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ABSTRACT

C'> Regularity of Interfaces for Solutions of the Degenerate Parabolic

p—Laplacian Equation
By

Youngsang Ko

In this dissertation, we study interfaces of the parabolic p-Laplacian equation
us = Apu for p > 2. We establish their C** regularity after a large time under
some suitable conditions on the initial data. It is well known that the solution u
and Vu € C*forallt > 0, z € RYN. Hence Vu = 0 on the interface, which
unfortunately does not give information on the interface itself. The key idea is to
study a new function v = ﬁuﬁf which has the same interface as u. The lower and
upper bounds for v; and |Vv| can be estimated near the interface by constructing
some lower and upper solutions. Consequently some standard theory on strongly
parabolic equations can be used for v. Finally, the Holder continuity of the normal
direction of the interface can be obtained by using dilation arguments and some
special monotonicity of v. In addition, some useful and interesting properties of v

are also obtained along the way to prove the main theorem.
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CHAPTER 1

Introduction

Let £ = (z1,...,Zx) denote any point in RM and let Vu(z,t) = (ug,,...,Uzy)
be the usual gradient of u with respect to space. For notational simplicity we will
use Vu(z,t) to denote (usz,, ..., usy,u). We consider the Cauchy problem for the

degenerate parabolic p-Laplacian equation
(1.1) u, = div(|Vu|P~2Vu), x € RNt >0,

with the initial condition

(1.2) u(z,0) = uo(x).

We will assume throughout this thesis that p > 2 and wue(z) is nonnegative,
integrable, and of compact support. Equation (1.1) appears in a number of ap-
plications to describe the evolution of diffusion processes, in particular the flow of
non-Newtonian fluids in a porous medium in which u stands for the density [20].

There are, in general, no classical solutions of (1.1) and (1.2) because of the



degeneracy of the equation at points where Vu = 0. Nevertheless, it is well known
[10] that the Cauchy problem has a unique weak solution u > 0 satisfying

(i) u € C([0,00), L*(RN))NL®(RN x [r,00)) for any T > 0,

(ii) u, Vu € Cg, for some a > 0,

(iii) u € C*(Q), where Q = {(z,t) € RV x (0,00)|Vu # 0}.

Solutions of the Cauchy problem (1.1) and (1.2) have an important special
property: finite propagation speed. If up, has compact support, so does u(.,t) for
each positive time t. Therefore there is an interface that separates the region where

u > 0 from the region where u = 0. Let

Q= {(z,t) € RN x [0,00) | u(z,t) > 0},

and Q(7) = QN{t = 7} € R". Then the interface is ' = dQN{t > 0}. The
purpose of this thesis is to study the regularity of this interface I.

The regularity of I" for this equation was studied by [9] and [20]. They proved
that the interface is Lipschitz continuous for large times, and is globally Lipschitz
if the initial data u, satisfies certain nondegeneracy conditions.

On the other hand, L.A. Caffarelli and N.J, Wolanski [6] have established the
C!e regularity for the interface of the degenerate porous medium equation

uy = A(u™), m>1,z € RVt € (0,00),
(13) ¢ = A(u™) (0, 00)

u(z,0) = uo(x).

This equation is, at least formally, quite similar to (1.1). The idea of this thesis is

to adapt the methods of L.A. Caffarelli and N.J, Wolanski to obtain C!® regularity






of the interface for the p-Laplacian equation (1.1).
Establishing C* regularity is equivalent to showing that the normal direction
v(z,t) of the interface is a C* function locally. The following important observation

from [6] is a key.

Proposition 1.1 ([6]) Let v be a function in B; x (—2, 2) with a Lipschitz interface
through (0,0). If there exist positive constants J, S and a sequence of monotone
cones K (vk,©) in RN x R with axis in the direction of v and aperture © such

that ©, > (1 - S)Gk_l + S% and

D,v(z,t) >0 for (z,t) € By x (=J*,J*), 7 € K(n, 6%),

then the interface of v is C** near (0, 0).

The idea of [6] is to start from a solution u of (1.3) and construct a new function
v that has the same interface as u such that v satisfies the conditions of Proposition
1.1.

For the porous medium equation, the flux is given by V(u™). Consequently
the velocity of the particles is -V (u™"!). Naturally the velocity of the particles
should tell us how the interface moves as time progresses. It is no surprise that
a new function v = 2 u™"! was used in that case [6]. The interface for u is
obviously the same as that for v. But v has better properties for the study of the
regularity of the interface. For example, v is Lipschitz continuous while u is not.

Furthermore, one can estimate the lower and upper bounds for |Vv| and v; near the

interface by using a dilation argument: If v(z, t) is a solution, so is +v(hz, ht). Also



after a suitable dilation, the equation for v becomes a nondegenerate equation near
the boundary, so some estimates can be derived by the theory of nondegenerate
parabolic equations. The most difficult and important step in (7] is obtaining that
a positive lower bound on |Vv| near the interface.

For the parabolic p-Laplacian, the regularity of its solutions is better than
solutions of porous medium equation since u and Vu are in C®. One might expect
that this alone might give better regularity of the interface for p-Laplacian. But
a function f € C® with Vf € C® does not automatically have a C'* interface.
For example, let g; and g, be two continuously differentiable functions on R* such
that g;(t) > g2(t) for all t > 0, g1(¢) > 1 and g¢5(t) < —1 and g¢j(¢) is NOT Hoélder

continuous. Then

min{|z — g:(#)|"*?, |z — g2(t)"°}  if ga(t) <z < @u(2),

0 otherwise

f(.’B,t) =

has an interface z = g;(t) that is C! but not C'.

It also should be pointed out that even though the solution u of Equation (1.3)
is only C°, its interface is C® for suitable ug. It is conjectured in [6] that the
interface could even be smooth if 2(0) is a smooth convex set and u, satisfies some
extra technical conditions. One such example is given by Barenblatt solutions
[10]. It was reported in the AMS Detroit meeting recently that C* regularity of
the interface for the porous medium equation has been established by Panagiota

Daskalopoulous and Richard Hamilton.



For p-Laplacian, we will follow a similar strategy, taking v to be the function

p—1 p2

(1.4) v(z,t) = 2uv:1(x,t).

A straightforward computation shows that

(1.5) v = :—;—:—ivApv + |VulP.
The motivation for this choice is that equation (1.5) has a nice dilation property
and we can establish the lower and upper bounds for v, and |Vv| (this is done
in chapter 2). The exponent ;%f comes from the fundamental solution(again, see
chapter 2). This function v was also used in [9, 20].

Before we state our main result, let us make a definition to facilitate later

statements.

DEFINITION 1.1 We say that a function w : RN — R is in the class C* if w
satisfies the following conditions:

(i) D = {z | w(z) > 0} is a C! domain and D C Bg, where Bg denotes the
ball of radius R centered at 0;

(ii) w € C*(D);

(iii) There exist a strip S C D along the boundary 8D and positive constants
ki, and ky such that

ki < |Vw|<ky inS;

(iv) There ezists a constant a > 0 such that w > a in D\S;



(v) There ezists a constant kg > 0 such that (3;jw) > —kol in the sense of

distributions.

The main result of this thesis is the following theorem.

p=2
Theorem 1.2 Let vp = Ejuf™

€ C*, then there exists Ty > 0 depending only on
p, N and the constants in C* with the following properties:

(1) u(z,t) > 0 for all (z,t) € B1yr % [To,0); and

(it) For any Ty < t < t° < %, there is an a > 0 depending only on p, N,t,t and

constants in C* such that the interface near the point (z°,t°) € T is C1=.

The thesis will be organized as follows. In Chapter 2, we will state and prove
some preliminary results on the interface I' by using a comparison principle. In
particular, we will prove the Lipschitz continuity of I'. In Chapter 3, we establish
lower bounds for v; and |Vv| near the boundary by carefully studying the equation
for v and by using the general theory on degenerate parabolic equations. Finally,
Theorem 1.2 is proved in Chapter 4 by using the homogeneous structure of » and

by constructing some lower and upper solutions.






CHAPTER 2

Preliminaries

In this chapter we state some preliminary results which will be useful later. Most
of these were established in [9], [20]. Here we will summarize the relevant results
and sketch some proofs; complete details can be found in [9, 20].

First, it is well known [20] that equation (1.1) has the following comparison

principle.

Proposition 2.1 Let uy and u, be two nonnegative solutions of (1.1) on Sr, where
St = RN x (0,T) with initial values ¢,, p, € L*(RN) respectively. Then ¢, < @,

on RN implies u; < uy on Sr.

PROOF. Let ¢! = o;*ps, i = 1,2, where p; is a convolution kernel whose support
is the ball of center 0 and radius J, and let u, i = 1,2 be the solutions of the

following approximate problems of (1.1),(1.2)

uy = div((|Vul? + 8)*F Vu),

u(z,0) = .



Then by the comparison principle for strongly parabolic equations, we have
(2.1) uf <uf in Sy

By the uniqueness of solutions of (1.1),(1.2)

N s
u; = limu us = limus.
17550 b 727 550 2

Hence Proposition 2.1 follows by letting § — 0 in (2.1).

Remark 2.1 The conclusion of Proposition 2.1 can be extended to a domain of the

form Q x (0,T) with 9Q being smooth.

There are two types of solutions which are frequently used for comparison

functions for (1.1). One is a separable solution

p—2)ﬁ ArP
p T-t

1
|72

(2.2) u(z,t) = g(r) f(t) = (

for any T > 0, where r = |z]| is the usual norn in RV, and

1
2.3 A P —————
(2.3) N(p-2)+p.
The other is the Barenblatt solution
@8 Buylstad = keS@ 1 - (Zpro-g-vre-,

SA()



where ) is given in (2.3), and
S@) = 3 (Lop RO, 121
Ap—2 o=
One can check easily that
By p(z,t,7,t) = Mé(z — T)
where 6(z — Z) as the Delta measure concentrated at Z and

M= /R" By y(z,t,Z,t)dz.

The next proposition gives the monotonicity of the support Q(t).

Proposition 2.2 The solution of (1.1) and (1.2) satisfies

(2.5) U 2 =2

in the sense of distributions.

