galerkin approximation in x. Finally,
by combining the above results, the proof of the convergence of the Gauss-Galerkin
finite element approximation is completed. In Chapter 6 we present our numerial
results for problems involving several partial differential equations and discuss such

numerical results. Chapter 7 contains conclusions and further discussions.



CHAPTER 2

Preliminaries

2.1 Markov Process

Let T C [0,00) and Bg» be the Borel c—algebra of R*. Consider a stochastic process
X(t) = (X1(t), Xa(t),---, X (t))T,t € T, defined on a probability space (2, F, P).

For all s and t in T such that
0<s<t<+o0, (2.1)

for all £ = (z,,%3,-+,2,)7 € R* and for all B in Bgn, we denote the conditional

probability of the event {X(t) € B} given X (s) = & as P(s, #; t, B):
P(s,%;t, B) = P{X(t) € B|X(s) = &} = / P(s, 7; 1, d7). (2.2)
geB

If the probability P(s, Z;t,dy) on (R*, Br») has a density with respect to the Lebesgue

measure dy , we denote this density as p(s, Z; ¢, %) such that

P(s,Z;t,dy) = p(s, T;t, 9)dy (2.3)



A stochastic process {)? (t),t € T} is called a Markov process if for any finite m and

any collection of times

O<uy<up<---<u,<s<t (2.4)

in T, we have for all £!,2,---,2™ and 7 in R*:

P{X.(t) € BIX(UI) = fl,X(U2) = qu"'v)-{‘(um) = fm’X‘(s) = f} (2 5)
=P{X(t) € B|X(s) = £} = P(s,Z;t, B)
The Markov property (2.5) implies that
P(s,%t,B) = | P(s,%u,d)P(u,§;t, B) (26)
R"

Equation (2.6) is called the Chapman — Kolmogorov equation for Markov processes.

2.2 Transition Probability

For all s and all ¢ such that 0 < s <t < oo and for all B in Bg», P(s, ;t, B) is called

a transition probability if
(a) Probability B — P(s,;t, B) is defined for all fixed s,t and Z

(b) For all fixed s,t and B, the mapping £ — P(s, Z;t, B) is measurable from R*

into [0, 1], and

(c) For all fixed s,t,Z and B, the conditional probability P satisfies the Chapman-

Kolmogorov equation (2.6).



2.3 Diffusion Process

Markov process {X(t),t € T} is called a diffusion process if

(a) Foralle >0,z € R* and 0 <t <t + h we have

1m 1
hio h J)jg-z||>e

P(t,Z;t + h,dy) = 0, (2.7)
where h | 0 means h — 0 with positive values, i.e., h > 0.
There exists a function @(z,t) = (a;(Z,t), as(Z,t),- -, a.(&,t))T such that for

alle >0,f e R*,j€{1,2,---,n} and 0 < t <t + h we have

1 ) o
II:I{)I H Aﬁ—fﬂzf(yj - .'Ej)P(t,.'L‘, t+ h7 dﬁ) - a](I, t)a (28)

where @ is called the drift vector and if n = 1 the drift coefficient.

There exists a matrix function b(7,t) = {b;x(Z,t)}7s~, such that for all ¢ >

0, € R*, j,k€{1,2,---,n} and 0 <t < t+ h we have

1

'}E)l E |]_17—J':’||2((yj - J:j)(yk - .’Ek)P(t,.’E;t + h, dlf) = jk(xa t)a (29)

where for all Z and t, the matrix b(Z,t) is symmetric and positive but not
necessarily positive-definite. The matrix b(Z,t) is called the diffusion matrix

and if n = 1 the diffusion coefficient.



10
2.4 Fokker-Planck Equation for a Diffusion Pro-
cess

Let X (t) = (X1(t), Xa(t), -+, Xn(t))T,t € T be a Markov process. We assume that

the process X (t) satisfies the following three hypotheses (Schuss [9] and Soize [11]).

Hypothesis 2.4.1 The transition probability P(s, Z;t, dy) on (R*, Bgn) has a density

p(s, Z; t,y) with respect to the Lebesgue measure dyj on R* such that

P(s, Z;t,dy) = p(s, £ t, §)dy (2.10)

limP(s, &+ h, B) = 15(&), VB € Brn. (2.11)

Hypothesis 2.4.2 The markov process X isa diffusion process. Consequently, the
process X has almost surely continuous trajectories and equations (2.7), (2.8) and
(2.9) hold with (2.10). We assume in addition that equations (2.7), (2.8) and (2.9)
are satisfied uniformly with respect to . For all j,k € {1,2,---,n} and0 <t < t+h,

we then have

1
= t, &t + h,§)dj =0, 2.12
il p(t, T 9)dy (2.12)
1 — - __ —
'g{)l H ||37“f||25(yj - :L'j)p(t, T;t+h, ]]')dy = a; (I’ t)v (213)
1 -— - o
lim - “i_ﬂm(yj — z;)(yk — zk)p(t, T3t + h, §)d§ = bj(Z, 1), (2.14)

where @(Z,t) is the drift vector and b(Z,t) the diffusion matriz.

Hypothesis 2.4.3 Functions a(z,t), b(Z,t), b%p(s, Tt 9, gi(aj(ﬁ, t)p(s, T t,9)),
52

5
, ———(bie (7, t)p(s, T;t, 7)), Vi, k € {1,2,---,n}, erist and are
ayjayk(]k(y )p( 7)), Vj { }

vj € {1,2,---,n}

continuous.
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Theorem 2.4.1 (Fokker-Planck equation for the transition probability). Under the
hypotheses 2.4.1, 2.4.2 and 2.4.3 and for all fized s > 0 and T € R, p(s,Z;t,7)
of the diffusion process X (t) satisfies the Fokker-Planck equation (or the forward

Kolmogorov equation)

o —z";ay (0@ Op(s, D) + 7 3 5o (buld 005, B, ). (215)

J k=1 ayJay’c

Theorem 2.4.2 (Fokker-Planck equation for the probability density function) Let
X (t) be a diffusion process satisfying hypothesis 2.4.1, 2.4.2 and 2.4.3, and such that

X0) =X, as., (2.16)
where )?0 s a random variable with probability law

P, (di) = px, (¥)d7, (2.17)

where pg 1 a given continuous probability density function on R* with respect to the
Lebesgue measure dij. Then, for all fixred t € T, the probability law PX(:)(tv dy) of
X (t) is written as

where the probability density function p3(t,y) on R* with respect to dij satisfies the

Fokker-Planck equation

n a 1 n 62 .
g 6— px(t,9) + 51',%::1 m(bjk(y, t)px(t, 7)) (2.19)
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with the initial condition

px(0,9) =pg (y), ViER". (2.20)

2.5 Stochastic Differential Equation

We denote by LE[a, 8],(1 < p < o0), the class of all non-anticipative stochastic
processes f(t) satisfying:
B
P{/ If(8)[Pdt < oo} = 1.
o

We denote by ME[a, 8], (1 < p < 00), the subset of L [a, §] consisting of all stochastic

processes f(t) with

B([ 17(0)Pdt} < oo

The stochastic differential equation
dX(t) = a(X(t),t)dt + b(X(t), t)dW (¢), (2.21)
is defined by It6 integral equation
- — t - t - -
X(t) = X(0) + / @(X (s), s)ds + / b(X (s), s)dW (s), (2.22)
0 0

where W (t) = (Wy(t), Wa(t),- - -, W,(t))T is a vector of independent Brownian mo-

tion.
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2.6 Existence and Uniqueness

n n
Let |£]* =z} and [b]> = ) |bj|>. We consider the stochastic differential equation
j=1 7.k=1

dX(t) = (X (t), t)dt + b(X (), t)dW (t), (2.23)

X0)=X, as. (2.24)

Theorem 2.6.1 Suppose d(Z,t) € ng[a,ﬂ] and b(Z,t) € Lg, [a, B] are measurable in

(Z,t) € R* x [0,T) and there ezist constants K and K, such that
@@ 0] < KA +12), 6@ 0] < K(+ |2, (2.25)

and

|@(Z,t) — aF,t)| < KJE—F), |b(&t) - b(F, 1) < KT - F (2.26)

forT €eR* and0 <t <T. Let X, be any n-dimensional random variable independent
of o —algebra F(W(t),0 < t < T) such that E|Xo|> < co. Then there ezists a unique
solution X () of (2.23) and (2.24) in M2 [a, §] (Friedman][3]).



CHAPTER 3

Problem Formulation and

Mathematical Properties

3.1 Initial-Boundary Value Problems and Their

Weak Formulation

Let Q@ = (0,1)? be the unit square, [0,T], T > 0 be a time interval of interest,
g = g(z,y,t) and up = uo(z,y) > 0 be given data. We consider the following Fokker-

Planck equation

with boundary conditions
Biu=g; on (0,7)x9Q (:=1,2,3,4) (3.2)
and initial condition
u(z,y,0) = uo(z,y) on (3.3)

14
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(3.1 ) describes the probability density u = u(z, y, t) for a stochastic process governed
by a set of two stochastic differential equations in (z,y) with the respective drifts

a = a(z,t) and ¢ = ¢(y, t) and diffusions b = b(z,t) and d = d(y, t):

dX = adt + bdW,
dY = cdt + ddW, (3.4)
P{X(0) = z,Y(0) = y} = p(z,y) = given

where W, = W;(t) and W, = W,(t) are independent standard Wiener processes.

We note that in the more general case with drift vector @ = (a,, a;)” and diffusion ma-

b1y b2
trix b = that depend on x, y and t, the stochastic differential equations

ba1 b2
are given by the following:

dX = aldt + blldWI + b12dW2
dY = aydt + by AW, + bydW, (3.5)
P{X(0) = z,Y(0) = y} = p(z,y) = given.

The probability density function p(z,y,t) is governed by the following (Schuss [9]):

op _ _O(ap) _0(awp)  18%(aup)  18*(aizp)  18(azip) | 18%(azp)

ot oz Jdy 2 0z 2 Ozdy 2 Oyoz 2 oy?
(3.6)

a;; = (bbT),'j i,j = 1,2.

In the particular case, a) = a,(z,t), a; = ax(y,t), buy = bii(z,t), bz = beo(y,t) and
bi2 = by = 0, the above equation (3.6) reduces to (3.1) with p being replaced by u,
a, being replaced by a, a; being replaced by c, b;; being replaced by b and by, being

replaced by d. Henceforth, we shall be primarily concerned with (3.1).
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We assume that a, b, c and d are smooth functions with uniformly bounded derivatives
of all orders. Many significant results in solving parabolic problems and efficient
numerical methods are obtained by Luskin and Rannacher [6], Quarteroni and Valli
[8], Strang and Fix [13], Thomee [14], [15], [16], Stoer and Bulirsch [12]. In this
dissertation, we shall be concerned with the case when the problem is “singular”.
More specifically, we are concerned with the case when the problem is “singular” in
the x variable and “regular” in the y variable, i.e., the coefficient 4> may vanish along
r=0and z =1, but c and d? are bounded away from zero for y € [0, 1].

For boundary conditions in the y-direction we consider along y = 0 the Dirichlet
condition

Bsu = u(z,0,t) =0 along y=0 (3.7
or the Neumann condition

_ Ou(z,0,1)

B.
3U By

=0 along y=0 (3.8)
Similarly along y = 1 we consider the Dirichlet condition
Byu=u(z,1,t)=0 along y=1 (3.9)

or the Neumann condition

Odu(z,1,t)

Bsu =
4U By

=0 along y=1 (3.10)

The boundary conditions Bju = 0 and Byu = 0 depend on the type of singularity

one has at £ = 0 and z = 1. Suppose that

b*(z,t) =O(z?) as -0 (3.11)
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b*(z,t) =0((1-12)%) as z—1

(3.12)

where p and ¢ are constants satisfying p > 1 and ¢ > 1. The appropriate boundary

conditions, according to Feller [2] in his study of one-dimensional singular stochastic

problems on (0,T) x (0,1), Keller and Voronka (7], are

4

Byu = u(0,y,t) =0 if
Biu=limzu =0 if
J z—0
or
L 19(b%u) .
k Blu—ll_g(l){au—--é g =0 if
and
Bau = u(1,y,t) =0 if
! Byu = 3151_13(1 —z)u=0 if
or
. 19(b%u) .
k Bz'u—l_l_f’l} {au-—i—a-x— =0 if

p>1

p=1

p=1
g>1
g=1
g=1

We now consider the following initial-boundary problem:

r Ou
ot

u(z,y,0) = uo on 0

where

Lu=

—+Lu=f in (0,7) xQ

and

and

and

and

u(z,0,t) =0 on (0,T)x(0,1)
u(z,1,t) =0 on (0,T) x (0,1)
W Bju(0,y,t)=0 on (0,T)x (0,1)
Byu(l,y,t)=0 on (0,T) x (0,1)

_ Oau)  18*(b*u) N d(cu)  10*(d*u)

oz 2 0zx? Jy

2 Oy?

a(0,y,t) =0
a(0,y,t) # 0
(3.13)
a(l,y,t) =0
a(l,y,t) #0
(3.14)
(3.15)
(3.16)



18

It is seen that for simplicity in the subsequenct analysis we have assumed Dirichlet
conditions at y = 0 and y = 1. Problems with Neumann conditionsat y = 0and y = 1
require only minor modifications. Also we have included a non homogeneous term
f = f(z,y,1) in the partial differential equation. Let V = H}(0,1). Multiplying both
sides of the partial differential equation in (3.15) by v = v(y) € V and integrating

over (0,1), we get

1 1 1 2( 12 1
/ Ou dy+/0 d(au) vd 10%(b u)vdy+/0 8(cu)vdy

o at" oz "V o 27 x2 dy
(3.17)
11 62(d2u 1
dy.
/ /0 fody
1 Ju 1 a(au 110?(b%u) 1 9c 1 fu
- vdy+ oz vdy — / 2 9.2 dy-l-/o a—yuvdy+/0 ca—yvdy
11 6(d2) av 11 ,8udv 1 6 =
——tu— d d
0 2 Oy 6y 0 Oy By 2 ym / fudy.
Since v|y=0 = 0, v|y=1 = 0, we get
1 9u 1 9(au) 118%(b%u) 1 9c
o Ot vdy /o oz vdy 0 2 Ozr? vdy +/o ayuvdy
(3.18)
1 Ju 118(d?) ov 11 ,0u Bv
— -y = d
+/c vdy 026y 6ydy+02d6 /fvy
Let the bilinear form a(-,-) be defined by
_ (! O(au) 118%(b%u) t dc
a(u,v) -—/0 Tvdy A vdy +/0 ayuvdy
(3.19)

1 1
+/c§2d Oéadz) 6v /2 auav
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a(u,v) = (ag’;‘),v) _ (%azg;"),v) + (g—;u,v)

oy’ 2 0y Oy 2" 0y'oy)’

1
where (f,g9) = /(; f(z,y,t)g9(z,y,t)dy is the scalar product of f and g in L?(0,1)

(3.20)

with respect to variable y. We also denote the norm of f € L%(0,1) with respect to

1
y by If (2, )l = [ 179,00 dy
The weak formulation of (3.15) now reads as follows: Given f and wuy, find u such

that
(ug,v) + a(u,v) = (f,v) YveV

(3.21)
u(z,y,0) = uo.
We note here that if homogeneous Neumann conditions are posed,the weak formu-

lation above is to be modified with the space H}(0,1) replaced by H!(0,1) as such

Neumann conditions are “natural” boundary conditions.

3.2 Mathematical Analysis of Initial-Boundary

Value Problem

Let the bilinear form b(:,-) be defined by

b(u,v) = a(u,v) — a(v, u) (3.22)
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Taking v = u in (3.20), we have

a(u,u) = (ag;“),u) - (%azéiiu),u> + (%u,u) + (cg—z,u)

19(d?) Ou 1 ,0u Ou
*(2 3y ’ay)J“(idZa_y’%)

Taking v = u, in (3.22), we obtain

(3.23)

(4220)- (222 ()

(5 (E5) 65 om
(o) (280 (5
<

Ouy 19(d?) L 20w Ou
¢ y’u) (2 y "By 2]

+

Letting

o) = (200,0) - (2,1}, (3,.)

22 ) 1 (L2680, 20) | (L2, 20)
+(Ctay,U)+(2 By ay)+( (d )‘6y’6y

(3.25)

we have

oo = (%) ¢ (%) + (%)
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62((b2)t'lt) u) (162 b2 Ut u) (162 b2 Ut)
’ ’ 2 022

0x? 2

_) 27y "

(57
(

oz?

)
)+ () ( o)

10(d)

6(a¢u)’u) _ % (32((b2 )

L (10@) ou
ay 2 8y ’ay
2d oy’ By

ul+ %uu + ca—uu
] aya tay,

o) (955)

oz 2 O0x?

oy 0

or 2 0r2

0 ’c')y

6(au)’ut) ~ (1 02((b?)u)

B(aw) u) . (162(@2)««)

u|l+ ﬁuu + c%u
) ayt, 6:(/,

3(d2)u _3_2) (1 26u, 3u>}

Yy Yy 9y’ Oy

U ) + %uu + ca—uu
y Ut ay y Ut aya t

0(d2) Ou, 1 ,0u Ouy
Do a) (6755

o)} (E
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Faa) (695 5))

o{(%h) - (E )+ (Bow) + (G
G5 5) 65 %))

(%) - (G5 ) (o) + (55)

- () (55)]
{
(

+

@),
(et w) - (G w) + o)+ (3]

16(d2) Ou, 1 26u Ouq
2 9y ’6y 2 dy’ Ay

So
d
aa(u u) = ap(u, u) + 2a(u, uy) — b(u, uy). (3.26)
Thus we have
1d 1 1
a(u,u,) = Eﬂa(u,u) - —2-at(u, u) + ib(u, ut) (3.27)

We now ssume that a(-,-) is continuous and coercive, i.e., there is a positive constant

a, independent of t, such that

a(v,v) > olv|?, YveV. (3.28)

Theorem 3.2.1 If up € L?(0,1), f € L%(0,1), then for almost every € (0,1), the
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energy estimale

T
&%ﬁwa,|ﬁ+a/|m 7, )|}t

(3.29)
< lual, B+ 5 [ 115Gz, 1)

holds.

Proof. By (3.21), we have
(utv ’U) + a(u, U) = (f’ ’U)

Taking v = u and using (3.28), we get

(ug, u) + a(u,u) = (f,u)

1d
5= (w0 +a(u,v) = (f,u)
1d )
s llu(@ - DI + a(w, ) = (f,u)
. < —— .
2dt”u( ) ,t)||0+GHU(.’L‘, 7t)||1 —_ 2dt“u(z, ’t)”0+a(u7u)

<10l < el @, Ol + S, )

1 o
< 2—a-|lf(x, S)lls + 5 llulz, S )3

Integrating over (0,7),7 € (0,T], we obtain

5 | Stz 0l + a [ lua, o)l
—/“ﬂ%ﬂmﬂ+“/”WwﬁWﬁ

1

Sllutz, \7)IE = 3z, OB+ 5 [ (e, 1 Rde < oo [ 15,0l

e, IR+ e [ g, , OlFds < Iluo(, NG + 5 [ 115Gz, )2

So,

max llu(z, Ol +a [ e, DIfdt < lluo(e, NG + = [ 17z, 0l ©
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From now on, we shall assume that

|a(u7v)l < cHu(xv K t)HIHU(I’ " t)Hl
Iat(uv ’U)I < c||u(:z:, Y t)”l”v(x’ R t)HI (3'30)
|b(u, v)[ < clu(z, -, t)|1l|v(z, - )]0

Theorem 3.2.2 Ifuy € H}(0,1), f € L?(0,1), then for almost every x € (0,1) the

energy estimate

ou(z, -,
sup_[lua, )1+ = [ 12450 gy

t€(0,T)

(3.31)
sc,,{uuo W+ [ 15 ngdt}

holds, where Cy > 0 s a constant independent of T .

Proof. By (3.21),
(ug, v) + a(u,v) = (f,v).

Taking v = u;, we obtain

(ug, us) + alu, ug) = (f, ue)

”ut”g + a(u, ut) = (f1 ut)'

By (3.27), we obtain

1d 1 1
el 5 + '2‘22‘1(%“) P e(u,u) + b(u uy) = (f, ue).
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So,

2dt 2

e+ 5 alun) = Zau(w )~ b(u,u) + (/)
Sllullf + Sllullludlo + (£, w0

IN

Integrating over (0,t),t € (0,7, we obtain

¢
/||u,||(2,ds+ /—auu
0

c [t t
< 5/0 IIuII'I’ds+§/0 |]u]|1||u,]]0ds+/0 I(f, us)|ds
< C/t||UI|2ds+c2/t||u||2ds+ l/t”u I2ds + 1/' I “2d3+/‘ I1fI2ds
= 0 1 0 1 4 0 sl 4 0 sllo A 0 .

Hence,
/ ||us||3ds + 2/ —a(u,u)ds < c¢(l1+c) / ||u||2ds+/ 1 fllods.
By (3.29), we have
[ hulds < Zituolld+ = [ 1f1ds.
0 a a? Jo

So,

o [ iz + Sa(u(t), u(0) - 3a(u(o), u(0)
< 2D+ (1+L2D) Mg
> [ ulads + Sa(u(e), u(o)
o(u@),u0) + ol + (1+ D) [Ty,

<

tol'—‘



26

By assumption of (3.28) and (3.30), we have

a(u(t), u(t)) 2 allullf, a(u(0),u(0)) < clluollf and ||uoll§ < |luoll3.

Therefore

1t a c c(l+¢) c(l+c)\ (T
3 s+ 21 < Shuol? + LDl + (1+ L) [0

1 1+4c¢ c(l1+c T
ol + 3 s < 2 (G 22) ual + 2 (14 L9 [isigas

sup [l + 2 [ 150 Bat < Co{lual + [ 1518s}

te(o,T

A simple consequence of Theorem (3.2.2) is given by

Corollary 3.2.1 Assume that for almost every x € (0,1) and t € [0,T], u in Theo-

rem 3.2.2 satisfies

lu(z, -, )} < CU|Lu(z, -, )5 + llu(z, -, )[IT)- (3.32)
Then for almost every x € (0,1) u satisfies the estimate
mas lu(e, O + QA{Q#§J2+w@ﬂm%m
0 (3.33)

< Cu{luata 1 + [ 15 0l

Proof. Estimate (3.33) follows at once from (3.32), (3.31) and (3.29), since Lu =

ou
I-2



CHAPTER 4

Gauss-Galerkin Finite Element

Method

4.1 Finite Element Approximation in the y Vari-

able

Let Vi, C H(0,1) be a finite dimensional subspace and {¢(y)};x be base functions
of V,. By (3.18), we have

1 9u 1 9(au) 1106%(b
at vdy /o oz oz W~ 0 2 62 / uvdy
4.1)
119(d?) ov 1 26u3v _ (
+/ c—— dy A -2——— B_ydy+ A / fudy.
Taking v = ¢y(y),! = 0,1, -+, N,, we obtain
1 9u 1 6( 116%(b%u)
A —¢1 )dy +/ (y)dy — A ¢i(y)dy
19(d?
+ [ rub(w)dy + / awir+ [ ;5 usway @

+ [ 585wy = [ oty

27



28

We approximate u(z,y,t) by

u(z,y,1) ZaJ z,t)¢;(y)- (4.3)

From (4.2), we obtain

or,

Ny

Zaag(x, / 61(0)5(v)dy = _Z /1 a( an T, t) b(v)dy

Jj=0

Ny 2 2
32 T4 44653y - jg()aj(x,t) [ 2 )6,

or?
N, 1 (4.4)
- Z 05(z1) [ ei(y)8(u)ey — 5 gaj(x, 0 [ a(a‘f) #(4)6,()dy
Ny 1
Sl [ sy + [ Tot
j=0
( dap(z,t) \
3a1(%g:,t)
(oa.0) o1y - suny) )| @
Oay, (z,t)
| 2ot )
_ M 1 8(aa(z, t))
- | T2 0w w)dy ws

13 (182 (bPay(z, t 19
P> A PG )6, 1)y - Zajsct [ 5,08y

& ! ! ) !
e | c¢,(y)¢,~(y>dy—§§aj<x,t) [ 2 g0 whay

——Za,(zt [ @adway+ [ faway
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8(1.3) = [ 4w)ésw)dy. Thus

[ 40,00 #(0,1)

$(1,0)  ¢(1,1)

E/laaa’(x D g )5 ()dy
-- Z/la(aa’“ 85(v)dy
5 [ Md, Y
\ —0/0 oz Nv(y J(y) y)
1.0 1 32 (bay(z, b)) \
( 5,-:0/0 — 5z 2W)9;(y)dy
Ny 1 A2(H2 (r
+ %Z_% [ EELE 5, ()6, )y
1% 102(b2a-(1; t))
a2 T m Wy

\ ¢(Ny’0) ¢(Ny11) e

5(0,N,) )

(1,

Ny)

Ny, Ny) J \

600 (l’, t)
ot

6(_11 (.’L‘, t)
ot

BaNy (.’L‘, t)
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Ny
[ Soyan [2 5ot0();v)dy \
j=0

Eath/_d’l (y)dy

(3 ZaJ (z,1) /0 ()6 )dy

N, )
gaj(x, t) /0 c1(y)9;(v)dy

\ ZaJ T t)/ ¢Ny ¢] y)dy /

N, 1
( %gajfo Qg—)%(y)rﬁj(y)dy \

N, )
%_Z;aj / %‘f)qﬁi(y)%(y)dy

Z 2 o2, ),y }

( /01 foo(y)dy )

[ oow)y

\ /01 féo(y)dy )

N, 1
| () f; comwsway |
¢;(y)dy \

(18 1o,
2122%0‘1/0‘1%(?/)

1% ,/1d2¢l d
224% ), 1(4)¢5(y)dy

\ 22%/ &y, (V)¢ (y)dy)



[ Bao(z, t) \

0oy (z,t)
ot

Oay, (z,t)

=0

o | L5 [ ECestz)
0

253

0y

{Eajxt

= %!
[ 13 1 P (VPey(a, b))
2 T

Ny 2(12 . -
IWW,@)@(@/)@ )

Ny 1
Y aj(z,t)
=0 0

i 1 éc
| Lol [ om0y |
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Ny (r
( > /0 M<zﬁo(.1/)<15j(y)aly )

j=0 a:l:

2/16“‘”“ (4)6,(v)dy

1 3(aa] z,t))
|2 5 ) w60
4D 4,41,y

B2 ¢1(v)9;(y)dy

[ sy |

Z—;qsl(y)m(y)dy
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Define

(Za,a:t)/ cho(y \

> aj(z,t) /0 : cé1(y)¢;(y)dy

32

N, 1
\];aj(w,t) /0 con, ()9 (y)dy )

( 12 [ 2
—Z /‘W)
Z [ )b ety
([ oy
[ oow)iy
\ /O’qu;(y)dy /

a(z,t) = (ap(z,t), oy (z, ),

ZO‘J/ d2¢N,,

co e, (2, 1)T

( %%aj/old%(y)rb}(y)dy \

L5 ~/’d“’¢'(>¢'( )
2j:oa] o 1\Y)9;(y)ay

(y)dy )

(4.8)
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and let L, be defined by (4.7), we can write (4.7) as

oa(z,t -
af; ) = L(s,1) (4.9)
Using (4.3), we obtain
1
/0 u(z,y,0)di(y)dy

Ny
= /0 1 Z_: a;(z,0)¢;(y)di(y)dy

(4.10)
Ny 1
=3 0j(z,0) [ u(u)¢; W)y
= 3 5(5,0)6(0,5)
That is,
( O.’()(IL',O) \
1 al(x,O)
/0 u(z,y,0)i(y)dy = ( ¢(1,0) #(,1) --- d)(l,Ny)) _
\O!Nv(.’t, 0) )
( /olu(x,y,o)qbo(y)dy V([ s00) 01 - 60,N,) [ colz,0) )
/01 u(:z:, y70)¢1(y)dy _ ¢(170) ¢(1’ 1) e ¢(1’Ny) (03] (Z‘,O)

| [ v 0em@ay |\ 604,00 6V, 1) - o M) )\ an(z,0)
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(@) ) [ [ ueun0nws )

a;(z,0) /0 : u(z,y,0)¢:1(y)dy

= ¢! (4.12)

\am@0 ) | [ .06 ma )

4.2 Gauss-Galerkin Approximation in the x Vari-

able

We approximate a;(z,t)dz by
le‘] T, t Zwlﬁl l‘ij)(t)dil), .7 = 0)1$°"7N!I? (413)

i.e., each a;(z,t) is associated with an n-point discrete Dirac-delta function, or “mea-
sure”, z;;(t),1 < i < n, are the n “nodes” and w;;(t), 1 < i < n, are the corresponding
“weights”. We choose z¥,0 < k < 2n — 1 as test functions.

