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ABSTRACT

MODELING HEAT TRANSFER FOR PARAMETER ESTIMATION
IN FLASH DIFFUSIVTY EXPERIMENTS

By

Robert L. McMasters IV

Since the early 1960s, the laser flash method of
diffusivity measurement has been used on a large variety of
materials. Several parameter estimation methods have also
been used in analyzing such experiments, employing various
levels of sophistication.

This research investigates the penetration of the laser
flash beyond the surface of the material being heated.
Various heat transfer models are presented, each with
different assumptions about the initial temperature
distribution inside the material. Besides the mechanism of
thermal conduction, radiation transport is also considered,
.assuming a semi-transparent emitting and scattering medium.
An evaluation is made of the response of the methods to
factors which may enter into the experimental process. This
is done in quantitative terms so as to assess the adequacy
of the models in comparison to one another.

Estimation of thermal parameters, using the models
developed as part of this research, is performed on

experimental data from 15 laboratories around the world,
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involving a variety of materials. Ambient temperatures in
the experiments range from 20°C to 2000°C and estimated
diffusivities vary from 0.3 to nearly 80 square mm per
second.

When direct solutions which have closely correlated
parameters are used in parameter estimation, the equations
used in calculating the parameters can be very unstable. A
method of regularization is presented as part of this
research which imparts stability to the ordinary least
squares method of parameter estimation, where parameters may
be otherwise unobtainable. This method is presented

compactly in matrix format.
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CHAPTER 1

BACKGROUND

1.1 INTRODUCTION

Many new materials are being synthesized for various
high temperature uses in the aerospace industry. Knowledge
of the thermal diffusivity of these materials is extremely
important in evaluating their appropriateness for particular
applications. Because of the extreme high-temperature
environments in which many of these materials are expected
to perform, parameter estimation experiments must also be
conducted at these temperatures in order to establish wvalid
estimates of the thermal parameters of the materials in
their intended working environments. At these extremely
high temperatures, traditional methods of contact heating
and temperature measurement become impossible. The flash
method of diffusivity measurement has proven extremely
useful for this application. The procedure for conducting
flash diffusivity experiments is described in detail in
Chapter 2.

Some of the objectives of the research conducted here

are



2
1. To determine the thermal properties of the
materials tested, specifically thermal
diffusivity, from transient temperature

measurements.

2. To investigate the possibility of internal
radiation as an ancillary means of heat transfer
to Fourier conduction and to investigate
penetration of the laser flash beyond the surface

of the specimen.

3. To investigate non-radiative effects which
could be responsible for systematic disparities

between measured data and the mathematical model.

The common underlying motivation behind each of the
above objectives is to develop and utilize a heat transfer
model for these experiments which will more accurately
conform to the physical phenomenon observed, thereby giving
greater confidence in the parameter values reported. 1In
many cases, changing the mathematical model can change the
estimated parameter wvalues by as much as 20 percent. This
in turn can have an impact in the design phase of the

utilization of the material. For example, changes in the
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3
properties of materials used in space vehicles can translate
to changes in space vehicle weight, which in turn can affect
fuel requirements and mission capability.

This chapter addresses Previously Used Methods in
Section 1.2 as well as a brief description of the experiment
and the direct problem solution in Section 1.3. The need
for refined models is discussed in Section 1.4 which is the
motivation for this research. Section 1.5 introduces
derivative regularization as a tool necessary for extracting
radiation parameters. Further work in exploring the
sensitivities of the experiment are introduced in Section
1.6. Finally, the goal of the research is summarized in
Section 1.7, including a summary of the remainder of the

dissertation.

1.2 PREVIOUSLY USED METHODS

Prior to the widespread availability of high speed
computers for use in parameter estimation, simplified
methods were utilized to facilitate more rapid parameter
estimate computation. When the procedure of laser flash
diffusivity measurement was introduced in 1961, the primary
means by which diffusivity was calculated involved the
principle of “half rise time”. This pioneering work is

described in Parker et. al. [46]. Early models assumed a



[P

a2 - ...

SeLT - -
.o

- A .

ce T TS *-.

S L .
D St

(8]

S 8=5 ¢ .
2 B
$ I8 sy
-e
.~
-
TrelS3m .
Kool PO
Teal T s
Y o




4

pulse heat addition to the incident side of the sample, and
insulated conditions otherwise. An additional assumption
made in the development of this model is the approximation
sin(e) = € for small values of €. Using these assumptions,
the non-dimensional time corresponding to the point where
measured surface temperature on the non-heated side reaches
half of its maximum, or equilibrium, temperature is 1.38
non-dimensional time units. Based on this correlation, the

relationship was established

_1.38L2
n’t,,,

« (1-1)

where L is the sample thickness and t,,, is the time
corresponding to that at which measured temperature reaches
half of the final, or equilibrium, temperature.

Numerous revisions to this method have been presented
in the literature in subsequent years. Cowan [43] provided
accommodation for radiative heat losses from the sample
surfaces. This modification required the analyst to enter
correction charts with parameters such as ambient
temperature, maximum sample temperature, and surface
emissivity. The correction factors are then applied to the
half-rise-time method described above. A similar method

accounting for heat losses from the sample circumference is
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5
examined by Clark and Taylor [44]. Several test cases
comparing this method with the Cowan method are examined by
Clark and Taylor as well.

Later work incorporated the minimization of least
squares error as a means of estimating diffusivity and heat
loss coefficient simultaneously. Early work in this area
was performed by Koski [42] and includes discussion on the
conformance of the mathematical model to the laboratory
measured data. Taylor [47] also examines conformance of the
mathematical model to the measured data for, not only
surface heat loss, but for finite pulse length as well.
This effect has to do with the time duration of the flash,
including considerations for the flash being non-
instantaneous. This paper by Taylor examines the residuals
in various experiments, that is, the difference between the
measured data and the mathematical model.

Input from many of the above contributions has been
utilized by the American Society for Testing and Materials
(ASTM) as put .-forth in 1992 [40]. This ASTM publication
provides a standardized procedure for accounting for both
heat loss factors and finite pulse duration factors. The
standardized method is based on the time of half-temperature
rise principle.

Further investigation into aspects of this experiment
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6
is made by Raynaud, et. al. (48] in regard to the adequacy
of various models. This discussion not only includes an
examination of the residuals, but of the sequential
estimates as well. A discussion of how sequential estimates
are found is presented in detail in Chapter 2. More
recently, the method of non-linear regression using ordinary
least squares has been applied to the flash diffusivity
experiment by Beck and Dinwiddie [37]. This method has the
advantage of allowing model flexibility to account for
various phenomena by simultaneously calculating multiple
parameters.

The standard deviation of the residuals in many of the
experiments noted above is considerably higher than that of
the anticipated measurement errors, pointing to some
unresolved inadequacy in the models. Although large
improvements have been made in model conformance through
simultaneous calculation of heat loss and diffusivity, a
characteristic signature is evident with the analysis of
experiments for some materials. The shape of the signature
generated from these models suggests that the “wave” of heat
diffusing through the solid material arrives earlier than
that predicted by conventional kinetic conduction. This
implies that another mechanism is at work in these

experiments, such as internal radiation or a penetration of
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7
the laser flash beyond the surface of the material. Both of
these phenomena are investigated as part of this research,
which consists of a further examination of heat transfer

mechanisms at work in various flash diffusivity experiments.

1.3 THE NEED FOR REFINED MODELS

Several means are used as part of this research in
order to determine the adequacy of the models used and to
evaluate the need for further refinement of the models. The
primary method of evaluation is by comparison of the
standard deviation of the residuals to the standard
deviation of the expected measurement errors. Even more
important is the emergence of a characteristic signature in
the residuals, indicating that the model does not conform to
the physical measurements.

A characteristic signature is exhibited by long periods
of continuous positive or negative residuals. This type of
behavior in the residuals can also be evidence of a problem
with the measurements, specifically, correlated errors.
Another key indication of model inadequacy is the stability
of the sequential estimates. These phenomena are discussed
in detail in Chapter 2. In the following chapters, various
models will be examined in an effort to account for the

characteristic signature in the residuals and the lack of
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8

consistency in the sequential parameter estimates.

1.4 DIRECT PROBLEM SOLUTION

Typically, specimen heating is accomplished in these
experiments by laser flash. Temperature measurement is
accomplished by infrared photometry. This research
specifically investigates the heat transfer through a disk
shaped object in one dimension from a flash heat source and
the subsequent heat loss to the ambient surroundings
following the flash. Since the diameter of the sample is
much larger than the thickness, normally by a factor of 15-
20, heat losses on the perimeter of the disk are neglected.
The temperature measurements are made on the opposite side
of the disk from the side exposed to the flash.

In order to estimate properties for a sample in an
experiment, a direct solution must be obtained. Several
models were utilized for direct solutions as part of this
research. Later models are generally more rigorous than
early models at the cost of increased complexity.

The first and most simple model assumes conduction
through the sample and convection from the exposed surfaces.
When experiments such as these are performed at very high
temperatures, the materials may be likely to become more

transparent to radiation of the frequencies emitted from
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9
matter internally. Part of the objective of this research
is to investigate the effects of combined conductive and
radiative heat transfer inside the material. Several models
are available to address this phenomenon. The most
appropriate model for optically thick material utilizes a
radiation coefficient which models the radiation as a
diffusive phenomenon. This model is discussed in detail in
Chapter 3. Other factors which are to be investigated
include the penetration of the laser flash into the material
at the instant the flash heating occurs. Additionally,
there is an investigation into the reflection of the laser
flash inside the furnace. These factors are discussed in

detail in Chapter 4.

1.5 DERIVAIIVE REGULARIZATION

When studying the subtle effect of a small contribution
of heat transfer from a mechanism such as internal
radiation, in addition to the dominant mechanism of
conduction, the extraction of a parameter such as “radiative
conductivity”, becomes extremely difficult. This is because
the sensitivity coefficients are closely correlated. When
this occurs, the final set of equations used in solving for
the parameters becomes nearly singular. Without being

treated with some type of regularization or stabilizing
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10
influence, the parameters cannot be found. Occasionally in
solving singular sets of equations, the use of double
precision in the computing method can improve results. With
measurement errors in the data however, this is of no use;
each iteration of the non-linear regression gives
increasingly wild answers. A part of this research includes
the development of a method of regularization which allows
parameters to be calculated even with inaccurate initial
assumptions as to the parameter values. The stabilization
is achieved by incorporating information related to the
first and second time-defivatives of the sensitivity
coefficients and the measured data. The Derivatives are
approximated by fitting parabolic splines through the
respective curves. This method allows estimation of the
“radiative conductivity” term in the internal radiation

model. This procedure is explained in detail in Chapter 5.

1.6 OPTIMIZING THE ANALYSIS METHOD

Investigating methods which may simplify the
calculations in this problem and provide better accuracy is
an important part of this research. Variations of the
method of calculation include the elimination of heat flux
as a parameter by normalizing the solution to a temperature

measured at a specific time in the experiment. Further
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11
investigation into the optimum duration of the experiment is
also made. Various criteria are investigated pursuant to
the establishment of a systematic way of evaluating the
adequacy of various competing models. An analysis is
undertaken to determine the validity of the method used in
calculating sensitivity coefficients. Finally, the
parameters are estimated over sequential experiments in
order to establish the functional form of the temperature
dependence of the parameters. The results of the

investigation into these issues is presented in detail in

Chapter 6.

The main goal of the research is to obtain a greater
measure of confidence in the results of the flash
diffusivity experiments. Various physical phenomena are
investigated as possible causes for model non-compatibility
with the experimental measurements. This is a critical area
of investigation since small changes in estimated parameter
values can have a large impact on the cost and ultimate
effectiveness of the devices in which the material is
intended for use.

As an outline of the remainder of the dissertation,

Chapter 2 describes the fundamentals of the experiment and
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12
aspects of parameter estimation for a three-parameter model,
solving for diffusivity, heat flux and Biot Number.
Internal radiation as a diffusive mechanism for optically
thick materials is discussed in Chapter 3 with analysis of
both simulated and real measurements. Non-radiative models
are described in Chapter 4, involving an effectively
instantaneous penetration of the flash into the material at
the time of heating. The concept of derivative
regularization is discussed in detail in Chapter 5,
examining the benefits and costs of the method. Various
aspects of sensitivity analysis and method refinements are
presented in Chapter 6 and the work is summarized in

Chapter 7.
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CHAPTER 2

FLASH MEASUREMENT OF DIFFUSIVITY

2.1 INTRODUCTION

The historical discussion of the flash method of
diffusivity measurement, featured in Chapter 1, highlights
some of the milestones and significant refinements made
since the procedure originated. During the course of this
development, the flash method of thermal diffusivity
measurement has been used many times in dozens of
laboratories around the world.

A sample list of countries having made contributions in
this area is as follows: Reference [54] presents an
investigation of the thermal diffusivity of thin coatings of
tungsten and molybdenum which are applied by plasma spray.
This type of material application is in use in the nuclear
industry. This work was performed by Canadian researchers.
Reference [52] discusses experimental measurements of semi-
transparent materials in the temperature range of 300 to
800K. This work was performed by researchers in France. A
contribution from Germany was made in reference [36] where
an extrapolated radiation heat transfer solution was

superimposed on a kinetic conduction solution in order to

13
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obtain more accurate estimates of the thermal diffusivity of
alumina. A contribution from Ireland is presented in
reference [57] which explores thermal diffusivity
measurements taken on alumina based ceramics used as
packaging substrates. A contribution from Japan in
reference [53] discusses measurements taken on casting
powders used in the steel making industry. This method
examines measurements of material consisting of multiple
layers. Reference [56] is a paper written by Scottish
researchers regarding flash diffusivity measurements taken
on dielectfic crystals which exhibit non-linear optical
characteristics. The work specifically looks into crystal
damage from absorbed laser radiation as a result of the
measurement process. Many contributions have been made by
the USA. Reference [40] presents a standardized method for
measurement and calculation of thermal diffusivity by laser
flash by the American Society for Testing and Materials.

The flash method of diffusivity measurement employs
non-contact sample heating and temperature measurement.
Contact methods of heating and temperature measurement of
solids typically produce non-uniformities which come about
from such factors as imperfect contact, serpentine heater
construction and the additional thermal mass inherent in the

heaters, thermocouples, adhesives and lubricants. The
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15
effect of these factors can be minimized by employing
samples of physically large size. One of the prime
advantages of the laser flash method is that the non-contact
nature of the heating and temperature measurement eliminates
non-uniformities which allows the use of small samples.
This in turn allows small furnaces and other sample
enclosures to be employed. The small size of the samples
also allows the ambient temperature of the experiment to be
changed quickly, so that successive experiments may be
performed at varying ambient temperatures over a relatively
short amount of time. The flash method can also be used in
extreme high-temperature environments due to the non-contact
nature of the heating and temperature measurement. There
need be no concern for the degradation of the heating and
measuring equipment from exposure to high-temperature
environments. The small sample size typically allows the
duration of the experiments to be quite short, with most
experiments lasting less than one minute.

Once laboratory measurements have been taken, a direct
solution must be computed for the problem in order to obtain
the parameters. The model utilized in this chapter assumes
one dimensional Fourier conduction in a rectangqular
coordinate system with convective heat loss on both sides of

the sample, each side having the same heat transfer
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coefficient. Due to the large sample diameter in comparison
with the thickness, heat losses from the perimeter edge of
the sample are neglected.

Section 2.2 provides a brief description of the types
of samples used as part of this research. The measurement
instrument used is described in Section 2.3. The
Computation of the direct solution is presented in Section
2.4, assuming simple one dimensional conduction and
convection. A finite difference version of this solution is
provided in Section 2.5 with the parameter estimation
aspects of the problem discussed in Section 2.6. The
inadequacies of this simple model are discussed in Section
2.7, demonstrating a need for further research into more

sophisticated modeling techniques.

2.2 DESCRIPTION OF SAMPLES

Data from fifteen laboratories around the world were
analyzed as part of this research. Ambient temperatures for
the experiments performed ranged from 20°C to 2000°C. The
disk shaped samples ranged from lmm to 18mm in thickness.
Thermal diffusivity estimated from the data ranged from
approximately 0.3 to 80 mm?/sec. Heat loss from the
surfaces of the samples following the pulse heating ranged

from near zero to a Biot number of approximately 10.
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The primary area of study for this research is centered
on the Carbon Bonded Carbon Fiber (CBCF) material developed
at Oak Ridge National Laboratory. This material is
primarily intended as insulation for objects exposed to
atmosphere re-entry conditions in space applications. The
material is manufactured by Oak Ridge National Laboratory.
CBCF insulation is vacuum molded from a slurry of chopped
amorphous carbon fibers in a mixture of water and phenolic
resin. The material is then dried and the resin, which
accumulates where the fibers touch, is carbonized. This
process results in an open structure where both the density
of the solid fibers and the overall porosity are continuous
throughout the material. One specific use of the material
is as an insulator in radioisotope thermoelectric generators
such as the General Purpose Heat Source used to supply power

to deep space probes like Galileo.

2.3 ASPECTS OF MEASUREMENT

Since the flash method of thermal diffusivity
measurement has been in use for several decades, equipment
designed for conducting flash diffusivity experiments is
available for purchase in the form of pre-manufactured

systems. Two companies which sell such equipment are
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Holometrix Inc.

25 Wiggins Ave.

Bedford, Mass. 01730-2323

(800) 688-6738

Anter Corp.

1700 Universal Rd., Dept. 10

Pittsburgh Pa. 15235-3998

(412) 795-6410

www.anter.com
Measurements were made as part of this research by equipment
made from both these manufacturers. A majority of the
sample measurements, however, were made using the Anter
system at Oak Ridge National Laboratory. A schematic
diagram of this system is shown in Figure 2-1. 1In this
system, the sample is held horizontally and the laser flash
is introduced vertically, incident on the top of the sample.

Figure 2-2 is a photograph of the Anter system at Oak
Ridge National Laboratory. This system happens to be
configured for four modules, but the systems are available
with as few as one module, depending on the range of
intended temperature applications. The four modules
provided in the Oak Ridge machine include a low temperature
aluminum block furnace for temperatures from ~150°C to
500°C, a room temperature to 1700°C furnace, a 500°C to
2500°C graphite furnace and a room temperature to 1200°C

quench furnace. The quench furnace is cooled by a blast of

helium gas once the heat source is turned off. The
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Figure 2-1 Schematic Diagram of a Typical Flash Diffusivity Measurement System
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Figure 2-2 Photograph of the Anter System at the Oak Ridge National Laboratory
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20
quenching process is capable of reducing the sample
temperature by approximately 200°C per second.

Samples held at high ambient temperatures in a furnace
are typically in a vacuum or an inert gas in order to
minimize chemical interaction with the surroundings. The
laser flash is generated on the outside of the furnace and
passes through a spectrally neutral neodymium-glass window
in order to reach the sample. Since the sample is small,
the laser flash is able to cover the entire surface to
promote even heating. The laser has a maximum pulse energy
of 35 joules. This pulse magnitude is adjustable and is
established based on an initial operator-assigned maximum.
Subsequent laser flashes for a given experiment are adjusted
through a trial and error process, facilitated by the
computer control system, after the initial flash.

The infrared temperature sensor used in the experiment
is also physically located outside the sample furnace and
takes readings through a spectrally non-interactive glass
window at the bottom of the furnace. The measured signal is
passed through a fiber optic cable to the actual detector
unit. The detector unit includes a pre-amplifier, which
allows several furnaces to be served by the same infrared
temperature detector without moving the detector itself.

Additionally, the sensitive electronic components of the



D R PNy

< avs o
Tteeve 20T 0

e S

N
2o PO

- -T T

S=msese oo

B T N - L g

Saea -
DL
PRI
oelllirate .
RN € U TP
toen el -
-t
.
RAL-TT T
-3 em o
-7 vers
o mn
Teel22 e =
Ta - .
‘e NS~
T332




21
detector are protected from the high temperatures of the
furnace by the physical separation. The Oak Ridge machine
uses two detectors: a silicon photodiode detector for high
temperature applications and cryogenically cooled Indium-
Antimony detector for low temperature applications.

The detector is calibrated using simulated black bodies
at different temperatures. From this calibration procedure,
a look-up table is generated which provides a mapping of
intensity versus radiation wavelength. The lookup table is
stored in Read-Only-Memory (ROM) in the detector’'s
controller unit. Measurements taken using the instrument in
actual practice are arrived at by interpolation of the
various values which are stored in the lookup table during
calibration.

The output of the detector is usually expressed in
terms of volts, which are directly proportional to
temperature. The detector is normally calibrated to read
zero for each experiment at furnace temperature. The final
signal recorded in the data acquisition equipment is an
expression of a signal proportional to temperature rise
above ambient temperature.

The temperature measuring instruments tend to perform
better in higher temperature experiments due to the more

distinctive spectral signal emitted at high temperatures.
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An additional requirement for low temperature experiments is
that liquid nitrogen must be used to provide a cryogenic
environment for the detector. This is necessary so as to
minimize background radiation not related to the temperature
measurement of the sample. In spite of this precaution,
more background noise typically exists in measurements taken
below 600 degrees centigrade than is exhibited above that

temperature.

2.4 DIRECT SOLUTION COMPUTATION

The Anter system described in the previous section
provides immediate analysis of diffusivity by evaluating the
half-rise time as described previously. The system
automatically computes several diffusivities, each based on
the methods of Parker [46], Cowan [43], Clark and Taylor
[44], Koski [42], and Heckman [59]. The computer displays
this information in tabular form and automatically stores
the information in an individual file for each experiment.

The method of analysis used in the present research is
based on non-linear regression, as described in reference
[25]. This method requires the formulation of a_direct
solution. The most basic model, which assumes conventional
kinetic conduction of heat through the material, can be

solved analytically. In crder tc acccomplisgh this, the
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Green's function is used for the X33 case, that is one
dimensional conduction in the Cartesian coordinate system
with convection at both boundaries, as put forth in
reference [51]. Assuming no internal radiation and constant
conductivity with respect to temperature, the one

dimensional differential equation for this problem is

oT _, 3°T
DCPE=}(——6X2 (2-1)
The boundary conditions are
T
- %;E °= 90 (£) +h (T -T, ) (2-2)
4=
oT
-kKl=——| = h(T,_,-T,) 2-3)
.ax x=L t (

In these equations, o is the density, ¢, is the specific
heat, T is temperature, t is time, k is thermal
conductivity, g, is the magnitude of the heat pulse,
typically expressed in joules per square mm, &(t) is the
Delta Dirac function, h is the heat transfer coefficient, L
is the sample thickness and x is the spacial dimension.
Prior to the initiation of the flash at t=0, the sample is
assumed to be at ambient temperature, T.. The Green's

Function Solution Equation given in reference [511 is.
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- Are /
T(x,t)—Tw+;L=on33(x,x |t,t)q°6(t)dt (2-4)
where the Green's function for X33 is given as
o0 a2 _ 2
Gx33(x,x’|t,t)=-2£§e Ble /B () g (x') (2-5)
where

X o X
i Bncos(Bm-E) +Bi ;sin (B"’f)
A,(x)= '

(2-6)

Bi
1+—2>2
2

(Ba*Bif)|1+—
Bm+BiZ

+B.11

/ /
n,(X’)=B,cos(B,3%-)+Bilsin(B,%%) (2=7)

In these equations, Bi, and Bi, refer to the Biot numbers on
the right and left hand sides of the specimen, respectively.
Since the temperature measuring instrument used in the flash
diffusivity experiments reports voltage proportional to
temperature rise above the experimental ambient temperature,
it is convenient to set T.=0 in the solution. Since the
same medium exists on both sides of the sample at
approximately the same temperature, it is also reasonable to

set Bi;=Bi,. The solution now becomes

Ay e 2 ¢ e-aimt-n/z.z

T(L, C—. -
(L, t) oI A &(t)dt (2-8)
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where

_By[B,cos(B,) +Bisin (B,)]

- B2+Bi%+2Bi (2-9)

Integrating and non-dimensionalizing, we have

= ~ 2
T*(L,t) = T(L';”‘ E Bt/ 2 (2-10)
0 B=1

In order to compute the eigenvalues, the following eigen

condition must be satisfied

2@, Bi
tan(B,) =——— (2-11)
B -Bi?

A rapid procedure for computing eigenvalues is Newton's
method, which involves finding the roots of the following
equation, which is simply a re-arrangement of the above

equation, expressed as a function set equal to zero.

£(B,) =tan(B,) (B2-Bi?)-2B,Bi=0 (2-12)

Using this method, an initial guess is made for B, which, in
the case of this research, was 2.5 for Biot numbers less
than 6 and 3.5 for Biot numbers of 6 and greater. This
method proved effective for Biot numbers ranging from near

zero to approximately 30, well above any experimentally
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observed values.
A more refined method for arriving at an initial
eigenvalue approximation is given in reference [51]. For

Biot numbers less than 1.0, the following approximation may

be used
_45 - ; \ J1s2 |22
B,~| 45 3031+[_f(31)] (2-13)
4Bi
where
f(Bi)=225(3+2B1i)2+360Bi (Bi?+2Bi) (2-14)
For cases where Biot number is between 1 and 4.85 the
following relation may be used
i 6 el
2-15
B,= (2Bi+1) (2-15)
Bi

For values of Biot number greater than 4.85, the following
approximation may be used

Bin

B B

(2-16)

As a more general approximation of the initial eigenvalue
for this problem, the following relation was arrived at as

part of this research
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n

B =
1 1+ - 2.151 /2.151 (2_17)
J?Bl

The above expression is valid for Biot Numbers from 0.2 and

higher with an error of less than one percent when compared
against the converged value. Figure 2-3 shows a graph of
the residuals of the approximate eigenvalues arrived at
using this method compared to the true converged values.
This graph shows the very close approximations achieved
using this method. Equation 2-17 was developed as a
continuation of work initiated by Yovanovich [61] who used
an equation of the same form for computing the first
eigenvalue for the X23 case. The constant 2.151 in the
exponent in this equation was arrived at as part of this
research by ordinary least squares parameter estimation,
similar to that used in estimating parameters in the heat
conduction equations.

After computing the first approximation of the first
eigenvalue, subsequent iterations are made using the Newton
method by adding a correction value, AR, computed as follows

~tan(p)+ 2L
ap=—L(B) B2
£ty _ 1 ,Bi

cos?(p) B

(2-18)
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Figure 2-3 Eigenvalue Residuals as a Function of Biot Number for the X33 Case

With the AR, term calculated, a revised value for the B, can

be calculated as follows

Ba =08 +B (2-19)

where the i superscript designates the iteration from 1 to
convergence. For the work conducted as part of this
research, eigenvalues were computed to six significant
figures.

Once the first eigenvalue has been computed to a
satisfactory degree of accuracy, the initial value for
subsequent eigenvalues is normally obtained by adding n to

the previously calculated eigenvalue. Newton’s methoed is
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applied again in each case until convergence is obtained.
For a more refined initial estimate of subsequent
eigenvalues, the following equation is provided in reference

[51] for small Biot numbers

2Bi
Bmz(m"‘l)n"’—(F]:l)—n (2-20)
and for large Biot numbers
B=(m-1)mm + ————i———-(m—l)n _ Bif B
o 2(3+2Bi) ’ = (2-21)
where
, , 1/2
B, =1+ 8Bi(3+2Bi) 2 -1
3| (m-1)n - Bl/ (2-22)
Ba

and B, is arrived at from Equation (2-20).

The number of eigenvalues necessary in order to achieve
convergence of the infinite series temperature solution
varies depending on the value of diffusivity, sample
thickness and the time associated with the first time step
in the experiment. Since the term in the infinite series
solution which drives the series to convergence is the
exponential, a convenient convergence criterion for six

significant figure results is
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— = 10° (2-23)

Taking the log of both sides we have approximately

it +pit = 14 (2-24)
where t* is the non dimensional time defined as

._at
t "2 (2-25)

Since a typical value for B, is approximately nm, the
eigenvalue to be calculated in order to achieve convergence

can be expressed approximately as

2 +
Ba =,|————14+tn,t (2-26)

Since t* is typically on the order of 0.01, we have the

number of eigenvalues necessary for convergence expressed as

n:ilﬁ (2-27)
I t*

Since the eigenvalues are very close to nnm in value, the
number of required eigenvalues for convergence for a typical

initial time step measurement of .01 unit of non-dimensional
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time is 12.

2.5 FINITE DIFFERENCE METHOD

Using a backward difference scheme for the time
derivative and a central difference scheme for the spacial

derivative, the energy equation becomes

J_mi-1 b b J
T/-T T,.,-2T;+T,
P B S et B (2-28)
p At Ax?

