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ABSTRACT

Robust Adaptive Output Feedback Control of

Nonlinear Systems
By

Bader Nm Aloliwi

In this thesis we design a robust adaptive output feedback control to solve the
tracking problem for a class on nonlinear systems. We consider a single-input-single-
output minimum phase system represented globally by an nth order differential equa-
tion. We start by designing a state feedback control to achieve tracking error conver-
gence. The control uses a Lyapunov based adaptation to estimate uncertain parame-
ters. Then, we saturate the control over a compact set of interest to prevent peaking
and design a high-gain observer to estimate the unmeasured states. We show that
this control guarantees the boundedness of all the state variables of the closed-loop
system and achieves tracking of a given smooth reference signal without requiring
persistence of excitation. We show robustness to small bounded disturbances. If
the bound on the disturbances is not small but known, we go one step further by
designing a robust control component that ensures the boundedness of all signals and
makes the mean-square tracking error of the order O(e + u) where € and p are design
parameters. We pick the induction motor as an application candidate to demonstrate
the applicability of our technique. We design a robust control that uses an adaptive

observer to estimate the rotor resistance. The design guarantees the boundedness of



all closed-loop signals and makes the mean-square speed tracking error of the order
O(u) where p is design parameter. We show some experimental results. The design
is tested experimentally and the experimental results are in good agreement with the

theory.
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CHAPTER 1

Introduction

Nonlinear adaptive control has been a subject of interest for many researchers over
the past decade. The motivation behind this was feedback linearization techniques
where one first cancels nonlinearities then designs the control to meet the design
specifications. By canceling the nonlinearities, one can use well developed linear

techniques to satisfy the design specification. For example, consider the nonlinear

system
i = az’ + u, y==z (1.1)
Using the control © = —ax? + u,, the closed-loop system becomes

which can be seen as a linear system. One can use a fully developed linear control
design to make z behave in a desired manner. This is true under the assumption that
the parameter a is known. However, claiming perfect knowledge of the nonlinearities
is not always possible. In some cases, only a nominal value ag of a is known. In this
case the term az? will not be completely canceled. There have been results in the
literature to solve the problem in this case. It is solved mainly by two directions.

Adaptive nonlinear control and robust nonlinear control. A combination of the two



has been lately addressed; that is, the robust adaptive control of nonlinear systems.
The first approach, can be seen by going back to (1.1). If a = ap + Aa where Aa is
a variation of the parameter a from its nominal value, then an identifier is designed
to estimate the parameter a and the estimate a is used in feedback. The estimate is
obtained using a Lyapunov based design in most cases. More details of this method
can be found in Chapter 2. The robust control on the other hand uses ag in the
feedback and uses another control component to overcome the effect of the error Aa.
An example combining the two approaches is given in Chapter 3.

Sastry and Isidori [43] were the first to address the adaptive control of nonlin-
ear systems. They achieved global adaptive control of a class of feedback linearizable
systems. However, global Lipschitz assumptions were imposed and overparameteriza-
tion was needed. Kanellakopoulos, Kokotovic, and Morse [20, 21] solved the tracking
problem for nonlinear systems that are of the parametric — pure — feedback form us-
ing the backstepping procedure without global growth restrictions on nonlinearities.
However, overparameterization was also needed. The work of Jiang and Praly [17]
was able to achieve the above results with half the number of adaptation laws. Fi-
nally, Krstic, Kokotovic and Kanellakopoulos [29] solved the adaptive nonlinear con-
trol without overparameterization but required the system to be transferable globally
to the strict feedback form. It is worth mentioning that all the above work requires
the use of full state measurement.

Marino and Tomei’s result [38] was the first on output feedback adaptive con-
trol without requiring output matching conditions and sector-type nonlinearities,
which were required in [18] and [19]. [38] detailed out the necessary geometric con-
ditions which characterize the class of nonlinear systems for which they were able
to design output feedback tracking control. They used augmented filters. Krstic,
Kokotovic and Kanellakopoulos [30] solved the output feedback tracking problem

using backstepping with observer based identifier. The class which was treated is



called Output — feedback — canonical form. Khalil [25] dealt with a single-input-
single-output (SISO), minimum-phase nonlinear systems which can be represented
by an n-th order differential equation. The class of systems includes those treated
in [38] and [30] as special cases. He extended the dynamics of the system by adding
integrators at the input side then transformed it into the normal form. The uncertain
nonlinear functions of the model depend linearly on constant unknown parameters.
By combining results from [11, 48, 47] with Lyapunov-based adaptive design [39, 14],
he designed a controller that achieves semiglobal asymptotic output tracking for ref-
erence signals which are bounded and have bounded derivatives up to the nth order.
The new adaptive controller is simpler than traditional ones since it does not use
filtering or error augmentation ideas. It is simply a state feedback controller with
a linear observer. An important drawback of the result of [25] is the requirement
of persistence of excitation not only for parameter convergence but even for track-
ing error convergence. This is unusual in adaptive control results where tracking
error convergence is shown without persistence of excitation. Jankovic [16] achieved
similar results starting from the normal form with no zero dynamics, using state
feedback and a high-gain observer. The objectives of this thesis are to overcome the
drawback of [25], that is, to show asymptotic tracking without requiring persistence
of excitation, to show robustness of the design to small bounded disturbances, and to
design a robust part of the control to overcome large bounded disturbances. Finally,
we apply nonlinear control with adaptive observer to induction motors.

In Chapter 2 we solve the tracking problem without persistence of excitation.
This is made possible by analyzing the closed-loop system under output feedback.
Unlike [25], we do not rely on singular perturbations for recovering what was achieved
under state feedback. We combine various Lyapunov functions to form a composite
Lyapunov function that shows convergence of the tracking error and partial parame-

ter error. By partial parameter convergence we mean convergence of a projection of



the parameter vector on a lower-dimensional subspace. The control procedure takes
two steps. First, we design a state feedback control that uses the estimate of the
parameters to cancel the nonlinearities and stabilize the resulting system. Second,
we design a high-gain observer, to estimate the state of the error system, together
with saturation of the control to prevent peaking [11]. A number of conclusions are
drawn at the end of the chapter. The results of [25] and [1] are shown to be two
special cases of Chapter 2. Chapter 3 deals with two issues: robustness in the usual
form of robust adaptive control results [14], and robust control. We show that, for
sufficiently small bounded disturbance, all signals in the closed-loop system will be
bounded and the mean square tracking error will be of order O(e + d,), where d; is
an upper bound on the disturbance. Since € is a design parameter, we can choose
it small enough to make the mean square tracking error of order O(d,). Second, we
present a robustness result that goes beyond the traditional robust adaptive control
results. We exploit the fact that our design is developed for a system represented in
the normal form, where the disturbance satisfies the matching condition, to design an
additional robust control component that ensures that for any bounded disturbance,
with a known upper bound, all signals in the closed-loop system will be bounded
and the mean square tracking error will be of order O(e + u), where both ¢ and u
are design parameters. Our design uses the Lyapunov redesign technique, e.g., [7]
and [26, Section 13.1], and does not require the disturbance to be small.The idea of
combining adaptive control tools with robust control tools used in Section 5 has also
appeared in the state feedback designs of [31], [41], and [51].

In Chapter 4, we consider the induction motor as an application of our work on
nonlinear robust adaptive control. Many researchers became interested in induction
motors after the introduction of field orientation by Blaschke [5] in 1972. The idea
of field orientation is to transform the motor equations into coordinates that are

rotating with the rotor flux, which is used to compute the transformation. During



the late 80’s and early 90’s, a number of results that assume measurement of the rotor
flux were derived; see for example [10, 32, 34, 12]. However, rotor flux measurement
is not practical. Flux estimators, e.g. [49], were used for field orientation. We quote
a number of references that use flux observer for field orientation {23, 24, 40, 27].
The flux estimate is sensitive to the rotor resistance. To overcome the changes of the
value of the rotor resistance, three direction have emerged: robust control; see for
example [27, 44], adaptive observer with regular control; see for example [9, 46, 36],
and field orientation using the stator flux [13, 50].

In [27] the field-orientation transformation is done using the estimate of the rotor
flux rather than the flux itself, which in turn results in transformed variables which
are available for feedback. In [35], an adaptive observer for induction motors with
unknown rotor resistance is introduced. It is based on rotor speed and stator current
measurements. The adaptation is with respect to the rotor resistance. The design
is a Lyapunov based design. In Chapter 4 we carry the controller of [27] one step
further by adapting the rotor resistance on line using the adaptive observer of [35].
We analyze the closed-loop system under output feedback (we do not assume speed
measurement) and show experimental results. It should be noticed that the appli-
cation to induction motor in Chapter 4 is not a straightforward application of the
results in Chapters 2 and 3 because the motor equations do not fit the mathemat-
ical model used in those chapters. Instead, the techniques of Chapter 2 and 3 are
adapted to fit the induction motor case.

Finally, in Chapter 5 we give our conclusions and possible future research direc-

tions.



CHAPTER 2

Tracking

2.1 Introduction

The word tracking in the control literature means (y — y, = 0) where y is the output
of a given system (plant) and y, is a desired reference signal to be followed. Tracking
of uncertain nonlinear systems takes, in most cases, one of two methods: adaptive
nonlinear control or robust nonlinear control. By uncertain, it is meant that the
plant has some unknown parameters. In the adaptive case, an on-line identifier is
used to estimate the parameters. In the robust case, a robust control is designed
to make sure the system will maintain stability in case of the mismatch. In [25],
Khalil studied adaptive output feedback control for a class of nonlinear systems. The
system under consideration is single-input-single-output, input-output linearizable,
minimum phase, and modeled by an input-output model of the form of an nth-order
differential equation. The uncertain nonlinear functions of the model depend linearly
on constant unknown parameters. As mentioned in Chapter 1, [25] showed tracking
error convergence under output feedback only if a persistence of excitation condition
is satisfied.

In this chapter, we prove tracking error convergence without persistence of exci-

tation. This major improvement over [25] has been made possible by changing the



analysis approach. In [25] convergence is proved by showing that, under state feed-
back and the persistence of excitation condition, the set of zero tracking error and
zero parameter error is an exponentially stable invariant set. Then, singular pertur-
bation analysis is used to show that this same property is recovered under output
feedback for sufficiently small e. This idea does not work in the lack of persistence
of excitation because the set of zero tracking error and zero parameter (or partial
parameter) error is not exponentially stable. Here, we analyze the closed-loop system
under output feedback directly and combine various Lyapunov functions to form a
composite Lyapunov function that shows tracking error and partial parameter con-
vergence. By partial parameter convergence we mean convergence of a projection of
the parameter vector on a lower-dimensional subspace.

Section 2.2 defines the class of nonlinear systems considered. It is followed by
the design of the control. We first, design a state feedback control which uses 6 an
estimate of the uncertain parameter 8. The control cancels all nonlinearities and
stabilizes the overall system. Second, we design a high-gain observer to estimate the
error state e and use the estimate é in the feedback control. As in [11], we saturate

the control to avoid peaking. We show the tracking error convergence in Section 2.4.

2.2 Problem Statement

We consider a single-input-single-output nonlinear system represented globally by

the nth-order differential equation

y™ = fo(-) + Zhoy £i()6: + [90(-) + Thoy gi()6i]ul™ (2.1)

where u is the control input, y is the measured output, y{*) denotes the ith derivative

of y, and m < n. The functions f; and g; are known smooth nonlinearities which



may depend on y, yV, ..., y™ V) u, W . u™m D eg.,

fO() = fO(y1 y(l)v e 1y(n—l)7 u, u(l)v ey u(m—.l))

The constant parameters 6; to 6, are unknown, but the vector 8 = [6y,...,60,]"
belongs to €2, a known compact convex subset of RP. We augment a series of m
integrators at the input side of the system and represent the extended system by
a state space model. The states of these integrators are z; = u, 2, = u{!), up to
zm = u™ 1) and we set v = ul™ as the control input of the extended system.

Taking 7, =y, T2 =y, up to z, = y(®~ 1 yields the extended system model

A
Ty = Tiyy, 1<1<n-1
i, = fo(z,2) + 0T f(z,2) + [go(z,2) + 0T g(z, 2)]v
2,‘ = Zi+1, 1 < 1 <m-— 1 } (22)
Zm = U
y = I )
where
T = [z, oozt 2=z, -, zm)T
f = [fl, R fp]T’ g:[gh "'agp]T

Assumption 2.1 |go(z,z) + 0Tg(z,2)| >k >0V z € R*, z € R™ and 6 € Q,

where Q, is a compact set that contains §Q in its interior.

