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ABSTRACT

CONVERGENCE OF SEVERAL ITERATIVE METHODS AND
SOLVING SYMMETRIC TRIDIAGONAL EIGENVALUE PROBLEMS

By

Qingchuan Yao

This dissertation studies several iterative methods and presents an algorithm for
the eigenvalue problem of the symmetric tridiagonal matrices.

We first propose some modified Halley’s iterations for finding the zeros of polyno-
mials. We investigate the non-overshoot properties of the modified Halley iterations
and other important properties. We also extend Halley’s iteration to systems of poly-
nomial equations in several variables. Then, we study several important properties of
the two major concurrent iterative methods: Durand-Kerner’s method and Aberth’s
method for finding all polynomial zeros simultaneously.

Besides Durand-Kerner’s method and Aberth’s method, several other concurrent
iterative methods have been created in the past two decades. However, none of them
is of monotonic convergence for solving polynomials with real zeros. The monotonic
convergence property plays a key role in solving symmetric tridiagonal eigenvalue
problems. Therefore, we propose two new concurrent iterative methods with quadrat-
ically convergent rate and cubically convergent rate, respectively. Both of the new
methods converge monotonically.

Finally, we present an algorithm for the eigenvalue problem of the symmetric
tridiagonal matrices. Our algorithm employs the determinant evaluation, split-and-
merge strategy and our newly developed concurrent iterative methods with cubically
convergent rate and with monotonic convergence property. Our algorithm is parallel
in nature and the preliminary numerical results show that our algorithm is very

promising.
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Chapter 1

Introduction

In this work, we deal with finding zeros of polynomials and solving matrix eigenvalue
problems.
To approximate a zero of a function f(z), real or complex, Halley’s iteration is

defined as follows:

f(z)

Zk+1 = 2k — 7" ’
f(en) = 3 HERES

k=0,1,2,...,

which was initially discovered in 1694 by E. Halley, who computed the orbit of the
Halley comet. Halley’s iteration is cubically convergent for simple zeros of f(z).
However, it converges only linearly for multiple zeros.

In Chapter 2, we apply Newton’s iteration to derive the following modified Halley

iteration:
f(Zk)
Zk+1 = 2k = Tom (o) - LT ) k=0,1,2,...,
2m S ATk) T2 ()

which approximates the multiple zeros with multiplicity m of f(z) with cubic con-
vergence rate. We show the non-overshoot properties of this modified iteration for
polynomial with real zeros and obtain the monotonic convergence of the Halley iter-
ation in this situation as a by-product. Moreover, this modified Halley iteration will
be used to derive an inequality which gives a circle containing at least one zero of the
polynomial. This inequality is at least as good as Kahan'’s inequality derived by using

the modified Laguerre iteration. We will also study the Halley iteration in Banach



space and establish a convergence theorem with an optimal error bound similar in
spirit to the Newton-Kantorovich theorem for Newton’s iteration.

In the past two decades the so-called concurrent iterative methods for complex
polynomial P(z) of degree n have been extensively studied. Two major concurrent

iterative methods among them are the Durand-Kerner method:

ey

k
L) (R P(Zz( )) k=0.1.2
1 i n (z(k) _ Z(-k)) ’ sy 4y &y .
J

j=1,j#i\%i

and the Aberth method:

1
25D = 0 TG . k=0,1,2,...,
Z; 1
-P-(_z?"r) - z_?=1,j¢i Z'Z‘k's__;jk'?

for i =1,2,...,n. The attractive feature of Durand-Kerner’s method is its quadratic
convergence with no derivative evaluations and Aberth’s method is remarkable for
its cubic convergence with no second derivative evaluations. Furthermore, they both
converge to all the n zeros of P(z) simultaneously when the polynomial has only
simple zeros.

In Chapter 3, we first present a new derivation of Durand-Kerner’s method by
homotopy. The new derivation gives a geometric interpretation of this method. We

then propose the following two-step iterative scheme:

(k+2) (k+1) (k+1) (k) n, o — A . 2 —_z__('k)_

—_ J J 4 J

2 =2 = (= —-z) Z (k+1) ) H k+1)  _(k+1) | ?
i 2, - Z]- ) itg 25 - zj

j=1,j#1 <4 =1,j#1 <4
k=0,1,2,...,fori=1,2,...,n with given 2%, 2, ..., z2® and
(0)
1 0 P(z") .
Z‘()ZZ'()— . EO) ONE Z=1,2,...,n-
j=l,j;éi(zi — % )

We will show that this two-step iterative scheme is equivalent to Durand-Kerner’s
method. Notice that our new scheme requires no polynomial evaluations. Similarly,

we will show that Aberth’s method is equivalent to:

k1) (k d
25D = g0 s, k=012, i=12...,n
1= Yz som

k -
2~z



where

k
PO P(z")
T ((k) (k))’
j=1,5#i\%

with no derivative evaluations.

k=0,1,2,...; i1=1,2,...,n

In Chapter 4, we propose some new concurrent iterative methods with quadratic
convergence rate without derivative evaluations. Those methods converge monoton-
ically when they are used to approximate real zeros of a complex polynomial P(z)
with degree n. The main idea is to define a pair of sequences {a:( )} ', and {y; k)}?zl

by means of the following iterations:

gD = B Pz (k)) k=0,1,2,...
’ b mAE - ) M@ ) T T
g = P - P") . k=0,1,2,...,
@ - ) Mo " - )
and ¢ = 1,2,...,n. We first establish the results of these concurrent iterations for

the simple zeros of P(z). For the real multiple zeros as well as a cluster of zeros
of P(z), we propose the corresponding new modified concurrent iterative methods
which converge monotonically. We also prove the non-overshoot properties and the
quadratic convergence rate of the iterations.

One of our main purposes in studying the new concurrent iterative methods with
monotonic convergence is to solve the symmetric eigenvalue problems in parallel.
Finding the eigenvalues of an n x n symmetric tridiagonal matrix A is equivalent
to solving det[A — AI] = 0, a polynomial of a single variable A\ with real zeros and
with degree n. In Chapter 5, we present an algorithm for the eigenvalue problem of

symmetric tridiagonal matrices by using the following new concurrent iterations

(k+1) (k) niP(z (k))
z = P - 0 — , k=0,1,2
P'(z?) - P(a] JEL Lj#i g0,
J
(k)
N O nP(y;”) C k=0,1,2,...,

P(y”) = P(y®) Sy s i
J

where P(2) = [Ij%,(z — A;)™ , win; =nand i = 1,2,...,m. We show that

the above concurrent iterations are of monotonic convergence for real multiple zeros



of P(z) with non-overshoot properties for clusters of real zeros of P(z). Moreover,
these iterations are cubically convergent. The algorithm is applied to extract the
eigenvalues of symmetric tridiagonal matrices iteratively. With promising numerical
results and its natural parallelism our algorithm is therefore an excellent candidate

for advanced architectures.



Chapter 2

The Halley Method

2.1 Introduction

The monotonically convergent Laguerre iteration and modified Laguerre iteration
with cubic convergence rate for solving equations of polynomials with real zeros have
a very important application in solving symmetric tridiagonal eigenvalue problems,
which have only real eigenvalues. Comprehensive numerical results in this direction
can be found in Li & Zeng [36] and K. Li, T.Y. Li & Z. Zeng [35]. In Laguerre’s
iteration or modified Laguerre’s iteration, one needs to take a square root for each
iteration step. In actual computation, because of computer round-off errors, the values
inside the square root may become negative. To avoid this problem, in this chapter
we discuss iterations called Halley’s iteration and modified Halley’s iteration without
any square roots in their iteration formulae. We will show that Halley’s iteration
and modified Halley’s iteration share the same properties as Laguerre’s iteration and
modified Laguerre’s iteration when they are used to find the zeros of polynomials with
real zeros. Like Newton’s iteration, Halley’s iteration has a very natural extension to
systems of polynomial equations in several variables or even to nonlinear operators
in real or complex Banach space. To the best of our knowledge, it is still not clear
that the Laguerre iteration can be carried out in the same manner [30).

