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ABSTRACT

THE ELECTRIC FIELD OF AN IDEALIZED DEE GEOMETRY
AND ITS EFFECTS ON CYCLOTRON
ORBIT PROPERTIES

by Jack W. Beal

An analytic solution for the electric field and potential due to an
idealized cyclotron dee geometry is rederived using the Schwarz-
Christoffel transformation. The general results obtained in this man-
ner are reduced according to the median plane requirement. Using
the derived results for the median plane electric field and potential,
MISTIC is used to determine particle orbits and properties of these
orbits. Good agreement is obtained between computer results and
direct, non-relativistic calculations. The questions of radial stability

and isochronism are investigated pertinent to locating the optimum

particle source position. The results of the stability consideration

are qualitatively verified on the basis of orbit centering.
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INTRODUCTION

This report is divided into two main sections. The first sec-
tion presents an analytic derivation to calculate electric fields and
potentials within an idealized cyclotron dee geometry. The second
section deals with computation of ion trajectories within the idealized
cyclotron using results of the previously determined electric fields
and potentials and using a three-sector magnetic field of the form
contemplated for the MSU 64' cyclotron.

In any complete analysis of ion trajectories in a cyclotron, data
as to the magnituae and shape of the electric field and potential are
necessary. There have been several methods presented by investi-
gators to determine the electric field intensities. For example,

R. R. Wilson [1]* used data obtained from electrolytic models.

M. E. Rose [2] used special properties of the conjugate functions
that represent field and potential lines; while Bohm and Foldy [3]
assumed uniformity in the dee gap. This paper presents again an
analytical method of determining the electric fields and potentials
by use of the Schwarz-Christoffel transformation. This derivation,

due originally to R. L. Murray and L. T. Ratner [4], is presented

X
References will be given in square brackets and all references

will be listed at the end of this report.



again in order to correct typographical errors in their report. Using
the equations resulting from the derivation, values of the electric
field and potential can be calculated for points within the cyclotron
dees.

Using the computational method for electric fields and poten-
tials, it is then possible to completely determine particle orbits
through the idealized cyclotron. A MISTIC computer program named
Cartwheel [5] is used to make this determination. By comparing
Cartwheel results for the uniform electric field and derived electric
field, information is obtained to determine the effects of the electric

field on the particle orbits. These results are presented and discussed

in the final sections of this work.



I. ELECTRIC FIELD AND POTENTIAL

CALCULATIONS
A. Derivation of General Results

The dee geometry assumed is shown in Fig. 1-1, This geometry
consists of two parallel conducting planes, each located at a distance h

from the x-y median plane and with a y separation of width 2k oriented

along the x axis.

Fig. 1-1. Cyclotron Dee Geometry.

The right and left dee segments are chosen to be at V = Vo and V = -Vo
respectively'; therefore, the x-z plane, the plane of symmetry, is at
V = 0. Also, from symmetry considerations, there is no electric field
component in the x direction. Hence, the dee geometry is idealized

and is thereby reduced to a simple two-dimensional geometry. It is

important to note that in this idealization, the effect of the cyclotron



liner has been neglected. It is expected that this is a good approxi-
mation for small k values, while the results for large k will be
rather inconsistent with the actual cyclotron. Also, edge effects
due to the finite size of the dees has been neglected.

Following Murray and Ratner, by use of the Schwarz-Christoffel
transformation [6], it is possible to map the region for which the
fields and potentials are unknown to one for which the fields and
potentials are obvious such as the fields and potentials due to two
parallel conducting planes. For the purposes of this mapping, the
transformation is performed in terms of the complex parameter t.
Fig. 1-2 shows the w-plane and the one-to-one correspondence as
it is mapped to the upper half of the t— plane. The symmetry about

the z-axis is here being employed as only one-half of the entire dee

geometry is being mapped.

| 5

| R

o= =T V=V

T —-— o

W= 6 3
plane

ZA::“‘ V=Vo

I - -
. I 1 6
plane - 3 45 |1 ¢ 3+

Fig. 1-2. Transformation from w-plane to t-plane.



The function which maps the real axis of the t-plane into the
polygon of the w-plane is then given by the Schwarz-Christoffel

equation

a

1

w =C mo(t-t) ™
. 1
i=1

dt, (1. 1)

where the ai's are the interior angles of the polygon in the w-plane.
The angles, ai, of the polygon and values of real t corresponding to

vertices in the w-plane as shown in Fig. 1-2 are tabulated below.