PROOF. Let u.(z,t) = ru(z,rP~%t). Then u, is a solution of (1.1) with initial
value u,(z,0) = ru(z,0) = rup(z). Since u,(z,0) < up(z) for r € (0,1), by

Proposition 2.1, we have u,(z,t) < u(z,t). It follows that

u(z, 7772t) — u(z,t) < (1 - r)u(z, r"7%)
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and therefore
u(z, rP"%t) — u(z, ) r—1

e e PG

Letting r — 17, we get

lim u(z,t+ s) — u(z,t) > —u(z, t).
80~ s (p—2)t

Similarly, we can choose 7 > 1 and r — 1% to obtain

lim u(z,t + s) — u(z,t) > —u(z,t)
s—0+ s (p—2)t

and the proposition is proved.

As a consequence of (2.5), the function ut®? is non-decreasing for every z €
RN. Hence u(z,t°) > 0 and ¢! > t° imply u(z,t') > 0. Thus the support Q(t) is
monotonically increasing: Q(t°) C Q(t') whenever t' > t°.

We also have the following monotonicity property for solutions of (1.1) and
(1.2) for any fixed time ¢. The version for the porous medium equation was proved

in [7)].
Proposition 2.3 Let Ry be a positive number such that Q(0) C Bg,. Then
(1) For z*,z? € RN with ||, |z% > Ry and

(2.6) cos(x® — x',x!) >

u(z?,t) < u(z!,t) for any positive t, where (x? —z!, z!) is the angle from the vector

z? — 2! to z!;
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(2) For every r,t > 0 we have
(2.7) igfu(m, t) > sup u(z,t).

OBy 4+2R,

The proof of Proposition 2.3 requires the following Lemma.

Lemma 2.4 Let D = suppug(x) be compact and D C {z € RN|zy > 0}. Then

u(yaszt) Z U(y, —.’IIN,t) fO’r all (/S RN_I, IN > 07 te (07T)

PROOF. Set v(z,t) = u(y, —zn,t). Then v(y,0,t) = u(y,0,t) for each y € RN!

and t € (0,T), and
v(y,zn,0) = u(y, —zn,0) =0 < u(y, zn,0)
for each y € RV~! and 5 > 0. Hence by Remark 2.1, we obtain
u(y, —zn,t) = v(y, zn,t) < u(y,zn,t) in R¥"! x RY x (0,7).

Proof of Proposition 2.3. Let H denote the hyperplane in RV which bisects

the line segment between z! and z? orthogonally. That is,
gm

H={ze Rz - = (& +27),2" — )},
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where (-,-) denotes the usual scalar product in R". It is easy to verify that

1] x! —x%) + (x%,x! — x?)|
2 |x2 — x!|

dist(H,0) =

Note that by (2.6),
(z!, 22 — z') = |z'||2? — zt|cos(x}, x® — x) > Ro|x? — x!

and

(z%,2° — z') > (z', 2% — 1') > Ry|2® — 2|,

we have

dist(H, 0) > Ro.

Therefore x! and suppug(x) are in the same half-space with respect to H. Moreover,
z? is the reflection of 2! with respect to H. Thus by Lemma 2.4 and a suitable
translation and a rotation,

u(zt, t) > u(z?,t).

For the second part, if z! € B, and 22 € 0B, ,2r,, then by the same argument
Ro

as above we have
1(r+2Rg)? -1’
2  2(r+Ro)

dist(H, 0) > > Ry.

Hence the same argument gives

u(z!,t) > u(z?t).
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Since z! and z? are arbitrary, (2.7) is established.
It follows immediately from (2.6) that u(-,t) is non-increasing along the ray
{z = Az',A > 1} if |z!| > Ry, and the free boundary I" can be represented by a

spherical coordinates in the form
r=f(0,t) for 8€S"! r>R,.

It was also shown in [9] and [20] that the initial behavior of the interface is

determined by the local properties of ug as follows.

Proposition 2.5 Let

(28) B(z) =sup(R™"5 [ ua(y)dy)

Then we have u(z,t) > 0 for every t > 0 if and only if B(xz) = co. Moreover, there

ezists a constant C = C(p, N) > 0 such that u(z,t) =0 if

0 <t < C[B(z)]*™.

PROOF. Suppose B(z) = oo. From the Harnack principle (see Corollary 1 in
[11]) we have that
N(p=2)+p

R N5 Bnie) ug(z)dz < c(t"Fl—i + t%R-N—'_’;Lz[u(l‘»t)] ).
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Hence, if u(z,t) = 0 for some ¢ > 0 then
1
B(z) < ct™#7;

this contradicts B(z) = oo.

Now assume B(z) < co. From Theorem 1 in [12] we know that

supu(z,t) < ct‘mpT'zﬁTppFiLz [Ir(z)]|¥o-o%s

B,

forall p> R >0and 0 <t < T(R), where

In(z) =supp™"77 [ wg(y)dy
>R By(z)

and

Tr = c[B(z)]7P*2

Taking R — 0 we are done.

In order to estimate the growth of the interface, we define the function
(2.9) d(z) = sup{r > 0|/ uo(y)dy = 0},
B.(z)
i.e., d(z) measures the distance from z to the initial support of u. Since
B(z) < |u0|Lx(R~)(d(:c))(’N+5¥Lz),

Proposition 2.5 yields
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Corollary 2.6 Let z € RN with d(z) > 0. Then
u(z,t) =0 if 0<t<Cid(z)Ve-D+P|yg)2 77,

where C; is a positive constant depending only on N and p.

Using Corollary 2.6, we see that if suppuy C Bg,, then for every t > 0, Q(t) is

contained in the ball B, with
(2.10) R(t) < Co(Juol23%) ™57 + Ry,

which gives the upper bound of (). It turns out that this gives a very accurate

information on the size of Q(t). We set
(2.11) Rum(t) =sup{|x| | x € Q(t)}, Rm(t) =inf{|x| | x € IQ(t)}.
Proposition 2.7  For the solution of (1.1)-(1.2), we have

(2.12) Ru(t) < Rm(t)+2R,,

(2.13) Ry(t) ~ C(p,N,uo)tmr-lﬂﬂ, as t— oo.

where C(p, N, ug) is a constant depending only on p, N and |uo|:.

ProOF. Clearly the first inequality follows from part (2) of Proposition 2.3. Let

N

1 .. p_

1 - p—_2
V(z,t,C) =t «Co(p, N){C — (||t F¥)5-T}"
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where C' > 0 is a constant, u = Mp—jvz)ﬂ,

Calp, N) = =2 NG~ 2) + 51777,

Then V(z,t,C) is a solution of (1.1) from (2.4). Without loss of generality, we

may assume that uo(0) > 0. Hence we can choose ty, C; > 0 such that

p=1

to * Co(p, N){C1 = (Izlto )7 T}5 < uo(e).
It follows from Proposition 2.1 that
u(z, 1) > (t +to) " *Colp, N){C1 — (|](t + to) " ¥#) 7T}

This implies the second part of Proposition 2.7.
Proposition 2.7 shows that if ¢ is large, €2(t) contains a ball of center 0 and

radius of the order t*, A = Thus there exists a time ¢(u) < oo such that

1
N(p-2)+p*

for t > t(ug) we have

Bpg, C Q(t).

Let

To = inf{t > 0 | Bg, C Q(t)}.

Then we have the following facts which were proven in [9] and [20].

Proposition 2.8 The interface I' can be represented as

r=f(,t) for t>T, 6¢eSN,
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where f is a Lipschitz continuous function of @ and t.

PROOF. First we can show that f is Lipschitz continuous with respect to 6.

We know that there exists a large T} such that

Br,(0) C Q(2)

for all t > Tp. Then it follows from Proposition 2.3 that for every (Z,t) € T,

|Z| > R > Ry, t > Ty, we have u(z,t) > 0 for every z in a small cone K, of the

form
K ={z:|t—Z|<e and cos(x—X,X) < —(—I_I;Ti}
and u(z,t) = 0 in a cone K, of the form
R

Ké:{x:|z—f|<e and cos(x—f,i)2|—_l .
X

Therefore, if (z,t) € T and |z — Z| < ¢, we have z € RN — (K. U K_). This implies
that f is Lipschitz continuous in 6.
To prove that r = f(8,t) is Lipschitz continuous with respect to t, we need the

following estimates which were proven in [9], [20].

Lemma 2.9 There ezists a constant C(Rp, ug, Tp) > 0 such that
Vu(z, )| < C(Ro, o, To)t™

if |z| < Ro,t > To, where p = Xe2Dt2,
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PrROOF. We define a family of functions
ug(z,t) = kNu(kz, kN*t) k> 0.

Then uy is a solution of (1.1) with initial value ux(z,0) = kNuo(kz). From the

proof of Proposition 2.7, there exist constants C,, Cs, Ty > 0 such that
-1 — L2 5
u(z,t) < (t+ To)”#Co(p, N){C2 — (|z|(t + To) ™)1}

w(z,t) > (t+ To) " Co(p, N){C1 — (|z|(t + To) ™) 71} 272

It follows that

Thus there exist t, > t; > 0,a,3 > 0 independent of k such that if t; < t <

t27 Il" S RO, then

a<u <P

Hence by the interior estimates, we have

|[Vug| < C if t1<t<ty, |z|< R
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for some constant C independent of k. This means that
|Vu(z, kV4t,)| < Ck~V*Dif  |z| < kR
Putting ¢ = kV¥#¢,, we have
Va(e, )] < CLA™ 8 if sl < (1% R

This completes the proof.
By using the same family of solutions as in Lemma 2.9, we have the following

estimate of sup|Vu| in terms of u after a large time.

Corollary 2.10 For every € > 0 there exists Ty = T, (¢, Ry, up) such that
|Vu(z,t)| < eu(z,t)
for all |z| < Ry and t > T.
PROOF. We consider again the family of solutions
ug(z,t) = kNu(kzx, kNPt)

as in Lemma 2.9. We know that u, converge to a fundamental solution @ uniformly
with respect to ¢t > 7 for every 7(see Theorem 3 in [21]). Therefore there exists ko
such that

¢ > 2u(z,t) > ux(z, 1) > Waﬂ>%>0

1
2
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for |z| < 2Ry, % <t <2, k> ky, and for some c depending only on ug, N and p.

Since uy are uniformly bounded in RN x (3,2), we obtain
[Vup| <
for t = 1, |z| < Ry, and for some c;, and this implies
|Vu(y, kV*) < ck~(V+)

for all |y| < Ry. Note that u(z, kN*) > ck= for all |z| < Ry. Setting t = kM* we
conclude that

|Vu(z, t)| < et ¥ru(z, t)

if |z| < Ro,t = k™*, and k > ko. This completes the proof.

Next Lemma gives an estimate on u;.

