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ABSTRACT

TOEPLITZ OPERATORS ON HARMONIC BERGMAN SPACES

By

Jie Miao

In this dissertation, we study Toeplitz operators on harmonic Bergman spaces
of the unit ball in R" for n > 2. We give characterizations for Toeplitz operators
with positive symbols to be bounded, compact, and in Schatten classes. We ob-
tain compactness criteria for Toeplitz operators with continuous symbols and with
bounded radial symbols. Our results are analogous to well known results on ana-
lytic Bergman spaces. However in R" for n > 2, some methods that are effective
in dealing with analytic Bergman spaces, such as using Mobius transformations,
are not available. The reproducing kernels for harmonic Bergman spaces are also
more complicated than those for analytic Bergman spaces. Our study focuses on
reproducing kernels for harmonic Bergman spaces. We also give some applications

of these reproducing kernels.
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Introduction

Toeplitz operators on analytic Bergman spaces have been well studied. Mc-
Donald and Sundberg [11], Luecking [9], Zhu (23], Korenblum and Zhu [7], Axler
and Zheng [3] considered Toeplitz operators on analytic Bergman spaces and ob-
tained criteria for Toeplitz operators to be bounded, compact, or in Schatten classes
for different type of symbols such as positive, continuous, bounded, or bounded
radial symbols.

We study Toeplitz (as well as Hankel operators) on harmonic Bergman spaces
of the unit ball in R" for n > 2. Compared to those on analytic Bergman spaces,
Toeplitz and Hankel operators on harmonic Bergman spaces have not been as well
studied and understood. Recently, Hankel operators on harmonic Bergman spaces
of the unit ball in R™ for n > 2 were studied by Jovovié [6], and Toeplitz and Hankel
operators on harmonic Bergman spaces of the unit disk were studied by Wu [22].
We obtain results for Toeplitz and Hankel operators on harmonic Bergman spaces
analogous to those for analytic Bergman spaces. Our results improve and extend
the results in [6], [7], [9], and [22]. This dissertation is organized as follows.

In the first chapter we introduce the definitions for harmonic Bergman spaces,

the reproducing kernel for harmonic Bergman spaces, and Toeplitz and Hankel



operators on harmonic Bergman spaces. We also introduce some results that we
will need for harmonic Bergman spaces such as duality results.

The second chapter is devoted to Toeplitz operators. We give characteriza-
tions for Toeplitz operators with positive symbols to be bounded, compact, and in
Schatten classes. We obtain compactness criteria for the Toeplitz operators with
continuous and bounded radial symbols.

In the third chapter we study reproducing kernels for weighted harmonic
Bergman spaces. We obtain new properties for these reproducing kernels and
give some applications of these properties. As one application, we extend the re-
sults for Toeplitz operators with positive symbols on harmonic Bergman spaces to
weighted harmonic Bergman spaces.

Throughout this dissertation, all constants that depend only on n or other
parameters and do not depend on functions and variables will be denoted by a
single letter “C”. The symbol “O” will denote the end of a proof and “~x” will
indicate that the quotient of two positive quantities is bounded above and below

by constants.



CHAPTER 1

Preliminaries

1.1 Harmonic Bergman Spaces

Let B denote the open unit ball in R™ for n > 2. Let V be Lebesgue volume
measure on R™ and L?(B) = LP(B,dV) for 1 < p < 0. For 1 < p < oo, the

harmonic Bergman space b (B) is the set of all complex-valued harmonic functions

1/p
lull, = (/ |u|”dV) < 0.
B

As is well known, b”(B) is a closed subspace of L?(B). When p = 2, there is an

u on B such that

orthogonal projection @ from the Hilbert space L?(B) onto b?*(B).
For each £ € B, the map u — u(z) is a bounded linear functional on b%(B).

Thus there exists a unique function R(z,-) € b*(B) such that

u(@) = [ u(@)R(z,v) dV(y)



for every u € b?(B). The function R on B x B is called the reproducing kernel of
b*(B). For f € L?(B,dV) and = € B we have

Qf () = [ fW)R(z,y) V().

In this section, we provide some basic results for harmonic Bergman spaces.
These results are analogous to well known results for analytic Bergman spaces (see
[4]) and they can be proved in a similar manner. We refer to a recent paper [21]

by Stroethoff for Theorems 1.1-1.5 .

Theorem 1.1 Let1 < p < 0co. Then @ is a bounded projection of LP(B) onto
b’ (B).

The following duality result for ¥*(B) for 1 < p < oo follows easily from
Theorem 1.1. For 1 < p < oo, we use p' to denote the conjugate of p, i.e.,
1 1

-+ = =1.
p P

Theorem 1.2 Let 1 < p < 0o. Then the dual of b?(B) can be identified with

/

b (B). More precisely, every bounded linear functional on b?(B) is of the form
f [ rgav
B

for some unique g € V' (B). Furthermore, the norm of the linear functional on

v (B) induced by g € b" (B) is equivalent to ||g||, -

A harmonic function u on B is said to be a Bloch function if

lulls = sup{(1 - |z*)| v u(z)| : = € B} < o0.



The harmonic Bloch space B is the set of all harmonic Bloch functions on B. If
u is a constant function, then ||u||sg = 0, so the Bloch norm || ||z is not actually a
norm on the harmonic Bloch space. However, ||u||s + |u(0)| does define a norm on
B. Whenever we refer to properties that require a norm for B, it will be this norm

that we have in mind.
Theorem 1.3 Q maps L*(B) boundedly onto the harmonic Bloch space B.
The following duality result for b'(B) follows easily from Theorem 1.3.

Theorem 1.4 The dual of b'(B) can be identified with the harmonic Bloch

space B. More precisely, every bounded linear functional on b'(B) is of the form
fr / fgdv
B

for some unique g € B. Furthermore, the norm of the linear functional on b'(B)

induced by g € B is equivalent to ||g||s + |g(0)].

The harmonic little Bloch space By is the set of functions u harmonic on B
such that

(1=l v u(z)| -0

as |z| — 1. It is easy to see that By is a closed subspace of B and that all harmonic
polynomials belong to By. The following result shows that the harmonic little

Bloch space is the pre-dual of the harmonic Bergman space b'(B).

Theorem 1.5 The dual of the harmonic little Bloch space can be identified



with b'(B). More precisely, every bounded linear functional on By is of the form
f [ rgav
B

for some unique g € b'(B), and the norm of the linear functional on By induced

by g € b(B) is equivalent to ||g]|;.
Now we give a few more results that we will need.

Theorem 1.6 Q maps C(B) boundedly onto the harmonic little Bloch space
B,.

Proof. First we show that Q maps C(B) boundedly into B;. By the Stone-
Weierstrass Theorem, C(B) = L*-closure { polynomials on R"}. Thus we only
need to show Q(p) € By for any polynomial p, since By is closed in B. By Theorem
8.14 of [2], Q(p) is a polynomial of degree no more than that of p. Hence Q(p) € Bo.
To show that Q maps C(B) onto B;, we can use the same argument as for the

proof of Theorem 2.11 in [4]. The details are omitted here. O

Let 1 < p < oo and let u be a positive Borel measure on B. The Closed Graph
Theorem shows that b”(B) is contained in LP(B,dp) if and only if the inclusion
map from b°(B) to L?(B,du) is a bounded linear operator. Furthermore we can
ask when the inclusion map from b”(B) to LP(B,du) is a compact linear operator.
The following theorem gives a necessary and sufficient condition on g for this to
happen. First we introduce a covering lemma.

