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ABSTRACT

LEFT-MODULAR ELEMENTS AND EDGE LABELINGS
By

Larry Shu-Chung Liu

This work is a study of posets and lattices in three parts.

In the first part, we give a characterization of left-modular elements and demon-
strate two formulas for the characteristic polynomial of a lattice with a left-modular
element. One of the formulas generalizes Stanley’s Partial Factorization Theorem,
and also provides an inductive proof for Blass and Sagan’s Total Factorization The-
orem for LL lattices. The characteristic polynomials and the Mobius functions of
non-crossing partition lattices and shuffle posets are computed as examples.

The second and third parts both deal with edge labelings of posets and lattices.
We construct an edge labeling for a left-modular lattice and show that it is an SL-
labeling. This gives a method of labeling certain non-pure lattices, for example, the
Tamari lattice.

In the third part, we study the rank-selected subposet Ps of a poset P. By
constructing an induced labeling for Pg, we show that if P is an R-poset then so is
Ps. Furthermore, we define the notion of a thrifty labeling and show that if a labeling
is thrifty then EL- and SL-shellability are also inherited by Ps.
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INTRODUCTION

The study of partially ordered sets (posets) and lattices can be traced back to the
nineteenth century. The work of G. D. Birkhoff in the 1930’s began the systematic
development of poset theory and lattice theory as subjects in their own right. As a
fundamental invariant, the Mobius function originated in several different forms re-
lated to number theory, geometry, algebra, topology and combinatorics. The Mobius
inversion formula for posets is essentially due to L. Weisner [19] in 1935 and was
independently rediscovered by P. Hall [10] in 1936. However, it was not until 1964
that the work of G.-C. Rota [12] started the systematic study of the M6bius function
within combinatorics. The theory of Mdbius functions not only offers a very general
enumerative principle, of which the inclusion-exclusion principle in set theory is a
special case, but also provides a great deal of information regarding problems like
determination of the Euler characteristic and counting colorings of graphs. In the
first chapter of this thesis, we outline preliminaries concerning the theory of posets
and lattices needed for the following chapters. Some important theorems about the
Mobius function are also mentioned there.

The characteristic polynomial of a lattice was also first introduced by G. D.
Birkhoff [1], and its variants have been called the Birkhoff polynomial and the
Poincaré polynomial. Since it is a generating function for the Mébius function, much
has been done to explore the combinatorial and algebraic properties of this polyno-

mial. In the early 1970’s, Stanley proved two factorization theorems for the charac-



teristic polynomial. One of them states that a factor arises from a modular element
in a finite geometric lattice (the Partial Factorization Theorem, [14]). The other one
shows that the characteristic polynomial of a supersolvable and semimodular lattice
factors over the integers (the Total Factorization Theorem, [16]) and is implied by
the first result if the lattice is atomic. Various other methods for showing that this
polynomial has only integer roots have been developed; see the survey article [13].
Recently, A. Blass and B. Sagan [3] generalized Stanley’s Total Factorization Theo-
rem under a weaker hypothesis requiring only that the lattice satisfy left-modular and
level conditions. In Chapter 2, we give a characterization of left-modular elements
and then prove a generalization of the Partial Factorization Theorem which replaces
modularity with left-modularity. The latter result also provides us with an inductive
proof for Blass and Sagan’s theorem. So the previous three factorization theorems are
unified into one. We calculate the characteristic polynomials and Mébius functions
of non-crossing partition lattices and shuffle posets as examples.

R-labeling of pure (ranked) posets was introduced by R. Stanley [15]. The concept
offers a combinatorial interpretation of the Mobius function for an R-labeled poset.
Shortly thereafter EL- and SL-labelings, related to the concept of shelling in topol-
ogy, were defined by A. Bjérner [4] and then generalized to CL-labeling in his joint
work with M. Wachs [5]. The resulting theory allows one to compute the homology
groups of the order complex of a poset. Recently, A. Bjérner and M. Wachs [6], (7]
generalized the concept of shellability to non-pure posets. They were motivated by
certain examples coming from the theory of subspace arrangements. In the first half
of Chapter 3, we show that a left-modular lattice is SL-shellable by constructing a
labeling which is induced by the maximal left-modular chain of the lattice. In the
second half, we study the edge labeling for the rank-selected subposet Ps of a poset
P. By constructing an induced labeling for Pg, we show that if P is an R-poset then

so is Ps. Then we introduce the concept of a thrifty labeling which allows EL- and



SL-shellability to be inherited by rank-selected subposets.



CHAPTER 1

PRELIMINARIES

1.1 Posets and Lattices

We will use N, P, Z, and R for the nonnegative integers, positive integers, integers,
and real numbers, respectively. For other standard notation we will follow Stanley’s
text [18].

A partially ordered set, (P, <), or poset for short, is a set P together with a binary
relation < satisfying reflexivity, antisymmetry, and transitivity. Sometimes we write
<p for < to avoid confusion. All posets discussed in this thesis will be finite. Let P*
denote the dual poset of P obtained by reversing the order relation of P. Two posets
P and Q are isomorphic if there exists an order-preserving bijection n : P — Q whose
inverse is also order-preserving. If z, y € P and z < y, the closed interval z,y| and

the open interval (z,y) are defined by

[z,y] = {z€eP|z<z<y}

{zeP|z<z<y}

(z,9)

The intervals (z,y] and [z,y) are defined similarly. If P contains a unique minimal
element (called a bottom element), it will be denoted by 0 (or Op to avoid confusion);

similarly, a unique maximal element (top element), if it exists, will be denoted by 1



(or 1p). A poset is called bounded if it has both a 0 and a 1. In this case [0, 1] = P.

We say that z is covered by y, and write ¢ < y, if z < y and there is no element
z € Psuchthat z < z <y. We also use z Xy to mean z < y or £ = y. An atom is
an element covering a minimal element of P. Let A(P) denote the set of atoms in P
and A(a,b) denote the set of atoms in interval [a,b]. A co-atom is defined dually: it
is an element covered by a maximal element.

Any subset of P will form a subposet by inheriting the order relation of P. So,
in particular, intervals are subposets. A chain C of P is a subposet in which any
two elements are comparable. We define the length of a chain C by ¢(C) = |C| — 1,
where | - | denotes cardinality. The chain {zy < z; < --- < z,} is called saturated (or
unrefinable) if g < £ < --- < z,. A mazimal chain in P is a saturated chain from

a minimal element to a maximal element of P. The length of a poset P is defined by
¢(P) = max{{(C) | C is a chain of P}.

Since we only consider finite posets here, this maximum value is finite. The length
of an interval [z,y] of P is denoted by #(z,y). If every maximal chain of P has the
same length n, then we say P is pure (or graded) of rank n. In this case, there is a

unique rank function p : P — N such that
i. p(z) = 0if z is a minimal element of P, and
il. p(y) =p(z)+1ify>zin P.

If p(z) = i, then we say that z is of rank i. Obviously {(z,y) = p(y) — p(z) and
{(P) = p(z) for any maximal element z of P. A generalized rank function will be
introduced in Section 2.2 for posets which could be non-pure.

A lattice L is a poset such that every pair z, y € L has a greatest lower bound and
a least upper bound. We call the greatest lower bound and the least upper bound

the meet and the join of z and y, respectively. The meet is denoted z Ay (or z AL y)
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and the join is written = V y (or z Vi y). Clearly, every finite lattice has a 0 and
a 1, namely the meet and the join of all elements in the lattice. The following two

properties involving A and V are easy to check and very useful.
zA(zVy)=z=zV(zAy). (1.1)

tANy=zorVy=yz<y. (1.2)

A subset M is called a sublattice of L if xz, y € M implies z V,y, ALy € M.
Unlike posets, not every subset of L is a sublattice. Even though a subset itself forms
a lattice it might still not be a sublattice of L. An example will be given in Section 2.3
where we discuss the partition and non-crossing partition lattices. For a given subset
N, the sublattice generated by N is the smallest (in cardinality) sublattice containing
N.

If (P,<p) and (Q, <g) are posets, then the direct product of P and Q is the poset
PxQ={(z,y):z€ Pandy€ Q}

such that (z,y) < (¢/,y’) in PxQifz <p 2’ and y <q y'. It is clear from the definition
that P x Q and @ x P are isomorphic. The direct product of two lattices P, @ is still
a lattice since (z,y) Vv (z',y') = (zVp2',yVoy') and (z,y) A (2',¥') = (zApz',yAqYy').
The direct product of P with itself n times is denoted P™.

The Hasse diagram of a poset P is a graph whose vertices are elements of P,
whose edges are the cover relations, and such that if y > = then y is drawn above z.
Since a poset is completely determined by its cover relations, the Hasse diagram of
a poset depicts all order relations. The following are some fundamental examples of

finite lattices. The Hasse diagrams of these lattices are shown in Figures 1.1 and 1.2.

Example 1.1.1 Let n € N, [n] := {1,2,...,n}, and [0,n] := {0,1,...,n}.
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Figure 1.1. The lattices C3, B3 and D;2

. The set [0,n] ordered in the usual manner forms the chain C,. For any p,
q € [0, n], it is trivial that p A ¢ = min{p,q}, pV ¢ = max{p,q} and p(p) = p.

So C, is a lattice of rank n.

. The Boolean algebra B, consists of all subsets of [n] with inclusion C as the
order relation. For any pair of subsets S, T € B,,, we have SAT = SNT and
SVT = SUT. The rank function is p(S) = |S|. So B, is a lattice of rank n.

B,, is isomorphic to the direct product (C4)".