In Section 2.2 we apply Newton’s iteration to derive the modified Halley iteration,

which is suitable for finding approximations to multiple roots of f(z) = 0 with cubic



convergence rate. In Section 2.3 we exhibit the non-overshoot properties of this
iteration and obtain the monotonic convergence of Halley’s iteration for polynomials
with real zeros as a by-product. In Section 2.4 a circle is given by modified Halley’s
iteration that contains at least one zero of the polynomial. In Section 2.5 this iteration
is converted to another iteration called two-sided modified Halley’s iteration. The
non-overshoot properties of this iteration when it is used for polynomials with real
zeros is investigated.

In Section 2.6 we establish a convergence theorem for Halley’s iteration in Banach
space with an optimal error bound similar to the Newton-Kantorovich Theorem for
Newton'’s iteration (see Gragg and Tapia [24]). From the optimal error bound we
obtained, it can be easily seen that the convergence rate of Halley’s iteration in

Banach space is cubic.

2.2 Derivation for the modified Halley iteration
and its convergence rate

Consider the problem of approximating a solution of a real or complex equation

f(z)=0. (2.1)
The formula
f(zx)
Tky1 = Tf — e :EH:): , k=0,1,2,..., 2.2
. ¢ fl(Ik) - % x;l(a:k):k ( k) ( )

is known as Halley’s iteration, see Bateman [5], Frame [19, 20], Stewart [50], Kiss
[33], Snyder [48], Safiev [44], Traub [51], Davies & Dawson [10], Brown [8], Hansen &
Patrick [27], Popovski [42], Alefeld [3], Zheng [58], Gander [21], Scavo & Thoo [46].
E. Halley, who computed the orbit of Halley’s comet, discovered a special case of this
formula in 1694. Scavo and Thoo [46] have shown that there are many ways to derive
Halley’s iteration (2.2).

Now rewrite H(z) as



L Y@@
H@) =2~ 3@y - fo) i@ (23)
then
) , 1 2 [(f"(2) 3 (f"(2)\°
H(x)=—§(H(x)—z) (f’(:c) —§(f’(a:)) ) (2.4)

If 2 is a simple zero of f(z), we can easily see, from (2.4) above, that H'(z) = H"(z) =
0 and H"'(z) # 0. Thus, Halley’s iteration (2.2) converges cubically in this case.

However, if z is a zero of f(z) with multiplicity m > 1, then f(z) = (z — 2)™h(z)
and h(z) # 0. Thus,

fi@) = (z-2)"""Y(2),
f'(z) = (z-2)"2[(m-1)¢(z) + (z — 2)¢' ()]
where ¥(z) = mh(z) + (z — z)h'(z). Substituting these into (2.3) yields
H(z) =z — (z — 2)¥(z)

where
_ 2h(z)(z)

29(2)? — h(z)[(m — 1)3(z) + (z — 2)¥'(z)]
Now H'(z) =1 - (z — 2)¥'(z) — ¥(z), so

¥(z)

2 _m—-l
m+1 m+1

H(z)=1-¥(z) =1 (2.5)

which implies 0 < H'(z) < 1 for all m > 1. Thus, Halley’s iteration (2.2) converges
only linearly for a multiple root of f(z) = 0.
Suppose f(z) = (r — z)™h(z) where z is a zero of f(z) with multiplicity m and

h(z) # 0. Let

f(z)
92 = Ty
Then
gm(z) = (z — 2) T - t(z) (2.6)
where
h(z)

t(z)

" [mh(@) + (z - ()] T



Now applying Newton’s iteration with multiplicity ﬁ—"‘m to the equation g,,(z) = 0,
we have
2m  gm(zk)
=TI — . , k=01,2,.... 2.8
Tewt =Tk~ T S 0 (2.8)
Since P
! m “I’ ‘I’
g, (l‘) _ f (:E) - 1+_m 'm fl(l.) ’
" [f'(z)] 7+
we obtain the following Modified Halley Iteration
f(z
Te+1 = Tk = Trm o ( kl)“rk)[uw = Hp(zk) (2.9)
o (@) — 275G
where
_ f(z)
H,(z)=z - Tem fr(7) - 1 OOk (2.10)
2m 2 f'(z)

When m = 1, this modified Halley’s iteration (2.9) is exactly the Halley iteration
in (2.2). Hansen and Patrick [27] have derived a one-parameter family of iterations for
finding the multiple zeros of f(z) . Their one-parameter family includes the modified
Halley iteration (2.9) as a special case, but with our derivation, it is easier to show

the cubic convergence of this iteration when it is used to approximate an m—fold root
of f(z)=0.

Theorem 2.2.1 Modified Halley’s iteration (2.9) converges cubically to an m-fold
root of f(z) = 0.

Proof For f(z) = (z — z)™h(z) with h(z) # 0, we have

_ 2m  gm(z)
Hnle) =2 -3 I ()
Now,
by 2m 2m  gm(z)gn,(T)
Hn(z) =1 1+m + 1+m  [g(2)]?
and

H' (z) = 2. (97 (2) 9 () + gm (%) g (2)][grm (2)]? = 29m () grm () (9 (2))?
T 1+ m g (2)]*

where



(@) = (1)@= 25 1) + (@ - ) B (),
i = (20 (222 e et
(1) =23 (@) + (o - )P - ¢'(0)

and

a@) = (=) (29) (55) 6 - 27 @)

1+m/ \m+1/\m+1
2m m—1 -2,
+(1+m) (m+1)(x—z)m+ t(z)
4m m-—1 g -
+(1+m)(m+1)(x_z) t'(z) + O((x — 2) 1) .
It follows that
lim Hp, (z) = 0
and
Jim Hr(z) =0
because t(z) # 0 and t'(2) =0 . a

Remark 2.2.1 Let

 %@fE
Hd@) =2 = ey - f@) @)’ (2.11)

oy L (@) 3 ('@ _-2(f@)°
Helz) = —3(Hlz) - )<f’() 2(f()) 2 (f(x)))'

It follows that H}(z) = H/(z) = 0 and H.'(z) # 0 only if c = ™! and z is a zero of

then

f(z) with multiplicity m. This seems to be a better reason for the cubic convergence

of the modified Halley iteration.

If the actual multiplicity M of the zero z of f(x) is known, then the presumed
multiplicity m appeared in (2.9) can be taken as M. Theorem 2.2.1 above asserts
that the convergence of modified Halley’s iteration (2.9) is cubic in this situation. In

actual computations, it is often the case that the actual multiplicity M of the zero
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z of f(z) is not known a priori, so the presumed multiplicity m in (2.9) is usually
different from the actual multiplicity M. In this case, the following theorem suggests

that the convergence of the modified Halley iteration (2.9) is only linear.

Theorem 2.2.2 If m # M, then

_M—m
T M+m

where H,,(z) is the modified Halley iteration function (2.10) and z is the zero of f(z)

H,(2)

with multiplicity M.
Proof Let f(z) = (z — z2)Mh(z) where h(z) # 0, then
H,(z) =z - (z — 2)¥(x)

where

¥ = 2h(z)(2)
H2y(z)? - h(z)[(M - 1)Y(z) + (z — 2)¢'(z))]
with ¢ (z) = Mh(z) + (z — 2)h'(z). Thus,
2m M -m
M+m M+m'

H (2)=1-Y(2)=1-

2.3 Non-overshoot properties and monotonic con-

vergence

In this section we will show that the modified Halley iteration (2.9) can not skip over
m zeros or a zero with multiplicity greater than or equal to m for polynomials with
only real zeros. With this property the monotonic convergence of Halley’s iteration

(2.2) is obtained as a by-product.

Theorem 2.3.1 Let f be a polynomial with real zeros A} < Ay < -+ < A,. Then,

for any z € (N, \i+1) and any positive integer m, we have

f(z)
f'(z)

di<z < H(r) < Hy(z) <+ < Hp(z) < Mg, of <0 (2.12)
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and

A,'_m+1 < Hm(CC) < Hm_l(.'II) - < Hl(l‘) <r< /\i+1 y 2f

with the convention \; = —oo for 1 <0 and A\; = +o0 fori > n+ 1.