In this notation, the i subscript represents the spacial
node to which the temperature applies. The spacial nodes
are numbered from right to left from zero to n. The j
superscript represents the time step to which the
temperature refers, where time j is considered to be the

present time. The left boundary condition is approximated
by

pcAx N 51
-§§E‘@7'Tg +T] -1} )

+h(T,-T )+k[ T°-T1] =0
0 - ax )

and the right boundary condition by

(2-29)
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pc . Ax PR 1
ZZt (Tn_Tn +Tnj—l_:z'r‘;'—l)

T -T
+h(T,-T,) +A{ ———"Ax”"] =0

The flash heating is simulated in this problem by

(2-30)

setting all initial temperatures at zero, i.e. ambient, with
the exception of T.,° which is set at 2q,/Axpc,. This
represents the temperature rise resulting from absorption of
the entire energy of the flash at the surface node, T,.

The solution to these equations, gives the direct
numerical solution to the problem. Although the solution to
this particular problem can be found exactly by the infinite
series expansion mentioned above, it is necessary to build
the numerical solution in preparation for the addition of
the non-linear radiation terms to be utilized in the next
chapter. Since this numerical method serves as a basis for
the computation of direct solutions for subsequent models in
this work, it is very important to observe accurate
agreement between this and the exact solution prior to
adding the non-linear terms.

Combining the two boundary condition equations above
with n-1 interior equations, such as equation (2-28), leaves
n+l equations and n+l unknowns. At the initial condition,

t=0, all n+l node temperatures are assumed to be known. The
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n+l unknowns in the first set of simultaneous equations to
be solved are the n+l node temperatures at the first time
step. The first of the n+l equations, the equation
generated by the left hand boundary condition, has two
unknowns, T, and T,. The second equation has three
unknowns, T,, T, and T,. This overlap continues until the
n+l equation which, like equation 1, has two unknowns.
These are T,, and T,. In matrix form, this set of equations
takes the form of [A][T]=[D] where the [A] matrix is n+l by
n+l, and the [T] and [D] vectors are n+l by 1. The [A]
matrix is completely zero except for the main diagonal and
one place either side of the main diagonal. This is known
as a tri-diagonal matrix. The [T] vector contains the
unknown temperatures for each node and the [D] vector
contains the temperatures from the previous time step.

The method of solving the tri-diagonal matrix generated
by these equations is very important and can significantly
affect the results of the calculations. Although
algebraically correct, solving the equations sequentially by
substitution can generate roundoff error through successive
close subtractions, significantly degrading the accuracy of
the solution. 1In contrast to this method of evaluating the
tri-diagonal matrix, the equation transformation method as

outlined in reference [24] eliminates this accumulation of
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errors. Given a tri-diagonal matrix expressed in expanded

form as follows

bo C, 0 00O0... O 0 0 T0 do
a, b1 (o} 0 0O0... O 0 0 T1 d1
0 a, bz CZOO... 0 0 0 T2 d2
0 0 0 0 0O0... a,, bn_1 Ch Tn_1 dﬂ_1
LO 0 0 00O . 0 a, t% ENIES
(2-31)
we define
3 Co . do
Cp = — d, = — -
o b, ) b, (2-32)

Subsequent terms are defined through the recursion relation

e S goGedde (2-33)
r L] T »
b-a.c,, b -a.c,,

for r=1,2,3, ... n. When d,” is finally calculated, this is
equivalent to T,. The other temperatures are calculated by

the following expression

T.=d,-c,T (2-34)

T “rel

for r=0,1,2,...,n-1. The results of this method are shown
in Table 2-1 in comparison to the results from the exact

solution.
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Table 2-1
Comparison of Finite Difference Method to the Exact Solution
Values Shown are in Percent Error From Exact Solution
a=L=1 At=.0005 Bi=0

EXACT SPLIT GRID*
TIME SOLUTION Ax=1/30 Ax=1/60 Ax=1/30
0.06 0.07142 1.093531 0.449454 1.503115
0.12 0.405587 -0.11292 -0.04635 -0.14088
0.18 0.663191 -0.15863 -0.10148 -0.18787
0.24 0.81295 -0.12215 -0.08525 -0.14183
0.3 0.896468 -0.08511 -0.06169 -0.09785
0.36 0.942727 -0.05696 -0.04211 -0.06519
0.42 0.968321 -0.03738 -0.02799 -0.04256
0.48 0.982477 -0.02392 -0.01812 -0.02718
0.54 0.990308 -0.01515 -0.01151 -0.01717
0.6 0.994639 -0.00945 -0.00724 -0.01067
0.66 0.997035 -0.00582 -0.00451 -0.00659
0.72 0.99836 -0.00351 -0.0027 -0.00402
0.78 0.999093 -0.0022 -0.0017 -0.00244
0.84 0.999498 -0.0013 -0.001 -0.00143
0.9 0.999722 -0.0007 -0.0006 -0.00082
0.96 0.999846 -0.0004 -0.0003 -0.00047

* The first five nodes of the 30 total were in the first two
percent of the material.

The example shown in Table 2-1 compares the finite
differenée solution, using the tri-diagonal matrix method,
to the exact solution. These errors are approximately 1/10
of the magnitude of the errors generated when using a simple
sequential elimination algebraic scheme in solving the tri-
diagonal matrix. More importantly, the time grid can be
refined without instability when using the tri-diagonal
solution scheme given by reference (24]. The algebraic

elimination method becomes completely unstable for very fine
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time grids.

As an additional area of investigation, pursuant to a
greater level of accuracy, a split spacial grid was
attempted in the finite difference solution. 1In order to
treat the flash problem, it was suspected that a finer grid
might be required at the left hand edge of the material
where the temperature derivatives are extremely large. In
the example shown in Table 2-1, the refined grid scheme is
actually shown to be somewhat inferior to the uniform grid
spacing, using 30 nodes in each case. It was discovered
that the 30 node split grid was superior to the 20 node
uniform grid, but the best utilization of nodes seemed to be

a uniform distribution.

2.6 PARAMETER ESTIMATION

With the appropriate methods in place for computing the
direct solution, the parameter estimation aspect of the
problem can be undertaken. It is desirable to solve for the
minimum number of parameters necessary. This facilitates
the greatest degree of stability in the parameter estimation
procedure and the greatest degree of confidence in the
calculated parameters. The three parameters shown below are
obtained by dividing the differential equation and boundary

conditions by k. Estimation using two parameters instead of
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three is investigated in detail in Chapter 6, however the
parameter estimation algorithm was found to be less robust
than the method which used the three parameters given below.

The unknown parameters are for this model are

B,=—2 e;% (2-35)

The third parameter can be used as the more familiar Biot
number simply by multiplying by the sample thickness, L. In
order to find the parameters, the method of least squares is
used as outlined in reference [25]. The method of least
squares was chosen because it is a simple method and the
results are the same as those obtained by maximum likelihood
and Gauss-Markov, assuming that the following statistical
assumptions are valid:

1. The measurement errors are additive in nature to

the true (but unknown) temperatures.

2. The measurement errors, considered over the

duration of the experiment, have a zero mean value.

3. The measurement errors have a constant variance

over the duration of the experiment.

4. The magnitude of each measurement error is

unrelated to it’s predecessors or successors. In
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other words, the errors are uncorrelated.
5. The measurement errors, considered over the
duration of the experiment, fall in a normal, or
Gaussian, distribution pattern.
The method of least squares minimizes of the following

expression
-T,)? (2-36)

In matrix form this becomes

S=(Y,-T,17(¥,-T,] (2-37)

In order to minimize this expression, aside from using trial
and error, the sensitivity coefficients must first be
calculated. This is accomplished by taking partial
derivatives of the direct temperature solution with respect
to each of the parameters, one at a time. The sensitivity
coefficients are then normalized by dividing by the
respective parameter. 1In this way, the units of the
sensitivity coefficients are always in temperature and the
magnitudes of the coefficients are directly comparable. For
example, the sensitivity coefficient for B,, the first

parameter in the model discussed above, is

aT

Y
1

(2-38)
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Figure 24 Normalized Sensitivity Coefficients for CBCF at 700°C

A graph of the sensitivity coefficients for this model, as a
function of time, is shown in Figure 2-4. The parameters
for the direct solution from which these sensitivity
coefficients were taken correspond to those of an actual
laboratory experiment with a Biot number of 0.142 and a
diffusivity of 0.33 mm?/sec. The nature of the flash
experiments is such that the heat flux parameter and the
Biot number are somewhat correlated, an undesirable
condition. This is evidenced by the similar shape of the
two sensitivity coefficient curves. The diffusivity
sensitivity coefficient curve, however, has a different
shape than the others which makes it a more salient

parameter. This characteristic suggests a good experiment
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design for estimating diffusivity, since it is the parameter
of interest.

Using these sensitivity coefficients, a set of
equations can be developed to be solved by least squares.
The measured value of temperature for a given time step, i,
is assigned the symbol Y, and the calculated solution is
given the symbol T,. In order to perform the non-linear
regression procedure, an initial estimate for the
parameters, designated b,, b,, and b; in this case, is
required. Assuming a locally linear approximation to the
sensitivity coefficients, a revised or improved value for
each parameter can be found by the partial Taylor Series
shown below. A superscript designates the number of
iterations, using the letter k.

T
T, YN CAp -
,i:iab, ] (2-39)

The term Ab corresponds to the adjustment necessary in the
estimated parameter to affect a change from the initial
calculated temperature to the refined calculated
temperature. This can also be expressed as

Tkl s (0 +i or (b¥Y -p ) (2-40)

j=1 abj
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Using this principle, an appropriate change in the estimated
parameter can be found by knowing the desired shift in
temperature necessary to make the calculated temperature of
the model match those of the measurements. Substituting Y
as the symbol for the measured temperature, and using the
method of ordinary least squares to solve for the revised
parameters, we have, in matrix form, as given by reference

[25]

b (k+1) =b (x) . (x(t)!x(!) ) -lx(k)!(r.r(k) ) (2-41)

This process is repeated until successive iterations result
in a change of less than 0.1 percent in any parameter
between iterations. At this point, convergence is
considered to have been obtained. The residuals, expressed
as

ol= (Yi-fj)2=): el (2-42)

i=1 i=1

are considered minimized where the “hat” designation on the
calculated temperature signifies the calculated temperature

based on the converged parameter values.

2.7 MODEL INADEQUACIES
The primary means of determining the adequacy of the

direct solution is to examine the residuals, e;. Assuming
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an appropriate model is used, the calculated direct solution
and the measured data should match identically once the
parameters have been found. The unavoidable presence of
measurement errors should be limited to small background
noise which causes the residuals to oscillate randomly from
positive to negative about zero.

A likely indication of an inadequate model is a
characteristic signature in the residuals. A characteristic
signature is exhibited by long periods of continuous
positive or negative residuals. Another problem of which a
characteristic signature in the residuals can be an
indication, is a problem with the measurements,
specifically, correlated errors.

It is important to make a distinction between a
characteristic signature, which suggests an ill-applied
model, and correlated measurement errors, which suggest a
problem with the measuring instrument. Both of these
phenomena may look very similar if only one experiment is
conducted. One way of discerning which of these problems is
present is to plot the residuals from two similar
experiments over top of each other. If the basic shape of
the curves is the same, this suggests a characteristic
signature since correlated errors are not expected to be

repeatable from one experiment to another. If correlated
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Figure 2-5 Residuals from Model 1 used on CBCF Data at 700°C

errors are observed, the “signature” from each experiment
should look different than the others.

Examples of characteristic signatures are shown in
Figures 2-5 and 2-6. As a basis of comparison, the maximum
measurement value in these experiments was approximately 6.8
making the maximum residual value roughly 5 percent of the
maximum measurement. This appears to be a classical case of
a phenomenon in the experiment which is not accounted for in
the model.

Another key indication of model inadequacy is the
stability of the sequential estimates. The sequential

estimates are each calculated for their respective times,
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Figure 28 Residuals from Model 1 used on CBCF Data at 600°C

each assuming no subsequent information is available. As
each additional data point is added, the value of each

parameter should ideally be unchanged from the parameter
estimate generated at the previous time. For example, in

the equation

DX =p I, (xMTglh)) "Ly f(y_pih)) (2-43)

with three unknown parameters for this model, the first
sequential estimate may be calculated after say 10
measurements. In this case, the X matrix would be 10 x 3
and the ¥Y-T vector would be 10 x 1. The final product would
be 3 x 1 to match the b*™ and the b***! vectors. At this
point, a new b**! vector is calculated and becomes the b’

vector for the next iteration. Now another time step is
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added to the equations so that the X matrix becomes 11 x 3
and the Y-T vector becomes 11 x 1. A new b*'!! vector is
now calculated and the process continues. The sequential
estimates can be plotted as functions of time and observed
for stability.

In order to avoid the computational expense of
calculating the matrix inverse in the explicit form shown

above, the equation can be re-written in implicit form as

x(l)!x‘” (b(l*l) _b(l)) =x(!)!'(r_r(k)) (2-44)

where the vector b**Y is the only unknown. In the present
example of the estimation of three parameters, the X'X
matrix is 3 x 3, the b**V-b* vector is 3 x 1 and the
X"(Y-T) vector is also 3 x 1. Using P-L-U decomposition as
set forth in reference [26], the b'**! vector can be found
by reducing the X'X matrix to a lower diagonal with zeros in
the upper half using Gaussian elimination. After scaling
the equations to minimize numerical rounding errors, the
b'**) vector can be found by simple substitution. Another
alternative to calculating the matrix inverse is to use the
matrix inversion lemma as described in reference [25].
Figure 2-7 shows a graph of the sequential estimates
for the Oak Ridge National Laboratory experiment from which

the residual curve was generated in Figure 2-5. This figure
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Figure 2-7 Sequential Estimates of CBCF Data at 700°C

shows some incremental change in the parameter estimates
with time which is an indication of some inadequacy in the
model. In the following chapters, various models will be
examined in an effort to account for the characteristic
signature in the residuals and the lack of consistency in

the sequential parameter estimates.



CHAPTER 3

MODELING INTERNAL RADIATION

3.1 INTRODUCTION

As discussed in Chapter 2, one indication of a
disparity between the mathematical model and the physical
mechanism in an experiment, is a signature in the residuals.
The residual curves of the experiments which were conducted
at the Oak Ridge National Laboratory, as exhibited in
Chapter 2, serve as examples of characteristic signatures.
As discussed in Chapter 2, a characteristic signature is a
pattern which repeats itself when comparing residual curves
of successive experiments and indicates a disparity between
the model and the measured data. Also, it is important to
make a distinction between a characteristic signature, which
suggests an ill-applied model, and correlated measurement
errors, which suggest a problem with the measuring
instrument.

Both of these phenomena may look very similar if only
one experiment is conducted. As evidenced by the residual
graphs from the six experiments plotted in Chapter 2, a
characteristic signature is present in the CBCF experimental

data. These curves point to a characteristic signature

47
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since correlated errors are not expected to be repeatable
from one experiment to another. If correlated errors are
observed, the “signature” from each experiment should look
different than the others. The characteristic signature
shown in Chapter 2 is not only present in successive
experiments on the same material, but is exhibited in
experiments from different laboratories around the world
using different materials. The shape of this residual curve
suggests an initial rate of heat transfer through the
material which is more rapid than that which is
mathematically predicted using the conventional conduction
model.

One possible explanation for the more rapid initial
heat flow is that a mechanism other than conventional
kinetic conduction may be at work, superimposed on the
dominant heat transfer mechanism of conduction. Although
the CBCF material is considered opaque, radiation could be
such a mechanism, using the material as a participative
medium. The principle which drives this mechanism is based
on a localized area of heated material in the continuum
transferring heat by radiation to a lower temperature part
of the continuum which is close enough to allow direct
radiant exchange. The process continues, spreading the heat

by radiation from the warmer parts of the material to the



I

<

-, L L Y]
w4 o DY
ul ;- 5,
) ‘S ;
2] 2 ’




49
cooler parts in a diffusion-like process. All of this would
take place in addition to and simultaneously with
conventional kinetic conduction. Modeling the combined
conduction and internal radiation mechanisms is more complex
mathematically and the differential equation cannot be
solved explicitly. The solution must be obtained
numerically.

Internal radiation has been shown to be evident in
other materials such as alumina powders as shown by Hahn et.
al., in reference [36]. In this alumina work, the thermal
diffusivity was found in a de-coupled way from the radiative
component of heat transfer. The radiation portion of the
heat transfer was assumed by extrapolating known radiation
parameters at temperatures other than that at which the
experiment was conducted. The radiation was then treated as
a parallel heat transfer mechanism superimposed on the
conduction mechanism. The radiation contribution to the
overall heat transfer was assumed as a known quantity
throughout the duration of the experiment. The diffusivity
was then found using conventional conduction to model the
remainder of the heat transfer.

In contrast to this method, the objective of the
present research is to compute radiative parameters

simultaneously with the kinetic conductivity or diffusivity
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parameters. The remainder of this chapter discusses the
various aspects of computing parameters related to combined
conduction and internal radiation. A model is developed to
accomplish this and is referred to as “Model 2". The non-
radiative model discussed in Chapter 2 is referred to
hereafter as “Model 1". Section 3.2 provides a development
of the direct solution and experimental design
considerations. Numerical aspects of computing the direct
solution are addressed in Section 3.3 and examples are shown
of various direct solutions over a wide range of selected
parameters. Section 3.4 presents the parameter estimation
aspects and sensitivity coefficients for this model. This
section includes a test problem in an attempt to correctly
extract parameters from an exact solution with known
parameters. A reduction in the number of unknown parameters
is attempted in an effort to stabilize the parameter
estimation procedure. An investigation into the residual
signature is shown for a case where an exact solution with
internal radiation is analyzed by a parameter estimation
model assuming no internal radiation. Analysis of actual
laboratory data is performed in Section 3.5 with results
shown for a number of different approaches. Finally, an
intergo-differential model is discussed in Section 3.6 which

is more applicable to materials which are optically thin.
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3.2 DIRECT SOLUTION DEVELOPMENT

The type of model applied to a particular experiment
where combined conduction and internal radiation are both
suspected as operative mechanisms, depends on the optical
characteristics of the participative medium. The primary
consideration in selecting a model is based on the optical
thickness of the material. A material is considered
optically thick if the mean free path of a photon in the
medium is relatively short in comparison to the sample
thickness. These materials appear opaque upon visual
inspection. Conversely, in an optically thin material, many
photons are able to pass through the medium without being
absorbed. Even though a photon may undergo many scattering
interactions as it passes through a material, the material
is considered optically thin if absorption of the photon is
unlikely.

The method of modeling the combined conduction and
internal radiation as diffusive processes is most
appropriate for materials which exhibit optically thick
behavior. This model is best suited to the physical
characteristics of the CBCF material being studied and
allows a solution to be generated at a relatively rapid rate
when solving the equations numerically. Optically thin

materials are more appropriately modeled using an integro-
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differential approach discussed in more detail in Section
3.6. The diffusive model, as given in references
[(11,(8],(9] and [10], is used in evaluating optically thick
materials.

The radiative heat flux vector for this model is

160,T°
q =-——VT (3-1)
o 3K
which can also be expressed as
160,T?
q:=_ktVT where krz——3;<— (3_2)

In this context, k, can be thought of as the “radiative
conductivity”. The k term is known as the “extinction
coefficient” which is the sum of the absorption coefficient
and the scattering coefficient, each having units of inverse
length. The reciprocal of the extinction coefficient
represents the mean free path of a photon in the material,
or the mean distance traveled without an absorption or
scattering interaction. When, kx tends toward infinity, this
corresponds to negligible radiation transfer due to a near-
zero mean free path of the photons. Conversely, radiant

heat transfer is maximized when x is small, corresponding to
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a long photon mean free path and a very rapid rate of heat
transfer through the material.

The o, term is the Stefan-Boltzmann constant which is
5.729 x 10°® W/m?K‘. Additionally, all temperatures in this
equation must be expressed as absolute temperatures. The
overall heat flux, including conductive and radiative

components, then becomes
q =q,+q.=-(k +k)VT (3-3)

where k once again corresponds to the conventional kinetic
thermal conductivity. The energy equation in the x

dimension, with no internal heat generation, becomes

- -vg=9 or .
pc,—= -V:q ax[(kr+k) I (3-4)

In order to solve for a temperature solution, the proper

boundary conditions must be applied. They are

NG L IREAIC R IC R (3-5)
x=0
-(kt+k)l§§L = h(T,.,-T.) (3-6)
=L

Additionally, the initial temperature throughout the
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material is assumed to be T.. As in the non-radiative model
discussed in Chapter 2, the parameters in these equations
are considered to be constant throughout each experiment and
the heat transfer is assumed to be one dimensional. The
left hand side of each boundary condition represents the
combined heat flux into or out of the solid side of the
boundary due to conduction and radiation. The gq,86(t) term
represents the heat flux at the boundary due to the flash as
a function of time. The heat losses from the material
surface to the surroundings is modeled as convection.

By dividing through these equations by k, the number of

unknown parameters can be reduced to the four groups

Bz’:kx B3=_ B‘:— (3-7)

Groups 1, 3 and 4 are the same as the three parameters
utilized in the model presented in Chapter 2. Because the
groups are obtained the same way as those presented in
Chapter 2, which is by dividing the differential equation
and the boundary conditions by k, each of the parameter
groups contains the kinetic thermal conductivity term. The
fourth parameter can be expressed as the more familiar Biot
number by multiplying by the sample thickness, L. The

parameter, B,, represents the additional degree of freedom
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afforded by the additional mechanism of internal radiation.
This term is expressed as shown rather than k, since k, is a
temperature dependent term. The B, parameter is
proportional to k/k, with the known constants and
temperature variabilities divided out. This is an easier
way of dealing with the second parameter, the only parameter
related to the radiative transfer.

In an effort to optimize experiment design factors, an
order of magnitude analysis for each term in the
differential equation and the boundary conditions can be
performed in order to determine optimum magnitudes of
parameter groups. It is desirable to have a radiative
conductivity on par with the thermal conductivity, or larger
than thermal conductivity, in order for the radiative
parameter to be adequately estimated. This is evidenced by
the magnitudes of the sensitivity coefficient curves
presented later in this chapter. Additionally, the
following experiment geometry should be established in order
to give approximately equal weighting to each of the
parameters. This provides the proper combination of

diffusivity, sample thickness and experiment time duration.

— =2 (3-8)
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Since the experiment time duration is normally of a non-
dimensional time of 0.5, the optimum thickness will be
approximately the square root of the diffusivity.

Although it is essential to simultaneously calculate
all parameters, the heat loss coefficient and the magnitude
of the heat flux are not normally parameters of interest.
When this is the case, the optimum experiment design would
allow heat loss to be assumed as zero which would result in
a simpler model with fewer parameters to estimate. 1In
experiments performed at high temperatures, however, even in
a vacuum, surface heat losses are quite high and far from
negligible. In cases such as these, it is desirable to use
a heat flux that is of large enough magnitude to allow
temperature readings to be two orders of magnitude above the
ambient noise.

As with the linear differential equation outlined in
Chapter 2, the non-linear conduction-radiation model can be
non-dimensionalized. With the addition of one non-
dimensional group to the three developed in Chapter 2, the

non-dimensional form of the equation is

aT*_ 8

—_— k

ot dx’

. T ar’
o ops ax”

(3-9)

where T, is the experiment ambient absolute temperature and
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. T . T kL X
———  I= x'== (3-10)
q,/ (Lpcy) g, L
l60 ﬂf
£r=L g (3-11)

T T

This differential equation is obtained by dividing
Equation (3-4) by k and substituting the non-dimensional
terms listed in equations (3-10) and (3-11]). The boundary

conditions can be non-dimensionalized in the same way as

+3

. sx0] OT" L3B(t) .y mr e
= 1+k X 0 Y =——_+Bl TQ_T . -
e ax*'”=° = ( | ovso) (3-12)
+ T’3' *= * +*
l1+k,, ;'1 aT’=Bi(T,—T’|x.=1) (3-13)

ox

In Equations (3-9) to (3-13), the four dimensionless unknown
groups are
L75(t) k,,_160,T.

— Bi, T. and k,, where k_,= }:° e

(3-14)

with x* and t* as independent variables. By varying these
four groups in the direct problem, some insight can be

gained as to how these factors affect the direct solution.
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Several plots of these direct solutions under various
conditions are shown in Figures 3-1 through 3-6 later in

this chapter.

3.3 NUMERICAL ASPECTS OF THE SOLUTION

In the first attempt at computing the direct solution
for this model, the temperature dependent radiant
conductivity, k,, was calculated for each node using the
temperature at the applicable node. For example, from the
differential equation

pPC

g-- 2 k) 2= -
Pot oJx (3-15)

oT _ a[(k vy 9T
ol ox

the spacial derivative can be approximated as

b b ] b
T:..-T T -T..
OT _“da”%4 . OT_ ‘i7" (3-16)
ox AX ox AX

and the time derivative can be approximated as

-1
aT - Tij‘Tij

_ (3-17)
at ot

Substituting this into equation (3-15) we have
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i i
pC,———=

ri-pit d
P At 0Ox

i )
[(k o __T] 3-18)
r AX

This can in turn be approximated as

ri1'Tf Tf'Tﬁ4
-1 k +k -
oc r/-1{ =( £ )[ bX AX
P At ax

(3-19)

A typical equation in the tri-diagonal matrix using this

scheme then becomes

-r), +2+B) 1} -1},=BT}™? (3-20)
where
2
5 pc,Ax
160,T; (3-21)
ko 1+—22
3kx

As defined in Chapter 2, the temperature subscripts refer to
the position within the one-dimensional geometric grid and
the superscripts refer to the time step to which the
temperature applies.

This method was found to be inadequate in its accuracy
when used to analyze an insulated case, i.e. Biot number
equal to zero. A value of k. /k=1 was used in each test

case using this method shown in Table 3-1. In each case,



o
”)
“y
[

~

"
4 ' ‘
S
«;
o
I
)




60
the temperature rise should be one unit of non-dimensional
temperature. This is because the contrived sample is
considered insulated and, in order to satisfy the First Law
of Thermodynamics, the temperature rise should be the same
in each case since the flash magnitudes are the same in each
case.

The reason for the inadequacy of this method was that
temperature differences at the boundaries of the control
volume surrounding each node were not taken into account in
computing the radiant heat flux at those boundaries.
Instead, the temperature of the node at the center of the
control volume was used in computing the radiant
conductivity at both of the corresponding control volume
boundaries. This resulted in a disparity between radiant
conductivity calculated at common boundaries of adjacent
control volumes based on differing center node temperatures.
The resulting error generated using this method is shown in
Table 3-1. The “No Radiation” case differs from the T.=0
case in that one simulation accounts for kinetic
conductivity only and the other is performed at an ambient
temperature of absolute zero with internal radiation present
as a heat transfer mechanism. 1In the latter case, k,=0 but
k. is non-zero once heat is added to the sample from the

flash.
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Table 3-1

Comparison of Direct Solutions Using Non-Radiative
Model and Center Node Temperature to Define k, in
Radiative Model.

NON-DIM NO

TIME  RADIATION T."=0 T."=10 T."'=100
0.06 0.075954 0.075827 10.0757 100.087
0.12 0.402901 0.402222 10.4015 100.417
0.18 0.651622 0.650522 10.6493 100.648
0.24 0.800543 0.799191 10.7977 100.781
0.3 0.886319 0.884822 10.8832 100.855
0.36 0.935278 0.933697 10.9319 100.896
0.42 0.963161 0.961534 10.9597 100.918
0.48 0.979033 0.977379 10.9755 100.93

0.54 0.988067 0.986397 10.9845 100.937
0.6 0.993209 0.99153 10.9896 100.941
0.66 0.996135 0.994451 10.9926 100.943
0.72 0.9978 0.996114 10.9942 100.944
0.78 0.998748 0.99706 10.9952 100.945
0.84 0.999287 0.997599 10.9957 100.945
0.9 0.999594 0.997905 10.996 100.945
0.96 0.999769 0.99808 10.9962 100.945
1.02 0.999869 0.998179 10.9963 100.945
1.08 0.999925 0.998236 10.9963 100.945
1.14 0.999957 0.998268 10.9964 100.945
1.2 0.999976 0.998286 10.9964 100.945

As in the numerical solution outlined in Chapter 2, the
initial condition for this problem attempts to simulate the
flash by setting all temperatures at T, with the exception
of the temperature at the i=0 node, which is set at
2q,/8%xpc,. This represents the temperature rise resulting
from absorption of the entire energy of the flash at the
surface node. As the ambient temperature increases, the

effect of the radiant conductivity increases due to the
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cubic dependence on temperature. This can be observed in
the rate at which the final temperature is attained in each
case. The higher ambient temperature cases result in a more
rapid attainment of the final temperature.

In a second approach to solving the direct problem, an
average temperature was used to determine the radiant
conductivity between T;,, and T, as well as between T; and
T;.,. This technique was implemented in order to more
adequately balance the radiant heat transfer between nodes.
In other words, without averaging the temperatures used in
computing the local radiant conductivity, the radiant
conductivity assumed at a particular node in one equation in
the tri-diagonal matrix is not necessarily the same as the
radiant conductivity assumed at that same node in an
adjacent equation. This factor led to the inaccuracies
illustrated in Table 3-1. With regard to time, no average
values for radiant conductivity were required to be
calculated between time steps. This is because radiant
conductivity changes between time steps at each node in
general, and all radiant conductivity values are consistent
within each time step, without mis-matched overlap.