. Let n € Pand n = p{"'py?---p;"* with py, pa, ..., pi distinct primes and m,,
my, ..., my € P. The divisor lattice D,, is the set of all positive integral divisors
of n ordered by divisibility, so u < v if and only if u|v, i.e., u divides v. For any
pair of divisors u and v of n, we have u A v = ged(u,v) and u V v = lem(u, v).
A divisor u = p{'py - - - p}' has rank p(u) = i; + 143 + --- + 4. So D, is a lattice
of rank m; + my + --- + m;. It is easy to check that D, is isomorphic to the

direct product Cy,; X Cppy X -+ X Cpy,.



0=1/2/3/4

Figure 1.2. The partition lattice II4

4. Let n € P. If 7 is a partition of [n] into k£ non-empty subsets, B;, called blocks,
then we write 7 = B;/By/... /B¢ + [n]. When it will cause no confusion,
we will not explicitly write out any blocks that are singletons. The partition
lattice I, consists of all partitions of [n] with partial order 7 < ¢ if every block
of m is contained in a block of 0. We denote by =, the equivalence relation
associated with the partition =, i.e., p =, ¢ if and only if p and ¢q belong to
the same block of 7. It is easy to check that the equivalence relation =,y is
the transitive closure of =, and =,; while =,,, is their intersection. Suppose
7 = By/By/ ... /By then p(7) = Y& (|Bi| — 1) = n — (number of blocks of ).

Therefore II, is a lattice of rank n — 1.



1.2 Mobius Functions

One of the fundamental invariants of a poset P is its Mobius function, u: Px P — Z,

defined recursively by

1 ifz =y,
u(z,y) =
- Zz$z<y u(z,2) else.

Clearly pu(z,y) = 0if z € y. Note that u is uniquely determined by the equation

Z p(z,2) = 6’-‘!1

2<z<y

where §., is the Kronecker delta. If there is possible ambiguity, we will use up to
denote the Mobius function of P. In case P has a 0, for brevity we let u(z) = u(0, z).
If in addition P has a 1 then we write u(P) = u(0, 1).

There are some general techniques for the evaluation of u. We begin with the

simplest one. For a proof, see 18, p. 118].

Proposition 1.2.1 (The Product Formula) Let P and Q be two finite posets.

Then

rexq((2,9), (z',)) = pp(z,y)pe(<,y'). =

Example 1.2.2 The Mdbius functions of the first three lattices in Example 1.1.1 are

easy to find.

1. If p, q € C,,, then directly from the definition

1 ifg=p,
ppg) =4 -1 ifg=p+1,
0 else.

2. We have B, isomorphic to (C;)" by identifying S C [n] with a vector

. . , 1 ifkeS,
(1'1’ 22) ree )zn), Where 2k =
0 otherwise.



Since the M6bius function of the chain C; = {0, 1} is given by u(0,0) = u(1,1) =
1 and p(0,1) = —1, we conclude from the product formula that if S < T (S C T)
in B,, then

W(S,T) = ()75 = -1y
In particular pu(S) = p(0, S) = (-1)'5.

3. Recall that D, = Cp,, X Cpy X +-+ X Cp,, where n = pi"'py?...p/" with
P1,P2,...,; distinct primes and m;, m,, ..., m; € P. Similarly to the pre-

vious example, if u < v in D, and v/u = pi'p? ... p!! then
1Py ---D

(w,v) (10/4) (=1)ntiatth if 0 < i < 1 for all k,
p(u,v) = p(l,v/u) =
0 otherwise.

The value p(n) = pp,(1,n) is the classical Mébius function in number theory.

The following two results are fundamental in the theory of Mdbius function. A

proof of each can be found in [18, pp. 116, 117).

Theorem 1.2.3 (M&bius Inversion Formula) Let P be a finite poset and f, g :

P — R be any two functions. Then

9(z) = X <, f(y) for all z € P, if and only if
£(2) = Ty iy, 2)9(0) for all z € P

Theorem 1.2.4 (Mdbius Inversion Formula, dual form) Let P be a finite

poset and f, g: P — R be any two functions. Then

9(z) = 3_y>, f(y) for all z € P, if and only if
f(z) =35, u(z,9)9(y) forallz € P.m
As an important application of Theorem 1.2.4, the Principle of Inclusion-Exclusion
is just Mobius inversion over a Boolean algebra. We will show it in the following

example.

10



Example 1.2.5 Let X be a set and let U denote a collection of properties which
elements of X either have or don’t have. For S C U, let g(S) denote the number
of elements in X having all the properties in S, and let f(S) denote the number
of elements in X having all properties in S but no others. It is clear that g(S) =
3 scr f(T). So by dual form of Mébius inversion formula
£(S) = us.(S,T)g(T) = Y (-1)Tg(T)
SCT ScT
where n = |U|. In the sum we use the Mobius function of B, because the collection
of subsets of U forms a Boolean algebra. If we let S = (), then
£0) = (-1)"g(T)
TCU
which is the well-known sieve formula for the number of elements in X having none

of the properties in U.

An element of a lattice is called atomic if it is a join of atoms. The bottom
element 0 is the join of the empty set, so it is atomic. A lattice is called atomic if
all its elements are atomic. We denote by J(L) the set of atomic elements of lattice
L. In general, the set J(L) is not a sublattice of L because the meet of two atomic
elements is not necessarily atomic; however their join is atomic. An element p # 0 is

called join-irreducible (or just irreducible) if for every pair z, y € L
p=zVy implies p=zToOrp=y.

It follows from the definition that an element is irreducible if and only if it covers a
single element in L. So atoms are irreducible. Irreducibles which are not atoms are
called singular elements. We can express any element a € Lasa=p; Vps V-V pi
where p; are irreducible elements. This expression is called a decomposition of a. The

remark after the definition of irreducible implies that the (single argument) Mdobius

11



function of a singular element is zero. In fact, every non-atomic element has a Mébius

function value of zero. To prove this we define a map é§ : L — J(L) by

§(z) = \/{a € A(L) |a < z}.

Equivalently, §(z) is the maximum atomic element in [0,z]. If z is a non-atomic

element, then

we) ==Y pw)+ Y. w@|=- ) uw.

y<é(z) y€[0,2)\[0,6(z)] v€(0,2)\[0,6(=)]
All y € [0,z)\[0,5(z)] are non-atomic and the minimal elements of [0, x)\[0,d(z)]
are all singular. So by induction u(z) = 0. (Rota’s NBC Theory [12] is another

way to explain this result.) Therefore, for any atomic element z € L, we have

p(z) = ﬂJ(L)(x)'

1.3 Characteristic Polynomials

Let P be a bounded pure poset of rank n and let ¢ be an indeterminate. The char-

acteristic polynomial of P is then

X(Pt) = 3 p(z)tnrte).

z€P
One uses the co-rank of z rather than the rank as the exponent on t so that the

polynomial will be monic. Since x is a generating function for u, it is of fundamental

importance. The following corollary is derived directly from Proposition 1.2.1.

Corollary 1.3.1 Let P and Q be two bounded pure posets. Then

X(P x Q,t) = x(P, t)x(Q,t). m

Example 1.3.2 Continuing Example 1.2.2, it follows from the definition that the

characteristic polynomial of C,, is
X(Cnyt) = "1t - 1).

12



By Corollary 1.3.1, the characteristic polynomials of B,, and D,, are
X(Bn)t) = (t - l)n’

X(Dmt) = tm—l(t - 1)1

where m = m; + mg + --- + my.

13



CHAPTER 2

LEFT-MODULAR ELEMENTS

2.1 Modular and Left-modular Elements

Throughout this chapter L will be a finite lattice. Given z, y, z € L with z < y, it is

easy to check that the following inequality (the modular inequality)
zV(zAy)<(zVzZ)Ay (2.1)

is always true and equality holds whenever y or z is comparable to x. We say that

z,y form a modular pair (z,y) if
zV(zAy)=(2Vz)Ay (2.2)

for any z < y. Note that this relation is not symmetric in general. We now define

two of the central concepts of this chapter.

Definition 2.1.1 1. An element z is called a left-modular element if (z,y) is a

modular pair for everyy € L.

2. An element z is called a modular element if both (z,y) and (y,z) are modular

pairs for everyy € L.

From the definition, if z is left-modular in L then it is also left-modular in the dual

lattice L*. However, this property is not true in general for modularity.

14



A finite lattice L is called (upper) semimodular if z Ay < z implies y < z V y for
any z, y € L. A lattice L whose dual L* is semimodular is called lower semimodular.
An equivalent definition of semimodularity is given in the following proposition. A

proof can be found in [18, p. 103].

Proposition 2.1.2 A finite lattice L is semimodular if and only if L is pure and the

rank function p of L satisfies
p(z Ay) +p(z Vy) < p(z) + p(y)
forallz,yc L. m

In a semimodular lattice, the pair (z,y) is modular if and only if

p(z Ay) + p(z Vy) = p(z) + p(y)- (2.3)

For a proof, see [2, p. 83]. So in this case the relation of being a modular pair is
symmetric, and then there is no difference between modularity and left-modularity in
a semimodular lattice. However, there are examples such as the non-crossing partition
lattices (see Sec. 2.3) and the Tamari lattices (see Sec. 3.2) where the two concepts
do not coincide.

We say a finite lattice is geometric if it is semimodular and atomic. In early work
of R. Stanley [14], he showed that x([0,z],t) is a factor of x(L,t) if z is a modular
element in a geometric lattice L. One of our goals is to generalize Stanley’s result by
replacing ¢ with a left-modular element and relaxing the condition that the lattice
be geometric. Stanley’s theorem and its generalization will be dealt with in next
section. Here we would like to examine some general properties of modular elements
and left-modular elements.

We say that y is a complement of z if t Ay = 0 and z Vy = 1. The following

theorem that was given in [14] provides a characterization of modular elements.
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Theorem 2.1.3 (Stanley [14]) In a geometric lattice, an element z is modular if

and only if no two complements of z are comparable. m
The analog of Theorem 2.1.3 for left-modular elements is as follows.

