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ABSTRACT

A CONTINUUM-BASED SHELL ELEMENT FOR
LAMINATED COMPOSITES UNDER LARGE DEFORMATION

By

Chienhom Lee

Driving by lack of accuracy of existing finite element programs in analyzing laminated
composites under large deformation, a continuum-based shell element is proposed in this
study. The objective is to develop an accurate but inexpensive (in terms of computer time)
shell element that can solve large scale engineering problems. The new shell element is based
on the Generalized Zigzag Theory to better describe transverse shear stresses and kinky in-
plane displacements through the laminate thickness. It also uses the rate-of-deformation
tensor and the Truesdell rate of Cauchy stress, in an updated Lagrangian sense, to describe
kinematic and kinetic relations for a structure under large deformation. The accuracy of
the proposed shell element is demonstrated by comparing its numerical results with several

well-recognized investigations based on theoretical and experimental approaches.
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Chapter 1

INTRODUCTION

1.1 Motivation

With their superior strength-to-weight ratio, stiffness tailored-ability, formability, and envi-
ronmental stability, advanced polymer-matrix composite materials have become a key ingre-
dient in the design of future automotive and aircraft components. The complex structural
responses and design versatility associated with such materials provide a strong motivation
for developing a numerical design tool (besides experimental trial-and-errors).

Many finite element programs have been widely used in the automotive and aerospace
industries to investigate structural problems in the context of large deformation. Yet their
lack of accuracy in analyzing laminated composite structures has been well recognized.
The reason is simply because most programs are designed for isotropic materials. On the
other hand, although many laminate theories have been postulated to improve the accuracy
of laminated composite analysis, very few of them have been adopted and introduced to
the finite-element community. The primary reason is_that they are too sophisticated to

implement. Obviously, in the finite element simulation of laminated composites, there exists



a gap between what has been developed and advanced and what has been actually used.
The motivation behind this thesis, therefore, is to bridge such a gap. In order to achieve
this goal, a shell element is to be formulated to fulfill the accuracy requirements for both
displacement field and stress state and yet retain computational efficiency. The method
of achieving the goal is to first conduct thorough reviews on all existing large deformation
theories used in finite element formulation as well as the latest development of laminate
theories for composite analysis. Compromises between accuracy and efficiency are then
taken in developing a new shell element that has degrees of freedom that are low enough for
reasonable efficiency in computation and yet high enough for acceptable accuracy in results.

Figure 1.1 outlines what need to be considered in order to formulate a laminated com-
posite shell element for large deformation analysis. The following sections provide literature
reviews of existing laminate theories and nonlinear finite element analysis. Also included

are descriptions of the problem-solving methodology and organization of the thesis.

1.2 Laminate Theories

When a laminated compaosite structure is subjected to out-of-plane loading, accurate trans-
verse stresses are very important in structural design and failure analysis . If a laminated
compaosite structure is moderately thick or thick, or if it consists of a matrix with low shear
modulus, the transverse shear deformation may not be negligible. In addition, it should
be noted that delamination is a primary damage mode in laminated composites. Both
central delamination and edge delamination occur in laminated composite structures quite
often. In general, central delamination may occur as a result of impact loading [41] and
edge delamination may be attributed to free edge effect [56]. Since the interlaminar stresses

are responsible for delamination, a correct prediction of transverse stresses is critical to



laminated composite analysis. Various laminate theories for composites analysis have been
proposed in the past and are briefly summarized as follows.
(1) First-order Shear Deformation Theory

The First-order Shear Deformation Theory, developed by Reissner [65] and Mindlin [51]
independently, is known as the Reissner-Mindlin (RM) Theory. It relaxed the Kirchhoff-
Love hypothesis that required normals to the mid-plane to remain normal throughout de-
formation. By including two additional rotational degrees of freedom, the normals are then
free to rotate with respect to the mid-plane during deformation. This type of deforma-
tion implies constant transverse shear stresses through the shell thickness. Consequently,
shear correction factors are required for the equilibrium process. The RM Theory provides
accurate displacements and stresses for thin and moderately thick, isotropic structures.
However, as can be seen later, the theory leads to unsatisfactory displacements and stresses
for laminated composites. Nevertheless, the finite element formulation based on RM The-
ory is still the most widely used in commercial software for investigating structures made
of conventional metals and composites. The reason is believed to be its high efficiency in
computation resulting from using only five degrees of freedom.
(2) High-order Shear Deformation Theories

Many refined shear deformation theories have been presented to improve the predic-
tion of displacements and stresses (especially transverse stresses) for laminated composites.
Literature reviews regarding these theories can be found in the book by Palazotto and
Dennis (55] and the dissertation by Li [37]. This category of laminate theories is based on
an assumed displacement field that is of high-order polynomiz.zl functions of the thickness
coordinate. Accordingly, both the in-plane and transverse displacements are smooth and

continuous through the laminate thickness. In reality, however, the abrupt change of ma-



terial properties across the laminate interfaces usually results in kinky distributions of the
in-plane displacements. Another deficiency of the High-order Shear Deformation Theories is
the prediction of double-valued transverse stresses on the laminate interfaces. This results
from the single-valued strains on the interface being multiplied by different material prop-
erties in different layers. This deficiency originates in the assumption of continuous in-plane
displacements, resulting in continuous strain distribution through the laminate thickness.
Although this unsatisfactory result can be avoided by a recovering technique based on equi-
librium equations, a theory that can give correct displacement field and stress state based
on constitutive equations is strongly preferred.
(3) Layerwise Theories

In order to resolve the deficiencies of the High-order Shear Deformation Theories, it
may be intuitive to describe each composite laminate as an assembly of individual layers.
Some quasi-three-dimensional techniques based on so-called Layerwise Theories were pro-
posed [6, 33, 37, 46]. These theories treated each layer individually and imposed one or
more continuity conditions on the laminate interfaces to preserve the kinky displacement
distributions and continuous shear stress states through the laminate thickness. As a result,
the total number of degrees of freedom were reduced. Li and Liu [38] showed that the afore-
mentioned High-order Shear Deformation Theories were merely simplified cases of the Gen-
eralized Layerwise Theory that they proposed. Despite the high accuracy of displacements
and stresses obtained from the Layerwise Theories, a large number of degrees-of-freedom
proportional to the total number of layers in the laminate was needed. Thus, the theories
are computationally inefficient. This disadvantage is especially true when the layer num-
ber of composite laminates becomes overwhelmingly large. In view of the advantages and

disadvantages of the High-order Shear Deformation Theories and the Layerwise Theories,



a theory that would be a compromise between the numerical accuracy and computational
efficiency is highly desired.
(4) Zigzag Theories

A group of theories called Zigzag Theories, [17, 37, 72, 73], uses a presumed displacement
field for each layer and utilizes interlaminar continuity conditions (displacement, stresses,
or both) to assemble individual layers. The name "zigzag” is due to their capability of rep-
resenting the kinky distributions of in-plane displacements through the laminate thickness
when the laminated composite is subjected to bending. Similar to the Layerwise Theory, the
Zigzag Theories do not need any shear correction factor; and consequently all the transverse
shear strains and stresses can be calculated based on the constitutive equations.

The Generalized Zigzag Theory (ZIGZAG) presented by Li and Liu [38] indicated that
all other Zigzag Theories were special cases of theirs. As pointed out by Liu and Li [42], the
third-order Generalized Zigzag Theory is a simplified case of the third-order Generalized
Layerwise Theory because the layer-dependent variables were only designated to the zeroth-
order and the first-order terms (as opposed to all four terms in the Generalized Layerwise
Theory). Therefore, the total number of degrees of freedom of the Generalized Zigzag
Theory was layer-number dependent. It was then reduced to be layer-number independent
after using the continuity conditions of displacement and interlaminar shear stress. Hence,
the major advantage of the Generalized Zigzag Theory over the Generalized Layerwise
Theory is that the number of degrees of freedom is independent of the number of layers.
Thus, it gives higher computational efficiency. However, it is also because there is no
layer-dependent variables that the Generalized Zigzag Theory is less accurate than the
Generalized Layerwise Theory.

In comparison with the previously mentioned High-order Shear Deformation Theories,



the Generalized Zigzag Theory gives correct kinky in-plane displacement fields and trans-
verse stress states. However, due to the fact that the assumed displacement fields for the
Generalized Zigzag Theory require transverse deflection to be C! continuous in finite ele-
ment formulation, additional degrees of freedom must be introduced. The same situation
also happens to any of the high-order shear deformation theories. The Generalized Zigzag
Theory is therefore more complicated in formulation and less efficient than the First-order
Shear Deformation Theory.
(5) Quasi-layerwise Theories and Others

Following the same method described in the Generalized Zigzag Theory, Li [37] devel-
oped some Quasi-layerwise Theories with the use of only two layer-dependent variables in
different orders. Although the accuracy in displacements and stresses can be improved
more or less in comparison with the Generalized Zigzag Theory, the Quasi-layerwise Theo-
ries suffer numerical deficiency because they are very sensitive to the selection of coordinate
systems. Global-local Superposition and Double-superposition Theories are two other ideas
presented by Li and Liu [39]. The theories utilize the thickness coordinate of a local layer
in combination with the laminate thickness coordinate. As a result, the total number of
degrees of freedom of these theories is independent of the total number of layers in the lam-
inate. Although some of these theories can provide higher accuracy, they are less efficient
than the Generalized Zigzag Theory because a larger number of degrees of freedom is re-
quired. Table 1.1 summarizes the displacement fields for various laminate theories discussed
herein. The Generalized Zigzag Theory is chosen to be used in this thesis because it results
correct kinky in-plane displacements and continuous transverse stresses. More importantly,

the Generalized Zigzag Theory has a constant number of degrees of freedom.



1.3 Nonlinear Analysis

All laminate theories discussed in the previous section can be used for both linear and non-
linear finite element analyses: A linear analysis is used when deformation is small, material
response is linear, and boundary conditions remain unchanged during the course of deforma-
tion. In general, nonlinear analysis would be otherwise considered. There are two categories

of nonlinearity: material nonlinearity and geometric nonlinearity [8]. Material nonlinearity
is associated with nonlinear elastic or plastic deformations. Geometric nonlinearity occurs
when a structure is subjected to large strains and/or large rotations. In this thesis, the
maiI; focus is on geometrically nonlinear problems under static loading conditions.

The essential feature of geometric nonlinearity is that equilibrium equations must be
written with respect to an instantaneous state [14]. A large deformation problem can be
analyzed using either Lagrangian (material) description or Eulerian (spatial) description.
The Lagrangian description is also called total Lagrangian. When this approach is used,
movements of material particles are described with respect to the original or undeformed
configuration. In other words, regardless how large the strain and rotation are, all displace-
ment differentiations and integrations are performed with respect to the original frame. As
deformation becomes larger and larger, more and more terms (usually nonlinear) must be
added to the strain-displacement relations in order to account for the nonlinearity.

When the Eulerian description is used, movements of material particles are described
with respect to the current or deformed configuration. In actual implementation, the Eu-
lerian approach takes a form that is usually called updated Lagrangian. In this approach,
differentiations and integrations are performed with respect to the deformed configuration.

The current deformed configuration is also used as the reference state prior to the next

increment of the solution. After the incremental solution is obtained, the reference state is



updated and then the solution proceeds to the next increment.

It is noted that although different formulations may exist when using different ap-
proaches (one may be more complicated than another), final solutions to a problem should
be identical. In the total Lagrangian approach, the kinematic relations are always non-
linear because the deformation is usually given by a displacement field. In the updated
Lagrangian approach, deformation can be described either by a displacement field or by a
velocity field (see Section 2.2 for details) [48]. When a velocity field (such as the rate-of-
deformation tensor) is utilized to describe the deformation, the kinematic relations become
linear. When dealing with laminated composites, displacement fields are in general very

complex. Therefore, it is preferred to use linear kinematic relations.

1.4 Formulation for Large Deformation e

Although the advancement in the computational techniques for structural analysis is very
significant in the last two decades, the development of finite element formulations for lam-
inated composites subjected to large deformation is very limited. Many commercial pro-
grams such as ABAQUS, LS-DYNA3D, PAM-CRASH, and RADIOSS CRASH, and publi-
cations (2, 11, 24, 68, 78] use the Reissner-Mindlin 'i‘heory with various updated Lagrangian
approaches. Most of them imply that their large deformation finite elemént rformulations are
valid not only for isotropic materials but also for laminated composites. However, although
its prediction on overall behavior of structures, such as transverse deflections may be ac-
ceptable, the Reissner-Mindlin Theory gives incorrect in-plane displacement and transverse
shear stresses for laminated composites.

As mentioned before, numerous studies have been presented using different lam-

inate theories to improve the accuracy of simulating laminated composites in linear



analysis. However, when their techniques were extended to large deformation anal-
ysis of symmetric or unsymmetric laminated plates and beams subjected to bending,
most of them used a total Lagrangian approach and the von Kdrmdn nonlinear strains
(7, 12, 26, 34, 35, 63, 66, 69, 73, 74]. The von Kdrmdn nonlinear strains are a simplifica-
tion of the Green (Lagrangian) strain tensors with some nonlinear terms eliminated. Most
researchers used them for small rotation and small strain nonlinear problems, although
the theory can be used for moderately large rotations. Liao and Reddy [40] used a three-
dimensional degenerated shell element along with the Green strain tensor and the second
Piola-Kirchhoff stress tensor, which is a total Lagrangian approach, to study post-buckling
behaviors of stiffened composite shells. Kweon, et al. [30, 31] also used the Green strain
tensor and the second Piola-Kirchhoff stress tensor along with the First-order Shear Defor-
mation Theory to study the postbuckling compressive strength of graphite/epoxy laminated
cylindrical panels. In their book, Palazotto and Dennis [55] used a forth-order shear defor-
mation theory, in addition to the Green strain tensor and the second Piola-Kirchhoff stress

tensor, to formulate a shell element.

1.5 Problem-Solving Methodology

As seen in the previous section, there has been lack of a shell element with computational
efficiency that would accurately describe behaviors of laminated composites under large
deformation (large rotation and large strain). Therefore, a continuum-based shell element
baseg_rgr_l_ ;he Generalized Zigzag Theory is proposed in this Vthwis.v To avoid the complexity
of involving x;énlinear strain-displacement relations, the formulation for large deformation

adopts an updated Lagrangian approach based on the rate-of-deformation tensor and the

Truesdell rate of Cauchy stress. The rate-of-deformation tensor is a linear formulation.
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When it is used with the Truesdell rate of Cauchy stress, a symmetric stiffness matrix can
be achieved. More importantly, the rate-of-deformation tensor is not a simplification of any
strain-displacement relations. Hence, it can be used for investigations involving large strain
and/or large rotation. The finite element formulation in this thesis leads to a four-node
shell element, which has seven degrees of freedom at each node. 7 5';"[’

Thg finite element formulation was programmed as a subroutine called LACOS (LAmi-
nated COmposite Shells) using FORTRAN and was then linked to ABAQUS/Standard as a
new addition to its element library. The user defined element is called U101 in the element
library. It follows the naming convention required by ABAQUS/Standard. The elements
of eaph finite element model are then assembled in global coordinates and solved iteratively
by the ABAQUS/Standard solver. ABAQUS/Standard is a general nonlinear finite element
package that has been developed and maintained by Hibbitt, Karlsson and Sorensen(HKS),
Inc. for more than two decades. The concept of employing user subroutines is to make the
most use of the commercial package’s existing functions, i.e. solver, post-processing, etc.,
while the user is still able to tailor the program for specific applications. The subroutine

developed in this thesis can also be used in other similar finite element packages with slight

modifications.

1.6 Organization of the Thesis

A flow chart of the thesis organization is illustrated in Figure 1.1. We begin in Chapter 2 by
establishing some basic knowledge about objective stress rates and the rate-of-deformation
tensor before we start deriving governing equations. The rate form of static equilibrium
equations is also discussed to show its essential differences from equilibrium equations. In

Chapter 3, derivations of the governing equations for a structure undergoing large defor-



11

mation (both large strain and large rotation) are described. In Chapter 4, incremental
displacement fields using the Generalized Zigzag Theory are presented. In Chapter 5, de-
scriptions of finite element formulation for the U101 element are given. In Chapter 6, various
numerical studies are presented to evaluate the performance of U101. Finally, conclusions

and recommendations are given in Chapter 7.



