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ABSTRACT

Entropy Zero Systems and Morse-Smale Systems
By

Wei Wang

In this thesis, we prove that if f is a real analytic diffeomorphism on a two di-
mensional compact Riemannian manifold, the non-wandering set of f is finite and f
satisfies locally normalized condition, then, f can be C™ (r > 0) approximated by a

Morse-Smale diffeomorphism.
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CHAPTER 0

Introduction and Main Result

Let M be a compact Riemannian manifold. f be a C™ (r > 0) diffeomorphism on
M. One of the important quantities to describe the complexity of the structure of a
system is topological entropy, which tells roughly how many different orbits f has. A

formal definition of entropy is as follows.

h(f) = limlim sup

=0 pnooo

log s(n, €)
n

where h(f) be the topological entropy of f, s(n,€e) = maxgcpm{cardinality of E}
and E is a set such that if z,y € E then d(f*z, f*y) > € for some k € [0,n). In other
words, h(f) is the asymptotic growth rate of the number of finite length orbits known
with precision € as the length goes to infinity.

Topological entropy is a topological invariant and has very nice properties:

1. (Katok-Newhouse-Yomdin Theorem)[5] [8] [13] If the dimension of M is two,

then h(f) is continuous with respect to f in the C™ case.

2. (Bowen)[2] h(f) = h(f|?), where Q is the non-wandering set of f, Q@ =
{z| for any neighborhood U, Ujm50 f™(U) NU # 0}.

3. If the dimension of M is two, then the set of systems with zero entropy is a



closed set.
4. The systems with finite non-wandering set have zero entropy.
5. The system whose non-wandering set contains a horse shoe has positive entropy.

A natural question is what we can say about the systems that have zero entropy.

A Morse-Smale system is a system with following properties: (1). its non-
wandering set is finite and hyperbolic; (2). all the intersections between stable man-
ifolds and unstable manifolds are transversal.

Morse-Smale systems are very important systems. Their structures are well un-
derstood. A interesting question is that whether we can use Morse-Smale systems to
approximate systems with zero entropies?

If the dimension of the manifold M is greater than three, the answer to that
question is no. Dankner [3] constructed a counterexample example in the early 1980s.

If the dimension of M is two, Newhouse conjectures that it is true.

Conjecture (Newhouse) On the two dimensional compact manifold, the diffeomor-

phisms with zero entropies are on the boundary of the set of Morse-Smale systems.

In this direction, the earliest important work was done by Newhouse and Palis
[10] in early 1970s. They developed the breaking cycle technique and proved that any
diffeomorphism with hyperbolic non-wandering set can be approximated by Q2-stable
diffeomorphism. About fifteen years later, Malta and Pacifico [6] generalized this
result by relaxing the condition from hyperbolic non-wandering to hyperbolic limit
set.

As a corollary of their results, we see that, in dimension two, a diffeomorphism
with finite hyperbolic non-wandering set (or limit set) is on the boundary of Morse-
Smale system set. Therefore, the next question is that if we drop the hyperbolic

condition, which is a very strong condition, will the same result hold?



Problem (Newhouse) Can any diffeomorphism on the two dimensional compact
manifold with finite non-wandering set be approzimated by a Morse-Smale diffeomor-

phism?

Definition (locally normalized condition) A diffeomorphism f is called to have locally
normalized condition at a fixed point o, if it satisfies the following conditions: (1).
in a small neighborhood of o, f can be embedded in an analytic vector field with no
elliptic sectors; (2). there is an invariant analytic curve through o.

In this paper, we prove the following theorem

Theorem Let M be a two dimensional compact manifold, f be a real analytic diffeo-
morphism on M, the no-wandering set of f QU(f) be finite and f satisfy the locally
normalized condition. Then, f can be approzimated in C™ (r > 0) by a Morse-Smale

diffeomorphism.

In chapter 1, we review some basic definitions and facts. Chapter 2-5 is the proof
of above theorem. In Chapter 2, we work with elementary cycles. We will break all the
elementary cycles without causing Q2-explosion. Chapter 3 is about advanced cycles.
We will study the local structures around fixed points and remove the advanced cycles
without causing (2-explosion. Systems that have no cycles are discussed in chapter 4.

Chapter 5 concludes this paper.



CHAPTER 1

Preliminary

In this Chapter, we review some basic definitions and facts. Throughout this paper,
we let M be a two dimensional compact manifold, f be an analytic diffeomorphism
on M. Q(f) be the non-wandering set of f, i.e. the set of points with the property
that for every neighborhood U such that Um0 f™(U)NU # 0. When Q(f) is finite,
Q(f) = per(f), per(f) is the set of periodic points of f.

Let p € Q(f), we denote the set of points z such that d(f"z, f"p) = 0(n — o0),
where n € Z*, by W*(p). W*(p) is called the stable set of f at p. The stable set
of f~! at p is called the unstable set of f at p, denoted by W*(p). If T,(M) can
be split as a direct sum E7 @ E; so that T, f(E;) = E}, and T, f(E}) = E},, where
E3 = {v such that |T,fv| > A|v|} and E3 = {v such that |T,,fv| < A~!|v|} for some
constant A > 1, then, p is called a hyperbolic point. Clearly, if p € per(f) and the
two eigenvalues of f at p are not on the unit circle, then p is hyperbolic. If one of its
two eigenvalues lies inside of the unit circle, while the other one lies outside of the
unit circle, then, p is called a saddle. If both eigenvalues lie inside of the unit circle or
outside of the unit circle, then, p is called a node. If one of its two eigenvalues lies on
the unit circle, the other one is not on the unit circle, then p is called a semi-hyperbolic
periodic point.

Let p €per(f), N (p) be a neighborhood of p. Let p be a saddle of a diffeomorphism



f, N'(p) be a neighborhood of . If, in N'(p), f is topologically equivalent to f in
N (D), then, we call p a topological saddle. Similarly, we can define topological node
and topological saddle-node. A semi-hyperbolic point can be a saddle-node or a
topological saddle-node or a topological saddle or a topological node.

By the Invariant Manifold Theorem, when p is a saddle, the stable set W*(p) and
unstable set W*(p) are both one dimensional manifolds.

A diffeomorphism f is called a Morse-Smale diffeomorphism, if the following prop-

erties are satisfied:
1. Q(f) is finite and hyperbolic,

2. the intersections between W*(p) and W*(q) for any points p q in Q(f) are

transversal.
We say that a curve I' = {(z(t), y(t)),t € [0, €]} enters p under f, if
1. (z(0),y(0)) = (0,0),
2. lim,,o y(t)/xz(t) or limyo z(t)/y(t) exists,

3. is invariant under f and lim,, f"(z(t),y(t)) = p (or

lim, 00 f7"((t), y(t)) = p) for t € (0, ¢).



CHAPTER 2

Elementary Cycles

In this chapter, we consider the diffeomorphisms whose nonwandering sets consist of
finite fixed points and that has only elementary cycles. We will break the elementary
cycles without causing {2-explosion.

In our following discussion, we only consider orientation preserving diffeomor-
phism.

Let ©(f) be the set of all non-wandering points of f in Q(f) which have at least
one non-empty hyperbolic sector, one stable separatrix and one unstable separatrix,
such that one of which must be a separatrix of this hyperbolic sector. We denote a

hyperbolic sector of p by HS(p) and a non-hyperbolic sector by NHS(p).

Definition Let p, ¢ € ©(f), S(p) and S(q) be a sector of p and q respectively, and

an unstable separatrix S*(p) C S(p) and a stable separatrix S2(¢q) C S(g). Then, we

call that sector S(gq) follows sector S(p), if following two properties are satisfied:

—— —

1. $*(p)NS*(q) # 0, where 5*(q) = $°(q) — {4}, 5"(p) = Unxo /(S (P)), S*(q) =
Un>o f(S:(q))
2. Let z € S“(p)ﬂS:(\q), z € S*(p), y € Si(q), let D be an arbitrary small

neighborhood of curve segment v = [z z] U [z y]. Then, S(p) ND # 0 and
S(q)ND # @, where D is a connected component of D \ 7.

6



We denote that sector of ¢, S(g), follows sector of p, HS(p), by S(p) > S(q) or S(q) <
S(p). We also have the corresponding notations when the sectors are hyperbolic and

non-hyperbolic sectors.

For any p, ¢q € Q(f), if there is a series of points p = py, p1, P2, - .-, Pk = ¢ in Q(f)
such that W*(p;)NW*(pis1) # 0, ¢ = 0,1,...,k — 1, we call that p > ¢. If there is
a series points p;,p,---,p in Q(f) such that p; > p > --- > p;, we call it a chain,

denoted by C[p1,po, ..., pi)-

Definition A chain [py,p1, ..., 0], pi € O(f), is called an elementary chain, if

—

S“(pi_l) nS’(P,') 76 0 for i = 1,2, e ,k (21)
and

S°(p;) C HS(p;) fori=1,2,....,.k—lando=uors (2.2)

In this case, we call that S?(p;) are in this chain, for 0 = u or s.

