ABSTRACT

ON THE DIFFRACTION OF WAVES FROM A FINITE WEDGE

by Daniel Richard Killoran

The scattering of electromagnetic waves emitted by a line
source and impinging on a wedge is examined by means of a combi-
nation of the Wiener-Hopf technique and a modification of the Lebedev-
Kontorovitch integral transform., The wedge is considered infinite in
the axial direction but finite in the plane perpendicular to the axis.

An infinite system of equations involving values of the unknown
transform function and its derivative at special points is obtained,
but the system is not solved. For the special case of a strip with
the source at an infinite distance from the wedge, a simple assump-
tion leads to agreement in the first order with the results of Sommerfeld,
but produces disagreement in the second and subsequent orders,

For the symmetric finite wedge, the nature of the variation of
the cross-section arising from a change in the wedge angle is

determined qualitatively.
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I. Introduction

This thesis examines the problem of the scattering of electro-
magnetic waves emitted by a line source with the electric vector
parallel to the axis of the source and impinging on a perfectly con-
ducting strip or wedge of half width b. The wedge angle 28 and
the location of the source with respect to the wedge are arbitrary,
and the wedge is to be thought of as having infinite length in the
direction parallel to the axis of the source.

The problem is treated by a combination of the Wiener-Hopf
technique and a modification of the Lebedev integral transform [1].
An infinite system of equations involving the unknown transform
function and its derivative is obtained, but the system is not solved.
For the special case of a strip with the source at infinite distance
from the wedge a simple assumption leads to agreement in the first
order with results previously obtained [2], but produces disagree-

ment in the second and subsequent orders.
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II. Statement of the Problem

Consider a wedge of infinitesimal thickness and of infinite
extent along its axis (the z-direction). Let the length of one side of
the wedge be b and the interior angle be 2B. Place a line source
of waves (S) at the point (ry, ¢,) with its axis parallel to that of the
wedge,

Calling the z-component of the incident electric field Uj,

then

U, =im H},{k«/ rz+r§-2rrocos(¢-¢o)} (1)

where k is the wave number and H} is the Hankel function of the

first kind (see Figure 1). We will use the abbreviation

R = Nr°+ r§ - 2rry cos (¢ - ¢p) (2)
Then we have
U=Ug+im Hy { kRJ (3)

We seek a solution (U) of the 2 dimensional wave equation in

circular cylindrical coordinates

div grad U+Kk*U = 0 (4)
valid everywhere and satisfying the boundary conditions:
ikr
(2) U, U; and U,—> < as r—> o0 . (Sommerfeld radiation
r condition).

(b) U= 0, r<b, $ =X B. Wave function is zero on the wedge.
(c) éLI';s is continuous across ¢ =+ B for r>b.

(d) U, is continuous for all values of r.






III. The Integral Representation

The representation chosen is the modified Lebedev transform:

Fix} = J Giy} K, {x] ydy (5)

where Ky{x} is the MacDonald function, or Hankel function of imaginary

argument, defined by the relation
. -inm Y
im Hy{ix} = 2e 2 Ky{x} (6)
and the contour extends from a -i @ to a + i oo.

This modified transform is chosen in preference to the more usual

transform

Flxd = J_ Giyl Lix] y dy

in order to simplify the representation of the source function. Moreover,
if a residue series is extracted from this integral, each term will contain
a MacDonald function which, upon returning to real wave number, will
ensure that the solution satisfies boundary condition (a).

We must extablish the conditions under which equation (5) may be

inverted. One form of Lebedev transform theorem [1] states that:
Theorem I. If
Fix} = fL G{vy} Iy{xj y dy

then

i m Giy} = fo Ffx} Ky{x} %
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Provided that:

Giy3 -is analytic in a strip of finite width containing

the imaginary axis.
1

z

-decays at least as fast as |y| exp{ -1yl —T-ZT—}

as y—> s =i o where s lies in the strip.
F{xjy -goes to zero like some positive power of x as
x —> 0,

-is bounded by |x] ex as x —> oo.

L -is some contour from a - i o to a+ i oo lying

entirely within the strip.

It can be seen that G{y} is even. Then if we break the first
integral up into an integral along the top half of the imaginary axis plus
an integral along the bottom half, change y to minus y in the second
integral, and recombine, we get

100

Fd = ]Gy} (i -I0x}) y dy

Using the definition of the MacDonald function

_ ™ I_V[x} - IV{x}
KYix} Y “siny m (7)

and the fact that the resulting integrand is even, we can again extend

the integration over the original contour. Then
-1 .
F{xy = — [ Gy} Kyix] sinyr y dy

We may now redefine G{y} so that

G{y} becomes - Gy}

sin ymw

Using this new definition of G { y}, we have:
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Theorem II.

If Fix}= fL Gly} Ky{xg y dy (8)
'l'l’z @
then - Zi{n)%yﬂ = fo F{x} Ky{xg -d;’s (9)

Provided that:

Giyl -is analytic in a strip of finite width

containing the imaginary axis.
-grows no faster than |y| 2—exp{ lyl —2}
as y—> a +i oo where a lies in the strip.
Fix -goes to zero like some positive power of
g P p
x as x—> 0,
x
-is bounded by |x] e as x = oo.

L -is some contour from a -i o toa+1o00

within the strip.
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IV. The Representation of the Scattered Field

In order to use the Lebedev transform effectively, it is desir-
able to consider the wave number to be imaginary, a method due to

Oberhettinger [3]. Let

k= ig (10)

where g is to be real and positive, so that the functions U, U;, and
Us decay exponentially rather than algebraically at infinity.