Table 1.1 Summary of various laminate theories

Theory Displacement Fields D.O.F. Remarks
1. Classic Plate Theory u(z,y,2) = w(z,y) — 2wz
v(z,y,2) = v(z,y) — 2wy 3 Gilobal
w(z,y,2) = w(z,y)
2. Reissner-Mindlin u(z,y, 2 ) = uo(,y) + 2, (z,y)
Theory v(2,y,2) = w(z,y) + 21,(2,9) 5 Global
w(l‘,y.l) = wy(z,y) "
3. Generalized High-order [u(z, ¥, 2) = uo(z,y) + 21, (z,y) + 2°¢, (z,4) + 2°¢. (2, )
Shear Deformation Theory P D 3
Y, 2) = ,y) + z,y) + 27, (z,y) + 279 (z,y 7 Global
e v(z,y,2) = vo(z,y) + 29, (2, ) + 2°¢,(2,y) y(2,Y)
w(z,y,2) = wn(z y)
4. Generalized Higher-
order Shear Deformation u(@,y,2 Z; Zui(7,y)
Theory ( 4th order and
0 M [2(m+1)+1]-4 Global
bisheic2) u(z,9.2) = Y 2uilz,)
=0
w(x y,2) = wo(z,y) ‘
5. Generalized Layerwise  [u*(z,y, z) = ul(z,y) + 2uf + 2%u(z, v) + 2°ub(z, y)
Witrety (el erta) (i) (2,9, 2) = v(z,y) + 20f + 2%05(z, y) + 2°05(z, y) 4(k+1)+1 Local
w(z,y.2) = w(z,y)
6. Generalized Zigzag (2, y,2) = u(z,y) + 208 + 2Pus(z,y) + 2Pus(z,y)
i Global-
s et oreen (1) v (2,y,2) = vf(z,y) + 20f + 2Pua(z, ) + 2Pvs (2, ) . Lscaf
w(z,y,2) = w(z,y)
7. Generalized Higher- 3 o
order Zigzag Theory (4th uK(z,y,2) = uf(z,y) + 2uf(z.y) + z_; 2'ui(z,y)
order and higher) (1),(2) ; SO Global-
(2,9, 2) = vf(z,9) + 20f(259) + D 2i(z, 1) Local
i=2
w(z,y,2) = um(l,y)
8. Quasi-layerwise
Theory (third order) (1),(3) (2,1, 2 ;”' zY)
7 Global-
v¥(z,y,2) = Zz v (z,y) Local
=0
w(z,y,2) = wo(z,y)
9. Global-local o g
Superposition Theory ut(,,2) = (6)"ub(z,9) + (€)"ub(z,y) + Z 2z, )
(third order) (1),(4) 3 5 Global-
v (2,9,2) = (6)"vh(2,9) + (6) vk (2,9) + Y 2, ) Local
=0
w(z,y, 2) = w(z,y)
10. Double Superposition i
Theory (third order) (1),(5) |*(®¥:2) = (6" uk(z,9) + (6)"ui(z,v) + (&) uf(e,v) + ;z (2, y
Global-
v(2,9,2) = (6)"vh (@) + (€02, 1) + (€)7o (z,u) + Zz v(,y) 13 Local

w(z,y,2) = w(,y)

(1) k=number of layers

(2)M = number of terms in the polynominal
(4) m,n=1,1,2, or 3; m#n (5)m,n,|

(3) k=0 in any two out of four terms

1,2, or 3; men#p

[4s
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Chapter 2

LARGE DEFORMATION

ANALYSIS

2.1 Introduction

Once the Generalized Zigzag Theory is chosen as the displacement field, there are many
different ways of establishing kinematic and kinetic relations for large deformation analy-
sis. Careful considerations must be given and choices must be made before we start the
development of governing equations and the subsequent formulation of a shell element that
deals with laminated composites. In this chapter, we introduce the principle of objectivity
(or material frame indifference) for stress rate and the rate-of-deformation tensor. This will
enable us to describe the motion of a particle in a continuum at any instant of time during
the process of a large deformation. Numerous studies have been done on this topic, for
example, Fung [19] and Malvern [48]. Here, we only outline some of the important concepts
needed for future use. Since the rate form of static equilibrium equations is quite different

from the equilibrium equations themselves, one section is devoted to present different ways

14



of obtaining the rate form of static equilibrium equations.

2.2 Descriptions of Kinematic Relations

When dealing with geometrically nonlinear problems, numerous measures of strain are avail-
able. However, most theoretical works and computer programs utilize the following three

kinematic relations:

1. The Green strain tensor (also called the Lagrangian strain tensor)
: Non [ iace €10y,

i - vt T (2
“ =32 \ax; T ax, axiax,-) e E-)eD

_1(m Ouj _ Oux O
2.. The Almansi strain tensor (also called the Eulerian strain tensor)

=-(Z (2.2)

1 (Bu 0w owow) - ((1- FF/
€. = +——l_—_ 2
v 2 62‘,' a:l‘,' 31‘.‘(91:]'

3. The rate-of-deformation tensor (also called the stretching tensor or the velocity strain

oLy
tensor)
) 1 (0w B
Dij = ( o az.-) (2.3)

In Eq.(2.1), X; are components of Lagrangian coordinates. They are also called material
coordinates because they describe the material particles with respect to the original or
undeformed configuration. An approach is called total Lagrangian when the Lagrangian
coordinate system is used to describe the motion of a particle. In Eqgs.(2.2) and (2.3), z;
are components of Eulerian coordinates. They are also called spatial coordinates because
they describe the material particles with respect to the current or deformed configuration.
An approach is called updated Lagrangian when the Eulerian coordinate system is used to

describe the motion of a particle. The two sets of coordinates are related by

i = Xi + uy (2.4)
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where u; are components of a displacement vector.

It is noted that both the Green and Almansi strain tensors have nonlinear, coupling
terms. The rate-of-deformation tensor is linear, but it is not derived by removing nonlinear
terms from the Green or Almansi strain tensors. It is also noted that the rate-of-deformation
tensor is calculated from velocity fields while the Green and Almansi strain tensors are
calculated from displacement fields. The rate-of-deformation tensor expresses a change of
the displacement vector from the current state to the next state along the loading history.
Remark 2.1
The von Karman nonlinear strains used in many large deformation finite element formula-
tions is a simplified, special case derived by removing some nonlinear terms from the Green

strain tensor. It is mostly used for small rotation and small strain nonlinear problems.

2.3 Rate of Deformation

In this thesis, we choose the rate-of-deformation tensor in Eq.(2.3) as the kinematic relations
for large deformation analysis. When dealing with complex displacement fields for laminated
composites such as the Generalized Zigzag Theory, it is preferred to use linear kinematic
relations. More importantly, the rate-of-deformation tensor is not a simplification of any
strain-displacement relations and, hence, can be used for problems involving large strains
and/or large rotations.

The following is a brief introduction of the rate-of-deformation tensor. Since our focus
in the current study is on the instantaneous motion of a continuum, we describe the motion
of a typical particle P inside the continuum by choosing the spatial description and use
velocity of the particle as functions of its instantaneous position (z,, 2, r3) in space.

As shown in Figure 2.1, we consider two infinitesimal neighborhood particles P, and P,
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with instantaneous coordinates x and x + dx respectively. The relative motion of the two
particles from one time instant ¢ to another time instant ¢ + At can be completely described

by a tensor quantity called velocity gradient (L,;) defined as follows.

ov;
or j

Li; = =0 (2.3)

L;; in Eq.(2.5) can be additively decomposed into two tensors

L,'J' = D,‘j + W,‘j (2.6)
where
1 1
D;; = E(Lij +Lj;) = 5("1,,' +v54) = v ) (2.7)
1 1
Wij = 5(Lij = Lyj) = 5(vij = vja) = vi) (2.8)
D;j = Dj; and W;; =-Wj (2.9)

The symmetric tensor D;; is called the rate-of-deformation tensor, and the skew-symmetric
tensor W;; is called the spin tensor.

The rate-of-deformation tensor D;; is a well defined quantity; it vanishes when the
continuum performs a rigid-body motion. Therefore, it is an objective quantity. On the

other hand, when there is no rigid body motion, the spin tensor W;; becomes zero.

2.4 Descriptions of Kinetic Relations

In describing the kinetic relations, a frame indifference (also called objectivity) condition
must be satisfied. When using a stress or strain tensor to describe the response of a material,
it must be frame indifferent; otherwise, no constitutive relation measured from physical
material tests can be established to accomplish the calculation of material response. In

addition, a condition called energy conjugate must also be fulfilled. A stress is "energy
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conjugate” to the strain if its scalar product with that strain gives equivalent work (energy)
to that in a reference frame [15].

Although the Cauchy stress is the energy conjugate to the time integration of the rate-
of-deformation tensor, neither its material nor time derivative is frame indifferent [19]. The
Cauchy stress oy;(r1, L2, z3,t) is a time-dependent stress field in a continuum and is referred
to a fixed reference coordinate system. It is a true measure of the stress state inside the

deformed continuum. The material derivative of the Cauchy stress

dd,'i _ 30','2' + aagj
dt ~ ot oz

vk (2.10)

indicates the time rate change of a typical stress component at a particle of the contin-
uum. For a stressed continuum performing rigid body rotation, neither the time gaegigt‘.jve
(Goi;/0t) nor the material derivative (do;;/dt) of the Cauchy stress vanishes identically.
This can be seen in an example illustrated in Figure 2.2 [19]. A bar is subjected to simple
tension and rigid body rotation about the z axis. At one instant, when the bar is parallel to
y-axis, oz = 0 and oy # 0. At another instant, when the bar is parallel to z-axis, o; # 0 and
oy = 0. Accordingly, a rigid body rotation changes the stress tensor while the stress state
is unchanged inside the bar. Thus, neither do;;/3t nor do;;/dt can serve as an appropriate
stress rate measure to be related simply to the rate-of-deformation D;;. In other words, it
is impossible to establish a constitutive relation between D;; and do;;/dt (or do;;/3t). This

is why an objective stress rate must be introduced.

2.5 Measure of Objective Stress Rate

As described by Prager [57], the objective stress rate must vanish when a stressed continuum

performs a rigid body motion. Apparently, this restriction is not severe enough to lead to
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a unique definition of objective stress rate. A variety of definitions of stress rate have been
proposed in the literature on mechanics of continua. Among the many frame-indifferent
stress rates of the Cauchy stress, the Jaumann (also called Zaremba-Jaumann-Noll) rate
and Truesdell rate of Cauchy stress are commonly used. Although many Iecﬁﬁreré HaQe
coﬁ;;g:l;e—d\t}:;i;.ﬁeﬁ'&:is in (iigcussing the sdperiorit.y of one stress rate to the others, (16,
18, 20, 23, 50, 57, 38], the results were inconclusive. Theoretically, the result of using
any one of them should be identical from a continuum mechanics point of view. However,
depending on formulations and applications, one stress rate may be more suitable than the
other. In this thesis, the Truesdell rate of Cauchy stress is used. When it is used with
the rate-of;ngormation tensor in an updated Lagrangian approach; a symmetric stiffness
matrix can result in the finite element formulation.

In the following, the Truesdell rate and Jaumann rate of Cauchy stress are briefly in-
troduced.
(1) Truesdell Rate of Cauchy Stress

The relationship between the symmetric second Piola-Kirchoff (2nd PK) stress tensor

and the Cauchy stress tensor is given by [49]
-
Sij = JF‘;IO'MFJIL (2.11)

where S;; is the second Piola-Kirchoff stress defined with respect to the material coordinates
(X1, X2, X3), F;j is the deformation gradient, and J = det (F;;). Using the method of

consistent linearization shown in Appendix A, we have

L[Syl = LUNFEou(F') + ILFE lou(F;')

+ J(FE ) Clom)(Fi') + J(FYouL(Fy ') (2.12)

1
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Now choose the frame of reference X to be the instantaneous motion x, then
J=1 and (F;')=4dy; (2.13)

and from Eqs.(A.9) and (A.11)

LJ]=Aukx and  LIF;'] = -Au (2.14)
Hence o -
) ALV
de *
C[S,’j] =f Vdfj = AU,‘J‘ + a,-jAuk,k - ai,Auj,, - Au,-_‘o‘lj (2.15)
or o ~ sopetr
Acij = Voi; — 0yjAugy + oyBuj; + Augoy; (2.16)

where Vafj is the Truesdell rate of Cauchy stress and Ao;; is the Cauchy stress rate.
(2) Jaumann Rate of Cauchy Stress

Let us consider a field of flow with velocity components v; attached to a rectangular
Cartesian frame of reference (z;, 2, z3). For convenience of discussion, we follow Fung's
work [19] and take the origin of the coordinate system at a generic point P in the flow
field. Let (z}, =, z}) be another rectangular Cartesian frame of reference that has the
same origin at P and rotates with the continuum at an incremental rotation (spin tensor)

W, where the components of W;; are

_l%_%) _l(%_%) _1(%_%)
W23‘2(613 9z, ,W31—2 9z, 9z ,W12—2 9z, 0z, (2.17)

Let z] coincide with z; at any instant of time ¢. Then the stress tensor at P is 0;;(t) = 0;(¢).
Referring to the rotating axes z} at a later instant of time ¢ +dt, let the stress at the particle

P be denoted by o{j(t + dt). Then the Jaumann rate of Cauchy stress is defined as

1
vV _ 1
oy = Jim —{oy;(t +dt) - oy;(8)] (2.18)
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Now, the coordinates r and z; are related by

I =ur; + ,a'—"J:kdt = (é,k + Qv—idt) L (2.19)
- Ork

().L‘k

)

Decomposing the velocity gradient tensor dv;/Jz; in the equation above into the rate-of-

deformation tensor(D;;) and the spin tensor (W;;) using Eq.(2.6), we obtain
T, = (6ik + Wigdt)zy (2.20)

where D;; = 0 for rigid body rotation. The stress tensor at particle P at the instant ¢ + dt,
J

with reference to the fixed coordinates z;, is

oij(t + dt) = oyj(t) + %dt (2.21)

Transforming the stress tensor of Eq.(2.21) through the coordinate transformation Eq.(2.20)

into the a:’J axes, we obtain

a:j(t +dt) = (8ip + Wipdt)(d;q + Wjedt) [qu(t) + datmdt]

d
doij 2
= 03(t) + { —3;- + Wip0p; + Wigoiq pdt + O(dt”) (2.22)

Accordingly, from Eq.(2.18), we obtain

do-, .
03 = 7') + W;,a,j + quo.-,,
= AO','J' + W,'pdpj + W]‘qdiq (2.23)

Remark 2.2

The use of the Jaumann rate is to view the stress-strain relation from the standpoint of an
observer in a moving material frame relative to which the local rotation vanishes. In other
words, the Jaumann stress rate provides an objective measure of the change in stress viewed

from a frame rotating with the material.
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Remark 2.3

The generalized Hooke’s law can be applied as the stress-strain relation between the Jaumann
stress rate and the rate of deformation in the coordinates aligned with the material principal
directions, assuming the material is linear elastic. The engineering constants are Young’s
moduli, Poisson’s ratios, and shear moduli that are measured from simple tests such as

uniazial tension or pure shear tests.

2.6 Rate Form of Static Equilibrium Equations
By 5+ ‘)6 . ©
DN

At any instant of time, without considering the body force and acceleration of a continuum,

equilibrium requires that the total force acting on the body must vanish, that is

/t.-dS = / oi;n;dS =0 (2.24)
S S

where S is surface of the body and the traction ¢; = o;;n; with n; being a unit normal to

the surface. The divergence theorem allows Eq.(2.24) to be written as

do; doi
%4y - ,
/VazjdV 0 23 (2.25)

This equation must be valid for an arbitrary volume V' (every portion of the body is in

equilibrium), thus, we obtain the familiar stress equations of equilibrium

995 _y (2.26)

As given in Lee [36] and Osias and Swedlow [52], to maintain the deforming body in equi-
librium during a loading history, it is required that the time rate of the net applied force

be zero. Thus, we have the material derivative of Eq.(2.24) as

d . .
= /S t:dS) = /S (£:dS + t:dS) = 0 (2.27)
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Applying the divergence theorem to Eq.(2.27) again will lead to the stress rate equations

of equilibrium. Alternatively, we can take the material derivative of Eq.(2.26) directly (also

/t\ - \\
use Eq.(2.10)), that is Ve (I
d 30‘,‘_,‘) _ 320',‘]' 320,']' _
dt(aa:j = ooz, T dzgor, "t =0 (2:28)

Eq.(2.28) leads to the following equation pi'.ovided that o0yj; is continuous because oy x;

becomes zero when total stress equilibrium o;;; = 0, i.e.