Theorem 2.1.4 Let z be an element of any lattice L. The following statements are

equivalent:
i. The element z s left-modular.
i. Foranyy, 2z € L withz<y, wehavez Az#zxzAyorzVz#zVy.

wi. Foranyy, z € L withz <y, we havez ANz#z Ay orzVz#zVy (but not

both).

w. For every interval [a,b] containing z, no two complements of T with respect to

the sublattice [a,b] are comparable.

Proof. We will prove the implications (i) = (ii) = (iii) = (i). The proof of (ii) <
(iv) is trivial.

First we make some preliminary observations. Suppose z < y. We claim that
zVy=zVzifand only if y = (2 Vz) Ay. The forward direction is trivial by
equation (1.1). Also we have y = (2 V z) Ay implies y < z V z by (1.2). Now
z <y < zVz, and joining all sides with z, gives £ Vy = = V z. Similarly we can show
that zAy=zAzifandonlyif z=2V (zAy).

For any z < y the inequalities
z<zV(zAy) < (2Vz)Ay<y (2.4)

are true by the modular inequality (2.1). Since z # y, at least one of the <’s in (2.4)
should be <. Therefore (i) = (ii). If z < y, then exactly two of the <’s should be =

and the remaining one must be <. Thus (ii) = (iii).

16



To show (iii) = (i), let us consider the contrapositive: assume that there are u, v €
L with u < v such that uV(zAv) < (uVz)Av. Given any y, z € [uV(zAv), (uVz)Av)
with z <y, wehave y < (uVz)Av < vimpliessuV (zAy) <uV(zAv) <z s0
that z Ay < z. It follows that z V (z A y) = z and also (2 V z) A y = y similarly, i.e.,

tAz=zAyandzVz=2zVy. [

The existence of a left-modular element in L implies that one is also present in

certain sublattices as the next proposition shows.

Proposition 2.1.5 Let z be a left-modular element in lattice L. Then for anyy € L
1. the meet Ay is a left-modular element in [0,y], and

2. the join z V y is a left-modular element in [y, 1].
Proof. Let a, b€ [0,y] with b < a. By left-modularity of z, we have

bVv((zAy)Aa) = bV(zA(yAa)) = (bVz)A(yAa)

= (bVz)Ay)Aa = (bV(zAY))Aa

So z Ay is a left-modular element in [0,y]. The proof for join is similar and will be

omitted. L

We obtain a result from [14] as a corollary.

Corollary 2.1.6 (Stanley [14]) Let x be a modular element in a semimodular lat-

tice L. Then for anyy € L
1. the meet z A\ y is a modular element in [6, y|, and

2. the join z V y is a modular element in [y,1]. m
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2.2 Left-modular Elements and x(L,?)

First, let us say a few words in motivation. There are two important factorization
theorems for characteristic polynomials given by Stanley. This factorization offers an
easy way to calculate the characteristic polynomials of various lattices. The following
theorem from [14] shows that if L is a geometric lattice then there is a factor of its

characteristic polynomial arising from a modular element.

Theorem 2.2.1 (Partial Factorization Theorem, Stanley [14]) Let L be a fi-
nite geometric lattice. If ¢ is a modular element of L, then
X(L,t) = x([0,2],t) D (0, b)te)-r=)-el) g
b:bAz=0
In another paper [16], Stanley defined a supersolvable lattice to be a pair (L, A)
where L is a lattice, A : 0 = 29 < 1 < ... < z, = 1 is a maximal chain of L, and A
together with any other chain of L generates a distributive lattice, i.e., one such that

any elements z,y, z of it satisfy the distributive laws
zV(yAnz)=(zVy)A(zVz),

zA(yVvz)=(zAy)V(zAz).

The lattice formed by all subgroups of a supersolvable group partially ordered by
inclusion is an example of a supersolvable lattice. Stanley showed that a supersolv-
able lattice is pure. If L has a maximal modular chain A, i.e., every element of A
is modular, then (L, A) is supersolvable. Also, if (L,A) is supersolvable then the
elements of A are left-modular. So if (L, A) is both supersolvable and semimodular

then the elements of A are modular.

Theorem 2.2.2 (Total Factorization Theorem, Stanley [16]) Let (L,A) be a

supersolvable, semimodular lattice (SS lattice for short) of rank n, where A : 0 =
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To < Ty <...<2zp=1. Then
X(L,t) = (t —a1)(t —az) - (t — an) (2.5)
where a; is the number of atoms of L that are below z; but not below z;_;. m

If the SS lattice is also atomic, then Theorem 2.2.2 can be derived by inductively
applying the Partial Factorization Theorem to the chain A of modular elements. In
fact, we will show (Corollary 2.2.10) that the atomic restriction can be removed from
Theorem 2.2.1. So induction can applied even to lattices which are not necessarily
atomic such as the divisor lattice.

Recently A. Blass and B. Sagan [3] were able to generalize Theorem 2.2.2. To
replace supersolvability with a weaker hypothesis, they defined a left-modular lattice

L to be one such that
L has a maximal chain A, all of whose elements are left-modular.

Motivated by their result, we will generalize the Partial Factorization Theorem by

replacing = with a left-modular element.

Lemma 2.2.3 Let L be a lattice with an arbitrary functionr : L — R and letn € R.
If £ € L is a left-modular element, then

S u@)tr W =" ) D pb ).

yel bAz=0 y€(bbvz]
Proof. We will mimic Stanley’s proof in [14]. By Crapo’s Complementation Theo-
rem (8], for any given a € [0, y]

wly) = D u(0,a')((a',a")u(a", y),

al 'a"

where o’ and a" are complements of a in [0,y], and ¢ is the zeta function defined by

¢(u,v) = 1if u < v and {(u,v) = 0 else. Let us choose a = z A y. The element a is
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left-modular in [0,y] by Proposition 2.1.5. But no two complements of a in [0,y] are
comparable by Theorem 2.1.4. Thus
ply) =Y p(0,b)pb,y), (26)
b
where the sum is over all complements b of a in [ﬁ, y], i.e., over all b satisfying b < y,
bA(zAy)=0and bV (zAy) =y. Since z is left-modular, it is equivalent to say that
the sum in (2.6) is over all b € L satisfying bAz = 0 and y € [b,bV z]. Thus we have

ST = 3 Y k@, 5ub v

yeL yel bAz=0
y€E[bbdvz]

= Y Y u®wuby)tT. .

brz=0 y€(bbvz]
Obviously the previous lemma is true for the rank function. To apply this result

to more general functions we make the following definition.

Definition 2.2.4 A generalized rank function of a lattice L is a function p : {(z,y) €

LxL|z<y}— R such that foranya<b<c

pla,c) = p(a,b) + p(b, c).
In this case, we say L is generalized graded by p.

For short we write p(z) = p(0, z). Conversely, if we take any function p: L — R
such that p(0) = 0, then we can easily construct a generalized rank function, namely
p(z,y) = p(y) — p(z). So the ordinary rank function is a special case.

If L is generalized graded by p, we now define a generalized characteristic poly-

nomial of L by
X(L,t) =Y pla)tr®D =Y~ p(z)ee o), (2.7)

z€L z€L
Note that x will depend on which generalized rank function we pick. Since the restric-

tion of a generalized rank function to an interval [a, b] still satisfies Definition 2.2.4
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with L = [a,b], the characteristic polynomial of the interval is defined in the same

manner.

Theorem 2.2.5 Let L be generalized graded by p. If x € L is a left-modular element,

then

(L) = 3 (@b, bv 2], 1)) (2.8)

beJ(L)
bAz=0

Proof. Directly from Lemma 2.2.3 and the definition of the generalized rank func-

tion, we get

X(Lit) = Y ) Y u(b,y)rt)-ew

bAz=0 ye[bbvz]

— Z u(b)t”(i)"’(bv‘”) Z ﬂ(b,y)tp(bV:r)—p(y)
bAz=0 yE[b,bvz]

_ z “(b)tp(i)—p(bw) Z u(b,y)t”(""’v”)
bAz=0 y€E[bbva)

- [u(b)t"(i)"’(b"’)x([b,bvx],t)] .
beJ(L)
bAz=0

In the sum (2.8), the term x([b,b V z],t) depends on b. To get a factorization
formula, we will remove the dependency by applying certain restrictions so that
x([b,bV z],t) = x([0,z],t) for all b in the sum.

First, we will obtain a general condition under which two lattices have the same
characteristic polynomial. In the following discussion, let L and L' be two lattices
and let 7: L — L' be any map. For convenience, we also denote 0 = 0, 0/ = 0. and
similarly for 1, 1', u, p', etc.

We say 7 is a join-preserving map if
T(uVv)=71(u)Vr(v)

for any u, v € L. Note that if 7 is join-preserving then it is also order-preserving

since
<y =>y=zVy = 7(y)=7(zVy)=71(z)V7(y) = 7(z) < 7(y).
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If 7 is join-preserving, then given any z’ € 7(L), we claim that the subset 77!(z') has
a unique maximal element in L. Suppose that 7(u) = 7(v) = z' for some u, v € L.
We have 7(u Vv) = 7(u) V 7(v) = 2'. Thus u Vv € 77(2’) and the claim follows. In

addition, if 7 is also surjective then we can define amap o : L' — L by
o(z') = the maximal element of 771(z’). (2.9)

Theorem 2.2.6 Using the previous notation, suppose that T is surjective and join-

preserving and that o is order-preserving with o(0') = 0. Then for any ' € L' we

have
wiE)= > uy).
yer~1(z')
Proof. This is trivial when z' = (', since the second hypothesis on o implies

7710") = {0}. Let z = o(z'). From the assumptions on 7 and ¢ it is easy to

see that

0,2]= | =@ (2.10)
ylelﬁl’zl]

Now, by surjectivity of 7 and induction, we get

K@) = =) W)

y'<z!