Multiplying by z*,k = 0,1,---,2n — 1, and integrating over [0, 1] in (4.2) we obtain

/ /1 6u¢z "d:r:dy+/ /1 66:1: &u(y)ckdzdy — / /1 10%(b )¢z(y)z’°dzdy

//l.a_c.u¢, kda:dy+/ / C_¢l(y )zt dzdy +/ / 13(d2) y)c*dzdy

+/ /11d26u¢, y)z*dzdy = //f¢t YzFdzdy
(4.14)
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Using integration by parts, we obtain

/ /l _a_udh(y /01 /01 %uiﬁt(y)dxdy + /01 /01 cg—ZQSl(y)dxdy

[ L 32D wgizay + [ [ 3 ez (415)

)

swdy= [ [ foitu)dsay (k=0)

z=0

and

/ / & szt dzdy — / / kauz*'¢dzdy — / / ~k(k — 1)b*uz*2¢dzdy

t[oce K Lt Bu g 119 d2) "

+[ 5y 0 (v)z"dzdy + [ o5y H(v)Tdody + / L5 dzdy
1 rl 1 26” ’ k 1 k_ la(b2'll,) k 2 k-1 1

+/0 /0 2d _6y¢l(y)m d:vdy+/0 {au:v 5 52 " + kb*uzx . é1(y)dy
1 1

— k

—/0 /0 fou(y)zdzdy (k> 1). .

By the assumed boundary condition (3.13) and (3.14), the boundary terms above
drop out in all except the special case when p = ¢ = 1 and ¢ = 0 at z = 0 and
z = 1. We shall assume in the subsequent analysis that we are not in this special
case. Problems in which

special case occurs will be handled separately. (See, e.g., the test problem in

Section 6.2).
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Thus, we have

/01 /01 gt—u@dxdy + /01 /01 %u@dzdy + /01 /01 cg—Z@dzdy

L 3 wgiasay+ | [ 3 S dtdsay = [ [ sodsdy (:=0
(4.17)

and

1 rl1ou " 1 p1 1 1 11 9 ko
/0 /0 atd),x dzdy /0 /0 kauz ¢ldxdy—/0 /0 §k(k - 1)b*uz*"*¢dzdy
9 y)u¢;xkdxdy

/ / ———u¢1z’°dxdy+/ / c——¢,x’°dxdy+/01 /01% (ad2

//1 1d26u kdzdy_//fd,[(y kdxdy (k>1).
(4.18)

We get the following by using (4.3), (4.18) and (4.17),

Moa . 1
3G ), et [ ey

_ Z / / kaaz*~ 1¢,¢,dxdy+z / / ba;z*2¢,¢,dzdy
// a;(z,t)¢i(y)¢;(y)z* dedy — Z//ca,xtdn (y)¢)(y)z* dzdy
/ /l 1 3 jqﬁfcbjxkdxdy - g%/ol /01 %dzajqb;q&;:ckdxdy

=

+[ [ ratytasdy (k2 0)
(4.19)



From (4.19) we obtain

(600 o)) -

/ / kacz*- 1¢,¢dedy+2 / / ~k(k — 1)b%a,;z*~2¢,¢;dzdy

4(LN,) )
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1
( gi A ao(z, t)r*dz \

1
5;/ o (z, t)zkdz
0

d 1 x
\ E/o ay,(r,t)z"dz )

/ [} Seas@080)e )" dzdy - z ) L et 008wt dady

SR

]¢l

+ [ [ souty)atdady

or,

\ $(N,,0) ¢

[ 6(0,0)  $(0,1)

¢(1,0)  ¢(1,1)

Nv 1 1 1 / /
5y )x"drdy—]g /0 /0 5@°0;¢1(y) 4 (y)z* dzdy

#(0, Ny) \ ( i 1a0(.’r,t)1:kdm \

dt Jo
é(1, Ny)
d
Ny’l) d’(NyvNy) / \a A

d r!
a/o a(z,t)rkdx

/1 an, (z, )z dz )

(4.20)



=070

(L)
WY
DIy

//166 (2,8)61 (y); (y)2* dzdy

N, .
(5[ [ koo (e 02+ u(ws )y
gy lk k-1
3. [, koas(@at " ant) o)y

\Z/ / kaa,(z,t)z* “Lon, (v)0;(y )dxdy)

8 / /1 aca, (z,t)do(y);(y)r*dzdy )

16c
| 2 0/ / a;(z,t)on, (v)d;(y ):vkdxdy)
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— 1)b*a;(z, t)z* 2 ¢o(y) ¢;(y)dzdy

k = 1)b?a;(z, t)z**¢1(y)¢;(y)dzdy

(k = )80y (o, )", ()6, )y |

\
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Ny 1
[ ;, /01 /0 caj(z, t)do(y) ¢ (y)z*dzdy )

Ny

3=0

Mo1op .
|2 costz0em 6t dady

/ / lla‘f) )5(4)os (v)adsdy
2/ [ 32 0,061 0)6, )
Z / / % S, (4);(y)z* dzdy )

Ny 111
( > /o /0 5 oozt dudy )
J=0

Ny 111
>/ gdzam'lcs;xkdzdy
2

S [ [ eyt )61 (4)0} ()a*dady

[ [ [ sootvratasay )
[ [ sor(w)atazay

Z/ / 2d Py, ¢’xkd1:dy}

k /01 /01 fon, (v)z*dzdy



Thus,

1
[ % A ao(z,t)zFdz \

1
% /; a,(z,t)zkdz

40

d x
\ E/o ay,(zr,t)zdz )

Nll
> / | /01 kaa;(z, )" 61 (y)¢; (y)dzdy

j=0

[ [ oo
Ive
o B
L

Ny 1
( ]zz;) /01 /0 kaaj(z,t)z* " o (y)¢;(y)dzdy )

(z,t)z 1¢Nv v)o;(y dxdy}

k-1 bzaJ (z,t)z k=240(y )0i(y)dzdy \

k — 1)ba;(z, 1)z *¢1(y) ¢; (y)dzdy

- 1)be;(z, t)z* 2N, (y)¢;(y)dzdy

/

(4.21)
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Moo
( ,z=:o/0 /0 ggaj(x,t)cbo(y)%(y)ﬂ”kdxdy )

//l - i(2,8)$1(y) b5 (y)z*dzdy

\Jz:/ / (z, t)én, (v) ¢ (y)z kda:dy/

( Ny 1 lca. . ’ IL‘k T \
3 [y Jy oot 00ut)8) 0)a*dody

Ny

Z/ol /01 caj(z,t)¢1(y) ¢ (y)z* dzdy

=0

Ny o1
\?;%/0 /0 caj(:c,t)¢1v,,(y)¢;-(y)a:'°dxdy}

Ny
/ —2 /01 /01%%f)aj(x,t)¢6(y)¢j(y)x'°dxdy )

Ny 1o
“Z/ /0 %%ﬁf)%‘(m,t)¢'1(y)¢j(y)$kd$dy

j=070

(d?
Z/ /116 y)ajmtqu y)¢]( ).’L‘ d.’l:dy)
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Ny oe1o1q
( S ) ) g 0 sty )

Ny 1 1 1
-0 3 [ gfan 08w etdrdy

ad ! 11 2 | / /
\]z:% /0 /0 74 0z, t)dy, (v) 85 (y) " dzdy )

([ [t

1 rl
+o7t | [0 1 (y)atdrdy

\/01 /01 f¢N,(y)fL‘kdxdy}

where
[ 40,00 ¢(0,1) - $(O,N,) )
. ¢(1.,0) ¢(1.,1) - ¢(1,.Ny)
\¢(Ny’0) ¢(Ny’1) ¢(NyvNy)]
and
(30,00 30,1 - §ON,) )
(I)’l — (Z(l, 0) 5(17 1) e &(lvNy)

\(Z(Ny,()) ‘Z(Ny’l) ‘g(Ny’Ny))

Let L} be the formal adjoint operator of L, given by (4.21), we can write (4.21) as

d . . L x( k
a(a(z,t),xk) =/(; (d(z,t), L(z")). (4.22)
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From (4.13) and (4.21), we have

(4 [y

Ny 101 n
(3 [ [ ka3 w(05(z - () do(n)s(w)dady )

Ny 11 0m . \
\,go/o J ka3 ws(0)9(z - 2iy(0)=" om, (W) (v)dedy
( %":/‘1 /1 lk(k - l)bziwi‘(t)é(a: _ fL'i'(t))Ik—2¢0(y)¢'(y)d$dy \
i=0/o Jo 2 &Y J j

+¢-! Nyfl "Lk - )RS w6 ,(8))z* 2 dzd
3,y gtk = D8 w8 = 2 ()26 ()0 )y

Ny 1 pl n .
\,.§,/o I %"(’“-1>b2§w«a-(t>6(w—zu(t))z"-?qsm(y)qu(y)dmdy /
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Ny
( 3 A Z;Zwu(t — () )y (w)a¥drdy

Ny 1 (1901
o | 3 [ S (05(e — 5061 ()6 )a ey

Ny 1 r1 Hc 1

\J;(,/ / %Z“’ii(t)‘s(z—xij(t))fﬁN,,(y)qu(y):c"dzdy}
Ny 11 0 n

( Z/ /o e wij(t)o(z — (1)) do(y) 4 (y)z* dzdy )

~o~! z / [ czw,]a )8(z — 215(1)) 1 (v) 8} (v)* dady

Ny 1 r1 n .

\ J_z:%/o /0 cizzlwij(t)(s(x — z"j(t))d’Nv(y)Q%(y)xkdxdy }
Ny 1 n

( g,/o / a—)Z wi (t)8(z — 7i;(t)) b5 (v) ¢ (y) =  dzdy )

-7 Z/ / 13(42)2 wi;(t)é(z — xtj(t))¢11(y)¢j(y)xkd:vdy

o 1 [118(d?) | , .
|2 [ [ 3755 2w t)sta o 01, w)e ) dady |
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1 r1
+0 | [0 fou(y)stdady

d n
a > wir(t)xk (t)
i=1

d & k
\ agwiny (t)zin, (t) )

)

/



(

(

+d-1!

Ny n

Z Z wij(t

_0 t—

Ny n

7j=01i=1

Ny n

Z D wii(t)z

j=01i=1

Nv n

j=01i=1

53w ()0 [ Sk~ 18 (),

46

/ ka(zi;(t),y,t)do(y)d;(y)dy )

33w ()zE () / ka(ei;(t), 9, )61 (4) 5 (v)dy

10 [ kaeis(0), 9, 00w, )65 w)dy J

Y, t)¢0(y)

)

¢i(y)dy

Ny n 1
> Y w0 [ Sh(k = ¥ (25 (1), v, 061 (0)8 () dy

j=0i=1

Ny n

E E wjj t)x

_0 =1

0] 3

Ny n

ZZ% k(t /

_0 ‘_

Ny n

> w0 [

Jj=01i=1

Ny n

\ EZ‘*’U

_0 '_

Oc(xi;(t), y, 1)

Be(z5(t), y,1)

(k = 1)b*(zi;(t), y, )b, (¥) b5 (y)dy

3 $o(y)d;i(y)dy

Oy

$1(y)d;i(y)dy

)

ohe) [ D )6, )

/

/

(4.23)
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Zzwuun/ ol 1), v, Do (0) 6, (0)dy |

j=0i=1

—@-! EZ%(t)x,J / c(zi;(8), v, 1)1 (y) 8} (y)dy

7j=01i=1

\ZZ%M%m/d%@uMMA()/

._.0 '_

( Zzww(t) t)_/ 16(d2 IU y’t))d’o(y)@(y)d?] \

7=01i=1

—omt | 3 0ah 0 [ 3200 5

\ Z_(:)z:wu(t 01 %a(&(x%(;), = t))¢lN,, (v)8;(y)dy )

j=0i=1

(5 ZZ“’U (t)zk(2) /1 %dz%fl%dy ) ( /1 /1 fdo(y)z*dzdy )

-&-! ZZ“"J t)xu / 2d2¢ ¢idy | + @71 /01 /01 fo1(y)zkdzdy

j=0i=1

\z_%;“’v 0 / Sd’¢y, ¢dy ) K/o /0 fén, (y)a*dedy

This is a system of 2n x (N, + 1) ordinary differential equations for the n(N, + 1)

nodes and n(N, + 1) weights. Next, we shall pose the initial conditions for solving
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equation (4.23). From (4.13), we have

/01 a;(r,0)z*dz = /: iw,j(O)é(m — 745(0))z*dz = iwij(O):ck (0)

! / a0z, 0)sdz ) ( zn:“""’(ﬂ)”f“(o) \

=1
n

/0 a(z,0)zFdx gwﬂ(O)x (0)

\ /01 ay,(z,0)z*ds | \ i“’fm(o)-’”fm(o) /
By (4.3) and (4.13), we obtain

Ny n

u(z,y,t) = ZZw,] )6(z — :5(t)) 5 (y)-

j=01i=1

Therefore,

1 rl
[ [ ey, 000 eu(y)dzdy

1M n

_/ / ZOZ“’*J(O - 2;4(0))¢;(y)z* b1 (y)dzdy
NV n 1
_;)Z/ wu .’rij(O))mkd:L'/O ¢l(y)¢j(y)dy

= 5% (S0 [ aiot

7=0 \i=1

_ i (z"; w,-j(O)x;;(o)> 8(L,5).

j=0 \i=1

(4.24)

(4.25)

(4.26)

(4.27)
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/01 /01 u(z,y,0)z*¢i(y)dzdy
[ S0 )

Z": wi(0)z};(0)
=(¢(z,o) 6(,1) - ¢(,,Ny)) 2

\ gwm, (0)zfy, (0) )

( /01 /01 U(z’y’o)xk%(y)dzdy \
/01 /ol u(z,y,0)z*¢, (y)dzdy

K/: /01 U(fayao)xk@v,(y)dzdy)

( $(0,0) #(0,1) --- ¢(0,N,) \( ;wfo(O)xfo(O) )
¢(1,0)  (1,1) - (1, Ny) ;wu(O)zﬁ(O)

|0 601 M) ) | S, 01t 0)

TCECR
i (01240

\ 'Z:;wmu (0)335\', (0) )

(4.28)



Therefore,

[ S wal0)h©
ilwu(())xfl(o)

\ 'z:;w.w, (O)fov (0) )

= -1

50

( /01 ,/: u(x’yao)xkd’o(y)da:dy \
/ol /ol u(z,y,0)z* ¢, (y)dzdy

\ /01 /01 u(z,y, O)xk¢N, (y)dzdy }

(4.29)



CHAPTER 5

Convergence Results

5.1 Convergence of Semi-Discrete Finite Element

Approximation in y

Let V,, € H}(0,1) be a finite dimensional subspace as defined in Section 4.1. Given
f € L?(0,1) and uo, € Vi, a suitable approximation of the initial datum ug €
L*([0,1]), for each t € [0,T], we attempt to find u(t) € V; such that

(%,Uh) +a(up,vp) = (f,vn) Yon € Vi, t€(0,T),

4 (5.1)

Up (0) = uO,h-

Lemma 5.1.1 For fized x andt, let m, be the linear interpolant of u, that is, m, € Vj,

mh(y;) = u(y;), 0 < j < N,. Then

[le" = mullo < Rlwllo (5.2)

51
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Proof. For any y € (y;,yj+1),

uw'(y) — mh(y)

llu = 4G

IA

IN

IA

ul(y) _ u(yj+l)h_ u(y])

1 rvin 1 rvi+t

- u'(y)dz — — u'(2)dz
h Y; (y) h ‘/!.Ij ( )

% [ W) - wenes

s / u"(w)dwdz

/ (u' y) = h(y))dy
Ny—1

> [7" ) - m)dy

=y
1 M

h2 z /y,+1 {/yy]“/ u"(w)dwdz} dy

N,,l

i 5 L s { [ auief

N,—l

z /y”l {/yIH/ |u" (w)] 2dwdz} h2dy
N,,—l

Z /w“ {/yJ+l /yJH |u"(w)|2dwdz} dy

Nv

hzz/

3=0 Yj

Yi+1
" (w)|2dw

1
h2[) |u" (w)|?dw

B2

Lemma 5.1.2 Let 7, be the linear interpolant of u, that is, mp € Vi, mu(y;) =

u(y;),Vj. Then

llu = 7allo < h?[|u"llo. (5.3)
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Proof. For y € (yj,y;+1), since u(y;) = mx(y;), we have

u(y) — m(y) = / "(W(2) = mh(2))dz

j

uly) - )P = (/yf(u'(z)—w;,(z))dz)z

< /: [u'(z) — 7} (2)|2dz /y dz
= w-u) [ () - m()lds

1
lu=mild = [ lu@) - m@)Idy

Ny-1 i+

= X [ ) = m) Py

Z /y’“y ) [ (2) = i ) Py

IN

2Nv1

- 37X [T () = mi(z) Pz
2
_ %_ /0 W/ (2) — 7 (2)[2d2

2 2
! !
= 3‘“” —”hno-

Inequality (5.3) follows at once from (5.2).

Theorem 5.1.1 Ifug € H}(0,1), f € L?(0,1) and u satisfies the following condition,

lu(z, - )|l < C(I|Lu(z, -, O)I5 + llulz, -, 1)|I}), (5.4)
then the energy estimate

2
max [lu(®) - un(®)lf + o [ lu(®) = w1

2 2 2 T2 (5:5)
<l = vapl -+ oy ({Huoal? + flf+ [ 11151t
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holds; where C,., > 0 is a constant independent of h.

Proof. For each t € (0,T] define ex(t) = u(t) — un(t). Taking v = vy in (3.21), we get
the weak form

(ue, vn) + a(u,vn) = (f,vn) (5.6)

Subtracting (5.1) from (5.6), we obtain

(B_(U_a—t—uh)’ vh) + a(u — up,vp) =0,
(aegt(t) , u,,) + alen(t), vn) = 0. (5.7)

For almost any fixed ¢, choose vy = up(t) — wp, wy € V4 in (5.7). For each € > 0 and

for almost any ¢t € [0, T] we find

YU — Wh + Wy — uh(t)) + a(en(t),u — wp + wp — up(t))

U — wh) + a(en(t),u — wy) + (ae(;t(t),wh — uh) + a(en(t), wn — up).

By (5.7)

<Be§t(t)

, Wy — uh) + a(en(t),wn — up) = 0.
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Therefore, we have

lg(e,,(t) en(t)) + a(en(t), en(t))

- (ae"(t) - wh) + a(en(t), u — wh)

ot
Oen(t
< ;t( : llu — wallg + cllen(®)l1llu(t) — wally
0
Oe c?
< B e wlo+ Tl = wallt+ llen(ol?

Let w, = m,(u(t)) be the linear interpolant of u, for ¢ € [0,7]. By Lemma 5.1.1 and

Lemma 5.1.2, we have
llu(t) = 7 (u(t))llo < vR?[lu(t)ll2 (5.8)

and

lu(t) — ma(u(@)I? < VA2 |lu(t)]l3. (5.9)
We thus obtain

10

3 2 (ent),en(t)) + alen(t), en(t) < |2

2
C
| YNl + R @) + elleat)IIT-

0 4e
(5.10)

Using (3.28), we have a(en(t),en(t)) > allen(t)]|?.  If we choose € = £, then

3 (enlt), ea(t) + allen(O)
< 5 o (enlt), enlt)) + alen(t), en(t) (5.11)
< ﬁ% Wl + S ue) + Sllen O
So
= L llen)IR + SlealdIf < | 52 OthIIUI|2+—72h2IIU()ll%- (5.12)
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Integrating over (0,t) for ¢ € (0,T], we obtain

o [t
5 | llen@lar + 5 [ fea(r) s

Oeh(r) 2 S a2 [T 2
LNEL ) 2l ldr + 5v?h? [ u(r) dr

7h2/0t(
_ w/f(

IN

0
den () ||”
or

36;, (T)
or

IN

2 7
R uu(r)nz) dr +2h* — [ |lu(r)ll3dr

2 2
yc
. + (1 + ‘EZ) ||u(7’)||§) dr

1 T (| 8en(r)|?
< = 2 b 2
< 5Canh? [ ( o |, IR ar
So
1 2 1 2 2 T || Oen(T) ? 2
st -z < il
5 len(®llc — 5llen(O)llz + / llen(T)[13dr Ca'rh (/0 5 0+|Iu(r)||2 dr
Since
llen(0)I3 = lluo — unyll
and
den(®)|* _ [|0ult) dun(t)| 0 2+ Aun () ||
at ||, || ot at |, =1 ot |, at |’
it follows that
2 t 2 2 2 [T | Ou ’ Oup, ? 2
eI +ac [ len(r)IRdr < lluo = wnoll + Cagh? [ | 5] + | | + 1l ) e

As in (3.31), we have

h

au,.

dr < Co{lluosll + [ 1713ds}

0
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Therefore,

len(e) I+ a [ llen(r)ll2dr

T | Ou(t
< luo — unpllg + Ca,7h2/0 ( Qult)

ot

2 t
+WMM+Anm%wmm@dt
0
Using (3.29), (3.31) and (3.32), we obtain
t t
len(@I + o [ lea(IZdr < lluo = unolls + Canh? {luoll + lluonl? + [ 1£1dt]}.

So

T
max [lu(t) — u(t)[} + e /0 llu(t) — ua(t)|]

T
<l = ol + Cag [uoal + Il + [ 71535)

5.2 Convergence of the Gauss-Galerkin Approxi-

mations in x

In Section 4.2, we replaced a;(z,t)dr by an n-point dirac-delta function, i.e.,
n
du;‘(x, t) = Ewij(t)é(:r — z;;(t))dz (5.13)
=1
Now we define moments of the discrete measures by
1
m; . (t) =/0 g} (z,t), tel[0,T) (5.14)
Substituting (5.13) into (5.14), we obtain

mya(t) = ;wz’j(t)xfj(t) (5.15)



58

Define

d[["(x, t) = (dﬂg(z’ t)’d/“'ll(x’ t)) v ',dﬂ'ﬁ/y(x,t))T

and

in(t) = (Mg u(t), My a(2), -+, miy, o (1))7

For given u(z,y,0), as in (4.29), we can calculate 1! (0) as follows:

 ml, 2(0)

We assume that
Ia(x) Y, t)l S a T + ag

|b2(x, y,t)| < box? + byx + by

le(z,y,t)| < co
dc(z,y,t)
Oy

|6(a”(x, Y, t))
Oy

<c

‘Sdl

|d%(z,y,t)| < do.

20 \ (5 win(0) \ 1 g1

0, ( ) ’% .0(0) io(o) ( /0 /0 uoxlqﬁod:z:dy \
i Tt 1 lu ' didr

i;wcl(o) :1(0) -l /0 /0 0T $1dzdy

\iz:;wim(o)l‘:N,,(O) ) \_/0 ‘/(; uOIlQSNvdmdy)

(5.16)

(5.17)

(5.18)

(5.19)

Lemma 5.2.1 Let | be any positive integer. The set {n”aﬁl(t) in> (1 + 1)} is uni-

formly bounded and equicontinuous in t € [0,T] for each l.
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Proof. We have by (4.23)

d
dt My n(t) .
N E é(p, s) Z_: Zj (wu / la(z;(t), v, t)¢s(y)¢j(y)dy)
Ny Ny n ]
+Y 6, s) )Y (wu t)zi;?( / Sl = )b (xi;(t), v, t)¢s(y)¢j(y)dy)
s=0 j=01i=1
35 s)%i‘,(w ) | 220205, )0, 4100
5=0 P 3j=0i=1 4 i 0 ay AYIEY v
Ny n (5.20)
~555008) 353 (w00 [ o0 0606500
et

Ny Ny n
_Z ¢(p1 gZ:: (le t](t 0 éa(dz(xl]afy) 2 ¥ t))¢;(y)¢j(y)dy)

s=0
Ny B Ny n

I DISY (w,, t)ay;(t) / Sd%(zi5(t), v, t)¢§(y)¢}(y)dy)
3=0 7=0i=1

305 ) [ [ 16,0 dsdy.