' Y 4

1 a -n/2
2 1 2m

3 “_"oo 0

4 -1 2w

5 -a -n/2
6 0 n'

The value of a is to be determined from the boundary conditions.

Substitution of these values into Eq. (1.1) yields

2
_ ’tdt dt (1.2)
w=C 2232‘[2 2.3/2|"
(t7-a") (t -a)



Integrating Eq. (1. 2) and using the identity log(t +7\/ tz-a2 )= COSh-l(i) +

loga, the transformation equation is

-1t 1-
w = C|cosh (Z) + loga + + K, (1.3)
where K is a constant of integration.
In order to evaluate the three constants C, K and a of Eq.
(1. 3), the boundary conditions are applied; thatis, w =0 att =0

and w =k -ihatt =1, Thus forw =0 at t = 0, Eq. (1. 3) reduces to

K =-C (tin/2 + loga).

At the secondary boundary point w =k - ih att = 1, therefore, Eq.

(1. 3) yields

2
-1 1 \/ 1-a
k - ih = C|cosh (2) + loga + + K.

2

a

Substituting for K from above gives

-1 1 V l-a2 _oim
k - ih = C|cosh (-a-) + loga + > F7oC loga
a

im
Choosing the negative sign for the constant term > inside the

bracket, in other words, considering negative y values, and equating

h

imaginary parts, C is determined, C = - Equating real parts, a

is determined by the equation



l-a2

2
a

Tk -1 1
o cosh (a) +

. (1. 4)

Therefore, the equation of the transformation, correct for negative vy,

becomes

-in/2| . (1.5)

Now to consider the transformation from a region for which the
fields and potentials are known again to the upper half of the t-plane.
Fig. 1-3 shows the polygon which may be used to map the region

between two infinite planes, for which the electric field is linear, onto

the upper half of the t-plane.

—_— -
R J—

— —— — —
— - -
—
— -—
—_— -

Fig. 1-3. Polygon for Mapping Strip into Half Plane.

The angles, ﬁi, of the polygon in the W-plane and the values of realt

corresponding to vertices in W space as shown in Fig. 1-3 are

tabulated below.
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t, B,
l -a 0
2 0 ™
3 +a 0
4 + o T

Integrating the above yields

W=U+iV=-1£tanh-l(§)+E. (1. 6)

Applying the boundary conditions, t =0atW =0andt =200 atW =iV
o

in order to evaluate the constants in Eq. (1. 6), the results are

D -
0 = - —tanh 1(0) + E,
a
and
D -
iV =-~= tanh l(i'oo) + E.
o a
2V a
Hence, E = 0and D = - are the values of the constants. There-

fore, the transformation equation from the W-plane to the t-plane is

given by
2V

-1
W =U+iV=——ﬂ—O tanh

e



. _ myU \%
For ease of notation, let u = >V and v = v therefore
o o
-1t
tanh ~ = =u +iv = §,
a
or
L - tanhs
2 anh S. (1.7)

Now having a parameter representation for the transformation,
Eq. (1.7) can be substituted into Eq. (1.5) giving the result

2h -1 - i
W= cosh * (tanhS) + (l 2 ) tanhS iz

2
a VtanhZS- 1 2

. . . -1
Using the identity cosh "x =log (x + Vx -1), the above equation can

be written

2h la.2 i
= — t i =i (—=—)si im
w - log (tanhS Tisech ) +1( > )sinhS - >
a

By checking the case w = 0, the ambiguity in signs can be resolved
to give the transformation equation in the form
2
1- im

w :%rh log (tanhS + isechS) - i( Za ) sinhS - > | (1.8)
a

The transformation equation must now be separated into real

and imaginary parts to determine y = y(S) and z = z(S), recalling that

w =y +iz and S = u +iv. This process is tedious but straightforward.
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First, the term of the form log(a + ib) is rationalized; that is

log(a +ib) = M +iN,

or
] M
a tib = e (cosN + isinN),
therefore
-1
N =tan (E),
a
and

M == log (a2 + bz).