We denote the elementary chain by C = [HS(po), HS(p1), - - - , HS(px))-

Definition If (2.1) and (2.2) are both true for all i € Z%, where p; = P;i mod(k+1),
then the chain is called an elementary cycle. All the other cycles are called advanced
cycles, and we call that S?(p;) is in this cycle, for 0 = u or s.

We denote the elementary cycle by

A= [HS(Po)a HS(I’I)? ceey Hs(pk)7 HS(pO)]

In the following, we list some simple lemmas which will be used later in this

section.

Lemma 2.0.1 Let p € O(f) and be a fized point of f, HS(p) be a hyperbolic sector

—

determined by S*(p) and S*(p), V be a neighborhood of p, let ¢ € VN S*(p), y €



VNHS(p) and J = [q,y] be a C™ (r > 0) curve segment. Then, given € > 0, there

exists ng € N such that if n > ng, f*J is e-close to S*(p). O

Definition Let p € ©(f), ¢ € (f), HS(p) be determined by S*(p) and S*(p), we
say that S*(p) is directly accumulated by S*(q) through HS(p), if there exists a arc
[z,y] € S*(¢) N HS(p) and = € S*(p).

We say that an open set V meeting S°(p) (0 = uors) at z, z € S?(p), if
V = V'N HS(p), where V"' is a neighborhood of z in M.

Lemma 2.0.2 Let p, q be fized points of f in O(f), HS(p) and HS(q) be determined
by S°(p) and S°(q) respectively, (o = s,u), HS(p) > HS(q), let V be an open set

meeting S*(p) at z, z € S*(p) NHS(p), U be an open set meeting S*(q) at y, y €

S*(q)NHS(q). Then, there ezists an integer m > 0 such that f™(V)NU # 0.

Proof:

Let J be a segment in V' that is transversal with S*(p) at z. By Lemma 2.0.1,
there exists n; such that f™(J) is € -close to S*(p). Let z € S*(p) N S°(q) and N’
be a neighborhood of z in M, such that N = N'N HS(p) # 0. Then, there exists an
integer m; such that f™JNON # 0, let f™JON = J'. We know that there exists
ng such that f"2z € HS(q), since HS(p) > HS(q), we have an open disk D, as in the
definition at page 6, such that z € D, f*?z € D and HS(p) N D, HS(q) N D both are
contained in the same connected component D of D \ 7.

We claim that
(YN D HS(q) # 0

To prove the claim, If S*(p) = S*(q), the claim is clear; if S*(p) # S*(q) and
S*(p) directly accumulates on S,(g), then 3 G’ C G such that f*2(G') c HS(q)n D,
since f™(z) € DN HS(q). Note that HS(q)N D is open, so f*(J)NDNHS(q) # 0; if



S*(p) # S*(q) and S*(q) is directly accumulates on S*(p), we use the similar argument
to get the claim.

For the situation when f is orientation reversing, we can follow the similar process
as above to prove the claim.

Now, in HS(g), from Lemma 2.0.1. we have

Se(@ c U f(U)

n>0
therefore
ze |J fmU)
n>0
so

AN ) #0

n>0
this means that there exists m > 0 such that f™(J')NU # 0, thus f*(V)NU # 0,

the lemma is proved. O

Definition Let {g;} be fixed points of f in Q(f), HS(g;) be determined by S?(g;),

(0 =s,u) and j =0,1,2,...,k. Then, an elementary cycle

A = [HS(g0), HS(q1), - - -, HS (qx), HS(0)]

(k > 0) is called a simple cycle if S*(¢g;) = S*(¢i+1) and HS(q;) > HS(gi+1), where

1=0,1,2,- - ¢ = i mod(k+1)-

Corollary 2.0.3 Let A = [HS(qo), HS(q1),-..,HS(qx), HS(q0)], kK > 0, be a simple

cycle, then, S?(q;) C Q(f), where S?(¢;) C HS(¢;), 0<i<k, 0 =s, u.

Proof:
It is enough to prove that S*(go) C Q2(f). For any £ € S*(go), let V' be an open

set meeting S°(qo) at z. To prove z € §Q(f), we only have to prove that there is a
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m > 0 such that f™(V)NV # 0. Since, S*(gx) = S*(q), there exists n, such that
f "=z € HS(qx) and f~™x € U,5o f~"V. Let U be an open set such that it meets
S*(qx) at f~"sz and U C Up>o f (V). We claim that there is an integer ! > 0 such

that
FVINU #0

therefore,

WNU (V) #0

n>0
it follows that there is a m > 0 such that f™(V)NV # 0.

Now, we prove the claim. Let ; € S%(q;) N HS(q1), Vi be an open set meeting
S*(q1) at z,. Since, HS(g2) > HS(q1), by Lemma 2.0.2, there is a m; > 0 such that
f™(\V)NV, # 0. Since, S*(q;) = S°(¢2), there is a n,, > 0 such that ft=1z; €
S*(g2) N HS(g2). Let U; be an open set contained in f"=1V; and meeting S°(g.) at
fr=rxy, then, f™+m=(V)NU, # 0. We repeat above process by starting with U,
instead of V;, we find an integer [ > 0 such that f'(V)NU # 0. This proves the

corollary. O

Definition An elementary chain C = [HS(qo), HS(q1), -, HS(gx)] is called an im-
proper chain if

HS(qo) > HS(q1) » -+ > HS(qx)

If in above definition gy = g, then it is called an improper cycle.

Corollary 2.0.4 Let g; be fized points of f fori=0,1,2,...,k and
A= [HS(Q()), HS(Ql)a R HS(Qk)’ HS(QO)]

be an improper cycle. If there are two points g;, q; on this cycle such that

S*(g:) N S*(g;) # 0 and S*(g;) is directly accumulated by S*(q;) or S*(g:) is directly
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accumulated by S*(g;), then S*(q;) N S*(g;) C Q(f).

Proof:
It is enough to prove this corollary when S*(g;) is directly accumulated by S*(g;).

Let z € S°(q;) NS*(¢:) N HS(q;), v € S*(¢:) N S*(g;), then there exists n; > 0 such

that f~"(z) € S*(¢;) N HS(g:). Let V be an open set meeting S°(g;) at z and
V € HS(g;), U be an open set meeting S*(g;) at f~™(z) and U c HS(g;) N f~™ (V).
By using the similar argument as in the proof of Corollary 2.0.3 and Lemma 2.0.2,
we find a m > 0 such that f™(V)NU # 9, it follows f™+" (V) NV # @, this proves

the corollary. a.

Proposition 2.0.5 If dim(M) = 2, f € Diff"(M), Q(f) is finite, then there are no

improper cycles.

Proof:

Let us suppose, by the way of contradiction, that there are improper cycles
and A = [HS(g), HS(q1),-..,HS(qx), HS(go)] be one of them. That means that
S*(g:) N S*(gi1) # 0 (0 < i < k) and S¥(gx) N S*(q0) # @ and HS(gi+1) < HS(g),
HS(q0) < HS(gx).

If there exists a ¢; such that S*(g;) does not coincides with S*(g;41). Since HS(g;41)
follows HS(g;), then, S“(gi+))is either directly accumulated by S“(q;) or S°(g;) is
accumulated by S*(gi+;1). By Corollary 2.0.4, we know that S*(q;) N S*(gi+1) C Q(f).
However, the set {S*(¢;) N S*(g;)} is infinite. It contradicts with the assumption that
Q(f) is finite. So we only have to consider the case when S*(¢q;) = S°(¢i41), 0<i <k
and S*(qx) = S*(qo), it means that A is just a simple cycle. By Corollary 2.0.3, we
know that in this case S*(¢;) C Q(f). This makes Q(f) infinite. So there are no

improper cycles. O

Definition Let ¢,p € Q(f), S(p) and S(g) be two sectors, we say that S*(g) vis-

its S(p) if there exists a sequence {z, | n = 1,2,...} C S*(¢)NS(p), such that
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limp 00 ZTn = P.

Definition Let ¢,p € Q(f), S*(q) is said to die at p through NHS(p), if for any

z € S%(g), the w-limit set of z is {p}.

Let p, ¢ be any two points in £2(f), we call that p is equivalent to g, if there exist

a series of points in Q(f)

P=Do,P1,P2--- 1 Pk-1,Pk =4 =40,q915-- - Qi-1, @t = P

such that for any p; and g, the following are satisfied:
W ) W (pis1) #0, i=0,1,...,k—1

W(g))W?*(gj+1) £0, j=0,1,...,1-1

Notice that this relation between points in §2(f) is a equivalence relation, therefore,
there is a classification of (f) according to this equivalence relation. Let the equiv-

alence classes are {v,},i=1,2,...,m, then, Q(f) = U,
Remark:

1. The set {7v;,72,---,7m} of equivalence classes is naturally partially ordered by

7; < 7;, if there exist p; € v; and g; € v, such that W*(q;) NW*(p;) # 0.