D))

yer~1(y')
yl<zl

= Y uy).w

ver~i(z')
Let L and L' be generalized graded by p and p', respectively. We say an order-
preserving map 7 : L — L' is rank-preserving on a subset S C L if p(z,y) =

p'(7(z), 7(y)) for any z, y € S, z < y. Also we define a support set of L by

H(L) = {z € L | u(z) # 0}.
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Theorem 2.2.7 If, in addition to the hypotheses of Theorem 2.2.6, the map T is

rank-preserving on H(L) U {1} then

X(Lvt) = X(L”t)'

Proof. From (2.10) in the proof of Theorem 2.2.6, we know L = ¥, 77}(z").

Then by Theorem 2.2.6 and the rank-preserving nature of 7, we have

x(Lt) = Yy

z'el

DD PO

el yer—i(a')
— E E “(y)tp’(r(y),r(i))

z'el’ yer—1(z')

— Z #(y)tp(y,i)

yEH(L)
x(L,t). m

It is easy to generalize the previous theorem to arbitrary posets as long as the
map o is well defined. However, we know of no application of the result in this level
of generality.

Returning to our factorization theorem, we still need one more tool. For any given

a, b in a lattice, we define
0s:[b,aVb = [aAba]l by o4(u) =uAa,

T :[aAba] = [b,aVb by m(v)=vVb.

The map 7 is the one we need to achieve x([b, bV z],t) = x([0, z],t). We write H(z,y)

for H([z,y]) which is the support set of the sublattice [z, y].

Lemma 2.2.8 Let L be generalized graded and let z € L be a left-modular element.

Ifbe L is such that bA z = 0 and 7, is rank-preserving on H(0,z) U {z}, then

x([b,bV z],t) = x([0, z], 1).
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Proof. We need only verify that the hypotheses of Theorem 2.2.7 are satisfied. By

left-modularity of z, we have
no(y) =bV(zAy)=(bVz)Ay=1y (2.11)

for any y € [b,bV z]. So 7, is surjective. And it is easy to check that 7, is join-
preserving.
As for o,, we must check that it satisfies the definition (2.9), i.e., for any y €
[b,bV z]
02(y) = max 7, ' (y).
Given z € 7, '(y) we have y = 7,(z) = 2z V b. So by the modular inequality (2.1) we
get

o:(y) =yAz=(zVbAz>2zV(bAz)> 2

Since this is true for any such z, we have 0.(y) > max7; '(y). But equation (2.11)
implies 0.(y) € 7, '(y), so we have equality. Now f)[b,bV,] =bsoo(b)=bAz=0as

desired. Noticing that o, is order-preserving, we complete the proof. [

We can now prove our main result.

Theorem 2.2.9 Let L be generalized graded by p and let ¢ € L be an left-modular
element. If the map 7, is rank-preserving on H(0,z) U {z} for every b € H(L)
satisfying bA z = 0. Then

X(L,t) = X([ﬁ,x],t) Z y(b)t”(i)_p(’)_”(b)

beH(L)
bAz=0

x([0, z], ) Z p(b)trD-p()=p(b),

bAz=0

Proof. By Lemma 2.2.8, we need only worry about the exponent on ¢ in Theo-

rem 2.2.5. But since 7, is rank-preserving on H(0,z) U {z}, we get
pbVz) = p(0,8)+p(b,bV 2)
= p(0,b) + p(0,z) = p(b) + p(z). w
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To apply this theorem, instead of H(0,z) and H(L) it is sometimes more convenient
to check the hypotheses for two sets containing them. For example, they can be
replaced by J(0,z) and J(L), or even by [0,z] and L.

Here we state a corollary of the previous result which has a weaker hypothesis
than Theorem 2.2.1. So Theorem 2.2.9 generalizes Stanley’s Partial Factorization

Theorem.

Corollary 2.2.10 Let L be a finite semimodular lattice graded by the ordinary rank
function p. If x is a modular element of L, then
x(L,t) = x([0,2],8) Y p(b)eetD e,

beH(L)

bAz=0
Proof. To apply Theorem 2.2.9, it suffices to show that p(0, z) = p(b, zVb) for every
z € [0, z]. Since (b, z) is a modular pair, we have (zVb)Az = zV (bAz) = zV0 = 2.
By Corollary 2.1.6, we know z = (zV b) Az is a modular element in [0, z V ], so (z,b)
forms a modular pair in the same interval. Thus p(z A b) + p(z V b) = p(z) + p(b),
because [0, z V b] is a semimodular lattice (see equation (2.3)). Since zAb = 0 we are

done. .

We take the divisor lattice D,, as an example. It is semimodular, but not atomic
in general, so Theorem 2.2.1 does not apply. However Corollary 2.2.10 can be used
for any z € D, since all elements are modular.

We will now present two applications of the previous results in the following two

sections.

2.3 Non-crossing Partition Lattices

The non-crossing partition lattice was first studied by Kreweras [11] who showed its

M@obius function is related to Catalan number. By using NBB sets (see Sec. 2.5 for the
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m: 123/4578/6 (non-crossing) 134/256/78 (crossing)
1 .KZ 1 2
8 3 8 3

6o ) 6 )

Figure 2.1. Partitions and their graphs

definition), Blass and Sagan [3] combinatorially explained this fact. In this section
we will calculate the characteristic polynomial for a non-crossing partition lattice and
then offer another explanation for the value of its Mobius function.

Recall the definition of the partition lattice II, in Section 1.1. We say that a
partition 7 F [n] is non-crossing if there do not exist i, k € B and j, ! € C for two
distinct blocks B, C of m with i < j < k < I. Otherwise 7 is crossing.

Another way to view non-crossing partitions will be useful. Let G = (V, E) be
a graph with vertex set V = [n] and edge set E. We say that G is non-crossing if
there do not exist edges ik, jl € F with i < j < k < l. Equivalently, G is non-
crossing if, when the vertices are arranged in their natural order clockwise around
a circle and the edges are drawn as straight line segments, no two edges of G cross
geometrically. Given a partition 7 we can form a graph G, by representing each block
B = {i; < i3 < ... <4} by a cycle with edges 3,13, %213, ..., 4%;. (If |B| =1 or 2 then
B is represented by an isolated vertex or edge, respectively.) Then it is easy to see
that 7 is non-crossing as a partition if and only if G, is non-crossing as a graph. In
Figure 2.1 we have displayed two partitions and their graphs.

The set of non-crossing partitions of [n] forms a meet-sublattice NC, of II, with

the same rank function. However unlike II,,, the non-crossing partition lattice is not
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semimodular in general, since if 7 = 13 and 0 = 24 then 7 Ao = 0 and 7 Vo = 1234.
So we have

p(m) +p(c) =2<3=p(rAo)+p(r Vo).

The join 7 Vi, 0 = 13/24 also explains why NC, is not a sublattice of II,,.

Let 7 = 12...(n — 1). We claim that 7 is left-modular in NC,. It is well-
known [16] that = is modular in II, and so left-modular there. Let a, b € NC, with
a < band both incomparable to m. It is clear that aV 7 = bVr = 1 in II,, as well as in
NC,. By Theorem 2.1.4 we get aA7 < bAw in II,. Since NC,, is a meet-sublattice of
I1,,, this inequality for the two meets still holds in NC,,. By Theorem 2.1.4 again, 7 is
left-modular in NC,,. In general, 7 is not modular in NC,,. If n > 4, let ¢ = 2n and
¢p=1n-1)/23...(n—2). Clearly p <7, tAc =¢pAo=0andrVo=¢Vo=1

in NC,, so that (o, 7) is not a modular pair.

Proposition 2.3.1 The characteristic polynomial of the non-crossing partition lat-

tice NC,, satisfies

n—1

X(NC"U t) =1 X(NCH—I) t) - ZX(NCH t)X(NCn-—-ia t)

i=1

Proof. Let m =12...(n —1). By Theorem 2.2.5 we have

X(NCayt) = 3 [w(o)t? -0 x(b,b v 7, 2)] .

bAr=0
Note that b A 7 = 0 if and only if any two numbers of [n — 1] are in different blocks
of b, soeitherb=0orb=mnwithl1<m<n-1.

If b = 0, then x([b,bV 7],t) = x([0,7],t) = x(NCn_1,t). Thus we get the first
term of the formula. Now let b = mn. It is clear that bV m = 1, so we need to
consider the sublattice [b, 1]. Given any w € [b, 1], the edge mn (which may not be in
E(G.,)) geometrically separates the graph G,, into two parts, G,,; and G,, 2, which are

induced by vertex sets {1,2,...,m,n} and {m,m +1,...,n — 1,n}, respectively. By
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contracting the vertices m and n in both G, ; and G, 2, we get two non-crossing graphs
G.,1 and G, ;. It is easy to check that the map f : [b,1] = NC,, x NC,_,, defined

by f(G.) = (Gu1,G.2) is an isomorphism between these two lattices. Therefore
x([b,0V m],t) = X(NCpm, t)Xx(NCp-m, ),

and the proof is complete. ]

For any w = By/By/... /By € NC,, the interval [0,w] = [], NCi,. Hence to
compute the Mdbius function of NC,, it suffices to do this only for i. By Proposi-
tion 2.3.1 we have the recurrence relation

l‘(NCn) = X(NC,.,O)

n-1

= - Z x(NC;,0)x(NC,_;,0)

=1
n-1

= - Z u(NC;)p(NCn-i)

i=1
with the initial condition u(NC)) = 1.

Consider a product zoz; - - - ,,. In how many ways can we insert parentheses such
that there is no ambiguity as to the order of the multiplications? This number is called
the Catalan number and denoted by C,,. For example, Cy = 1 for zo; Cy = 1 for zo2;;
Cy = 2 for (zoz1)z2, To(z122); C3 = 5 for ((zoz1)z2)Z3, (To(Z122))T3, To((Z122)T3),
zo(z1(z223)), (zoz1)(z273). It is routine to check that C, is uniquely determined by

the recurrence relation
n-—-1
Cn = E CiCn—l—i
=

with the initial condition Cy = 1. Therefore, by induction, u(NC,) = (-1)""'C,_;.