It will be necessary to use different representations in the three
regions of the (r,$)-plane (see Figure 1) in order to ensure continuity.

Let

Ug = [ (F1fp} cospp + Fpf p} sinug) K, {gr] ndp (11)
in Region 1
Ug= [ My {plcospfm -¢] + Mgsinuln-¢3 )K,{gr} pdp (12)

in Rigion 11

c
)

e = [, My {ujcosp fm+ ¢F - M § p sinuf n+ ¢3)K {grf pdp (13)
in Region III

We note that we already have continuity for ¢ —=> = w,
Now we require continuity for ¢ —> =xp. The integrands of
the expressions on either side of the wedge must be identical, and the

resulting set of equations gives

M, cos p { n- B} F, cos pp (14)

M, sin p § n- B}

]

Fz sin |J.ﬁ (15)
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V. The Representation of the Source

According to equation (10) given by Oberhettinger [4]

2 io
f Kp{ gr} Kpfgrog cos p{n -|¢-¢ol} dp (16)

iw o

K,{gR}=

The integrand of the above is even in p, so the integration can
be extended over the entire imaginary axis.
1 oo

) Kpfgr} KM{grOZ> cos p.(_ﬂ‘— ¢ - ¢o!} dup (17)

-1 o

1
1w

KO{gRi =

Since the integrand is entire, we may deform this contour to
coincide with L, the contour used in the representation of Us' Then,

using equation (6), we have

2
im H:){igR)s = fL KH{gr} KH{gro} cos p.{ﬂ‘ -l¢ - ¢o|3 du (18)



E:




VI. The Second Boundary Condition and the First
Integral Equation

For the total wave functiong we now have
[ (F,cosu¢ + F,sin ¢+—-2—-K{_ r_{cos {v-lcb-q) l%)
(Ficosyo + Fasinue + 5-K, f grof cosy .

. Kp{gr} pdp (19)

We will assume for convenience that B> 1ol (see Figure 1).

Then, by the second boundary condition we require that U= 0 for ¢ = 3,
0= [ (Ficosup + F251np[3+ = Kpigr } cospfm-p+o S)Kp gr}pdp (20)
and also at ¢ = - 3.
. 2
0= IL (Flcospﬁ - Fsinpp E Kp.{groiCOSp{n—B-q)o.S)KP[gr} pdp  (21)

Adding the above equations, and reducing the sum of cosines,

we have
2

0= fL(FICOSPB + -1;-}: Kp{ grog cospdg cosH{v-B})szngp.dp (22)
r<b

Subtracting the equations,

. 2 . .

0= fL(Fzs1np[3 -m Kl_igro} sinp¢  sinp {_ﬂ-ﬁ} )KP{gr} pdp (23)

r<b

For brevity, the following abbreviations will be used

2
Jy = F, cospp +Tp. Kp{grog cospdg cosplm - B} (24)
2
J, = F, sinpp -— Kp{gr i sinp ¢osinu{ m- By (25)
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Then we have the first integral equations for F; and F,

respectively.
0=/[ niu} K {gr}pdp r<b (26)
0= | 5{W} K {gr} pdp  x<p (27)
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VII. The Third Boundary Condition and the Second
Integral Equation

Since the wedge does not extend beyond r = b, the ¢ -derivative
of the scattered wave must be continuous for ¢ =+ g, r>b. Differentiating

equations (11), (12), and (13) under the integral sign, and letting ¢ —=> = 8

I Us

36 kg f]_, (-Fisinpp + Fycos+up) Ky{ grdp’dp (28)
in Region 1

g—gs +5= IL(Mlsinp {m- ﬁj - Mjcosp{w- B} )Kp,i gr} Pzdl-L (29)
in Region II

5—25 l-ﬁ = fL('MISinH{“ - B} - MZCOS}L{ m™ - ‘3} ) Kpigl:} P-zdl" (30)

in Region III

Requiring continuity for ¢ = .

0= fL(—Fzsian + FycospB -M;sinp{w-p} + Mzcosp{m-B} )

° Kpigr} pzdp. (31)

Requiring continuity for ¢ = -fB.

0= fL(Flsinp.B + Fycospf + M;sinp{m-pJ+ Mycospfm- ﬁ})

* K, {gr} pldp (32)
Subtracting (31) from (32)
Sin T 2
0= F K {gr} d (33)
fL I{I-L} COS}J.{TT"ﬁ} l"'{g M M b

11
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Adding (31) and (32)

_ sinpw
- Z{H} sinp {m-B83 Hi gry w du +>b (34)

which will be referred to as the second integral equations for F; and

F, respectively.
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VII. The First Integral for F;{u} and
the Function C{ p}

We must now determine whether equation (26) can be closed on
either half-plane, and whether its integrand has any singularities,

Letting ¢ = B in equation (19)
. 2
Ui{pl= IL(FlcosPB + F231np,{3+—i;; Kp«[groj cosp §fm-B+é,3)-
K {er} pdp (35)
Letting ¢ =-p in equation (19)
. 2
U{ -B3= fL(FlcosMS-FzsmpB+ ;—I-l Kpigroi cosp Z T-B-do%) -

Kp,{gr} pdp (36)

Adding and subtracting, cf equation (24), (25)

UZB} +;]£ - B} = J‘LJl Z’P} K}“L {gr} p,dp,, (37)
UZﬁ} 2- U{"p} =ILJZZP‘3 Kp{gr} pdp (38)

Applying the inverse transform

L _ P uipi+ uil-p} dr
isinpTm Jl{}i}‘ fb 2 Kp,{gr} —; (39)
and
o2 ® ) i q
i sinpm T2l y= fb L] 2 i-p) K, {gr} _r£ (40)

