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Abstract

Efficient Algorithms for Generating
Precise Binary Logarithmic Numbers

by

Yi Wan

Two algorithms for fast evaluation of binary logarithm are developed in
this paper. They provide advantages over other recent work on this problem.
The first algorithm — Two Layer Factorization Algorithm (TLFA), uses a di-
vision and a newly discovered nonlinear approximation method to provide an
improvement over the often quoted difference grouping algorithm and other
recent work on this problem, both in speed and implementation structure.
The second algorithm — Continuous Factorization Algorithm (CFA), is pro-
posed to suit high speed and high precision conversions. It uses a continuous
factorization process to reduce the problem to a division one and employs
the SRT division technique to enhance speed. The resulting conversion time
is only about three additions irrespective of word length. The error analysis

and implementation structure are developed for this algorithm.
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1 Introduction

Logarithmic number system (LNS) is an attractive alternative to the con-
ventional number system when the data need to be manipulated at very high
rate over a wide data range. The LN.S can simplify multiplication, division,
root, and power operations [2]. When logarithm is used, multiplication and
division are reduced to addition and subtraction, and power and root opera-
tions are reduced to multiplication and division. On the other hand, addition
and subtraction operations become more complex. Another major problem is
deriving logarithms and anti-logarithms quickly and accurately enough to al-
low conversions to and from the conventional number representations. These
conversions always involve slow-speed approximations. Therefore, binary
logarithms can be useful only in arithmetic units dedicated to special appli-
cations, where very few conversions are required but many multiplications
and divisions are executed; e.g., real-time digital filters [3]. The objective
of this thesis is to develop efficient algorithms that convert the conventional
number representation to binary logarithmic representation. More specifi-
cally, given a non-zero binary number X, evaluate log X. Note that such an

X can always be normalized as

X =1z25...2, x 2%



for some integer k£ and then

log X =log(l + .z1z2...2,) + k

Therefore, this conversion problem can be re-stated as:

Given an n-bit fractional binary number

T =.I1T...Tp

how to efficiently generate the precise binary logarithmic value of (1 + z),

i.e.,

y = log(1 + ) (1)

Here y = .y1¥2..yx is also an n-bit fractional binary number, i.e., y € [0,1).

In the LNS, for logarithmic addition, let

a = log(A) and b = log(B)

i.e., A=2%and B = 2.



Suppose A < B. Let r = A/B, then 0 <r <1 and

A
A+B—A(1+§)

=A(l+71)
hence

log(A + B) = log[A(1 +7)]
= log(A) + log(1 + )

=a+log(l+r)

The problem of addition in LNS then involves the following important step:

Given an n-bit binary number r € [0,1), it is to generate the binary

logarithmic value of (1 + 7).

Therefore, the efficient algorithms developed for conversion in Eq. 1 can
also be used for the logarithmic addition problem. Recently a number of
new binary logarithmic conversion algorithms, e.g., [1][2][4][5], have been
proposed. The existing conversion algorithms can be roughly classified into
two categories: look-up table approach and computation approach. The

former approach adopts various approximation schemes such as linear



approximation methods so that moderate-size look-up table can be
implemented [1]. Look-up table approach generally has the advantage of
fast speed. However, the look-up table size often increases drastically as the
word length increases. The latter approach converts the binary logarithm
with multiplication and/or division operations [2][4]. However, the
applicability of such approach is limited by its slow operation speed. The
trade-off between both approaches is the speed and precision. Thus, a
feasible solution is the combination of both approaches. This study
develops two efficient algorithms using factorization scheme for binary
logarithm conversion. The first algorithm — Two Layer Factorization
Algorithm (TLFA), uses a factorization approach to reduce the look-up
table size and employs a nonlinear approximation method to reduce the
computational complexity. Simulation results on IEEE single precision (23
bits) conversion shows that the algorithm requires only a reasonable
small-size ROM. For handling long word length numbers, such as IEEE
double precision (53 bits), the second algorithm - Continuous Factorization
Algorithm (CFA) is developed. It uses a continuous factorization process to
further reduce the look-up table size and incorporates the SRT division

technique [2] to reduce computational complexity.



In the next chapter, some recent conversion algorithms are briefly reviewed.
Chapter 3 presents the proposed conversion algorithms with experimental

results. Finally, a concluding remark is given in Chapter 4.



2 Background

This chapter briefly reviews some existing conversion algorithms. The basic
easy method in the look-up table approach is the use of a simple linear

function y = z to approximate y = log(1 + z), as shown in Fig. 1 [1].
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Figure 1: Graphs of y = z and y = log(1 + z)



In this scheme, if we let the approximation error

A=log(l+z)—=z

then the maximal approximation error A,,,; = 0.086071 occurs at

z = 0.442695. The number of different groups is defined by [2" - Apaz],
where [*] is the ceiling function and n is the word length. Thus, it requires
23 different groups for 8-bit word length. The conversion uses a ROM with
8 inputs and 5 outputs. However, the number of different groups increases
exponentially as the word length increases. So, even though this algorithm
has very fast speed, it is only suitable for very low conversion precision and

hence has very limited use.

A multiplicative normalization algorithm is developed in [2] which uses a
relative simple convergence procedure for the conversion process. The

recursive procedure is:

At step 1,

Tiv1 =i+ b; and Yis1 = ¥i — log(b;)

The initial conditions are zo = £ where x is a fraction and yo = 0.



For the ease of using look-up table, each b; is chosen as either 1 or (1+ 27%).

It shows that if z,,,; = 1, then

In fact, each y; is a truncated conversion result of i-bit length. The
algorithm uses a small look-up table to store the values log(1 +27%). In
addition, only the log(b;),i = 1,2,...,n, need to be stored for 2n-bit word
length. However, this algorithm needs to compute the multiplication z; - b;
and the subtraction y; — log(b;). The former operation can be simplified
using shift-add operations because b; is either 1 or (1 + 27%). Carry
propagation is a speed-slowing factor in this approach. The latter operation

can be improved using carry-save adder.

An ATA (add-table look up-add) method [4] uses the truncated Taylor
series and a difference grouping method. Suppose the function f is smooth

and the 24-fraction-bit input

X =xz¢ + Az; + A%2% + 2328



where A =2 % and z; < 1,7 = 0,1, 2,3, are 6-bit in length each.

The Taylor series of f(X) is

F(X) = i M(,ﬁb + 2\3g5)"

|
ne0 n:

which, after truncating the high order terms and further expanding the

second term, can be approximated by
f(X) = f(.’130+ A.’L‘l) +
A
E{f(zo + Azy + Azo) — f(zo + Azy — Azo)} +
/\2
?{f(zo + ATy + Az3) — f(zo + Az — Az3)} +
2 3
M{Z2 1D (20) - 22 fO(z0)}
2 6
The computation of f needs only add/sub/shift operations, including at

least 5 full-length and 4 half-length addition operations. The paper

mentions the conversion error of less than 2729, which means the last term
2 3
X2 (o) = 21D (20))

in the expression of f (X) cannot be omitted. In this case more look-up

tables or multiplications are needed.
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In [5], digit partition (DP) is used to divide a long word and Iterative
Difference by Linear Approximation (IDLA) is used to compute an

exponential function needed in the conversion.