1
2
Rewriting Eq. (1. 8)

2h 1 a2 i
w =~ [log (sinhS +1) - log coshS - i (— )sinhS-l? ,
a

and applying the above rationalization technique, yields

2

2h -1 1 l1-a . im

_¢h|. L . g_im
w - itan (sinhS) i > ) sinh > ,
a

2h 1 sinh (u+iv) + i i . . . im
=—\ = —| - = (sinhucosv ticoshusinv)-—),

m | 2 °8|sinh (utiv) -1 A (sin 2

where A =
l-a

Again applying the previous rationalization to the terms of the
form log(a +ib) and straightforwardly simplifying the real and imaginary

parts of the rationalization by using standard trigonometric identities,

the result is
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2h - ; _ .
w =y+iz =—|tanh l(m—) - itan 1(__51nhu
m coshu cosvVv

i . 1
- — sinh — i
A ucosv + A coshu sinv

. m Tz
Letting Y = -2—}21 and Z = h and writing real and imaginary parts, then

-1 sinv 1
Y = -— i
tanh (coshu) + A coshu sinv, (1.9a)
-1, sinhu 1
-Z =t + — si
an (cosv ) A sinhu cosv. (1.9b)
o . . oV LAY
The electric fields desired are determined by EY = -—-y and Ez = 5%
z

However, Egs. (1.9) above give Y(u, v) and Z(u,v). Using the Cauchy-

. .. U oV ou oV
Riemann conditions, = an = -,
9y 0z 0z 9y

differentiation of

Eq. (1.9a) above with respect to y gives

_.9=8YE +8YE, (1.10a)
z

h u 9 v y

Differentiating Eq. (1.9a) with respect to z and applying the Cauchy-
Riemann condition yields

0--8g +2X k. (1. 10b)

du y 9v z

Solving the Egs. (1.10) simultaneously for Ey and Ez gives the

results for the electric fields



\% Y
__o© v
y h Y2+Y2

v u
Vv Y
=9 u’
z h Y2+Y2
v u

12

(1.

The derivatives Yu and Y are determined
v

Y

sinhu sinv

u

coshucosv

1

2 .
cosh u-sinv

+

1
(1.

o2
cosh u - sin v

11a)

. 11b)

. 12a)

12b)

Therefore, use of Eqs. (l.11) coupled with Egs. (1. 12) will determine

the electric fields within the cyclotron dees. However, these equa-

tions are still functions of u and v; therefore, a computation method

is developed to determine the fields as a function of position.

In order to facilitate the computational studies, it is best to

rewrite

where

Egs. (1.9) as

=Y. +AY,
1

=Z +AZ,
1
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AY = coshu sinv,

AZ = sinhu cosv,

Now it is possible to express functions of u and v in terms of functions

sinv sinhu

of Y and Z, For example, tanh Y = and tan Z, = ——— or
1 coshu 1 cosv
coshu = _sinv__ and sinhu = cosvtanZ Using the trigonometric
tanh Y, 1 8 8

2
identity cosh?a - sinh“a = 1, the above relations for coshu and sinhu

lead to the equation

2
sin v 2 B
_é_ - cos vtan Z1 =1,
tanh Y1

1

2 2 .2
After rearrangement using the identity cosh acos b + sinh asin b

2 2 .
cosh a - sin b, the result is

sinhY1
sinv = —— , (1.13a)

F

2 -
where F2 = (cosh Y1 - sin Zl).

By similar treatments

cos Z
1 (1.13b)

Ccosv T_ ’
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sinZ

sinhu = 1 (1. 13c)
F ! . 13c
coshY

coshu = —F - (1.13d)

Substitution of these quantities into Eqs. (1. 12), the derivative

relations, yields

Y = coshchole(l + > ), (1. 14a)
v AF
. . 1
Y = -SInhYlstl (1 - ——2—), (1. 14b)
“ AF
Also, by substitution, Egs. (1.9) can be written
sinhchoshY1
Y =Y, + > , (1. 15a)
1 AF
sinZ cole
-Z =27Z_ + 1 > (1.15b)
1 AF

Eqgs. (1.13a) and (l. 13b) above can be used to determine the

potential v. The resultant equations for v are

-
i

inhY
S i (1. 16a)
v = S1n F )
cos Z
- 1 1. 16b
v=‘.l-cos1 , (Ty). ( )
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In Eqs. (1.11) given above to calculate the electric fields and
in Egs. (1. 16) to calculate the potentials, the fields and potentials
are explicit functions of Yl and Zl rather than the space coordinates
Y and Z. Therefore, the quantities Yl and Z1 must be determined
for a given Y and Z by the transcendental equations, Egs. (1.15),
as given. Therefore, the procedure of Egs. (1. 15) coupled with

Eqgs. (1.11) and Egs. (l.16) can be used to determine the electric

field and potential at a point (Y, Z) within the dee region.