13
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Since the integrals on the right converge absolutely, and uni-
formly in p on the entire finite p plane,' the right hand side of
equations (39) and (40) must be entire in p. Therefore, a fortiori,

Jy and J, must be entire functions of p. The validity of this proof
depends upon the applicability of the inverse transform. It can be
seen,- moreover, that the only condition of Theorem II not obviously
satisfied is the restriction on the growth of J§ p_}. It can be shown,

by a method presently to be exhibited, that the integrals on the right
hand side of (39) and (40) have the asymptotic form (const.)* KP{gb} /1

as | p |- oo. It then becomes apparent that

iy
WMed} = 03 = el 7T exp{In] (41)

as |Ipp| = o©

Examination of equations (24) and (25) then shows that

Fof{u} sinup is entire

and

(42)
Fy, {u} cosup has but one singularity; at zero,
possessing residue
Fl[p.}—'> - Koigro} as p—> 0 . (43)

iTrp.

However, since J;, and J, do not decay at infinity on either side,
the integrals (26) and (27) cannot be closed. We must modify the
function in the integrand somehow to provide suitable decay. We will
try to split the MacDonald function.

Using the definition of the MacDonald function (7), equation (26)

becomes

0=1J Jl{l-"}_ Louler) pdp - [ fo.u}'— Luferd pdp  (44)

sinum sinum
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In the first integral we change the variable to -p

and reverse the direction of integration.

m Lifer m Lderd

= % -y = ..LLLE_} - —_—

0 J‘L utd HS 2 sinum map "..I.f]’l{Hj 2  sinpmw pdp (45)
Now J, has no singularities; the pole at zero caused by the sine

in the denominator is removed by the p in the numerator, and all

the other poles caused by the sine are removed by the zeroes of J;,

so we may deform the contour to coincide with the original contour L

and combine the integrals.

If-ul- 3,4
I lgsiﬁin — 7 Tuferdwan (46l

Now define

ciwiz = J‘{;i“jp; 7 L (47)
So we have

0= fL C{p} I, {er3 pdp r<b (48)
Similarly

0=[, D{u3l fgr} pdu r<b (49)
T piey sl kb =0

In order to determine whether we may close integrals (48) and
(49) we must examine the asymptotic behaviour of the functions C{}
and D {u] for large values of p. Since the treatment is substantially
the same for both functions, it will be done for C{ p} only. It follows

from equation (40) that
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dr
r

oo
Clwi=—r J, (U{-83+ ULRI) K,fer (51)

Since both U and KHZgr} decay exponentially as r = o0 , the
integral converges at the upper limit. At the lower limit the U's may
possess singularities, but by Meixner's [5] edge condition, the singu-

larity can be no worse than

Ufzp}—> (r-b)" T (52)

which is integrable. Moreover, Kp{gr} is an entire function of .,

therefore the integral is an entire function of u . Then C{ 3} is entire,

A, Treatment of the local field

For future reference, and in particular to show that U{ B} can
be expanded as a power series in r , we must examine the expected
behaviour of the solution at metallic boundaries for very small distances
from the surface. In particular, we are interested in the solution near
a corner,

For the case we are considering (U = 0 on the boundary)
U corresponds to the axial (z) component of the electricfield vector.

Then let us assume that
6

where p is the distance from the edge or corner. Then the requirement
that the volume integral of the energy density be finite over any volume,
however small, and that it must approach zero as the volume goes to

zero even at an edge gives us the conditions.

U 2 . - - (54)
[Hipdp = [5) pdp = [p*(070 * apz (o) 2

1 U2 26 -2+2
H? d ~ - 2= dp ~
fpp | S 3e) P =

all of which must go to zero with p. Therefore 6>0.
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In other words, for this (Transverse Electric) case, the field U

may not possess singularities at a corner, even if it is an edge.

B. Asymptotic behaviour of C§ u}

Since U is non-singular at r = b, it may be expanded in a series
of ascending powers of (r-b). Expanding each power binomially, and
collecting like powers of r, we obtain a series expansion of U #f in-
powers or r, This series will have an infinite radius of convergence,

except for the special case ¢, = + 3, which we ignore. Then we can

write
® n+t+a
UL-B3+U L+p) = = ap (gr) (55)
n=0
where a is some positive real number.
Then
® © nta -1
Cip=5— = a, [ (gr) K {gr} dlgr)  (56)
Ti M
n=0 gb

Since Kp. decays exponentially at infinity, the integrals all con-
verge absolutely and the inversion of the order of integration and

summation is justified.

Moreover
- 1

fx p {x3 dx = (n+ p-1)x Hp.{x} Sn-l,p-I{X}

(57)
- X H'l_j_ ‘{x} Sn,p,{x}
where Sn,p{’d is Lommel's function [6]. Let iz = x. Then
. 2
HL{IZ} = T exp{1 —"p.} K {z} (58)

fexpii%n} 20 Ku{z} dz = (ntp-1) z Kp[z] Sha, H_I{izs

-z expii %—} K, -,{2} Sy, p{iz}

(59)
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Using the relations between K fz}and K;,_,{z}and 9 K/3 z and the

similar relation between S and its derivative, we have

. .
f2" K {2} dzs e"T“(iE)gxpzz}ﬁ;M -5, isL23 | 60)

But, according to Erdelyi, et al. [6]
Sn, p.{_iz} = s, “{iz} + Afn,u3 Jp{iz} + Bfn,p} J_M{iz} (61)

But when this expression is substituted into equation (59), the terms
involving the Bessel functions become Wronskians, which are pro-
portional to 1/z. Then the factor z makes these terms constants, and

they will cancel out when we evaluate the integral at the limits.