Assumption 2.1 ensures that (2.2) is input-output linearizable by full state feedback

for every 8 € Q. Using the results of [6], it can be shown that there exists a global



diffeomorphism, possibly dependent on 8,

z x
= o T(z,z2)

C Tl (I, Z)
with T;(0,0) = 0, which transforms the last m state equations of (2.2) into

¢(=F(z,0) (2.3)

This, together with the first n state equations of (2.2), defines a global normal form.
As discussed in [25], the input-output model (2.1) has linear dependence on the
constant parameters #, which is a restriction. But, in some cases, redefinition of
physical parameters may be needed to arrive at (2.2). The following example shows
how it could be done. Consider a single link manipulator with flexible joints and

negligible damping which can be represented by [45]

I
o

Ig, + MgLsing, + k(q, — ¢2)

Jio—k(gi—¢q2) = 0

where ¢; and ¢, are angular position, and u is a torque input. The physical parameters

g9, I, J, k, L, and M are all positive. Taking y = q, as output, y then, satisfies

w_9M o (kK. gkLM k
Y i (y° sin y — ¢ cos y) (I+J)y 77 smy+IJu
Taking
gLM k k gkLM k
g, = 3“1 _(F_ F _ -
1 7 6, (I+J)’ 63 77 04 17
yields
y™@ = 0,(9% sin y — §j cos y) — 03 — 05 sin y + O4u (2.4)



equation (2.4) is of the form of (2.1). The class of systems includes as a special
case the nonlinear systems treated [22] and [37] for output feedback adaptive control
and the linear systems treated in the traditional adaptive control literature, e.g., [4]
and [39]. For example [25], the class of state-space models treated in [39] has an

input-output model of the form

p -~

y(n) = B(D)[o(y)U] + d‘o(ya RS y(n-—l)) + Z: wi(yv LR y(n—l))ei (25)

i=1

where D = (d/dt) and B(D) = b,,D™ + ... + by (m < n) is Hurwitz polynomial
with unknown coefficients b; and o(y) and ; are smooth known nonlinearities with
o(y) #0V y € R. b,(0) # 0 by assumption. Redefining the control input as
@ = o(y)u, (2.5) is a special case of (2.1) and Assumption 2.1 and 2.2 are satisfied.
Objectives

The objective of this chapter is to design an adaptive output feedback controller
which guarantees boundedness of all state variables and tracking of a given reference
signal y,, where y, is bounded, has bounded derivatives up to the nth-order, and yi")

is piecewise continuous.

2.3 Control Design

In this section, we first design a state feedback controller that ensures boundedness
of all signals and yields zero steady-state tracking error. This same controller is
used in the output feedback case with the states replaced by estimates provided by
a high-gain observer. We saturate the control outside a compact region of interest

to protect the system from peaking induced by the high-gain observer.

10



2.3.1 State Feedback

In this section we assume that the state x are available for feedback. The state z,
which are the derivatives of the control u, are always available for feedback. We
design an adaptive state feedback controller so that the output y tracks the given

reference signal y,. Define

e; = y(i—-l) _ y’(.i*l) = z;— y$i—1), 1 S i S n

and

e=le, e ..., e,,]T

Let

Yty = [y@t), ), ..., y* @)
Vo) = [y:(2), ¥V, ..., g @)

Ye(t) = [y:(t), yO), ..., v 0(), v ()T

and Y and Yy be any given compact subsets of R* and R"*!, respectively, such that

Y(0) € Y and Yg(t) € Y V t > 0. We rewrite (2.2) as

e = Ape+b{Ke+ fole + Vr,2)
+07fle+ Yy, 2) + [go(e + Y, 2)
+0Tg(e + Y, 2)]v — y™} (2.6)

z = Axz+bu (2.7)

11



where (A, b) and (A,, by) are controllable canonical pairs of the form

01 0 0 [0 ]
00 1 0 0
A= . b=
00 1 0 0
00 0 1 0
[0 0 0 0 1]

and K is chosen such that A,, = A — bK is Hurwitz. We choose the initial states
of the integrators such that 2(0) € Z;, a compact subset of R™, and define the set
of initial conditions for the error states as Ej, a compact subset of R". To proceed
with the analysis we require that the zero dynamics to be exponentially stable. In

particular,

Assumption 2.2 The system { = F(C,Y,,0) has a unique steady-state solution (.

Moreover, with f = ( — ( the system

( = F((+(e+Y.,0)—F((Y.,0)

def z = (2.8)
= F2(<ae7yr7C10)

has a continuously differentiable function Vi(t, é), possibly dependent on 6, that sat-
isfies 1
mlCl? < Va(t,¢) < mlIC||? (2.9)

oV, oV ~ - z x
B+ 3 PG dn G0 < —mllIE + il (2.10)

where ny,710, 13 > 0, and 14 > 0 are independent of Y, and 6.

1Throughout the thesis, || - || denotes the Euclidean norm.

12



The steady-state response of a nonlinear system is introduced in [15, Section 8.1].
Basically, it is a particular solution towards which any other solution of the system
converges, as time increases. The inequalities satisfied by V; imply that such conver-
gence is exponential. They also imply that (2.8), with e as input, is input-to-state
stable [26, Theorem 5.2]. Consequently, the zero dynamics of (2.2) are exponentially
stable and (2.2) is minimum phase.

Let P = PT > 0 be the solution of the Lyapunov equation PA,, + ATP = —Q

where Q = QT > 0, and consider the Lyapunov function candidate
V =e"Pe+ 10'T716 (2.11)

where =TT > 0, 6 = 6 — 6, and 0 is an estimate of 6 to be determined by the
parameter adaptation law. The derivative of V' along the trajectories of the system

is given by

V = —eTQe+ 67016 + 2¢T Pb{ fo(e + V,, 2)67 f(e + Vr, 2) + [go(e + Vs, 2)

+ 0Tg(e + YV, Z)]'U + Ke — y’(_")}
Taking
—Ke+y™ = fole+ Y, 2) — 67 f(e + Dy, 2)

gole+ Vr, 2) + éTg(e + Y, 2)
= ¥(e, z,Vr,0) (2.12)

we can rewrite the expression for V' as

V = —€TQe + 67T [6 - I'g]

13



where

¢ = 2¢"Pb[f(e+Y,,z)+gle+ Y, 2)0(e, 2, Vr,0)]

= (e, z,Vr,9) (2.13)
The parameter adaptation law is chosen as
6 = Proj(6, ¢) (2.14)
where Proj(é, ¢)=I'¢ for 6 € Q and is modified outside 2 to ensure that

6706 — T9] < 0 (2.15)

and é(t) belongs to a compact set 5 for all t > 0, where 2, D Q5 D Q. This can be
achieved by standard adaptation laws with smoothed parameter projection to ensure
that Proj(é, @) is locally Lipschitz; c.f. [42]. As an example, consider the case when

2 is the convex hypercube
Q={0]a;<6; <bh}, 1 <i<p}

Let

Qs={0|ai—6<6, <b+6}, 1<i<p}

14



where § > 0 is chosen such that €25 C €2;, and choose I" to be a positive diagonal

~

matrix. In this case the projection Proj(6, @) is taken as

¢

Yii®i, if a; <0, <b; or
if §; > b, and ¢; < 0 or
if 6, < a; and ¢; > 0
[Proj(6, ¢)]; = (2.16)

vi [L+ (b: —6)/6] 6, if 6 > b; and ¢; > 0

| Vi [1 + (6 - ai)/5] bi, if ; < a; and ¢, <0

Inequality (2.15) ensures that V < 0. Therefore, e(t) and 6 are bounded for all
t > 0. Since ), is bounded, we conclude that z(¢) is bounded, which implies, in view
of Assumption 2.2, that z(t) is bounded. With all signals bounded, we conclude that
e(t) > 0ast — oo.

In preparation for output feedback, we saturate the control outside a compact
region of interest. We assume that all initial conditions are in a given compact set;
in particular, 8(0) € Q, e(0) € Eo, and 2(0) € Z, where E; and Z, are compact sets.
The sets Ey and Z, can be chosen large enough to cover any given bounded initial
conditions, but once they are chosen we cannot allow initial conditions outside them.

Let

€1 = mMaXek,e! Pe

C2 = MaXpeqjcq, Lo-0Tr-1(6-9)

and ¢3 > ¢; + ¢c;. Then e(t) € E def {eTPe < c3} for all t > 0. Let Z be a compact

subset of R™ such that Zj is in the interior of Z and

2(0) € Zpande(t) e EVEt> 0 = 2(t1) € ZVt>0 (2.17)
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The set Z can be determined using the Lyapunov function V) of Assumption 2.2.
The basic idea is to choose ¢, large enough that the set {V]; < c,} is positively
invariant2and then determine the corresponding set in the z-coordinate using the
global diffeomorphism that maps z into ¢ and vice-versa.

def

Let S > max |¢(e,z,y3,é)| where the maximization is taken over all e € E|, =

{eTPe < ¢y}, z € Z, Vg € Y, 6 € Qs, where ¢4 > c3. Define the saturated function

¥ by .
Y(e, z, yR,O))

¢s(e, Z,yn,é) = S sat ( S

where sat(-) is the saturation function defined as

1 r>1
sat(r) =4 z -1<z<1

-1 < -1

Although the function ¢(-) depends on e, there is no need for saturation, since pro-

jection is used to bound 6. Hence, § will not exhibit peaking.

2.3.2 High-gain observer

To implement the state feedback adaptive controller using output feedback, we need
to estimate e; there is no need for estimating z since it is already available (the state
of the integrators at the input side). With the goal of recovering the performance
achieved under state feedback, we use the same high-gain observer used in [25],

namely,
& = e+ (a/e)(er—¢é), 1<i<n-—1

(2.18)

én = (an/eﬂ)(el—él)

2The choice of ¢, is shown in Section 2.4, where it is called cs.
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where ¢ is a small positive parameter to be specified. The positive constants ¢o; are

chosen such that the roots of

S"+os" - aps+a, =0 (2.19)

have negative real parts. To implement the control using output feedback, the state

e in ¥* and ¢ is replaced by its estimate é. By taking

& = 5, 1<i<n (2-20)

and £ = [£),...,&|T, the closed-loop system is represented by the standard singularly

perturbed form

¢ = Ape+b{Ke+ fole+ Y, 2)+0Tf(e+ Vs, 2)
+ [gO(e + yﬁ Z) + ng(e + yrv Z)]I[)s(é,z, yR‘lé) - ’(.n)}

z = A2Z+bz?/13(é, Z,y[{,é)
> (2.21)

0 = Proj(d,¢(é z Vr, b))

€ = (A—HC)E+eb{fole + Vv, 2) + 0T f(e + Vs, 2)

+[go(e + Vs, 2) + 0 g(e + Yy, 26 (6,2, Vi, 6) — 4™}

where C = [1,0,...,0], H = [ay,...,a,]7, (A — HC) is Hurwitz, and é = e — D¢
where D is a diagonal matrix with €*~* as the ith diagonal element. To eliminate

peaking in the implementation of the observer, define ¢; = ¢€~'¢;, 1 < i < n then,

17



the observer equation becomes

€ = Qi taleg—q), 1<i1<n-1
q qi+1 (er —q1) (2'22)

€Gn = anle; —q),
The system (2.22) will not exhibit peaking if e; and ¢;(0) are bounded function of
€ since it is in the standard singularly perturbed form. In summary, the adaptive

output feedback controller is given by

b = ¢*(é,2,Vr,0)
é = Proj é, éz) .0
j (8, &( r,0)) (2.23)
z = A22+b2’U
u = 2 )

2.4 Tracking Error Convergence

The first step in showing tracking error convergence is to confirm that for any initial
conditions in the given compact set, all signals of the closed-loop system (under
output feedback) are bounded. This property is shown in two steps. First we show

that there exist constants cs, cg > 0 such that the set 3
R,={{V<c}n{le}}x{Vi<cs} x {Vi < coe?} (2.24)

is positively invariant for sufficiently small ¢, where V; = ¢7P€ and P = PT > 0 is

the solution of the Lyapunov equation P(A — HC) + (A — HC)TP = —I. For this

3Note that the set {Vi < ¢s} could be time-dependent. See [26, Section 3.4] for
the use of time-dependent sets in the analysis of nonautonomous systems.
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part we use the fact that £ is O(¢) and consequently the derivative of
T lornoij
V =e Pe+ -2—0 r-'6

along ( 2.21) satisfies

<
IN

—eTQe + ke
< —coeT Pe + ke

< —coV + 2OTT10 + ke

where ¢y = Amin(Q)/Amin(P). For all 8 € Q;, %éTF"lé < ¢,. Hence,
V < —cV + coeo + ke (2.25)