B. Summary of General Results

Presented below are the equations for electric field, potential,

and computation method for the general case derived above.

\Y% Y
E = 2| —————1, (1. 1la)
y hly2,y?°
- v u
v [ Y
E == u (1. 11b)
2 ’
z hly 2,y
-V u
1 (1. 14a)
Y =coshchoszl(l +—_é)’ .
v AF
1 (1. 14b)
= -si - 1 - ——), .
Yu sthlsmzl( 2)

AF
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Tk
Zh—COS (=) + > , (1. 4)
a
sinhchoshY1
Y=Y+
1 ’ (1. 15a)
AFZ
sinZlcole
2=, (1. 15b)
AF
Y = TT.X, Z :_TL_Z_
2h 2h
v ¥ LU
2 v '’ 2V "’
o o
1 sinhY1
v = sin [——F-;——], (1. 16a)
1 cole
v = tcos [T] , (fy). (1. 16Db)

C. Median Plane Results

For the present, for use in conjunction with Cartwheel, to be

discussed in later sections, the electric fields and potentials of interest

were those of the median plane (z = 0). This specification simplifies
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the preceding equations for the electric field, potential and compu-

tation calculations. The results are

Vv sechY
E == (1. 17a)
h 1 ’ . a
y 1 +— sechZY1
E =
. 0, (1. 17b)
-1
v = '_"COS [sechYl], (fy) (1.17¢)
Y =Y +1— hY
=Y, + - tanhY,, (1.174d)
Z =0

These equations for electric fields and potentials are well behaved

and relatively simple to use.

The transcendental equation, Egq. (1.17d), for the calculation of

1
Y1 converges slowly for small values of A and does not converge at

all for large 71— . However, the following iteration process was
developed and was found to work well in all cases.

First, assume that Yl* is an approximate solution to Eq. (1.17d)

above such that (Y, - Yl*) is small. Expanding tanh Y in Eq. (1.17d)

to first order in (Y, - Yl*), and solving for Y1 the result is

1
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1 i
Y - — tanhY * +—l- Y sech2 Y ok

v = A 1 A1l 1
1 L+ L 2 . (1.18)
A sech Yl'r

The iteration process then consists of taking an initial guess for Yl’

setting this equal to Y * on the right and solving for Y ; then, taking

1 ¥
this new value for Yl and setting it equal to Yl"‘ on the right again

solving for Yl repeating this process until the difference in succes-
sive values of Y1 is sufficieﬁfly small. The iteration is such that if

a given Y * has an error of order €, then Yl given by Eq. (1.18) will

have an error of order €

In order for the iteration process to work efficiently it is neces-
sary to determine a reasonable guess for the initial value of Yl' To

obtain such a guess it need only be noted that since 1:ath1 < Y1 for

small Y., then Y, > Y/ (1 +%) for Y, small; and since tanhY1 < 1 for

1 1
large Yl’ then Y1 >Y - -‘i— for Y1 large. A simple choice for the

1

initial value of Y1 is then

Y/(1 +i—-) for 1 +1/A>Y (1. 19a)

]
1

(1. 19Db)

1
.= 1 +1/A<Y
Y, Y-+ for /

For the case Y = 1 + 1/A either of Eqgs. (1. 19) yields the same value

of Y . With this choice for the initial value, the iteration procedure

1 )
described works well for all values of G This method can be
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extended to the general iteration procedure of Eqs. (1. 15) for the
case of large A
At this point it would be well to note some results for the calcu-
lation of electric fields and potentials before turning to the deter-
mination of particle orbits obtained in using these fields. A fixed
point computer program for use on MISTIC was used to perform the
indicated operations in the median plane equations given above.
Values of Ey and Vy at the points (Y, 0) with % < 4 were obtained.
Fig. 1-4 shows the electric field in the y direction for two gap
dimension parameters, and Fig. 1-5 shows the associated potential
for the same dee gap arrangements. Table I gives values of electric
field and potential for a wide range of dee gap parameters. These
curves and the table of values exhibit the predominant variations of

the electric field and potential as a function of position in the median

plane and also as a function of dee gap geometry.
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Table 1

