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ABSTRACT
SOME PROPERTIES AND CHARACTERIZATIONS OF NEUTRAL TO THE
RIGHT PRIORS AND BETA PROCESSES
By

Jyotirmoy Dey

The nonparametric Bayesian paradigm requires us to consider probability mea-
sures - priors - on the infinite dimensional space F of all cumulative distribution
functions. This dissertation is a study of one such class of measures introduced by
Doksum (8] known as Neutral to the right (NR) priors. The material is organized in
three chapters.

Chapter 1 is a survey of NR priors and serves as a prelude to the subsequent
chapters and results. We conclude the chapter by observing that these priors can be
chosen to have all of F as support and thus satisfies one of the desirable requirements
of nonparametric prior distributions as laid down by Ferguson [10].

In chapter 2 we provide necessary and sufficient conditions on a sequence of ex-
changeable random variables such that the prior distribution obtained from it via
de Finetti’s Theorem is NR. En route to such characterization we also obtain char-
acterizations in terms of the posterior distributions.

Chapter 3 contains a study of beta and beta-Stacy processes. Hjort [14] and
Walker and Muliere [26], respectively, developed beta processes and beta-Stacy pro-
cesses as concrete examples of NR prior distributions. We first give a construction of

beta process priors directly on F and then prove the following:



. the posterior corresponding to a beta process is weakly consistent,

. beta processes with distinct parameters are mutually singular,

. carefully chosen Dirichlet process priors on the space of right-censored observa-

tions induce beta priors on the space of lifetime and censoring-time distributions,

. a beta-Stacy prior is a simple reparameterization of a beta process.



To the memory of my father.
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Introduction

Let @ be an unknown parameter and X be an observable random variable whose dis-
tribution Fy depends on 6. The goal of statistical investigation is to make inference on
6 based on the observed value of X. In the Bayesian paradigm 6 itself is endowed with
a distribution II, called the prior distribution, and the inference essentially consists
of updating the prior IT to ITx - the conditional distribution of @ given X - commonly
known as the posterior distribution of 8 given X. The prior distribution II reflects,
often as an approximation, the investigators knowledge of the parameter @ prior to
observing X.

In the parametric case @ is generally taken to be an element of R¥ and the map
@ — Fy is a smooth parameterization. In other words, the distribution of X is
assumed to be among {Fy : § € ©}, where © C R*. In the nonparametric case the
restriction to a finite dimensional parametric family is removed. The set of permissible
distributions for X is typically the set of all distributions or a large subset thereof.

The model that we consider consists of
1. F - the set of probability distributions on R*,

2. n independent identically distributed random variables X, ..., X, whose com-



mon distribution F is, of course, an element of F, and

3. II - a probability measure (probability distribution) on F.

In the nonparametric case the Bayesian paradigm requires us to consider proba-
bility measures I1 on the infinite dimensional space F. It is thus necessary to develop
and study probability measures on F which would be analytically tractable and which
would also be interpretable.

This thesis is devoted to a study of a class of priors called neutral to the right

(NR) priors. A prior II is said to be NR if, for all k > 1 and all t; < --- < ¢,

.i = 1,...,k, are independent, where F(-) = 1 — F(-). These priors were
introduced by Doksum [8], who also showed that if IT is NR, then the posterior given
n observations is also NR. This result was extended to the case of right-censored
data by Ferguson and Phadia [12]. While these authors considered NR priors in
abstraction, Hjort [14] and Walker and Muliere [26], respectively, developed beta
processes and beta-Stacy processes which provide concrete and useful classes of NR
priors. These priors, which are analogous to the beta prior for the Bernoulli(8), are
analytically tractable and are flexible enough to incorporate a wide variety of prior
beliefs.

The map F — ¢p(F) = —log(l — F) maps F into the space of increasing func-
tions. Doksum showed that a prior IT on F is NR if and only if the induced measure
Mo ¢} gives rise to independent increment processes. Hjort proved a similar result

by considering the map ¢y (F)() = [, 2oL

(0] Flsio)" When F' is continuous the two images

¢p(F) and ¢y (F) are the same.



Since independent increment processes are well understood, this connection pro-
vides a powerful tool for studying NR priors. In particular, independent increment
processes have a cannonical structure, the so-called Lévy representation. The asso-
ciated Lévy measure can be used to elucidate properties of NR priors. For instance
Hjort provides an explicit expression for the posterior given n independent obser-
vations in terms of the Lévy representation when the Lévy measure is of a specific
form.

In Chapter 1 we provide a brief introduction to NR priors and related independent
increment processes. We then show that a NR prior with support F can be obtained
by choosing a Lévy measure with full support. This result shows, in particular, that
with a proper choice of parameters the beta and beta-Stacy processes can have all of
F as support.

In ‘Chapter 2 we first recall Doksuin’s result and the fact that if I is NR, then
the posterior distribution of F'(t), given .X;.---, X, depends only on {Nn(s): s <t}
where N,(-) = Y, I1x,<}- In other words, the posterior distribution of F(t) does
not depend on the exact values of the observations larger than ¢, but only on how many
there are. We then show that this property of the posterior actually characterizes NR
priors. This characterization is then used to provide yet another characterization of
NR priors via de Finetti’s Theorem. The chapter concludes with an extension of the
results to the case of right censored data.

Chapter 3 is devoted to a study of beta and beta-Stacy processes. We first con-
struct beta processes directly on F. Then we show that beta processes yield consistent
posteriors, i.e. if Fy is indeed the true distribution then, as more and more observa-

3



tions accumulate, the posterior converges to Fy with probability 1.

Hjort has shown that beta processes possess many pleasing properties in the con-
text of right-censored data such as easy updating of the prior parameters. In the same
spirit we show that if (Z, A) is a right-censored observation arising from a survival
time X and an independent censoring time Y, then under a Dirichlet process prior for
the distribution of (Z, A) the distributions of X and Y marginally have beta priors.
We then use a result of Brown [1] on mutual singularity of Poisson processes to show
that any two beta process priors are mutually singular. We conclude the chapter by

observing that any beta-Stacy process is just a reparameterization of a beta process.



Chapter 1

Neutral to the Right Priors

Neutral to the right(NR) priors is a specific class of nonparametric priors that was
introduced by Doksum [8]. Historically, the concept of neutrality is due to Connor
and Mosimann [3] who considered it in the multinomial context. Doksum extended
it to distributions on the real line in the form of neutral and neutral to the right
priors. Subsequent papers by Ferguson [11], Ferguson and Phadia [12], Hjort [14]
and Walker and Muliere [26] have made significant contributions to their theory. As
mentioned earlier, the theory of independent increment processes provides a powerful
tool to understand these priors.

The purpose of this chapter is to give a summary of the basic properties of NR
priors. In Section 1.1 the Bayesian nonparametric set-up is formalized. Definition
and examples of NR priors are provided in Section 1.2. In Section 1.3, we discuss
independent increment processes and their Lévy representation. Section 1.4 then pro-
vides a description of the connections between NR priors and independent increment

processes. Section 1.5 discusses the support of NR priors.



1.1 The Space F

Consider the measurable space ( [0, 00), Bjo,) ) where Bjg ) denotes the collection of
all Borel subsets of [0,00). Let M(R*) denote the space of all probability measures
on ([0,00),Bjo,x)) and F denote the space of all cumulative distribution functions
on [0,0c). Our goal is to investigate certain properties of probability measures on
M(R*). However, since there is a 1-1 correspondence between M(R*) and F, it
suffices to consider probability measures on F. To further simplify notation, we will
let F denote both a distribution function and its corresponding probability measure.

Equip M(R*) with the Borel o-algebra under the topology of weak convergence.
Since weak convergence on M(R*) is equivalent to convergence in distribution on F
(also called weak convergence for this reason). we will equip F with the topology of
weak convergence too. Formally, a sequence of distribution functions {F, :n > 1} €
F converges to F € F weakly if F,,(t) = F(t) as n — oo for all continuity points ¢ of
F. We write this fact as F, = F. One of the properties that makes such convergence
useful is the fact that, under the weak topology, F is a complete, separable metric
space.

Let £ denote the o-algebra of Borel subsets of F. It is also the smallest o-algebra
with respect to which all coordinate maps F — F(t),t > 0 are measurable. A prior
is defined to be a probability measure on the space (F,X#). It is common practice to
view a prior as the process measure corresponding to a stochastic process with paths
almost surely in F. A prior is thus the distribution of a random F-valued function.

The standard nonparametric Bayesian set-up consists of a random distribution



function F with a prior distribution II, and given F' € F, a random sequence of
observations X = (X, X»,...) which are independent and identically distributed as

F. In short, one writes

F~T, andgvenF, Xi,X,. . "~'F (1.1.1)

Formally, consider the probability space (2, £, Pp) where Q = F x [0,00)N, & =

Tr® B{gm) and the measure Py is defined by

Pn(F € D.X, € By,...,Xn € B,) =& |Ip(F) [[ F(B))

i<n

where D € £7; Bi,..., By € By, for every n > 1.

For each n > 1, a version of the conditional distribution of F' given X,,..., X, is
called a posterior distribution of F or, sometimes, a posterior corresponding to the
prior distribution IT of F. When there is no ambiguity about the prior, we will refer

to it simply as the posterior.

1.2 Definition and Examples

For any F € F, let F(-) =1 — F(-). F is commonly known as the survival function

corresponding to F. Let F(0) = 1.

Definition 1.1. A prior I1 on F is said to be Neutral to the right (NR) if, under I,

forallk>1and all0 < t; <...< t,

F(ty) F(tx)
F(t,)"" " F(te-)

F(ty),

are independent.



If IT is NR, we will also refer to a random cdf F with distribution II as being
neutral to the right. Note that (0/0) is defined here and throughout to be one.

For a fixed F, if X is a random variable distributed as F', then, for every 0 < s < ¢,
F(t)/F(s) is simply the conditional probability F(X > t|X > s). For t > 0, F(t) is

viewed as the conditional probability F(X > t|X > 0).

Erample 1. Consider a finite ordered set {t;,...,t,} of points in (0,00). To con-
struct a NR prior on the set F;, ., of distribution functions supported by the points
t1,...,tn, we only need to specify (n —1) independently distributed [0, 1]-valued ran-
dom variables V;,...,V,_;, and then set F(t;)/F(ti1) =1—-Vifor1 <i<n-1.

Finally, set F(t,)/F(tn—1) = 0. Observe that, F(t,)=0and, for1<i<n-1,
F(t) = ﬁ(l -V
j=1
Ezample 2. In a very similar fashion we can construct a NR prior on the space Fr
of all distribution functions supported by a countable subset T = {ti<ty<...}of
(0, 00).