§=0

Since |¢;(y)| < 1, |¢}(y)| < 1 and

[} [ 1s0utatidnay < [ [ \sidaay o

([} 'flzdxdy} s dxdy} = 17 ®)ll,
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we have

d
Zi_t'm;,n(t)
Ny Ny n

<nY Yy (w.J / @iz (t) + a0)6, (1), (W)l dy )

3=03j=01i=1
Ny Ny n

oL LY (vt L= DIy (€) + iz (6) + b)) (v) )

$=035=01i=1
Ny Ny n

(vt

+pleZ(wu ; cl'(bs y)¢ (y)ldy)
(vt
(

—0] 0i=1

333 (w0 ) [ ke ley)

8=0j=01i=1
Ny Ny n

0 Y3 (wilah) / 2 116,)¢;(v)ldy )

8=03=01i=1
Ny, Ny n

+P1222(¢Uu t)z;;(t /2do|¢ )Idy)

_0] 0i=1

k
+m§ /0 /0 |fos(y)z™|dzdy
Ny Ny n

<pm ZOZZ (w,] i () (arzi;(t) + ao))
$=035=0i=1
Ny Ny n

43 33 (w52 0510 = Darh(0) + bz () + )
Ny Ny n

+p1 ;);)21 (wis (&)l () )
Ny Ny n

MY (wis (B)7;(H)co)
Ny Ny n 1

EON WA CHCEAOFLY
Ny Ny n

0 3 (wis(0)shy(0) 5o

8=0j=0i=1

Ny
+p1 ZO 1£(®)llo
(5.22)
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where p; = o Jnax, |6(p, 5)|. So we have
=iy

d
am::,n(t)

Ny n
<M+ Dim )Y (wii ()25 (8) (@145 (2) + a0))

_0 '_

5N+ 1~ 1 pIZZ(w,J (£) (5o, (£) + bri5 (2) + o)

_0 '.._

+<N,,+1>p1c1>iz(wu<t>xij<t>)

j=0i=1

Ny n
+H(Ny + e Y Y (wis()h(8))

3=0 1=1
Ny n

3 (N + Doy 303 (wis(0)(0)

j=0i=1
Ny n

3Ny + D 33 (w3 (012 (0) (5.23)

j=01:i=1

+(Ny + Dol f(B)llo
Ny
< (N, + D)lpy Y (aamh (1) + agmi (1))
=0
Ny
+%(Ny + 1)L = D)oy Y (b (1) + bymb 1 (1) + bom!2(2))

j=0

1 1 1, .Y
—d; + §d1 + EdO) Z m;,n(t)

+(Ny +1)p1(c1 +co + 5

j=0
+WNy+ Dalf Ol
Ny
=mZOm,,. +n22m +n‘2m 0+ mllf Ol
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where

m=(Ny+1)p (lax + %l(l —Dby4c¢ +co+ %dQ + %dl + %do)

e = (Ny + 1)Ip (ao + %(l - l)bl)

s = -;-(N,, + 1)1l = 1)pybg (5.24)
o= um,-m), i=1,2,3

m = (Ny +1)p1.

We define K; by

() ()
_q‘
UE
Ki= i=1,23 =] " (5.25)
7T
N J (N, +1) x (N, +1) \" S (N, +1) x 1
Then we have the following differential inequality
d — — - — - —
777n(t) < Ky (£) + Kot (t) + Koy (0) + | f@)llola.~ (5.26)
Define
(1) = Kih(t) + Ko™ (8) + Ko (0) + | f(O)lof
dt =K, 2 3 0704
(5.27)
m5(0) = mj,(0), 0<j <N,
where
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Defining M (t) = ! (¢) — !(t) and subtracting (5.27) from (5.26) we obtain

d - - - -
EML(t) < KMy (t) + KoM, (t) + KsM, 2 (1)
(5.28)
ML(0)=0, 0<j<N,.
There exists K'(t) < 0 such that
2 i (t) = Ki M (t) + Ko ME () + K M2 () + RY(2)
dtr — DKy 2¥n 3Mn
(5.29)
M{(0)=0, 0<j<N,.
The solution of (5.29) is
t
Mit) = eK“J\-/f,'l 0)+ [ X IK,M V() + K. M£_2(T) + R (r)}Vdr
® O+ {K, ; b o

t - — —
- / 1 [N (1) + Ko M2 (r) + R (r)} dr
0

M) = /Ot eKit-7) {RI(T)dT} <0
20 = | "N (K B (r) + R2(r)dr} < 0

By induction, M2"~1(t) <0. Therefore,

mi(t) <ml(t), 1=0,1,2,---,2n—1 (5.31)

n



Define

M'(t)

We have
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+1)(Ny+1) x 1

(Kl K, K3 0

0 Ki K; K;
0 0 K K
0 0 0 O
0 0 0 O

The solution of (5.34) is

Thus,

.. K,

0
0

Ja+ 1), +1) x 1

K, K;
K, K,
0 K, )

- - t —
MY(2) = e N (0) + /0 A=) £ (7)o B'dr.

17 )0 < [1M*(2)loo

-t t >]
< MIF Ol + [ DNl Bl

(5.32)

(5.33)

(5.34)

(5.35)

(5.36)
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By (5.25) and (5.32), we have

18I0 = llfitlloo = ma- (5.37)
By (5.32) and (5.27) we have
]
17 (0)oo = mmax 17(0)lloo = gmas 174 (0)eo (5.38)

By (5.18) we obtain

1 rl
It ©)leo < 127 max | [ [ u(a,y, 0)2'8.(v)dody]
<l [ [ futa,y, 0ldsdy

<ol { [ [ e w0 { [ [ o)’

= (1%l lluollo-

(5.39)

Substituting (5.37), (5.38) and (5.39) into (5.36), we have

”ﬁil(t)“oo < ellAIITllq)—l“”uO”O + 7 {/Ot 2||A|l(t—‘r)d7-} {/ ||f(’l' ||ng}
= MIT |3 llwollo + 74 {2“14“ (e2IIAIIt } {/ I (r ||§dr}

< T fuolo + 1 { i (447 =1 } {[1roiker} = ca.n),
(5.40)

where

01t 84) = T8l + 1 { stz (@47 =)} { [ lBar} e

So, for each given I, {i,(t) : n > (I + 1)} is uniformly bounded.

Now, we consider the equicontinuity of {rfi},(t) : n > 1(I + 1)} in [0,T]. By the
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mean-value theorem,

[t —t1], t1,t2€[0,T), €€ (t1,t2). (5.42)

d
) = (0] = [ €

Following the same process leading to (5.26), we also obtain

d
'(E n(t) -
< Kk ()l + 1 K205 () lloo + 1Kl 2() lloo + I1.f (£)lloma (5.43)
< (1K + | K2l + | KBl)C (A, Ny) + Jnax ILf (£)]loma
<C(LN,), n>Li+1).
Therefore,
Im} (t2) = m} (11| < C(L,N)|ta —t1], t1,t, €[0,T). (5.44)

This proves the equicontinuity of {mi}(¢) : n > 1(l+1)} in [0,T]. D
Lemma 5.2.2 Given N,, there exists a sequence k,,k, — 00, and a sequence of
functions {rﬁf, (t)} such that for every fized integer |, we have

lim 7y (t) = mi(t), Vte[0,T). (5.45)

kn—00

Proof. For each | and j, using the Ascoli-Arzela theorem [17] and Lemma 5.2.1,
we get a subsequence of {mg’n(t) n>1i(l+1),te [O,T]} that converges uniformly
to a limit which we denote by mg’,(t). Taking intersections of these subsequences

successively with respect to j and applying a diagonal selection principle with respect
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to [, we obtain a sequence k,, such that
Jim my, (t) = mi(t), Vte[0,T] D
Given a sequence {m,}..,, define the following differences

A'm, = m,,
(5.46)
Nmy, = AFImy — Ay, k=1,2,---.

We have the following result concerning with the classical moment problem [10].

Theorem 5.2.1 A necessary and sufficient condition for the ezistence of a solution
of the Hausdorff moment problem, i.e., the existence of a unique nonnegative measure
i satisfying

m:AZWu:mLzm,

1s that

NFmy >0, k1=0,1,2,---.

Lemma 5.2.3  Given Ny, for each 0 < j < N, and for anyt € [0,T], the elements
of the sequence {m;"*(t)}to are the moments of a nonnegative measure, i.e., there
erists a nonnegative measure dP; ,(z,t), such that for eachl > 0 and each0 < j < N,

we have

1
/0 'dP;.(z,t) = m (1), Vte[0,T). (5.47)
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Proof. For given j and n, {m"i’n(t),l > O} are moments of the measure du(t). By

Theorem 5.2.1, the related differences satisfy
0< A'mi(t), Vi=0,1,2,---, and 1< 2n—1.
By Lemma 5.2.2, for any [/, we have

lim m (t) =mi(t), Vtel0,T).

*
kn—00

Hence

0< A'mi(t), Vi,l=0,1,2,---.

Thus, for each j, there exists a nonnegative measure dP;,(z,t) such that
1

mb () = / 2'dP;(z,t). O
0

Let dP,(z,t) = (dPy.(z,t),dP,.(z,t),--,dPn.(z,t))T. We have the following

corollary.

Corollary 5.2.1 Given N, for any f € C[0,1], we have

lim [ f(5)di* (z,t) = /01 f(z)dP.(z,t), Vte[0,T). (5.48)

kn—00 Jo

Proof. For every fixed integer [ > 0, by Lemma 5.2.2 and Lemma 5.2.3 we have

1 1 -
lim [ 2ldi(e,t) = lim 7l (8) = il (t) = / #dP,(z,t), Vte[0,T)

kn—00 Jo n—00 0
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By the well-known Weierstrass approximation theorem, {x'}to is dense in C|[0,T).

So for any continuous function f,

lim /01 f(2)di*(z,t) = /01 f(z)dP.(z,t), Vte[0,T] O

kn—00

Using (5.15) and definition of L}, we could write (4.22) as follows,
) = / 'L (Ydin ) (5.49)
at Ty TR '
Lemma 5.2.4 Guwen Ny, for each |, we have

k(o) - (0) = | t | 'L (YdP.(z, s)ds = / t / 'L aYp.(z, s)dzds.  (5.50)

Proof. Integrating (5.49) over (0, t), we get
=1 =1 ety gk
i, (8) = i, 0) = [ [ Li@)di* (s)ds
Similar to the proof of inequality (5.26), we have
' 1y gk 1 <1-1 ~1-2 "
[ Liahdit (o) < Kuri, (0 + Kot () + Koi2(0) + 1£2) o

By the Lebesgue dominated convergence theorem, Lemma 5.2.2 and Corollary 5.2.1,

we obtain as k,, — oo,

mi(t) — ml(0) = /Ot /01 L (z")dP,(x, s)ds = /Ot /01 L} (z")p.(z,s)dz O

Theorem 5.2.2 Under all the previous assumptions, given Ny, for any function f €
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C|0,1}, we have
lim [ f(z)dif (z,t) = /0 ' f(2)d;(z, )dz (5.51)

Proof. From Lemma 5.2.4, for any [, we have

(z!, p.(z, t)) — ', p.(z, 0)) / / Li(z )p.(z, s)dzds

Since {z'} is dense in C[0,1], we see that {p.(z,t)} are the weak solution of (4.7).
Since (4.7) has a unique solution, we conclude that the limit of {*»} is independent
of the choice of subsequences. It follows that the whole sequence is convergent. This

completes the proof of (5.51) . O

Theorem 5.2.3 Under all the previous assumptions, for any continuous functions

g(z) and h(y) in [0,1], we have

lim limz / / h(y)g(z); (y)du (t)dy = / / u(z, y, )h(y)g(z)dzdy. (5.52)

Ny—o00 'l—>°0

Proof.

Z / / h(y)g(z)¢;(y)du] (t)dy — / / u(z,y, t)h(y)g(z)dzdy
Z / f h(y)g(z)o;(y)du] (t)dy — Z / / )g(z)d;( )aj(z,t)d:l:dy}
E/ / (v)g(z)d(y)a;(z,t)dzdy — / / u(z,y,t)h(y)g(z )da:dy}

(5.53)
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For fixed N, using Theorem 5.2.2, we get

i(y)a(z, t)d:cdy}

lim {Z/fh(y z)¢;(y)dp} (t)dy — Z//h(y

____00

N, )
= Jlim > [ hw)s,0) { [ 9@ (1) - (. 1)) dy = 0.
Now, we estimate the second term in (5.53). Since
h(y z)d;(y)a;(z, t)drdy — / / u(z,y, t)h(y)g(z)dzdy
@) [ n {2 839z, 1) ~ ula,, )}dydx

< /0 9(z) /0 dydz

y)aj(z,t) — u(z,y,t)

N 2 Y:
S/O g(z) {/: |h(y)|2dy} {/01 quj y)aj(z,t) — u(z,y,t) dy} dx
1 3l 1| Ny 2 :
= {[ mwray} [ 9@ { f; [ &westat) — ) dy} dz
31 PN 2
<{ [ wwra} { [ @) [ f jg()asj(y)aj(x,t)—u(x,y,t)' dyda.
(5.54)
In Theorem 5.1.1, by choosing ug» = ug, we get
T
ma lu(t) — un(t)} < Cagh® (ol + [ 11£15a8) (5:55)

0<t<T

We then obtain

2

2 ! 2 T 2
dyde < Cah? [ (ot + [ I1f3dt)da
(5.56)

Z ¢j(y)aj (‘T’ t) - U(IE, Y, t)
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Therefore,

Nllgloo{z.// v)9(z)d;(y)e(z, t)dzdy — // u(z,y,t) ()g(z)dxdy}

This proves (5.52). O



CHAPTER 6

Numerical Results

In this chapter, we shall consider the following partial differential equations

1
u = —(au); + §(b2u)u + Uyy. (6.1)

(6.1) models a family of singular processes with singularities at z = 0 and z = 1. We
shall use the Gauss-Galerkin finite element method to find the solutions. We use the
finite element method in the y-direction with piece-wise linear finite element space
and the Gauss-Galerkin method in the x-direction to solve the proposed problems.
Our numerical results will show that the Gauss-Galerkin finite element method is a

efficient method dealing with a variety of such singular problems.

6.1 Piecewise Linear Finite Element Space

We choose grid points {yj};vz”o by dividing [0,1] into NV, equal subintervals with h =

1
—,y; =jh,7=0,1,---, N,, such that
N,

0=y0<y1<yg<...<yj<...<yNy=1.

73
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Let Vi, C H!(0,1) be a finite dimensional subspace and ¢;(y) be base functions of V},

sketched as follows:

$o(y)
| ‘\
‘ Yy
0=y W Y2 Y3 Yn,-2 Yn,-1yn, =1
$1(y)
| V\
¢ Y
0=y W Y2 Y3 Yn,-2 YNy-1yn, =1
¢2(y)

1
0=y %1 Y2 U3 Yny,-2 Yn,-1yn, =1
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¢i(y)

0=y W e Y- Y Pivr o-- YNg—1yn, =1

¢N,,—1 (y)

0= Yo W1 cee Yjia Yj ceo YNy-2 YUN,-1YN, =1

on, (v)

Oﬁyo )1 e Yi1 Y5 cor YNy-2 YNy-1yn, =1



1

/
1

Y3

YN,-2 YN,-1 YN,

Y3

YN,—2 YN,—1 YN,

1

Y3

YN,-2 YNy—1 YN,



/

(y)

7

J

1 —

0 1
Yo U Yji-1 Yj Yi+1r -+ YNy,-1 YN,

-1 —

’N,,—l(y)

1 O

0 1
Yo W Yj-1 Y; cer YNy-2 YN,-1 YN,

_1 oO—0
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~, (¥)
1 oo
0 1
Yo Y s Yim Y YN,-2 YN,—1 YN,
-1

_y-h
do(y) = { "
0,
(Y
)
$i(y) = —52
\0’
(0,
y=m
h
¢2(y) = <
_uus
h
\0’

when 0 <y <y,

when y; <y <1

when 0 <y <y
when y; <y <y,
when y, <y <1
when 0 <y <y,
when y; <y <y
when y, <y <y;

when y3 <y <1



¢i-1(y) = §

¢i(y) = o

Yy

#+1(y) = ¢

We have

79

when 0 <y < y;_2
when y;_» <y < y;
when y;_, <y < y;
when y; <y <1
when 0 <y <y,
when y;_; <y <y,
when y; <y < yjn
when y;,1 <y <1
when 0 <y < y;
when y; <y < yjn
when y;11 <y < yj2

when g;,, <y <1

when 0 <y < yn,—2

when yn,_2 <y < yn,1

when yy, ;1 <y <1
when 0 <y < yn,_1

when yy,_; <y <1

when 0 < y < ¥

when y; <y <1

when 0 < y <y
when y; <y < s

when ¥, <y <1
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(0, when 0 < y <

%, when y; <y <y,

2(y) = §
) when ¥y <y < y3

| 0, when y3 <y <1

(0, when 0 <y < y;_2
¥, wheny;_» <y <y
—%» Wwheny; | <y<y;
L 0, when y; <y <1
0, when 0 <y <y,
& wheny;_ <y <y;
—+, when y; <y <yjn
, when y;11 <y <1
, when 0 < y < y;
o wheny; <y <y

¢;+1(y) = 9
—5» Wwhen y; 41 <y <yji2

L0, when y;,0 <y <1

0, when 0 <y < yn,—2
¢’Ny—1(y) = %’ when yNu_2 <y< va—l
—% Whenyy, 1 <y<1

4 ) 0, whenO<y<yn,-
N \Y

I
—N—

%, when yy,_1 <y <1
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6.2 A Test Problem

In this section, we shall consider the following partial differential equation:

uy = (2(1 — T)u) gz + Uy
with the boundary conditions

li_r)%mu =lim(l-z)u=0 on (0,7)x (0,1)

-1
uy(z,0,t) = uy(z,1,t) =0 on (0,T) x (0,1)

and initial condition

u(z,y,0) =1 —cos(my) on K.

(6.3)

(6.4)

(6.5)

As we shall see below, the boundary terms corresponding to (4.16) do not drop out.

We shall show how to handle such terms by interpreting them as fluxes across the

boundaries at £ = 0 and £ = 1 and the moments of such fluxes. By redefining a

new “total” U including that due to the fluxes and new “total” moments M*, a new

system for such U and M results. Such a new system can readily be analyzed by the

method in Chapter 5 and convergence results easily follow.

The right hand side of (6.2) is the divergence of the vector field ((z(1 — z)u)z, uy).

Let P(z,y,t) express the flux across x in the positive direction and Q(z,y,t) express

the flux across y in the positive direction at time t respectively. We have

P(.’L‘, Y, t) = —(.'17(1 - :L‘)u)_.,:

Q(z,y,t) = —uy.
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P(0,y,t),P(1,y,t),Q(z,0,t) and Q(z,1,t) express the flux across z =0,z =1,y =0
and y = 1 in the positive direction at time t respectively.

By (6.6), we have
P(z,y,t) = —(z(1 = 2)u); = = (1 — 2)u + zu — z(1 — z)u,. (6.8)
So,
P(0,y,t) = —u(0,y,t) and P(1,y,t) = u(l,y,t). (6.9)

Integrating (6.2) over (2, integrating by parts and using (6.4) and (6.9) we have

t/ / u(z,y, t)dzdy ‘/ / (2(1 = T)u)zz + uyy)dzdy
= [0 - Dliogdy + [ wlheds

= /0 : ~P(z,y,1)s=ody (6.10)
= /01 —{P(1,y,t) — P(0,y,t)}dy
= —/01 u(O,y,t)dy—/Ol u(1,y,t)dy.

Integrating (6.10) over 7 € (0,t), we have

fol fol u(z,y, t)dzdy — fol fol u(z,y,0)dzdy
= — fs Jo u(0,y, 7)dydr — f§ f; u(1,y, T)dydr.

(6.11)

So,

//u(ﬂc Yt divdy+// ‘0 97 dydT“L// (Ly, r)dydr (6.12)

-/ / u(z,y,0)dzdy.
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Multiplying by = and integrating (6.2) over 2, integrating by parts and using (6.4)
and (6.9), we have

d rtrt 11
Zi—t-/o /o u(z,y,t)zdzdy = /01/0 ((z(1 —:l:)u)mx+u_.,y?:)dxdy
:/ (-T(l _x)u)z$|;=0dy+A uylll,:ozdl'
[

1
—/ P(1,y,1) / u(l,y,t)dy.
0

Integrating (6.13) over 7 € (0,t), we have

/01 /01 u(z,y, t)zdzdy — /01 /01 u(z,y,0)zdzdy = — /Ot/ol u(l,y,7)dydr  (6.14)

(6.13)

So,

1 1 t (1 1,1
/0/(;u(a:,y,t)xdxdy+/0 /0 u(l,y,T)dydT:/ / u(z,y,0)zdzdy (6.15)
o Jo

where / / (0,y, 7)dydr and / / 1,y,7)dydT represent the moments of the
fluxes across the boundaries z = 0 and z = 1.

Multiplying by z*,k = 2,3,---,2n — 1, integrating (6.2) over ), integrating by parts
and using (6.4) and (6.9), we have

d
a/ / u(z,y, t)ztdzdy = / / z(1 — 2)u)z.x +uyyxk)dxdy
(o1~ 2)u)ealioody — [ 2(1 - 2yuka* L ody

1

z(1 — z)uk(k — 1)z*2dzdy +/0 Uy |y —oTdT

""\_o\

0

1 1,1

=/ —P(z,y, t)xk|;=ody+/0 /0 z(1 — z)uk(k — 1)z*~2dzdy
0

1

1 1
= [ -PQ1,y,t)dy+ z(1 — z)uk(k — 1)z* 2dzdy
%)/1 (1,y,t)d +:/;1§1 z(1 - z)uk(k — 1)z*"2dzd

o ull,y,t)ay b Jo Y.

(6.16)
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Integrating (6.16) over 7 € (0,t), we have

/01 /01 u(z,y, t)z*dzdy — /01 /01 u(z, y, 0)z*dzdy

t [l t (1ol
- _ _ 1) k-2
= [) /0 u(1,y, T)dyd7'+/(; /0 /0 z(1 - z)u(z,y,7)k(k — 1z d:l:dyd'r(.6 n

So,

//u(x y,t) kdxdy+/ / u(l,y,7)dydr

—/ / u(z, y,O):z"da:dy—}—/ / / (1 — z)u(z,y, 7)k(k — 1)zF 2dzdydr
(6.18)

On the other hand, we can rewrite (6.10), 6.13) and (6.16) as

%/01 /01 {u(:r,y, t) + /O‘u(x,y,T)é(a:)dT + /(;tu(x, y,7)o(x — l)dT} dzdy =0
(6.19)

d tn t ¢
%/0 /o {u(x,y, t) +/0 u(z,y,7)6(z)dr +/0 u(z,y,7)(x — l)dT} zdzdy =0
(6.20)
and, for k =2,3,---,2n -1,

%/01 /01 {u(:r,y,t) + /Otu(g,-, y, 7)8(z)dT + /Ot w(z, 9. 7)8(z — l)dT} s*dzdy

= /01 /01 z(1 - z) {u(x,y,t)-i-/ot u(z,y,7)dé(z)dr

+f “ulz,y, 7)oz — 1)dr } K(k ~ 1)a*-2dzdy.
(6.21)

Integrating (6.19), (6.20) and (6.21) over 7 € (0,t), we have

/01 /01 {u(:c,y, t)+ /O‘u(x,y, 7)6(x)dT + /o‘u(z,y, 7)6(z — l)dr} dzdy

- /o1 /o1 {u(l‘,y,O) + /00 u(z,y,7)0(z)dT + /00 u(z,y, 7)0(z — 1)d7'} dzdy (6.22)
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'[)1 0l {u(a:, y,t) + /ot u(z,y,7)é(z)dr + /0‘ u(z,y, 7)6(x — l)dr} rdzdy

1 1 0 5 0
—-/0 A {u(x,y,O)-f—/o u(z,y,7) (z)d7’+/0 u(z,y,7)0(x — l)dr} zdzdy
(6.23)
and, for k =2,3,---,2n -1,

/1/01 {u(z, y,t) +/O‘u($, v, T)5(a:)dr+/0“u(x’y,7_)6(x_ l)dT}Ikdrdy

= l 11 {tu(z,y,()) + /00 u(z, y, T)5£x)dr + /00 u(z,y, 7)6(x — l)dr} crdzdy
+/0 /0 /o z(1-2) {u(x,y,r) +/0 u(z,y,7)é(z)dr’

+ /OT u(z,y,7)8(z - l)dr’} k(k — 1)z*~2drdzdy.
(6.24)

We now let
t t
U@, ,8) = u(@,,8) + [ ulz,y,)8@)dr + [ u(z,y,n)ol@-ar  (6.25)
We can the rewrite (6.19), (6.20) and (6.21) as
d !
= /0 /0 Uz, y,t)dzdy = 0 (6.26)

d rln
7! /0 /; U(z,y, t)zdrdy = 0 (6.27)

and, for k =2,3,---,2n — 1,
d lU t)z*dzd r 1 U t)k(k — 1)z*2dzd (6.28)
= [ [v@yotdady= [ [ (- 20,y 0k(k — 1)a*2dady (6.
We can also rewrite (6.22), (6.23) and (6.24) as
1 1 p 1,1 dad (6.29)
/0 /; U(z,y,t)dz y—/o /0 U(z,y,0)dzdy :

/ 1 A Uz, y, adady = / : / Uz, v, 0)zdzdy (6.30)
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and, for k = 2,3,---,2n — 1,

/1/ Ule,y,1) kd‘”dy‘/ / (2,9, 0)a" dzdy (6.31)
+/ / / (1 - z)U(z,y,7)k(k — 1)z*2drdzdy. .

Let us now calculate a few quantities:

(1) The exact solution of (6.2) with boundary conditions (6.3),(6.4) and initial

condition (6.5) is

u(zr,y,t) =e 2 — cos(wy)e"(”2+2)‘ on (0,T)xQ (6.32)
(2)
ol 0)ztdzdy = — k=0,1,2 2n —1 (6.33)
/()/()u(x,y,)xxy—k+l, =0,1,2,---,2n— 1. .
(3)
1 1
| wpt)dy = [ w1,y dy = e, (6.34)
0 0
(4)
tlo dd—tll dd—ll -2 6.35)
| [uevnaar= [ [Cu@,yndyar=s1-e. 6
(5)

1 1 1
t)ztdzdy = %, k=0,1,2,---,2n - 1. 6.36
| [ ulzy tiatdedy = ==, k=0,1,2,-,2n (6.36)
We denote by M*(t) the ith total moment
. 1 r1 .
M (t) =/ / U(z,y,t)z'dzdy. (6.37)
o Jo

Then we have
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(6)

1 1 1
k _ k — —
/O/OU(x y,0)z"dzdy = // (z,y,0)z"dzdy = T k=0,1,---,2n— 1.
(6.38)

(7)

MO(t) = /0 / ' Ule, v, t)dzdy

=/01 /01{ (z,y,t +/ u(z,y, T )5(:c)dr+/o‘u(x,y,r)6(a:— l)dr} dzdy

1701 t 1
= / u(z,y,t dxdy+/ / u O,y,T)dydT+/ / u(l,y, 7)dydr
o Jo 0 Jo 0 Jo

1 1
=e %+ 5(1 —e %) + (1= e %) =1.
(6.39)

+ 5(1 - e_2t) = 5
(6.40)

(9) Fork=2,---,2n -1,

<

k(t) —/ / (z,y,1) kdzdy

//{ ulE ot +/ u(z,y,7)0( dT+/t x,y,r)é(m-l)dr}zkdmy
/ / u(z y,t)xkdxdy+// (1,y, 7)sydr
“k+1

1
e 2+ 2(1 —e ),

(6.41)

For the steady state solution, we have
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(10)
/ " 4(0,y,00)dy = [ w1 dy =0 6.42
[ u(0,9,000dy = [ u(t,y,c0)dy = (6.42)
(11)
oo pl oo rl 1
/0 /Ou(O,y,T)dydT=/0 /Ou(l,y,r)dyd7'=§ (6.43)
(12)
1 1
//u(z,y,oo)a:kdxdy=0, k=0,1,2,---,2n—1 (6.44)
o Jo
This implies that
u(z,y,00) =0, (z,y) € (6.45)

In this test problem, x = 0 and z = 1 are exit boundaries. For the steady state, u
will “pile” at £ = 0 and z = 1 with a Dirac-delta function singularity formed at £ = 0
and z = 1.