Lemma 2.11 There ezists a time ty > 0 such that u, € L®(RY x (1,00)) for

T >to and on RN x (g, 00)

(2.14) 2(t — to)ue(z,t) + z - Vu(z,t) — u(z,t) <O0.
PROOF. We consider the approximate problem of (1.1),(1.2)
(2.15) uy = div((|Vul? + 6)*% Vu)

(2.16) u(z,0) = ¢.
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It is well known that (2.15),(2.16) has a solution u® with the property that for any
s> 0, ul € C®(RN x (s,00)) N L®(RY x (s,00)) and

[u®(z,t) — u(z,t)|cyky > 0 as 6 —0,

for every compact subset K of Sr.

For every € > 0 we define a family of solutions of (2.15)
1
é _ s 2
ul(z,t) = T el (1 +€)z, (1 +¢€)°t + o),

where t, is a large time to be chosen below.

We want show first that for every € > 0 and z € RV
ug(z,0) < gy (2,0) = u(z, 1),
if ¢, is large enough. For this purpose we write the difference u’(z,0) — u’(z, ¢,) as

ul(z,0) — ul(z,t0) = (1 + €)' = 1)ub((1 + )z, to) + v’ ((1 + €)z, 1),

(2.17)  —ul(z,t0) = — w((1 4 €)z,t0) + u((1 + €)z, ) — u’(z, to).

1+e€

Notice that Proposition 2.3 still holds for the solution u®. We have

u®((1+€)z,t0) < ul(z,t0) if |z| > Ro.
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Since u® > 0, we conclude that

ul(z,0) < u¥(z,t0) if |z| > Ro.

In case |z| < Ry, by Lemma 2.9 for ¢, large enough we have

C > ulz,to) > é IVl < in Bry(0).

1
2CR,

It follows that there exists a constant C; such that

1
C, > UJ(.'II,to) > E’ |V’U.6| < in BRO(O)
1

1
2C1Ry

provided that ¢ is small enough. Therefore, since

[°((1 + €)z, t0) — u’(z, t0)| < elz]|Vu’ (€, to)| < Yo

we obtain from (2.17)

'U:f(l', 0) S uﬁ:o(x, 0)

Hence by the maximum principle, we conclude that
5 é N
u(z,t) < ulg(z,t) for z€RY, t>t,.
Differentiation of u®(x,t) with respect to € at e = 0 gives

(2.18) ul(z,t +to) — 2tul(z,t + to) — - Vud(z,t + o) > 0.
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If we let 6 — 0, then we obtain (2.14) for u. Combining (2.14) and Proposition
2.7, we obtain

u € L°(RY x (1,00)) for any 7 >t,.

Now we are ready to prove the remaining part of Proposition 2.8.

PROOF. We have already proved in that I' can be represented as
r=f(0,t) if t>To,

and f is a Lipschitz continuous function of the variable §. Thus it remains to
prove that f is Lipschitz continuous in ¢ uniformly in # € S¥-1. Notice that by
Proposition 2.3, - Vu’ = rul < 0 if |z| > Ry and that us > 0. By (2.18), we have

d ul(r,0,t) < 1

il s _ 5 _ .0\ <
ds( o )"2(t—T0)(ru'+2(t To)u; —u’) <0,

where 7 = 1€, r; > Ry, t = Ty + (t; — To)e*™™, s > t; > Ty and ul is the

solution of (2.15), (2.16). It follows that

uﬁ(rv 01 t) < ua(rh 07 tl)

f t>t
T S - Y !

and
u(r,O,t) < u(rlaoatl)
t— To -t - To

if t>t.



24

Hence if u(ry,8,t,) = 0, we get

t—T, t—T,
< s_tl = 0 = ____0
f(0,t) <re P f(t9,t1)tl —
i.e.,
£(0,) = 10,6) < J0,6)—% if t>H>T>T,
=

Finally we define a family of solutions to (1.1) in RN x (T, 00):

we(z,t) = ———u((1 + &)z, (1 + )t + T)
(1+¢)>2

for € > 0 and T > Ty. We want to show that for every € € (0,1) and z € RV,
ue(z,0) < u(z,T).

To do this we write the difference u¢(z,0) — u(z,T) as

;u - l] uw(l+€)z,T) + u((1 + €)z,T) — u(z, T).

u(z,0) — u(z,T) =
@0~ u(@ ) = |

If |z| > Ry, then from Proposition 2.3,
u((1+€)z,T) —u(z,T) <0

and
1

ue(z,0) — u(z,T) < (1—+e)7

L

- 1] u((1+¢€)z,T) <0.
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Now we consider the case |z| < Ry. From Corollary 2.10, we have
u((1+9,T) - u(e, T) < efal|Vu(és, T)] < Ro—p-u(z, T) < Su(a,T)

with some constant ¢, where £ € (1,1 + ¢). Hence we have

uf(l" 0) - u(xi T) < 0
€ =

for all € € (0,1), and differentiating u(z,t) with respect to ¢ we have

p:;u(x,t+T)+z-Vu(:c,t+T)+tut(a:,t+T) <O0.

Replacing ¢ by ¢t + T we obtain

p—1
-2

(2.19) (t — T)uy(z,t) < u(z,t) — z - Vu(z,t).

3]

Hence u; is bounded. Now if h is a fixed positive constant such that ¢t — T > h,

(2.19) can be written in the form
d. _-ut t—t
E[e DR y(rge 7, 0,1)] <0

for T+1>t>t >T and 0 fixed. Therefore, if u(ro, 8,¢;) = 0, then

u(roe'__ha,e,t)=0 for t>t.
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This gives
f(oa t) S f(ei tl)ethil7

and weget for T <t; <t <T +1,

f(6,t) — f(8,t1) < caf(0,1)(t —t1),

where ¢c3 = c3(h,T) = %e’l:(T‘T”l). This completes the proof of Proposition 2.8.
Next we state some results regarding the smoothness of v = }’;:—;u%:—f Note

that v satisfies equation (1.5). It is shown that if v is a solution of (1.5) with an

initial data vy € C*, then v, and |Vv| are bounded in RN x (T, co0) for some T > 0.

Furthermore the following was established in [9], [20].
Proposition 2.12 There ezist constants A, B > 0 such that

—Pp
-1

(2.20) v(z,t) + - Vo(z,t) + (At + B)vy, > 0

in the sense of distributions.

PROOF. We consider a family of solutions

1+ Ae)71

(2.21) vé(z,t) = (——4_—62_2711)((1 +€)z, (1 + Ae)t + Be).
1+ o)

The idea is to show that

vé(z,t) > v(z,t)
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for small ¢, and then by differentiating v¢ with respect to ¢ we have

A-p
p—1

v(z,t) + - Vv + (At + B)v, > 0.
We approximate vy by
v = v * ps(z) + 0%,
where ps(z) is a convolution kernel and o will be chosen later. Suppose that

vi(z,t) = B3 (u'(z, £))5=1 is the solution to

o) = i: fv"div(|vV‘|P-2vV‘) + Vv

with v°(z,0) = vd(z). We note that v* > 6% > 0 and v® € C*™. If there is no

confusion, we omit § in various expressions. If § is sufficiently small, then

v(z,0) > in Q=0Q\S

N

and

IVv(x,O)lz% in S

In fact, this inequality is also true in a neighborhood U, of 352 of the form
U = {z € RV |dist(x,09) < cd}

for a constant c € (0, 1).

Now we consider several different regions.
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(i) First we consider the region where |Vvo| > & (in particular, S U Ug).

We have

I, = %(v‘(m,O)—v(m,O))

> —1— [(1 + %ﬁ:f) v((1 + €)z, Be) — v(z, 0)

if € is small. Hence from the mean value theorem,

I(>1A_p
—2p-1

v((1 + €)z, Be) + Buy((1 + €)z,0¢) + = - Vv(€,0),

where 0 € (0, B) and £ lies in the line segment from z to (1 + €)z. If € is small

enough, then
v((1+ €)z, Be) = v(z,0), wv((1 + €)x,0¢) = ve(z,0), Vv(§,0)= Vu(z,0).

Therefore, there exists ¢ > 0 depending only on N, p and v such that

> 1A-

6_2p_

fv(:c, 0) + Bv(z,0) + = - Vu(z,0) — ce

for some c. Using the equation
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we get

1A- -2
I > (ﬁp — f + g — 1BA‘,,v(:L', 0)) v(z,0) + B|Vu(z,0)P + z - Vv(z,0) — ce

Since |z| < R+ 6 and Avy > —Nkg, we have

1A-p p-2 )
> (= - 8 e
I > (2 p—1 po 1BNko) v(z,0) + |Vu(z,0)| (B|Vv| R 5) ce

If we choose A and B such that

4R 1A-p p-2
B> — d = — BNky >
>k’1’_1 e 020,
then
k, ( Bk~
I > = ~R-6)-
> 4( 1 R-¢ ce >0

for small € and 4.
(ii) Next, we consider the region Q; = Q\ S.

We only need to consider those points where
k
|V (z)| < zl

In this case we see that

1A-p p-2
> (= - N
I > (2p—1 p—lB ko)

— Ce,

¢ _ Bk
2 4
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o A— -
and if WZ% - ;;L_';’BNko > Rk, /a, then

I.>0

for small e.
(iii) Next we consider the region 3 = {z € RN| dist(x,Q) > 4}.

In Q3, v(z,0) = 6*. Since v > 6 from the maximum principle, we have
I. > 0.

(iv) Finally, we consider the region Q4 = {z € R"|c§ < dist(x,2) < 8} with
0<cec<l

In this case we select a particular family of cutoff functions {ps} satisfying
ps(z) =0 if |z| =36,

ps(z) = ps(0) if |z|<6-8'F" for some 7€ (0,1),
0 < ps(z) < ps(0), ps€C*™.

Now suppose dist(x,2) € (6 — §'*7,4); then

IA

Vei(@)l < [ 1Vu@)lese —v)dy

k/ — y)dy.
ck; Bmpa(z y)dy

IA
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Now we observe that

/ ps(z — y)dy < 7 F
BsNQ)

and hence

IVod(z)| < ckod? ™5

Thus

I > (lA—p—p_2BNko) 6"—(R+25)k25'rizﬂ — ce,
2p-1 p-1

2a

~e1 <7 <1 and € is small, then

In particular, if 0 <
I. > 0.
Finally, we consider those points z such that
cé < dist(x,Q) < § — 671,

Recall that

V2’U0 Z —koI
in the sense of distributions. We know that

1A- -2 _
> §p_f+z_ lBIVv|” 2aij(Vv)vg,z, | vs

+B|Vv(z,0)|? - |z||Vvs(z,0)| — ce,

I,
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where

vx;va:j
a,'j(V’U) = (5,‘]' + (p - 2)|V’U(T)I2

Since vy € W1(S), we have that

|Vu(z,0)| =

/an Vuo(y)es(z — y)dy

> k[ psla-y)dy
BN

Z Cklts‘yﬁ_;—l .