Let {V;}:>1 be a sequence of independent [0. 1)-valued random variables such that,

for some n > 0,

> P(Vi>n) =o0.

i>1
This happens, for instance, when 1;’s are identically distributed with P(V; > n) > 0.
As before, for i > 1, set F(t,)/F(t,-1) = 1—V;. In other words, F(t;) = Hle(l -V,
for all £k > 1. By the second Borel-Cantelli lemma, we have

P(H(l—l@):@) =1.

i>1



This defines a NR prior Il on F because

t—o00

k
lim F(t H (1-V) = as. II.

Other non-trivial examples of NR priors are also available.

Ezample 3. Dirichlet process priors, introduced by Ferguson [10], provide a ready

example of a family of NR priors.

Doksum [8] suggested construction of general classes of such priors via independent

increment processes. Examples of suitable independent increment processes are:

Ezample 4. Beta processes developed by Hjort [14]. These are a family of independent
increment processes that correspond to NR prior distributions on . We will refer to

the induced NR priors also as beta priors.

Ezample 5. Log-beta processes developed by Walker and Muliere [26] are another
family of independent increment processes that lead to NR priors on F for suitable
choice of parameters. Priors on F constructed via suitable log-beta processes were

named beta-Stacy prior processes by Walker and Muliere.

We defer further discussion of the last two prior processes and their construction
to Chapter 3.

Consider, briefly, the problem of specifving a general NR prior on F. Let Q be
a dense subset of [0,00) and let {t;,t5,...} be an enumeration of Q. As seen in

Example 1, it is easy to specify a NR prior I1, on F;, ..

Let t(I") < - <t be an ordering of {t,,....t,}. We wish to specify the
- Bg(n)

distributions of the independent [0, 1]-valued variables F(t\”) = V™, i—i:gn—); =V,
1



£((m)
: FL((:(—',‘,)—)— = V™ in such a fashion that the sequence of priors thus generated, {II, }. is

n-1

weakly convergent to some measure II, which will then be NR. The difficulty is that we
need to know the convergence of a whole family of finite dimensional distributions and
their limits for this kind of specification, which is equivalent to knowing I beforehand.

However, given a prior Il on F, we can, in above fashion, construct a sequence of

priors II,, with support F;, ., n > 1, which will converge to Il weakly.

We will refer to priors that give probability one to F,4, where A is at most an
ordered countable set, as time-discrete prior processes. Thus, concisely, any NR prior

on F can be obtained as a weak limit of time-discrete NR prior processes. Later we

will construct the beta prior along these lines.

1.3 Independent Increment Processes

The theory of NR priors owes much of its development and analytic elegance to its
connection with independent increment processes. The principal examples of general
families of NR priors have been constructed via this connection. Naturally, no dis-
cussion of NR priors can be complete without reference to this phenomenon. This
connection also leads to special statistical significance for NR priors.

In the next section, we will establish the relationship between NR priors and in-
dependent increment processes with non-decreasing paths. For now we briefly discuss
the relevant theory of these processes in terms of a representation due to P. Lévy [18].
Here is a brief description of the representation.

The following facts are well-known and may be found in Ito [15] and/or Kallen-

10



berg [16].

Definition 1.2. A stochastic process {A(t)}:>0 is said to be an independent incre-
ment process if A(0) = 0 almost surely and if, for every k and every {to <t; <--- <

tr} € [0,00), the family {A(t;) — A(ti-1)}5, is independent.
Let H be a space of functions defined by

" ={H|H:|[0,00) [0,00], H(0) = 0, H non-decreasing, right-continuous}.
(1.3.2)

Let B(o,00)x[0.00) be the Borel g-algebra on (0, 0c) x [0, co].

Theorem 1.1 (Ito). Let I1* be a probability on H. Under IT*, {A(t) : t > 0} is an
independent increment process if and only if the following three conditions hold: there

erists

1. a finite or countable set M = {t,ts,...} of points in (0,00) and, for each

t; € M, a positive random variable Y; defined on H with density f,;
2. a non-random continuous non-decreasing function b; and
3. a measure A on ((0,00) x [0, oo],]B(om)x[Om]) which, for all t > 0, satisfies

(a) A({t} x [0.00]) =0,

) [f ﬁ;z\(dsdu)<oo;

0<s<t
0<u<oo
such that
At) =b(t) + Y _Yi(4) + // u p(ds du, A) (1.3.3)
st 0<s<t
0<u<oc

11



where, for each A € M, p(-, A) is a measure on ((0,90) X [0,00], B(o,c0)x[0,00]) SuCh
that, under I1*, pu(-,-) is a Poisson process with parameter \(-), i.e. for arbitrary dis-
joint Borel subsets E, . .., Ex of (0,00) x[0, 0¢], u(Eh, ), - .., u(Ek,-) are independent,

and
u(E;, ) ~ Poisson(A(E;)) for1<i<k.

Note the following facts about independent increment processes which will be

useful to us later and facilitate understanding of the remaining subject matter.

1.3.1. The measure A on (0,00) x [0,00] is often expressed as a family of measures

{A¢:t >0} where A\(A) = A((0,t] x A) for Borel sets A.

1.3.2. The above representation may be expressed equivalently in terms of the moment
generating function of A(t) as

g( -04 t) —b(t) |:H£ —-GY :I exp // —0u dsdu)

tist 0<s<t
0<u<oo

1.3.3. The random variables Y; occuring in the decomposition arise from the jumps
of the process at fixed points. Say that ¢ is a fixed jump-point of the process
if I1*(A{t} > 0) > 0. It is known that there are at most countably many such
fixed jump-points, that the set M is precisely the set of such points and that

Y, = A{t,).

1.3.4. The random measure A — pu(-, A) also has an explicit description. For any

Borel subset E of (0,00) x [0, 00],

u(E, A) = #{(t. A{t}) € E | A{t} >0}.

12



1.3.5. Let A°(t) = A(t) — b(t) — 3_,,<, A{t:}. Then

A(t) = // u p(duds, A).

0<s<t
0<u<oo

1.3.6. The countable set M, the set of densities {f; : ¢ > 1}, the measure A and
the non-random function b are known as the four components of the process
{A(t) : t > 0}, or, equivalently, of the measure II*. The measure A is known as

the Lévy measure of I1*.

1.3.7. A Lévy process I1* without any non-random component, i.e., for which b(¢) = 0,
for all t > 0, has sample paths that increase only in jumps almost surely II*.

All Lévy processes that we will encounter will be of such type.

1.4 NR Priors via Lévy Processes

Consider the map ¢p(F) = —log F' of F into H. Doksum [8] showed that a prior
distribution IT on F is NR if and only if the measure IT induced by the map ¢p gives

rise to an independent increment process. On the other hand, Hjort [14] used the

function ¢y (F)(-) = Ap(-) = fo :{:(Q) towards the same end.
These maps lend special statistical significance to NR priors in the context of
survival analysis. Several authors define cumulative hazard as Hg(t) = ¢p(F)(t) =

—log F(t). For us, however, cumulative hazard would be the map ¢ for the following

reasons. First, when F is discrete Ag{t} = F—TU—

t
1) corresponds to a measure of the rate

of occurence of an event at time t given it has not occurred before. The cumulative

13



hazard, then, is just the sum of these rates. Thus, while ¢p is mathematically simple,
the function Ar is a more natural choice for the cumulative hazard function.

Second, as noted earlier, the two definitions coincide when F is continuous. How-
ever, in estimating a survival function or a cumulative hazard function one typically
employs a discontinuous estimate. The nature of the map, therefore, plays an impor-
tant role in inference about lifetime distributions and hazard rates. Also, since all
independent increment processes we will consider increase only in jumps, distributions
sampled from the corresponding NR priors are discrete.

We will now proceed with the formal details about these maps.

Let F € F and let Tr = inf{t : F(t) = 1}. Note that Tr may be oo. Define a

transform ¢y of F as follows:

dF(s) .
f(O.t] F(s,00)" for ¢ < TF’

'1F’(TF) for t > TF.
1.4.1. The integral in the definition of Ag, for t < Tf, is a Stieltjes integral. Let
(n)

{s1.82,...} be a dense subset of (0,>c). For each n, let s’ <--- < s be an

ordering of {sy,...,s,}. Let si"’ = 0 and define

PO o)
255"’<[ ),OO ) for t _<. TF!

(n
R(t) = e

A?;(TF) for t > Tr.

Then, for all ¢, A%(t) = Ap(t) as n — oo.

1.4.2. Ar is non-decreasing and right-continuous. The fact that Af is non-decreasing

follows trivially since F is non-decreasing. To see that Ag is right-continuous,

14



fix a point t and note that, if j = max{i <n: sf") < t}, then

F(s™,, s,
Ap(t+) — Ap(t) = lim —L5242
F‘( ) F ) n—00 F(S(n) OO)

j+1
where, both {35'1)1} and {35'1)2} are non-decreasing sequences converging to t
from above. Thus F(sg'i)l, 32'22] — 0 as n — 0.
If t < T, then the denominator of the R.H.S. of the above equation is positive

for some n. Hence right-continuity follows. For t > Tf it follows from the

definition.

It is easy to see that Ap(t) < oo for every t < Tp. As with F, we will think of Ap
simultaneously as a function and a measure. Thus the measure of any interval
(s,t] under Ap will be defined as Ar(s,t] = Ap(t) — Ap(s). For Tr < s < t,
define Ap(s,t] = 0. One may now uniquely extend it to a o-finite measure on

Borel sets.

1.4.3. For any t, Ar has a jump at t iff F has a jump at t, i.e. {t: Ap{t} >0} ={t:

F{t} > 0}.

1.4.4. The map Afr has an explicit expression. Let

Fe(t) = F(t) - Y _ F{s}

s<t

be the continuous part of F. Then

Ap(t) = Z(; F’;{Z}C) — log(1 - F°(t)).

1.4.5. It follows from 1.4.4 above that

15



(a) Tr = inf{t : Ap(t) = oo or Ap{t} =1},
(b) Ap{t} <1 forallt,
(¢) Arp(Tf) = oo if Tr is a continuity point of F,

(d) AF{TF} =1if F{Tp} > 0.

These and other properties of ¢y and details may be found in Gill and Jo-
hansen [13] and Hjort [14].

Now, let A" be the space of all functions on [0, 00) that are non-decreasing, right-
continuous and may, at any finite point, be infinity, but has jumps no greater than

one, i.e.
A ={B e H|B{t} <1 for all t}.

Equip A’ with the smallest o-algebra under which, the maps {A — A(t),t > 0}
are measurable. From 1.4.1 on page 14 it follows that ¢y is measurable with respect
to this o-algebra. Also note, from 1.4.2 on page 14, that ¢y maps F into A’. The
actual range, which we will now describe, is smaller.

