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ABSTRACT

THE MICHIGAN STATE UNIVERSITY
IRON-FREE DOUBLE FOCUSING BETA-RAY SPECTROMETER

by Libor Jiri Velinsky

A 30 centimeter radius iron-free T 42 beta-ray
spectrometer using the Moussa focusing coil configuration
and some features of the Vanderbilt University instrument,
was designed and constructed. The design, construction

and testing of the machine are discussed in detail. With

6 5

stable environment a %2:10° short range and a 25:10 long

range stability was achieved.

To test the performance of the instrument, the in-

137m

ternal conversion spectrum of Ba was examined with

0.047% resolution. The relative line intensities obtained
were: K: Lp: Lyps Lpgps My MII,III: MIV,V = (12.04):
(.140%.007):(.0207=.0046):(.01712.0041):(.02332,0030):
(.01452.0020):(.00472.0016). The K and L shell results
are in agreement with those of Geiger et al. The M shell
results are new.

210

The internal conversion spectrum of Bi was ob-

tained with 0.18% resolution. The relative line intensi-
ties are: LI: LII: LIII: MI: MII: MIII: NI: NII: NIII:

+ . b . b . st
.007):(.023%.003):(.00292.0022):(.0597%.0038):(.0069%.0011):

(.0012X.0005):(.0152.003). The intensity ratios in the L



Libor Jiri Velinsky

shell and the MI/MII ratio agree with theory for pure M-1
radiation. In both experiments the M shell line intensi-
ties fall considerably below Rose's calculated values.

The discrepancies are consistent and agree with measure-

ments of Backstrom et al., for Hglgg.
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INTRODUCTION

Nuclear physics owes its beginnings to Henri Becquerel1
and his discovery of the natural radioactivity of uranium
compounds. Subsequent interest in this phenomenon led Ruther-
ford and Soddy2 to suggest that radioactive disintegrations
result in changes of atomic species; Rutherford to identify
alpha particles as helium nuclei,3 and from the results of
his now famous scattering experiment to propose the nuclear
atom.4 Although stable isotopes were discovered by J. J.
Thomson in 1913,5 it was not until 1932 that the experiments

of Curie and Joliot6

neutron7 and thus the completion of the basic inventory of

led Chadwick to the discovery of the

the nucleus. Two years later, in 1934, experiments of Irene
Curie and Joliot8 dealing with the alpha particle bombard-
ment of light nuclei, established the existence of artific-
ially radiocactive isotopes. This period also witnessed the
proposal of the DeBroglie hypothesis§and the next step in
the development of the old quantum theory when Erwin
Schroedinger formulated the principles of wave mechanics.9

These are but few of the events in the history of
modern physics that were responsible for the birth of nu-
Clear spectroscopy.

Progress in this field was relatively slow until
the end of the second World War, when the availability and

use of nuclear reactors and high intensity accelerators made



possible the wholesale discovery of artificially radioactive
nuclides and their production in appreciable amounts. It
was also during this period that instrumentation became
sopﬁisticated enough to enable us to observe the products

of nuclear decay with relatively high precision. Since then,
a great deal of attention has been devoted to this area of
physics. At the present time the amount of information
presented to the inquirer every year is nearly astronomical
and the problem of rapid recovery of pertinent information
from published material is becoming more acute with every
passing year.

The purpose of nuclear spectroscopy is the collec-
tion, analysis and interpretation of data concerning the
positions of the various nuclear energy levels, their quan-
tum numbers and characteristics of decay, to yleld informa-
tion necessary for -testing the host of existing nuclear
models and theories describing the various aspects of the
decays. Only such experimental observation can form a sound
basis for justification of theoretical predictions, and
only these two, hand in hand, can bring us a closer under-
standing of some aspects of the nuclear problem.

For most radionuclides, nuclear spectroscopy involves
the study of the gamma radiations and the beta emissions
from the atom. The study of the beta radiations concerns
the identification of the number of beta-ray transitions
present, the measurement of their branching ratios and their

end-point energies, thereby ascextaining the nuclear energy



levels responsible for these transitions. The measurement
of the shapes of the beta-ray spectra provides information
about the spin and the parity of the levels involved in
the decay.