Proof Since

fllz) &1
f(z) _j;l(x—AJ) ’
we have
_ &x)lz(f')z—f'f"=" 1
(f(x)) f? JZ;: (z - )%
Rewrite the modified Halley iteration function as
L 2m (3)f(@)
Hnlo) = o+ DG~ m/ @)
)
where
R — DGR = miE)f e
" 2mf(z)f'(z) ’
or,

Fog) = L@P (@) - f@f@) iE)

2m(f (2))? f'(a)
- l.rl.L'Jri.(f")?_-ffﬁ]
2 |m FTF 0P
RN R S R S
2 m T E(x—&-)?]'
We have the following two cases:
1. Iffﬂ,(%<0, then
_ O R e 0 SN
PO =g T ,-gl(x-w}
L e e A SO
> 3 |m F + 7 j:Li’:l (x_,\j)2}




1 |1 —f —_f m
2 m T T G

—_ —_—

1 1
> — i — >
P W ( since 2(a+b)_\/a)
_ 1
B Aigm — T
> 0.
So
x<Hm(x)=x—Fm(x)<x+'/\,'+m—x=/\,~+m.
2. If%,ﬁ(%>0, then
1 [1 1 & 1
Fopz) = =-|—-=+=-
(=) 2 |m fr jgl(a:—)v)"’}
1 [1 ¢ 5 & 1
> — —.-—.+-_.. —_—
2 |m f f j=i—zm+l (x_’\j)2]
1 [1 f  f m ]
> |l — e
2 | m f f' (x—’\i—m+l)2
1 1
> — since —(a+ b) > Vab
> g (since Gla+d) 2 Vab)
_ 1
B T — Ai—m+1
> 0.
So
z>Hp(z) =2 - Fola) > — (= Ncms1) = Nicmtl -

By 1 and 2 above, and
OHm(z) _ —2f(z)(f'(z))?

om m2 - [ (f(2))2 - f(2) f"(2)]”

~ {>0 if 42 <o,
- if £z
<0 lff,(z)>0,

the results in (2.12) and (2.13) follow. O

Remark 2.3.1 From Theorem 2.3.1, the modified Halley iteration (2.9) can not over-

shoot as many as m zeros of polynomial f.
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Remark 2.3.2 When f(z) is a polynomial with zeros
A< A< < Ay,

then the zeros of f'(z)

/\,l <A’2 < . < A:’l—l
have the following property:
M<A <A< <A<AN< A < <A <A

Since

")) & 1
- (?éx;) =,-Z=‘: (z = Ay)? >0
fﬂ(g is monotonically decreasing in any interval (A\;, Ai+1). So %(L% s monotonically
increasing in intervals (\;, A)) and (M, Ait1). Thus, ﬁ% is negative for all z in
(Al Aiv1) U (=00, A1) and positive for all z in (X, X;) U (Aq, +00). Therefore, by taking
'm = 1 in Theorem 2.3.1, we have the following monotonic convergence of Halley’s

iteration (2.2).

Corollary 2.3.1 Let x4y = Hi(zx), k =0,1,2,..., then for the polynomial f(z) as
in Theorem 2.2.2, the following two cases hold:

Case 1 For any zo € (A}, A\iy1), we have
$0<$1<$2<"°<$k<"'</\,‘+1 (214)

and {zx}32, converges to iy cubically.

Case 2 For any o € (\;, \}), we have
A< <Zp <+ <Iy<T < I (2.15)
and {zx}32, converges to A; cubically.

For Halley’s iteration (2.2), Davies and Dawson [10] gave a proof of the monotonic
convergence when the iteration is applied to approximate the zeros of the entire

function
ad T z
h(z) = z™exp(a + bz — cz?) [| (1 - —) e

=1 a;



14

where m is a non-negative integer, a, b, ¢ are real numbers with ¢ > 0 and o; are real

2

numbers where -2, o, is convergent.

Theorem 2.3.2 Suppose that

n—m

fl@)=clz=N"- [ (z-X)

j=1

where ¢ is a constant and

/\1S)‘2S"'S/\i</\</\i+1S"'S/\n—ma

i1 with

and suppose f'(x) has zeros X and A

Ai <A <A< AL < A

1

Let
Tky1 = Hm(rk)y k= Oa 1, 2’ R

then either one of the following two cases holds:

Case 1 For any z € (A}, \),
M<ZE<T)<Ty< - <Tp < <A (2.16)

and {zx}2, converges to A cubically.

Case 2 For any zo € (A, M,,),
A< <z << Ty < Ty < T < Ay (2.17)
and {z}2, converges to A cubically.

Proof Since

fl(x) 3 m n-m
f(z) —z—’\+j=1 z— N
we have
f@Y _2-ff_ _m T 1
"(f(z)) TR e Z CESWEG

So -fﬁ,(% is negative for all z in (A}, A) and positive for all z in (A, A}, ,). On the other
hand,
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where

(m + 1)[f"(@)]2 = mf (z) f"(z)
2m (@) (z)
1 [l NN —ff”]

m FT f?

L L i m 5L
2 [m FrF ((:c—/\)2+j___l (x—,\j)Z)]‘

Hence, we have the following two cases:

1. If zg € (X}, A), then 422 < 0. So

_ 11 —f'(xo) —f(z0) m ~— 1
() = [m feo) T i) ((zo = X G- w)}
1 [1 —f(zo) , —flxo)) m
” 2 [m o) | F(@o) (@ A>2]
1
g |zo — Al
_ 1
- /\—.’170
> 0
Thus,
/\;<$0<$1=Hm($0)=10—ﬁ3</\.
2. If 7o € (A, Xiy,y), then £ > 0. So
1|1 f'zo) | f(o)
Fu(@) = 3 [m f(zo) * f'(zo) ((mo —A)? Z (Zo — Aj )2)]
1L ), fe) m
73 [m f(zo) +f'($0) (330—/\)2]
1
g |zo — Al
_ 1
- .’1?0—/\

> 0.
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Thus,
1
= H,, = _—_—— .
Tg > I H (IL'()) Zo Fm(:vo) >
O

Remark 2.3.3 By Theorem 2.3.2, the modified Halley iteration can not overshoot a

zero A with multiplicity greater than or equal to m.

2.4 Over-estimation of the errors by the modified

Halley iteration

For a polynomial f of degree n, the following two inequalities can be found in [29, 30

Laguerre’s inequality: A zero z of f closest to an approximation z satisfies

f(z)
f'(z)

where N(z) =z — }ﬁ,(% is the Newton iteration function.

|z —z| <n|N(z)—z|=n

= NB (2.18)

Kahan’s inequality: A zero z of f closest to an approximation z satisfies

Iz — 2| < \/_%_ ILE(z) — 3| = LB (2.19)

where

(-5) £ /=m0 - ) (-58)" - n (59)

which is the modified Laguerre iteration function for multiple zeros of f(z).

LE(z) =z + (2.20)

These inequalities estimate the errors of approximations to a zero z of a polynomial
f of degree n. In this spirit, the following theorem provides a similar inequality for

the modified Halley iteration.

