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ABSTRACT

DETERMINING THE JORDAN NORMAL FORM OF A MATRIX
By

Tianjun Wang

In this dissertation, we present a new algorithm for calculating the Jordan normal
form of an n x n matrix. The algorithm first determines the structure of the Jordan
blocks of a matrix without solving for its eigenvalues, and then calculates eigenvalues
of the matrix, as zeros of its minimal polynomials, to fill in the diagonal entries of the
Jordan blocks. The approximation of eigenvalues of the matrix has no influence on
the structure. There are two crucial steps for determining the structure of the Jordan
blocks of a matrix in our algorithm. One is to determine the minimal polynomials of
cyclic subspaces of the matrix by using a Las Vegas type algorithm with probability
one for obtaining the correct answer. The other is to ascertain the structures of the
minimal polynomials. The most important feature of our algorithm is that the im-
plementations of these two steps can all be carried out by the symbolic computation,
which consists of exact rational operations. Therefore, if the entries of a given matrix
are all rational, then the structure of the Jordan blocks in its Jordan normal form

can be determined exactly without approximating its eigenvalues.
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INTRODUCTION

The numerical computation for the Jordan normal form of a given matrix can be
traced back to the 1970’s, e.g., see [3], [4], [9] and [11]. Usually, the singular value
decomposition (SVD) method is used to ascertain the structure of the Jordan blocks
and compute the Jordan normal form of a matrix. The difficulty of this method
lies in a critical distinction between equal and unequal eigenvalues for computing the
rank and determining finally the block structures. In numerical computation, it is, in
general, difficult to determine whether a matrix has exactly equal eigenvalues. Since
the sensitivity of computing the rank of a matrix subject to perturbations degrades
the reliability in determining the rank, the method can sometimes alter the structure
of the Jordan normal form radically[8]. Recently, the computation of the Jordan
normal form of a matrix has been studied in several articles. The algebraic theory of
matrices is used in [13] to present a parallel algorithm for ascertaining the structures
of the Jordan blocks of a matrix.

The Jordan normal form of a matrix consists of two parts: the structure of the
Jordan blocks and the eigenvalues of the matrix. In this dissertation, we present a
new constructive proof of a fundamental decomposition theorem in [5] which provides
the geometric theory of elementary divisors of a matrix. Based on the new proof of the
theorem, we develop an algorithm for calculating the Jordan normal form of an n x n
matrix. The algorithm first determines the structure of the Jordan blocks of a matrix

without solving for its eigenvalues, and then calculates eigenvalues of the matrix, as




zeros of its minimal polynomials, to fill in the diagonal entries of the Jordan blocks.
The approximation of eigenvalues of the matrix has no influence on the structure.
There are two crucial steps for determining the structure of the Jordan blocks of a
matrix in our algorithm. The first one is to determine the minimal polynomials of
cyclic subspaces of the matrix by using a Las Vegas type algorithm with probability
one for obtaining the correct answer. The other is to ascertain the structures of
those minimal polynomials. The most important feature of our algorithm is that the
implementations of these two steps can all be carried out by symbolic computation,
which consists of exact rational operations. Therefore, if the entries of a given matrix
are all rational, then the structure of the Jordan blocks in its Jordan normal form
can be determined exactly without approximating its eigenvalues.

The dissertation is organized as follows. In Chapter 1, we introduce some of the
basic concepts, results and notations that will be utilized repeatedly in subsequent
chapters. In Chapter 2, we study the theory of determining the Jordan normal form of
a matrix, and give a new constructive proof of Theorem 3 on page 187 in [5]. In Chap-
ter 3, we develop an algorithm of determining the Jordan normal form of a matrix
based on the theoretical results obtained in Chpater 2. In Chapter 4, the imple-
mentation of the algorithm presented in Chapter 3 is discussed in detail, meanwhile,

computational result is provided to illustrate the effectiveness of the algorithm.



CHAPTER 1

PRELIMINARIES

We use R" to denote the n-dimensional vector space over the real number field R,
and R[}] is the polynomial ring on R. Let L be a linear operator mapping R™ to R",
then L can be represented by an n x n matrix A with elements in R under a basis
of R™. Conversely, an n X n matrix A with elements in R can also be regarded as a
linear operator from R™ to R™ under the standard basis e, e,,...,e, of R®, where

e1 = (1,0,...,0)7, e = (0,1,0,...,0)7, ..., e, = (0,...,0,1)T.

Definition 1.0.1 A subspace S of R" is invariant under A (or is an invariant sub-

space of A) if Ax € S whenever x € S.

