


IVERSITY LIBR,

AR

3 1293 01688 0464

This is to certify that the

dissertation entitled

Sequential Predictor-Corrector Methods for
Variable Regularization of I11-Posed Volterra Problems

presented by

Thomas L. Scofield

has been accepted towards fulfillment
of the requirements for

_Ph,D,  degreeinMathematics

Rtricia K Eorman

Major professor

Date August 27, 1998

MSU is an Affirmative Action/Equal Opportunity Institution 0-12



LIBRARY

Michigan State

University

PLACE IN RETURN BOX
to remove this checkout from your record.
TO AVOID FINES return on or before date due.

DATE DUE

DATE DUE

DATE DUE

P20

188  c/CIRC/DateDue.pBS5-p. 14



SEQUENTIAL PREDICTOR-CORRECTOR
METHODS FOR VARIABLE
REGULARIZATION OF ILL-POSED
VOLTERRA PROBLEMS

By

Thomas L. Scofield

A DISSERTATION

Submitted to
Michigan State University
in partial fulfillment of the requirements

for the degree of

DOCTOR OF PHILOSOPHY

Department of Mathematics

1998



ABSTRACT

SEQUENTIAL PREDICTOR-CORRECTOR
METHODS FOR VARIABLE
REGULARIZATION OF ILL-POSED
VOLTERRA PROBLEMS

By

Thomas L. Scofield

Inverse problems based on first-kind Volterra integral equations appear naturally
in the study of many applications, from geophysical problems to the inverse heat
conduction problem. The ill-posedness of such problems means that a regularization
technique is required, but classical regularization schemes like Tikhonov regularization
destroy the causal nature of the underlying problem and, in general, produce over-
smoothed results. In this paper we investigate a new class of predictor—corrector meth-
ods for regularization in which the original (unstable) problem is approximated by a
parameterized family of well-posed, second-kind Volterra equations. Being Volterra,
these approximating second-kind equations retain the causality of the original prob-
lem.

Lamm (1995) was the first to place these methods in a generalized framework and



to provide a mathematical analysis of their convergence using approximating equa-
tions which were parameterized by a single numeric parameter to regularize problems
with convolution kernels. Here, we extend the analysis to nonconvolution kernels.
Moreover, we use approximating equations whose regularizing parameter is a func-
tion (rather than a single constant), allowing for more or less smoothing at different
points in the (one-dimensional) domain.

We also introduce another class of predictor—corrector methods, one that employs
a penalty term. Here again our regularization parameter is a function, and the ad-
dition of the penalty term does not significantly alter the regularizing equation that
we solved in the above-mentioned class of predictor—corrector methods. Nevertheless,
its presence provides for significantly stronger convergence theorems in comparison

to those we are able to prove for the first class.
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Introduction

We consider the scalar Volterra first-kind integral problem: given a suitable function

f() defined on [0, 1], find u(-) satisfying for a.e. t € [0, 1]
Au(t) = f(t), (1)
where
t
Au(t) := /0 k(t,s)u(s)ds,  ae. te0,1].

Problem (1) is an important one, having many applications. One is the inverse heat
conduction problem (IHCP), which in the one-dimensional case can be stated as

follows:

Given f(t) in some appropriate space, find u so that the problem

Wy = Wz,
w(0,t) = u(t),
w(l,t) = f(),

w(z,0) =0,

has a bounded solution w = w(z,t) for z € (0,00),t > 0.



When written in the form of (1), this form of the IHCP has a convolution kernel

k(t,s) = k(t — s), where

1 —1/4t
<0 = s

Another application arises from capillary viscometry (see [12]). The integral equa-
tion takes the form of (1) with k(¢,s) = 4(s/t)3, a nonconvolution kernel. Here f (the
known function) is the apparent wall shear rate (itself a measured quantity rather
than the true wall shear rate) and the desired quantity, the reciprocal of u(-), is the
viscosity.

It is well-known that in the typical case for (1) where k a non-degenerate square-
integrable function, one has that R(.A) is not closed, and hence problem (1) is ill-
posed, lacking stability. When using measured data, as is the case in the example
from capillary viscometry (and as is typically the case in all applications), direct
recovery of the actual solution is hopeless. One attempts to overcome the problem’s
instability through some “regularization” method.

Indeed, there are a number of regularization techniques. The best-known is
Tikhonov regularization, which amounts to a constrained minimization performed
upon a suitably-restricted set D of admissable functions u(-) € U (U a Hilbert space).

The method is usually transformed into the global minimization problem
. 112 2
min || Au — f||F + of| Lullg (2)

through a Lagrange-multiplier type approach, introducing a penalty term, the effect
of which upon the computed solution is relegated by the single positive “regularization
parameter” a. Here £ : D — G (G a Hilbert space) is a closed linear operator and
Il -l || - llg are norms in the spaces F (the range space of A, another Hilbert space)
and G respectively. If £ is, say, a derivative operator, then increases (decreases) in o

generally cause greater smoothing (roughness) in the computed solution.



The theory of Tikhonov regularization is a highly-developed one (see, for example,
[5])- To give the flavor of the types of convergence results to be proved later for another
regularization method, we (loosely) summarize results for Tikhonov in the following

theorem:

Theorem 0.1 (Tikhonov Regularization) Under classical assumptions, there is
for each o > 0 a unique minimizer Uo(f) of (2). This G4a(f) depends continuously
upon f. Moveover, if f (the “true data”) is replaced by f° (“noisy” data) where
|/ = fll < 9, then a = a(8) can be chosen in such a way that das)(f°) — 4 as

6 — 0.

It is in the sense suggested by this theorem that we say problem (2) is a “regularized
approximation” of (1).

There are undesirable side effects inherent in the application of Tikhonov regular-
ization to our problem. One is that it replaces the original “causal” problem with a
full-domain one. Problem (1) is considered causal in that for any ¢ € (0, 1], the solu-
tion u on the interval [0, t] is determined only from values of f on that same interval.

Differentiating problem (2) leads to the necessary condition that the solution satisfies

(A*A+al*L)u= A"f.

This problem is, in fact, equivalent to (2) when D = D(L). Yet A*f is determined,
in general, using data values from the interval [t, 1] (“future values”), thus destroying
the causal nature of the original problem.

Another side effect arises in the usage of a single regularization parameter when a
priori information calls for a solution that is rough in some areas of the domain and
smooth in others (see, for example, Figure 5.2). While newer regularization methods

based on (2) can provide this type of variability in the solution, they do so outside



of the Hilbert space framework, using a norm in G that is L!-type, resulting in a
non-differentiable problem. Such formulations are, therefore, difficult and costly to
implement.

A different class of regularization methods, “predictor—corrector” techniques, has
been the focus of study in recent years. One of the earliest of these was developed
by J. V. Beck in the 1960’s for application to the IHCP. In this method, Beck held
solutions rigid for a short time into the future (regularized “prediction”) and then
truncated the prediction to improve accuracy (“correction”). More on this method
can be found in [1]. The method is easy to implement numerically and provides fast
results in almost real-time — that is, the causal nature of the original problem is not
badly compromised.

The method of Beck is a discretization of a special case of the more general class
of predictor—corrector methods considered in [9], [8] and [10]. In what follows, we lay
the groundwork for this class of methods.

We will make the following assumption throughout this work.

Hypothesis 0.1 The kernel k(t,s) from (1) is continuous, and can be eztended so
that it is defined on 0 < s <t < T for some T > 1. Along with this extension of our
kernel, we assume that f € L*(0,T) is such that there ezists a function (necessarily

unique) @ € L?(0,T) satisfying (1) for a.e. t € [0,T].

Thus, for a.e. t € [0,1] and a.e. p € [0,T — 1], satisfies

/otﬂk(t + p,s)u(s)ds = f(t + p).

Splitting the left-hand side of this equation up into the sum of two integrals, we have

(after a change in variables)

/0' K+ posyuls)ds+ [kt +p,5+uls +2)ds = f(t+0) (3)



Now let us assume that r : [0,1] — (0,T — 1] is a given continuous function and that
7, is an associated finite positive Borel measure on [0, ||7||). Let us also assume that
for each ¢ € [0,1], f(t + p) is n,—integrable (in the variable p). We note that, should
f be just piecewise continuous, then this last assumption is obtained.

On the set of n,—integrable functions whose domains include [0, 7(t)] we may define

the continuous linear functional €, by

r(t)¢ / p) dn.(p

Applying Q) to both sides of (3) we get that u satisfies

/ " / t+ p, s)u(s) ds dryr (o)
/r(t)/ (t+p, s+ t)u(s + t) dsdn.(p / ft+p)dm(p),  (4)

for a. e. t € [0,1]. After a change in order of integration in the first term of (4)
(valid by Fubini’s Theorem), we have a term that defines a new integral operator on

L?(0,T), namely
t .
A,u(t) :=/0 k(t, s;T)u(s) ds, t €(0,1],

where

Ksir)i= [ K+ p,5) dne(o) (5)

for 0 <s<t<1,r(t) € (0,7 —1]. So now (4) becomes

/ot k(t, s;7)u(s) ds + /Or(t) /op k(t+ p,s+ t)u(s + t) dsdn.(p)

= [V s+ pano), (6)



an equation that is satisfied by a(-) for a.e. t € [0, 1].

The instability in the original problem manifests itself (as we shall see later in
numerical examples) even when the problem is discretized making it a matrix problem
(hence well-posed). We shall see that solutions of such a discretized system tend to be
highly oscillatory, becoming more so as the stepsize in the discretization shrinks. Our
hope is that some change to equation (6) will yield a new equation whose solution
is not so oscillatory, even though this solution will no longer be @. We further hope
that our new equation will serve as a regularizing approximation of the old one —
that is, its solutions approach that of (1) as the parameter controlling the amount of

perturbation shrinks. In [9], Lamm proposed the following equation in place of (6):

[ ktsinue)ds +atru) = Fin), )
where
a(t,r) := /Or(t) /Op k(t + p,s +t)dsdn.(p) (8)
and
fsry = [ 16+ p)dn(o) ©)

Here r serves as a functional regularization parameter, with r(¢) indicating the length
of a future interval for given ¢. In [9] the author considered only convolution kernels
with a constant r(t) = r, making (7) a generalization of the equation put forth there.
We can view (7) as a perturbation of (1) in the following way. At a fixed t € [0, 1], if

we divide (7) through by r(¢) and consider integral expressions of the form

1.2._t)/0r(t) ! dﬂr(ﬁ)

to be average values in some sense, then (heuristically) the resulting equation collapses

to (1) as 7(t) = 0. As motivation for the jump from (6) to (7) we may think of (7)



as holding u(-) constant (temporarily) on a small interval — i.e., u(s + t) = u(t) for
s € [0, p], p € [0, 7(2)].

