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ABSTRACT

THE SEIBERG-WITTEN THEORY OF HOMOLOGY 3-SPHERES

By

Weimin Chen

In this thesis we study the Seiberg-Witten theory of an oriented homology 3-
sphere. The goal is to extract topological invariants — the Seiberg-Witten invariants
— by counting the solutions to the Seiberg-Witten equations on the manifold. The
first question we consider is whether the Seiberg-Witten invariants depend on the
geometric or analytic data involved in their definition. In the first main result of this
thesis, we completely determine the dependence of the Seiberg-Witten invariants on
the data involved in their definition. In particular, we show that even for the simplest
manifold, the 3-sphere S3, the Seiberg-Witten invariants take infinitely many different
values.

The rest of this thesis is devoted to understanding the Seiberg-Witten invariants
in a specific geometric setting — the surgery setting. In that context we prove a
gluing formula, which identifies the Seiberg-Witten invariants as certain “homological

intersection numbers”.
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Introduction

Let Y be an oriented homology 3-sphere, i.e. H,(Y) = H,(S). Equip Y with a
Riemannian metric go. The unique spin structure on Y gives rise to a (unique) SU(2)
vector bundle W on Y such that the oriented volume form of Y acts on W as identity
by Clifford multiplication. Consider pairs (A,1) where A is an imaginary valued
1-form on Y and v is a smooth section of W. The 3-dimensional Seiberg-Witten

equations for (A, ) read as

D,y + Ay =0
xdA + 7(¢,¢) = 0.

Here D, is the Dirac operator on Y associated to the metric go and 7(, -) is a certain
bilinear form on I'(W) with values in the space of imaginary valued 1-forms on Y.
The group of gauge transformations G(Y) = Map(Y, S!) acts on the pairs (A, ) by

the following rule:

s-(A,¢) = (A—s"'ds,sy) for s € G(Y).



The Seiberg-Witten moduli space M(Y') is the space of gauge equivalence classes of
solutions to the Seiberg-Witten equations (these solutions are called monopoles). It
is compact and has virtual dimension zero.

The algebraic count of the elements in M(Y') is called the Seiberg-Witten invariant
of Y and is denoted by x(Y") throughout. M(Y') can be regarded as the set of critical
points of the Chern-Simons-Dirac functional and x(Y') its Euler characteristic.

The first question we consider is whether the Seiberg-Witten invariant x(Y) is
independent of the data involved in its definition, such as the Riemannian metric on
Y and the perturbations of the Seiberg-Witten equations. Unfortunately, the answer
to this question turns out to be negative. To be more precise, suppose that the
oriented homology 3-sphere Y bounds a smooth spin 4-manifold X endowed with a

Riemannian metric which is a product near Y. We set
1
a(Y) = x(Y) — (indexDx + §Sign(X)),

where Dy is the Dirac operator on X defined with the APS global boundary condition
([2]) and Sign(X) is the signature of X.

In Chapter 1, we give a rigorous definition of x(Y) and a(Y) and prove the
following theorem.

Theorem A

Let'Y be an oriented homology 3-sphere. Then
1. a(Y) is a topological invariant of Y, and a(Y) + a(-Y) = 0.

2. a(Y) = p(Y) (mod 2), where u(Y') is the Rohlin invariant of Y.



The Casson’s invariant satisfies both these properties. Thus this result strongly
supports the recent conjecture of Kronheimer and Mrowka ([18]) that a(Y) equals
Casson’s invariant of Y.

In order to define x(Y), we need to consider the following perturbations of the

Seiberg-Witten equations:

Dyt + A + fip = 0
*dA+7($, %) +p =0,

where g is a perturbation of the metric g, f is a real valued smooth function on Y and
u is a small, co-closed, imaginary valued 1-form on Y. The topological invariance of
a(Y') is roughly saying that the space of pairs (g, f) has a chamber structure and the
Seiberg-Witten invariant x(Y') depends only on the chamber of the perturbed Dirac
operator Dy + f (assuming the perturbation p is small). In [13], Hitchin studied a
family of metrics on S3 which shows that the Dirac operator associated to this family
of metrics has infinitely many different chambers. Using Hitchin’s observation, we
show that even for the simplest 3-manifold, S, the Seiberg-Witten invariant x(S®)
takes infinitely many different values.