Median Plane Electric Field and Potential for Various
Dee Gap Parameters Sec. C

k
K-Ol
Y E \
h vV /h v

(o] (o]
0. 00 0.99388 0. 00000
0. 20 0.94784 0. 19566
0. 40 0. 82863 0. 37420
0. 60 0. 67692 0. 52496
0. 80 0. 52800 0. 64520
1. 00 0. 40021 0.73760
1. 20 0. 29834 0. 80702
1. 40 0.22033 0. 85853
1. 60 0.16189 0. 89647
1. 80 0.11862 0.92430
2.00 0. 08679 0.94468
2. 20 0. 06345 0.95958
2. 40 0. 04637 0.97047
2. 60 0. 03388 0.97843
2. 80 0. 02475 0.98424
3.00 0.01808 0.98849
3. 20 0.01320 0.99159
3. 40 0. 00964 0.99386
3. 60 0. 00704 0.99551
3. 80 0. 00515 0.99672
4,00 0. 00376 0.99760
4, 20 0. 00274 0.99825
4, 40 0. 00200 0.99872
4, 60 0.00146 0.99906
4, 80 0.00107 0.99931
5. 00 0. 00078 0.99950
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k

E‘ =3,0

y E v

h Vo/h VO
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0. 40 0. 25459 0.10142
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II. COMPUTER RESULTS FOR PARTICLE

TRAJECTORIES
A. Cyclotron Units

Output data from the computer programs to be described in this
report are all in cyclotron units except for the kinetic energy (Ek) which

is in Mev. The unit of magnetic field, b, is given as

where « = 2mv with v the frequency of the r-f system, m and e are
o o

the rest mass and charge of the particle (in this case the proton).

Therefore, b is the value of the isochronous magnetic field at r = 0.

The cyclotron length unit, a, is determined as

W)
I
£lo

m C
For the fields

where c is the speed of light; therefore, ba =
under consideration b = 13. 6 kilogauss is the cyclotron magnetic

field unit; therefore, the cyclotron length unit is given by a = 90, 4'.

All magnetic fields and lengths used in this report are expressed in

terms of b and a and are called cyclotron units (abbreviated "'c.u.").

All momenta (e.g. p_ and p_) in this report are given in units of
X y

m C,
o

31
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From the cyclotron units defined above, then it follows that the
2
c
electric field cyclotron unit is bc = © . Therefore, the potential
ea

m_C

is given in units of The magnitude of the potential is chosen

such that ‘leVo = 6 =0.0003, where 6is the energy gain per turn.

For the proton case (m c2 =938, 23 Mev) 6 is then 281.5 Kev.
o

Similarly, the electric field cyclotron unit is 10. 4 Mv/in.

B. Cartwheel Code

Charged particles moving in a cyclotron are subject to the well-

known Lorentz force

F:£=q[E+(va)] (2.1)

dt

where q is the charge on the particle, E is the electric field produced
by the dees, v is the velocity of the particle and B is the magnetic
field. The MISTIC computer program Cartwheel determines the median
plane orbit of a particle subject to the Lorentz force. It must be
emphasized that the Cartwheel Code considers only single particle
orbits as no inter-particle interaction is considered.

The time-varying electric field is chosen

E(r,t) =E (r) cos w (t + ty ) (2.2)

where E(r) is the amplitude of the electric field and wis the radian
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frequency of the r-f system. The factor to has been introduced to
take account of particles starting at different times of the voltage
cycle. For the median plane case E(r) = Ex + Ey; therefore, the
desired equations of motion from Eq. (2. 1) for the median plane

are

dPx

—_— = - 2.3
It q[Ex cosw(t+to) vsz]’ ( a)
dP

_qu[E cosw(t+t)+vB], (2. 3b)
dt y o X Zz

where B = —Bz (z =0).

For Cartwheel the magnetic field is calculated from a set of

first harmonic Fourier coefficients [7] by the equation

B (r6) =B (r) + H(r) cos36 -G (r) sin 36. (2. 4)
z o 1 1

The term B (r) is the average field at a given radius, and the
o

last two terms are the harmonic flutter field. For the calculations

herein, the magnetic field used is designated as B26.3A which is a

reasonably well isochronized three-sector field characterized by a

high flutter field with weak spiral. B26.3A is a re-isochronized

version of B26. 29A [8].