On the boundary V = c3, the derivative of V is strictly less than zero V c3 > ¢y +¢k/co.
Since ¢3 > ¢; + ¢3, for sufficiently small ¢, the set {V < ¢3} N {0 € 5} is a positively

invariant set. For all e € E, it can be seen from (2.10) that

Vi < =m3lIClI” + ey 5255 11Cl

Using (2.9), we obtain

y 3 /
< - [
‘/1 - nz‘/l + n4 Armﬂ(P) ‘/I/Th

Therefore, choosing
MmMaN2(_ _c3
Cs > ( 3 ) nl/\mtn(P))

we can ensure that the set {V; < ¢} is positively invariant. Finally, the derivative

of V¢ is given by

Ve = —=€7€ + 26T Pb{fo() + 07 £() + [an(") + 679 (] ()}
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Since all state variables are bounded in R,, we obtain

. 1 . -
Ve < —ngf - m% + kl\/i (2.26)
for some positive constant k;, independent of . Choosing
Ce > [le/\max(i))]?

ensures that the set {1 < cs€?} is positively invariant. This completes the proof that
R, is positively invariant for the chosen values of ¢s and ¢g. The second part of the
argument, is to show boundedness of the signals under output feedback. For that we
need to show that the fast variable & decays rapidly to O(e). Since V' (e(0),6(0)) < cs

and 7° is bounded uniformly in ¢, there exist a finite time 7 independent of € such

that V ¢t € [0,T}], z(t) € Z and V(e(t),0(t)) < cs. During this time interval we have,
. 1 e 2
Ve < ~ ol for Vi > coc
Using the fact that ||£(0)|| < k¢/e™~1 for some k¢ > 0, we obtain
Br_ s
Ve(€(t) < e

where 8 = kZ||P|| and 3, = aipy- Choose €* small enough that

def € 1 1
— < -
T(e) & 2’111(6552" STh

for all 0 < € < €¢*. Hence,

Ve(§(T)) < coe®
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for all 0 < € < €*. By choosing €* < (c3 — ¢3)co/k, we are guaranteed that the
trajectory enters the set R, during the interval [0, T'(¢)] and remains inside thereafter.
It follows that V ¢t > T'(¢), e € E and since é = e + O(¢) we conclude that é € E|.
Since the saturation level was taken over all e € F,, z € Z, Yg € Y and 6 € Qs,
the saturation function will not be effective, i.e., *=¢¥ V t > T(€). Therefore the

closed-loop system is given by

¢ = Ape—b0Tu(t) + A() \

i = T,(6

(i ”(f(ﬁ) ) > (2.27)
C = F2(C7e,yr7C10)

€ = (A— HC)E — eb[fTw(t) + Ke] + eA(") J

where

I‘p(é,d)) = Proj(6, ¢(é,z, Vg, ))

w(t) = f()+a()p(e), z(t), Va(t), 8(t)) (2.28)
AC) = b{K(e—&) + (fo— fo) +07(f = f) + (90 — do)v
+67 (g — §)v} (2.29)

f() = f(é+yr,2)

() = g(é+r2)
Define w, as
wr(t) = f(Vr, 2) + 9(Vr, 2)¥(0, 2, Vi, 0) (2.30)

where Z is the steady state solution of the zero dynamics, determined uniquely from

C = Tl(yryz)'
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Definition 2.1 [26, Definition 13.1] A vector signal v(t) is said to be persistently

exciting if there are positive constants ¢, a, and 6 such that
t+4 -
&l > / v (1) dr >l
t

Assumption 2.3 w, satisfies one of the three following conditions:
e w, is persistently exciting;
® W, = 07

e There ezists a constant nonsingular matriz S, possibly dependent on 0, such

that

Sw,(t) = wn () (2.31)

0

where w,, is persistently exciting.

The first case is treated in [25] and the second one is the regulation case of [1]. The
analysis of either one of the first two cases is a trivial specialization of the analysis
of the third case. Therefore, we concentrate our attention on the third case. Using

the transformation S~! to transform 6 into
AT o—1 AT AT
0757 =1[6,,6;]
the equations for ¢ and 8 can be rewritten as

¢ = Ame—b0TS™'Sw, + b0 (w, — ) + A()

ST¢ = ST,
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or

0[ . I:‘lp
0~2 F?p
It is shown in [42] that if the set 2 satisfies the Imbedded Convex Sets assumption?
then I'y, and Iy, are Lipschitz in e. Using the fact S
L . X GT
w — 0= (F ~ f) + (80 - §9) + §———w, (2.32)
go+0'g
where
f() :f(yfvz)v g() =g(yr,2), gO() =go(y,,2)
1;(') =¢(07 z,y}{,o), d;() = ll)(O,Z,yR,é), ﬁ‘;(') =¢(éa Z,yR,é)
it can be shown that é and 51 satisfy
€ An —bGwl e A7)
2| = |+ (2.33)
0, oI Gw. bTP 0 6, Ac(+)
where
ry, T
s-Trs-t = | ¢
T T,
As(') = A()+b07((f - ) + (39 - §9)]
Ae(') = [Flp - 2I’1§w,1bTPe]

4dsee Appendix 2.6.4
9See Appendix 2.6.1
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and

) — go+607 g
Ko > G() = %78 > Koo
for some positive constants Kg, and Kg, independent of €. Since f, g9, g and ¢ are

Lipschitz functions in their arguments, we have 6

IAOI < A+ 187((f = f) + (39 — g)]ll (2.34)
Ngw — gl < kalldll + Eallell + kel€]] (2.35)
If = fll < keallell + ke2ll€]] + kc2lIC ]l (2.36)
and7
IAC) < doll€ll
IAOI < Gullell + S2ll€N + 851I¢]] (2.37)
IAC) < Sallell

for some §; > 0,7 =0, ..,4. Consider the system

é An —bGwl e
| = i (2.38)
01 2flgw,1bTP 0 01
Defining
éln = F_éél

(2.38) can be rewritten as

63ee Appendix 2.6.2

7Note that Iy, is Lipschitz in e since the set 2 satisfies the Imbedded Convex Sets
assumption [42].
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é An “bguTT? || e
C = & ) (2.39)
bin 26T w, TP 0 b1

Using well known results from adaptive control theory (see for example (26, Section
13.4]) and the fact that w,, is persistently exciting and G(-) is bounded from below,
it can be shown that (2.39) has an exponentially stable equilibrium point at the
origin. Then, from the converse Lyapunov theorem, there exists a Lyapunov function

Va(t, e,8,) whose derivative along (2.33) satisfies

Vo < =Ssllell® = S6llfull* + &7llellli€ll + slBulllI€Nl + dollel|?

) ] o (2.40)
+ dyollellllB1]l + Suillelll[SI] + dr2llGn <]

for some positive constants ds and dg and some non-negative constants §; ,7 < i < 12.
Noticing the similarity of the right-hand side of é and €€ in (2.27) one can easily show
that

€€ = (A— HC)E — ebGOTw, — eKe + €A, (2.41)

The derivative of V; with respect to (2.41) satisfies

1 N -
Ve < ;HEH2 + 3l 1€+ vallelllIEN + slICHIEN + Yo llENI? (2.42)

for some non-negative constants 7v; ,3 < 7 < 6. Construct the Lyapunov function
candidate

W =aV +8Vi+Va+V (2.43)

where a > 0 and 3 > 0 will be chosen later. Using the inequality8

V < —kullell® + kuallelllI€l + kuall€I® + kuallCHIEN + FuslI€N116 (2.44)

8See Appendix 2.6.3
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together with (2.10), (2.40), and (2.42), it can be shown that the derivative of W
with respect to (2.27) satisfies

_ -T _ -
[le]l llell
, Al 161
W< - M| (2.45)
<l i<l
el || el
where M is given by
[ aky + 05 — & -_gm -ﬂfl42~511 _akv‘2;67_74 ]
=810 S =12 —Ss—y3—akys
2 6 2 2
M =
- 42-611 _—_gu Bns —15—2aku4
i -aku2;57—74 —53-1;—0:/%5 —‘75—2aku4 % — Y6 — akys ]
Choose 3 large enough to make
6 =i
=z gy, ]
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positive definite; then choose a large enough that

-

ak,, + 65 — 8 -_gm l"lfz-&

=410 =012
2 d 2
—Bns—-8 =452
I 2 H 2 /HTB J

is positive definite. Finally, choosing € small enough we can make M positive definite

. Hence, by [26, Theorem 4.4], we conclude that

B h
llell
1164
} — 0, ast > o0
lICHl
el |

It should be noted that the foregoing analysis does not imply exponential conver-
gence since the right-hand side of (2.45) is only negative semidefinite. This is a key
point in the analysis because considering (2.33) together with the f and £ equations
from (2.27) one cannot show exponential stability of the set {(e,0;,(,€) = 0}. The
difficulty arises from the perturbation terms on the right-hand side of (2.33). While
those terms satisfy the growth condition (2.37), the constants 4, to 4 are not nec-
essarily small. Consequently, we see in (2.40) that the right-hand side contains the
positive term Jg||e]|> which could dominate the negative term —ds]|e||2. We overcome
this difficulty by including oV in the composite Lyapunov function W and choosing
a to ensure that the negative term —ak, ||e||? dominates dg||e||? and other cross prod-
uct terms. The function V, however, is positive definite in (e, é), not only (e, 8,),

and that is why the right-hand side of (2.45) is only negative semidefinite.
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2.5 Examples

2.5.1 Linear Plant [14]

Consider Example 6.4.1 of [14]. The system is represented by the transfer function

_ ,Cp(3+b0)
T (824 a5+ ag)

where k, > 0 and by > 0. The input-output model is
§=—a1y — aoy + kp(u + bou) (2.46)

The goal is to design an adaptive feedback controller that renders tracking of a

reference y,. In [14] the reference model is given by

and 7 is a command signal. In our case, the controller requires y,, ¥,, and 7,. We

generate them using the second order filter

2
Wn

—r
8% + 2Cpwns + w2

Yr =

where w, = 40 and (,, = 1. Its input is r and its states are the smoothed y, and 7,.

Equation (2.46) can be rewritten as

y = —01y - Ogy + 03“ +94U

which takes the form (2.1) with n = 2 and m = 1. Assumption 2.1 is satisfied

for k, # 0. We augment an integrator at the input side, set r; = y, z, = v,
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2z = u, and treat v = u as the control input. Let e, = y — y,, €2 = ¥ — ¥, and

1

5 T2 transforms the system

6T = [ao, a1, kpbo, k,]. The change of variables ( = z —

into the normal form

e = Ae+b{0Tf+6Tgv}

¢ = —C+ge+y) + (3 - Hlea+3y)
where o
—I 0
0 1 0 —Ty 0
A= b= |, f= e
00 1 z 0
0 1

Assumption 2.2 is satisfied since 03 > 0, 84 > 0, and V] can be taken as V|, = %62

Choose the matrix K = [6 5] to assign the eigenvalues of A,, = (A — bK) at -2 and
-3. We obtain the matrix P by solving the Lyapunov equation PA,, + ATP = —I.
The function 9 of (2.12) is given by

_ —6e; — Sey + 0,(er + ;) + ba2(e2 + 7r) — b3z + 9,

1//' - é4

and ¢ = 2eT Pb[f + gy]. We use the scaled state observer

I

€q g2+ (er —q1)

€, = 6(e; —q1)

where é; = ¢q; and é;, = ¢3/e. The variable e is replaced by its estimate é in the

control and adaptive laws for the output feedback case. When y, is constant, the
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vector w, of (2.30) is

rendering

Sw,

_yr

Wy =

0
0

0

i

and

L

D

(=] (o] o
)

It is expected that the term 6, — %;53 will converge to zero. On the other hand 6,, 05

and @, are not expected to converge to zero. The plant was simulated Using Matlab

with e = 0.01, 67 = [-10 3 3 1], @ = [-15, 5] x [1,5] x [1.5,5] x [0.75,2], and

the adaptive law (2.15) is used with § = 0.01 and ' = diag[300, 10,10, 0.05]. Two

types of command signals r were considered. First, a step of amplitude 2, Figures 2.1

to 2.3 are for the case when the output feedback controller developed in this chapter

is used. Figure 2.1 shows the tracking error e, Figure 2.2 shows parameter errors 6,

and Figure 2.3 shows the parameter error 6 in the new coordinate i.e., S~T6 where the

first component converges to zero as predicted by the theory. Second, the command

signal r is taken as r = 0.5sin(0.7t) + 2cos(5.9t). Figure 2.4 shows tracking error

30
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e, Figure 2.5 shows the parameter errors 6. Note that 8 converge to zero since the
reference signal y, is persistently exciting. Figures 2.6 and 2.7 show simulation of
the model reference adaptive controller (MRAC) [14]. Figure 2.6 shows the tracking
error and Figure 2.7 shows parameter errors 6, when r is a step input of amplitude
2. Figures 2.8 and 2.9 show the same quantities when r = 0.5sin(0.7¢) + 2cos(5.9t),
6, is a function of the plant’s parameters that is different from our 6 . In conclusion,
in tracking a step command signal our controller has shown better steady state error
over the MRAC one. There is no noticeable difference in the convergence of the
parameter errors between the two methods. However, in our approach we were able
to transform the parameter errors into another space where we were able to draw
some conclusions. In particular, we were able to predict that 6, — %;673 approaches
zero. In the case of a persistently exciting command signal, our method shows better
considerably faster tracking error convergence. The parameter errors are comparable

in their convergence rate.