For A e A, let Ty = inf{t: A(t) = oo or A{t} = 1}. Let A be the space of all

cumulative hazard functions on [0, 00). Formally define A as
A={A€ A | A(t) = A(T,) for all t > T,}.

Endow A with the o-algebra which is the restriction of the o-algebra on A’ to A.
The map ¢y is a 1-1 measurable map from F onto A4, and, in fact, has an inverse (see
Gill and Johansen [13]). We consider this inverse map next and briefly summarize its
properties.

16



Let A € A'. Let {sy,ss,...} be dense in (0,00). For each n, let s(ln) << s

be as before. Fix s < t. If A(t) < oo, define the product integral of A by

[Ta-d=1lim JT -AGD,s™)

(s:t] s<sf")_<_t

where A(a,b] = A(b)—A(a) fora < b. If A(t) = oo and A(s) < oo, set H(s,t](l—dA) =

0. If A(s) = oo, set H(s‘,](l —-dA) =1.
Theorem 1.2 (Gill and Johansen, 1990). Let A € A. Then F given by

F(t)=1-[]1-dA)

(0.)

is an element of F. Furthermore,

_ dF(s)
Al = -[O,t] F[s,00)

This result explains why A is referred to as the space of all cumulative hazard
functions on [0, oc).

The following properties of the product integral are included to lend the reader a
better understanding of the nature of the map ¢y and will be useful later. Details

may be found in Gill and Johansen [13] and Hjort [14].

1.4.6. Like ¢y, the product integral also has an explicit expression.

[T -d4a) =] - A{s}) exp(-A°(1))

(0.1) s<t

where A€ is the continuous part of A.

1.4.7. Let IT* be an independent increment process measure with sample paths almost

surely in A’. Then, for all ¢,

En- (H(l —dA)) =[] (1-d(n-4)).

(0,¢] (0.t
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1.4.8. Let ps denote the Skorokhod metric on D[0,00) and let {A,} be a sequence in
A. Say that ps(A,, A) = 0 for some 4 € A as n — oo, if ps(AT, AT) - 0
for all T > 0 where AT and A7 are restrictions of A, and 4 to [0,7]. It may
be shown, following Hjort ([14], Lemma A.2, pp. 1290-91), that if {4,},A € A
and ps(An, A) — 0, then ¢5'(A4,) = ¢5'(A). Thus, if A is endowed with the

Skorokhod metric, then qb,‘,l is a continuous map.

The next result establishes the connection between NR priors and independent

increment processes with non-decreasing paths via the map ¢y.

Theorem 1.3. Let II be a NR prior on F. Then, under the measure II* on A
induced by the map ¢y, {A(t) : t > 0} has independent increments. Conversely, if
I1* is a probability measure on A such that the process {A(t) : t > 0} has independent
increments, then the measure induced on F by the map

o7 1 A 1-]] - dA).

(0.¢]

is neutral to the right.

A formal proof of this simple result does not appear anywhere in print, and hence,

we provide one here.

Proof. First suppose that I is NR on F and let ¢; < --- < t; be arbitrary points
in (0,00). Consider, as before, a dense set {s;, ss,...} in (0,00). Let, for each n,
s <. < s be as before.

Suppose n is large enough such that ss,") > tx. Then, for each 1 <7 < k, we have,
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with A% asin 1.4.1 on page 14,

F(S(n) , s(ﬂ)]
Ag(t:) — Ap(tic) = Z F J(n)l
<<t (s5-1,00)
= Z (1_ I':q(s;n))))'
t‘-1<sj")5t‘ F(Sj_l)
(")) ng : n n
are independent, A%(t;), A%(t2)

. (n) F(
Since, for each n, F(s; "), Famy 7 Foe (,,,1)
A% (tk-1) are also independent. Letting n — oo, we get that

AR(t), ... AD(t) —

Afp(t1), ..., Ap(tx) — Ar(tx—,) are independent.

Arp(ty), Ar(t2) —
t):t>0}is an

For the converse, suppose II* on A be such that, under IT*, {A
independent increment process. Again, let ¢; < tx be arbitrary points in (0, 0o)
. < s as before, let, for 1 < i < k,

Then with s(")
(ﬂ) )

Fyty= I (0~ AGP, o]

si")St.

If Fo = ¢y (A), then it follows from the definition of the product integral that

F(")( ) = F4(t) for all ¢, as n — oco. Now, observe that, for 1 <: <k

Fa(t)
A= I a-aE, s,
A(ti—l) (n)
t‘_1<8J <t
Since A(syl)l, sy‘ ],1 < j < n are independent for each n, then so are -—A—F,,(tt_)),l <
i . . Fa(t2) Fa(te)
i < k. Consequently, we have independence in the limit, i.e. F4(t,), Fal)’ " Faltees)
]

are independent.

We have noted earlier that Doksum was the first to observe a connection between
He, however, considered a map

NR priors and independent increment processes

slightly different from the product integral. Here we briefly turn our attention to his

map.
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Recall the function space H defined in (1.3.2).

Theorem 1.4 (Doksum, 1974). A prior I1 on F is NR if and only if [1 = I o ¢!
is an independent increment process measure such that II{H € M : lim_o H(t) =
oo} =1.

Let IT be a NR prior on . From what we have seen so far, the maps ¢p and
én vield independent increment process measures [T and II*, respectively. Let the

Lévy measures of IT and IT* be denoted A and A* respectively. The next proposition

establishes a simple relationship between A and A°.
Proposition 1.1. Suppose A and A* are as above. Then

(1). For each't, At is the distribution of T — —log(1 — z) under the measure A, and

(2). For each t, A} is the distribution of z — 1 — €™ under At
where X\, and A; are defined following 1.3.1 on page 12.

Proof. The proposition is an easy consequence of the following, again easy, fact.

If w— p(-,w) is a M(X)-valued random measure which is a Poisson process with
parameter measure A, then for any measurable function g : X — X, the random
measure w — p(g~!(+),w) is a Poisson process with parameter measure Ao g~!.

Now note that,

6(F)(1) - 6p(F)(t=) = — log f,gz))

- “°g{1" Fi{i)}

= —log[l — (¢u(F)(t) — 6u(F)(t-))).
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1.5 Support of NR Priors

Since Il on F corresponds, via ¢y, to an independent increment process measure
IT* and, since II* is described by its Lévy measure J, it is natural to expect that
properties of IT would be describable in terms of A. The next theorem is a case in

point.

Theorem 1.5. Let I1 be a NR prior on F and let II* be the measure on A induced
by the map ¢y. If A, the Lévy measure of II*, has support [0,00) x [0,1], then the

support of Il is F.

Proof. Let Fy € F and let Ag = ¢y (Fy). Let, fore > 0, U = {A : pL(Ap, A) <
¢} where p% is the Skorokhod metric on D[0,T], the space of all right-continuous
functions with left limits on [0, T']. By 1.4.8 on page 18, every weak open neighborhood
of F, contains a set of the form ¢5'(U). Hence it is enough to show that I1*(U) > 0.

Recall, p%(Ag, A) is the infimum of all ¢ > 0 such that there exists a strictly

increasing function « from [0, 7] onto [0, T'] for which

sup |a(t) — t| < €
t<T

and

sup |Ao(t) — A(a(t))] < €.

t<T
For any given 6 > 0 and T, let 0 = ¢, < t; < --- <t, = T be chosen such that

Ao(t,,t,’.H) <dforalli= 0,...,n—1.
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Let a; < t; < b; be continuity points of Ay such that
a; >t,“-6, Ao(a,-) >A0(t,‘—)—5/2, 1=1,...,n;
bi<ti+5, Ao(b,‘)>A0(t,‘)+(5/2, 1=0,...,n—1.

Set ap=0and b, =T.

Consider A € A such that, for every 0 <i < n,
(i) |A(ai) — Ao(ai)] <6,
(i) [4(b:) — Ao(b:)| < 6,
(iii) there exists a; < s; < b; such that |s; — t;| < § and |A{s;} — A{t;}| < 4.
Suppose W be the set of all such A € A, i.e. let
W = {A € A: A satisfies (i), (ii) and (iii) above}.

We will argue that W C U.

Let 4 € W and let sy,...,s, as in (iii). Let a be the function defined by
(
Si, forr =t;;

z, for b;_; <z < a;;

linear for a; <z <t

linear fort, <z <b,.
\

Clearly |a(t) —t| <d forallt <T.

Consider t € [b;_;,a;). Then
A(a(t)) > A(b,‘_l) > Ao(b,‘-l) — 4, and

Ao(t) < Ao(a;) < Ag(bi—y) + 0.
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Therefore Ay(t) — A(a(t)) < 24.

Similarly

A(a(t)) < A(a;) < Ao(a;) + 6, and

Ao(t) > Ao(bi-1) > Ao(a;) =6

thus, A(a(t)) — Ae(t) < 24.
From above, it follows that |A(a(t)) — Ao(t)| < 26 for t € [bi_1, a;).

Now suppose t € [a;, t;). Then, since

A(a(t)) > A(a;) > Aola;) — 6, and

Ao(t) < Ao(ti—) < Ao(a;) +46/2,
we have 4o(t) — A(a(t)) < £5. On the other hand,

Ala(t)) € A(si=) < A(b;) — A{si} < Ao(bi) + 6 — Aoft:} +6

< (Ao(ts) + 6/2) + 6 — Ao{t:} +6 = Ao(ti—) + ga

and Ao(t) > Ap(a;) > Ao(ti—) — /2. Hence A(a(t)) — Ao(t) < 34.
It follows that |A(a(t)) — Ao(t)] < 36 for t € [a;, t,)

Finally, let t € [t;, b;). Observe that
Aa(t)) > A(s,) > A(a;) — A{s;} > Ao(a;) + Ao{t:} — 26
and

Ao(t) < Ao(b) < Ao(ts) +6/2 < Ao(ti—) + Ao{ti} + 6/2 < Ao(ai) + Aoft:} + 6.
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Therefore, Ag(t) — A(a(t)) < 36.

Also, since

A(a(t)) < A(b) < Ao(b;) + 6, and

Ao(t) > Ao(ts) > Ao(b:) —6/2,

we conclude A(a(t)) — Ao(t) < 36.
Combining the last two inequalities we get |A(a(t)) — Ao(t)| < 36 for t € [t;, b;).

Now let § < ¢/3 and note that, forall0 <t < T,
|A(a(t)) — Ao(t)| < €.

Consequently A € U. This shows that W C U. We will now find a subset W of
W such that I1* (W) > 0.