As (7) is a new equation, we must direct our attention to questions of existence
and uniqueness of solutions. If we have assumptions that are sufficient to give that
a(t;r) # 0 for t € [0,1] (for instance, k(t,s) > 0 for 0 < s <t < T and a positive
measure that is nonzero on intervals of the form [0,7], for 7 > 0), then (7) can be

written as the second-kind equation
t . ~
u(t) + a~}(t; ) /0 k(t,s;r)u(s)ds = a ‘(@ 7)f(t7). (10)

Now if the function

i tsn)) ([ an)

is square-integrable (in t) on [0, 1], then using the terminology found in Chapter 9 of

(61,
K(t,s) = a™\(t;7)k(t, s;7)

is a type L? kernel on [0,1] (by Proposition 9.2.7) which has a type L? resolvent (by
Corollary 9.3.16). So, by Theorem 9.3.6, (7) has a unique solution u(-;7) € L%(0,1)
if a~1(t;7)f(t;r) € L?(0,1). (Here the references to numbered results all come from
[6]). Incidentally, it is also true that u(-;r) depends continuously in the norm of
L2(0,1) on f(-;7), and hence on f in, say, L*(0,1) for example — that is, (7) is a
well-posed problem. Henceforth we shall assume this well-posedness.

Numerical examples (seen later) seem to indicate that our hope that solutions of
(7) are more well-behaved than solutions of (6) is indeed realized. There is still the
question of whether solutions of (7) are good approximations to those of (6), and the
need for a theoretical justification of the continuous dependence of these solutions

upon data. In [9], Lamm proved the following theorem.



Theorem 0.2 ([9]) Let us assume that the kernel k in (1) is a convolution kernel
with k € C!([0,T]) and k(0) > 0. We assume also a constant function r(t) = r
and that f and the measures 1, are such that (7) has a solution u = u(-;r) for all
r € (0,T — 1]. If the true solution @ of (1) on [0,T)] is in C!, then u(-;r) converges
uniformly on [0,1] to @ as r — 0. In the presence of noisy data, r = r(d) can be

chosen appropriately for the level § of noise so that convergence occurs as § — 0.

In [8], Lamm went on to consider a discretized version of (1), looking at a step
function ua(t; 7; f°) that satisfies (7) with (possibly) noisy data fé at N = 1/At
collocation points t; = iAt,7s = 1,..., N. In this case, both 7 and At are regularization

parameters. The following theorem was proved.

Theorem 0.3 ([8]) Let k be a convolution kernel in C' with k(t) > 0 for t € [0,1].
Assume that = € Wb, that r(t) = r, that f* € L*(0,T) and that r is directly

proportional to At. Given a class of measures 0, for which

@)= [ £+ o) dni(p)

(the new right-hand side of (7) corresponding to the function f°) is well-defined for
allt € [0,1], 7 € (0,T — 1], the solution ua(t;r; f°) converges to i(t) at each of the
collocation points t = t;,1 = 1,..., N as the noise in the data goes to zero, provided

At s propo'rtz'onal to the square root of that noise.

We seek here to extend these results.

In each special case with “noise-free” data f that we consider, we will look at the

difference

y(t;r) =u(t;r) —at), te[o,1],

of the solutions to (1) and (7) (i.e., the error), trying to show that this difference goes

to zero in some sense as 7| — 0. Subtracting (6) from (7) we have that y(-;r)



satisfies

/ot I}(t, s;7)y(s) ds + a(t; r)y(t)

- /or(t) /op k(t + p,s+t) [a(s + t) — a(t)] dsdn.(p),

for a.e. t € [0, 1]; or, still assuming that a~!(¢;r) exists for each t, y(-; ) satisfies

t .

y(t) = —a (1) /0 k(t, s;7)y(s) ds + F(t;7), (11)

where

F(t;r) :== a7 '(t;7) /Or(t) /op k(t+ p,s+t)[a(s+t) —a(t)] dsdn.(p).

We will use equation (11) — the equation solved by y(-;7) — throughout in showing
that y goes to zero with ||7||c.

We have assumed throughout the discussion thus far that (1) is a scalar equation.
Nevertheless, the entire analysis to this point can be generalized to vector equations
with very little change. Our arguments in the chapters that follow will not be so
easily generalizable, and we will continue to assume a scalar equation.

Finally, to motivate the need for a specialized argument like the one involving an
approximate identity to be found in Chapter 1, we note that if our (“true”) data f is

such that the “true solution” @ € C'[0, 7], and if k(t,s) > 0 for 0 < s <t < T, then

F5r)] < a(tl; = [ K+ s+ 1) (5N s ds dn(p)
< % " [k + o5+ 1) ds (o)

= O(r(1)),
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and thus

IEC (< O(lIrlloo)-

It might appear, then, that an immediate application of the Gronwall Inequality to
(11) will show that our error goes to zero with ||r||,. This would indeed be the case

if we had a uniform bound on
E(t, 8;T)
a(t;r)

as ||r|loo — 0. Nevertheless, a close inspection of this expression shows that it is
not reasonable to expect such a bound. For instance, when dn,(p) = dp (Lebesgue
measure) and k(t, s) = 1, we have

k(t,s;r) 2
altir)  r(t)

Therefore, it will be necessary to perform a more in-depth analysis upon the error to

show that it goes to zero.



CHAPTER 1

The Constant-r Case

First we work to extend the results of [9] to nonconvolution kernels. To obtain results
throughout this paper, we will require assumptions on 7,, k, %, f and f®. The
following will suffice for this chapter, and will be standing assumptions even when
not explicitly mentioned. Often we will require similar, or even identical hypotheses
in other chapters to the ones we state here. When identical, we will simply refer back

to these by number.

Hypothesis 1.1 We assume that Hypothesis 0.1 holds, that k € C'([0,T] x [0,T])
and that k(t,s) > 0 for 0 < s <t < T. We also assume that @ € C'([0,T]). Having
assumed these, it is without loss of generality that we further assume k(t,t) = 1 for
t € [0,T), for problem (1) can always be divided by k(t,t) yielding a new right-hand
side f(t)/k(t,t) for which the above assumptions hold.

Hypothesis 1.2 The measure n,, parameterized by r > 0 is a positive finite Borel
measure on [0,7] satisfying the following condition: if we have a positive integrand

g(t) > 0 for t € (0,r], then we require

/0 "9(p) dn.(p) > 0.

When r is a continuous function on [0,1] into (0, T — 1], we assume 7, to be a (single)

11
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associated finite positive Borel measure on [0, ||| for which

/Oz 9(p) dn(p) > 0,

for all T € [roin, ||7]|0o), Where Tyin := min{r(¢) : t € [0,1]}.
We further assume that, for a measure 7, of the variety described above, we have

that the quantities
flt;r
(t;r

@ dn,
a(t;r)

~—

and

Q

—

are square-integrable on [0, 1], where o and f are defined in (8) and (9) respectively.

Hypothesis 1.3 When noisy data f° is used in place of f, we assume that f(t) =
f(t) + d(t), where d(-) € L*(0,T) satisfies ||d||cc < & for some fized & > 0 (here
| - llo denotes the L*(0,T) norm). For n, a family of measures parameterized by
r € (0,T — 1] and satisfying Hypothesis 1.2, we assume that [; d(t + p) dn.(p) is
well-defined for all t € [0, 1], and that

Js £t + p) dn.(p)
a(t;r)

is square-integrable (in t) on [0,1]. If the measures are parameterized by continuous
functions r : [0,1] = (0,T — 1], we assume that T d(t + p) dn(p) is well-defined for

all t € [0,1] and that

1 £8(t + p) dn,(p)
a(t;r)

is square integrable on [0, 1].

As in [9], we will assume in this chapter that r(t) = r (constant) for ¢t € [0, 1].
Notice that Hypotheses 1.2 and 1.1 together imply that (7) has a unique solution
u(-;7) € L%(0,T). The goal in the remainder of this chapter is to demonstrate the

convergence of u(-) solving equation (7) to the solution @ of (1) in the case of 7(t) = r
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a constant. We will do this in the absence of noise in the data, and also for the case

of noisy data.

1.1 Definitions and Preliminary Equations
For t € [0,1], r € (0,T — 1] let us define

_ o O [pDik(t + &t + Q) + sDak(t + £, t + ()] ds dme(p)

ﬁ T . r b}
‘ J§ J€ dsdn.(p)

(1.1)

where, for each fixed t € [0,1], (p, s) € [0,T—1]x[0,T—1], &£ = &(p, s) and { = (p, 5)

are chosen by Taylor’s Theorem so that

k(t+p,s+1t)=k(t,t)+ pDik(t +&,t+ )+ sDak(t + &t + (). (1.2)

Because we assume that k satisfies Hypothesis 1.1, we have that

Jo I3 (p + s) ds dn.(p)
Jo J§ ds dn.(p)

|ﬂt,r|

IA

111,00

2r||kl100

AN

o(r),

uniformly in ¢ € [0, 1].

Now for r small enough that |3, .| < 1, we have the expansion

1 1
atir) ~ J3 KK+ p,s + ) ds dny (o)
1
T Jo STkt t) + pDik(t + €t + ) + sD2k(t + &, t + ()] ds dne (p)
1 1
T R dsdn(p) 1+ B,
1 + 7t,r

= Trdn) (13)
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where ;, = O(r) uniformly in ¢t € [0,1]. Employing another Taylor expansion, we

have from (5) that

k(t,sir) = /0 "[k(t, 5) + pDyk(t + &0, 5)] di1r ()

= k(t,s) (/Or dn,) +g(t,s;7),

where

90t ;)| < lIklleo [ pdne(p)

forall0<t<1.
With these definitions, we write equation (11) (the equation in the error y(¢;7) =

u(t;r) — u(t)) as

y(t) = f(,l;zgf' /0‘ t,5:7)y(s) ds + F(t;7)
1+’Ytr t .
= s [( dnr) s ds+ [ glt,si7)u(s) ]
+F(t; r). (1.4)

Employing a technique used in [9] we define

0, ift<0

Y(t,€) = (1.5)
%e"/s, ift >0,
, pdnr
5(T) = fO}:{dTI(p)’

and convolving both sides of equation (1.4) with ¥ (t,e(r)), we get

[ vt =5 ds
-1 t T
= Toar O [ el sinys) dsdr
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o / bt - 7e(r / (1+ 77, )k(7, )y (s) ds dr + (t,e(r)) * F(t:7)
= fopdnr //w N+ v:r)g(T, s57) dTy(s) ds
__/ / Pt —7,e(r)) (1 + vr,r)k(7, 8) dT y(s) ds + Y (t,e(r)) * F(t;1)
— fopdnr //wt—re )1+ 7r,)g(T, 8;7) dry(s) ds
1

t
-— — g (t=9)/e(r) _ [ o-t=m)/er)
E(r)/ [’“(t s) e k(s,s) / e Dik(r, s)dr| y(s)ds

—— / / Wit s k(7, 8) dry(s) ds + ¥(t,e(r)) « F(t;7).  (1.6)
Subtracting equation (1.6) from equation (1.4) we get
t
y(t) = /0 G(t,s;r)y(s)ds + Hi(t;r),  te[o,1], (1.7)
where we define the quantities
G(t,s;r) :=Gi(t,s;7) + Ga(t,s;7), 0<s<t<1 (1.8)
with

Gi(t,s;1) == Y(t—s,e(r))[1 -k ss]——/d)t——r, 1)) D1k(T,s) dr,

Gz(t S'T‘)
= fo pdn,. [/ p(t YA+ vrr)g(7,857)dT — (1 + Yo r)g(t, 857)

+— [/ Y(t D Vrrk(T, 8) dT — W k2, 5) |,
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for0<s<t<1and

H\(t;r) == F(t;7) — ¢(t,e(r)) * F(t;7), te(0,1].