If the quantities of Egs. (2. 3) are expressed in dimensionless

form by means of cyclotron units, the resultant equations are
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dP

x
— = E -
m xcos(t-i~t0) vsz’
dP
—~ =E cos(t+t ) +v B .
dt y o X z

For further calculation consider the relativistic equation for momentum,

mov
P = x

X = S
1 - VZ/CZ

If again these quantities are expressed in terms of cyclotron units, the

result is

2.-1 2, . C
Therefore, it follows that [1-v ] ~ =[1+P ] in these relativistic cyclo-

tron units. The velocity may then be determined

Similarly, to calculate the kinetic energy (Ek) of a particle, con-

2 . .
sider the relativistic expression for total energy ( mc®) associated with

a moving mass
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2
mc =E +m c2,
k o
2 .
where moc is the rest energy of the mass. Solving this equation for
Ek and applying the relation above connecting velocity and momentum,

the result is
Ek=(\‘l+P2 -l)mc2
o

where P is measured in cyclotron units. The Cartwheel Code numeri-

’

cally integrates the equations of motion as summarized below.

dP
X
_— = + - B
It Ex;os(t to) vy 2’
dP
— -=E cos(t+t ) +v B ,
dt y o X z
2.5
dx _, Sy, (2.5)
dt x dt y
P P
v =T __—_—_— - ’
x «f 2 y —_—
1 +P2 v 1 +P2
2 2
E = 14 - 1) moc .
The Cartwheel Code will give results for the quantities x, vy, Px, Py

and Ek at a time t which is a desired multiple of the fixed time

interval.
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C. Central Cyclotron Orbits

In this section results will be presented and compared for various
electric and magnetic field configurations. As an introduction to orbit
determinations, consider the motion of a particle in a uniform mag-
netic field and the electric field within the dee gap as uniformly pro-
duced by two parallel plates. Therefore, the electric field is deter-
mined by Ey = Eof(y) where f(y) =1 for - k £ y < k and {(y) = 0 else-
where. For the uniform magnetic field Eq. (2. 4) reduces to Bz(r, 8) =
Bo is a constant. Using these determinations for the electric and
magnetic fields and specifying that at t = 0 the particle is at rest at
the origin, the Cartwheel Code then determines the orbit for the first
two revolutions as shown in Fig. 2-1 with the parallel plate electric
field between ¥ . 015 c.u. This value was chosen as the electric field
falls off roughly in k + h (Fig. 1-1). This type of initial conditions is
roughl;r analogous to the open arc injection system.

For this simple field arrangement it is possible to integrate
directly the equations of motion (Egs. 2-5) in the non-relativistic

approximations. The resultant equations for this integration are

-E-L’ (2. 6a)
= t - sint) + v, sint + v cost - v , .
X =x + > (tcos sint) %, y, Y,
?X (2. 6b)
2

X

=y +
y-y o o o

(tsint) + vy sint - v_ cost + .
o
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The case of parallel plate electric field and uniform magnetic field is

a simple case that can be calculated directly, and this direct method

is used to check the Cartwheel Code operation and set a basis for

study of other fields.

The tabulation below compares values obtained from the direct

calculation and from Cartwheel.

Direct Calculation Cartwheel
t X y Ek(Kev) X y Ek(Kev)
Tr/6 -00011637 +00065450 2.9 -00011638 +00065449 2.9
1r/2 -00250000 400392699 10.2 -00249996 400392695 10. 2
T -00785398 00000000 28.9 -00785389 +00000019 28.9
2t +01570796 00000000 115.7 +01570754 -00000304 115.7
37 -02308448 +0044228 238.1 -02308398 +00044235 238.3

The error in the direct calculations is that

Vl + P2 has been set

equal to unity; thatis, relativistic effects have been neglected. There-

fore, the disagreement of values given above should be of order

this error is in agreement with the values given.

for the values at t = 27 the error in x is of order 10 .

Ex

. 1157

m C
o

~ 938. 2

5

qualitatively correct.

For example,

Ex

C2 ,
n‘)O

For this t value

=~ 10 °. Therefore, the agreement appears to be
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In order to investigate the effects on the orbit due to three sector
magnetic field, Cartwheel is used to determine the first two revolutions
of the orbit as above but now using the B26. 3A magnetic field. The
resultant orbit is shown in Fig. 2-2, where the radial lines locate the
magnetic field hills and the parallel plate electric field is between
t.015 c.u. The results listed below tabulate Cartwheel results for

comparison of the two magnetic fields both with the parallel plate

electric field.