Theorem 2.4.1 A zero z of a polynomial f(z) of degree n closest to an approzima-

tion z satisfies

f(z)
f'(=z)
where H,, is the modified Halley iteration function in (2.10).

lz—z| < J"z“’m- |\Hpm(z) — z| = HB (2.21)

2m
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Remark 2.4.1 The above theorem ensures that for the modified Halley iteration
Tk+1 sz(xk)v k=011727"'>

at least one zero of the polynomial f(x) is contained in each circle

. - k=0,1,2,...
m f,(mk) |$k+l xk'a Oa ,2a

Proof of Theorem 2.4.1 Let

|Z—$k|<\ln2+nm- f(ze)

f(z) =c(z —21)(z - 2) - (z - 2z)

where c is a complex constant. Then

fi#) 1
f(z) _,-‘V_“{x—zj
and
(f2=ff" _ &
f? g (z — z;)?
Since
H, (x)—a:——-l—
" B Fr(z)
where \
_ (m+1)[f'(z)] — mf(z)f"(z)
) = T @
1
Now,
_ N L = sr)| 5@
IFm(l')| = 5 -5(7) + f2 ” f’(:c)
- . -
N O O O T SRS W | T
T Rm (Z—) YT || @
2
L (e e ] e
< 2 [m (]Zz:lx Zj) _i-];l:z:—zjl2 f'(z)
1 (nt 1 n_\ . |f=)
=3 (m |z — 2| II—ZI"’) f'(z)
_ n*4+mn | f(z) 1
S 2m |f'(@)] |z’
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2 o n? +nm ' f(z) 1
T—z .
e~ 2l < 7@ Fn@)
Therefore,
2
s _n*+nm | f(z)

—_ 2 < . . —zl.

o= oft < B SR H(e)

0O
It is not clear in general which one is the best among the three inequalities in
(2.18), (2.19) and (2.21). For the following two examples, we use m = 1 in (2.19) and
(2.21). For
f(z) = 2% — 42° — 52* + 19023 — 6662% + 944z — 600
with degree 6 and zeros —6,2,1+ 1,3+ 44, let o = 0. Then, f(zo) = —600, f'(zo) =
944, |Li (zo) — zo| = |LT (z0) — zo| = 2.238 and |H, (o) — 70| = 1.152. By Kahan’s
inequality (2.19),

LB = \/%L,*,,(xo) — To| = V/6(2.238) = 5.482.

By inequality (2.21),

_ n? + nm | f(zo)
HB = \] am | (o) m(Zo) — Zol
62 + 6 | —600
= \/ a1 | (1:152)
= 3.921.
By Laguerre’s inequality (2.18),
f(zo) 1—600
NB =n|—%|=6|——| = 3.814.
" i) |~ %l oaa | T3

Thus, for this example, we have
LB > HB > NB.

For
f(z) = 1° — 62° + 50z — 452% — 108z + 108

with degree 6 and zeros 1,-2,-2,3,3,3, let zo = 0. We have f(zo) = 108, f'(zo) =
—108, |Li (zo) — zo| > |L{ (z0) — zo| = 0.743 and |H,(xo) — zo| = 0.706. By Kahan’s
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inequality (2.19),
LB = \/—%|L,‘;(:I:o) — o] = V/6(0.743) = 1.820.

Inequality (2.21) gives

2
HB - \]n +nm|f

62+ 6| 108
= \/ —og| (0-706)

Hyn(20) — ol

= 3.851.

and by Laguerre’s inequality (2.18),

108
B 6.—108 = 6.

f(zo)
f'(zo)

NB=n

Thus, for this example, we have

LB < HB < NB.

2.5 The two-sided modified Halley iteration

The modified Laguerre iteration defined by Li and Zeng [36] is
Tk41 = Lyﬂ;(xk)a k= 07 17 2, .

where LZ(z) is the modified Laguerre iteration function in (2.20). This iteration
is two-sided in the sense that for a given z-value two corresponding approximation
values L} (z) and L, (z) are obtained. Similarly, for the modified Halley iteration

(2.9), we construct the Two-sided Modified Halley Iteration as follows:

2m|f (k) f'(z¢)|
(1 +m)[f"(ze)]?* — mf(z) f" (zk)

Tyl = Tk + = H:,tl(l‘k) (222)

where
2m|f(z) f'(z)]
(1 +m)[f'(z)]? — mf(z)f"(z)

In the rest of this section, we proceed to show the non-overshoot properties of this

Hi(z)=z %

two-sided iteration.
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Theorem 2.5.1 Let f(z) be a polynomial with real zeros
M <A< < A\,

Then for any € (A, Aiy1) with +00 > |%((%] > 0 and any positive integer m , we
have

M <z < Hf(z) < Hf (z) <+ < H(Z) < Xiym (2.23)

and

Aicmi1 < Ho(z) < H,,_,(z) <--- < H{(z) <z < A1 (2.24)

with the convention \; = —oo for 1 < 0 and \; = +o0 fori > n+ 1.

Proof Since

N |f(2) ()|
H>(zx) =zt ,
) =5 Y (@) - 1@ @)
we have
OH}i(z) _ 0Hg(x) _ |f () f'()I(f'(x))? 0.
om om o ((38) (F@) - M @f(@)
Rewrite
@) = ot s
where
Foe) = (LEMU@)? - mf(z)f(z)
m 2m|f(z) f'(z)|
_ @2 +ml(f(2)? - f@)f"()] l 7)
2m(f(-'c)) f'(z)
_1(1 f’(m) +( VY -f-1") | =)
2 f(@) (f)? f'(z)
_ L1 f@)| |f@)] §~_ 1
) 2( f@) |77 @) ,gl(x-*j)"’)
Since
fl(x) 1+m l
Fn(z) > E(m If’(w) §1 (x_,\j)z)
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f@|  m )
f’(.’l?) (.’B - ’\i+m)2
( since %(a-l—b) > Vab)

1(1]|f(2)

5(5‘1’(:1:) *
1

|x_/\i+ml

1
= —>0
/\i+m_-'1:> ’

v

we have

1
I<H;(I)=.'E+m<$+/\i+m—$=/\i+m.

Thus, (2.23) is true by %@ > 0.

Since
1(1|f(=)]  |fl=) : 1
Fm(z) > 5 (—7; f(z) * lf’(x) .j=.‘§+1 (17 - ’\j)z)
1@ [f@] m
72 (m ’ f@|" (f’(z) (@ - A.--,,,+1)2)
2 T;:—:'—A];T’;Tll (since %(a-i—b)Z\/a)
1
- T — Aicmt1 >0,
we have
z>H_ (z)=z— 7 l(z) > — (= ANicme1) = Nicms1 -

Thus, (2.24) is true since MT’Z}@ <0.

The following corollary is a direct consequence of Theorem 2.5.1 .

Corollary 2.5.1 Let
a:,f+1 = Hf(zx), k=0,1,2,....

Then, for any zo € (i, Ai+1) with

+
roo> 1) S0 ko012
o0 m y — YUy ly&a...y
we have
bically _ _ - bicall
/\icu<—ciyl‘k <---<1xy <1 <330<17T<$-2+<"'<$:w S AP
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Theorem 2.5.2 Suppose
S = e T =)
where ¢ is a constant. Let
i, = Hi(zF), k=0,1,2,....
Ifto <A and0 < ’%%’ < +o0o for k=0,1,2,..., then
To <zt <zi<-- <z TGN (2.25)
If\<zpand0 < ‘;,—((II‘E_—))l < 400 fork=0,1,2,..., then

bically _ _ _ -
AN g <z <o <3 <170 - (2.26)

Proof It follows from the proof of Theorem 2.5.1,

_ (1 ]f(=o)| |f(=o)| (f'(20))?— f(z0)f"(z0)
Fn(zo) = 2(m Fzo) | T |F(zo) (f(z0))? )

_ 11]f=0)], | f(=) m_ 51

) (m f(zo) " f'(zo) ((ﬂfo—'\)2+f§ (xo"’\i)z))

1(1|f'(m)|, |flxo)| m

g 2(m f@) | [ F o) (xo—w)

> 1

T zo = Al

If 2o < A, then

Fm(xo) > >0.

1
/\—1’0
So

.’IIQ<$-1+-=H,-;(170)—_—$0+ <.'L'0+(/\—1?0)=/\.

_1
Fm(.'ro)
If o > A, then

Fm(l‘o)> >0.

1
.’Bo—/\
So
1

m>$o—($o—A)=/\.

zo > z] = H_(z0) =20 —
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2.6 Halley’s iteration in real or complex Banach
space

One of the basic results in numerical analysis is the Newton-Kantorovich Theorem
which provides a sufficient condition that guarantees the local convergence of the
Newton iteration. This classical result can be found in Schréder [47], Jankd [28],
Safiev [45], Kantorovich and Akilov [31], Déring [14], Ortega and Rheinboldt [38] and
Ostrowski [39]. More recent work in this direction includes Gragg and Tapia [24], Rall
[43], Miel [37] and Traub and Wozniakowski [52]. In this section we first derive Hal-
ley’s iteration in Banach space followed by a Newton-Kantorovich type convergence
theorem for Halley’s iteration in Banach space. We show that the convergence rate
for Halley’s iteration in Banach space is cubic, along with an optimal error estimation

for the iteration.