Using Eq.(2.10) again, we .lfave” . J:i—n: i;{:‘,_ - ;—ii‘ . = B:j - ?fw VK
(5), - Zaa-mm ew
Finally, we have i ( 645;] )¢ 3:7, ,5 - 3.‘;,“ VF'i )
%_%% ) vo-valse (231

This equation is in a rate form, and, thus, it governs the stress field irrespective of defor-
mation magnitude and material structure. Satisfaction of Eq.(2.31) not only implies total
a )5 o

stress equilibrium but also assures that, given an equilibrated stress field, equilibrium is

maintained in the presence of time varying loading [36].
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Figure 2.1 [llustration of relative motion between two particles in space
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Figure 2.2 Illustration of time and material derivatives of Cauchy stress
under a rigid body rotation



Chapter 3

GOVERNING EQUATIONS

3.1 Introduction

Starting from equations of motion, a variational approach is performed to convert the gov-
erning equations into variational equations. Since the variational equations are nonlinear,

linearization based on Tayler’s expansion is required to simplify the nonlinear equg‘t,ions,
resulting in linear approximation of the variational equations. Subsequently, the Tifu&sdell
rate of Cauchy stress and the rate—of-defor;;lation tensor are introduced into the formulation
to form the final linearized variational equations. Once the linearization formulation is com-
pleted, a finite element method can be used to convert the linearized variational equations
into finite element formulation, which will lead to a symmetric stiffness matrix. The stiffness
matrix can be used in a Newton-Raphson iteration scheme. Therefore, nonlinear solutions
can be obtained systematically by using many small linear increments. This procedure is
consistent with an updated Lagrangian scheme [8]. It is noted that the procedure presented

herein is general and not restricted to any type of deformation (finite or infinitesimal) or

structure (bulky or thin-walled).

26
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3.2 Differential Equations

Consider components of a displacement vector u,(r,,z2,r3,t) that satisfies the equations

of motion

aoxj o
axJ + bl - m“

(3.1)

throughout the interior of the body which has a current volume V over the time interval

t € (0,T), and is subjected to the following conditions:

displacement (essential) boundary condition
u; = gi(T1, Z2, 73, t) on [y,
traction (natural) boundary condition
hi(zy, z2,23,t) = oyjn; on Ty,
and initial conditions

wi (X1, X2, X3,0) = ud(X1, X2, X3)

i‘i(xla X?a X3a 0) = v?(Xh X21 X3)
where

[g,Ulh, =S

Ty NTh, =0

and S is the surface of the continuum.

Some variables appeared in Egs.(3.1) through (3.5) are defined as follows:

X, are components of the material coordinates,

(3.2)

(3.3)

(3.4)

(3.5)
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z; are components of the spatial coordinates and r; = X; + u,(r, 29, £3,t),
oij(x1,I2,I3,t) are components of the Cauchy (true) stress tensor,
bi(x,,z2,z3,t) are components of the body-force vector per unit volume,
p(zy, xo, r3,t) is the mass density, and

n; are components of the unit normal vector relative to the boundary T's,.

Since the dot over a variable represents time differentiation, %; indicates velocity of a ma-

terial point and ii; acceleration of the same point. Furthermore, the indices i and j denote

Cartesian coordinates relative to a fixed reference frame and they range from 1 to 3. Re-

peated indices imply a summation over the range.

3.3 Variational Formulation

The variational form of the equations of motion, Egs.(3.1), can be written as follows

/éu,-(% +b,-—pi2,~)dV=0 (3.6)
Vv 8:::,-

where du; is an arbitrary weight function and must satisfy the homogeneous form of the

essential boundary conditions, i.e., SR N gy Lty 7;}&1
AV K o M
du; =0 on [y, (3.7)
et
U
Integrating by parts of Eqs.(3.6) leads to 3
Obu;

6u.b.dV+ / Sughdl / FaroudV = / SuspindV (3.8)

It is noted that Eq.(3.8) is a result of t,ransférring differentiation of u;’to du,;, thus
equalizing the continuity requirement on u; and du; and weakening the requirement on u; [5].
Now, instead of obtaining an analytical solution to Eq.(3.1), we try to find a numerically

approximated solution by using Eq.(3.8) and its associated boundary conditions.
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3.4 Variational Equations

In this stage, it is to find u,(z,, ro,r3,t) that satisfies the variational equation
Fe.rt(ui) _ Fint(‘u,') - M(u,) (39)

where, by referring to Eq.(3.8) in the previous sect.ion,

1
pol v

Fet(y,) = / SusbdV / Sughydr (3.10)
Fot(y) = ‘?9‘5“'0,,41/ (3.11)
M(ii;) = /V SuspiisdV (3.12)

Some remarks regarding the above equations are listed below.

1. Components of the variational displacement vector du; should satisfy appropriate
continuity conditions and

ou; =0 on [y, (3.13)
2. Eq.(3.9) is subjected to the following initial conditions
ui(X1, X2, X3,0) = ul (X1, X2, X3)

l-“l'(X11X2, X3$0) =U?(X1,X2,X3), (3'14)

3. The traction boundary conditions have been absorbed in the variational process as

the surface contribution (f) in Eq.(3.10).

3.5 Linearization of Variational Equations

The governing equation, Eq.(3.9), of a continuum undergoing large deformation (both large
strain and large rotation) is generally nonlinear. The consistent linearization procedure

described in Appendix A can be used to find the linear approximation of the equation.
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Taking the function F in Appendix A and recalling Eq.(3.9) yields
F(zvt!')y = FeRt(gl*h) — Yoty — M(39) =0 (3.15)
The linearized variational equations can be written as
- L[F®) + L[F'™] + L[M)
= F(z}) - F"™(z}) — M(£)) (3.16)

Now, if we restrict the derivation to a static case and ignore the contribution of the body-

force, we let

- L[F=t) =0,
=0,
L[M] =0, and
-f M(i?) =0 (3.17)
Eq.(3.16) is then reduced to
L[F™] = F**t(g?) — F*™ (1) (3.18)

Therefore, only L[F*™] in Eq.(3.18) needs to be further discussed.

By using Eq.(3.11), Eq.(3.18) becomes
C[F'mt] = C[ %Uijd‘/]

Bbu; X
c[/vo X, 0z; 17 dV°]

86u. _ - _
/Vo Xy {ﬁ[FkJI] VIV + F 1,1[,[0'.'1'].]” + ijla:jﬁ[J]}dVo (3.19)
In Eq.(3.19), we introduce dV = JdVj, where V; is the original (initial) volume of the

continuum. By defining

Lloi] Y Aoy (3.20)
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2
and using Eqs.(A.9) and (A.11 ), we obtain 9%
. 0du; _10Auy, B v _
C[F"nt] = /V _axk‘ {-F’"’:—GX; Fl] 10':3‘ + ijlAUU + Fk]lUZAUu}dV (32[)
Using
Odu; F-l = ddu;
AXe ™ T 9z,
3Aum -1 _ aAum
ax, [ T T, | (3.22)
we obtain RERE ’
nt dbu; o, L
LIF™) = /V Bz, A0y + 0% Buk — olcbus JdV (3.23)

As explained in Chapter 2, the Cauchy stress rate Aog;; is not an objective measure of

stress; it cannot be involved in any constitutive equation directly. Therefore, Eq.(3.23) is

not useful unless the Cauchy stress rate is further specified. Later in this section, we will

revisit the definition of the Truesdell rate of Cauchy stress defined in Eq.(2.16).
Recall Eq.(2.5)
Ov;

Lj = 3z, =05 (3.24)

In a static loading condition, the terms "time increment” and "velocity” really indicate,
respectively, an increment along the loading path and the corresponding increment of dis-
placement (Au;). Therefore, we rewrite the velocity gradient, rate-of-deformation tensor

and spin tensor in Egs.(2.5), (2.7) and (2.8), respectively, as follows

-y ; A\
¢ 9Au;
Lij=——=u, (3.25)
3 82:,- J

1 1
D;; = §(Lij + L:Tj) = E(Aui,j + Auj;) = Aug ) (3.26)

1 1
W;j = 5(L,—,- -LT) = §(Au,-,,- - Auj,;) = Auy ) (3.27)

Let's define the Truesdell kinetic relations as

VU:J = CitjklAu(k.‘) (328)
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where C},;, is determined experimentally or transformed accordingly. Here we transform
the constitutive equation ij « from the generalized Hookie's law C,;x; by using the following
formula

1
C,t]k[ = Cijkt + 0’:’)6/:( - §(U:,k6jl + (I:J‘(sjk + U;'kts,'( + U;"(s,'k) (3.29)

The detailed derivation of the above formula is given in Appendi)z C. From Egs.(2.16) and

(3.28), we have ;
Ty
$ <

Aoy = ij“Aﬁ(k'” - U?jAuk,k + o Au;j + Au,"(afj (3.30)

N e g e
N\ .

P

Now let's recall the final form of L[F*™] from Eq.(3.23) and denote

4
Aoj; = Aoij + 0] Bugk — 0 Aujk (3.31)
Then Eq.(3.23) becomes R
; 00u;
) = [ —Z Ao}
L[F™] = v Bz, AojdV (3.32)

By substituting Eq.(3.30) into Eq.(3.31)

AU:J- C:jk‘Au(k,,) + Aug'la}g + a}’,Auj,‘ - a,"kAuj'k
= Cljulugy) + o};Auqy (3.33)
. ( )
4"
Therefore, - .
C[F™) = /V 5us ;Cli By V. + /V 5 ;0% Aug 1AV (3.34)

Later in the finite element formulation, the first term of Eq.(3.34) will lead to the
material stiffness matrix K™, For most of engineering materials we are going to discuss

later, Cf]»k, possesses both minor and major symmetries, i.e.,

t - t - t — t
Cijkt = Cimt = Cijie = Cji and

Ciint = Chusj (3.35)
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Therefore, only symmetric part of du, ; is required, i.e.,
1 . -
oug j) = é(oui,j + duj,) (3.36)

Hence, the computation of K™ is quite similar to those of small deformation analysis.
The second term of Eq.(3.34) will lead to the geometrical stiffness matrix K9¢°™. Since

the components of the o;; possess major symmetry, a symmetric K 9¢o™ will be obtained from

finite element formulation. From Eqs.(3.10), (3.11), (3.18) and (3.34), the final linearized

variational equation becomes . e

o

- €

/V du(; ) CliAug ndV + /v 0u; ;o5 A dV = ‘

bu;
| /r GuuhdT - /V 2 o (337)

3.6 Cauchy Stress Update

In the previous sections, both displacement and stress components are expressed as incre- _
mental forms when a consistent linearization approach is taken to approximate the varia- A
tional equations. As discussed in Chapter 2, the Cauchy stress rate cannot be calculated ’
directly because it is not objective. On the contrary, the Truesdell rate of Cauchy stress can

be evaluated via a suitable constitutive equation. Certainly, this cannot be accomplished -
until the displacement increment is identified. Once the Truesdell rate is obtained, Eq.(2.16)

can be used to calculate the Cauchy stress rate. It is noted that both Cauchy stress and

Cauchy stress rate are referred to a fixed reference frame during deformation. Therefore,

once the Cauchy stress rate is obtained, it is to be added to the Cauchy stress that has been

accumulated over previous increments to become the current Cauchy stress.
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3.7 Newton-Raphson Iteration

The Newton-Raphson iteration scheme is used for incremental solutions. A step-by-step

solution procedure using the equations presented in the previous sections is described below.

1. In the beginning of current increment, a set of trial displacement increments Au; is

assumed.

2. The Truesdell constitutive equation is calculated using Eq.(3.29).
\

3. The rate-of-deformation and velocity gradient tensors are identified using Eqs.(3.26)

and (3.25), respectively.
4. The Cauchy stress rate is evaluated using Eq.(3.30).
5. Every term in Eq.(3.37) is then calculated.

6. If the residual (right.-hahd side of Eq.(3.37)) satisfies the convergency criterion (see
Appendix D), update the Cauchy stress by using a;’j*'l = 0}; + Aoij, and start the
next increment.

7. If the convergency criterion is not satisfied, solve the system of simultaneous equations,

Eq.(3.37), for a displacement correction vector Auf
8. Let Au! = Au; + Aus.

9. Repeat the steps starting from Step 3 by using Au} as the new displacement incre-

ment, instead of Au;.



Chapter 4

INCREMENTAL

DISPLACEMENT FIELD

4.1 Introduction

An incremental displacement field based on the Generalized Zigzag Theory is presented
in this chapter. It needs to be established before the rate-of-deformation and velocity
gradient tensors can be evaluated. The major advantage of the Generalized Zigzag theory
as described in Chapter 1 is that its variables are independent of the total number of layers
for a composite laminate. The theory was originally proposed by Li & Liu [38] in studying
infinitesimal deformation of a composite laminate. In order to be used for large deformation

analysis, the linear displacement field must be written in an incremental form. The major

e

difference between the infinitesimal deformation and the large deformation analyses is due to

I

the fact that, in discussing infinitesimal deformation, the spatial coordinate system always

coincides with the material coordinate system in a continuum. However, in dealing with

large deformation, the two coordinate systems must be described separately.

35
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4.2 Displacement Field

Shown in Figure 4.1 for a continuum, when a particle at position P at time ¢ is deformed to
a new position P’ at time t + At, components of the displacement increment of the particle

at time ¢ can be expressed as follows.

Auf(z,y,2) = Auf(z,y) + Aub(z,y)z + Aug(z,y)2® + Aus(z,y)z®  (4.1)
Avk(z,y,2) = Avf(z,y) + Av(z,y)z + Ave(z,y) 2% + Avs(z,y)2° (4.2)
Awk(z,y,2) = Aw(z,y) (4.3)

where z,y, z are spatial Cartesian coordinates of the particle P at the instant of time ¢,

k is a layer-number index, where the bottom layer corresponds to k =1,

Auf, Avk and Awyg are translational displacement components in z, y, and z directions,
respectively,

Auf and Avf are first-order rotational displacement components about y and z axes, re-
spectively, and

Au; and Av; (i1 = 2,3) are higher-order rotational displacement components about y and z

axes, respectively.

4.3 Displacement Continuity Conditions

Imposing displacement continuity condition at each laminate interface, we have, for k**

toL

layer where k = 2,.....,n with n being the total number of layers,
Auk! Auk
=2k =2
AvF-! = AvF
=2 =2
Aw*! = Aw* = Awp (4.4)

=2z
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By using Egs.(4.1),(4.2) and (4.3), Egs.(4.4) can be written as

Aub — Ak~ = (AuFT! - Ak

Avk - Avg~! = (AvF~! — Avk)z,

If we let

Au)=Aug and Avj = Ay

Eqs.(4.5) become, for k=23,....., n,

k
Auf = Aug + Y_(Au]™! - Au)z;

j=2

k . .
Avk = Avg + Y _(Av]™' - Av))z;

- J=2

(4.6)

4 VL&
&l foid, ol

(4.7)

Now let’s introduce the kinetic relations for the k*? layer of the laminate,

- ot -
PP S S

: {o®} = [C*]{D}

where

T
k
{01} = {0 0¥ 00,18, 81,01,

[C*] is the constitutive equation, i.e.
4
-

ckh ch C 0 o
ch chL ck o0 o

= Chy Ch C§ 0 0

Cls
k
C2%

k
C36

(4.8)

(4.9)

(4.10)

n’f Vﬂ)
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and {D} it the rate-of-deformation tensor,

( 3

dAuk/or
OAv* |9y
AWk [0z
{D} =« ) (4.11)
AAvV* [0z + dAw* /3y

dAu* [0z + AW |9z

\ 3AuF /8y + dAVF )0z ‘
Remark 4.1

Later in the development of a finite element, the (z,y,z) coordinate system will be so chosen
that it coincides with the coordinate system of each element. The coordinates (z,y,z) in
general do not coincide with the material principal directions for each lamina.