Applying this method to the differential equation shown

as Equation (3-15), the discretization of the right hand

side of node i becomes
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PC, ———=—

Tij_Tij * d R Tij'l—Tij
= k) ——— (3=-22)
P At ox (ke +k) Ax

and the corresponding equation for the left hand side of

node i is
J_mi-1 J_md
T{-T§ d L Ty-Ti,
C — = = |(kl+k) — 2 (3-23)
°%at d [( Ly
where
20, (T2,+77)3
=20 Tinn Ti) (3-24)
3k
20, (T7+T2,)3
2= 20 i * i) (3-25)
3k

In this notation, the superscript "R" or "L" refer to the
right or left temperature used in the T’ term. The "L"
superscript indicates the average temperature between T._,
and T; is used and the "R" superscript indicates the average
temperature between T; and T;., is used. Completing the
discretization by approximating the second partial

derivative of temperature with respect to x we have
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- _mJ

3 j-1 bj
T{-T; 1 R Tia-Tj§ L i~ Ti
c = | (k. +k) —— - (k. +k) ——— (3-26)
° Ax[( £ +k) AX (ke k) AX

P At

Re-arranging this equation so as to be used in the tri-
diagonal matrix of the finite difference scheme we have the
non-dimensional form

(
ax? ktL+k:

Kkt
d1+Z|T +H 2+ + T
k) |7 ant k 1

A
R
_[ k, Ax? . 5-1

(3-27)

1+-Z|r =227
k)4t ant?

In deriving the left hand boundary condition using this
scheme, we consider a control volume which encompasses the
volume of material bounded by the two left hand nodes, which
are numbered 0 and 1. The time rate of change of energy
content of this element can be expressed as

DCPAX

£ (1 e/ -1 -1 (3-28)

The rate of heat transfer from the surface at node 0 is

h(T-T.) (3-29)

The rate of conduction into the solid material is
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Toj - le

(k+k_) (3-30)

Combining these three factors in accordance with the first

law of thermodynamics we have

pc OX

SE— (T +T/) -1 -1{ ™) +h (15~ 1)
3 pd (3-31)
0 1
+ (k+k_) =0

Re-arranging this equation so as to be used in the tri-

diagonal matrix of the finite difference scheme we have the

non-dimensional form

(3-32)

In this equation, N refers to the number of spacial nodes.
This becomes the first equation in the tri-diagonal matrix.
Likewise, the right hand boundary condition becomes the last

equation in the tri-diagonal matrix as

2 k ; 2 k
Ax +1+_£+2 TJ | Bx -1--= T"j_l
2aAt k N 200t k

(3-33)

1,  Bi

2
EX T3 +TI 1) i T,

20At
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In these equations, the radiant conductivity term is

20, (T *+1) )3
=22 °3+ i (3-34)
K

or

_20,(Tq+Ty)°
£ 3k

(3-35)

as applicable.

The results of implementing this scheme are shown in
Table 3-2, again using an imposed condition of zero surface
heat loss in order to compare the radiative model accurately
with the non-radiative model. As with the previous attempt
at this solution, a value of k,/k=1 is used in each case.

In each solution, the final temperature is very close to one
non-dimensional degree above the ambient temperature which
is what is expected from the physical parameters of the
problem. As in the previous case, the heat transfer takes
place much more quickly at the higher ambient temperatures
due to the greater effect of radiant conductivity. The non-
dimensional time in this table is based on the kinetic
conductivity only and is not affected by variations in
radiant conductivity. The solutions are all generated by

finite difference using 20 spacial nodes and a time step of
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Table 3-2

Comparison of Direct Solutions Using Non-Radiative
Model and Averaged Node Temperatures to Define k, in

NON-DIM NO

Radiative Model.

TIME  RADIATION T."=10 T.'=100 T."=400
0.06 0.075954 10.075979 100.09284  400.88195
0.12 0.402901 10.402959 100.44162 400.99301
0.18 0.651622 10.651674 100.68633 400.99934
0.24 0.800543 10.800582 100.82657 400.99993
0.3 0.886319 10.886346 100.90445  400.99999
0.36 0.935278 10.935296 100.94739 400.99999
0.42 0.963161 10.963173 100.97104 401

0.48 0.979033 10.979041 100.98406 401

0.54 0.988067 10.988072 100.99122 401

0.6 0.993209 10.993212 100.99517 401

0.66 0.996135 10.996137 100.99734 401

0.72 0.9978 10.997801 100.99853 401

0.78 0.998748 10.998749 100.99919 401

0.84 0.999287 10.999288 100.99955 401

0.9 0.999594 10.999595 100.99975 401

0.96 0.999769 10.999769 100.99986 401

1.02 0.999869 10.999869 100.99992 401

1.08 0.999925 10.999925 100.99995 401

1.14 0.999957 10.999957 100.99997 401

1.2 0.999976 10.999976 100.99998 401

0.01 units of non-dimensional time. A comparison of the
non-radiative model using finite difference and exact
methods is shown in Chapter 2.

Figures 3-1 through 3-3 show examples of the direct
solution for various cases. There are four basic parameters
that can be varied for this model which have an effect on
the direct solution. They are a, T.', Bi and k,./k. The
three that offer the most insight are T.", Bi and k. /k.

Varying a simply changes the time scale of the temperature
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Figure 3-1 Non-Dimensional Temperature as a Function of Time kK /A&=1.0 T_"=100

plot of the non-heated side of the sample and little else.
The effects of variations of the other parameters are
examined throughout the remainder of this section with «
held at unity.

Figure 3-1 shows the effect of varying Biot Number with
the other parameters held constant. The non-dimensional
temperature history at x'=1 is shown in each case. A Biot
Number of zero corresponds to an insulated condition, and
the specimen is heated to a non-dimensional temperature of 1
due to the heat addition of the flash, which also has a non-
dimensional magnitude of 1. None of the other cases ever

reaches a temperature of 1 because of heat loss via
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Figure 3-2 Non-Dimensional Temperature as a Function of Time Bi=1.0 T.'=100

convection. The most extreme case shown is with a Biot
number of 10 where the maximum temperature reached is
approximately one order of magnitude smaller than the
insulated case. Due to the greater rate of heat loss,
especially from the heated side of the specimen, most of the
energy is transferred away from the material before it can
be conducted to the non-heated side.

Figure 3-2 shows the results of allowing the
conductivity ratio, k., /k, to vary while the other
parameters remain constant. The limiting case with a
conductivity ratio of zero corresponds to a condition of

pure kinetic conduction with no radiant heat transfer. As
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the conductivity ratio increases, the peak temperature
becomes larger and occurs at an earlier time. The rate of
heat transfer through the solid increases with an increasing
conductivity ratio because, the addition of radiant heat
transfer has the effect of adding a temperature dependent
conductivity to the existing kinetic conductivity which is
assumed to be independent of temperature. This effective
increase in conductivity causes the faster response seen in
the curves. The peak temperature becomes higher with
increasing conductivity ratio because the dominant mechanism
of heat transfer tends to be internal, by means of
conduction and radiation, with comparatively less external
convection. This causes the non-heated side of the specimen
to receive more energy than in a case where convection is
dominant and much of the heat is carried away from the
heated surface before it can be transferred to the non-
heated surface. An additional feature of the model which
influences this phenomenon is that the Biot Number is based
only on kinetic conductivity and not on the radiant
conductivity. The internal heat transfer tends to dominate
very quickly then, whenever the conductivity ratio is
increased. 1In the limiting case of an extremely large
conductivity ratio, the sample behaves much like a lumped

system where the heating at the time of the flash is uniform
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Figure 3-3 Non-Dimensional Temperature as a Function of Time Bi=1 k /=1

throughout the material, causing the non-heated temperature
to go to a non-dimensional value of one at the time of the
flash and decaying due to convective losses thereafter. 1In
such a case, it would not be possible to measure the
diffusivity or radiative conductivity. In order to
accomplish parameter estimation in such a case, it would be
necessary to use a much thicker sample.

Figure 3-3 examines the case where T." is allowed to
vary and the other parameters are held constant. With a
value of T,” at 10 or above, the results are all very
similar since the temperature rise in the material is

relatively small in these cases compared to the ambient
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temperature. With T,’=1 on the other hand, the effects of
an increased effective conductivity can be seen, similar to
that observed in Figure 3-2. Since the temperature rise in
the material is approximately on a par with the ambient
temperature, the effect of the T® term in the equation for
k./k causes this ratio to rise locally to extremely large
values, even though the ratio based on ambient temperature
is held the same in this example, as in the other curves.
Although the condition of T.'=1 is not very realistic from
an experimental point of view, it is a situation that makes
extraction of the radiative conductivity parameter somewhat
easier because its temperature dependence is much more
pronounced. This fact highlights the necessity of utilizing
very large heat pulse magnitudes at the higher temperatures
in order to accomplish adequate parameter estimation.

Figures 3-4 through 3-6 are identical in all respects
to Figures 3-1 through 3-3 except that the non-dimensional
time is based on the sum of the radiant conductivity and the
kinetic conductivity. In other words

k+k

pc, (3-36)
L2

The most obvious difference that can be detected in Figures
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Figure 3-4 Non-Dimensional Temperature as a Function of Time k /&=1.0 T.*=100

3-4 through 3-6 is that the time scale is essentially
compressed by a factor of 2 because the effective
conductivity in determining the non-dimensional time is
twice the conductivity used to define non-dimensional time
in Figures 3-1 through 3-3. That is, since k., /k is equal
to one throughout both figures, the effective conductivity
at ambient temperature is 2k.

Figure 3-4 is nearly identical in all respects to its
corresponding Figure 3-1, with the exception of the
different time scales noted above. As expected, the
limiting case of Bi=0 corresponds to a rising temperature

which becomes asymptotic on a non-dimensional value of 1.
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Figure 3-5 Non-dimensional Temperature Bi=1 T_'=100

The larger values of Biot number generate temperature curves
which reach a peak point followed by a temperature decline
due to heat loss.

Figure 3-5 is noticeably different from Figure 3-2
because the curves are virtually on top of one another in
Figure 3-5. The only changing parameter between the family
of curves in both of these figures is k,,/k. Since the time
scale is effectively shifted along with the effective change
in conductivity in Figure 3-5, there is almost no difference
between the four curves shown on this graph. The only
detectable difference between the curves is that the higher
k../k curves show slightly higher temperatures than the

lower k,,/k curves. This is due to the higher rate of heat
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Figure 3-8 Non-Dimensional Temperature as a Function of Time Bi=1.0 k /%&=1.0
transfer in the localized areas of elevated temperature near

the heated surface brought about by the temperature
sensitive nature of the radiant heat transfer.

The curves in this figure would be slightly more varied
between each other if a value of T.'=1 were chosen rather
than T.'=100. The at the lower non-dimensional temperature,
the temperature sensitive radiant conductivity would be more
significantly affected by the proportionally larger pulse,
thereby causing more of a distinction between curves of
varying radiant conductivity.

This concept is illustrated somewhat by Figure 3-6
which again matches very closely its counterpart, Figure 3-

3. With a small value of T,", the magnitude of the pulse
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becomes more significant in the radiative transfer
mechanism. For example, with T.,'=1, the magnitude of the
flash effectively doubles the absolute temperature of the
material in low heat loss cases, making large temperature
gradients inside the material. These large temperature
gradients cause a significant impact on local value of the
T dependent radiative conductivity. The proportionally
larger contribution from radiative conductivity causes heat

transfer to be more rapid than in the higher T.’ cases where

the pulse heating is less significant.

As with Model 1 discussed in Chapter 2, which did not
account for internal radiation, the sensitivity coefficients
are plotted below for Model 2. Figure 3-7 shows a plot of
the modified sensitivity coefficients for a simulated
experiment where the ratio between radiant conductivity and
kinetic conductivity (k,/k) is 1.0, Biot number (Bi) is
also 1.0 and non-dimensional ambient temperature (T.") is
1000. In this plot of sensitivity coefficients, the non-
dimensional time is based on the kinetic conductivity only.
With a small radiant conductivity, the sensitivity
coefficients for this parameter are predictably small. The

best experiment design pursuant to extraction of the unknown
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Figure 3-7 Sensitivity Coefficients k /=1 T_'=1000 Bi=0.1

parameters, seems to be with the radiant conductivity
approximately on a par with the kinetic conductivity. Of
course, this is generally outside the experimentalist’s
control since it is a material property.

Following the calculation of the sensitivity
coefficients, a program was developed to extract parameters
from experimental data using the radiative model. The
equations used in estimating parameters in the case with
internal radiation, Model 2, are not as stable as when
attempting to extract the parameters using the non-radiative
Model 1. In the non-radiative test case, the parameter

estimation method converged with initial parameter estimates
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larger than actual parameter values by a factor of up to 3.
Initial attempts at extracting parameters using the
radiative model would not converge for initial estimates
ranging only two percent above the actual values. Part of
the reason for this is that solving 4 sets of simultaneous
equations for 4 unknowns is inherently more unstable than
solving 3 equations for 3 unknowns. More significantly,
however, is the fact that the radiative conductivity is
essentially a temperature dependent conductivity and is very
difficult to separate from the kinetic conductivity when
there is no appreciable change in temperature throughout the
sample over the course of the experiment. This situation is
known as correlation among the parameters. Evidence of this
can be clearly seen in Figure 3-7 where the sensitivity
coefficient curves for diffusivity and k,./k appear to be
mirror images of each other. This is an undesirable
condition in an experiment design because the cause of the
unique shape of the measured data curve can be almost
equally attributable to either of the two correlated
parameters. This phenomenon is manifested in the
sensitivity matrix in the final set of parameter estimation
equations, making the equations very ill-conditioned.

As a quantitative comparison of the stability of Model

1 and Model 2, with regard to parameter estimation, it is
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useful to examine the number of iterations required for
convergence. The program developed as part of this research
for this application, entitled “flash.exe”, requires 9
iterations ‘to reduce the difference between the actual
parameter values and the estimated parameter values from 1
percent to 0.1 percent. Comparing this performance to that
of the program using Model 1 with no radiation, a 100
pércent deviation of initial parameter values may be reduced
to 0.1 percent deviation in as few a 6 iterations.

In an effort to accentuate the effect of the radiant
conductivity's temperature dependence, another test was
performed at a non-dimensional ambient temperature T.' equal
to one. Physically, this means that the average rise in the
temperature of the material is approximately equal to the
absolute ambient temperature. This situation is somewhat
unrealistic in an experimental situation, particularly at
high ambient temperatures. For example, a test run at room
temperature, 273K, would have to be heated to 546K in order
to provide a unity value for T,”. The results of this test
were that the program was able to reduce a 10 percent
initial deviation in all 4 parameters down to 0.1 percent in
approximately 6 iteratinns. The actual values used in this

test are shown in Table 3-3.
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Table 3-3

Parameter Estimation with T, =1

Diffusivity Heat Flux Biot Number k../k

Actual

Values 1 1 0.1 0.1
Initial

Values 1.1 1.1 0.11 0.11
Estimated

Values 0.9999977 1.0000008 0.1000018 0.1000016

As a further attempt to refine the process, a reduction
was made in the number of parameters estimated in order to
minimize the singular nature of the simultaneous equation
used in finding the solution. The Model 1 parameter
estimation procedure was used to analyze data which was
generated using Model 2. It was discovered that the Model 1
parameter estimation procedure interpreted the radiant
conductivity as kinetic conductivity, but that the heat flux
value was properly estimated. The example shown in Table 3-
4 illustrates this result.

Even with the initial parameter values set at 3 times
the actual values, the solution converged within 5 or 6
iterations using Model 1 to estimate parameters from the
fictitious data generated using the Model 2 direct solution.
Since the radiant conductivity is not acknowledged by the
Model 1 parameter estimation program, the kinetic and

radiative conductivities are simply seen as one conductivity
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Table 3-4

Parameter Estimation Using the Model 1 Procedure
on Model 2 Data

Diffusivity Heat Flux  Biot Number k../k

Actual

Values 1 1 1 1
Initial

Values 3.0 3.0 3.0 NA
Estimated

Values 1.7265 1.05293 0.58275 NA

which is equal to the sum of k and k,,. For this reason,
the value of diffusivity is returned as twice the actual
value and the Biot number is ¥ of the actual value since
diffusivity is directly proportional to conductivity and
Biot number is inversely proportional to conductivity. The
value of the heat flux, however, is preserved as
approximately the correct value due to conservation of
energy.

With this fact in mind, an attempt was made to recover
3 parameters using the Model 2 analysis instead of 4
parameters, assuming that the heat flux is known from the
Model 1 analysis. The three unknown parameters in this case

were

B,= B,=B1 (3-37)
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This method of analysis, however, provided no improvement
over the previous method of attempting to simultaneously
analyze four parameters. With T."'=1, the method would not
converge using exact data unless the initial seed parameter
values were within 10 percent of the actual values. At
T.’=100, the method would not converge using exact data
unless the initial guess for the parameter values was within
1 percent of the actual values. 1In these test cases, the
simulated experiment was errorless. Other combinations of
conditions were tried with Biot number and k,/k equal to
1.0 and 0.1 with similar results. In no case was
convergence obtained with an initial parameter guess of more
than 10 percent above the actual parameter values. As
discussed earlier in this section, the reason for this is
the close correlation between the parameters of diffusivity
and radiant conductivity, causing the final parameter
estimation equations to be ill-conditioned. Without
extremely accurate seed values for the parameters, even
using errorless data, the parameter estimation problem is
unstable.

Extending the investigation of the use of Model 1 to
analyze simulated measurements generated using Model 2,
several four-parameter direct solutions were generated.

This was done in order establish the magnitude of the
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Figure 3-8 Residuals from Analyzing Model 2 Using Model 1 k,/&=1.0 T.'=100 Bi=0.1

residual signature using a three-parameter estimating scheme
in analyzing a four-parameter problem. Part of this
analysis included an examination of how close the estimated
parameters came to the known values from the direct
solution.

The graph of the residuals, as shown in Figure 3-8,
shows the extremely small residual signature resulting from
this test problem. A small ripple, which shows up in the
first 0.1 unit of time, is the only indication that the
chosen model may not be perfectly suited to the experiment.
At the maximum value, this ripple reaches a magnitude of
0.000245 with the nominal temperature measurements reaching

a magnitude on the order of one. For this problem, the
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actual versus estimated parameters were shown in Table 3-4
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previously. Had the direct solution been unknown, this set
of estimates would have given the impression that the model
chosen was perfectly appropriate and that accurate
parameters had been obtained.

A drastic change is noted when repeating the above
procedure using the same parameters, but with T.'=1 instead
of 100. At this level, the magnitude of the temperature
rise due to the pulse heating is approximately equivalent to
the ambient temperature. This causes the effects of
internal radiation to be much more significant, even with
the same k,/k ratio. Figures 3-9 and 3-10 show the
residuals and the sequential estimates for this problem,
respectively.

Although the residuals are much larger than in the case
with T.'=100, they are still only 1.5 percent at the
greatest and could still be masked by errors in a real
experiment. In this example using exact data, there is an
unmistakable signature, however this signature does not
match the one shown in the residual curve from the actual
data as shown in Chapter 2. 1In fact, the signature shown in
the residual curve in figure 3-9 is nearly a perfect mirror
image of the signature from actual data shown in Chapter 2.
This seems to imply that internal radiation transport is not

responsible for the signature in the residuals from the Oak
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Ridge National Laboratory data.

3.5 ANALYSIS OF LABORATORY DATA

As stated in the previous section, the parameter
estimation equations were found to be unstable even for
errorless data and unrealistically accurate previous
knowledge of the parameter values. Using derivative
regularization, an attempt was made to analyze actual
laboratory data measured at Oak Ridge National Laboratory.
The sample measured in this experiment was Carbon Bonded
Carbon Fiber (CBCF) as described in Chapter 2. The
measurements were taken at an ambient temperature of 700°C.
Analysis of this experiment indicated a poor fit of the
internal radiation model to the laboratory data. The
convergence criteria of 0.1 percent change or less for every
parameter between iterations used in the three parameter
model was not obtainable for the k,,/k parameter. Although
the other three parameters (a, g, and Bi) all converged, the
k../k parameter tended to hover between iterations from -.07
to -.05 without converging in one particular area. Worse
yet, the negative value arrived at for k., /k is physically
impossible since there can be no negative radiation.
Further confirmation of this model incompatibility was

evidenced by the fact that, forcing k,./k to be positive
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Figure 3-11 Residuals from CBCF Material at 700°C

resulted in non-converging parameters with k., /k driving to
zero. Additionally, model non-comparability is shown by
Figure 3-11. This figure compares the residual curves from
the Oak Ridge National Laboratory data using Model 1, which
assumes no internal radiation, and Model 2, assuming
internal radiation. The internal radiation model provides
no real improvement in the conformance of the calculated
solution to the lab data. Additionally, the fact that the
residual curves are mirror images of the known direct
solution residual curve, casts serious doubt as to the
responsibility of radiation for the residuals in the lab

data. Table 3-5 shows the parameters arrived at by each
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Table 3-5

Parameter Estimation Comparing Model 1 and Model 2

on actual data taken at 700°C

Diffusivity Heat Flux Biot Number k./k
Model 1 0.3703 16.131 0.9646 NA

Model 2 0.4201 15.206 0.8245 -.06

method. These factors seem to confirm that internal

radiation is not evident in the experiment.

3.6 INTEGRO-DIFFERENTIAL APPROACH

A more rigorous model for the combined radiation and
conduction problem, accounting for scattering absorption and
emission in a gray medium, involves solving an integro-
differential equation with appropriate boundary conditions.

Considering the one dimensional energy equation,

oT_d ,, 0T _
pcpﬁ-&(k—é; q,) (3-38)

the spacial derivative of the radiant heat flux can be
written as given by ref [1] as follows, assuming non-

spectrally dependent parameters with isotropic scattering



89

r -

- 1 KX
i 2nxj;1 (O, p)exp( S )dp

—2n1<foli‘(L, -u)exp(M

d
) am (3-39)
-2n1<f°"I(x’)E1(x-x’)dx’

-2nxf‘I(x’)E1(x—x’)dx’ +4n7I(x)
P 4

The symbols in the above equations are as follows

K = extinction coefficient (a+oc,)

L thickness of the sample.

x' = Dummy variable of integration.

i*(0,n) = Radiation intensity from the x=0 face
into the material.

i“(L,-p) = Radiation intensity from the x=L
face into the material.

p = cos(6) as measured from the normal to the

surface.

E,(x) is defined in the following equation

E,(x) =f°‘u°‘2exp(—-:-:) dn (3-40)

Finally, I(x), which is known as the “source equation”, can

be expressed as follows for isotropic scattering.

I(x)=(1-Q.)1(x) +&f‘"i(x w) dw (3-41)
0 4anJo !
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In this expression, Q, is the albedo which is the ratio
between the scattering coefficient and the sum of the

absorption and scattering coefficients or

OS
Qo = (3‘42)

at*go,

The denominator term, a+os;, is sometimes also known as the
“extinction coefficient” as noted above. Using e as the
emissivity, the intensities shown in the above equations can

be expressed as

i’(x)=€—noT‘(x) (3-43)

and

fo‘"i’(x)dm =2e0T*(x) (3-44)

Using this method of modeling the local intensity, the

source function can be simplified as

I'(x)=e0T*(x) (1-&) (3-45)
2

Using this term in the expression for radiant heat flux

vields the following expression in T(x,t)
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dq, Q, ‘ N
= 4oxell-7lT (x,t) —201«-:[0 (nl-nz) ndp

dx
o (3-46)
- 2 o frfr /
20k‘e (1 3 )];fonadudx
where
n1=T‘(0,t)exp(¥2£EJ
n
nz=T‘(L,t)exp(-E(x-L)) (3-47)

n,=T*(x/, t)u'leXP(—Tle-x’l)

If non-scattering conditions were to be considered, the
scattering coefficient, o, is zero which causes Q, to be
zero. This causes the equation to match the non-scattering
forms in references [8],[9] and (10]. With the radiant heat
flux gradient now expressed as a function of temperature,
the energy equation can now be expressed as a non-linear

second order integro-differential equation in T(x,t).

pc (3-48)

P dat ox ax ox

oT(x, t) =_6_(k6T(x, t) ) _ 9q,
This equation requires two boundary conditions and one
initial condition in order to be solved. The initial
condition is taken as T(x,0)=T. and the boundary conditions

for the parameter estimation problem are
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l'k?*qrj_ =q,5(t) +h([T.-T, ] +€0(T/-T},] (3-49)
x -0
oT _ 4 4
-k==+q,| =h[T, _,-T, ]1+€0(T,.-T.] (3-50)
ox -1

In a similar manner to the way the spacial derivative of q,

is written, q, itself can be written as

q, =2oeaL1{T‘(o,t)exp(;z§)

-T4(L, t)exp[—‘s (x-L)] }udn

Q (3-51)
+2oea(1——°)f"f11" (x/, t)exp[2 (x-x') ) dpdx’
2 JoJo u

Q
—2cea(1——°)f‘f11" (x, t)exp[2 (x-x') ] dpdx’
2 xJ0 H

This model requires that 6 parameters be evaluated, which
makes it considerably more complex than Model 2 in that

regard. The parameters are as follows

k ae €
pCP Bz=_‘]?' B3=Qo B4=T Bs=-— BG:? (3‘52)

Bl=q=

With the difficulty experienced in estimating four
parameters in the previous model, it is unlikely that the
more complicated model would be practical in estimating

additional parameters. Moreover, since the diffusive model
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is more appropriate for optically thick materials, the added
complexity of the integro-differential solution is not

warranted for this experiment.



CHAPTER 4

ALTERNATIVE MODELS WITHOUT INTERNAL RADIATION

4.1 INTRODUCTION

As shown in Chapter 3, the inadequacies of the three
parameter model, which includes only diffusivity, heat flux
and Biot Number, do not seem to be rectified by the
inclusion of internal radiation as a mode of heat transfer
in the model. 1In past research, other phenomena have been
studied in order to rectify disparities between measured
data and conventional kinetic conduction models.

One of these secondary mechanisms, which has been
studied as non-Fourier conduction, is the concept of
electron interaction. This mechanism, as put forth by Lin,
Hwang and Chang [49], has to do with sub-micron regions of
high thermal gradients over very short periods of time, on
the order of picoseconds. This model attempts to account
for heat transfer by electron interaction within a lattice
and is most appropriately applied to thin films of highly
conductive material, such as gold.

Since the Carbon Bonded Cérbon Fiber (CBCF) material
studied here was originally developed as a thermal

insulator, other models are investigated as part of this

94
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research in order to find alternatives to the conventional
model presented in Chapter 2. The research presented here
involves the development of other physical phenomenon which
may explain the discrepancy between the calculated direct
solution and the measured data from Oak Ridge National
Laboratory. None of the models described in Chapters 2 and
3 has been able to adequately explain this disparity.

The remainder of this chapter explores various models
in an attempt to more adequately describe the mechanisms of
heat transfer taking place in the samples, thereby achieving
greater assurance in the parameters estimated. Section 4.2
discusses a linearly temperature dependent conductivity
model and a separate model in which the surface heat
transfer is purely radiative instead of conductive. Various
linear problems which assume constant parameters and some
type of flash penetration into the material are discussed in
Section 4.3.

In one such model, the assumed time of the flash is
considered to have occurred prior to time zero. The time
interval between the flash and time zero in this model is
treated as a parameter. Also investigated are various forms
of internal deposition of the flash which are treated as
initial condition temperature distributions. Also discussed

is the concept of surface transmissivity which addresses the
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disproportionate amounts of heat deposited on the surface of
non-homogeneous or coated materials. Section 4.3 also
briefly identifies several models used in the development of
the more preeminent models ultimately used in describing the
observed phenomenon. The exact mechanisms of the flash
penetration are dealt with in Section 4.4 wherein the
extinction coefficient is shown to be related to the
parameters calculated by the salient models. Finally, the
models deemed most appropriate are utilized in Section 4.5

to analyze data from several laboratories around the world,

comparing the various thermal parameters.

Pursuant to the notion that the signature in the
residuals may be due to a simple temperature dependent
conductivity rather than an internal radiation phenomenon, a
direct model was developed which assumed a linear dependence
of conductivity on temperature with no internal radiation.
The differential equation for this model is

oc dT _d

oT
p_a.E-:a;(ko'rkl(T—Ta))& (4-1)

where k, and k; are coefficients of a linearly temperature-

dependent conductivity with units of W/mK and W/mK?,
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respectively. The boundary conditions for this model are as

follows
oT _
—(ko+k1(rx=°—1’,))[—] = @d(t)+h(T -T, ) (4-2)
9x x=0
oT -
-(k0+k1(Tx=L—T-)ﬂ-a—£]x=L- h(Tx=L-T°°) (4-3)

The initial condition for this problem is assumed to be
T=T.. This problem was solved in a similar manner to the
model for internal radiation using a finite difference
method.