2.6.1 Derivation for Halley’s iteration in Banach space

Let X and Y be Banach spaces and D C X be a convex subset of X. Let F': D C
X — Y be a twice Frechet-differentiable nonlinear operator on D. If F(X*) = 0,
then

0 = F(X*) = F(X) + F)(X" ~ Xe) + s F (X (X = Xa) (X" — Xe)
= F(X.)+ F'(Xe) {1 + %[F’(Xk)]‘lF”(Xk)(X‘ - Xk)} (X* = Xp).

So
X' =X, — {I + %[F’(Xk)]"‘F”(Xk)(X‘ - Xk)}_l (F/(Xo)] " F(Xe).

Now replace X* — X by Newton’s correction —[F'(X)]"!F(Xj) on the right-hand

side of the above equation and call the resulting right-hand side X, we have
1 -1
Xen = Xe={T = P (X0 P (XOIF (X P} IF(X)]F(X) (2.27)
which we call Halley’s Iteration in Banach Space . let

T = [F'(Xi)]™!



24

and

L —— o
6 = {1 - STF' (XL F(X0)}

then the above Halley iteration in Banach space can be rewritten as

Xeor = Xk — Tk F(Xy), k=0,1,2,.... (2.28)

2.6.2 Convergence of Halley’s iteration in Banach space

Let
S(Xo,r) ={X | |X — Xol| <1}

and

S(Xo,r) = {X | |IX - Xol| <7}

The following convergence theorem for Halley’s iteration in Banach space is proved
by Safiev [44].

Theorem (Safiev) Let F : D C X — Y be a three times Frechet-differentiable
nonlinear operator with ||F"(X)|| < M and ||F"(X)|| < N on the convex set D.

Suppose that X, € D satisfies the following conditions:
e ||Tol| < By and ||F(Xo)|| < do;

e hg = MB25 < 72— with v = NBy'M~2

2+70

e S(Xo,t*) C D where t* is the smallest positive root of the following equation

%Nt3 + %Mt2 —By't+86=0.
Then, Halley’s iterations X, = X, —O[F(X}) as well as its limit X* = limy_, oo Xk
exist with F(X*) =0, and

|| X* — Xkl < t* =tk

where {t;} are determined by applying one-dimensional Halley’s iteration (2.2) to the
function ¢(t) with ¢y = 0 and limit ¢*.
The above Theorem (Safiev) does not give an explicit error bound for || X* — X]|.

Therefore, in the following, we give another convergence theorem for Halley’s iteration
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in Banach space similar to the Newton-Kantorovich Theorem with the optimal error

bounds given by Gragg and Tapia [24].

Theorem 2.6.1 Let F: D C X — Y be a three times Frechet-differentiable nonlin-
ear operator with ||F"(X)|| < M and ||F"(X)|| £ N on the conver set D. Suppose
that Xy € D satisfies the following conditions:

e ||To|| < By and ||F(Xo)|| < By 'mo;

L] ho = KBoT]() S % with K = JM2 + g_Bo(l—%Aj\lBono);
e S(Xo, (14 69)n0) C D where 6y = ﬁ%
Then

1. The Halley iteration X1 = Xi — Ok F(Xy) ezists and
Xk € S(Xo,(1+00)7’]0), k=0,1,2,...;

2. X* = limg 0 X ezists, X* € S(Xo, (1 + 6o)mo) and F(X*) =0;

3. The optimal error bound is

) 1 + 6o)meb3" !
i=0 Y0
Moreover, if hy < %, e, 0y <1, then
. 6 -
| X* — Xkl < #(‘90 ' — 6o)70.
— 0

So the order of convergence for Halley’s iteration in Banach space is cubic.

4. If S(Xo, (1 + 65 )m0) C D, then X* is the unique solution of F(X) = 0 in the

set

S(Xo, (1 +60)m0) U S(Xo, (1 + 65")m0).

Remark 2.6.1 The error bound (2.29) in Theorem 2.6.1 is optimal in the sense that
one may construct a function with initial value X, that satisfies the conditions of

Theorem 2.6.1 for which the error bound (2.29) holds with equality.

Remark 2.6.2 When X andY are both one-dimensional, a similar convergence the-

orem for Halley’s iteration (2.2) is proved by Zheng [58].
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2.6.3 The proof of the convergence theorem for Halley’s it-

eration in Banach space

To prove Theorem 2.6.1 we need the following definition and lemmas.

Definition 2.6.1 Let {X;} be any sequence in X. A sequence {tx} C [0,00) C R!
for which
||Xk+l_Xk”Stk+l_tk» k:0a1a2)"°7

holds is a majorizing sequence for {X}.

Lemma 2.6.1 Let {tx} C [0,00) be a majorizing sequence for {Xx} C X, and sup-

pose that limy_, oty = t* < 0o exists. Then X* = limy_, o Xi ezists and

| X* = Xi|| <t*—t,, k=0,1,2,.... (2.30)
Proof Since
k+m-—1
[ Xiem = Xl < 2 1 X = X (2.31)
j=k
k+m—-1
< Y (i1 —t5) = tham — ti (2.32)
j=k

{X4} is a Cauchy sequence and the error estimate (2.30) follows from (2.32) as m —

0Q. a

Lemma 2.6.2 (Neumann Lemma) If A : X — Y is a bounded linear operator

and ||A|| < 1, then (I — A)~! exists , (I — A)™! = limp_,0 15 A® and

ad . 1
I-A)71 < Al' = ———.
I = A7 A = $—

Lemma 2.6.3 If F : D C X — Y has a second Frechet-derivative at each point of
the conver set D, then for any X,Y € D,

IF(Y) = FIX)I| < Y = X]| sup [[F*(X +¢(Y — X))l
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The proofs for Lemma 2.6.2 and Lemma 2.6.3 can be found in Dieudonné [11] and

Lang [34].

Proof of Theorem 2.6.1 We divide the proof into three parts:
Part 1. The error bound in (2.29) is optimal.
Let
8(t) = 5~ B't+ By'm

where K, By, 1o are the constants as in Theorem 2.6.1. Then

8(0) = ot =)t~ )

and

¢'(t) = %[(t —r)+(t—r) and ¢"(t) = K

where 71 = (1 + 6y)mo and 72 = (1 + 65" )m with 0 < 7, < 5. Let to = 0 and apply
the Halley iteration to the scalar polynomial ¢(¢). We have

é(tx)

tk+l = tk - 0 )
¢ (tx) — 3 ela)iie)

k=0,1,2,.... (2.33)

By Corollary 2.3.1, the sequence {t;} converges to r; monotonically, and by (2.33),

b = f (te — 1) (e — 12)
k1 g tk —Tn + tk — T — (_)_(__Zt),-rx b —r2

ty—r1+tg—r2

(tx — 1)tk — m2)[(tk — 1) + (8 — 72)]

= 1, — )
k (tk —7‘1)2+(t]; —1"2)2+(tk —Tl)(tk —Tz)
So
(tx —11)?
ST S G T (= )+ (e — 1) (e — 1) (2.34)
Similarly,
_.\3
tk+1 — T2 (t — r2) (2.35)

- (tk - 7‘1)2 + (tk - T2)2 + (tk - Tl)(tk - 7'2) ]
Let 6 = 71=k, then by (2.34) and (2.35),

b1 =02, k=0,1,2,....

Thus
1 —
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So, if ho < § (i.e., o < 1), then

65" 65

T - tk = 1—38—,:(1”2 - 7‘1) = W(Go - 00)7)0 (236)
1+ )83 !
( 32)—100? . (2.37)

Ez:O 0
If hy = % (i.e., 6 = 1), then r, = . By (2.34),
1 1+86
71— tkt1 = §(T1 —t) == é;(rl —ty) = (——3701@-

So the equation (2.37) is still true for , = 1 and holds for all hy < 7. Therefore, the
bound (2.29) in Theorem 2.6.1 is optimal.

Part 2. The sequence {tx} in Part 1 is a majorizing sequence for { Xy} generated
by Halley’s iteration (2.28).