2. All the cycles (elementary cycles and advanced cycles) in Q(f) are contained in

7, fori=1,2,...,m.

3. We say that an equivalence class v; is trivial, if ; only contains a fixed point.

Let = be the set of all fixed points in v whose unstable separatrix does not cross

any stable separatrix of fixed points in 7.
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Definition For any p € 4, N =(f), we call that S*(p) is free if

S*p)c U wW*(v)
Yi<Ys

or S¥(p) dies at ¢ through a NHS(q), where W*(v;) = Usen, S*(q).
We also have a corresponding definition by interchanging u and s.

Lemma 2.0.6 Let g, g be two fized points of f, q1 be a fized point in O(f), S?(q:) C
HS(q1), 0 = s,u, S*(q1) is directly accumulated by S*(q) through HS(q;) and S*(q;) =
S%(g2), then, S*(q) will visit S(g2), where S(g2) is a sector of qo such that S(g2) <
HS(q1).

Proof:

Since S*¥(q) is directly accumulated by S*(g) through HS(q;). By the definition,
there exists a point z € HS(g;) N S*(q1) and y € HS(q;) N S*(q1) such that [z,y] C
HS(q). Let J = [z,y]. By Lemma 2.0.1, we know that there exists ng € N such
that for any n > noy f*J € -close S*(q;). Since S*(q;) = S*(q2), hence f*J ¢ -close
5*(q2)-

Let Nj be a é-neighborhood of g¢,, then 3 m > 0 such that f™J N N5 # 0. Choose
zs € f™JN N;s, let § — 0, then we get a sequence {z;} such that 5 € S*(q) and

5 — q2. The lemma is proved. ]

The 2-dimensional curve I'; is called to cross 2-dimensional curve 'y, if [, T3 # 0
and 3 a neighborhood V of z € I, NIy such that N,y # @, N, Ny # 0, where

N; and N are two different connected components of N\ T;.

Lemma 2.0.7 Let q, q; be fized points of f, 1 be a point in ©(f) and S°(q,) C
HS(q1), 0 = s,u, if S*(q) crosses S*(q;) and S*(q,) crosses S*(q2), then S*(q) crosses
S*(q2)- O



14

In the following discussion, we denote by + a non-trivial equivalence class in {;},

i=1,2,...,m, that contains an elementary cycle.

Corollary 2.0.8 There ezist points qo,q, € YN E(f) such that

5%(g0) 1 5*(q1) # 0

and S*(qo) does not cross any S*(p) for all p € .

Proof:
Since <y is non-trivial and contains an elementary cycle, we have q, p € « such

that
S*(q)(S°(p) # 0

Suppose, by the way of contradiction, that for any gy € 7, if S*(g0) NS*(q:1) # 0
for some q, € v, then, S*(g) must cross S*(¢q;). Then, by the definition of y and
Lemma 2.0.7, we have that S“(qo) crosses S*(qp). By Corollary 2.0.4, this implies
S%(g0) NS*(g0) C Q(f). This contradicts the assumption that Q(f) is finite. This

proves the corollary. O

By above Corollary 2.0.8, we know that = # 0, if Q(f) is finite.
For any p € v, we denote A(p) = {g € v such that S*(p) N S*(q) # 0}.

Lemma 2.0.9 Suppose QU(f) is finite, then there ezist points ¢ € ZENO(f) andp € v

such that one of the following properties is satisfied:

1. 5%(q) # 5°(p) and S*(q) N S*(p) # 0

2. S*(q) = S*(p) and there exists a hyperbolic sector of p, HS2(p), such that a
unstable separtriz S* (p) is free, where S¥ (p) C HS,(p) and S?(p) C HS,(p).
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3. S*(q) = S°(p) and there ezists a non-hyperbolic sector of p, NHS(p), such that
NHS (p) < HS(q), where S*(q) C HS(q) and S¥(p) C NHS(p).

Proof:

Suppose there are no ¢ € ZN O(f), p € v such that

5*(g)()S°(p) # @ and S*(q) # S*(p)

that means that, for any two fixed points p and q in ~, if S*(¢) N S*(p) # @ and S*(q)
does not cross S*(p) then S*(q) = S*(p).

Let po € YN E. If 3 p; € A(po) such that S*(py) = S°(p1) and either (ii) or (iii)
is satisfied by changing p to ¢ and p; to p, then we are done. If there is no such p,

in A(po), then we can choose a p; in A(po) such that

S“(po) = S’(pl) and HS(pl) =< HS(po)

where S*(po) C HS(po) and S¥(p;) C HS(py).

We claim that p; € Z. In fact, if p; € = then 3 p € v, such that S¥(p,) crosses
S*(p), where S*(p;) C HS(p,). By Lemma 2.0.7, we get that S*(p,) crosses S*(p),
which contradicts the fact that p, € =.

Based on point p;, we do the same thing as we just did based on p, and repeat
this process n times (or we may have already got (ii) or (iii) and hence, finished the

proof), then we will get an elementary chain

C = [HS(po), HS(p1), " -+, HS(ps)]

where HS(pr) < HS(px-1) and S*(px—1) = S°(px), k = 1,2,...,n. Because v is
finite, n can not go to infinite. So, either we stop at some step by getting a point

p; such that (ii) or (iii) is satisfied if changing p;_, to ¢ and p; to p, or we get a
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elementary cycle

A = [HS(po), HS(p1), - - -, HS(po)]

Note that A actually is a simple cycle. By Corollary 2.0.3, we know that in this case,
S%(p) C Q(f), for k = 0,1,...,n. This contradicts the assumption that Q(f) is

finite. The lemma is proved. )

Proposition 2.0.10 Suppose that Q(f) be finite, then there exist g, € v and qo € =

such that
Su(Qo) nSs((h) #0

Moreover,

1. If S*(qo) = S°(q1)- Then, either S%(q1) is free or there ezists a point g € vy
such that S*(q1) = S*(g2), HS(q2) # HS(q1) and S*(q2) C NHS(q:), where
S?(q1) C NHS(q1), for 0 = u or s.

2. If S*(qo0) # S°(q1)- Then, either HS(q1) < HS(qo), S“(q1) is accumulated by
S*(qo) and S*(q,) s free or S*(qo) dies at q, through the NHS(q,) or there erists
g2 such that S*(q1) N S*(g2) # O and S*(qo) dies at go through NHS(gz).

Proof:
By Lemma 2.0.9, we only have consider the case when 3 ¢ € = and ¢; in 7 such

that
S*(q)UJS°(q1) #0

and

5%(q) # $°(a1)

Now, there are only two possible situations between S*(q) and S*(gq;). The first case

is that there is a hyperbolic sector HS(q;) determined by S*(¢;) and S*(¢;) through
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which S%(q;) is directly accumulated by S*(g); The second case is that S*(gq;) dies at
1 through a non-hyperbolic sector NHS(q;), where S2(q;) C NHS(q1).

If second case occurs, it is just a part of (ii) of the proposition, then we are done.

Now, let us consider the first situation. If in this case, S¥(q;) is free, then it is
a part of (ii) of proposition, we finish. So, we only have to consider the case when
S*(q1) is not free. We claim that in this case, ¢; € Z. As a matter of fact, if ¢, € =,
that is to say that there exists a p € v such that S*(q;) crosses S*(p). By Lemma
2.0.7, S*(q) will cross S*(p), this contradicts the fact that ¢ € =.

Let g2 € < such that S*(¢1) N S*(g2) # 0. We have to consider following six

possible situations.

Case 1. S*(q1) # S°(q2), HS(q2) < HS(q1) and S*(q;) dies at g, through NHS(q2),
where S%(g2) C NHS(gz) and S?(g;) C HS(q;), where 0 =u, sand i =1, 2.

Since S*(¢1) does not cross S*(gz), S*(q;) is accumulated by S°(gz) through
HS(q1); However, by the assumption, we know that S*(q;) is accumulated by S*(g)
through HS(q;) and HS(q;) is determined by S*(g;) and S°(q;). So, S¥(q) crosses
S%(g2) in the hyperbolic sector HS(gq;), this contradicts the fact that ¢ € =. Hence,

this case can not occur.

Case 2. S*(q1) # S°(g2), HS(q2) # HS(q1), S*(q1) directly accumulates on
S%(q,) through HS(g,), where S?(g;) C HS(g;), where 0 = s, w and i = 1. 2.