The direct solution generated by this temperature
sensitive conductivity model was analyzed using the three-
parameter Model 1 in order to estimate parameters. The
direct parameters used and the parameter estimates are shown
in Table 4-1. Figures 4-1 and 4-2 show graphs of the
sequential parameters and the residuals, respectively, for
this parameter estimation problem. Like the internal
radiation case discussed in Chapter 3, the sequential
parameter graph shows that the parameter estimation model is
not well suited for the simulated laboratory data. The
sequential parameters are not constant toward the end of the
experiment indicating a mismatch between the direct solution
and the model used in parameter estimation. Moreover, the

graph of the residuals does not at all
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Figure 4-1 Sequential Estimates Using Model 1 to Analyze Model 3 k,/&,=1, Bi=1

Table 4-1
Parameter Estimation Using the Model 1 Procedure on
Model 3 Data

Diffusivity Heat Input Biot Number k,/k,

Actual

Values 1 1 1.0 1.0
Estimated

Values 1.4936 1.9006 1.5064 NA

resemble the graph of residuals shown in Chapter 2 for the
actual experimental data. This set of results seems to
indicate that the linearly temperature dependent
conductivity is not a reasonable explanation for the
behavior observed in the Oak Ridge National Laboratory

experiments.
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Figure 4-2 Residuals Using Model 1 to Analyze Model 3 k,/&,=1, Bi=1

Figure 4-3 shows a comparison of residuals from actual
data as measured at Oak Ridge National Laboratory with the
CBCF sample at 700°C. The two sets of residuals are
generated from Model 1, which assumes conventional kinetic
conduction with constant conductivity, and Model 3 which
assumes a linearly temperature dependent conductivity. Once
again, there is no real improvement in the fit of Model 3
over Model 1. This is to be expected since the residual
curve of the exact solution of Model 3, when analyzed with
Model 1, does not match the residual curve signature from
the laboratory data when analyzed by Model 1.

Another possible explanation for the residual behavior
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Figure 4-3 CBCF Sampile from ORNL at 700°C Analyzed with Model 1 and Modei 3

exhibited in the Oak Ridge experiments is that the dominant
mode of heat transfer at the surfaces is radiation as
opposed to convection. At the higher temperatures of 700°C,
it may be likely that the model used in estimating
parameters was not properly accounting for this. A direct
solution was generated utilizing a constant kinetic
conductivity in the material continuum and pure radiation at

the surfaces. The differential equation for this problem is

oT _, &T
—_—— -
S T (4-4)

and the boundary conditions are
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Table 4-2
Parameter Estimation Using Model 1 to Analyze Surface
Radiation Model Data

Diffusivity Heat Input Biot Number €

Actual

Values 1 1 NA 1.0
Estimated

Values 0.938 1.607 10.87 NA

aT

| = q,3 (t) +€0, (TJ =T, ) (4-5)
Ix=0
oT

-kﬁ; _L= €0, (Tp.,-T) (4-6)

where € represents the surface emissivity of the sample.
The initial condition for this problem is assumed to be
T=T.. A finite difference scheme was used which was similar
to the internal radiation model in order to generate the
direct solution. As in the cases above, this direct
solution was analyzed by the three-parameter model. Table
4-2 shows the direct solution parameters and the estimated
parameters for this problem

Figures 4-4 and 4-5 show graphs of the residuals and
sequential parameters for this problem, respectively. The
sequential parameter estimates give some indication that the
model is not completely appropriate for the data,
particularly in the Biot number curve where the value drops

off with time toward the end. The residual curve, however,
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Figure 4-4 Residuals Using Model 1 to Analyze a Surface Radiation Direct Solution (a=1, Bi=1)

gives virtually no indication that there is any deviation
between the data and the estimate. The largest individual
residual in this case is approximately .02 percent of the
maximum temperature measurement. This model does not seem
to explain the phenomenon observed in the Oak Ridge National

Laboratory measured data.

4.3 VARIOUS INITIAL CONDITION MODELS

In contrast to modeling a temperature-dependent
variable as an explanation for the behavior exhibited by the
Oak Ridge National Laboratory data, an attempt was made as

part of this research to explain the departure from the
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Figure 4-5 Sequential Estimates Using Model 1 to Analyze a Surface Radiation Direct Solution
(a=1, Bi=1)

conventional model in terms of the penetration of the flash
at the moment of heating. This principle assumes that the
flash penetrates the sample and is instantaneously absorbed
by the material internally. This distribution of energy at
the time of the flash can effectively be modeled as an

initial condition.

4.3.1 INITIAL TIME SHIFT K MODEL 4

A simple attempt at duplicating the signature in the
Oak Ridge National Laboratory measured data was pursued by
shifting the time scale of the measured data by an amount,

designated as At, from the given "time zero" of the
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experiment. In this case, an exact solution was used of the
differential equation described in Chapter 2 and was simply
offset by a pre-determined At. This time shift served to
effectively advance the time of the heating pulse prior to
time zero. 1In order to estimate an accurate effective time
shift of the heating pulse, the quantity At was treated as a
parameter.

Another way of considering the time-shift model,
designated as Model 4, is to think of it as an initial
condition of penetrated heating. This initial temperature
distribution happens to hgve a form which is somewhat
similar to an exponential temperature distribution. As in
the cases above, this direct solution was analyzed by the
three-parameter model. Table 4-3 shows the direct solution
parameters and the estimated parameters for this problem. A
considerable error of 14 percent arises in the estimated
value for diffusivity due to the introduction of the time
offset of .01 units of non-dimensional time. The time shift
toward early heating seems to be a phenomenon by which the
more rapid initial heat transfer could be manifest in the
actual laboratory experiment.

The actual laboratory data from Oak Ridge National
Laboratory was also analyzed using Model 4. The standard

deviation of these residuals is 0.009935 which is extremely
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Table 4-3

Parameter Estimation Using the Model 1 Procedure on a
Model 4 Direct Solution

Diffusivity Heat Flux Biot Number At

Actual

Values 1 1 1 0.01
Estimated

Values 1.144 0.9102 0.8314 NA

small in comparison with measurements which are typically on
the order of 6. By comparison, the standard deviation of
the residuals generated from using Model 1 as the
mathematical model are approximately 0.04, over 4 times the
magnitude as compared with Model 4.

The most significant aspect of this analysis is that
the estimates of the parameters of interest are
significantly altered between Model 1 and Model 4. The
estimate for diffusivity is 26 percent lower and Biot number
is 65 percent higher using model 4 as opposed to Model 1.

As can be seen from the residuals, the estimates using Model
4 appear to be the most valid of any of the models applied

thus far.

4.3.2 EXPONENTIAL INITIAL DISTRIBUTION, MODEL 5
Assuming that the Oak Ridge National Laboratory data

was recorded accurately and that there is no time shift
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between the measurement time scale and the true time scale,
then a logical physical explanation for the apparent time
shift is radiation penetration. More specifically, even
though there seems to be no evidence of internal radiation
as a heat transfer mechanism subsequent to the flash, it is
still possible that the radiation wavelength of the flash
itself is such that a non-negligible mean free path exists
inside the material for photons of that energy. The
manifestation of this phenomenon would be best modeled as an
initial condition since the flash takes place over such a
short period of time. This model is very similar to Model 4
in terms of a non-uniform initial temperature distribution,
but is based on a much more reasonable physical explanation
as to its origin.

As a first attempt at modeling this phenomenon, an
exponential distribution was chosen since this most closely
corresponds to the principle embodied in Bouger's Law, as
discussed in reference [1]. The mechanism of this
absorption is also modeled in Section 4.4. In order to
calculate the direct solution for this model, a Green's
function solution was chosen for convective conditions at
both boundaries and zero ambient temperature. The Green'’s
function solution equation for this problem reduces to a

single integral for the initial condition of
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T(x,t)=ff06&”(x,tlx’,O)F(x’)dx’ (4-7)
X'

where F(x') is the initial temperature distribution in the

material, or in this case

(4-8)

where a is a measure of the penetration of the flash. The
denominator of this term is arrived at by normalizing the
exponential temperature distribution to the magnitude of the
heating that brought about the temperature rise. In this

case

L
q0=pcpfF(x)dx (4-9)

x=0

The F(x) defined above satisfies this equation. The Green's
function for X33 is given as
G / _2 z': -Bla(t-1) /12 p
33 KXo X lt-'c)-z . e A (x)A (x) (4-10)
m=
where

B,cos (B, =) +Bi sin(B,2)
L L (4-11)

A (x)=
" B2+Bi?+2Bi



108

and

’ x! . x/
A (x )=Bmcos(Bm—L-) +B1 SIH(B”‘T) (4-12)

Integrating Equation (4-7) we have

23,2  -plat/L?
T(L, t)= cle -c i
( ) kLa(l—e'L/‘).=1e 1( 2 3) (4-13)
where
C._B,[Bmcos(Bm)+Bi sin(B,)]
L 2
(4-14)
(52+5: 2+23.i{ L +ﬁ]
a? L?
C. B—:‘B—i e‘%sin(a ) (4-15)
2 L a o
Bi -z
c3=(£..+ Bn l)(e lcos(Bm)_l) (4—16)
a L

Figure 4-6 displays the sensitivity coefficients for
the exponential penetration model, Model 5. The sensitivity
coefficient for the penetration parameter, a, appears to be
somewhat correlated with the diffusivity sensitivity
coefficient. Experience has shown, however, that it is
different enough to allow independent estimation of the four

parameters. In spite of the apparent correlation between
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Figure 4-8 Modified Sensitivity Coefficients for Model 5 (alpha=1, Bi=1, 8=0.1)
diffusivity and a, and between heat flux and Biot Number,
the parameter estimates converged without the benefit of
using derivative regularization.

Next, Models 1, 4 and 5 were tested on CBCF data
measured at 700°C at Oak Ridge National Laboratory. 1In
contrast to the first three models, the standard deviation
of the residuals for Model 4, which treats the time-shift of
the heating pulse as a parameter, gives significantly
improved results over each of the other models. Table 4-4
shows the parameters arrived at by each method. A large
reduction in residuals is gained in implementing the time-

shift model, Model4, over the simple three-parameter Model.
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Table 4-4
Parameter Estimation Comparing Models 1,4 and 5
on actual data taken at 700°C

Diffus- Heat Biot
Model _ivity _Flux Number AL or a Resid
1 0.3400 19.138 1.2765 NA 0.03202
4 0.3027 22.203 1.5550 0.0121 0.01212
5 0.3066 19.753 1.5178 0.0682 0.01098

Additional gains are realized when utilizing the exponential
penetration feature of Model 5. The results using Models 4
and 5 are somewhat similar in that both return lower values
for diffusivity than the simpler Model 1. The estimated
Biot number is also higher in each of these cases than that
calculated by Model 1. These factors suggest that both
models are, to some extent, accomplishing the same thing
through different means. That is, they both model a more
rapid heat transport in the early times than would be
predicted by the conventional Model 1 assumptions.

It can be instructive to test the shape of the
residuals generated when using Model 1 to analyze a direct
solution generated from the time shift or penetration
models. Using each of these models as a direct solution and
analyzing them using Model 1, the signatures of the
residuals are very similar to one another and to the
signature generated when analyzing the laboratory data with

Model 1. Figure 4-7 shows a comparison of Models 4 and 5 as
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Figure 4-7 Using Model 1 to Analyze Direct Solutions of Modeis 4 and 5 (a=1, Bi=1)

analyzed by Model 1. 1In this example, a value of At=0.01 is
used in the direct solution generated from Model 4 and a
value of a=0.1 is used in Model 5.

In using Model 5 on actual laboratory data, Figure 4-8
shows residuals for the Oak Ridge National Laboratory data.
This figure shows a near-elimination of the signature
resulting from Model 1. The signature, generated from the
Model 1 analysis of the laboratory data, is evidently caused
by some manner of penetration of the flash into the material

at the instant of heating.
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Figure 4-8 CBCF Sampie from ORNL at 700°C Analyzed with Model 1 and Model 5

4.3.3 VARIOUS INITIAL CONDITIONS, MODELS 6-16

Following the development of Model 5, a series of
models were studied which use various initial conditions
based on the premise that the radiation from the flash
penetrates the surface of the material. The pursuit of the
best approximation for the distribution of this energy
becomes the primary objective in the development of these
subsequent models. The desired outcome is to minimize the
residuals and, in particular, eliminate any characteristic
signature.

A summary of Models 1-4 is as follows

Model 1 Conventional conduction using only the
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three basic parameters of diffusivity,
heat flux and Biot number.

Model 2 Combined internal radiation and conduction
as described in Chapter 3.

Model 3 Linear temperature variable conductivity
with the fourth parameter being the rate
of change of thermal conductivity as a
function of temperature.

Model 4 Time shift at the time of the heating
pulse with the fourth parameter being the
magnitude of the time shift.

The remainder of the models studied as part of this research

involve various forms of initial temperature distributions

with conventional conduction thereafter. The initial
conditions assumed for Models 5 through 16 are graphically
presented in Figures 4-9 through 4-20. The corresponding
parameters to be estimated are shown. 1In each case, the
initial condition parameters were estimated simultaneously

with the three basic parameters from Model 1, namely o

(thermal diffusivity), q, (heat pulse magnitude), and the

Biot Number. The additional parameters in each model range

in number from 1 to 3, so that the number of simultaneously

estimated parameters ranges from 4 to 6. None of these



114

~
-

olx

T=he

TEMPERATURE

INITIAL

x=0 x=L

Figure 4-9 (Modei 5) Exponential distribution of initial penetration of the flash in the material with the
fourth parameter measuring the degree of penetration. In this and subsequent modeis, the term T,
is not needed since this temperature is indirectly prescribed by the heat flux parameter.
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Figure 4-10 (Model 8) Rectangularly distributed initial penetration with the fourth parameter being
the distance of penetration.
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Figure 4-11 (Model 7) Exponential squared distributed initial penetration with the fourth parameter
a measurement of the degree of penetration.
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Figure 4-12 (Model 8) Linear temperature distribution over the first 10 percent of the incident side
of the material followed by exponentially distributed initial penetration thereafter. The fourth
parameter is the magnitude of the initial temperature at the heated surface and the fifth parameter is
a measure of the degree of exponential penetration.
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Figure 4-13 (Model 9) Two linear and one exponential penetration zones. The fourth and fifth
parameters are the temperatures at L=0 and L=0.1, respectively. The sixth parameter is a measure
of the degree of exponential penetration.
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Figure 4-14 (Model 10) Two constant and one linear penetration zone as functions of penetration.
The fourth parameter measures the depth of the first constant penetration zone. The fifth
parameter measures the depth of the linear penetration zone and the sixth parameter is the initial
temperature of the second constant penetration zone.
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Figure 4-15 (Model 11) One constant penetration zone and one combined exponential pius
constant zone. The fourth parameter measures the depth of penetration in the first constant zone.
The second parameter measures the depth of the exponential penetration and the sixth parameter
measures the magnitude of the second constant zone.
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Figure 4-16 (Model 12) One surface flash on each side of the sample. The fourth parameter
measures the maghnitude of the flash at x=L.
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Figure 4-17 (Model 13) Parabolic distribution at the incident side of the sample with a combined
exponential and constant zone. The fourth parameter measures the depth of the parabolic
penetration. The fith parameter measures the depth of the exponential penetration and the sixth
parameter measures the magnitude of the second constant zone.
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Figure 4-18 (Model 14) One linear and one constant zone with surface heating at the x=L face.
The fourth parameter measures the depth of the linear penetration, the fifth parameter measures
the magnitude of the constant zone and the sixth parameter measures the magnitude of the flash at
x=L.
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Figure 4-19 (Model 15) Surface heating at x=0 and a penetration zone with combined exponential
and constant distribution. The fourth parameter is the maximum temperature associated with the
exponential component of the penetration. The fifth parameter measures the depth of the
exponential penetration. The sixth parameter measures the magnitude of the constant penetration.
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Figure 4-20 (Model 16) Surface heating at x=0 and x=L with exponential penetration. The fourth
parameter is the magnitude of the maximum temperature associated with the exponential
distribution. The fifth parameter measures the depth of the exponential penetration. The sixth
parameter measures the magnitude of the surface heating at x=L.
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models was shown to offer significantly improved performance
over Model S5 when analyzing laboratory data and, in most
cases, convergence was not obtained. These models were
essential, however, in the development of Model 17 discussed

in the next section.

4.3.4 TWO SIDED FLASH WITH PENETRATION, MODEL 17

In the process of refining models 6-16, it became clear
that, in many of the experiments, the sample was heated on
both sides (x=0 and x=L) presumably due to reflection of the
laser flash inside the furnace or test device. This
phenomenon is shown in the graph of the raw data in Figure
4-21 as evidenced by the prompt rise in surface temperature
at time zero followed by the rapid decline in surface
temperature during the first several time steps. The prompt
rise in temperature for the first time step in this figure
is quite significant and amounts to approximately 5% of the
full scale temperature rise.

Additionally, it became evident in many of the
experiments that penetration of the sample surface was not
complete. A large percentage of the energy was absorbed at
the immediate surface and the remainder seemed to be
deposited in an exponential fashion.

As a slight variation of Model 16, Model 17 assumes
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Figure 4-21 The First 100 Points of File A_R1 Showing Initial Temperature Decay

that a there is a deposit of energy on both surfaces of the
sample, that is, at x=0 and at x=L. In this model, at the
time immediately following the flash, the temperature just
inside the sample is substantially less than that at the
surface. In other words, T (x=0)>T(x=0%) and T (x=L)>T(x=L").
The initial temperature distribution inside the material is
assumed to be an exponential, with maximum temperatures at
x=0" and x=L". Expressed mathematically, the initial

temperature distribution for Model 17 is

x L-x

T(x)=T,L8(x) + T,e * + T,e * + T,I3(x-L) (4-17)
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where T,, T,, T, and T, are each different contributions to
the initial temperature distribution. These parameters must
be estimated simultaneocusly with the three basic parameters
sought in Model 1.

Model 17 assumes that the sample is actually being
heated on both sides, presumably due to a reflection of the
flash inside the furnace. If the mechanism of heating is
the same on both sides of the sample, then the degree of
penetration will also be the same. Using this concept of
symmetry, a redundant parameter in this model can be
eliminated by assuming that

T,=T T
4 1 m
Tz

(4-18)
This is reasonable since the mechanism of radiation and
penetration and absorption should be the same on both
surfaces even though the radiation magnitudes on each side
are different. The Green's function solution equation is

the same as used in Model 5 above, which is

T(x,t):fxionaa(x,x'l t-1) F(x') dx’ (4-19)

where F(x') is the initial temperature distribution in the

material, or in this case
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4 /

-L L'XI T
q,| T,L5(x) + T,e * + T,e * +T1T3L6(L-x)
F(x') = 2

(4-20)

T -L
Pc, [L(T1+T1-T—3) +(T,+T,)a(l-e ‘)]
2

The denominator of this term is found by normalizing the
exponential temperature distribution to the magnitude of the
heating that brought about the temperature rise. 1In this

case

L
q°=pcpfF(x)dx (4-21)

x=0

The F(x') defined above satisfies this equation. The

Green's function for X33 is given as

Gyyy (X0 X'y £-1) =_2£f: e P (1) A (x/) (4-22)
m=1
where
Bmcos( Bm-f) +Bisin( Bn-’fl
A (x)= L L (4-23)
p2+Bi%+2Bi
and
x' x!
A_(x')=p_cos B, | +Bi sin| B, (4-24)

Integrating this with respect to dx' gives
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2q.a > aluesrl cos (B ) +Bisi
T(L, t)= O, i a) 151510 (0, Ca (4-25)
kLa(l-e ¥4)n1 B2+Bi?+2Bi
where
T,aL 2 . 4 N
C,=————|(aB,~LBi)e *sin(B,) -(LB,+aB,Bi){ e *cos(B,)-1]| +
L%+a?p?

L

TP S N
(LB,-aBiB,)| cosB,-e *|+(aB,+LBi)sinf| +

3

L%+a32p?

T
BaTy L+ T, = {B,COSB, *Bising,) (4-26)
2

Using Equation 4-25 as the direct solution for analysis
of experimental data, the residuals are among the lowest of
any model attempted. Model 17 has the additional advantage
of being consistent with the physical explanation for the
mechanism of the flash penetration on both sides of the
sample. In other words, both sides of the sample are
treated equally in Model 17. Figure 4-22 shows a comparison
of the residuals from analyzing the same data file using
Models 1,4,5 and 17. A great reduction is brought about in

the signature by models 4 and 5, however Model 17
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Figure 4-22 Residuals from File A_R1 Comparing Modeis 1,4,5 and 17

essentially eliminates any signature in the residuals. This

is especially so in the early time measurements.

4.3.5 SURFACE TRANSMISSIVITY

A concept which makes Model 17 more manageable in terms
of physical relevance is that of "surface transmissivity".
Developed as part of this research, this concept is employed
as a parameter in Model 17 so as to make the results of the
parameter estimation method more physically tangible. This
parameter is defined as the energy penetrating the surface

per unit energy incident on the surface. This parameter has
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a range in value from 0 to 1 and is estimated in Model 17“és
parameter 5 in contrast to considering a maximum temperature
coefficient of the exponential penetration. Parameter 4 is
the same factor "a"™ in the exponential penetration term used
in Model 5. Finally, parameter 6 is the magnitude of the

incident energy on the "non-heated" surface.

4.3.6 ELIMINATION OF EXCESS MODELS

Tables 4-5 through 4-7 summarize the models used in
analyzing the flash problem and the results from three of
the experiments using all of the models. The majority of
the models developed did not prove to be appropriate tools
for the three experiments detailed above. As shown in
Tables 4-5 through 4-7, the standard deviation of the
residuals for virtually all models is greater than those
resulting from the application of Model 17 to the laboratory
data. Additionally, for experiments which exhibit a back-
side flash, Model 17 is the most physically sound in terms
of providing insight into the mechanism of the flash
penetration. Many of the models which use multiple stages
of penetration have sensitivity coefficients for the
penetration parameters which are highly correlated. This is
true in many cases to the extent that unstable parameter

estimates can be generated yielding nonsensical results.



Model Diff.
Nmbr, ___(x)
1 .33180
4 .29928
5 .29937
6 .29958
7 .31241
8 .31069
9 .29848
10 .31194
11 .31228
12 .32738
13 .31231
14 .31189
15 .31733
16 .31545
17 .31538

Model

Table 4-5
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Purdue University Experiment C_R1
L=1.9685mm At=.0603 oO,,= 0.001164

Heat Biot
~Flux Number _0, _
6.3889 .12978 NA
7.0236 .21692 .08822
6.9157 .21912 .16151
6.8577 .21470 .39999
4.3072 .20412 .11995
6.7626 .18876 .00605
3.5096 .22239 10.580
3.3882 .18395 .00252
3.4093 .18325 .05792
6.4632 .14264 .01857
3.4099 .18319 .08033
3.4085 .18412 .33946
3.3912 .17089 .28895
3.4057 .17573 .89560
3.4061 .17589 .10026
Table 4-6

—Ls
NA

NA
NA
NA
NA
.67694
.01411
.33749
.00087
NA
.00074
.00102
1.6E-6
.36966
.3633

—Le
NA

NA
NA
NA
NA
NA
3.191
.0010
.0899
NA
.0940
.0001
.6109
.0031

.00333

Resid.

—{s)
.01492
.01032
.00910
.01076
.01073
.01020
.00542
.00298
.00297
.00831
.00294
.00298
.00315
.00294

.00294

Oak Ridge National Laboratory CBCF Sample at 700°C
L=.956mm At=.01408 o,,= 0.008687

Diff.

Nmbr, _ ()

OO QA0S WN =

-
o

e i ey e
SNAaAMEeWwN

.31136
.4021

.3878

.27615
.28193
.27274
.292438
.27861
.27024
.27486
.27493
.30982
.27668
.27657
.27824
.27525
.28360

Heat

Biot

Flux Number

17.855
15.20

14.17

21.289
18.642
18.503
25.190
18.576
19.615
19.034
19.287
17.979
19.283
19.397
19.094
17.913
19.422

1.2332
0.824

0.793

.5609
.5030
.5956
.4650
.5360
.6322
.5730
.5725
.2472
.5548
.5561
1.5398
1.5692
1.4860

el el el S e S e

B
NA

-.0648
-.02
.02106
.06963
.20383
.10474
.70794
316.24
.16514
.19440
.01586
.19910
.26725
505.36
1317.5
.0669

—Bs
NA

NA
NA
NA
NA
NA
NA
.05905
12.383
.15531
.00023
NA
.00037
1.0E-6
1.0E-6
.04530
1.0

—LBe
NA
NA
NA
NA
NA
NA
NA
NA

.1013
.0002
.0008
NA
.0012
.0001
.0601
.0084
.00723

Resid.
—{s)
.03698
.10958
.11098
.01250
.01245
.01303
.01371
.01227
.01514
.00971
.01105
.03227
.00967
.00904
.01224
.00902
.01074
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Table 4-7
A_R1 Palaiseau France
L=3mm At=.0348 o,,= 0.4520

Model Diff. Heat Biot Resid.
Nmbr., __(x) _Elux Number B, B B¢ (s)
1* 1.6017 2920 .08633 NA NA NA 4.8113
4* 1.119 3325 .20423 .06850 NA NA 2.4166
5* 1.418 3236 .1943 .26207 NA NA 1.9452
6* 1.392 3253 .2059 .69647 NA NA 2.6606
7* 1.457 1286 .1925 .14913 NA NA 2.5760
g* 1.480 1046 .1572 .03392 .4825 NA 1.3444
9 1.449 1057 .1738 1.7598 .00823 1.326 1.2523
10 1.441 1056 .17868 .00001 .7781 .0011 1.1840
11 1.4561 1057 .17049 .00001 .00052 .2123 1.1242
12* 1.5819 2953 .09828 7.4990 NA NA 3.3982
13 1.4598 1054 .16807 .03955 .00032 .2197 1.1235
14 1.4241 1070 .18795 .8721 .00025 .0001 1.3551
15+ 1.4573 1056 .16985 4453 2.491 2214 1.1235

l6* 1.1673 1057 .16909 2246 .28605 1.176 1.0311
17* 1.1674 1058 .16893 .2782 .63487 1.4244 1.0417

* Parameter estimates for these models reached convergence

For these reasons, four models were retained for
further investigation and comparison in the other
experiments. These are models 1,4,5 and 17. In experiments
where no back-side flash is exhibited and the surfaces of
the sample are not coated, Model 5 is the best choice. In
these cases, there is no non-uniform absorption of the flash
at the surface and no direct flash heating at x=L. As such,
the additional two parameters estimated by Model 17 beyond
the four estimated by Model 5 become a handicap and serve
only to make the parameter estimation problem more unstable.

The three experiments illustrated by Tables 4-5 through 4-7
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all exhibit back-side heating, making Model 17 a logical
choice in each case. Experiments performed at Oak Ridge
National Laboratory using the Anter test equipment, however,
exhibited no back-side heating, making Model S5 the best
choice for analysis. Surface transmissivity is evident in
the Purdue and French experiments, but not in the
experiments performed at Oak Ridge National Laboratory.
Were it not for the back side flash heating evident in the
experiments performed on Holometrix equipment, there would
have been no reason to use Model 17 in this case.

Model 1 is the most appropriate to use where the sample
is either completely opaque or is well coated such that no
penetration is made by the flash. This is the case with
many of the experiments analyzed from laboratories in other
countries shown in the appendix. Model 4 was retained as a
type of second-check method to investigate for penetration
of the flash. If neither Model 4 nor 5 shows any
improvement over Model 1 for a given experiment, it can be
reasonably assured that no type of flash penetration is
present.

In order to examine the four salient models in more
detail, a temperature correction was applied to each of the
three experiments analyzed above in order to determine the

effect on the estimated parameters and the residuals. The
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temperature corrections are found by averaging the
temperature readings prior to the time of the flash and

subtracting this value from the temperature readings after

the flash as a correction to a measurement bias. The use of

this technique assumes a bias in the temperature measurement
instrument which, if compensated for, should yield better
results in the analysis of the experiment. The compensation
was applied to the same three experiments analyzed in Tables
4-5 through 4-7 as a basis of comparison. The errors
compensated for were very small, approximately 0.1 percent
of the peak temperature reading in each experiment. No
appreciable improvement was gained in adding these small
correction factors. A summary of the parameter estimation

results for the three experiments are shown in Table 4-8.