The rest of this thesis is devoted to understanding the Seiberg-Witten invariant
Xx(Y) in the following geometric setting. Assume that Y is decomposed into a union
of two submanifolds Y; and Y, by an embedded torus 72 where Y, is diffeomorphic to
D? x S'. We put a Riemannian metric on Y such that a collar neighborhood of T? is
isometric to (—1,1) x R/27Z x R/27Z and Y, carries a metric whose scalar curvature

is non-negative and somewhere positive. By inserting cylinders [0,2L + 1] x T2, we



obtain a family of stretched versions Y, of Y. Our goal is to express the Seiberg-
Witten invariant x(Y7) in terms of Y} and Y; when the neck is sufficiently long. We
regard Y}, as a result of cutting and pasting of two cylindrical end manifolds obtained
by attaching infinite cylinders to Y; and Y; (still denoted by Y; and Y5 for simplicity).
It turns out that the (finite energy) Seiberg-Witten moduli spaces of the cylindrical
end manifolds Y; and Y; are generically 1-dimensional manifolds which are immersed
into the space of equivalence classes of flat U(1) connections on T? via a map which
sends a finite energy monopole to its limiting value at the infinity of the cylindrical
end. After fixing orientations, these moduli spaces define an “intersection” number
#S8(Y1,Y2), which we prove equals to the Seiberg-Witten invariant x(Y7) when the
length of the neck is large enough. This result is refered to as the gluing formula of
X.

Theorem B

For large enough L, x(Y.) = #S(Y1, Y2).

In Chapter 2, we set up the Fredholm theory for Seiberg-Witten equations on
cylindrical end 3-manifolds. The issue of perturbation and transversality, and analytic
properties of the finite energy monopoles such as exponential decay estimates and
“compactness” are discussed. The gluing formula is proved in Chapter 3.

Two technical results needed in Chapters 2 and 3 are included as Appendice A
and B.

Part of this thesis has appeared in the Proceedings of 5th Goékova Geometry-

Topology Conference (1996) ([6],(7]).



CHAPTER 1

Topological Invariance

1.1 Seiberg-Witten theory in dimension 3

Let Y be an oriented homology 3-sphere equipped with a Riemannian metric g (many
facts stated in this section hold for general 3-manifolds). There exists a unique
SU(2) vector bundle W; over Y as a Clifford module of the Clifford algebra bundle
Cl(TY) ®r C such that the oriented volume form on Y acts as identity on Wj. Let
W = Wy ® L, where L is the trivial complex line bundle over Y. W is a U(2) vector
bundle.

Let (e!,e?,e3) be an oriented local orthonormal basis of T*Y. This gives rise to a
local unitary basis of W, and W, within which the Clifford multiplication is given by

the following matrices:



Let ¥ = (z,w), ¢ = (u,v), ¥, ¢ € W, we define

1| Re(za—wv) 20+ wu
(¥, ) =3

Zv+wit  —Re(zua — wo)
It is straightforward to show

Lemma 1.1.1 i7(y, ¢) = 3(Re(2a — wv)(e') + Im(z0 + wu)(e?) + Re(20 + wu)(e?)),

so 7(, ) € AY(Y) ® iR. Moreover, we have

(te- Y, d)re = —2(e,17(¥, ¢))

for any e € AY(Y), and |7(4,¥)* = {|y|*.

The Levi-Civita connection of the Riemannian metric g lifts to a connection on
Wy. Coupled with a U(1) connection A on the complex line bundle L, the Dirac

operator D,: T'(W) — I'(W) is given in a local frame by

Dy = iei +(Ve, +14;).
j=1
Let A = C x I'(W) where C is the space of smooth U(1) connections on L. The
gauge group G = Map(Y,S!) acts on A by s- (4,¢) = (A — s7lds,sy), s € G,
(A,v) € A. Note that my(G) = H!(Y,Z) = 0. Each element in G can be written as e/
with f € T(A%(Y) ® iR) determined up to a constant 27ik, k € Z. So G = K(Z,1).
Let B = A/G. The action of G is free on the subset A* = A\ {¢ = 0}, and with

stabilizer S* on the rest. Hence B* = A*/G is homotopic to CP>.



We shall work within the context of Sobolev spaces and Banach manifolds. By
fixing a trivialization of L, C can be identified with Q!(Y)®:R, the space of imaginary
valued 1-forms on Y. Define A? = L2(A}(Y) ® iR) x L}(W,), G2 = {L3 maps from

Y to S'}. For simplicity, we still use the old symbols to denote the Sobolev objects.

Lemma 1.1.2 B* is a Banach manifold whose tangent space at (A, V) s
TBis,) = {(a,¢) € A| - d’a + (i), ¢) re = 0}.

Proof: Standard arguments. The key point is that the operator d*d+|1|? is invertible
if 9 is not identically zero. See [12]. 0
Remark: A neighborhood of [(4,0)] in B is diffeomorphic to U/S!, where U =
{(a,¢) € Ald"a =0,](a, 9)[| < 6}.