Since S*(q;) does not cross S*(qz), S*(¢gz2) will directly accumulate on S*(q;). By
using the same argument as in (1), we get that S*(q) crosses S*(g), this contradicts
with the fact that ¢ € =. This means this case can not occur.

Case 3. S“(q1) # S*(q2), HS(q2) # HS(q1), S*(q1) dies at g, through a non-
hyperbolic sector NHS(g;) of g, where S*(g,) C NHS(gq;) and S?(¢;) C HS(g;), where
c=s,uandi=1, 2.

Since S*(q) is directly accumulated by S*(q) through HS(q;), S*(g) will visit

NHS(q;), therefore, S*(q) will die at go. This proves the proposition in this case.
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Case 4. S“(q1) = S°(q2), HS(g2) A HS(q1), where S¥(q:) C HS(q1), Si(g2) C
HS(Qz)-

Let S*(g2) be the unstable sepratrix of g, such that

5¢(q2) C HS(g2)
If there exists a hyperbolic sector HS(g2) of g, such that
S:(g2) C HS»(gz) and S¥(g2) () HS2(g2) = 0 (2.3)
Let S¥(g2) be the unstable sepratrix of g, such that
S¥ (92) C HS»(g2)

Then, since, HS(q;) # HS(q1), S¥ (g2) is free.

If there is no hyperbolic sector of ¢, satisfying (3), then, there exists a non-
hyperbolic sector NHS(gz) of g, such that NHS(g2) < HS(q,). Since S*(q;) is directly
accumulated by S*(¢) and S*(q1) = S*(g2), S*(g) will visit NHS(g2). So S*(q) will
die at ¢, through NHS(g2) This proves the proposition in Case 4.

Case 5. S*(q1) # S*(¢2), HS(q2) < HS(q1) and S*(q;) accumulates directly on
S%(gz), where S°(q;) C HS(g2), 0 = s, u.

We know that if S%(g) is free then we are done. Now, suppose S*(gz) is not free,
Then, S*(g2) must not cross any unstable separatrix of fixed point in v. In fact, if there
exists a po such that S*(g;) cross S*(po), then, S*(gz) will be directly accumulated by
S*(po) through HS(g2). So, S*(q1) crosses S*(po). This contradicts the assumption
that S*(q;) does not cross any stable separatrix in y. Now, we start with g, as we

did with q;, repeating our analysis from Case 1 to Case 6. This procedure must be

stopped at one of two situations (a) and (b) listed below or else we get contradiction.
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(a). we get a fixed point ¢; and g¢;4; in v such that S*%(g;) does not cross any
unstable separatrix in 7. S%(g;) = S°(¢i4+1) and either S*(g;4;) is free or there exists
gi+2 such that S*(giy+1) = S°(gi+2) and HS(gi42) does not follow HS(gi1+1), giy2 has
a non-hyperbolic sector NHS(gi+2) such that NHS(g;1+2) < HS(gi+1) and S*(gi+2) C
NHS(gi+2)-

(b). we get two fixed points ¢; and ¢;4; in -y such that either HS(g;4,) follows
HS(g;) and S“(gi+1) is accumulated by S*(g;) and S*(gi4+1) is free or S*(g;) dies at
gi+1 through a non-hyperbolic sector NHS(g;41) or there exist ¢;,2 such that S*(g;) N
S°(gi+1) # 0 and S*(g;) dies at g;42 through the non-hyperbolic sector NHS(g;,2).

If (a) or (b) happens, then, let go = ¢i,q1 = ¢i+1,92 = gi+2, We prove the propo-
sition. If our above procedure is not stopped at (a) or (b), then, we get a improper
chain. Since the number of fixed points in + is finite, we actually get a improper cycle
A = [HS(q), HS(q1), - - -, HS(g)]. By Proposition 2.0.5, we know that it is impossible.

Case 6. S"(q1) = S°(¢2) and HS(q2) < HS(q1).

If S%(q;) is free, then we are done. If S*(g;) is not free, it must not cross any
stable separatrix in . As a matter of fact, if there exists a p € 7y such that S%(g,)
crosses S*(p), then S*(g;) is directly accumulated at S*(p) through HS(g;). Since
S%(¢2) = S*(q1) and S*(g) accumulated on S*(g,), S*(q) will visit HS(g;), hence
S*(q) must intersect with S*(p). It contradicts with the assumption that S*(g) does
not cross any stable separatrix. Now, we base on ¢, to repeat our process as we did
from Case 1 to Case 6. By using the same argument as in Case 5, we then finish the

proof of this proposition. m]

Theorem 2.0.11 Suppose that QU(f) is finite, then, f can be approrimated in

Diff" (M) by a diffeomorphism g which has no elementary cycles and Q(g) is finite.

Proof:

We take on {v;}, for i = 1,2,...,m, a simple ordering compatible with <, so
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that 7, < 7, < ... < 7,5- Suppose that for 1 < j < [ «; either is trivial or does
not contain elementary cycles. Let p,q € v, given by Proposition 2.0.10. We can
perform an arbitrary small C" perturbation of f such that 7, remains same, while,
S*(p) N S*(q) = 0. Moreover, there is no new intersections with S*(p) and such that
each free unstable separatrix S*(p') of p' € «;, for 1 < j < I remains free. (see
Theorem B in [10]). Continue this process, we can achieve an arbitrary small C"
perturbation of f which has the same non-wandering set as f and has one more free
unstable separatrix. Finally, we will obtain a diffeomorphism g, C" close to f, such

that Q(g) = Q(f) and g has no elementary cycles. This proves the theorem. a



CHAPTER 3

Advanced Cycles

In this chapter, we consider the diffeomorphism that has advanced cycles, we will
remove all the advanced cycles without causing Q-explosion.

Let p be a fixed point of f, N be a neighborhood of p, f be analytic in N. We
denote by J,} (f) the first jet of f at p. In the following sections, we will discuss the
local structures of f in a small neighborhood of p, when J}(f) has different Jordan
forms.

Suppose 2(f) is finite. Let

(21 1)
Fif = {peQ(f) such that J}(f) has Jordan form
\ 0 %1 }
\
) 1 (1 0
Fy = {p € Q(f) such that J,(f) has Jordan form >
\ 0 %1
\ /
(
( e21mi 0
F = W p € Q(f) such that J;(f) has Jordan form
\ 0 e—21rat'

where a ¢ Z

Let A, = [po,p1,--.,pk] be an advanced cycle in Q(f), S?(p:), (0 = u,s), be

21
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separatrices that are in A;, that is S*(p:)NS*(pig1) #0, fori=0,1,...,k—1, and
S*(pr) N S*(po) # 0. We denote by Q; the set

Q, = {p € A such that S*(p) and S*(p) are not in a same sector }

In the following discussion, we always assume that the diffeomorphism is orienta-
tion preserving and satisfies locally normalized condition unless we explicitly specify

others.

3.1 When pec Ff

Without lose generality, we only consider the case when p € F}'.

Theorem 3.1.1 (1) Let o be a singular point of a real analytic vector field

0+ X (@) g + Y @) 5

where X (z,y) = o(v/1%Z + y2) and Y(z,y) = o(v/z? + y?%). Then, o can only be either

saddle or node or center or focus or saddle-node or Ss(0) consists of a hyperbolic

sector and an elliptic sector, where Ss(0) is a §-neighborhood of o. m]

Combine the locally normalized condition, Corollary 3.0.13 and Theorem 3.1.1,

we have

Proposition 3.1.2 Letp € F. Then, p € Q, if and only if p is a topological saddle-
node and S*(p) and S*(p) are not in a same sector, where S*(p) and S*(p) are in the

advanced cycle. O
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3.2 When pe€ F;

Lemma 3.2.1 Let f be an analytic diffeomorphism, o = (0,0) be its fized point.

Suppose the
e27rai 0

Jo(f) = ,
0 e—21l'01

where a € Z, then, there is an analytic map h, and an analytic diffeomorphism g

such that hf = gh, g is

(z,y) — (z cos2ma + ysin 2wa, —z sin 21a + y cos 2o + ¢(z,y))
where ¢ is analytic and ¢(0,0) = 0, ¢(z,y) = o(v/z2 + ¥?).