2.5.2 Nonlinear Plant

Consider the nonlinear system
i =ayy+ay(y+uy®) + bt + u (2.47)

which takes the form (2.1) with n = 2 and m = 1. Suppose the reference signal y, is
a step input. Assumption 2.1 is satisfied for b; # 0. We augment an integrators at
the input side, set ; =y, x2 = 9, z = u, and treat v = 4 as the control input. Let

e1=Y—1Y, ea =9 — ¥ and 67 = [a; a, b;]. The change of variables ( = z — %zQ
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transforms the system into the normal form

é = Ae+b{fo+6"f+0"gv}
C. = —é{ﬁl(el+y,)+C+é(eg+yr)+02(el+yr)

02[( + %(62 + 9r)](e2 + yr)z’}

where

I 0
01 0

A= , b= v o=z, f=z+222 |, 9=|0
00 1

0 1

Assumption 2 is satisfied when 63 > 0, and V; can be taken as V| = %52 Choose the
matrix K = [6, 5] to assign the eigenvalues of A,, = (4 — bK) in the open left-half
plane. We obtain the matrix P by solving the Lyapunov equation PA,,+AT P = —I.
The function v of (2.12) is given by

—z —6e, — bey — 6, (e1 +yr) — 92[(61 +yr) + z(e2 + 9-)?] + Ur

Y= A

and ¢ = 2eT Pb[f + gy]. We use the scaled state observer

€ = g+ (e1 —q1)

€ = 6(ey —q1)

where é; = ¢; and é; = ¢y/e. The variable e is replaced by its estimate € in the

control and adaptive laws for the output feedback case. The vector w, of (2.30) is

Yr

Wy Yr
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Hence, the third case of Assumption 3 is satisfied with the transformation

1 00
S=l-110
0 01
which yields
Yr 01 + 0,
Sw,=| 0 | and ST = 0,
0 03

Simulation results for the output feedback case when y, = 1, e = 0.01, 6T =[5 2 3],
Q = [4,6] x [1,3] x [2,4], and the adaptive law (2.15) is used with § = 0.01 and
' = diag]3, 3,1.5], are shown in Figure 2.10. Figure 2.10-a shows the tracking error
e, Figure 2.10-b is the control u while Figure 2.10-c shows the control after saturation

¥*, and 2.10-d shows projected parameter error 6, + éz converge to zero.

2.6 Appendix

2.6.1 Proof of ( 2.32)

Il
-

|
[y
+
Qi
<

|
Q
<

(f = £) + @0 - g¥) + (59 — §¥)

I
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The term () — v) can be written as

v — JJ = ™ a0+8™67 5 fogo— 06T 567 f30-67 F67 g
(90+073)(30+67 9)
+ = a0=u"0% g+ fogo+ b7 g +07 Fag+67 £67g
(90+679)(g0+67g)
where fy = fo()r, Z). Then
V—1P = 67 g™~ oT +67 Fao—67 F6Tg+67 f6T g+67 foT 56T f6Tg
(90+673)(50+67 9)

_ 675w = —6T ) +67 F(g+67 )

(30+67 3)(go+6T 9)

_ 6T F =T

= Govirg S+ V)

_ 6T

 (90+679)

Hence,
I N L)
wr_w_(f_f)+(gw“gw)+gmwr
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2.6.2 Proof of ( 2.35) and ( 2.36)

g"/.’ - gl:) = g(yrvz)d)(o'l zyyﬁvé) - g(é + yr,Z)lf)(é,Z,yR,é)

= g(yﬁ Z)U)(O, 21 yRa é) - g(yr’ z)w(ov 2, yR) é)

+9(Vr, 2)¥(0, 2, Y&, 0) — g(e + Vr, 2)¥(e, 2, Vg, 0)

+g(e + yry Z)d)(ey Z, yRaé) - g(é + yr,Z)d/'(é, z, yR,é)

IN

kelICll + ke llell + ke i€l

]
|

=,
Il

fr2) = f(é+ D, 2)
= fn2) - fle+Ir,2)
+fle+Yr,2) - f(é+ D, 2)
+f(e+Yr,z)— f(é+ DV, 2)

< kesllell + keall€ ]| + kealIC]|

2.6.3 Proof of ( 2.44)

We have
é = Ame—b0Tuw(t) + A()
§ = T(2T Pbi)

since ||A(-)|| < &o||€[|, the derivative of V along the trajectories of the system satisfies
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V < —kpllel2 = 267 PbT30 + kple|||l€]| + 67T
< —kullel? + 6701(6 — T2eT Pbib) + ks el €]
< —ku|le]l? + 67 (26T Pbib — 2T Pbib) + ky|le])[|€]]
< —kylell? + 2607 (eT — €T) P + ks |le]|||€]]
< —kullell? + 267ePbib + kel [1€]]

< —kullell? + 26 Pb0Tw, + 26 PbOT (b — w,) + ka|le|ll|€]]

< —kyille]|? + 26 PbT S~ Sw, + 26 PbIT (b — w,) + ks |lel|||€]]
< —kullell? + keoll€ |16l + 26PoO7([F = f + g — 39) + 5-Tw.) + allel| €]
Vo< —kallel® + kozllellllEl + kusll€l2 + kualICHIEN + KuslIENNNI6L]
whereé =é—e

2.6.4 Imbedded Convex Sets Assumption

To have a smooth projection, 2 is required to satisfy the Imbedded Convex Set
Assumption; that is,

There exists a known C? function P from Q to R such that the following hold.
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1. For each real number X in [0, 1], the set

{61P(0) < A}

is convex and contained in 2.
2. The row vector (0P/38)(0) in nonzero for all 8 such that P(8) € [0, 1]

3. The parameter vector #* of the particular system to be actually controlled

satisfies

P#*) <0

2.7 Conclusions

For the nonlinear output feedback adaptive controller, we have successfully shown
tracking error convergence without requiring the persistence of excitation as in [25].
This is a major improvement over [25]. Also, we have removed an unnecessary feature
of the controller of [25], namely, saturation of the right-hand side of the adaptive
law. It is not needed due to parameter projection. We have also allowed gy and g;
of (2.1) to be nonlinear functions instead of constants as in [25]. On the other hand,
we have required exponential stability of the zero dynamics which is stronger than
the bounded-input-bounded-state stability requirement used in [25]. It should be
noted that in [16], Jankovic used ideas similar to ours to design an adaptive output
feedback controller for nonlinear feedback linearizable systems. He proved tracking
error convergence without persistence of excitation. However, to do that he required
the parameter adaptation gain (I" in our case) to be sufficiently large. Our result

does not impose any such restrictions on I'.
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CHAPTER 3

Robustness to Bounded

Disturbance

3.1 Introduction

Robustness of adaptive controllers to bounded disturbance is of utmost importance
for its practical use [14]. In the previous chapter we have achieved tracking using
adaptive output feedback control. In this chapter, we study the robustness of that
controller to bounded disturbance. We present two results in that direction. First,
we present a robustness result in the usual form of robust adaptive control results
[14]. We show that, for sufficiently small bounded disturbance, all signals in the
closed-loop system will be bounded and the mean square tracking error will be of
the order O(e + d;), where d; is an upper bound on the disturbance. Second, if the
bound on the disturbances is large we go one step further to introduce a new control
component to ensure that for any bounded disturbance, with a known upper bound,
all signals in the closed-loop system will be bounded and the mean square tracking
error will be of the order O(e + 1), where both € and yu are design parameters. In the
design we use a Lyapunov redesign technique, and we do not require the disturbance

to be small.
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3.2 Robustness Property

Our goal is to prove that the adaptive output feedback controller of Chapter 2 is
robust with respect to small bounded disturbance. To simplify the presentation, we
rely heavily on definitions, assumptions, and proofs from Chapter 2.

Consider a perturbation of (2.1), given by

Y = fo() + 30 A0+ 90() + 3 GBI + d() (3.1)
1=1

i=1

where d(-) is a disturbance term of the form
d(t,z,2,v,0) = ds(t,z,2,0) + dy(z, 2,0)v

The error equation (2.6) becomes

é = Ame+b{Ke+ fo(-) +0Tf(-) + (90(-) +0Tg("))v
+d(t,e + Y, z,v,0) —y™}

(3.2)

Assumption 3.1 The disturbance d(-) satisfies

“d(t7 e+ yr’ 2, 1/)3(')1 0)” S dl

Vt>0,ecE, Y, €Y, z€Z, and £ € R".

Suppose further that for sufficiently small d; Assumptions 2.1 and 2.2 hold uniformly
in d and the set Z has the property (2.17) for all d. Recall the set R, defined by
(2.24):

R, = {{V <} n{f € }} x {Vi <5} x {V; < ce€’}

with the same values for c3, c5, and cg as determined in Chapter 2. We show that
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the set R, is positively invariant for sufficiently small ¢ and d,. To show that, we
conduct our analysis assuming all signals are inside the set. Later on, we show that
the fast variable € enters the set in finite time. Hence, all variables will be trapped
inside the positively invariant set R,. Inside R,, (e — ¢€) is O(¢), hence é € E,. Since
the saturation level was calculated by maximization over alle € F,, z € Z, Yg € Yy
and @ € Q;, the saturation function will not be effective inside R,, i.e., ¥*=1y. Hence,

inside R, the output feedback controller of Chapter 2 is given by

o ket y™ — fo(é + Yy, 2) — 0T f(é+ V,, 2)

- —— (3.3)
90(é+ Vr,2) +0Tg(é + Yy, 2)
The error equation can be written as
é = Ame — b0Tw(t) + A(-) + bd(-) (3.4)

The derivative of

V=e"Pe+167T7'6

along (3.4) satisfies
V = —e"Qe + 2¢" PbA(-) + 2¢Tbd(-)

We use an argument similar to the one used in the previous chapter to show bound-
edness of the state variables. First, to show that R, is positively invariant, for

sufficiently small € and d,, we use the fact £ is O(¢) to arrive at

V < —eTQe + ke + kqd, (3.5)
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where k£ > 0 is the same constant appearing (2.25) and k4 > 0. Furthermore,

V < —coeTPe + ke + kyd,
= —coV + LOTT 10 + ke + kqd,

< —C()V + cpco + ke + kddl

Therefore, on the boundary V = ¢3, V < 0 for all ¢3 > ¢, + 'ﬁcﬁﬂﬂ. In the ideal case,
whend =0,V <0onV =c; forall e < e < co(cs — ¢2)/k. In the presence of the
disturbance d, V < 0 on V = ¢; for all € < ¢* and d; < dy(€) = [(cs — ¢2)co — ke]/kq.
Hence V € < € and d; < dy, theset {V < c3}ﬂ{é € s} is a positively invariant set.
We can show, as in Chapter 2, that {V; < ¢5} is a positively invariant set. Finally,

the derivative of V; is given by
Ve = —%E”'& + 267 Pb{fo(-) + 67 F(-) + lgo(-) + 0Tg()]¥"(") + ()}
Since all variable are bounded in R,, and so is d, we obtain
Ve < ~ o676 — gt Ve + Ok + Fah) Ve
for some positive constant k4, independent of €, and k; is the same constant appearing
in (2.26). Choosing

— \/C—G"‘ 2k1’\ma1:(p)

d _ a
! 2kaAmaz (P)

it can be shown that for all d < d, the set {Ve < cs€?} is positively invariant. This
completes the proof that R, is positively invariant for all d < min{(fl,til}. The
second part of the argument is to show boundedness of the signals under output
feedback. For that we need to show that the fast variable £ decays rapidly to O(e).
Since V (e(0), 8(0)) < c3 and %* and d are bounded uniformly in ¢, there exists a finite

time T> independent of € such that V t € [0, T3], z(t) € Z and V(e(t),0(t)) < c3. the
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time 7, depends on d and equals 7} when d = 0. Since the right-hand side depends
continuously on d, for sufficiently small d; we can ensure that T, > %T,. During the

interval [0, T3] we have,
. 1
Ve < —ellElP, for Ve > e

Therefore

Ve(€(t) < —DA_eBtre -

€2(n-1)

WAk Uy

where 8, = kZ||P|| and 8, = ﬁﬂ' From Chapter 2 we know that

ef € B
T(o)* Zin( g

1
)S§T1$T2

for all 0 < € < €*. Hence,

Ve(£(T)) < coe®

Thus, the trajectories are guaranteed to enter the set R, during the interval [0, T'(¢)]

and will remain inside thereafter. For all ¢ > T'(e¢), the inequality
V < —eTQe + ke + kqd,
is satisfied and since all signals are bounded we conclude that

1 T
lim — / eTQe dt < ke + kqd,
T Jo

T—o00

which shows that the mean square tracking error is of order O(e + d;).
In summary, we have shown that the adaptive output feedback controller of Chap-
ter 2 is robust with respect to small bounded disturbance in the sense that for each

0 < € < €*, there is d} = d}(€) such that for all d(-) satisfying |d| < d; < d}, the tra-
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jectories of the closed-loop system are bounded and the mean square tracking error
is of order O(e + d;). It is important to note that ¢* is the same bound established
in Chapter 2.