To this end, for § as above and ¢ = 1, ..., n, define the sets

0 )
Ei = [bi_1,a;) x (Ao(tizy, i) — 4—n~4o(t:~1,ti) + —)

4in
1) )
G,‘ = [a,',b,') X (Ao{t,'} — 4— 40{t,} + 4_T),)

y 4
n

and subsequently define
Wo={A:u(E;,A) =1 and u(G;,A) =1,i=1,..,n}.

Wy is clearly measurable and has positive II* probability since u(E;, A) and
u(Gi, A), i = 1,...,n, are all independent Poisson with positive parameters. Hence,
to conclude the proof, all we need to show is that 1, C W'. To see this, let A € W)

and observe that,
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(a) fore=1,...,n,
|A(a;) — Ao(a:)| < |A(a:) — Ao(t:)] +6/2
< 21; |A(bj-1,a;) — Ao(t;j-1, ;)| + i |Ala;, ;) — Ao{t;}| +6/2
)= =
<d/4+48/4+6/2=06.
(b) fori=0,...,n-1,
|A(b:) — Ao(b:)] < [A(b:) — Ao(t:)| +6/2
< i;IA(bJ—lan) — Ao(tj-1, ty)| + i; |4a;, b;) — Ao{t;}| +6/2
i= -
<0/4+46/4+6/2=04.
and, since u(G;, A) = 1, letting {s;} = {t € [a;, b;) : A{t} > 0}, we get
(c) Alai, b;) = A{s:} and consequently
14{s.) — Aoft}] = 4la, b) — Aoft}l < 2 <

which concludes the proof.
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Chapter 2

Posterior Properties and

Characterizations

In discussing the specification of prior distributions on F for nonparametric prob-
lems, Ferguson [11] stated that a good prior should be such that: (1) its support,
with respect to some suitable topology on F, should be "large”, and (2) the posterior
distribution given a sample from the true distribution should be analytically manage-
able. In Section 1.5 we addressed the issue of support for NR priors. In the present
chapter we focus attention on their posterior.

Doksum [8] demonstrated that NR priors are a conjugate family of priors on F.
Later Ferguson and Phadia [12] established that these priors are also conjugate in
the presence of right-censored data. Section 2.1 presents Doksum’s result on the
conjugacy of NR priors and its extension to the case of right-censored observations
due to Ferguson and Phadia. An explicit expression for the posterior, in terms of the
Lévy representation, due to Hjort, is provided. In Section 2.2 we observe that, if Il is
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NR, then the posterior distribution of F'(¢) given n observations depends on the exact
observations preceeding ¢t and just the number of observations beyond ¢. We show
that this property of the posterior actually characterizes NR priors. We then use the
result to provide another characterization via de Finetti’s Theorem. The result is

then extended to the case of right-censored data in Section 2.3.

2.1 Posterior Distribution

Consider the standard Bayesian set-up considered in Section 1.1, i.e. let II be a prior
and let F be a random element of F distributed as I1. Given F, let X, X5,... be
i.i.d. F. For each n > 1, denote by Ilx, . x, a version of the posterior distribution,
i.e. the conditional distribution of F' given X,,..., X,. We will now state Doksum’s

result on the conjugacy of NR priors and provide an alternate proof for it.
Theorem 2.1 (Doksum, 1974). Let Il be NR. Then Ilx, . x, is also NR.

Remark 1. Hereafter, all equalities involving conditional probabilities, in particular
posterior probabilities, and conditional expectations are to be interpreted in the al-

most sure sense.

Notation 1. For n > 1, define the observation process N, (.) as follows:

Na(t) = Ipg(X:) forallt>0.

i<n
For every n > 1, let N,,(0) = 0. Observe that N,(.) is right-continuous on [0, c0). Let

F(t,) F(tx) }
’F(tl)""'lf’(tk_l) '

Gty =0 { F(t)
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Thus G, .+, denotes the collection of all sets of the form

gy B Fit)
D—{(F(tl),F(tl),...,F(tk_l))EC}

where C € Bﬁ)‘l].

Proof of the theorem. Fix k > 1 and let t; < t; < --- < t; be arbitrary points in
(0,00). Denote by Q the set of all rationals in (0, 00) and let Q = QU{¢,,...,tx}. Let

{s1, s2, ... } be an enumeration of . Observe that, for large enough m, {¢,,...,t} C

{S]7 .. .,Sm}.
(m)

For such an m. let 57"’ < --- < si™ be an ordering of {si,...,sm}. Let Y,«(m) =

i, (m)
;—(ﬁ and, under II, let IT'™ denote the distribution of Y,(™.

=1

Let n; < -+ < np,. Then, given {N,.(s(lm)) = nl,...,Nn(ss,'I")) = nn}, the

posterior density of (Yl(m), ceey Y,Slm)) is written as

[Te, (1 = yy)m -yt ™
f 172, (1 = yo)m=m-ay2~™dI{™ (y)

n-n;

_H (1 —y)™ ™y

L[ = g)mmegr NI (y,)

.....

fyltm) )-r<"m>(y1, ceey ym)

This shows that (Yl("'),..., ,5{’") are independent under the posterior given

{Na(st™), ..., Na(si)}. Hence,

are also independent under the posterior given the same information.

Now, by the right-continuity of NV,(-) we have. as n — oo,

0{Na(s;),7 < m} 1t o{Na(t),t >0} =o(X,,...,Xn).
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Hence, for any A € Gy, .., by the Martingale Convergence theorem, we have

(A | Na(si™), ..., No(sU™)) - TI(A | X1,...,X,)  almost surely.

In other words, one concludes that, the distribution of ( F(t,), I-,E—:f—;, e ;%_’fi—))
under the posterior given N,,(s(lm)), ceey N,,(ss,'," )) converges to its distribution under
the posterior given X,,..., X,, as m — oo.

. = F(t F(t : : (m)

Since F(t,), FEtf;"" , F(t(ki)l) are independent given o(N,(s;" ),...,Nn(ss,’,"))),

independence also holds in the limit. [ ]

Doksum provides a representation of the posterior IIy, . of a general NR prior
and shows that, unlike the Dirichlet, the distribution of T-“%%’ under the posterior,
depends on the exact values of the observations in (0, ;] and not just on the number
of observations in that interval.

Ferguson and Phadia [12] extend Doksum’s result in the case of inclusively and
exclusively right-censored observations. Let = be a real number in (0,00). Given a
cdf F € F, an observation X from F is said to be exclusively right-censored if we

only know X > r and inclusively right-censored if we know X > z. We state their

result next and reproduce the proof for the sake of completeness.

Theorem 2.2 (Ferguson and Phadia, 1979). Let F be a random cdf neutral to

the right. Let X be a sample of size one from F, and let x be a number in (0, 00).
(a) the posterior distribution of F given X > x is NR,

(b) the posterior distribution of F given X > z is NR.
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Proof. Let t; < --- < tx be arbitrary points in (0, o0) including z. Let t, = r and let

to = 0. Define

F(l[ ) —- : .
Tﬁ forl=0,...,5—2;

th —_ .
T-‘Tzi,'_% forl=75+1,...,k

F(tiy,-)

F) forl=7-1,

F(t) o
\F(—t,T) fOI'l-—-].

Under the prior, Yy, ..., Y, are independent random variables with joint density,

k
fro.vi(yo - uk) = H fri(yi)
1=0

with respect to some convenient product measure. Given F, the probability of X > z

is written as

i=0

hence, the posterior density of Yy, ..., Y, given X > r is written as

j k
X>z)=C. (Hyi f)',(yz)) . ( H f)".(?/z))
i=0

i=j5+1

froovi (Yo, - -5 Uk

where C is a normalizing constant depending on z.

Thus Y; are independent under the posterior as well, and hence, the posterior is

NR.

In the same way, since, given F, the probability of X > z is



the posterior density of ¥p,..., Y, given X >z is

j=1 k
FroviWou-uk | X 2 1) =C. (H U fy.(y,-)) : (1’[ fy.(y,))
1=0 1=j

where C is again a normalizing constant depending on z.
Thus Y; are again independent under the posterior given X > x and hence it is

NR. |

Suppose II is a NR prior for which the corresponding independent increment

process has b = 0 and a Lévy measure of the form
d\ = a(s,u) dsdAy(u) (2.1.1)

for some non-decreasing function A, and a positive function a. In view of Theo-
rems 2.1 and 2.2, the posterior, given some possibly right-censored observations, is
also NR. The following theorem, taken from Hjort [14] and due to Ferguson and Pha-
dia, provides an explicit expression for the components of the independent increment
process corresponding to the posterior.

Let Ay € A and let M = {¢t;,...,tx} be the set of fixed jumps of Ay.

Theorem 2.3 (Hjort, 1990). Let F be a NR random cdf such that Ar is an in-
dependent increment process with components b = 0, Lévy measure given by equa-
tion (2.1.1), fized points of jumps belonging to M and density for the jump Ap{t,;}
denoted by f;, j = 1,...,k. Denote by M*, {f]'} and a* the posterior parameters.

Then the following hold:
(1). Given X > x, the posterior parameters are given by
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(a) M* =M
(b)

c(1-s)fi(s) iftj <z

fi(s) ift; >z
where ¢ is a normalizing constant; and
(c)
(1-s)a(s,u) #fu<uz;
a(s,u) ifu>rz.
(2). Given X =z, € M, the posterior parameters are given by
(a) M* =M
(b)
.
c(1-35)fi(s) #ft; <z

f3(s) = csfi(s) ift, =

f;(s) ift; >z

\

where ¢ 1s again a normalizing constant; and
(c) a*(s,u) as in (1).
(3). Given X =,z ¢ M, the posterior parameters are given by

(a) M* =M
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(b)
c(1=s)f;(s) ift; <um;

fi(s) =
fi(s) ift; >z

The new jump A{z} has density f*(s) = csa(z,s). where the c’s are

normalizing constants; and
(c) a*(s,u) as in (1).
Of interest to us is the following consequence.

Theorem 2.4. Let A be a Lévy process with no fized jumps, t.e. M = ¢. Suppose its
Lévy measure is given by d\ = a(s,u)ds dAy(u) for some Ay € A. Then the posterior

distribution given (X,...., X,) = (z1,....2,) is a Lévy process with parameters
(a) M* = {s; < --- < sp}, the distinct elements of {z\,...,za};
(b) f;(s) = ¢ sNn ()= Nalsy-1) (1 — g)n=Mnl8))q(s;, u) where N, is as before; and
(c) a*(s,u) = (1 — s)* M)g(s u).

The proof follows by repeated application of Theorem 2.3.