Proof:

Since
2rai
Jo(f) = _
—2rai

By Taylor Theorem, f can be written as:

(z,y) — (z cos2ma + ysin2ma + ¥(z, y), —z sin 27a + y cos 2ma + ¢(z, y))

with ¥(z,y) and @(z,y) are the series with degree greater than 1.
Define h as a transformation

(@,9) — (@y+ 22U,

Since a € Z, h is well defined and is analytic. Moreover, it is invertible, its inverse is

(z,y) — (z,y + x(z,9))
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where

x(z,y)sin2ma + 9P(z,y + x(z,y)) =0

Consider hfh~!, we have

hfh™' = hf(z,y+ x(z,y))
= h(zcos2ra + ysin2ra + 7(z,y),
—zsin 2ra + ycos2ma + ¢*(z,y))

= (zcos2ma + ysin2ma, —zsin2ra + ycos 2ra + ¢(z,y))

where

x(z,y) sin 2me + Y (z,y + x(z,y)) = 0

7(z,y)

¢*(z,y)

x(z,y) cos2ra + ¢(z,y + x(z,y)) =0

and

#(z,y) = {(z, y)

é(z cos 2ma + sin(27a)x*(z, y), —z sin 2ra + cos(2ma)x*(z, y)
sin 2ma

where x*(z,y) =y + x(z,9).
Let g = hfh_,. We can directly check that ¢(z,y) is as desired. This proves this

lemma. a

Proposition 3.2.2 Let f be analytic in a neighborhood of a fized point p, and

. e21rm' 0
Jp(f) =

0 e-—21rm'
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where a € Z. Then, there is no separatriz in N.

Proof:
Without lose generality, we let p = 0(0,0) be a fixed point of f. Then, by Lemma

3.2.1, f is analytically conjugate with f :

(z,y) — (xz cos2ma + ysin 2ma, —rsin 2ra + ycos 2ma + ¢(z,y))

where ¢(z,y) is analytic and ¢(z,y) = o(v/z?% + y?).

Suppose, by the way of contradiction, that there is a separatrix ' =

{(z,y) such that A\(z,y) = 0}. By the definition of separatrix, we know that either

o) o)
4 (0,0) #0or g, (0,0) #0.
Let us first consider the case when gy—f\ 00) # 0. Then, I' can be written as

y = p(z). By Corollary 3.0.14, u(z) is analytic. Suppose its Taylor expansion is

Since fT =T, we have that
— sin(2m0)z + cos(2ma)u(z) + ¢(z, 4(x)) = p(cos(2ra)z + sin(2ra)u(z))
or
(z, u(z)) = p(cos(2ma)z + sin(2ra)u(z)) + sin(2ra)z — cos(2ma)u(z)  (3.1)

Let ¢(z, u(z)) = T2, biz'. Since ¢(z,y) = o(v/z2 + y?), we have that by = 0 and

b; = 0. Therefore, equation (5) becomes

f: bzt = i ai(cos(2ma)z + sin(2ma)u(z))* + sin(27ra)z — cos(2ma) f: a;z'

1=2 =1 =1
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by comparing the coefficients of first order term in both sides of above equation, we
have

a1z cos2na + afx sin 2 + z sin 2ma — za, cos2ma = 0

that is

(a®>+1)sin2ra =0

since a & Z, sin2ma # 0, therefore, we get a contradiction, This means that I' does
not exist.

For the case when %

(00) # 0, we use the similar argument as above to prove this

proposition. O

Corollary 3.2.3 F3N6(f) = 0, i.e. points in F3 can not appear in the advanced

cycles. O

3.3 Whenpe Ff

In this section, we only consider the case when p € F,, For the case when p € F;,

the argument is similar.

Proposition 3.3.1 Suppose f be an analytic diffeomorphism with O = (0 0) as its
fized point in an open neighborhood N(O) of O and T' = {(z y)|f(z y) = 0} be a
CT™ curve entering O. If the first jet J5(f) of f at O is E, the unit 2-dimensional
matriz and I is invariant under f, then there erits a C" diffeomorphism h and a CT
diffeomorphism

~

9:(z,y) = (z+&(z,9), y(1+9(z,9))) (3.2)

such that f o h = ho g and h(0) = O, where 3(0,0) = $(0,0) = 0 and 22 00) —

dz

] =
% l(0,0)
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Proof: By the definition of invariant curve entering a fixed point, we know that

in equation f(z,y) = 0 either 3. ©0) #0or 3 00) # 0. Without loss generality,

suppose that %z[ # 0. By Implicit Function Theorem, f(z,y) = 0 has an unique

(0,0)
solution y = p(z) and p(0) = 0, u(z) € C". So ' = {(z,u(z)) |z € I}, I'is a

appropriate interval. Since the first jet J5(f) of f is E, f has the following form:

(z,9) — (z +o(z,9), y+9(z,y))

where (0, 0) = 1(0,0) = 0 and %ﬁ("x’—g 00 = 02x2. Both ¢(z,y), ¥(z,y) are analytic.

Note that under f, the image of curve I' is the set

T ={(p(z,pn(z) + z), ¥(z,u(z)+y))| z €I}

Since T is invariant under f, we have that

¥(x, () + uz) = plp(e, u(x)) + ) (3.3)

for any z € I.
Consider function F;(y) = y + ¢¥(z,y) — p(z + ¢(z,y)). It is a C" function for

zel.

RO) = R+ G| - we)
o5 | =M olly )

From (3.2), we know F;(u(z)) =0 for any £ € I. So

_ BF,
dy

1 8°F,

(v — (@) + o(ly — u(=)?)
y=p(z)

F:(y)

=p(z)
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Let

(v — u(2)) + olly — n(=)])

then
Fz(y) = (y - /-‘(x))Gz(y)

Define h as (z,y) — (z,y — p(z)), then h™' is (z,y) — (z,y + pu(z)) and h is

a CT diffeomorphism. So

hofoh ™' (z,y) = ho f(z,y+ u(z))
= h(z+o(z,y+ (=), v+ up()+y(z,y+up)))

= (z+o(r,y+u(), ()

where ®(z,y) = y + u(z) + ¥(z,y + p(z)) — (= + ¢(z,y + p(z))).
Note that F.(y) = y + ¢¥(z,y) — u(z + ¢(z,y)). We have

O(z,y) = Fu(y+ u(z))
= (y+ u(z) — 1(z))(G:(y + pu(z)))

= yG:(y + p(z))
So,
ho foh™'(z,y) = (z + ¢(z,y + p(z), yG:(y+ u(z)))

Let 95(‘7:’ y) = <p(:c,y + /_L(IE)), "Z(xay) = G:c(y + ﬂ(ll?)) —landg=ho f oh™l. We

have

9:(z,9) — (2 +d(z,y), y(1+¥(z,y))

and $(0,0) = v(0,0) = 0.
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: _ 9F — 9v¥(0,y) _ 99(0,y) —
Since, Gy(0) = Tyalyzo =1+ 5 |y=0 w'(0) =5, |y=0 =1, thus
$(0,0) = Go(0) —1=0
and also, we have
op 0 7]
2 2l 00
Tlooy  Tloo Yo
o0p Oy
—_ = — = 0
Wloo Wloo
The proposition is proved. O

Definition Let f be a C™ (r > m) function defined on a neighborhood N = (z, —
Axzo+A) of zo. If f@(z9) =0fori=0,---,m—1and f™)(z,) # 0, then x is called

a zero point of f with multiplicity m. If m = 1, we call 2o a simple zero point of f.

Corollary 3.3.2 Let f be a C™ (r > m) function on N = (2o — A, o+ A), o be its

zero point with multiplicity m, then

f(z) = (z — z0)" () (3.4)

where ®(z) is a continues function in N and ®(z,) # 0. o

Lemma 3.3.3 Let f be a C™ (r > m) function on N = (z¢g — A, To + A), To be its

zero point with multiplicity m. Let f be a C" function such that

d(f,f) <e

where d( , ) is the C™ topology in C™(N, R), then f has at most m zero points in a

neighborhood of x,.

Proof:
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Since f(™(z4) # 0, without lose generality, we suppose that (™ (zo) > k > 0.
By the continuity of f, there exist a § > 0 such that f™(z) >k >0forallz € I =

(zo — 8 o + 6). Because d(f, f) < ¢, we have
f™(z)>f™ —e>k-—e>0 (3.5)

forallz € 1.

Now suppose f(z) has m + j zero points in I(j > 1). By Roll Theorem, we know
that f)(z) has m + j — 1 zero points in I, f®(z) has m + j — 2 zero points in
I, and so on. After m steps, we get that f(™)(z) has j zero points in I. This is a

contradiction. The lemma is proved. )

Lemma 3.3.4 Let f be a C" (r > m) function on N' = (=X A) and = 0 be its zero
point with multiplicity m, then for anye € (0 \), A € (0 A), there ezits a CT function
f such that

~

1. d(f,f)<e

2. f has ezactly m different zero points in the interval T = [0 6)

Proof:

By Corollary 3.3.2, f(z) = z™®(z), where ®(z) is a continuous function and
®(0) # 0. Without lose generality, we suppose that ®(0) > 0, then there exist a
positive number \,,,_; such that 0 < A\,,_; < d < Aand &(z) > 0 forallz € (0 A,,—y).