4.4 ESTIMATING EXTINCTION CORFFICIENT

In the general case of incident radiation on an
interactive medium, as given by ref [27], the radiation
intensity, as it transfers through the medium, is given by
the equation of transfer

aI(TLI6I¢)
s dt,

= I(IL,6,¢)-S(IL,9,¢) (4-27)

where I represents the local intensity as a function of 6,
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Table 4-8

Using Temperature Compensation

Model Diff. Heat Biot Resid.
Nmbr, __ () _EFlux Number B, B B —(s)
CBCF (error -.00458)
1 .31169 17.829 1.2295 .03791
4 .27573 21.338 1.5641 .02153 .01321
5 .28157 18.656 1.5056 .07042 .01283

17 .283535 19.423 1.4857 1.0000 .00853 .06722 .01057

FRENCH DATA A Rl (error -.962)

1 1.2841 2916 .08422 5.0793
4 1.1146 3340 .20754 .07168 2.6297
5 1.1306 3248 .19736 .26774 2.1022

17 1.1676 1058 .16862 .60612 1.5783 .2866 1.0356

PURDUE DATA C Rl (error -.03199)

1 .33907 6.3139 .10953 .02472
4 .28746 7.3500 .25017 .14289 .01790
5 .28789 7.1967 .25453 .20094 .01473

17 .31582 3.4356 .17325 .08669 .00490 .5117 .00296

the polar angle of the radiation incident to the control
volume; ¢, the incident angle of azimuth and 1., the optical

thickness defined as follows

X
IL=deX’ (4-28)
0

Also, Kk, the extinction coefficient, can be expressed as
K = a + o where a and o are the absorption and scattering
coefficients, respectively. Finally, S is the source

function and is defined as
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n

Q 2n
S(e,¢)=-‘i§f [p(8,0,8, ¢ 1(1,,6',0') sin6'ad’de’ (4-29)
0 o0

where p represents the phase function.

In an emitting medium, the source function also depends
upon the local absolute temperature and emissivity. As
discussed in Chapter 3, however, emission within the media
studied in this research has not been observed. For this
reason, scattering and absorption are the only two
mechanisms dealt with in the treatment of the flash
penetration. At this point, the following assumptions are
made

1. The materials are considered grey. All scattering
and absorption takes place independent of frequency.
In the type of experiment being studied, the
measurements are not spectrally sensitive since
temperature measurements are made using all
frequencies simultaneously.

2. The material will be considered isotropic. The
radiation transfer, therefore, will be one
dimensional. In this type of experiment, there are
no photon detectors which are angularly sensitive and
the azimuth dependence of the radiation, if any,

cannot be measured.
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3. The duration of the flash will be assumed to be
instantaneous in comparison to the time scale of the
experiment. The temperature distribution inside the
sample will therefore will be treated as an initial

condition.

Using these assumptions, the transfer equation now becomes

dI(t,n) _ __Qo1 N
p— () 7?£I(t.u)du (4-30)

where Q, is the albedo and p=cos(6) as discussed in Chapter

3. The solution of this equation is of the form

WIL
0

1-yn

I(t,,n)= (4-31)

where C, is an arbitrary constant and ¥ is the root of the

following equation

1n 1+y (4-32)

Table 4-9 shows some sample values of ¥ for corresponding
values of Q,. Both positive and negative values of ¥
satisfy this condition. Since the solution of Equation 4-31
expands without bound as 1, increases for values of positive

Y, the negative wvalues of ¢ will be used.
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TABLE 4-9

Values of W

20 —u

0 1.0

2 0.99991
4 0.98562
.6 0.90733
8 0.71041
0 0.0

For moderate to low values of the albedo, the wvalue of

VY is near negative 1. Only for values of the albedo near
unity, where the dominant radiation interaction is
scattering, is the value of ¥ small. In any case, since the
material is homogeneous, the distribution of the radiation
inside the material will be of a pure exponential form. For
cases of large albedo, and since the local angle of the

intensity is not a concern for the purposes of determining

the distribution of temperature, the solution for intensity

is
I(t,)=Ce (4-33)
The extinction coefficient, as described in Chapter 3,
has units of inverse length and corresponds to the

reciprocal of the mean free path of a photon in the medium.

This is expressed mathematically as x=c+a where ¢ is the
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scattering coefficient and a is the absorption coefficient.

Assuming that x is constant throughout the material, the

relationship becomes r,=xx.

Using the boundary condition of I(x=0)=I,, where I, is
the incident intensity, we have
I(x)=I,e™ (4-34)

Considering now a differential element inside the

material, dx, the total deposition of energy into this

element by the radiation from the flash using the above

model is

t
q=f[1(x,t’) —I(x+dx,t’)]dt’ (4-35)
0

where t represents the duration of the flash. This can also

be written as

t /
q=dr(x,t’)-(r(x,t’)+9%dx) dt’ (4-36)
0

which in turn becomes

/
OL(X/t) eqe

g=- 3% (4-37)

e

If the flash is taken as having constant intensity during
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its very short duration, we have g=ktI(x)dx and since I(Xx)

has already been defined as
I(x)=I.e™ (4-38)

the energy deposited in the differential element becomes

q(x) =I,xte ™*dx (4-39)

The temperature rise resulting from this deposition of

energy is as follows

g
T(x)= -
(x) 5c. dx (4-40)

Substituting the equation for gq(x) into this equation we

have

e (4-41)

This equation is a closed form expression of the initial
temperature distribution following the instant of the flash.
Therefore, the parameter "a" being evaluated in Model 17 is
essentially the reciprocal of the extinction coefficient
since the initial temperature distributions were assumed to
be of the form e **,

In other words, the parameter a is

the mean free path of a photon in the material. 1In the case

of all of the experiments analyzed as part of this research,



135

this mean free path is expressed in millimeters.

4.5 UTILIZING THE MODELS TO ANALYZE DATA

Each of the four principal models 1,4,5 and 17, is
utilized in the appendix tables for analysis of laboratory
data taken in various locations around the world on various
materials. Basic physical information is included on each
table, including the applied null value, which is the
nominal value of the temperature measuring instrument at
ambient temperature with no flash heating.

Models 4 and 5, the time shift model and the
exponential penetration model, respectively, are similar in
performance as shown by the standard deviation of the
residuals.

In utilizing the models on 16 experiments performed in

various laboratories throughout the world, the results seem

to agree with prior analyses performed by the three

experiments studied previously. In analyses performed by

other laboratories, heat loss was not accounted for in many
cases. For laboratories which did not account for heat
loss, the values presented here for diffusivity are lower
than the values reported by those laboratories. This is to
be expected since an analysis which does not account for

heat loss would interpret the temperature reaching an “early
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peak"™ as being attributable to a higher diffusivity. The
laboratories which accounted for heat loss produced results
which were more closely aligned with the results of Model 1
presented here.

As a rule, Models 4 and 5, which account for flash
penetration, produced values for diffusivity which were even
lower than those produced by Model 1. This is also to be
expected since, with flash penetration, the temperature rise
on the measured surface comes more quickly than with no
penetration. A model which does not account for penetration
would interpret this early rise as a higher diffusivity.

Model 17, which accounts for both surface penetration
and reflective heating on the measured side from the flash,
seems to produce values of diffusivity which are between the
values given by Model 1 and Models 4 and 5. This is
partially due to the fact that Model 17 allows for partial
penetration and Models 4 and 5 can deal with full
penetration only. The following experiments exhibited back-
side heating and were most appropriately modeled by Model 17

A Rl Palaiseau, France
C_R1 West Lafayette, Indiana
L Rl Poitiers, France

M Rl Hunan, China
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Q R1 Manchester, United Kingdom
Oak Ridge, Tennessee (on Holometrix System)
The following experiments exhibited no significant back-side
heating but did involve flash penetration. They are most
appropriately modeled by Model 5
I _R1 Buenos Aires, Argentina
Oak Ridge, Tennessee (on Anter System)
The following experiments exhibited no appreciable back-side
flash or flash penetration and are best suited to be
analyzed using the three-parameter Model 1.
A R2 Palaiseau, France
E_R1l Vandoeuvre les Nancy, France
E_R2 Vandoeuvre les Nancy, France
G_R1 Bombay, India
H Rl Trappes, France
J_R1 Talence, France
K Rl Belgrade, Yugoslavia
N_R1l Stuttgart, Germany
S_R1 Ardmore, Pennsylvania
One experiment exhibited such an extremely low value of heat
loss that it is best dealt with using a two-parameter model
involving only heat flux and diffusivity. This experiment

was O_Rl LeBarp, France.

There is a great deal of variation in the degree of
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surface flash penetration from one sample to another.
Experiments performed on materials which were opaque to the
flash resulted in no appreciable surface transmissivity
whereas more transparent materials exhibited surface
transmissivities of 1. Some of this variability,
particularly the cases of partial surface absorption, came
about because some samples were treated with gold foil
coatings prior to running the experiments, for the expressed
purpose of minimizing flash absorption. The amount of gold
foil applied varied considerably between samples.
Deposition thicknesses and application methods can be
somewhat arbitrary.

For cases where little or no penetration occurred,
there was no advantage to utilizing the advanced models
since the parameters measuring penetration were estimated as
being very small in magnitude and the confidence regions for
these parameters were extremely large. Moreover, the values
estimated by the advanced models for diffusivity were
virtually unchanged from those estimated using Model 1, with
no improvement in the residuals. In these cases, the
advanced models proved to be more of a liability than an
asset.

Although the values estimated for diffusivity using the

advanced models for cases exhibiting penetration were not
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radically different from those estimated using Model 1,
there is a higher degree of confidence in the accuracy of
the estimates. More importantly, the differences in
estimated diffusivity are large enough to affect design
considerations for applications of re-entry heat shields.
The basis of the higher degree of confidence is the removal

of a characteristic signature in the residuals, the lower

standard deviation of the residuals, the narrower confidence

regions and the stability of the sequential parameter

estimates.



CHAPTER 5

DERIVATIVE REGULARIZATION

2.1 INTRODUCTION
As explained in Chapter 3, the four-parameter internal
radiation model for the flash diffusivity problem is a very
ill-posed model when used in parameter estimation. This is
due to the strong correlation between kinetic conductivity
and radiative conductivity, making the two parameters nearly
indistinguishable from one another when trying to estimate
them individually, even when using errorless data. In many
test cases, a converged solution was not obtainable unless
the initial seed value of the parameters used was within one
percent of the known parameters using errorless data. Even
with an unreasonably large heat flux applied, which tends to
accentuate the non-linear nature of the radiant
conductivity, the most successful test did not exhibit any
stability with initial seed parameters differing from the
true values by greater than 10 percent.
Utilizing a method called derivative regularization,
devised as part of this research, parameter estimates were
obtained for the internal radiation cases as readily as for

the three parameter case using ordinary least squares. In

140
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tests utilizing four parameter exact solution data files,
the method successfully converged on the correct solution
with initial parameter seed values of up to 200 percent
larger than the true parameter values. The same convergence
criteria were used as with ordinary least squares, whereby
each parameter was brought to within 0.1 percent of the
actual value used in the direct solution. The success in
analyzing this type of problem contrasts the un-aided least
squares method which would not bring about convergence
unless initial parameter estimates were within one percent
of the true values using errorless data. This method was
also used in analyzing the data measured at Oak Ridge
National Laboratory using the internal radiation model.

The ill-conditioned nature of this parameter estimation
problem is manifest in the final set of equations being
nearly singular in form. This unstable condition results in
extremely wild estimated parameters when attempting to solve
the equations. Various methods have been used in the past

to bring about stability in this calculation. Reference

[25] provides a template by which regularization may be
applied using prior information about an experiment and the
anticipated parameter values. Reference ([27] addresses the
mollification method, by which instability can be mitigated

though a reduction in the measurement errors. Even with no
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measurement errors in simulated experiments, however, the
estimation of internal radiation parameters has shown to be
highly unstable. By contrast, the type of instability which
derivative regularization attempts to reduce, is the
numerical singularity which comes about in the parameter
estimation equations.

As a means of adding stability to the system of
equations, derivative regularization is applied in the form
of a matrix pre-multiplier. Similar methods, normally
referred to as matrix pre-conditioning, have been used for
other ill-conditioned systems. Reference [62], a general

treatment of matrix computations, describes the application

of pre-conditioning. The use of a pre-conditioning method
is fairly straightforward, however the difficult and most
critical aspect of the this method is the development of the
pre-conditioning matrices for the specific type of problem.
As the name implies, derivative regularization employs the

time derivatives of the measured data and the sensitivity

coefficients in reducing the ill-posed nature of the

parameter estimating equations. This information is used in

developing the pre-conditioning matrices.

Section 5.2 of this chapter discusses the underlying
assumptions for the modifications made to ordinary least

squares in order to improve stability using this method.
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Section 5.3 discusses a step in the development of
derivative regularization which was later refined and
improved. This method involved using single cubic splines
to approximate whole domain curves. Section 5.4 presents
the refined version of the spline approximation method using
piece-wise parabolic splines. Aspects of the bias and
covariance associated with this method are discussed in
Section 5.5. The results of the method are presented in
Section 5.6, including the magnitude of reduction achieved

in the condition number of the parameter estimation

equations.

One principle of the method of ordinary least squares
which is also employed in the derivative regularization
method is the assumption of locally linear sensitivity
coefficients. This means that the sensitivity coefficients
are assumed to vary linearly with respect to the parameters
within the narrow range of interest between the initial
guess for the parameter values and the actual values of the
parameters. For the flash diffusivity problem, studied in
this research, the sensitivity coefficients are non-linear.
For this reason, the parameter estimation process is

conducted in iterations, re-calculating the sensitivity
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coefficients between each iteration. Within a single
iteration, however, the sensitivity coefficients can be

thought of as being linear.

This concept is employed in the following expression

presented in Chapter 2

. 2: OT [, x+1) , (k)
Tl op )y 22 -b _

Expressed in words, the k+l1 iteration temperature is the new
calculated temperature which will minimize the sum of
squares of the difference between the calculated and

measured temperatures. In graphical terms, if the
difference between T**! and T were plotted as a function

of time, it would be very much like a plot of the residuals

for the applicable iteration. This assumes that the TV
curve is very close to the measured temperature curve. As
the equation above states, this curve must be equal to the
sum of the sensitivity coefficient curves, each multiplied

by the respective change in its estimated parameter from the

previous iteration to the present. The approximation sign

is shown because the sensitivity coefficients are not truly

linear.

The method of derivative reqularization takes this

concept one step further and requires that the time
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derivatives of these curves be matched as well as the simple
magnitude of the temperature values themselves. 1In the case

of the first time derivative, we have

/
T(k*l)’:T(k)l+i: OT'[ (xe1) _ j(k))

b

where the “prime” symbol designates the first derivative
with respect to time. Likewise we have

Y " AT (x+1) x
ko1 p (k) +2: abj(bj -b! )) (5-3)

j=1

where the “double prime” symbol designates the second
derivative with respect to time. Using derivative
regularization, a set of by;**! parameters is estimated which
minimizes the difference between not only the measured and
calculated temperatures, but their time derivatives as well,
in least squares fashion. 1In this way, additional
information regarding the shape of these curves is employed

in bringing about stability.

2.3 CUBIC SPLINE APPROXIMATION
Several methods were attempted, as part of this
research, in an effort to minimize the effects of the

measurement errors and estimate the derivatives of the
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measured data and the direct solution. At first, multiple
cubic splines were used to approximate the curves of the
sensitivity coefficients, the calculated temperature and the
measured temperature. These splines, spanning approximately

10 data points each, were defined as being piecewise

continuous with continuity in the first derivative at each

end of each spline. These spline junctions are also known
as “knots”. At first, the splines were calculated
sequentially. At the right hand side of the first spline,
i.e. the first "knot", the position and slope of the spline
end were used as boundary conditions for the position and
slope of the left end of the second spline. This method
proved to be unworkable when used sequentially because the
slopes at the end of each spline tended to become too wild,
causing extremely large deviations of the spline from the
data being approximated.

As a second attempt at approximating first and second
derivatives of the residual curve and the sensitivity
coefficient curves, one cubic spline was used for each curve

over the entire time domain of the experiment. Each of

these curves was expressed as a polynomial with four
constants. The constants were determined via least squares
analysis of the applicable data points. In the particular

case of four unknown parameters, five equations can be
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written as follows:
e(t)=a,t’+b,t?+c t+d,
X, (t)=a,t3+b,t%+c,t+d,
X, (t)=a,t3+b,t’+c,t+d, (5-4)
X;(t)=ast3+b,st?+c,t+d,
X, (t)=a,t3+b,t%+c,t+d,
where X;(t) refers to the four sensitivity coefficient
curves and e€(t) designates the measured minus the calculated
temperature. Examples of these approximations are shown in
Figures 5-1 through 5-3. Figure 5-1 is a plot of the
residual curve when comparing the direct solution from the
previous iteration to the measured data, along with its
cubic spline approximation. Figures 5-2 and 5-3 each show
two of the four sensitivity coefficient curves along with
their respective spline approximations.

In order to find the parameters from these curves, the
principle used is that the four sensitivity coefficient
curves should all sum to the residual curve when multiplied
by their respective values of b,**!'-p,*¥), As a shorthand

notation, we may define Ab;=b,**V-pb,®, In equation form, we
have
€ (t) =4Ab,X,(t)+Ab,X, (t) +Ab,X,(t) +AbX, (L) (5=5)
Since this is only one equation with four unknowns,

(Ab,, Ab,, Ab,;, ADb,) the equations of the cubic splines are used
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to generate four equations, namely

a°=Ab1a1+Abzaz+Ab3a3+Ab‘a4

b,=Ab,;b,+Ab,b,+Ab,b,+Ab,b,
C°=Ab1C1+Ab2c2+Ab3C3+Ab4C4 ( 5=~ 6 )
d°=Ab1d1 +Ab2d2+Ab3d3 +Ab4 d4

The only unknowns in these equations are a,, b,, c,, and d..
In practice, this method was found to be ineffectual due to
the poor approximation of the sensitivity coefficients made
by the splines. Moreover, there was no observed improvement
in the stability of the parameter estimation problem brought

about by the use of the spline approximations. An improved

approximation of the curves was achieved by using one

pPiecewise spline for each measurement point. The whole



150

domain cubic spline method has been presented here strictly
in order to chronicle the development of the derivative
regularization method, since the final derivative

reqularization method is built on the same principles.

2.4 PARAROLIC SPLINE ARPROXIMATION
A more successful approximation of the curves of the
measurements, the sensitivity coefficients and their
derivatives, is a set of parabolic splines, with one spline
defined for each time step. Each spline in this method is
centered at an individual data point in the curve. Normally
seven points are used to define each spline, in which case,
the first three and last three data points from the measured
data are not used, except in obtaining the splines for the
neighboring points. For a typical temperature measurement
Y,, the spline approximation for the measurement, designated
X:, is of the form
Y. (t) = A;t? + Bit + G (5-7)
with the first derivative expressed as
Y,'(t) = 2A,t + B, (5-8)
and the second derivative as
X;"(t)= 2A, (5-9)
For the sake of clean calculations, the center point of each

spline, the point of interest, is assigned the arbitrary
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time value of t=0 and the domain of the spline is then
-32t23. Considering the above equations at t=0, the values

of the functions and their derivatives become

X, (0) =¢C;
X,'(0) = B (5-10)
Ii”(0)= 2A1

In order to find the coefficients A,, B,, and C;, the
method of ordinary least squares is utilized. Using seven
points as described above, the over-defined set of equations

for the spline centered at I=4, for example, is

tf £, 1
Yl
2
t7 t, 1 Y,
2
& & 1 A, Yy
ti e, 1 B,| = [, (5-11)
2 ¢, 1f G Ys
Y
te t 1 6
2 Y
t; t, 1

This can be expressed in compact form as [t] [s]=[y] and the
least squares values of [s] can be found by pre-multiplying
both sides by [t]". We then have

(t17(t]) [8]=[t]"[y¥] (5-12)

From this equation, the values of A,, B,, and C,, are
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calculated, expressed in terms of the components of [t] and
[y] only. The value of Y,, the point of interest, is equal
to C,. Since the time steps are evenly spaced, they can be
expressed as multiples of each other and divided out. This
leaves Y, to be expressed in terms of the seven Y; values

alone. Constants designated with the letter m can be found

such that

Y, = mY,+m,Y,+m;Y,;+m, Y, +ms¥s+m Y +m, Y, (5-13)

which can also be put in matrix form as

Yl

L m, m, m,m m mem 0 O ... OfY,

Y 0 m mymm mgmem O ... Ofy,
Y| =0 0 mmmmm m m ... Of, (5-14)

. : L 2 S S-S $ Y,

Za;.!l 0 ... 0 0 m mmm m m mf,

Yn

Equation 5-14 can be written this way since the m; arguments
are not functions of Y, and are the same for each spline.
Note again that the first 3 and last 3 data points are lost
because they are needed to form the first and last splines;
hence the points are only approximated by splines from
points 4 to n-3. Equation 5-14 can also be written in

compact form as

(¥]=[M] [¥] (5-15)
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Similarly, approximations for the derivative values are
(x']=(M] [¥]
(¥x"]=[M] [¥] (5-16)
Likewise, for the curves of the calculated values of
temperature we have
(T]=[M] [T]
(X']=[M] [T] (5-17)
[Z"]=[¢] [T]
and for the curves of the sensitivity coefficients we have
(X]=[My] [X]
(X']=(M,] [X] (5-18)
(X" ]=[M,] [X]
Exact values for the individual terms of the M,, M,, and M,
matrices for parabolic splines over seven points are shown
in Table 5-1
As a note of interpretation, the first and last
coefficients of the M, matrix are negative due to the
parabolic shape of the spline. Since the coefficients shown
affect only the center point, low measurement values at the
end points would tend to make a higher center point of the
spline approximation and vise-versa. This allows the
parabolic spline to address the end points by affecting the

curvature of the spline in order to cause the spline ends to
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Table 5-1

Parabolic Spline Matrix Terms

Individual For M, For M, For M,
lemms Matrix Matrix Matrix
m, -2/21 -3/28 5/84

m, 1/7 -1/14 0

m, 2/17 -1/28 -1/28
m, 1/3 0 -1/21
m; 2/17 1/28 -1/28
m, 1/7 1/14 0
m, -2/21 3/28 5/84

pass closer to the end measurements. In this same vein,
note that the end points provide the largest contribution to
the second derivative of the spline.

We now define new vectors, [Y], [T°] and [X] where w,
and w, are weighting coefficients in Equation 5-19. Another
means of defining these vectors is to use a composite
matrix, which incorporates all three of the spline matrices
[My], [M;] and [M,;]. This matrix is designated as [M,] and
can be used as a direct conversion from the [¥] and [T]

vectors to the [Y] and [T"] and vectors, respectively. The

M. matrix is defined in Equation 5-20.



Y, I X
Y I X5
Ye I Xs
A Y,' w, &' wlx_‘l
WIL; wlzé w1£!:,
/ / /
| = (wte] b = Tl ] = |WXe (5-19)
i"l Yn, -JL T"l T:: -3 T"lxz:-si
" " "
WYy WoTs WXy
W, Y;’ WZE/_I WZX_-'{I
wzﬁ WZ.&Z wzié—,
" " "
*wz Yn—.‘!' Iwz Tn-3| lwzxn-al
X
M = [V (5-20)
w, My

The conversion using [M,] is accomplished using

(Y]=[M,] (Y]

(T]=(] [T] (5-21)
Similarly, the (X] matrix can be converted to the [X']

matrix by the conversion
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(X"]=[M,] [X] (5-22)
It should be noted that the dimensions of the [¥] and [T]

vectors are dimensionally n x 1 where n is the number of

measurements. The [Y¥] and [T"] vectors are dimensionally

3m x 1 where m=n-6. The reason for the difference of the 6

points between m and n is that the first and last three
points are lost because they are ends of a 7 point spline.
These vectors contain 3m terms because there is a filtered
point, a first derivative approximation and a second
derivative approximation for each point.

The [X] matrix, the sensitivity coefficient matrix,
undergoes a similar dimensional transformation to that

experienced by the (Y] and [T] vectors in the derivative

reqgularization process. The [X] matrix is dimensionally

n x p, where p is the number of parameters, and the [X]

matrix is 3m x p. The [M,], [M,], and [M,] matrices are each

of dimension m x n. If the individual terms of the [M,]

matrix are denoted as my,,, the [M,] matrix terms are denoted

as m,, and the [M,] matrix terms are denoted as m,,, then

the [M,] matrix in expanded form is written as



My Moz My My My Mo MW, o . 0 0 0
o m, m, m; m, m; b Myq e O 0 0
0 0 ms,, My, My My, b,s My - O 0 0
0 0 0 M0 My, My My My .o 0 0 0
o o o0 0 m, m, m, m, . o o0 0
0 0 0 0 0 m,, m, M, ... 0 0 0
0 0 0 0 0 0 0 0 .o m, , 0 0
o o o o 0 0 0 0 ... m, m, O
0 0 0 0 0 0 0 o ... m, m, m,
Wi, Wiy Wm W owm o wm oo wm o 00 ... 0 0 0
0 wm , wm , wm ,wm WK W wm, ... 0 0 0
0 0 wm , wm , wm , wm,  wnwm, ... 0 0 0
0 0 0 wm , wm, wm, wms wd,.. 0 0 0
0 0 0 0 wm 6 wm, wm,wmn,6 ... 0 0 0
0 0 0 0 0 wm, wm, wm , ... 0 0 0
o o o 0o 0 0 0 0 ...wm, O O
o 0 0 0 0 0 0 0 ...wm, wm, O

0 0 0 0 0 0 0 0 ces WM o Wm o WO,
Wyl Wyl , Wil 3 Wyl W), o W, o WML, 0 ... 0 0 0
0 W, W, , Wl , W, , Wl s Wl W, , ... 0 0 0
0 0 wm, wm, W, wm, Wi W, ... 0 0 0
0 0 0w, wm, Wi, wn, Wi ... 0 0 0
0 0 0 0 wm, wm, wm, wm, ... 0 0 0
0 0 0 0 0 wm, wm, wm, ... 0 0 0
0 o o o 0o 0 0 0 ...wm, O O
0 0 0 0 0 0 0 cee Wm o wm, , 0O

0 0 0 0 0 0 0 ... wm, wm,  wmn,

(5-23)

Now that the [Y¥] and [T"] vectors have been defined,
with respect to the parameters, the modified sum of squares

function
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s=§ (Y;-T;)? (5-24)

i=4
can be written in matrix form as

S=[Y"- 71T (Y- T") (5-25)

By the same means as shown in Chapter 2, the parameters can

be found under this method as follows

pED (B, (x-(t)rx-(&) ) lx=T ye_p-(k)) (2-26)

This equation has the same form as the conventional least
squares method outlined in Chapter 2 except that the

matrices involved have been treated with the pre-

conditioning matrix.

At this point it should be noted that the term XX can

be rewritten as

XTX" = (MX)T(MX) +wf(n,x)’uqx) +wy (MX) T (M X) (5-27)
which in turn can be rewritten as
XTX = XMMX + wIXTMTMX + i XTMNX (5-28)
Factoring out the X matrices we have
X°F X" = XU, ¢ I ) X (5-29)

For the sake of compact notation, if we define
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R = MM, + w) MM + wiM'K (5-30)
Then we can use the shorthand notation of

X*X" = X*RX (5-31)

This notation can also be used in the definition of the S

term being minimized as described above

S=[Y"-T°1T[Y"-T"] = [Y-T)’R[Y-T) (5-32)

Finally, the equation for the estimated parameters can be

rewritten as follows

DXV B0, g Ty(B)) -1y~ (D p=_p=ih))
(5-33)
=pB (xR x(¥) -1 pTR p qd)

In order to examine the nature of the "R" matrix, it is
useful to generate a sample of the M,™M,, M;M,, and M;'M,
matrices that make up the "R" matrix. These are each n x n
matrices, as is "R", where n is the number of measurements.
In Tables 5-2 through 5-4, three 16 x 16 examples are shown,
one for each of the three matrices noted above. As can be
seen from these examples, each matrix is diagonally
dominant, is repetitive along the diagonal and symmetrical
about the diagonal. The repeating portion along the

diagonal will be the same for any matrix 13 x 13 or larger.
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For virtually all experiments in parameter estimation, there
are many more than 13 measurements over the time of the
experiment.

Several other items of note related to the three
matricies exhibited in these figures include the existence
of both positive and negative values and the sums of the
interior rows. Since the factored component matricies of
each of the three product matricies contain both positive
and negative values, it is natural that the product
matricies also contain numbers of both signs as brought
about in the various cross products. Another similarity of
the three product matricies to the factored component
matricies is that the interior rows of the “0O" matrices sum
to 1 and the interior rows of the “1" and “2" matrices sum

to zero.

2.5 BIAS AND COVARIANCE

In order to determine if bias exists, we find the
expected value of b**!! as calculated using Equation (2-26),
and determine if it is equal to the expected value of the
true parameter vector, B. As the non-linear iteration
process nears convergence, the estimated parameter vector
becomes very close to the true parameter vector. As such,

the estimated parameter vector can be approximated as
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b *V3+ (X*RX) ! XTR(Y-T) (5-34)

where all non-superscripted matrices are assumed to be of

the k iteration. As such, the expected value of b is

E(b)= B + (X*RX) ! X*R[E(Y-T)) (5-35)

where Y-T is equal to e. Assuming that the errors are
additive and have zero mean, we can say that the expected
value of e is zero. Substituting this into Equation (5-35),
the expected value of b becomes equal to B. This shows that
there is no bias associated with the method, which is
fortunate, since all commonly used regularization methods
come at the price of bias.