Fix r € (0,1). Forz € B, let K,(z) = {y € B : ly—z| < r(1 - |z])}.

The following covering lemma says that we can cover B with K, (x)’s that do not



intersect too often. The proof of the following lemma is essentially the same as

that for Lemma on Coverings of [13].
Lemma 1.7 There ezists a sequence {z;} in B such that

(1) U2, Kz (z:) = B;

i=1
(2) There is a positive integer N such that each K,(z;) intersects at most N

spheres of {K,(z;)}.

The number N depends on r for this lemma. We omit the details of the proof
here.
We always assume that {z;} is a sequence given by Lemma 1.7 in this disser-

tation. If {z;} is such a sequence, then it is clear that |z;| = 1 as 7 — oo.

Theorem 1.8 Let 0 <7 < 1. Let 1 < p < oo and p be a positive Borel

measure on B.

(i) The inclusion map from b°(B) to LP(B,dp) is bounded if and only if
p(K(2:))
V(K (z:))

(ii) The inclusion map from b°(B) to LP(B,du) is compact if and only if

1K (24))
V(K. (z:))

is bounded fori=1,2,---;

—0ast— .

The same argument as in [23] (see pages 338, 342, and 343) can be used to
prove Theorem 1.8, so we will not give the details. Note that the subharmonicity
of |u|? for a harmonic function u on B and the decomposition from Lemma 1.7 are

needed for the proof.



1.2 The Reproducing Kernel

In this section we give an introduction of the reproducing kernel for b?(B). We
need to introduce zonal harmonics first.

Let H,,(R") denote the space of all homogeneous harmonic polynomials on
R" of degree m. A spherical harmonic of degree m is the restriction to S, the
unit sphere, of an element of #,,(R"). The collection of all spherical harmonics of
degree m is denoted by H,,(S). For every n € S, there exists a unique Z,,(7n,) €
H,.(S) such that

p(n) = [ P()Zn(n,€) do(C)

for all p € Hp,(S), where o is the normalized surface-area measure on S. The
spherical harmonic Z,,(7,) is called the zonal harmonic of degree m. One can
extend the zonal harmonic to a function on R" x R™ by making Z,, homogeneous
of degree m in the second variable as well as in the first. Let h,, denote the
dimension (over C) of the vector space #,,(S). One can compute h,, explicitly

(see Exercise 5.5 of [1]):
(1.1) hm = + ,

for m > 0. Also, hg = 1.
The following lemma states some properties of zonal harmonics that we will

need. For more information on zonal harmonics, see Chapter 5 of [2].

Lemma 1.9 Let m be a non-negative integer.



(l) If(,n€S, then Zm(Cy() = Zm(’l, 7)) = hpy;
(i) If ( € S, then maxyes |Zm(C, )| = Zm((, ) = hun.
We have the following representation for R (Theorem 8.9 of [2]).

Theorem 1.10 Ifz, y € B, then

R(z,y) = nVl(B) mi:o(n +2m)Z,(z,y).

The series converges absolutely and uniformly on K x B for every compact K C B.

Since Z,, is real valued for each m (see Theorem 5.24 of [2]), we see that R is
real valued.
For z,y € B, let P(z,y) be the “extended Poisson kernel” for B. Then ( see
pages 156 and 157 of [2])
= 1 - [z?ly[?

(12)  P@y)= 3 Zalmd) = T s BT

m=0

z,y € B.

From the equation above and Theorem 1.10, we have the following beautiful equa-
tion

(nP(z,y) + (%P(tx, ty)]e=1)-

R(z,y) = 7V (B)

This simple representation gives us a formula in closed form for R(z,y) (The-

orem 8.13 of [2]).

Theorem 1.11 Let z,y € B. Then

(n—4)|z|*y|* + (8z - y — 2n — 4)|z]*|y|> + n
nV(B)(1 — 2z - y + |x|2|y|2)1*+n/2 :

R(z,y) =
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It follows easily from Theorem 1.11 that

(13) R(.”L‘, Z/) = R(y) .’L‘), R(:L‘, ry) = R(rz, y)

for z,y € B, € (0,1). It is also clear that R(z,y) is bounded for |z| < r < 1, |y| <
1 for fixed r < 1.
A simple computation gives

n(l = |z*|y*)? = 4lzPly((1 = =) (A = [y]*) + |z — y[*)
nV(B)((1 = [z[3)(1 = [y[?) + |z — y[?)1+n/2

(1.4) R(z,y) =

It follows easily from Theorem 1.11 that

4
(1= 22y + &P

(1.5) |R(z,y)| <

Note that the reproducing kernel is much more complicated than that for analytic
Bergman spaces (see Chapter 3 of [16]). One of our tasks is to establish properties
for R analogous to those for the analytic Bergman kernel.

For f € L'(B) and z € B, we now see that Qf(z) = /Bf(y)R(x, y)dV(y) is

well defined. We end this section with the following lemma (see Lemma 2.1 of [6]).

Lemma 1.12 For all u € b'(B) we have

u(z) = [ uly)Rz,y)dV ()



11
1.3 Toeplitz and Hankel Operators

Let 1 < p < oo. For a function f € L!'(B,dV), the Toeplitz and the Hankel

operators with symbol f are densely defined on ’(B) by

Ty(v) = Q(fu), Hy(u) = (I -Q)(fu)

for u € b?(B) N L*°(B) (noting that harmonic polynomials are dense in b(B) and
Q(g) is well defined for g € L!(B)). If Ty is a bounded operator (when we put the
L? norm on ¥ (B) N L*°(B)), then Ty extends to a bounded operator from b (B)
to b?(B), also denoted by Ty. We do the same for Hj.

In this section we give some preliminary results for Toeplitz and Hankel oper-
ators.

For f € L*(B), it is easy to see that Ty and H; are bounded linear operators
on b*(B) with

1T < flloos  NEAD < 1Sl

In contrast to Hardy space Toeplitz operators, Toeplitz operators with unbounded
symbols can be bounded on Bergman spaces. For 1 < p < oo, f € LP(B),g €
L” (B), define

(f.0)= [ faav.

Since b'(B) is the dual of »”(B) with respect to the pairing (-, -), define the adjoint
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of Ty: bP(B) — V(B) to be the operator 17 : v (B) +— b (B) such that
(T}u,v) = (u, Tyv)

for u € b (B) and v € b°(B).
Similarly, define the adjoint of H; : °(B) w LP(B) to be the operator H;
mapping L¥ (B) to b’ (B) such that

(Hpu,v) = (u, Hyv)

for u € L” (B) and v € ¥ (B).

The following lemmas are standard (see Lemma 3.1 and 3.2 of [6])
Lemma 1.13 Letp € (1,00), a,b scalars, and f,g € L'(B). Then
(i) Tagsog = aTy + bT, on bP(B).

(ii) T} = T7 on b"'(B).

The connection between Toeplitz and Hankel operators is provided by the fol-

lowing lemma.

Lemma 1.14 Let p € (1,00) and either f or g € L*(B). Then Ty, — T§T, =
H:Hg on b (B).

We end this section with the following result that was proved in [6].

Theorem 1.15 Let p € (1,00) and let f be a continuous function on B. Then

the Hankel operator Hs: bP(B) — LP(B) is compact.