1.2 Convergence Using Noise-Free Data

We wish to show that solutions of (7) do well in approximating solutions of (1) as
the equations themselves become more alike — that is, as r — 0. This, along with
the results in section 1.3 will justify the solving of (7) as a regularization scheme for
(1).

We begin by assuming that the data itself is free of error. Though this is not
likely to be the case in numerical representations on a computer, this is a good first
test-case, as we could never hope to have convergence in the noisy-data case if we
did not have it in the noise-free one. Furthermore, even in those rare instances where
the true data can be represented exactly numerically, the numerical solution process

itself will introduce errors that call for some stabilizing scheme.

Theorem 1.1 Let 0., k, f and 4 satisfy Hypotheses 1.2 and 1.1. If there exists a

constant C > 1 for which

/orpdnr(p) > é/ordnr,

for each r > 0 sufficiently small, then the solution u(-;r) of (7) converges uniformly

on [0,1] to @ as T — 0.

To show (ultimately) convergence of y to zero as r — 0, we will use the Gronwall
Inequality on equation (1.7). We will show that G; and G, have uniform bounds

(independent of r,t and s), and that H; — 0 uniformly.
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Proof of Theorem 1.1: First, we have that

Gt 5;7)] < /stw(t—T,E(r))|D1k(7',s)|dT

< lI&]1,00 te—-(t—‘r)/e(r) dr
e(r) Js

= [lkll1o0 (1= e770)

IN

”k“l.oo

for0<s<t<1.

Next, we see that

Galt, 5i7)|
< m [ / (e =)+ g Dlg(r, 55 dr+ (14 e Dlgtt, 5i7)]
5 L[t = e sl ) dr -+ i, )
< IIklh,oo [ [ (e = 7D+ b+ (1 el

oWl 1 el + |

< 2nkn1,m [1+ [ wte=renar] + = [ [ wie - el ar +

for small enough r, since v, = O(r). Now by assumption we have

so that |y, ,|/e(r) < C) for some C; > 0 independent of r. Thus,

Gattssin)l < Rklon + Colleled [+ [t =) 7]
202+ G|kl 005

IN
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for 0 < s £t < 1. Thus G; and G, (and hence G) are bounded uniformly in
0<s<t<Ll,r>0asr—0.
Since @ € C![0,T] we argue similarly to the argument found near the end of the

introduction that, for each t € [0, 1],

F(tr)] < ﬁ [ [ ke + o5+ 01a(s + 1) — a(e) ds . (o)

1

= T /Or/opk(t+p,S+t)|a’(Ct(3))l3d3d77r(p)

”u—’“w rre
< -
r @) /0 /0 k(t+ p,s+t)dsdn.(p)

@l ..
Tma(t, 7')

= O(r),
which shows that ||F(-,7)||c = O(r). Thus,

HED] < PG 14+ [ 6= 7 e) dr]

< 2F( )l
= O(r).
The theorem is now a trivial consequence of the Gronwall Inequality. 2

1.3 Noisy Data

If our data has noise in it then recovery of the “true” @ (corresponding to the true f)
becomes hopeless because of the instability of problem (1). In fact, it is likely that

(1) has no solution when f is replaced by a function f¢ satisfying Hypothesis 1.3, as
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f® need not be in R(A). In contrast, for this function f¢ we can define
Ftsr) = [ £+ o) dne(o),
0
and have that
t .
a(t; r)u(t) + / k(t, sir)u(s)ds = fo(t;r), (1.9)
0

— equation (7) with f in place of f — has a unique solution u®(t;r) € L2(0,1).
If we denote by v’ the error y%(t) = y°(¢;7) := u’(t;r) — i(t), then we find that

y’ solves an equation analogous to (11), namely

1 t.
y(t) = —m/ok(t,s;r)y(s)ds+F(t;r)+E(t;r), (1.10)

a.e. t € [0,1], where

1T /ord(t+p)d77r(p), t €[0,1].

Q
~—~
St
N

Let us define

Kmin := min{k(t,s):0<s<t<T}.
Then

< Jo 1d(t + )| dri(p)

= fo I k(t+ p,s+t) dsdn.(p)
ldllo  J5 dnr
kmin f(;' pd”?r (P)

)
1].
Pt t €[0,1]

|E(t;7)|

IN
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Convolving (1.9) with ¥ (t,e(r)) and subtracting as before we get that
t
V()= [ Gt sry(s)ds + H(ti),
where H(t;r) := H,(t;r) + Hy(t; ) with
Hy(t;7) == E(t;r) — ¢(t,e(r)) « E(t;r), te€]0,1].

Here G and H, are as in the last section. Now

Han)| = B - [ 96 - 5,e()E(sr) ds
< 1BG )l [1+ /Otd)(t ~ 5,(r)) ds]
26
< ()’ t€[0,1].

Thus, if r = r(J) is chosen so that the quantities

6 _ dfydn,
e(r) — Ig pdne(p)

and r(d) both go to zero as § — 0, then, since we have H(-) (in place of H,(-))

converging uniformly to zero on [0, 1], the argument used to prove Theorem 1.1 still

goes through; that is, we have the following result.

Theorem 1.2 Let 1., k, f, f® and @ satisfy Hypotheses 1.2 - 1.3. Suppose also that,

for some C > 1, the n, satisfy the condition

/Orpdnr(p) > é/ordnr
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for all r > 0 sufficiently small. If r = r(d) is chosen so that both r(§) = 0 and

r(é
7@ dnr(s)

=) —0
Jo pdns)(p)

as & — 0, then the solution u®(t;r) of (1.9) converges uniformly to @ on [0,1] as

0 —0.
We have the following simple corollary.

Corollary 1.1 Let us assume the conditions of Theorem 1.1. If for fized p € (0,1),

C; > 0 we take r(6) = C,07, then u’(t;r) — @ uniformly on [0,1] as & — 0.

Proof of Corollary 1.1:  Since p € (0,1) it is clear that r(§) = 0 as § — 0.

And by assumption we have

as d — 0. 2

What this theorem and corollary demonstrate is that, in the presence of noisy data,
r cannot be allowed to go to zero too quickly. It must be tied to the level of noise
in the data, providing an adequate level of regularization appropriate for the amount
of noise present. Apparently, the instability of the original problem (1) begins to
manifest itself in the perturbed problem (1.9) as the regularization parameter r — 0,
and it is necessary to relegate the extent to which this happens in relation to the
exactness of the data. This is the same kind of phenomenon that is suggested in

Theorem 0.1 concerning the regularization parameter o for Tikhonov regularization.



CHAPTER 2

The Variable r(:) Case

In Chapter 1 we extended the results of [9] to cover nonconvolution kernels. While
this is a significant step, we have our sights set upon more. In particular, our goal is
to extend the method to accommodate a function r(-) that varies throughout [0, 1],

allowing for variable amounts of regularization.

2.1 Preliminaries

We will use the symbols 7, and 74z (01 ||7]|c0) to denote the minimum and maxi-
mum values of 7(-) on the interval [0,1]. When r, is one in a sequence of functions,
we denote these values by 7, min and 7, ;maz respectively.

For a fixed function 7(-) we define

r(t)
a,(t;r) := A e’ dn.(p), v=0,1. (2.1)

Using this notation, we can write

Beosir) = [ [k(t,9) + pDik(t + €s(0), )] (o)

= oIkt ) + [ pDIK(E+Eslo) N dm(p)  (22)

22
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It can also be shown exactly like in (1.3) that

1 1 4+9(t7)
alt;r)  al(t;r)

where v(t;7) = O(r(t)) < O(rmaz) for t € [0,1].

Using these estimates, we write

k(t,s;r) _a(tr) |
a(t;r) T oalt; r) k(t,s) + D(t,s;r)

— ao(t; T) _ ao(t; Tmin) ao(t; rmin)[l + "/(t; Tmin)]) . .

= (a(t; ) a(t; Tmin) 1 (E; Trin) k(t,s) + D(t, s;r)

= A(t,s;r) + B(t,s;r) + C(t,s;r) + D(¢, s;7),

where

Alt,sir) = %k(t, ), (2.4)
. — ao(t;‘r) a (t;rmin)
B(t,s;r) := (a(t; i c:(t; m_— ) k(t,s), (2.5)

C(t,s;r) := ao(t;;‘:n(.‘;)ﬁ:)rmm) k(t,s), (2.6)

D(t.sir) = —o [ " pDuk(t + 0a(p), 5) de (), (2.7)

a(t;r

each defined for 0 < s < t < 1. Thus, we write the error equation (1.10) in y°(t) =

u®(t;r) — u(t) as

y(t) = — /ot [A(t,s;r) + B(t,s;r) + C(t, s;7) + D(t,s;7)] y(s)ds

+F(t;r) + E(t;r) (2.8)

for ¢t € [0, 1].
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We choose to break down B further, writing it as

ar(t;7) a1 (t; Tmin)
= [Bi(t, s;) + Ba(t,s;r) + Bs(t, s;7)| k(¢, s),

B(t,s;7) = (ao(t;r)[l-l-’y(t;r)] aO(t;Tmin)[l“"’Y(t;rmin)])k(t,s)

where, for 0 < s <t <1,

frr(t-) dn,
B (t,s; = —me_—
1t 57) a(t;r)

1 1

B t, s, = t; min - y
2(t, 1) ao(tiT )(al(t;r) al(t;Tmin))

ao(t;r) ao(t; Tmin)
Bs(t,s;r) = —=v(t1) — ——7(t; Tmin)-
3( ST) al(t,r)’Y( T) al(t;rmin)’Y( Tm )

We intend to convolve the equation (2.8) with ¢(¢,¢) defined in (1.5), as in the
proof of Theorem 1.1. In that proof it became clear that, when g(-) is a bounded

function on [0, 1], then so is

[ vt -r e an,

for 0 < s <t < 1. The first issue, then, will be to get conditions sufficient for a
uniform bound (in ¢, s and r(-)) on as many of the elements of the kernel in (2.8) as

possible — namely, on B,C and D.

2.2 Convergence Using Abstract Measures

In Chapter 1 we had a numeric parameter r which served as regularization parameter,
with 7 — 0, and to each such r we associated a measure 7,. In this chapter we replace
the constant parameter r with a function r(-), and we will talk about sequences of

such functions going to zero. As before, we associate a single measure 7, to each
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(fixed) function r : [0,1] — (0,T — 1].
To show the boundedness of the various quantities in the last section, we will
need to make several assumptions about how the sequence of functions (r,(-)) and

the associated measures 7, are chosen.