In Chapter 2 we saw that sharper results can be obtained in the ideal case, d = 0,
when Assumption 2.3 is satisfied with either partial or full persistence of excitation.
In the rest of this section we investigate the effect of persistence of excitation when

d # 0.The closed-loop system is given by

Ame — bOTw(t) + A(-) +d(°)

= T,(6,9)

= Fy(¢,e,)r,(,0)

€ = (A— HC)E — eb[0Ti(t) + Ke] + €A(") ‘

.
|

D

> (3.6)

0

Suppose Assumption 2.3 is satisfied with partial persistence of excitation, decom-

posed as in (2.31). Then the derivatives of V and V; satisfy
V < —kullel* + kuallellI€ll + kosllEN® + kuallCNIEN + kuslENNO + kardy  (3.7)

N | N .
Ve < ;II&II2 + sl EN + vallellIEN + s UCIIEN + w6l lEN? + kazdy  (3.8)

; — T . .
é _ A bGw), e N As(r) + bd(+) (3.9)

él 2" Gw, b P 0 6, Ac(")
As in Chapter 2, it can be shown that the system

é A, —bGwT] e
= ! (3.10)

~

51 2I'1gw,leP 0 01

has an exponentially stable equilibrium point at the origin. Then, from the converse

Lyapunov theorem, there exists a Lyapunov function V;(t, e, ) whose derivative along
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(3.9) satisfies

Vo < —Gsllell = 66llfull® + &7llelllI€N + SsllBulllIEN + dollell?
+ SuollellllBull + dullellliSl + 121161 ICI + Eardallel] + baadhi 164

or
Vo < =bsllell” — &ll6ul1* + Szllellli€ll + dsllBulllI€N + Sollell?

+ diollellllBu ]| + SuillellIC]l + izl lHICI + Sadh (3.11)

From (2.10) together with (3.7), (3.8), and (3.11), it can be shown that the derivative
of

W=aV+pVi+Va+ Vi

along the trajectories of the system, satisfies

_ -T _ -
llell llell
: el | - | 6l | s 06
W< M= el = 16+ cady (312)
li<li i<l
el || nel |
where M is given by
=10 % =12 —0s—73—akys
2 2 2 2
M = (3.13)
=t 22 P g
- "akv2;67_74 —53—‘7;—0’%5 —‘75;01%4 % — Y6 — akv:} ]

o4




M is similar to M of Chapter 2, except for changes in the (1,1) and (2,2) elements.

Choose 3 large enough to make

b 0
2
=412
2 5773

positive definite; then choose a large enough that

-
) ) - -4
ak, + 5~ d9 = '1., 11
o
.
=010 % =612
2 2 2
—Bn4—4 -4
| et s gy

is positive definite. Finally, choosing € small enough we can make M positive definite

for some ¢4 > 0. Since all signals are bounded, the mean-square tracking error
tim [ el dt
Tl—)rgo T Jo €

and the mean-square partial parameter error

li l/T 16,17 dt
Tl—vr{oloT 0 !

are of order O(d,).

On the other hand, if w, is persistently exciting, then the derivative of V satisfies

V < —kyillell + Eullell €] + EuslI€l* + kualICHIEN + koslIENION + kady  (3.14)
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and the system

é A —bGwT e
(3.15)

0 T, Guw,bTP 0 6

has an exponentially stable equilibrium point at the origin. We can repeat the preced-
ing argument to show that there is a Lyapunov function V(t, e, 8) whose derivative

along (3.9) satisfies

Vo < =Ssllell” = &l1611” + &xllellli€l] + Ssl181llIEN + Sllell?

) ) o (3.16)
+ uollelll|B1] + SullellICI + Su2lB1[I€] + Kady

Moreover,

| N .
Ve < ;llfllz +v3llONIEN + yallellIEN + sIICIIEN + Y6 lIENl* + Kazd (3.17)

Inequality (2.10) together with (3.14), (3.16), and (3.17) show that the derivative of

W along the trajectories of the system, satisfies

_ ZT -
el el
| il s :
T R I Rl T R (3.18)
12 1l
en | [ nen

where M is given by (3.13) and can be made positive definite. Hence, W satisfies
W < —ku W + cqd, (3.19)

for some k,, > 0, which shows that all variables, including the parameter error 6,
converge to a ball centered at the origin, whose size is of the order of O (\/d_l) We

note that the additional properties we have shown under Assumption 2.3 may require
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€* to be less than the bound established in Chapter 2.

3.3 Robust Output Tracking

If the bound d; is not small enough, we introduce an additional robustifying control
component to make the mean-square tracking error arbitrarily small, irrespective of
the bound on the disturbance d, provided this bound is known. Once again, we
consider the perturbed system (3.1) and assume that Assumptions 2.1 and 2.2 are
satisfied uniformly in d(-). Moreover, we assume that the set Z has the property

(2.17) in the presence of d. The control is taken as

v = ¢3(é1z,yRaé)
= 5 sat (Uezdad))

where

o —Ké (n) _ 5 _ AT f(5
'([)(é,z,yﬂ,e): K6+yr AfO(e'*'yr)Z‘) ? f(e+yrvz)+vl
go(e + yry Z) + 0Tg(e + yr7 Z)

and the robustifying control component v; is to be designed using the Lyapunov
redesign technique, e.g., [26, Section 13.1]. The saturation level S is determined as
in Section 2.3.1, except for a new constant c3 to be determined. The constants c4

and c, used in calculating S are chosen in terms of the new c3. consider the set
R, = {{V <} n{0 € U}} x {Vi <5} x {V; < cee?}

where the constants c3, cs, and cg are yet to be determined. We limit our analysis

to this set to show that it is a positively invariant set. Inside R,, the saturation will
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not be effective. Hence, the control is given by

_ —Ké+y™ — fo(é+ Vr, 2) — 0T f(é+ Y, 2) + vy

v= - —— (3.20)
go(é+ Vr,2) +60Tg(é+ Yy, 2)
The error equation under (3.20) becomes
é = Ape — AT () + blvy + d(-)] + A() (3.21)

where @ = f + g, and A(-) is defined in terms of the new . The disturbance d(-)

is required to satisfy the following assumption.

Assumption 3.2
||d(t, z, z,v,0)|| < p(e, 2) + ky|va], 0<k, <1

where p and k, are known.

Take 7(e, z) > p(e, z) and define § = 2¢7 Pb,

_ (ll(fTZ)j . ﬁ for n(é,2)|3| > p

vi(é,2) = (3.22)

2(p A ~ ~
- 2.2 for n(é,2)[8] < p

As in the previous section, we start by showing that the set R, is positively invari-
ant. Then, we show that the trajectories enter R, in finite time and remain inside

thereafter. For the first part, consider the derivative of

V =e"Pe+16"T7'9
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along (3.20), which satisfies

V < —eTQe — 26T Pb6Tw + 6719 + 26T Pbfu, + d(-)]
+2eT PbA(-) + 2(eT — éT)Pblv, + d(-) — 67T

Using the adaptation law
6 = Proj(d, 9)

where

0(é, 2, Vr,0) = 26T PH[f + §y]

and defining

M) = 2(eT — €T)Pbluy + d(-) — 0T0)]
+ |2¢T Pb|(n(e, 2) — n(é, 2)) + 2eT PbA(")

the derivative of V satisfies
V < —eTQe + vy + |3]|[n(é, 2) + ky|n1]] + Ae()

Outside the boundary layer, i.e., (7(é€, z)|5|) > p, the robustifying control is

and the derivative of V satisfies

V < —eTQe+ [-2EILL 4 n(e, 2)[s] + k, ZE2 L] + Ay()
< —eTQe+ Ay(")
< —eTQe + ke
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where A;(-) < k.e inside the set R,. Inside the boundary layer, i.e., n(é, 2)|5| < u,
the robustifying control is
205 .\ &
y = (e,2) 8
(1 - kv) H

Hence,

<.
N

205 2) 1512 o 205 ,\ 1212
e Qe + [ T52EE + [3ln(e, 2) + kG2 + A
312 R
< —eTQe + [-n?EL + nl3[] + Ad()
Since (—n25L + pls)) < &,

V< —eTQe + kee + % (3.23)

Therefore, on the boundary V = c3, V <0forallc; >co+ '59‘—1((,&&. Choose €* > 0
and p* > 0 such that c3 > cp + =“E/%) Then, V < 0on V =cs forall € < ¢
and g < p*. We can choose cs and cg large enough that the sets {V} < c¢s} and
{Ve < cs€?} become positively invariant. Hence, the set R, is positively invariant.
The second part is to show that the fast variable £ decays rapidly to O(e). This can
be shown using an argument similar to the one used in Section 3.2. It can be shown
that there exists € and T'(e) such that for all 0 < € < € V(£(T)) < cge®. Hence,
the trajectories are guaranteed to enter the set R, within the time interval [0, T (¢)]
and remain inside thereafter. Hence, inequality (3.23) is satisfies for all ¢ > T'(e).
Therefore, the mean-square tracking error is of order O(u + €¢) where the design
parameters 4 and € can be made arbitrarily small.

If Assumption 2.3 is satisfied in the ideal case d = 0, inequalities similar to (3.12)
and (3.19) can be shown when d # 0. The right-hand side of such inequalities will

have a term proportional to the disturbance upper bound despite the presence of the
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robustifying control component. Thus, such analysis does not reveal an advantage
for the robustifying control. The only advantage we can show is the fact that the
mean square tracking error can be made of the order O(u + ¢).

Finally, in the ideal case d = 0, the controller with the robustifying component
recovers the tracking-error-convergence property of Section 2.4, provided Assump-

tion 2.3 is satisfied. First, notice that the control component v; always satisfies

2

7] "

|| < —13]
7

Hence

1] < Kerllell + kea[l€]]

Therefore, the effect of v, can be seen on some terms of the bound on V. In particular,

<.
IN

—kullell® + kuallellIEN + kusllElI® + KualICHIEN + FuslIENIGL + 2[T Pbl v,

< —kullell® + kuallellIEl + kusll€]® + kualICIIEN + uslIE]11161 ] (3.24)

Similarly two terms of the bound on Vg will be affected.