An explicit expression for the Catalan number is
C. — 1 <2n).
n+1\n
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2.4 Shuffle Posets

The poset of shuffles was introduced by Greene [9], and he obtained a formula for its
characteristic polynomial
m\ (n 1

Ot = =173 (7) ()=
In this section we will derive an equivalent formula by using Theorem 2.2.9. Before
doing this we need to recall some definitions and results which were given by Greene.
Let A be a set, called the alphabet of letters. A word over A is a sequence u =
UjUsz . .. u, of elements of A. All of our words will consist of distinct letters and we
will sometimes also use u to stand for the set of letters in the word, depending upon
the context. A subword of uis w = u;,, ...u;, where i; < ... <14;. If u, v are any two
words then the restriction of u to v is the subword u, of u whose letters are exactly
those of uNv. A shuffle of u and v is any word s such that s = uv as sets (disjoint
union) and s, = u, sy = v as words.

Given nonnegative integers m and n, Greene defined the poset of shuffies Wy, », as
follows. Fix disjoint words x = z;...Z, and y = ¥ ...Yn. The elements of W, , are
all shuffles w of a subword of x with a subword of y. The partial order is that v < w
if v 2 Wy, vy C W, as sets and v, = Wy as words. The covering relation is more
intuitive: v < w if w can be obtained from v by either adding a single y; or deleting
a single z;. It is easy to see that W, , has bottom element 0 = x, top element 1 = y

and is graded by the rank function
p(w) = (m — |wx|) + |wy].

For example, W, ; is shown in Figure 2.2 where x = de and y = D.
It was shown by Greene that every shuffle poset is actually a lattice. To describe
the join operation in W, ,,, Greene defined crossed letters as follows. Given u, v €

W then 2 € uNv N xis crossed in u and v if there exist letters y;, y; € y with
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Figure 2.2. The lattice W5

i < j and z appears before y; in one of the two words but after y; in the other. For
example, let x = def and y = DEF. Then in the two shuffles u = dDFEe, v = Fdef,
the only crossed letter is d. The join of u, v is then the unique word w greater than

both u, v such that

wxy = {T € uxNvy |z isnot crossed} (2.12)
Wy = uyUvy.
In the previous example, uV v = DEFe. This join also shows that W,,, is not
semimodular in general, because p(u) + p(v) =3+1<5=puVv) <p(uVvv)+
p(u A v). Since (Wym)* = Wpn, the meet operation in Wy, , is as same as the join
operation in (W, m)*. So to find the meet in the analogous way we need to consider
those letters y € uNvNy crossed in u and v.
Greene also showed that subwords of x and subwords of y are modular elements

of W ». In particular, the empty set @ is modular. It is also atomic since [0, 0] = B,

We now give our formula for the characteristic polynomial of W,, ..
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Proposition 2.4.1 The characteristic polynomial of the shuffle poset is

XWann t) = (t — 1)”‘2 ( )(m“)t" i (2.13)

Proof. IfuA® = w in W,,, then wy = u, U@, = u,. So the meet u A = 0 if
and only if x is a subword of u, i.e., the element u is a shuffle of x with a subword of
y. Furthermore there is no crossed letter z in u and any v € [0, 0] since v, = 0. It
follows that (uV v)x = uxNvy = v and (uV v)y = uy Uvy, = u, as sets. Then we

get

p(uvv) —p(u) = [(m—|v])+[uy|] - [(m —m) + [uy]]

= m—|v| = p(v) - p(0).

Thus the map 7, : [0,0] — [u,? V u] is rank-preserving.
Since [0, 0] = B, by Theorem 2.2.9 we get
X W) = (= )™ 3 )t =m=pts),
un0=0
It is easy to see that the interval [0,u] is isomorphic to B; where i = |u,]|.
p(a) = (—=1)! = (-=1)?®), Now we conclude that

S~ [ the number of ways to
XWnn,t) = (¢-1) ; [shufﬂe x with 7 letters of y

t—1)™ z":(—l)‘ (’:) (mj ’) .

=0

| e

To determine the Mébius function of W, ,, it suffices to compute (1) since for
any W € W, the interval [0, w] is isomorphic to a product of W, 's for certain
p < m and ¢ < n. For example, let x = defgh and y = DEFGHIJK then
p(DEeGhIK) = p(Wh2)u(Wa,1)u(W, 2) because

[defgh, DECGhIK] = wd,DE X ng,G X W@JK.

Simply plugging ¢t = 0 into formula (2.13) gives us the Mébius function p(Wp,»)-
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Corollary 2.4.2 (Greene [9]) We have

W) = (-1 ).

2.5 NBB Sets and Factorization Theorems

Applying Theorem 2.2.9 we intend to inductively prove the Total Factorization The-
orem of the characteristic polynomial if L is an LL lattice. This theorem was given
by Blass and Sagan [3] and generalizes Stanley’s Total Factorization Theorem for SS
lattices. First of all, we would like to outline their work.

Given a lattice L, recall that A = A(L) is the set of atoms of L. Assign A an
arbitrary partial order, which we denote < to distinguish it from the partial order <
in L. A nonempty set D C A is bounded below or BB if, for every d € D there is an
a € A such that

ald and a< V D.
We say that B C A is NBB (not bounded below) if B does not contain any D which
is bounded below. In this case we will call B an NBB base for the element z = \/ B.
One of the main results of Blass and Sagan’s paper is the following theorem which is

a simultaneous generalization of both Rota’s NBC and Crosscut Theorems (for the

crosscut A(L)).

Theorem 2.5.1 (Blass and Sagan [3]) Let L be a ﬁm’te lattice and let < be any

partial order on A. Then for all z € L we have

wz) = (-1)*!
B
where the sum is over all NBB bases B of z. ®

Given an arbitrary lattice L, let A : 0=2¢9 <21 <... <z, =1 be a maximal

chain of L. Define the i* level of A by
A;={a€A|a<z;buta £z},
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and we partially order A by setting a < b if and only if a € A; and b € A; with i < j.
We say a is in lower level than b or b is in higher level than a if a < b. Note that the
level A; is an empty set if and only if z; is a non-atomic element. Also an atom a
cannot be < \/ S for any set S of atoms from strictly lower levels, since there is an
z; that is > all elements of S as well as \/ S but not > a. If all elements of A are
left-modular, then we say (L, A) (or simply L) is a left-modular lattice. In this case,

another property involving a join of atoms is given next.

Lemma 2.5.2 (Blass and Sagan [3]) Ifa and b are distinct atoms from the same

level A; in a left-modular lattice, then a V b is above some atom c € A; with j < i. m

A pair (L, A) is said to satisfy the level condition if this partial order < of A has

the following property.

k
Ifa<tby <by<... <1 by thena £ \/bi.

i=1

A pair (L, A) is called an LL lattice if it is left-modular and satisfies the level condition.

In this case, the characterization of NBB sets is described as follows.

Lemma 2.5.3 (Blass and Sagan [3]) In an LL lattice, a set B C A is NBB if and
only if | BN A;| <1 for everyi. m

We define a generalized rank function p : L — N by
p(z) = number of A; containing atoms less than or equal to z.

Note that, for any z € L, we have p(z) = p(6(z)) where §(z) is the maximum atomic
element in [0, z]. So p(1) is not necessary equal to n, the length of A. The following

lemma states the relationship between this p and NBB bases.

Lemma 2.5.4 (Blass and Sagan [3]) Let B be an NBB set in an LL lattice. Then
every atom a < \/ B is in the same level as some element of B. In particular, any

NBB base for x has ezactly p(z) atoms. m
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Blass and Sagan generalized Stanley’s Total Factorization Theorem to LL lattices
using their theory of NBB sets. Here we present two inductive proofs for the LL
factorization theorem. In the first proof we will apply Theorems 2.2.9 as well as the

theory of NBB sets.

Theorem 2.5.5 (Total Factorization Theorem, Blass and Sagan [3]) If

(L,A) is an LL lattice then its characteristic polynomial factors as

x(L,t) =[]t - 14i])
where the product is over all non-empty levels A;.

Proof of Theorem 2.5.5 I. We will induct on n, the length of A. The theorem is
trivial when n < 1. If A, = 0, then p(z,) = p(z._;) and thus x(L,t) = x([0, zn_1],t).
So we are done by induction.

If A, # 0, consider y € H(L). Then, by Theorem 2.5.1, y must have an NBB
base. So if b € H(L) and bV z,_; then, by Lemma 2.5.3, b has an NBB base of
at most one atom from A,. Sob =0 or b € A, and p(b) < 1. Now it suffices to
check that 7, is rank-preserving on H(0,z,_;) U {Z,_;} for every b € A, since then
we get x(L,t) = x([0,Zn_1],t)(t — |An|) by Theorem 2.2.9. Because A, # @ and
p(b) = 1, 7, is rank-preserving on {z,_;}. Given any y € H(0,z,_,), suppose B
be an NBB base for y. By Lemma 2.5.3, B’ = B U {b} is an NBB base for 7,(y).
Now p(m(y)) = |B'| = |B|+1 = p(y) + p(b) by Lemma 2.5.4. Hence p(b, 7(y)) =
p(1o()) — p(®) = p(y) = p(0,3). .

In a similar way, Corollary 2.2.10 provides us with an inductive proof for Theo-
rem 2.2.2. Note that the lattice in Theorem 2.2.2 is pure, so p(i) equals the length
of A. Therefore the product (2.5) is over all levels A; (including empty ones).