Hypothesis 2.1 We assume that (r,(-)) is a sequence of continuous functions on
[0,1] into (0,T — 1] converging uniformly to 0 as n — oo, and that the associated
sequence of measures (7,.) is such that 7, satisfies Hypothesis 1.2 for each n =
1,2,.... We assume further that these sequences are chosen to satisfy the following

conditions:

(i) The sequence
f”"n”oo

Tn,min

o pdn,,,( )

18 bounded.

(ii) The sequence
1= dn,
0" pdn, (p)

lI7nloo
is bounded.
We can now prove the following theorem.

Theorem 2.1 Assume that k, f and @ satisfy Hypothesis 1.1. Suppose we have a
sequence of continuous functions v, : [0,1] = (0,T — 1] (s0 Tpmin > 0 for each
n) converging uniformly to zero and (n,,) is a corresponding sequence of measures

satisfying Hypothesis 2.1. Then u(t;r,), the solution of

/ot k(t, s;70)u(s) ds + a(t;r)ut) = f(t;r),

converges uniformly to @ on [0,1] as n — oo. Moreover, if fo satisfies Hypothesis 1.3

for (6,), a sequence of positive numbers converging to zero, then the solution u®(t;r,)
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/ot k(t, s;mn)u(s) ds + a(t; ra)u(t) = /Orn(t) fo(t+ p) dny., (p)

converges uniformly to @ on [0,1], provided that r,(-) = r,(; 6,) is chosen so that the

quantities
fo"™"= d,,

N fTn,min - 0
Jo™™" pdnr, (p)

and ||Tp]lec = 0 as n — oo.

As in chapter 1, the first assertion is really a corollary of the second, arising from
the special case where §,, = 0 and E(t;r,) = 0 for all n. Note that, in that instance,
the condition about r,(-,d,) being chosen to have the expression above converge to
zero is really no condition at all. Thus, we will prove only the second assertion.
Throughout the proof we will suppress the n, writing simply r or r(-) for a function
that comes from the sequence. Whenever a bound is asserted, it will be emphasized
that this bound is independent of n.

Proof of Theorem 2.1: We know that the difference y(t;r) = u(t;r) — a(t)

satisfies (2.8). Taking

_ _ 0y (t; Tmin)
€= 6(Tmm) B aO(t; Tmin)’

(note that €(rni,) is independent of t) we convolve (2.8) with (¢, £(Tmin)) to get

Ot Y(t — s,e)y(s)ds

_ Otw(t — 1) /0 % y(s)dsdr + ¥(t, €) * [E(t:r) + F(t;7)]
- _ /Ot at Y(t -7, 6)%2 dry(s)ds+ Y(t,€) = [E(t;r) + F(t; 7))

Subtracting this equation from equation (2.8) we get

y(0) = [ Glt,sir)yls)ds+ H(tir) + Haltiv), (2:9)
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where

G(t,s;r)
= /t Y(t —7,€)[A(r,s;7) + B(7,8,7) + C(7,8;7) + D(7,8;7)] dT

+(t —s,€) — A(t, s;7) — B(t, s;r) — C(t,s;7) — D(t,s;7)  (2.10)
and

H\(t;r) = F(t;r) —¢(t,€) = F(t;7), (2.11)

Hy(t;r) = E(t;r) —¢(t,e) x E(t;T), (2.12)

for t € [0,1].

As mentioned earlier, the boundedness of
t
B(t,s;r) — / Y(t — 7,6)B(T,s;7)dT

hinges upon the boundedness of B itself, which in turn rests upon the boundedness

of B,, B, and B;. We have

Tm.a: d
Bl (t, s; 7') < frmln nr

= Jom pdne(p)’
which is bounded (uniformly in n) by Hypothesis 2.1(i). Next we have

579 pdn,(p)

min

Batosinl = ([ dn) -
/0 (559 pdne(p)) (g™~ p e (p))
(s ) (e )
o™ pdny(p) o™" pdn.(p)

the first factor of which is bounded by Hypothesis 2.1(ii), and the second factor by
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(i) (both uniformly in n). To get, finally, that B(t, s;r) is bounded, we have

Tmaz
|By(t,si7)] < 0 d

S e pdn(p) [Y(t; 1) + Yt Tmin)]

which is bounded (uniformly in n) by Hypothesis 2.1(ii) and the fact that there exists
a C; > 0 for which |y(¢; )| < CiTmaez uniformly in t € [0,1],n =1,2,....
One shows that C(t,s;r) has a uniform bound independent of t,s and r (one

bound for all n) just as we showed it for B;. For D, we have

1
Desinl < ZEEN bk + 6o o)l anto

IA

11001 + [y(& ),

which shows that D also has a uniform bound in ¢, s and r independent of n.
With A(t,s;7) = 1k(t,s), we perform an integration by parts (details like those

n (1.6)) to get

Y(t —s,e) — A(t, s;r) + /t Y(t —1,6)A(r,s;7)dT

‘(¢ — ,6) Dyk(r, s) dr

< Kl e0-

Thus, our kernel G is bounded (uniformly in ¢, s and r, independent of n).
One shows that H,(t;r,) goes to zero uniformly as ||r,|lcc — O just as it was
shown in the constant-r case for Theorem 1.1. Also, as in the constant-r case, the

expression
Tn,maz
fO d Tn

Jom ™" pdn,.(p)’

comes out of looking at the bound on H,(t;,), and the convergence of this expression

to zero is a sufficient condition to get that ||Hz(-;75(:))||cc = O uniformly as § — 0.




29

Now the result follows from the Gronwall inequality. 2

Theorem 2.1 is, in fact, a generalization of Theorems 1.1 and 1.2. For, if each
Ta(:) is a constant function, then the terms of the sequence in Hypothesis 2.1(i) are

all zero. Also, (ii) reduces to the condition

/Orpdnr(p) > é/ordnr,

stated in Theorem 1.1.

2.3 Application to Specific Measures

As an application of theorem 2.1, suppose that, for each continuously differentiable
r:[0,1] = (0,T — 1] we take 7, to be a weighted Lebesgue measure of the form
dn.(p) = w(p)dp, where we assume that w : [0, — 1] — (0,00) is in L*® with
0 < Win < w(p) < ||wl|oo, for p € [0, T - 1].

Suppose now that r(-) = r,(-) is one in a sequence of continuous functions sat-
isfying Hypothesis 2.1 with associated measure as described above. Looking at the

expression from condition (i) in that hypothesis, we see that

Srmmw(p)dp  _ 2/|wlloo(rmaz — Tmin)

Tmin

formm pw(p) dp - wminrrzm'n

Thus, condition (i) under these types of measures comes down to the existence of

some M; > 0 (independent of n) for which

Tn,maz — Tn,min < ]\/!l"'2 (213)

n,min’

for all n.
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From Hypothesis 2.1(ii) we take the expression

fimwip)dp o 2d[wllooT e
o™ pw(p) dp T WminThin

Hence condition (ii) requires that there be an M, > 0 such that

Tnmaz o pr, (2.14)

Tn,min

foralln=1,2,...

We thus have the following corollary.

Corollary 2.1 Assume that k, f, 4 and r, satisfy the conditions of Theorem 2.1, and
that dn,, = w(p) dp for each n as described above. If there exist constants M;, M, >
0 so that the conditions in (2.13) and (2.14) are satisfied for all n, then u(t;r,)
converges uniformly to @ on [0,1] as n — oco. Moreover, if fo» satisfies Hypothesis

1.8 for (8,), a sequence of positive numbers converging to zero, then the solution

u® (t;1,) of
[ Ftsirauls)ds +altraut) = [ (4 ) di (0

converges uniformly to @ on [0, 1], provided that rp(-) = r,(-;9,) is chosen so that the

quantities
OnlITn (" 0n)lloo

2
Tn ,min

-0
and ||rn(+;9n)|loc = 0 as n — oo.

The condition in (2.13) deserves some scrutiny. It says, basically, that the func-
tions 7, are becoming constant at the square of the rate at which they are converging

to zero. The convergence proved in Corollary 2.1 is asymptotically the same type of
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convergence as proved in Theorem 1.1. Nevertheless, for § > 0 (which is generally

the case), r(-) need not be constant.



CHAPTER 3

Penalty Predictor—Corrector

Methods

In Chapter 2, we proved a convergence result for the class of predictor—corrector
methods that has been the main focus of this work so far. While some conditions
under which this convergence was shown are quite general — the main one being
that r(t) is allowed to vary, providing varying amounts of regularization throughout
the domain — others were somewhat limiting. While not ruling out the use of truly
variable r(-) in the (usual) case of noisy data, Hypothesis 2.1(i) seems to limit the
variation allowed in the (functional) regularization parameter r(-), at least in the limit
as the noise level converges to zero. In fact, as seen in Corollary 2.1 for a particular
choice of measure, the limiting behavior of 7(-) must be, in some sense, like a constant.

The goal of obtaining convergence results under less stringent conditions on the
sequence 7, (-) of functions remains an open problem. Motivated by this, we explore a
new class of regularizing methods that we dub Penalty Predictor-Corrector methods
for their similarity to the earlier class. In contrast to the results in Chapter 2, we
find for this new class of methods that we do not need to constrain the variation on

the regularization parameter r(-) as the noise level goes to zero.

32
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3.1 Motivation for the Method

Let us assume for the moment that, at some fixed t € [0,1], 7(¢) > 0 and u(-) is
a known function on [0,t). We assume also that p(¢;r) > 0. We may then seek a
constant c that solves

() 2
min /
ceR Jo

/Otk(t+p,s)u(s)ds+c/0pk(t+p,s+t)ds—f(t+p) dp

+cPu(t;r). (3.1)

This minimization problem harkens back to equation (2), where the set D consists of
constant extensions of u(-), and the norm in F is an L?-norm on [t,t + r(t)]. Taking

% of this expression, we get the necessary condition on a solution ¢ that

[/Or(t) /Opk(t + p,s+t)ds w(t,p)dp+ u(t; r)] c

r(t) pt r(t)
[ [k + sl ds witdo = [ f+ ot p)dp, (32)

where

p
w(t, p) := /0 k(t+ p,s +t)ds.

For the moment, let us say that this process has been carried out at t = ¢;. This
solution c is, in the sense of Tikhonov regularization, the best constant to represent
u(-) on the interval [t;,t; +r(¢;)]. In [11], the authors deal with a discretization of the
problem and, under supposition that r(¢;) = rAt for some integer r > 0, they find the
best step function (represented as a vector in R") to approximate u(-) on [t;, t;+7(¢;)].
They follow this prediction of the solution into the future with a correction, retaining
only the first component of this vector as the value of the approximate solution %(s)
on [t;, t; + At] and discarding the rest of the vector. Because theirs is a discretization

of the problem, they can move on to the next ‘t’-value, namely ¢;,; = t; + At and
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repeat the process on the interval [t;11,ti41 + 7(tit1)]. As At shrinks, the retained
value from the vector is used in the definition of % on correspondingly shorter intervals
at each step.