B (uniform) B26. 3A
t x y Ek(Kev) X y Ek(Kev)
m/6 -00011638 +00065449 2.9 -00011638 +00065449 2.9
n/2 -00249996 400392695 10. 2 -00250038 +00392647 10. 2
ﬁ -00785389 +00000019  28.9 -00785276 -00000552 29.0
2w +01570754 -00000304 115.7 +01574338 -00001071 115.7
3w -02308398 +00044235 238.3 -02296333 +00048347 238. 2

It is difficult to estimate the effect on the orbit due to the non-uniform

magnetic field.

central region (x,y <.0l c.u.),

Nevertheless, close agreement is expected for the

as the three sector field is essentially
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uniform in this region. Listed below are the values of B , I—I1 and G
o 1
in Eq. (2.4) for the first five r values.
r BO Hl G].
0 1. 0000000 0000000 0000000
Ar 1.0000392 .0018224 -. 0002800
2Ar 1.0001088 . 0044156 -. 0073764
3Ar 1.0001452 .0137724 -.0221864
4Ar 1. 0000380 .0277704 -. 0418504

where Ar =,.008092404 c. u.

To compare the effects on the orbit of the parallel plate electric
field with the electric field derived in Sec. I-C, Cartwheel is used to
determine the orbit for the first two revolutions as shown in Fig. 2-3.
For comparison the orbit in the uniform magnetic field and parallel
plate electric field is also shown as a dashed line. In this determin-
ation the dee electric field is used with B26. 3A magnetic field. The
radial lines locate the magnetic field hills, and the dee gap is between
+.005 c.u. For this case the electric field is determined such that
k/h = 0.5; hence h =.01 c.u. Fig. 2-4 shows the shape of the dee
ison with the parallel plate electric field used

electric field in compar

above. The potential is normalized so that the difference in potential
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between + o and - © is the same for both electric fields. Cartwheel

results for the two electric fields with B26. 3A magnetic field for

both cases are presented below,

Parallel plate field Derived field

t x y Ek(Kev) x y Ek(Kev)
w/6 -00011638 +00065449 2.9 -00015191 +00085412 4.9
m/2  -00250038  +00392647 10.2  -00324390  +00506155  16.6
™ -00785276 -00000552 29.0 -01029964 +00038897 44,0
2m +01574338 -00001071 115.7 +01768538 -00092169 141, 0
3w -02296333 +00048347 238.2 -02384708 400137340 257.6

Since the dee electric field is stronger near the x axis and the phase

difference is small, it is expected that the particle will gain energy at a

faster rate in this region.

If the non-relativistic expressions as integrated, Egs. (2.6), are

used to determine the position of the particle assuming uniform mag-

netic field and using the value of the derived electric field as given at

y =0 from Fig. 2-4, these directly calculated results agree with output

data from Cartwheel as tabulated below.
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Calculated Cartwheel
t X y X y
211/48 -00000244 +00005576 -00000244 +00005576
2n/24 ~-00001939 +00022119 -00001939 400022113

The error is expected since it was assumed that the maximum electric
field is uniform, and examination of Fig. 2-4 shows that the electric
field is not uniform for this region.

The results tabulated below present the phase difference ($=t - 8)
and energy at the end of each half revolution in time for the orbit
determinations corresponding to the parallel plate electron field and

the derived electron field both with B26. 3A magnetic field.

Parallel plate field Derived field
t ) Ek(Kev) ) Ek(Kev)
™ -0° 2. 5 29.0 +2° 10 44,0
2m +0° 2. 5t 115. 7 +2° 59! 141, 0
3n +1° 12 238. 2 +3° 18 257. 6

4n +1° 120 369. 4 +3° o 383. 6
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The difference in phase per revolution will be zero if the magnetic
field is isochronous and the particle starts from rest at the origin.
However, the magnetic field is isochronous only for the equilibrium
orbit. The more the actual orbit deviates from the equilibrium orbit
or the more the actual orbit becomes off-center with respect to the
origin, the phase difference will then increase. Since non-zero
phase difference occurs as presented in the tabulation, it is
concluded that the orbits are off center with respect to the origin.
The phase difference is still quite small and is not an important
factor. The phase difference property will be discussed further in

the next section.