There is a natural Z4 action o on A given by o(A, ) = (—A, Jy), where J is the
quaternion structure on Wy. The action o descends to an involution on B and acts
freely on B*.

The Chern-Simons-Dirac functional on A is defined by
1 1
eSD(A¥) = =3 [ AndA+3 [ (6. Dav)nVol,,

which is gauge invariant and descends to B. It is also o-invariant. The gradient of

CSD at (A, ) is given by

s(A, ) = (xdA + 7(¥, ), Dav).



It can be regarded as a ‘weak’ tangent vector field on B* in the sense that it is not in
TB* but in its L? completion L, i.e., Liay) = {(a,¢) € L?| — d*a + (i), §) g = 0}.

The covariant derivative Vs is given by

Vsay)(a, o) = (xda +27(¢, ) — df (¢), Dad + ap + f(4)¥)

where f(¢) is the unique solution to the equation (d*d + |¢|?)f = i(iD ¥, @) pe. As

in [29], we have

Lemma 1.1.3 Vs, ) defines a closed, essentially selfadjoint, Fredholm operator on
L(ay), and its eigenvectors form an L?-complete orthonormal basis for L4 ). The
domain of Vs(ay) is the L2-Sobolev space completion of L(ay). The eigenvalues form
a discrete subset of the real line which has no accumulation points, and which is

unbounded in both directions. Each eigenvalue has finite multiplicity.

The 3-dimensional Seiberg-Witten moduli space M is the set of critical points of

CSD on B, i.e. the equivalence classes of solutions to the Seiberg-Witten equations

*xdA + (1), 1) =0
Dat = 0.

Let [0] denote the unique reducible solution [(0,0)]. Then the moduli space of irre-

ducible solutions is M* = M\ [f]. As in [17], we have

Lemma 1.1.4 The moduli space M can be represented by smooth sections and it is

compact.



In order to define the Seiberg-Witten invariant, i.e. the Euler characteristic of

CSD, we need suitable perturbations of CSD.

Definition 1.1.5 A perturbation CSD' of CSD is admissible if:

1. The critical points of CSD' in B* are non-degenerate, i.e. Vs'|(4y) is invertible

at [(4,¢)] € B*Ns'1(0).
2. The Dirac operator at the reducible [0] is invertible so that [0] is isolated.

Here s' is the gradient of CSD' and Vs' is the covariant derivative of s'. The Dirac

operator at [0] will be clear when we specify the perturbation.

An admissible perturbation has only finitely many isolated critical points in B*.
This is because the reducible [f] is isolated so that M* is compact. Each irreducible
critical point is assigned a sign by the mod 2 spectral flow of Vs'. Since m(B*) = 0,
the spectral flow does not depend on the path chosen. See [29].

We will consider two classes of admissible perturbations. The first class is o-
invariant. First we need to perturb the Dirac operator so that it is invertible and still
quaternionic. These perturbations take the form of Dy + f where g stands for the
metric and f is a smooth real valued function on Y. The perturbed Chern-Simons-

Dirac functional takes the form of
CSDI A w = CSD A 1 + = 2 l
( ’ ) (‘,7/) 2/f|w|g‘/og+u,

where u is some functional on B which will be constructed in Section 1.5. The
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corresponding Dirac operator at the reducible [0] is Dy + f. For convenience, we set
CSD,(A, %) = CSD(A, ) + / fll2Vol,.

The following proposition is proved in Section 1.4, in which Met stands for the

space of metrics.

Proposition 1.1.6 LetY be a closed oriented 3-manifold. For a generic pair (g, f) €
Met x C*(Y), the perturbed Dirac operator Dy + f is invertible. Moreover, any two
such regular pairs (go, fo) and (g1, f1) can be connected by a generic path (g¢, fi) such
that the perturbed Dirac operators D,, + f, are invertible except for t; € (0,1) with
Ker(Dg, + f,) =H, i=1,2,...,n. Let A\, be the eigenvalue and eigenvector near
ti, i.e. (Dg, + fi)vr = My with A, = 0 and ||¢]|L2 = 1, we have

Bt = [ (Do + FE) W), b1 # 0.

As a corollary, the spectral flow of Dy, + f, at t; is £4 fori=1,2,...,n

The next proposition concerning the existence of g-invariant admissible perturba-

tions is proved in Section 1.5.