Suppose that a fractional input
I = 0.1?0.’81 ...T22
of 23-bit length produces a 23-bit output

y=0.9%091-..y22

The output is partitioned as

y=0yy1-..-yn2.--Y22

=0YZ

where Y represents the first 12 bits yoy; ...y;; and Z the remaining bits

Y12Y13 - - - Y22.

By experiment or simple analysis proof, Y is determined only by
ZoT; ...Z12. Hence a ROM with 13 inputs can be used to store the first

12-bit output Y. The remaining 11-bit output Z = yjoy13... Y2 is
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calculated as follows.
20'0"02 = (1..’801‘1 e 2?12) X (2_0'Y) + (00 ce 01?131'14 e .’L'22) X 2—0'},

In the above expression, the term (1.zoz; ...T12) x (27%Y) can be obtained
by a PLA with 13-bit input zoz, ...z)2, and the second term can be

rewritten as
(0.00...0215214 . . . Tpg) X 2-0Y = 2108(0a13214222)~13-0.Y
and eventually
90092 — (1 707, ... z15) X (270Y) + 2713 x 2log(0a13214-.222)-0Y

The output bits Z = y1oy13 . - . y22 can be evaluated by the IDLA algorithm.

However, the exponential evaluation is a time-consuming process, and a
full-length addition is needed for summing up the right-hand-side of the
last equation. In addition, we still need to perform a logarithmic conversion

to determine Z eventually.

A simple linear approximation plus second stage piecewise linear

approximation is developed in [7].
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Suppose y = y; + y2 is a 23-bit fraction, where y; is the first 11-bit part and

Y2 is the last 12-bit part of y, then
logl+y)~y+E, £ AE, -y,

where

E, =log(l1+ ) - n

and

AE, =E,(yi +27') — E (1)

This algorithm requires two look-up tables to store Ey, and AE,. In
addition, it also requires a 12-bit multiplication which may degrade the

speed performance.

A direct computation method for converting y = log(z) is proposed in [8].

Suppose

logz =y

= Yn-1Yn-2"""YN1Yo-Y-1Y-2---
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then

Tz =2Y
— QUn—1Yn-2""Y1Y0-Y-1y-2""

— 9Yn—12""'  oyn-2:2""%  ou12  oyo ., gy-1-27' |
=2 2 2 2¥0 .2

The developed algorithm starts with ¢ = n — 1 and does the following

recursively

Ifa:222i, then y; = 1, r=zx2°7%,

Otherwise, y; =0.

The procedure is repeated by setting i = 7 — 1. In this scheme, both the
comparison and the multiplication can be efficiently operated for : > 0.
The former compares the 2ith bit of z, while the latter shifts = to the left
by 2¢ bits. However, for i < 0, 2¢ is a fraction and 22" involves root
operation, which is considered too time consuming. This problem can be
solved by using look-up table to store {22, 227%,...}. But a full length
subtraction is still needed here for comparison. Since 2-2' =1 / 2% a
division is needed in the multiplication step £ = z x 2=%. Again to avoid

this division another look-up table has to be used. Then a full length
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multiplication has to be performed to get the product, which seriously

degrades the speed performance.

As can be seen from the above review, current work on this conversion
problem is not very satisfactory in dealing with conversion speed and high
precision even though some involve complicated structure. The work
developed in the next chapter attempts to make further improvement on

these problems.



3 Algorithm Development

This chapter presents the development of both TLFA and CFA for binary
logarithmic conversion. The former uses a two-layer factorization approach,
while the second algorithm employs a continuous factorization process for

long word conversion. We first propose the TLFA, then develop the CFA.

3.1 Two Layer Factorization Algorithm

This section describes the development of an efficient algorithm that
generates the precise binary logarithm log(1 + z) for an n-bit fractional
binary number z = .z,z,...z,. Without loss of generality, n is assumed to
be an even number, i.e., n = 2m for some integer m. The term 1+x can be

factorized as

l+z=1+4 21729...2,
=14+.701Z ... ZnZTm41Tms2 - - - Tom
~ (14 .1122...2,)(1 +.00...0ciCy . . . Cn)

= (1+.$1$2...$m)(1+.CICQ...Cm'2-m) (2)

15
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Let

a=.r1T2...Tym

b= Im4+1Tm42---T2m
b=5-27T
C=.CiC2...Cp
d=c-27™

then (1 + z) can be expressed as

l4z=1+a+V

=(1+a)(l+C) (3)
By Eq. 3, ¢ can be computed as
b
c=1 (4)

then the logarithmic value of (1+x) is derived as

log(1 + z) =~ log(1 + a) + log(1 + ¢) (5)

ROM look-up table approach has been an efficient way to generate binary
logarithms. For generating the logarithm of an n-bit binary number, a

look-up table can be implemented with a 2" x n ROM.
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By Eq. 5, two look-up tables need to be used:

one table - ROM1, for

log(1+ .2122...2m)

and the other - ROM2, for
log(1 + .00...0cic; . . . cpm)

where each table is implemented with at most a 2™ x n ROM.

In other words, instead of using a 2" x n ROM in the conventional
implementation, this approach uses two 2™ x n ROMs, whose total size is

only a small fraction of the original one, namely, 5.

For example, for n = 16 and m = 8, the ROM table size is reduced from
216 x 16, or 1M bits, to two 28 x 16, or a total of 8K bits. The reduction is
significant. Table 1 summarizes the ROM size reduction for various values

of n.
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n|lm|2n|[2:-2"-n

10} 5 | 10K 640
12| 6 | 48K 1.5K

14| 7 | 112K 3.5K

16 | 8 1M 8K
189 | 45M 18K
20 10| 20M 40K

Table 1: TLFA ROM size comparison

However, the above approach requires the computation of ¢ as in Eq. 4,
which involves a slow division process. As a result, the speed improvement
gained by the use of look-up tables for Eq. 5 may be offset by the slow
division process. Therefore, attempts are made to get around the division in
Eq. 4 to improve the speed performance. Taking advantage of the existing

look-up table ROM1 used for log(1 + .z,25...z,,), the slow division process
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can be simplified. More specifically, by Eq. 4, ¢ can be expressed as

b
" 14a
_1+b 1
_1+a_1+a

— 2log(l+b)—log(l+a) _ 2—Iog(l+a)

— 2B—A — 2—A (6)

where A = log(1 + a) and B = log(1 + b).