Remark 4.2

In Eq.(4.10), C% = 0 implies that the out-of-plane shear moduli, G’l‘3 and G§3, are equal. As
can be seen in the following derivation, when interlaminar shear stress continuity conditions
are tmposed, it will cause strong coupling between in plane displacement components if

Cls #0.
4.4 Interlaminar Shear Stress Continuity Conditions
Impose the following interlaminar shear stress continuity conditions:

k-1 k
k-l e

T=2Z =2

i = (4.12)

=2 =2,
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By using Eqs.(4.8), (4.9), (4.10), and (4.11), Eqs.(4.12) become

citooo AAVF~1/Iz + dAWF 1 /By

0 cCkt! AU+~ [0z + AWk )9z

- =2k

ct O AV |0z + AWk |9y

0 ck || oaut/oz + 8Aw* )0z

=2

By expanding Eq.(4.13), we obtain, for k = 2,3, ...,n,
ChAvE — CE AvE™! = 202k Avg + 30422 Avy + O Awgy

CEAuY — CET'AUN ! = 2042, Aup + 30 22 Auz + QA

where
W =Cg ' -C and 6p=Ci' - Cly
Giving the following new definition,
Au} = Au; and Av] = Ay
Eq.(4.14) can be rewritten as sk
A [{\,,(!‘.’,) :
Aut = FEAu) + F¥Aug + FFAus + FfAwp ;

Avt = L¥Av, + LEAv, + LEAv; + LEAw,

where, for k =1,

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)
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and, for k =2,3,.....,n,

Ff = o Ff! Lk = b L}

Ff = axF3™' +2(Q/CE)ze L§ = beL5™" +2(0k/Chy) 2k

Ff = arFF~' +3(Qu/CK)22 LY = b L5™" + 3(8¢/Chy) 2 (4.19)
Ff = aeF§™' + (/Ck) Ly =L +(84/CFy)

ax = Cis ' /Chs b = Ci7'/C,
4.5 Free Surface Shear Stress Conditions

In most laminated composite studies, surface shear stresses are set free. By imposing the

free shear stress conditions on the top and bottom surfaces of the composite laminate, we

have
T!Sl) = T!(,?) =0
z=2, I=Zn4
i) = 7 =0 (4.20)
zZ=2) Z=2Zn+41

By using Eqs.(4.8) and (4.16), Eqgs.(4.20) can be expressed as

1( ) (
Dy, D, Auy (Eu Ey, Ay
< ¢ = 4 (4.21)
D3y Do x Aug i Ey Ep ‘ Awgz
9 r \ F 4 ‘
Fi, Fi Avy Hy,, Hy Av,
| _ 4 (4.22)
Fy Fy ] 1 Av; | Hy Hy ‘ Awgy

where
Dy, = 2241 + F;' Dy = 32,2”_1 + F;? Doy =22y Dyy = 33%
E11=-—F1" E12=—(Fz‘+l) E'21=—l E'22=_1
(4.23)
Fly, =224 + Lg Fia = 32,2”,[ + Lg Foy =221 Fypn= 32%

H,, = -L} Hl2=—( 2+l) Hy = -1 Hyp = -1
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Solving Eq.(4.21) and (4.22) for Aus, Ausz, Avy, and Avj, we obtain

Aus = A1 Auy + A')Aw(),,;, Auz = B|Auy + BQAw()J

Avy = C1Avy + CoAwyy, Avs = D\ Av; + DyAwy, (4.24)

where

A = '(a,—‘m(EuDzz — E3Dyp) Ax= (a?l:T,(EWD?? — EyDy)

B, = (ael,T(Eleu — E\Dy)) B;= @ZI,T(EQQD“ — E\9D9))
(det), = D1 Dy — Da1 D12 # 0

Ci = @n; (HuFn — HuFi2) Ch = gy; (HiaFo2 — HuFo)

D, = (—d,lt),(Hleu - H\uFy) D= Uelt)_z(H”F“ — Hi2Fy)
(det)y = Fi1 Fop — F Fi2 #0 (4.25)

Substituting Eqgs.(4.24) into Egs.(4.17), we have

Aut = RfAu + REAwg,

Avt = OfAv + OfAwy, (4.26)
Substituting Eqgs.(4.26) into Eqs.(4.7), we have

Auf = Aug+ SFAu, + SEAwg,

AvE = Avg+ PFAv + PfAuwy, (4.27)

where, for k=1,

Rl=1, Ri=0, Ol=0, O}=0
(4.28)
S!=0, S}=0, Pl=0, P} =0

and, for k=23......,n,

Rf = FF + A\ F§ + B\Ff, RS = Ff + AyF} + ByF¥

Ot =L%+C L5+ D\ L5 Of=L;+CLs + DL
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k

=y (R -R)a  st=3(RF- B

=2 =2
k k
PE=3 (0 -0)a.  PE=3 (04" -0})x (4.29)
(=2 =2

Finally, substituting Eqgs.(4.24), (4.26) and (4.27) into Egs.(4.1), (4.2) and (4.3), we have

’

the final incremental displacement field Ry :':"'

Au"(:c, ¥, 2) = Aug(z,y) + (S{c + R'fz + A,22 + B, 2%)Au (2, )

+ (S5 + Rhz + A2 + By2®) [M&(f’ﬂ] (4.30)

AvE(z,y,2) = Avg(z,y) + (Pfc + O'fz + C12% + D123 Avy (z,y)
+ (P¥+0%2 + Ch2? + Dy2°) [QA“’;;&] (4.31)
Awk(z,y,2) = Awg(z,) (4.32)

It is noted from Eqs.(4.1), (4.2), (4.3), (4.30), (4.31) and (4.32) that the total number
of variables in the incremental displacement field have been reduced from layer-number
dependent to layer-number independent (seven variables in the final form).
.Ren.nark 4.3

When we use the free surface shear stress conditions, some errors will be introduced. The

error may come from the following two aspects:

1. The applied load may not necessarily perpendicular to the laminate’s top and bottom

surfaces in the beginning of the loading history.

2. During deformation, the applied load may not be always perpendicular to the lami-

nate’s top and bottom surfaces.

However, if free surface shear stress conditions are not imposed, the total number of inde-

pendent variables in the incremental displacement field will increase from seven to nine.
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Figure 4.1 Coordinate systems for a laminate shell



Chapter 5

FINITE ELEMENT

FORMULATION

5.1 Introduction

The purpose of this chapter is to establish a solution procedure for general three-dimensional
shell problems by spatially discretizing the governing equations derived in Chapter 3 via
a finite element method. It is to transform the linearized variational equations into a

system of linear algebraic equations by using the assembly of construction-identical element

contributions.

Once a linearization formulation is completed, the introduction of finite elements into
the governing equations is merely a matter of selecting appropriate interpolation functions
to approximate the unknown variables element by element. While the choice of appropriate
interpolation functions and associated integration schemes, eg. full, reduced, or selectively
reduced integrations, are still topics of many ongoing research endeavors, we do not attempt

to settle the matter here. Instead, we start with a four-node, quadrilateral shell element

44
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using a four-point integration scheme, and each node has seven degrees of freedom. In
fact, the linearized governing equations we have formulated can be used with any new shell
elements once they become available.

Due to the dissimilarity between laminated composites and isotropic materials, a method
called Zigzag Jacobian is proposed. The purpose of this technique is to emphasize the fact
that the in-plane diéblacements of laminated shells are in a zigzag fashion through the
laminate thickness. It is different from the Reissner-Mindlin theory, which assumes linear
displacements through laminate thickness. Through the calculation of the Zigzag Jacobian
matrix, kinematics of laminated shells can be expressed more precisely. Although the Zigzag
Jacobian matrix requires nodal displacements at each element on the interfaces, it can be
done in a postprocessing procedure. Hence, the total number of degrees of freedom for each

element will not change.

5.2 Incremental Strains

Recall Eqs.(4.30), (4.31), and (4.32) in the previous chapter, the incremental displacement

equations can be rearranged as

Auk = (Auo+SlAu1+S"aAw°) (R"A +R.’33A'”°)

+ (AlAu1+Ag A""’) +(31Au1+326 "’°)z3 (5.1)
At = (Avo+PlAv1+ "aA"’°) (O"Av1+0’°a§;v°)z

+ (clAv1+cgaA“’°) (D Av, + D2 ay 2 (5.2)

Avt = Awg (3.3)
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Define a new vector {Ae¥} by rearranging the entries of the rate-of-deformation tensor in

Egs.(4.11) as
dAu* /or

0Avk /3y

~
—_
[$1]
P
A

{ak} = 0Auk /0y + 0Av* |0z

AAV* |9z + dAw* /By

k dAu*/9z + AWk |0z ‘

Combining Eqgs.(5.1), (5.2), (5.3), and (5.4), it yields
{AF} = (A} + {AY°} + {Ax'}z + {AK?}2? + {AK3}23 (5.5)

where
G+ stegn 4 sy
25 + PEG + PTG

0 2
(AT} = | g+ stofu 4 splfym + S 4 PLOGR 4 PESRR  (56)

A

0

0

0
(A%} = | 0 > (5.7)
OtAv, + (0f +1) 24w

\ R’fAul + (%+ I)Q%im

/



{Ax'}

{Ax?)

{AK%}

<

—

L

\
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RE3H + RE T

k 8Av) k 92 Awg

. y 2
RE3M 4 OF20u 4 (R’z‘ + 05) g o

20\ Av, + 20,231

24, Au; + 24,95 ‘

AlaA:‘ +A282£wn
ClaAv] +C28’8.3wn

A, dAuy | Ci 84y | (A2 + C») B’zAwn
3D, Av, + 3D28AWWQ

7

3B,Au; + 3B23%

B 2% 4 B, %o
D\%5u + D22
B1%Y + D\ %Y + (By + Do) G4 ¢
0
0 /

5.3 Incremental Displacement Gradients

Incremental displacement gradients can be expressed as follows:

( \
dAuk oz

v (o) = | anutray |

dAuk 9z
\ Ji=1,23

(5.9)

(5.10)

(5.11)



where

Let

where

{a="}

{Aw'}

{aw?)

{aw’}

Auk Auk
| Auk =93 AV ¢
Auk Awk
\ / \ /
¢ \
0Au* |9z
| 0Auk/3y ¢
‘ 0AuF 0z )
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(A=} + {Amt )z + {Aw?}2? + {Aw?} 23

4

4

A

P

s

A

Il

A A 2A
O 1 sty + st
= { 9dAu +S{cQAu| +S§3’$g_n

R’fAul + R’Q‘i%;—”n

REGE + RETSE
RE2Sw | RioGun

24 Auy + 2A2%-‘xm
/

A% + 4,80

A28 4+ A, %0m

3B1Au; + 3B, 252 |

Bl aAzm + 32 Bzalium

B[a—%u + 322%5“‘”

0

\

3

"~

~~

Y\

~

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)
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Similarly,

\

(

oAvk /ox
v(ar) = ! dAv* /3y
{ AV 10z )
{AQ"} + {Ap'}2 + {Ap?}2? + {Ap3) 2P (5.18)

e

where

N

(

%0 + PO+ Y0
0y _—

(8¢} = | 2n 4 Phog 1 ppog

O'I‘Avl-i-Oé‘i’%“

g~

(5.19)

Y\

4
A 3a
Of 252 + 0§ &0

oo
{Ap} = 1 of%m 4 OfFag

A
{ 2ClAv1+2CQQﬁn )
¢ \

C193u + %0
C1%u + %A

3D, Av; + 3028—%”0

~

(5.20)

{a%} =

A\

(5.21)

'

—

D, 8A:, + D, Awg
Dli%vl + Dz%gm (5.22)

0

A

{a¢%} =

and
4 A

dAw* /dz

V(Aw")=J dAw* /9y r={Az9°} (5.23)

\ dAw* 9z )



where

{A¥°} ={ 8dwp ) (5.24)

0

5.4 Finite Element Description of Displacements

Here, we introduce a two-dimensional quadrilateral element and use bilinear shape functions

to describe the unknown displacements within each element [28], i.e.

Auo

Aul

Avo

Avl

4
Y Na(&,n) (Aug),

a=1

4
Y Nal&m) (Aw),

a=1

4
a=1

4
3 Na(6,m) (Av)), (5.25)

a=1

where the bilinear shape function N, is for the at# node in the element. Figure 5.1 delineates

a typical element and shape functions for corresponding nodes. The natural coordinates £

and n have values between -1 and 1. The nodal unknowns (Aug)gs, (Au))a, (Avg)e, and

(Av))q are for the a*® node.

Since Awg, dAwy/0dz, and AAwy/dy are involved in Egs.(5.1), (5.2), and (5.3) as degrees

of freedom, shape functions with C'! continuity are required for Awg. The so-called Hermite

cubic shape functions [55] are required for describing Awy, i.e.

4
Awo = Y Ha(€, M0 (5.26)

a=1



where

Ha(§,m)

A

\

@ = {ewo. (5), (%52}

( Ha1 (&)

)

Ha2(£v 7)) '

HaS(Ev 77) )

(5.27)

(5.28)

Descriptions of H, are outlined in Figure 5.1. By substituting Eqgs.(5.25) and (5.26) into

Egs.(5.1) through (5.3), we have

Auk
Avk

Aw*

({XUs} +{XU1} 2 + {XUp} 2 + {XU3} 2°)

({XVa} + {XVi}z + {XV3} 22 + {XV3} 2°)

{Xwo}(1x2s) {Au}(2sx1)

(1x28) {A“}(28x1) (5.29)
(1x28) {A"}(28x1) (5.30)
(5.31)

Similarly, we can rewrite other equations with use of Eqs.(5.25) and (5.26). From Eqs.(5.6)

through (5.10), we have

~
1Y
N

{8} s
(g P
187"}
L P

{Ans}(!;x 1)

= [MA](5x28){Au}2sx1)
= [MB](sx28){Au}2sx1)
= [MDi)(5x28){Au}(28x1)
= [MDy)(5x28){Au}(28x1)

= [MDj3](sx28){Au}(28x1

From Egs.(5.14) through (5.17), we have

= [GUy)(3x28){Au}(28x1)
= [GUi)(3x28){Bu}(28x1)
= [GU2](3x28){AU}(28x1)

= [GU3](3X 28) {Au}(%x 1)

(5.32)
(5.33)
(5.34)
(5.35)

(5.36)

(5.37)
(5.38)
(5.39)

(5.40)



From Egs.(5.19) through (5.22), we have

{A«p"}(_m) = [GVolaxos){Bu}asx) (3.41)
{A&}(sm = [GViliaxos) {Bu}asx) (5.42)
{86} = [GValiam{Buescy (5.43)
{86}, = [BVilaxam{Bubescy (5.44)
. Finally, from Eq.(5.24), we have
{89} .., = [6Wolaxam {Au}anx) (5.43)
where
(AupT = {(Bu), (@Qw)y, (Buo), (Aw), (o), (%), (%),
(Auo)y, (Bw)y, (Awo)y, (Bui)y, (Bw)y, (%), (%),
(Auo)g, (Aw)y, (Awoly, (Aw)y, (Aw)y, (%), (%®m),,
(Buo)y, (Boo)y, (Bwoly, (Bw)y, (Av)y, (%), (%) ]
(5.46)

Detailed components of {XUp}, {XU,}, {XUa}, {XUs3}, {XVo}, {XV1}, {XV2}, {XV3},
{XWo}, [MA], [MB], [MDy], [MD,], [MDs], [GUd], [GU\], [GUq], [GU3], [GWA], [GVA],
[GV2), [GV3), and [GW;) are shown in Appendix B. It should be noted that the subscript
numbers outside the parenthesis in the above equations indicate the dimension of the array.
Hence, the incremental strains and increment displacement gradients in Egs.(5.5), (5.13),

(5.18), and (5.23) can be rewritten, respectively, as

{A¥} = (IMA]+[MB] +[MD\]z + [MDj)2* + [MDs]2*) {Au}  (5.47)
V(awk) = ([GUo] +[GU\]z + [GU,J2* + [GUsJ2*) {Au} (5.48)
V(art) = ([GVo] + [GVilz + [GVa]2? + [GVA)2*) {Au} (5.49)
V(Awk) = [GW]{Au} (5.50)
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5.5 Description of Geometry

Under the Reissner-Mindlin theory, a straight line normal to the mid-plane of a shell is
straight but not necessarily normal to the mid-plane after deformation. However, as shown
at the bottom of Figure 5.2, a straight line normal to the mid-plane of a composite laminate
before deformation is neither normal to the mid-plane nor a straight line after deformation.
Instead, it becomes a zigzag line. As explained previously, this phenomenon is due to the
difference of material properties across the laminate interfaces. It is also noted that each
segment of the zigzag line is generally not straight inside each layer.

By combining the nodal displacements and shape functions presented in the previous
section, it is possible to describe the displacements anywhere within an element. Similarly,
it requires a method to mathematically delineate the geometry of z'm element so that the
coordinates of any point within the element can be characterized. Intuitively, one will
think of using a consistent way for both the kinematics and the geometry. This is how
mqparametnc elements are utilized. Apparently, for laminated shells, the isoparametric
concept needs some modifications. The following description for the geometry of a laminate
shell element is proposed. The method is called Zlgzag Jacobian. It is different from
the traditional Reissner-Mindlin way of constructing a Jacoblan matrlx and is specifically
designed for laminated shells with a zigzag displacement field.

First of all, segments of the zigzag line through the laminate thickness are assumed
linear for individual layers. Although in reality, each line segment is of a high-order curve,
it is not too far away from a linear line assumption because the thickness of each layer

is usually very thin. The coordinates (z,y, z) of a point anywhere within an element is



expressed below.

( Y ¢ )

z rk+!
4
1 +
IR ED AL =R gy
a=1
k+1
\ z J \ Za J

a=1

4
>+ Y Na(€,1)

1-4
2

¢

/

As shown in Figure 5.2, a = 1,2, 3, 4 are the local nodal numbers for a typical element. The

interface number k is counted from the bottom free surface, and (&, 7, () are coordinates of

a natural coordinate systems. In addition, N,;(&,7n) is the same bilinear shape functions as

used in the previous section, and (z¥,y%, z¥) is the nodal coordinates for the a** node at

the k** interface. The nodal coordinates are to be found after solving the assembled finite

element equations for unknown displacements.