Also since V2v(z,0) > —kol, we have
Av = / A — y)dy — : _
v= [ S0 @es(z - y)dy /awmm(Vvo v)ps(z — y)doy

and

Avl > k / _ _ Nk / —
|Av| > Kk Bmmpa(x y)doy, — Nko Bmpa(x y)dy

> ko~ - Nk s T
Observe that at € 01,
Vg = cv.

Hence we obtain

Vg, Vs,
(p - 2) |VU|2 -/L‘?.sﬁn ’Uo(y)(pa(.'E - y))-'t.'zjdy
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Uz, Vg

(p— 2)|—Vv_|2 /Bém(vo)z.v:c,/f’zs(I - y)dy

Uz, v:r,

~(p- )|w|2 L, o 0)=305(z = v)do

> —ck0¢57
for some c. Therefore, combining all these together, we obtain

p—2 -
p———lBIV'Ulp 2a,~j(Vv)vxizjv(m, 0) — (R + 26)|V’U|

> Z — ch [klm%ﬂ]”'z (kla—”ﬂ%l _ ckom%’f—‘) go
—(R+ 26)ﬁ — ce.

5

Hence for sufficiently small §, we have

l+0+’7( Mﬂ_l +

I, > Bck?™'6- 4 (R+ 26)5— — ce.

Therefore if we choose 0 < a < 1 and + so that

2a l-«a
A

then for sufficiently small € compared to 6 we get

I. > 0.

This proposition immediately implies
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Proposition 2.13 Under the assumptions of Proposition 2.12, the function

A—
v(z(s), t(s))e>1° is non-decreasing along the curves

222)  x(s) = 2(0)e’, #(s) = %[(At(O) +B)e* —B], s>0,

PROOF. Along these curves
z'(s) = z(s) and t'(s) = At(s) + B.

Hence by (2.20) we have

% [U(x(s), t(s))e%f-"] - [’:: fv +z-Vo+ (At + B)u| e

=% > 0.

Remark 2.2 The proof of Proposition 2.12 shows that if we choose a particular
origin z* of coordinates such that D C Bg(z*), then the curves (2.22) can be

written as
2(s) = (£(0) — 2°)e’ +2°, #(s) = %[(At(o) +B)e — B

We also have the following estimate on I" from Proposition 2.13.
Corollary 2.14 Ifr = f(0,t) is the equation of the free boundary for t > Ty, then

At+B)%

f(0,t) > f(6,To) (m
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PROOF. The curves (z(s),%(s)) above can be written as

2(s) = z(0)e* = z(0) (Xf‘%%) *

Hence if 0 = I%E% and 7y = |z(0)|, then v(ro, 8, Tp) > 0 implies

At+B \*
’U(To(m) ,0,t)>0.

Therefore we obtain

=

At+ B
> =T
f(8,8) 2 ro (AT0+B)

for any 7y such that v(ro,0,Tp) > 0. Consequently

At+B)7‘f

f(6,t) > f(0,Tq) (m

Proposition 2.15 Let vy € C*. Then for every point (T,t) € St there ezxist posi-
tive constants A, B,C > 0 depending only on vy, N, p,t and R; = sup{dist(X, y)|y €
D} such that

(2.23) v(z,t) > v(z, e ¢

for every (z,t) satisfyingt <t <t + ¢ for some € = ¢(A, B) and

ICE—f|< R]
t—t — At+ B’
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PROOF. Let ustake A, B and C = %{3 as in Proposition 2.12 with R = 3R,. Let

z| R,
< X
t — At+B}

U={@912=

We first prove that for every (z,t) € U, there exists a point y € R" such that

At+B)%

(2.24) s-y=6-v (5 p

and  is contained in the ball Bg(y). Clearly, for every (z,t) there exists a point
y € RN such that (2.24) holds. We now prove that D C Bg(y). By (2.24), if

(z,t) € U then we have

_ At + B\ * e
7-ul(5p) S le-zl+lE-yl

yrE _

< R Atz:_tB +1Z -yl
Hence we have 1 i
= (553) 1| s R

1

Writing (—ﬁﬁ—g)x as a power of t — t and using the fact that € is small, we get

l|T— | t—1 < t—1
T TV Sy B "+ B

Thus |ZT — y| < 2R,, and this gives |y — z| < 3R; = R for every z € D. Notice that
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the curve (2.24) can be written in the form
— * s * 1 y As
z(s) = (T —z*)e* +z*, t(s)= —A-[(At + B)e”* — B]

and it passes through (Z,?). Thus (2.23) follows from Proposition 2.13.

Theorem 2.16 Let vy € C*. Then the interface I of (1.1), (1.2) can be written

ast = S(zx) forz € RN\ D and S is a Lipschitz continuous function.

PROOF. We first show that I" can be written as ¢t = S(z). If the assertion is not
true, then there exists two points (z%,t!), (z°,¢?) € " with t! < t? < t! +¢. Then
there exists a point z! € RN such that v(z!,¢?) > 0 and

ll‘—.’L’ll Rl

1 1
T <A+ B t'<t<t +e},

(z°,2%) € {(=,1)|

where R; = sup{dist(x!,y)|y € D}. Hence by Proposition 2.15, we have
’U(.’Eo,tz) > v(xl’tl)e—C(t’—tl),

which contradicts to the fact that (z°,¢2) € I'. Thus ' can be written as t = S(z)
for z € R¥ \ D. We now prove that t = S(z) is Lipschitz continuous.

Let (2°,t°) € T'. Then by Proposition 2.15, we have

R,

mlt—tol, t0—€<t<t0,

v(z,t) =0 if |z-2°<
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and
R
Ol -2 |t =10, t'<t<t®+¢,

v(z,t) >0 if |z—=z AP+ B

Thus, t = S(z) is a Lipschitz continuous function.



CHAPTER 3

Nondegeneracy of Vv near the

interface

This chapter will establish some nondegeneracy results by using the preliminaries
in the previous section. First we have the following result which is similar to

Lemma 3.3 of [7], and shows the non-degeneracy at the free boundary I

Proposition 3.1 Let vy € C*. Suppose for simplicity that suppvy DO B;. Let
(2°,t°) € T and |z°| > 1. Then there ezists a constant ¢ depending on p, N, |o|, t°,

A and B of Proposition 2.12 such that

(3.1) sup{v(z,t) | [t — 2% <h, 0<t—1t°<t(z°)h}>ch
where t(z°) = #(%l)p—l(l — |z°|~2)P/2.

39
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PRrROOF. We will use the comparison principle to prove this proposition.

' =(1+ ﬁ)z". Then for z € Q(t°) we have

(3:2) |z —z'| >

S

(1 - =),
In fact , if |z| < 1, then we obviously have
(1 22

ot — o] > [o1] = |e] > 5 >

NS
NS

Let

For |z| > 1, z € Q(¢°) implies that v(z,t°) > 0 = v(z°,¢°). Hence by Proposition

2.3

1
— > cos(x — x%,x%,i.e, (x% x — x0) = [x%||x — x°|cos(x — x0,x°) < |x — x

|z°]

Therefore

h z°
112 _ 0 2
lz—2z'* = |z—=z —§—|$0II
h?  (z-1°10)
— _ 052 —-—h )
|z —z°|° + 1 2]
h |z — 20|
> |z -2+ 1 —h 0]
h ., h? 1
= — —_—— — 1 - ——
(l.’l,‘ Iol 2|:E0|) + 4[ ImOIQ]
h? 1
A

which implies (3.2).

Ol.
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Now set

1
p—1( Az -z \»*
t) =
with
3 2pcp—1h—l ;;Ll)p—l
(1 = |zo| )22

where c is a constant we will choose later. Then we know from (2.2) that w is a

non-negative solution of

-2 A
w,=p—wpr+|Vw[", 0<t—t'< =,
p—1 a

We will use w as a comparison function. For z € (t%),

-1
w(z,t) = F=(alz -2 P)

> P ot (G- )

= p—1{2pcp_l( p )P=1}1/(=D)
p h "p-1
LN SRR
% (1 — |20|-2) =D 251 =l
= ch.

If v(z,t%) < ch for all z € Q(t°) N B(z% h), we have v(z,t°) < w(z,t°) for
z € B(z%h).
When |z — 2% = h,

(3.3) |z — 2! > |z —2° - 2" - 2'| =

NS
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and
p—1, A&F o
(A o)p—l
p 5 (t—1t9
p-1.  hy i
. (0(2)) T

p—1 9P cP-1p=1pp-1 he o
—)pr-1 > .
7 G- Erpr ) 2

w(z,t) >

v

Hence if v(z,t) < chon {(z,1) | |z—2°| = h,0 < t—1° < 2} U{(x,t°) | |z—2°| < R},
then we have v(z,t) < w(z,t) in that set. Therefore the comparison principle

concludes that
(3.4) v(z,t) <w(z,t), |[r—2°<h 0<t-t'< g.

Since w(z',t) = 0for 0 < t—¢° < 2, we should have v(z',t) = 0for 0 < t—¢t° < 2.

Next, from Proposition 2.13 if » = f(6,t) is the representation of I, then we have

At+ B

Y 0
agr g (>t

f(00a t) Z f(00a to)(

Let t =t"+2=1"+ Bhwith f= & = zp—d,_—,r*%-,,_l)TT(l— |z°|2)3

Then
At+ B . A

ApB
A+ B VY ap+B

At + B

(t—-t) =1+ h.
Let g(h) =1+ m’c}%h and s(h) = (1 + 2|—20-|)A. Then ¢g(0) = s(0) =1 and

ApB A h _
] _ ! — A-1
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Hence

4 h a1
’ o — _ v
I -0 = Al - ()
B 2|1'0| - a1 1
> - = - —
- A{At°+B [ 2|x°|(2A D] 2|x°|}
B 1
= - > 0.
Ao+ ) 20
if b < 2|2°)(27-T — 1) and 8 > ﬂf—iﬁ—q. Therefore when t = t° + 2,
1 1 h
(3.5) f(B0,) > f (80, £")[g(R)]* > f(60,°)[s(R)}% = |=°] + 3.