The primary concern of gamma ray spectroscopy is
the measurement of the energies and the intensities of the
various gamma ray transitions present in a given decay and,
by use of appropriate experimental techniques, the determi-
nation of the quantum numbers of the nuclear levels respon-
sible for the decay. Gamma ray spectra can be studied di-
rectly by means of scintillation and crystal spectrometers,
or indirectly by performing a magnetic momentum analysis
of external or internal conversion electrons.

The internal conversion electrons trace their ori-
gin to a nuclear process. A nucleus decaying from an ex-
cited state can emit a gamma ray whose energy corresponds
to the energy difference of the nuclear energy levels in-
volved in the transition. Alternately this energy can be
transferred directly to an orbital electron which is then
ejected with a kinetic energy corresponding to the energy
of the gamma ray less the binding energy of the electron
in its orbit. Internal conversion electrons emitted from
the various shells and subshells of the atom thus form mono-
energetic groups, the study of which can provide informa-
tion about the nature of the nuclear transition. For in-
stance, the internal conversion coefficients which are de-

fined as the ratio of the transition probability for internal



conversion to the probability of gamma ray emission are
found to be sensitive to the multipolarity of the compet-
ing gamma radiation.

In cases where the probability of internal conver-
sion 1s very small, external conversion can be employed
where the gamma radiations from the nuclide under study
are allowed to fall upon a converter foil and the result-
ing photoelectrons are analyzed. External conversion can
be used to determine the relative intensities of the vari-
ous gamma rays.

The internal conversion process, electron shakeoff,
and the class of decays called orbital capture, give rise
to another process which results in the ejection of mono-
energetic electron groups: The Auger effect. Following
an orbital capture or internal conversion, the atom is left
in an ionized state, or, as is often said, there is a pri-
mary vacancy in some particular electronic state. This
vacancy is filled by a reorganization of the electron popu-
lation of the atom either in a radiative manner by the emis-
sion of X-rays or optical quanta, or, in analogy to the
internal conversion process, the energy is transferred to
a more weakly bound electron which is then ejected from
thé atom with a well defined energy. The study of Auger
electrons is of interest, since at the present time the
amount of accurate theoretical prediction is still quite

10,11

limited. Some recent observations indicate that Auger

electron energies are subject to shifts depending on the



12 So far these

chemical composition of the source material.
shifts have not been investigated in a systematic manner.

Although the field of nuclear spectroscopy abounds
in a wealth of instruments and techniques, an excellent

review of which can be found in Siegbahn's book,13

the beta-
ray spectrometer remains one of the basic tools and one of
the most versatile; for a wide variety of problems can be
studied by the observation and the analysis of the energet-
iéE of electron spectra. To be useful, in the light of
present day requirements, the beta-ray spectrometer must
possess several essential characteristics:

First, there is a need for high resolution. Fre-
quently, many gamma ray transitions are found in the nuclide
under observation. The internal conversion process thus
yields many groups of monoenergetic electrons, correspond-
ing to the many shells and subshells of the atom where the
the conversion process can occur. Furthermore, radiation-
less transitions that may follow the conversion process
give rise to an even larger number of monoenergetic lines
of Auger electrons. Often, the great number of such lines
in the electron spectrum of a radionuclide causes the lines
to be very closely spaced and even to overlap. The inter-
pretation and meaningful, unambiguous analysis of such spec-
tra can only be made if the resolution of the spectrometer
is good enough to separate the various groups of electrons.

Second, much of the work done today is with isotopes

of low specific activity. High transmission is therefore



desirable to make weak lines observable and to enable the
experimenter to collect data with sufficiently good statis-
tics in a reasonable amount of time.

Third, high precision and reproducibility are needed,
as the determination of conversion and Auger coefficients
requires precise measurements of the intensities and the
intensity ratios of the various conversion and Auger spec-
tral lines.

Fourth, high absolute accuracy and the minimization
of systematic errors are needed if one is to be able to
make meaningful comparisons with the results of other workers
in the field and with different observational methods.