Therefore
oo
°° m 2 2 sn K
n = o} — 2 e =il <
'rgb z Kp{z}dz exp{ i n}(i) K}L 3 2 Sn,p Zx o (62)
But at the upper limit, Kpﬂzﬁ decays exponentially, while
n-1 1
~ 1 -
sn,,i2l 2 +0f=3) (63)
which is merely algebraic, so the expression in the brackets goes
to zero at the upper limit. At the lower limit
oo os._ {igb}
n = -in =3 -
fgbz Kp{z_} dz exp{ in3 }(1gb)ZKP£gb} 5 gb
(64)

oK fes]
- i ——P
5h, p&gb} T

o, [23 % U (0l d) s k1> w (65)
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This asymptotic series may be differentiated, so

2" Kp{z} dz = const. Eﬁé-gﬁ + const. QEL{EP} (66)

b 2 8b

0 0]

I

QK“igbZ
5 e

But X p Kp{gb} as | pl = o (67)

oo

Therefore ‘rgb z" Kufzl dz 22 s p.z bJ as |pl —=> o (68)

From which it can be seen that

c[pzz—Kﬁp—z&b} as | pl = oo (69)

C. Closing the contour for the first integral equations

We have already shown that

0= [ Clu] 1, le) v r<b (48)
and that
czpjz—&f&ﬁ- as lul = o (69)

It can also be shown that

i
I*‘L {gr}M :‘::—lz— (-l-)) as lpl > (70)
K booA T Re p>0

But for r<b this expression decays exponentially, and therefore the
contour can be closed by an infinite semicircle enclosing the right
half-plane. Therefore the function C Ep] is a suitable function for the
application of the Wiener-Hopf technique.

Similar considerations apply to D/ p.} [see equation (49)].
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IX. The Second Equation and the Function A Ep.j

If, in equation (22), we change p to -p and change the direction

of integration, we get

= Sln s 2
0 .rL>'< 1{ H}COSP.{TT B} Kp'{gr} P- dP- r>b (71)

But the only singularity present between 1/2 and -1/2 in the integrand
is the simple pole of F| at zero, which is canceled by the p.z in the
numerator. So if the original contour lies between these limits, the
contour I..,:< may be deformed so as to coincide with the original contour
L. Then we may subtract equation (33) from the resulting equation,

a course suggested by the fact that the even part of F; obviously
contributes nothing to the integral. We conclude that

T N TR D

r>b

Unfortunately, the integrand of this equation exhibits an infinite
number of singularities on both half-planes. We must, therefore, so

modify the function that these disappear on at least one side. Let

Fi{-p}-F §p) _ Afp}- Af-p}

cos p (m-B) psinpmw (73)

where we would like A § p }to be free of poles on the left half-plane.

Let A{ﬁ} be the discontinuity of across PB. Then from the

2U
o ¢
manner in which equation (33) was obtained, it can be seen that

afpl - af-gj= -ZfLFx{u}%?;—ﬂ(—;—m K, fer} pfdp  (74)

21
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Splitting the szgr} in the usual manner,

afpl- af-pi= -2 fL(Fli-u’s-inp})—};%s%‘%}muz dp (75)

or, interms of A {3

Afpt-af-p} :
A - At- = - I d !
{p} {-p} mf P w{ertpdu (76)
It follows from our treatment of the behaviour of the solution near a
corner that A—> 0 as r—> 0, We may apply the inversion formula
(Theorem I)

b
e Al Al Ly Tafp Ag-p YK far) & (77)

sinum

Now if we identify
-1 b dr
Afuy= 50— [ (a{p] - al-pl)i et} — (78)

ml

then A { uf has no singularities on the entire left half-plane.
Moreover, by a treatment similar to that accorded the function C{ p},’

it can be shown that
I_, {gb}
A{p}z——u——g—}L as Jpl > o (79)

But

K ryI_ b} 1 T - el
B~ n (b as Rep—=> - o (80)

so if we split the integral (72) after substituting relation (73) we

get
0= [ Afp} K {erfpdp-[ Al-plK, {grip dp (81)

Changing p to -p in the second integral and changing the direction

of integration, we get



-
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0=/ AfpIK fgr} pdp + [1« AlpTK {gr} pdp (82)

But A {plis analytic in some finite strip containing the imaginary

. * .
axis and L, so we may deform L  into L.

0=/[ Af{u} K fgr} udu
L " r>b (83)

But in view of relation (80), this integrand decays exponentially
on the left half-plane (because r>b), so we may close the contour by the
addition of an infinite semicircle enclosing the left half-plane.

Therefore the function A { u3is suitable for the application of the

Wiener-Hopf technique.

Similar considerations apply to the function defined by the

equations

Bf-p} - Blpl _ F, lpl + Fp {-u} (84)

psinp w sinp ( m-B)
and
-1 b dr

Biul= 5— [ (alpt+ a{-pPI_Ler} —~ (85)
Therefore

0= [, Bip} K Egrip du r>b (86)

in which B{p} is analytic on the left half plane and possesses such
decay as to make it possible to close the contour on the left. B{@ is

a suitable function for the application of the Wiener-Hopf technique.

The proof of these assertions follows exactly the same lines as that

for A{ p}.
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X. The Wiener-Hopf Technique Applied to F, {1 }.13

Corresponding to F; we have the equations

[LATR} K fer}p ap r>b (83)

and
ch ip.}lp {er} p dp r<b (48)

of which the former may be closed on the left, the latter on the right.