0

2|’;0|)$0 = (|z° + %)60, 6 = 1zo7» We should have

Since ! = (1 +

A
(3.6) v@29+;)>&
which contradicts to our previous estimate (3.4). Therefore

sup  v(x,t) >ch
Ix=x0|<h
0<t—t0<t(x%)h

if h < 2|2°|(27=T — 1) and c is small enough.

Note that the only condition on c is that

— 1., 21— |z°72)/2 1
,3 — (p )pl ( I | ) —
P 2r c?
Aty + B
|z°|
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ie.,

AFT(1 - |2 %) 0 p - 1
< T
[(At® + B)2r|z0|)7—T P

Therefore ¢ can be chosen independent of h and (z,t) in regions of the form
ol >R, t<fi

and Proposition 3.1 will be true for A < 2R(27*‘1-_l -1).

Actually we have the following stronger version of Proposition 3.1.

Corollary 3.2 Let vy € C* and (z',t!) be such that
T >R>1, To<t<t <Lt
If f(lfi—l,tl) — |z!| = h with h < min{1,2R(27=T — 1)}, then we have
(3.7) v(z',t') > ch,
where € depends only on A, B,R,t,t,p and N.

PROOF. The idea first is to find a point (z° %) such that v(z°¢°) = 0 with
To < t° < t!, such that éﬁ-l = I_:JJ and estimate the difference between |z,| and
|z!|. Then Proposition 3.1 concludes that v(z?,t2) > ¢h for some point in a small

neighborhood of (z°%,¢°). Finally we will use Proposition 2.3 and Proposition 2.12

to see that v(z!,t!) > ev(z?, t?).
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Let @ = imin(1,t — Ty) and let ¢ be the constant in Proposition 3.1 for the

region |z| > R and t < ?. Let us choose a constant k large enough so that

1 h A p-1
—_— )2 l_ & A=
Fn@P k20 TE M= g

=t — N1 - )Pt

’

where Ry (%) is given (2.11) and is estimated in Proposition 2.6 in terms of £ and
luo||z:- Note that k can be chosen independent of h < 1. Let now z° be such that

ZL = @,. That is, |zo| = f(61,%0)- Then we have |z°|—|z!| >

0
(2°,1°) € Tand & = 24
& if k is large enough independently of h. In fact, since |z!| = f(6y,t') — h, we
have

l‘TO' - lxll = f(ol’to) - f(ol’tl) + h.

Note that f is non-decreasing in t from Proposition 2.13,we see that |z°] < 2|z!|
for h<1< |zl

Recall Proposition 2.8 concludes that
B -9 > T,

f(01,t!) — f(6,,1°) <
csf(01,t°) (' —t°) T, +1>t°>¢

where t =t — '-—-Tﬂ ye3 = c3(¢, To).

(i) when Ty + 2@ < t!, we have

f(ol’to) - f(ol’tl) +h
f(ehto)
h — —T'o(tl - to)

2|z
- h - 10 —

|2°] - |=']

v

1| (tl 0)
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> _ 1 0
S A
2R(?) b
> h- A (1= R(E)™2)2
h_h
= h—wy=>"=
=72
if 1 — 2> 1, where
2R( _
v =220 Ry

(ii) when t; < Tp+2a < Top+1, we have t* < Ty +1and t* > ¢! —&@ >

t— 3t —-To) =t

2% = |z'] > h—[f(6:,8") — f(61,%)]
> h—c3f(6,t°)(t" —t°)
> h—2cslz!|(t' - 1°)
= h—2c3)\ (1 - R(f)_2)%|xl|
> h- 20RO - RO
> h-sr >

if1-2>1 where

§ = 2csMR(E)(1 — RE)2).

Both (i) and (ii) are satisfied for k large enough independent of h. As |z°| >
|z}| > R and t° < ¢! <7, the constant ¢ works for (z°,t°). Now we see that the

1|-2)1/2 js contained in the cone with vertex

ball of center z° and radius %(1 — |z



47

z! of directions in which v is decreasing. That is

h
)2(1 = |2'|7%) implies (z',z —2') > |z — .

(38 |z-1°2< (E

In fact, if (z',z — ') < |z — z!|, then

1

|z — 20?2 = |z - 7! _“;—Hl?
|z — |
> |lr—z'*+ 4 -2u 2]

= Fz-z')
where F()) = A2 — l—i’{—lz\ + p? with p = |2° — |z'| > 2. Hence
lz — 2% > minF(3) = F(hr) = w0 - 1221 > (121~ |27,

I
|z

Therefore (3.8) holds. Let now

and let us apply proposition 3.1 in the cylinder
|z — 2% <h, 0<t—1t"<X(1-]|z°2)%h
Then we have a point (z2,#?) in that cylinder for which v(z?,t2) > ch. Since

t2 — ' <\ -2 )i < N1 - RM(Z)‘2)% =t -,
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and |z°| = f(61,t°) < f(6,,7) < Rum(%), we have t? < ¢!, and |z?| > |20|—|22—2°| >
|z°| —h > |z} > R > 1.

Recall that Proposition 2.3 implies that

2
x'VU:TMSO.
or

s 8 (112 #)p 3Rt
Hence Proposition 2.12 concludes that £ (v(z* t)e?=1") > 0. Hence

v(z?,t)

v

o(a?, ) )

> v(xz,tz)e;_—_f(z_g) > ch.

Since z2 belongs to the cone with vertex z! of directions where v is decreasing, we

have

v(z',t') > v(z? ') > ch,

where € depends only on A,p, N, R, and ¢.

The Holder continuity of gradient of solutions of (1.1) and the following general

class of quasilinear equations
(3.9) u, — divA(x,t, Vu) = B(x,t,u,Vu) in Qr,
was discussed in [8],[10] and [24], where the functions

A:QrxRYN SR,
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B:Qr xRx RN 5 R,

satisfy the structure conditions:
(S1) Co|DulP — 9o < A - Du < Cy|Dul? + ¢y,
(Sg) DA o Uzpz; Du,;] > ColDU'p—2z: |D'U.;,;J. |2 - o,

Ou, k

(S5) T, Ia?: | < Ci|DulP~2 + ¢y,

(Sa) L |az," < C|DulP~t + ¢,

(Ss) |B| < Ci|DulP~! +,, where C;,i = 0, 1 are given positive constants and
vi,t=0,1,2 are glven non-negative functions satisfying

(Se) o+ <P '+ )€ L (Qr), ¢> %2

It was shown that for any compact subset K of 2, the Holder coefficient and

exponent of Vu depend only on K,p and N. In particular from [10] we have

Proposition 3.3 (The degenerate case p > 2). Let u be a weak solution in Qr of
(3.9). Then there ezist constants v > 1 and a € (0,1) that can be determined a

priori only in terms of N and p such that, for every compact subset K of Qr,

p=2
|Vu(z?, ©0) — Vu(z!,t!)| < (Ix —z!'| + maz{l,L™ }\/m
| , dist(K;T)

for every pair of points (z*,t') € K,i = 0,1, where L = supq_ |Vul.

But it can be seen from the proof that L can be replaced by supg |du|.
Now consider the following equation which by a straightforward computation

is equivalent to (1.4)

(3.10) v = div(g : 3v|Vv|p‘2Vv) + #IVVF’
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Let

p—2 9 1
A t — p V ‘7 - —_— ‘7 p.
(.’B, ,V'U)—p_l'U';v' v, B(.’E,t,’U, ’U) p—ll ’Ul

Then since [Vv| < L < 0o, A, B clearly satisfy the structure conditions and Vv

is Holder continuous in a compact subset K of Q, where 0 < ¢; < v < ¢y < oo for
some constant c;, c;.

Theorem 3.4 Let vy € C*. Then there ezists a neighborhood of I' in each strip

of the form Ty < t < t <t and a positive constant 3 depending on the strip and

on the initial value vy such that

|Vu(z,t)|,ve > B

if v(z,t) > 0 and (z,t) belongs to that neighborhood.

PROOF. Let (z',t') € T and let W = B(z!,6h) x (t! — 6h,t' + 6h) for some
small h be a neighborhood of (z!,t!) such that there exists a cone C of directions
in which v is increasing for each point in W (from 3.8). We may assume that the
axis of the cone is the zy-axis. Then there is a function f(Z,t) such that TNW
can be represented by

zy = f(T,t)
where T = (21, - -,zn-1) with f Lipschitz. Let (z°¢°) € W be such that 1% —

f(Z°,t% = h. Since the cone C can be taken to contain the radial direction of

each point in W, v(z%t%) > ¢h by Corollary 3.2. Note that |Vv] < L < oo in

RN x (T, 0o) for some T > 0 see([13]).
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vz (0, £(2%1°) + y,t°) > £ for some y € (h, h).

In fact, suppose on the contrary that v,, (z°, f(z°,%°) + y,1°) <

Niol

for every

y € (5 h, h). Let

Then v,(0,0) =

£, 0)

Bvy,
oz N

(2, h) such that vz, (20, f(z°,¢°) + y,1°) > £. Let

vp(z,t) = %v(xo + hz,t° + ht) =

(0,7,0) <

Hence there exists 7 € (=1 + 5, 0) such that g% >
(z°

Then

1 —
Ev(xo + hZ, 2% + hxy, t° + ht).

'}I;v(zox t0)7 vh(Ov _1’0) = }l;v(gﬁv f(;;ﬁ, to)’ to) = 0, 'Uh(O, -1+

= Lo(z%y + f(29,1°),t°). Note -a—”h-(a: t) = vy (2 + hz,t® + ht). Then,

£, for all n € (—1+ £, 0) by assumption. Therefore

ol
IA

(0,0, 0) — v, (0, —1,0)

_ 611',
= /1 Bzn (0,7,0)dn

_ 1+2L av,,
—/_l (On, dn+/ —6:1: ~—(0,7,0)dn
L - —+- (1-—

oL
ﬁ
7

2L
LT
2

<¢C

N ol
-~

i.e., there exists y €

c
27
79,1%) + y, %) = (2°,1°).

flz

— <2 - f(z%0) =y.