Choose a number 7,,_; in the interval (0 \,,_,), we have

f(m-1) = nn-1®(Mm-1) > 0
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So we can choose a number f,,_; satisfying 0 < Bn—1 < —1®(7n-1) such that for

any |am-1| < fm-1 we have

Am1Tm A 1B (Mme1) = 107 (@me1 + T 1D (1))
> Yﬁj (_ﬂm—l + nm—l(b(nm—l))

> 0

Define a function

(@) = apo12™ 7 4+ 27 8(z) = 2™ (am-1 + 2P(2))

when z is small enough, the sign of function f;(z) is determined by the sign of
@m-1. Choose ay,—1 < 0, we have that there exists a positive number A,,_, such that
0 < An—2 < m—1 and fi(z) < 0 for all z € (0 \j—2).

We select 7,2 € (0, Apm—2), then

fi(Mm=2) = am-1n=3 + N3 ®@(Mm—2) < 0

Choose (,,_2 such that
f 1 (nm—- 1 )

m—2
m-—2

0< ﬂm—Z <

then, for any number a,,_, satisfying |am—2| < Bm-2, we have

Um-2m=2 + film) = nn=2 (am—2 + —flézzél))
m-

< o3 (ﬂm—z g Lilms) (Z,":;‘))
77m—2

< 0
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Define function

f2(2) = am_oz™ 2 + apm_12™ ! + 2™ P(X)

Choose a;;,—2 > 0, when z is small enough, say, |z| < Aj,—3, we have

f2(z) = 2™} (am-2 + Q1T + T2®(z) > 0

Choose 7y,_3 € (0, A\jn-3) then fo(nm_3) > 0.

Continue this process, we get a function

frno1(@) =z + 0z + - + o1 2™ 7 + 2™ O(x)

where

=(—1)2i+l’i= 1,"',771—1

and a sequence
0< < AIn < < <Ah<m<A<i<A
with the following properties:
frmc1(Mm) > 0, frae1(Mm-1) < 0 if m is odd

fm=1(Mm) <0, frm_1(Mm=1) > 0 if m is even

Let

f(:v) = fm-1(z) =T + oz + - - + a1 2™ + 27 P(7)

Claim f(mi-1) >0, f(n:) <0fori=0,1,---, ['"T_l]

Proof of the claim.
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Let ﬂ = max{ﬂm—la o ':ﬁl}

-~

fhic1) = aimpici+ -+ oMot + -+ + a1y st + i 1 ®(1ic1)

= aifgi1 +---+ azi_m%fii + fai—1(12iz1)

Since fai—1(mi—1) < 0 and |oynai_1 +- - -+ az_1m5-1| < BAm-1, Wwe can choose 3 small

enough such that B)\,,_; < |f2i—1(70i—1)| for all 7, then

f(M2i-1) < BAm—1 + faic1(n2i-1) <O

By using the same argument, we can prove that f(7;) > 0. The claim is proved.
From the above discussion, we know that f (z) has at least one zero point in each
interval (141, 7) i = 1,---,m — 1. Since 0 is a zero point of f, f(z) has at least m
distinct zero points in the interval [0, §).
By Lemma 3.3.3, we know that f has at most m zero points. So f~ has exactly m
distinct zero points in the interval [0, §).

Now we finish the proof of this lemma by showing d(f, f) < e.

Since

T+ o+ 4 a1 z™ ! 4+ 2™ O(x)

&“l

oun)
8

N
I

= iz +ari+-Fam 2™ + f(x)

then

fO() = fOz) + Klag + -+ (m = 1)(m = 2) -+ (m — k)z™ ' am_,
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thus
[fP(2) = fO@)| = [Hag+:+(m=1)(m=2)- (m =~ K" * o,
< Kg
where K is a constant and k =1,---,m.

Let 8 = /K, we have that d(f, f) < e. This finishes the proof of lemma. m]

Lemma 3.3.5 Let f be the function defined in Lemma 5.183, then all the zero points

Z(f) of f are simple zero points.

Proof:

Suppose f has a zero point z, € Z( f) which is not simple. That means that it
has a multiplicity greater than 1, say, m > 1. By Lemma 3.3.4, we know that for
any € > 0 and § > 0, there exists a C” function, say, f, such that in the interval
(zo — &, Zo+6), we have that d(f, f) < €. T has m distinct zero points in the interval

(zo — 6/2, o+ 6/2). Since Z(f) is finite, we can choose 6 small enough such that

2R3, 20+3) =z}

Define a function

-~

f(.'lf) JIEN\(IL'()—& zo + 90)
9(@) =9 F(z) z€(zo— % zo+9)

h(z) (xo—96, o+ )\ (o — %, zo+%)

where h(z) is a CT function which makes g(z) to be C™ function on A and d(f, g) < ¢
for z € (zo — 6, zo +6) \ (z0o — &, 7o+ %).
We get that
d(g, f) < d(g, ) +d(f.f) <e
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but g has m + k — 1 > m zero points in a small neighborhood of O, it contradicts

Lemma 3.3.4. This lemma is proved. 0O

Proposition 3.3.6 Let g be the C™ diffeomorphism

(z,y) — (z+o(z,y), y(1+9(z,vy)))

where ©(0,0) = ¥(0,0) = 0, Mé,%ﬂho,o) = 2l 0o = 0 N be a neighborhood of

0(0,0). Then, for any € > 0, § > 0, there ezists a C" diffeomorphism § with the

following properties:
1. d(g,9) <e¢
2. The fized point set Fiz(§) € N of g is finite,

3. Fiz(g) is semi-hyperbolic or hyperbolic, The hyperbolic manifolds of semi-

hyperbolic fized points are contained in T azis.

Proof:

Consider function F(z) = ¢(z,0). By Taylor Theorem, we have

F(z) = F(0) + F'(0)z + %F”(O):zc2 +- 4 %F(”‘) (0)z™ + o(z™)

Since, F(0) = ¢(0,0) =0, F'(0) = 2%’;—’02 = 0, we suppose that F()(0) =0, i =

.
1,2,---,m—1and F™ # 0 (m > 1). Let ap, = L F(™)(0), then

F(z) = apz™ + o(z™)

this means that z = 0 is a zero point of F'(z) with multiplicity m. By Lemma 3.3.4,

we have a function

G(z) = mz—l ayz* + F(z)

k=1
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such that d(F,G) < € and G(z) has m distinct zero points in (0,5). We denote them
by0=zp<z)<23<:-<Zpp_1 <9.
Now, let
é(z,y) = ’:Z: az* + p(z,y)

Define g as a following two dimensional map

(z,y) — (+ @(z,y), y(1+9(z,y)))

then g is a C" diffeomorphism and d(g,§) < €. Moreover, § has m different fixed

points in . They are

PO = (070)’P1 = (II’O))P2 = ($2)0)7°“7Pm—l = (zm—-lyo)

Note that these are all the fixed points § has in V.
We claim that all these fixed points are hyperbolic or semi-hyperbolic. That is to

say that the first jets J3, (§) of g at each fixed points P;, for i =0,1,---,m—1, have

0
the Jordan form , where |A| #1 and 0 =0 or 1.
o B
Proof of the claim:
(142 2 )
Ip(3) = 9z l(z:0) O l(zi0)
\ 0 1+ ¢(z;,0) )
oG 95 \
= (1 T oleo Wleo
\ 0 1+4(z:,0) )
By Lemma 5.13, & #0. Let A=1+ &€ .0’ B =1+ 9(z;,0), thus J} (g) has
T=To I, !
A0
the Jordan normal form , where 0 = 0 or 1. This finishes the proof of the

o
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claim and the of proof the proposition. D

3.4 Removing advanced cycles

Lemma 3.4.1 Let f has only advanced cycles, then, f can be approrimated by an

analytic diffeomorphism f such that the following are satisfied:

1. f has only advanced cycles,

2. Qf) =f),

-~

3. For any p, q in Q(f), if S*(p)NS°(q) # O, then, S*(p) and S*(q) intersect

transversely.

Proof:

Let p, ¢ € Q(f) such that S*(p) N S*(q) # 0. Let z € S*(p) N S*(¢) and N*(p) be
a fundamental neighborhood for S*(p) that contains z. In N*(p), we make a small
perturbation, as in [10], such that S*(p) intersects S°*(g) transversely at z. We denote
by f the new diffeomorphism. Since f has only advanced cycles, this operation does

not change the non-wandering set of f. This proves this lemma. ]

Theorem 3.4.2 Let f be an analytic diffeomorphism and QU(f) consist of finite fized
points. If f only has advanced cycles, then, f can be approzimated in C™ (r > 0) by

a diffeomorphism with no cycle and finite non-wandering set.

Proof:
This theorem can be proved more clearly, if we work with vector fields instead of
directly with map by using the techniques developed by Poincare-Bendixson. That

proof will appear else where.
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By Lemma 3.4.1, we can suppose that all the intersections between stable sep-
aratrices and unstable separatrices are transversal. So, small perturbations do not
destroy these connections.