Note that the values of both A and B can be quickly retrieved from ROM1.

Therefore, the only problem remaining is the evaluation of the function 22.

Interestingly, the functions y = (2 — 1) and y = 1 — log(2 — z2), as shown in

Fig. 2, are very close to each other when 0 < 2z < 1. i.e.,
22 —1=1-log(2-2)
or
2° ~ 2 —log(2 - 2) (7

In other words, the function 2 can be approximated by the nonlinear

function 2 — log(2 — z) for all z € [0, 1].
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Since

log(2 — z) = log[l + (1 — 2)],

its value can be found from the look-up table ROM1 because (1 — z) € [0,1]

for all z € [0,1].

Fig. 3 plots the approximation error between 2 — 1 and 1 — log(2 — 2) for
all z € [0,1]. Results show that the maximum error is 0.004198, which is
much better than 0.086071 with a linear function approximation in [1].
Note that the maximum approximation error of 0.004198 is equivalent to 7
bit accuracy. To further reduce the maximum approximation error, we use

the function
1-log(2—2)+2712+271 (8)

to approximate 2% — 1.
As such, the maximum approximation error can be reduced to 0.0038038,
which is less than 278. So m = 8 is the appropriate value suggested with

this implementation.
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Figure 3: Difference between 2 — 1 and 1 — log(2 — 2)
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It should be mentioned that, since the approximation to 2% in Eq. 7 is valid
only for all z € [0, 1], the exponents in both terms of Eq. 6 must be ranged

between 0 and 1.

Notice that A and B as in Eq. 6 are in the range of [0,1]. Hence Eq. 6 is

re-written as
c=2B-4_21-4/9 if A<B (9a)
or
c=21+B-4/9 _9l-4/9 if A>B (9b)

In Eq. 9a, by Eq. 7, the second term 2!~4 is approximated by the following

2174 x~ 2 — log(1 + A)

—2- A (10)

where A’ = log(1 + A)

and the first term 28-4 is approximated by

2B-4 ~ 2 —log(2 — (B — A))
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Let p=1— B+ A, then p <1 and
2—1log(2—(B—A)) =2-1log(l+p)
Similarly, the first term 2!'*2-4 in Eq. 9b is approximated by

21+B-4 ~ 2 _log(2 - (1+ B — A))
=2 — log(p)
where p > 1 because A > B in Eq. 9b.
Denote p = py + py, where py and p; are the integral and fractional parts of
p respectively. If p > 1, then pp =1 and p — 1 = py. On the other hand, if

p <1, then pp = 0 and p = py.

In Eq.9a, A< B,orp<1,

28-4 ~ 2 —log(1 + p)

where P = log(1 + py).
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From Eq. 10,

c=20"4-21"4/2

~(2-P)-(2-A4A")/2
i.e.,
c=(1-P)+A')/2 ifpo=0
Similarly, for A > B, or p > 1, in Eq. 9b,

21+B-4 ~ 2 — log(p)

=2 —log(1 +py)

=2-P
From Eq. 10,
c=21B-4/2 _21-4/3
~(2-P)/2-(2—-A")/2
i.e.,

c=(-P)/2+ A'/2 if pp =1

(11a)

(11b)
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Note that the above simplification makes the comparison of A and B
unnecessary in the implementation and hence saves a subtraction of length

m. Algorithm 1.1 summarizes the procedure described above.
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Algorithm 1.1

Step 0.

Step 1.

Step 2.
2.1
2.2
2.3
24

Step 3.

Generate look-up tables, 2™ x n,

ROM1(x) for log(l.z,z3...z,) and

ROM2(c) for log(1.00...0c;cz - . . cm)

T=.T1T2.. - TmZTm+1Tm+2 - - - L2m
=a+b-27™

c=.c1C2...Cm

A =log(1 + a) = ROM1(a)

B = log(1 + b) = ROM1(b);

Calculate c from Eq. 11a or Eq. 11b

p=1—-—B+ A=py+ps.

P = ROM1(pys); A’ =ROM1(A);

IF po =0, THEN ¢ =1 - P; ELSE ¢ = (-P)/2;

c=c+ A'/2.

C =log(l+c-27™) = ROM2(c);

log(1+ z) =log(1+a) +log(l +c-2™™)

=A+C
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The following examples illustrate the stepwise procedure of Algorithm 1.1.

Example 1.1

Constider a 16-bit binary number z = .10111011 11101010.

a = .10111011 and b = .11101010

From ROM1,

A =log(1l +a) =.11001011

A" =log(1+ A) = .11011000
and

B =log(1 + b) = .11110000
By Eq.11a,

p=1-1log(1+b)+log(1l+a)

=.11011011

Note that pp = 0 and py = p.
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Since po = 0, ¢ = .10001000.

From ROM?2,

C=log(l+c-27™)
= ROM2(c)

= .0000000011000100

This results in

log(1 + z) = .1100101101001110

The actual value is log(1 + z) = .1100101101001101. The approzimation

error is lulp (unit in the last position).

Example 1.2

Consider again a 16-bit binary number z = .10110100 01011011.

a = .10110100 and b = .01011011
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From ROM1,

A =log(1 + a) = .11000101

A' =log(1+ A) = .11010011
and

B =log(1 + b) = .01110000
By Eq. 11b,

p=1-1log(l+bd) +log(l+a)

= 1.01010101

In this case pg =1 and py =p— 1.

Since pp = 1, ¢ = .00110100.

By ROM2,

C=log(l+c-27™)
= ROM2(c)

= .0000000001001011
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This results in

log(1 + z) = .1100010011110011

The actual value of log(1 + z) = .1100010011110101. The approzimation

error is -2ulp.

To demonstrate the effectiveness of algorithm 1.1, approximation errors
have been analyzed by comparing the approximated value with the actual
value of log(1 + z). The simulation assumes that m = 8 and n = 16. Hence
the input fraction takes the form of £ = .z;z,...z16. All possible (2!7 — 1)
combinations of z,z, ...z are simulated for approximated values and
compared with the true values. Let DIFF denote the absolute value of the
difference between the approximated value and the actual conversion value.

Simulation results are shown in Table 2.

It can be seen that the maximum approximation error is 4ulp, or 274, The
number of combinations with DIFF = 2714 is 27 out of (2!7 — 1), which is
0.041%. Because of nonlinear approximation error and look-up table

truncation, the computation of c as described in the algorithm can have an
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DIFF (ulp) | Number of Cases | Percentage
0 22426 34.2
1 31388 47.9%
2 10417 15.9%
3 1278 1.95%
4 27 0.041%
>95 0 0

Table 2: Simulation result of TLFA 1 with n = 16

error of up to 1-2ulp, this error can be magnified by a factor of (1 + a) as in
Eq.3, which can then be further carried into the final stage of taking

logarithm from the look-up tables.