Next it is desired to calculate the covariance matrix

for the estimated parameter vector b. This is defined as

cov(b) =E |(b-B) (b-B) 7| (5-36)

where B is the true but unknown vector of parameters. Since
the measurement errors are additive, we have

Y=T+e (5-37)
where e is the error vector. As we approach convergence
using the non-linear least squares method, we expect the
differences between calculated temperature values from one

iteration to the next to be on the order of the measurement
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errors. If this is the case, we can approximate the error

vector as
Xb** ) =Xb*) +e (5-38)
We now define
A= (XRX) ! X'R (5-39)
then AX=I. If we pre-multiply both sides of Equation 5-38
by A we have
b®V=p®™ipe or b**N-p®=Ae (5-40)
Substituting this into the definition of covariance given
above we have
cov(b®!) =E[ (Ae) (Ae)"] (5-41)
Using the covariance matrix definition of
V=E [ee] (5-42)
we now have
cov (b®™1) = AyYAT (5-43)
Writing this in expanded form and understanding the b vector
to be of the final iteration we have
cov(b)= (X™RX) ! X’RYRX (X"RX) ! (5-44)
This is a p x p matrix where p is the number of parameters.
The ¥ matrix is an n x n matrix where n is the number of
measurements. For simplicity, the ¥ matrix can be modeled
as
¥ = o?[I] (5-45)

where o? is the variance of the measurement errors.
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Using this assumption to compare the covariance of the
regularized parameters with that of the non-regularized
parameters, two models of the sensitivity coefficients were
used as a means of comparison. The cubic model utilized a
simple cubic curve of

T(t) = B;t® + B,t? + Bst + B, (5-46)

as the assumed temperature measurement curve with B,, B,, B,
and B, being the four unknown parameters. Using a sample
case of 16 equally spaced measurements from t=0.1 to t=1.6,

the covariance matrix of b for this example is

1.662088 -7.49542 9.065934 -3.20513
-7.49542 40.5623 -53.218 19.70266
9.065934 -53.218 73.44436 -28.1152
-3.20513 19.70266 -28.1152 11.02555

For the reqularized case, the covariance matrix is

3.073613 -13.1621 15.62973 -5.47699
-13.1621 64.92957 -83.1152 30.63121
15.62973 -83.1152 111.7891 -42.6842
-5.47699 30.63121 -42.6842 16.73889

As can be seen from comparing these two covariance matrices,
the regqularized case has higher values by 50 to 80 percent
when compared to the non-regqularized case. This indicates
that the regularization method will give larger errors in

the parameters than will the ordinary least squares method.
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This is to be expected since the Gauss-Markov Theorem, as
given in reference [25], states that the ordinary least
squares method will provide the minimum covariance matrix
for parameter estimation, assuming the standard statistical
assumptions, as given by that reference, are valid for the
measurement errors.

Another set of covariance matrices is compared, using
100 points from the internal radiation model presented in
Chapter 3. The covariance matrix for the ordinary least
squares case for this model, using the thermal parameters

a=1, g,=1, Bi=1 and k., /k=0.1, is

7648816 125557.5 -7655539 -8.2E+07
125557.5 2117.377 -125607 -1344766
-7655539 -125607 7662336 81976237
-8.2E+07 -1344766 81976237 8.77E+08

Comparing this once again to the case where derivative

regularization is used, the covariance matrix is as follows:

13654443 223716.7 -1.37E+07 -1.46E+08
223716.7 3748.345 -223818 -2395863
=1.37E+07 -223818 13678306 1.46E+08
-1.46E+08 -2395863 1.46E+08 1.57E+09

Once again, these values fall somewhere between 50 and 80

percent larger than the covariance for the non-regularized

case, indicating that the errors generated using the
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derivative regularization method are expected to be larger
than those generated from using ordinary least squares.
Both of these covariance matrices are significantly larger
than in the previous sample problem, indicating that the
errors expected in estimating the parameters from the
internal radiation test case are significantly larger than
those generated from the cubic model.

As a Monte Carlo test of this tendency, 100 simulated
experiments were conducted by imposing errors of zero mean
and gaussian distribution on a file of an exact direct
solution. The true parameter values of the exact solution
were unity for diffusivity, Biot Number and heat flux. The
standard deviation of the imposed errors was approximately
0.01 and the peak temperature reached was approximately 0.4
non-dimensional temperature units. The exact solution was
generated for a simple flash experiment assuming no
penetration of the flash. Figure 5-4 shows three
distribution curves of the results for the 100 test cases.
This graph illustrates the unbiased nature of ordinary least
squares and the sharp resolution rendered for each of the
parameters. With errors larger than two percent of peak
measured temperature, there were essentially no cases with
errors in the estimated parameters larger than 5 percent.

Figure 5-5 is a representation of the same test
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Figure 5-4 Monte Cario Results Using Ordinary Least Squares

TABLE 5-5
Monte Carlo Results Comparing Derivative
Reqularization to Ordinary Least Squares

Non-Regularized
Mean Diffusivity 0.999775 1.00027
Mean Biot Number 1.00091 0.99853
Mean Heat Flux 1.000885 0.999075
Diffusivity Std Dev 0.005521 0.013181
Biot Number Std Dev 0.01127 0.037045
Heat Flux Std Dev 0.007924 0.025711

performed using derivative regularization. The same
unbiased feature of this method is apparent as evidenced by

the symmetrical appearance of the curves about unity. The
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Figure 5-5 Monts Carlo Results Using Derivative Regularization

resolution provided by this method, however, is clearly
inferior to ordinary least squares as evidenced by the wider
distribution of estimated parameters. Table 5-5 further
contrasts the difference between the two methods by
comparing the standard deviations of the estimated
parameters. The larger standard deviations associated with
the derivative regqularization method, reaffirm the cost of
reduced accuracy in using the method. The unbiased nature
of the method is illustrated by noting the average estimated
parameters and their close proximity to the true parameter

values of unity.
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Interestingly, a comparison of the residuals using both
methods suggests almost identical performance. The average
value of the standard deviation of the residuals is 0.00402
for both methods. This fact might give the impression to
the user of the method that the results from one method are
just as accurate as the other. As can be seen in the
figures and tables associated with this test, however, this

is not so.

2.6 MATRIX CONDITION NUMBER

Although the errors associated with the parameter
estimates using derivative regularization are expected to be
larger than those generated using the method of ordinary
least squares, the advantage of the derivative
regularization method lies in the reduction of the condition
number of the X™X matrix. In many cases in parameter
estimation problems, the X™X matrix is so ill-conditioned
that no parameters can be calculated; the numerical results
become nonsense. It is under these conditions that
derivative regularization becomes profitable.

The condition number is a measure of the stability of a
Set of linear equations. As stated in reference [26], the
condition number provides a measure of how reliably the

relative residual of an approximate solution reflects the
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relative error of the approximate solution. The lowest
possible condition number is 1, which is the condition
number for the identity matrix. The means of calculation of
the condition number is somewhat subjective, hinging on the
method used in calculating the matrix norm. The definition
of condition number given in reference (26] is the product
of the norm of the matrix multiplied by the norm of the
inverse of the matrix. The condition number of a general
square matrix A would therefore be

Condition Number = ||A|| | |A]]| (5-47)

where the norm of the matrix A is defined as

||A]|= (5-48)

In this definition, the i subscripts designate any row of
the matrix A. The norm of one vector = as a function of the
individual elements of the vector is
LIl = (1% 1" +1%0" +1%;1" 4.0+ 1x, ™) " (5-49)

Since n can be any whole number (1,2,3,...,%), the most
commonly utilized norms are the 1,2 and infinity norms. For
the sake of convenience, the actual routine used to
calculate condition number in the subsequent graphs is found
in the commercial mathematical product MATLAB. The results
using this method are comparable to the other methods of

calculating condition number, particularly when comparing
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regularized to non-regularized cases.

The condition numbers for the test cases noted above
were found to be sharply reduced by the use of derivative
reqgularization over a wide range of weighing factors.
Reductions on the order of approximately 50 are attainable.
This allows calculations to be performed to solve the

equation

bV -p X, (xR x M) “ixg-(M TR (y_p-D)) (5-50)

for the parameter vector b when otherwise no solution is

obtainable from the non-regularized equation

bkt _p (), (x-(&)!x'(l) ) -lx-(t)r(!-_r-(k) ) (5-51)

Figures 5-6 through 5-9 are plots of the condition
numbers for various sample problems. These graphs show the
effect of the weighting factors, w, and w, on the “condition
number ratio” which is defined in these examples as the
ratio of the condition number of the X™RX matrix to the
condition number of the X™X matrix. Figure 5-6 is an
example using 16 simulated data points from a cubic model
from the equation

Y=b,t3+b,t*+b,t+b, (5-52)
with b,=b,=b,=b,=1 as the parameters. The time scale used is

from 0 to 1.6 seconds. Figure 5-7 is an example of the same
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Figure 5-86 Condition Number Ratio for Cubic Case Using 16 Points

model using 100 points over the same time domain as the 16
point example. Larger weighting factors must be used in
order to bring about the same reduction in condition number
for this case, but approximately the same magnitude of
reduction in condition number is obtained. Figure 5-8 plots
the same factors for the internal radiation model described
in Chapter 3. This figure also is taken from a sample
direct solution utilizing 16 time step points. Finally,
Figure 5-9 is the same as Figure 5-8 except that 100 points
are used instead of 16. The basic shape of these curves is
the same as that of Figures 5-8 and 5-9 with the same
approximate reduction in condition number. Once again, the

examples which utilized more time steps required larger
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Figure 5-7 Condition Number for Cubic Case Using 100 Points

weighting factors in order to bring about the same reduction
in condition number.

The results of the derivative regularization method
have also shown to be successful in obtaining convergence in
comparison to the ordinary least squares estimation schemes
used previously. The decrease in the ill-conditioned nature
of the matrices has facilitated the calculation of answers
which were previously unavailable. As a first attempt at
using the method, the results shown in Table 5-6 were
achieved in seven iterations.

Following this test of initial values 20 percent above

the actual values, a similar test was run with initial
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Figure 5-8 Condition Number Ratio for intemal Radiation Case using 16 Points

values 50 percent above parameter actual values. This test
did not converge. As an additional attempt at stabilizing
the spline parameter estimation procedure, a limit was
placed on the maximum allowed change in parameters per
iteration of 10 percent. The test run with initial wvalues
50 percent above actual parameter values was re-executed
with this restriction in place and convergence was obtained
in the same 7 iterations with the same final parameter
estimates as shown in Table 5-6. Using this additional
restriction, parameter estimates were obtainable with errors
for the initial values as high as 200 percent. A marked

improvement over ordinary least squares where convergence
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Figure 5-9 Condition Number for Intemal Radiation Case Using 100 Points

Table 5-6

Parameter Estimation Using Derivative Regqularization

Diffusivity Heat Flux Biot Number k. /k

Actual

Values 1 1 1 0.1
Initial

Values 2.0 2.0 2.0 0.20
Estimated

Values 1.00000 1.00000 1.00000 0.10000

was not obtainable beyond a one percent deviation from the

initial parameter seed values to the true parameter values.



CHAPTER 6

OPTIMIZING THE ANALYSIS METHOD

6.1 INTRODUCTION

The identification of the most appropriate model for a
particular experiment can be a difficult problem since
factors which determine model appropriateness are often
contradictory between competing models. The length of the
measured time scale to be used in the analysis is an example
of a difficult experiment design aspect as well. Clearly,
temperature readings taken at excessively late times in the
experiment contribute virtually no useful information to the
analysis and may serve only to degrade the accuracy of the
estimates for the parameters of interest. Finding the time
window which provides the best information for estimating
the parameters can be difficult to identify. The
elimination of the heat flux parameter is a popular method
used in analysis of flash diffusivity problems, but the
effectiveness of this technique is somewhat debatable. This
chapter deals with miscellaneous issues affecting the
accuracy of various flash diffusivity analysis methods.

Section 6.2 of this chapter deals with the

mollification method as a means of smoothing measurement

177
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errors and as a means of estimating the standard deviation
of the errors. A method which eliminates the heat flux
parameter is discussed in Section 6.3 in the interest of
eliminating unnecessary parameters to simplify the parameter
estimation process. Section 6.4 deals with the effects of
changing the time duration of the experiment in order to
optimize experiment design. This section also examines new
and existing methods of determining model appropriateness.
Various models are compared using these methods. The
technique of parameter estimation by sequential experiments
is applied in Section 6.5. This method analyzes parameters
utilizing data from multiple experiments simultaneously.
Section 6.6 discusses the application of frequency
distribution routines using fast Fourier transforms on the
residual curves generated from various experiments performed
in Europe, Asia and the United States. Finally, Section 6.7
provides a summary of analyses performed on samples of
various thickness of the same material from Oak Ridge

National Laboratory.

6.2 USING MOLLIFICATION
The method of mollification, as described in [26], is a
weighted method of smoothing data in order to minimize the

effect of measurement errors. In utilizing this method, a
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"blurring radius", 8, is selected based on the nature of the
measurement errors. This blurring radius is normally
expressed in terms of a number of measurements either side
of the measurement being mollified. The mollified value of
each point in the measured data is determined as follows
=35
f(n)=1§ p(i)Y(n+i) (6-1)
1=-38
where Y(n) is the value of the measured temperature at
measurement point n and p(i) is the weighting function for
the measurement point n, a distance i measurements away from
the point n. The weighting functions are determined as

follows

(6-2)

Using this method,
=35
.35 p(1) =1 (6-3)
i=-38
Selecting the blurring radius can be somewhat of an
imprecise process. One way of doing this is to gradually
increase the blurring radius from 1 to 2 to 3 measurements
and graph the mollified points on the same axes as the non-
mollified points. In some cases, correlated data will

require a larger blurring radius in order to compensate for
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the correlation in the errors. If the blurring radius is
too small, the mollified data will tend to follow the
correlations in the errors. If the blurring radius is too
large, however, the mollified data curve may not follow the
true data path.

In flash diffusivity experiments the area of the
measurement curve most susceptible to a misrepresentation of
the data by a large blurring radius is at the peak
temperature measurement point. Figures 6-1 through 6-3 show
this area of the curve for three blurring radius selections.
Figure 6-1 depicts a blurring radius of two measurements.
Figure 6-2 depicts a blurring radius of three measurements.
Figure 6-3 depicts a blurring radius of five measurements.
If a an overly large blurring radius is chosen, this area of
the curve will reveal the mollified points continually lower
than the measured data. 1In this case, a blurring radius of
5 measurements seems to be appropriate. The mollified curve
appears smooth but still appears representative of the
overall measurement magnitudes, even at the peak of the
curve.

Figure 6-4 shows a comparison of two residual curves,
comparing a mollified case to a non-mollified case using the
same mathematical model in analyzing the data. The

calculated standard deviation of the residuals using
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TABLE 6-1

Comparing Mollified to Non-Mollified Experiment Results

Model Diff. Heat Biot Resid.
Nmbr. (o) Flux Number B, Bs Be (s)

ORNL 700°C MOLLIFIED DATA

1 .31205 17.760 1.22475 .04068
4 .27217 21.727 1.60236 .02408 .00996
5 .27897 18.772 1.53200 .07366 .00857
17 .28077 19.545 1.51312 .07088 1.0000 .00773 .00568

ORNL 700°C NON-MOLLIFIED DATA

1 .31136 17.855 1.23326 .03697
4 .27615 21.290 1.56101 .02107 .01250
5 .28193 18.643 1.50312 .06964 .01244
17 .28364 19.422 1.48574 .06681 1.0000 .00751 .01074

FRENCH DATA A R1 MOLLIFIED DATA

1 1.2816 2917 .08583 4.9883
4 1.1121 3345 .21013 .07187 2.4465
5 1.1288 3250 .19919  .26716 1.8968
17 1.1645 1060 .17134  .29105 .59666 1.4077 0.8719

FRENCH DATA A R1 NON-MOLLIFIED DATA

1 1.2813 2920 .08633 4.8113
4 1.1190 3325 .20423 .06850 2.4166
5 1.1344 3236 .19432  .26207 1.9452
17 1.1673 1057 .16894 .27820 .63479 1.4243 1.0417

mollification is shown in Table 6-1. Although the
parameters calculated do not differ significantly from the
non-mollified cases, the residuals are substantially lower
than in the non-mollified cases. Moreover, the differences
in the standard deviation of the residuals between models is

much more significant in the mollified cases.
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The mollification of the data allows the contribution
of the measurement errors to be effectively separated from
the contribution from model non-compatibility. This allows
the differences in accuracy between models to be contrasted
more effectively.

For some forms of regularization in the field of
inverse problems, it is important to know an "expected"”
magnitude of the errors in the experiment. Additionally,
this information is useful in evaluating the adequacy of a
model for a particular set of measured data. If the
standard deviation of the residuals is on the same order as
the anticipated standard deviation of the errors, a measure
of assurance is gained in the validity of the model.

One means of estimating the standard deviation of the
errors is to use the mollified curve as the "true values" in
the experiment. In this way, the standard deviation is
found by computing the sum of the squares of the differences

between the mollified data and the raw data or

. (Y(n)-f(n))? (6-4)

Table 6-2 below shows the results of this method used
on a file of simulated data typical of that measured from a

CBCF sample at 700°C measured at Oak Ridge National Lab.
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TABLE 6-2

Estimated Measurement Errors Using Mollification

Known o Percent of Estimated (s)
£ E M M Usi Mollificati
0.05123 0.753 0.04778
0.02049 0.301 0.01953
0.01028 0.151 0.01057
0.00512 0.075 0.00652
0.00204 0.030 0.00484
0.00020 0.003 0.00445
0.00002 0.0003 0.00445

The diffusivity used was .31, heat flux 19, and Biot Number
1.4, calculated as a direct problem with 400 points. The
peak measurement in such a case is approximately 6.8 volts.
Errors with a Gaussian distribution and a known standard
deviation were superimposed on this exact data. The
mollification method was then used as stated above in an
effort to approximate the standard deviation of the errors.
When the errors are large, the mollification method
performs quite well in estimating the standard deviation of
the errors. When the standard deviation of the errors drops
below 0.1 percent of the maximum measurement, however, the

mollification method is unable to accurately estimate the

standard deviation of the errors.

A distinct handicap of the more advanced models is that
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estimating a larger number of parametéfs simultaneously is
an inherently less stable process because a larger number of
simultaneous equations must be solved. Whenever possible,
parameters which are of no interest should be eliminated
from the model, provided model accuracy is not degraded in
doing so.

Researchers from the "Institut National Polytechnique
de Lorraine et Universite de Nancy" in France have set forth
a method by which the heat flux magnitude need not be
calculated simultaneously with the other parameters. Since
this work was shown to be successful for a three parameter
model, reducing the effective number of parameters
simultaneously estimated to two, an attempt was made as part
of this research to expand this concept to the higher order
models.

Using Model 1 as an example, the direct solution as

given in Chapter 2 is

T(L, t)=

2q, }“: o Bt/ Bn(Bycos(B,) +Bisin(B,) ]
_Bi (6-5)
R2+Bi?

PCpm=1 (B2+Bi?)[1+ +Bi

If the maximum point of this curve is found, and referred to
as T..., and the corresponding time is referred to as t..,,
then a scaled solution can be obtained by dividing the above

solution by T...,» Specifically
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T(L,t)
(L, t) =—F— -
(L, t) T (6-6)

max

This ratio then becomes

Z.: e'B.z.ﬂt/L’ BalBaCos (B,) +Bisin(B,)]

=1 (B2+Bi%)|1+—BL _|+pi
oL, t) = B:+Biz .
TS P BalB,008 (B,) “BISIR B, to=1)
=1 (82+Bi?)|1+—2L _|+pi
B2+Bj?

This function has exactly the same shape as the original
temperature solution, is dimensionless, is no longer a
function of heat flux and has a maximum value of 1.

The sensitivity coefficients are shown for this model
in Figure 6-5 and contrasted to those of Model 1. As shown
in this figure, both of the sensitivity coefficient curves
for the two parameter model cross the zero temperature line
at the same point. This is because the maximum temperature
measurement is reached at this point and the derivatives
with respect to all parameters are zero there. This tends
to make the parameters correlated, but is not a severe
problem in the two parameter case. When moving to higher
order models, however, this correlation becomes more of a
handicap and the performance of the parameter estimation
procedure becomes very poor.

In Table 6-3, a test case is considered using a
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Figure 8-5 Sensitivity Coefficients Comparing 3-Parameter to 2-Parameter Methods

calculated direct solution with imposed errors of standard
deviation 0=0.00854 and a maximum temperature “measurement”
of 0.7577. A comparison of the two versus three parameter
method is shown. As indicated in the table, the 3-parameter
model estimated the parameters more accurately than the two
parameter model. In regard to diffusivity, the primary
parameter of interest, a 2.1 percent error from the true
value was reported using the three parameter model. By
comparison, the 2-parameter method reported a diffusivity
value which was in error by 5.4 percent.

As an additional measure of investigation, a sample
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TABLE 6-3

Contrived Test Case Comparing 3-Parameter to
2-Parameter Method

Sample Thickness: L=1.0mm
Maximum Measured Reading: 0.7577
Anticipated Residual Std Dev: 0=0.008854

Model Diff. Biot Resid.
Nmbr. (o) Number (s)
Actual 0.3000 2.000 0.00000

2-Parameter 0.2838 2.458 0.01340
3-Parameter 0.2937 2.170 0.00827
problem was studied where heat losses from the sample
surface were known to be zero. This problem provided an
opportunity to compare a two-parameter model, which
estimated diffusivity and heat flux, with a one-parameter
model estimating diffusivity only. In a contrived trial
problem with diffusivity equal to 0.3 and heat flux equal to
1.0, the sensitivity coefficient curves are virtually
identical when comparing the one and two parameter models.
The performance in the estimating routines is shown in Table
6-4. In this case, the performance of the two methods is
comparable, with the two parameter model having a slightly
more accurate estimate of diffusivity than the one parameter
model.

In a test comparing the two methods against one another

using actual laboratory data, The Oak Ridge National
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TABLE 6-4

Contrived Test Case Comparing 2-Parameter to

l1-Parameter Method

Sample Thickness: L=1.0mm
Maximum Measured Reading: 1.0
Anticipated Residual Std Dev: 0=0.008854
Model Diff. Resid.
Nmbr., (x) (s)
Actual 0.3000 0.00000
l1-Parameter 0.2954 0.00994
2-Parameter 0.2989 0.00848

TABLE 6-5

ORNL Data at 700°C Using 2-Parameter Method

Model Diff. Biot
Nmbr. (o) Number Bs By Bs

RESULTS FROM DIVIDING OUT THE HEAT FLUX PARAMETER

1 .30995 1.24841
4 .28226 1.49013 .01789
17 .29243 1.39531 .05582 1.00000 .00049

95% Confidence Intervals

1 .025643
4 .038407
17 .063664

RESULTS FROM COMPUTING THE HEAT FLUX PARAMETER

1 .31136 1.2332
4 .27615 1.56101 .02107
17 .28364 1.48574 .06681 1.0000 .00751

95% Confidence Intervals
1 .004431

4 .005980
17 .004025

Resid.
(s)

.038129
.015763
.015342

.036976
.012506
.010741
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Laboratory data was used for a CBCF sample at 700°C. The
means by which the two methods can be compared are by the
standard deviation of the residuals and by the width of the
confidence intervals for the parameter of interest. As
shown in Table 6-5, the standard deviation of the residuals
and the width of the confidence regions for all three models
tested are smaller when the heat flux is computed as an
independent parameter rather than being divided out in the
reduced parameter method.

A concern related to sensitivity coefficients is the
way in which they are calculated. The method used in
calculating sensitivity coefficients, for all of the
experiments studied as part of this research, has been a
numerical approximation method. Using this method, the

derivatives are approximated by the following expression

ar T(1.0018,,L,t)-T(B,, L, t)
108, .001

(6-8)

where B; is the parameter corresponding to the applicable
sensitivity coefficient. 1In order to test the validity of
this approximation, several other values were chosen for the
magnitude of the perturbation used. The value used in the

above equation of 0.1 percent perturbation was tested in
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comparison to other values. The percent difference in
sensitivity coefficients between using 0.1 percent and 0.01
percent perturbation of the parameters is shown in Figure 6-
6. This percent difference seems to be fairly uniform over
the length of the experiment. The standard deviation of
these differences for each of the parameters is as shown in
Table 6-6. The differences at the smaller perturbation
values are clearly negligible. At a 10 percent perturbation
value however, two of the sensitivity coefficients are
different enough from those calculated at the finer
perturbations, that convergence time could be affected due
to inaccurate estimates at the intermittent iterations.

Examining the use of these sensitivity coefficients in
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TABLE 6-6

Various Sensitivity Coefficient Calculations

Percent Standard Deviations of Pct Difference
Perturbation Alpha Heat Flux Biot Number
0.001 0.006099 0.041907 0.046979
0.01 0.06099 0.038379 0.049313
1.00 0.42086 0.003837 0.237397
10.00 4.40292 0.004222 2.486596

TABLE 6-7

Results of Calculation Method on ORNL Data

Percent Number of Heat Biot

Perturb. Iterations Diff. Flux Number
0.001 4 .33628 18.9632 .85425
0.01 4 .33628 18.9628 .85422
0.1 4 .33628 18.9629 .85423
1.0 4 .33634 18.9563 .85374
10.0 5 .33687 18.8957 .84923

estimating parameters from actual laboratory data, the
results from the CBCF samples measured at 600°C at Oak Ridge
National Laboratory are shown in Table 6-7.

As with the sensitivity coefficients, the difference in
converged parameter values is negligible until large values
of perturbation are used, such as 10 percent. This gives
confidence that the perturbation value of 0.1 percent used

in the preceding calculations produces satisfactory results.

In the interest of avoiding the use of excessive
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measurements, analyses were performed over varying time
scales on the same experiment and the results were compared.
The objective of this comparison was to determine which
window of time is most appropriate. The data file studied
was the Oak Ridge National Laboratory CBCF sample measured
at 700°C, as studied extensively in Chapter 4. The file
contains 463 measurements, and was studied in five windows:
the first 100, 200, 300, 400 then all 463 points. The
results were compared for appropriateness using three
primary measurement methods:

1. The standard deviation of the residuals.

2. The width of the confidence region for the

parameter of interest, diffusivity.