. 1 . -
Ve < ;II&II2 + sl 1€ + FallelllEN + slCHIEN + Fell€NN (3.25)

Since wy is persistently exciting, we can repeat the argument used in Chapter 2 to

show that the homogeneous part of the system

[ Am —bgw;rl e A,() + b’U1
6, 2T GwnbTP 0 6, Ac(*)

(3.26)

Il
+
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is exponentially stable. Therefore, from the converse Lyapunov theorem, there exists

a Lyapunov function V5(t, e, ) whose derivative along (3.26) satisfies

Vo < —dsllell” = S6llfl* + brllelllI€]l + slGullIIE]l + Bollell”

+ buollellllBull + SullellICI + SizllBu 1IC (3.27)

Note that the effect of robustifying control component v; on (3.27) can be seen in
the constants 87, ds, 89, and &,9. From (2.10) together with (3.24), and (3.25), and

(3.27), it can be shown that the derivative of W along the trajectories of the system

satisfies
~— -T _ -
llel] llell
: ||
Wes=1 S| M) (3.28)
<l €Il
| nel || e |
where M is given by
[ ai‘}vl + J5 — Sg ——gm ‘/3’742‘511 —al-cu2;87_-'l4 ]
_—_5m 1) =012 —dg—y3—ak
2 6 Z R
M =
- ;_611 ‘_‘;1.2 Bn3 = 15—20kv4
| zehashoie chopohs moohd Lo g —aky |
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It can be shown, as before, that M can be made positive definite. Hence, by [26,

Theorem 4.4], we conclude that

[ el |
16
1€

el |

—0, ast = o0

3.4 Example: Nonlinear Plant
Consider the disturbed nonlinear system (2.47)

i=ay+a(y+ uyz) + bu + u +d(t)

The disturbance d(t) is piecewise continuous and bounded. Figures 3.1 shows simula-
tion results when d = 0 (solid), d = sin(t) (dotted-dashed), and d = 5sin(t) (dashed)
; again without robustifying control. Figures 3.2 shows results for d = 5sin(t) when a
robustifying control is used with 7 = 0 (solid) and = 5.2, u = 0.9 (dotted-dashed),
and p = 0.3 (dashed). Notice the reduction in the tracking error and the projected
parameter error 0; + 0, as p decreases. Finally, Figure 3.3 demonstrates tracking
error convergence in the idea case d(-) = 0 while the robustifying component 1, is

used.

3.5 Conclusions

In this chapter we have shown that, for sufficiently small upper bound on the bounded
disturbance, all signals in the closed-loop system are bounded and the mean square
tracking error is of order O(e + d,). We have also shown that, for a large bound on

the disturbance, we can design a robustifying control component such that all signals
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Figure 3.1. The case d = 0 (solid), d = sin(t) (dotted-dashed), and d = 5sin(t)
(dashed) and no robustifying control. The z-axis is time. (a) Tracking error e; (b)
Projected parameters error: 6, + 6,
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Figure 3.3. The case when d(-) = 0, » = 5.2, and p = 0.9. The z-axis is time. (a)
Tracking error e; (b) Projected parameters error: 8, + 6, (solid), 62, 03 (dotted)
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in the closed-loop system are bounded and the mean square tracking error is of order
O(e + pu), where both € and u are design parameters.

The robustness results of Sections 3.2 and 3.3 have potential appli:cation to adap-
tive control of nonlinear systems using neural networks or other nonlinear function

approximators. Consider a system whose input-output model is of the form
y™ = F() + G(-)u™

Using neural networks, the nonlinear functions F'(-) and G(-) can be approximated,
to any desired tolerance, by neural networks. In the special case of linear-in-the-
weights neural networks, as in radial-basis-function networks, the functions F and G

can be represented by

Zh Wi +61(-), Zh YW, + 62(-)

for some weights V; and W;. It follows that the system can be represented in the
form (3.1) with d = &, + 6,u(™. Therefore, the results of this chapter show that
our adaptive controller can be used in this case. Moreover, the robust controller of
Section 3.3 shows that we can trade off a larger approximation error with the use of

the robustifying control component, leading to lower-order networks.
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CHAPTER 4

Application to Induction Motors

4.1 Introduction

Nonlinear and adaptive control of induction motors is becoming more realizable re-
cently with the advances in power electronics and fast digital signal processors. Khalil
and Strangas [27] introduced a robust nonlinear control approach to the speed track-
ing problem in induction motors. It differs from the previous approaches in a number
of key points. First, it does not use speed measurement. Motivated by the practical
consideration that position measurement by optical encoders is much more reliable
than the noisy speed measurement by tachometers, it uses position measurement.
Second, it does not require rotor flux measurement. It adopts a novel idea of per-
forming the field orientation change of variables using the flux estimate rather than
the flux itself. This makes all the new variables available for feedback. Third, it
allows uncertainty in the rotor resistance, the stator resistance, and the load torque.
It uses robust control techniques to overcome the effect of this uncertainty on the
tracking accuracy. The use of robust control is based on another change of variables
that brings the acceleration as one of the state variables. This change of variables,
which is dependent orf the uncertain quantities, results in a state equation where

the uncertain terms satisfy the matching condition. The controller is designed using
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continuous approximations of variable structure control. The uncertain change of
variables is not used in the implementation of the controller, as both the speed and
acceleration are estimated from the position using a robust high-gain observer [11].
It is shown in [27] that the speed tracking error will be asymptotically bounded by
a bound that can be made arbitrarily small by choice of certain design parameters.
In [35], an adaptive observer for induction motors with unknown rotor resistance
was introduced. It is based on rotor speed and stator current measurements. The
adaptation is with respect to the rotor resistance. The design is a Lyapunov based
design. It was shown that the states of the adaptive observer are bounded and if, in
addition, a persistence of excitation condition is satisfied, then all error signals tend
exponentially to zero.

In this Chapter we carry the controller of [27] one step further by adapting the
rotor resistance on line. For the on-line adaptation we use the adaptive observer of
[35]. We prove that the robust controller retains the properties shown in [27] for any
bounded time-varying estimate of the rotor resistance. The boundedness of the rotor
resistance is guaranteed by using parameter projection. The closed-loop analysis
is given in Section 4.5. The experimental results, given in Section 4.7, are in good
agreement with the theory.

It should be noted that [36] has a similar adaptive speed control scheme. It uses
an adaptive observer to estimate the load torque, rotor flux and rotor resistance under
the assumption that the rotor speed and stator current are measured. Asymptotic
convergence of the load torque and rotor resistance errors is shown under a persistence
of excitation condition. The speed control is designed assuming measurement of
rotor flux. However, in the simulation, the rotor flux is replaced by its estimate. The

closed-loop system is not analyzed.
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4.2 Induction Motor Model

Figure 4.1. Three phase winding of induction motor

An induction motor consists of three stator and three rotor winding, as illustrated
in Figure 4.1 and Figure 4.2, where R is resistance, L inductance and the subscripts
s and r denote stator and rotor quantities respectively. This three phase represen-
tation can be transformed into two phase equivalent representation [28] using the

transformation matrices

1 _1
1 2 2
K, = 0 ¥v3 _ V3
2 2
1 1 1
2 2 2 |
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Figure 4.2. Three phase equivalent circuit of induction motor

and

cosf cosf; cosf,

Kr— —sinf —sin01 —sin02

1 1 1

| 2 2 2 ]
where 0 is the rotor flux angle with respect to the rotor, 8, = 6 + %" and 6, =
0—-231. The transformation matrix K, transforms the three phase stator equations into

equivalent two phase equations, and K, transforms the three phase rotor equations

into equivalent two phase equations, in the rotor frame of reference. Hence, the
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dynamics of the induction motor in the two phase representation is given by

y dws -
Rgiso + dta = Vsa
R . d!/vl _

slsp + dt = Vs

Reipg+ % = 0
R.i,, + d—'ﬁgﬁ =0
where 7 is the current, ¢ is the flux linkage, R, is the stator resistance and R, is
the rotor resistance. The subscripts a and b refer to the two orthogonal axes of the
new two phase representation. Note that the rotor equations are in the rotor frame
of reference. The voltages v,, and v,, equal zero since the rotor’s winding are short
circuited.
Let %‘f = pw, and 6(0) = 0. where p is the number of pair of poles, and § and
w are the angle and speed of the rotor, respectively. The rotor equations can be

transformed into the stator frame of reference using the transformation

cosd —sin 6

sind cosé

where F, and F; are 2 x 1 vectors representing quantity in the stator and rotor frames
of reference, respectively. Hence the motor equations can be written in the stator

frame of reference as

. d
Rgisa + _l%" = Vg
; dy —
Ryigp + —d:'b' =

Rrira'{"'l%a'*'wwrb =0
Rrirb+d_'gfh—pwwra =0

Under the assumption that the magnetic circuits are linear and the iron loss is zero,
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we replace the stator flux and rotor current by stator current and rotor flux using

Wsa = Lgtga+ My,
Yso = Lsisp + My
Yra = Misg+ Lrir,
Yo = Mig + Lyiy

where M is mutual inductance, and L, and L, are stator and rotor total inductances,
respectively. Combining the resulting equations with the mechanical equation, the

induction motor is represented by the fifth order differential equation model [33]

f = w (4.1)
O = —pAJi, - Ty /m (4.2)
A = (—L&r]+pwJ))\,.+%Mis (4.3)
= (G- Bp)e — (e + BM)is + 7, (4.4

where Ar = [d’av %]T, is = [imib]Ta Vg = ['Ua: Ub]T)

The variables 8 and w denote the angular position and speed of the rotor, A, denotes
the rotor flux in the stator frame of reference, and i, and v, denote the stator
current and voltage. The constants ay, (3, v, 7 and p are defined by a, = R,/L,,
B =MJoL,L,,y=1/oLs, n = 1/0, and p = pM/mL,, where 0 =1 — M?/L,L,
and m is the rotor’s moment of inertia. The resistances R, and R, will be treated as
uncertain parameters with R,, as the nominal value for R, and f?., as a time-varying

bounded estimate of R, where we assume that R, € Q., a compact interval. Let
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@y = Ryo/Ls, 8 = (Rr — R,;)/R,, and &, = (R, — Ry,)/Rso. The load torque Ty, will

be treated as a bounded time-varying disturbance with bounded derivative.

Problem Statement

It is desired to design a feedback controller that solves the speed tracking problem
w(t) —wres(t) — 0 as t — oo in the presence of the disturbance T}, and the uncertain
parameters R, and R,, where the reference speed w,¢s(t) and its derivatives wy.z(t)
and &.s(t) are bounded functions of ¢t. The controller can only use feedback from 6

and i,.

Flux Observer

We use an open-loop observer [49] to estimate A,.

- A~

A = (—L&I +pwd)As + —LRLMi, (4.5)

The estimation error e; = ;\, — A, satisfies the equation

~

¢, = (-%-1 + pwd)e, — 51%-(1\41', _3) (4.6)

The origin of é, = (—%f] + pwJ)e, is exponentially stable. This property ensures
that, as long as i, and ), are bounded, the estimation error e,(t) will have an

ultimate bound of order O(4,), i.e., the steady-state error in e,(t) will be O(4;).

Augmented System
We augment the observer equation (4.5) with the motor equations (4.1)-(4.4) to
obtain an eighth-order model with (6, w, v,, wb,ia,ib,J)a, z,/:v,,) as the state variables,

where ), = [d}a, db]T. We perform a change of variables to bring the equations
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into coordinates that will be easier to work with. First, we replace ¥, and v

with the flux estimation errors e, = 1[),, — 1Y, and e, = 1]),, — . Next, we replace

(d)av 1/)61 iaa ib, €a, €b; Va, 'Ub) by (d’d, ﬁv ida iqa €d, €q, i)dv {}q) where

7252, 02

Yi =Y, + ¢y,
1d = 14 COS P + 1 Sin P,
€d = €,C0S P + €, Sin P,

U4 = Uq COS P + Vp Sin P,

[) = tan—l("/}b/"/}a)

-

lg = —14Sin p + 2, COS P
€g = —€,Sin P+ €,cos p
Uq = —Uq Sin P + v, COS P

(4.7)

(4.8)
(4.9)

(4.10)

This change of variables resembles the one used in the traditional field orientation

control, except that the new variables are defined in terms of the flux estimates ¥,

and va instead of the actual flux components 1, and v,. Consequently, the new

variables g4, p, 4, 14, U4, and 9, can be calculated in terms of signals which are

available on line. The variables vq4, p, 14, ¢4, €4, and e, satisfy

~ ~

D R, ~ R, -

Vg = —L_rwd’*'L_erd
X R . -
p = W+L_qu/¢d

~

~

iy = %‘ﬂd’d — (ason + *RlﬂM);d + pwiy

L,

R, o, - .
+ —Mzg/t,lfd + Y0q + fi + 0191 + 0292

L,
A . s 2 Rr 4
tq = —Ppwig — pwig — (o + z—ﬂM )iq

R,- 21 40 A

- E—Mzazq/wd +Y0q + f2 + 0193 + 0204

. RT Rf 4 n Rf -~ A
€4 = _L_red + Z:Miqeq/% + 61L—r(¢d - Mzy)
g = —%eq - %M%qed/zﬁd - 51%1\42.,
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(4.14)
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where