D. Particle Source Location

In this section investigations are considered which affect the
initial position of the particle. By far the most stringent condition
on the initial position arises in connection with orbit stability in
phase space [9, 10]. Fig. 2-5 shows the stability region at an
energy of 2. 5 Mev at 6 = 0. This energy is chosen for the reason
that if the point in phase space defined by the particle is within the

stable region at this energy, it will generally remain within the
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stable region at higher energies. However, the stable region expands
quite rapidly as the energy increases, therefore, a particle which is
outside the stable region at a low energy could be within the stable
region at a higher energy.

In order to determine the phase space point for the accelerated
ions, the Cartwheel Code is used to determine the position and
momentum at the energy corresponding to the stable region. Five
Cartwheel determinations were made in this manner all for the case
of the dee electric field and B26. 3A magnetic field. The five deter-
minations correspond to five different starting positions as shown in Fig.
2-5. The Cartwheel output is interpolated to determine r and Pr at

6 = 0. The tabulation below summarizes the result of this interpola-

tion; the results correspond to ten completed revolutions.

Sorws Bl r ::

Origin 2. 583 2° 11 +07719091 +00543734

+0. 003 2. 584 3% 36! +08098156 +00369580

+0. 006 2. 585 5% 11 +08900653 +00079326

-0.003 2.583 1° 15 +07473902 +00624852
(o]

-0.006 2.583 112 +07259057 +00600750
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The phase space point determined by r and Pr is investigated relative
to the stable region. Examination of Fig. 2-5 shows that the accepta-
bility of the particle phase space point within the stable region is
dependent on the starting position. Protons starting from positions
corresponding to 1, 4 or 5 are within the stable region and are suit-
able for further acceleration, while protons starting from positions
corresponding to 2 and 3 are outside the stable region and may be
lost for further use due to radial instability. From the values at Ek
in the tabulation above, it is seen that the kinetic energy is relatively
insensative to starting position. This is to be expected since the
electric field is independent of the value of x and the magnetic field
is isochronous. The phase slip remains relatively small due to the
isochronous magnetic field.

Stability can be explained qualitatively on the basis of orbit
If the orbit is badly off center, the phase space point

centering.

determined as above will generally be outside the stable region.

Examination of Fig. 2-5 shows that the orbits corresponding to

initial conditions 1, 4 and 5 are closely centered while those of

2 and 3 are more off center.

In the Cartwheel determinations above, information on the

phase slip at the end of each successive revolution is also obtained.

The position of the particle at the time of maximum electric field
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for a total of ten r-f cycles is shown in Fig. 2-6. If the particle orbit
frequency were exactly the same as the r-f oscillation frequency, the
particle would be on the x-axis at the time of maximum electric field.
The three curves of Fig. 2-6 correspond to three of the five starting
positions above: one starting at the origin, the next displaced Ax =

+. 006 c.u. along the x-axis, and the third starting with an x displace-
ment of Ax = -, 006 c.u. These three values were chosen because
they exhibit the maximum characteristics. It is important to observe
that the phase difference is remaining relatively small and is not

accumulating at a rapid rate.
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Fig. 2-1. Proton Orbit for First Two Revolutions in Parallel
Plate Electric Field and Uniform Magnetic Field, Sec, C. "P"
denotes position of parallel plates; x and y in cyclotron
units. Points on curve denote steps of 30° in time.
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Fig. 2-2. Proton Orbit for First Two Revolutions in Parallel
Plate Electric Field and B26,3A Magnetic Field, Sec. C. "P"
denotes position of parallel plates; x and y in cyclotron
units, Points on curve denote steps of 30° in time, "H"
denotes magnetic field hills.
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Fig. 2=3, Proton Orbit for First Two Revolutions in Derived
Electric Field and B26.,3A Magnetic Field, Sec.C. "D" denotes
edge of dees; "H" denotes magnetic field hills., Points on
curve denote steps of 30° in time; x and y in cyclotron units,
Fig. 1-1 superimposed as dashed line for comparison,
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Fig, 2-4. Comparison of Parallel Plate and Derived Electric
Fields; E and y in cyclotron units, Sec. C.
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B 26.3A (1) AX =0.000
2.5 Mey (2) AX=+.003
(3) AX =+.006
(4) AX =—.003

(5) AX=-.006

| | | | I

-02 -0l 0 Ol .02

Fig. 2=5, Stability Region (2.5 Mev) at =0 and Phase
Space Points Associated with Accelerated Particles for
Various Starting Positions for Derived Electric Field
and B26.3A Magnetic Field. r and P. in cyclotron
units,
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