By definition, the Jacobian matrix can be expressed in the following form:

a. ;) ]
EXE
=1 @ i)
=1% & &
3 i)
From Eqn.(5.51), we have
4 % \ ( x{:‘H ) f
4 4
ON, 1+¢ ON,1-¢
4 y = —2 gk By 2
%g E o 2 Ya —a 2
\ % J \ zﬁ"" J \
e ' ' '
z k+1
an Za
4 p = iaN°ﬂ< k+1 >+Z4:6N"1;4
% a=1 67; 2 Yo a=1 6” 2
9z k+1
\ % s Za / \
4 \ 4 A
% %
z“: 1 i -1
< > = N, (—)< k+1 Y + N, (—)4 k
?( a=1 ¢ 2 ya a=1 ‘ 2 ya
\ g—z P \ 25+l Y, zf

(5.52)

(5.53)
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Therefore, the Jacobian matrix can be rewritten as follows. The summation notation is

omitted in the following matrices with an understanding that repeated indices indicate

summation over the range.
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Finally, we have
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5.6 Stiffness Matrices and Force Vectors

Recall the linearized variational equation, Eq.(3.37). For each element, the governing equa-

, B S
AN /
/

tion can be expressed as .t b ‘

/V (641 T[C M) {Ack}aV + /V V(6uk)T o] V(Auk)dV +
/V V(6v*)T [o] V(Av*)dV + /V V(6ut)T 0] V(Aw*)dV =

[ {6ut} {yar + [ 5ty (o1av (5.59)
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In the above equation, {o} is the Cauchy stress vector, i.e.

{o} = {oz, Oys Tzys Tyzs Tz }T ) (5.60)

[o] is the Cauchy stress matrix, i.e.

l=| ry o0y 7 | (5.61)

and [C*®)] is the Truesdell constitutive equation (recall Eq.(3.29)) for the k* layer.
(1) Internal Force Vector
Substituting Eq.(5.47) into the second term on the right-hand side of Eq.(5.59), components

of the internal force vector can be expressed as
{F™} = /V ([MA]T + [MB|T + [MD\|Tz + [MD,]T22 + [MD3]Tz3) {o}dV  (5.62)

(2) Materaial Stiffness Matrix
Substituting Eq.(5.47) into the first term of the left-hand side of Eq.(5.59), components of

the material stiffness matrix can be expressed as

[Kkme] = /V (IMA]" + [MB]" + [MD,|"z + [MD,]"2* + [MD5]"2%) [C*(¥)]

(IMA] + [MB] + [MD\)z + [MDs]2® + [MDs)z*) dv

/V MAT[C*™ M AJdV + /v (MAT[C*™|[MBdV

+

/V [MB]T[C'™ | M AlaV + /V [MB]T[C*®)[MBlaV

+

/V [MDJT[C!P)2[M AJaV + /V [MD,|T[C®)|2[M BldV

+

/V [MAT[C!®)2[MD,]dV + /V [MB|T[C*™®)2[M D, )dV

+

/V [MD\JT(C*P)2[MD,JdV + /V [MD,]T[C!®)22[M AlaV
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+ /V [MD,]T[C*®))22[MB]dV + A MA]T[C*®)2?[M D,V
+ /V (MB|T[C*)22[M Dy)dV + A [MD\|T[C"®)2 (M DyJdv
+ /V (MDy)T[C'®23(MD\]dV + /V [MD3]T[C'®)z3 (M AV

+ /V [MD3]T([CH¥)3 M BldV + /V [MA]T[C®)z3 (M Dy]av

+

/V [MB|T[C'®]3[MD;)dV + /V [MD,|T[C*®)2*[MD3]dvV
+ /V [MD,]T[C*®)z*(MD,]aV + /V [MD,]T[CH*)]24[M Dy)dV
+ /V [MDy]T[C*¥)5(MDyJdV + /V [MD3]T[C*®)25(M Dy)dv
+ /; [MD3]T[C®)28[M Ds]dv (5.63)
(3) Geometric Stiffness Matrix
Substituting Eqs.(5.48), (5.49), and (5.50) into the last three terms on the left-hand side of
Eq.(5.59), components of the geome:ric stiffness matrix can be expressed as
(Ko™ = /V (IGUIT + [GU[Tz + [GUAT 22 + [GUSIT ) [o]
(IGUo] + [GU\)z + [GUJ2? + [GUS2") dV
+ /V (GVol™ + [GViITz + [GVaIT2 + [GV4IT2Y) [o]
(I6Va] + [GVilz + [GWal2? + [GV3]e?) dV

+ /V [GWo[T [o)dvV

/V (GUIT[o][GUGJdV + /V (GUG|T[0]2(GUL ]V

+

/V (GUIT[0]2(GUsJdV + /V [GUIT[o]22([GULJaV

+

/V [GUT [0]2[GULJdV + /V [GUs|T[0]22[GUo)dV

+

/v (GUIT[0])2*(GUAJV + /v [GUs|T[0]23[GUo)dV

+

/V (GU\T[o][GURJdV + /V (GULIT[0]3[GU AV

+

/ [GU:|T[0]24[GUaJaV + / [GU\|"[0]2*[GUs]dV
\% v
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+

/V (GUs|T (0] [GUJdV + /V (GU,IT [0]23[GUs)dV

+

/ [GUs|T[o]2%(GU AV + / [GU3|T[0]2°[GU3JaV
\% v

+

/V (GVo]T[0][CVoldV + /V (GVo]T[0]2(GVi]dV

+

/ (GVi|T[0)2[GValaV + / (GVoT[0]22[GVa]dV
v \ 4

+

/ (GVa|T[0]2(GVo]dV + / (GVi|T[0]22[GVA]dV
v |4

+

/V (GVo)T[0]3[GVa)aV + /V (GVA|T[0]23[GVo]dV

+

/ (GV|T[0]A[GValdV + / GV [0][GVA]dV
v v

+

/V (GVi|T[0]2*[GV3)dV + /V (GV4|T[0]A[GVA]dV

+

/ (GVa|T[0] 2 [GVR]dV + / GV 0] (GVa]dV
\ 4 v

+

/V [GV3]T[0]25(GValdV + /V (GV4|T[0)25[GV3]dV

+

| [ewalTwliGWoldv (564

(4) External Force Vector

The first term on the right-hand side of Eq.(5.59) can be written in the following form:
/r {6ut} {n}dr = /S (6ukhy + Svkhy + duth, ) dS® (5.65)

where h;, hy, and h, are tractions in the element z, y, and z directions, respectively, and S*
is current top and bottom surface areas. By using Eqs.(5.29), (5.30), and (5.31), components

of the external force vector become
(Fty = / (({XUO}T FXU)T 2+ {(XUT 22 + {XUs}T ) g
sa

+ ({(XV} + {XVi}T 2+ {XVp}T 22 + {XV3}T 2°) hy

+ {xXwy}T h,)dS‘ (5.66)
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Figure 5.1 Shape functions
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Chapter 6

NUMERICAL STUDIES

6.1 Introduction

Following the formulation of using the Generalized Zigzag Theory for large deformation
analysis in the previous chapter, a finite element program named LACOS (LAminated
COmposite Shells) was programmed using FORTRAN. It was then linked to the commercial
software ABAQUS/Standard as a new addition to its element library. This particularly
user-defined element was called "U101", which followed the naming convention required by
ABAQUS/Standard. Several case studies are performed in this chapter. The case studies
are conducted not only to validate the U101 element but also to evaluate the new element
in various applications. The entire chapter is divided into two major parts: linear solutions
and nonlinear solutions.

Linear solutions are acceptable in many structural mechanics problems. Linear problems
that have analytical solutions play a primary role in the validation of a finite element for-
mulation based on a new theory. These linear problems not only help identify programming

errors but also help filter numerical problems such as shear locking.
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Nonlinear solutions in laminated composite analysis occur when structures are either
subjected to large deformation or made of special, laminate stacking-sequences such as
unsymmetric and angle-ply laminates. In the second part of this chapter, both experimental
and analytical cases resulting in nonlinear solutions are examined. All the calculations of

study cases were performed on a HP/C200 workstation with double-precision arithmetic.

6.2 Cross-Ply Laminate Under Cylindrical Bending

As discussed in Chapter 4, the present work is based on the Generalized Zigzag Theory
(ZIGZAG). Since there exists an exact solution for a simply supported, cross-ply laminate
subjected to sinusoidal transverse-pressure, it is the first objective of this study to compare
the theoretical solutions from ZIGZAG with those from other laminate theories. The linear
solutions were presented by Pagano [53] by solving the problem based on a plane strain
assumption. The results are expressed in terms of displacements and stresses through the
laminate thickness.

Among the various laminate theories available, the Interlaminar Shear Stress Conti-
nuity Theory (ISSCT) [32] represents a class of layerwise theories with the total number
of unknown variables dependent on the number of layers. It therefore requires very high
computational time in solving the variables by finite element or other numerical methods.

A third-order shear deformation theory presented by Lo, Christensen and Wu [44, 45]
represents a family of "global” (instead of layerwise) theories that use high-order polynomi-
als to describe the displacement fields through the laminate thickness, namely High-order
Shear Deformation Theories (HSDT). Like ZIGZAG and HSDT, the First-order Shear De-
formation Thgory_(.F_SPm'.If_)__‘also has five unknown variables and has been now commonly

used in commercial software such as ABAQUS, LS-DYNA3D, PAM-CRASH, and RADIOSS
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CRASH. The theoretical solutions to the Pagano’'s problem based on the ZIGZAG, ISSCT,

e

HSDT, and FSDT can be obtained by following the Navier solution procedure using double-

- s N e

Fourier series.

A simply supported, [0/90/0] laminate under cylindrical bending is taken as a case
study. The distributions of in-plane displacement is shown in Figure 6.1 for various laminate
theories. The composite laminate of the length-to-thickness ratio equal to 4 is used in this
study. As shown in the figure, the in-plane displacement distributions are measured at the
end of the laminate. The values are normalized by a factor involving elastic constants,
thickness of laminate, and the intensity of applied pressure. The kinky patterns from
ZIGZAG and ISSCT are clearly illustrated and match with the elasticity solution closely.
The solution from HSDT is a smooth cubic polynomial curve deviating from the elastic
solution. Also shown in the figure is the result from FSDT, which is only a straight line of
a constant slope.

The distribution of the in-plane normal stress through the laminate thickness is depicted
in Figure 6.2. Again, solutions from ZIGZAG and ISSCT follow the elasticity solution
closely, while HSDT gives much smaller values near the interfaces and FSDT detours to the
opposite side of the elasticity solution. It is noted that due to dissimilar material properties
(in the sense of different fiber orientations) between adjacent layers, the in-plane normal
stress distribution is not continuous through the thickness.

The distributions of the transverse shear stress at the laminate end is shown in Fig-
ure 6.3. In this case, ISSCT still matches the elasticity solution very well, while ZIGZAG
gives a continuous distribution with certain inaccuracy. However, the distributions of the
transverse shear stresses from both HSDT and FSDT are discontinuous through the lami-

nate thickness.
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It is clear from the above examples that ISSCT and ZIGZAG present reasonably accurate
results when compared to the linear elastic solutions. However, the results from HSDT and
FSDT are inaccurate, especially in the transverse shear stresses. Although ZIGZAG is less
accurate than ISSCT, it becomes clear that ZIGZAG is a better choice when considering
both numerical accuracy and computational efficiencies.

Remark 6.1
As the ratio of length-to-thickness of a laminate increases, e.g. a thin laminate, the differ-
ence of transverse shear stress between ZIGZAG and elasticity becomes insignificant.

As an example for the above statement, the maximum error for ZIGZAG is 5.4% (shown
in Figure 6.4) for the ratio of length-to-thickness equal to 10, while 30% for the ratio of
length-to-thickness equal to 4.

The above example of cylindrical bending is investigated again by using U101 elements
with a 10x1 mesh. The results in displacements and stresses are compared with the theoret-
ical solutions from ZIGZAG. The purpose of this study is to evaluate the U101 element and
to estimate its feasibility in solving more complicated structural problems where theoretical
solutions can not be obtained.

Shown in Figure 6.5 are the in-plane displacements. Excellent agreements exist between
the finite element results at the integration points and the corresponding theoretical solu-
tions of ZIGZAG. The finite element solution and the theoretical solutions are expressed
by filled circles and a solid line, respectively. Excellent agreement can also be found in
Figures 6.6, 6.7 and 6.8 for comparisons of in-plane normal stress, transverse shear stress

and transverse deflection, respectively.
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[0/90/0] cross-ply laminate

S=L/h =4 sz

L= 2540mm-100|nch

E1r = 6.9 GPa = 1x10° psi -

E2=1725GPa = 25x1o° psi q =Qq,sin(-T)

Gi2 = 3.45 GPa = 0.5x10° psi

Gzs = 1.38 GPa = 0.2x10® psi

Vi2 = V23=0.25

Z=2/h Ei;“q

= = E22u(0,2) L -
h Qo

Figure 6.1 In-plane displacement distribution of a S=4,

[0/90/0] laminate under cylindrical bending
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—— Elasticity

[0/80/0] cross-ply laminate
S=L/h =4

L =254.0 mm = 10.0 inch

E11 = 6.9 GPa = 1x10® psi
E2 = 172.5 GPa = 25x10° psi
Gi2 = 3.45 GPa = 0.5x10° psi
G23 = 1.38 GPa = 0.2x10® psi
Vig = V3 = 0.25

Figure 6.2 In-plane normal stress distribution of a S=4,
[0/90/0] laminate under cylindrical bending
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[0/90/0] cross-ply laminate
S=L/h =4

L = 254.0 mm = 10.0 inch
E1 = 6.9 GPa = 1x10° psi
Ez2 = 172.5 GPa = 25x10P psi q =Qqsin()
Gr2 = 3.45 GPa = 0.5x10° psi
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Figure 6.3 Transverse shear stress distribution of a S=4,
[((/90/0] laminate under cylindrical bending
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Figure 6.4 Transverse shear stress distribution of a S=10,
{0/90/0] laminate under cylindrical bending
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) e U101
ZIGZAG

[0/90/0] cross-ply laminate
S=L/h =4

L=254.0 mm = 10.0 inch

E1 =6.9 GPa = 1x10° psi
Ez=172.5 GPa = 25x1® psi
Gi2 = 3.45 GPa = 0.5x1C® psi
Gaz3 = 1.38 GPa = 0.2x10° psi

Vi2 = vo3=0.25

Z=2Z/h

T = E22u(0, 2)
h Qo

cl

q= QoSin('n[-)

Figure 6.5 Comparison of U101 and the Generalized Zigzag
theoretical solutions of in-plane displacement distribution
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° e U101

ZIGZAG

[0/90/0] cross-ply laminate
S=L/h =4

L= 2540mm-100|nch
Ey1 = 6.9 GPa = 1x10° ps
Ex2=172.5GPa= 25x1o° psi
Gi2 = 3.45 GPa = 0.5x10° psi
G2z = 1.38 GPa = 0.2x108 psi
Vi2 = V23=0.25

10.

15.

Figure 6.6 Comparison of U101 and the Generalized Zigzag
theoretical solutions of in-plane normal stress distribution
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Figure 6.7 Comparison of U101 and the Generalized Zigzag
theoretical solutions of transverse shear stress distribution
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Figure 6.8 Comparison of U101 and the Generalized Zigzag
theoretical solutions of transverse deflection
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6.3 Bending of Rectangular Laminate

The finite element program is next applied to a square plate made of isotropic material and
subjected to uniformly distributed transverse-pressure. Due to the biaxial symmetry of the
structure, only one quarter of the plate was modeled and symmetric boundary conditions
were imposed. Three different mesh densities (2x2, 4x4, and 8x8) were investigated for
convergency. Also, three length-to-thickness ratios (S = a/h = 5,10 and 100) were exam-
ined for §l\1gt’xrh lqulng The normalized, central deflection is summarized in Table 6.1. The
material properties and the method of normalization are also given in the table.
ABAQUS/S4R [2, 3] is a four-node, doubly curved, reduced integration shell element
with hourglass control and is based on the First-order Shear Deformation Theory (FSDT).
The element also considers finite membrane strain and thickness change. As shown in the
previous study, elements based on FSDT do not have correct displacement and stress cal-
culations through the laminate thickness, especially in-plane displacements and transverse
shear stresses. When reasonable transverse stresses are desired, the ABAQUS/S4R element
uses in-plane stresses and equilibrium equations to recover them. The four-node, 28 degree-
of-freedom element formulated by Palazotto and Dennis [55] is a fully integrated element
based on a fourth-order shear deformation theory. Also shown in the table are the closed-
form, Navier solutions generated by Reddy [62]. Reddy’s results were based on a third-order
shear deformation theory. Again, it should be pointed out that recovering techniques for
transverse shear stresses through equilibrium equations have been used by Palazotto and
Dennis and Reddy. It can be seen from Table 6.1 that the difference of transverse deflection
between U101 and Reddy’s closed-form solution is within 1% when an 8x8 mesh is used.
Based on a study of various length-to-thickness ratios, U101 does not present any shear

locking when the thickness of laminate decreases.
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As a second example, the same structure is made of a zero-degree, orthotropic laminate.
By using an 8x8 mesh, the normalized, central deflection and stresses of three length-to-
thickness ratios are shown in Table 6.2. The material properties and normalization factor
are also given in the table. The three-dimensional elasticity solutions were given by Srinivas
and Rao [67]. Reddy's closed-form solutions [62] were also given for comparison. In general,
the solutions from U101 agree very well with the three-dimensional elasticity results.