(13)
1

M%00) =1 and M*(c0) = 5 k=12-2n—1 (6.46)
We apply the Gauss-Galerkin Finite Element method using finite element approx-
imations in the y-direction and Gauss-Galerkin approximations in the x-direction.
We divide y € [0,1] into four equal subintervals. Then we have five grid lines
y;j = jh,7 = 0,1,2,3,4,h = 0.25. For simplicity we use the Neumann boundary
conditions to eliminate the unknowns along the grid lines y = 0 and y = 1 (though
this is not necessary as the Neumann conditions are “natural”.) In the x-direction we
use both three nodes labeled by *,+ and x and five nodes labeled by ©, o, x, + and
*, respectively, for each grid line y = y;. We only show the numerical results along
grid line y = 0.5. The results along grid lines y = 0.25 and y = 0.75 are similar. We
use *,+ and x (or O, o, X, + and *) to indicate the nodes moving to the boundary

z = 0, interior point(s) and the boundary z = 1.
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We difine by m;  (t) the ith “moment” along the jth grid line y = y;,

mi () = /0 L2yl (2, 1) (6.47)

and by M:(t) the ith “total moment”

Ny 11
M) =3 [ [ 2'6;00du (. )y (6.48)

Figure 6.1 shows the movement of the three nodes as t increases. Table 6.1 shows the
changes of the nodes *,+ and x as t increases. Table 6.2 shows the changes of the
weights at the three nodes %, + and x as t increases. Table 6.3 shows the changes of
the ith “moment” m! (y,t) at y = 0.5 as t increases. Table 6.4 shows the changes of
the “total moment ” M:(t) as t increases.

Figure 6.2 shows the movement of the five nodes ¢, o, x, + and * as t increases.
Table 6.5 shows the changes of the five nodes O, o, x, + and * as t increases. Table
6.6 shows the changes of the weights at the five nodes <, o, x, + and * as t increases.
Table 6.7 shows the changes of the ith “moment” m:(y,t) at y = 0.5 as t increases.
Table 6.8 shows the changes of the “total moment ” M} (t) as t increases. Table 6.9
shows the changes of the exact total moment M*(t) as t increases. Table 6.10 shows
the changes of the errors between the total moment M*(¢) and their approximation
M, (t) as t increases. Table 6.11 shows the changes of the relative errors between the
total moment M*(t) and their approximation M, (t) as t increases. We observe the

following results:

(1) Table 6.8 shows that M2(t) = 1 and M}(t) = 0.5 for ¢t > 0. This shows that the

approximation of the Oth and 1st total moments equal the exact total moments.
(2) At t = 1.5, the solution reaches the steady state based on the tolerance chosen.

(3) The solution becomes uniform in y as t increases.
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(4) The solution approaches zero in the interior and “piles” up at the boundary

z =0and z =1 as t increases.
(5) The weights for the interior nodes tend to zero as t increases.

(6) The weights at the other two nodes tend to 0.5 as t increases. They are the

amounts of the fluxes leaking out from z = 0 and z = 1.

(7) Tables 6.10 and 6.11 show that the errors and relative errors between the exact
total moments and their approximations are very small. So the approximation

is very accurate.

(8) Table 6.4 and 6.8 shows that there is no significant difference for the approxi-
mations of the total moments between using three nodes and using five nodes

in the x direction.
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Table 6.1. Gauss-Galerkin Finite Element Method: Changes of the three nodes *, +
and x at y = 0.5 as t increases

time T o T3

0.00 0.1127016654 | 0.5 | 0.8872983346
0.05 || 0.08265386728 | 0.5 | 0.9173461327
0.10 || 0.06390525119 | 0.5 | 0.9360947488
0.15 || 0.05111110621 | 0.5 | 0.9488888938
0.20 || 0.04185349059 | 0.5 | 0.9581465094
0.25 || 0.03487139567 | 0.5 | 0.9651286043
0.30 || 0.02944063013 | 0.5 | 0.9705593699
0.35 || 0.02511492851 | 0.5 | 0.9748850715
0.40 | 0.02160400788 | 0.5 | 0.9783959921
0.45 0.0187107586 | 0.5 | 0.9812892414
0.50 || 0.01629656768 | 0.5 | 0.9837034323
0.55 || 0.01426107726 | 0.5 | 0.9857389227
0.60 || 0.01252981511 | 0.5 | 0.9874701849
0.65 || 0.01104633973 | 0.5 | 0.9889536603
0.70 [ 0.009767086224 | 0.5 | 0.9902329138
0.75 || 0.008657887541 | 0.5 | 0.9913421125
0.80 || 0.007691567891 | 0.5 | 0.9923084321
0.85 || 0.006846241354 | 0.5 | 0.9931537586
0.90 |{ 0.006104085625 | 0.5 | 0.9938959144
0.95 |[ 0.005450442828 | 0.5 | 0.9945495572
1.00 | 0.004873149834 | 0.5 | 0.9951268502
1.05 || 0.004362032427 | 0.5 | 0.9956379676
1.10 || 0.003908518293 | 0.5 | 0.9960914817
1.15 [} 0.003505337425 | 0.5 | 0.9964946626
1.20 || 0.003146287663 | 0.5 | 0.9968537123
1.25 || 0.002826049383 | 0.5 | 0.9971739506
1.30 || 0.002540037654 | 0.5 | 0.9974599623
1.35 || 0.002284283277 | 0.5 | 0.9977157167
1.40 || 0.002055336282 | 0.5 | 0.9979446637
1.45 || 0.001850187067 | 0.5 | 0.9981498129
1.50 || 0.001666201483 | 0.5 | 0.9983337985
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Table 6.2. Gauss-Galerkin Finite Element Method: Changes of the
three nodes *, + and x at y = 0.5 as t increases

time

wh

Wa

w3

0.00

0.2777777778

0.4444444444

0.2777777778

0.05

0.2851871392

0.4296257215

0.2851871392

0.10

0.2992481303

0.4015037395

0.2992481303

0.15

0.3148991793

0.3702016414

0.3148991793

0.20

0.3304744604

0.3390510791

0.3304744604

0.25

0.3453345547

0.3093308906

0.3453345547

0.30

0.3592303075

0.281539385

0.3592303075

0.35

0.3720822962

0.2558354075

0.3720822962

0.40

0.3838908217

0.2322183565

0.3838908217

0.45

0.3946948176

0.2106103648

0.3946948176

0.50

0.4045515536

0.1908968929

0.4045515536

0.55

0.4135260497

0.1729479006

0.4135260497

0.60

0.4216853657

0.1566292687

0.4216853657

0.65

0.4290954774

0.1418090453

0.4290954774

0.70

0.4358195877

0.1283608245

0.4358195877

0.75

0.4419172578

0.1161654845

0.4419172578

0.80

0.4474440172

0.1051119655

0.4474440172

0.85

0.4524512591

0.09509748189

0.4524512591

0.90

0.4569863005

0.08602739892

0.4569863005

0.95

0.4610925419

0.07781491628

0.4610925419

1.00

0.4648096777

0.07038064451

0.4648096777

1.05

0.4681739356

0.06365212877

0.4681739356

1.10

0.4712183232

0.05756335362

0.4712183232

1.15

0.4739728751

0.05205424985

0.4739728751

1.20

0.4764648919

0.04707021628

0.4764648919

1.25

0.4787191679

0.0425616641

0.4787191679

1.30

0.480758206

0.0384835879

0.480758206

1.35

0.4826024173

0.03479516532

0.4826024173

1.40

0.4842703071

0.0314593858

0.4842703071

1.45

0.485778646

0.02844270799

0.485778646

1.50

0.4871426277

0.0257147447

0.4871426277

weights at the
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6.3 Dependence of Solution upon Parameters in

the Singularities

In this section, we shall consider the following partial differential equations:
uy = (2°(1 — 2)%u) 2z + Uy, (6.49)

The right hand side of (6.49) is the divergence of the vector field ((z”(1 — z)%u),, uy).
Again, let P(z,y,t) express the flux across x in the positive direction and Q(z,y,t)

express the flux across y in the positive direction at time t respectively, we have
P(z,y,t) = —(z"(1 — 2)%u), (6.50)

Q(z,y,t) = —uy (6.51)

P(0,y,t),P(1,y,t),Q(z,0,t) and Q(zx,1,t) express the fluxes across z =0,z =1,y =
0 and y = 1 in the positive direction at time t respectively.
Model I We consider the following initial-boundary problem with different parame-
ters p and ¢:

uy = (2°(1 = 2)%) gz + uyy in (0,T) x Q (6.52)

with the boundary conditions
u(0,y,t) = u(l,y,t)=0 on (0,7) x (0,1), (6.53)

uy(z,0,t) = uy(z,1,t) =0 on (0,T) x (0,1), (6.54)



94

Table 6.3. Gauss-Galerkin Finite Element Method: Changes of the “moment”
m;,(y,t) with three nodes *,+ and x at y = 0.5 as t increases

time || mg | my mey ms3 my ms
0.00 1 10.5]0.333333 0.25 0.2 0.166667
0.05 1 10.5]0.349347 | 0.27402 | 0.228824 | 0.198693
0.10 1 |10.5]0.363821 | 0.295732 | 0.254878 | 0.227642
0.15 1 10.5]0.376905 | 0.315358 | 0.278429 | 0.25381
0.20 1 |0.50.388732 | 0.333098 | 0.299718 | 0.277464
0.25 1 10.5]0.399423 | 0.349134 | 0.318961 | 0.298845
0.30 1 |10.5]0.409086 | 0.363629 | 0.336355 | 0.318172
0.35 1 |0.5|0.417821 | 0.376731 | 0.352078 | 0.335642
0.40 1 |10.5]0.425717 | 0.388575 | 0.36629 | 0.351433
0.45 1 |0.5]0.432854 | 0.399281 | 0.379137 | 0.365707
0.50 1 [0.5]0.439305 | 0.408958 | 0.390749 | 0.37861
0.55 1 |10.5]0.445137 | 0.417705 | 0.401246 | 0.390273
0.60 1 0.5 0.450408 | 0.425612 | 0.410734 | 0.400816
0.65 1 |0.5]0.455173 | 0.432759 | 0.419311 | 0.410345
0.70 1 [0.5] 0.45948 | 0.439219 | 0.427063 | 0.418959
0.75 1 10.5(0.463373 | 0.445059 | 0.434071 | 0.426745
0.80 1 10.5]0.466892 | 0.450338 | 0.440405 | 0.433784
0.85 1 10.5]0.470073 | 0.455109 | 0.446131 | 0.440146
0.90 1 10.5]0.472948 | 0.459422 | 0.451307 | 0.445896
0.95 1 ]0.510.475547 | 0.463321 | 0.455985 | 0.451095
1.00 1 |10.5]0.477897 | 0.466845 | 0.460214 | 0.455793
1.05 1 10.5| 0.48002 | 0.470031 | 0.464037 | 0.460041
1.10 1 105 048194 | 0.47291 | 0.467492 | 0.46388
1.15 1 |0.5]0.483675 | 0.475513 | 0.470615 | 0.46735
1.20 1 |0.5]0.485244 | 0.477866 | 0.473439 | 0.470487
1.25 1 |10.5]0.486661 | 0.479992 | 0.475991 | 0.473323
1.30 1 {0.5]0.487943 | 0.481915 | 0.478297 | 0.475886
1.35 1 |0.5]0.489101 | 0.483652 | 0.480383 | 0.478203
1.40 1 |10.5]0.490149 | 0.485223 | 0.482267 | 0.480297
1.45 1 |10.5]0.491095 | 0.486643 | 0.483971 | 0.48219
1.50 1 |10.5|0.491951 | 0.487926 | 0.485511 | 0.483901
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Table 6.4. Gauss-Galerkin Finite Element Method: Changes of the “total moment”
M; (t) with three nodes *, + and x at as t increases

time Mo M1 M2 M3 M4 M5
0.00 | 1 |0.5]0.333333 0.25 0.2 0.166667
0.05 || 1 |]0.5(0.349347 | 0.27402 | 0.228824 | 0.198693
0.10 | 1 | 0.5 0.363821 | 0.295732 | 0.254878 | 0.227642
0.15 1 [0.5]0.376905 | 0.315358 | 0.278429 | 0.25381
0.20 || 1 |0.5]0.388732 | 0.333098 | 0.299718 | 0.277464
0.25 1 [0.5]0.399423 | 0.349134 | 0.318961 | 0.298845
030 || 1 | 0.5 0.409086 | 0.363629 | 0.336355 | 0.318172
0.35 1 |0.5]0.417821 | 0.376731 | 0.352078 | 0.335642
0.40 || 1 | 0.5|0.425717 | 0.388575 | 0.36629 | 0.351433
045 1 | 0.5 0.432854 | 0.399281 | 0.379137 | 0.365707
0.50 | 1 | 0.5 0.439305 | 0.408958 | 0.390749 | 0.37861
0.55 || 1 |0.5]0.445137 | 0.417705 | 0.401246 | 0.390273
0.60 || 1 | 0.5|0.450408 | 0.425612 | 0.410734 | 0.400816
0.65 || 1 |0.5|0.455173 | 0.432759 | 0.419311 | 0.410345
0.70 | 1 | 0.5 0.45948 | 0.439219 | 0.427063 | 0.418959
0.75 | 1 |0.5]0.463373 | 0.445059 | 0.434071 | 0.426745
0.80 || 1 | 0.5]|0.466892 | 0.450338 | 0.440405 | 0.433784
085 |f 1 |0.5]0.470073 | 0.455109 | 0.446131 | 0.440146
090 || 1 |0.5|0.472948 | 0.459422 | 0.451307 | 0.445896
095 | 1 |0.5]0.475547 | 0.463321 | 0.455985 | 0.451095
1.00 || 1 | 0.5 | 0.477897 | 0.466845 | 0.460214 | 0.455793
1.05 || 1 | 0.5 | 0.48002 | 0.470031 | 0.464037 | 0.460041
110 || 1 | 0.5 | 0.48194 | 0.47291 | 0.467492 | 0.46388
1.15 1 [0.5]0.483675 | 0.475513 | 0.470615 | 0.46735
1.20 || 1 | 0.5 | 0.485244 | 0.477866 | 0.473439 | 0.470487
1.25 || 1 | 0.5 | 0.486661 | 0.479992 | 0.475991 | 0.473323
1.30 | 1 | 0.5 0.487943 | 0.481915 | 0.478297 | 0.475886
135 || 1 | 0.5 |0.489101 | 0.483652 | 0.480383 | 0.478203
140 || 1 | 0.5 [ 0.490149 | 0.485223 | 0.482267 | 0.480297
1.45 || 1 | 0.5 0.491095 | 0.486643 | 0.483971 | 0.48219
1.50 | 1 | 0.5 | 0.491951 | 0.487926 | 0.485511 | 0.483901
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Table 6.5. Gauss-Galerkin Finite Element Method: Changes of the five nodes <, o,
X, + and * at y = 0.5 as t increases

time T T T3 T4 Ts

0.00 || 0.046910077 | 0.2307653449 0.5 0.7692346551 | 0.953089923
0.05 || 0.023013041 | 0.2191331593 0.5 0.7808668407 | 0.976986958
0.10 |[ 0.014685321 | 0.2160106921 0.5 0.7839893079 | 0.985314678
0.15 |[ 0.010483349 | 0.2145721597 0.5 0.7854278403 | 0.989516650
0.20 |[ 0.992038063 | 0.7862514012 0.5 0.2137485988 | 0.0079619366
0.25 || 0.006288393 | 0.2132174718 0.5 0.7867825282 | 0.993711606
0.30 || 0.005101903 | 0.2128481441 0.5 0.7871518559 | 0.994898096
0.35 || 0.004220822 | 0.2125776662 0.5 0.7874223338 | 0.995779177
0.40 || 0.996456245 | 0.7876280313 0.5 0.2123719687 | 0.003543754
0.45 || 0.003009645 | 0.2122110044 0.5 0.7877889957 | 0.996990355
0.50 || 0.997420468 | 0.7879177936 0.5 0.2120822064 | 0.002579531
0.55 || 0.997772625 | 0.7880227035 0.5 0.2119772965 | 0.002227374
0.60 || 0.998064888 | 0.7881094017 0.5 0.2118905983 | 0.001935111
0.65 || 0.001689814 | 0.2118180894 0.5 0.7881819106 | 0.998310185
0.70 || 0.998518012 | 0.788243161 0.5 0.211756839 | 0.001481988
0.75 || 0.998695503 | 0.7882953389 0.5 0.2117046612 | 0.001304496
0.80 || 0.001151877 | 0.211659892 0.5 0.788340108 | 0.998848122
0.85 || 0.998980124 | 0.7883787575 0.5 0.2116212425 | 0.001019875
0.90 || 0.000905124 | 0.2115876985 0.5 0.7884123015 | 0.999094875
0.95 || 0.000804931 | 0.2115584512 0.5 0.7884415489 | 0.999195068
1.00 || 0.000717112 | 0.2115328475 0.5 0.7884671526 | 0.999282887
1.05 || 0.999360118 | 0.7884896454 0.5 0.2115103546 | 0.000639881
1.10 || 0.999428241 | 0.7885094665 0.5 0.2114905335 | 0.000571758
1.15 || 0.000511513 | 0.2114730193 0.5 0.7885269808 | 0.9994884863
1.20 |[ 0.999541887 | 0.7885424939 0.5 0.2114575061 | 0.000458112
1.25 || 0.999589318 | 0.7885562638 0.5 0.2114437362 | 0.000410681
1.30 || 0.999631524 | 0.7885685095 0.5 0.2114314905 | 0.000368475
1.35 || 0.999669141 | 0.788579418 0.5 0.211420582 | 0.000330858
1.40 || 0.000297284 | 0.2114108501 0.5 0.7885891499 | 0.999702715
1.45 || 0.000267278 | 0.2114021563 0.5 0.7885978436 | 0.999732721
1.50 || 0.000240431 | 0.2113943805 | 0.4999999998 | 0.7886056192 | 0.999759568
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<, 0, X, + and * at y = 0.5 as t increases

time wy Wy w3 N ws

0.00 || 0.118463442 | 0.239314335 | 0.284444444 | 0.239314335 | 0.11846344
0.05 || 0.139977042 | 0.225973313 | 0.268099287 | 0.225973313 | 0.13997704
0.10 || 0.170874697 | 0.206626649 | 0.244997305 | 0.206626649 | 0.17087469
0.15 || 0.200965839 | 0.187750113 | 0.222568094 | 0.187750113 | 0.20096583
0.20 || 0.228907253 | 0.170212913 | 0.201759666 | 0.170212913 | 0.228907253
0.25 || 0.254494478 | 0.154150051 | 0.182710939 | 0.154150051 | 0.254494478
0.30 || 0.277794365 | 0.139521743 | 0.165367781 | 0.139521743 | 0.277794365
0.35 || 0.298953252 | 0.126236970 | 0.149619555 | 0.126236970 | 0.298953252
0.40 || 0.318138876 | 0.114190794 | 0.135340657 | 0.114190794 | 0.318138876
0.45 |[ 0.335519514 | 0.103277744 | 0.122405482 | 0.103277744 | 0.335519514
0.50 || 0.351255856 | 0.093397020 | 0.110694245 | 0.0933970208 | 0.351255856
0.55 || 0.365497910 | 0.084454487 | 0.100095204 | 0.084454487 | 0.365497910
0.60 || 0.378384055 | 0.076363286 | 0.090505316 | 0.076363286 | 0.378384055
0.65 || 0.390041077 | 0.069043827 | 0.081830190 | 0.069043827 | 0.390041077
0.70 || 0.400584668 | 0.062423478 | 0.073983707 | 0.062423478 | 0.400584668
0.75 || 0.410120113 | 0.056436136 | 0.066887501 | 0.056436136 | 0.410120113
0.80 |[ 0.418743061 | 0.051021748 | 0.060470380 | 0.051021748 | 0.418743061
0.85 || 0.426540302 | 0.046125821 | 0.054667753 | 0.046125821 | 0.426540302
0.90 || 0.433590516 | 0.041698952 | 0.049421061 | 0.041698952 | 0.433590516
0.95 || 0.439964991 | 0.037696382 | 0.044677252 | 0.037696382 | 0.439964991
1.00 || 0.445728284 | 0.034077575 | 0.040388279 | 0.034077575 | 0.445728284
1.05 || 0.450938838 | 0.030805835 | 0.036510650 | 0.030805835 | 0.450938838
1.10 | 0.455649546 | 0.027847952 | 0.033005002 | 0.027847952 | 0.455649546
1.15 || 0.459908267 | 0.025173873 | 0.029835718 | 0.025173873 | 0.459908267
1.20 || 0.463758298 | 0.022756413 | 0.026970575 | 0.022756413 | 0.463758298
1.25 || 0.4672388082 | 0.020570978 | 0.024380426 | 0.020570978 | 0.467238808
1.30 0.47038522 | 0.018595325 | 0.022038909 | 0.018595325 | 0.47038522
1.35 || 0.473229572 | 0.016809337 | 0.019922181 | 0.016809337 | 0.473229572
1.40 || 0.475800836 | 0.015194822 | 0.01800868 | 0.015194822 | 0.475800836
1.45 || 0.478125214 | 0.013735330 | 0.016278911 | 0.013735330 | 0.478125214
1.50 || 0.480226393 | 0.012415985 | 0.014715243 | 0.012415985 | 0.480226393
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Tgble 6.7. Gauss-Galerkin Finite Element Method: Changes of the “moment”
m},(y, t) with five nodes O, o, x, + and * at y = 0.5 as t increases

time mgo | My mo ms my mg meg meq mg Mg
0.00 | 1 [05]0.333] 0.25 | 0.2 |0.1667 | 0.1429 | 0.125 | 0.111 0.1
005 | 1 [0.5]0.349|0.274 | 0.228 | 0.1987 | 0.1772 | 0.161 | 0.148 | 0.138
010 | 1 |0.50.363 | 0.295 | 0.254 | 0.2276 | 0.2082 | 0.193 | 0.182 | 0.173
0.15 || 1 [0.5]0.376 | 0.315 | 0.278 | 0.2538 | 0.2362 | 0.223 | 0.212 | 0.204
020 | 1 [0.5]0.3880.333 |0.299 | 0.2775 | 0.2616 | 0.249 | 0.240 | 0.233
025 || 1 [0.5]0.399|0.349 | 0.319 | 0.2988 | 0.2845 | 0.273 | 0.265 | 0.258
030 | 1 [0.5]0.409 | 0.363 | 0.336 | 0.3182 | 0.3052 | 0.295 | 0.287 | 0.281
035 1 [0.5(0.417|0.376 | 0.352 | 0.3356 | 0.3239 | 0.315 | 0.308 | 0.302
0.40 || 1 |0.5]0.425|0.388 | 0.366 | 0.3514 | 0.3408 | 0.332 | 0.326 | 0.321
045 ] 1 10.5]0.432]0.399 | 0.379 | 0.3657 | 0.3561 | 0.348 | 0.343 | 0.338
0.50 | 1 [0.5]0.439|0.409 | 0.390 | 0.3786 | 0.3699 | 0.363 | 0.358 | 0.354
055 | 1 [0.5]|0.445|0.417 | 0.401 | 0.3903 | 0.3824 | 0.376 | 0.372 | 0.368
0.60 || 1 [0.5(0.450 | 0.425 | 0.410 | 0.4008 | 0.3937 | 0.388 | 0.384 | 0.381
065 | 1 [0.5]0.455|0.432 | 0.419 | 0.4103 | 0.4039 | 0.399 | 0.395 | 0.392
070 | 1 [0.5]0.459 | 0.439 | 0.427 | 0.419 | 0.4132 | 0.408 | 0.405 | 0.4028
0.75 || 1 [0.50.463 | 0.445 | 0.434 | 0.4267 | 0.4215 | 0.417 | 0.414 | 0.412
0.80 | 1 [0.5]0.466 | 0.450 | 0.440 | 0.4338 | 0.4291 | 0.425 | 0.422 | 0.420
0.85 || 1 [{0.5(0.470 | 0.455 | 0.446 | 0.4401 | 0.4359 | 0.432 | 0.430 | 0.428
090 || 1 [0.5]0.472|0.459 | 0.451 | 0.4459 | 0.442 | 0.439 | 0.436 | 0.435
095 || 1 [0.5]0.475|0.463 | 0.456 | 0.4511 | 0.4476 | 0.445 | 0.442 | 0.441
1.00 | 1 |[0.5]|0.477 | 0.466 | 0.460 | 0.4558 | 0.4526 | 0.450 | 0.448 | 0.447
105 1 |05 048 | 0.47 | 0.464 | 0.46 | 0.4572 | 0.455 | 0.453 | 0.452
1.10 || 1 | 0.5]0.481 | 0.472 | 0.467 | 0.4639 | 0.4613 | 0.459 | 0.457 | 0.456
1.15 | 1 |0.50.483 | 0.475 | 0.470 | 0.4674 | 0.465 | 0.463 | 0.461 | 0.460
1.20 | 1 | 0.50.485 | 0.477 | 0.473 | 0.4705 | 0.4684 | 0.466 | 0.465 | 0.464
125 | 1 [ 0.5]|0.486 | 0.48 | 0.476 | 0.4733 | 0.4714 | 0.47 | 0.468 | 0.468
1.30 || 1 | 0.5]0.487 | 0.481 | 0.478 | 0.4759 | 0.4742 | 0.472 | 0.471 | 0.471
1.35 1 |10.5(0.489 | 0.483 | 0.480 | 0.4782 | 0.4766 | 0.475 | 0.474 | 0.473
140 | 1 | 0.5 0.490 | 0.485 | 0.482 | 0.4803 | 0.4789 | 0.477 | 0.477 | 0.476
1.45 || 1 |0.5]0.491 [ 0.486 | 0.484 | 0.4822 | 0.4809 | 0.48 | 0.479 | 0.478
1.50 || 1 |0.5]0.492 | 0.487 | 0.485 | 0.4839 | 0.4828 | 0.481 | 0.481 | 0.480
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Table 6.8. Gauss-Galerkin Finite Element Method: Changes of the “total moment”
M (t) with five nodes <, 0, x, + and * as t increases