The decision to build a magnetic beta-ray spec-
trometer at Michigan State University was made in the light
of interest in the subject matter of electron spectroscopy
and of the general versatility of the instrument. The
reasons for the choice of the particular instrument that
was finally constructed need some amplification and will

be found in the succeeding chapters.

.
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CHAPTER 1
SURVEY OF BETA-RAY SPECTROMETERS

The various beta spectrometers now in existence

can be classified according to the mode of momentum selec-
tion into electrostatic and magnetic field deflection in-
struments. The electrostatic machines have, as a rule,
quite good transmission but poor resolution. Their energy
range is limited by the potential that can be applied to
the deflection elements without electrical breakdown. At-
tainment of very high precision is also difficult since
the deflecting electric field has to be kept always pre-
cisely normal to the trajectory of the electrons, or if
it is not precisely normal, then the amount of acceleration
applied to the electron beam has to be well known and under
control. Because of these limitations we shall not consider
this type of instrument further.

| The beta spectrometers utilizing a magnetic field
for momentum analysis can be divided into two main groups,
depending on the direction of the applied field relative
to the paths of the electrons. In the lens, or helical
type of beta spectrometer the net electron motion is paral-
iel to an axially symmetric magnetic field, whereas in the
flat, or transverse spectrometers the paths are mainly per-

pendicular to the applied field. A further distinction



is made among these into iron containing machines and the
iron-free machines.

Spectrometers utilizing iron or other ferromagnetic
material for shaping their magnetic field appear, at first,
to be quite attractive. They are economical in use, for
the desired magnetic field can be produced with far less
current than in the case of an iron-free spectrometer.
Further, the large inductance of the magnet coils is a de-
cided help in stabilizing the field. Fine corrections to
the shape of the field can be made relatively easily by
means of shims or grinding of the pole faces. Thus once
the relatively complex calculations for magnet gap shape
are accomplished the actual construction of an iron yoke
spectrometer might be expected to be simpler than the con-
struction of its iron-free counterpart. These instruments
have, however, some very serious drawbacks which effectively
eliminate them from consideration for low energy, high reso-
lution and high precision work:

First, it is difficult to obtain field of precisely
axial symmetry, having the proper shape over the entire
region of electron trajectories, due to the non-removable
inhomogeneities of the iron yoke. Such local variations
in the field intensity cause perturbations of the orbits
resulting in broadening of the image at the focus.

Second, hysteresis, the nonlinear relationship be-
tween the magnet current and the field intensity, requires

precise calibration of the magnet over the entire current



range. As the fields generally used for beta spectroscopy
are below 1000 gauss and in the case of double focusing
spectrometers are highly nonuniform, proton magnetic res-
onance cannot be used for such measurements and Hall effect
devices lack sensitivity at low fields. Rotating coil sys-
tems which are used with most of the high precision iron
spectrometers have a precision limit of about one part in
10%. This 1imit is imposed principally by the magnetic
properties of the iron yoke.

Third, the residual remanence of the iron prevents
these machines to be used at very low energies, unless a
very careful demagnetization procedure is used. Even so,
the precision obtainable in this region is rather low.

For these reasons, the iron containing spectrometers
will also be dismissed from further consideration. The
final choice is to be made therefore among the iron free
instruments.

The helical spectrometers fall basically into two
categories: The short lens, in which the magnetic field
is nonuniform and the source and detector are located out-
side the field, and the long lens, where the field is more
or less uniform and the source and detector are immersed in
the field. Both types of spectrometer were developed to a
high degree of sophistication after the second World War.
One of the most recent and also the best example of a long

14

lens spectrometer is described by Jungerman et al. He

reports 0.018% resolution at 0.04% transmission. 1In spite
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of these excellent figures it must be realized, however,
that although these machines can be designed to perform
close to their theoretical limit and have a very good fig-
ure of merit, they do possess several disadvantages for

high resolution work at very low energies. The particularly
objectionable features are:

First, all lens spectrometers are extremely sensi-
tive to deviations of the focusing field from cylindrical
symmetry. This means that the machining work and the coil
manufacture on one of these instruments must be of very
high order of precision, and hence expensive.