Now choose M > 0 large enough so that y(7;)* < 3 where v and « are constants

in Proposition 3.3. Let K; = {(z,t) : |z —2°| < Ah, |[t—1t°| < sh} where ) and s are

small enough so that K; C Qr and dist(K;T) > (2\h + maz(L*,1)V/sh)) M.
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Let maxg, |Vv| = L, and let |[Vu(z!,#!)| = L,, where (z!,t') € K,. Then L, >

Niol

and

-2
2Ah + max(1, L;L”—)\/sh

dist(Ky;T) )

||V (0, 2% + Ah, t%)| — |Vu(zT, 2%, t1)|| < vLi(

Therefore |Vv(z0, 2, + Ah,t%)| > 1L, > %e, and 2} + Ak — f(20,8°) = y + Ah.
Next, let (2!,t°) = (20, 2% + Ak, %) and Ky = {(z,t) : |t —2'| < Ak, [t—1°| <

sh}. Then K; N K, # ¢, measK; = measK, and dist(K,; ') > dist(K;;T). Let

maxg, |Vv| = Ly. Then L, > 5.Let |Vu(z?,t?)| = L, for some (z2,t?) € K,.

Then again by Proposition 3.3 we have

|Vu(29, 2% + 2k, t°)] >

L,
2

c

23"

And 2% + 2Mh — f(2%,t°) = y + 2M\h. Hence inductively, for each positive
integer n we can define a sequence of compact sets K, with dist(K,;I') >
(22h + max(L*,1)v/sh))M and a point (z",#°) = (z0,y + nAh + (20, 1°), £0)
which belongs to that set.

Now let ng be the largest integer such that ngA < 1 — % And let K,,, and
(z™~1,1%) € K,, be the corresponding compact set and a point respectively. Let
Ly, = maxg, |Vv|. Then L,, > z&r. And let (z",t™) be a point in K,, such
that |Vu(z™,t"%)| = Ln,. Then |Vu(z°,t°)| > 55t = fi. And this inequality is

valid for every (z°,1°) in a neighborhood of (z!,t!) contained in W.

LR
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Thus it remains to show that v; is bounded away from zero. By Proposition
2.12 we have

A-p

p—1

v(z,t) + z - Vu(z,t) + (At + B)vy > 0

for some constants A and B. Also by (2.6) and (3.8) we have

B
R+1

D_,v = |Vv|cos(—r,Vv) > \/(R +1)2-R2=¢>0.

Therefore

'é:B'U
p—1

> —_— -
- At+ B
Rc—A—:fC
> —— Pml
= At+B "’

— T'Ur —
Ut

where C is a bound of v in W. Then since for (z,t) € W = B(z!,6h) x (! -
6h,t! +6h), v(z,t) = v(z,t) — v(Z, f(T,t),t) < |Vv|6h < 6Lh. Hence C < 6Lh.
Therefore, v, > (2 > 0in W if h is small enough. Hence |Vv|,v; > 8 = min(fy, 32)
in W.

Then by Theorem 3.4 and [13], we have

Corollary 3.5 Let u is a solution of (1.1), (1.2) in Bs x (—6,6). Let (0,0) € T.
Then for v = ;L_;uﬁ the following statements hold:
(i) v is Lipschitz continuous. That is, there ezists L > 0 such that |Vv|,v; < L.
(ii) Dyv, Dyw > B > 0 if v > 0, where ¥ is a unit direction in RV,

(iii) Apv > —C) in Bg x (—6,6).
P
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PROOF. Let (z',t!) € T with |z!}| > R+ 1,Tp <t < t! <% < oo. Let 6hy =
min(t! —t,T — t'). Then there exist constants h < hg, 3, L > 0 depending only on
ho and a direction ¥ in RV such that for v, (z,t) = 1v(z! + hz,t! + ht),
0 0
Dyvp(z,t), zvn > B,  |Vuy, pri) <L

ot

in Bg % (-6, 6) by Theorem 3.4 and [13]. Also it was shown that there is a constant

C) depending only on T} such that
Ay > =C, if t>Tp.
In particular,
A,vp(z,t) = hApu(z! + hz,t! + ht) > —C1h > —C,

in Bs x (~6,6)(h < 1).

Next, we notice that equation (1.4) can be written as the following equation:

v = 2 f (IVoP~2Av + V(| V0[P~ 2Vv)+|Vv|"
_ P- 2v|V'u|” 285 + (p — 2) 2 Yo, 4, + V.
p- N IV 270

Hence if v is a solution of (1.4) then v is also a solution of

(3.11) w = g 20| Vo265 + (p — 2) 22 Y, + [ VP

IV 2
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Therefore in any compact subdomain 2, of 2 where v and |Vv| are bounded above
and bounded away from zero (since the coefficients and free terms are bounded

and continuous) (3.11) becomes a uniformly parabolic equation and

| Dijvll e (,) < 00

if v is a solution of (1.4) in ©; by Theorem 12.2 on page 224 of [23].



CHAPTER 4

Proof of Main Theorem

To prove our main theorem we need the following sequence of propositions.

Proposition 4.1 Let v be as in Corollary 3.5 and v = %77+ 71§eN+1. Then there

exists ©g > 0 such that D,v > 0 in Bg x (—6,6) for any T in K(u, ©y), where
K(,00) = {7 | {r,v) < 6o}
PROOF. Since by Corollary 3.5,
D,v = |Vu|cos(v, Vv) > 3
for some 8 > 0 and |Vv| < V2L, we have

cos(v, Vv) > B =pf > 0.

V2L
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Let ©¢ = arcsinf;. If (v, 7) < ©y then (7, ?v) < 3. Therefore
D,v(z,t) >0 (z,t) € Bg x (—6,6), 7€ K(v,0y).

Proposition 4.2 Let v be as before and T be such that D,v(z,t) > 0 for (z,t) €
By x (—4,4). Then

v((z,t) +v7) > (1 + 8)v(zx,t)

for (z,t) € By x (-3t 1(%le) N(v = €), where e, v > 0 are sufficiently

Jeid
small and § = Cye~'cos(r, Vu(7, —4—(%)-6)).

PRroOF. It suffices to show that there exists C > 0 such that

D.v > Ccos(r, Vv(7, —2r))

in By x (—27,2r)N(v =€) withr = ﬂ;—:ue. Now consider a non-negative function

g = D,v in By x (—4,4). Then g is a solution of the equation

_ p—2 P-2(5. . _ 9)Yails;
g = p— IUIVU| [6:;+ (P —2) |Vv|2]g"”i
_9)2 —9)(p -
+[—(’; 2 wop-tav + EZ2E= Dy vup-v091) - V)90 Vg

2(p—2 -2
+p|Vu[P~2Vv - Vg + %wup’-“(v%vm -Vg+ :;Tl(Apv)g.

This is a uniformly parabolic equation with bounded coefficients in any bounded
region where v and |Vv| is bounded away from zero. We choose a region in such

a way that it contains the set (v = €) and use Harnack’s inequality there [23].



58

Consider a new system of coordinates in RY such that ey = 7. Since D,, > 8 > 0,

there exists a Lipschitz continuous representation of T,

(41) IN =f(f7t)1 T = (xl’“',zN—l)-
We use c to denote a Lipschitz constant for f. Let

ﬁSJJN—f(T,O)
Q=14 |z|] <4
|t| < A

and

&

[
8
I

[ SV

|t < e

We see that By x (—ﬁ%ze, ﬁ%‘,’—Qe)n(v > ¢) is contained in ;. In fact, for

It] < 4—(%)-6, |z| < 2 and z§ — f(Z,t) < ; we have, by the mean value theorem,

v(Z,zn,t) = v(T,zN,t) —v(T, f(T,1),1)

= v, (Z 0, t)(@n — f@ 1) < L- =

L

=€

To apply Harnack’s inequality, we need a lower and an upper bound for v in 2.

For (z,t) € 0,

v(z,t) = v(T,zN,t) —v(T, f(ZT,1),1)
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= 'UIN(T, Y, t)(fL'N - f(-fa t))

€
> L
> p 7
and

8(L+1)

v(z,t) = v(z,t) — v(z,0) + v(z,0) — v(0,0) < L|t| + L|z| < L(4 + I

€).

Now applying Harnack’s inequality to the function ¢ = D,v in 2 yields, noting

that (ey, —ﬂ%le) € Q; when € is small,

4(L+1)
[614

D,v(z,t) > AD,v(en, — €).

Therefore

D.v(z,t) > AD,v(en, —4(Lﬂ:‘ 1)6) = A(r, Vo((en, —4(Lﬁ:- l)f)
= A|Vu((en, —4(Lﬂ-: l)e)ICOS(T, Vo((en, —4(Lﬂ-: 1)€)>
> ABcos(t, Vu((en, —4(Lﬂ-: 1)6)).

To show that v((z,t) +v7) > (1 + 8)v(z,t) for v(z,t) < ¢, we need a technical

lemma.

Lemma 4.3 Let v be a solution of (1.5) satisfying Corollary 3.5 in Bs x (—5,5).

Then there exists Cy > 0 such that

vDiij_C2’ iajzla"',N’
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in By x (—2r,2r) if r < min(c, 1), ¢ being the Lipschitz constant of f in (4.1).

PROOF. Let f be the representation of I in (4.1). And let (z°,¢°) € B, x

(—2r,2r)N(v > 0) and let

h = z(I’V_f(F’tO)

= m(l)\’ - f(jo7t0) +f(FaO) - f(FaO) - f(OaO)
Then h < 2(1+c+cr) < (1+c¢)(1 +r). Let us consider the region

|(.’L’N - f(.fv to)) - (x(I)V - f(F1 to))l < 2(1%)27

Rh = I:’f - FI < m,
0 h
|t -t | < i(i+c)2"

It is straightforward to check that R} is contained in Bs x (—5,5). By the change

of the variables
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where g(T) = 1{f(z% + hzZ,t°) — £(z,1°)}. Let
on(z, 1) = %U(x" +ha, 0 +ht), (z,8) € Q.
Then vx(z,t) > 36 in Q. In fact, let (z,t) € Q and (y,s) € R, be such that
y = 1° + hz, s=t" + ht.

Then

yN—f(y)s) = yN—f(y’to)"'f(y’to)_f(z7s)

— 1
> ) - f(z9,1°) — Sh+ 1@ t°) — £(7,s)
1 1
> _h— =
> sh—2h
1
= Zh'

Thus v(y, s) > ;8h and consequently
1 .
vp(z,t) > Z'B in Q.