The difference of the transverse deflection between U101 and three-dimensional elasticity
is within 1%. The results from the Classical Laminate Theory (CLT) are also given in the
table. It is shown that error increases as the length-to-thickness ratio increases because
of the negligence of the shear deformation effect. In other words, CLT is not suitable for
thick composite laminates. The in-plane stress o, is taken at an integration point near
the center of the laminate, while the transverse shear stress oy, is chosen at an integration
point near the laminate boundary. The stresses from U101 do not perform as well as the
transverse deflection when compared with the three-dimensional elasticity solutions. It is
believed that mesh refinement near the stress sampling locations is required because stress
gradients around these regions are very large, especially when the laminate is thin [55]. The
difference is also believed to be due to the fact that the stresses from U101 are recorded at
integration points, not exactly at the boundary.

The next case deals with a simply-supported [0/90/0], rectangular laminate under si-
nusoidal transverse-pressure. The normalized transverse-deflections at the center of the
laminate are summarized in Table 6.3 for four different length-to-thickness ratios. Also
given in the table are material properties, loading conditions, and the normalization factor.
The three-dimensional elasticity solutions were given by Pagano [54]. An 8x8 mesh was

used in the finite element solutions based on U101, ABAQUS/S4R and Palazotto and Den-
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nis [33]. It is observed from Table 6.3 that U101 outperforms ABAQUS/S4R and Palazotto
and Dennis, and even Reddy'’s closed-form solutions at small length-to-thickness ratios. The

superiority diminishes when the laminate becomes thin.
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Table 6.1 Normalized, central transverse-deflection of a simply supported, isotropic,
square laminate under uniform transverse-pressure

S=ah | Mesh | U101 | ABAQUS/S4R | Palazotto & Reddy*
Dennis
2x2 0.0314 0.0450 0.0240
100 4x4 0.0430 0.0446 0.0425
8x8 0.0441 0.0444 0.0443 0.0444
2x2 0.0426 0.0476 0.0461
10 4x4 0.0456 0.0468 0.0466
8x8 0.0464 0.0468 0.0467 0.0467
2x2 0.0500 0.0549 0.0538
5 4x4 0.0525 0.0539 0.0536
8x8 0.0533 0.0536 0.0536 0.0535
* theoretical solutions AY
simply|supported
r -------- e ————— ]
isotropic material : :
E = 68.9GPa T : b4
=10.0 x 10° psi 1 ! ‘é
v =03 §: symmetry : %
a/b=1.0 o ; T > >
uniform pressure = q g 2 g X
nom;alize:i deflection = ll B ‘é’ E @
W:h'E/qa _l_ = E

simply supported
a
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Table 6.2 Normalized deflection and stresses of a simply supported, orthotropic,
square laminate under uniform transverse-pressure

S=a/h
20 10 7.143
u101 10394 686.7 190.6
ABAQUS/S4R 10486 691.4 191.9
W [ Palazotto & Dennis | 10448 | 6898 | 191.7
Reddy* 10450 689.5 191.6
3D Elasticity* 10443 688.6 191.1
CLT* 10250 640.7 166.8
U101 138.9 34.34 17.47
ABAQUS/S4R 1428 35.34 17.81
o | Palazotto & Dennis 144.6 36.12 18.41
Reddy* 1443 36.01 18.34
3D Elasticity* 1443 36.02 18.35
U101 10.23 5.1 3.63
ABAQUS/S4R 10.27 5.12 3.64
1 | Palazatto & Dennis 8.66 5.07 3.70
Reddy* 10.85 5.38 3.81
3D Elasticity* 10.87 5.34 3.73
* theoretical solutions
orthotropic material [0] 1
E,; = 143.62 GPa = 20.83 x 10° psi |
Ezo = 75.43 GPa=10.94 x 10° psi simply|supported
vi2=0.44 7 S R Pl i
Gy, = 42.06 GPa = 6.1 x 10 psi 2 e
Gy = 25.58 GPa =3.71 x 10° psi g !
Gas = 25.58 GPa = 3.71 x 10° psi & -3
a/b=1.0 i 0B | symmetry :
8x 8 mesh 2 > g x
uniform pressure = q £ E : ]
normalized results: € I
W =23.2x10°W,/gh > H
6=0,(00n2)/q = DEE[Ee £ o oo |
simply supported

1=1,(00/2,0)/q A
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Table 6.3 Normalized, central transverse-deflection of a simply supported,
rectangular [0/90/0] laminate under sinusoidal transverse-pressure

S=a/h U101 ABAQUS/S4R Palazotto & Reddy* 3D Elasticity*
Dennis
4 2.742 3.164 2.647 2.641 2.82
10 0.912 0.936 0.864 0.862 0.919
20 0.604 0.613 0.595 0.594 0.610
100 0.503 0.509 0.507 0.507 0.508
* theoretical solutions
[0/90/0] laminate Ay
E,y = 258.6 GPa = 37.5 x 10° psi
Ex» = 10.3 GPa = 1.5x 10° psi
vy2 =0.25 simply|supported
Gi2 =5.2 GPa =0.75 x 10 psi F===TT
Gy3=2.1 GPa=0.3x 10° psi [ 2
8 i 3! - ®
Gz3=2.1 GPa=0.3x 10" psi 2 E £
a =203.2 mm = 8.0 inch §: “E>,. a
b =609.6 mm =24.0 inch o @ ! 2 -
I
8 x 8 mesh =2 symmetry | £ x
sinusoidal pressure = % : | %
qosin[r(x+a/2)/a] sin[n(y+b/2)/b) ! !
normalized defiection = : :
100Wh’E,/ goat e d ] |
simply supported

a
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6.4 Shear Locking

Shear locking is a condition in which the element stiffness is immensely overestimated for any
reasonable mesh density, thus yielding near-zero solutions [68]. It is observed that some fully
integrated, C° shell elements that are based on the First-order Shear Deformation Theory
are vulnerable to the shear-locking phenomenon [80].

Using a straight beam as an example, the deflection of a thin beam should only be
governed by the bending stiffness matrix because the transverse shear deformation is neg-
ligible. However, in the case of shear locking as the beam becomes slender, the traverse
shear stiffness matrix grows in relation to the bending stiffness matrix as a result of enforc-
ing the constraint of zero transverse shear strain. Accordingly, the traverse shear stiffness
matrix acts as a penalty function that yields near-zero transverse-deflection. Even if more
elements are used in this case, every additional element usually brings equal amounts of
degrees of freedom and constraints when the full integration scheme is used. Therefore,
using more elements will not help alleviate the problem. The proceeding arguments can
also be expanded to plate problems.

The U101 element does not have a shear-locking problem. The key reason is that the
Hermite cubic shape functions are used in the Ul0! element to describe the transverse
deflection w. Using the straight beam case as an example again, the U101 element has Aw,
Aw z, and Au, as degrees of freedom at each node; hence, the constraint of transverse shear
strain is imposed on Aw_; and Au, but not directly on the transverse deflection Aw. The
aforementioned case presented in Table 6.1 was used again to verify, to some extent, this
claim. The new length-to-thickness ratio was chosen as 1000 (S=a/h) for the U101 element
via an 8x8 mesh, while the other conditions were kept the same. The result from the U101

element is 98.8% of the theoretical solution by Timonshenko and Woinowsky-Krieger [71].
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6.5 Patch Tests

The patch test was first given by [rons [9, 25]. Many authors have emphasized the impor-

tance of this test (8, 14, 21, 22, 79]. The consensus is as follows.

1. Passing the patch test is a sufficient condition to convergency but not a necessary
condition. Under a convergent situation, the behavior of the real structure can be

reproduced as the size of element decreases.

2. It is important to use irregular element shapes in constructing a patch because one fi-
nite element formulation may pass the patch test in certain special mesh configuration

but not in others.

In the patch test, the elements are assembled in such a way that at least one node
is completely surrounded by elements. In performing the test, a displacement field that
provides an arbitrary state of constant strain, or a consistent nodal loading, is applied to the
boundary nodes. Nodes not on the boundary are neither loaded nor restrained. Solutions
for degrees of freedom of all nodes that are not prescribed are sought, and the strains (or
stresses) in all elements are computed. The element passes the patch test if the resulting
displacements at the internal nodal points correspond with the applied displacement field
and the computed strains and stresses at every point in every element agree with analytical
values to the limit of computer accuracy [14, 21].

As given in Table 6.4, the U101 element passed the membrane patch test. However, the
U101 element did not pass the bending patch test when using the same mesh configuration.
The failure in passing the bending patch test is believed to be caused by the mixed approach
used in the U101 element [55]. That is, the U101 element uses the nonconforming Hermite

cubic shape functions for the variables of Aw, Aw ;, and Aw , while bilinear shape functions
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for the variables of Au, Av, Au;, and Av,. The reason for using the mixed approach is
because Aw needs C! continuity, while Au, Av, Au;, and Av, need only C? continuity. In
the b;mding patch, a pure bending mode is created, either by prescribing rotational degrees
of freedom or by applying bending moments. It is impossible to have zero transverse
shear strain when for example Aw; and Au; are interpolated differently. One way the
problem may be conquered is to reduce the continuity requirement of Aw from C' to C? by
artificially imposing a certain type of constraint on transverse shear strains, e.g. "discrete
Kirchhoff” [21]. The consequence of passing the membrane and failing the bending patch
tests can be also viewed from the convergency point. The convergency is guaranteed for
the U101 element under a membrane loading; however, it may or may not converge under
bending. As can seen in the previous cases and later examples, the U101 element has not

shown any unconvergency problem under bending conditions.



Table 6.4 Results of membrane patch test

coordinates | theoretical solutions | U101 solutions
node | (x . y) (U,v)x10?3 (U,v)x10?
1 (0.04,0.02) | (0.05, 0.04) (0.05, 0.04)
2 (0.18,0.03) | (0.195, 0.120) (0.195, 0.120)
3 (0.16, 0.08) | (0.200, 0.160) (0.200, 0.160)
4 (0.08, 0.08) | (0.120, 0.120) (0.120, 0.120)

linear, elastic material

E11 =1.0x 106
vi2 =0.25
h =0.001

at all exterior nodes:
U=103x +y2)
V=10%y + x2)

at all nodes:

W=0

AY

[}
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6.6 Large Deflection Effects in Unsymmetric Cross-ply Com-

posite Laminates

Due to the existence of bending-stretching coupling, nonlinear deflection occurred even
when an unsymmetric composite laminate is under a small loading. Sun and Chin [70]
presented some theoretical solutions for an unsymmetric cross-ply laminate subjected to
uniform transverse-pressure. Their analysis was based on the Kirchoff-Love hypothesis, in
which the effects of transverse shear deformation were not taken into account. They also
used a large deformation theory in von Kérman sense. Accordingly, a special, linear ordinary
differential equation with constant coefficients was solved using a plane strain assumption
for a laminate under a pin-pin boundary condition.

The relation between the uniform pressure and the normalized, maximal transverse-
deflection is shown in Figure 6.9 for a length-to-thickness ratio S of 225. The uniform
pressure ranges from 0 to 68.95 kPa (10 psi). The theoretical solution of Sun and Chin
is illustrated as a solid line. The solutions from U101, ISSCT (Interlaminar Shear Stress
Continuity Theory [32]), and ABAQUS/S4R are all based on the finite element analysis of
because the effect of transverse shear deformation can be neglected in the thin laminate. It
is also noticed that the solutions from a positive loading and a negative loading are different.
In addition, the in-plane total reaction force at the pinned end is calculated and shown in
Figure 6.10. Again, because a large S of 225 is used, good agreements are found among all
solutions.

The same structure was subjected to higher pressure of up to 6.89 MPa (1000 psi). The

relations between the uniform pressure and the normalized transverse-deflection are shown
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in Figure 6.11. It is noted that the results split into two groups when the pressure is higher
than 2.76 MPa(400 psi). The results from U101 and ABAQUS/S4R are in one group, while
the rest are in the other. The largest difference in transverse deflection between the two
groups is about 2.6% when the pressure is 6.89 MPa (1000 psi). This result may be due to
the use of different large deformation theories. It is noted that U101 and ABAQUS/S4R
use an updated Lagrangian approach, while both ISSCT and Sun and Chin use a total
Lagrangian approach with von Kdarmadn nonlinear strains, which is a simplied version of the
full-term Green strains. The difference among the curves from the negative loading is not
noticeable.

The next study investigates a similar structure with a smaller length-to-thickness ratio
S, i.e. 11.25. The uniform transverse-pressure ranges also from 0 to 6.89 MPa (1000 psi).
This loading is in fact small because the laminate is " thicker” now. The purpose of this study
is to examine the effect of transverse shear deformation. It can be seen from Figure 6.12
that the transverse deflection from Sun and Chin is smaller than the rest of the theories
that consider transverse shear deformation. The difference can be as much as 27.5% at a
positive loading of 6.89 MPa (1000 psi). Some interesting observations can be found from
the same case for the in-plane, total reaction force shown in Figure 6.13. When the loading
is positive, the reaction force remains negative. Until the the loading reaches 3.45 MPa
(500 psi), the reaction force starts to increase positively. It eventually becomes positive.
A negative reaction force in this study actually indicates that the laminate pushes the end
supports instead of pulling them.

The last set of curves are given in Figure 6.14 in which a positive transverse-pressure
of 68.95 kPa (10 psi) is applied to the same structure using various length-to-thickness

ratios (S=L/h). The largest transverse-deflections from all finite element formulations are
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normalized by the corresponding theoretical results from Sun and Chin. By doing so, the
results of Sun and Chin are actually a horizontal line of 1.0 in Figure 6.14. Again, due to
the effect of transverse shear deformation, larger transverse-deflections were found in U101,
ISSCT, and ABAQUS/S4R for thicker laminates. However, these results approach Sun and

Chin’s solution as the laminate becomes thinner.
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6.7 Comparison of Laminates Under Large Deformation with

Experimental Data

There are very few articles in the literature that investigate laminated composites under
large bending-deflection using experimental approaches. The tests done by Zaghloul [74]
and Kennedy (76, 77] in the early 70s presented some expermental data for symmetric
and unsymmetric laminates subjected to large transverse-deflection. The symmetric and
unsymmetric laminates were made of an epoxy matrix and unidirectional glass fabrics by
a hand-lay-up process. Both clamped and simply-supported boundary conditions were
performed in the tests. A uniform, transverse air-pressure was also applied to both square
and rectangular laminates placed in an air chamber. The maximal transverse-deflection at
the center of the laminate was measured with a mechanical dial-gauge.

In addition to the experimental work, Zaghloul and Kennedy also presented a simple
phenomenological method (74, 75] to determine the laminate constants from the properties
of fiber and epoxy. The calculated constants were then employed in a set of governing
nonlinear equations, which were then solved by a finite difference technique. The governing
equations were based on a plain stress condition and also accounted for the Kirchhoff-Love
hypothesis and von Kérmadn nonlinear strains.

Three studies were performed using U101 and ABAQUS/S4R with a 12x12 biaxially
symmetric mesh. The first study was for a square [60]4 orthotropic laminate with clamped
boundaries. The maximal transverse-deflections (normalized by the laminate thickness)
and the setup of the study are shown in Figure 6.15. It is found that the transverse
deflection from U101 is about 6% less than the experimental data at 13.8 kPa (2 psi), while

ABAQUS/S4R is about 9% less.
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The second study is for a square [0/90]; laminate with simply supported boundaries. The
results of the normalized, central deflection are depicted in Figure 6.16. In addition to U101
and ABAQUS/S4R, the numerical results obtained by Zaghloul using the aforementioned
finite difference method is also presented. Again, all the numerical results tend to have
less deflection than the experimental data. At 7.6 kPa (1.1 psi), the central deflection of
ABAQUS/S4R is 6.5% less than that of the experimental data, followed by U101 8.0% less,
and Zaghloul's 13.6% less. As mentioned above, Zaghloul's formulation was based on the
Kirchhoff-Love hypothesis, which did not consider transverse shear deformation.