2.2 Characterizations of NR Priors

For each T in R, let NI = {N,(t) : t < T}. As before, for a prior Il, [1x, __x, stands
for its posterior given X,,..., X,, and [lyr for its posterior given {Na(t) : t < T}.
In general, for any family of random variables N depending on X1, ..., X,, and any
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measure v, the conditional distribution corresponding to v, given N, will be denoted

Vg

Theorem 2.5. Suppose Il is a prior such that, II{F : 0 < F(t) <1V t} =1. Then

the following are equivalent:
(1). T1 is NR.

(2). For allT € R, the distributions of {F(t) :t < T} under I, x, and IIyr are

.....

the same.

(8). For all t; < --- < t§ < tg41, the distributions of (F(t,),...,F(tx)) under

N, (1) Na(teyy) 87A TIN (1)), Na(ts) QT the same.

Remark 2. Note that (2) is a statement that holds almost everywhere with respect to
the marginal distribution of X,...... X,. However, under our assumption, (3) holds
everywhere. Interpret (2) as, there exists a version of the L.H.S. equal to the R.H.S.

evervwhere.

Proof. (1) = (2) is well known. See for instance Doksum [8].

To see (3) = (1), we will show that, for fixed 0 =ty < t; < -+ < tgq1,

{F(t;).....F(tx)} is independent of Etkﬂ).
F(tk)
This would then show that
= F(ty) F(t) } . F(txs)
F(t)), = e is independent of = .
{ B Fy Flte) P Flr)

Let n be a positive integer. Since the posterior densities of (F(t;),..., F(tk)),
given {*Nn(tl) = O, .. ,]Vn(tk) = 0}, and {Nn(tl) = O, ey Nn(tk) = 0, Nn(tk+l) = 0},
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are equal, the same holds for the posterior densities of (F(t,), 2:’;, e Fﬁ‘:" )l)) given

the same information. This gives

F(t;) 1n -
H, 1[pf¢‘t'l)]n _ [Hfjll[p(g(,t ,)] | F(t,), F(tk)]
p 3 n 1 n
[ TP [ T sl (F)

and hence that

En [F(tkH " | E(t1),. .., F(ty)| = constant, ae. L
F(tx)
Since this holds for all n, F(*t")‘) is independent of {F (t1).- .-, (tk)}. Repeating

the argument with k replaced by j = k — 1,k — 2,...,1 the result follows.

We now prove (2) = (3). For this, note that since, by (2),

(F(n),.- Flt)} L {Nalt) : 220},

it follows that

{F(tl),F(tk)} {}\ (t)t<tk}{]V Vn(tk+l)}‘

Now, for any measurable function g of (F(t;),... F(tx)), the conditional expecta-
tion £[g | Nn(t1), - .-, Np(tks+1)] is measurable both with respect to the o-algebra gen-
erated by {N,(t1),..., Na(tk+1)} and o{N,(t) : t < t;} and is hence measurable with
respect to their intersection. But this intersection is precisely o{N,(t1),..., Na(tk)}

which concludes the proof. ]

We now provide a characterization of NR priors via de Finetti’s Theorem, which
states that, if X, X,,... is a sequence of exchangeable random variables under a

measure . then there is a unique prior IT on F such that, for all n,

p{X, € By,...,Xn € By} = / [ F(B)dn(F).
fi:l
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The following result gives conditions on p such that the corresponding de Finetti

prior IT is NR.
Theorem 2.6. Assume that, for everyt > 0, as n = o0
p{Xy<t,...,.Xn<t} 20 and p{X;>t,...,X,>t} >0.
Then the following are equivalent:
(1). 11 is NR.

(2). Forallte R andn > 1,
)u'k’l ..... X,,{Xn+l > t} = ﬂN’fl{Xn+1 > t}

Proof. In view of Theorem 2.5, (2) immediately follows from (1), since

s { X1 > 1} = / F(t)dlly, . x. (F)
F

and
/.LN;{X',..H > t} = / F(t)an:.(F)
F

To see (2) = (1), fix S € R and define T'(z) = zlg5)(z) + (S + 1)/(5.00)(z). Then (2)

implies, for every positive integer m, that
X, .., X, }.\LS T(Xns1)s-- -, T(Xnsm)- (2.2.2)

To prove this claim, consider 0 = ¢y < t; < -+ < tx < ty43 = S. Since o{Ni'} C
-+ C o{Na*'} = o{N5}, by (2) each of the events {X,.; > t,},i=1,....,k+1,is
conditionally independent of X, ..., X,, given N3, under the measure u. Hence the
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random variable Ty (Xp4) = Zf:ll tilis,_, 0] (Xn41) +(S+1)I(5,00)(Xn41) is condition-
ally independent of X,,..., X,, given N>, under y. Letting t,,...,¢ run through a

countable dense set in (0, S], we get that
Xl""’X"L!}T(‘ ntl)-

A simple induction argument then yields the claim (2.2.2).

Now, fix t; < --- < t;. Given integers n;,...,ni, set m = n; + --- + n; and,
given X,,...,. X,, consider the predictive probability of the event: "of the next m
observations, n; fall in (¢t;_;,t,]) fori=1,...,k.”

Since the event {X,,; € (t,_1,t,]} is the same as the event {T(Xn;) € (t:i-1,t]},