time Mo Ml M2 M3 M4 M5 Ms M7 Mg Mg
000 1 [05(0333( 0.25 | 0.2 |0.1667 | 0.1429 | 0.125 | 0.1111 0.1
0.05 1 10.5]0.349 ] 0.274 | 0.228 | 0.1987 | 0.1772 | 0.161 | 0.1485 | 0.1384
010 | 1 [0.5]0.363 | 0.295 | 0.254 | 0.2276 | 0.2082 | 0.1936 | 0.1822 | 0.1732
015 | 1 |0.5]0.376 { 0.315 | 0.278 | 0.2538 | 0.2362 | 0.223 | 0.2128 | 0.2046
020 || 1 [0.5|0.388 [0.333 | 0.299 | 0.2775 | 0.2616 | 0.2496 | 0.2404 | 0.233
0.25 | 1 |{0.5]0.399 | 0.349 | 0.319 | 0.2988 | 0.2845 | 0.2737 | 0.2653 | 0.2586
030 | 1 |0.5]0.409 | 0.363 | 0.336 | 0.3182 | 0.3052 | 0.2954 | 0.2879 | 0.2818
035 1 [0.5 (0417 |0.376 | 0.352 | 0.3356 | 0.3239 | 0.3151 | 0.3082 | 0.3028
040 || 1 [0.5(0.425 | 0.388 | 0.366 | 0.3514 | 0.3408 | 0.3329 | 0.3267 | 0.3217
045 || 1 [0.5]0.432|0.399 | 0.379 | 0.3657 | 0.3561 | 0.3489 | 0.3433 | 0.3388
050 1 |0.5(0.439 |0.409 [ 0.390 | 0.3786 | 0.3699 | 0.3634 | 0.3584 | 0.3543
055 1 [0.50.445 | 0.417 { 0.401 | 0.3903 | 0.3824 | 0.3766 | 0.372 | 0.3683
060 | 1 [0.5|0.450 | 0.425 | 0.410 | 0.4008 | 0.3937 | 0.3884 | 0.3843 | 0.381
065 | 1 [{0.5|0.455|0.432 | 0.419 | 0.4103 | 0.4039 | 0.3991 | 0.3954 | 0.3924
070 || 1 [ 0.5|0.459 | 0.439 | 0.427 | 0.419 | 0.4132 | 0.4088 | 0.4055 | 0.4028
0.75 1 |0.5(0.463 | 0.445 | 0.434 | 0.4267 | 0.4215 | 0.4176 | 0.4145 | 0.4121
080 ] 1 |0.5(0.466 | 0.450 | 0.440 | 0.4338 | 0.4291 | 0.4255 | 0.4227 | 0.4205
085 1 |{0.5]0.470 | 0.455 | 0.446 | 0.4401 | 0.4359 | 0.4327 | 0.4302 | 0.4282
090 1 [0.5(0.472|0.459 | 0.451 | 0.4459 | 0.442 | 0.4391 | 0.4369 | 0.4351
0.95 1 |0.50.475 | 0.463 | 0.456 | 0.4511 | 0.4476 | 0.445 | 0.4429 | 0.4413
1.00 | 1 |0.5]|0.477 | 0.466 | 0.460 | 0.4558 | 0.4526 | 0.4503 | 0.4484 | 0.447
1.05| 1 |05| 048 | 0.47 | 0.464 | 0.46 | 0.4572 | 0.455 | 0.4534 | 0.452
1.10 | 1 | 0.5 0.481 | 0.472 | 0.467 | 0.4639 | 0.4613 | 0.4594 | 0.4579 | 0.4567
1.15 1 {0.5(0.483|0.475|0.470 | 0.4674 | 0.465 | 0.4633 | 0.4619 | 0.4608
1.20 | 1 | 0.5 | 0.485 | 0.477 | 0.473 | 0.4705 | 0.4684 | 0.4668 | 0.4656 | 0.4646
125 1 { 050486 | 048 | 0.476 | 0.4733 | 0.4714 | 0.47 | 0.4689 | 0.468
1.30 [ 1 | 0.5|0.487 | 0.481 | 0.478 | 0.4759 | 0.4742 | 0.4729 | 0.4719 | 0.4711
1.35 1 {0.5]0.489 | 0.483 | 0.480 | 0.4782 | 0.4766 | 0.4755 | 0.4746 | 0.4738
140 | 1 |0.5]0.490 | 0.485 | 0.482 | 0.4803 | 0.4789 | 0.4778 | 0.477 | 0.4764
1.45 1 {0.5|0.491 | 0.486 | 0.484 | 0.4822 | 0.4809 | 0.48 | 0.4792 | 0.4786
1.50 | 1 | 0.5]0.492 | 0.487 | 0.485 | 0.4839 | 0.4828 | 0.4819 | 0.4812 | 0.4807
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Table 6.9. Gauss-Galerkin Finite Element Method: Changes of the exact total mo-
ment M'*(t) as t increases

time Mo Ml Mg M3 M4 M5 M6 M7 Mg Mg
000} 1 [05]0333| 025 | 0.2 |0.166|0.1429 | 0.125 | 0.1111 | 0.1
005 1 |0.5]0.349]0.273 | 0.228 | 0.198 | 0.1768 | 0.1607 | 0.1481 | 0.1381
0.10 || 1 | 0.5]0.363|0.295 | 0.254 | 0.227 | 0.2076 | 0.193 | 0.1816 | 0.1725
0.15 1 {05)0.376]0.314 | 0.277 | 0.253 | 0.2354 | 0.2222 | 0.2119 | 0.2037
020 | 1 |0.5]|0.388|0.332|0.298 | 0.276 | 0.2606 | 0.2486 | 0.2393 | 0.2319
0.25 1 10.5]0.398 | 0.348 | 0.318 | 0.297 | 0.2834 | 0.2726 | 0.2641 | 0.2574
030 || 1 | 0.5(0.408 | 0.362 | 0.335 | 0.317 | 0.304 | 0.2942 | 0.2866 | 0.2805
035 | 1 |0.5(0.417|0.375| 0.351 | 0.334 | 0.3226 | 0.3138 | 0.3069 | 0.3014
0.40 | 1 | 0.5 0.425 0.387 | 0.365 | 0.350 | 0.3395 | 0.3315 | 0.3253 | 0.3203
0.45 1 {05]0.432]0.3980.378 | 0.364 | 0.3548 | 0.3475 | 0.3419 | 0.3374
050 | 1 |0.5|0.438 | 0.408 | 0.389 | 0.377 | 0.3686 | 0.362 | 0.3569 | 0.3528
055 || 1 |0.5]0.444 | 0.416 | 0.400 | 0.389 | 0.3811 | 0.3752 | 0.3706 | 0.3669
0.60 | 1 |0.5]|0.449 | 0.424 | 0.409 | 0.399 | 0.3924 | 0.3871 | 0.3829 | 0.3795
0.65 || 1 |0.5(0.454 | 0.431 | 0.418 | 0.409 | 0.4027 | 0.3978 | 0.394 | 0.391
0.70 1 [{0.5)0.458|0.438 |0.426 | 0.417 | 0.4119 | 0.4075 | 0.4041 | 0.4014
0.75 1 |10.5]0462 | 0.444 | 0.433 | 0.425 | 0.4203 | 0.4163 | 0.4132 | 0.4107
0.80 1 [0.5]0.466 | 0.449 | 0.439 | 0.432 | 0.4279 | 0.4243 | 0.4215 | 0.4192
0.85 | 1 |0.50.469 | 0.454 | 0.445 | 0.439 | 0.4348 | 0.4315 | 0.429 | 0.4269
0.90 1 |10.5]0.472(0.458 | 0.450 | 0.444 | 0.441 | 0.438 | 0.4357 | 0.4339
0.95 1 |0.5]0.475{0.462 | 0.455 | 0.450 | 0.4466 | 0.4439 | 0.4418 | 0.4402
1.00 1 {05]0.477|0.466 | 0.459 | 0.454 | 0.4517 | 0.4492 | 0.4474 | 0.4459
1.05 1 10.5]0.479 | 0.469 | 0.463 | 0.459 | 0.4563 | 0.4541 | 0.4524 | 0.451
1.10 | 1 [ 0.5 (0.481 | 0.472 | 0.466 | 0.463 | 0.4604 | 0.4584 | 0.4569 | 0.4557
115 || 1 [ 0.5]0.483 | 0.474 | 0.469 | 0.466 | 0.4642 | 0.4624 | 0.461 | 0.4599
120 [ 1 [ 0.5|0.484 | 0.477 | 0.472 | 0.469 | 0.4676 | 0.466 | 0.4647 | 0.4637
125 || 1 [0.5]0.486 | 0.479 | 0.475 | 0.472 | 0.4707 | 0.4692 | 0.4681 | 0.4672
1.30 1 [05]0.487|0.481|0.477 | 0.475 | 0.4735 | 0.4721 | 0.4711 | 0.4703
135 | 1 [0.5]0.488|0.483|0.479 | 0477 | 0.476 | 0.4748 | 0.4739 | 0.4731
1.40 1 [0.5(0.489|0.484 | 0.481 | 0.479 | 0.4783 | 0.4772 | 0.4764 | 0.4757
1.45 1 [0.5]|0.490 | 0.486 | 0.483 | 0.481 | 0.4803 | 0.4794 | 0.4786 | 0.478
1.50 1 [ 0.5]|0.491 | 0.487 | 0.485 | 0.483 | 0.4822 | 0.4813 | 0.4806 | 0.4801
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Table 6.10. Gauss-Galerkin Finite Element Method: Changes of the errors between
the exact total moment M*(t) and their approximation M, (t) as t increases

time EM() EM1 EM2 EM3 EM4 EM5
0.00 || 2.2e-16 | 5.6e-17 | -5.6e-17 | 2.8e-17 | 5.6e-17 | 2.8e-17
0.05 || 1.1e-16 | 1.1e-16 | -0.00015 | -0.00023 | -0.00027 | -0.00031
0.10 || 4.4e-16 | 5e-16 | -0.00028 | -0.00041 | -0.0005 | -0.00055
0.15 || 4.4e-16 | 1.7e-16 | -0.00037 | -0.00056 | -0.00067 | -0.00075
0.20 || 7.8e-16 | 5e-16 | -0.00045 | -0.00068 | -0.00081 | -0.0009
0.25 || 4.4e-16 | 5e-16 | -0.00051 | -0.00077 | -0.00092 | -0.001
0.30 || 7.8e-16 | 6.7e-16 | -0.00055 | -0.00083 | -0.001 | -0.0011
0.35 || 5.6e-16 | 5.6e-16 | -0.00059 | -0.00088 | -0.0011 | -0.0012
0.40 || 8.9e-16 | 5.6e-16 | -0.0006 | -0.00091 | -0.0011 | -0.0012
0.45 |[ 1.1e-15 | 6.1e-16 | -0.00062 | -0.00092 | -0.0011 | -0.0012
0.50 le-15 | 7.2e-16 | -0.00062 | -0.00093 | -0.0011 | -0.0012
0.55 || 1.6e-15 | 8.3e-16 | -0.00062 | -0.00092 | -0.0011 | -0.0012
0.60 || 1.6e-15 | 6.1e-16 | -0.00061 | -0.00091 | -0.0011 | -0.0012
0.65 || 1.4e-15 | 7.2e-16 | -0.00059 | -0.00089 | -0.0011 | -0.0012
0.70 || 1.8e-15 | 1.2e-15 | -0.00058 | -0.00087 | -0.001 | -0.0012
0.75 || 1.3e-15 | 1le-15 | -0.00056 | -0.00084 | -0.001 | -0.0011
0.80 || 1.7e-15 | 8.3e-16 | -0.00054 | -0.00081 | -0.00097 | -0.0011
0.85 || 2.1e-15 | 1.2e-15 | -0.00052 | -0.00078 | -0.00094 | -0.001
0.90 (| 2.1e-15 | 8.9e-16 | -0.0005 | -0.00075 | -0.0009 | -0.001
0.95 || 2.3e-15 | 1.1e-15 | -0.00048 | -0.00071 | -0.00086 | -0.00095
1.00 || 2.6e-15 | 1.4e-15 | -0.00045 | -0.00068 | -0.00081 | -0.00091
1.05 || 2.6e-15 | 1.4e-15 | -0.00043 | -0.00064 | -0.00077 | -0.00086
1.10 || 2.7e-15 | 1.3e-15 | -0.00041 | -0.00061 | -0.00073 | -0.00081
1.15 || 2.7e-15 | 1.2e-15 | -0.00039 | -0.00058 | -0.00069 | -0.00077
1.20 || 3.3e-15 | 1.4e-15 | -0.00036 | -0.00055 | -0.00065 | -0.00073
1.25 || 3e-15 | 1.4e-15 | -0.00034 | -0.00051 | -0.00062 | -0.00068
1.30 |[ 3.2e-15 | 1.4e-15 | -0.00032 | -0.00048 | -0.00058 | -0.00064
1.35 || 3.6e-15 | 1.7e-15 | -0.0003 | -0.00045 | -0.00054 | -0.0006
1.40 [ 3.8e-15 | 1.7e-15 | -0.00028 | -0.00043 | -0.00051 | -0.00057
1.45 || 3.8e-15 | 1.6e-15 | -0.00027 | -0.0004 | -0.00048 | -0.00053
1.50 || 4.1e-15 | 1.9e-15 | -0.00025 | -0.00037 | -0.00045 | -0.0005
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Table 6.11. Gauss-Galerkin Finite Element Method: Changes of the relative errors
between the exact total moment M*(t) and their approximation M,(t) as t increases

time REM, REM, REM, REM; REM,
0.00 || 1.6867e-16 | 1.6867e-16 | 1.6867e-16 | 1.6867e-16 | 1.6867e-16
0.05 || -0.00027869 | -0.00027869 | -0.00027869 | -0.00027869 | -0.00027869
0.10 || -0.00054912 | -0.00054912 | -0.00054912 | -0.00054912 | -0.00054912
0.15 -0.00079 -0.00079 -0.00079 -0.00079 -0.00079
0.20 |f -0.00099243 | -0.00099243 | -0.00099243 | -0.00099243 | -0.00099243
0.25 || -0.0011547 | -0.0011547 | -0.0011547 | -0.0011547 | -0.0011547
0.30 || -0.0012788 | -0.0012788 | -0.0012788 | -0.0012788 | -0.0012788
0.35 || -0.0013688 | -0.0013688 | -0.0013688 | -0.0013688 | -0.0013688
0.40 || -0.0014291 | -0.0014291 | -0.0014291 | -0.0014291 | -0.0014291
0.45 || -0.0014642 | -0.0014642 | -0.0014642 | -0.0014642 | -0.0014642
0.50 || -0.0014783 | -0.0014783 | -0.0014783 | -0.0014783 | -0.0014783
0.55 || -0.0014753 | -0.0014753 | -0.0014753 | -0.0014753 | -0.0014753
0.60 || -0.0014584 | -0.0014584 | -0.0014584 | -0.0014584 | -0.0014584
0.65 || -0.0014305 | -0.0014305 | -0.0014305 | -0.0014305 | -0.0014305
0.70 || -0.0013939 | -0.0013939 | -0.0013939 | -0.0013939 | -0.0013939
0.75 || -0.0013508 | -0.0013508 | -0.0013508 | -0.0013508 | -0.0013508
0.80 || -0.0013028 | -0.0013028 | -0.0013028 | -0.0013028 | -0.0013028
0.85 || -0.0012513 | -0.0012513 | -0.0012513 | -0.0012513 | -0.0012513
0.90 || -0.0011975 | -0.0011975 | -0.0011975 | -0.0011975 | -0.0011975
0.95 || -0.0011424 | -0.0011424 | -0.0011424 | -0.0011424 | -0.0011424
1.00 || -0.0010867 | -0.0010867 | -0.0010867 | -0.0010867 | -0.0010867
1.05 || -0.0010312 | -0.0010312 | -0.0010312 | -0.0010312 | -0.0010312
1.10 | -0.00097627 | -0.00097627 | -0.00097627 | -0.00097627 | -0.00097627
1.15 || -0.00092237 | -0.00092237 | -0.00092237 | -0.00092237 | -0.00092237
1.20 (| -0.00086983 | -0.00086983 | -0.00086983 | -0.00086983 | -0.00086983
1.25 || -0.00081888 | -0.00081888 | -0.00081888 | -0.00081888 | -0.00081888
1.30 || -0.00076971 | -0.00076971 | -0.00076971 | -0.00076971 | -0.00076971
1.35 || -0.00072245 | -0.00072245 | -0.00072245 | -0.00072245 | -0.00072245
1.40 | -0.00067719 | -0.00067719 | -0.00067719 | -0.00067719 | -0.00067719
1.45 | -0.00063398 | -0.00063398 | -0.00063398 | -0.00063398 | -0.00063398
1.50 || -0.00059284 | -0.00059284 | -0.00059284 | -0.00059284 | -0.00059284
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and initial conditions
u(z,y,0) = 7 cos? (Ezg) sin(mz) on K. (6.55)

CaseIp=2,q=2

This implies that both z = 0 and z = 1 are natural boundaries. In this example,
for fixed y, one can show that the density u(z,y,00) = 0, Vz € (0,1), is a steady
state solution and escaping to the boundary z = 0 and z = 1 as t becomes arbitrary
large and u will “pile” near boundary z = 0 and z = 1 with a Dirac-delta function
singularity formed at £ = 0% and £ = 1. Our numerical result will show this.

We apply the Gauss-Galerkin Finite Element method using finite element ap-
proximations in the y-direction and Gauss-Galerkin approximations in the x-direction.
We divided y € [0,1] into four equal subintervals. Then we get five grid lines
y;j = jh,j = 0,1,---,4,h = 0.25. In the x-direction we use three nodes labeled
by *, + and x for each grid line y = y;. We only discuss the results along grid
y = 0.5. The results along y = 0.25 and y = 0.75 are similar. We use *, + and x to
indicate the nodes moving to the boundary z = 0 , interior point and the boundary
z = 1. Figure 6.3 showes the movement of the three nodes as t increases. Table 6.12
shows the changes of nodes *, + and x as t increases. Table 6.13 shows the changes
of the weights at the three nodes *, + and x as t increases. Table 6.14 shows the
changes of the ith “moment” m! (y,t) at y = 0.5 as t increases. Table 6.15 shows the

changes of the “total moment” M} (t) as t increases.

(1) Integrating (6.49) over {2, integrating by parts and using boundary condition
(6.53), (6.54) we have (—!"; I3 Y u(z, y, t)dzdy = [} [ (z2(1—2)%u)zz+uyy)dzdy =
0. This shows that the total probability is conserved. Therefore, the rate of
change of the exact Oth total moment %9- = 0. So, the exact Oth total

moment M°(t) = M°(0) = [} J; u(z,y,0)dzdy = 1.
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(2) Multiplying (6.49) by = and integrating over §, integrating by parts and
using boundary condition (6.53), (6.54) we have & [y [; u(z,y,t)zdzdy =
Jo Jo((z*(1 = 2)?u)zz7 + uyyz)dzdy = 0. This means the rate of change of
the exact 1st total moment %ﬂ = 0. So, the exact 1st total moment

M(t) = M(0) = [y fo u(z,y,0)zdzdy = 0.5.

(3) Table 6.15 shows that M2(t) = 1 = MO(t) for t > 1. This means the total
mass = 1. Table 6.13 shows that is equal to the sum of the two weights at the

boundaries z =0 and z = 1.

(4) Table 6.15 shows that M!(t) = 0.5 = M'(t) for t > 1. This shows that the

approximation of the 1st total moment equals the exact 1st total moment.
(5) At t = 30, the solution reaches the steady state based on the tolerance chosen.

(6) The solutinon becomes uniform in y as t increases based on observations of the

numerical results along the other y-grid lines.

(7) The solution approaches zero in the interior and “piles” up near the boundaries

z =0and z =1 as t increases. The steady state solution is 3(§(z) + 6(z — 1)).
(8) The weight for the middle node tends to zero as t increases.
(9) The weights at the other two nodes tend to 0.5 as t increases.

(10) Table (6.15) shows that the ith “total moments” of the steady state solution are
all about 0.5 for 7 from 1 to 5. Since the weight tends to zero for the interior
node and 0.5 for the other two points which approach to r = 0 and z = 1,
the contribution of u to the ith total moment is the contribution of these two
weights to the ith total moment. The total moment contributed by the weight
at z = 0 is zero and the total moment contributed by the weight at z = 1is 0.5

which is equal to the weight at z = 1.
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We now discuss how the movement of nodes depends on the parameters p and q. We
know that the degree of singularities of (6.52) depend on the parameters p and q. If
p < g(or p > q), the singularity at z = 0 will be less (or greater) than the singularity
at £ = 1. The movement of nodes to boundary z = 0 should be faster (or slower)
than the movement of nodes to boundary z = 1. Following Examples shall show that.
In the following Case II, Case III, and case IV, we use the same method as in Case I
to get the numerical results.

CaseIIp<gq

We take p = 1 and ¢ = 2 as an example. The numerical results are in Figure 6.4 and
Tables 6.16, 6.17, 6.18 and 6.19. We observe that the nodes move to the boundary
z = 0 faster than to the boundary z = 1.

Case III p > ¢

We take p = 2 and ¢ = 1 as an example. The numerical results are in Figure 6.5 and
Tables 6.20, 6.21, 6.22 and 6.3. We observe that the nodes move to the boundary
z = 0 more slowly than to the boundary z = 1.

Case IV Fixing p and changing ¢

Tables 6.24 6.25 6.26 and 6.27 show how the movement of nodes to boundary
z = 1 depends on the parameter q. Nodes with smaller parameter ¢ move to the

boundary z = 1 faster than those with larger gq.



106

Model II. Let'p = 1 and q = 1. This implies that both z = 0 and z = 1 are exit

boundaries. We consider the following initial -boundary problem:
uy = (2(1 — 2)u)zz +uyy, in (0,T) x Q
with the boundary conditions
li_t’t(l)xu(a:,y, t) = ll_rg(l —z)u(z,y,t)=0 on (0,T) x (0,1),

uy(z,0,t) = uy(z,1,t) =0 on (0,T) x (0,1),

and initial conditions
u(z,y,0) = 7 |0.55 — 0.1 cos® (%y)] rsin(rz) on Q.
By (6.50),
P(z,y,t) = —(z(1 — z)u); = —(1 — 2)u + zu — (1 — )u,.
Using the boundary condition (6.57) we have

P(0,y,t) = —u(0,y,t) and P(l,y,t) =u(l,y,t).