CHAPTER 2

Toeplitz Operators

2.1 Introduction

In this chapter we study Toeplitz operators on harmonic Bergman spaces b (B) for
1 < p < oo. We will look at three special classes of symbols. For positive symbols,
we give characterizations for Toeplitz operators to be bounded, compact, and in
Schatten classes. For continuous symbols, a compactness criteria is obtained. In
fact, the essential spectrum of a Toeplitz operator with a continuous symbol is
found. We also obtain a compactness criteria for Toeplitz operators with bounded
radial symbols. A sufficient condition for Hankel operators to be compact, which

improves Theorem 1.15, is given along the way.

2.2 Teoplitz Operators with Positive Symbols

First we give three lemmas for the reproducing kernel R.

13
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Lemma 2.1 Let z € B. Then R(z,y) =~ 1 fory € K, (x).

(1= fzf)"
Proof. We use the following formula (1.4) for R(z,y):

R(z,y) = n(1 = |z*ly|*)? — 4]z2y|* (1 = |z[) (1 = |y|*) + |z — y|?) _ Ii(z,y)
’ nV(B)((1 = |z[*)(1 = [y[?) + |z — y[?)1+n/2 L(z,y)

If y € K.(z), then (1 —=7)(1—|z|) < 1-=]y] < (14 7)1 —|z|). It is clear that
I(z,y) =~ (1 — |z|)?*" when y € K,(z). It is also clear that I;(z,y) < C(1 — |z|)?

if y € K,(z). Next we will try to find a lower bound for I;(z,y). Since n > 2,

L(z,y) > 2(1+|zlly)*(1 = |=lly])® = 4laPlyl*(1 = |2*) (1 = [y]*) = 4l=*|y[*|z - yI*.

Let

Iz,y) = 2(1 + [z]ly)*(1 = l2lly])® = 21 + |=|ly))*(1 = [y| + |yl(1 = |=]))*.

So we have

Iz,y) = 2(1+zlly)*(Q = lyh* + 4lyl(1 + [2lly)*(Q = [y (2 - |z])

+2[y*(1 + J2[ly))*(1 - |=l)*.

Since

201+ lzllyD*( = lyh)?* > 2(1 = r)*(1 = [2)®
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and

Ayl + lzllyD)*(X = [y = |z]) > 4l Pyl = =) (1 = 1yl*),

we will have I;(z,y) > 2(1 — r)?(1 — |z|)? if we can show the following inequality:
20y (1 + l2lly)* (1 = |z)* 2 4l Ply e ~ yP?
for y € K, (x). This can be reduced to showing that
(1+ |zlly)* > 2lz/?

for y € K,(z). If |z| < 0.7, then |z|? < 0.49 and the above inequality is trivial. If

|z| > 0.7, then |y — z| < 1 — |z] <0.3. So |y| > |z| — 0.3. So we have
(1 +|zllyD? > 4lzlly| > 4|z[(lz] - 0.3) > 2Jz[*,

for y € K, (x). This finishes the proof of Lemma 2.1. O

Now we estimate the LP-norm of the reproducing kernel.

Lemma 2.2 If1 < p < oo, then |R(z, ), ~ (1 — Jz|)~"%

Proof. ||R(z,-)|lF < C(1 — |z])~®=") follows from Lemma 3.2 (c) in [5]. On

the other hand, by Lemma 2.1 we have

1B@E > [ IRGPaV()

1
T oo ™

I\
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(1 = |=])"
(1= |a))m’

~

This proves the lemma. O

Lemma 2.2 was known when p = 2 (see [2], Exercise 8.15).
R(z,)
|1 R(z, )l

Proof. Let v € b’ (B). By Lemma 2.2

Lemma 2.3 If1 < p < oo, then — 0 weakly in VP(B) as |z| = 1.

R(z,-)
|1 R(z, )5’

Using Exercise 8.2 of [2], we see that the quantity above has limit 0 as |z| —» 1. O

I )| = (1= |z))7 |u(z)|-

Now we extend the notation of Toeplitz operators to the case where we allow
measures as symbols. Let u be a finite complex Borel measure on B. We densely

define the Toeplitz operator with symbol x on b°(B) by

Tuu(z) = /B R(z,y)u(y) du(y)

for u € ¥?(B) N L>(B,dV). If du(y) = f(y) dV(y), then T, = T.

Let u be a finite positive Borel measure. For our purpose we will consider the
following two cases:

(1) Suppose u, v are both harmonic on B and continuous on B. If T,,u € b'(B),

then we have

(Tyu,v) = '1_1_13} rBT,,ut‘de

= lim /B /TB R(y,z)v(z) dV (z)u(y) du(y)

r—1
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_ : n-r..2
= lim | "0(r*y)u(y) du(y)

= / uv d,
B

where we used Fubini’s Theorem in the second step (R(z,y) is bounded for |z| <

r < 1) and the following properties of R (see (1.3)):

R(z,y) = R(y,z), R(y,rz) = R(ry,2)

for z, y, z € B.
(2) Suppose p satisfies (i) of Theorem 1.8 and u € b(B) for 1 < p < oo.

Then Theorem 1.8 shows that T,u is well defined. By the proof of Lemma 3.2
1
1~ lz|
|R(z, )1 < _C for each a@ > 0. So we have

(1 —l=z])e

of [5], one can show that ||R(z,-)|]; < Cln + C for any £ € B. Thus

1Tl < [ [ IR@lu) duw) dvie)
- |/ |ny|dV( )lu(y)| dp(y)

< O [ W)l =z du)

for some a > 0 to be decided later. The same argument mentioned after Theorem

1.8 and Holder’s inequality give

1Tl < € [ )

N
Q
=
S

—
m\'
= —

u
=
NS

L
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if « is small enough.
Hence if p satisfies (1) of Theorem 1.7, u € b*(B) for 1 < p < oo, and v is a

bounded harmonic function on B, then Fubini’s Theorem gives

(Tyu,v) = /Buz'idp.

Now we can characterize the boundedness and compactness of positive Toeplitz

operators.

Theorem 2.4. Let 1 < p < 0o and p be a finite positive Borel measure on B.

Then the following conditions are equivalent:

(i) T, is bounded on b*(B);

(i) p(K.(z))
V(K. (z))

1s bounded for x € B;

(iii) % is bounded for i =1,2,---.

Proof. (i)=(ii). By Lemma 2.1 and 2.2, and (1) mentioned just before the

theorem we have

R(z,-) R(z,-) 1 .. ..
TRtz TR@ |~ TR IR T, | ek R )
~ (1-l2)" [ IR, v) du(y)
> (=l [ 1RGP du(y)
~ u(Kr(x))

V(K (z))
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for z € B. This shows that (ii) follows from (i).
(ii)=>(iii). This direction is trivial.
(iii)=(i). Let v € ¥*(B) and v be a bounded harmonic function on B. Then

by Hélder’s inequality,

(Tawo)l = |[ wdn

< ([ IUI”du)%( / |«v|ﬂ’du);l'

< Clluflplolly

using (i) of Theorem 1.8 in the last inequality. Since the set of harmonic polyno-
mials is dense in ”'(B), the duality argument shows that T}, is bounded on & (B).

This completes the proof of the theorem. O
The following theorem is the little o version of Theorem 2.4.

Theorem 2.5 Let 1 < p < oo and p be a finite Borel measure on B. Then

the following conditions are equivalent:

(i) T, is compact on V°(B);

(i) p(K(z))
V(K. (z))
(i) u(K,(z;))
V(K (x;))

Proof. (i)=>(ii). It follows from Lemma 2.3 and the proof of (i)=>(ii) of the

—0as|z|—1;

— 0 as1— o0.

previous theorem.