Since f only has advanced cycles, v;, for i = 1,2,...,m, only contains advanced
cycles. Suppose that +; is trivial for 1 < i < j. Let A = [go,q1,...,p,...,p] be a
advanced cycle in vy;, where p € /SﬂQl orpeE Eﬂﬂg.

If p € Ft. By Proposition 3.1.2, p is a topological saddle-node and the stable
separatrix S*(p) and unstable separatrix S*(p) which are in cycle A are not in a same
sector. Choose a small neighborhood N (p) of p such that N'(p) NQ2(f) = 0. In N (p),
we make a small perturbation to split topological saddle-node p into a topological
saddle p, and a topological node p,. This perturbation does not break old separatrix
connections and no new separatrix connection is created. So, §2-explosion does not
occur. While, cycle A = [go,q1,...,p,...,px] becomes A’ = [go,q1,...,P1,D2, - - - » k)
which no longer is a cycle, because p, is a topological node. We denote by f, the new
diffeomorphism. Then, f;, has less advanced cycles than f and Q(f,) remains finite.

If p € F,. Let N(p) be the neighborhood of p as above, S*(p) be an unstable
separatrix in A. Since A is an advanced cycle, the separatrix of p which is in the
same sector as S*(p) must be free, we denote it by S*(p). By Proposition 3.3.1
and Proposition 3.3.6, we can choose a coordinate system in A (p) such that S*(p)
is a part of r-axis. We then make a small perturbation in A (p) so that p is split
into several hyperbolic or semi-hyperbolic points {p,p:,ps....,n}, all these points
are in z-axis and the two of the hyperbolic separatrices of each point are part of
z-axis. We denote by 5°(p) the image of S*(p) under this perturbation and denote
by S* (p)(# the image of S*(p) under this perturbation) the separatrix of p which is
also in a same sector of p as 5°(p). Then, S¥ (p) is also a part of z-axis. Notice that

S*(p) remains free and no seapratrix connection is broken. No new cycle is created.
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If {p,p1,p2,...,n} contains a node, then we are done. We find a diffeomorphism
f1 which is close to f and has less advanced cycles than f and its non-wandering set
remains finite.

If {p,p1,P2,--.,m} does not contains node. We choose a point y € S* (p) and let
N*(p) be a fundamental neighborhood for S* (p) that contains y. Since S*(p) is free,
we can make a perturbation in AN'*(p) to break z-axis at y, as in [10]. Therefore, the
cycle A is broken. This operation does not make §2-explosion. We denote by f; the
new diffeomorphism. Then, we have that f; has less one advanced cycle than f and
Q(f1) remains finite. This proves this theorem. 0O

As a corollary of the proof of above theorem, we have

Corollary 3.4.3 Let f be an real analytic diffeomorphism, Q(f) be finite and f sat-
i1sfy locally normalized condition, let P be a fized point of f. Then, there is a neigh-
borhood of P, N(p), and a diffeomorphism g such that g is € close to f, S2(g) is finite,
g only has hyperbolic or semi-hyperbolic fized points in N(p) and g has no cycles in
N(P).



CHAPTER 4

No Cycles

In this chapter, we discuss the diffeomorphism that has no cycles. We will approxi-
mate it by a Morse-Smale diffeomorphism.

Let f be a diffeomorphism on M, its non-wandering set Q(f) be finite. If for
any chain C[py,pa,---,p) in Q(f), pi # p; for i # j, we call that f satisfies no cycle

condition or f has no cycles.

Corollary 4.0.4 If f has no advanced cycles and elementary cycles, then f satisfies

no cycle condition. )

Lemma 4.0.5 Suppose that f € Diff (M), (r > 0), and Q(f) is finite, then

U W)= U W) =M
pell(f) pel(f)

Proof:

We first prove that U, ;) W"(p) = M.

It suffices to prove that M C U, Wt (p).

Since Q(f) is finite, we can let Q(f) = {O(p1), O(p2),- -+, O(pn)}, where O(p;)
denotes the periodic orbit of periodic point p; and O(p;) NO(p;) = O for i # j. Let
N; be a neighborhood of O(p;) such that N;AN; =0 for i # j. N = U, N;. Let

40



41

z be any point in M — Q(f), then z is not a periodic point, it follows that {f~™z}
must be an infinite sequence. Since M — N is closed, hence it is compact, and
(M=N)NQS) =0, {f ™z} can not stay in M — N for all m > 0, thus there exists
an integer K > 0 such that f~™z € N for m > K. Note that N;\N; = 0 for i # j,
there must be a large integer L > K > 0 such that when m > L, f~™z are contained
in one particular Ny, it follows that a-limit set a(z) of z is contained in Ny N Q(f),
that is a(z) C NxN$(f), hence, z € W*(O(ps)). So, M C U sy W*(p)-

To prove U,cq s W?(p) = M, we substitute f for f~! and repeat the above

argument. O

Let

U = {p € Q(f) such that W*(p)[{p} = {p}}
Q; consists of all the sinks of f on M

Q; = {p€Qf) - such that W¥(p)( 2 #0
and W*(p) "\(Q(f) — 1) = 0}

A = {peQ(f) — U such that Wx(p) [ |J % #0
i<k i<k
and W(p) (Q(f) — U @) = 0}

i<k

Lemma 4.0.6 Suppose Q(f) be finite, then for any p, q € Q(f),

Wu(p) (O(q) # 0 if and only if W*(p) (\W*(O(q)) # 0

Proof:
Suppose W*(p)NW?*(O(q)) # 0. Let £ € W*(p)NW*(O(q)), then {f "z} €
Wt (p) for n > 0. Since z € W*(O(q)), the w-limit set of z w(z) € O(g), it follows
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that f*z — § € O(g), (n = o). So § € W¥(p), thus, W=(p) N O(q) # 0.

Suppose Wt(p) N O(q) # 0. Let U be a small neighborhood of O(g) such that
UNQ(f) = {O(q)}- Suppose, by the way of contradiction, that W*(p) N W*(O(q)) =
@, then, there is no z in W*(p)NU such that f*z € U for all n > 0. Since
We(p) N O(q) # ®, W*(p) NU must be an infinite set.

Consider set D = f(W*(p)NU)NU -W*(p) NU. Since DNQ(f) =0, W*(p)NnD
is a finite set. Let W*(p) N D = {x;,z,,..., s} and n; be the largest number such
that f™z; € U, then there are at most total Y*_, n; points in W*(p)NU, it contradicts

the fact that W*(p) N U is infinite. this proves the lemma. O

Lemma 4.0.7 Suppose f € Diff (M), (r > 0). Let Q(f) be finite and satisfy the no
cycle condition. Then, there erists an integer N > 0 such that Qi # @ for k < N and
Q = 0 for k> N.

Proof:

By the definition of Q,, we know that 2, # 0.

Now we prove §2; # 0.

Let S = {p € Q(f) such that W*(p) N\W*(;) # 0} = {p1,p2,.-.,Ps}- Suppose,
by the way of contradiction, that Q; = @, then, for each i = 1,2,..., s, there exists a

periodic points ¢; € Q(f) — 2, such that

W (p) \W*(q:) # 0

Consider p; € S. W¥(p)) NW*(q1) # 0, ¢1 € Q(f) — . If ¢4 € S, by relabeling the
points in S, we can let ¢q; be p,.

Now we suppose that q; ¢ S. Since q; € Q;, W¥(q:) # 0. By Lemma 4.0.5,
there is a periodic point g; € Q(f) such that W*(q,) N\W*(q2) # 0. Since ¢, ¢ S,

g & . If ¢ € S, by relabeling the points in S, we can let p, = ¢q;. If ¢ ¢
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S, we continue above process. Note that (f) is finite, we must have a series of
periodic points py,q1, ¢z, -..,qn € Q(f) such that ¢, = p, and W*(p,) NW?*(q,) # 0,
We(g:)NW?*(gis1) # 0 for i = 1,2,...,n — 1, it means that p, > p,.

We substitute p; by p; and repeat above argument, then, we have either p, > p;
or p; > p3. If po > p; occurs, a cycle appears, this contradicts the fact that f satisfies
the no cycle condition. So, we must have p; > p, > p;. Continue this process,
because S is finite, we must encounter a cycle, which is a contradiction. This proves
D #0.