We are considering the full continuous problem. Following after the discussion in
the last paragraph, we might (in the limit) take our approximation @(t) = ¢ (just at
that particular ¢ value). Identifying u(t) with ¢, then, (3.2) becomes (after a change

in order of integration)

[/orm ./op k(t+ p,s+t)ds w(t,p)dp+ u(t; T)] u(t)

r(t)

t pr(t)
+ [ [Tkt +psotpdouls)ds = [ 5+ pult, o) dp,

which is a special case of the more general equation

[/Or(t) /0" k(t+ p,s+t)dsdn,.(p) + u(t; r)] u(t)
+// k(t + p, s) dner(p) u(s) / F(t+ p) dner(p).

If we define a(t;7), k(t,s;r) and f(¢;r) using (8), (5) and (9), respectively, corre-

sponding to the measure 7, (for each ¢ € [0,1]), then this equation becomes

[ R simu) ds+ lat ) + anlu) = Fsr), (3.3)

an equation that closely resembles (7). The appearance of the new function u(t;r)
has to do with the difficulties we encountered in the variable-r(t) case. If we make
a wise choice for this u — say, one that when added to a(t;r) makes for something
like a constant (in t) coefficient ¢ = ¢(r) of u(t) (of course, not so much of a constant

that we lose the benefits of our function r(-) over the constant parameter r used in
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Chapter 1) — our hope is the solution of (3.3), or of
t_ .
/0 k(t,s;r)u(s)ds+c(r)u(t) = f(t;7), (3.4)

(assuming that one exists) will converge to the solution of (1) as r,(-) — 0, and that

it will do so under less stringent conditions than those we required in Chapter 2.

3.2 Convergence of Solutions

In the last section we motivated a new penalty predictor—corrector type method. We
proposed the introduction of a function p(t;r) into the perturbed equation of the
predictor—corrector methods we studied earlier, hinting that we could do so in such
a way as to give ourselves a new perturbed equation in the classic second-kind form
— that is, where the coefficient of the u(t)-term was constant. As we shall see, the
function p that we will use in the results of this chapter is not actually intended to
make this coefficient into a constant. Here, rather, we have chosen u so that the
problem reduces to one quite similar to the one we analyzed in Chapter 1. The
comparison of equation (3.1) to (2) together with results from earlier chapters should
make us expect convergence in the noise-free case only as r(-), and simultaneously
L, go to zero. We may also expect that, in the presence of error in the data, both
functions must somehow be tied to the amount of error in order to get convergence
as the error goes to zero.

For this reason, it is reasonable to tie the two parameters together. Let p €
(0,1/2]. Given a continuous function r : [0,1] — (0,7 — 1] and a finite Borel measure

7y on [0, ||7|e), we will set

r(t)
pltr) = |5 A dn,. (3.5)
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With this definition for v, it follows again from the results in [6] to which we referred
in the introduction that equation (3.3) has a unique solution u(t; r) if Hypotheses 1.1

- 1.2 are met with a(¢;r) + u(¢;7) in place of a(t;7).

Theorem 3.1 Suppose that k satisfies the assumptions made in Hypothesis 1.1. As-
sume that f is such that a continuous solution @ of (1) ezists on [0,T) with @(0) = 0.
Let (rn(-)) be a sequence of continuous functions with r, : [0,1] = (0,7 — 1], r, = 0
uniformly, and assume that the measures 7, satisfy Hypothesis 1.2. If u(t;r,) is
given as in (3.5) (where r, replaces r), then the solution u(t;r,) of (3.8) converges

uniformly to a(t) as n — oo.

To prove this theorem, we will need a lemma, the truth of which is asserted in
[3] but not proved there. It asserts that our function v(t,¢) defined in (1.5) is an

approximate identity in the space C([0, Y]), at least in a certain sense.

Lemma 3.2 Suppose that g : [0, Y] = R is a continuous function satisfying g(0) = 0.
Then

w(t,e)+ g = [ Bt = s,e)g(s) ds

(Y as defined in (1.5)) converges uniformly to g(t) on [0,Y] as e — 0*.

The proof is fashioned after that for a similar assertion in [4]. Because we want
to use the variable € in another, more traditional sense during this proof, we elect
to use the symbol 7 (in no way related to the measures called by the same name in
other parts of this work) as the second argument for the function 1.

Proof of Lemma 3.2: . Let € > 0. By the uniform continuity of g on [0, Y]

there exists a number § > 0 such that, for each t € [0, Y], 0 < s < min{4, t},

lg(t —5) — g(t)] <

N ™
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Taking s = t, we note that this last condition along with the assumption that g(0) = 0

implies that |g(t)| < /2 for t € [0, 4]. If we define
t
Bult) = [ wlsmds=1-e,
then

[W(t,m) *g(t) —g(®)] < [¥(t,n) * g(t) — By(£)g()] + |g()]15,(2) — 1

< [ 9s,mlgle - 5) - g(®)]ds + gD
Thus, for ¢ € [0, 4],

3

/0 Yls,mds + 2

N ™

lW(t,m) *g(t) —g(t)| <

o

and, for t € [4, T,

Wt o) =90 < [ vs,mlate = 5) - (0] ds

+ /; Y(s,m)lg(t — s) — g(t)| ds + |g(t)] (JgggT e""’)
= + 3llgllooe ™"
< €

IN

for all n = n(§) sufficiently small. 2

In proving Theorem 3.1, we will take 7(-) to be one element in the sequence (7, (+))

of functions.
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Proof of Theorem 3.1:  From (6) we see that the true solution @ of (1) satisfies

/Ot k(t, s;7)a(s) ds + [a(t; ) + p(t;r)] u(t)

= Jn - [ [ ket s+ ) [als +0) ~ 6(0)] dsdn(p) + )0, (36)

for t € [0, 1]. Setting y(t;7) = u(t;r) — @(t), we get that y(t;r) solves

-1 t. -
y(t) = P B /0 k(t,s;r)y(s)ds + F(t;r), te[o,1], (3.7
where
Ftir) o= B LR+ pis+ ) [as +1) — a(t)] dsdm (p) = p(tir)alt)

a(t;r) + u(t;r)
As in (2.2), we write

Beosir) = [ [k(t5) + pDik(E+ Eus(p), )] dn)

( | 0 dn,) (k(t,s) + H(t,5;7)],  teo,1], (3.8)

where, for 0 < s <t <1, we have

Js” pDik(t + Eva(p), 5)drie (o)

o dn,

7 pdne (p)

1111100 =
s

< Ikl 0ol7lloo-

|H(t,s;7)] =

IN

Employing a Taylor expansion as in (1.3), we also write

oftr) = [ pdn(p) + hit;7),
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for t € [0, 1], where

r(t) rp
hitir) o= [ ["(pDik(t + &+ )+ sDsk(t + £t +C)) ds dn ().

Then
attir) =l ([ o) i),
where
Iﬁ(t; 7")| = 1, ; " pdn.(p) + h(t;T)
(13 (5 drr)

oy (It ([ ) + 30kl [ 2 00)
r r Nr o 1,00 P an:(p
Il (J5© dme) L7 \o 2 0
_ 3
< i [+ 51K ol o)

= O(lIrlles™).

Using our definition for u from (3.5), we then have for ||r||o sufficiently small that

1 1 1
alt;r) +utir) ||| g dn, 1+ h(t;r)
14+ 7,(t;r)

—t (3.9)
1715 J5® dn,

where 7, (t;7) = O([Ir[|5?) as [|rfleo — 0.

Returning to equation (3.7), we employ (3.8) and (3.9) to get that

y(t) = 1+“:ﬁpt r) / [k(t,s) + H(t,s;7)] y(s)ds + F(t;r)

= T b K ds‘/otG(t,s;r)y(s) ds+ F(tr),  telo,{p.10)
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where, for 0 < s <t <1,

G(t,s;7)| = I ”p |k(t, 8)w(t7) + H(t s;7) 1+ (85 7)]|

= O(lIrlles™)-

Since p € (0,1/2], G is bounded (at least) forall 0 < s <t <1.
Now as in previous chapters, we will convolve (3.10) with v (t,e(r)) and subtract

the result from (3.10). In this instance, we take £(r) = ||||%,, and the result is
t -~ ~
W) = [ K5y ds+ F6r) - d(tem) « Fer),  @11)
where
t
K(t,s;r) / Y(t —T1,e(r))G(r,s;7)dT — G(t, 8;7) — / Y(t — 1,e(r))D1k(T, 8) dT.

Here the suppressed details are much like those seen when applying this convolution

technique in previous chapters. We see that, for 0 < s <t <1,
|K (¢, 5;7)| < 2/|Glloo + [IEll1,00,

showing that K is bounded.

Next we look at the terms of

O [Pkt + p, s + t) [a(s + t) — a(t)] ds dn,(p) + a(t;r)a(t)
a(t;r) + u( ;7)

Ft;r) = —a(t).

First, we have from (3.9) for all ¢ € [0, 1] that

IO S k(t + pys + ) [a(s + t) — a(t)] ds dny(p)|
a(t;r) + p(t;r)
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211 klloollElloo J§© pdnr(p)
- a(t;r) + u(tr)

< 21+ (& )Elsoll ool I lloo

O(lIrlles™)-

Likewise, for all t € [0, 1],

a(t;r)
a(t;r) + u(

< . l—p.
i) S [+ 7(& )l kllsolI7lloo

Thus,

F(t;r) — 9(t,e(r) * F(t;r) = ¢(t,e(r)) * a(t) — a(t) + O(||r||o?).
And, by Lemma 3.2
P(t,e(r)) x u(t) —u(t) = ¥(t, ||r[|3,) = a(t) — a(t)

converges to zero uniformly as ||7||, — O.

With these observations about the boundedness of the kernel K and the uniform

convergence of

w*F—F

to zero, we may apply the Gronwall Inequality to (3.11) to get the desired result. 2

We note here that, should we replace our expression for u(t;r) in (3.5) with a

constant multiple of it (say, multiplied by some ¢ > 0), then the proof of Theorem 3.1

still goes through. Evidently, though, the proof fails if x(¢;r) = 0, as the presence of

a nonzero constant added to h(t; ) = O(||7||*~? in the denominator in (3.9) after the

IrlIE, Jo ® dn, has been factored out is crucial.
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As in earlier chapters, we need to know that the convergence asserted in Theorem
3.1 will happen in the presence of noisy data. As before, the proof does not change

much from the “pure data” case.

Theorem 3.1 Along with all of the assumptions in Theorem 3.1, we also assume that
f% satisfies Hypothesis 1.3 with respect to the measures n,, for (8,), a sequence of
positive numbers converging to zero. If for somec > 0,q € (0,2) we have ||rp||o0 = €88,

then the solution u® (t;r,) of

[kt ra)uts) ds + fatra) + i rallu®) = [ £+ o) (o)

converges uniformly to 4 as n — oo.