(ii)=>(iii). This direction is trivial.
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(iii)=(i). Let u; —» 0 weakly in »*(B) as i — oco. For any bounded harmonic

function v on B, we have

1

[(Toaey o)1 < C ([ 1wl de)” ol

It follows that

1Tl < € ([ ui du)

So ||T,uill, — 0 by (ii) of Theorem 1.8. This shows that 7}, is compact on b’ (B)

and completes the proof of the theorem. O

When p = 2, the equivalence of (i) and (ii) for both Theorem 2.4 and 2.5 can
be deduced from Theorem 1 of [14].

In the rest of this section, we will prove a trace ideal criteria for the positive
Toeplitz operators on b?(B). The techniques used here were developed in [9] as
well as in [23], however the approach in [23] will be used for our purpose.

If T is a compact operator on a separable Hilbert space H, then there exist
numbers so(T") > s,(T) > -- -, called the singular numbers of T, and orthonormal

vectors {e;} and {f;} such that

oo

Tz =3 s(T)(z,e)f;

1i=0

for x € H. For 1 < p < oo, the Schatten ideal S,(H) is defined to be the set of all
compact operators T' for which ||T'||s, = (X2, s,-(T)”)% < 00. As is well known,
S,(H) is a Banach space with the norm || - ||s, and is a two-sided ideal in the space

of bounded linear operators on H. If T € S;(H) and {e;} is an orthonormal basis
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for H, then

[o o]
tT(T) = Z(Teiv ei)’
=0
where the series is convergent and independent of {e;}. If T € S,(H) and T > 0,
then ||T||s, = [tr(T?)]? for 1 < p < oo.

We need the following three lemmas.

Lemma 2.6 IfT is either in S,(b*(B)) or positive, then
tr(T) = [ (TR, ), R(z, ) dV ().

The proof of Lemma 2.6 is similar to Proposition 3.5 of [1] or Lemma 13 of

[23]. We omit the details here.

Lemma 2.7 IfT) and T> are compact and 0 < Ty < Ty, then s;(T) < 5;(T»)
fori=0,1,---.

This is Lemma 14 of [23].

Lemma 2.8 If u > 0, then there ezists a constant C depending only on v such

that
C

n(K:(z)) < V(K.(2)

J oy PO V)

for allz € B.

Proof. For z € B, we have

[ B VW = [ V) [ X duta

= /Bdu(z) o Xk, () (2) dV (y).
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If ly—2| < ﬁ;(l — |2]), then it is easy to see that |y — 2| < r(1 — |y|). This

gives that Xk, (,)(2) > Xkﬁ_(z)(y). So we have
K, (y)) dV( >/ du(z) [ v (y).
/K,(z) K@) dVlw) 2 [ Ke@)NK ¢ (2) )
If 2 € K,(z), then 1 — |z| > (1 = r)(1 — |z]). It is a clear geometric fact that

CV(K,(z)

- (2)) 2 V(K (z))

for all z € K,(z). Combining the above two inequalities we prove the lemma. O

Now we can characterize the positive Toeplitz operators that lie in the Schatten

p-class.

Theorem 2.9 Let 1 < p < oo and p be a finite positive Borel measure on B.

Then the following conditions are equivalent:

(i) T, € Sp(b2(B)){

(ii) E )] < oo.

Proof. (1)=>(u). Suppose T, € Sp(b*(B)). We have ||T, |5 = tr(TF) since

B, (1 - |z])™"dV (2));

T, > 0. Lemma 2.6 and Lemma 2.2 together with 6.4 of 1] give

1T, = [ (TZR(), R, ) dV ()

) R@) R \
LS “2< F TR, )||2’||R(x,-)n2>dv()
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) R@) R@) | oo
> O [0l [ “”R(xa')||2’||R($»')||2>l Viz)

By Lemma 2.1 we get

I T,lls,

v

¢ [ [a=1ab" [ 1R@ I duw)] (1 - 1a) ™ dv (@)

-

of,|a-ter [ IReora)] o= ave)
C/B “(K—(“’)l} (1 - |z)™" dV (x).

N

(ii)=-(iii). Suppose /B [%] (1 = |z|)™"dV(z) < co. Then we have

It follows that

[1(K:(2))]
Z /K o (LT 4V (&) < 00

(I_IW;/K'(I{)[#(IQ(J?))]” dV(z) < oo

M8

i=1

By Lemma 2.8 and Holder’s inequality we get

2 MK (@) ] i[l-lx,n)]p“"'

(iii)=>(i). We prove this direction by complex interpolation.

First consider the case where p = 1. We have

“T#”Sx = tT(Tu)



24

J TRz, ), Rz, ) dV (2)

B /B /B |R(z, y)I* dpu(y) dV ()

- /B /B |R(z,y)|? dV (z) du(y)
[ = 1y) ™" duty)
Z/,(x. (1= |y)) " du(y)

(K (z;)
< O PR

Q

IN

Now consider the case where 1 < p < oo. We will show ||T,[%

Cz (I‘; ((Z'))))] For a complex number { with 0 < Re( < 1, we can define a

ﬁmte Borel measure on B by

00 ) 1”61
zz[‘ﬁ/((%@);] Xk, 0y (W) 1Y)

i=1 r(zi)

and the Toeplitz operator on b*(B) by

Tu(z) = [ R(z,y)u(v) dicly).

It is easy to see that both T, and T,, are compact and T,, > T, > 0. Thus
P P

complex interpolation and Lemma 2.7 give
1-1 1
”TMHS;: S ”71[‘})_”5;) S AIO pAIlp’

where My = {||T,, || : Re¢ = 0} and M, = {||T,,||s, : Re¢ = 1}.
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Let Re( = 0. Then we have

)) -
for k = 1,2,---. Suppose K,(zx) N K,(z;) is not empty, it is easy to see that
1+7r

(1 —lz) <
CV(K,(zx)) for k =1,2,---. Holder’s inequality and Theorem 1.8 give

: :
(Tuw o < ([l dluct)” ([ 1ol dlucl)

Cllull2llv]l2

— 7'(1 — |zx]). Thus by Lemma 1.7 one can show |u¢|(K,(zx)) <

IN

for all u,v € b*(B). This shows that ||T}, || < C for all Re{ =0. So M, < C.
Let Re¢ = 1 and {u;},{v;} be two orthonormal bases for ¥?>(B). It can be
shown in the exactly same way as in [23] (see page 351) that

00 00 Kr T p
ST, scz[%] ,

i=1

which implies that

w<e s e

i=1

Hence we have

1 Tulls, < C{Z [ﬂ((K (a:.))))r}i

i=1 (x'

This finishes the proof of the theorem. O
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2.3 Toeplitz Operators with Continuous Sym-
bols

In this section we will find the essential spectra of Toeplitz operators with contin-
uous symbols.

The first theorem of this section gives a sufficient condition for Hankel operators
to be bounded or compact on ¥ (B) for 1 < p < co. The techniques used to prove
this theorem were established in [10] and when n = 2 this condition was proved in
[22]. Since the same method in [22] can be applied to the case n > 2, we will only
outline the proof.

Let 1 < p < oo and (¥ (B))* = {u € L?(B,dV) : (u,v) =0 Vv € v’ (B)}.
Lemma 2.10 (V"' (B))* = LP-closure {Ah: h € C°(B)}.

Proof. Let u € L* (B,dV). Then u € ' (B) if and only if
(Au,h) = (u, AR) =0

for all h € C§°(B). This implies the conclusion of the lemma. O

By Lemma 2.10 and the boundedness of @ in L? norm, we have L?(B,dV) =
¥(B) @ (b7 (B))* = v*(B) ® LP-closure {Ah : h € C°(B)}.