The third study is for a square [—604/604] laminate with clamped boundaries. By
following the same setup as used in Figures 6.15 and 6.16, the normalized, central deflections
are shown in Figure 6.17, in which ABAQUS/S4R and U101 have 7.2% and 9.5% less
deflections than the experimental data, respectively.

In establishing the comparison between the experimental data and the numerical results,
the testing setup and specimen fabrication should be carefully examined and their differences
should be identified. Although Zaghloul [74] gave quite detailed descriptions regarding the
testing setup and specimen fabrication, there were some unclear aspects. For example, there
were not enough details to support that the boundary conditions used in the numerical
analysis could truly represent those used in the experiments. Besides, the accuracy of
air-pressure measurements in the experiment was unknown. With these issues in mind,
the numerical results within 90% accuracy of the experimental data should be considered

satisfactory.
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Chapter 7

CONCLUSIONS AND

RECOMMENDATIONS

7.1 Conclusions

This thesis shows the problem-solving methodology improving the accuracy and efficiency of
the finite element simulation of composite laminates under large deformation. An updated
Lagrangian approach is employed to analyze structures subjected to large deformation using
the rgte—of-deformation tensor and the Truesdell rate of Cauchy stress. The Generalized
Zigzag Theory (ZIGZAG) presented by Li and Liu [38] is used to account for the laminated
composites. Although it can provide excellent linear solutions, ZIGZAG has never been
used for finite element formulation. Furthermore, there has never been an attempt to
combine the updated Lagrangian approach and any Zigzag Theories for large deformation
of laminated composites.

The conclusions of this thesis are listed below:

1. A general procedure of deriving the governing equations for structures undergoing

98
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large deformations (large rotations and large strains) was established. The procedure
was an updated Lagrangian approach, which utilized the Truesdell rate of Cauchy
stress tensor and the rate-of-deformation tensor. This procedure was general enough

that it was not limited to any specific type of displacement fields.

. A set of incremental displacement components was successfully derived from the Gen-
eralized Zigzag Theory (ZIGZAG). Although the theory described the displacements
of laminated composites layer by layer, the total number of unknown variables re-

mained constant, i.e. independent of layer number.

. Based on the ZIGZAG, a four-node shell element (designated as U101) was formulated.
It had seven degrees o;' fre%lém at each nocie. The kinky in-plane displacements
through the laminate thickness could be naturally displayed. All stress calculations
were based on constitutive equations. The transverse shear stresses were continuous
through the laminate thickness; no shear correction factor was necessary, and no

recovering process through equilibrium equations was required.

. An innovative method of constructing the Jacobian matrix was demonstrated. The
Zigzag Jacobian provided a consistent way of describing both kinematics and geometry

within each element.

. Extensive benchmark problems were presented by using the U101 element. The pur-
pose of the studies was to investigate the performance and to gauge the accuracy of
the element. The element gave excellent convergency and accuracy in problems that
dealt with isotropic and laminated composites under linear and nonlinear deforma-
tions. In addition, the element offered reasonable agreement with some experimental

data without any shear locking problem. Although it did not pass a bending patch
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test, there was no sign of convergency problems.

7.2 Recommendations

To bring the U101 element presented herein to more complete fruition, the following topics

are recommended for future studies:

L.

.C!\

Lower continuity requirement for transverse displacement Aw: Instead of using the
C! Hermite cubic shape function, one may want to use only the C° continuity shape

function for Aw. The use of shape functions of the same order for all degrees of

freedom seems to be more consistent in logic.

Damage models for delamination analysis: Delamination is a primary damage mode
in laminated composites. Implementation of a damage model capable of identifying

delamination is critically important to laminated composite analysis.

Buckling and post-buckling analyses: Improving the buckling resistance is a challenge
task in designing shell-type composite structures. A standard set of benchmark prob-
lems should be given to evaluate the capability of the U101 element in buckling and
post-buckling analysis. The inclusion of a damage model into the U101 element is a

prerequisite in this study.

A selectively reduced integration scheme: The U101 element uses a four-point Gauss-
Legendre integration scheme. If the number of integration points can be reduced while

the degree of accuracy is maintained, the computation time can be greatly shortened.

Triangular element: For a composite structure with irregular boundaries, triangular

elements are better than rectangular elements in describing the boundaries.
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6. Dynamic analysis: Impact response is an important concern in laminated composite

analysis. Dynamic analysis is necessary when inertia effect has to be considered.

7. Independent finite element program: The U101 element is currently implemented
as a subroutine in ABAQUS/Standard. Every time the program is to be executed,
the FORTRAN subroutine needs to be compiled and linked to the main code. This
process is very time consuming. Besides, the utilization of data storage space is not
optimized. If the element is to become more versatile, a stand-alone program would

be desired.
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APPENDIX A

CONSISTENT LINEARIZATION

The meaning of consistent linearization here is to use a systematic process to obtain linear
approximation of a set of nonlinear equations within a small neighborhood of some known
approximate solution to the nonlinear problem.

Let us consider the motion of a material(in this case, it is also equal to the mesh motion)

is given by
z; = Xi + vy, (A.1)
and the new motion is
it =zl + Ay ATE
e,
= X;+u!+Au,, (A.2)

in which the superscript v is interpreted as the increment "counter”.

Now consider an abstract nonlinear function, F, of components of a vector field ;r;"”,

that satisfies the following nonlinear equation

Fzth) =0 (A.3)

102



103

Assuming that F (xf‘“) is sufficiently smooth (i.e. differentiable) in the neighborhood of a

given (known) "point”, z}, it may be expanded in a Taylor series about z! to obtain

\/1 A A

F(zl*tl)y = F(z!) + %f(:r;’ + eAu,) + R(z}) (A.4)
0

€=
in which the sum of first two terms of the right hand side of Eq.(A.4) is the linearized part
of F and it is a measure of the rate of change of F in the direction of Au; at the point .
And R is the remaining higher order term, which by Taylor's theorem vanishes faster than
the linearized part as Au; — 0. € is a scale parameter. Denoting the second right-hand-side
term by

(Pl ¥ ZFG +etu) 4l

e=0

By neglecting the R term and employing Egs.(A.3), (A.4) and (A.5), we obtain the following

linear approximation (locally) to the original nonlinear problem - Eq.(A.3)

~L[Fley = F(a}) R )

\

where the only unknown is Ay, all other quantities being evaluated at the known reference
point 7.

Iterative use of Eqs.(A.6) and (A.2) may be identified with the Newton-Raphson solution
algorithm, where Eq.(A.6) is used to computer the iterative change (Au;) and Eq.(A.2)
updates the solution between increments. To simplify subsequent writing, the subscript z

is dropped with an understanding that
LIF) = C[Flay (A7)
The following few examples of L[F] will be helpful for the later derivation.

1. the deformation gradient, F;; = dz;/9X],

. __i 8(.1:}’+6Au,-)} _ 0Auy,
L[Fj] = de{———ax,- o= DX, (A.8)
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2. the Jacobian, J = det (Fj;),

_d a(z; + eAu,)) }
v = de {det( 9X; €=0
= J'Au;;
. aAu,‘ (Ag)
69:5
3. inverse of the deformation gradient, F};l,
FF'=1
LFJF' +FL[F!]=0
L[F = -FIL[F)F! (A.10)
Therefore, the components of L[F~!] are:
0Au
-1 _ -1 k -1
LF;']=-Fy ax, [ (A.11)



APPENDIX B

SOME SPECIAL MATRICES

FOR FINITE ELEMENT

FORMULATION

[XUyp] is a 1 by 28 vector and its non-zero components are listed as follows, for i = 1,2,3,4:

XUp(1,7 - 1) +1) = N,
XUo(1,7(i — 1) +3) = Sk (M, /0z)
XUp(1,7(i — 1) +4) = SN,

XUp(1,7(i — 1) +6) = Sk (8Mi/01)

XUo(1,7(i = 1) +7) = S%(0H:3/0z)
[XU,] is a 1 by 28 vector and its non-zero components are listed as follows, for i = 1,2,3,4:

XUL(1,7(i = 1) + 3) R (041 /02)

XU (1,7 — 1) +4) REN;
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XUy(1,7(i = 1) +6) = R} (OH.2/9z)

XU (1,7(i = 1) +7) Rk (OH.3/9z)

[XU3] is a 1 by 28 vector and its non-zero components are listed as follows, for i = 1,2, 3, 4:

XUy(1,7Gi = 1) +3) = Ay (dHa/0x)
XUy(L,7(i —1) +4) = AN

XUp(1,7(i = 1) +6) = Ag(8Hs2/dz)
XUy(1,7G - 1) +7) = Ay (dHiz/0z)

[XUs) is a 1 by 28 vector and its non-zero components are listed as follows, for ¢ = 1,2,3,4:

XUs(1,7(i = 1) +3) = By (9H/0z)
XU3(1,7(1'—1)+4) = BN
XUs3(1,7(i — 1) +6) = By (dHi2/0z)

XU3(1,7G - 1) +7) = By (dHs3/0z)

[XVp] is a 1 by 28 vector and its non-zero components are listed as follows, for ¢ = 1, 2,3, 4:

XVo(1,7G-1)+2) = N;

XVo(L,7( - 1)+3) = Pf(9Hi/dy)
XVo(1,7G-1)+5) = PEN;

XVo(1,7(i — 1) +6) = Pf(FHi2/dy)
XVo(L,7G—1)+7) = PF(Hi3/y)

[XV1] is a 1 by 28 vector and its non-zero components are listed as follows, for : = 1,2, 3, 4:

XVi(L7G-1)+3) = Of(dH./dy)
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XVi(L,7(i - 1) +5) = OfN,

]

XVi(1,7(i — 1) +6) Ok (3Hi2/ By)

XVi(L,7G = 1) +7) Of (IM.3/8y)

[X V5] is a 1 by 28 vector and its non-zero components are listed as follows, for i = 1,2,3,4:

XVo(1,7: = 1) + 3) Ca (01 /0y)

XV2(1,7(1—1)+5) = C\N;

XVa(1,7 - 1) +6) = C;(0Hi2/dy)

XVo(1,7(i = 1) + 7) C> (0Hi3/3y)

[XV3] is a 1 by 28 vector and its non-zero components are listed as follows, for i = 1,2,3,4:

XV3(L,7(: = 1) +3) = D(9H./dy)
XV3(1,7(1— 1) +5) = D\N;

XV3(1,7(1 = 1) +6) = D2 (3Hi2/3y)

XV3(L,76-1) +7) D, (0Hi3/0y)

[XW)] is a 1 by 28 vector and its non-zero components are listed as follows, for i = 1,2, 3, 4:

XWo(1,7: - 1)+3) = Ha
XWo(L,7(: = 1) +6) = H;2
XWo(1,76-1)+7) = His

[MA] is a 5 by 28 matrix and its non-zero components are listed as follows, for i = 1, 2,3, 4:

MA(1,7G = 1) +1) = ON;/dz

MA(L,7G - 1) +3) = S (8°Ha/92)
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MA(1,7(i - 1) +4) = S¥(AN,/dr)

MA(L7( - 1) +6) = Sf(6°Hip/32%)

MA(LTG-1)+7) = Sf(8°His/0s?)

MA@2,7(i 1) +2) = ON,/dy

MAR,7G - 1) +3) = P§(6°Ha/0y?)

MA(@2,7(i - 1) +5) = Pf(ON,/dy)

MAQ2,7(i - 1) +6) = Pf(°Hi/0y?)

MAQR,7(i-1)+7) = P} (6°His/y?)

MA@B,7(i —1)+1) = ON;/dy

MA@3,7(i —1)+2) = 8N,/dz

MAB3,7(i 1) +3) = Sf(8*Hu/928y) + Pf (68*Hu/0z0y)

MA@3,7(i — 1) +4) = SF¥(3N;/dy)

MA@3,7(i—1)+5) = Pt(dN,;/0z)

MA3,7(i - 1) +6) = S§(8Mi/3z8y) + Pf (0*Hiz/0z0y)

MA@B3,7G6i-1)+7) = Sk (827{,'3/6:56;1) + Pk (827{.'3/6:1:6;/)
[MB] is a 5 by 28 matrix and its non-zero components are listed as follows, for i = 1,2, 3, 4:

MB(4,7(i — 1) + 3) (0f +1) (9H.1/8y)

MB(4,7(i — 1) +5) = OfN;
MB(4,7(i-1)+6) = (Of +1)(3H./3y)

MB4,7(i = 1) +7)

(0% +1) (8H.a/3y)
MB(5,7(i — 1) +3) = (Rg+1)(a%u/az)

MB(5,7(i —1) +4) = R!N;



MB(5,7(i — 1) + 6)

MB(5,7(i = 1) +7)

MD\(1,7G — 1) + 3)
MDy (1,7 — 1) +4)
MD(1,7(i — 1) + 6)
MD\(1,7(i = 1) +7)
MD, (2,7 — 1) + 3)
MDy(2,7(i — 1) +5)
MDy(2,7(i — 1) +6)
MD\(2,7(i — 1) +7)
MDy(3,7(i — 1) + 3)
MD,(3,7(i — 1) + 4)
MD,(3,7(i — 1) +5)
MDy(3,7(i — 1) + 6)
MD,(3,7Gi = 1) +7)
MD;(4,7(i — 1) + 3)
MD,(4,7(i — 1) +5)
MD, (4,7 — 1) +6)
MD\(4,7(i — 1) +7)
MD,(5,7(i — 1) + 3)

MD,(5,7(i — 1) +4)

]
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= (Rb+1) (Ha/o0)

= (Rff + 1) (OHi3/0x)

[MD,] is a 5 by 28 matrix and its non-zero components are listed as follows, for: = 1,2,3,4:

RS (8°H.1/02?)

R (BN;/9z)

R} (6°H.o/02?)

RS (8*His/02%)

0% (*Ha/5y")

O (9N:/dy)

0} (*Ha/0y?)

0% (His/y?)

(Rz + Op) (8*Hi1/02y)
R, (3N;/dy)

0, (8N;/dz)

(Ry + Og) (9*Miz/9zy)
(Rz + Op) (8Mi3/Ozdy)
2C; (FHi/9y)

2C\N;

2C2 (0Mi2/ )

2C; (IHi3/9y)

242 (IH;1/0x)

2AN;

| gre——y



MD,(5,7(i — 1) +6)

MD\(5,7(i — 1) + 7)

MDy(1,7(i — 1) + 3)
MDy(1,7(i — 1) + 4)
MDy(1,7(i — 1) +6)
MDy(1,7(i - 1) + 7)
MDy(2,7(i — 1) + 3)
MDy(2,7(i — 1) + 5)
MDy(2,7(i — 1) + 6)
MDy(2,7(i - 1) + 7)
MDy(3,7(i — 1) + 3)
MDy(3,7(i — 1) + 4)
MDy(3,7(i — 1) + 5)
MDy(3,7(i — 1) + 6)
MDy(3,7Gi - 1) + 7)
MDy(4,7(i — 1) + 3)
MDy(4,7(i — 1) + 5)
MDy(4,7(i — 1) + 6)
MDy(4,7Gi — 1) +7)
MDy(5,7(i — 1) + 3)

MDo(5,7(i — 1) + 4)
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2A; (0Mi2/01)

24, (0M3/0x)

[MDs] is a 5 by 28 matrix and its non-zero components are listed as follows, for i = 1,2, 3, 4:

A (8*Hi/02?)

A, (BN, /8z)

N Ca
(

C (327'1.'1/3!/2)

A (8*Hiz/02?)

C1 (dNi/dy)

C» (8*Hia/By?)