Proposition 1.1.7 Fiz a regular pair (g, f) so that the reducible [0] is isolated. There
exist o-invariant admissible perturbations of CSDy which are supported in the comple-
ment of (0] and the non-degenerate critical points of CSDy. Any two such admissible

perturbations can be connected by a path supported in the complement of [6].
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The second class of admissible perturbations of CSD has the form of
CSD' (A, ¥) = CSD(A, ¢) — /Y AN *p

where 4 is a generic imaginary valued co-closed 1-form. The gradient of CSD’, at
(A,9) is
Su(4,9) = (xdA+7(¥,¥) + p, Day)).

CSD', has a unique reducible critical point [6,] = [(a,,0)] where a, is the unique
solution to the equations *da, + p = 0 and d*a, = 0. The covariant derivative Vs',

is given by
Vs uaw(a, @) = (xda + 27(¢, ) — df (#), Dad + ayp + f(d)v)

where f(¢) is the unique solution to the equation

(@°d+ [Y|*)f = i(iD ¥, ¢) pe-

The corresponding Dirac operator at [6,] is D, = D + a,.

Proposition 1.1.8 For a generic u, CSD',, is admissible. Moreover, any two such

reqular pg and p; can be connected by a path py, t € [0,1], such that
1. &, is transversal to the zero section of the Hilbert bundle L over B* x [0, 1].

2. D,, is invertible for all but finitely many points t; € (0,1) with KerD,, = C.

Moreover, if Ay and ¢, are the eigenvalue and eigenvector of D,, near t;, i.e.
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Dyp’l/}t = /\t'l,[)t with ”thLz =1 and /\t'. = O, then

d

%(ti) = _/;,<E(D#f)(ti)wt,awg,>m # 0.

In particular, the spectral flow of D, (as complez linear operators) at t; is equal

to £1.

Proof: The “universal” gradient s(u, A,v¥) = (xdA + 7(¥,¥) + p, D 4v) is a section
of the Hilbert bundle £ over Ker d* x .A* which is transversal to the zero section. So
s71(0) is a Banach manifold, and so is s7!(0)/G. The projection P: s7'(0)/G — Ker
d* is a Fredholm map of index 0. So for a generic p, Vs', is invertible at s’;l(O), and
any two such regular uo and p; can be connected by a path y,, t € [0,1], such that
s',, is transversal to the zero section of the Hilbert bundle £ over B* x [0, 1].

Consider the real Hilbert bundle € over Ker d* x (L?(W)) \ {0}) given by €,4) =
{¢ € L*(W,y)|¢ is orthogonal to ip}. Then L(a,v)) = Dy + a3 is a section of €
which is transversal to the zero section. Therefore L~!(0) is a Banach manifold. The
projection IT: L='(0) — Ker d* is a Fredholm map of index 1. Since D, = D + a is
complex linear, by Sard-Smale theorem, for a generic a € Ker d*, [I"!(a) is empty,
i.e. D, is invertible. Two such regular ay and a; can be connected by a path a; which
is transversal to II. We can take an analytic path a, so that for all but finitely many
points t;, D,, is invertible and KerDa,‘ = C by index counting. If D,, ¥y = A3y with
lte]lL2 = 1 and A, = 0, then

dhe,, | d b o
) = [ (Z(Du) )0, ¥ e
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Since a, is transversal to the projection II, [y (4 (Da,)(t:)¥t,, ¥t.) re # 0. O

Remark: The same conclusions hold if we also allow the metrics to change.

1.2 The definition of y and «

Fix an admissible perturbation CSD’ of CSD with gradient s’. Denote the Dirac
operator at the reducible critical point [] by D'. Let M* = {[(A,v¢)] € B*|s'(A,¢) =
0}. We define for 3; € M?*,

ij Z (_1)5F(,3j,ﬂu)
BieM:*

where SF(f3;, ;) is the spectral flow between Vs's and Vs's.. As in [29], it is easy
to show that |x’| is independent of the choice of 3;. In order to give a sign to |x’],
we need to fix a sign near the reducible critical point [6)].

At (A,v) € A*, we have a short exact sequence

d(a.y)

0 —>TGy —3TA* IHTB — 0
where d(4,4)(f) = (—df, fv) and 7 : A* — B*. This enables us to extend any

endomorphism of T'B* to a G-equivariant one of TA & TG,4. An endomorphism L of

TB* is extended to
L 0 0

Ki=1{o0 o0 diayy) |
0 diyy O

an endomorphism of TA® TG,y = TB* ® Im(d(4,4)) ® TGia. K7, is self-adjoint if and
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only if L is. For L = V', we use K' for K.