Lemma 2.11. Let 1 < p < oo. Then

P (AP
i mE V@ <€ [, g T V@
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and

| 7 h(z)[? ’
v <0 [ 18 k@)Pav (@)

for all h € C§°(B).

One can use the same argument as for Lemma 3 of [10] or Lemma 5.2 of [22]

to prove the above two inequalities. Note that we need

|V @) < max{nf, 1Y b @

=1

and Proposition 3 of [21] (page 59) for the second inequality. The details are

omitted here.
Theorem 2.12 Let 1 < p < oo and f € LP(B,dV). Suppose f = fi + fo with
f € CY(B).

1
1) If both 1- d ——— PdV are bounded B
(1) 17 both |V ()| (1= Jal) and s [ V2P dV are bounded forz € B,
then Hy is bounded on bP(B);

(2) If both |7 fi(z)|(1—|z|) and V(K—l,(a;))- /K,(z) | f2|P dV approach 0 as |z| — 1,
then Hy is compact on b°(B).

Sketch of the proof. We have Hy = Hy, + Hy, and Hy, = (I — Q)Mjy,, where
My, is the multiplication by f,. If f; satisfies the condition of (1) or (2), then My,
is bounded or compact on b°(B), respectively, according to Theorem 1.8. Thus
Hjy, is bounded or compact on ”(B), respectively.

So we only need to deal with Hy,. By Lemma 2.10 we only need to show

[(Hp (u), AR)| = [(fru, Ah)| < Cllullll & Al
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for any u € b*(B) N L>(B,dV),h € C{(B) in order to prove the boundedness of
Hj,. The above inequality will follow from the following identity (which is from

integration by parts) and Lemma 2.11
(f1u1 Ah‘) = "(u v fl: Vh) + (Vfl -V, h’>,

where (u v f1, Vh) = Z/Bu(fl)x,.l_zz‘.dV. Similarly if {u;} is a sequence tending
i=1
to 0 weakly in b”(B), one can show that ||Hy u||, — 0 as i = oo. This gives the
compactness of Hy,. O
Now we show that Theorem 1.15 follows from Theorem 2.12.

Corollary 2.13 Let1 < p < oo and f € C(B). Then H; is compact on b?(B).

Proof. We have

f=P(fls)+(f = P(fls) = fi + f2,

where P(f|s) is the Poisson integral of fl|s, fi = P(f|s), and f, = f — P(fls).
Since f|s € C(S), we have f, = 0 as |z| — 1. On the other hand, f; is harmonic
on B and f; € C(B). By Theorem 1.6, f; = Q(f;) € Bo. So f, and f, satisfy the

conditions in (2) of Theorem 2.12. So Hy is compact. O

The proof above only requires that f be continuous on S. Hence this corollary
and the remaining results of this section are valid for a larger class of symbols than
the continuous functions on B.

We need two more lemmas.



29

Lemma 2.14 Let 1 < p < co. If f,g € C(B), then both Tyy, — T;T, and
TyT, — T, Ty are compact on b*(B).

This is a consequence of Corollary 4.5 of [6].

Lemma 2.15 Let 1 < p < oco. If f € C(B) and f = 0 on S, then Ty is

compact on b?(B).

Proof. It is easy to see that there exists f; € C(B) such that each f; =0 on a
neighborhood of S and ||f; — f|lc = 0 as ¢ & oo. Theorem 1.8 shows that each

My, is compact on b”(B); thus so is each TY,. Since Ty, = Ty, Ty is compact. O

For 1 < p < 0o, let B(b?(B)) be the set of bounded linear operators on & (B),

and let o.(T) denote the essential spectrum of T' € B(b?(B)).
Theorem 2.16 If f € C(B), then a.(T}) = f(S).

Proof. First we show f(S) C o.(Ty). Without loss of generality we assume
f(n) = 0 for some n € S. We need to show T} is not a Fredholm operator.
We prove this by contradiction. Suppose Ty is a Fredholm operator. Then by
Atkinson’s Theorem, there exists P € B(W(B)) such that PT; — I is compact on
b?(B). By Lemma 2.2,

R(z, ") R(z, ")

LR, ~ TR, 0

as |z] — 1.

On the other hand, we have

R(z,) |, R(z,")
WPTrr@ o < ™R,

4



30

_ pIREDP
= ¢ 11 D i Y ©

= C(I+ 1),

where I; is the integral over A = {y € B : |y — | < ¢} and I, is the integral over

B\ A for § > 0. Given € > 0, since f(z) — 0 as £ — 7, we have

|R(z,y)”
L<e| =—==dV(y) =
= s |IR(x, )IIp
g . C
if § is small enough. It is easy to get that |R(z,y)| < P—r for any z,y € B by

(1.5). So we have

dV(y)

I, < C(1 - |z|)*e-D
2 < C1 -z ly-nl26 |z — y|"

< Ce

if |z — 7| is small enough. This gives a contradiction.

Now we show o.(Ty) C f(S). Without loss of generality we assume 0 is not in
f(S). We need to show that T} is a Fredholm operator. Let g € C(B) be such
that g = % on S. By Lemma 2.15, Tyy — I = Ty is compact. Thus by Lemma
2.14, TyTy — I and T,Ty — I are both compact. Again by Atkinson’s Theorem we

conclude that T} is a Fredholm operator. O
Theorem 2.16 implies the following corollary.

Corollary 2.17 Let1 <p < oo. If f € C(B), then T} is compact on b°(B) if
and only if f=0o0n S.
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2.4 Toeplitz Operators with Bounded Radial
Symbols

Let D denote the open unit disk in the complex plane C and let A be the normalized
area measure on D. The analytic Bergman space on D, denoted L2(D), consists

of the analytic functions f on D with

118 = [ 1f1?dA < co.

Let P denote the orthogonal projection from L?(D) onto its closed subspace
L%(D). For f € L™(D), the Toeplitz operator Ty is defined on LZ(D) by Tyg =
P(fg). It is easy to see that Ty is bounded with ||T}|| < || flloo-

Since point evaluation is a bounded linear functional on L2(D), for each z € D

there exists a unique K, € L2(D) such that

f(z) ={f, Kz)

for all f € L2(D). The functions K, (z € D) are called reproducing kernels for

L%(D); they have the explicit form

1
Kz(w):(T—:—Zw_V’ w € D.

For every z € D, let k,(w) = K,(w)/||K;|l2 Then k, (2 € D) are called

normalized reproducing kernels for L2(D). For f € L®(D), the function f, called
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the Berezin transform of f, is defined on D by

fl2) = (Trkes k) = [ )k (w) dA(w).

Recently, the following compactness characterization for Toeplitz operators

with bounded radial symbols on the Bergman space of the unit disk was proved in
[7]:

Theorem 2.18 Let f be a bounded radial function on D. Then the following

conditions are equivalent:
(i) Ty : L2(D) — L%(D) is compact;

(i) f(z) > 0 as |z| = 17;

(iii) l_l_r/rlf(t)dt—>0 ast — 1.