Since none of the conversion results of these combinations produce

DIFF > 27, in other words, all DIFF < 2-13, This concludes that the

developed algorithm achieves an accuracy of 13 bits.

The two tables — ROM1 and ROM2, are used and each has a size of
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28 x 16, or 4k bits. Note that
log(1+z) < 2z

for all z > 0.
It follows that the first 7 bits of the output of ROM2 must be 0. So the size

of 28 x 9, or 2.25k bits is actually enough for ROM2.

It should be mentioned that the slow division process in Eq. 4 is improved
by approximating 2* using the existing ROM table. However, the nonlinear
approximation approach developed in this algorithm limits to m = 8 and
the accuracy of log(1 + z) to 13 bits. The accuracy can be improved by
either selecting better nonlinear approximation functions, or alternatively,

using additional ROM table for the values of 27, where z € [0, 1).

The first alternative seems difficult due to the fact that any nonlinear
approximation function to the function 27 itself need to be effectively
evaluated first. In this study a connection between 2% and available
logarithmic function is discovered and hence there is not much hardware
overhead involved. But in general, it’s not easy to find a very convenient

approximation function. As discussed in chapter 2, linear function and
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truncated Taylor series have been tried before but are not very satisfactory

because of either low precision or heavy computation involved in the

evaluation of the approximation function.

Difference grouping technique can be used in the second alternative. Let

ROMS3 be the look-up table for the difference between 2* — 1 and the

nonlinear approximation function (8) with the size of 2™ x m bits. Thus,

the approximation of 2% can be expressed as

2°~2—log(2 - z) + A(2) for z € [0,1]

where A(z) is the difference error by the first stage nonlinear

approximation and can be stored in ROM3.

The value ¢ in Eq. 10 can then be calculated as

(1-P)+A(1-p)+2+20-4 ir4<B
2
Cc=

—P+A(2-p) , A'+A(1-A) .
3 + 2 ifA>B

(12)

(13)

Algorithm 1.2 summarizes the procedure for this implementation. It has

been developed and simulated for IEEE single precision conversion (23 bits)
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with three internal guarding digits, making the total number of bits in a
word to be 26, which corresponds to m=13. In this case, ROM1 has size
213 x 26 bits, ROM2 has size 2'3 x 14 bits since the first 12 bits of log(1 + ¢')
are all 0, and ROM3 has size 2!3 x 6 since, by previous analysis, A(z) is less

than 278 and hence only the last 5 bits plus a sign bit need to be stored.

Algorithm 1.2

Step 0. (ROM1(x) and ROM2(c) are the same as in Algorithm 1.1)
ROM3(x) for 2% — 2 + log(2 — z) with size of 2™ x m
Step 1. (Same as Algorithm 1.1)
Step 2. Calculate ¢ from Eq. 13
21 p=1-B+ A=py+py.
2.2 P =ROMI(ps); A’ = ROM1(A);
23 IFpo=0
THEN ¢ =1- P+ ROM3(1 - p) + ROM1(1 — A)/2;
ELSE ¢ = (-P + ROM3(2 — p) + ROM3(1 — A))/2;
24 c=c+ A2

Step 3. (Same as Algorithm 1.1)
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Simulation results show that the maximum conversion error is 2724 after
truncating the last two guarding digits. Note that the look-up table size
can be further reduced by using PLA and other look-up table
compactification techniques. The use of PLA in (1] reduces the size to
about 16% of the original ROM size, similar effect can also be achieved by

using PLA in this scenario.
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3.2 Continuous Factorization Algorithm

In the previous section, nonlinear approximation method is proposed to
reduce the size of ROM for look-up table. The limitation of the scheme is
that its reduction of ROM size is only one-step and hence is not suitable for
high precision conversion. Limited by the look-up table size, a natural
alternative to increase conversion speed is to use parallel processing. The
Continuous Factorization Algorithm (CFA) is proposed that uses look-up
table and SRT division technique [2] to achieve fast high precision

conversion. We first formulate the problem in this approach.

For an n-bit fractional binary number
T =.T1T2...Tq
we factorize 1 + x as

14z = 14+ .7922...2,
~ (14+.¢1)(1+.0g2)...(1+.0...0q,) (14)

where each g¢; is either 0 or 1.

Then log(1 + z) can be approximated as

log(1+ ) = log(1 + .q1) + log(1 + .0g2) + ...+ log(1 +.0...0q,) (15)
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Since each g; is either 0 or 1, the term log(1 + .0...0g;) is either 0 or
log(1+ .0...01), which can be pre-stored in a look-up table. Therefore this
approach employs a look-up table of at most n x n bits. For example, if
n=64, then the ROM size is no more than 64 x 64 = 4K bits. The question

now is how to determine the g;’s.

In principle the factorization process of 1 + = can be carried out as follows.

First

14z = 1+ .1129...2,

~ (1 + ..Tl)(l + .001’201,3 v al,,,) (16)

where ¢, = z; and

Q12013...01 0 = zi—xj_—ﬁ 17
In a similar way,
1+.0a12a13...010 = (1+.0a;2)(1+.00a23a24...a24,) (18)
where ¢; = a,2 and
02,3024 ... Q20 = e L8, (19)

1+ .00,1,2



39

In general, at step j, 7 =1,2,... ,n—1,

1+4.00...0a;;+1Gjj+2---@jn = (14.00...0a;,41) X

(1 +.00... Oaj+1,j+2aj+1,j+3 oo aj+1,,,) (20)

where q; = aj5+1 and

Qj+1,j42054+1,543 - - - Aj+1n =

:@j,j+285,j+43 - - - Qjn 21
1+.00...0aj,j+1 ( )

For example, consider n = 6 and z = .111101, By Eq. 21,

1.111101 =~ (1.1) - (1.010011) q =1
1.010011 ~ (1.01) - (1.000011) @=1
1.000011 ~ (1.000) - (1.000011) g3=0
1.000011 ~ (1.0000) - (1.000011) g4 =0
1.000011 =~ (1.00001) - (1.000001) g5 =1
1.000001 ~ (1.000001) - (1.000000) g =0

As a result,

(1.1)(1.01)(1.000)(1.0000)(1.00001)(1.000001) = 1.11101111
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In the next section we analyze the approximation error and ways to reduce
look-up table size and computation steps. In that section we give a
sufficient condition that guarantees the conversion precision. Following that
we first develop a parallel processing structure that reduces the
computation stéps from O(n?) to O(n), then we develop a more effective

implementation algorithm which is based on the SRT division spirit.



41

3.2.1 CFA Approximation Error Analysis

In this section we analyze the various approximation errors in the CFA
conversion scheme which is based on the factorization process. We assume
the number of fractional bits is n and use ulp (unit of last position) to
denote 27". Also we assume that in any division if the word length of the
divisor is less than that of the divident, then the divisor is truncated. This

makes the hardware structure simpler.