We will use Theorem 2.2.5 for the second proof. This demonstration sidesteps the
machinery of NBB sets and reveals some properties of LL lattices in the process. To

prepare we need the following two lemmas.
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Lemma 2.5.6 If w is a left-modular element in L and v < w, thenvVu < wVu

for anyu € L.

Proof. Suppose not and then there exists s € L such that vVu < s < wVu. Taking
the join with w and usingvVw =w, weget wV (vVu)=wVs=wV (wVu). So
we should have wA (vVu) < wAs < wA (wVu) =w by Theorem 2.1.4. Combining

this with v < w A (v V u), we have a contradiction to v < w. [

Lemma 2.5.7 If (L,A) is an LL lattice with A : 0 = 29 <2, < ... < T, = 1 and
A, # 0, then ([b,1],A") is also an LL lattice for any b € A, where A’ consists of the

distinct elements of the multichain

! ' ' ! ! )
b=z Xz X, 2X... 3z, ,Xz,,_; =1

where z, = z; V b,0 < i < n — 1. Furthermore we have |A;| = |A}| for such i, where
Al ={ac A(b,1)|a <z buta £z} ,}

Proof. By Lemma 2.5.6, the chain A’ is indeed saturated. So A’ is a left-modular
maximal chain by Proposition 2.1.5.

Let 7(z) = n(z) = = V b. It is surjective (see the proof of Lemma 2.2.8) and
order-preserving from [0, z,_;] to [b,1]. Also let A = A(0,z,_;) and A’ = A(b, 1).
First, We prove that the map 7 : A — A’ is well-defined and bijective. Suppose that
there is an a € A; such that b < z < 7(a) = a V b for some z. By the level condition
and Lemma 2.5.2, in L any atom ¢ < a V b is in a level at least as high as a and
only one such c is in A;, namely a. Since z < aVband a £ z, any atom d < z
is in a higher level than a. It follows that z; Az = 0. Now bV (z; Az) = b and
(bvz)Az > (bVa) Az = z contradicts the left-modularity of z;. We conclude
that 7 : A — A’ is well-defined. The restriction 7|4 is surjective since 7 is surjective

and order-preserving. To show injectivity of 7|4, let us suppose there are two distinct
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atoms u and v such that 7(u) = 7(v). If u and v are from two different levels then this
contradicts the level condition. If u and v are from the same level, by Lemma 2.5.2,
there exists an atom c in a lower level such that ¢ < u Vv < 7(u) V 7(v) = 7(u),
contradicting the level condition again.

Now let us prove |A;| = |A!|. This is trivial for ¢ = 1. Let u € A; for some
nonempty A; with 2 < ¢ < n —1. It is clear that u Vb < z; V b. Assuming that
uVb<z;_1 Vb weget (bVz_1)A(uVb)=uVbh ButbV (z;_; A(uVb)=bv0=>
contradicts the modularity of z;_;. Thus 7(A;) C A! and then the bijectivity of 7|4
implies that |A4;| = |A!| for alli <n — 1.

Since 7|4 is bijective and level-preserving, if 7(a) < szl 7(b;) for some 7(a) <
(b)) <7(b2) <...<7(bx) in [b, i], thena <aVvbd< (szl b)) vVbwitha<b <by ...

b, <bin L. Thus ([b, 1], A’) satisfies the level condition. .

Proof of Theorem 2.5.5 II. We will induct on n = ¢(A). The cases n <1
and A,, = 0 are handled as before.

If A, # 0 and b is atomic with bA z,_; = 0, then b can only be above atoms in
A,. So by Lemma 2.5.2, b must be the join of at most one atom, i.e., either b = 0 or
b€ A,. Thus by Lemma 2.5.7 and induction we get, for any b € A,

x(b,1,¢) = JJ (¢ - 14:]) = x((0,za-1],2)
i<n-1
where the product is over non-empty A;. Applying Theorem 2.2.5 gives x(L,t) =

x([0, 2,_1],t)(t — | A,|), so again we are done. (]

To end this chapter, we depict the relationships between all factorization theorems
that we have discussed. In the following chart, “TF” means “Total Factorization

Theorem” and “PF” stands for “Partial Factorization Theorem.”
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Theorem 2.2.5
l Blass and Sagan’s TF
Theorem 2.2.9 Stanley’s TF
Corollary 2.2.10

Stanley’s PF
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CHAPTER 3

EDGE LABELINGS OF POSETS

3.1 R-Labelings and Shellable Posets

This section is an introduction to the basic terminology and theorems for edge label-
ings of posets. The covering relation z < y is also an edge in the Hasse diagram of P,
so the set £(P) = {zy | z < y for z,y € P} is called the edge set of P. If [u,v] C P
we write £(u,v) for £([u,v]). Sometimes, instead of using zy, we will write the edge
pair as ¢ < y. An edge labeling of P is a map A : E(P) — A, where (A, <) is some
poset (usually the integers). We will use “<” for both P and A if there is no confusion;
otherwise we will write <, for A to distinguish from < for P. Given z < y < z, if
A(zy) < A(yz) we will say A is strictly rising at y in this chain; otherwise A has a strict
descent at y. Note that at a strict descent we do not necessary have A(zy) > A(yz)
since A is a poset. “Weakly rising” and “weak descent” are defined in the analogous
way. Here we study two important concepts: R-labeling and lexicographic shelling.

Both of them unveil combinatorial properties of posets.

Definition 3.1.1 Let P be a bounded poset. An edge labeling A\ : E(P) — A is called

a strict R-labeling of P if, for every interval [z,y] of P, there is a unique saturated
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chain z = 19 <, < -++ < T} = y satisfying
AMzozy) < A(z1Z2) < -+ < MTh_1Zk)- (3.1)

We will call this chain the rising chain from z to y and denote it by C.(z,y). A poset

P possessing a strict R-labeling A is called a strict R-poset.

Replacing “<” with “<” in (3.1) defines a weak R-labeling and a weak R-poset. A
strict R-labeling is not necessary a weak R-labeling, since one might have more than
one weakly rising chain. An R-labeling is one that is either a strict or weak R-labeling.
The concept of R-poset is defined analogously. Note that if [z,y] is an interval of an
R-poset P, then the restriction of A to £(z,y) is still an R-labeling. So any property
satisfied by an R-posets P is also satisfied by any interval of P.

Let P be an poset with a strict R-labeling A. A falling chain from z to y is a

saturated chain D : z = 29 < o7 < - -+ < 7} = y satisfying
AMzi1z;) £ AMziziq1), forall 1 <i<k-—1.

Replacing “£” with “£” we can define a falling chain in a weak R-poset.
Let P be a bounded pure poset of rank n with the rank function p. If S C [n —1]

then we define the poset
Ps={zeP|z=0,10rp(z) € S},

called the S-rank-selected subposet of P. For instance, we have Py = C; and P,_;) =
P.
The following theorems give connections between R-labeling and the Mobius func-

tion.

Theorem 3.1.2 (Stanley [17]) Let P be a pure R-poset of rank n and let S C
[n—1]. Then (—1)IS¥1yu(Ps) is equal to the number of mazimal chains M : 0 = zo <
Ty < ... < Tp =1 of P for which the labeling \ has descents ezactly at those z; with

1€S. =
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Corollary 3.1.3 (Stanley [17]) If P is a pure R-poset than for allz, y € P
p(z,y) = (—1)PW=2E) (number of falling z—y chains). m

Theorem 3.1.4 (Bjorner and Wachs [6]) If P is an R-poset (not necessary a

pure one), then for allz, y € P

u(z,y) = number of even length falling chains in [z,y]

— number of odd length falling chains in [z,y]. =

Shellability is studied for simplicial complexes in algebraic topology and also has
properties of a combinatorial nature. We will only treat this subject for posets because
we are focusing on combinatorics, not topology. A poset P is said to be shellable if
its maximal chains can be ordered M;, M,,..., M, insuchaway thatif1 <i< j <t
then there exist 1 < k < j and £ € M; such that M; " M; C M, " M; = M, — {z}.
Various types of edge-labelings were introduced by Bjorner and Wachs that imply
shellability.

For the labeling poset A, let A denote the set of all strings (ay,...,a,) with

a; € A and variable length p. The lezicographic order <; on A*® is the one such that

(a1y...yap) <t (Bry---,0q)
if and only if either
l. o;=0;fori=1,2,...,qand ¢ < p, or
2. a; # (; for some ¢ and o; < G; for the least such 1.

Given a saturated chain C : g < ; < ... < z, in an edge-labeled poset we label the
chain by
)\(C) = (/\((L‘()L'Bl), ey /\(x,,_la:n)).
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Definition 3.1.5 An edge labeling A of P is called an EL-labeling (edge lexicographic
labeling) if

1. X is an R-labeling, and

2. given any interval [z,y|, the unique rising chain C, satisfies \(C,(z,y)) <; A(C)

for any other mazimal chain C in [z,y].

Building on the work of Bjorner [4] for pure posets, Bjorner and Wachs [6] showed
that if any poset has an EL-labeling then it is shellable. So a poset admitting an
EL-labeling is said to be EL-shellable. An equivalent condition to EL-shellability is

as follows.

Proposition 3.1.6 (Bjorner and Wachs [6]) Labeling A is an EL-labeling of P if

and only if
1. X is an R-labeling, and
2. given any interval [z,y], if Cr(z,y) : ¢ = 29 < T4 < ... < T, = Y then
Azz1) < A(z2) for all z # x, such thatz < z < y.

Some important EL-sellable posets have following stronger property which is the

dual of (2) in previous proposition.
Definition 3.1.7 An edge labeling A of P is called an SL-labeling if
1. X is an EL-labeling, and
2. given any interval [z,y], if Co(z,y) : ¢ = 79 < 2, < ... < T, = y then
A(2y) < Mzn-1y) for all z # z,_;1 such thatz < z < y.