More recently, Axler and Zheng [3] showed that (i) and (ii) above are equivalent
even for nonradial bounded functions on the disk. The purpose of this section is
to extend Theorem 2.18 to spaces of harmonic functions in higher dimensions.
We consider Toeplitz operators on the harmonic Bergman space of the unit ball
in R™ for n > 2. We use the same basic approach as in [7], but our context
of harmonic functions and higher dimensions requires new estimates. Although
there appears to be no canonical choice for an orthonormal basis for the harmonic
Bergman space, and reproducing kernels for the harmonic Bergman space appear

to be quite different from analytic Bergman kernels when n > 2, it turns out that

a similar approach can be used.
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For f € L>(B), the Berezin transform f is defined on B by

i@ = @yr(a, )iz ) = [ f@)Ir@ ) av ),

where r(z,-) = R(z,-)/||R(z,)||2- Although a formula for R(z,y) in closed form
is available, we will not use it. We will use Theorem 1.10 instead.

We need two lemmas from [7].

Lemma 2.19 Let A > 1. Suppose |ami1 —am| < C(m+1)*=2 for some positive

constant C and all m > 0. Then lim,,_, apm/(m + 1)*~! = 0 if and only if

lim(1-t)* Y ant™=0.
m=0

t—o1-

Proof. This can be proved using Lemma 1 of [7] and the same proof as for

Theorem 2 of [7]. O

Lemma 2.20 Let k be a nonnegative integer. Suppose f € L>[0,1). Then

. 1
lim
r—1- l —-T

/rlf(t)dt:O

if and only if

1
lim m [ f(t)t*™t*dt = 0.

m—o0 0

Proof. Note that the boundedness of f implies lim,_,o0 fy f(t)t*"**dt = 0,
and the condition limp_,co m fy f(£)t2™* dt = 0 implies lim, 0 5 fy f(t)t*dt = 0.

Thus the lemma follows from Theorem 4 of [7]. O

For a radial function f on B, we define a function f* on [0, 1) to be the function
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such that f*(|z|) = f(z). Now we can prove an analogue of Theorem 2.18 for the

harmonic Bergman space.

Theorem 2.21 Let f be a bounded radial function on B. Then the following

conditions are equivalent:
(i) Ty : b*(B) — b*(B) is compact;

(ii) f(z) = 0 as |z| = 1;

1
1—-71

(iii)

1
/ frt)dt >0asr—1".

Proof. For x € B, by Theorem 1.10 and using the fact that spherical harmonics

of different degrees are mutually orthogonal to each other, we have

flz) = IIR(J:,-)||2‘2/Bf(y)lR(:v,y)I‘*dV(y)
(1= zf)”

Q

1
(n + 2m)2hp|z|?™ / Fr(8)E2m =1 gy
0

Ms iM8

= 1=z X am(f)lz™™,

0

3
I

where am(f) = (n+2m)2hy, fy f*(t)t*™*""1dt. In order to apply Lemma 2.19, we

need to estimate |am41(f) — am(f)| for m > 0. We have

1
tm1(f) = am(f) = (n+2m+2)°hmpy /0 FrEmantt gt
1
—(n+2m)2hm/ f‘(t)t2m+n—1dt
0
1
= [(n +2m + 2)2hm+l - (n + 2m)2hm]/0 f‘(t)t2m+n+l dt
1
+(Tl + 2m)2hm/ f’(t)(t'2m+n+l _ t2m+n—l) dt
0

= L(f)+ L(f),
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where I;(f) denotes the first term and I5(f) the second term.
Since h,, < C(m + 1)""2 for all m > 0, we have |I,(f)| < C(m + 1)"2 for all

m > 0. Thus if we can show that
(2.1) |(n+2m + 2)*hpmy1 — (n + 2m)2h,| < C(m+ 1)1,

we will have |I;(f)] < C(m+1)""2, and consequently |am41(f) — am(f)] < C(m+

1)"~2 for all m > 0. Clearly
(n+2m+2)2hmi1 — (n4+2m)%hym = (n4+2m)* (hymgr — hm) +4(n42m) Ay +4hm g1

It follows easily from (1.1) that
hm+1 —hyp = +

Combining the identities above we have the desired inequality (2.1). By Lemma
2.19, the condition (ii) holds if and only if lim,;, 00 am(f)/(m + 1)"~1 = 0. So (ii)
holds if and only if lim,,_,o, m fo1 fr(@®)t¥™*"-1dt = 0. From Lemma 2.20, we see
conditions (ii) and (iii) are equivalent.

On the other hand, every function in b?(B) is a sum of homogeneous harmonic
polynomials. For m > 0, let ppm1,- -, Pmn, be an orthonormal basis for H,,(S5).

Then

o0
U {anm,l, Ty cmpm.hm}
m=0
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is an orthonormal basis for b?(B), where ¢, = \/ (n+2m)/nV(B). It is easy to
see that Ty is a diagonal operator with respect to this basis since f is a radial

function. For each j € {1,---,h,,} we have

(TremPm js CmPm,;) = (n+2m) /: fr)t2mn=l e
_amlf)
(n+2m)hy,
Thus T is compact on b*(B) if and only limy,e0 am(f)/(n + 2m)hy, = 0. It is
clear that (n + 2m)h,, =~ (m + 1)"~'. Again by Lemma 2.19, the condition (ii)
holds if and only if lim,, 00 am(f)/(n + 2m)h,, = 0. This finishes the proof of the

equivalence of (i) and (ii) and the proof of the theorem. O

The equivalence of (i) and (ii) in Theorem 2.18 was extended to higher dimen-

sions in [20] for the analytic Bergman spaces of the unit ball in C".



CHAPTER 3

Weighted Harmonic Bergman

Spaces

3.1 Introduction

The harmonic Bergman space b2 (B), with a > —1, is the set of all complex-valued

harmonic functions u© on B with

e = ([, @)L = P V() < o

Point evaluation is a bounded linear functional on b2(B). Hence for every

z € B, there exists a unique R,(z,-) € b%(B) such that

u(@) = [ u(y)Ralz,y)(1 - lyI")" AV (y)

37
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for all u € b2(B). The functions R,(z,-) are called reproducing kernels for b2 (B).
Obviously Ry = R. We will see that each R, is real valued for &« > —1 in Section
3.3.

The purpose of this chapter is to study these reproducing kernels. These re-
producing kernels have been studied by different authors in [2], [5], [8], and [15].
While reproducing kernels for (analytic) Bergman spaces of the unit ball in C*
have simple formulas in closed form, those for harmonic Bergman spaces are much
more complicated, and it appears to be impossible to find formulas in closed form
for R, in general, except when n = 2. In Section 2.2, we point out how harmonic
reproducing kernels behave differently from analytic ones on the unit disk. In Sec-
tion 3.3, we give a representation for R, in terms of zonal harmonics in higher
dimensions and establish some properties for R,. We use an estimate on R, given
recently in [15] to prove one property for R,. In the last two sections, we give

some applications of these properties.

3.2 Reproducing Kernels on the Unit Disk

We consider R, when n = 2 in this section. Let D denote the open unit disk in the
complex plane C and A be Lebesgue area measure on D. For a > —1, the analytic
Bergman space L2*(D) is the set of all analytic functions in L?(D, (1—|z|?)*dA(z)).

Let K, be the reproducing kernel for A%(D), i.e.,

/f (2, w)(1 = |w]?)* dA(w), z € D,
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for all f € A%2(D). We know that

_ _a+1 1

Ku(z,w) = =z z,w € D.

The reproducing kernels for b%(D) are closely related to K,(z,w). We have (see

page 357 of [22])

1
1-— zu'))“"

R,(z,w) = atl <2Re(

——1), z,w € D.
T

For z € D,r € (0,1), let D,(z) = {w € C: |w—z| < (1l — |2])}. An important

property for K,(z,w) is that
|Ka(z,w)| = 1/(1 = |2])**%,  w € Dr(2).