C, (a?u,-a/af)

(A2 + Cy) (M /0zdy)
A, (ON;/dy)

C1 (8N;/dz)

(A2 + C2) (8*Hin/0zy)
(A2 + C») (827{;3/8261;)
3D (9M1/By)

3D\N;

3D2 (9Hi2/ By)

3D, (0Hi3/y)

3B, (FHi1/0z)

3B\ N;
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MD,(5,7(i — 1) + 6) 3B, (0H 2/ 0x)

MD2(5, 7(i -1)+7) = 3B, ((97{,3/31,')
[M Dj] is a 5 by 28 matrix and its non-zero components are listed as follows, fori = 1,2, 3, 4:

MDy(1,7(i = 1) +3) = By (0°Ha/0z?)
MD3(1,7Gi— 1) +4) = B, (8N;/dz)
MDy(1,7(i — 1) +6) = By (8°Hin/0s?)
MDy(1,7i - 1) +7) = 32(627-1,-3/6:::2)
MD3(2,7(i - 1) +3) = D, (8°Ha/dy?)
MD3(2,7(i - 1) +5) = D, (3N;/dy)
MD3(2,7(: - 1) +6) = D, (0°Hi/3y?)
MDy(2,7(i - 1) +7) = Dy (8*His/3y?)
MD;(3,7(i = 1) +3) = (B + D) (0*Ha/dzdy)
MD3(3,7(i— 1) +4) = B, (9N;/dy)
MD3(3,7(i— 1) +5) = D, (dN;/dz)
MDy(3,7(i — 1) +6) = (B, + Dy) (9*Hia/Bzdy)

MD3(3,7Gi —1)+7) = (Bz+ Dy) (827{.-3/3:583/)
[GUy] is a 3 by 28 matrix and its non-zero components are listed as follows, for i = 1,2, 3, 4:

GUy(1,7(1 = 1) +1) = ON;/oz

GUp(1,7(: — 1) +3)

Sk (827{;'1/ 31:2)
GUy(1,7(i — 1) +4) = S¥(ON;/dz)

GUo(1,7(i = 1) +6) = S§ (8°Hir/05?)



GU(1,7(i = 1) +7)
GUy(2,7(i = 1) +1)
GUo(2,7(i — 1) +3)
GU(2,7(i — 1) +4)
GUo(2,7(i — 1) +6)
GUN(2,7(i — 1) +7)
GUo(3,7(i — 1) + 3)
GUo(3,7(i — 1) +4)
GUy(3,7(i — 1) + 6)

GUo(3,7(i — 1) +7)

GUL(1,7(i — 1) +3)
GU\(1,7(i — 1) +4)
GU\(1,7(i — 1) +6)
GU\(1,7(i = 1) +7)
GU(2,7(i — 1) +3)
GU\(2,7(i — 1) +4)
GU,(2,7(i — 1) +6)
GU\(2,7(i —1) +7)
GU\(3,7(i — 1) +3)
GU\(3,7(i — 1) +4)

GU\(3,7(i — 1) +6)
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5% (8*Hi3/02?)
AN, /3y

Sk (am,l /zdy)
St (ON:/dy)

5% (9*Hin/0zdy)
S% (9*Mia/0zdy)
Rj (0H;1/0z)
REN;

R} (9H:2/0z)

R} (0Hi3/0z)

[GU,] is a 3 by 28 matrix and its non-zero components are listed as follows, for i = 1,2, 3, 4:

RS (0°H:1/02)
RY (0N;/z)

RE (327{,'2/31:2)
RS (0*Hi3/027)
RS (8°H:1/020y)
R (ON:/dy)

RS (0*Hiz/020y)
RS (8°His/02y)
24, (9M1/3z)
24, N

242 (OMi2/0x)
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GU.(3,7(i — 1) +7) = 2A,(0H.3/0z)
[GU,] is a 3 by 28 matrix and its non-zero components are listed as follows, for i = 1,2,3, 4:

GUy(1,7(i = 1) +3) = A, (ai"u.~l /6%
GUx(1,7(i - 1) +4) = A, (AN,/dz)
GUy(1,7(i = 1) +6) = A (827'[;‘2/3:1:2)
GUy(L7(i = 1) +7) = Ay (8*Hiz/02?)
GUx27(i 1) +3) = Ay (8*Hi1/0zdy)
GUx(2,7(i — 1) +4) = A, (3N;/dy)
GUy2,7(i — 1) +6) = Ay (8*Hi/9zdy)
GUx(2,7(i = 1) +7) = A (621{,-3/62:63/)
GUy(3,7(i —1) +3) = 3B, (dMi1/0z)
GUy(3,7(i —1) +4) = 3B,N;
GUy(3,7(i — 1) +6) = 3B;(8Hi2/dz)

GU3(3,7(1 — 1)+ 7) = 3B, (9Hi3/0z)
[GUs3] is a 3 by 28 matrix and its non-zero components are listed as follows, for i = 1,2, 3, 4:

GUs(1,7(i = 1) +3) = B, (8*H.1/0s?)
GUs(1,7(i = 1) +4) = B, (8N;/0z)

GUs(1,7(i = 1) +6) = B, (3271,'2/32:2)
GUs(1,7i = 1) +7) = B, (82%,-3/33:2)
GU3(2,7(i = 1) +3) = B, (827{,'1/61:0y)

GU3(2,7(: = 1) +4) = B (ONi/dy)
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GUs(2,7(i = 1) +6) = B, (0*H./0zdy)

GU2.7(i~ 1) +7) = By (0°Hiz/0dy)

[GV) is a 3 by 28 matrix and its non-zero components are listed as follows, for i = 1,2,3, 4:
GW(1,7(: —-1)+2) = 0N;/oz

GW(1,7:1-1)+3) = sz (827{.'1/33:33;)

GVo(1,7(i — 1) +5) = PF(dN;/dz)

GVo(1,7(i - 1) +6) = Pk (a"'u.-g/azay)
GVo(1,7(i = 1) +7) = Pf (9*Mis/0zdy)
GVo(2,7(i — 1) +2) = ON;/dy
GVo(2,7(i—1) +3) = P2"(821-t.~1/6y2)
GVo(2,7(i = 1) +5) = P (3N;/dy)
GVo(2,7(i = 1) +6) = Pf(8*Hi/dy?)
GVo(2,7(i-1)+7) = Pf(8*His/dy?)
GVo(3,7(i — 1) +3) = Of (dHi1/dy)
GVo(3,7(i — 1) +5) = OFN;
GVo(3,7(i — 1) +6) = Of (3Hi2/dy)

GVo(3,7(i = 1) +7) = Of (9Mi3/dy)
[GV1] is a 3 by 28 matrix and its non-zero components are listed as follows, for i = 1,2, 3, 4:

GVi(1,7(: - 1) +3)

o% (827{.'1/ 3:1:2)

GVi(1,7(i — 1) + 5) O* (8N;/oz)



GVi(1,7(i — 1) + 6)
GVi(1,7( = 1) +7)
GVi(2,7(i — 1) +3)
GVi(2,7(i — 1) + 5)
GVi(2,7(i — 1) + 6)
GVi(2,7(i — 1)+ 7)
GVi(3,7(i — 1) + 3)
GVi(3,7(i — 1) + 5)
GVi(3,7(i — 1) + 6)

GVi(3,7(i — 1) +7)

GVa(1,7(i — 1) + 3)
GVa(1,7(i — 1) + 5)
GVa(1,7(i — 1) + 6)
GVa(1,7(i = 1) +7)
GVa(2,7(i — 1) + 3)
GVa(2,7(i — 1) + 5)
GVa(2,7(i — 1) + 6)
GVa(2,7(i = 1) +7)
GVa(3,7(i — 1) + 3)
GVa(3,7(i — 1) + 5)

GVa(3,7(i — 1) + 6)
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0% (8*H./01?)
0% (8*H.s/0s?)
0% (8*H. /0y?)
Of (0N, /)

0% (9*Ha/0y?)
0% (8*H.a/0y?)
2C, (OHi1/8y)
2C, N,

2C, (9Mi2/By)

2C, (0M43/By)

[GV;] is a 3 by 28 matrix and its non-zero components are listed as follows, for i = 1,2, 3, 4:

C; (8*Hi1/0xdy)
C\ (8N;/8z)

C; (0*Hin/0xy)
C; (8*Hia/0zy)
C (8*Ha/3y?)
C\ (3N;/dy)

C; (8*H./0y?)
C; (8*His/0y?)
3D, (9Hi1/3y)
3D, N,

3D (0H2/0y)
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GW(3,7(: - 1) +7) = 3D,(0M.3/3y)
[GV3] is a 3 by 28 matrix and its non-zero components are listed as follows, for i = 1,2,3, 4:

GV3(1,7(i = 1) +3) = D (627{,'1/6::33/)
GVs(1,7(i —1) +5) = D, (dN;/dz)

GV3(1,7(i = 1) +6) = Dy (3Hi/dz0y)
GVi(L,7i = 1) +7) = Dy (827{;3/8:1:834)
GV3(2,7(i - 1) +3) = D, (8*Ha/dy’)
GVa(2,7(i — 1) +5) = D, (8N;/dy)

GV3(2,7(i — 1) +6) = D (PHi/5y?)

GVa(2,7(i—1)+7) = Do (8*His/0y?)
[GWy] is a 3 by 28 matrix and its non-zero components are listed as follows, fori = 1,2,3,4:

GWo(L,7(i = 1) +3) = 0Ha/0z
GWo(1,7(i — 1) +6) = OMip/0z
GWo(L,7(i — 1) +7) = OHis/0z
GWo(2,7(i — 1) +3) = 8Ha/dy
GWo(2,7(i — 1) +6) = OHyp/dy

GWo(2,7i —1)+7) = OH3/0y



APPENDIX C

TRUESDELL INCREMENTAL

CONSTITUTIVE EQUATION

Combining Egs.(2.16) and (2.23), we obtain

t v
Vo;; = 055 +0};Aupk — 0jjAujy

+ Aui'la}’j + ngazj - Uzlkaj (C.1)
Using Eqgs.(3.28) and (4.8), Eq.(C.1) can be expressed as

C’fjk,Au(k,” = Cijulugy) + ofjAugx — ofAujy
- 05 AU + Auj ok + oA )
= Cijulugy) + 0;Aug g — 0y Aujy — 05 Auyy
+ % (a}’kAuU,k] + a}’kd‘kAuU,q) + % (a;’kAu[,-,k] + a;kék,Au[i’q)
= Cijulugy + oszuk,k - oplu; — UflAui,l
+ % (of‘AuU,[] + U;‘AU[,‘J] + Ukau{j’k] + U}JkA“[x.k})

= C,‘jk(Au(k,,) + U%Auk,k - O'HAUN - a}’,Auu
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+ %(a}',AuN — ogAuy; + 0 Auyy — 05 Auy

+ 0 Aujk — 0y Aug j + 05 Ak — 0 Aug,)

= C,jk(Au(k'[) + UZAuk,k + %(—a}’,AuN - a;"AujJ
- oulujk — 0jAuix) + %(oﬂAuﬂ — oAy ;

+ 0jAuy — ojAu; + 05 Aujk — o Aug

+ 0jkAux — o Aug )

= Cijulugy) + ‘;‘U:}j‘skl (Aug, + Aug)

_ ! (a}’,,Auj,k + opQu; + a;-’kAu,-,k + a;?,Aul'g)

4

1
- Z (a:-’kAuk,j + O';JIAUJ"[ + a;-’kAu;,,.- + U}lAu,"[)

= CijuiAuy) + 0,;00Auk )

1
-2 (0':',,5]-[ +oydik + 0;-’,‘5‘-( + 0';’45.',;) (Augg + Augy)

= Cijulu ) + 070k Au k)

1
= 5 (%t + otidk + ohudu + oYdix) Auge (C2)
Therefore, we obtain
Ciimi = Ciju+0}ibu

1
= 5 (it + olidie + ohudu + 0%dix) (C.3)



APPENDIX D

ABAQUS/Standard

CONVERGENCY CRITERIA

D.1 The Solution of Nonlinear Problems

While the commercial program ABAQUS/Standard is still evolving, the objective of this
chapter is to document the convergency criteria used in the current thesis. The description
of convergency criteria is reproduced from ABAQUS/Standard User’s Manual (2] Sec.8.2.1.
ABAQUS/Standard (ABAQUS in subsequent writing) uses a direct, Gauss elimination
method to solve a system of simultaneous linear algebraic equations. Usually, many sets of
simultaneous linear algebraic equations must be solved to obtain nonlinear solutions.

The nonlinear load-displacement curve for a structure is shown in Figure D.1. The
objective of the analysis is to determine this response. In a nonlinear analysis the solution
cannot be calculated by solving a single system of nonlinear equations, as would be done in
a linear problem. Instead, the solution is found by specifying the loading as a function of

time and incrementing time to obtain the nonlinear response. Therefore, ABAQUS breaks
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the simulation into a number of load increments and finds the approximate equilibrium
configuration at the end of each load increment. Using the Newton-Raphson method, it
often takes ABAQUS several iterations to determine an acceptable solution to each load

increment.

D.2 Steps, Increments, and Iterations

1. The time history for a simulation consists of one or more steps. The user defines
the steps, which generally consist of an analysis procedure option, loading options,
and output request options. Different loads, boundary conditions, analysis procedure

options, and output requests can be used in each step.

2. An increment is part of a step. In nonlinear analyses each step is broken into in-
crements so that the nonlinear solution path can be followed. The user suggests the
size of the first increment, and ABAQUS automatically choose the size of the sub-
sequent increments. At the end of each increment the structure is in (approximate)

equilibrium and results are available for writing to the restart, data, or results files.

3. An iteration is an attempt at finding an equilibrium solution in an increment. If
the model is not in equilibrium at the end of the iteration, ABAQUS tries another
iteration. With every iteration the solution that ABAQUS obtains should be closer
to equilibrium; however, sometimes the iteration process may diverge - subsequent
iterations may move away form the equilibrium state. In that case ABAQUS may
terminate the iteration process and attempt to find a solution with a smaller increment

size.
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D.3 Convergency

Consider the internal (nodal) forces, I, and the external force, P, acting on a body. The
internal load acting on a node are caused by the stresses in the elements that are attached
to that node. For the body in equilibrium, the net force acting at every node must be zero.
Therefore, the basic statement of equilibrium is that the internal force I, and the external

force, P, must balance each other:

P-I=0 (D.1)

The nonlinear response of a structure to a small load increment, AP, is shown in Figure
D.1. ABAQUS uses the structure’s tangent stiffness, Ky, which is based on its configuration
at ug, and AP to calculate a displacement correction, u§, for the structure. Using u§, the
structure’s configuration is updated to u,. ABAQUS then calculates the structure’s internal
force, I,, in this updated configuration. The difference between the total applied load, P,
and I, can now be calculated as

- Ra=P-1, (D.2)

where R, is the force residual for the iteration.

If R, is zero at every degree of freedom in the model, point a in Figure D.1 would
lie on the load deflection curve and the structure would be in equilibrium. In a nonlinear
problem R, will never be exactly zero, so ABAQUS compares it to a tolerance value. If
R, is less than this force residual tolerance at all nodes, ABAQUS accepts the solution as
being in equilibrium. By default, this tolerance value is set to 0.5% of an average force
in the structure, averaged over time. ABAQUS automatically calculates this spatially and
time-averaged force throughout the simulation.

If R, is less than the current tolerance value, P and I, are considered to be in equilibrium
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and u, is a valid equilibrium configuration for the structure under applied load. However,

before ABAQUS accepts the solution, it also checks that the largest displacement correction,

ug, is small relative to the total incremental displacement, Au, = u, — ug. If uj is greater __

than a fraction (1% by default) of the incremental displacement, ABAQUS performances
another iteration. Both convergence checks must be satisfied before a solution is said to
have converged for that load increment.

If the solution from an iteration is not converged, ABAQUS performs another iteration
to try to bring the internal and external forces into balance. First, ABAQUS forms the
new stiffness, K, for the structure based on the updated configuration, u,. This stiffness,
together with the residual R,, determines another displacement correction, uf, that bring
the system closer to equilibrium (point b in Figure D.1). ABAQUS calculates a new force
residual, R, using internal forces from the structure’s new configuration, u,. Again, the
largest force residual at any degree of freedom, Ry, is compared against the force residual
tolerance, and the displacement correction for the second iteration, uf, is compared to the

increment of displacement, Au,. If necessary, ABAQUS performs further iteration.

D.4 Automatic Incrementation Control

By default, ABAQUS automatically adjusts the size of the time increments to solve non-
linear problems efficiently. The user needs to suggest only the size of the first increment
in each step of the simulation, after which ABAQUS automatically adjusts the size of the
increments. If the user does not provide a suggested initial increment size, ABAQUS will
attempt to apply all of the load defined in the step in a single increment. For highly non-
linear problems, ABAQUS will have to reduce the increment size repeatedly to obtain a

solution.
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The number of iterations needed to find a converged solution for a time increment will
vary depending on the degree of nonlinearity in the system. With the default incrementation
control, the procedure works as follows. If the solution has not converged within 16 iterations
or it the solution appears to diverge, ABAQUS abandons the increment and starts again
with the increment size set to 25% of its previous value. It then attempts to find a converged
solution with this smaller load increment. If the solution still fails to converge, ABAQUS
reduces the increment size again. This process is continued until a solution is found. If the
time increment becomes smaller than the minimum defined by the user or more than five
attempts are needed, ABAQUS stops the analysis.

If the increment converges in fewer that than iterations, this indicates that the solution
is being found fairly easily. Therefore, ABAQUS automatically increases the increment size
by 50% if two consecutive increments require fewer that 5 iterations to obtain a converged

solution.
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Figure D.1 First and second iteration of an increment
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