Theorem 1. Suppose the register has fractional length of n, then

0... Oak,k+1 ceoQkn
(1+4.0...0qk)

gives an n-bit fraction with error less than ulp.

Proof. 1If g = 0, then clearly the error is 0. If ¢, = 1, note that in the

division process, the quotient bits are accurate until the last k fractional
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bits when the divisor 1 + .0...0q; becomes 1 due to truncation. Hence

O...0Yn—k+1Un-k+2---Yn  0...0Un_ks1Yn—ks2---Un
error = -

1+.0...01 1

_ (0 . -Oyn-k+lyn—k+2 .. yn)(O . 01)
1+.0...01

< 2~ (n=k) ok
= 2—1’1

= ulp

Theorem 2. For any fized n = 2m > 0, the approzimation error in the

following

1+.0... Ozm+1xm+2 .. Tom

X1+ Tma2 ™ )1+ Tme227 ™) (1 + 22,272 (22)
1s less than %ulp. Here each z; is either 0 or 1.

Proof. Clearly the maximum approximation error occurs when Z,,,x =1

for all 1 < k < m. We assume this and proceed as follows:

For 1 < k < m, let r, denote the remainder (error) of the product of the
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first k terms on the right side of the Eq. 22, i.e.,

re=(1+2"" N1 +27"7) . (1+277F)

m k

~(1+.0..7011..7])

Note that r,, equals the maximum error stated in the theorem.

The first few r,’s are easy to compute. For example,

142 ™ 1=142"m1490
= =0

and

(1427 1) (1+27™2) = (1 + 2771 4 27™2) 4 9-2m=3

= T = 2—2m-3

It can also be checked that

T3 = 2—2m—3 + 2—2m—4 + 2—2m—5

< 2-—2m—2

So the theorem holds for m < 3.
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To estimate the bound on 7 in general, first note the following facts.

Fact 1: 14+ z < €* for all z > 0.

Fact 2: € < 2z + 1 for all z € (0, 3.

Form > k > 4,

Tk — Tk—1

m k
=[1+2™H1+2™?)...(1+27™F) - (1+.0...011...1)]
m k-1
—[@+2™ A +27™ %) (1 +27™ )~ (14.0...011...1)]

— (1 + 2—m—1)(1 + 2-—m—2) L (1 + 2—m—k+l)2—m—k _ 2—m—k

=27 k(1 + 27 (1 +27™7) L (1 4+ 27k )
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The term (1 +27™"1)(1+27™72) ... (1 + 2 ™ %+!) is estimated as follows,

(14271 +27™2) ... (142 ™k
<lfa+2—™
=1
oo

—-m-—1
<|le?

=1
2 2-m-—1
= eigl (by Fact 1)

2—"\

=€

<2 ™1 41  (by Fact 2)

Thus

re— ko =27 (1427 (1427 L (127 — 1]

< 9-m—k  g-m+1

— 2—2m—k+1
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and it follows that for m > 4,
m
Tm =T3+ Z(Tk = Tk-1)
k=4
[o o]
<rs+ Z(Tk - Tk—l)
k=4

0o
<rs+ Z 2—-2m—k+1
k=4

=713+ 9—2m-2
< 2—2m—2 + 2—2m—2

< 2—2m—l

a
Corollary 1. For any n = 2m-bit fraction factorization as in Eq. 15, only
the first m steps are needed and
dm+k = Cmm+k, 1 Sk <m
The error caused by this is less than ulp.

Proof. By theorem 2,
error < (14 .g1)(1+.0g2)...(1+.0...0¢p) T
< 2Ty

< ulp
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O

Theorem 3. For each n = 2m-bit fractional input z, at most m(m — 1)/2
quotient bit operations are needed and the mazimal error resulting from

factorization s less than n - ulp.

Proof. From corollary 2, only m divisions are needed. Because of
truncation at the end of each division, for 1 < k£ < m, only m — k quotient

bit operations are needed. So the total number is

Z- k=m(m-1)/2
k=1

Note that the error caused by 11+—1"" is at most %ulp < ulp and is less than

2ulp for each divisor 1 +.0...0qx, 2 < k < m.

By theorem 2,
total error < ulp + 2ulp(m — 1) + ulp
=2m - ulp
=n-ulp
O

Corollary 2. The final conversion error due to the factorization process is

n-ul
less than —Bln2 .
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Proof. Since the function log(1+x) is continuously differentiable for

z € [0,1], for any z and y such that 0 < z <y <1,

dlog(1l + z)

log(1 + y) — log(1 + z) < Max I

z€(0,1)
_y-z
" In2
n-ulp
<
In2

(y—1)

a

Corollary 3. In order to achieve n-bit conversion accuracy, i.e., for each
n-bit fractional input, the logarithmic conversion error is less than ulp, the

following condition on the number of internal guarding digits g is sufficient.
log(n + g) —log(In2) < g

Proof. Note that the error caused by factorization is positive and the error
caused by look-up table truncation is negative. So we can just restrict the
error from factorization and error from look-up table truncation to be both

less than ulp.

From Corollary 2, we have

n+g__ _
_2 (n+9) < 2 n
In2
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which leads to

log(n+ g) —log(In2) < g

For the look-up table truncation error, it is less than (n + g) - ulp. So we
have

(n+ g)2~("+9) < 27"

which leads to

log(n+g)<g

By comparing the above two conditions we have

log(n + g) —log(In2) < ¢ (23)

Example 2.1

Suppose n = 56, then by Eq. 23 we can choose g = 7 to guarantee the

CONVETsion accuracy.

Note that the condition developed in this section is just sufficient and may

not be optimal. Some estimates in the analysis can be further refined. For
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example, it can be easily shown that not all ¢;’s can be 1 whenever n > 3;
the bounds in the proof of Theorem 1 can also be lowered. Nevertheless, as
shown in the above example, the number of guarding digits is not big,
especially in long word case. So the result can be used in designing high

precision conversion structure.

The next two theorems are developed to reduce the size of the look-up table

used to store log(1 +27%),i=1,2,....

Theorem 4. For each i > 1, log(1 + 27*) is a fraction with (i-1) leading

0’s.

Proof. From the identity

log(l1+z) <

we have

-1

2
log(1 + 2°¢
og(l+27%) < 03

< 2—(i—l)
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Theorem 5. Suppose n = 2m, then for k > m,

log(1 +27%) ~ -;- log(1 + 27*+1)

Proof. From calculus technique, we have that for z € (0, %],

1 T
3 log(1 + z) — log(1 + 5)’

logvV1+z — log(1 + g)l
vi+z

where0 <c<zx

Then for £ = 27* as in the theorem, we have that

1
5 log(1 4+ 27%) — log(1 + 27%71)| < 2721

The implication of the above theorem is that only the first half of the

look-up table for

log(1+.0...01)
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need to be stored. For the second half of the look-up table, the result is

only a shift of the middle entry.