Then equations (47) and (24) combine to give

Cin}= Zsmp,, {(Flﬁ-u}-Fxﬂuﬁ)cosuﬂ
K {gro} cosudg cosp { n-ﬁ}} (87)

i1'r poM
Substituting (73) into the above

Caul = g ALt - A (o) sl com (nop)

psinpw

2 sin pm

4 K, {gro} cosp ¢ cosp (- p)} (88)

imp

We must now separate this equation into functions which are
analytic and possess at least algebraic decay on the right half-plane
[Plus-functions] and functions which are analytic and possess at least
algebraic decay on the left half-plane [minus-functions]. It can be seen
at once by equation (69) that the function C { p.} does not approach zero at
infinity on either half-plane. We must therefore divide the equation (88)

by
Eb_)-PI'fu}

in order to make the quotient decay at least algebraically at infinity on

the right half-plane.
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For convenience in the subsequent work we define:

¢ = %b (89)
_ € cosuB cosp ( m-B)

P_ = Res (P[p])= -2—;- (-€) " cos nf cos n(n-ﬁ)f{n}. (91)

n

p,——) -n
_ 2 et cos pu ¢g cosp (7-p)
Riuwd = o IS K. lero} sinpm (2}
2(-e)"
R, = :{f: nR{p} = T Kn{grol cosn ¢  cos n(n‘-ﬁ) (93)
= Lim  (p - n)’P {u} _ € cosnP cosn (m-p)
Qn p—>n e - 2 Ttn! (94)
=2 € cos u & _ cos u(w-B)
Sl = §F Frg Meleol ~Gamene 92)
. 2¢en 6
S, = <7, cosn ¢, cosnf In{groz (96)

_ 0 m e -n
M, {p.}— oy i _E' {p-} cos p Bcos p,(n'-ﬁ) A{-p} :;i—nzl_; (97)

2p
M_ = Res M {p}

= cos p docos p(m-g)
NS Trw Wl Treimeny o8)

where n is a positive integer..
Rearranging equation (88) and using the above definitions we have

Piulaluls S Ciud+ Plujal-w}+ RIu]  (99)

w3
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in which we have put the prospective "minus-functions' on the left
hand side and prospective '"plus-functions' on the right hand side,

Due to the singularities of P { p}, the function on the left is not
yet a minus-function. It can easily be shown that the function P§u} Al u{

has the proper decay on the left half-plane, and also in the strip

0<Rep.<1

All the functions in equations (88) and (99) are analytic in this
strip, so if we can make them all plus- or minus-functions simultaneously,
we may set each side of the equation equal to zero.

In the case of the function P { u 1 A { ujthis may be done by sub-
tracting a Mittag-Leffler series including all of the singularities of

P{pl} A {nlon the left half-plane. We subtract

(0 0]
- Pn‘:_i;n} . QQHA{O}Jr MtO} (100)
n=1

from both sides of the equation, The two terms on the right ave:con-
tributed by the double pole of P{ p} at the origin, and
Q, = (101)

1
o 2w '’

M(0) = E;—{% o *+ loge € Af{o} -y{l}A{_O}} (102)

The Mittag-Leffler series in (100) contains the unknowns A{-n},
so its convergence can not be definitely established without completely
solving the problem. We know that A -n} decays like a gamma-
function for values of the argument approaching minus infinity, but P
approaches infinity factorially at the same time, so the convergence

is not so simple to establish., We shall assume convergence.
-
€

LEvd

in the strip and on the right half plane. It is, therefore, a plus-function

The function C { plis entire, and decays algebraically

already.
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The function P { u} A { -pldecays algebraically in the strip
and like the inverse square of a gamma function on the right half-
plane. However, it has double poles at the positive integers, which

must be removed by subtracting

00 oo
> 9.1_1‘_‘\‘2;’;_ + s My (103)
n=1 (b - n) n=1 "7 0

from both sides of the equation.

We must now calculate M explicitly.

) M
£y (;1) COSPBCOSH("'ﬁ)A{'H}} =

- I 9 Al-
_['fpi 3 cosp B cosp (ﬂ-ﬁ)%ﬂ}'

et loge€

+ T int 13 cosp B cospC m-8) A{ -]

el

E?i“:l.l}} cospp cosu ( w-B) AL -u§

-6 ep.

f £H+ 13 siny B cosg(n-ﬁ) Ai'#3

-('n'-(3)€l‘L . A

Tfnti} cos pf sin p(w-plAY-u} (104)

Therefore

n ' -

+ (2p-7) tan nﬁ} (105)

The function R§ p.j must be treated differently depending on
whether b>r  or b<r,. Inthe former case it will be found necessary to

modify the equation (99).
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The caser_>b

The function R { p.} behaves properly in the strip, but at infinity

on the right half plane, it approaches

~ 1 b
Rip} ~ T(?)lpl as Rep — o (106)

from which it can be seen that R{ p} decays only if ry > b. Subject to
this condition, however, we can treat it as we have the previous func-
tions. R { u} has simple poles at the positive integers, which we

remove by subtracting

(107)

from both sides of the equation.