Since vy, is also a solution of a uniformly parabolic equation

~2
v = ;’; lvdiv(|Vv|p‘2Vv)+|Vv]p

2
=§ v|VoP~2{6y; + (p — 2) =

|V |2 I..’L‘,} + IVUIP
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Since v|Vu[P~2{6;; + (p — 2)1%:1’}1),4].}, |Vu|P € C*%(R) (see [23]),
| Dijon [|Le(m< C
for some constant C depending on 3, L. Hence

| Diju(z°,t°)| <

=Q

Since v(z°,t%) < Lh we have
lu(z°, t°) Dy;v(z°,t%)| < CL
for every (2°,t°) € B, x (=2r,2r) N(v > 0), which implies that
vDjjv > —CL = C;

in the sense of distributions in By x (—2r,27).

Lemma 4.4 Let v be a solution of (1.5) in By x (—4,4). Let k be a C' function
defined in B, such that k = 0 in By; |Vk| < 2¢,—2el < V2f < 2l (I : unit NxN
matriz), k > 0 and k = € if |z| = 2. Let § < 1 and y(z,t) = v(z,t) + 6[v(z,t) +
if:_l)(t + o) — k(z)]+ if |z] < 2,t € (—5(%26, —a). Then y is a subsolution of

(1.4) in By x (—g%ﬂe, —a)N(v <€) when € is small enough.

PROOF. Let g(s) = ds;. Then g(s) < s,g'(s) for s <€, g¢'(s) < <1 and

g"(s) > 0 in the sense of distributions. Set
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-2
Ly = Z—_iyApy +1VyP — v

We want to show that Ly > 0. Note that
pP g

2(L+1)

Yo, = (146, —d'fo

Y = (1 + g')vt +

Vy = (1+4¢)Vv-g'Vf,
IVy? = (1+¢)?Vo - 291+ ¢)Vu- VI + (¢")?|VSP,
Yz;z; = g”vliv-’tj - g”v:t.'fz:j +(1+ g,)vz.-zj + g”fz; ij - g"vzj Sz, — g,f:ia:,»

Ay = (1+g¢)Av—g'Af+¢"|V(f—v)|~
Hence

IVyl*PAy = {(1+¢)?IVv]*-2¢'(1+¢")Vv-Vf+(¢)|VFI’}
x{(1+¢)Av—g'Af +¢"(|V(v - f)I*}
= (1+¢)VofAv+g"(1 + ¢)’|Vu’|V(v = f)]?

+(1+g){~2¢'(1 + ¢')Vu- Vf +(¢')’|VfI}Av + ¢'G.
where G = 0(¢). And

y:l:.'y:cjyx.‘.‘l:j = {(1 + g’)v:c.' - g,fz’.}{(l + g,)v:l:j - glf.tj}
x{.q”(vz.-vij - vx.’ij - U:rjfz.' + fIifJ:j) +(1+ g,)va:iz,- - g’fz.-xj}

= {(1 + g’)2v$ivl—'j - g,(l + g’)(vxiftj + vafI.') + (g’)2f:ciij}
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x{g”(v::;v:j - 'U:c.'fzj - 'U::,-fzg + fxifz,-) + (1 + g')vz;zj + g’G}

v

(1+ gl)avz.’vzj Ur,z; + 9"(1+¢')*(B* — eM)

—g'(l + 9’)")1.':,-{(1 + .q,)(v:c.-fz,- + 'U:c,-fx.-) - glfxsfx,-} +4G

v

(1 + g')avlivzjv:t.‘zj - g,(]‘ + g’)inIJ‘ {(1 + gl)(v.’t.‘fzj + vl,‘ fI,‘)

+9'fe fz;} + 4G
if € is small enough , where M = M(N, L) is a finite constant. Therefore

Aoy = |VYP VY Ay + (p — 2)Yz Uz, Yziz; }

v

|Vy|p_4(1 + 9,)3{|VU|ZAU + (- 2)v1?iv1'jvzi1j}
—g'(1+ ¢)IVyPP{[2(1 + ¢')Vv - VS - |V ]| Av
+(p - 2)[(1 + g’)(vz.‘f:j + Uz; f-‘l:-') - g,fz.'fzj]vxivzjvrizj}

+4'G.
Now
IVyl = (1 + ¢)Vv - ¢'Vf| = (1+¢)|Vv| - ¢|Vf| = |Vv]| + ¢'(|Vv| = [V ).
Hence |Vy| > |Vv| if € is small enough and also we have

IVyl < 1+4)|V|+4 |V <(1+4)| V| + 24

< (1+4)|Vy| + 2e.
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Ly

Now if v —

Hence

Now
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Lemma 4.3 and g < dv*, we have

Jd+4G

-2
P (v +9) A + [VyP = (14 g)u

p— 2|Vyl" -

p—1|Vulr—4
o

2L+ 1)

’BP
" 2(L+1)

v

-2
olpma (LT 9)%08p = (14 g)u+ [VyP + *— gl

7 +4G.

f+ —-ﬂ—Q(L:l)(t + a) < ¢, we have g < g'e and

90y > g(1+ ,)3[||Vy| A +¢'G

> —Cig(1+ .<1')‘°’[|I yl =P+ ¢G
> ¢G.

|Vy[P—* )

Ly > Vo ;(1+4")° ( vA,,v —u) + |Vyf
+{I yl —4(1 +4) -1}1+g")v - —ﬁp—g' +4'G.
|Vu|p—4 2(L+1)
IVylP = |VylP~ 4| Vy|* = [VyP {1 + ¢)*|Vo|*} + ¢G

|VylP~{g'(1 + ¢")3|Vv|* + (1 + ¢')%|Vu|*} + ¢'G

|Vylr—*
|Volp—4

(14 ¢)3|VulP +¢'(1 + ¢)°|VyIP~4|Vu|* + ¢'G.
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Hence

Ly > {:Vy:}p"4( + ')3( vA,,v+|Vv|”—vt)

HITL P41+ 97 - 110 + )+ 91+ P ITP 9l
__Z

2L+ 1)

= {(Zhyta+ g = 1+ v+ g1+ 9 ITHP Tl

__PP

2(L+1)

gl + gIG

J+4G.

Now let us consider the following two cases:

(i) p > 4. Since ILg%Il >1,v >0,
Ly > ¢{(1+ )P - g+ G} 20
- 2(L+1) -

if € is small enough.

(ii) 2 < p < 4. Since

’ '
1< :gz: < (1+9)||'VV:||+295 and 0<4—-p<2,
we have
Vol = YT+ )Vl + 29
Hence

Vyl,,— / ' -
by > ((ZUya+ o = 1)+ gt 14 99Ul
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__r
2L +1)
(1 +¢")|Vv))?

9 +4G

> _ ' ' n3 p—4 4
> @ gvelraggr ~ BT 9)u+ g1+ ) IVyPT Vel
ﬂp ! IG

2@+ ? Y
_ 2{(1+4)|Vv|+ g'e} —2g'e )
= T1+9)|Vo|T2ge A+ g) Vo raget T9)¥

’ n3 p—4 4 _ ﬂp ’

+9'{(1 + ¢')°|Vy|P~*| Vv L+ D)’ + G}
> g{(L+¢)IVop ! I —c
= [(1+¢)|Vu|+2¢'¢)? 2(L+1)
> ¢{1+g)’ il P a0
= [(Q+g¢')L+2g'¢|> 2(L+1) =

_Br
2L+1)

Ly > 0 if € is small enough. Since in the set By x (—8—(%26, —o)N(v < €),v+

if € is small enough. Hence in the set where v + (t + a) — k is less than ¢,

m%(t + a) — k < ¢, and we obviously have the relation Ly > 0 is valid there.

Proposition 4.5 Let v and w be Lipschitz continuous solutions of

’l)t=p

> lvApv + |VulP in By x (—4,4).

with v satisfying Corollary 3.5 in By x (—4,4). Suppose that w > v,0 < é§ < 1 and
w > (14 6)v in By x (—5(%16, §(%le) N(v = €). Then if € is small enough,

C4(L+1) 4L+

w>(1+4d0v By x( 5 €, 7

e)(v < e).

PROOF. Lety = v+ 4d(v+ m%;(t + a) — k)4 with k£ as in Lemma 4.4 and
a€ (—4—%%116, g%}Qe) . Then since for t = -g%le,v(a:, t)+ 2—({:—1)(t+a) -k<0
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in By, by the assumption we have w > y on the parabolic boundary of the set

By x (-2l _a) (v < ¢),

8(L+1)
Joid

e,—a)[ (v <e).

w>y in Byx(—
Since k = 0 in B,
w(z,—a) > (1+68)v(z,—a) in Bi[)(v<e).

Since a € (—ﬂ%le, ﬂ%le) is arbitrary,

4(L+1) 4(L+1)
AP & Jig €

w>(14+6v in By x (-

)(v < e).

Proposition 4.6 Let v and w be as in Proposition 4.5 and v < € in By, X

(—=2r,2r) with0 <r < min{%, 3(%':—96} Then, for any vector j € RV,

w(z,t) > (1+0)v(z + (¢t + 2r)p(z)7,t) in B x (—2r1,27)

if ¢ is a smooth function such that suppg C By; ¢, |Vé|, |V20| < ud; ¢ > 0 with p

small enough.