Second, for very high resolution these instruments
require a point source, whereas the transverse spectrometers
require a line source. Thus the lens spectrometers have
eliminated one dimension from the source and therefore the
usable intensity for high resolution work will be 1low.

Third, in these machines the line of maximum con-
vergence of the electron beam, the so-called "'ring focus,"
occurs some distance from the detector. Typically this
distance is one-quarter to one-half of the length of the
machine. This means that at the detector the beam is di-
vergent and if a maximum of the beam is to be collected
the detector must be of large dimensions. This immediately
Creates the problem of increased background counting rate.

Fourth, examination of the equations governing reso-

13

lution in lens spectrometers shows that the best resolu-

tion is obtained for large angles of divergence of the beam.
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This means that the detector is looking at particles that
are entering it at an included cone of 90° or more. Such
high angle of incidence raises serious problems of detec-
tion of low energy electrons. If, for example, a Geiger
counter is used for detection it will have to be a large
end-window affair with a very thin window. A typical win-
dow thickness to be expected in this work is a few micro-
grams per square centimeter. To contain the gas pressure
in the counter, the window must be supported by some means
such as a grid, which may cut down the transmission of the
window by some 30 to 50 percent even for normal incidence.
At large angles, the transmission may be only a few percent.
Due to these rather serious shortcomings, particu-
larly at the very low electron energies, the lens spec-
trometers were also eliminated from further consideration.
Another variety of beta spectrometer which does
not fall exactly into either of the two main classifications
is the "orange peel" spectrometer. Essentially it is a
three dimensional generalization of the wedge sector field
charged particle analyzer found commonly in accelerator
laboratories and used as steering.nagnets. A highly engin-
eered iron free representative of this class is the toroidal

Spectrometer of Freedman et al.ls

located at the Argonne
National Laboratory. This instrument is capable of very
high transmission and good resolution. Freedman reports

the following characteristics:
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Source Diameter Transmission(%) Resolution (%)
1/8" 19 0.93
1/8" 16 0.40
1/8" 2.8 0.21
1/4" 16 0.56
3/8" 18 0.88
1lmm 13 0.30
lmm 1.6 0.13

The instrument consists of two toroidal sections that can
be used either for beta-beta coincidence measurements, or
can be arranged in series to give an instrument with higher
resolution at a slight loss of transmission.

Aside from the very high cost of such an instrument,
due to the extreme precision needed in its manufacture it
is not particularly suited for low energy work. It suffers
from some of the same objections leveled against the sole-
noidal spectrometers, in particular, a high angle of inci-
dence of the electron beam at the detector.

None of the spectrometers discussed in this chapter
thus far seem to be particularly suitable as judged by the
criteria put forth in the Introduction. The remaining type,
the iron free transverse spectrometer, offers us the last
chance, so to speak, and it does turn out to be the best
one. Before we can specify the particular kind of trans-
verse spectrometer that offers the optimum compromise of
all the desirable characteristics for low energy work, we
must first describe the focusing action of the magnetic
field.



CHAPTER 2

ELECTRON OPTICAL PROPERTIES OF AXIALLY

SYMMETRIC MAGNETIC FIELDS

2.1 Basic Definitions and Relationships
The basic relations of most frequent use in beta

spectroscopy can be defined as follows: An electron moving
with a velocity v through a uniform magnetic field B oriented
perpendicular to its trajectory will describe a circular

path of radius of curvature r. Its equation of motion is

BCU _ mr'\r (1)

where m is the relativistic mass of the electron

Mo
2 L
()= V) Ve
The momentum of the electron is given by

m = (2)

(3)
p=mv = eBr
In these equations e represents the electronic charge.
In iron free spectrometers the value of B is a well
known linear function of the focusing coil current and there-
fore it is convenient to classify electrons according to

their momentum in terms of their Br value.

13
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The resolution R of an electron line is defined as

the relative width at half maximum of the line. In terms

of momentum

P = Br

R _4p ABr ()

For a magnetic spectrometer with fixed geometry R is a con-
stant.