(6.56)

(6.57)

(6.58)

(6.59)

(6.60)

(6.61)
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Table 6.12. Gauss-Galerkin Finite Element Method: Changes of the nodes x, + and
x at y = 0.5 with p = 2 and ¢ = 2 as t increases

time T Ty T3

0.00 || 0.1776790146 | 0.5 | 0.8223209854
0.20 | 0.1569951415 | 0.5 | 0.8430048585
0.40 || 0.1387971313 | 0.5 | 0.8612028687
0.60 0.124213992 | 0.5 | 0.875786008
0.80 0.8875133494 | 0.5 | 0.1124866506
1.00 || 0.1028788815 | 0.5 | 0.8971211185
2.00 || 0.07248655953 | 0.5 | 0.9275134405
3.00 || 0.05589220564 | 0.5 | 0.9441077944
4.00 || 0.04523506173 | 0.5 | 0.9547649383
5.00 || 0.03777675115 | 0.5 | 0.9622232489
6.00 || 0.03227123193 | 0.5 | 0.9677287681
7.00 || 0.02805416464 | 0.5 | 0.9719458354
8.00 || 0.02473328072 | 0.5 | 0.9752667193
9.00 || 0.9779398506 | 0.5 | 0.02206014938
10.0 || 0.01986926287 | 0.5 | 0.9801307371
11.0 || 0.01804605226 | 0.5 { 0.9819539477
12.0 || 0.01650877966 | 0.5 [ 0.9834912203
13.0 || 0.01519767562 | 0.5 | 0.9848023244
14.0 || 0.01406812019 | 0.5 | 0.9859318798
15.0 | 0.0130862042 | 0.5 | 0.9869137958
16.0 || 0.01222575257 | 0.5 | 0.9877742474
17.0 || 0.01146627805 | 0.5 | 0.988533722
18.0 (| 0.01079154418 | 0.5 | 0.9892084558
19.0 || 0.01018853736 | 0.5 | 0.9898114626
20.0 || 0.009646719368 | 0.5 | 0.9903532806
21.0 || 0.009157475852 | 0.5 | 0.9908425241
22.0 || 0.008713703905 | 0.5 | 0.9912862961
23.0 || 0.008309499947 | 0.5 | 0.9916905001
24.0 || 0.007939920837 | 0.5 | 0.9920600792
25.0 || 0.00760079916 | 0.5 | 0.9923992008
26.0 || 0.007288599021 | 0.5 | 0.992711401
27.0 || 0.007000302461 | 0.5 | 0.9929996975
28.0 || 0.006733319251 | 0.5 | 0.9932666807
29.0 || 0.006485414691 | 0.5 | 0.9935145853
30.0 || 0.006254651387 | 0.5 | 0.9937453486




Table 6.13. Gauss-Galerkin Finite Element Method: Changes of the weights at nodes
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*, + and x at y = 0.5 with p = 2 and ¢ = 2 as t increases

time

wq

W

w3

0.00

0.2279202041

0.5441595918

0.2279202041

0.20

0.2708900461

0.4582199078

0.2708900461

0.40

0.2993447133

0.4013105734

0.2993447133

0.60

0.3216170199

0.3567659601

0.3216170199

0.80

0.3402289554

0.3195420892

0.3402289554

1.00

0.356218263

0.287563474

0.356218263

2.00

0.4112542944

0.1774914111

0.4112542944

3.00

0.4421675514

0.1156648973

0.4421675514

4.00

0.4606419939

0.07871601222

0.4606419939

5.00

0.4721989331

0.05560213382

0.4721989331

6.00

0.4797123027

0.04057539469

0.4797123027

7.00

0.484765015

0.03046997007

0.484765015

8.00

0.4882673879

0.02346522416

0.4882673879

9.00

0.4907622074

0.01847558527

0.4907622074

10.0

0.4925835524

0.01483289517

0.4925835524

11.0

0.4939430195

0.0121139611

0.4939430195

12.0

0.4949781889

0.01004362224

0.4949781889

13.0

0.4957807059

0.008438588265

0.4957807059

14.0

0.4964129983

0.007174003459

0.4964129983

15.0

0.4969184809

0.006163038117

0.4969184809

16.0

0.49732793

0.005344140008

0.49732793

17.0

0.4976635516

0.004672896755

0.4976635516

18.0

0.4979416325

0.004116735089

0.4979416325

19.0

0.4981742991

0.003651401712

0.4981742991

20.0

0.4983707076

0.003258584867

0.4983707076

21.0

0.4985378601

0.002924279736

0.4985378601

22.0

0.4986811764

0.002637647259

0.4986811764

23.0

0.4988048972

0.002390205651

0.4988048972

24.0

0.4989123752

0.00217524967

0.4989123752

25.0

0.499006286

0.001987428079

0.499006286

26.0

0.4990887838

0.001822432463

0.4990887838

27.0

0.4991616173

0.001676765466

0.4991616173

28.0

0.4992262168

0.001547566318

0.4992262168

29.0

0.4992837609

0.001432478197

0.4992837609

30.0

0.4993352268

0.001329546435

0.4993352268




Table 6.14. Gauss-Galerkin Finite Element Method: Changes of the “moment”
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mi (y,t) at y = 0.5 with p = 2 and q = 2 as t increases

time | mo | M4y mo mga my mg
0.00 1 10.5]0.297358 | 0.196036 | 0.138456 | 0.102747
0.20 1 10.5(0.313742 | 0.220613 | 0.165612 | 0.129676
0.40 1 [0.5] 0.32811 | 0.242164 | 0.189855 | 0.154364
0.60 1 [0.5]0.340834 | 0.261252 | 0.211579 | 0.176861
0.80 1 [0.5]0.352182 | 0.278273 | 0.231117 | 0.197338
1.00 1 10.5]0.362355 | 0.293532 | 0.248751 | 0.215991
2.00 1 10.5]0.400328 | 0.350492 | 0.315467 | 0.287848
3.00 1 10.5]0.424419 | 0.386628 | 0.358529 | 0.335276
4.00 1 |0.5{0.440532 | 0.410798 | 0.387702 | 0.367925
5.00 1 [0.5]0.451771 | 0.427656 | 0.408265 | 0.391235
6.00 1 [0.5]0.459894 | 0.43984 | 0.423259 | 0.408413
7.00 1 0.5 0.465946 | 0.448919 | 0.434518 | 0.421429
8.00 1 10.5]0.470578 | 0.455867 | 0.443191 | 0.431532
9.00 1 10.5]|0.474206 | 0.461309 | 0.450024 | 0.439544
10.0 1 |10.510.477106 | 0.465659 | 0.455513 | 0.446017
11.0 1 [0.5]0.479466 | 0.469199 | 0.459999 | 0.451333
12.0 1 [{0.5]0.481416 | 0.472124 | 0.463721 | 0.455762
13.0 1 10.5| 0.48305 | 0.474575 | 0.466849 | 0.459499
14.0 1 10.5]0.484436 | 0.476654 | 0.469511 | 0.462688
15.0 1 |0.5]0.485624 | 0.478436 | 0.471799 | 0.465437
16.0 1 |10.5]0.486652 | 0.479978 | 0.473784 | 0.467828
17.0 1 |05 0.48755 | 0.481325 | 0.47552 | 0.469925
18.0 1 05| 0.48834 | 0.48251 | 0.47705 | 0.471776
19.0 1 10.5]0.489039 | 0.483559 | 0.478408 | 0.473422
20.0 1 10.5]0.489663 | 0.484494 | 0.47962 | 0.474894
21.0 1 |0.5]0.490222 | 0.485333 | 0.480709 | 0.476217
22.0 1 |0.5]0.490726 | 0.486088 | 0.48169 | 0.477412
23.0 1 10.5]0.491182 | 0.486773 | 0.482581 | 0.478497
24.0 1 [0.5]0.491596 | 0.487395 | 0.483391 | 0.479486
25.0 1 10.5]0.491975 | 0.487963 | 0.484131 | 0.48039
26.0 1 10.5]0.492322 | 0.488483 | 0.48481 | 0.481221
27.0 1 10.5]0.492641 | 0.488962 | 0.485435 | 0.481986
28.0 1 10.51]0.492935 | 0.489403 | 0.486012 | 0.482692
29.0 1 10.5]0.493208 | 0.489812 | 0.486546 | 0.483347
30.0 1 |0.5] 0.49346 | 0.490191 | 0.487042 | 0.483955
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Table 6.15. Gauss-Galerkin Finite Element Method: Changes of the “total moment”
M (t) with p=2 and ¢ = 2 as t increases

time Mo M1 M2 M3 M4 M5
0.00 | 1 |0.5]0.297358 | 0.196036 | 0.138456 | 0.102747
0.20 | 1 |0.5|0.313742 | 0.220613 | 0.165612 | 0.129676
040 || 1 |0.5| 032811 | 0.242164 | 0.189855 | 0.154364
0.60 [ 1 | 0.5 |0.340834 | 0.261252 | 0.211579 | 0.176861
0.80 [ 1 |0.5]0.352182 | 0.278273 | 0.231117 | 0.197338
1.00 | 1 | 0.5 | 0.362355 | 0.293532 | 0.248751 | 0.215991
200 || 1 | 0.5 0.400328 | 0.350492 | 0.315467 | 0.287848
3.00 | 1 |0.5]0.424419 | 0.386628 | 0.358529 | 0.335276
400 | 1 | 0.5 |0.440532 | 0.410798 | 0.387702 | 0.367925
9.00 | 1 | 0.5(0.451771 | 0.427656 | 0.408265 | 0.391235
6.00 | 1 |0.5]0.459894 | 0.43984 | 0.423259 | 0.408413
700 | 1 |[0.5]0.465946 | 0.448919 | 0.434518 | 0.421429
800 | 1 |0.5]0.470578 | 0.455867 | 0.443191 | 0.431532
9.00 [ 1 | 0.5|0.474206 | 0.461309 | 0.450024 | 0.439544
10.0 | 1 [ 0.5 0.477106 | 0.465659 | 0.455513 | 0.446017
110 || 1 [ 0.5|0.479466 | 0.469199 | 0.459999 | 0.451333
120 || 1 [ 0.5 | 0.481416 | 0.472124 | 0.463721 | 0.455762
13.0 || 1 [0.5| 0.48305 | 0.474575 | 0.466849 | 0.459499
14.0 | 1 | 0.5 | 0.484436 | 0.476654 | 0.469511 | 0.462688
150 | 1 | 0.5 0.485624 | 0.478436 | 0.471799 | 0.465437
16.0 [ 1 | 0.5 |0.486652 | 0.479978 | 0.473784 | 0.467828
170 || 1 | 0.5 | 0.48755 | 0.481325 | 0.47552 | 0.469925
18.0 | 1 | 0.5 | 0.48834 | 0.48251 | 0.47705 | 0.471776
190 || 1 | 0.5 | 0.489039 | 0.483559 | 0.478408 | 0.473422
20.0 | 1 |0.5]|0.489663 | 0.484494 | 0.47962 | 0.474894
21.0 || 1 | 0.5 0.490222 | 0.485333 | 0.480709 | 0.476217
220 || 1 |0.5|0.490726 | 0.486088 | 0.48169 | 0.477412
230 1 |0.5]0.491182 | 0.486773 | 0.482581 | 0.478497
240 || 1 | 0.5 0.491596 | 0.487395 | 0.483391 | 0.479486
25.0 | 1 | 0.5]0.491975 | 0.487963 | 0.484131 | 0.48039
26.0 || 1 |0.5]0.492322 | 0.488483 | 0.48481 | 0.481221
27.0 | 1 | 0.5 | 0.492641 | 0.488962 | 0.485435 | 0.481986
28,0 || 1 |0.5]0.492935 | 0.489403 | 0.486012 | 0.482692
290 | 1 | 0.5 0.493208 | 0.489812 | 0.486546 | 0.483347
30.0 || 1 |0.5| 049346 | 0.490191 | 0.487042 | 0.483955




Table 6.16. Gauss-Galerkin Finite Element Method: Changes of the nodes *, + and

111

x at y = 0.5 with p =1 and ¢ = 2 as t increases

time

I

)

I3

0.00

0.1776790146

0.5

0.8223209854

0.20

0.04737482572

0.4409938921

0.8241783121

0.40

0.02403084443

0.4448604727

0.8476643036

0.60

0.01482958065

0.4550658882

0.8673940809

0.80

0.01008567793

0.4651212708

0.8830828805

1.00

0.007289118074

0.4740494633

0.8956991781

2.00

0.002250069707

0.5051335296

0.9335385097

3.00

0.0009863745097

0.524526958

0.9522693971

4.00

0.0005184071064

0.5382862795

0.9632779238

5.00

0.0003076309523

0.5484473913

0.9704182539

6.00

0.0001992931646

0.5560949596

0.9753690413

7.00

0.0001378318697

0.5619588701

0.9789751276

8.00

0.0001001977718

0.5665471543

0.9817040036

9.00

7.572609049¢-05

0.5702100595

0.9838329178

10.0

5.902989083e-05

0.573188811

0.9855354713

11.0

4.718510394e-05

0.5756514259

0.9869252876

12.0

3.850700958e-05

0.5777170269

0.9880795345

13.0

3.197534068e-05

0.5794717514

0.9890522877

14.0

2.694566813e-05

0.5809791037

0.9898824725

15.0

2.299607804e-05

0.5822867591

0.9905987671

16.0

1.984166688e-05

0.5834311111

0.9912227338

17.0

1.728481074e-05

0.5844403654

0.9917708763

18.0

1.518516201e-05

0.5853366859

0.9922560286

19.0

1.344095633e-05

0.5861377084

0.9926883123

20.0

1.197703012e-05

0.5868576267

0.993075812

21.0

1.073694277e-05

0.5875079836

0.9934250589

22.0

9.677678823e-06

0.5880982562

0.9937413846

23.0

8.766011728e-06

0.5886362931

0.9940291821

24.0

7.975961631e-06

0.5891286474

0.9942921025

25.0

7.286987989¢-06

0.5895808303

0.9945332042




Table 6.17. Gauss-Galerkin Finite Element Method: Changes of the weights at nodes
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*, + and x at y = 0.5 with p =1 and ¢ = 2 as t increases

time

%!

w2

w3

0.00

0.2279202041

0.5441595918

0.2279202041

0.20

0.208671766

0.4229852476

0.3683429864

0.40

0.2621331027

0.327113844

0.4107530533

0.60

0.3051459394

0.2600779851

0.4347760755

0.80

0.3380120395

0.2105440153

0.4514439451

1.00

0.3633954976

0.172785513

0.4638189894

2.00

0.4313189796

0.07435985001

0.4943211704

3.00

0.4583094813

0.03807751325

0.5036130054

4.00

0.4714473737

0.02208861808

0.5064640082

5.00

0.4787955491

0.0140616475

0.5071428034

6.00

0.4833461619

0.009598700584

0.5070551375

7.00

0.4863870524

0.00690942014

0.5067035274

8.00

0.488539708

0.005182539881

0.5062777521

9.00

0.490132959

0.004015963892

0.5058510771

10.0

0.4913542797

0.003194894872

0.5054508254

11.0

0.4923172628

0.002597202503

0.5050855347

12.0

0.493094267

0.002149729241

0.5047560038

13.0

0.4937333422

0.001806685886

0.5044599719

14.0

0.4942675308

0.001538322743

0.5041941464

15.0

0.4947202406

0.00132468135

0.503955078

16.0

0.4951084827

0.001151994663

0.5037395226

17.0

0.4954448965

0.001010532885

0.5035445707

18.0

0.4957390564

0.0008932708089

0.5033676728

19.0

0.4959983405

0.0007950388424

0.5032066207

20.0

0.4962285206

0.0007119678796

0.5030595115

21.0

0.4964341739

0.0006411177727

0.5029247083

22.0

0.4966189742

0.0005802234192

0.5028008024

23.0

0.4967859031

0.0005275179256

0.502686579

24.0

0.4969374041

0.0004816073189

0.5025809886

25.0

0.4970754986

0.0004413803845

0.502483121




Table 6.18. Gauss-Galerkin Finite Element Method: Changes of the “moment”
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mi (y,t) at y = 0.5 with p =1 and ¢ = 2 as t increases

time || mg | My mo ms3 my ms
0.00 1 10.5]0.297358 | 0.196036 | 0.138456 | 0.102747
0.20 1 [0.5]0.332933 | 0.242511 | 0.185955 | 0.147129
0.40 1 |0.5(0.360028 | 0.278982 | 0.22488 | 0.185462
0.60 1 |10.5]0.381039 | 0.308246 | 0.257264 | 0.218551
0.80 1 10.5]0.397635 | 0.332077 | 0.284396 | 0.247027
1.00 1 {0.5(0.410959 | 0.351707 | 0.307262 | 0.271535
2.00 1 10.5]0.449774 | 0.411751 | 0.380279 | 0.352931
3.00 1 10.5]0.467161 | 0.440382 | 0.417012 | 0.395875
4.00 1 [0.5]0.476351 | 0.456138 | 0.437923 | 0.421054
5.00 1 |0.5]0.481812 | 0.465774 | 0.451017 | 0.437138
6.00 1 10.5(0.485353 | 0.472153 | 0.459832 | 0.448121
7.00 1 |0.5]0.487803 | 0.476637 | 0.466104 | 0.456017
8.00 1 |0.5|0.489585 | 0.479937 | 0.470765 | 0.46193
9.00 1 |0.5(0.490933 | 0.482456 | 0.474348 | 0.466503
10.0 1 |0.50.491984 | 0.484435 | 0.47718 | 0.470135
11.0 1 10.5]0.492825 | 0.486027 | 0.479469 | 0.473083
12.0 1 10.5]0.493511 | 0.487334 | 0.481355 | 0.475518
13.0 1 |0.5]0.494082 | 0.488424 | 0.482933 | 0.477563
14.0 1 [0.5]0.494563 | 0.489347 | 0.484272 | 0.479301
15.0 1 |0.5]0.494973 | 0.490136 | 0.485422 | 0.480796
16.0 1 |0.5]0.495328 | 0.49082 | 0.486419 | 0.482095
17.0 1 [0.5(0.495636 | 0.491417 | 0.487291 | 0.483233
18.0 1 10.5]0.495908 | 0.491943 | 0.48806 | 0.484238
19.0 1 10.5]0.496148 | 0.492409 | 0.488744 | 0.485132
20.0 1 10.51]0.496362 | 0.492826 | 0.489355 | 0.485932
21.0 1 10.5/0.496554 | 0.4932 | 0.489904 | 0.486652
22.0 1 |0.5]0.496727 | 0.493537 | 0.490401 | 0.487303
23.0 1 |10.5]0.496884 | 0.493843 | 0.490851 | 0.487895
24.0 1 |0.5]0.497027 | 0.494122 | 0.491262 | 0.488435
25.0 1 |0.5]0.497158 | 0.494378 | 0.491638 | 0.488929

| e |
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Table 6.19. Gauss-Galerkin Finite Element Method: Changes of the “total moment”
M:(t) at y = 0.5 with p =1 and ¢ = 2 as t increases

time Mo M1 M2 M3 M4 M5
0.00 | 1 |0.5]0.297358 | 0.196036 | 0.138456 | 0.102747
0.20 | 1 | 0.5 0.332933 | 0.242511 | 0.185955 | 0.147129
040 || 1 | 0.5 0.360028 | 0.278982 | 0.22488 | 0.185462
060 | 1 | 0.5 0.381039 | 0.308246 | 0.257264 | 0.218551
080 || 1 |0.5]0.397635 | 0.332077 | 0.284396 | 0.247027
1.00 | 1 | 0.5 0.410959 | 0.351707 | 0.307262 | 0.271535
200 | 1 {0.50.449774 | 0.411751 | 0.380279 | 0.352931
300 | 1 |0.5]0.467161 | 0.440382 | 0.417012 | 0.395875
400 || 1 |0.5]0.476351 | 0.456138 | 0.437923 | 0.421054
5.00 | 1 |0.5]0.481812 | 0.465774 | 0.451017 | 0.437138
6.00 | 1 | 0.5|0.485353 | 0.472153 | 0.459832 | 0.448121
700 || 1 [0.5|0.487803 | 0.476637 | 0.466104 | 0.456017
800 | 1 |0.5]0.489585 | 0.479937 | 0.470765 | 0.46193
9.00 | 1 |0.5]0.490933 | 0.482456 | 0.474348 | 0.466503
100 | 1 | 0.5 |0.491984 | 0.484435 | 0.47718 | 0.470135
11.0 || 1 | 0.5 | 0.492825 | 0.486027 | 0.479469 | 0.473083
120 || 1 | 0.5 0.493511 | 0.487334 | 0.481355 | 0.475518
13.0 || 1 | 0.5 |0.494082 | 0.488424 | 0.482933 | 0.477563
140 |[ 1 | 0.5 | 0.494563 | 0.489347 | 0.484272 | 0.479301
150 || 1 | 0.5 |0.494973 | 0.490136 | 0.485422 | 0.480796
16.0 || 1 | 0.5 | 0.495328 | 0.49082 | 0.486419 | 0.482095
170 | 1 | 0.5 | 0.495636 | 0.491417 | 0.487291 | 0.483233
18.0 | 1 | 0.5 0.495908 | 0.491943 | 0.48806 | 0.484238
190 || 1 | 0.5 | 0.496148 | 0.492409 | 0.488744 | 0.485132
200 | 1 [0.5]0.496362 | 0.492826 | 0.489355 | 0.485932
21.0 | 1 | 0.5 0.496554 | 0.4932 | 0.489904 | 0.486652
220 || 1 | 0.5 0.496727 | 0.493537 | 0.490401 | 0.487303
23.0 | 1 |0.5|0.496884 | 0.493843 | 0.490851 | 0.487895
240 || 1 | 0.5]0.497027 | 0.494122 | 0.491262 | 0.488435
25.0 | 1 |0.5]0.497158 | 0.494378 | 0.491638 | 0.488929




Table 6.20. Gauss-Galerkin Finite Element Method: Changes of the nodes *, + and
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x at y = 0.5 with p = 2 and ¢ = 1 as t increases

time T o T3

0.00 0.1776790146 0.5 0.8223209854
0.20 0.1758216879 | 0.5590061079 | 0.9526251743
0.40 0.1523356964 | 0.5551395273 | 0.9759691556
0.60 0.1326059191 | 0.5449341118 | 0.9851704193
0.80 || 0.1169171195 | 0.5348787292 | 0.9899143221
1.00 || 0.1043008219 | 0.5259505367 | 0.9927108819
2.00 || 0.06646149033 | 0.4948664704 | 0.9977499303
3.00 || 0.04773060294 | 0.475473042 | 0.9990136255
4.00 || 0.03672207624 | 0.4617137205 | 0.9994815929
5.00 0.0295817461 | 0.4515526087 | 0.999692369
6.00 || 0.02463095868 | 0.4439050404 | 0.9998007068
7.00 || 0.02102487236 | 0.4380411299 | 0.9998621681
8.00 || 0.01829599644 | 0.4334528457 | 0.9998998022
9.00 || 0.01616708221 | 0.4297899405 | 0.9999242739
10.0 || 0.01446452871 | 0.426811189 | 0.9999409701
11.0 || 0.01307471238 | 0.4243485741 | 0.9999528149
12.0 || 0.01192046553 | 0.4222829731 | 0.999961493
13.0 || 0.01094771232 | 0.4205282486 | 0.9999680247
14.0 || 0.01011752754 | 0.4190208963 | 0.9999730543
15.0 || 0.009401232879 | 0.4177132409 | 0.9999770039
16.0 || 0.008777266222 | 0.4165688889 | 0.9999801583
17.0 || 0.008229123669 | 0.4155596346 | 0.9999827152
18.0 || 0.007743971397 | 0.4146633141 | 0.9999848148
19.0 || 0.00731168767 | 0.4138622916 | 0.999986559
20.0 || 0.006924188018 | 0.4131423733 | 0.999988023
21.0 || 0.006574941083 | 0.4124920164 | 0.9999892631
22.0 || 0.006258615421 | 0.4119017438 | 0.9999903223
23.0 || 0.005970817947 | 0.4113637069 | 0.999991234
24.0 || 0.005707897548 | 0.4108713526 | 0.999992024
25.0 || 0.005466795779 | 0.4104191697 | 0.999992713
26.0 || 0.005244932026 | 0.4100024907 | 0.9999933173
27.0 || 0.005040114249 | 0.4096173381 | 0.9999938502
28.0 || 0.004850468907 | 0.4092603019 | 0.9999943223
29.0 || 0.004674385462 | 0.4089284431 | 0.9999947426
30.0 || 0.004510472031 | 0.4086192151 | 0.9999951184




Table 6.21. Gauss-Galerkin Finite Element Method: Changes of the weights at nodes
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*, + and x at y = 0.5 with p = 2 and ¢ = 1 as t increases

time

Wi

w2

w3

0.00

0.2279202041

0.5441595918

0.2279202041

0.20

0.3683429864

0.4229852476

0.208671766

0.40

0.4107530533

0.327113844

0.2621331027

0.60

0.4347760755

0.2600779851

0.3051459394

0.80

0.4514439451

0.2105440153

0.3380120395

1.00

0.4638189894

0.172785513

0.3633954976

2.00

0.4943211704

0.07435985001

0.4313189796

3.00

0.5036130054

0.03807751325

0.4583094813

4.00

0.5064640082

0.02208861808

0.4714473737

5.00

0.5071428034

0.0140616475

0.4787955491

6.00

0.5070551375

0.009598700584

0.4833461619

7.00

0.5067035274

0.00690942014

0.4863870524

8.00

0.5062777521

0.005182539881

0.488539708

9.00

0.5058510771

0.004015963892

0.490132959

10.0

0.5054508254

0.003194894872

0.4913542797

11.0

0.5050855347

0.002597202503

0.4923172628

12.0

0.5047560038

0.002149729241

0.493094267

13.0

0.5044599719

0.001806685886

0.4937333422

14.0

0.5041941464

0.001538322743

0.4942675308

15.0

0.503955078

0.00132468135

0.4947202406

16.0

0.5037395226

0.001151994663

0.4951084827

17.0

0.5035445707

0.001010532885

0.4954448965

18.0

0.5033676728

0.0008932708089

0.4957390564

19.0

0.5032066207

0.0007950388424

0.4959983405

20.0

0.5030595115

0.0007119678796

0.4962285206

21.0

0.5029247083

0.0006411177727

0.4964341739

22.0

0.5028008024

0.0005802234192

0.4966189742

23.0

0.502686579

0.0005275179256

0.4967859031

24.0

0.5025809886

0.0004816073189

0.4969374041

25.0

0.502483121

0.0004413803845

0.4970754986

26.0

0.5023921849

0.0004059428479

0.4972018722

27.0

0.5023074899

0.0003745686933

0.4973179415

28.0

0.5022284312

0.0003466637192

0.4974249051

29.0

0.5021544778

0.000321737949

0.4975237843

30.0

0.5020851616

0.0002993845278

0.4976154538




Table 6.22. Gauss-Galerkin Finite Element Method: Changes of the “moment”
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mi (y,t) at y = 0.5 with p = 2 and ¢ = 1 as t increases

time | mgy | my mo m3 my ms
0.00 1 [0.5]0.297358 | 0.196036 | 0.138456 | 0.102747
0.20 1 10.5]0.332933 | 0.256287 | 0.213507 | 0.186861
0.40 1 |0.5]0.360028 | 0.301101 | 0.269119 | 0.249395
0.60 1 |0.5]0.381039 | 0.33487 | 0.310512 | 0.295697
0.80 1 {0.5]0.397635 | 0.360828 | 0.341898 | 0.330535
1.00 1 [0.5]0.410959 | 0.381172 | 0.366192 | 0.357303
2.00 1 [0.5]0.449774 | 0.437571 | 0.431919 | 0.428696
3.00 1 10.5]0.467161 | 0.461102 | 0.458453 | 0.456979
4.00 1 10.5]0.476351 | 0.472914 | 0.471475 | 0.47069
5.00 1 |0.5(0.481812 | 0.479662 | 0.478792 | 0.478324
6.00 1 |0.5]0.485353 | 0.483904 | 0.483334 | 0.48303
7.00 1 |0.5]0.487803 | 0.486771 | 0.486373 | 0.486163
8.00 1 |0.5]0.489585 | 0.488818 | 0.488527 | 0.488374
9.00 1 10.5]0.490933 | 0.490343 | 0.490122 | 0.490006
10.0 1 10.5]0.491984 | 0.491517 | 0.491344 | 0.491255
11.0 1 |0.5]0.492825 | 0.492447 | 0.492309 | 0.492237
12.0 1 10.5{0.493511 | 0.4932 | 0.493087 | 0.493028
13.0 1 |0.5]0.494082 | 0.493821 | 0.493727 | 0.493678
14.0 1 |0.5]0.494563 | 0.494341 | 0.494262 | 0.494221
15.0 1 [0.5]0.494973 | 0.494783 | 0.494715 | 0.49468
16.0 1 |0.5]0.495328 | 0.495163 | 0.495104 | 0.495074
17.0 1 | 0.5 0.495636 | 0.495492 | 0.495441 | 0.495415
18.0 1 |0.5(0.495908 | 0.49578 | 0.495735 | 0.495712
19.0 1 [0.5]0.496148 | 0.496035 | 0.495995 | 0.495975
20.0 1 |0.5(0.496362 | 0.496261 | 0.496225 | 0.496207
21.0 1 [0.5]0.496554 | 0.496463 | 0.496431 | 0.496415
22.0 1 |0.5(0.496727 | 0.496645 | 0.496616 | 0.496602
23.0 1 |0.5(0.496884 | 0.49681 | 0.496784 | 0.49677
24.0 1 | 0.5]0.497027 | 0.496959 | 0.496935 | 0.496923
25.0 1 |0.5]0.497158 | 0.497095 | 0.497074 | 0.497063
26.0 1 |0.5(0.497277 | 0.49722 0.4972 0.49719
27.0 1 | 0.5]0.497387 | 0.497335 | 0.497316 | 0.497307
28.0 1 |0.5]0.497489 | 0.49744 | 0.497423 | 0.497415
29.0 1 |0.5]0.497583 | 0.497538 | 0.497522 | 0.497514
30.0 1 |10.5(0.497671 | 0.497629 | 0.497614 | 0.497607
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Table 6.23. Gauss-Galerkin Finite Element Method: Changes of the “total moment”
M;}(t) at y = 0.5 with p =2 and ¢ = 1 as t increases

time Mo Ml M2 M3 M4 M5
0.00 || 1 | 0.5]0.297358 | 0.196036 | 0.138456 | 0.102747
020 | 1 | 0.5 0.332933 | 0.256287 | 0.213507 | 0.186861
040 || 1 | 0.5 0.360028 | 0.301101 | 0.269119 | 0.249395
060 || 1 |0.5]0.381039 | 0.33487 | 0.310512 | 0.295697
080 | 1 |0.5]0.397635 | 0.360828 | 0.341898 | 0.330535
1.00 | 1 | 0.5 0.410959 | 0.381172 | 0.366192 | 0.357303
200 || 1 [0.5/0.449774 | 0.437571 | 0.431919 | 0.428696
300 1 |0.5]0.467161 | 0.461102 | 0.458453 | 0.456979
4.00 || 1 |0.5]0.476351 | 0.472914 | 0.471475 | 0.47069
5.00 | 1 [0.5]0.481812 | 0.479662 | 0.478792 | 0.478324
6.00 | 1 |0.5]0.485353 | 0.483904 | 0.483334 | 0.48303
700 | 1 [0.5]0.487803 | 0.486771 | 0.486373 | 0.486163
800 | 1 |0.5]0.489585 | 0.488818 | 0.488527 | 0.488374
9.00 | 1 | 0.5 0.490933 | 0.490343 | 0.490122 | 0.490006
100 | 1 | 0.5 0.491984 | 0.491517 | 0.491344 | 0.491255
11.0 | 1 | 0.5 | 0.492825 | 0.492447 | 0.492309 | 0.492237
120 || 1 | 0.5 (0.493511 | 0.4932 | 0.493087 | 0.493028
13.0 | 1 | 0.5 | 0.494082 | 0.493821 | 0.493727 | 0.493678
14.0 || 1 | 0.5 | 0.494563 | 0.494341 | 0.494262 | 0.494221
150 || 1 | 0.5 | 0.494973 | 0.494783 | 0.494715 | 0.49468
16.0 || 1 | 0.5 | 0.495328 | 0.495163 | 0.495104 | 0.495074
17.0 || 1 | 0.5 | 0.495636 | 0.495492 | 0.495441 | 0.495415
18.0 | 1 | 0.5 0.495908 | 0.49578 | 0.495735 | 0.495712
19.0 | 1 | 0.5 0.496148 | 0.496035 | 0.495995 | 0.495975
200 1 [0.50.496362 | 0.496261 | 0.496225 | 0.496207
21.0 | 1 [ 0.5 {0.496554 | 0.496463 | 0.496431 | 0.496415
220 1 |0.50.496727 | 0.496645 | 0.496616 | 0.496602
23.0 | 1 |0.5]0.496884 | 0.49681 | 0.496784 | 0.49677
240 || 1 |0.5)0.497027 | 0.496959 | 0.496935 | 0.496923
25.0 || 1 |0.5(0.497158 | 0.497095 | 0.497074 | 0.497063
260 | 1 |0.5(0.497277 | 0.49722 | 0.4972 | 0.49719
270 1 |0.5(0.497387 | 0.497335 | 0.497316 | 0.497307
28.0 | 1 |0.5(0.497489 | 0.49744 | 0.497423 | 0.497415
29.0 | 1 [ 0.5]0.497583 | 0.497538 | 0.497522 | 0.497514
300 || 1 |0.5}0.497671 | 0.497629 | 0.497614 | 0.497607
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Integrating (6.56) over €2, integrating by parts and using boundary condition (6.57),
(6.58) we have

= / / u(z,y, t)dzdy = ] / ((2(1 = 2)u)zz + uyy)dzdy
- / @1 - D)lioody + [ uliod
=/0 —P(z,y,1t) z=0 dy (6.62)
_ /01 _{P(1, ) - P(L,y, 8)}dy
= _/01 u(O,y,t)dy—/Ol u(1,y,t)dy.