3. The stability of the sequential parameter

estimates for diffusivity.
The numerical results of these analyses are shown in Tables
6-8 through 6-12. Finding the most appropriate model among
these results is not immediately obvious, since some
measurement criteria are superior using one model and
another criterion is superior using another model. For
example, comparing Model 1 between Table 6-8 and Table 6-9,
the 200 point sample produced a lower standard deviation in
the residuals but the 300 point sample resulted in estimates

with a narrower confidence interval.
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TABLE 6-8

ORNL Data at 700°C Using First 100 points

Ambient Temperature: 700°C
Sample Thickness: L=.956mm

Maximum measured Reading: 6.8258

Anticipated Residual Std Dev: 0.0091074
Applied Null Value: 0

Model Diff. Heat Biot

Nmbr. (a) Flux Number B, Bs R

1 .36543 8.98728 .01922

4 .23113 42.0567 3.42080 .03659

5 .27622 20.6111 1.81798 .07007
17 .34643 11.3035 .31135 .0506 .2713 .0092

95% Confidence Interval

1 .011550

4 .127430

5 .041888

17 .026662

TABLE 6-9
ORNL Data at 700°C Using First 200 points

Sample Thickness: L=.956mm
Maximum measured Reading: 6.8258

Anticipated Residual Std Dev: 0.0091074

Model Diff. Heat Biot
Nmbr. (ax) Flux Number By Bs
1 .32889 14.8203 .91080
4 .273%94 21.7314 1.60360 .02219
5 .28632 18.0951 1.43088 .06739
17 .29242 18.3297 1.34449 .0611 1.000 .0090

95% Confidence Interval

1 .005501
4 .018057
5 .010263
7 .007461

Resid.
(s)

.02574
.02268
.02178
.01130

Resid.
(s)
.02857
.01660
.01589
.01035
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TABLE 6-10

ORNL Data at 700°C Using First 300 points

Sample Thickness: L=.956mm
Maximum measured Reading: 6.8258
Anticipated Residual Std Dev: 0.0091074
Model Diff. Heat Biot
Nmbr. (at) Flux Number B, Bs
1 .31837 16.7081 1.1200
4 27727 21.0698 1.5409 .02102
5 .28432 18.3207 1.46340 .06901

17 .28761 18.9482 1.42614 .0645 1.000

95% Confidence Interval

.0097

1 .004716

4 .009646

5 .006141

17 .004790

TABLE 6-11
ORNL Data at 700°C Using First 400 points

Ambient Temperature: 700°C
Sample Thickness: L=.956mm
Maximum measured Reading: 6.8258
Anticipated Residual Std Dev: 0.0091074
Applied Null Value: 0
Model Diff. Heat Biot
Nmbr. (o) Flux Number B, Bs Be

1 .31136 17.8554 1.2333

4 .27615 21.2900 1.56101 .02107

5 .28193 18.6432 1.50312 .06964
17 .28364 19.4220 1.48574 .0668 1.000 .0075

95% Confidence Interval

1 .004431
4 .005980
5 .004338
17 .004025

Resid.
(s)
.03412
.01538
.01437
.01023

Resid.
(s)
.03698
.01251
.01245
.01074
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TABLE 6-12
ORNL Data at 700°C Using All 463 points
Sample Thickness: L=.956mm

Maximum measured Reading: 6.8258
Anticipated Residual Std Dev: 0.0091074

Model Diff. Heat Biot Resid.
Nmbr. () Flux Number B, Bs Be (s)
1 .30897 18.2850 1.2736 .04132
4 .27337 21.6633 1.59526 .02290 .01349
5 .27936 18.8599 1.53652 .07224 .01398

17 .28097 19.6629 1.52054 .0694 1.000 .0081 .01192
95% Confidence Interval

.002205

.002732

1
4
5 .002088
7

1 .001878

One thing that is clear from Tables 6-8 through 6-12 is
that using only the first 100 or 200 points of the data file
results in a much wider confidence interval than the tests
using more points. Although the standard deviation of the
residuals is lower in the 100 and 200 point cases when
comparing the Model 1 tests, there is no advantage in the
residuals when comparing the Model 17 tests. The wider
confidence region therefore makes the 100 and 200 point
cases undesirable, as depicted in Tables 6-8 and 6-9,
respectively. This trend seems to continue through the rest
of the tests involving 300, 400 and 463 points in Tables 6-

10 through 6-12, respectively. These three higher
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Figure 8-7 Sequential Estimates of Diffusivity (CBCF 700°C)

measurement data files, however, are more difficult to
discern between. It is helpful to bring information from
the sequential estimates into consideration at this point.
As a means of quantifying the degree to which the
sequential estimates vary in the later times of the
experiment, the last 50 sequential estimates from each model
are averaged by model and the standard deviation of the last
50 points is compared from model to model. For the
sequential estimates shown in Figure 6-7, the standard
deviations from the last 50 average of the sequential
estimates is 0.003642, 0.001493, 0.000909 and 0.001672 for

models 1,4,5 and 17, respectively. In this particular
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situation, the most stable sequential estimates were
associated with Model 5, however Models 4 and 17 also showed
significant improvement over Model 1. The most likely
reason that Model 17 exhibits slightly less stable
sequential estimates than does Model 5 is in the inherent
loss of stability brought about by a greater number of
simultaneous parameters to compute. The standard deviation
of the residuals from Model 17 indicates a superior fit for
the laboratory data used to generate these sequential
estimates. Once again, it is difficult to consider
information from all three of the evaluation criteria
simultaneously in order to evaluate the appropriateness of
one analysis over another.

Since many factors come into play when comparing
results from competing models in parameter estimation, the
identification of a model which is “most appropriate” can be
elusive. One highly respected method of determining model
appropriateness is the Akaike Information Criterion as
described in Reference [34]. This method assigns a
numerical value to the performance of a model in terms of
its fit to the measured data using a reasonable number of
parameters. Specifically, the criterion is

AIC = -2 (maximum log likelihood) + 2k (6-9)

where k is the number of independent parameters. This
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expression can also be written as

AIC = n*ln(2n) + n+<ln(v) + n + 2k (6-10)
where v represents the variance of the residuals and n is
the number of measurements in the experiment. The model
considered to be most appropriate is the one which generates
the lowest AIC value. Since the variance of the residuals
is typically a small number, the AIC is usually negative.
Using this method, the variance must decrease by a factor of
7.39/n in order to offset the penalty incurred by adding
another parameter to a model.

One of the primary comparisons which make a criterion
method desirable is the ability to compare the effects of
varying the number of measurements on the parameter
estimation adequacy. The AIC discussed above is highly
dependent on the number of measurements and, as such, is not
well suited to comparing models used on varying numbers of
measurements for the same experiment. It is used here
primarily to test the adequacy of one model against another,
specifically, Models 1,4,5 and 17.

Because of this and the fact that the AIC involves only
one measured performance criterion, the variance of the
residuals, a new method was considered which makes use of
three criteria simultaneously. These are the standard

deviation of the residuals, the width of the confidence
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region, and the standard deviation of the sequential
estimates over the last half of the experiment.

Since the lowest magnitudes of each of these three
factors is the most desirable, the lowest number of each of
the three categories is used as a scaling factor for its
respective category. Each of the three categories is then
scaled to this number, so that the lowest number in each
category is 1. The scaled factors are then multiplied
together to give the total "grade". The model with the
lowest grade is then considered the most appropriate model,
the lowest possible score being 1. Expressed in equation

form,

S i cr 1 se i
Grade= (6-11)
smin Crmin semin

where s.,, Cr.,, and se,, represent the lowest standard
deviation of the residuals, confidence region and sequential
estimate standard deviation of any of the models considered,
respectively. The terms s;, cr,, and se; represent the same
factors for the model being graded. The results of this

analysis are shown in comparison to AIC in Table 6-13.

6.5 ANALYZING SEQUENTIAL EXPERIMENTS

As experiments are performed over a range of
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Model 1
100
200
300
400
463

Model 4
100
200
300
400
463

Model 5
100
200
300
400
463

Model 17

100
200
300
400
463

Comparison of Model Selection Schemes

Std
Dev
Residuals

0.025739
0.028565
0.034117
0.036976
0.041321

.022682
.016596
.015377
.012506
.013493

QOO0

.021779
.015892
.014371
.012448
.013986

oNoNoNoNe)]

.011297
.010352
.010233
.010741
.011924

oNoNoNoNe]

TABLE

Conf
Region

oNoNoNoNe QOO0 oNoNoNeoNe]

(e NoNeNo o)

.01155

.005501
.004716
.004431
.002205

.12743
.018057
.009646
.00598
.002732

.041888
.010263
.006141
.004338
.002088

.026662
.007461
.00479

.004025
.001878
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6-13

Std Dev
of Seq.
Param.

0.003715
0.00584

0.004769
0.003642
0.004069

0.011064
0.005039
0.003666
0.001493
0.000954

0.006062
0.000974
0.000838
0.000909
0.001603

0.002264
0.006274
0.001541
0.001672
0.002513

McMasters'

Grade

68.5788
56.9831
47.6463
37.0526
23.0210

1985.741
93.76717
33.76516
6.93325
2.18371

343.4005
9.864368
4.592271
3.047968
2.906799

23.02667
16.36306
2.550586
2.440876
1.900242

Akaike
Infrmtn
Criteria

-442.16

-848.649
-1169.41
-1496.83
-1630.64

-465.447
-1063.86
-1645.56
-2362.08
-2665.02

-473.572
-1081.2
-1686.16
-2365.8
-2631.79

-600.854
-1248.65
-1885.91
-2479.79
-2775.49

temperatures, individual values of the parameters are

normally reported at each temperature.

Polynomial curves

can be approximated using these points, in order to express

the value of these parameters as functions of temperature.

An alternative to using the individual experimental results
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to construct the polynomial relationships is to analyze
individual experiments sequentially in a collaborative
fashion to obtain the temperature dependence as discussed in
[35]. One advantage of this method is that individual
experiments are automatically weighted in comparison with
one another based on the number of data points collected in
each experiment. Moreover, the experiments can each be
assigned weighting factors in proportion to the degree of
reliability of each experiment.

In the flash diffusivity expe:iments, a non-dimensional

temperature can be defined as

T = (6-12)

In the particular case of a set of experiments measured at
Oak Ridge National Laboratory with the Holometrix equipment,
the temperatures at which measurements were made were 100,
400, 500, 600, and 700°C. For this example, it is desirable
to set T,=100, T,=400 and T,=700°C. The non-dimensional
temperature then becomes

_ T-100°C
600°C

T* (6-13)

so that T*=0 at T=100°C and T'=1 at T=700°C which correspond

to the temperature limits of the experiments performed. Due



204
to the nature of the temperature dependence of diffusivity
and Biot number for these experiments, it is desirable to
fit the parameters each to respective parabolic curves as
functions of temperature. In order to simplify the
parabolic equations, we can define parameter coefficients as
oa,= a(100), a,= x(400) and a;= a(700)

Bi,= Bi(100), Bi,= Bi(400) and Bi,= Bi(700) (6-14)
Expressions used for the parameters as a function of
temperature for Model 1 then become

o (T*) =+ (-o, +4a, 30, ) T*+2 (a,-2a, +at, ) T2
(6-15)

Bi(T')=Bi,+(-Bi,+4Bi,-3Bi ) T*+2(Bi,-2Bi,+Bi,) T"?

There are a total of 7 parameters to be estimated in
this case: the six noted above and the magnitude of the
heat flux, g,. The heat pulse term has no dependence on
temperature, however, and the information regarding this
parameter must be discarded from one experiment to the other
so as not to "contaminate" successive calculations from
other experiments.

In the analysis of the first experiment, only three
parameters can be estimated, namely «,, Bi; and Heat Flux.
This is because only one temperature is used per experiment.
Estimation of the first three parameters, as in previous

cases, is accomplished by approximately minimizing the
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following expression
53 % (-1 (6-16)
§=1i=1
where the index j refers to the individual experiment and
the index i refers to each individual measurement within the
applicable experiment. In vector form, this becomes
- - T - -
S—g (!’ 1',) (1.'_1 1") (6-17)
where ¥; and Ty denote the vectors of measurements and
calculated values, respectively, for the experiment denoted
by the index j.
Taking the derivative of the above equation and setting

it equal to zero we have

v‘m5=121 2V, (Y,-T)) T](r,-rj) (6-18)

since the equations are non-linear, the problem must be
solved in an iterative fashion where the iteration is
denoted by the superscript (k). The calculated solution
T(B) can be approximated by the first 2 terms of the Taylor

series as follows

(k+1) _ (k) (k) [y (X+1) (x)

where X, is the sensitivity matrix and by is the calculated

parameter vector as opposed to B which refers to the true
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but unknown parameter vector. Substituting this expression

into the above equation gives

[ﬁ X;”' x:’mkb':x,u -b,:”) i xmr m) (6-20)
J=1

where the vector by'**! is the unknown.

The approximation of the minimum for S is found using
this procedure, rather than the true minimum, because the
non-linear sensitivity coefficients for each previously
analyzed experiment are not updated to reflect the value of
the parameters for subsequent estimates. The parameters
cannot be calculated simultaneously because of the random
nature of the q, parameter from one experiment to the other.
The b vector, the parameter vector, is calculated for each
experiment until convergence.

Since, three experiments performed at different
temperatures are required in order to estimate three
temperature sensitive parameters for diffusivity and Biot
number, the values for «o,, &;, Bi, and Bi, cannot be
calculated at this stage. Some regularization will be
required in order to facilitate the calculation. This could
be in the form of

S’g (Y-T)?+a, (o, -a,)?+w, (Bi -Bi,)? (6-21)
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The additional constraint of setting a; and Bij; equal to a,
and Bi,, respectively makes the problem stable enough to
calculate the first set of parameters. Finally, in the
calculation using the third experiment, the regularization
terms can be dropped and all parameters will be calculated.
Thereafter, the entire set of 7 parameters will be re-
calculated with information from the previous experiments
being added as prior information to the X'™X and the X'Y
matrices. Column and row 7 in each case will be set to zero
prior to being added to the next experiment.

Table 6-14 compares the estimates arrived at for
diffusivity and Biot Number using three methods. These are

1. Individual experiment results averaged for each
temperature at which more than one experiment was performed.

2. Fitting a least-squares parabola through the
individual experimental results.

3. Using all of the experiments in a sequential
estimation Scheme as described above.

As shown in the table, the results are very close
between all of the methods. 1In the case of these particular
experiments from Oak Ridge National Laboratory, the number
of measurements for each experiment was approximately the

same. Had this not been the case, or if one experiment had
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TABLE 6-14

Sequential vs. Individual Estimation

Ambient Average Least Sqrs Sequential
Temp. Individual Curve Fit Method

Diffusivity
100 .32461 .32447 .32748
400 .31351 .31154 .31288
500 .31184 .31517 .31785
600 .32691 .32277 .32775
700 .33277 .33434 . 34257

Biot Number
100 .15379 .15874 .14343
400 .53483 .52030 .50472
500 .74180 .70679 .69697
600 .86154 .92627 .92513
700 1.20691 1.17873 1.18921

been weighted more heavily than another, the results may not
have been this close.

Figure 6-8 shows the results from this table in
graphical form. Superimposed on the sequential results are
the results from analyzing experiments individually. The
results from the sequential experiment method basically
conform to the parameter values obtained by analyzing the
experiments individually. One area of exception is in the
region of the three highest temperatures at which the
experiments were conducted. Particularly, the results for
Biot Number taken at 600°C are not in conformance with the

assumed parabolic temperature dependency used in the
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B Diffusivity = Sequential 2 BiotNumber - Sequental

14
121

08 1

I i
04 R t,
02+t

0 + + + — + '
0 100 200 300 400 5§00 600 700
Degrees (C)

Parameter Values

Figure 6-8 Parabolic Fit for Parameters Using Simuitaneous Experiment Analysis

sequential experiment method.

In addition to fitting a parabolic curve through the
parameters as a function of temperature, these experiments
were also analyzed sequentially assuming a cubic dependence
of Biot number on temperature. This was inwvestigated due to
the radiative nature of the heat transfer from the surfaces
at high temperature in a vacuum and the natural tendency
toward a cubic relationship in this type of physical
phenomenon. The conformance of the data to the cubic shape,
however, was less acceptable than that shown in Figure 6-8
which assumed a quadratic dependence. The nature of the

heat loss from the surfaces may therefore have a convective
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component from partial pressures of gasses present.

Diffusivity, the parameter of interest, is remarkably
constant throughout the temperature range in which these
experiments were conducted. This has proven true in both
the sequential and individual experiment analysis cases.
Should sequential estimation be pursued further, a simple
and more reasonable model for diffusivity would be as a

constant with respect to temperature.

6.6 RESIDUAL FREQUENCY ANALYSIS
Many of the residual curves exhibit characteristic

signatures which indicate a disparity between the measured
data and the mathematical model. Figure 6-9 shows residuals
from three experiments. Each of the three experiments shown
in this graph measured different materials. 1In order to
compare the three experiments directly on the same set of
axes, the residuals for each experiment were normalized by
scaling to a non-dimensional time. Additionally, the
vertical axis was scaled to the percent of maximum
temperature rise. The three experiments shown in this
figure are

A Rl Palaiseau, France

C_R1 West Lafayette, Indiana

M Rl Hunan, China
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Figure 6-8 Residuais Using Model 1 to Analyze Three Unreiated Experiments

Although the experiments represent different materials at
different thicknesses, the characteristic signatures, when
compared with one another, are strikingly similar. These
curves all exhibit the early temperature rise not predicted
by the non-penetrating model, as evidenced by the large rise
at approximately 0.05 units of non-dimensional time.
Another prominent common feature among these curves is the
back-side flash, or flash heating at time zero and x=L.
This is evidenced by the non-zero start temperature at the
first time step.

Figure 6-10 likewise shows residual curves from three

different experiments measured in different laboratories and
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Figure 6-10 Residuals Using Model 1 to Analyze Three Unrelated Experiments

analyzed using Model 1. The experiments featured in this
figure are

A _R2 Palaiseau, France

E_R2 Vandoeuvre les Nancy, France

O_R1 LeBarp, France
In contrast to the previous figure, these curves tend to
exhibit no distinguishable signature. This suggests that
there is no appreciable penetration of the flash nor back-
side heating at time zero. For these experiments, Model 1
gives the best overall performance for estimating the
parameters. In fact, O _Rl is best suited two a model which

assumes Bi=0. This is evidenced by the lack of discernable
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Figure 8-11 Frequency Distribution of Residual Graph Shown in Figure 6-9

improvement in the residuals and wider confidence regions
when using the higher order models.

In order to gain more insight into the meaning of the
signature, a frequency analysis was performed on these
residual curves utilizing the fast Fourier transform
provided in the MATLAB software. Figure 6-11 is a plot of
the frequency distribution of the residuals shown in Figure
6-9. The predominant frequency is approximately 4 non-
dimensional frequency units. This validates the dominant
frequency evident in Figure 6-9 which exhibits a period of
approximately 0.25 non-dimensional time units in the primary

path of the residual graph. The residuals shown in Figure
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Figure 8-12 Frequency Distribution of Residual Graph Shown in Figure 6-11
6-10 on the other hand, do not have an easily detectable

pattern or signature. Therefore, the frequency distribution
for this graph, featured in Figure 6-12, does not exhibit
the same consensus in terms of dominant frequencies among
the experiments. Aside from some very low frequencies
evident in experiment e _r2, the only dominant frequencies in
this set of experiments seem to be in experiment o_rl. 1In
this case, the frequencies are so high that the most likely
source of these signals is measurement noise rather than a
mechanism related to heat transfer.

A prominent effect of flash penetration on the

estimated parameters, using Model 1 as the analysis model,
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Figure 6-13 Estimated Parameters, Using Model 1, as a Function of Flash Penetration

is that the diffusivity estimates are higher than the true
values and Biot number values are lower than the true
values. With small exceptions in cases of shallow
penetration, the estimated heat flux magnitude is also lower
than the true value. 1In order to determine the extent to
which these trends exist, 20 sample experiments were
simulated by generating direct solutions which included
various depths of penetration using Model 5. The sample
thickness (mm), diffusivity (mm?/sec), Biot number

(unitless) and heat flux (joules/mm?) were all set to unity.

The depth of exponential penetration was varied from 0 to



216

— 30— Bi=0 —*— Bi=l

Residuals

-0.01 ¢

0.02 ol = =
0 02 0.4 06 08 1

Non-Dimensional Time

Figure 6-14 Residuals Comparing Direct Solutions With and Without Heat Loss

0.1 mm between experiments. Figure 6-13 shows a plot of the
three estimated parameters for each case, using Model 1 to
analyze experiments with known penetration. With an
exponential penetration depth of 0.1 mm, the error in
estimated diffusivity, the parameter of interest, is 17
percent. The error in the Biot number parameter is even
larger at 27 percent. The error in estimated heat flux is
smaller at only 8 percent.

In order to gain more insight into the physical causes
of the unique signature in the residuals, ‘it is helpful to

break the problem into component parts so that isolated
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effects can be studied individually. To accomplish this, a
simulated experiment was generated with a penetration of 0.1
and a Biot number of zero. The results from this analysis
were compared to those of an identical experiment with a
Biot Number of 1. Figure 6-14 shows a plot of the residuals
from analyzing both of these experiments using Model 1.

As observed from the plot of these residuals, the case
with no heat loss oscillates only once above and once below
the neutral axis. The reason for this pattern is that the
estimated diffusivity is higher than that of the actual
sample because of the tendency of the method of ordinary
least squares to achieve balance in the residuals. In the
process of minimizing the sum of the squares of the errors,
there must typically be a comparable magnitude of residual
points above and below the neutral axis. The only way for
the least squares method to accomplish this using Model 1 to
analyze a penetration case, is for the diffusivity to be
estimated higher than the actual diffusivity so as to mimic
the early rise in temperature brought about by the
penetration in the experiment. The early rise in
temperature cannot be adequately modeled by Model 1, of
course, and the residuals show the premature rise in
temperature of the experiment beyond that predicted by Model

1. Subsequent to this rise, the measured temperature is
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lower than that predicted by Model 1 because the actual
diffusivity is not as large as that estimated using Model 1.
Consequently, the temperature rise does not continue as
would have been predicted by the model. At the end of the
experiment, the model temperature and the measured data are
once again the same since, with no heat loss, the final non-
dimensional temperature is 1.0 in both the penetration and
non-penetration cases.

Making the same comparison, assuming surface heat loss
this time, reveals just one more set of oscillations. 1In
this case, the same initial behavior is exhibited as in the
zero heat loss case for the same reasons. The exception is
that this pattern is followed by a period in which the
measured temperature is higher than that predicted by the
model. The reason for this rise is once again the result of
the method of least squares bringing balance to the
residuals across the neutral axis in order to offset the
latter portion of the experiment. In the last portion of
the experiment, the dominant phenomenon affecting the
residual curve is brought about by the estimated Biot number
being less than the actual Biot number. This causes the
measured temperature to be lower than that predicted by the
model due to the higher heat loss than predicted. As with

the zero heat loss case, the residual curve will eventually
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Figure 6-15 Residuals Comparing Various Model 1 Direct Solutions to @ Model 5 Case with
alpha=1, Bi=1 and Penetration=0.1
go to zero in very late times. This is because both models
predict a final temperature of zero as heat is transferred
to the surroundings.

In order to investigate the nature of the oscillations
further, residual curves were generated comparing direct
solutions against each other. The base solution of
comparison is the same simulated experiment described above:;
that is, an exponential penetration of 0.1 mm and a value of
unity for diffusivity (mm?/sec), heat flux (joules/mm?) and
Biot Number (unitless). To this baseline experiment, other

direct solutions were compared as generated by Model 1 using



220
various parameters. Figure 6-15 shows a plot of the
residuals of three such comparisons. Each curve compares
the baseline experiment with a Model 1 solution using the
parameters indicated in the legend. These parameters each
represent a perturbation of nominally 2 percent on the
baseline case. Since these Model 1 solutions were not
generated by a minimization of errors, the balance across
the neutral axis of the residuals is no longer evident. The
second case shown in this figure exhibits only one segment
of residuals above the axis and one below, even though it is
a case including heat loss. This further confirms that the
nature of the oscillations is not brought about by an
oscillating heat transfer phenomenon of some kind. Rather,
what appears to be a damped sinusoidal oscillation is
actually an attempt by the method of least squares to
minimize errors when applying a model which does not account
for the mechanisms of heat transfer at work in the

experiment.

6.7 CBCF ANALYSIS SUMMARY

Experiments were run on Carbon Bonded Carbon Fiber
(CBCF) samples at Oak Ridge National Laboratory on samples
of four different thicknesses. Two samples were tested for

each thickness for a total of 8 samples. Three experiments
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Table 6-15

CBCF Samples Measured at ORNL 800°C Using Model 1

Diffu- Biot Residual Confidence
Sample Shot sivity _Number Std, Dev, _Interval
l1.0mm(a) 1 0.29372 2.16129 0.01743 0.006764
1.0mm(a) 2 0.29521 2.16418 0.01773 0.006605
l1.0mm(a) 3 0.29474 2.18856 0.01827 0.006652
1.0mm(b) 1 0.26229 2.44981 0.01483 0.00668
1.0mm(b) 2 0.26362 2.43437 0.01448 0.006375
1.0mm(b) 3 0.26386 2.44566 0.01520 0.006513
(0.276 ave)
l1.2mm(a) 1 0.35628 2.10463 0.01726 0.004067
l1.2mm(a) 2 0.35028 2.39603 0.01865 0.003912
1.2mm(a) 3 0.35182 2.3996 0.01989 0.003951
1.2mm(b) 1 0.31311 2.7485 0.01251 0.003438
1.2mm(b) 2 0.31985 2.64612 0.01323 0.003086
1.2mm(b) 3 0.31887 2.72847 0.01379 0.00311
(0.332 ave)
l.4mm(a) 1 0.31651 2.80514 0.01102 0.004696
1l.4mm(a) 2 0.32126 2.6718 0.01327 0.005097
l.4mm(a) 3 0.32338 2.6703 0.01422 0.005259
l.4dmm(b) 1 0.31935 3.05136 0.01287 0.00528
l1.4mm(b) 2 0.31728 3.24799 0.01292 0.004922
1.4mm(b) 3 0.31038 3.65064 0.01314 0.005073
(0.320 ave)
l1.7mm(a) 1 0.35357 2.2676 0.01328 0.010564
1.7mm(a) 2 0.35779 2.19244 0.01504 0.011163
1.7mm(a) 3 0.36534 2.0309 0.01830 0.013042
1.7mm(b) 1 0.35385 2.92408 0.01316 0.009741
1.7mm(b) 2 0.35418 3.03193 0.01371 0.009742
1.7mm(b) 3 0.36021 2.85595 0.01681 0.011694
(0.357 ave)

were run on each sample at each of three temperatures:

800°C, 1000°C and 1200°C. The experimental measurements were
analyzed using Models 1 and 5. Model 17 was not used since

the Anter flash diffusivity system used in these experiments
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Table 6-16

CBCF Samples Measured at ORNL at 800°C Using Model 5

Diffu-

Sample Shot givity

1.0mm(a)
1.0mm(a)
1.0mm(a)
1.0mm(b)
1.0mm(b)
1.0mm(b)

1.2mm(a)
1.2mm(a)
l1.2mm(a)
1.2mm(b)
1.2mm(b)
1.2mm(b)

l1.4mm(a)
1.4mm(a)
l1.4mm(a)
1.4mm(b)
1.4mm(b)
1.4mm(b)

1.7mm(a)
l.7mm(a)
1.7mm(a)
1.7mm(b)
1.7mm(b)
1.7mm(b)

allows no back-side heating of the samples.

1
2
3
1
2
3

WNH WN WNEFE WN =

WP WwN -

0.25193
0.25389
0.25335
0.22765
0.22959
0.22935

(0.240 ave)

0.31202
0.31327
0.31443
0.284

0.29128
0.28988

(0.300 ave)

0.27583
0.27723
0.27628
0.27685
0.27527
0.27184

(0.276 ave)

0.2704

0.26935
0.26371
0.28006
0.28151
0.27342

(0.270 ave)

Biot

_Number
2.99722

2.98195
3.0202
3.3298
3.28179
3.31184

2.82292
3.02372
3.03208
3.39654
3.23404
3.35047

3.94772
3.84954
3.94693
4.36154
4.64669
5.12257

5.05119
5.12367
5.42516
5.80302
5.93131
6.4647

Pene-

Residual Confidence

tration Std. Dev, _lInterval

0.08086
0.08028
0.0803
0.0773
0.07658
0.07701

0.08832
0.08372
0.08401
0.07632
0.07545
0.07584

0.09577
0.0992

0.10211
0.09668
0.09587
0.09234

0.14102
0.14462
0.15304
0.13282
0.13201
0.14184

0.00955
0.009624
0.009908
0.013172
0.01307
0.013565

0.006764
0.006259
0.006966
0.009332
0.008824
0.009762

0.006668
0.007426
0.00698

0.008534
0.008069
0.010204

0.007662
0.008426
0.009548
0.008521
0.00869

0.009716

0.010766
0.010459
0.010531
0.017718
0.017288
0.01743

0.006343
0.004061
0.004264
0.008463
0.006777
0.007247

0.009531
0.009327
0.008325
0.011719
0.010354
0.01355

0.017773
0.01796

0.019044
0.018495
0.018063
0.018494

Additionally,

the surface transmissivity feature offered by Model 17 was

unnecessary in analyzing the CBCF samples since the samples

were uncoated and tests of this method showed a surface

transmissivity of 100 percent.