For x # 0 in R™, consider the sequence
x, Ax, A%x, ..., Alx, ... (1.1)

Since R™ is an n-dimensional vector space, these vectors defined in (1.1) cannot all
be linearly independent, so there exists a positive integer 1 < k < n such that A*x
is the first vector (i.e., the one with the lowest exponent) which is linearly dependent

on its predecessors x, Ax, A%x, ..., A¥ x.

k

Definition 1.0.2 The subspace spanned by x, Ax, ..., A*"1x is called a cyclic sub-

space of R™ generated by x.




Definition 1.0.3 If the monic polynomial ¢(A\) = A™ — (@A™ 1+ - +aA +a;) €
R[] satisfies
p(A)x =0 (1.2)

for certain vector x € R", then the polynomial ¢()A) will be called an annihilating
polynomial for x (with respect to the operator A). If for every vector x € R", ¢()\)
satisfies (1.2), then ¢()) is regarded as an annihilating polynomial for the space R™
(with respect to the operator A). The monic polynomial with least degree among all
of the annihilating polynomials for a given vector (or R"™) will be called the minimal

polynomial for the vector (or R™).

Note that every annihilating polynomial for a given vector (or R") is divisible by
the minimal polynomial for the vector (or R™). Obviously, the minimal polynomial

for R™ is divisible by any minimal polynomial for any vector in R™.

A vector x € R" is said to be a regular vector if its minimal polynomial coincides

with the minimal polynomial of R™.
Theorem 1.0.1 [10] Almost every vector in R™ is regular.

Similar concepts and statements introduced above can be repeated in any subspace
U C R™ as well as any quotient space R"/V where V is an invariant subspace of
R™ with respect to A. All these concepts repeated in a quotient space will be called
relative, in contrast to the absolute concepts that were introduced above. For instance,
a polynomial () is the relative minimal polynomial of a vector y € R"*(mod V)
with respect to A if
¢(A)y = 0(mod V);

a polynomial 9()) is the relative minimal polynomial of R"”(mod V') with respect to
A if
Y(A)y = 0(mod V), VyeR"

4




Notice that the relative minimal polynomial of a vector (or R"/V) is a divisor of the

absolute one.
Definition 1.0.4 When a polynomial £ € R[)] has the decomposition
E=&M&" &, &LERA, i=1,...,r

where m;(i = 1,2,...,r) is a positive integer, then the decomposition is called a
squarefree decomposition if gcd(&;, &) = 1 and ged(&;,&;) = 1 fori # j; 4,5 = 1,...,r.
Here, gcd stands for the greatest common divisor. Moreover, {1, &2, -+, &} will be

called a squarefree relatively prime basis of £.

Generally, the squarefree decomposition of a polynomial is not unique over R[],
and the irreducible decomposition of a polynomial is the extreme form of its squarefree

decompositions.

Definition 1.0.5 A common squarefree relatively prime basis {h;,...,h} C R[}]
for a set of polynomials {g1,...,gm} C R[)] is a squarefree relatively prime basis of

each g; fori =1,...,m.

An algorithm involving probability is said to be of Las Vegas type if obtaining the
correct result eventually is guaranteed, and probability only enters in speed consid-
erations [13]. From Theorem 1.0.1, a regular vector in R™ can be found by a Las
Vegas type algorithm. To begin with, we choose a vector v in R"™ at random and
find its minimal polynomial. This polynomial may fail to coincide with the minimal
polynomial of R, although, by Theorem 1.0.1, the probability of such failure is zero.
When that happens, a different vector v/ in R™ will be randomly chosen, and its
minimal polynomial will be calculated to see if it annihilates the whole space. The
probability one (“almost every”) in Theorem 1.0.1 leads to extremely early success

of this process. In practice, we always find a regular vector in our first attempt.




CHAPTER 2

THEORETICAL BACKGROUND

2.1 Main theorems

Theorem 2.1.1 [5] Relative to a given n X n matrizc A, the vector space R™ can
always be split into a direct sum of cyclic subspaces Wy, W, ..., W, with minimal

polynomials ¥1(A), Ta(N), ..., T(A) in R[A] respectively,

R'=W oW, ---0W, (2.1)
such that ¥y()\) is the minimal polynomial of R™ and

Ty (M) Fe-1 ()] - - [F1(A), (2.2)

that is, each ¥;(X) is divisible by ¥;11(A) (j =1,2,...,t —1). Moreover, ¥; () is
the relative minimal polynomial of R™(mod (W1 ®@Wo@---@W;)) forj=1,...,t—1.