H() = —BFes— piwe,
() = ﬂ%(‘[’d - Miy)
92() = —Rwovia

fo1) = —BFeq + pBweq
() = -2k,

9:() = —Rso7ig

To tackle the speed tracking problem, we introduce the state variables
I =0—/w,ef, Ty =W — Wrefy, T3 =W — Wref
to replace 6, w, and iq, respectively. Noting that
w= ;ﬁdeq + uiq(;@d —eq) —TL/m

we can see that the change of variables from (8,w,%,) to (z),Ts,73) is invertible
provided (14 — €4) # 0. The conditions (4 — e4) # 0 and ¥4 # 0 can be ensured by
allowing some delay between the time the motor and the flux observer are switched
on, and the time the load and speed reference are applied. This will allow the flux to
build up so that when the control law becomes effective the system will be far from

singularity. For the flux tracking problem, we introduce the state variables

~ ~

21 = dd - ¢refa 2 =2 = _L&'(&d + L&Mgd - lﬁre}'

where the flux reference ,.s(t) and its derivative Vre 7(t) are bounded function of .
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4.3 Controller Design

Let = [11,22,73)7, z = (21,27, € = [ca,e,]T, X = [z,2,€]T, and rewrite the

augmented system as

z = AQZ + B‘z[FQ + GQ’E‘d] (418)
e = A3€ + 51%@ (419)
where _ - .
010 0
Av=|l001]|, Bi=|o0
000 1
0 1 0
A2 = ) B? =
00 1
Fy = u%f(—iqu»d — egia + €alq) — ppw(iatha — €aia — €qlq)
— upBuw (Y2 + €3 + €2 — 2eqtq) + p(Ryy + %fﬁ)\l)(—iqz[)d — egla + €dly)
+ u”yeq"}d - TL/m - ‘z}ref
F, = ($a— Mid)[ﬂM%%f + (%)2 - %‘] — res + E/%p“’;q + (%)2M2;3/¢4
— R RoynMig — MBe(BRee 4 phwe,)
. i,
G = py(Ya — €q), G2 = L—M’Y
R . Pa — M
Aaz_&z—(—Rt Mz'q) 5, g = | WM
Lo \Ly —Mi,

The third-order channel from the 9, to z, is feedback linearizable, the term F} satisfies

the matching condition, and the control coefficient G, = u'y(zf)d — eq) is positive
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whenever 1214 — eq is positive. Hence, for any bounded F), it is possible to design
a robust feedback control function of (z,z,%,) that brings ||z|| arbitrarily close to
zero. This is a typical task in nonlinear robust control theory [26]. Similarly, the
second-order channel from 94 to 2; is feedback linearizable and the term F; satisfies
the matching condition. So, for any bounded F5, we can design a robust feedback
control function of (w, z,7,) that brings ||z|| arbitrarily close to zero.

We use sliding mode control. The sliding surfaces for (4.18) and (4.17) are taken

as s; = 0 and s, = 0, where

S1 = @121 + 29, Sp = QT + Q3T + I3 (4.20)

for some positive constants a; to az. Let D be a compact subset of R®, that contains
the origin, with the property that |1)4| and |4 — e4| are bounded away from zero for

all X € D. We design the control as

bg = —k, sat (ﬂ) (4.21)
H1

. S2

g = —ko sat (——) (4.22)
K2

where p; and p, are small positive constants, and k; and k; are chosen such that

k3 + |0122 + F2|
G2

ky > (4.23)

ks + |asze + azz3 + F
k224|22633 1|
1

(4.24)

forall X € D, R, € Q, and |f?,| < k,1 (some constant), for some arbitrary k3 > 0

and k4 > 0. With this control, it can be verified that

Q=QIX92XQ3XQ4X95CD
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is a positively invariant set,! where Q, = {zT Pz, < 4C2||P|13}, Q2 = {|s2] € 2},

Q= {la] < a/ai}, U ={lsil < a}, U = {eTe < 3}, 7, = [11, 22]", and P, is

the positive definite solution of the Lyapunov equation P,A, + AT P, = —I with

0 1

—a2 —ag

The positive constants ¢, to c3 are chosen such that ¢, > uy, c2 > po, \/c3 > keks,
and Q C D, where k¢ and k; are nonnegative constants such that ||G,|| < ke for all
X € D and k7 is an upper bound on II:?, — R,|/R, for all R, € Q,. Moreover, all
trajectories starting in  will reach the boundary layers {|s;| < u;} and {|s;] < p2}
in finite time and remain inside thereafter. Consequently, X reaches a residual set §2
where the speed tracking error z, is O(u2). Thus, the error can be made arbitrarily
small by choosing u,; small enough. The flux observer (4.5) and the control law
(4.22) require the signals w and w which are not measured. The last step in the
controller design is to estimate these signals from the measured rotor position 6.
This estimation problem can be addressed using the third-order model (4.17). We

use the high-gain observer [11]

€ = @ +a(r—q) (4.25)

€2 = qs+az(r) —q1) (4.26)

€G3 = az(z1—q) (4.27)

i‘z = SQ sat (:?22) , ii’3 = S3 sat (-——6211; ) (428)
3

w=1Iy+ Wref 89 = aoxy + a3y + I3 (429)

1The proof is similar to the one shown in Section 4.5 for the output feedback case.
Hence, it is omitted here.
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where a) to a3z are chosen such that polynomial
$* + a8 + azs + a3 (4.30)

is Hurwitz and e is a small positive constant. Define §, = B58, & = &=2 £ =

T3 — I3, then the high-gain observer dynamics are transformed into by

E{ = (A1 - HC])E + 6b11"3 (431)

where the eigenvalues of A = (4, — HC)) are determined by (4.30). The saturation
level S, and S; satisfy S; > max|z,|, S3 > max|z3|, where the maximization,
performed under state feedback, is taken over the set z € Q; x Qy x Q3. The
estimates w and §,, as determined by (4.29), replace w and s,, respectively, in (4.5)

and (4.22). The actual controls v, and v, are given by
Vg = D4COS p — Ugsinp, vy = Ugsin p + v, cos p (4.32)

The feedback control design is now completely defined by (4.5), (4.21), (4.22), and
(4.25)-(4.32). By invoking singular perturbation analysis similar to [11], it can be
shown that, for sufficiently small ¢, the set €2 is positively invariant, and the closed-
loop trajectory (X,&) reaches a residual set Qg x {||¢]] < koe} where x5 is O(,)-
The controller designed in this section is essentially the same as the controller of [27].

The differences are the following:

1. The flux controller is designed for a time varying reference v,.f(t), while in
[27] it was designed for a constant reference.? This change is added to include

field-weakening.

2Due to this change, the definitions of z, F; and G, are different than those of
[27].
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2. Instead of using a constant nominal value R,,, the controller uses a bounded

time varying estimate of R, which is obtained from an adaptive observer.

3. The controller is simplified in two aspects. First, the control laws contain only
sliding-mode components. There is no feedback linearization as in [27]. Second,
the high-gain observer is a linear one. It does not include driving nonlinear
terms as in [27]. These two changes are adopted to simplify the controller and
reduce on-line computations. In experimental testing of the controller 3], there

was a need to reduce the on-line computations.

4. In [27], the definition of the tracking errors z;, z,, and z; included a scaling
factor a, e.g., T3 = a(w — wyes). It was included to improve the performance of
the nonlinear high-gain observer by reducing the nonlinear driving term. There

is no need for such scaling in the current her since we use a linear observer.

4.4 Adaptive Observer

To motivate the equations of the adaptive observer, we derive it assuming measure-

ment of speed, as in[36]. The observer is taken as

~ ~

R, i, R

Ar = (_L—,.I-*-WJ)/\T + L—rMZ, (433)
%, = (ﬂL&I - BpwJ);\, — (asn + L&ﬂM)i, +yvs +u (4.34)

where u is to be chosen later. Note that (4.33) is the same flux observer we used in

(4.5). The estimation errors e, = 5\,. -\ and 7, = 1, — i, satisfy

6y = (—%—I +pwl)e, — L&(}\, - Mi,) (4.35)
és = ﬁ%xr + ﬁ%—-es — pPwle; — —LR—r,BMis +u (4.36)
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where R = R, — R,. Define z = 1, + fes, then
Z=u (4.37)

Choose

- _ki;s - 'IL—zr—C +p1UJ7’

where k; > 0. Then

iy = —[(ki+ E) - pwli, + B (2 = ¢) — pwd(z - 1)

o i ) (4.38)
+ ,B%f/\r - ﬂ%M% - %:'C

Let

e e 1R ar, o T -
Sl ts + 5 Fr * 5L (z-¢) (2 C)+ﬂn(z n)"(z =)l

for some g, B, and B, > 0. The derivative of V, along (4.37) and (4.38) satisfies

‘711 = (k + )ZT‘Z..;

+ LR(R, + B £3TA, - B,BMiTi, — £37¢)

+ 0%%:'(2 —O)T(Bcis +u — )

+ El,;%f(z - T’)T(u - 7’ + ﬂnpfw']zs)

Based on this inequality, we choose,

> def

R, = _,BrL T/\ +,Brﬁ212Tzs gr Z‘ = b,
( = Bcis +u o &¢
n

def

= u+tfpuwli, g,
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Hence,

V, < ki3,

where k > (k; + %:-) > 0, from which we conclude that all adaptive observer states

are bounded.

4.5 Closed—-loop analysis

In this section we address the stability of the induction motor if the feedback loop
is closed using estimates of the speed and rotor resistance and if R, is replaced by
its nominal value R,, in the adaptive observer. We show the boundedness of all
signals and we also show that the mean-square speed tracking error is of the order
of O(u2), where u is design parameter. The adaptive observer will not have V. <0
in the lack of speed measurements. Hence, to ensure boundedness of all states of the
adaptive observer we project the states 7, ¢ and R,. The projection is done following
Chapter 2. Noting the way the terms (2 — ) and (z — ¢) appear in the Lyapunov
function V,, we can view 1 and ( as estimates of z. Therefore we project 7 and ¢
so that they belong to the same set that z belongs to. The set that contains z can
be determined from its definition, i.e., z = i, + Be,. Therefore, a bound on z can be
obtained from bounds on 7, and e,. The adaptation for R,, 7, and ¢ using projection

is given by

R, = Proj(¢,,R;) (4.39)
{ = Proj(¢c,() (4.40)
7 = Proj(¢n,n) (4.41)
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where the projection operator Proj(-,-) is defined in Chapter 2. We analyze the

closed-loop system by considering the set €2,, defined by
anQl XQQXQ;}XQ,qXQ5XQGXQ7=QXQGXQ7

where Q; to Q5 are defined in Section 4.3, Qs = {V; < ¢} and Q7 = {V; < ¢7¢?}
for some positive constant cg and c;, to be determined. We will show that Q, is

positively invariant for sufficiently small €. Consider the set
Q7 = {V; < cr€?}

where V¢ = ETPE. The derivative of V; satisfies

. 1 _
Ve = ——€T€ + 26T PB, i3
2¢

Since

i‘g = Fl +Gl'l7q

where F} and G, are function of the states that are bounded in €2, and so is 94, T3

satisfies |Z3| < ¢, for some constant c,. It follows that

. 1 1
L& Te _ - - . V
Ves =38 g etV

Choosing ¢;7 > [2¢; Amax(P)]? ensures that

Ve <0 on Vg = cré?
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Hence {V; < c7€?} is positively invariant for all states inside (2,. Consider next the
set

Qs = {Va < ¢}

The derivative of V, satisfies

Vo < —kyiTi, + ke

< =2k Va+ ki[5 R+ 55 (2 = O)T(2 = Q) + 5 (2 = )T (z = m)] + kae + kn| Ry|

Using the fact that, in Q,, |le;|| < \/c3 and ||i,]| < v/2¢6, while ||n|| < k, (due to
projection), we obtain

Iz = nll < V2¢s + B/es + ky

Choosing the adaptation gain 3, > ,cs yields

Iz = nl* _ dos +28v@ + ko)* _ 4es + 2By/E + k)
ﬁn B ﬁn - ,3006

Similarly,

llz—CII* _ 4co +2(Bv/Es + k¢)? _ 4cs + 2(By/C5 + k¢)?
Be ~ B - Becs

where the adaptation gain 3, satisfies 3, > Bccs- Let ¢ be any positive constant.
Then
Vo < =2k, Vo + k + ke + ko |Ry|

where k is a positive constant, independent of ¢ for all cg > &s. Choosing cg >
max{cs, Eﬂ“%"“ﬁu}, where k., is an upper bound on |R,|, ensures that V, < 0 on
Va = ¢s. Hence Q6 = {V, < ¢} is positively invariant for all states in ,. For the

set

95 = {CTC < C3}
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we consider the equation

€= Aze — L&gl — (w — @)[Batha — J]

Inside 2, we have

®
®
IA

e Aze + [lel| (121G ]| + keze)

IN

== lell® + llell (k| 22 + keze)

—2(llell® — llell(kekr + E=keze)]

IN

0 on ee=cs

IN

where \/c3 > ke¢ks + L.keoe/R,. Hence Qs is positively invariant. For the set
Q= {|s1] < a1}
we consider
31 = Q)27 + F2 + Ggi}d

where ||F3|| < ks + |R,.| and

- ~

R, = PI’Oj((ﬁ,-, Rr)

"We will show that R, is bounded in €2, by a bound independent of the bounds on
the control inputs. Note that #, is bounded in €, and ¢ is bounded by projection.