By repeating above argument, we finally can find a N > 0 such that 2y consists

of all the sources of f on M. This proves the lemma. a

Corollary 4.0.8 Suppose the f € Diff (M), r > 0, Q(f) be finite and f sat-
isfy no cycle condition. Let Q; = {O(p1),O(p2),...,0O(px,)}, where O(p;) is the
periodic orbit of periodic point p; and O(p;) N O(p)) = O for j # l.  Then,
W*(O(p;)) NW*(O(m)) = 0 for j # L. o

Corollary 4.0.9 Suppose the f € Diff (M), r > 0, Q(f) be finite and f satisfy no

cycle condition. Then

N
Q(f) = U %
k=1

where Q; # Q; fori #j. a

Corollary 4.0.10 Suppose the f € Diff' (M), r > 0, Q(f) be finite and f satisfy no
cycle condition. Then W¥(;) N # 0 if and only if i > j o

Lemma 4.0.11 (Smale) [7] Suppose F be a compact f—invariant set and Q be a
compact neighborhood of F such that N,,5o fM(Q) = F. Then there is a compact
neighborhood V' of F such that V C int(Q) and f(V) C int(V). 0o
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Definition A series of compact subset My, My_,,..., M;, My of M is called a filtra-

tion of M associated with f if

M=Mk:)Mk_1D"'DMlDM0=0
and

f(M;) C int(M;)

We denote it by [My, Mi_,,..., My, My)].

Lemma 4.0.12 Suppose f € Diff (M), (r > 0), Q(f) be finite and f satisfy no cycle
condition. Then, there erists a filtration [My, My_,, ..., My, My] of M associated

with f such that

QO C int(M;—Mi_l)

Q = n fj(Mi_‘Mi—l)

—~00<j<00

wherei1=1,2,...,N.

Proof:

From Corollary 4.0.9 and Corollary 4.0.10, we have that Q(f) = UN,Q and
We(@Q)NQ; = 0 for i < j. So, W(Q)NQ = Q. Let Q; be a compact
neighborhood of €; such that Q@ NU;51 8 = Q(f). Then, if z € Nyyo f"Q1,
then, f™z € @, for m > 0, it follows that the a—limit set a(z) of z is in
Q1 ie. alz) € INQUS) = @y, thus z € W*(Q;) = ;. So, we have that
Q) = Nn>o f"Q1. By Lemma 4.0.11, there is a compact neighborhood M; of €2, such
that Q) C M C int(Q1), 1 C Npso f"Mi C Npso f"Q1 = 4, and f(M;) C int(M;).
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Let Q2 be a compact neighborhood of W*(§2;). Since

W"’(Qg)n U Qj =0

j>2

we can let Q; be such that Q;NU,;>2Q; = 0. We claim that

N A Q:UM) = W)

n>0 i<2

In fact, let z € Np5o f*(Q2U M), then, fmz € Q2UM, for all m > 0, hence,
a(z) € (Q2U M) NQUSf) = Q1 U, it follows that z € U;<o W*(4). So,

N QN M) = W) C int(Q, | M)

n>0 i<2

By Lemma 4.0.11, there is a compact neighborhood M; of U;<2 W*(;) such that
f(M;) C int(M;) and U<, W) c M, C int(Q,UM,). We can suppose that
M, C M,. As a matter of fact, if M; ¢ M, we can substitute M, by M, U(M; — M).

Now we check M, has the required properties. First, we note that since €2; C
int(M;) and M; N2 C Q1NN = O, we have Q; C int(M, — M;). Because Q, is
invariant under f, Q2 C N_cocj<oo f7 (M2 — My), on the other hand, if z € N; f7(M; —
M), then a(z) C (M2 — M) NQ(Sf) = N, and w(z) C N, £ € WH(Q) NW?*(Q2) =
Q2. S0, Q2 = N_socjcoo (M2 — My).

By repeating above process, we can find a series of compact set § = My C M, C

M, C --- C My = M which have the required properties. This proves the lemma.O

Let Q; = {O(p1), O(p2), ..., O(px,)} and [Mn, My_,, ..., My, M) be the filtration

in above lemma. Then, we have
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Lemma 4.0.13 There erist a series compact subsets of M;
M;_, =M,'0 CM,C Miz Cc---C Mik‘. = M;
such that

f(My,) C int(M;,)
O(p;) C int(M;, — M,,_,)

O(p;) = ﬂ fn(Mij_Mij—x)

—oo<n<oo

where j = 1,2,...,k;.

Proof:

From Corollary 4.0.8, we know that for i # j, W*(O(p;)) NW*(O(p;)) = 0 and
for j =1,2,...,k;, Wﬂﬂ.— = O(p;). Let Q be a compact neighborhood of
WH(O(p1)) such that QN(U;>1 O(p;)) =0 and QU M;_, C M,.

We claim that N5 fY(QUMi_1) = Uj<i-1 W*(Q;) UW*(O(p1)). In fact, if z €
Nn<o [P (QUM;_,), then f~™z € QUM,;_,, a(z) C (QU M;i_;) NQ(f), it follows that
z € Ujis WH(Q;) UW*(O(p1)). So

N RUM-) = U w*@,)UW*(O(m))

n>0 j<i-1

By Lemma 4.0.11, there is a compact neighborhood M; C int(Q U M;_;) such that
M., C M;, C M; and f(M;,) C int(M;,). By using the similar argument as in
the proof of Lemma 4.0.12, we have that O(p;) C int(M;, — M;_;) and O(py) =
N-cocncoo f*(Mi; — Mi_y).

Repeating above process, we can find M;,, M;,,..., M;, that have the required

properties listed in Lemma 4.0.13. This proves the lemma. a
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Let Q(f) = {O(q1), O(q2), - - -, O(gn) }, where O(g;) is the periodic orbit of periodic
point ¢;, O(¢g;) N O(g;) = 0. Suppose f have no cycle condition. Then, by combining

Lemma 4.0.14 and Lemma 4.0.13, we have

Proposition 4.0.14 There is a filtration of M associated with f,

My, My, ..., My, M)

such that
0((],) C int(M,- - Mg._l)
Olg:) = N (M- M)
—oo<n<oo
wheret=1,2,...,n. O

Theorem 4.0.15 Let f be a diffeomorphism on M, Q(f) be finite and f satisfies no
cycle condition. Then, for any € > 0, there ezists a Morse-Smale diffeomorphism g

on M such that d(f, g) < e.

Proof:

Let Q(f) = {O(q1),0(g2),--.,O(gqn)}. By relabeling the periodic points in Q(f),
we can suppose that g; be a hyperbolic periodic point for i < ky and ¢; be a degenerate
or non-hyperbolic periodic point for ¢ > ko. Let [M,, M, ,..., M;, My] be the
filtration defined in Proposition 4.0.14, then O(gx,) C int(My, — My,-1). Let V be
neighborhood of O(gy,) such that O(qx,) C V C int(Mg, — Mg,—1). By Corollary
3.4.7, we know that for any € > 0, there is a diffeomorphism h defined on V such that

h has no non-hyperbolic periodic points in V and d( f],,,h) < e.
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We define
h(z) zeV

91(z) =1 h(z) € (Myy— Mi,_1)—V (4.1)
f(z) z€M— (M, — My,_1)

where h(z) is a diffeomorphism which makes g(z) as smooth as required. It follows
that d(f,g1) < € on M and (g;) contains less degenerate periodic points than
Q(f). Continue this process, we can find a diffeomorphism § such that § has no
non-hyperbolic periodic points on whole M and d(f, §) < e. Moreover, 2(§) remains
finite and satisfy the no cycle condition.

Now, we prove that § can be approximated by a Morse-Smale diffeomorphism.
Let p, q € Q(g) such that W*(p) N W*(q) # 0 and the intersection is not transversal.
Let £ € W*(p)NW?*(q) and N'*(p) be a fundamental neighborhood for W*(p) at z. In
N (p), we make a small perturbation such that the intersection becomes transversal.
Because § has no cycles, this operation does not cause {2-explosion. We denote
by g1 the new diffeomorphism, then, €2(g;) is finite and hyperbolic and there are
less non-transversal connections between stable manifolds and unstable manifolds
than in the case of §. Continue above process, since §2(g;) is finite, we finally can
find a diffeomorphism g with finite, hyperbolic Q(g) which is close to f and all the
connections between its stable manifolds and unstable manifolds are transversal. This

proves the theorem. O



CHAPTER 5

Conclusion and Remarks

Combine Theorem 2.0.11, Theorem 3.4.2 and Theorem 4.0.15, we have

Theorem 5.0.16 Let M be a two dimensional compact manifold, f be an analytic
diffeomorphism on M, its no-wandering set (f) be finite and f satisfy locally nor-
malized condition. Then, f can be approzimated in C™ (r > 0) by a Morse-Smale

diffeomorphism. O

There is a long way to go to study the structures of systems that have zero en-
tropies and to prove or disprove Newhouse conjecture. Following the path presented
in this paper, we first have to remove the real analytic and locally normalized condi-
tions, and then consider the diffeomorphisms that have finite Birkhoff centers instead
of non—-wandering sets, and then do further study. Also, we may study this problem
from other angles. For instance, we may try to connect the structures of entropy zero
systems with the non-exponential correlation decay under an invariant measure. In

one word, this is a fascinating but very hard problem to work with.

49
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