At (A,v¥) € A, we define a self-adjoint endomorphism of T A @ TG,4:
Kaw(a,, f) = (xda+27(¢), @) — df, Dad + av + fob, —d"a + (i), d) re)

or

As in [29], we have

Lemma 1.2.1 For smooth (A,¢) € A, Kay) eztends to L*(AY(Y) @ iR & Wy &
A%(Y) ® iR) as a closed, essentially selfadjoint, Fredholm operator. It has discrete
spectrum with no accumulation points, and each eigenvalue has finite multiplicity.
The spectrum 1is unbounded from above and below. The same holds for Ki, ) if
(A,9) € A*. Moreover, one can replace Vs' by K for the purpose of computing the

spectral flow.

For any (a,¢) € A*, we need to study the small eigenvalues of K;(a, ¢) = Ko +

tC(a, ¢) as t — 0 where

D 0 0 a ¢ ¢
Ko=] 0 xd —d |,andC(a,¢)=| 27(4,) 0 0
0 —d* 0 i(i¢, )re 0 0

Here D' is the Dirac operator at [#] which is invertible. Ky has only one zero eigen-
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vector which is the constant function i. K,(a, @) is expected to have exactly one small

eigenvalue ), which is analytic in t as t — 0. See [14].

Lemma 1.2.2 )\, (0) =0, X,(0) = =2 [, (D', @) e where ¢ = (D')"(i¢).

Proof: For simplicity let K, = K,(a, ¢), C = C(a, ¢). Suppose (K; — A;) f = 0 where
|| fill =1, fo = i. By differentiating the equation, we have

(C = X)fo+ (K= A\)fi = 0.

So A = (C(£.), fi), and A (0) = (C(i),1) = (ig,7) = 0. Ko(fi(0)) = —C(fo) = —i¢
Let ¢ = (D')~1(i¢), then X,(0) = (C(£:(0)), fo) + (C(fo), £(0)) = =2 [y, (D'}, §) re

Corollary 1.2.3 For a generic ¢, A (0) # 0. A ~ At where A = —fY(D'i), ®) Re
and ¢ = (D')"1(ig).

For 3; € M*, we define

sign(3;) = —sign( | (D'd, @) ) - (~1)°F )

for a generic ¢, where SF(03;, ) is the spectral flow between Ks, and K(a, ) for
small ¢.

Definition 1.2.4 x = sign(3;) - X’

It is easy to see that sign(J;) is independent of (a, ¢), and x is independent of f3;
as in [29).
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Lemma 1.2.5 x(Y) = —x(=Y), and x = 0 (mod 2) if CSD' is a o-invariant

admissible perturbation.

Proof: W, still can serve for —Y if we change the Clifford multiplication by a factor
of —1. Under this change, CS§D'(Y) = —CSD'(-Y), Vs'(Y) = -Vs'(-Y), M(Y) =
M(=Y), and [,(D'd,)re = — [_y(D'd,)re- So x(Y) = —x(=Y). The other
statement is obvious. a

Let X be a smooth compact spin 4-manifold with 0X = Y. Equip X with
a Riemannian metric such that a neighborhood of Y is isometric to (—1,0] x Y.

Suppose Dy is a perturbed Dirac operator on X which takes the form

c(dt)(% + D)

near the boundary Y. Here D' is the Dirac operator at [f] for an admissible pertur-
bation of the Chern-Simons-Dirac functional and takes the form of Dy + f + a where
a is a co-closed imaginary valued 1-form, g stands for the metric and f is a smooth
real valued function on Y. D' is invertible. IndexDyx is the L? index if an infinite
cylinder is attached to X, or the index of Dy satisfying the APS global boundary

condition.

Lemma 1.2.6 ([2]) IndezDy + %Sign(X) is independent of X, and
(IndexD} + %Sign(X)) — (IndezD? + éSign(X)) = -SF(D}, Dj),

where DY = c(dt)(d% + D!) near Y. In the case that a = 0 and (g, f) is a regular

pair, IndezDx + $Sign(X) = p(Y) (mod 2) where pu(Y) is the Rohlin invariant.
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IndezDx + %Sign(X) changes by a factor of —1 if the orientation of Y 1s reversed.

Definition 1.2.7 For any admissible perturbation, define
1.
a = x — (IndezDx + gSzgn(X)).

Here Dy takes the form of c(dt)(% + D') near Y where D' is the Dirac operator at

the reducible critical point (0] associated to the admissible perturbation.

1.3 Topological invariance of o

In this section, we shall prove that a is independent of the choice of the Riemannian
metric and admissible perturbation.

Given any two metrics and admissible perturbations CSD’,,, i = —1,1, we can
connect them by a path CSD’,, t € [—1,1] for which Proposition 1.1.8 holds. We

only need to consider the following two situations:
1. D, is invertible for all ¢.
2. D, is invertible for all ¢ but ¢ = 0.