We shall use mathematical induction to prove:

IF(Xe)ll < o(te); (2.38)
Tkl < —o'(t)7" (2.39)
1€kl < __—_M-l_@_&_)—; (2.40)
2 ¢'(tk)?
[ Xk41 — Xl < tepr — i (2.41)
where kK =0,1,2,..., and ¢(t) is the same scalar function as defined in Part 1.
When k£ =0,
||F(zo)ll < By 'no = (to)
and
ITol| < Bo = —¢'(to) ™"
Since
|5oF" (XoTaF ()| < G0 28 = S M B < L KB < 1,
we have,
1©0l| = ”[I - %FOFH(Xo)FoF(Xo)]_1 ‘ < 1—1;[—‘#_“_0—)_.

T 277 ¢(to)?
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So,

[1X1 = Xol| = [|©eToF (Xo)l| < 1[©0ll - [ITol| - [|F(Xo)ll
o(t
W(z%)
o(to)
— MGy
_¢,to
¢(t0) _tl—tO‘

< 7 =
- _1 o(to)
K¢’(to)2

Thus, (2.38)—(2.41) are true for k = 0.
Now suppose that (2.38)-(2.41) are true for all ¥ < n. Then,

HXn+1 - XO”

13 (Kews — Xl
k=0

n

< Y (tksr — tk) = tag1 — to = tap <7
k=0

So,
Xn+1 € S(Xo,71).

By Lemma 2.6.3,

IN

[F'(Xo)] ™' [F'(Xo) = F'(Xas)]ll < BoM||Xo — Xnll

IA

BoM (tn+1 — to)

ByKtny1 < BoKry

1 _ 1 _ 2Kno
N A L
= < 1.
0 K

On the other hand, by Lemma 2.6.2 and

F'(Xn41) = F'(Xo) = [F'(Xo) = F'(Xn41))
= F'(Xo){I - [F'(X0)]"'[F'(Xo0) — F'(Xa41)]},

we have,

[F' (Xnr)] 7|
I{I = [F'(Xo)] ' [F"(Xo) = F'(Xas )1} ' [F'(X0)] |

By 1
l—BoKtﬂ.H - BLO _Ktn+1 - ¢( n+1)

“Pn+l ”

IA
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So (2.39) is true for k = n + 1.
For (2.38), let

F, = F(X,)+ F'(X,)(X - Xp) — %F"(X,.)[F’(X,,)]‘IF(X,,)(X - Xn).  (2.42)

Then,
F'n = F(Xn) + FI(Xn)(Xn+l - Xn) - %F”(Xn)[F’(Xn)]_IF(XH)(Xrﬂ-I - Xﬂ)
HF (X)X = Xon) = 5P )G FOG) (X — Xas)
= FOG)(X ~ Xan) = 3P OGP (G FOG) (X~ Xan)
= PO = S lF G P OG)F (X)) X = X,
So,

X — Xp1 = O,,F,. (2.43)

where F,, can be rewritten as

E, = F(X,)+F(X)(X - X,)+ %F"(X,,)(X - X)) (X - X,)

3P OGP (X (X)X = X0) = ZF"(X)(X = Xa)(X = Xa)

F(X,) + F'(Xa)(X — Xa) + -;—F”(X,,)(X ~ X)X - X.)

P XF X F () + [FX)X - X)HX —Xa). (244)

Now let X = X4, in (2.43) and (2.44), then

0=Fn = F(Xa)+F'(Xn)(Xos1 = Xn) - %F"(Xn)[F'(Xn)]"lF(Xn)(Xm — Xn)

= F(Xﬂ) + F'(Xn)(Xn+l - Xn) + %F"(Xn)(xn+l - Xn)(Xn+1 - Xn)

— 3P O X HF(X0) + X)) Xt = Xa)} (Ko = Xo)

= F(Xa) + F(Xa) Xns = Xa) + 5F"(Xa) (KXns1 = Xa) (X = Xo)
= P OGP (X)) PG (P ()] FO6) (Xt = Xa) (Xt = Xa),

Thus,

F(Xa41) = {F(Xnt1) = F(Xa) = F'(Xa)(Xn41 — Xn)
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2 F(X) (X1 — Xa) Kt — X2}
HP" )P ()] F G [F ()]
F(Xn)(Xn+1 - Xn)(Xn+1 - Xn)} (245)

Similarly, since ¢(t) is a quadratic polynomial, we have

2
oltwst) = T+ ot

By (2.45) and the induction assumption, we have

—tn)? (2.46)

N M2 _
F(Xns))ll < —HXn+1“Xn”3+T||[F(Xn)] HPIF (X)X a1 — Xal 2

6
Nix.. _ M2 _¢(tn) IPRY
< { ||Xn+1 Xn” + (¢'(tn))2} (tn+1 tn)
M2 ¢(tn) } 2
= {—||Bna F(X tns1 — tn
{31 s )
N tn) M2 ¢(tn) 2
< — ——— 2 (tay1 — tn
< {5 u;(:" w«»f}( no
N —¢'(tn M2 é(tn) 2
= {= tnsr —t
{61 ZJ;» 4}ww»f(“ )
Now let
¢(t)
t) = .
0= G0y
When r, = r;, we have g(t) = 5;z. When 7, # 13, then
J(t) = [2(;2_;:”‘_) <0 Ve [0,

So,
d(ta) _ _d(to)
(@ (ta))* ~ (#(t0))*

Since —¢'(t,) < —¢'(to),

) —d) 1
M _$(ta) — 1 _ M o) M '
1- 3@ '~ 2wwr Do (1 2 BO”O)
Thus,
2 N 1 ¢(tn) 2
F Xn S M + = - tn —t,
” ( +1)|| 3B0 (1 _ M-Bono) 4 (¢I(tn))2( +1 )
_ K? 4(tn)

4 W“nﬂ — tn)? = ¢(tns1)-
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So (2.38) is true for k = n + 1. Since

1 " M ¢(tn+l)
- < =
“2r\n+1F (Xn+l)Fn+1F(Xn+1) - 2 (¢I(tn+1))2
< M ¢(to)
> p)
2 (¢'(t))
1
= §MBO770 <l1,
1 -1
18nsall = H{I = STntt P (Xas ) st F(Xns) N
< 1
= 1= M étays
2 ¢(tn+1)
and
[|X,,+2 - Xn+1|| = ”en+lrn+1F(Xn+1)H
- ¢!tnil!
< ¢I(tﬂ+1)
- 1 _ M d(tny1
2 ¢I(tn+l)
— ¢!tnil!
< ¢,(tn+1)
- — K ¢!tnil?
2 ¢'(tn+1)?
= lnt2 — tnya-

Thus, (2.40) and (2.41) are true for K = n + 1. Therefore, (2.38)-(2.41) hold for all
k>o0.
Consequently, by Lemma 2.6.1,

exists with

| X* = Xkl| < m—t

and X* € S(Xo,?'l).

Part 3. X* is the unique solution of F(X) =0 in

S(Xo, (1 +60)m) U S(Xo, (1 + 65" )m0).
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If X € S(Xo,71) US(Xo,r2) is another solution of F(X) = 0, then letting X = X
n (2.43) and (2.44), we have
X = Xns1 = 6alnFy
where
Fo = {F(X) + FOG)E - X0) + 5F(Xa) (X = Xa)(X = Xa) - F(X)]

+ %F”(Xn)[FI(Xn)]_l{F(X) - F(Xn) - F,(Xn)(X - /Yn)}()2 - Xn) (247)

Similarly,
K2 / 2
K (ry — 1,09/ (&(t2))
—t, . 2.48
T K (a0 (# 1)) (248)
By (2.47),
- N M2 _
18 <[5+ e 1 - e
N M? _
< |E_ 21X - x. P
< |5~ ] 1% - %l
N M2 _
= [ (-5 + 25) i) 1x - xip
N _
< |- (5o + 25) ] ix - xape
— 2N _ 3
- ( M) ] 1 - Xl
X - X.]?
< -3 ¢,(tn)ll II°.
So,
”X_XnHH = HenFnFn“
'fwl
< 1% X, P, (2.49)
AHJ,,»
If r, < 19, then X € S(Xo,72). So 35 € [0,1) such that
IX — Xol| = 672 = 8(r2 — to). (2.50)

If r, = ry, then X € S(Xo,r;). So 36 € [0,1] such that (2.50) holds. We claim that

IIX = Xel| < 6% (ra—t), k=0,1,2,.... (2.51)
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In fact, this is true for ¥ = 0 by (2.50). Suppose it is true for all £ < n, then by
(2.48) and (2.49), we have

K2 1

4 (¢ (tn))? n+l
6" 2 — ta)’
2 (¢'(tn))

n+l
= & (r2 = tatr).