The kinetic energy of the electrons whose momentum
is Br can be obtained by use of the relativistic expression

for energy:

2 2 2 4
ET = PQC +~ mgC (5)

’

where BT is the total energy of the electron.
Combining equations (5) and (3) we obtain

ET= [(mocz)z + e*c* (Br)z]'/z (6)

The kinetic energy of the electron is E = E, - moc2 or

EK=[ (moc2)2+ zzcz(Br)z]yz-W‘oCl (7)
- 2 ‘/

2 c 22 - _
B = mod | (i B +1) ] (8)

This expression is useful for obtaining the kinetic energy

of electrons of a given Br value. If the values of the
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constants are substituted into equation (8), using m, =
510.984 I 0.016 Kev the kinetic energy in kilo-electron

volts becomes

£, =(500-984% O-oté)U(SMQ.Qt 0:2)xl0” B -1 ] (9)

Note that equation (8) can be written in terms of

relativistic energy units as

| - ‘il_?,:P

E _ ( Pz_+l)'/2 _ : " ~'\|(10)
LA

Differentiating this expression gives us a simple equation

Al
yoteoed

for energy resolution
-V '
AE = (P=+1) T pap - o

dE _ p? JP (11)
E E(E+1) P

dE _ E+2 dP
E E+| P

A good rule of thumb for the resolution in semi-

Circular spectrometers is

R = W/D (12)

where w is the width of the source and D is the diameter

°f the spectrometer's mean electron orbit.

Transmission: Electrons ejected from a source are
eMitted in all directions. The defining slits and other
baffles in a beta spectrometer will allow only a certain
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fraction of them to éome through to the detector. The ac-
ceptance solid angle of the spectrometer is usually expressed
as a fraction of the total sphere and is called the geomet-
rical transmission, or the gathering power of the instrument.
When the spectrometer is set to observe a given
monoenergetic electron line it should be noted that all of
the electrons emitted into its acceptance angle may not
reach the detector, depending on the adjustment of the de-
tector slit. Transmission T is defined as the fraction
of all of the monoenergetic electrons leaving the source
that are actually counted by the detector. T is usually
expressed as percent of the total sphere.

Luminosity and the Figure of Merit: The luminosity
of a spectrometer is defined as

L =Ts (13)

where T is the transmission and s is the area of the source.
The ratio of luminosity to resolution is a measure of the
performance of the spectrometer and is called the figure

of merit. Clearly, this ratio should be as large as pos-
sible over the entire momentum range of the instrument.
Comparison of the various types of spectrometers showsl3'14’16
that the figure of merit can be much higher for transverse

spectrometers than for helical machines.

Dispersion: Dispersion is defined as the change
of the position of the image at the detector for a given

change in the Br value of the electron beam.
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(14)

_ _dx
D 4 (Br)

This quantity is intimately connected with resolution of
the spectrometer. The equation shows that an increase in
the dispersion while the dimensions of the spectrometer
are held fixed, allows us to use wider sources with the
resolution remaining constant.

It should be pointed out that the requirements of
high resolution and high transmission are really not mutu-
ally compatible, as all electron optical systems suffer
from aberrations. Therefore the design of a spectrometer
is essentially a search for the best compromise among the
desirable properties and the minimization of the optical
aberrations.

2.2 The Equations of Motion and the Series Representation
of the MagnetIc Fleld

The focusing properties of magnetic fields having
axial symmetry have been studied in detail by several authors.
Svartholm and Siegbahn developed the appropriate equations
for the design of a double focusing spectrometer in 1946.17
Later that year Svartholm published a paper concerning the
aberrations of such focusing fields.}® 1n 1947, Shull and

Dennison19

developed the same equations employing a some-
what different approach, and attempted to calculate condi-
tions favorable for higher than second order focusing.
Quite recently, Lee-Whiting and Taylor tackled the problem

in a very thorough manner, in preparation for the construction
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of the one meter radius beta spectrometer located in Chalk
River, Canada.?’

In the following review, an attempt has been made
to integrate the material presented in the quoted articles,
and show the development of the various equations of motion
from first principles. In the process, the quoted refer-
ences were used freely. The notation used is something
of a mixture, but is nearest the notation used by Lee-Whiting
and Taylor. Indeed, toward the end of this section the
Lee-Whiting and Taylor notation was deliberately chosen
t; enable the interested reader to peruse the original ma-
terial with a minimum of difficulty.