Integrating (6.62) over 7 € (0,t), we have

/01 /01 u(z,y, t)dzdy — /01 /01 u(z,y,0)dzdy

= —/Ot /01 u(0,y, 7)dydT — /;/01 u(1,y, 7)dydr

(6.63)

S0,

//u(z y,t)dzdy
—/ / u(z,y,0)dzdy — / / u(0,y, 7)dydT — / / (1,y, 7)dydr (6.64)
05— [ /0 w(0,y, 7)dydr — /0 /0 u(1,y, 7)dydtr.

Multiplying by z and integrating (6.56) over 2, integrating by parts and using bound-
ary condition (6.57), (6.58) we have

d bt 1 g1
’Ji/(; A U(a:) Y, t)a:d.’L‘dy = /0‘1./0‘ ((.’I:(l _x)u)11x+uyyic)dxdy
=/ (.’B(l —x)U)z$Ii=0dy+A uylsll:()xdx
= / ~P(z,y,t)ziody
“/ ~P(1,y,t)dy = —/ u(l,y,t)dy.

(6.65)
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Integrating (6.65) over 7 € (0,t), we have

1 g1 1 1 t 1
//u(x,y,t)xdxdy—/ / u(m,y,O)xdxdy=—/ / u(l,y,7)dydr.  (6.66)
o Jo o Jo 0 Jo

Thus,

1 1 1 1 t 1
/ / u(z,y,t)zdzdy =/ / u(z,y, O)xdzdy—/ / u(1,y, 7)dydr
o Jo 0o Jo 0o Jo

t 1 (6.67)
= 0.2974 — / / u(l,y, 7)dydr.
0 JO

where f¢ [ u(0,y,7)dydT and [{ f; u(1,y, 7)dydT represent the fluxes across bound-
aries z = 0 and £ = 1. In this example, z = 0 and z = 1 are exit boundaries. For
fixed y, one can show that the density u(z,y,o0) = 0, Vz € (0,1), is a steady state
solution and u will “pile” at £ = 0 and £ = 1 with a Dirac-delta function singularity
formed at £ = 0 and z = 1. So, for steady state solutin, fol J3 u(z,y,t)dzdy = 0 in
the sense that the integration is only over the open region Q. Therefore, by (6.64)

and (6.67), we have
t IUO 7dd7+ t l’U, 7dd7—05 668

t 1
/ / u(l,y, 7)dydr = 0.2974. (6.69)
0 JO

Substituting (6.69) into (6.68), we obtain

t 1
/ / u(0,y, 7)dydr = 0.2026. (6.70)
0 Jo

(6.69) and (6.70) show that the amounts of the fluxes leaking out of the boundaries
z=0and z = 1 are 0.2026 and 0.2974 respectively. Our numerical result shall sup-
port this.

As in Model I, we apply the Gauss-Galerkin finite element method using finite el-
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ement approximations in the y-direction and Gauss-Galerkin approximations in the
x-direction. We divide y € [0, 1] into four equal subintervals. Then we have five grid
lines y; = jh,j =0,1,---,4,h = 0.25. In the x-direction we use three nodes labeled
by *, + and x for each grid line y = y;. We only discuss the results along grid y = 0.5.
The results along y = 0.25 and y = 0.75 are similar. Table 6.28 shows the changes
of nodes *,+ and x as t increases. Table 6.29 shows the changes of the weights at
the three nodes *,+ and x as t increases. Table 6.30 shows the changes of the ith
“moment” m: (y,t) at y = 0.5 as t increases. Table 6.31 shows changes of the “total

moment” M} (t) as t increases.

(1) Table 6.31 shows that M?2(¢) = 0.5 and M} (¢) = 0.297358 for ¢t > 0. This shows
that the approximation of the Oth and 1st total moments equal the exact Oth

and 1st total moments.
(2) At t =25, the solution reaches the steady state based on the tolerance chosen.
(3) The solutinon becomes uniform in y as t increases.

(4) The solution approaches zero in the interior and “piles” up at the boundary

z =0 and z =1 as t increases.
(5) The weights for the middle nodes tend to zero as t increases.

(6) The weights at the other two nodes tend to 0.202642 and 0.297357 respectively
as t increases. They are the amounts of the fluxes leaking out from z = 0 and

r=1.

(7) The steady state solution shows that the i¢th “total moment” are all about
0.297358 for 7 from 1 to 5. Since the weight tends to zero for the interior
node , 0.202642 for the node approaching to z = 0 and 0.297358 for the node

approaching z = 1, the contribution of u to the total moments is that of those
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two weights to the total moment. The total moment contributed by the weight
at £ = 0 is zero and the total moment contributed by the weight at x = 1 is

0.297358 which is equal to the weight at z = 1.
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6.4 Dependence of Solution upon Lower Order

Terms

We consider the following initial-boundary value problems:
1,, .
u = —(au); + §(b Uz + Uy in (0,T) x N

with the boundary conditions

lim {au _ 16(1’2“)} — lim {au - %6(31“)} —0 on (0,T)x (0,1)

uy(z,0,t) = uy(z,1,t) =0 on (0,T) x (0,1)

and initial conditions
u(z,y,0) = 7 cos® (%ﬂ) sin(rz) on

where
a(z) =sz(l1 —z)(h+ (1 - 2h)z) — pz +v(1 — )

b2(z) = %x(l _q)

Casel s=0,u=v=0.375

(6.71)

(6.72)

(6.73)

(6.74)

(6.75)

(6.76)

For this model, both £ = 0 and z = 1 are entrance boundaries. The numerical

solution is expressed in Figure 6.6, Tables 6.32, 6.33, 6.34, and 6.35. We observe the

following facts:

(1) At t =5, the solution reaches the steady state based on the tolerance chosen.

(2) Table 6.35 shows that M2(t) = 1,¢ > 0; M}(t) = 0.5,¢ > 0; M2(t) = 0.3125,¢ >

5; M3(t) = 0.21875,¢ > 5 M4(t) = 0.164062,t > 5, M3(t) = 0.128906,¢ > 5.



Table 6.24. Gauss-Galerkin Finite Element Method: Changes of the nodes *, + and
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x at y = 0.5 with p =1 and ¢ = 1.5 as t increases

time I ) T3

0.00 0.1776790146 0.5 0.8223209854
1.00 || 0.007293214038 | 0.4974373111 | 0.9525687726
2.00 || 0.001729665784 | 0.5197840348 | 0.979205428
3.00 || 0.0005604709585 | 0.5350376191 | 0.9890444785
4.00 [l 0.0002200237825 | 0.5471084894 | 0.9935435888
5.00 || 0.0001006076538 | 0.556561809 | 0.9958664928
6.00 || 5.20099078e-05 | 0.5637753157 | 0.9971781213
7.00 || 2.961587501e-05 | 0.5692445438 | 0.9979737196
8.00 || 1.81891456e-05 | 0.5734347156 | 0.9984853627
9.00 || 1.185755384e-05 | 0.5767034381 | 0.998830589
10.0 || 8.107449522e-06 | 0.5793039239 | 0.9990729698
11.0 || 5.762321927e-06 | 0.5814116194 | 0.999248879
12.0 || 4.228566618e-06 | 0.5831487323 | 0.9993801606
13.0 || 3.18718017e-06 | 0.584601736 | 0.9994804905
14.0 || 2.457345292e-06 | 0.5858329852 | 0.9995587449
15.0 || 1.931810867e-06 | 0.5868883096 | 0.9996208684
16.0 || 1.544429918e-06 | 0.5878020086 | 0.9996709522
17.0 || 1.253002659e-06 | 0.5886001862 | 0.999711881
18.0 || 1.029798929e-06 | 0.5893030166 | 0.9997457327
19.0 || 8.561160685e-07 | 0.5899263102 | 0.9997740324
20.0 || 7.190453803e-07 | 0.5904826164 | 0.999797919
21.0 || 6.094917483e-07 | 0.5909820126 | 0.9998182558
22.0 || 5.209274238e-07 | 0.5914326765 | 0.9998357065
23.0 || 4.485885282e-07 | 0.5918413091 | 0.9998507877
24.0 || 3.889454961e-07 | 0.5922134506 | 0.9998639063
25.0 || 3.3934703e-07 | 0.592553718 | 0.999875386
26.0 || 2.977763748e-07 | 0.5928659899 | 0.9998854866
27.0 || 2.626816346e-07 | 0.5931535445 | 0.9998944189
28.0 || 2.328558889e-07 | 0.593419172 | 0.9999023551
29.0 || 2.073512635e-07 | 0.5936652628 | 0.9999094371
30.0 || 1.854165287e-07 | 0.5938938743 | 0.9999157823




Table 6.25. Gauss-Galerkin Finite Element Method: Changes of the nodes *, + and
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x at y = 0.5 with p =1 and ¢ = 2.5 as t increases

time

I

T2

Z3

0.00

0.1776790146

0.5

0.8223209854

1.00

0.006934697153

0.4474280303

0.8442717204

2.00

0.002390166716

0.4815722684

0.8828764173

3.00

0.001194973711

0.5020708575

0.9051789036

4.00

0.0007074098499

0.5162853797

0.919730071

5.00

0.0004640957196

0.5268758356

0.930018803

6.00

0.0003268038883

0.5350669994

0.9377028371

7.00

0.0002423600226

0.5415689932

0.9436744707

8.00

0.0001869473545

0.5468414933

0.9484583795

9.00

0.0001487047648

0.5511965095

0.9523838006

10.0

0.0001212280518

0.5548516757

0.9556679567

11.0

0.0001008288947

0.5579622653

0.9584600385

12.0

8.526779069e-05

0.5606414518

0.9608659536

13.0

7.312371114e-05

0.562973402

0.9629629983

14.0

6.346080839e-05

0.565021882

0.964808936

15.0

5.564286602e-05

0.5668360216

0.9664478215

16.0

4.922533953e-05

0.5684542522

0.9679138568

17.0

4.389009955e-05

0.5699070505

0.969234012

18.0

3.940465289e-05

0.5712188853

0.9704298507

19.0

3.559590347e-05

0.5724096224

0.9715188278

20.0

3.233282601e-05

0.5734955559

0.9725152292

21.0

2.951475796e-05

0.5744901743

0.9734308648

22.0

2.706332218e-05

0.5754047389

0.9742755861

23.0

2.491674961e-05

0.5762487247

0.975057679

24.0

2.302582074e-05

0.5770301612

0.9757841653

25.0

2.135091924e-05

0.5777558979

0.9764610369

26.0

1.98598627e-05

0.5784318137

0.9770934395

27.0

1.85262848e-05

0.579062983

0.977685818

28.0

1.732841432e-05

0.5796538091

0.9782420332

29.0

1.624814341e-05

0.5802081316

0.9787654554

30.0

1.527030942e-05

0.5807293142

0.9792590406




Table 6.26. Gauss-Galerkin Finite Element Method: Changes of the nodes *, + and
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x at y = 0.5 with p =1 and ¢ = 3 as t increases

time

I

T2

I3

0.00

0.1776790146

0.5

0.8223209854

1.00

0.006622257948

0.4211193674

0.8038513326

2.00

0.00233840896

0.457402078

0.837010961

3.00

0.001249800175

0.4785285189

0.8591502431

4.00

0.0007922273888

0.4924933102

0.8746602438

5.00

0.0005508072973

0.5028776844

0.8862115773

6.00

0.0004068231039

0.511067948

0.8952136158

7.00

0.0003138615836

0.5177367631

0.9024675006

8.00

0.0002502851745

0.5232846596

0.9084639723

9.00

0.0002048309658

0.5279787433

0.9135220107

10.0

0.0001711613512

0.5320071041

0.9178588005

11.0

0.0001454895413

0.5355063113

0.9216278052

12.0

0.000125440224

0.5385778075

0.9249408108

13.0

0.0001094620382

0.5412984505

0.9278813437

14.0

9.650658451e-05

0.5437275232

0.9305131806

15.0

8.584437752e-05

0.5459114949

0.932885936

16.0

7.695486689e-05

0.5478873207

0.9350388391

17.0

6.945832895e-05

0.54968477

0.9370033543

18.0

6.307235147e-05

0.5513281031

0.9388050395

19.0

5.758325838e-05

0.5528372972

0.9404648907

20.0

5.282688369e-05

0.5542289588

0.942000332

21.0

4.867535252e-05

0.5555170114

0.9434259562

22.0

4.502781372e-05

0.5567132207

0.9447540867

23.0

4.180382803e-05

0.5578276006

0.9459952095

24.0

3.893857494e-05

0.558868731

0.947158309

25.0

3.63793274e-05

0.5598440076

0.9482511324

26.0

3.408282432e-05

0.5607598416

0.9492803991

27.0

3.201328819e-05

0.5616218201

0.9502519686

28.0

3.014091267e-05

0.5624348355

0.9511709766

29.0

2.844069649e-05

0.5632031917

0.9520419453

30.0

2.68915359e-05

0.5639306908

0.9528688739




Table 6.27. Gauss-Galerkin Finite Element Method: Changes of the nodes *, + and
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x at y = 0.5 with p =1 and ¢ = 4 as t increases

time T T T3

0.00 0.1776790146 0.5 0.8223209854
1.00 || 0.006607377161 | 0.3792326904 | 0.7588257646
2.00 0.00220046939 | 0.4067958452 | 0.7706931329
3.00 || 0.001121610614 | 0.4347173604 | 0.7857362179
4.00 (| 0.0007402373695 | 0.4511796931 | 0.7984336386
5.00 (| 0.0005521756939 | 0.461159263 | 0.8088016673
6.00 || 0.0004366788498 | 0.4682746548 | 0.8174066602
7.00 || 0.0003569970948 | 0.4740401834 | 0.8247015148
8.00 || 0.0002986621627 | 0.4790028157 | 0.830998128
9.00 || 0.0002544180809 | 0.4833734662 | 0.8365121318
10.0 || 0.0002199843118 | 0.4872611973 | 0.8413976884
11.0 || 0.0001926105299 | 0.4907432172 | 0.8457687842
12.0 || 0.0001704486633 | 0.4938820927 | 0.8497120548
13.0 || 0.0001522201593 | 0.4967295525 | 0.8532948084
14.0 | 0.0001370190496 | 0.4993280139 | 0.8565702828
15.0 || 0.0001241892226 | 0.5017120656 | 0.8595812315
16.0 || 0.000113245834 | 0.5039099728 | 0.862362445
17.0 || 0.000103823944 | 0.505945009 | 0.8649425679
18.0 || 9.564427449e-05 | 0.5078365278 | 0.8673454335
19.0 || 8.848991239e-05 | 0.5096007849 | 0.8695910593
20.0 || 8.219013692e-05 | 0.5112515593 | 0.8716964022
21.0 || 7.660897502¢-05 | 0.5128006243 | 0.8736759379
22.0 || 7.163695866e-05 | 0.5142581095 | 0.8755421114
23.0 || 6.718509269e-05 | 0.5156327856 | 0.8773056909
24.0 || 6.318037653e-05 | 0.5169322892 | 0.8789760491
25.0 || 5.956243628e-05 | 0.5181633045 | 0.8805613887
26.0 || 5.628096165e-05 | 0.5193317105 | 0.8820689248
27.0 || 5.329373437e-05 | 0.5204427018 | 0.8835050333
28.0 || 5.056509627e-05 | 0.5215008872 | 0.8848753732
29.0 || 4.806474791e-05 | 0.5225103727 | 0.8861849877
30.0 || 4.576679829e-05 | 0.5234748294 | 0.8874383881




Table 6.28. Gauss-Galerkin Finite Element Method: Changes of the nodes *, + and
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x at y=0.5 withp=1and g =1 as t increases

time T T T3

0.00 0.2502831702 | 0.5642793625 | 0.8499422355
0.10 0.1380694362 | 0.5448216696 | 0.9220406469
0.20 0.08464881217 | 0.5296369026 | 0.9516064912
0.30 0.05599679895 | 0.5196505098 | 0.9672745255
0.40 0.03910072152 | 0.5131443416 | 0.9766478603
0.50 0.02837399926 | 0.5088757108 | 0.9827179892
0.60 0.0211687011 0.5060494594 | 0.986880513

0.70 0.01611729371 | 0.5041619245 | 0.9898584227
0.80 0.01245896946 | 0.5028910896 | 0.9920570017
0.90 0.00974278762 | 0.502028702 | 0.993718743

1.00 | 0.007686885634 | 0.5014387613 | 0.9949969915
2.00 || 0.0008961392785 | 0.5000843021 | 0.9993932054
3.00 || 0.0001169158509 | 0.5000095131 | 0.9999203926
4.00 || 1.547189458e-05 | 0.5000012352 | 0.9999894575
5.00 || 2.051288952¢-06 | 0.5000001633 | 0.9999986021
6.00 || 2.720307154e-07 | 0.5000000222 | 0.9999998146
7.00 || 3.607640753e-08 | 0.4999999934 | 0.9999999754
8.00 || 4.784437624e-09 | 0.5000000303 | 0.9999999967
9.00 || 6.345100001e-10 | 0.5000000345 | 0.9999999996
10.0 || 8.415590447e-11 | 0.5000064601 | 0.9999999999
11.0 || 1.116406967e-11 | 0.5000429575 1

12.0 || 1.48370205e-12 | 0.5002227197 1

13.0 || 1.962874308e-13 | 0.4991273235 1




Table 6.29. Gauss-Galerkin Finite Element Method: Changes of the weights at nodes

129

*, + and x at y = 0.5 with p =1 and ¢ = 1 as t increases

time wy Wo w3

0.00 [ 0.08130670793 | 0.2760498056 | 0.1426434865
0.10 || 0.09270514293 | 0.2411981715 | 0.1660966856
0.20 || 0.1069472399 0.2031589108 | 0.1898938493
0.30 || 0.1213260558 0.1691551282 0.209518816

0.40 || 0.1345030966 0.1399413413 | 0.2255555621
0.50 0.146028531 0.1153124435 | 0.2386590255
0.60 || 0.1558557559 | 0.09477524188 | 0.2493690023
0.70 || 0.1641108891 | 0.07776472834 | 0.2581243826
0.80 || 0.1709822653 | 0.06373497565 | 0.265282759

0.90 || 0.1766687044 | 0.05219544718 | 0.2711358484
1.00 | 0.1813567149 | 0.04272149528 | 0.2759217898
2.00 || 0.1997940823 | 0.005698205879 | 0.2945077118
3.00 || 0.2022642862 | 0.0007561888181 | 0.296979525

4.00 || 0.2025922205 | 0.0001002939788 | 0.2973074855
5.00 || 0.2026357167 | 1.330109301e-05 | 0.2973509822
6.00 || 0.2026414853 | 1.763987685e-06 | 0.2973567507
7.00 || 0.2026422503 | 2.339393116e-07 | 0.2973575157
8.00 || 0.2026423518 | 3.102492757e-08 | 0.2973576172
9.00 || 0.2026423652 | 4.114513505e-09 | 0.2973576307
10.0 0.202642367 | 5.456614616e-10 | 0.2973576324
11.0 || 0.2026423672 | 7.236511499e-11 | 0.2973576327
12.0 || 0.2026423673 | 9.595827944e-12 | 0.2973576327
13.0 || 0.2026423673 | 1.272212315e-12 | 0.2973576327
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Table 6.30. Gauss-Galerkin Finite Element Method: Changes of the “moment”
m (y,t) at y = 0.5 with p=1 and ¢ = 1 as t increases

time || mg m, mo ms - my ms
0.00 || 0.5 ] 0.297358 | 0.196036 | 0.138456 | 0.102747 | 0.0791428
0.10 || 0.5 | 0.297358 | 0.214571 | 0.169451 | 0.141335 | 0.122274
0.20 || 0.5 | 0.297358 | 0.229715 | 0.193886 | 0.17171 0.15665
0.30 [ 0.5 | 0.297358 | 0.242089 | 0.213373 | 0.195746 | 0.183817
0.40 || 0.5 | 0.297358 | 0.252199 | 0.229037 | 0.214917 | 0.2054
0.50 || 0.5 | 0.297358 | 0.26046 | 0.241697 | 0.230316 | 0.222672
0.60 |l 0.5 | 0.297358 | 0.267209 | 0.251966 | 0.242753 | 0.23658
0.70 || 0.5 | 0.297358 | 0.272724 | 0.260316 | 0.252836 | 0.247831
0.80 || 0.5 | 0.297358 | 0.27723 | 0.267118 | 0.26103 | 0.256963
0.90 || 0.5 | 0.297358 | 0.280912 | 0.272663 | 0.267703 | 0.264391
1.00 || 0.5 | 0.297358 | 0.28392 | 0.277188 | 0.273142 | 0.270443
2.00 || 0.5 | 0.297358 | 0.295576 | 0.294685 | 0.29415 | 0.293793
3.00 || 0.5 | 0.297358 | 0.297121 | 0.297003 | 0.296932 | 0.296885
4.00 || 0.5 | 0.297358 | 0.297326 | 0.297311 | 0.297301 | 0.297295
5.00 || 0.5 | 0.297358 | 0.297353 | 0.297351 | 0.29735 | 0.297349
6.00 || 0.5 ] 0.297358 | 0.297357 | 0.297357 | 0.297357 | 0.297357
7.00 || 0.5 | 0.297358 | 0.297358 | 0.297358 | 0.297358 | 0.297357
8.00 || 0.5 | 0.297358 | 0.297358 | 0.297358 | 0.297358 | 0.297358
9.00 || 0.5 | 0.297358 | 0.297358 | 0.297358 | 0.297358 | 0.297358
10.0 [ 0.5 | 0.297358 | 0.297358 | 0.297358 | 0.297358 | 0.297358
11.0 || 0.5 | 0.297358 | 0.297358 | 0.297358 | 0.297358 | 0.297358
12.0 || 0.5 | 0.297358 | 0.297358 | 0.297358 | 0.297358 | 0.297358
13.0 || 0.5 | 0.297358 | 0.297358 | 0.297358 | 0.297358 | 0.297358
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Table 6.31. Gauss-Galerkin Finite Element Method: Changes of the “total moment”
M;}(t) at y = 0.5 with p=1 and ¢ =1 as t increases

time Mo M] M2 M3 M4 M5
0.00 | 0.5 | 0.297358 | 0.196036 | 0.138456 | 0.102747 | 0.0791428
0.10 || 0.5 | 0.297358 | 0.214571 | 0.169451 | 0.141335 | 0.122274
0.20 |{ 0.5 | 0.297358 | 0.229715 | 0.193886 | 0.17171 | 0.15665
0.30 || 0.5 | 0.297358 | 0.242089 | 0.213373 | 0.195746 | 0.183817
0.40 || 0.5 | 0.297358 | 0.252199 | 0.229037 | 0.214917 | 0.2054
0.50 | 0.5 | 0.297358 | 0.26046 | 0.241697 | 0.230316 | 0.222672
0.60 || 0.5 | 0.297358 | 0.267209 | 0.251966 | 0.242753 | 0.23658
0.70 || 0.5 | 0.297358 | 0.272724 | 0.260316 | 0.252836 | 0.247831
0.80 || 0.5 | 0.297358 | 0.27723 | 0.267118 | 0.26103 | 0.256963
0.90 || 0.5 | 0.297358 | 0.280912 | 0.272663 | 0.267703 | 0.264391
1.00 || 0.5 | 0.297358 | 0.28392 | 0.277188 | 0.273142 | 0.270443
2.00 || 0.5 | 0.297358 | 0.295576 | 0.294685 | 0.29415 | 0.293793
3.00 || 0.5 ] 0.297358 | 0.297121 | 0.297003 | 0.296932 | 0.296885
4.00 || 0.5 ] 0.297358 | 0.297326 | 0.297311 | 0.297301 | 0.297295
5.00 || 0.5 | 0.297358 | 0.297353 | 0.297351 | 0.29735 | 0.297349
6.00 || 0.5 | 0.297358 | 0.297357 | 0.297357 | 0.297357 | 0.297357
7.00 || 0.5 | 0.297358 | 0.297358 | 0.297358 | 0.297358 | 0.297357
8.00 || 0.5 | 0.297358 | 0.297358 | 0.297358 | 0.297358 | 0.297358
9.00 || 0.5 | 0.297358 | 0.297358 | 0.297358 | 0.297358 | 0.297358
10.0 [ 0.5 | 0.297358 | 0.297358 | 0.297358 | 0.297358 | 0.297358
11.0 || 0.5 [ 0.297358 | 0.297358 | 0.297358 | 0.297358 | 0.297358
12.0 || 0.5 | 0.297358 | 0.297358 | 0.297358 | 0.297358 | 0.297358
13.0 {| 0.5 | 0.297358 | 0.297358 | 0.297358 | 0.297358 | 0.297358
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This agrees with the solution

lAu-l (1 — z)4ll"1
B(4u, 4v)

g(z,y) = (6.77)

where B(., .) is the beta function. It is concave down.
(3) The solution becomes uniform in y as t increases.