Example 2.2

The following table for n = 8 shows that for k > 5, log(1 + 27%) is just a

right shift of log(1 + 27%*1), as shown in the previous theorem.

i | log(1+27Y)
1| .10010101
2| .01010010
3| .00101011
4| .00010110
5 | .00001011
6 | .00000101
7 | .00000010
8 [ .00000001

Table 3: 8-bit look-up table for log(1 + 27%)
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From these two theorems we get the following corollary on the size of the

look-up table.

Corollary 4. For n = 2m word length conversion, the logarithmic look-up

table size can be as small as ﬂw bits.

Proof. This is a simple result from Theorems 4 and 5. O

Example 2.3

If n=64, then the look-up table size is at most

32-(3-32+1)

5 bits

which is less than 1.5K bits.

In the following subsections we first propose a procedure based directly on
the factorization process described before. Then we incorporate the SRT

division technique to improve the speed.
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3.2.2 Restoring Approach

To implement the factorization process described at the beginning of this

section
1+.7120...2, = (1 +.q1)(1 + .0g2) ... (1 4+ .0...0qy,)

we can do n divisions with the divisor of the form 1 + 277 at each division
step j. Or we can do n multiplications to change the divisor at step j to be
of the form (1 + .¢;)(1 + .0g2)...(1+.0...0g;), which reduces the division

to a single comparison.

In the first approach, because of the special form of the divisors, at each

division step j, after certain number of quotient bits are determined, the

next division process can start. The following example shows this in detail.

Example 2.4



Suppose a fraction

.ay1@12... = .I1%2...
At step 1, we do the division

.00.1'2(11,3 e 0
— 0 = .Ua2202,3024025 . . .
1.0.1,1

at step 2, we do the division

.00&2,302’4 e

= .0003,303,403'5(13’5 ...
1.0(12'2

Step 2 doesn’t have to wait for the completion of step 1 to start. In fact,
after az 5 in step 1 is determined, step 2 can be carried out. Each additional
determined quotient bit from step 1 immediately participates in step 2
division in a synchronized way. Similarly, step 3 can start after az 7 s

determined in step 3.

The parallel processing structure illustrated by the above example can
increase speed dramatically in high precision situation. In fact, it can be
proved that the number of total quotient bit operations is reduced from
O(n?) to O(n). However, this erases the recursive property of the algorithm

in the hardware implementation and causes large array-like structure. So
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the trade-off here has to be weighed depending on the application

requirement.

In the rest of the section we develop the second implementation approach.
As will be seen in later subsections, it allows the design of high speed

implementation with still low hardware complexity.

We utilize the standard restoring division procedure [2] which uses
comparison and subtraction operations. Define the partial quotient D; and

partial remainder R;, j =1,2,...,n, as

and

R;=(1+.z125...2,) — D,

with Dy = 0 and Ry = .2122 ... Tp.

Note that the choice of each g; is to try to make D; to increase
monotonically from 1 to 1 + .z, ...z, which also corresponds to the

partial remainder R; decreasing from .z;z;...z, to 0. So at each step j, we
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can first try ¢; = 1. If D; turns out to be too big (D; > 1+ .z;2,...2, or
R; < 0), then we just reset g¢; = 0 and try to choose a smaller factor
(1 + g;+1279*1) and so on.

Since

Rj=(1+.7122...2,) — D;
=14 .7172...2,) — (1 +.q1)(1 +.0g3) ... (1 4+.0...0g;)
=14+ .2122...2,) — (14+.q1)(1 +.0g2) ... (1 +.0...0g;_,)
—(1+.q1)(1+.0g2)...(1+.0...0g;_,) - g;277

=R;1—Dj_;-¢277 (24)

we have the following algorithm.

Algorithm 2.1

Step 0: Let Ry = .21%2...2,, Do =
Step j: j=1,2,...n
Let R, = R;_ — D;_, - 279
IfR;>20,9; =1, Dj=Dj_+Dj_ 27

If Rj <0, q; = 0, RJ' = R]’_l, DJ' = Dj-l
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Example 2.5

Table 4 shows the detailed steps for
Ry =z =.111101

implemented by algorithm 2.1.

i| R; |4 |D;j

1].011101 |1 |11

21.000101 | 1 |1.111

3 (.000101 | O | 1.111

4 (.000101 { 0 | 1.111

5(.000010 { 1 | 1.111011

6 | .000001 { 1 | 1.111100

Table 4: Example 2.5

Note that because of truncation Dg is different from x in the above example,

the error estimation is done in the previous section.
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The restoring division nature of the procedure can be improved by a
non-restoring procedure with the use of signed digits. In fact, it will be
shown that the SRT division technique can be used to achieve the
computation complexity of O(N) with still small chip area. In the rest of

this section the development is described.

3.2.3 Modified Restoring Approach

In this subsection we develop another version of algorithm 2.1 which is
more suitable for hardware design and also serves as a basis for the

development of SRT division techniques in the next subsection.

First note that in Algorithm 2.1 R; < 27*! for each j = 0,1,.... This
implies that for large value of j the first j — 1 fractional bits in R; are all 0.

Secondly, R; is only involved in the computation of

R;— D, - 9—(+1)
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where D, - 27U+ has the first j fractional bits as 0. So it can be seen that

the first j-1 fractional bits of 0’s in
R;—D;- 9-(+1)

doesn’t really contribute to the result. Plus considering the hardware
implementation structure which often uses shift registers in this situation,

we do the following modification of algorithm 2.1.

Let F; = 2'R;, then from Eq. 24,

Fj=2'R;
=2(Rj-1 — D1 - ¢;277)
=2R;_1 - Dj_, g

=2F;_1 — Dj_, - g, (25)

Thus we have the following algorithm which is more suited to hardware

implementation.
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Algorithm 2.2

Step 0: Fy = .z173...2, and Dy =1
Step 1: For each 7 =1,2,...,n,
11 F;=2F;_, - D;_,
1.2If F; >0, then {¢; =1; D; = D;_1+277D;_,}

1.3 else {Qj = 0; E, = 2F}_1; DJ‘ = Dj_l}

Example 2.6
Consider a fractional number £ = .111101, the stepwise procedure of the

algorithm 2.2 is tabulated in Table 5.