Consider a magnetic field, rotationally symmetric
about the z axis and having the x-y plane (at z = 0) as
the plane of symmetry. A circular orbit in the symmetry
plane and concentric with the z axis will be called a cen-
tral orbit or the optic circle. Consider a charged particle
in such a field. The most appropriate coordinates for this
problem are the cylindrical coordinates, r,cp, z. The mag-

netic field is a function of r and z, independent of 4):

B = _B’(r)z) (15)

the Lorentz force equation is

—

- R (16)
F =¢v x B

here e is the electronic charge, as before and Vv is the

Velocity:
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2 M o 2 .
= (vd) s vro+ 2® (17)

The magnetic field is definable in terms of a vector poten-
tial as

-t — —

B =VxA with the auxiliary condition V-A =0 (18)
Clearly, only the ¢ component of A will be nonzero.

This component will be denoted simply by A. Equation (18)

now assumes the explicit form

Br(ez)= - ;;.A? (19)
d(cA)
B,(nz) = " (20)

Combination of equations (16), (17), (19) and (20) gives

the time dependent equations of motion of the particle

d R L2 [ 3(rA) (21)
d T | 2A

d. 21y _ _ Y N d (rA)

*-dt(mr d) = —-erz =t er 5 (23)

Integral of equation (23) is a constant of motion, the com-
ponent of momentum corresponding to the coordinate 4> :

a4 2 4 - _ 4 (24)
ey (me*e +QrA) _o_dtu.

or



¢ = W _m reLYA (25)

The equations of motion can now be rewritten in the form:

o0 3 \ “w 2
m Slas U+ A (26)
mz = - > [——' (& - CA)Z] (26%)
PZ L2wm "
These equations are identical with Svartholm and Siegbahn

equations 6 and 7.17

In preparation to transformation of
the equations of motion into dimensionless form, let us
first change the independent variable from time to the angle
¢ y Since ultimately we are more interested in the path

of the electron as a function of the angle rather than time.

To condense the equations further, define

U=Unz) = fﬁ(%—'_eA)z (27)

treating u as a constant. Then
e/

n /I _ (28)
\"+—.V- = - 0
$ Mgt o
. L
|
2", & 5 o L U (28")
m ¢ 9Z

Differentiation with respect to ¢ 1is denoted by primes.
Transformation into dimensionless form is accomplished by

using the parameters

r - Yo _ £
S = = = ¢ (29)

A d

where r, is the radius of the mean orbit.
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We need an explicit expression for ¢ . Note that equations
F_ |

(25) and (27) give Ct) = mv »,Zm'll and that for an elec-

tron traveling on the mean orbit, r = r, and z = 0, we shall

have stationary motion if the relation

Po

is satisfied. (30)
c %

BZ‘ (ro )0) = =

For such an orbit we can write cpoa vo/ro and hence

§= zml = 4.G(5,5) (31)

where the new function G(J,f) is defined as

G(é&%) = m?'f\fo 2m U (32)

The relation (29), (30) and (31) combine to give the dimen-

sionless equations of motion

T 136 o' 126 ] '____{ 21 96, ]
CSJ'b_G—S_S-J*’GQgg_J (1+8) < 53 I+§ | 33
T 026 ¢!, 136 ¢! o (145 2& 1
§+_—G—3_5:5 +C, §§-§ ( & G of (33%)
These are identical with equations 16 of Svart:holm.]'8

As the focusing field enters these equations through
the function G and in particular, the product rA, the solu-
tion must be approached by expressing G explicitly in terms
of 5 ’ § y and B_. The order of the calculation is then
determined by the number of terms that are retained in the
expansion of G. Furthermore, since we are not interested
in trajectories coincident with the mean orbit, we must

allow the electron a variation in the initial momentum,
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position and angle subtended with the tangent to the mean
orbit. A set of such initial conditions imposed on the

electron at its starting position 4>= 0 can be written as

P = Fo("" E.) (34)
S0 = R ) §e=t (35)