Proof of Theorem 3.1: As in the proof of Theorem 3.1 we form the difference
y(t;7) = u®(¢t;7) —u(t) (here we are suppressing the dependence upon n), convolve the
equation for y with (¢, ||7||%,) and subtract to get equation (3.11) with the additional

terms

E(t;r) — 9(t,e(r)) x E(t;7),

where

But, fI'OIn (3.9),

11+ 7,(t;7)| [r®
7115 f5® dn, Jo

)
< m[l + [p(t; )]

|E(t;r)| = d(t + p) dn-(p)

Since p € (0,1/2], it is clear that ||E(-;)||cc = 0 (and hence E —1 x E) for any choice
of ¢ € (0,2). 2



CHAPTER 4

The Discretized Problem

Most problems of type (1) are solved numerically on a computer, and nearly always
with some error introduced as a result. It is impractical, in general, to represent a
function on [0,1] (or any interval) perfectly. Most likely, the functions involved are
known only by samplings at specific times, and represented on a machine as vectors.

One numerical approach to problem (1) without using a special regularization
technique is to simply partition the interval [0,1] into N subintervals [t;,t;44], 1 =
0,...N —1, each of width At = 1/N and to seek constants a;,72 = 0,...,N — 1, so
that the step function

N-—

u(t) = Y oixilt)

=

—

satisfies (1) at the collocation points t = t;, i = 1,..., N. In this discretized form,
(1) becomes a lower-triangular matrix problem with nonzero diagonal elements (un-
der suitable conditions upon the kernel) and as such is well-posed. Nevertheless,
the instability of (1) (the infinite-dimensional problem) manifests itself even in this
discretized setting, with the condition number of the matrix growing as At shrinks.
Often it is necessary to keep the value of N so small that solutions are hardly of any
use in order to keep those solutions from becoming highly oscillatory. We will not

delve deeply into these issues, but more can be found in [10].

43
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Thus, in considering a discretized version of problem (1), it makes sense for us
to also consider a discretization of some perturbed, well-posed problem that we will
solve in lieu of it. In this chapter, we will consider a discretized form of the penalty
predictor-corrector equation (3.3) (with penalty function u(t;r) for t € [0,1]) and
show that the solution of this equation converges to the true solution of (1) at collo-
cation points as the grid size shrinks. Further (in contrast to the continuous theory
in Chapter 3), our convergence theory will also apply to the case of u(-;r) = 0. The
significance of this result is that we will obtain convergence of solutions of standard
discretizations of equation (7) in the case of regularization parameters r(-) that are

not limited by a variability constraint such as that given in Hypothesis 2.1(i).

4.1 The Setup

We assume that [0, 1] has been partitioned up into N (a positive integer) subintervals
[ti, tiy1) where t; = iAt, i =0,...,N—1, At = 1/N. We further assume that k, % and
f satisfy Hypothesis 1.1. So we have @ satisfies (1) at each t € [0, 1]; in particular, at
t=t,i=1,...,N.

We take as our perturbation of (1) the equation (3.3) for u(¢;r) > 0, namely

/Otfc(t,s;r)u(s)ds—i—[a(t;r)+p(t;r)]u(t) = ft;r). (4.1)

where for now, we take r(-) to be a continuous function on [0, 1] into (0,7 — 1].

In discretizing (4.1) we seek constants ap, ..., ay_; so that the step function
N-1
u(t; At) = Y cigi(t) (4.2)
i=0

satisfies (4.1) at each of the points t,,...,ty. Here ¢; is the indicator function on the
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half-open interval (¢;,¢;41] fori=1,...,N -1

1, ifte(tt;
at) = { i (tis tisa]

0, otherwise,

and ¢ is the indicator function on the closed interval [to,¢;]. Substituting (4.2) into

(4.1) and setting t = ¢, gives us

J tiv1 - ;
E Q; A k(tj+1, s;r)ds + [a(tj+1; T) + N(tj+1; r)]aj = f(tj-H; T) (43)

i=0 i

forj =0,..., N—1. (Notice that we have taken to writing r; for r(¢;).) Equation (4.3)
can be written as a lower-triangular matrix system (in the a;’s) where the diagonal

elements

tiv1 [fri+1
L7 [ Bt + o5 dne (o) ds + altii ) + ptiaair)
J

are all positive if we assume that £ > 0, u(¢;7) > 0 and 7, satisfies Hypothesis 1.2.
Under these assumptions, constants ap,...,ay—_; do exist (uniquely) so that (4.2)
satisfies (4.1) at ¢;, j =1,...,N.

In previous chapters we have talked about convergence of an approximate solution
to the true solution as a (function) parameter r(-) — 0. In the discretized setting,
we also want to see what happens as At — 0, and we will link these two parameters

together.

Hypothesis 4.1 Let v : [0,1] = (0,00) be a piecewise-continuous func-

tion. We will assume that r(-) := v(-)At.

Because of this assumption, it makes sense to write u(t;; 7y, At) in place of u(tj;r)
for j =0,...,N — 1. We will adopt a notation p;(At), suppressing the dependence
upon 7. Likewise, in place of 7, we will write 74, (also suppressing the measure’s

dependence upon 7).
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Let us then define constants c;(At) = c¢;j(u, At) by

tjir) + pi(At)
ao(tj; T)

e;(A) i= 2 , j=0,...,N—1, (4.4)

where a, is defined as in (2.1) for v = 0,1. (Note that the a,(t;7;), a(t;; ) depend
ultimately upon v and At by Hypothesis 4.1, but they do so through the r;.) Using

these, (4.3) can be written as

J tig1 ~ -
Z Q; / k(tj+1, S, T) ds + ao(tj+1; r)ch(At)aj = f(tj+l; 7').

i=0 ti

Alternatively, if dna, is a positive Borel measure satisfying Hypothesis 1.2 and f°
satisfies Hypothesis 1.3 with respect to dna., then with f¢ in place of f in (4.1) there
is a unique step function u(-; At, f) (whose dependence upon v is suppressed) of the

form (4.2) satisfying

J ter k(1,8 7) 41 fO(tin + p)
o; — I S ds+¢j1(At)ey; = / — = —d , 4.5
Yo [ S dstaa(dge = [T TS ), (49
forj=0,...,N -1

We will use a differencing technique similar to that used in [8] to analyze conver-
gence. To this end, we make a shift in the indices j in (4.5) to get that u(t; At, f°)

satisfies

j—1 tilict-, : T Jt.+
z: i/ + L’i).ds.{,_cj(At)aj_l o M nAt(p),

a
= Ju ao(tj;T) o ao(tjT)
for j =1,..., N. Subtracting this equation from (4.5) yields

b+t l}(tj+1>s§ r)

cir1(At)a; +
s+1(A)ay i  ao(tjz1;7)

a;¢;(s)ds



47

T (tji-l'r) -/orj+l [f(ti+1+ ) + d(ts11 + p)] dnac(p)

/ ’ [f(t; + p) + d(t; + p)] dnac(p) + c;(At)aj

"~ ao(tsi)
] 1y I o
/ + [ J+173 T) k(tJ’ S; T‘)] aid’i(s) dS, (46)
i—g Yt aO ]+1a aO(tj;r)

which holds for j = 1,..., N — 1. We have seen in (3.6) that the true solution @

satisfies

/0 “R(t, s r)a(s) ds + /0 v /0 "R(t+p, s+ 1) [als + t) — a(t)] ds dnac(p)

+Halt;r) + p(tn)a) = fo o f(t+ p) dnac(p) + p(t;r)a(?), (4.7)

for all t € [0, 1]. If, as we did above, we evaluate (4.7) at t = t; and divide through by
ao(t;; ), and then subtract the resulting equation from the one arising from evaluation

at t = t;;1 and division by ag(t41;7), we get

(it + [ K ) g,

t; aO(tJ+11 )

_/t, [k(t,+1,s r) _ k(t;,s; r)] a(s) ds + ¢;(At)a(t;)

J+1) aO(tJ’ 7‘)

u(s+1t
—/ / tiv1+p,5+tj4) i 1) — Utn) ds dnae(p)
aO( j+15 T)

+/ / t +p,s+t) (s+t(t)]’r)( )deﬂAt(P)
r:+1f(j1+p) f(t + p)
+/0 ao(;j+1;7”) dnac(p) = ao(t;;7)

+uj+1(At)%j";l;)r—) — ui(At) "‘(i i)

dnat(p)
r)’

for j=1,...,N — 1. Subtracting (4.6) from (4.8) gives us

o801t~ )+ [ D) g 610

J+1’ T)
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_ /0n+1 d(tjs1+ p) dna:(p) + /orj M dnac(p) + ¢;(A)[a(t;) — aj_y]

ao(tj+1; 7‘) ao(t . )
22t [k(ta, 557) k(t ,8;T)
B Z/ [ aO(tJl-H: ) aoZtJ,T) ] [ ( ) at¢: )] ds

Ti+1 u(s + t; u
/ / tiv1 + P8+ tjt) i a0](+tl-)+1 T)( t1) ds dnac(p)
7+

+A.Akaf+ms+n)“**”'ﬁ%’wdmam

- ao(tj;r)
Figaa(8) Ty a T (49)

By a Taylor expansion we can write

Qt) = lt) + (¢ — )T (5 (), (4.10)

for some z;(t) between t and t;,;. Thus for t € (¢;,¢;41] we have

_ t—tj41_,
a(t) — a;0,(t) = At [ﬂj + U (zj(t))] ,

for j=0,...,N — 1, where
u(tjs1) — o

bi=—"As

Using this and dividing through by At, (4.9) becomes

tist k(tip, S; tist k(tjyn, S; —ti41) _,
[c,-+1(At)+/; ' Mds] ﬂj+./:- okl sir) (s J'H)u(zj(s))ds
)

; 6o(tj+isT) ao(tj+i;r) At

= @08, - g { [ et D gy ) - [* LB s

At ao(tj+1;T) ao(tj;’l')

Ti+1 ” a(s + tjp1) — a(tj)
+/ / +p, s+t J dsd
0 0 ]+l p S ]+1) ao(t1+1,r) S nAt( )

~ /rj /pk(t,- fost tj)a(tj + 5) — u(t;) ds dnm(p)}

ao(t5;7)
I2Y rtin [k(t40, s; r) k(tj, s;1) § = tiy1,
) [ ervr) A (tj;r)] B+ 220 )] s

e [u f“) — (A 24) ] (411)

ao(tj+1;7) ao(tj;7)
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forj=1,...,N—1.