Here D, is the Dirac operator at the reducible point [6,,]. In the first case, IndexDx +

+Sign(X) does not change, neither does x. In fact, we have

Lemma 1.3.1 Suppose two admissible perturbations po and p, are connected by a
path p, which provides a partial cobordism Z between part of My and part of M3. If
Bo € My is cobordant to 3y € M3 via Z, then SF(3o,31) is even. If By € My is
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cobordant to 3, € M via Z, then SF(8y, 1) is odd. Here SF(By, 51) stands for the

spectral flow between Vs's, and Vs's, .
Bo B

Proof: The lemma follows from the fact that the cobordism Z can be arranged so
that the projection from Z to [0,1] is a Morse function. See [9], p.143. O

In the second case, IndexDx + §Sign(X) changes by 1. We shall prove that x
also changes by +1 which is compatible to the change of IndexDx + %Sign(X ) so
that o remains unchanged. This is done by analyzing the Kuranishi model near the
reducible point at ¢t = 0.

Nonlinear Fredholm maps between Hilbert spaces admit local reductions to finite
dimensional maps. Suppose ¥: X — Y is a nonlinear Fredholm map satisfying
¥(0) = 0. Let T = (d¥)o. Then there are splittings X = Ker T & (Ker T)*,
Y = ImT & CokerT and a map ¢ : X — CokerT so that V¥ is equivalent to T + v
near 0 by a diffeomorphism of X, and ¥(0) = 0, (d¢)o = 0. Moreover, ¥~'(0) is
diffeomorphic to {¢|kerr = 0} near 0. If there is a group action, the above can be
made equivariant.

The detailed construction goes as follows. Let m, : X — KerT, . : Y —
CokerT be the orthogonal projections. Then x : X — X given by x : z — m(z) +
T71(1—7.)(¥(z)) is a local diffecomorphism at 0. Define 1(y) = m.(¥(x"'(y))). Then
Vox!'=T+1, and ¥1(0) = {¢|kerr = 0}. See [12].

Suppose two admissible perturbations p_; and p; are connected by a path pq,
t € [-1,1], in the sense of Proposition 1.1.8 and D, is invertible except for t = 0.

We will study the Kuranishi model near the reducible point at ¢ = 0 of the following
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family of Seiberg-Witten equations

xdA +7(¥,¢) =0
(Duz + Ay =0

where A € Ker d*. Here d* stands for d* at t = 0.

Consider map ¥ : R & L3(Ker d* & W) — L*(Ker d* & W,) given by

U(t, A, ¥) = (r(xdA + (¥, ¥)), (D, + A)Y)

where 7 : Q1(Y) ® iR — Ker d* is the L? orthogonal projection. Then Ker (d¥), =
R @ Ker Dy, Coker(d¥), = Ker D,. Here Dy, stands for D,,. Write 9 = 1y + ¢4
where ¢y € Ker Dy and 9, € (Ker Dy)t, then we have a local diffeomorphism

x: R L*(Ker d* ® Wy) - R& L?(Ker d* & W),

X: (A Yo +¢1) = (¢ (xd) " (m(xedA + (Yo + 1, %0 + ¥1))),

Yo+ Dg(1 — m) (D, + A) (%o + 1)),

and x7!(¢,0,40) = (¢, 4, ¢ + ¢1) where A = A(t, ¥y), ¥1 = ¥1(t, ¥o) satisfy

A+ (ﬂ*td)_l(ﬂ’Tt(% +1)) =0
Y1 + Dy ' (1 = mg)(Dy, — Do + A) (Yo + ¥1) = 0.

Lemma 1.3.2 (D,, + A(t,%0))(¥o + ¥1(t,¥0)) € Ker Dy. If we write

(Dm + A(tv 1/)0))(1/)0 + wl (t, 1/10)) = awO + lb’l,/)o
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where a, b are real numbers, then b = 0.

Proof: For simplicity, denote D, + A(t, 1) by D. Then b||v)||? = [y (ibo, ito) re =
Jy (D (%o + 1) — atbo, o) re = [y (D1, 1W0) re = — [y (001, Do) re = — [y (%1, avo +
ibyg — D) ge = 0. a

Lemma 1.3.3 There ezists a constant C so that for small s, if |[voll2 < s, t < s,
then

[1(t, %0)ll2 < Cs?, and ||A(t, vo) |2 < Cs?.