Finally, (1.1)(1.01)(1.000)(1.0000)(1.00001)=1.11101111.
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2F;_,

Dj—l q;j

F;

D;

1.111010

1.110100

0.101000

1.010000

10.100000

1.100000

1.000000 1

1.100000 1

1.111000 O

1.111000 O

1.111000 1

1.111011 O

0.111010

0.010100

0.101000

1.010000

0.110000

1.100000

1.100000

1.111000

1.111000

1.111000

1.111011

1.111011

Table 5: Example 2.5
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3.2.4 Non-restoring Approach

For an n-bit factorization process, algorithm 2.2 requires n steps, where
each step needs two n-bit addition/subtraction operations. In the whole
process the most time consuming steps are the full length subtraction

F; = 2F;_, — D;_, and the full length addition D; = D;_, + D;_1277
because of carry propagation. Note that at each step j in algorithm 2.2 we

are essentially doing the following division problem

2F;_,

D, =q;+... | (26)

in which the dividend is 2F;_, and the divisor is D;_;. The SRT division
technique was first invented to avoid full length subtraction and make the
quotient bit selection rule be data independent [2]. In other words, we can
make a simpler selection rule which allows the dividend and the divisor to
be in a certain range instead of being exact and still guarantees the
convergence. The use of this technique solves the carry propagation
problems just mentioned. The price paid for this technique is that sign
digit has to be used, which means that in the radix-2 case, the quotient bit
g; has to be allowed to assume value from the set {-1,0,1}. This result in

the look-up table to be doubled to also include the values log(1 — 277).
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This increase is not significant since the original look-up table has a very
small size. On the other hand, the speed performance is improved

dramatically, especially in long word length situation.

In the rest of this subsection the detail of the application of SRT division
technique is developed.

=0,1

1=pie

-1,0 8 v
o

N

q:

Figure 4: Radix-2 P-D plot

Let the quotient digit set be {-1, 0, 1}. For simplicity of notation, let “I”

denote “-1”. Consider the P-D plot in Fig. 4, to guarantee |P — ¢D| < D,
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the ranges for q is
(-1+¢)D<P<(1+¢q)D, where0.5<D<1

ie,0<P<2Dforg=1;,-D<P<Dforq=0;and —2D < P <0 for
g = —1. As a result, the ranges of the overlapping area P, for both ¢ =0
and ¢ =1is: 0 < By; < D, and the ranges of the overlapping area P_, o for
both ¢ = —1and ¢ =0is: —D < Py; < 0. Therefore, two comparison
constants, ; and —, can be chosen to determine g for divisor D between 0

and 1, and between 0 and -1 respectively.

In the implementation of Eq. 26, the divisor at each step j is 2F;_, and the
dividend Dj_, is always in the range (1,2).

Thus, we consider D = 24;—‘ so that 1 > D > 0.5. The division

2F1 _ Fia
e =
B

D

defines P = F;_;.
This implies that D is ranged between 0.5 and 1.0 and P is between -1.0

and 1.0. As shown in Fig. 4, two comparison constants ¢; = 0.25;0 = 0.01,
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and c_; = —0.25;p = 1.11, (2’s complement representation) can be used.

Thus, the quotient digit g; is estimated by

1 if Fj—l >

g

q; 0 if C S F}'—l S Cy (27)

-1 if F}_l <cCc

\

The improved continuous factorization scheme is summarized in the

following.

Algorithm 2.3

Step 0: Fy = .z175...2, and Dy =1
Step 1: Foreach j =1,2,...,n,
1.1 Estimate g; from Eq. 27

1.2 F:., = 2F}_1 - quj_l

1.3 DJ' = Dj_l +4q;- 2_ij_1

Example 2.7
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J  2F, Dj—y g F; D;

1 1.111010 1.000000 1 0.111010 1.100000
2 1.110100 1.100000 1 0.010100 1.111000
3 0.101000 1.111000 O 0.101000 1.111000

4 1.010000 1.111000 1 0.101000 1.111111

|

5 1.010000 1.111111 0.101111 1.111100

6 1.011110 1.111100 1 0.100010 1.111101

Table 6: Example 2.6

Let’s reconsider the previous ezample in this algorithm as shown in Table 6.
In this example D¢ = x. In general there could be some error whose range

s analyzed in the section 3.2.1.

Note that steps 1.2 and 1.3 in algorithm 2.3 can be completed very fast by
the use of carry-save-adder (CSA), which eliminates carry propagation and
produces an approximate value, whose accuracy determines the number of

bits kept for a short length full addition.
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3.2.5 Modified Error Analysis and Hardware Implementation

Structure

Because of the simplication involved in algorithm 2.3, the error analysis in
subsection 3.2.1 needs to be modified. It is done in this subsection and the
schematic structure to implement the developed algorithm 2.3 is also

proposed.

Suppose the input word length is n bits and let g be the number of
guarding digits needed to ensure conversion accuracy of also n bits. This
means the internal register length is n + g. Let ulp = 2~("*9), Note that in
algorithm 2.3 the only error is caused by the truncation in calculating D; at
each step j, which result in an error no larger than ulp. It then follows
easily that we get exactly the same result as given by Corollary 3 in
subsection 3.2.1, under the additional condition that log(1 + 277) is stored

in truncated form and log(1 — 277) in round-up form.

In the following the implementation structure of algorithm 2.3 is developed.
Suppose the input word length is n, then the look-up table used to store

log(1 + 277) will have the size of 2n?. As an example, if n = 64, then
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2n? = 8K (bits). It’s interesting to note that by the look-up table reduction
technique developed in subsection 3.2.1, and the fact that

log(1 — z) ~ —log(1 + z), the look-up table size can be just n?, but this
involves a little hardware overhead. Three CSA'’s are needed. one for the

addition of

n
Zlog(l + ¢;277)

i=1

and two others for the factorization process. One is used for the dividend

F}, the other for the divisor D;.

Note that q; = z; is directly determined. For the comparison of partial
remainder F; with comparison constant ¢, note from the P-D plot that the
allowable error is 41 To ensure convergence in the algorithm, we need to
retain 4 fractional bits of the CSA for Dj, plus the first integral digit and
sign bit, we need to do a full addition of 6 bits for the comparison step 2.1
in algorithm 2.3, which can be implemented by a carry-look-ahead adder to
improve speed or a usual full adder to save chip area if the carry

propagation delay is bearable in the application.
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s a fi fo—fala|la g

0 01 =*x%*x (1|0 1

Table 7: Truth table for q

After the result sa.f; fof3f4 of full addition is produced the quotient bit ¢
can be determined. Table 7 shows the encoding of ¢ and its logic function
depending on sa.f; f2f3.