Finally, we define the quantities (for which the dependence upon 7 is suppressed)

tar k(tj1,557)

D;(At) = c;i(Al) + /t, s (4.12)
W,(At) = -Ic)i((%%, (4.13)
E;(6,At) = [/ e Jj:” dna(p)

- [t ) (414
wio0 = g [ i -] e o
Z;j(At) = %%;)A—t, (4.16)

where

i+l [P u(s +tj+1) — altjv)
t; t; d
/0‘ /(; k( Jj+1 + P S + ]+1) ao(t1+1, ) SdnAt( )

_/orj /Opk(tj+p,s+tj)ﬁ(tj+s) a(t; )deﬂAt(P)

aot;:1)
o5 [ [t Hsn)] o aas
+ / ’“t(t—)—)( — t41)@ (24(5)) ds
i A) sy (8t) T (417)

fori=0,...,7—1,7=1,...,N — 1. With these expressions, (4.11) can be written

j-1
B, = Wi(AOS — ALY V(A — —E;(6,A1) — Z(At),  (4.18)
1=0

E J

forj=1,...,N-1.
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Now if we evaluate (4.5) at j = 0 and (4.7) at t = t; (dividing through the

resulting equation by aq(¢;;7)) and then subtract the two equations, we get

ﬁo = —AitEo(a, At) - Zo(At), (419)
where
,_ b k(ty, s;7)
Do(At) = Cl(At) +./0 mds, (420)
L 1 r d(tl + p)
Eo(6,At) = Do(AD) /0 woltir) dnat(p), (4.21)
_ Ry(Av)
with
Ro(At) = ao(tll;r) [/0 /opk(tl +pys+t1) [@(s + t1) — ()] ds dnad(p)
+ [ YRty 5i7)(s = 1) (20(s)) ds — pl(At)ﬁ(tl)] . (4.23)

4.2 Conditions for Convergence

In the last section we defined expressions that arose out of a “differencing” approach
to the solutions % and u(t; At, f®). While the quantities themselves are somewhat
different, the purpose they serve is the same as similarly-defined expressions in (8].
The next theorem and proof also come from [8]. We provide the proof here for

convenience.

Theorem 4.1 Assume that point evaluations of the solution @ to (1) make sense,

and that dna:, f%, k and p satisfy the conditions discussed above. Suppose positive



o1

numbers w, M,v and z exist such that

W](At) < w, ] = 1,. ,N - 1,
‘/j,i(At) S v, 1= Oa '] — 1’ J = la aN - l’
)
. < i = -
E;(6,At) < MAt’ 13=0,...,N—-1,
Z;(At) <z, j=0,...,N -1,

uniformly in At > 0, withw € (0,1). If At = At(6) = cV/4 for a fized ¢ > 0, then the
solution u(t; At, f°) of (4.5) converges to @ at the collocation pointst;, j =0,...,N(8)
(N(6) = 1/At(6)) as § — 0. This convergence is at the best possible rate with respect
to 6; that is,

lu(ts; At, f7) = a(t;)| < K6'/2 + O(9),

for j=1,...,N(d), as § — 0, where K is a positive constant independent of 6 and

At.

Proof of Theorem 4.2:  Arguing as in [8] we define constants B; = B;(At, d),

j=0,...,N —1 satisfying

1
By = —M
0 AL d+ z,
j-1 1
Bj = ’ij_1+AtUZB,'+'—'M(5+Z, j=1,...,N—1.

1=0 At2

If we assume that At = At(6) is chosen so that §/At?(6) remains bounded as § — 0,
then the coefficients in the relations above are bounded. It is easily verified that these

B; satisfy the second-order difference equation

1
Bo = Z?M(S'FZ,
B, = (w+Atv)Bo+iM6+z,

At?
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B; = (1+w+Atv)Bj_y —wBj_, j=2,...,N-1
By the theory of difference equations we find that
B; =Cim + Cy,
for j=0,...,N — 1. Here

n = l+ﬁAt+0(At2),

T, = W [1 - ﬁAt] + O(Atz),

M-
amm)=i%j%+mmx
é
Co(6,At) = —w # +0(AY).

From the definitions of the B, it is clear that each B; > 0, and that 7, > 7, > 0.

Since C; < 0 for At sufficiently small, we have

B; = Ci(6,At)r] + Cy(6, At)7]
< G5 AN
—-cwmﬂu_l—m+omﬁr
— VI 1—-w

< 266, At)eap (),

and thus taking At(§) = cv/é gives us that the B; have a uniform bound for j =

0,...,N —1, independent of N. A simple induction argument gives that

|,Bj|SBja j‘:O,...,N—l,
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showing that
lag = alty)| < 265, A)Ateap (1) 0

as ¢ (and hence At(d)) goes to 0. 2

Theorem 4.2 Suppose that k,u and f satisfy Hypothesis 1.1, that we have measures
Nat = Tyae for At > 0 (sufficiently small) that satisfy Hypothesis 1.2, and that f°
satisfies Hypothesis 1.3 with respect to these measures. Assume also that Hypothesis

4.1 holds, and that ||Y]|eo < kmin/|lk||lco- If we take
1 (At) := cag(t;; ) At

forc > 0,q > 1, then the conclusions of Theorem 4.1 hold concerning the convergence
of u(t; At, f%) to 4 as 6 — 0 at the best possible rate with respect to &, provided
At = At(8) = ¢V/3.

Proof of Theorem 4.2: From our assumptions, we have that D;(At) > 0 for

each 7 =0,..., N — 1. Furthermore, we have for each of these j that

1 _ ao(tj+157)
D;(At) a(tjvi;7) + pivi(At) + fz?+l 0" k(i1 + p, s) dnae(p) ds
< . ao(tj+1;7')
Bl ft,-J+l Jot! k(tj+1+ p, ) dnac(p) ds
1
< . 4.24
- kminAt ( )
From this we see that
) 1 Ti+1 1 T
E;(4,At)| < / d ___/ d
| J( )l = kminAt (GO(tj+1;T) 0 TlAt(P) + ao(tj;r) 0 T)At(p))
20

kminAt ’
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for j =1,...,N — 1, and likewise we have the same bound for |Ey(d, At)|. We can
thus take M (in the statement of Theorem 4.1) to be M = 2/k;n.

n (2.2) we showed that

l~c(t, s;7) = ao(t;r)k(t, s) + /Or(t) pD1k(t + &.4(p), 8) dnac(p)- (4.25)

Thus,
/:T(tj+1,3§r) _ k(tj’S;T)

/ti+l
t; ao(tj+1;7)  ao(tj;r)
i 107 pID1k(t; + &5, (p), 5)| dnac(p)
< . — . 2]
< [ (1t ke + Thl

+ Jo't! pID1k(tii1 + &, (P), 5)] dnA‘(p)) ds

ao(tj+1;7)
tiva
< [ (1D + (A8, )AL + [Klsolry + 7541)] ds

< Elheo(1 + 2l17ll0) At%.

ds

This along with (4.24) shows that we may bound the Vj;,i = 0,...,5 — 1,57 =

1,...,N—-1by

k1,00
IFleo (1 4 gjy10).

kmin

v =

Turning to the Z;, we see that by (4.24) we need only show that each of the terms
of the R; is O(At?). We have that the first term

Ti+1 [P u(s +t; U
/ ’ / k(tjv1 +ps+tj41) ( 1) — Ut ds dna:(p)
0 ao(tjs157)
lI&| oo

< ___/J+1/ 8@ (2j(tj41 + 5))| ds dnas(p)

ao tiv1;T

l1% ]l ool ']l 00 /’JH
—_— d
ao(tisn;7) Tj+1 A pdna:(p)
< kllooll@ oo [l Y112, A2,

IN
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for j =1,..., N — 1. The first term of Ry is handled similarly, as is the second term
in the expression for R;, j=1,...,N - 1.

Our work in bounding the Vj; also shows that

/ [ j11,7) ’“‘t"’”)] (5 tur) 8 (:(s)) ds

%JH, ao(tj;7)
o UL P
- * (ti4157) ao(t;; )

< ”k”l,oo“u Iloo(l + 2”7||oo)NAt3

1&ll1,00[17 oo (1 + 2[|7ll0) AL,

which takes care of the summation term of the R;, j = 1,..., N —1. The fourth term
for these same values of j is handled similarly, as is the second term in the expression
for Ry.

Using our definition for the u;, we handle the remaining terms from the expression

for the R;, j =1,..., N — 1 as follows:

,,,H(At)%_w(m% = claltyn) - alt;)] At

< |||t

Since g > 1, this term is (at least) O(At?). The final term in the expression for Ry

can be written as

clu(t;) — a(0)] Atf,

since we assume %(0) = 0, and is then handled the same way.

Next, we have that

cj(At)

b+l |

W;(At) =
’ cj+1(At) + ao(t,+1r)f k(tj41,5;7)ds



56

CJ(At)
CJ(At) + [Cj+1(At) - C](At)] + L ﬁ?+l k(tj+1, S, T) ds

ao(tj+1;7)
1

1+ K;’

forj=1,...,N — 1, where

1 1 ti+1 ~
Kj = m (Cj+1(At) - Cj(At) + mr—) A k(tj.H, S; T) ds)
1 i+57) + pi+1 (D) altir) + p;(At)

(a(t
c;j(At) ao(tj+1;7) ao(tj;7)
1 L+l [fTi+1
" b+ .9 dnste) s )

‘10(t1'+1;7”) tj
1 a(tji;r) a(tj;r)
= oAt — 0L
cj(At) (ao(tj+1;r) ao(t;; )
1 tiv1 [fri+1
aolir) Je /0 k(tj+1 + p, s) dnac(p) ds)
1 a(tjiri;r)  altr) )
- + kminAt
cj(At) (00(t1+1;7‘) ao(tj;)
1 lklloo fo* pAna:(p) )
—— 0 - + kmin At
c;(At) ( ao(tj;7)
At
c;j(At)

+

— cAt?

+

v

v

v

(—llkllooll7llw + kmin) .

Now we have assumed that

kmin

7o < ,
[1lloo

which means that there exists an L > 0 such that

LAt
Cj (At)

K;

v

Lao(tj; 'I’)At
o’ JEK(t + p, s +t;) dnac(p) ds + cao(t;; 7) Ate
Lao(t]-; T)At
Iklloo Jo* P dnac(p) + cao(t;;r)Ate
L
l1£llolV]lo + cA29~1
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L
[1Ellool[Vlloo + €’

since At <1 and ¢ > 1. Thus, if we define w = [1 + L/(||k||ool|7]lcc + €)]7}, then we

have W;(At) <w < 1forallj=1,...,N-1. 2

One surprising thing about this theorem is that the proof goes through with
the constant ¢ = 0, and thus with u(¢;7) = 0. Recall that in the continuous case
(see Chapter 3) we could not prove convergence with u(t;r) = 0 without restricting
the variability of 7(¢) in the limit as the noise level goes to zero (as in Chapter
2). This shows that, at least in the case of the discretized problem, the penalty
predictor-corrector class of methods we have analyzed here is a generalization of the
predictor-corrector class of methods we discussed in Chapters 1 and 2.