foralli=1,...,k, and S > ti. we have

It
S
—
|
"y
—_
oy
=
2
"y
~~~
o~
-
|
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—~~
o~
N
=
El
~
Ty
P~
L)
=
|
-
N—r
|
S]]
—~~
-
x~
>
3
n
QL
jom|
3
~~
3
\.-/

This shows that the distribution of F'(t,), F(t;) = F(t3), ..., F(te—1) — F(tx), given
X\,...,Xpn, is the same as that given N3, for all S > t;. Since F(t,),...,F(t) is
a function of these quantities, the same will be true for F(t,),..., F(tx). Hence (1)

follows from Theorem 2.5. |

In a recent work, yet to appear, Walker and Muliere [27] also obtained a similar
result. Their condition on u is expressed in terms of the expected instantaneous
hazard rate under the de Finetti prior and corresponding posteriors. When the set of

values for the observations is finite, they provide an explicit condition on the predictive
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distributions corresponding to p. The above results and a similar characterization for

Tailfree priors may be found in Dey, Draghici and Ramamoorthi [5].

2.3 NR Priors from Censored Observations

We will now extend Theorem 2.5 and provide a characterization of neutral to right
priors in terms of their posterior distributions in the presence of right-censored ob-
servations.

Suppose, as before, that F' ~ Il and given F, X;, X,,... are independent and

identically distributed as F. Here X, X,,... are thought of as survival times. Let
C).Cy, ... be constants. These are our censoring times. For each i, we only get to
observe:

Z; =min(X;,¢;) and A; = I{x,<c)

Therefore, A; = 0 means Z; is a right-censored observation.

Define the observation processes:
n

NM(t) = Z Iz <t.a,=i}, i=0,1
j=1

and let N (¢) = (Nl(")(t), Né"’(t)) and also let AT = {t < T : N (t) - N (t-) >
0}.

Under this set-up, the following theorem characterizes NR priors.

Theorem 2.7. Suppose Il is a prior such that, I{F : 0 < F(t) <1V t} = 1. Then

the following are equivalent:
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(1). I1 is NR.

(2). For allT € R and n > 1, the distributions of {F(t) : t < T} under I y(n)(¢)450)

and Iy (s)e<Ty GTE the same.

(3). Foralln > 1,k >1andt, <--- <t < tgy1, the distribution of F(t)),...,F(tx)
under the posterior given {Nl(")(tl), ey Nl(")(tk+1)}, {N®™(t) : t <t} is the
same as that under the posterior given {N™(t,),..., N{™(t:)}, {N™(t) : t <

te}.

Proof. (1) = (2) is due to Ferguson and Phadia [12]. We omit the proof here.

To prove (2) = (3) note that, by (2), {F(t;),... F(tx)} is conditionally indepen-
dent of {N(™(t) : t > 0} given {N™(t) : t < t,}. Therefore {F(t;),...F(tx)} is
conditionally independent of {Nl(")(tl), : ..,Nl(")(tkﬂ)} and {Né")(t) :t <t} given
{NO(t) 1t <t}

Then, for any measurable function g of (F(t,),... F(t)),
Elg | N (1), - N (b))

is measurable both with respect to the o{N{™(t,)...., N (tez1)} Vo{N{(t) : t <
te} and o{N,(t) : t < t,}. Hence it is also measurable with respect to their intersec-
tion, which is o{N™(t;),..., N (tx)} Vo{N{(t) : t < ti).

To see (3) = (1), we will show that for arbitrary ¢;, < --- < txyq,

{F(tl),...,F‘(tk)} is independent of FEtHl).
F(t)

Fixy; < - <y, <ty Let A%* ={y,...,y,} and let s; < --- < Sg4r4+1 be points
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such that
AU {ty,...,tisr} = {51 <+ < Sk4r41}

Note that sx,, = tx and Sgyr41 = tky1- Now, for integers m; < --- < m,, consider

the set

B = {N{"(t) Z — m; 1)1y, 00 (1), t < ti}

Thus, on B, (m;—m;_;) observations are censored at the point y;, j = 1,...,7. Let
C={N"(s;)=0,5=1,...,k+r}andlet C' = {N™(s,) =0,j=1,...,k+7+1}.
Since the posterior density of (F(t;),...,F(tx)) given C N B and the posterior

density given C' N B are equal, then so are the densities of (F( 1), ;(—), F%%,L))

This gives,
r 8 r F S, n-m,_ I ”
el e e[ “[mﬂ et | F(sy), ., Flskas)|
I madl(F) - ILE (g merdn(F)
and hence that
F(skir
[_F%fil-]" ™ | F(s1),---, F(sk4r)| = constant  ae. 1L
+r)

P(tk+l)

Since this holds for all n —my, 5"

is independent of {F(t1),...,F(t)}. Re-

peating the argument with k replaced by k — 1,k — 2,...,1 the result follows. [ |
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Chapter 3

Beta Processes

Beta processes, introduced by Hjort [14], are independent increment processes with
sample paths almost surely in .A. As such, the process measures for beta processes,
hereafter referred to as beta process priors on A, induce NR prior distributions on F
via the ¢j;' transform. We will call the induced priors beta priors on F.

Apart from Ferguson’s well known Dirichlet process priors, beta priors constitute
the first specific examples of a family of NR priors on . Another family of NR
priors are the beta-Stacy priors introduced and named by Walke; and Muliere [26].
However, as we shall see in this chapter, these two families are identical.

The organization of this chapter is as follows. Section 3.1 serves as an introduc-
tion to beta processes and discusses the construction of beta priors on F. Section 3.2
provides some posterior properties and establishes weak consistency of beta priors.
Section 3.3 considers Dirichlet process priors for distributions on the space of right-
censored observations. We show that suitable such Dirichlet process priors induce

independent beta priors on the space of lifetime and censoring time distributions.
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Section 3.4 then shows that beta processes with distinct parameters tend to be mu-
tually singular. We conclude the chapter in Section 3.5 by discussing the beta-Stacy

priors and establishing that they are simple reparameterizations of beta priors on F.

3.1 Definition and Construction

Let Ay be a hazard function with finitely many jumps. Let ¢;,...,¢ be the jump-
points of Ay. Let ¢(-) be a piecewise continuous non-negative function on [0, 00) and

let A5 denote the continuous part of Ay. Let A4y(t) < oo for all ¢.

Definition 3.1. An independent increment process A is said to be a beta process with
parameters c(.) and Ag(.), written A ~ beta(c, Ay), if the following holds: A has Lévy

representation as in Theorem 1.1 with
(1). M = {t,...,tx} and the jump-size at any t; given by
Y; = A{t;} ~ beta(c(t,) Ao{t;}, c(t;)(1 — Ao{t;}));
(2). Lévy measure given by
Mds du) = c(s)u™"(1 — u) " 'dudA(s)
for 0 < s < 00,0 <u<1; and for which
(8). b(t) =0 for allt > 0.

The existence of such a process with sample paths almost surely in H is guaranteed
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by the Lévy representation theorem (Theorem 1.1), because

0 <//1:‘_ux(dsdu)

0<s<t

0<u<l1
t ol : )1

= N1 = uw) 7 dudA§(s) < oo.
/0‘/0‘ 1+uc(s)u (1 —u) udA§(s) < oo

Hjort provides a way to construct these priors as weak limits of time-discrete
processes on A and shows that the sample paths are almost surely in .A. However,
our focus is on F and hence we provide a construction of the induced prior on F as a
weak limit of priors sitting on a discrete set of points on (0,00). As mentioned above
a Lévy process with the given Lévy measure exists with paths in H. The important
task is to ensure that the time-discrete priors converge to a prior on F and that the
limiting prior corresponds to the given Lévy process. The construction is as follows.

Let Fy € F and, to start with, assume that it is continuous. Let 4y = ¢y (Fp) be
the cumulative hazard function corresponding to Fp.

Let Q be a countable dense set in (0,00), enumerated as {si, s2,...}. For each
n>1, let {s(l") < e < ssl")} be an ordering of s,...,s,. Construct a prior I, on

Fs,...s,as in Example 1 by requiring that, under II,,

_ (71) = (n)
V;(") ~ beta (c(s('_')l)Fo—(s'—l,c(sff)l) (1 - M)) for1<i<n-1.(3.1.1)

t FO(Ssﬁ)l FO(SY—I)I)

Let V,f") =1 and let F be a random cdf, such that, under II,,,

cFe)=c| J] a-v) for all t > 0.

sf")gt

Theorem 3.1. {II,}.> converges weakly to a NR prior Il on F which corresponds

to a beta process.
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Proof. First observe that, as n — oo,

En (F®) = ] €n.1 -V

sf")St
1 (- Bt
J(n)<t FO(SEZ)p w)

=[]t - dew(Fp))

(0.¢]

= H(l — dAg) = Fy(t)

(0,¢]

for all t > 0. Thus &q,(F) = F, 5 F; as n — oo. Hence, by a result due to
Sethuraman, {I1,} is tight.

We shall now follow Hjort’s calculatons to show that the‘ finite-dimensional dis-
tributions of the process F', under the prior II,, converges weakly to those under the
prior induced by a beta process with parameters ¢ and Ay on H.

Consider, for each n > 1, an independent increment process AS with process
measure II? on A such that, for each fixed ¢ > 0,

LA @) =LY Vi)
siM<t

Thus, for each n > 1, AS is a purely jump-process with fixed jump-points at

(n) s

s, ...,s™ and with random jump sizes given by V™ ... V") at these sites.

n

Clearly IT; induces the prior II,, on F.
Now, for any fixed ¢t > 0, repeating computations as in Hjort ( [14], Theorem 3.1,

pp. 1270-72) with

Fy'(si™)
Cni = 0(357_1)1), bni = Cn,iﬁa
o (5:21)

and Qni = Cpni — bn','.
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one concludes that, for each 6, as n = oo,

Ele 4] 5 exp {‘/0‘l /Ot(l — e ™)\(ds du)}

and, similarly,

m m 1 a,
c‘:exp—ZGjAf,(aJ,l,aj] —)eXp{—Z/O / (1 —e"ol“)/\(dsdu)}.
Jj=1 j=1 a)-1

Thus the finite dimensional distributions of the independent increment processes
A, converge to the finite dimensional distributions of an independent increment pro-
cess with Lévy measure as in Definition 3.1. If the process measure is denoted by
[1* and the corresponding induced measure on F is denoted by II, then considering
the Skorokhod topology on A and by the continuity of ¢5;' we conclude that, for all

ay,...,0am,
L(F(a)),...,F(am) | ;) = L(F(ay),..., F(ay) | ).
Therefore {I1,,} converges weakly to Il, a NR prior on F. [ ]

As noted earlier, the existence of a Lévy process with the given Lévy measure is not
difficult to establish. It is also not much trouble to show that the finite dimensional
distributions under the time-discrete processes converge to the finite dimensional
distributions of the given Lévy process. The difficult issue to resolve is the tightness
of the sequence of time-discrete processes and that the paths are almost surely in A.
By constructing the prior directly on F one is able to apply Sethuraman'’s result and

thereby resolve the tightness issue very easily. Since explicit expressions for the finite
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dimensional distributions are hard to obtain, we take recourse to the continuity of

the product integral to establish proper convergence of these distributions.