The case b > r,

Since the difficulty arises from the undesirable behavior of the

MacDonald function, we split it using equations (7), (95) and (98)

R{pf= N{p} - sfj (108)

where N £ pf will become a plus-function and S { p }will become a
minus function. In the strip, S{ u} decays exponentially because we
have assumed ¢, < . On the left half plane, SJ p} exhibits the

behaviour

1 b .- |pl
Sty — () (109)

Re p <0
from which it can be seen that Si |..|.} decays exponentially when
Re p = - 0. S ip.} has simple poles at the negative integers

and a double pole at zero. We subtract
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(o o]

t
b2 San_ + IlIzQ + No (110)
n=1 BT R M M

from each side of the equation. In the above

-2

Ng = == I, { gry } (111)

and
2 oro 1| Loderd
| I - €
Ny, = —= I,{ero }[Io Erol log €+ "}‘Zl}] (112)
In the strip, N { uj behaves the same as S{ p}, while on the
right half-plane it decays like the inverse square of a gamma-function,
However, N{ p,J has double poles at all the positive integers. They

are removed by subtracting

(00)
Nn Nh
n=1{ ®-a22 ' W-n (113)

from both sides of the equation. In the above

Ih{er ]
- =2 (-e)” ni®o
N;’l = i‘sz nt cos n ¢O cos n B In{gro} T{g?;-}

(114)
+ logg € -’V(n+1} - ¢,tann ¢, + (w-B) tan nﬁ‘}

and n
-2(-€)

Ny= To7ar Infero} cos n ¢ cos np (113)

Then for the case b > ry we have the modified equation

Pluialuls siu) - gfs clulr PL}AL
(116)
+ Nlp}
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We now have two equations; (99) for the case of b < ros (116) for
the case of b > r,. After subtracting the appropriate Mittag-Leffler
series from both sides in each of these equations, we find that in each
case we have a minus-function on the left, a plus-function on the right.
Since these functions are analytic in the same strip 0 < Re p < 1,4 they

both define the function zero. Hence

Pla}afu}s = Fablond, Qaplo] M)

n=1 o
oo 1 oo oo (117)
+ = Qﬁi}’_‘_ + = Mn_ + .R_n
n=1 (b - n) n=1 *#° 7 n=1 F° 1
for b<rQ
and
X p_A{-n} . QuAf0y  Mlo0J
P{plAal{p}l+ Sfpi= =z -2 + =+
ptn B B
n=1
oo fo'e) oo
- 1
+ > TQ_I&)_ZQ.;. s Mn | > S: + _Ii?_+ No
n=1 p-n n=1 pon n=1p'n M B
o} fo'e) N (118)
+ = —-—n—z + = —-
n=1 (b - n) n=1 H° 7
for b >r






XI. The Infinite System of Equations for Al -m}

If, in equation (117) we let p. = -m, where m may be any positive

integer, we obtain the infinite system of equations

00}

oo fo's} ©
P,A{ -n} QnAf-n} Rp
z n-m tz (n+m)z -z n+m z n+m
n=1 n=1 n=1 n*xl
n*n (119)
m+1l
+QOA{0} ML0} _ (-1) o
> - =
. m m 2w o I

-m

{ e L'¢-1uicos pBeos u( E-Q)Afj}}/

for b < To

in which it must be remembered that M, contains a linear combination
of A{ -n}and A'{ -n}.

Similarly,
oo oo o) oo
s Ppal-n} o QpAl-n} | s Mn_ , 5 Sp
m=n (m + n) m+n m-n
n=1 n=1 n=1 n=1
n¥m nfm
oo oo .
_p N5 N ) QnA{z_O}+ Mio}
n_l(mi-n) n=1 M+n m m
" - (120)
m
Ny, Ny (D) o
m* m 2w =M

[G pf{-p}cos wBcos p(m-p) AL L3 ’ _

m
+ ZT(;T-—I) 5%[6 PPC-1} cos u ¢, cos p(m-p) I_p{groj/ m

for b >r

31



THES!




XII. The Infinite System of Equations for Bi -mz

Following an analysis similar to that used for A{ p}, we have

Df{ul-= 5 si; — { -F, {-p] sinpp - Fp§ p3 sinpp
i“t Kp{gro} sinp ¢, sinp Cﬂ—ﬁ)} (121)

or, substituting from equation (84)

- - i inuC m-8"
DZ P’} = 2 Si:.p.ﬂ {(prj B£ p.})SInp.p SInp' s B)

sinp T

+ r— Kp{gro} siny ¢, sinp (w-p )} (122)
The application of the Wiener-Hopf technique follows exactly

the same lines as that for A{ i}, except that there are no poles at

zero. In fact, it can easily be seen that B -m Jobeys equations (117),

(118), (119), and (120) with the provision that, in each case, the

cosines are replaced with sines and the following changes are

introduced:

Q,—> 0 M{0} —» o N, = 0 Ny, — 0 (123)

32



THES!




XIII., The Series Expansion of the Solution

According to our original representation

Ug = IL (Fi{ pJcospp + Fzzpj sinp¢) KPZgr} pdp (11)

in Region I
Changing p to -p, and changing the direction of integration,

we get

Ug= - [ «(Fil-p}cospe - Fil-p}sinue) K Lerfudp (124)

But relation (42) shows that the integrand of equation (124) is
analytic in the strip -1 < Re p <1 at least. Then if the original contour
lies within that strip, we may now deform L* into L, and add equations

(11) and (124).
2U_ = IL{(Fx{p] - Fif-p}) cospe + (F{p} + F, L-p.bsinp.q)}

‘K, {gr} pdp (125)

Using equations (73) and (84),

2V = ILﬁAf'“}' ALu}) cospdcosp(m - p)

P sinp

u sinpm

In the following, it will be assumed that L lies in the strip
-1 <Re p < 1. Let us split the integral and consider, for the moment,

only the terms involving A{-p,}and B{-p} .

33



THES!