Proof: We have continuous maps L? x L? — L? and (xd)~!, Dy' : L? — L?. Apply

Banach lemma to the map

B(A, ) = ((W*td)_l(WTt(l/)O + 1)), Do_l(l — k) (D, — Do + A) (W0 + ¥1)),

which maps {||4||.: < Cs?, |||z < Cs?} into itself when ¢t < s and ||yl .2 < s for
small s. The lemma follows easily. a

Next we examine the finite dimensional reduction ¢|ker (qaw), : R ® Ker Dy —

Ker Dy. Let ¢y € Ker Dy, ||tho]|r2 = 1. We have

Sl ker (awyo (8 5%0) = Tk (D, + A(2, 5%0)) (s%0 + 1 (¢, s0)).-

Without loss of generality, we assume that s is real and positive. By Lemma 1.3.2,

Bl Ker (aw), (t, S¥o) = 0 if and only if

/Y(Dm(swo + Y1 (t, %)), S%0) Re + /Y(A(t, so) (8o + Y1 (t, s¥0)), s¥0) e = 0.
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Lemma 1.3.4 Let D, ¢y = My, M(0) = 0, ¢,(0) = v as in Proposition 1.1.8.

Then
1.
/Y<D,,,(s¢0 +hu(t, 510)), 5%0) re = 52(A\s + O(st + £2))

ast,s = 0.

2.
J A sv)(svn + vt sto))svndre = 25°(= [ ()N (r (o)), (o))
+0(s + t))
ast,s = 0.

Proof: Let D, 1, = A\, and ¢, = aho + betpj- where o € (KerDo)?t, ||vt|L2 = 1,
a; — 1, bg = O(t) Then

At = |ag|* (Do, o) + 2[be* A — 0> (Dpe i, ¥i1).

Since a; — 1, b, = O(t), we have (D, v, ¥0) = A + O(t2).

On the other hand, for any v, € (KerDy)*, we have
(mez,’d)o) = at_lbt(’\t(w&ﬂ/}?) - (D#thL’wQ)) = O(”d"?” : t)'

So

/Y<Dm (%0 + ¥1(t, s%h0)), s¥o) re = 5°(A¢ + O(st + 7))



22

ast,s — 0.

For the second assertion, we have

A(t,si) = —(mxd) ™ (m7i(syo + ¥ (t, 510)))

= —(xd)"N(7(10))s? + O(ts® + s°).

So
L(A(tv SwO)(SI’L’O + 1/}1(t, S‘d’!O))v SL/}0>R8 = 234(— /;/((*d)_l(T(wO))wT('lfl)O))
+O(s +1)
ast,s — 0. O

Corollary 1.3.5 The equation ¢|ker (aw),(t, 5¢0) = 0 has ezactly one solution s for
and only for those t such that )\, and [y ((*d)~'(7(¥0)), T(¥0)) have the same sign, if

Ty ((xd)~Y(7(¥0)), T(¢0)) # 0. Moreover, we have t ~ cs? as t,s — 0.

Remark: [, ((xd)"}(7(¥0)), 7(¥0)) # 0 is generically true by slightly perturbing pu,
near t = 0, observing that [y ((xd)™}(7(¢0)), 7(¢0, ¢)) = 0 for any ¢ implies that
Yo = 0, and also observing that y, is transversal to the projection II (see Proposition

1.1.8).

Lemma 1.3.6 Let (A, ) be the solution to

*dA + (Y, 9) =0
(Dy, + A)p =0
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near the reducible and t = 0, then SF(K(4,y), K4, s(0,%0)) is odd as t,s — 0.

Proof: K44 is an analytic perturbation in s = (¢, ) of

Ko has three zero eigenvectors E! = 1)y, E? = %(iwo +1), E® = %(ilﬂ‘o —1). Let
K(apEi = X, E} where E}(0) = E, X;(0) = 0. Then

A10) = 0, X4(0) = =8 [ ((xd) ! (r(v0)), (), X2(0) = 1, X3(0) = 1.

So Al ~ As?, A2 ~ s and A} ~ —s where ) has the same sign with — ), (see Corollary
1.3.5).

On the other hand, by Lemma 1.2.2, K, (0,%9) has three small eigenvalues
A, A, \is? as t — 0 and s = o(t) where A\, = —(D,,t,%o) and 1 = D7 (ivo).
It is easy to see that A; has the same sign with —(D,,¥0,%0) ~ —A; ast — 0. So

SF(K(a,4), Kpu.,s(0,%0)) is odd as t,s — 0. O

Theorem 1.3.7 Let Y be an oriented homology 3-sphere. Then

1. a(Y) is a topological invariant of Y, and o(Y) + o(-Y) = 0.