PROOF. Let y(z,t) = (140)v(z+(t+2r)d(z)7, t). Then by Proposition 4.5, w > y
on the parabolic boundary of By, x (—2r,2r). (We recall that By, x (—2r,2r) C
B; x ((—ﬂ%le, 4—(%16) N(v < €)). We only need to prove that y is a subsolution

of (1.4) in By, x (—2r,2r) if pu is small enough. This proves our proposition. Let



ey = 7. Then

W =

Yzi =

IVy> =

y:r.-:cj -

|Vy[?PAy =
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(1 +8){ve + vep 6},

(1+0)(va, + vay (t + 2r)¢z,)

(1 +8){Vv + v, (t + 2r)V¢}

(1+8){Av+2(t+2r)Vu,, - Vo

+vzyay (E+ 27)2|VP|? + vy, (t + 2r) A}

(1 +8)2{|Vu[® + V2, (t + 2r)*|VP|* + 2(t + 2r)v,y Vv - VB}
(14 8){vziz; + Vaiay (E+ 27) @z + Vo (t + 27) sz

+va:tj (t + 2T)¢Ij + (t + 2r)2¢1‘i¢1’jv1N3N}

(1+ 8)3{ |Vl + 02, (t + 2r)%|V|> + 2(t + 2r)v,,, Vo - V)
x{Av + (t + 2r)[2Vvzy - Vo + vzyzy (t + 27)|VE|? + v, Ad]}
(1+6)%|Vv|*Av + 6G

+(1 4 6)3(t + 2r) {ve, Av[(t + 27)v2y | V@2 + 2V - V@] + (t + 27)

XUzyay | VI(|V0|2 + 02 (t + 2r)2| VS| + 2(t + 27)v,, Vv - V]}

where G = 0(p). And similarly

Yz, Yz;Yziz;

(1+ 5)3(11,‘ + Uz (t +27)dz;) - (vz; + vz (E+ 27)d5))
[Vzia; + (8 + 27 )V22py @z, + (8 + 27) sy, 02,

+(1+ 5)3{(t + 2T)2¢ze¢xjv:~z~ + (t+ 2T)U3N¢1’i1’j}
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- (1 + 6)3vzivzjvxg2j + JG
+(1+ 6)3vxszj (t+ 2T)[vz;vz~¢zj + Vg Ugy @z, + v2~¢z.¢x, ¢z.—a:,-]}
+(1 4+ 8)%(t + 2r) (vz, + vay (E+2r)ds,) + (vz; + Vo (t+ 27) )

X [’U:c.'zN ¢Ij + v.’L‘jIN ¢I.‘ + (t + 2r)¢:l:.'¢:tj vINJ:N]'
Now

|Vu| < |Vu| = L(t + 2r)ué + 6)[|Vv| — L(t + 2r)ud]

(14 9)[|Vv| — L(t + 2r)ud)

IA

|Vy|

IN

(14 8)|Vu|[1 + (¢t + 2r)pd).
if p is small enough. Hence by Lemma 4.3

yAy = |VylP " {y|Vyl’ Ay + y(p — 2)ys, Yz, Yauz, }

> |VylP4(1 + 6)*v{|Vv|*Av + (p — 2)(VZuVv)Vu} + 6G.

But, |Vy|P = |Vy|P~4|Vy|* = |Vy[P~4(1 + 6)*|Vv|* + 8G. Therefore

-2
Ly = Z_:_lyApy +[VylP — v
= Z—: 3(1 + 6) | Vy|P~4{|Vv|*Av + (p - 2)(V*vVv)Vu}

+ (140 VYl Vu|* — (1 + &)v + 6G

= Z—: 3(1 + 8)*|Vy P4 | Vo |*?|VuP~4{|Vu[*Av + (p — 2)(V*vVv) Vu}
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+ (1404 VylP4|Vo|*?|VulP — (1 4 8)v, + 6G
|Vy|
[Vl

+ 1+&){Q1+0) ==

]"“(p — 2vA,,v + |VulP — v,)

3|Vl
|V
- {(1+¢5)~°‘[:V :]”“‘+6(1+5) [(==
|Vy|
|Vl

(1+6)

=4 — 1}u, + 6G

|Vy|
|Vl

P48 + (14 6)[(1 + 6)* ==

=Pt — (14 6)}v + 6G

|Vyl

> 6(1+6)°[as Vol

==~ — 1]v, + 6G

Hence for p > 4,
Vyl

(5] I]”"“(1 +6)2>(1+6)*> 1.

For 2 < p < 4, since

27 Vyl e V| 1
A+ Ry 2 O+l 2 e
IVylp-a 1 L _2+(t+2r)pd —(t+2r)us
(1+6)2[|V |] 1z L+ (+2r)ud2 = 1+ (t+2r)udl+ (t+2r)ud = 9G.
Hence
Ly > §{(1+9) [:gy:]"“‘ﬂ +G}>0

if p is small enough.

Corollary 4.7 Let v and w be as in Proposition 4.6. Then the distance between
their free boundaries is at least %’oﬁ > 0 in B, x (—r,7) where 0 is such that ¢ > 0
in B, and Cy is a bound of [Vw|. Moreover, the distance between their level surface
s at least %’oq and 0 can be estimated from below by %rzud with p as in Proposition

4.6.
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PROOF. Suppose v(z,t) = A; then

w(z,t) > v(z+t+2r)¢(z)v,t) > v(z,t) + B(t + 2r)é(z)

> A+Br if t>-rz€B,

Suppose dist((z,t); (w = A)) < ﬂCL:; then w(z,t) < A+ Br6, which implies that

dist((v = \); (w =) > 272
Co
Since we can assume ¢ > %1'2“6 in B,, the second assertion follows.

Now we are ready to prove our main proposition.

Proposition 4.8 Let v be a solution of (1.5) satisfying Corollary 3.5 in Bs x
(—5,5). Then there exist J > 0,S > 0 depending on the constants in Corollary
3.5 and a monotone family of cones R(Vk, ©y) such that O, > (1 - S)Oi_; + S%n

and for any T € K (v, 6x), (z,t) € B x (=J*, JF),

D,v(z,t) > 0.

PROOF. Let w(z,t) = v((z,t)+77) with 7 € K (v, ©,),where K (v, 6) is the cone
defined in Proposition 4.1. Then v and w satisfy the hypothesis of Proposition 4.5
with

8 = Cyecos(r, Vv(7, —2r),
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with € and r as determined by Proposition 4.6 and Lemma 4.3. Therefore, by

Corollary 4.7 for any A > 0,

dist((v(x,t) + y7) = A); (v(x,t) = X)) > gre

in B, x (—,7). We know that 6 > 27248, where p is the constant in Proposition

4.6. Thus
dist((v(x,t) +77) = A); (v(x,t) = X)) > Crycos(r, Vv(7, —2r)),

where C depends only on 8, L and C;. So,

D.,-'U(ZI, t) — Jy% 'U((.'E, t) + 7;’) — 'U(.’L',t)

> fCcos(t, Vv(7, —2r))

in B, x (—r,7)N(v > 0). Let H = {(z,t)|{(z,t), Vu(7, —2r)) > 0}. Then H =
{(z,t)|((z,t), Vv(T, —2r)) = 0}. So dist(r, 3H) = cos(r, Vv(7, —2r)), and

D,v(z,t) > Cdist(r, 0H),

where C is a constant depends only on 3, L and C).

Let p(r) = C|r|cos(r, Vv(7, —2r)). If ¢ € B(r, p(7)), the ball with center 7 and
radius p(7), then Dyv(z,t) > 0 for any (z,t) € B, x (—r,7). In fact let C be such
that

cos(t, Vv(7, t)) > Ceos(r, Vv(7, —2r))
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in B, x (—r,r) (C = C/L). Then if ¢ € B(r,p(r)) then sin(r,q) < &2 <

Il =

Ccos(r, Vv(7, —2r)). Hence sin(r, q) < cos(r, Vv(x, t)). Hence
D,v(z,t) = |Vo|cos(q, Vv(x, t)) > |Vv|sin(r,q) > 0.
So let S¢ = Urek(v,00)B(T,p(7)); then
q € Sz = Dyv(z,t) >0 in B, x (-r,r).

Then by Lemma 16 of [5],Ss contains an intermediate cone K(v,0,). That is

there exist v, € RV*1,0, > 6, + S(Z — 6y) such that
K(v,0) C K(11,0,) C Sg.

where S depends only on C and ©, and we can choose it in such a way that it will
be the same as we obtain by replacing ©, by any © > 6 in the definition of Sg.
Let v,/5(z,t) = 2v(3rz, §rt) for (z,t) € Bs x (=5,5); Then v = vy satisfies

equation (1.4) and the conditions of Corollary 3.5 with the same constants 3, L

and C;. Also, for any 7 € K(vy,0),
D;ve(z,t) >0 in Bs x (-5,5).
So we can repeat the argument above and deduce that, in B, x (-r,7),

Dvz(z,t) 2 0
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forany q € R(ug, ©,) D K(Vl, ©,) with ©; > ©,+5(5—6,); That is D,;v(z,t) > 0
in Bizye x (—(3)?, (£)?) for any 7 € K(v,6).

Rescaling and repeating the argument above we end up with a monotone family
of cones K (vx,©y) such that ©r > ©;_; + S(§ — ©_1) and D,v(z,t) > 0 in
Bz % (—(§)*, (§)¥) for any 7 € K (ux, Ok).

Proof of Theorem 1.2. Let (2% ¢°) be the point as in Theorem 1.2. Then by

dilation we may assume (z°,t°) € 'NB; x (—1,1). Let
w(z,t) = vp(z® + 7,° + t).

Then w(0,0) = vx(z!,t') and w satisfies the conditions of Corollary 3.5 in Bs x
(=5, 5) and by Proposition 4.8, there exists a monotone family of cones K (v, ©;)
such that D;7 > 0 in By x (—J*, J*) if T € K(vx, ©) with 8 > ©¢_1 + S(3m —
©k-1)- J and S > 0 depend only on constants in Corollary 3.5.

Since O — im as k — 0o, the free boundary of w is differentiable at (0,0) i.e.,

I is differentiable at (z°,t°). In fact,

O > §7r+(1-3)e,,_1 > §7r+(1—S)(-'2€7r+(1—S)9k_1)
= §w+&2-—i)1r+(1—8)26k_22-~
> Sl +(1=8)+ -+ (1= )+ (1- 56
w1 -(1-9)F
= Es—l—(l—S) +(1—S)’°60
= S0-(1-9)"+1-9re

5~ (1= S)k(§ - ©o)
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Also,

Veg1 — U2 = 2= 2(kg1, ) = 2(1 — cosb)

IN

w25u%—eg2

IA

2(% —60)%(1 - S)*.
Let us write v(z°,t°) = lim;_,, vx. Then we have
(4.2) (2% t°) — | < CA¥ with 0< A< 1.

Assume now (z,t) € I' and suppose

r
5

r

k 0
, t=1 <
o l-21< G

),

|z — 2% < (

Then D,w(y,s) > 0if w > 0 for any 7 € K (v, ©;) and (v, s) close to (z,t). Thus

(Vo(y, s), ) < 37 — O. Since

Vu(y, s)

Wv(y, 9 - v(z,t) as (y,s)— (z,t),

we deduce that

(w(z, 1), ve) < %w _en<(1- S)"(%vr — 6).
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Consequently |v(z,t) — vk| < CAF with the same constants C and A as in (4.2).
Therefore

lv(z,t) — v(z!,t!)| < 2CA".

This implies that there exists K > 0 and 0 < a < 1 depending only on 3, L and
C; such that

lv(z,t) — v(z°,¢°)| < K(|z — 2'| + |t - ¢])°

for any (z°,t°) e 'NB; x (-1,1).
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