Boundedness of 74 and ’l,/;d follow from boundedness of z; and z;. Using

W = pigeq + pig(Ya — €q) — To/m
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and the fact (zf)d — €q) is bounded away from zero in {25, we can conclude that iq is

bounded. Since 74 and fq are bounded, i, is bounded. It follows from

A = (—L&I + pw)A, + %M:‘s (4.42)

r

that A, is bounded. Since A, and e are bounded, ), is bounded. Therefore R, is
bounded for all states in §2,,. Hence, F; is bounded by constant that is dependent on

the ©,, but independent of the control level. Now
Sl.é'l S 31(0.122 + FQ) - G2k1|311

Choosing
k3 + |alz2 + F2|

ky >
12 G,

yields s1$; < —k3|s;| on the boundary of {|s;| < ¢;} provided ¢; > p; and all states

are in Q,,. Therefore {|s,| < ¢} is positively invariant. For the set

Q= {la1] < a1/ar}

we consider the equation

2.,'1 = —Qa)2) + 51

which yields

212':1 S —(ZIZf +CI|21I S ov |Z]| > cl/al

Hence €23 is positively invariant for all states in €2,,. For the set

Q= {|s2] < 2}
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we consider the equation

$9 = agry + azxz + F1 — Gk, Sat(§2/l‘2)

Then
$282 < —koG\|s2| + |s2||azza + aszs + Fi| + kalsa|s2 — 52

N

—IS;)_I(ICQGl - |(12.’L'2 + azT3 + F]I - k€3f)

Therefore s,5; < —ky4|ss| for

ks + |aazy + azzsz + Fi| + ke
ky > e
1

Hence {|s2| < ¢;} is positively invariant provided c; > p, and all states are in §2,.

Finally, Consider the set

Ql = {.’L‘ZPS.’L", S Cl}

Using V, = zT P,z, as a Lyapunov function candidate for

Ii', = A3IB, + 3232

we obtain

=
Il

—xTz, + 22,P,B,s;
< =llzsll? + 2]z || Pollca

< 0 for ||z, > 2||P;l|c2

Hence V, < 0 on V, = ¢, where \/c; > 2¢,||Ps||2. This concludes the proof that , is
positively invariant. The second step is to show that the fast variable £ enters the set
2, in finite time. The details of this step are omitted here since they are similar to

the ones shown in Chapter 2. Hence, we have shown that all states are bounded for

88



all t > 0. Inside Q,, the inequalities s;5; < —k3|s;| and sosy < —ky4|s| are satisfied
as long as |s;| > ) and |sy| > o, respectively. Therefore, the trajectories reach the
boundary layers {|s;| < p;} and {|s2] < po} in finite time. From that time on, v,
satisfies

V, < =l + kupiz

Since all signals are bounded, we conclude that the speed tracking error is of order

O(u2). We summarize our conclusions in the following theorem

Theorem 4.1 Consider the induction motor given by (4.17)-(4.19) with
the observers (4.25)-(4.27) and (4.33)-(4.34) the output feedback control
(4.21), (4.22) and (4.5), and the adaptive laws (4.39)-(4.41). Sup-
pose (21(0),3:3(0),31(0),32(0),e(O),E,(O),C(O),n(O),R,.(O)) s in Q x Q, and
(£1(0), Z2(0), Z3(0)) is bounded. Then, there exists € such that V € € (0,¢*) all state
variables of the closed-loop system are bounded and the mean-square speed tracking

error is of order O(u,).

4.6 Experimental Setup

The experimental drive setup consists of a DSP board, an induction motor fed by a
voltage regulated PWM-inverter, a DC load machine fed by an AC-to-DC converter
and some periphery. The drive setup is shown in Figuer 4.3 and explained below.
The experimental test object is a 3-phase squirrel cage induction motor. The data
of this machine are given in Table 4.1. The supply of the induction motor is a
pulse width modulation (PWM) voltage-source inverter with MOSFETs. In order
to obtain the desired voltage source, the inverter is controlled by a microcontroller
(Intel 80C196NU) for PWM. Two 8-bit signals are sent to the Intel to control the

magnitude and phase angle of the voltage used for PWM. The six outputs of the Intel
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are fed, via isolated drive control board, to the gate signals of the six MOSFETs of
the PWMe-inverter.

The load of the Induction machine under test is a DC machine. The supply of the
DC machine is a current controlled thyristor-based rectifier. An 8-bit BEI encoder
is used to measure the rotor position.

The DSP is suitable for real-time calculations with high sampling rate. The DSP
used in the control system of this thesis is the AT&T (DSP32c). It is a 32 bit
floating point unit, a 16-/24-bit fixed-point unit, on-chip memory, and flexible serial
and parallel input/output ports. It has the capability of supporting a wide variety
of applications with computation-intensive, repetitive mathematical operations. The
arithmetic unit allows the device to perform up to 25 million floating point operations
per second (with clock rate of 50 MHz). This performance was sufficient to satisfy
many of the real time algorithms used in this thesis.

In order to perform real-time control in an accurate way, it is necessary to do
the control computations within a small time step. Therefore, programming the
DSPs is done in assembly language because programming in high-level languages
(the language C was an option) would result in non-optimized assembly code that
would result in a program that might be too slow. Code writing in assembly language
was time consuming but not a big problem. A library of low-level programs were
written, representing elementary blocks of the flow chart of Figure 4.4 and Figure 4.5.
Another library contains assembly language programs for analog and digital inputs
and outputs, as well as a C-language program to generate MATLAB data files. Some
standard configuration files were created to perform initialization of the DSP system
software (timers, interrupt vectors, I/O cards, etc).

The nominal value of R, was adjusted on line using the measured stator temper-
ature. The induction motor has a thermo-coupler implanted in the stator winding

which gives an accurate measurement of the stator temperature. Assuming linearity,
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Table 4.1. Induction motor parameters

Parameter | Value
L 608 mH
L, 595 mH
o 0.22352
R, 0.042
R, 0.025%2
m 0.05
P 2

the stator resistance is adjusted using the formula

Ty + 235

Rs (Tl) = Rsom

where T, is the current temperature in °C and R, is the value of the stator resis-
tance at room temperature Ty. Hence, a more accurate stator resistance is used in the
implementation. The stator current is measured using LEM hall-effect current trans-
ducers. In order to implement the PWM, an Intel 196NU micro-controller board is
used to carry out the computation of the timing and to provide the switching signals

for the inverter.

4.7 Experimental Results

The induction motor used has nominal parameters that are given in Table 4.1

The flux norm is ¥4 = 0.02 Wb. The control parameters are chosen as a; = 200,
a, = 400, a3 = 40, p; = 0.001, uy = 200, S; = 32, 53 = 320, a) =6, a; =11, a3 =6,
and € = 0.02. Some of the control parameters were chosen such that the two loops,
flux and speed, are stable. Others are determined based on simulation results using

MATLAB. At the time of implementation, some of the parameters were adjusted to
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get the setup to work. In particular, we needed to decrease the saturation slope 1/u,
for the speed control more than the value that was used in simulation. The larger
value was causing chattering which ,in turn, created more noise. By increasing the
value of u; the problem was eliminated. Since our controller assumes smooth speed
and flux references, we used two linear filters for smoothing them. The second order

speed filter is of the form

2
Wn

$2 + 2Cpwns + w?

X,(s) =

where w, = 10 and (, = 1. Its input is the reference speed and its states are the
smoothed speed and acceleration references. The reference position is calculated
using 0,y = [wrer. On the other hand, the flux reference is smoothed using a

first-order filter of the form
Wo
s+ w,

Xy(s) =

where w, = 100. In order to implement the continues control using the DSP, we
needed to discretize all filters, observers, and integrations for the adaptive laws. The
forward difference method was used. If the system equation is £ = f(z,u) then at

step k the state is computed using

z(k) =z(k—1)+hf(z(k —1),u(k - 1))

where h is sampling period. In the implementation a sampling frequency of 5 kHz is
used. The frequency of the switching signals, generated by Intel, is 7.5 kHz.

Two experiments were conducted. Both tests were done when the motor was
under some load all the time. In the first test, the controller was given a flux reference
of Yrey = 0.02 Wb at time 3.5 seconds and a period of 1.5 seconds to build the

flux, then a speed reference of w,.s = 25 r/s was applied. Figure 4.6(a) shows the
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speed reference (solid) and the actual speed3 (dashed). Figure 4.6(b) shows the
speed estimation error (w — w). Figure 4.7(a) shows the flux reference y,.; and
the estimated flux ¢4, and Figure 4.7(b) shows the estimate of the rotor resistance
R,. It is noted that during the first 30 seconds R, was going to the lower limit.
Then, when the speed increased, R, started to converge to the right value which is
higher than the nominal one since the motor started to warm up and hence the rotor
resistance increased. Figure 4.8(a) shows the speed reference (solid) and the actual
speed (dashed) while reversing the speed direction. Figure 4.8(b) shows the estimate
of the rotor resistance R,. Upon switching the speed from negative to positive, the
estimate of the rotor resistance went to its lower limit and stayed there. However the
speed controller was still able to ensure tracking. Figure 4.9 is similar to Figure 4.8
but before switching speed, the adaptation was turned off for a period of 8.5 seconds
to avoid the disturbances that caused R, not to converge in the previous case. Finally,
Figure 4.10(a) shows the reference and the actual speeds during load changes, shown
in Figure 4.10(b), and Figure 4.10(c) give the rotor resistance estimate R,. Note
that speed tracking was achieved in the presence of the varying load torque. At time
t=60 sec. the speed was not reaching its reference because v, hit its upper limit and

stayed there.

4.8 Conclusions

In this Chapter, we have demonstrated via experimental results the plausibility of
incorporating the adaptive observer of [36] into the nonlinear robust controller of [27].
Furthermore, we have experimentally demonstrated the speed tracking convergence

and the convergence of the rotor resistance to its actual value . The results are in

3The actual speed is obtained directly from the measured position using a second
order high-gain observer.
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full agreement with the theory. It should be noted that this adaptive observer is
sensitive to R, and the stator current i,. If there is a measurement error, which is
usually the case at low load, then the convergence of the observer states will not
occur. Hence, no advantage is gained by having adaptation. In this case, using a
nominal value for R, as in [27] is as good as the adaptive but with less computations.
However, if the motor is run at high speed or torque then an accurate estimate of
R, is needed so no saturation of the flux would result. Figure 4.10(b) demonstrate
this fact. Before time ¢ = 30 the estimate of the rotor resistance was not converging
to the right value. However, when the speed increased by 50% , with the same load,

R, started to converge to its actual value.
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CHAPTER 5

Conclusions and Future work

Conclusions

In this thesis, we have advanced the state of the art of robust adaptive output
feedback control of nonlinear systems. We have shown that the tracking error con-
vergence can be achieved without persistence of excitation, studied robustness of the
controller to bounded disturbance even when the bounded on the disturbance is not
small, and applied our techniques to speed tracking control of induction motors.

In Chapter 2 we have designed an adaptive output feedback controller to solve the
tracking problem for a class of nonlinear systems. We have not required a persistence
of excitation condition like [25]. We have introduced a transformation that projects
the parameter error on a lower-dimensional subspace. The convergence has been
shown by constructing a composite Lyapunov function and taking its derivative along
the trajectories of the closed-loop system. In Chapter 3 we have shown that, in the
presence of small bounded disturbance, all signals under the control of Chapter 2
are bounded and the mean-square tracking error is of the order O(d;) where d, is
a small bound on the disturbance. We have combined robust and adaptive control
to force the mean-square tracking error to be of the order O(e + u) where € and p
are design parameters. In Chapter 4 we have designed, and experimentally tested, a

robust nonlinear controller for speed tracking control of induction motors which uses
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an adaptive observer to estimate the rotor resistance.

Future work

A number of research problems remain open and can be pursued in future work.
First, requiring exponential stability of the zero dynamics as in Chapter 2 is stronger
than the bounded-input-bounded-state assumption used in [25]. Future research
may attempt to relax this exponential stability assumption. Second, the analysis and
robust control design of Chapter 3, which are presented for bounded disturbance, can
be extended to unmodeled dynamics. Finally we need to investigate the convergence
of the rotor resistance estimate of Chapter 4 and develop rules for turning off the

adaptation when the conditions for convergence are not satisfied.
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