Tables 6-15 through 6-20




CBCF Samples Measured at ORNL at 1000°C Using Model 1
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Table 6-17

Diffu- Biot Residual Confidence
sample Shot sivity _Number Std, Dev, Interval
l1.0mm(a) 1 0.34674 2.99464 0.04664 0.005283
1.0mm(a) 2 0.34678 3.07153 0.05063 0.005617
l1.0mm(a) 3 0.34721 3.10568 0.04935 0.005448
1.0mm(b) 1 0.30663 3.61463 0.03847 0.005077
1.0mm(b) 2 0.31011 3.53287 0.04210 0.005378
1.0mm(b) 3 0.30763 3.68227 0.04319 0.005513

(0.325 ave)
1.2mm(a) 1 0.38973 3.1199 0.03797 0.003838
1.2mm(a) 2 0.39027 3.14304 0.03709 0.00364
l.2mm(a) 3 0.37718 3.65986 0.04396 0.004467
1.2mm(b) 1 0.3455 3.74152 0.02563 0.003068
l1.2mm(b) 2 DNC
1.2mm(b) 3 0.3314 4.61103 0.04394 0.005401
(0.360 ave)
l.4mm(a) 1 0.36514 3.06754 0.03511 0.005999
l.4mm(a) 2 0.36172 3.24589 0.03487 0.006011
l.4mm(a) 3 0.36026 3.28718 0.03216 0.005629
l.4mm(b) 1 DNC
l.4mm(b) 2 0.32796 5.82739 0.06219 0.006308
l1.4mm(b) 3 0.32056 6.43341 0.06498 0.006898
(0.345 ave)
l1.7mm(a) 1 0.41213 2.30298 0.04380 0.013738
1.7mm(a) 2 0.3812 3.33984 0.05220 0.00903
1.7mm(a) 3 0.39151 2.83499 0.03511 0.011728
1.7mm(b) 1 0.36969 5.2497 0.07193 0.013071
l1.7mm(b) 2 0.37837 4.50694 0.07327 0.012368
1. 7mm(b) 3 0.36135 5.44462 0.05209 0.009433

(0.370 ave)
present the results of the experiments using Models 1 and 5
for analysis.
As can be seen in the tables, there is considerable
variation between samples of the same thickness in terms of

the estimated diffusivity. For example, the two samples of
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Table 6-18

CBCF Samples Measured at ORNL at 1000°C Using Model 5

Diffu-
Sample Shot sivity
1.0mm(a) 1 0.30535
1.0mm(a) 2 0.30327
1.0mm(a) 3 0.30472
1.0mm(b) 1 DNC
1.0mm(b) 2 0.27514
1.0mm(b) 3 DNC

(0.29 ave)
l1.2mm(a) 1 0.35102
l1.2mm(a) 2 0.35431
1.2mm(a) 3 0.33179
1.2mm(b) 1 0.3144
1.2mm(b) 2 DNC
1.2mm(b) 3 0.29551
(0.33 ave)
l.4mm(a) 1 0.31467
l.4mm(a) 2 0.30934
l.4mm(a) 3 0.31007
l.4mm(b) 1 DNC
l.4mm(b) 2 DNC
l.4mm(b) 3 DNC
(0.31 ave)
l1.7mm(a) 1 0.29236
l.7mm(a) 2 0.30666
1.7mm(a) 3 0.29432
1.7mm(b) 1 0.30673
1.7mm(b) 2 0.3006
1.7mm(b) 3 0.31596
(0.30 ave)

Biot
~Number
3.91577
4.0861
4.1017

4.59171

3.89329
3.85483
4.89176
4.62912

6.10489

4.38358
4.75498
4.74136

6.16938
6.2305

6.46643
9.08284
9.03639
7.96359

Pene-

Residual Confidence

tration Std, Dev, _Interval

0.07348
0.07493
0.07397

0.07076

0.07982
0.07695
0.0844

0.07322

0.07776

0.10115

0.10237
0.10032

0.15974
0.13004
0.14616
0.12361
0.13212
0.10823

0.024285
0.025658
0.025209

0.040361

0.021702
0.022854
0.016186
0.019423

0.037764

0.026491
0.025232
0.02267

0.024736
0.038158
0.021654
0.057738
0.051719
0.047508

0.008341
0.008584
0.008446

0.016116

0.006962
0.007212
0.005235
0.007921

0.015732

0.014605
0.014036
0.012956

0.02256
0.020664
0.021235
0.02321
0.021929
0.023421

1.2 mm thickness are sometimes more than 10 percent apart.

On the other hand, differences between experiments, or

shots, on the same sample are very small, typically on the

order of 1 percent.

between sample thickness and estimated diffusivity.

There seems to be no correlation

As a



225

Table 6-19

CBCF Samples Measured at ORNL at 1200°C Using Model 1

Diffu- Biot Residual Confidence
Sample Shot sivity _Number Std, Dev, Interval
1.0mm(a) 1 0.34443 6.75526 0.06703 0.016502
1.0mm(a) 2 0.35614 6.03611 0.05748 0.012614
1.0mm(a) 3 0.37376 4.88173 0.03820 0.00782
1.0mm(b) 1 0.35334 4.88497 0.01326 0.006047
1.0mm(b) 2 0.34626 5.40619 0.01596 0.007485
1.0mm(b) 3 0.35146 5.1119 0.01459 0.006797
l1.2mm(a) 2 0.42094 4.7531 0.00786 0.004319
1.2mm(a) 3 0.46574 3.19036 0.01617 0.007882
l.4mm(a) 2 0.41315 3.68544 0.00665 0.005605
l.4mm(a) 3 0.47133 2.12266 0.01514 0.011436
l1.7mm(a) 2 0.51714 1.57495 0.01311 0.017269
l1.7mm(a) 3 0.56239 1.02209 0.01463 0.018571

general rule, the estimated diffusivity tends to increase
with increasing temperature. The only exception to this is
in Sample (a) of the 1.0mm thickness. From 1000°C to
1200°C, the average diffusivity of this sample dropped
slightly.

The wide variability of diffusivity of the material,
due to non-uniformities in the synthesis process, make
validation of the effectiveness of Model 5 over Model 1
somewhat more difficult. If all samples were of uniform
consistency, samples of different thicknesses could be
compared directly in terms of the effect of thickness on
estimated diffusivity. The expected condition in this case
would be for estimated diffusivity, using Model 1 as a

method of analysis, to be lower for the thicker samples.
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Table 6-20

CBCF Samples Measured at ORNL 1200°C Using Model 5

sample Shot
1.0mm(a) 1
l1.0mm(a) 2
1.0mm(a) 3
1.0mm(b) 1
1.0mm(b) 2
1.0mm(b) 3
l.2mm(a) 2
1.2mm(a) 3
l.4mm(a) 2
l.4mm(a) 3
l.7mm(a) 2
l1.7mm(a) 3

The estimated values would be lower than those estimated for

Diffu-
D

0.28165
0.28562
0.30796
0.30035
0.28436
0.29242
0.37543
DNC

DNC

DNC
0.36277
0.39764

Biot
_Numberx
13.0422
12.0443
8.19113
7.48131
9.52066
8.46244
6.30423

3.90979
2.50712

Pene-

Residual Confidence

Ltration Std. Dev, _Interval

0.0745

0.07807
0.07826
0.07259
0.07596
0.07527
0.07643

0.18041
0.18992

0.052076
0.035693
0.011215
0.003057
0.004114
0.002463
0.004664

0.009311
0.010711

0.03243

0.021968
0.007647
0.004722
0.00647

0.003905
0.008828

0.03368
0.035501

the thin samples but not lower than the values obtained by

using Model 5 as the method of analysis.

Model 5 produces

lower estimated diffusivities because the phenomenon of

flash penetration causes the temperature at the x=L surface

to rise more quickly than in the non-penetration cases.

Model 1 method interprets this early rise as a higher

diffusivity, thereby resulting in an unrealistically high

value being reported.

Since Model 5 takes flash penetration

into account, the reported diffusivity is lower and closer

to the true value.

The reason that the thicker samples should

theoretically yield lower estimated diffusivity values is

that the flash penetration should not penetrate more deeply

The
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into the surface of a thick sample than that c¢f a thin one.
As such, the flash penetration in the thick sample
represents a smaller fraction of the sample thickness than
does the same penetration in the thin sample. The thick
sample is therefore less heavily influenced by flash
penetration. This should cause a lower diffusivity to be
estimated, which is closer to the true value than that
rendered by the thin sample experiment. Unfortunately, the
high variability of diffusivity from sample to sample
precludes the use of this type of validation for the
effectiveness of the penetration model.

Without the availability of a direct comparison test
between models of varying thicknesses, the primary
validation for the effectiveness of Model 5 in these
experiments is the reduction in residuals gained by the
application of this model. In many of the individual
experiments, the standard deviation of the residuals was
reduced by a factor of three. 1In other cases, there was a
more modest reduction, but in no case was there a negligible
reduction. The 95 percent confidence regions are wider for
the Model 5 analysis, but that is due in large part to the
fact that there are four parameters to be simultaneously
estimated using Model 5 and only three to be estimated using

Model 1. The higher number of simultaneous variables makes
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Model 5 inherently less stable to some degree.
Nevertheless, in terms of modeling, it is a more accurate
portrayal of the physical phenomena taking place in the
experiment. Another key indication of the success of Model
5 over Model 1 is the consensus of the uniformly lower
estimated values of diffusivity for Model 5 versus Model 1.

The parameter estimate for penetration depth is fairly
uniform among the thinner samples but increases for the
thicker samples, particularly the 1.7mm samples. An
important point to make about the penetration depth
parameter is that the sensitivity coefficients for this
parameter become smaller as the sample becomes thicker.
This is due to the increased time required, during the
diffusive heat conduction process, for information related
to the penetration to reach the temperature measurement
surface. As this length of time increases, the accuracy of
the flash penetration information transmitted through the
temperature rise profile with respect to time, becomes
diminished. Due to the L? dependency of this transmission
time, the thicker samples are at a significant disadvantage
in accurately estimating this parameter. The 1l.7mm thick
specimen, for example, requires a transmission time of 2.89
times that of the 1.0mm sample. This results in a

significant amount of accuracy degradation.
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Figure 6-16 Diffusivity vs Temperature for CBCF Sampies at ORNL Using Model 1

Another factor which can result in degradation of
accuracy in the thicker samples is the added surface area
for heat transfer at the edges. As heat loss at the edges
becomes more significant, the one-dimensional assumption on
which the models are built loses some validity which makes
the results less reliable. This is why samples are normally
used which are as thin as possible when analyzing the
material for parameter estimation. The thicker samples
shown here were prepared and tested specifically to
investigate the effect of thickness on the flash penetration
models.

Figures 6-16 and 6-17 provide a graphical portrayal of
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Figure 8-17 Diffusivity vs Temperature for CBCF Sampies at ORNL Using Model 5

the estimated diffusivities for the four sample thicknesses
using both of the models of analysis. Figure 6-16 provides
results from using Model 1 as a method of analysis and
Figure 6-17 presents Model 5 results. As shown in the
tables, many of the samples did not produce measurements at
1200 degrees for which convergence was obtained when
analyzed. Since both figures have the same scale on the
vertical axis, the figures provide a visual comparison of
the range of the estimated diffusivities using both models.
As discussed above, the Model 5 diffusivity values are
uniformly lower than those estimated using Model 1. Once

again, the general trend of higher diffusivities at higher
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temperatures can be clearly seen in the graphs. Another
conclusion which is clearly evident in the graphs is the
closer agreement between diffusivity values among all
samples using Model 5. Accounting for the flash penetration
in this model seems to reduce the variance of estimated
values between samples, independent of the sample
thicknesses. The closer agreement between samples can be
taken as another validating factor for Model 5 and the

concept of accounting for flash penetration.

~




CHAPTER 7

SUMMARY AND RECOMMENDATIONS

7.1 SUMMARY

As outlined in Chapter 1, the goals of this research
were

1. To determine thermal properties of the materials,

specifically thermal diffusivity, from transient

temperature measurements.

2. To investigate the possibility of internal

radiation as an ancillary means of heat transfer to

Fourier conduction and to investigate penetration of

the laser flash beyond the surface of the specimen.

3. To investigate non-radiative effects which may have

been responsible for systematic disparities between the

measured data and the mathematical model.
The common underlying motivation behind each of the above
objectives was to develop and utilize a heat transfer model
for flash diffusivity experiments which would more
accurately conform to the physical phenomenon observed,
thereby giving greater confidence in the parameter values
reported. The primary means of evaluating the degree of
success achieved in this endeavor, was the extent to which
reductions were achieved in the residual signatures, evident
in previous analyses. These signatures indicated an

inadequacy in the models used previously which, in turn,
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implied some unreliability in the estimated parameters.
Other measurement methods of model adequacy used in the
evaluation of the models developed in this research,
included a reduction of the standard deviation of the

residuals, a reduction of the confidence region, and the

reduction in the variation of the sequential estimates.

In the process of achieving these desired goals, this
research investigated several areas which have not been
examined previously: simultaneous estimation of internal
radiation parameters in flash diffusivity measurement
experiments, development of a numerical means for
stabilizing equations used in extracting radiation heat

transfer parameters from experimental data, and modeling of

laser flash penetration into the samples. From these new
models, the magnitude of the extinction coefficient for the
laser flash has been estimated in concert with the other
thermal parameters. Even more important is that the
analysis of actual laboratory data has given validation to
these models and has provided explanations for the
inadequacies in previously used models.

The success of the higher order models developed as
part of this research has been validated in several ways.
Model 5, as presented in Chapter 4, achieved a higher level
of agreement between samples when comparing the estimated
parameters measured at one temperature. By contrast, the

results obtained using the simpler model described in
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Chapter 2 produced a wider range of values under the same
conditions. The observed reduction in the magnitude of the
residuals, the reduction of the residual signature, the
reduction of the confidence region, and the reduction in the
straying of the sequential estimates, are all validations of
the higher order models.

Not all types of materials were found to have
benefitted from the use of the additional parameters of the
higher order models. Materials which are totally opaque or
are coated with a gold film are not susceptible to laser
flash penetration. Additionally, flash diffusivity
laboratory systems which do not allow laser leakage within
the sample enclosure do not benefit from the back-side flash
parameter model described in Chapter 4. The samples which
benefit the most from the higher order models are those that
have permeable or semi-permeable surfaces with respect to
the laser flash.

The value of the main parameter of interest, thermal
diffusivity, can be sensitive to the type of model used,
affecting the magnitude of the estimated value by as much as
20 percent. The results generated by the refined models can
be reported with greater confidence, as demonstrated by the
improvements noted above, and are therefore more reliable
for use in subsequent work with these materials. Since the
differences in estimated diffusivity, the parameter of

interest, can be significant when accounting for flash
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penetration, the results from this research can have an
impact on other aspects of engineering. From a design
aspect, this ultimately leads to safer and higher performing
equipment and products designed using the published

estimated parameters obtained using these improved methods.

7.2 RE ATION
For future work in this area, the following
recommendations are offered
1. The internal radiation model should be utilized in
analyzing experiments performed on samples which
actually exhibit combined conduction and internal
radiation.
2. Testing should be continued on materials which are
subject to surface penetration of flash heating.
Testing identical materials at varying thicknesses will
provide additional confirmation of the penetration
models, since estimated diffusivity for thick samples
using Model 1 should approach those of Model S for thin
samples.
3. The models presented in this research, particularly
Model 5, should be incorporated in the software
packages provided with flash diffusivity testing

equipment.
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DATA FILE (A R1)

Palaiseau, France

Ambient Temperature: 20°C
Sample Thickness: L=3.0mm
Maximum measured Reading: 856.9746
Anticipated Residual Std Dev: 0=0.7955155
Applied Null Value: 0
Model Diff. Heat Biot Resid.
Nmbr. (a) Flux Number B, Bs Bs
1 1.2813 2920 .08633
4 1.1190 3325 .20423 .06850
5 1.1344 3236 .19432 .26207
17 1.1673 1057 .16894 .2782 .63479 1.4243
95% Confidence Correlation
Interval Coefficient
1 .005776 .940228
4 .010879 .806608
5 .006361 .709900
17 .006128 .515124

DATA FILE A R2

Palaiseau, France

Ambient Temperature: 980°C

Sample Thickness: L=3.05mm

Maximum measured Reading: 462.1537
Anticipated Residual Std Dev: 0=.615957

Applied Null Value: 0

Model Diff. Heat Biot

Nmbr. (a) Flux Number B, Bs Bs

1 1.23366 1587 .08165
4 1.22658 1594 .08490 .00344
5 1.22665 1591 .08487 .06462

17 1.23182 1521 .08268 .0112 .33750 .19175
95% Confidence Correlation

Interval Coefficient

1 .001490 .42142

4 .004653 .458935

5 .004571 .458409
17 .004606 .491917

236

(s)
4.811
2.416
1.945
1.0417

Resid.
(s)
.74589
.73553
.73579
.70865
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DATA FILE (C R1)

West Lafayette, Indiana

Ambient Temperature: 400°C
Sample Thickness: L=1.9685mm
Maximum measured Reading: 2.718663
Anticipated Residual Std Dev: 0=.0047949
Applied Null Value: 0
Model Diff. Heat Biot
Nmbr. (a) Flux Number B, Bs B
1 .33181 6.388 .12974
4 .29947 7.019 .21629 .08770
5 .29932 6.916 .21927 .16159
17 .31533 3.406 .17602 .10176 .3603 .0033
95% Confidence Correlation
Interval Coefficient
1 .005376 .947993
4 .013411 .885454
5 .008977 .855693
17 .003420 .558632

DATA FILE (E R1)

Vandoeuvre les Nancy, France

Ambient Temperature: 20°C

Sample Thickness: L=10.34mm

Maximum measured Reading: -0.0356

Anticipated Residual Std Dev: 0=.00018395

Applied Null Value: -0.1631

Model Diff. Heat Biot

Nmbr. (a) Flux Number B, Bs Bs
1 2.13194 1.3764 .02821

4 2.12487 1.3772
5 2.13169 1.3758
17 2.13074 1.1331

95% Confidence
Interval

1 .002399
4 .002540
5 .002399
17 .014275

.02849 .02114
.02807 .07265
.02819 .03750 .02194 .00004

Correlation
Coefficient
.585307
.603788
.589470
.911547

Resid.
(s)
.01492
.01032
.00910
.00293

Resid.
(s)
.00040
.00040
.00040
.00040
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DATA FILE (E R2)
Vandoeuvre les Nancy, France

Ambient Temperature: 20°C
Sample Thickness: L=4.6mm
Maximum measured Reading: 0.3346
Anticipated Residual Std Dev: 0=.0039249
Applied Null Value: -0.3453
Model Diff. Heat Biot Resid.
Nmbr. (a) Flux Number B, Bs Be (s)
1 2.08497 3.431 .06287 .00550
4 2.08470 3.431 .06292 .00003 .00550
5 2.08489 3.431 .06290 .00098 .00550
17 Unstable
95% Confidence Correlation
Interval Coefficient
1 .006296 .962768
4 .006296 .962727
5 .006280 .953760

17 Unstable

DATA FILE (G_R1)
Bombay India

Ambient Temperature: 1403°C
Sample Thickness: L=1.0872mm
Maximum measured Reading: 496
Anticipated Residual Std Dev: 0=.3709797
Applied Null Value: 222
Model Diff. Heat Biot Resid.
Nmbr. (a) Flux Number B. Bs Be (s)
1 11.260 350.0 .10934 2.9527
4 11.260 350.0 .10934 9.76E-10 2.9527
5 11.284 348.6 .10626 .00076 2.9527
17 11.259 321.9 .10934 .00005 .01250 .00025 2.9527
95% Confidence Correlation
Interval Coefficient
1 .008716 .956708
4 .008732 .956708
5 .015172 .593499

17 .013529 .956886
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DATA FILE (H R1)

Trappes, France

Ambient Temperature: 300°C
Sample Thickness: L=3mm
Maximum measured Reading: 3.118764

Anticipated Residual Std Dev: 0=.00786077

Applied Null Value: 0
Model Diff. Heat Biot
Nmbr. (ar) Flux Number B, Bs

1 14.8448 11.09 .14804

4 11.2068 13.92 .36753 .01475
5 12.3922 12.40 .27802 .33994
17 Unstable
95% Confidence Correlation
Interval Coefficient
1 .084077 .001804
4 .293294 .002279
5 .198615 .003849

17 Unstable

DATA FILE (I _R1)

Buenos Aires, Argentina

Ambient Temperature: 20°C
Sample Thickness: L=3.895mm
Maximum measured Reading: 1.85
Anticipated Residual Std Dev: 0=.0178227
Applied Null Value: -2.8656
Model Diff. Heat Biot
Nmbr. (ar) Flux Number B, Bs
1 3.65094 18.11 .00001
4 3.57298 18.14 .00001 .01195
5 3.57561 18.14 .00001 .20357
17 Unstable
95% Confidence Correlation
Interval Coefficient
1 .002649 .343374
4 .005880 .169516
5 .005509 .166428

17 Unstable

Resid.
Bs (s)
.30019
.29742
.29801

Resid.
Bs (s)
.02405
.02141
.02136



240

DATA FILE (J;}Rl)
Talence, France

Ambient Temperature: 20°C
Sample Thickness: L=18.05mm
Maximum measured Reading: 167
Anticipated Residual Std Dev: 0=1.043377
Applied Null Value: 0
Model Diff. Heat Biot
Nmbr. (a) Flux Number B, Bs B
1 .59017 5801 .49238
4 .59017 5801 .49237 .00001
5 .59057 5787 .48915 .00563
17 Unstable
95% Confidence Correlation
Interval Coefficient
1 .011383 .896098
4 .011484 .896099
5 .013807 .630977

17 Unstable

DATA FILE (EQ;Rl)
Belgrade, Yugoslavia

Ambient Temperature: 20°C

Sample Thickness: L=2.48mm

Maximum measured Reading: 27.74

Anticipated Residual Std Dev: 0=.4293872

Applied Null Value: -1.319

Model Diff. Heat Biot

Nmbr. (a) Flux Number B, Bs B
1 6.46155 75.89 .02915

4 6.46109 75.89
5 6.48789 75.75
17 Unstable

95% Confidence
Interval

1 .029238
4 .060280
5 . 029554
17 Unstable

.02915 .00001
.02838 .00035

Correlation
Coefficient
.078318
.078370
.080687

Resid.
(s)
1.0452
1.0452
1.0464

Resid.
(s)
1.0666
1.0667
0.9894
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DATA FILE (Itjil)
Poitiers, France

Ambient Temperature: 20°C
Sample Thickness: L=2mm
Maximum measured Reading: 1.32574
Anticipated Residual Std Dev: 0=.004954192
Applied Null Value: 0
Model Diff. Heat Biot Resid.
Nmbr. (a) Flux Number B. Bs Bs (s)
1 3.81851 2.826 .04433 .12607
4 3.49869 2.885 .05648 .01103 .12588
5 3.58016 2.856 .05308 .17115 .12591
17 3.96091 1.358 .02624 .00154 1.0000 .00050 .00689
95% Confidence Correlation
Interval Coefficient
1 .074467 .006850
4 .187615 .005592
5 .162719 .006211
17 .006300 .335489

DATA FILE (NLJRl)
Hunan, China

Ambient Temperature: 23°C
Sample Thickness: L=2.55mm
Maximum measured Reading: 3048
Anticipated Residual Std Dev: 0=5.4985
Applied Null Value: 0
Model Diff. Heat Biot Resid.
Nmbr. (a) Flux Number B. Bs Bs (s)
1 20.307 8596 .06568 17.732
4 19.654 8788 .08269 .00087 17.094
5 19.487 8800 .08762 .14639 16.859
17 19.927 3423 .07764 .00420 1.000 2210 7.255
95% Confidence Correlation
Interval Coefficient
1 .005280 .847107
4 .015978 .831695
5 .014074 .825329

17 .003583 .899414
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DATA FILE (N_R1)
Stuttgart, Germany

Ambient Temperature: 366°C
Sample Thickness: L=1.86mm
Maximum measured Reading: 8.046875
Anticipated Residual Std Dev: 0=.0079494
Applied Null Value: 1.1152338
Model Diff. Heat Biot
Nmbr. (a) Flux Number B. Bs
1 79.7225 17.58 .28631
4 79.7214 17.58 .28633 .00001
5 79.7793 17.54 .28443 .00500
17 Unstable
95% Confidence Correlation
Interval Coefficient
1 .008504 .939483
4 .009221 .939475
5 .013585 .644702
17 Unstable

Ambient Temperature:

Sample Thickness:
Maximum measured Reading: 0.63672
Anticipated Residual Std Dev: 0=.00514629
Applied Null Value:

Model Diff. Heat
Nmbr. (a) Flux
1 71.8983 6.182
4 71.8947 6.183
5 71.9000 6.183
17 71.8942 6.276
95% Confidence
Interval
1 .003925
4 .012128
5 .010506
17 .008678

DATA FILE (O _R1)

Le Barp, France

20°C
L=9.85mm

0

Biot
Number B.
.00001

.00001 .00001
.00001 .02500
.00001 .01055

Correlation
Coefficient
.314520
.316054
.028702
.323732

Bs

.00006

Resid.
Bs (s)
.04862
.04862
.04887

Resid.
Bs (s)
.00476
.00476
.00476

.00475 .00476



Ambient Temperature:

Sample Thickness:

Maximum measured Reading:
Anticipated Residual Std Dev:

Applied Null Value:

Model Diff.
Nmbr. (ar)

1 12.248
4 10.571
5 10.639
17 11.093
95% Confidence
Interval

1 .012323
4 .029308
) .021646
17 .022393

Ambient Temperature:

Heat
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DATA FILE (Q R1)
Manchester, United Kingdom

327°C

L=3.24mm
2156.688
0=15.11283

557.8

Biot

Flux Number B,

5102
5466
5430
1647

Sample Thickness:

Maximum measured Reading:

Ardmore,

.00767

.05176 .01313
.05113 .36818
.03781 .27186

Correlation
Coefficient
.492996
.247158
.182597
.078951

Unknown
L=2.9mm
6.39961

Bs

1.0000

DATA FILE (S_R1)
Pennsylvania

Anticipated Residual Std Dev: 0=0.1028782
Applied Null Value:

Model Diff.
Nmbr. ()
1 3.50009
4 2.43694
5 2.24625
17 2.23109
95% Confidence
Interval
1 .196966
4 1.04830
5 .490873
17 .500564

Heat
Flux
45 .05
79.74
79.63
27.72

0

Biot
Number B,
1.0234

2.1573 .05063
2.8976 .36752
2.9401 .37014

Correlation
Coefficient
.008036
.016209
.017972
.017879

Bs

1.00000

Bs

12.253

Be

.00000

Resid.
(s)
22.909
18.798
17.939
16.155

Resid.
(s)
.90882
.89569
.89200
.89200
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CBCF DATA (Holometrix)
Oak Ridge, Tennessee

Ambient Temperature: 100°C
Sample Thickness: L=1.0mm
Maximum measured Reading: 3.4817

Anticipated Residual Std Dev: 0.002629

Applied Null Value: 0
Model Diff. Heat Biot
Nmbr. (a) Flux Number B Bs Bs
1 .32426 4.231 .14654
4 .29172 4.627 .22840 .02521
5 .29514 4.508 .22029 .08099
17 .29772 4.488 .21352 .08200 .85912 .00271
95% Confidence Correlation
Interval Coefficient
1 .00457 .959097
4 .00556 .794955
5 .003523 .688726
17 .005083 .690548
CBCF DATA (Holometrix)
Oak Ridge, Tennessee
Ambient Temperature: 400°C
Sample Thickness: L=0.96mm
Maximum measured Reading: 7.762737
Anticipated Residual Std Dev: 0.005604
Applied Null Value: 0
Model Diff. Heat Biot
Nmbr. (a) Flux Number B, Bs Bs
1 .31351 13.45 .53483
4 .28644 14.77 .65473 .02034
5 .28858 14.01 .64592 .07311
17 .29210 13.92 .62951 .06521 1.0000 .01561
95% Confidence Correlation
Interval Coefficient
1 .003946 .934237
4 .006498 .751121
5 .004486 .672286
17 .001371 .289023

Resid.
(s)
.01726
.00609
.00495
.00414

Resid.
(s)
.03657
.01694
.01485
.00419
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CBCF DATA (Holometrix)
Oak Ridge, Tennessee

Ambient Temperature: 500°C
Sample Thickness: L=1.0mm
Maximum measured Reading: 9.217506
Anticipated Residual Std Dev: 0.007871
Applied Null Value: 0
Model Diff. Heat Biot Resid.
Nmbr. (a) Flux Number B Bs B (8)
1 .31217 18.52 .73590 .04472
4 .28552 20.47 .88173 .013950 .02274
5 .28757 19.14 .87119 .07156 .02040
17 .29142 19.01 .84896 .06304 1.000 .02182 .00629
95% Confidence Correlation
Interval Coefficient
1 .003949 .910976
4 .007236 .703975
5 .005090 .627923
17 .001694 .059215

CBCF DATA (Holometrix)
Oak Ridge, Tennessee

Ambient Temperature: 600°C
Sample Thickness: L=0.96mm
Maximum measured Reading: 8.549782
Anticipated Residual Std Dev: 0.007031
Applied Null Value: 0
Model Diff. Heat Biot Resid.
Nmbr. (a) Flux Number B. Bs B (s)
1 .30868 18.02 .86752 .04093
4 .27930 20.50 1.07002 .01872 .01946
5 .28255 18.83 1.04763 .06800 .01790
17 .28620 19.46 1.02083 .06103 1.000 .01746 .00723
95% Confidence Correlation
Interval Coefficient
1 .004041 .904892
4 .007416 .642220
5 .005177 .572979

17 .002255 .092708
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CBCF DATA (Holometrix)
Oak Ridge, Tennessee

Ambient Temperature: 700°C

Sample Thickness: L=.956mm

Maximum measured Reading: 6.8258
Anticipated Residual Std Dev: 0.0091074
Applied Null Value: 0

Model Diff. Heat Biot Resid.
Nmbr. (a) Flux Number B, Bs Bs (8)
1 .31136 17.85 1.23326 .03697
4 .27615 21.29 1.56101 .02107 .01250
5 .28193 18.64 1.50312 .06964 .01244
17 .28364 19.42 1.48574 .06681 1.00000 .00751 .01074

95% Confidence Correlation
Interval Coefficient
1 .004431 .908390
4 .005980 .364464
5 .004338 .367844

17 .004025 .329394
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