For the unit disk, one usually uses the pesudo-hyperbolic disk instead of D,(z)
because of its connection with Mobius transformations; see [4] for example. How-
ever we will use the obvious extension of D,(z) for higher dimensions in the next
section.

We find that R,(z,w) behaves quite differently from K,(z,w), which never

vanishes.

Proposition 3.1 For each r € (0,1), there exist z € D and o > —1 such that

R,(z,w) = 0 for some w € D,(z).



40

Proof. For z,w € D, we have

R,(z,w) = -

a+1 (2 Re(1 — zw)?*+ 1)

Il _ ZU_)|4+2“

1 .
Let z =t € (0,1) and TTw= se'®, where s > 0. It is easy to see that for

w € D,(t),
Tt r(l—1t r(l—1t Tt
- =—(l )<sin0< (1 )= ,
1+t It Tt " 1+¢
. . Tt .ort )
and the range of 4 is (— arcsin T3 resin T t) when w ranges over D, (t). Since

|1 —tw| < (1—t)(1+¢t+rt) for w € D,(t), we can choose t close enough to 1 such
that |1 — tw|>** < 1. If we choose « large enough, then the range of cos(2 + a)f

is [-1,1] when w ranges over D, (t). Hence the conclusion follows from

Ralt,w) = m |1 — tw|?*e

_a+1 <2cos(2 +a)f—|1 - tu‘;|2+">

It is not difficult to see from the proof above that we still have
Ra(z,w) = 1/(1 - |2)**,  w € D,(2),

provided that r is small enough (depending only on ). In the next section we will

prove this property for R,(z,y) in higher dimensions.
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3.3 Some Properties of the Reproducing Kernels

We can describe the reproducing kernels in terms of zonal harmonics.

We have the following representation for R,,.

Proposition 3.2 Leta > —1. Ifz, y € B, then

2 il"(m+§+a+l)

Ra(z,y) = nV(B)[(a + 1) o L(m+ 151)

Zm(z,y).

The series converges absolutely and uniformly on K x B for every compact K C B.

Proof. This can be proved using the same argument as for the proof of Theorem

8.9 of [2]. O

Since Z,, is real valued for each m, we see that R, is real valued.

Now we can give an estimate for R,.
Proposition 3.3 Let a > —1. Then

(i) Ra(z,z) = 1/(1 — |z|)"* for z € B;

(ii) || Ra(z, )3 0 = 1/(1 = |z])*** for z € B;
(iii) |Ra(z,y)| < C/(1 = |zl[y|)"*® for z,y € B.

Proof. First we prove (i). By Proposition 3.2 and (i) of Lemma 1.9, we have

i F(m+ 5 +a+1)

Ra(z,2) = T(m+12)

B |z|*™.

2
nV(B)(a + 1)

m=0

Since h,, =~ (m + 1)"2, by Stirling’s formula we see the coefficients in the series

above are of order m®~! as m — oo. This proves (i).
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(ii) follows from ||Ra(z,-)||3 o = Ra(z, z).

To show (iii), for z,y € B, let z = |z|¢,y = |y|n. Then by (ii) of Lemma 1.9

Faed) < SRR o g )2 )
2 = T(m+2+a+1)
S WBIa+D) :Lf:o [‘(m+2) (lzlly)™ hm
C
(1 — |zfly[)m+e

This finishes the proof. O

The following simple fact will be used:
1-|yl=~1-lz|, ye€ K.(z).

We have the following lower bound estimate for the reproducing kernels.

Proposition 3.4 Let a > —1 and z € B. Then there exists 7 = r(a) € (0,1)
depending only on a such that Ry(z,y) = 1/(1 — |z|)*** for y € K,(x).

Proof. 1t follows from Proposition 3.3 (iii) that R,(z,y) < C/(1 — |z|)™** for
y € K. ().

To show the other direction, for y € K,(z), by the mean value theorem we have

R.(z,y) > Ru(z,z) — max |vu R, (z,u)|ly — z|

u€K,(z)
C
——— — ma T, — x|.
A=z ueK{)lvu a(z,u)lly — 2|

v

If u € Ky(z), then 1 - lu| > 3(1 = |z]). Thus for u € K, 1(z), Cauchy’s estimates
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(2.4 of [2]) gives

C

(1 _ l$|)11+a+1 :

| Vu Ra(z,u)| < ax |Rq(z,v)| <

———— m
(1 — IUI) veK&(u)
Thus if 7 is chosen small enough, for y € K, (z), we get

Cr C
(1—[z[)r+e (1 - [z[)rte = (1 - |z[)nte

Ry (z,y) >

This proves the proposition. O

When a = 0, the proposition above was proved in Lemma 2.1 for any r € (0, 1)
using the explicit formula for Ry(z,y).
For z,y € B, let P(z,y) be the “extended Poisson kernel” for B given by (1.2).

If a is a non-negative integer, then

2 o n .

2 d a+1 5o
= (B (a+1) (Zﬁ) [t#reptay),,

Rq(z,y)

For z € B,z # 0, let £ = z/|z|? be the inversion of z. Notice that our reproducing
kernels are slightly different from those in [5] and [15] because we choose (1 — |z|?)*

as weights. We have the following lemma.
Lemma 3.5 Let a > —1.

(i) |Ra(z,y)| < C|Z — y|™* for z,y € B with |z| > 1;
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(ii) If a > n(’l’ -1) - ’1,, then

[ 1Ba(¢, 0P do() < C(1L =)=+, y € B.

Proof. The same proof as for Lemma 2.3 of [15] yields (i) (although only the
case when a > 0 was considered in [15]). Now (ii) follows from (i) by the proof for

Lemma 3.2 of [5]. O

In order to prove our next result, we need the following simple estimate (see

page 291 of [17]).

Lemma 3.6 If3> —1andm > 1+ 0, then for0 <t <1,
1
[a-mma-ndr<ca-yiom,
0

The following is the last property for R, in this section.
- n+p
Proposition 3.7 Ifp > o B> -1, and a > —1, then
o

1
B ~
[, 1Ral@ 0P (L= 1) 4V () % ey 2 € B

Proof. For x € B, by Proposition 3.4, we have

[ 1B )P =P V() 2 [ (Ralz )P ly) dV ()

C
(1 — le)(n+0)p—(n+ﬂ) :

To show the other direction, using Lemma 3.5 (ii) and the fact that R,(rz,y) =
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R, (z,ry) for z,y € B,0 < r < 1 (which follows from Proposition 3.2), we have

/BIRO(:r,y)I”(l— )P dV(y) = nV(B) /01(1—r)1’r"-1 (/S|Ra(x,r(,’)l”da(()) dr
V(B [ "1 = )t ( / |Ra(rx,C)|”do(()) dr

1
C [[=ry (=gt ar

IN

IA

C(1 — |zfyr+o=tmral,

where we used Lemma 3.6 in the last step. O

3.4 Application to an Inequality for Harmonic
Functions

The following result was proved in [8] and [18].

Theorem 3.8 Let G be a measurable subset of B and p > 0,3 > —1. Then

the following conditions are equivalent:

(i) There is a constant C > 0 such that

L1@Pa -y e <c [ 15mPe - ) ave)

for each harmonic function f on B for which the left-hand side of the inequality

is finite;

(ii) There is a constant 6 > 0 such that V(GN K) > 6§V (BN K) for every ball

K whose center lies on S.
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Luecking [8] proved (ii)=(i), and (i)=>(ii) only when p = 2, 3 = 0. Later Sledd
proved (i)=(ii) for all p > 0,3 > —1 in [18] (I thank Professor William T. Sledd
for this reference). To prove (i)=>(ii) in the case when p = 2, = 0, Luecking [8]
used Ry(z,y) and suggested the use of Rs(z,y) for the case when p = 2,0 > —1.
Sledd [18] developed a different approach by constructing harmonic functions using
the Poisson kernel.