A poset admitting an SL-labeling is said to be SL-shellable. Depending on whether
the R-labeling is strict or weak, the same will be said about the EL-labeling or SL-
labeling. However, the requirement (2) in Proposition 3.1.6, as well as in Defini-

tions 3.1.5 and 3.1.7, is always “strictly less” even for a weak EL- or SL-labeling.
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3.2 Left-modular Lattices

Unless noted otherwise in this section we assume that the lattice L is left-modular
with a left-modular maximal chain A : 0 = zg < z; < ... < z, = 1. We define an

edge labeling Ap of L by
Aa(zy) =min{i | z; Vz =z; Vy}. (3.2)

Clearly Aa(z;—1z;) =i fori=1,2,...,n. So Aa is a natural labeling induced by A.

Since all z; are left-modular, by Theorem 2.1.4 we have an equivalent definition
Aa(zy) = min{i | z; Az # z; Ay}

It is easy to check that if z; Vz = z; Vy then z; V2 = z; Vy for any j > i. Thus we

have two more equivalent definitions

Aa(zy) = max{i+1|z;Vz #z;Vy} (3.3)

Combining (3.2) and (3.4), we get following property.

Lemma 3.2.1 The labeling Aa(zy) = ¢ if and only if both z; Vz = z; Vy and

TiAaNZT=Z; 1 ANYy. =

In the following proposition we do not require that all elements of A are left-

modular. The left-modularity of a single element z; is sufficient.

Proposition 3.2.2 1. Ifz; is left-modular and Aa (zy) = i for an edge zy € E(P),
then

i Ve <z; 1 Vy=z;Vz=2z; VY, (3.5)

LiaNT =T, g NY=T;NT <2, \Y. (36)
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2. If z; is left-modular, then there are nou, v, z, y € L such thatu <v <z <y

and A (wv) = Aa(zy) = 1.

Proof. (1) By definition we have z; ; Vz < z; ; Vy < z; Vy = z; V z, and
;.1 Vz <X z;Vz from Lemma 2.5.6. So (3.5) holds. The second statement follows
by a dual argument from the equivalent definition (3.4).

(2) Suppose Aa(uv) = Aa(zy) =i. Let s=z;; Vz and t = z;_; V y. From part
(1)andv<z,wegetz;Vv=2z;_;Vv<s<t=z;Vy. Now take the meet with z;
to get r; = z; A\s = z; At = z;. On the other hand, z; Vs =z;Vz =z; Vy =z; VL.

This is a contradiction to Theorem 2.1.4. =

Property (2) shows that the number i cannot be a label twice on any saturated chain
of L.

Now we would like to introduce another induced labeling. Let L be any lattice.
Recall the definition of irreducible elements in Section 1.2 and let I(L) be the set of
irreducible elements of L. Given a map w : I(L) — P, it induces an edge labeling by
the rule

Ar(zy) = min{w(z) | z€ I(L) and z < z V z = y}.

This is well-defined, because every = € L can be written as a join of irreducibles. If
As is an R-labeling then w is called an admissible map.

Now let (L, A) be a left-modular lattice, and let
w(z) = min{: | 2 < z;}

for any z € I(L). The values of w partition I(L) into n blocks (levels) I, I,..., I,
where I; = {z € I(L) | w(z) = i}. We also denote I, = {z € I(L) | z < z} for any

z € L. Clearly I, = U;zl I; fori=1,2,...,n. An equivalent definition for A; is

Ar(zy) = min{w(2) | z € I, — I, }.
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We will show that the map w induced by the left-modular chain A is admissible.
First of all, we would like to show that A\; = A on £(L). It is clear that A;(z;_;z;) =

i = Ma(z;_1z;) for any i. Also if z is an irreducible element with y < z then

Ai(yz) = w(z) = Aa(y2), (3.7)
where the second equality is from Lemma 3.2.1.
Lemma 3.2.3 We have A\p = AJ.

Proof. If A\;(zy) = i there is a z € I(L) such that z V z = y and w(z) = ¢, so
z;Vz = (z;Vz)Vz=z;Vy. This implies Aa(zy) <%, so Aa < A; on E(L).

We assume, towards a contradiction, that Aa(zy) = j < i = Ar(zy) for some
y € L with y > z. By Proposition 3.2.2(2) no edge in [0, z] is labeled j by Aa, so all
irreducibles in [0, z] are labeled other than j by (3.7), i.e., j € w(I.). Also we know
that w(I, — I..) C [i,n], so j € w(ly) and then I;NI, = 0. Thus z; Ay = \/(I;;N],) =

V(I;,_, N I,) = z;_; A y. This contradicts (3.6). L]
Let Q, = {w(z) | z € I(L),z < z}. A new method of labeling is defined by
Aa(zy) = min (Q, — Q.).

Since A\; = Aa, Proposition 3.2.2(2) gives A\q = A;. So from now on we will just use
A to represent all three labelings.

We need to state two lemmas before our main result.

Lemma 3.2.4 Let L be left-modular with z € I(L) and z < z V = for some z € L.

Then each edge in the interval [z,z V z] is labeled by a number < w(z).

Proof. Let w(z) =i and pick any edge u < v in [z, 2 V z]. It is easy to check that
z2Vu=zVz=zVuv,sowehaveuVze;,=uV(zVe)=vV(z2Ve) =vVuz. Thus

A(uv) < 1. .
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Lemma 3.2.5 Given any = < y in a left-modular lattice L. Let z, 2' € I, — I, be
two distinct irreducibles such that w(z) = w(z') = minw(l, — I;). Then we have

r<zVz=2z'Vz.

Proof. The covering relation is directly from the previous lemma and Proposi-
tion 3.2.2(2). Infact A(z < zVz) =w(z). If 2V # 2’V then 2’ € Liy(zva) — Lva.
By the result we have just proved, we should have z Vz < 2'V (2 V z) and

MzV ez <2'V(zVz))=w(z') but this contradicts Proposition 3.2.2(2). [

Theorem 3.2.6 Left-modular lattices are SL-shellable.

Proof. Given any interval [z,y] in L. If z < y, the edge itself is the unique rising
chain. If z A y, let z € I, — I, be an irreducible such that w(z) = i = minw(l, — I,,).
The chain formed by concatenating the edge ¢ < z V « and C,([z V z,y]) (which is
the unique rising chain obtained by induction) forms a rising chain from z to y. It is
strict by Proposition 3.2.2(2). Since the number ¢ must be a label on some edge of
any maximal chain in [z, y], any rising chain must have its first edge labeled by i. So
Lemma 3.2.5 implies the uniqueness of the rising chain. By the same lemma, X is an
EL-labeling.

Applying what we have just shown to the dual lattice L*, which has left-modular
chain A*, we see that L* admits an EL-labeling A*. Using (3.4) we see that A\*(zy) =
n+ 1 — A(yz). So EL-shellability of L* implies SL-shellability of L. =

It follows from Proposition 3.2.2(2) that A is a strict as well as a weak R-labeling.
This theorem is a generalization of one for supersolvable lattices [16], but left-modular
lattices are not always pure as supersolvable ones are. In the case of a non-pure lattice,
we see that A is labeled by [n] while any other maximal chain is labeled by a subset

of [n] without repetition. Thus we have following proposition.

Proposition 3.2.7 Let (L,A) be a left-modular lattice. The length of A is mazimum

among all mazimal chains in L. m
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This result also follows from a general theory of shellability [6]: the first maximal
chain of a shelling must be of maximum length among all maximal chains.

We now look at the Tamari lattice, 7,,, as an example. Consider all proper paren-
thesizations m of the word zpz;...z,. It is well known that the number of these is
the Catalan number C,, as was mentioned in Section 2.3. Partially order this set by

saying that o covers 7 whenever
m=...((AB)C)... and o=...(A(BQ))...

for some subwords A, B,C. The corresponding poset turns out to be a lattice called
the Tamari lattice T,,.

A left bracket vector, (vy,...,v,_1), is a vector of nonnegative integers satisfying
1. 0 <wv; <ifor all 7, and

2. if S; = [v;,1] then for any pair S;, S; either one set contains the other or

S.~ﬂS,~=(0.

The number of left bracket vectors is also C,,. In fact given a parenthesized word =
we have an associated left bracket vector v = (vi,...,v,_1) defined as follows. To
calculate v;, start at z; in # and move left, counting the number of z's you pass
(including z; itself) and comparing it with the number of left parentheses you pass
until these two numbers are equal. Then v; = j where z; is the last z passed before
the numbers balance. It is not hard to show that this gives a bijection between
parenthesizations and left bracket vectors, thus inducing a partial order on the latter.
In fact this induced order is just the component-wise one. The elements covering
(v1y...,Vn-1) are those (wy,...,w,_1) such that w; = v; for all except one value
J, and w; is the least number > v; that does not violate hypotheses (1) and (2).

Figure 3.1 gives the parenthesized and bracket vector versions of T3.
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(zo(z1(z223))) (1,2)

(zo((z172)73)) (1,1)
((zo(z122))73) ((zoz1)(z223))  (1,0) (0,2)
(((zoz1)z2)73) (0,0)
(a) Parenthesized version (b) Left bracket version

Figure 3.1. The Tamari lattice T3

Given left bracket vectors v = (vy,...,v,) and w = (wy,...,w,) then
vV w = (max{vy, w1}, ..., max{v,, wn}).