_ (38 F_ (28 .
& = ('g;)o =H 5 $= (;4, )o" T (36)

Note that the velocity vector of a particle traveling paral-
lel to a tangent to the mean orbit is A
— *
N, =L n(d+)d] ¢
and the velocity vector for a particle which deviates from
the tangent by having radial and axial components of veloc-
ity nonzero is
—_— .gll\ ° IA X A
o= (Ged)r +(6ef)z+La(s+d]é

The angle between these vectors is given by
—

Ve o O
AR
or explicitly in terms of the initial values

_ u - (37)
cos'g\—{H- (‘+k)x}

Recalling the expressions for G, U and u:

G(8,8) = mms, Y2mU
W = g5 (B -eA)

o= mrzcib + ¢vA

cos p =
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note that for stationary motion on the mean orbit u has

the value

U = mou, +eqA, (38)
This expression is modified by introducing the initial con-

ditions so that

m U, — (1 + €) m,
© = (+h)w
Vo — , COS'X‘

The function u then has the form
U =(1+€)(I+h)cosy (mey) + e A, (39)

and the function G assumes the explicit form

G(5,§)=(‘—+—lg)-,_{(| +€)(1+h)cosy +m%°r° (Ao - rA)} (40)

In this equation rA can be expanded in the neighborhood

of the mean orbit. The resulting series is used in conjunc-
tion with the equations of motion (33) to obtain the desired
solutions of 5. and g as a function of ¢ . Lee-Whiting

and Taylorzo have performed such calculations and have car-
ried them numerically up to the sixth order. Since their
treatment is not only the most recent and thorough, but

also mathematically the most elegant, we shall sketch its

main features here: It is convenient to define another

function, F, and express it in terms of G:

F(§,5) = 0+8)* G(,5) (41)
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The equations of motion (33) are therefore also modified.

The new equations are

K
P

5+{F gg 3+ \-13?5—(:?:5)5}5 —--(H-é) —%— (|+S) (42)

v

n F 1
f*{-";_-%-g:cf'Jr—;_——g-f 0 }§=-(|+5) "SE (427)

The product rA is now expanded in the neighborhood of the

wn

mean orbit as
s mn n
rA=v;A.—'—“—%—EZ Cran$ 8 (43)
mn=o

In this expansion note that not all coefficients are per-
mitted to have nonzero values. The field that we assumed
at the beginning of this section has a plane of symmetry
at z = 0. Therefore also S = 0 there. This makes all
odd m coefficlents equal to zero. Furthermore on the mean
orbit rA = rvo. Thus COo = 0. Equation (30) requires
that Col = 1. Introduction of the particle's initial con-
ditions results in

rA = r, A, - BEE Z Crn { §78"-t"W YT

mmn=o
and the function F now assumes the form

F(8,§)=t+e)(1+h)cos g + ) cm{j"‘g"_ ™ k"} (45)

Mmn=o
The equations of motion are then solved using this equation.

Before further calculations can be done we must
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establish relationships among the C coefficients. To do

this we shall require that Maxwell's equations be satisfied.
Thus
o Br o B2

—— =
=

S¢ RYEY (45)

S(rA)
oF

and equation (43), we express (46) in terms of the expan-

{
Now using equations (19) B,.=—%%:— and (20) Bz’—‘“-‘-——

m N
sion and equate the coefficients of ¢ d . The result-

ing equations

m+2)(m+) {C(m‘z)(nu).* C(ml)n } =An+2) {(m 3) cm(n+3)+ " gn(ml)} (47)

ﬁoF n=0.

(m+2)(m+1) Cinyo = -2C,., +C.., (48)

are the Lee-Whiting and Taylor equations 12 and 13. The
coefficients Con are independent and if they are specified,
all others can be obtained from the above recurrence rela-
tions.