2. oY) =w(Y) (mod 2), where u(Y) is the Rohlin invariant of Y.

Proof: There is a family of irreducible critical points disappearing or being created

when ¢ passes 0. Call it 3;. It is easy to see from Lemma 1.3.6 that sign(53;) = sign),.
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The rest of Mj,, provides a cobordism between the rest of Mj, and M}, . The sign
convention fixed near the reducibles does not change since K, s(0,) has a spectral
flow equal to 1 when ¢ passes 0 (the point is that D,, is complex linear). So we have
Xp_r — Xuy = —SF(D,_,,D,,) and « remains unchanged. As for a(Y)+a(-Y) =0,
it follows from Lemmas 1.2.5 and 1.2.6.

The second assertion is an easy consequence of the existence of o-invariant admis-
sible perturbations. We will construct them in the next two sections. a
Remark: In [13], Hitchin studied a family of Riemannian metrics on S3 which shows
that the second term in the definition of o may take infinitely many different val-

ues. Therefore we prove that even for the simplest manifold, S3, the Seiberg-Witten

invariant x(S®) takes infinitely many different values.

1.4 Perturbations of Dirac operator

In this section, we show that the perturbed Dirac operators Dy + f are invertible for
generic pairs of (g, f) and they admit a chamber structure.

Throughout this section, we assume that Y is a closed oriented 3-manifold. Given
a metric g on Y, let Pso be the orthonormal tangent frame bundle of Y. Let
H C GL(3,R) be the subset of symmetric matrices with positive eigenvalues, then
C*(Pso x 4o H) which is the set of C* sections of the associated fiber bundle Pso x 4o H
parameterizes the C*-smooth Riemannian metrics on Y. We use the C*-norm of
C*(Pso % aq H) to topologize it. Let h be a section of Pso x 44 H, g" be the corre-
sponding metric, and P%, be the orthonormal tangent frame bundle associated to g".

Let £ be a given spin structure on Y, 7 : Psyine) = Pso, 7 : P

h
spin(e) —* Pso be the
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Spin(3) bundles correspondent to the metrics g and ¢”, then we have a lifting h

h h
Pspiney =  Pspin(e

| I

h

Note that if h is not symmetric, we may not remain in the same spin structure. Let
V = Pspingey X, C?, V" = P¢,, ) X, C? be the spinor bundles where p : Spin(3) —
SU(2) is the standard representation. We have an isometry h : V —s V" given by
h(c,8) = (h(0),0).

Let D : [(V) x C¥(Pso x aq H) — I'(V) be the map defined by D(y,h) = h~! -
Dn -h() where ¢ € I'(V) and h € C*¥(Pso x 4q H). Let o be a local frame of Pspin(e),

m(o) = (ey, e, €3), and (f1, f2, f3) = (e1, €2, e3)h which is the local orthonormal frame

with respect to the metric g*. Write ¢ = (0,0),h = (7(0), (hi;)), then

(h(9),0)
3

(c,»fi(B) - % Z w,';j(h)c,-ckcjﬂ))

1 k<j

D(y,h) = h! Dgh'
=t ((o)

b

-

3
= (0’, Z(Cihsies(e) - % Z w;j(h)cickcjg))

i=1 k<j

where wj;(h) is the Levi-Civita connection 1-forms of the metric g" with respect to

(fl» f27f3), i-e~, V?‘f_j = fkwlicj(h), and
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Direct calculation shows that

. 1 _ s
wi;(h) = 5(}1;,1h,ih3,~ + h hichsi — b hishe) (wrg — wit)
1 1 1 _
+ ’éh;,glhliel(hsj) — Eh;l]hsjes(hli) + 'éhjslhlkel(hsi)
1

1 1
— —h]lhsies(hlk) — “h,‘_slhljet(hsk) + _hi-llhskes(hlj)
27 2 2

where V..e; = exw};, hi;'hjk = 6. See [19] and [16].

Lemma 1.4.1 D(-,h): T'(V) — T'(V) is smooth in h. Moreover, D(-, h) is self-

adjoint if det(h) = 1 pointwise on Y.

Proof: That D(:,h) is smooth in h follows from the local expressions of D(:, h) and

wi;(h). For the self-adjointness of D(-, k), we have

[, Pw.h,0),Vol, = [ (7 Dy - h(w), 6),Vol,
= /y (Dgn - h(¥), h($)) .V lgn
- /Y (h(1), Do (h(¢)) gV 0lgn
- /Y(v,[;, h™" - Dgn - h(@)),V ol

= L(wa D(¢’ h))!]VOlQ

where Vol, = Vol since det(h) = 1 pointwise on Y. O
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