3.2 Properties of Beta Processes

In this section we prove weak consistency of the posteriors of beta process priors on

A. First we take a look at some properties of the prior and the posterior.

3.2.1 General Properties

The following properties of beta processes may be found in Hjort [14].

(1).

Let Ay € A be a hazard function with finitely many points of discontinuity and

let ¢ be a piecewise continuous function on (0, c0).

If A ~ beta(c, Ap) then £(A(t)) = Ao(t). In other words F = ¢5'(A) follows a

beta(c, Fp) prior distribution and we have £(F(t)) = Fy(t) where Fy = ¢5'(4o).

The function c enters the expression for the variance. If M = {¢,,...,t;} is the

set of discontinuity points of Ay then

V(A(t)) = Z Aof{t;}(1 — Ao{t,}) N /0‘ dAp.(s)

= c(t;) +1 c(s)+1

where AO,c(t) = AO(t) - Zzigt AO{ti}'

. Let A ~ beta(c, Ap) where, as before, 4, has discontinuities at points in M.

Let, given F', X,,..., X, bei.i.d. F. Then the posterior distribution of F given
Xi,...,Xn is again a beta prior, i.e. the corresponding independent increment
process is again beta.
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To describe the posterior parameters, let X, be the set of distinct elements of

{z1,...,zn}. Define

Ya) =) Iixsn and Vu(t) = Iixso.
i=1 i=1
With N,(t) as before, note that Y, (t) = n — N,(t) and Y,(t) = n — N,(t-).

Using this notation, the posterior beta process has parameters

cxy..xa (t) = ¢(t) + Ya(t);

_ " e(2) dAo(z) + dN,(2)
Ao ()= [ SRS

More explicitly, Ag x,..x, has discontinuities at points in M* = M U X,,, and

fort € M~

c(t). Ao{t} + Na{t}
c(t) +Ya(t)

c _ te(z) dAE(2)
Ab xy..xa (8) —/0 __—c(z)+)2,,(z)'

Aox,.x {t} =

Note that, if t € M*,

A{t} ~ beta (c(t) Ao{t} + Nu{t},c(t)(1 — Ao{t}) + Ya(t) — Na{t}).

. Our interest is in the following special case of (2). Suppose A ~ beta(c, A)

and that A, is continuous. Then the posterior given X, ..., X, is again a beta

process with parameters

cx,.xa(t) = c(t) + Ya(t) and Agx,..x,(t)= Ag,x,..‘x,,(t) + AGx,. x. (1)
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where

and

. _  c(z) dAo(2)
A x,..xa(t) —-/(; o(2) + Yal2)’

As a consequence, if t € X, then under the posterior IIy,  x, we have

A{t} ~ beta(N,{t},c(t) + Ya(t)).
Also note that the Bayes estimates are

51-1\,1 AAAAA ,\,,(4\”) = A0X1 )\n(t)
and
_ B N, {t:} ¢ c(2) dAy(2)
fix,. . (F(0) = ,Q ( (t:) + Yn(ti)) exp{ /0 o(2) + Ya(z)
't.'stn
(3.2.2)

. If Ay is continuous then, since Ag x, . x, has jumps, the prior and posterior are

mutually singular.

3.2.2 Weak Consistency of the Posterior

Let IT be a prior on F and, as before, let Iy,

x,, be (a fixed version of) the posterior

.....

given X,,..., X,.
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Definition 3.2. The sequence of posteriors {Ilx, . x,} is said to be weakly consistent

.....

at Fo lf
lim Iy,  x,.(U)=1 a.s. Fy°
n—00

for every weak neighborhood U of Fy.

Weak consistency, as shown in the next proposition, is a weak requirement.

Proposition 3.1. If, for all continuity points t of Fy and all e > 0,
My, x. {F:|F(t) - Fo(t)| <e} >1  as F&,
x, s weakly consistent.

.....

Proof. Since every weak neighborhood of Fj is of the form

{F:|F(t;)) — Fo(ti)| < ¢i,i =1,...,k,t; continuity points of Fo}

the result follows easily. ]

Theorem 3.2. Let Ay € A be continuous and finite for allt > 0. Let I1 be a beta(c,

Ay) prior. then the posterior is weakly consistent at all Fy € F.

Proof. Let Q = {(z),zs,...) : Y"n“) — Fy(t-) for all t}. By the Glivenko-Cantelli
lemma F§°(2) = 1.
Fix z = (1),72,...) in Q. Let X, = {t1,...,tkn)} be the distinct elements

in {z),...,z,}. Fix t, a continuity point of Fy, with Fy(t) > 0. For notational

convenience we will use N, ; = No{t;}, Yo, = Ya(t;), Yo, = Ya(t;) and c; = c(t;).
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Also let K = sup,, ¢(z). Recall from (3.2.2) that
N oy Ny ; ¢ c(z) dAo(z)
Sn(t) = &y, x, (F(1)) = H (1 pa— Yna') exp{ /0 ) +Y.(2) )

We will argue that S,(t) — Fy(t) as n — co. Since Y, (t) = 0o as n — oo,

Ao(2)
Ya(t)

<K

/ F2)dA(z) g [FdAo) 0. (3.2.3)

c(2) +Ya(2) = Jo Ya(2)

Consequently, as n — oo,

exp{-—/otf(—(z—z))—zi}fn(—(%}—)l.

Now, observe that,

I (-55%) - I (52)
t,Exn CJ + yn‘j tJ exn CJ + anj
<t t,<t

a+b b

Since, for positive numbers a, b, ¢ such that ¢ > b, we have e > grasn— oo,

4+ Y.. Y.. Y.(t _
H (CJ +¥n,]) 2 ] l Yn,] Z n( ) N Fo(t)
tjexn Cj + n.J t, €Xn ™3 n
t;<t t;<t

On the other hand,

H (Cj"'}n,j) < K+Yn,j < K+Yn(t) —)F‘O(t)
Cj'*'Yn,j -

lim En,, ., (F*(t)) = F5(t) (3.2.4)
which will prove that
him Vi, . (F(t) =0 (3.2.5)



and will establish the result.
For each n > 1, let A, (t) = A(t) — > _t.ex. A{t:}, then for any A,
t;<t

Ft)=[[(1-dA@s) = JT (- A{eH [T - dAnc(s)).

[0,t) t; ;x,. [0,¢)

t,<

We will show that

(2).
2
2
lim gﬂxl ..... Xn H (1 - A{ti}) = lim gnx ..... x [H(l - A{t,}) = _g(t)
n—o00 t.teé(tn n—o00 i<t

Since A{t} <1 for all A,

[H(l - dAn,C(s)):| = [ hm (1 - An,c(tiatH-l]) 2

[0,!] |¢-—!J|l0

= lim (1= Anc(ti, tia])?

[t —t;140
< lim 1— A2 (1.1,
N |t.'—lt,-|wH( n,c( +1])
= [T - dcaz ),
[0,¢)
and since, by (3.2.3), &ny,  x, Anc =0,
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Since, under Iy, x,, A{t;} ~ beta(N,, ¢ + Y, ;) and are independent,

(Yot Yni+ci+1}
1- A{t.})?| = , % In.
Xn tign( { }) tig" .Yn,i + C‘ Yn,i + Cg + 1
t; <t t:<t
H -Yn,i+KX?"','+K+1
-Y"'i +K Y,i+K+1

,,,,,

IN

tiexn
t; <t

(Bl ) (B

— F2(t—) = F(2). (3.2.7)
Thus, by (3.2.6) and (3.2.7), we have
Tim £n,, . (F2(1)) < F(1)

which, of course, yields (3.2.4) and hence (3.2.5). [ ]

3.3 The Problem of Right-Censored Observations

Let X and Y be independent positive random variables with distributions Fx and
Fy respectively. Our motivation is to think of X as a lifetime and of Y as a censoring
time. In the problem of right-censored data, we get to observe Z = min(X,Y).
We also observe A = I{X < Y}, thus being informed whether a lifetime has been
observed or was censored. Our intention is to infer about F'x.

One of the many Bayesian approaches to this problem is to put a suitable prior on
the joint distribution of (Z, A). We will refer to the space of all such joint distributions
as the observational distribution space and denote it by F(z ). Peterson [20] provides

explicit expressions for recovering Fx and Fy from the joint distribution of (Z, A)
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under certain mild conditions. We will use this to study the distributions of Fx and
Fy for suitably chosen priors on F(za).

Specifically we will consider a Dirichlet process prior for the observational distri-
bution space. Our goal is to obtain the induced distributions of Fx and Fy under

such a prior. We begin by defining a Dirichlet process on Rt = (0, 00).

Definition 3.3. Let a be positive measure on R*. A Dirichlet process prior on R*
with parameter a, denoted Dir(a), is such that for any k > 1 and for arbitrary points
0 <t <ty<..<tg, under Dir(a), (F(t:),F(t2) — F(t1),-..,F(tx) — F(tk—1) has a

Dirichlet distribution with parameters (a((0,t1]), a((t1,t2]), ..., a((tk-1,t]))-

As before, let Fx(t) =1 — Fx(t) and Fy(t) = 1 — Fy(t) be the survival functions

for the lifetime and the censoring time respectively. Let
Ft)=P(Z<t|A=1);, F{t)=P(Z<t|A=0);, andp=P(A=1).
Let a be a positive measure on R* x {0,1} such that

e ao(-) = a(- x {0}) and o4 (-) = a(- x {1}) are positive measures on R* with full

support.
e {t:a{t} >0} and {t: o {t} > 0} are disjoint.

Definition 3.4. A Dirichlet process prior I1 with parameter a on F(z ) is a prior

such that, under I1,
(1). Fy, ~ Dir(ay);

(2) Fo ~ DiT(ao),' and
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(8). p ~ beta(a;(R*), ap(R*)),
and, Fy, F\ and p are independent.

Our goal is to obtain the distribution of Fx using Peterson’s map. The definition
of the hazard function is crucial to the map. Peterson uses Doksum’s definition for
this purpose. However, we intend to use the product integral, i.e. the definition used
by Hjort. Hence a slight modification of the map is necessary.

First let us observe the following properties of Fy, F} and p. These properties and

more may be found in Peterson [20].

(1). pFi(t) = — [° Fy(s—)dFx(s), and (1 — p)Fo(t) = = [~ Fx(s—)dFy(s).

(2). With obvious notation pFi(t) + (1 — p)Fo(t) = Fx(t) Fy(t) = Fz(t).

(3). Jump-points of F) are jump-points of Fx and vice versa. Similarly, jump-points

of Fy are jump-points of Fy and vice versa.

Under our assumption on a; and ajy, if Il is a Dirichlet process with parameter
a, then F} and Fj does not share jump-points almost surely I1. Also F| and F; have
full support almost surely II.

As before, we will treat each of the distributions Fx, Fy, Fz, Fy, and F; both as

distribution functions and the measures corresponding to them.

Proposition 3.2. Let F, and F; be distribution functions with full support and no

Jjump-points in common. Let p > 0. Then Fy, F| and p uniquely determines Fx and
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Ey. The map for Fx 1is given by:

Fx(t)=]] (1 - sz—}[::,{f:})) exp{— Ot';%}

s<t

where Fy(t) = Fi(t) = 3_,<, Fi{t}. The map for Fy is similar.
Observe that here
Fz[s,00) = p Fy[s,00) + (1 — p) Fy[s, 00).

Proof. We know that if Ax is the cumulative hazard function corresponding to Fy,
then
Fx(t) = [J(1 - dAx(s)) = [J(1 - Ax{s}) exp[- A% (1)].
(0,8) s<t
where A is the continuous part of Ax.

Note that

‘pdF(s) | [* F(so)dFy(s) [ dFg(s) .
/0 pdFi(s) / / 9%6) _ ag ()

Fz[s,00) ~  Jo Fx(s=)Fy(s=) Fx(s=)
and also that, for a jump-point s of Fx (and hence of F; and Ay),

pFi{s} _ Fz(s,00) _1 Fz(s,00)

Fz[s,00)  Fz[s,00) B Fz[s,00)
_ Fx(s,00) Fy(s,00) Fx(s,00) _
=1- Fx[s,00) Fy[s,00) B Fx|[s,00) Ax{s}

The above result shows that



fo pdFi(s)

Or, in other words, Ax (¢ F2lo0)"

Let

[ da,(s)
A"“)‘/o a(5.00) x (0,1)) (3:38)

and suppose A, € A.

Let Q be a dense subset of R* with enumeration {t,t,,...}. For each n, let

) <. ¢t be an ordering of {t,,...,t,}. Now let
(n) 4(n)
_ pFl t ’t1+l
An(t) - ¢n(Fl,F0, Z F t(")
M <y Z[

Then, for all t and all F, Fy, p, ¢n(Fy, Fo,p)(t) = Ax(t) as n — oo.
Let F(z ) denote the joint distribution of (Z, A) specified by Fy, Fy and p. Since
F(z.a) ~ 11, the Dir(ca) distribution,

pFl [t(n) t:i)l

F i o)~ et a(B)
Z\Y y OO0

where ]\Jl(n) — [tfn), w) x {O, 1}, ASH) — [t(n) t(ﬂ) {1} and Bl(ﬂ) — Mi(ﬂ) _ Agﬂ).

? x+1

Rewrite this as,

F t(n), t(n) (n) (n)
p 1[ l+1) ~ beta a( M(ﬂ)) (Ax(n)) ’ G(Afl(n)) 1 _ CY(A,( ))
F[t{™ a(M;™) a(M;™)