34

Changing the variable to -p in these expressions, and changing

the direction of integration, we have

f A{-p¥ cospdcosplm - g) Kp{gr}p. dp

p sinpmw
N TE
and
[, Bllameninn o,
— B{plsinudsinuCr -pd K, Cgr) p dy (128)

P sinpm

We will close these integrals on the left, so we must deform the
*
path of integration of the other two to conform with L., . However, the
integrand of the first has a simple pole at zero, so we must include the

appropriate residue.

B{p} sinpdsinplm - Q)
[y etnu K.{gr}pdp

x« Bfp} sinppsinulm - g)

fL -
p sinpmw

Kp{gr}p dp (129)

but
Af pycosudcosulm - B)
fL p sinpm K!*i gr} b dp
(130)
=/, A—-{L}::f:::““(" -8 g A er} pdp +2iaL0} K {gr)
Therefore
)
Us = - iAf0}Kofgr} - [ At} SoRdeomll By tory
sinpsinu(m - p)
- Blul St K {gr} du (131)
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It can be seen that these integrals converge for || < 8, which
is exactly the range of validity of the representation (11)., It can
also be seen, from equations (79) and (80), that these integrals can

be closed on the left if r > b. In that case

oo
Ug = -iA{0}K {gr} - 2i = (-1)"Al-n} cos n( -B)cos n ¢K_ {gr}
n=1
oo
-2i = (-7 B{-n} sin n (r-B) sinnp K § gr}
n=1
for r>b and lol < B (132)

Expanding cosn(m - B) and sinn (7 - B)

1'o)
U, = -iAf o0} K,{gr}y -2i © A{-n}cosn [3cosn¢Kn{gr}
n=1
oo
+ 2i = Bf{-n} sinnP sinn¢ Kn{gr} (133)
n=1

for r >b

It can be easily shown that equation (133) is valid for all values

of ¢.
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XIV. The Scattering Cross-Section for the Symmetric Case

In expression (133), let ¢, = 0. Then B{p} = 0. Returning

to real wave numbers

oo
Ug = —;—A(O}Ht){kr}«k Tz (i)nA{-n}cos nf cosn¢ H:l{kr}
n=1

(134)

But, for large r,

H! { kr}—> N ﬂzkr exp{i(kr- {2n+13’—2—)} (135)

So, as r—>

: m oo
u, —> 'Jzzr el{kr- _4'} A{0}+ 2 £ A{-n}cosnpBcosn¢

n=1

(136)

and, since U = E

1 QU
He* Tome D r (137)

1
Taking > Re iEz H:; } , we have the outgoing energy

> ]
2 T ) ,
' 4w por Afo}+ 2 = A{ njcosnp cosn¢

n=1
(138)
and the outgoing power
w 2 >
g_t = 2;‘ {IA {0}12 + 2 JA{-n}|? cos’n ﬁ} (139)
Mo n=1

36
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The cross-section is this expression divided by the incident
energy, which for the symmetric case is
b si
b _sin B (140)

2 .
arcsin (
W Mo T,

So, for the symmetric case, the cross-section is

) ]-l {_lAi 0}1% + 2 2—1 lA{-n} Izcosznﬂ}

b sin B
(141)

m :
Y [ arcsin (
To



-
X
m
(1]

1;!3;...—“ ’

SR




A
XV. Special Values of 3_p

If, in equation (88), we let p approach any positive integer m,
the function C{p} on the left is bounded, so the same must be true

of the function on the right. Moreover, since

I_n [gr} = L, [ gr} (142)

inserting this relation into equation (78) shows that
A{-m}= A {m} (143)

Using this information, and applying L'Hospital's rule to

equation (88), we have

4 cos m ¢o m
I = = ==> " ¥O_ (.
Ar{m} + A'{ m}% : Km{gros cos m B (-1) (144)
and, in particular,
A{o} = 2 K r (145)
=3 ol 8 03

38
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XVI. The Case of the Strip

A. The System

If we examine the special case p—> -121 » $o = 0 the wedge

becomes an infinite strip of width 2b. Since the arrangement is
symmetric, we can disregard the B { p}.

The infinite system reduces to

CZD -€ 'an&n} Af-Zn} + (;o € én A{-Zn}
2n - 2m " 4D{ 2n+l} (ntm)®
n=1 n=1
n=m
@ 2 c Al-p} ‘ 2n n
_ o p Lip+ 1y 2n 2 € (-1) Kypfgr,d
=1 2 (n + m) n=1i['£2n+1} (n + m)

4 m* 2 m

+ Alof 1 {A'{0}+1ogeeAEO}-—W{l}A{o}}

- €-2mloge € _E{Zm} A{-Zm} - e-sz{Zm}'Y{Zm]Ai-Zm}

-2m aAgus
+ & TP fam} 3 & ’-zm (146)

The solution of this infinite system is not expected to be materially
simpler than for the unsymmetric case, since we still have a system
involving both the unknown A fp] and its derivative. We could further
simplify this system by allowing ry to approach infinity. In that event

we use the source function

1

i

U; = exp{-gr cos ¢} = chos R Kpigr} dp

(147)
39
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instead of the Hankel function [ equation (1) J]. Then wherever we

1

have the MacDonald function of r,, we may replace it by > -
1

K, {gro.s —_> > (148)

which does not ameliorate our difficulties to any significant extent,
We can, however, separate the dependence of the unknown on €

from its dependence on p, which is done in the next section.