The logic functions of g, and ¢, are then derived as

g =s@+f,)

G.=a®Ps+ad fr

The implementation structure is shown next.
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v v v
Shift j bits Shift j bits
=S S
q % " N -q
q° J
¥ b 4 {—2
CSA CSA
2] v+ ¥ ¢ L=
C
F_] Fjs . DJC ]
q - < » <
q llog(1+g;*2

Figure 5: Block diagram of the implementation of algorithm 2.3



4 Conclusion

Logarithmic number system (LNS) is an attractive alternative to the
conventional number system when the data need to be manipulated at very
high rate over a wide data range. The major problems in dealing with the
logarithmic number system are to derive logarithm and anti-logarithm
quickly and accurately enough to allow conversion to and from the

conventional number representation.

This thesis study develops two efficient algorithms for binary logarithmic
conversion : TLFA (Two Layer Factorization Algorithm) and CFA
(Continuous Factorization Algorithm). The former uses a factorization
approach to reduce the look-up table size and employs a nonlinear
approximation method to reduce the computational complexity. Simulation
results on IEEE single precision conversion (23 bits) show that the
algorithm requires only one ROM table of 2!3 x 26 bits, one of 2! x 14 bits,
and one of 2!3 x 5 bits, or a total of 360K bits. This algorithm has
advantages over other work on this problem in both speed and
implementation structure which is mainly due to the discovery of a

convenient nonlinear approximation function. For handling long word
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length numbers, such as in IEEE double precision (53 bits), CFA uses a
continuous factorization process to further reduce the look-up table size
and reduces the problem to a division one which can be implemented using
the SRT division technique [2] to give a high-speed yet simple structure.
More specifically, the conversion time is about three additions irrespective

of word length.

The speed of SRT-based divisions is mainly determined by the complexity
of the quotient-digit selection [2, 15, 16]. To speed up the division process,
one may reduce the number of iteration steps by increasing the radix g of
the sign digit number system used in the process. Selecting § = 2™ allows
the generation of m quotient bits at each step and the number of steps can
be reduced to [2] where n is the word length. However, the complexity of
the quotient bit selection and remainder updating increase for high radices,
offsetting the advantages of the reduction in the number of iterations [2].
Therefore, exploring the speed performance in this logarithmic conversion
problem using the high-radix SRT division scheme is an interesting topic

for future work.
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Appendix

A Source code of simulation program for

TLFA 1.1 (in Java)

// This program simulates algorithm 1.1 for all

// possible 16-bit input combinations.

class misc {
static int N=8;
static long one = (long) (Math.pow(2,N)+.5);

static double e=Math.pow(2,-N);

public static void toBinary(long x, int n) {
int i;
int [] a=new int [128];
for (i=n-1; i>=0; i--) {
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long t=x&1;

alil= (int) t;

}

for(i=0; i<n; i++)
System.out.print(ali]);

System.out.print(" ");

public static long expconv(long x)
double yd=Math.pow(2,x*e)-1;

return (long) (yd/e+.5);

double xd

(double) x * e;

double yd
long y = (long) (yd/e/e+.5);

switch(tag) <

long 1ti1(long x, int tag)

Math.log(1+xd)/Math.log(2);

{
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case 0: return y;
case 1: return (y*2/one+1)/2;
case 2: return y/one;

};

return -1;

public static long 1t2(long x, int tag) {

double xd

(double) x*ex*e;

double yd = Math.log(1+xd)/Math.log(2);
long y = (long) (yd/e/e+.5);
switch(tag) {

case 0: return y;

case 1: return y/one;

case 2: return yjone;

};

return -1;
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public static long lt(long x) {

double xd = (double)x*e*e;

double yd = Math.log(1+xd)/Math.log(2);
long y = (long) (yd/e/e+.5);

return y;

class s {
public static void main(String[] args) {
int N=8;
int[] diff=new int[N];

long ¢,C,x,y,A,Aprime,B,p,pf,P,r,t,t1,cnt=0,err=0;

long one = (long) (Math.pow(2,N)+.5);

long two onex*x2;
double xd,yd;

double e=1/(double) one;
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for (x=0; x<omne; x++) {
A = misc.1lti(x,1);
Aprime = misc.1t1(A,1);

for (y=0; y<ome; y++) {

B = misc.lti(y,1);
P = one-B+A;
pf=p’one;

P = misc.1t1(pf,1);
if (p<one) c = (one-P)+Aprime/2;
else ¢ = -P/2 + Aprime/2;

C = misc.1t2(c,0);

r = misc.1t1(x,0)+C;
t = misc.lt(x*one+y);
tl = r-t;

diff[(int)Math.abs(t1)]++;
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for (int i=0; i<N; i++)

System.out.println(i + " " + diff[i]);



B Source code of simulation program for

TLFA 1.2 (in Java)

// This program simulates algorithm 1.2 in IEEE single precision.

class misc {
static int N=13;
static long one = (long) (Math.pow(2,N)+.5);

static double e=Math.pow(2,-N);

public static void toBinary(long x, int n) {
int i;
int [] a=new int [128];
for (i=n-1; i>=0; i--) {

long t=x&i;

alil= (int) ¢t;
}

for(i=0; i<n; i++)
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System.out.print(alil);

System.out.print(" ");

public static long expconv(long x) <
double yd=Math.pow(2,x*e)-1;

return (long) (yd/e+.5);

public static long 1ti(long x, int tag) {

double xd

(double) x*e;

double yd

Math.log(1+xd)/Math.log(2);
long y = (long) (yd/e/e+.5);
switch(tag) <

case 0: return y;

case 1: return y/one;

case 2: return yone;
};

return -1;
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public static long 1t2(long x, int tag) <

double xd

(double) x*e*e;

double yd

L[}

Math.log(1+xd)/Math.log(2);
long y = (long) (yd/e/e+.5);
switch(tag) <

case 0: return y;

case 1: return y/one;

case 2: return ylone;
};

return -1;

public static long 1lt(long x) {

double xd

(double) x*exe;

double yd = Math.log(1+xd)/Math.log(2);
long y = (long) (yd/e/e+.5);

return y;
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class s {
public static void main(String[] args) {
int N=13;

long c,x,y,x1,yl,t,t1,t2,err=0;

long one = (long) (Math.pow(2,N)+.5);

long two = one*2;
double xd,yd;

double e=Math.pow(2,-N);

for (x=0; x<ome; x++) {

x1 = misc.1t1(x,1);

t2

misc.expconv(one-x1)/2;
for (y=0; y<ome; y++) {

// misc.toBinary(x,N);
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// misc.toBinary(y,N);

y1l = misc.lti(y,1);

tl = y1-x1;
if (t1>=0) c=misc.expconv(tl)+one/2-t2;
else c=misc.expconv(one+tl)/2-t2;
y1 = misc.1lt1(x,0)+misc.1t2(c,0);
t = misc.lt(x*one+y);

// misc.toBinary(y1,N); misc.toBinary(t,N);
tl = y1-t;
if (Math.abs(tl)>err) err = Mathﬂabs(tl);

// System.out.println(tli + " " + err);

}

System.out.println("Maxerror=" + err);
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