The condition assumed in Theorem 4.2 that

kmin

[1£lo

Voo <

is used at the end of the proof in order to get the existence of an L > 0 for which

kmin = [[Klloo | Vlloo > L,

and, ultimately, an upper bound w € [0,1) upon the W;. A closer inspection shows
that what is really necessary is an L > 0 for which

atjr1;7) a(t;;r)

ao(ti VAL ao(t;; AL Kmin > L.

We exploit this observation to arrive at several corollaries.

Corollary 4.1 If we assume all of the stated conditions of Theorem 4.2, replacing

only the condition ||7|lce < Kkmin/||k|lcc with the assumption that the function v in
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Hypothesis 4.1 is constant, then the conclusions of Theorem 4.2 hold.
Proof of Corollary 4.1: If we take L = k,,;,,, then

1

W) < et o <

forj=1,...,N—-1. 2

Corollary 4.1 gives us a chance to compare the generality of Theorem 4.2 with
the one found in [8] (summed up in Theorem 0.3). This result is more general both
in that it allows for nonconvolution kernels and in the few requirements placed upon

the measures, as Theorem 0.3 is proved only for special types of measures.

Corollary 4.2 Let us assume all of the stated conditions of Theorem 4.2, replacing
only the condition ||V||ew < Kmin/||k|lco with the assumptions that v € C' and the
following condition (like in Theorem (1.1)): there exists a constant C > 1 such

that, for each At > 0 (sufficiently small) and each x € [rmin, Tmaez] (that is, /At €

[7mim 7ma:c] ) )
T xz T
> — . .
/o pdnac(p) > C /0 dnae (4.26)

If

kmin

1lloo < ——Xmin_
Ploe < ST =

)

Then the conclusions of Theorem 4.2 hold.

Note that, should a positive C exist so that (4.26) is satisfied, it necessarily the

case that C > 1. This is because

T [y dnae
Js pdnac(p)
T foz dnae
T fy dnat’

C
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Proof of Corollary 4.2: Forj=1,...,N —1 we have

altir) o Jo’ pdnadp)
ao (tj; T) - i orJ dT]At
Also,
a(tj;T)
— < k o . .
o < koAt
Thus
a(tj+1; T) a(tj:' T) kmin7j+l
- kmin > ——— — ||k]looYi omin
ao(tj+1;7)At  ao(t;;r)At + C lkllooyi +
kmin

kmin
= _C—(’Yj+1 - ;) + ’Yj(—C— — |lklloo) + Kmin

kmin kmin
= TR ()AL + (" = [kllc) + i

Now kmin||Y'|leo/C is bounded, and so the first term above can be made as small as

needed as At — 0. Thus, if

kmin
7]'( C - ”k”oo) + kmin > 0,
for each j =1,..., N — 1, the conclusion holds. Our assumption above upon the size

of ||7||eo is sufficient to imply this. 2



CHAPTER 5

Numerical Results

In Chapter 4 we described a collocation scheme which uses no special regularization
method in its attempt to find a step-function solution that matches the data at N
discrete points. We emphasize the word “special”, because the act of discretization so
as to consider a finite-dimensional problem in place of the original infinite-dimensional
one is itself a regularizing process. Nevertheless, we claimed that without a relatively
large stepsize, such solutions become highly oscillatory. Figure 5.1, supports this

assertion.

To produce the results in Figure 5.1, a convolution kernel of k(t) = 1 was used
along with a known true @(t) = t, so that the true data is f(t) = t2/2. A random
amount of noise not exceeding 10~2 (making for a relative error of 2%) was then
added to f to produce noisy data, which then was used (in place of f) in the colloca-
tion process described above. The resulting approximate solution from four different
stepsizes corresponding to N = 8,15, 25 and 45 subintervals of [0, 1] is plotted against
the known true solution, with the approximate solution plotted in dashing. The ap-
proximate solution, which we said was a step function, has not actually been plotted

as such. Instead, the constant interval in the solution has been condensed down to
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Collocation: N =
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= 45

25

N =

Collocation:

Figure 5.1. Simple Collocation at Various Stepsizes
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a point, with these points then being joined by straight lines. The other numerical

examples we include in this work are obtained and displayed in similar fashion.

In the Introduction we claimed that, using standard Tikhonov regularization, it
is difficult to find a value for the parameter a that provides for a smooth solution in
certain sections of the domain and a rough one in others. We demonstrate this with
an example using a discretized Tikhonov scheme. In Figure 5.2 we have discretized
[0,1] into 40 subintervals and used this scheme for four different choices of a, a =
0 (equivalent to the discretized scheme of Figure 5.1), 1071},5 x 1071°, and 5 x
107%. In this example, the “spike” function that is the solid graph in each of the
four plots was numerically integrated against the kernel k(t) = t2 to obtain the
quasi-true f. Random noise not exceeding 10~® was then added to the data, with
Tikhonov regularization then being applied to the resulting perturbed data to obtain
the (dashed) approximate solutions.

We note that, at @ = 107!, the approximate solution recovers the spike quite
well, but the smooth sections of the true solution are correspondingly rough in the
approximate one. As « is increased, this roughness is smoothed out nicely, but at the
expense of recovering the spike. This is a tendency that is found in all regularization
methods, that as the regularization parameter is increased solutions tend to become

oversmoothed.

In Figure 5.3 we have applied our discretized method (with g4 = 0) to the same
problem as that in Figure 5.2 to allow for comparison of its success against that of
Tikhonov. Three of the plots are for constant +(t), with these values set at 1,2 and
3. In the fourth plot, we have set v to 5 through most of the domain, but it equals 1

in the region of the spike.
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Figure 5.3. Tikhonov Regularization for Several o Values

gamma = 1 gamma = 2
.2 1.2
A
1 1
8 0.8 ’/‘
6 0.6 i ‘\‘
4 0.4 \
\
2 0.2 \
o pSaeed A\ UL = W L ‘A P
SN2 8/ v T 7TV 0.2 0.4\ /0.6 0.8
-2 -0.2 -/
gamma = 3 gamma=5,1,5
1.2 .
1 /
0.8
0.6
0.4
0.2
0. 1 2> 4 0.6 0.8
-0.2



65

The relationship between Figures 5.4 and 5.5 is analogous to that between Figures
5.2 and 5.3. The true solution is a step function (though our plotter renders it
as looking continuous). We have again discretized to 40 subintervals, numerically
integrated the true solution against the kernel k(t) = t, added relative error in the
amount of around 0.05%, and applied a regularization process to this perturbed data,

using Tikhonov at several values of a in Figure 5.4 and our method in Figure 5.5.
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Figure 5.4. More Tikhonov Solutions
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this new class of methods to be a generalization of the earlier class. It is our hope
that we may be able to show this in the case of the infinite-dimensional (continuous)
problem as well.

In order to demonstrate the practical value of these methods, we provided numer-
ical examples of computed solutions plotted against known true solutions. Of course,
the purpose of any regularization technique is to find approximate solutions for prob-
lems the solutions of which are not known. One might reasonably ask (regardless
of the particular regularization technique of which we are speaking) how we are to
choose the correct value for the regularization parameter. Why, after all, would we
know that 5 x 10710 is a better value for a than 5 x 107 in the example of Figure
5.2 if we did not have the true solution with which to compare it?

This is a difficult question to address mathematically. In the case of Tikhonov
regularization, at least, we have discrepancy principles that provide somewhat sat-
isfactory answers. To summarize one known as the Morozov Discrepancy Principle,
we assume that we have perturbed data f¢ for the true f in (1) with an estimate on
the noise || f® — f||= < 8. It is an established fact that the minimization problem (2)

(using f° for f) has a unique solution @ for each a > 0, and that the “discrepancy”

lAdq — £l

is monotone in a. The Morozov Discrepancy Principle says that the correct value of
a is the one for which the discrepancy equals § (see, for example, [5] or (7] for further
information on this topic). It is an open problem how to select the regularization
parameter r(-) for the predictor-corrector method described in Chapters 1 and 2,
or how to select the regularization parameters for the penalty predictor-corrector
methods of Chapters 3 and 4. A sequential type of discrepancy principle seems the

natural choice for these types of regularization methods, so that the proper value of
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r; is chosen at the i*" step in the discretized process. We hope that, after further
work, we may be able to get a satisfactory answer to this question.

Finally, the convergence proofs in this work have consistently been under the
hypothesis that k(t,s) > 0 for all ¢, s. In the case of a convolution kernel, even just the
weaker assumption that k(0) # 0 is sufficient to quantify the degree of ill-posedness
in problem (1) as being of first-order in that a single differentiation of (1) would lead
to a well-posed second-kind equation. We call such a kernel 1-smoothing. While
problems with 1-smoothing kernels are certainly ill-posed, there are many problems
which do not fall under this classification, having v-smoothing kernels (i.e., kernels
for which

E0)=K©)=...=k“V0)=0, £k®(0)#0,

so that the problem (1) becomes a well-posed second-kind equation after v differenti-
ations) for integer » > 1. In the case of the IHCP, the kernel is infinitely-smoothing in
that no amount of differentiation ever leads to a well-posed equation. We seek a more
general theory that applies to problems in some (or all) of these types of problems as

well.



BIBLIOGRAPHY



BIBLIOGRAPHY

(1] J. V. Beck, B. Blackwell and C. R. St. Clair, Jr., Inverse Heat Conduction, Wiley-
Interscience, 1985.

[2] T. A. Burton, Volterra Integral and Differential Equations, Academic Press, New
York, 1983.

[3] C. Corduneanu, Integral Equations and Applications, Cambridge University Press,
1991.

[4] R. E. Edwards, Fourier Series (a Modern Introduction), Vol. 1, 2nd Ed., Springer-
Verlag, Berlin, 1979.

[5] Heinz W. Engl, Martin Hanke, and Andreas Neubauer, Regularization of Inverse
Problems, Kluwer Academic Publishers, Dordrecht, The Netherlands, 1996.

[6] G. Gripenberg, S. O. Londen, and O. Saﬁehs, Volterra Integral and Functional
Equations, Cambridge Univ. Press, Cambridge, 1990.

[7] C. W. Groetsch, The Theory of Tikhonov Regularization for Fredholm Equations
of the First Kind, Pitman, Boston, 1984.

(8] P. K. Lamm, Approximation of ill-posed Volterra problems via predictor—corrector
regularization methods, SIAM J. Appl. Math. 56 (1996) 524-41.

[9] P. K. Lamm, Future-sequential regularization methods for ill-posed Volterra equa-
tions: applications to the inverse heat conduction problem, J. Math. Anal. Appl.
195 (1995) 469-94.

[10] P. K. Lamm, Regularized inversion of finitely smoothing Volterra operators:
predictor—corrector regularization methods, Inverse Problems 13 (1997) 375-402.

[11] P. K. Lamm and L. Eldén, Numerical solution of first-kind Volterra equations
by sequential Tikhonov regularization, SIAM J. Numer. Anal. 34 (1997), no. 4,
1432-1450.

71



72

[12] Jose C. Munoz and Y. Leong Yeow, Applications of maximum entropy method
in capillary viscometry, Rheo. Acta bf 35 (1996), 76-82.



i