B. Expansion in Powers of €

b

Alp}= 2;,1”— [ (atp}- al-p)) 1 ufer} % (78)
But, by symmetry,
afpt= -a{-p} (149)

Al

Treatment of the local field near the origin shows that —rE}
may be expanded in even powers of r. The radius of convergence of
this series extends to the singularity of A nearest the origin. This
can hardly be nearer than the edge of the strip, and in fact, the
analysis related to equations (54) shows that A is bounded there.
Therefore, the series must converge at least upto r = b,
Explicitly:

1 (0 0]
= alp} = £ um n*® (150)

n=0

where, for convenience, we are expanding in terms of

- BT
n= 7 (151)

Then, using the series expansion for the Bessel function,
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(00 an -p

€ (0 0]
-2
Afuy = — ] = uypyn oz = . dn (152)
n§ img ‘o 7, Zn j=0_]'._fr{3+1 -|J,§

Interchanging the order of integration and summation and integrating

oo Qo u €zn"’ zJ"" 1 -K
T T A . (153)
IPEHL - pY@n+2j+ 1 - p)

2i
Altel= g & n=0 j=0

where we must remember that the u;n, are unknown functions of €.

Inserting this expression into the infinite system (146), we have:

~ N2 s it
u — - '
o =0 |§=1 268-mI DG+ DG +2s +1) (2j + 2n +25 +1)
S¥m

© 643+zj+zn+1
=21_z TS+ G+rD0@Rs +j+1)(2j+28+2n+1) (S+m) "

+
S

. 1 1
.('\P(Z$+1+J)+ﬂ~|/(2$+1)-210g€ + S5+ m) +2j+Z.S +2n+1))

m™e €z$ (_1)5 Ki§ {grg]

.
S=1 (28 +1) (S+ m)
o) o} €zj+zn+1

+ r4 ¥ a5 -
f—; Uzn j{;O (DG F 2at 1 2m * lzm ~2log ¢

. 1
PO G D b e ]

et 2n+1 P(Zm)
PG+ DO G+1+2m) [2j+2n+ 2m + 1]

. 1
[¥@m) - Y@m+j+1) - 2]+ 2n+ 2m + 1 } 0
(154)

an infinite system of equations for the u,p.
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The system (154) is an improvement over (146) insofar as there
is only one set of unknowns--the u,n. However, all attempts to solve
this system by iteration for small values of € have been thwarted by the
apparent logarithmic behaviour of the u,,. We can, nevertheless,~
obtain reasonable agreement with Bouwkamp [2] by means of reasonable
assumptions about the behaviour of the u,, as € goes to zero,b as shown

in the next section,

C. Approximate Treatment of the u;n

Formally differentiating equations (153), and letting p go to

zero
© 2n + 2j +1 - . _ 1
A'fo0} = > UYm € (logee - Y (j + 1) 57 ¥ 2nr 1)
n=0 JL i+ l} (2j + 2n + 1)
(155)
But, using equation (145), we have
- @© 4 an + 2j +1 _ —)
_2_ K {gr0} - TTZI b2 2n € (logeG ‘V(J + 1) 2 + 2n+ l
& n=0 JTPEj+ 1t (2j+2n+ 1)
(156)

which must be identically satisfied in €. Since the left hand side does
not contain €, the right side must also be a constant. Therefore, for

small €, u;, is bounded by

wn < —E9n (157)
en +1 loge €

where the d;, are independent of p and €, and some or all may be

Zero.
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Inserting this expression into the formula for the cross-section,

we obtain

X-section < i [ 4 g ] ;) —a__ |2 (158)
- 2b m° g | loge€ |° =0 °nt 1 l

for the symmetric-plane-wave case.

But equation (156), for the plane wave case (Ko( gro) = L ) shows

2
that
fe'0)
dn _
Z Znv1l - 2 (159)
n=0
so:
. w kr -2
X-section< > (log€ 7) (160)

where we have returned to real k and ignored the constant added to

the logarithm,



XVII. The Case of the Wedge

The expression for a wedge corresponding to equation (153) for
the strip is easily obtained. For the case of the source located on
the axis, it follows from (78) and (149) that

: b
A{u} = —11;- fo A{B}Ip{gr} %—r- (161)

But our treatment of the singularities at an edge shows that

A {{3} may be expressed as

0 0] l:l_T_T _—"—n“ -
A{p}: > {an n Py b n2(w-ﬁ)} (162)
n=1

where 7 is as defined in (151). Inserting this relation into equation

(161) and integrating term by term

2j - wt 22
afu-i s z oy T 2P
- T 1 . - s o nTr
n=1 j=0 J.fi] +1 p.}(ZJ p,+2_.B_
o (163)
2j - pt =———
+ bL€ ) " 2(“'6)
.y . _ . nw
i+ - w3 R Y ey )
Differentiating this expression, and setting p = 0, it follows
from (145) that
Xn_ yn
nl o »and bns T  (164)
62(3 loge € 62(“-‘3) loge €

where the x, and y, are unknown real numbers.
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Therefore

Afof< 2i 'Ilfc?gEJeid (165)

where we have used equation (145) as before.

It will be noticed that this expression is the same as that for the
strip, so to this degree of approximation, THE RADIATED ENERGY
IS THE SAME FOR ANY B . The cross-section will be different, but
only because the intercepted energy is different.

A more detailed analysis suggests that A{ 0} can be written

. Ko fgro¥
= 1
Afo}= 2i s T X (166)
where X depends on $ and possibly on € . Comparing this with the

results of Bouwkamp [2], we see that

X = -loge 2 (for the strip).

Unfortunately, we are not able to obtain this number even by
approximation. It appears to be necessary to solve the infinite systems
(119) or (154) in order to improve upon the solution (160). We have
attempted to solve (154) by iteration, but the presence of the logarithm
in the denominator casts considerable doubt on the validity of the
procedure. We have also tried to extract more information from the

definition (78), using equation (144), without success.
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