HX_Xn-HH

IN

So, (2.51) is true. Now let k — oco. If r; < ry, then § < 1 implies || X — X*|| = 0.
When 7, = 7y, then ¢, = 7, and § < 1 imply || X — X*|| = 0. Thus, X = X*. m)



Chapter 3

The Durand-Kerner Method and
Aberth Method

3.1 Introduction

Durand-Kerner’s method and Aberth’s method are two major concurrent iterative
methods for finding all zeros of a polynomial simultaneously (see Durand [16], Dochev
(12], Kerner [32], Yamamoto [57], Petkovié¢ [41], Bérsch-Supan [6], Ehrlich [17], Aberth
(1], Gargantini & Henrici [22], Braess & Hadeler (7], Alefeld & Herzberger [2], Ya-
mamoto, et al. [57] and Petkovi¢ [41] for references). In this chapter, we first present
a new derivation of Durand-Kerner’s method by homotopy. The new derivation gives
a geometric interpretation of Durand-Kerner’s method. Then, a two-step iterative
scheme is proposed which is equivalent to Durand-Kerner’s method but no evaluation
of the polynomial is necessary for each iteration after the first step. For Aberth’s
method, an equivalent form is proposed which requires no evaluation of the first
derivative for each iteration. We then present two r-step Aberth’s methods, both of

them having 2r + 1 as their rate of convergence.

35
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3.2 New derivation of Durand-Kerner’s method
by homotopy

Let P(z) be a monic polynomial of degree n with n distinct zeros (real or complex)

*
zy,%3,...,Zy O
n

P(z) =[[(z - T}). (3.1)

j=1
Durand [16] and Kerner [32] have independently proposed the following concurrent

iterative method with quadratically convergent rate for finding all zeros of the poly-

nomial in (3.1) simultaneously:

(k)
g = (B _ - P("”('k)) mo =1,2...m k=0,1,2,.... (3.2)
j:l,j;{:i(xi —Z; )

Durand-Kerner’s method always converges in practice, see Fraigniaud [18], although

there is no rigorous proof of it for n > 3 . Many authors conjecture that Durand-
Kerner’s method converges for almost all starting points {z.” }"_, in C™. One of the
main interests of Durand-Kerner’s method lies in its inherent parallelism.

For 20,z .., (0 let

R@) = [[ (- 2) (33)

and write
H(z,t) = (1 —t)Py(z) + tP(x). (3.4)

If there are n smooth curves z;(t), i = 1,2,...,n, which connect the initial approxi-

mations z°, 23, ...,z to the zeros z%,z5, ..., 7", of P(z) respectively, then

H(z;(t),t) = (1 — t)Po(zi(t)) + tP(zs(t)) =0, 1 =1,2,...,n. (3.5)
Differentiating H(z;(t),t) yields
H,-z(t)+ H, =0, i=1,2...,n, (3.6)
where H, and H, are the partial derivatives of H(z,t) with respect to z and ¢ respec-
tively. From (3.6), we have the following initial value problem

—-H i (t),t
Z(t) = F;eud,
z:(0) = z¥
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fori=1,2,...,n. By (3.5), we have
_ Po(zi(t))—P(zi(t))
zi(t) = (1—t)°P§(z,-(t))+t§>'(x.»(z)) ,
z;(0) = z¥

fori=1,2,...,nand z;(1) =z}, i =1,2,...,n.

Now we use Euler’s one-step formula to approximate z;(1), that is,

z;(1) = z;(0) + z}(0)

where (0) (0 (0
m'—(O)— Py(z;’) — P(z;") _P(l'i )
‘ Py(z.”) Py(z,”)
Denote
7 = ;(0) + 2{(0),
then -
RO O N (€0 N
B T
where P(;(zgo)) = ;.;1#,.(1-5") - zgo)). In general, we have
(k)
g5 = g0 _ PIL'(,C)), i=1,2,...,n; k=0,1,2,..., (3.7)
Pi(z;™)
where P,:(asgk)) = ;-‘:1,#,.(:135”) - zgk)). This is exactly the Durand-Kerner method in
(3.2).

3.3 Two-step iterative scheme of Durand-Kerner’s

method

To use the Durand-Kerner method in (3.2), we must evaluate P(:cgk)) at each iterative

step. In this section we propose the following two-step iterative scheme:

T, =I; —(.’E- — T ) J J i j (38)
i i i 1 '=12,j¢i zgk+1) _ .’L';k) ’=]1b—£¢i x5k+l) _ x§k+l)
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fori=1,2,...,n; k=0,1,2,..., where :1:1 ,xé"’, xSf’) are initial approximations
and o
P(z; )
$$1)=$,(;0)_ - ( (10)) O 121,2’,_.,7'1,
j=1,j¢i($' - Zj )

We will show, in the following, that this iterative scheme is equivalent to the
Durand-Kerner method in (3.2). With this scheme, the evaluation of P(:r,(-k)) for
each iteration becomes unnecessary after the first step in (3.8). This iterative scheme
is very useful when it is applied to solve the eigenvalue problem by the homotopy

method where the evaluation of the polynomial is quite time-consuming.

Theorem 3.3.1 The two-step iterative scheme in (3.8) is equivalent to the Durand-

Kerner method in (3.2).

Proof By Lagrange’s interpolation formula over the nodes
k k k k
(217, P(ai?)), (25", Pa3?)), ..., (=), P(z)

and Durand-Kerner’s iteration in (3.2), we have

n [ g & z—az® n "
P(z) = Y |P(@") Il 52w+ 1l@-2")
=1 | =LA T T Iy i=1
n [ k k+1 - k k
=E(xf)_zl(+)) H () +H(I ()
=1 J=1,3#l

With z = xfk“), the above equation becomes
(k+1) z (k) (k+1)\y T (k+1) _ (k) o (k+1) (k)
P(z; ") = Z -z ) H (x; +

= J:

=1 j=1,j#l 1

_ i [ (k) _ gkt H (k1) _ ]

I1=1,l#1 j= l,];él
n k (k+1) n (k+1) (k)
= Z (k+1) (k) H
=1, J=1
It follows that
k+1
Lk+D (kD) _ P(z**Y)
i i k41 k41
Pl — )
k k+1 k+1 k
N S ) z": o) — g+ 1’-‘[ zi ) — 2
= I Z; Z; (k+l) M) k+1) _(k+1) |
I=1,1#i T z =1,5#i Z; - T

a
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3.4 An equivalent form of Aberth’s method

In (1], Aberth proposed the following concurrent iterative method with cubically

convergent rate for finding all zeros of a monic polynomial in (3.1) simultaneously:

1
x$k+1) — xEk) - o - , (3.9)
—-(TP(Iik ) - Ej:l,j;éi TWI: _zjk

fori =1,2,...,n; k=0,1,2,.... Actually, in [17], Ehrlich proposed an iteration
similar to the one in (3.9). Like Durand-Kerner’s method, Aberth’s method always
converges in practice although no rigorous proof of this property exists.

To use Aberth’s method in (3.9), the evaluation of the first derivative of the
polynomial for each iterative step is inevitable. In this section we will show that the

Aberth method in (3.9) can actually be rewritten in the following form:

(k)
g5 = B _ d o i=L2...,m k=0,12.., (310
1= Yz som
J 1!
where ®
P(z
d*) = . (“”('k)) w0 t=L2...m k=0,1,2,.... (3.11)
j=l,j;éi(xi - )

In this form, the evaluation of the first derivative of the polynomial for each iterative

step can be avoided.