(4) Since £ = 0 and z = 1 are entrance boundaries, they can not be reached from

the interior. The nodes tend to 0.14647, 0.5 and 0.85355.
(5) The weight for the middle node tends to 0.5 as t increases.
(6) The weights at the other two nodes tend to 0.25 as t increases.

Case Il s=0,u=v=0.25

In this case, we obtain similar numerical results. The steady state solution agrees
with (6.77) again. It is a straight line.

CaseIIl s=2,h=05u=v=0

For this model, both £ = 0 and £ = 1 are entrance boundaries. The numerical
solution is shown in Figure 6.7, Tables 6.36, 6.37, 6.38 and 6.39. We observe the

following facts:
(1) At t = 30, the solution reaches the steady state based on the tolerance chosen.

(2) Table 6.39 shows that M2(¢) = 1, M1(t) = M2(t) = M2(t) = MA(t) = M3(t) =
0.830323.

(3) The solutinon becomes uniform in x as t increases.

(4) Since z = 0 and z = 1 are exit boundaries, Table 6.36 shows that the solution
tends to zero at the interior node and “piles” upat z =0t and z = 1~ as t

increases.
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(5) The weights for the middle nodes tend to zero as t increases.

(6) The weights at the z = 0 is 0.169677 and 0.830322 at z = las t increases.
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Table 6.32. Gauss-Galerkin Finite Element Method: Changes of the nodes *, + and
x at y = 0.5 with s =0, = 0.375, v = 0.375 as t increases

time o Ty T3

0.0 || 0.1776790146 | 0.5 | 0.8223209854
0.2 |[ 0.1642962137 | 0.5 | 0.8357037863
0.4 | 0.1574239668 | 0.5 | 0.8425760332
0.6 || 0.1534135247 | 0.5 | 0.8465864753
0.8 || 0.1509533372 | 0.5 | 0.8490466628
1.0 | 0.1493957345 | 0.5 | 0.8506042655
1.2 | 0.1483902464 | 0.5 | 0.8516097536
1.4 | 0.147733336 | 0.5 | 0.852266664

1.6 | 0.1473009068 | 0.5 | 0.8526990932
1.8 | 0.1470148679 | 0.5 | 0.8529851321
2.0 | 0.1468250667 | 0.5 | 0.8531749333
2.2 || 0.1466988646 | 0.5 | 0.8533011354
2.4 || 0.1466148369 | 0.5 | 0.8533851631
2.6 || 0.1465588394 | 0.5 | 0.8534411606
2.8 | 0.1465214994 | 0.5 | 0.8534785006
3.0 || 0.1464965907 | 0.5 | 0.8535034093
3.2 || 0.1464799703 | 0.5 | 0.8535200297
3.4 | 0.1464688782 | 0.5 | 0.8535311218
3.6 || 0.1464614749 | 0.5 | 0.8535385251
3.8 | 0.1464565331 | 0.5 | 0.8535434669
4.0 || 0.1464532343 | 0.5 | 0.8535467657
4.2 | 0.1464510321 | 0.5 | 0.8535489679
44 0.146449562 | 0.5 | 0.853550438

4.6 || 0.1464485805 | 0.5 | 0.8535514195
4.8 | 0.1464479253 | 0.5 | 0.8535520747
5.0 | 0.1464474879 | 0.5 | 0.8535525121
5.2 | 0.1464471959 | 0.5 | 0.8535528041
5.4 0.146447001 | 0.5 | 0.853552999

5.6 || 0.1464468708 | 0.5 | 0.8535531292
5.8 || 0.1464467839 | 0.5 | 0.8535532161
6.0 || 0.1464467259 | 0.5 | 0.8535532741




Table 6.33. Gauss-Galerkin Finite Element Method: Changes of the weights at nodes
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*, + and x at y = 0.5 with s = 0, u = 0.375, v = 0.375 as t increases

time w1 (9] w3

0.0 || 0.2279202041 | 0.5441595918 | 0.2279202041
0.2 | 0.2325481017 | 0.5349037966 | 0.2325481017
0.4 | 0.2375344137 | 0.5249311726 | 0.2375344137
0.6 || 0.2413979521 | 0.5172040959 | 0.2413979521
0.8 || 0.2441527197 | 0.5116945607 | 0.2441527197
1.0 || 0.2460550664 | 0.5078898671 | 0.2460550664
1.2 || 0.2473494077 | 0.5053011846 | 0.2473494077
1.4 || 0.2482233103 | 0.5035533794 | 0.2482233103
1.6 || 0.2488108053 | 0.5023783893 | 0.2488108053
1.8 || 0.2492047529 | 0.5015904942 | 0.2492047529
2.0 | 0.2494685031 | 0.5010629938 | 0.2494685031
2.2 | 0.2496449112 | 0.5007101777 | 0.2496449112
2.4 || 0.249762826 | 0.500474348 | 0.249762826
2.6 | 0.2498416103 | 0.5003167795 | 0.2498416103
2.8 || 0.2498942353 | 0.5002115294 | 0.2498942353
3.0 || 0.2499293807 | 0.5001412386 | 0.2499293807
3.2 || 0.2499528495 | 0.5000943009 | 0.2499528495
3.4 0.24996852 0.50006296 0.24996852
3.6 | 0.2499789828 | 0.5000420344 | 0.2499789828
3.8 || 0.2499859684 | 0.5000280633 | 0.2499859684
4.0 | 0.2499906322 | 0.5000187356 | 0.2499906322
4.2 | 0.2499937459 | 0.5000125082 | 0.2499937459
4.4 || 0.2499958247 | 0.5000083506 | 0.2499958247
4.6 | 0.2499972125 | 0.500005575 | 0.2499972125
4.8 0.249998139 | 0.5000037219 | 0.249998139
5.0 || 0.2499987576 | 0.5000024848 | 0.2499987576
5.2 || 0.2499991706 | 0.5000016589 | 0.2499991706
5.4 | 0.2499994463 | 0.5000011075 | 0.2499994463
5.6 || 0.2499996303 | 0.5000007394 | 0.2499996303
5.8 || 0.2499997532 | 0.5000004936 | 0.2499997532
6.0 || 0.2499998352 | 0.5000003295 | 0.2499998352




Table 6.34. Gauss-Galerkin Finite Element Method: Changes of the “moment”
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mi (y,t) at y = 0.5 with s = 0, = 0.375,» = 0.375 as t increases

time || mg | my mo ms my ms
0.0 1 10.5(0.297358 | 0.196036 | 0.138456 | 0.102747
0.2 1 {0.5]0.302391 | 0.203586 | 0.146988 | 0.111492
0.4 1 {0.5]0.305751 | 0.208627 | 0.152669 | 0.117295
0.6 1 10.5(0.307994 | 0.211992 | 0.156458 | 0.121159
0.8 1 10.5(0.309492 | 0.214238 | 0.158986 | 0.123735
1.0 1 {0.5(0.310492 | 0.215738 | 0.160674 | 0.125454
1.2 1 [0.5]0.311159 | 0.216739 | 0.1618 | 0.126602
1.4 1 10.5(0.311605 | 0.217407 | 0.162552 | 0.127368
1.6 1 [0.5(0.311902 | 0.217854 | 0.163054 | 0.127879
1.8 1 10.5(0.312101 | 0.218152 | 0.163389 | 0.128221
2.0 1 10.5(0.312234 | 0.218351 | 0.163613 | 0.128449
2.2 1 10.5(0.312322 | 0.218483 | 0.163762 | 0.128601
2.4 1 [0.5]0.312381 | 0.218572 | 0.163862 | 0.128702
2.6 1 10.510.312421 | 0.218631 | 0.163929 | 0.12877
2.8 1 10.5]0.312447 | 0.218671 | 0.163973 | 0.128815
3.0 1 |0.510.312465 | 0.218697 | 0.164003 | 0.128846
3.2 1 [0.5]0.312476 | 0.218715 | 0.164023 | 0.128866
3.4 1 |0.5(0.312484 | 0.218726 | 0.164036 | 0.128879
3.6 1 |0.5(0.312489 | 0.218734 | 0.164045 | 0.128888
3.8 1 10.5]0.312493 | 0.218739 | 0.164051 | 0.128894
4.0 1 10.5(0.312495 | 0.218743 | 0.164055 | 0.128898
4.2 1 10.5(0.312497 | 0.218745 | 0.164057 | 0.128901
44 1 10.5(0.312498 | 0.218747 | 0.164059 | 0.128903
4.6 1 10.5(0.312499 | 0.218748 | 0.16406 | 0.128904
4.8 1 [0.5]0.312499 | 0.218749 | 0.164061 | 0.128905
5.0 1 10.5(0.312499 | 0.218749 | 0.164061 | 0.128905
5.2 1 105 0.3125 | 0.218749 | 0.164062 | 0.128906
5.4 1 |05 0.3125 0.21875 | 0.164062 | 0.128906
5.6 1 105 0.3125 0.21875 | 0.164062 | 0.128906
5.8 1 105 0.3125 0.21875 | 0.164062 | 0.128906
6.0 1 105 0.3125 0.21875 | 0.164062 | 0.128906
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Table 6.35. Gauss-Galerkin Finite Element Method: Changes of the “total moment”
M} (t) at y=0.5 with s = 0, u = 0.375, v = 0.375 as t increases

time Mo Ml M2 M3 M4 M5
0.0 1 |0.5]0.297358 | 0.196036 | 0.138456 | 0.102747
0.2 1 |0.5]0.302391 | 0.203586 | 0.146988 | 0.111492
0.4 1 |0.5]0.305751 | 0.208627 | 0.152669 | 0.117295
0.6 1 |0.5]0.307994 | 0.211992 | 0.156458 | 0.121159
0.8 1 |0.5]0.309492 | 0.214238 | 0.158986 | 0.123735
1.0 1 |0.5]0.310492 | 0.215738 | 0.160674 | 0.125454
1.2 1 |0.5]0.311159 | 0.216739 | 0.1618 | 0.126602
1.4 1 |0.5]0.311605 | 0.217407 | 0.162552 | 0.127368
1.6 1 [0.5|0.311902 | 0.217854 | 0.163054 | 0.127879
1.8 1 |0.5]0.312101 | 0.218152 | 0.163389 | 0.128221
2.0 1 ]10.5(0.312234 | 0.218351 | 0.163613 | 0.128449
2.2 1 {05 ]0.312322 | 0.218483 | 0.163762 | 0.128601
24 1 [0.5]0.312381 | 0.218572 | 0.163862 | 0.128702
2.6 1 [ 0.5]0.312421 | 0.218631 | 0.163929 | 0.12877
2.8 1 |0.5]0.312447 | 0.218671 | 0.163973 | 0.128815
3.0 1 |0.5]0.312465 | 0.218697 | 0.164003 | 0.128846
3.2 1 |0.50.312476 | 0.218715 | 0.164023 | 0.128866
3.4 1 |0.5]0.312484 | 0.218726 | 0.164036 | 0.128879
3.6 1 [0.5(0.312489 | 0.218734 | 0.164045 | 0.128888
3.8 1 {0.5]0.312493 | 0.218739 | 0.164051 | 0.128894
4.0 1 {0.5])0.312495 | 0.218743 | 0.164055 | 0.128898
4.2 1 | 0.5|0.312497 | 0.218745 | 0.164057 | 0.128901
44 1 | 0.5(0.312498 | 0.218747 | 0.164059 | 0.128903
4.6 1 | 0.5|0.312499 | 0.218748 | 0.16406 | 0.128904
4.8 1 |0.5|0.312499 | 0.218749 | 0.164061 | 0.128905
5.0 1 |0.5]0.312499 | 0.218749 | 0.164061 | 0.128905
5.2 1 {05 03125 |0.218749 | 0.164062 | 0.128906
5.4 1 {05 03125 | 0.21875 | 0.164062 | 0.128906
9.6 1 {05 03125 | 0.21875 | 0.164062 | 0.128906
5.8 1 {05 03125 | 0.21875 | 0.164062 | 0.128906
6.0 1 |05 03125 | 0.21875 | 0.164062 | 0.128906




Table 6.36. Gauss-Galerkin Finite Element Method: Changes of the nodes *, + and
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x at y=0.5 with s =2,h =0.5,u = 0,v =0 as t increases

time I 9 T3

0.00 0.1776790146 0.5 0.8223209854
1.00 0.07823484538 | 0.5855926881 | 0.9672094934
2.00 || 0.04055785446 | 0.5952942733 | 0.9882813902
3.00 || 0.02175701743 | 0.5935687484 | 0.994844609

4.00 0.01176627035 | 0.5905610497 | 0.9975060185
5.00 || 0.006369293956 | 0.5882085524 | 0.9987326259
6.00 (| 0.003445438578 | 0.5866681196 | 0.9993384161
7.00 || 0.001862301052 | 0.58573549 | 0.999649455

8.00 || 0.001006005904 | 0.5851946307 | 0.9998127142
9.00 || 0.0005432371344 | 0.5848889872 | 0.9998994783
10.0 |[ 0.0002932798893 | 0.5847190463 | 0.9999459106
11.0 || 0.0001583142674 | 0.5846255329 | 0.9999708549
12.0 || 8.54529272e-05 | 0.5845744192 | 0.9999842838
13.0 || 4.612291437e-05 | 0.5845466024 | 0.9999915218
14.0 | 2.489414189¢e-05 | 0.5845315072 | 0.9999954253
15.0 || 1.343607637e-05 | 0.584523331 | 0.9999975313
16.0 || 7.251786085e-06 | 0.5845189076 | 0.9999986677
17.0 || 3.913956526e-06 | 0.5845165166 | 0.999999281

18.0 || 2.112448808e-06 | 0.5845152244 | 0.9999996119
19.0 || 1.140134147e-06 | 0.5845145278 | 0.9999997906
20.0 || 6.153546255e-07 | 0.5845141503 | 0.999999887

21.0 || 3.321198762e-07 | 0.5845139491 | 0.999999939

22.0 || 1.792520631e-07 | 0.5845138348 | 0.9999999671
23.0 || 9.674608925e-08 | 0.5845137629 | 0.9999999822
24.0 || 5.221588395e-08 | 0.5845137595 | 0.9999999904
25.0 || 2.81820044e-08 | 0.5845137242 | 0.9999999948
26.0 || 1.521042681e-08 | 0.5845137523 | 0.9999999972
27.0 || 8.209376512e-09 | 0.5845136238 | 0.9999999985
28.0 || 4.430779077e-09 | 0.5845135372 | 0.9999999992
29.0 || 2.391380427¢-09 | 0.5845133642 | 0.9999999996
30.0 || 1.290684337e-09 | 0.5845139703 | 0.9999999998




Table 6.37. Gauss-Galerkin Finite Element Method: Changes of the weights at nodes
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*, + and x at y = 0.5 with s =2,Ah = 0.5, 4 = 0,v = 0 as t increases

time

wq

Wa

w3

0.00

0.2279202041

0.5441595918

0.2279202041

1.00

0.203454735

0.3434686623

0.4530766027

2.00

0.1877795851

0.1832292954

0.6289911195

3.00

0.1795033149

0.09603249769

0.7244641874

4.00

0.1750216309

0.05062793336

0.7743504358

5.00

0.1725788113

0.02690733567

0.800513853

6.00

0.1712492829

0.01438787971

0.8143628374

7.00

0.1705276659

0.007723698604

0.8217486355

8.00

0.1701368564

0.004155979967

0.8257071636

9.00

0.169925507

0.002239281609

0.8278352114

10.0

0.1698113081

0.001207464186

0.8289812277

11.0

0.1697496338

0.0006513627194

0.8295990035

12.0

0.1697163352

0.0003514569213

0.8299322079

13.0

0.1696983599

0.0001896601995

0.8301119799

14.0

0.1696886572

0.0001023552587

0.8302089876

15.0

0.1696834201

5.524084473e-05

0.830261339

16.0

0.1696805935

2.981393018e-05

0.8302895925

17.0

0.1696790679

1.609099471e-05

0.8303048411

18.0

0.1696782445

8.684585931e-06

0.8303130709

19.0

0.1696778001

4.687234992e-06

0.8303175127

20.0

0.1696775602

2.52979357e-06

0.83031991

21.0

0.1696774308

1.365380974e-06

0.8303212039

22.0

0.1696773609

7.369242155e-07

0.8303219022

23.0

0.1696773232

3.977332705e-07

0.8303222791

24.0

0.1696773028

2.146649293e-07

0.8303224825

25.0

0.1696772918

1.158591251e-07

0.8303225923

26.0

0.1696772859

6.253159069e-08

0.8303226516

27.0

0.1696772827

3.374960315e-08

0.8303226835

28.0

0.169677281

1.821536086e-08

0.8303227008

29.0

0.1696772801

9.831214716e-09

0.8303227101

30.0

0.1696772795

9.306111562e-09

0.8303227151
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Table 6.38. Gauss-Galerkin Finite Element Method: Changes of the “moment”
m; (y,t) at y = 0.5 with s =2,h = 0.5, 4 = 0,v = 0 as t increases

time || my m my ms my ms
0.00 | 1 0.5 0.297358 | 0.196036 | 0.138456 | 0.102747
1.00 || 1 | 0.65527 | 0.542878 | 0.479022 | 0.436907 | 0.40716
2.00 || 1 |0.738312 | 0.679577 | 0.645803 | 0.623033 | 0.606688
3.00 [ 1 |0.781637 | 0.750933 | 0.733402 | 0.72156 | 0.713057
4.00 [ 1 | 0.804377 | 0.788174 | 0.778999 | 0.772813 | 0.768379
5.00 | 1 [0.816426 | 0.807803 | 0.80295 | 0.799684 | 0.797349
6.00 [ 1 |0.822855 | 0.81824 | 0.815653 | 0.813914 | 0.812672
7.00 || 1 [0.826302 | 0.823823 | 0.822437 | 0.821506 | 0.820842
8.00 [ 1 | 0.828156 | 0.826821 | 0.826076 | 0.825576 | 0.825219
9.00 [ 1 |0.829154 | 0.828435 | 0.828034 | 0.827764 | 0.827572
10.0 || 1 | 0.829692 | 0.829304 | 0.829088 | 0.828943 | 0.82884
11.0 | 1 | 0.829983 | 0.829773 | 0.829657 | 0.829578 | 0.829523
12.0 || 1 |0.830139 | 0.830026 | 0.829963 | 0.829921 | 0.829891
13.0 || 1 |0.830224 | 0.830163 | 0.830129 | 0.830106 | 0.83009
14.0 | 1 | 0.830269 | 0.830236 | 0.830218 | 0.830206 | 0.830197
15.0 || 1 |0.830294 | 0.830276 | 0.830266 | 0.83026 | 0.830255
16.0 || 1 | 0.830307 | 0.830298 | 0.830292 | 0.830289 | 0.830286
17.0 || 1 | 0.830314 | 0.830309 | 0.830306 | 0.830304 | 0.830303
18.0 || 1 | 0.830318 | 0.830315 | 0.830314 | 0.830313 | 0.830312
19.0 || 1 | 0.83032 | 0.830319 | 0.830318 | 0.830317 | 0.830317
200 || 1 |0.830321 | 0.830321 | 0.83032 | 0.83032 | 0.83032
21.0 || 1 |0.830322 | 0.830322 | 0.830321 | 0.830321 | 0.830321
220 || 1 |0.830322 | 0.830322 | 0.830322 | 0.830322 | 0.830322
23.0 || 1 {0.830323 | 0.830322 | 0.830322 | 0.830322 | 0.830322
240 | 1 |0.830323 | 0.830323 | 0.830323 | 0.830322 | 0.830322
25.0 || 1 | 0.830323 | 0.830323 | 0.830323 | 0.830323 | 0.830323
26.0 [ 1 | 0.830323 | 0.830323 | 0.830323 | 0.830323 | 0.830323
270 |f 1 | 0.830323 | 0.830323 | 0.830323 | 0.830323 | 0.830323
280 [ 1 | 0.830323 | 0.830323 | 0.830323 | 0.830323 | 0.830323
29.0 | 1 |0.830323 | 0.830323 | 0.830323 | 0.830323 | 0.830323
30.0 [ 1 |0.830323 | 0.830323 | 0.830323 | 0.830323 | 0.830323




Table 6.39. Gauss-Galerkin Finite Element Method: Changes of the “total moment”
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Mi(t) at y=0.5 with s = 2,h = 0.5, = 0,v = 0 as t increases

time Mo M1 M2 M3 M4 M5
0.00 || 1 0.5 0.297358 | 0.196036 | 0.138456 | 0.102747
1.00 | 1 | 0.65527 | 0.542878 | 0.479022 | 0.436907 | 0.40716
200 | 1 |0.738312 | 0.679577 | 0.645803 | 0.623033 | 0.606688
3.00 | 1 |0.781637 | 0.750933 | 0.733402 | 0.72156 | 0.713057
400 || 1 |0.804377 | 0.788174 | 0.778999 | 0.772813 | 0.768379
5.00 | 1 |0.816426 | 0.807803 [ 0.80295 | 0.799684 | 0.797349
6.00 | 1 |0.822855 | 0.81824 | 0.815653 | 0.813914 | 0.812672
7.00 || 1 [0.826302 | 0.823823 | 0.822437 | 0.821506 | 0.820842
8.00 || 1 |0.828156 | 0.826821 | 0.826076 | 0.825576 | 0.825219
9.00 | 1 |0.829154 | 0.828435 | 0.828034 | 0.827764 | 0.827572
10.0 || 1 | 0.829692 | 0.829304 | 0.829088 | 0.828943 | 0.82884
11.0 || 1 | 0.829983 | 0.829773 | 0.829657 | 0.829578 | 0.829523
12.0 | 1 | 0.830139 | 0.830026 | 0.829963 | 0.829921 | 0.829891
13.0 | 1 | 0.830224 | 0.830163 | 0.830129 | 0.830106 | 0.83009
14.0 | 1 | 0.830269 | 0.830236 | 0.830218 | 0.830206 | 0.830197
15.0 | 1 |0.830294 | 0.830276 | 0.830266 | 0.83026 | 0.830255
16.0 | 1 | 0.830307 | 0.830298 | 0.830292 | 0.830289 | 0.830286
17.0 | 1 | 0.830314 | 0.830309 | 0.830306 | 0.830304 | 0.830303
18.0 | 1 | 0.830318 | 0.830315 | 0.830314 | 0.830313 | 0.830312
190 | 1 | 0.83032 | 0.830319 | 0.830318 | 0.830317 | 0.830317
200 | 1 |0.830321 | 0.830321 | 0.83032 | 0.83032 | 0.83032
21.0 | 1 |0.830322 | 0.830322 | 0.830321 | 0.830321 | 0.830321
22.0 | 1 |0.830322 | 0.830322 | 0.830322 | 0.830322 | 0.830322
23.0 | 1 |0.830323 | 0.830322 | 0.830322 | 0.830322 | 0.830322
240 | 1 [0.830323 | 0.830323 | 0.830323 | 0.830322 | 0.830322
25.0 | 1 {0.830323 | 0.830323 | 0.830323 | 0.830323 | 0.830323
26.0 | 1 |0.830323 | 0.830323 | 0.830323 | 0.830323 | 0.830323
270 || 1 [0.830323 | 0.830323 | 0.830323 | 0.830323 | 0.830323
28.0 | 1 |0.830323 | 0.830323 | 0.830323 | 0.830323 | 0.830323
29.0 | 1 | 0.830323 | 0.830323 | 0.830323 | 0.830323 | 0.830323
30.0 | 1 |0.830323 | 0.830323 | 0.830323 | 0.830323 | 0.830323




CHAPTER 7

Conclusions and Discussions

In the previous chapters, we proposed and studied a Gauss-Galerkin finite element
method for solving a class of singular diffusion equations. The theoretic analysis is
very general and therefore the results can be applied to a wide range of singular diffu-
sion equations in two variables. In our examination of the test problems, even though
we only use very few base functions in finite element approximation for y variable
and very few nodes in Gauss-Galerkin approximation for x variable, the numerical
approximation seems very efficient and accurate. In the proof of the convergence
of Gauss-Galerkin finite method, we considered a set of boundary conditions under
which the boudary terms drop out. Nevertheless, as our test problem in studing
Section 6.2 shows, we can apply the proposed method even in those case where the
boundary terms do not all drop out (there are net fluxes across the boundaries at
z=0and z=1).

A number of important and interesting issues remain to be studied in the future. We
state some of them here. How do we modify our Gauss-Galerkin method in general
in the case that the boundary terms can not drop out. One possible solution is to
approximate such boundary terms by the finite element method in the y variable
and the Gauss-Galerkin method in the x variable. For singular diffusion equations

with singularities in both x and y variables, a possible solution may need the Gauss-
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Galerkin method in both directions. For example, given time t, we may alternately
use one dimensional Gauss-Galerkin method in the x direction and then the y direc-

tion repeatedly. Obviously much more work needs to be done in the future.
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