pF'l[t(") l(+1)
Fz[t)") 00

Further X, ; = , ¢ > 1 are all independent.

Assume that a; is continuous. We will now show that, under II, the distribution

of A, converges in distribution to a beta process with parameters ¢ and A,, where

c(t) = a([t,00) x {0,1}). (3.3.9)
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Since A,(t) = Ax(t) for all t as n — oo, the distribution of A, under II converges

to the distribution of Ax under II, i.e.
L(¢n(F1, Fo,p) | TT) = L(Ax | TI).

We may then conclude that, L(Ax | II) is a beta process with parameters as

stated above.

Theorem 3.3. Ay ~ beta(c, A,) where ¢ and A, are as in (3.3.9) and (3.3.8) re-

spectively.

Proof. In view of the above discussion it suffices to show that

Eexp{—0 An(t)} — exp {— /:(1 - e‘a’)dz\,(s)}

where d\(s) = (fot c(z)s71(1 - s)c(:)’ldAa(z)) ds. and that {A,} is tight.

Letting ¢, ; = a([tf"),oo) x {0,1}),

(n)
R (n) and bn,i = Cn,i’C}_(—Bi(—)l
a(M;™) Q(Min )

and observing that X, ; ~ beta(an;.bn;) and A,(t) = Xhn.i, the proof follows

W<t

easily by mimicking Hjort’s construction of the beta process ([14], Theorem 3.1, pp.

1270-72). ]

3.4 Mutual Singularity of Beta Processes

Let II] and II; be two independent increment processes on A with no fixed jump-

points. Then, as we saw from the Lévy representation,-the random measure A —
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u(-, A) defined by
w(E,A) = #{(t,A{t}) € E: A{t} > 0},

for any Borel subset E of (0,00) x [0, 00], is a Poisson process under I} and IT} with
mean measures say A; and A,.

If the Poisson processes induced by II] and Il are mutually singular then so
are I1] and II;. Conditions on A; and A; can be given which will ensure that the
corresponding Poisson processes are mutually singular. We quote below a theorem

due to Brown [1] in this context.

Theorem 3.4 (M. Brown, 1971). Let P\, and P), be Poisson processes over a
measurable space (X, A) with o-finite mean measures A\, and A,. let Ay = p+v be the
Lebesque decomposition of A} with respect to Ay (1 <K Ao, v L A3). Then Py, L Py, if

and only if one of the following conditions hold:

(1). v(X) = oo,

(2). ch |f = 1ldA\; = ¢ for some ¢ >0
where f = %ﬁ and B, = {|f — 1| > ¢},

(3). [5.(f=1)’ddy=00  forallc>0.

We apply the above theorem and show that, in general, beta processes tend to be

singular.

Theorem 3.5. Let I} and II be two beta processes with parameters (c;, A;) and
(co, Ag). Assume that A, and A, are continuous. Then (c;, A)) # (c2, A2) implies
I} L I15.
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Proof. Recall that the Lévy measures corresponding to I1} and I} are given by

M(dsdz) = ¢;(2)s™'(1 — s)971dA, (2)ds
A2(dsdz) = cp(2)s7 (1 — 5)2()"1d Ay (2)ds.

As before, we will continue to use A; and A, for the measures generated by these

functions.

(1) Suppose A, and A, are not mutually absolutely continuous, so that there exists

a Borel set B C R* such that A;(B) > 0 but Ay(B) = 0. Then

A (B x (0,1)) // (1 = s)9@1 e (2)dsdA, (2) = 0o

because the inner integral is oo for each fixed z, and Ay(B x (0,1)) = 0.

Consequently, by condition ((1)) of Theorem 3.4, the result follows.

(2) Now suppose that 4, and A, are mutually absolutely continuous. Let g(z) =

%;(z). Let 6 > 0 and consider the sets

E5={zzcl(z)g(z)>1—6} and D;:{z:cl(z)g(z)>1+6}.

CQ(Z)

Let G ={z: 2§z;g(z) =1}.

Case 1. Suppose Ay(Ds x (0,1)) > 0.

(a) If, in addition, A, (D5 N {% > 1} x (0, )) > 0, then let € < and

2(1+¢s)v
note that, for each fixed z € D; N {% > 1}, there exists to(z) such that
(1 — s)ala)=e22) 5 1 _ ¢ for all s < to(2).

59



(b)

Let D = {(z,s) : 2 € Ds, s < to(2)}. On D

d\

f(z,s)zd—/\2

(2,8) = g(z) (1 — s)a®=e2) 5 (1 4 8)(1—€) > 1+ g

Letting ¢ = /2 in Theorem 3.4, we have
)
[ r=tanez [ (7= 0dx 2 JaD)
B. D
Since, for each z,

to(2)
/ sT'(1 - S)Cl(z)_c'l("')ds = 00
0

we have A\y(D) = oo. Thus, condition ((2)) of Brown’s Theorem is satisfied

and, hence, we have the result.

If, on the other hand, ), (Da N{2E > 1) x (0, 1)) =0, then

e

c1(z)
c2(2)

A2 (Daﬂ{ <1}x(0,1))>0.

Since, for each z, (1 — s)9(®*)~¢2(2) 5 o0 as s 1 1, there exists ¢,(z) such
that (1 — s)¢(2)-2(2) > 1 4§ for all s > t,(2).

Noting that ['  s71(1 — s)@(3)-<2(3)ds = oo, for each z, an argument
g t1(z) g

similar to the one in (a) yields the result.

Case 2. Suppose A\y(Ds) = 0, for all 6, but Ay(Es) > 0 for some §. Then the

above argument goes through by reversing the roles of A; and A,.

Case 3. Suppose \y(Djs) = 0 and A\y(Es) = 0 for all §. Then i—;%g(z) =1a.e.

As.
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In this case f(z,s) = (1—-s)®(2)=<2(2)_ Since, on G, at least one of {c,(z)—c2(2) >
6} and {cao(z) — c1(z) > &} has positive measure for some 4, it is easy to see

that, at least one of [ |f —1|d); and [y [} — 1/d); is co.

3.5 Beta-Stacy Process Priors

The family of beta-Stacy process priors was introduced by Walker and Muliere [26]
as examples of NR priors on F. We will see here that this family is, however, identical

to the family of beta priors on F.

Definition 3.5. Let c(.) be a piecewise continuous positive function on (0,00). Let
Fy, € F have finitely many jumps at the points t,,...,tk. A random cdf F 1is
said to have a beta-Stacy process prior with parameters ¢ and Fy, written F' ~
beta-Stacy(c, Fy), if for all t > 0, F(t) = e"H®) where H(t) is an independent in-

crement process with Lévy representation such that
(1). t,...,tx are fized jump-points of H and jump-sizes are given by

1 — e~ HILY o beta(C(tj)FO{tj}*C(tj)FO(tj’ 00));

(2). the Lévy measure is given by

—uc(s) Fo(s.00)

A(dsdu) = c(s) dF5(s)du

1]—et

where 0 < s < 00, 0 < u < oo; and for which
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(3). b(t) =0.

Walker and Muliere referred to the Lévy process H as a Log-beta process. A
discussion of such processes is unnecessary for our purpose. The distribution of F as
above will be called a beta-Stacy(c, Fp) distribution.

We will now show that any beta-Stacy(c, Fp) prior distribution on F is simply a
reparameterization of a beta prior. For this we take a careful look at the following
construction of beta-Stacy process priors given in Walker and Muliere [26].

To avoid notational complications, let us again assume that Fy € F is continuous.

Let Q be a dense subset of (0,00). As before, let {si, ss,...} be an enumeration of

Q and for each n > 1, let s < --- < s{") denote an ordering of s, ..., s,. Now, for
1 <i<n-—1,define
W™ ~ beta(c(s™)). Fo(s™, 00), c(si)). Fo (s}, s™]). (3.5.10)

Define an independent increment process H, as
H,(t) = - Z log W™ forallt>0
siM<t
and denote its process measure by IT),.
If IT" is the process measure of the beta-Stacy process, then Walker and Muliere
shows that the finite dimensional distributions under II], converge to the finite di-
mensional distributions under IT’ in the following manner.

Let cp; = c(s:’_‘)l), Qn; = cn‘,-Fo(sf"), oc) and by ; = c,,_,-Fo(sf'_')l, sf")]. Fix t > 0 and
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observe that

g[e—GHn(t)]= H g(ufi(n))o

siM<t
I'(cn) O+bni-1 ana-1
T(ans)T n,)/ (1= 2™ dz,
i:s{™M<t
H ['(cn )T (bni + 6)
o T(cni +0)(bny)
irs,"'<t
Therefore
[(by; +6
log € exp(— Z log +0)F(b ;

ls(")<t

Using the fact I'(z) = ['(z + 1)/ repeatedly, one obtains

T(c, )r(b,,,+0 ”I‘-[‘c,.,+o+ (bni + 1) | L(eni+ m)T(bni +6 +m)
U%,+9 oo (Cni + )by +0+1) [(cni+ 60+ m)I(by; +m)

Now, using Sterling’s formula I'(z) ~ v27rz(Z)* for large z, we get

- F(epni + m)T(by; + 6+ m)
m— oo F(Cn',' +0+ m)r(bn,i + m)
(14 25 yme-en (1 4 bestlyme=(onsto)
e (L4 S et (1 + 2 me(ns )

1+ ‘n#)cn..ﬂ/?(l + "7;1+0)b""+0+1/2

=1

m—o00 (1 + l%;;)bn..'+l/2(l + f_’L"':_o)c,._.+0+l/2

It follows that

(cni+60+1)(bp;+1)
|
0g £ exp(~ =2 El (Cnsi + D) (bns + 0+ 1)
i:s(M gy 1=0
[e.3) e—uo -1 e—b,.,.-u(l _ e—-an..u)
_./0 T o= Z ” du.

is{™ <t
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Now, letting n — oo, conclude that

© rto-ul _ g
log £ exp(—0H,(t)) — / / ﬁe'“’d’)'m"w) c(s) dFy(s) du.
o Jo 1-—

Similarly, forany 0 = ap < a; < --- < a, < 00,as n — 00

log € exp {—iﬂj(Hn(aj) - Hn(a,-_m} =3 [ [T et
j=1 j=1va;-1J0

The following result now explicitly provides the reparameterization that yields a

beta-Stacy prior from a beta prior.

Theorem 3.6. I is a beta-Stacy(c, Fy) prior if and only if Il is a beta(c', Fy) prior,

where ¢'(s) = c(s)Fo(s, 00).

Proof. Let II denote a beta(c’, Fy) prior and Il denote a beta-Stacy(c, Fy) prior on
F. Since /(s) = ¢(s)Fo(s,00), it is easy to see that Vi(") in equation (3.1.1) and W,-(")
in equation (3.5.10) have the same distribution foralln > 1andall1 <:<n - 1.

Also. if F,(t) = e H»®) then, for each fixed ¢,

Em< I ww= [T v
i<t i<t

where £ denotes equality in distribution.

Let {II,} be the approximating sequence of time-discrete prior distrubtions con-
verging weakly to any one of I and II. Then it converges to the other, as well, and

by the uniqueness of the limit we conclude that II and 11 are the same. ]

Another way to see the above connection between the two prior processes is in
terms of the Lévy measure of the two corresponding independent increment processes.
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Let ABS denote the Lévy measure for the independent increment process corre-
sponding to the beta-Stacy(c, Fy) distribution. Let A¥ denote the Lévy measure for
the beta(c’. Ag) process where Aq = dy(Fp).

If F is a random cdf such that F follows a beta-Stacy(c, Fy) distribution, then

H(t) = op(F)(t) is an independent increment process with Lévy measure

C(S) e~ c(s) Fo(s.00)

l1—e¢

A\BS(ds du) = dFy(s) du. (3.5.11)

On the otherhand, if F follows a beta(c’, Fy) distribution, then A(t) = ¢y (F)(t)

is an independent increment process with Lévy measure
M (dsdu) = '(s)u™"(1 — u)O1dAy(s) du. (3.5.12)

Making the transformation g : z — 1 — e~ in (3.5.11) and using the relationship

between ¢’ and ¢ we get, for any Borel set B,

/\BS ‘—u c(s) Fo(s,o0) JF 4
/"B)/ = o(s) du
dFy(s)
= ! 1 — "(s)-1 0 ’
// d(s)v (1 =) Fo[soo du
// Y1 - )C(s) YdAo(s) dv

_/\H

That the two priors are the same now follows from Proposition 1.1. Thus, if
we consider a particular sample path of the beta(c’, Fy) process with jumps at the
points {t,,t5....} (note that such a path only increases in jumps). and replace the
corresponding jump-sizes —F%%}a with the jump-amount — log (1 - %), then we

obtain a sample path of the independent increment process corresponding to a beta-

Stacy(c,Fy) prior.
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