The Tamari lattice T, is left-modular and a left-modular chain was given in [3] as
follows.
Ac:(0,...,0) < (1,0,...,0) < (1,1,0,...,0)
<(1,2,0,...,0) < (1,2,1,0...,0) < ... < (1,2,3,...,n —1).
For an edge v = (v1,...,Vj,...,Un_1) < W = (V1,...,Vj_1,Wj, Vjt1,. .-, Vn-1), W€

consider
e = (1,2,...,5-1,w,0,...,0), and
-1 = (1,2,...,j-1,w; —1,0,...,0)
where k=1+2+...+ (j — 1) + wj, and compute
vV =(1,2,...,5 — L, wj,Vj41,...,Vn-1) = w V T, but

VV -1 = (1,2,...,]'—'1,1.01"" 1,1)j+1,...,‘0n_1)

#szk_l = (1,2,...,j— l,wj,vj+1,...,v,,_1)

Therefore A(vw) = k is the explicit SL-labeling for the edge vw. Figure 3.2 shows

this labeling for T}.
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Figure 3.2. The Tamari lattice T; and its SL-labeling

3.3 Shellability of Rank-selected Posets

Let P be a bounded pure poset with rank function p and p(L) = n. Recall the
definition of rank-selected poset Ps in Section 3.1. In particular,if 0 < k+1<I1<n

and S = [1,k] U [l,n — 1] we have the truncation
Pl=Ps={z€P|p)e0,KUn]}.

If P admits an R-labeling A : £(P) — A, we would like to construct an R-labeling for
P|. Let us write A for A with a i and 0 adjoined on top and bottom and order A x A
component-wise, i.e., (a,b) < (c,d) if and only if a < c and b < d in A.

Define a labeling A : P} — A x A by

[ (Azw),0)  ifew) <k
Mzy) =1 (1, Mzy) if p(z) > 1,
| (M(z2'),A(y'y)) else, where C\(z,y) =z, 2',..., ¥/, y.

Lemma 3.3.1 ) is an R-labeling for P} if P is an R-poset.
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Proof. The only interesting case is for an interval (z,y] where p(z) = p < k and
p(y) = ¢ > 1. Suppose that C = C.(z,y) : ¢ = Zp, Tpt1,..., Ty = y in P, then
Cl: zp..., Tk, T1, .. ., Tp is a rising chain in P}. Given any other chain D} : z =
Yps Yp+1s-- s Yk Yy -+, Yp = Y in P}, it can be extended to be a chain D : z =
Yps Yp+1s-- s Ye—1, Cr(Uks Y1), Y1415+, Yp = y in P. This chain D must be different
from C,(z,y), so it has descents at some of y,41,..., yx and yi, ..., Yp—1, and then so

does D}. Thus the rising chain Cj} is unique. .

Note that this lemma works for both strict and weak R-posets.

Theorem 3.3.2 If P, a pure poset of rank n, has an R-labeling then so does Ps for

anySCn—1]. =

Suppose SU{0,n} = (I3, k1|U[lg, k2)U.. . U[lp, k) with 0 =) < k1 +1 <l < ka+1 <
I3 <...<l, <k, =n. Now we merely truncate ranks in the intervals (k;,l;;1) one

by one. A much simpler R-labeling for Ps is X:E (Ps) — AP defined by

4

d,...,1,x(zy),0,...,0) if p(z) € [l;, ki — 1], where A(zy)

. is the i** term of the string,
Mey) =4 o
1,...,1,X(zz'), \(¥'y),0,...,0) if p(z) = ki, where A(zz') is the i*

/

term and C,(z,y) =z, 2',..., ¥, ¥.

\
Example 3.3.3 Let B = B, the Boolean algebra on [n]. A natural R-labeling for
anedge U <V (UCV and |U|+1=1|V])is

AUV)=V -U

where V — U represents the single number in the set. This labeling is a strict as well
as weak one.
We can count the falling chains C in B}, to compute the Mébius function. Let U,

V € C and |U| = k, |V| = l. There are unique ) — U and V - [n] falling chains. So
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we need only ensure descents at both U and V where U C V. By definition of :\, this

amounts to
(a) minU > min(V —U) and (b) max(V —U) > max([n] — V).
Elementary set theory shows this is equivalent to
(a') minVgU and (b)neV,[n—i+1,n|CU

where [n — i+ 1,n] = {n—i+ 1,n—1i+2,...,n} is the final run in V for some
1 <i <1 So|u(B})| equals

|
Z (# of V with final run [n — i 4+ 1,n|) (# of corresponding U)

i=1

_Z n—1—1 -1 3 l-:1-1
B - l—1 k k-1
n—1\/l-1 n—t—1\[fl—-i-1
“(l—l)( k )'Z( I —i )( k—i )
This sum has no closed form, but when k = 0 it zeros out and we obtain the same

result as in [20]:
ueh = - (7 21)

If P is shellable so is Ps. But whether a rank-selected poset preserves EL- or
SL-shellability remains open. To inherit these two properties by using the induced
labeling A we need a stronger hypothesis. A thrifty labeling is a strict R-labeling such

that
1A(E(z,y))| = p(z,y)
for any z, y € P. Since A(C,(0,1)) = A(E(L)) as sets in this case, the labeling poset
A must be a total order.
Theorem 3.3.4 If P admits a thrifty EL-labeling (resp. SL-labeling) then Ps is EL-

shellable (resp. SL-shellable) for any S C [n — 1].
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Pro»of. It suffices to prove this for P{. By Theorem 3.3.2, we need only show that A
satisfies Proposition 3.1.6(2) for those intervals [z, y] with p(z) = k and p(y) = ¢ > l.
In P}, suppose zz' is the first edge in the =z — y rising chain and z" € P} with
z < z" <y, 2" # z'. By the thrifty condition in P, A(C,(z,z')) is an increasing
string consisting of the ! — k least numbers in A(€(z,y)) while A(C,(z,z")) is also
an increasing string consisting of some other ! — k distinct numbers in the same set.

Therefore A(zz') < A(zz"). SL-shellability can be prove in an analogous manner. m

Many lattices have edge labelings satisfying the thrifty hypothesis, for example,
the natural labeling for the Boolean algebra B,,. In fact, the labeling As for any pure
left-modular lattice (L, A) is a thrifty SL-labeling.

For the rest of this section we will discuss a thrifty edge labeling for the non-
crossing partition lattice NC,, which is not a left-modular lattice. The partition
lattice II,, is a supersolvable lattice with a left-modular maximal chain A : 0 < 12 <
123 < ... < [n] = 1. We will label each edge 1...(i — 1) < 1...7 on this chain by
i instead of i — 1, for example A(0 < 12) = 2. The induced labeling A = A, is a
thrifty SL-labeling with A(€(I1,)) = [2,n]. In fact, there is an explicit formula for A.

If # < o with two blocks B, C in m merged into one in ¢ then
A(mo) = max{min B, min C}.

Suppose # < ¢ in II,, and let # = A;/By/Ci/.../A2/By/Cy/...[..., 0 =
Z\/Z,y] ... where Z; = A; W B; W C; W ---. We also assume that a; = min 4; <
b; = min B; < ¢; = minC; < ... for each i. Then C,(m,0o) in II, is the unique chain
by only merging blocks with the same subscript such that A(C,(m, o)) is the sequence
gotten from {by,cy,...,be,ca,...} by rearranging the numbers in increasing order. If
both 7 and o are non-crossing, it is clear that C,(m,0) C NC,. So X is still a thrifty
SL-labeling for NC,,.

51



3.4 CR-labelings and CL-labelings

Let M(P) be the set of maximal chains of P, and ME(P) be the set of pairs (M, zy) €
M(P) x &(P) consisting of a maximal chain M and an edge zy along that chain. A

chain-edge labeling of P is a map A : ME(P) — A, where A is some poset, satisfying

Aziom CE: If two maximal chain M : 0 = Top <L) <...<T = iand
M':0 =z <z <... <z} =1 coincide along their first d edges, then

AM,z;_z;) = AN M',z;_z;) fori =1,...,d.

An edge labeling A naturally induces a chain-edge labeling A’ by letting X' (m, zy) =
A(zy) for any maximal chain m containing = and y.

If [z, y] is an interval and R is a saturated chain from 0 to z, then the pair ([z,y], R)
will be called a rooted interval with root R, and will be denoted [z,y]g. If M is any
maximal chain of [z,y], we shall also consider it as a maximal chain of the rooted
interval [z,y]r and denote it by Mg. Then RU M is maximal chain of [0,y].

Let A be a chain-edge labeling of P and [z,y]r a rooted interval. By axiom CE,
if M is a maximal chain of [z,y] and M', M" are maximal chains of P that contain
R U M, then the first d entries of A(M') and A(M") coincide where d = ¢(R U M).
Hence the labeling on M depends only on a given root R of [z,y] but not on an
extended maximal chain M’ in P. Like an edge labeling, with each maximal chain
M:z=2y<z) <... <z, =y in arooted interval [z, y|gr we associate the ordered
string

’\(MR) = (’\(M,’ mOml)r R ] ’\(er mk—lmk))

where M' is any maximal chain containing RN M. Note that the length of the tuple
A(MR) depends on the length of the chain M. We will use the lexicographic order on

these strings.

Definition 3.4.1 Let A : ME — A be a chain-edge labeling of a bounded poset P.
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1. X is called a CR-labeling if in every rooted interval [z,y|r there is a unique

mazimal rising chain which is denoted by C,([z,y]r).

2. A CR-labeling X is called CL-labeling if for every [z, y|r the unique rising chain
is strictly lezicographically first, i.e., A(C.([z,y]r)) <i AM(Ngr) for any other

mazimal chain N in [z,y]g.

A poset admitting a CL-labeling (resp. CR-labeling) is called a CL-shellable poset
(resp. CR-poset). The definitions of CR- and CL-labeling generalize the notion of R-
and EL-labeling, respectively. Bjorner and Wachs [5] introduced these generalizations
and proved that CL-shellable posets are shellable. They also gave the analog of the

main result in Section 3.3 in this context.

Theorem 3.4.2 (Bjorner and Wachs [5]) If P is a pure CL-shellable poset (resp.
CR-poset) of rank n, then Ps is still a CL-shellable poset (resp. CR-poset) for all

SCn—-1. =
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