We here provide another proof of (i)=>(ii) for Theorem 3.9. Our method is
similar to that in [8]. For 8 > 0, our proof is even shorter than that in [8], where
the explicit formula for Ry(z,y) was used. For —1 < 3 < 0, our proof uses a
careful argument. We believe the reproducing kernels are natural candidates for

this type of inequality.

Proof of (i)=(ii). By the argument in the proof of Lemma 3 of 8], we only need
to show that given ¢ > 0, there is a constant C, (depending on ¢) such that for
every ball K with its center on S, there exists a harmonic function f (depending

on € and K) on B such that
(1) fglf@W)P(1 = |y))? dV (y) > C, where C does not depend on K¢, and f;
2) [k [F@IPQL = [y)PdV(y) <€

(3) Jonk [f WP = ly))? dV (y) < C(V(G N K)/V(K N B))* for some a > 0,

where a depends only on §.

Without loss of generality let K have radius h < 1 and center u = (1,0, ---,0).
n+ 0

n+aoa

. Let

Choose « large enough so that p >

n+3

f(y) = Ra(zi, y)(1 = |zi])"7 7,
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where 2, = ru,r > 0, and 1 — r = sh for small s > 0 to be chosen.
Condition (1) follows from Proposition 3.7.
The case 3 > 0 is easier to deal with in order to show (2) and (3). Let 3 > 0.

If y € K, then 1 — |y| < h. By Proposition 3.4, for y € K, we have

(1-lwh” _ h? 1

1= T8 = oy = ©

IFW)PA-y))! <C i

This implies (3) for a = 1.
By Lemma 3.5, we have |Rq(zx,y)| < C/|Zx — y|*** if s < 1. Notice that

(1-1y|) < |Zx — y|, y € B. We have

1
B\K Ii‘k _ yl(n+a)p—ﬁ

L @PA= P dV(e) < CQ1— s av (y)
00 7,.n—l

C(sh)P+a)=(n+0) / T

h rp(n+a)-p8

IA

< C(s)p(ﬂ+a)—(n+ﬂ)’

where we used the fact that B\ K C {y € R": |y — Zx| > h} in the second step.
If s is chosen small, then we have condition (2).
The case when —1 < < 0 requires more work. First we choose ¢ > 1 such

that ¢8 > —1. Let ¢’ denote the conjugate of q. Holder’s inequality gives

/B F@P(L = [y)PdV(y) < (1 — |zx))Pinte)=(nt8)
\K

Q|

([, Ratowl 0= bipeavin)

: (/B\K | Ra (e, y)| T dV(y)) :
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If (n+a)p> 2(3 + (), then by Proposition 3.7

1

9 1
B, Bq <
(] ol = v () < O

If(n+a)p> 2%, then we have

' 7 oo pn-l 7
Ra(zk,y)|F dV < C/ T4
([ ol avin)™ < o ([ ar)

Combining the inequalities above, we get

[ @)= Lyl av(y) < C(s) "8,
B\K

provided that « is large enough. This gives (2) if s is small enough.

We now show (3). We have

L F@PA=l)? V() = A=l [ Ry (2, )P (1-ly) dV ().

By Holder’s inequality and Proposition 3.7, we get

1/q
L (Ra(oe )P = 19DV () < ([ IRalon (1= 9D dV(»))

-(V(GNK))V?

C
(1 _ |mk|)p(n+a)—($+ﬁ)

(V(GNK)' .

IN
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Hence we obtain that

. V(GOK) 1/q' V(GQK) 1/¢
/GnK FIPQ -y’ dV(y) <C (m) <G (V(BnK)) '

Thus the condition (3) is satisfied with a = 1/¢’. O

3.5 Application to Toeplitz operators on Har-
monic Bergman Spaces

Let u be a finite complex Borel measure on B. We densely define the Toeplitz

operator on b2(B) with symbol p by

T,u(z) = /B Ra(z,y)u(y) du(y)

for u € b(B) N L*(B, (1 — |z*)?dV(z)). If du(y) = f(y)(1 - |y[*)*dV (y), then
we write T, = Ty. Let (-, ), denote the inner product for L*(B, (1 — |z|?)*dV (z)).

For bounded u,v € b2(B), it follows from Fubini’s Theorem that

(Tyu,v)q = /Buz'}du.

Suppose p > 0 and let I denote the inclusion map from b2(B) to L*(B,dp).
It is clear that T}, is bounded (compact) on b2(B) if and only if I is bounded
(compact).

The characterization of boundedness and compactness for the inclusion map
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was given in [14], where more general domains in R™ and more general spaces were
considered, except for —1 < a < 0. We can extend the characterization to all
a > —1 in our case. From here on we always assume r is the number given in

Proposition 3.4 (which depends only on «).

Proposition 3.9 Let a > —1 and p be a finite positive Borel measure on B.

Then the following conditions are equivalent:

(i) I is bounded (compact);

1)

(ii) p(Kr(2))/V (K (2))™*

is bounded for x € B (— 0 as |z| = 1).

Proof. Oleinik and Pavlov [14] proved that (ii)=(i). To prove the implication

in the other direction, suppose I is bounded. Then

[ uldu<c [ @) - av)

for all u € b2(B). For z € B, let u(y) = Ra(x,y) € b2(B). Then

u(Kr(z)) 2
o < C ()IR o(2,9)? du(y)

< [ IRale,y)ldu(y)
< «(z,9)?(1 = |y|)*dV
< c/B|Rzy>|< yP?)"av ()
¢
(= fe+

where we used Proposition 3.3 (ii) in the last step. A modification of this argument
shows that compactness of I implies the little o condition; we omit the details. This

proves (ii). O
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Now we can state Proposition 3.9 in terms of Toeplitz operators. Although [14]
only gives the continuous version, a discrete version can be easily obtained (sece,

for example, Theorem 1.8).

Proposition 3.10 Let a > —1 and p be a finite positive Borel measure on B.
Then the following conditions are equivalent:

(i) T, is bounded (compact) on b2(B);

(ii) (K, (z))/V (K, (x))'** is bounded for x € B(— 0 as |z| = 1);

(iii) (Ko (2:))/V (K ()" is bounded fori=1,2,--- (=0 asi— 00).

Now we can establish a trace ideal criteria for positive Toeplitz operators on

b%(B). The case a = 0 was proved by Theorem 2.9 using ideas from [9] and [23].

That result can be extended to all a > —1.

Theorem 3.11 Let1 < p < oo,a > —1, and p be a finite positive Borel

measure on B. Then the following conditions are equivalent:

(i) T, € Sp(b2(B));

(ii) p(K:(z))/V (K. (2))'*= € LP(B, (1 - |z|*)"dV (z));

(i) 2321 (1K (@) /V (B (2))'*7)” < co.

The proof of the theorem above is entirely analogous to that for Theorem
2.9, so we will not give a proof for it. We remark that the two properties for
the reproducing kernels needed for the proof are supplied by Proposition 3.3 and
3.4, and the S,-norm of T}, is related to the reproducing kernels by the following
identity:

I, = [ (T2 Ra(w, ), Ral, Dall = [2)dV ()
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