The focusing field B, in the plane of symmetry
(z = 0) and in the neighborhood of the mean orbit, can be

- expressed in terms of a Taylor series expansion

B(ro) = B(%,00) a,d" (49)

RO

Where the coefficient a, =1, and the a  are given by
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a = —.E’n__ (dnB)
" n! B \d r"/¢

(50)
The relationship between the a, and the Con is found from
equations (20) and (49) 00
1 AlrA n
B(ro)= — 28 - B(%,0)) a,§
or explicitly n=o
© n-i R
| 2 n 5 " (51)
B(r) Yo Z ?Con = B(Q)Z ang
f;(5+|) °
O,n=0 n=o
Again, equating coefficients of equal powers gives the re-
currence relationship
— (52)
R Cop = Gy * Ry
This expression is valid for " 2| | provided that we
define a_; = 0.

2.3 Focusing Properties of Axially Symmetric Magnetic Fields

Consider the first order solutions to a field hav-
ing the form

B(r,0) = B(%,0) { | + a0 } (53)
Substitution of the explicit form of the function F into

the equations of motion (42) gives, to first order

§" + 2C., d =€ (54)

fu + ZC20§ =0

(sal)
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The solutions of these equations are

§= JzHc—; sin2Cc ¢ + hocos2ce. ¢ +
+2%oz{ | = ¢cos ZC‘"‘(‘JPB =

f = lec; sin )/ZCzo $ + t cos /zczo 47 (sst)

The initial conditions (34), (35) and (36) are included in

the above equations.

These solutions are somewhat more general than the
results given by Svartholm and Siegbahn, who assumed that
the electron starts from a point on the mean orbit with
momentum Pye If we restrict ourselves to such initial con-
ditions, then h = t = 0 and ¢ = 0. Equations (55) reduce
to

S -

H .
m Stn (2 Cqa 4) (56)

T .
?-_- CX stzczo CP (561)

Clearly, at the source <b = 0 and the initial coordinates
of the electron are y = h = 0, § = t = 0; as we said be-
fore. The electron beam is focused at an angle when S

and § are again equal to zero. That is

V2Co ¢ = 2C,o & = kT (57)

We shall consider only the first focal point and let k = 1.

The radial and axial focusing angles are
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- 71N
WS = m (58)

Ve = X _ (ssl)

JZ Cao

The recurrence relation for the C coefficients, equation

(48) gives
Coz 1t C,oo = —'2:‘ since Coy = 1 (59)

Combining (58) and (59):

| | 2(C°"+ :7-") | (60)
+ p— — st—
'q);' ’\P;: ‘)tz *

which is the Svartholm and Siegbahn equation.
A special case of this is the uniform magnetic field

Spectrometer. There B(r,0) = B(ro,O), the radial focusing

angle is X , and

X \ =
ws = = = hence Coz=i and Czo" o

Therefore \PS is indeterminate and no axial focusing takes
Place.

To obtain the dispersion in this case, consider
the radial displacement of the image for an electron of
injitial momentum p = P,(1 + € ). This means that we use

Solution (55) with h = 0:

6:";—“ =H5(n4)+€(\—€.os4>) now set ¢=‘;(,
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The radial displacement is
-, = €N (61)

. Conditions for first order double focusing are found
by solving equations (57) and (58) explicitly. Then C02 =

Coo = 1/4, and the focusing angles are
wS ‘—'Wg = W{2 (62)

In analogy to (47) we have for this case
- = 4erx, (63)

For double focusing the dispersion is therefore doubled.

The value of the field coefficient a, is found from

1
the recurrence relation (52)

2C°2 = al + ao

as a, =1, a, = - 1/2. The field form for first order double

focusing is therefore
B(r,0) = B(r_,0) (1 - 1/2 s ). (64)

The solutions (56) written for the double focusing

Case
< o s
= HJ{Z $u1-q§? and § ='er: n o=

s = K

how that § and § have maximum values for q) E
These are approximately the maximum deviations of the par-
ticles from the mean orbit. We have a way, therefore, to

find the transmission by considering the projections of
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the particle momentum —p' on the z = 0 plane and the plane
defined by _;% and a line parallel to the z axis. Taking
the tangents of the angles that these projections subtend
with —5‘; we have

]
tan ’X'r=\:°_<£§— =4 (65)
tan ¥, = é’i =fl (65%)

and using the initial conditions,
: /
5 = H ) S = T
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