Theorem 3.4.1 The Aberth method in (3.9) is equivalent to the iterative formula in
(3.10).

Proof By (3.11) and Lagrange’s interpolation formula over the nodes

(9, P(z?)), (2, P(z)), ..., (P, P(z¥))),

we have
n [ (k) n x_x(k) n (k)
Pz) = Y [P(") Il —mg—2m|+IIE=-12")
=1 [ FESWET R B 2 j=1

(3.12)

I
M 3
G

Ko
—
P

8

JT’E
—

+
o B
—~

8

|
N

X
—
LY
i
L
(2%
b3
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and
n
k
P'(z) = 2[“’ Z H —z39) +Z 1‘[ (z — i (3.13)
=1 r=1,r#l j= l,J;élr =1j5=1,j#I
Letting = = :z: in (3.12) and (3.13), we have
n
k k k k
P@)=d® I @ -4
J=lj#i
and
(*) 2 FCIR S | RGN .
P@”) = Y |d” X Il @& -7+ 11
1=1 r=Lr#l j=1,j#lr j=15#i
n n n n
k k k k k k
= > I @ -+ 3 d ] -
r—lr;éi j=1,j#ir I=Ll# j=1,j#li
+ H (k) x-k
J=1j#4
n n n n
k k k k k k
=d” Y I @ -2+ ¥ d” I @ -2
I=1,l#i j=1,j#i,l I=Ll#i j=1,j#k
+ H (k) k)
J-lg;ét
So (k) (k)
P'(z;) - 1 1 & d; 1
=3 + > + =%
Piz{)  ual - dP S -2 d
or
P'(z{") 1 1l ¥ di¥
Pa) e -2 d S — 2l
Thus,
1 B d
Pz®) = d“‘)
?:(F)_ zl 11#:_(‘T_(‘$ Zl Li#i
and we have proved the assertion of the theorem. a

3.5 R-step Aberth’s methods

In this section we present derivations of Aberth’s method and its equivalent form

n (3.10). Those derivations provide motivations for considering the corresponding

r-step Aberth’s methods with (27 + 1)-order convergence rate.
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For the monic polynomial P(z) in (3.1), we have

Pz) & 1
P(z) .12=:1 T -z}
Replacing z by x,(k) yields
P@) & 1 1

> ® MG S

k *
Py 5 —-z; I, — I

It follows that

1
R L — (3.14)
Pl(x( )) n 1
P(:x:i.k)) - 2j=1‘j¢i x(.kj—z‘.

fori=1,2,...,n. Let z} = :z: ) for j # 1 and denote the right hand side by z; k“)

we obtain the Aberth method given in (3.9).
The formulation of the equation in (3.14) may be considered as a fixed-point

problem which suggests the consideration of the following r-step Aberth’s method:

k,0 k
ys( ) = IS )’
0 = 2l s , 1=01,..r -1,
J TR O ) (3.15)
[TRON "ZJ'=1.#=‘ LB_ (&N
i i J
‘ x£k+1) _ y,(k )

fori=1,2,...,n; £k=0,1,2,.
It can easily be shown by mathematical induction that the order of convergence

of the r-step Aberth’s method in (3.15) is 27 + 1 by deriving

n
ki . k k, *
! “’—x,»=0((a:$-’ z)? 3 (Y x,~>)

J=1,j#1
fori=1,2,...,n; 1=0,1,...,7—1.

Comparing to Aberth’s method in (3.9), the r-step Aberth’s method in (3.15)
requires no extra work on evaluating P’(:rgk)) and P(a:,(-k)) while the same formula in
(3.15) is reused r times with the same P'(z{¥)) and P(z{®).

To derive the equivalent form in (3.10) of the Aberth method, recall that,

n d(k

P(z) = [1 -y ] 1;[ )

11.’12, —l‘
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in (3.12). Letz =z}, ¢ =1,2,...,n. With the assumption a:fk) #Fzi, 1=12,...,n,

we have
n d(k
_Z 2P g 0,
Jj=1 z;
or (k) (k)
d n d
Gk D DI
T j=1j#T;  — T;
Thus,
. (k) d®) :
=1z, — Ty L= 1,2,...,n. (3.16)
1= 30y ROR

Let z7 = x( ) and denote the right hand side of (3.16) by x(k“), we achieve the
equivalent form of the Aberth method in (3.10).
One may also consider the formulation in the equation in (3.16) as a fixed-point

problem. This suggests the consideration of the following r-step Aberth’s method:

k k
(0 = o,
kl+1 k )
¢ yt( : = xf) 4(F) ’ l=0,1,...,7‘—1, (317)
1- Z] 1,5#i Z»F;—VI»F'”
) i
‘ x5k+1) _ yl(k,r)

fori=1,2,...,n; k=0,1,2,..., where dgk) is the same as in (3.11).

Similarly, it can easily be shown that the order of convergence of the r-step
Aberth’s method in (3.17) is 2r + 1. Compared with the equivalent form of the
Aberth method in (3.10), the r-step Aberth method in (3.17) requires no extra work

in evaluating d( ) but reuses the same formula in (3.17) r times with the same d(k)



Chapter 4

A New Method with a Quadratic

Convergence Rate for
Simultaneously Finding Polynomial

Z.eros

4.1 Introduction

Durand-Kerner’s method is an iterative algorithm for finding all zeros of a monic
polynomial simultaneously with quadratic convergence rate. It was first used by
Weierstrass [55] and was later proposed independently by Durand [16], Dochev [12]
and Kerner [32] (see also Yamamoto [57] and Petkovi¢ [41]). There are many al-
gorithms of Durand-Kerner-type with higher order convergence rate, which can be
found in Borsch-Supan [6], Ehrlich [17], Aberth [1], Gargantini & Henrici [22], Braess
& Hadeler (7], Alefeld & Herzberger [2], Yamamoto, et al. [57] and Petkovié [41].
However, none of the methods mentioned above converges monotonically for finding
real zeros of polynomials. In this chapter we propose new iterative methods which
converge monotonically for both simple and multiple real zeros of polynomials. Our

new iterative methods converge quadratically, and most importantly, they require no
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evaluation of derivatives.

4.2 A new method with quadratic convergence rate
and monotonic convergence

Consider a monic polynomial of degree n > 3,

P() = [[(=~ A, (4.1)

with simple real zeros

A <A< < A (4.2)

First, we construct a pair of sequences {xgk)}?=1 and {y,(k) ., by the following itera-

tions with a pair of initial values {:1:,(0)};‘=1 and {y,(o)};‘zl:

(k)
(k+1) (k) P(z;") .
T, = z;’ - = X x £ PN 1= 1, NN (8 (43)
@ = ) M e - o))
(k)
(k+1) (k) P(y™) -
Yi = Y% T S B ao, 1=1,...,n. (4.4)
2 (" = 25) i (0 - )
for k = 0,1,2,.... These two sequences can be used to approximate all zeros of

the polynomial P(z) simultaneously. In the following theorem, we show that the

iterations defined in (4.3) and (4.4) are monotonically convergent.

Theorem 4.2.1 For the polynomial P(2) in (4.1), if the initial values {x,(-o) T, and
{si"Yy satisfy

@ <<y <2l <x <y << 2@ <A, <3O, (4.5)
then

(a) The sequence {xﬁk)}z‘;o generated by (4.3) converges to A; monotonically. That
18,

b <ol << o1 (45)
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(b) The sequence {y¥'}2, generated by (4.4) converges to \; monotonically. That

18,

x

(k-1)

1 0
< y! (1) (0)

<y <y, 1=1,...,n (4.7)

)\ &2 y,(k)

Proof Let 52’” =\ — ,- ) and 6(k) = y — A fori =1,...,n. We have, by (4.3),

(k) n (k)

(k+1) _ (k) (k) — A T A
€ = + (z; /\)H (k) (_1]:) I_{ (k) y(k)
J

(k) n (k) Aj

_ j J

= g [1 H (k) (k) H (k) y(k)] (48)
Jj=1 J

For k = 0, by (4.5),
(1) _ _(0) YR - Y ©)
O<e&” =g I‘H © (o> H (o> | <&
3=17T{ Z;" j=i+ Y
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