A proof of the above theorem can be found in [5]. Our main goal in this dissertation
is to provide a new constructive proof of the theorem which forms the fundamental
base for our algorithm in determining the Jordan normal form of A.

The following theorem plays an important role in determining the structure of the

Jordan blocks in the Jordan normal form of the matrix A (see also [6], [12] and [13]).




Theorem 2.1.2 [14] There is a common squarefree relatively prime basis {p1,¢2, - -,
-} in R[\] for the minimal polynomials ¥, ¥, ..., ¥, in Theorem 2.1.1. These

minimal polynomials can be represented as follows:

(

B
R I
4 (2.3)
| We= oyt
where myg > mop > - >myp >0 fork=1,2,...,r.

Theorem 2.1.3 [5] For {¢1,¥2,--,¢r} in Theorem 2.1.2, let p, = degyy, k =
1,...,7. Then, corresponding to each ¢p** in (2.3) fork=1,...,r andi=1,...,t,

there are py Jordan blocks of order m;, of the form

(A, 1 0)

A

k,l

1

\ 0 M )

™My XMy k

in the Jordan normal form of A. Those A\, ’s are zeros of py. In fact, they are

eigenvalues of A, which may or may not be in R.

2.2 A constructive proof of Theorem 2.1.1

The theoretical results obtained below form the foundation of our algorithm for de-
termining the minimal polynomials of cyclic subspaces of the n x n matrix A. Let

V be a k-dimensional invariant subspace of A. We define a linear operator G in the



quotient space R"/V as follows:
G : RV — RV,
{x} — {Ax},
where {x} = {y € R" : y = x(mod V)} denotes an element of R™/V. The map is

well defined since V is an invariant subspace of A.

Since

dim(R"/V) = dim(R"*) = n — k,

there is an isomorphism ¢ from R"/V to R"*. We then have a linear operator
H=00Goo! from R"* to R"* and the following diagram commutes:
RV —S s Ry
al l o
H

Rn—k N Rn—k

Lemma 2.2.1 ¢()) is the relative minimal polynomial of R™(mod V') with respect to

A if and only if () is the minimal polynomial of R™* with respect to H.
Proof. For a polynomial ¢(\) € R[)\], since H = g 0 G oo™, we have
B(H) =00 4(G) oo™,

Therefore,

B(H)o({x}) =0 = $(G)((x}) =0, VxR
By G({x}) = {Ax} for any vector x € R", we obtain
(@) ({x}) = {¢(A)x}, VxeR™ (2.5)
This implies

#(G)({x}) =0 < ¢(A)x = 0(mod V), VxeR™

8



Hence,

¢(H)o({x}) =0 <= ¢(A)x = 0(mod V), VxeR" (2.6)

Let 1;()) be the relative minimal polynomial of R™(mod V') with respect to A and

¥2(X) be the minimal polynomial of R"~* with respect to H. Then we have
1(A)x = 0(mod V), VxeR",

and

Ya(H)o({x}) =0, VxeR"
It follows from (2.6) that
Yo(A)x = 0(mod V), Vx € R",

and

Yi1(H)o({x}) =0, VxeR"

Therefore 11 (A)|¥2(A) and ¥2(A)|11(A). This implies ;(A) = ¥2(A) and the proof is

completed. m

Lemma 2.2.2 ()) is the minimal polynomial of a vector y € R™* with respect to
H if and only if () is the relative minimal polynomial of every x € o~ (y)(mod V)

with respect to A.
Proof. For a polynomial ¢ € R[A], ¢(H) = 0 0 (G) o 0! implies
¢(H)y = 0= ¢(G)(c"'(y)) = 0.
Let x € o~1(y), then o~}(y) = {x}. Thus
¢(H)y =0 < ¢(G)({x}) = 0.
By (2.5),

¢(G)({x}) = 0 = {#(4)x} = 0 & ¢(A)x = 0(mod V).

9



Hence

¢(H)y =0 <= ¢(A)x = 0(mod V). (2.7)

Let 11()) be the relative minimal polynomial of x € ¢~ (y)(mod V) with respect to

A, and 13()\) be the minimal polynomial of y with respect to H. Then we have

¥1(A)x = 0(mod V),

and
P2(H)y =0
By (2.7),
¥2(A)x = 0(mod V),
and
hi(H)y =0
Therefore 1, (A)|92()) and 42(\)[#1(A). This implies 1%1(\) = Pa(). n

Lemma 2.2.3 If V is a k-dimensional cyclic subspace generated by a regular vector
Xo of A, then ¥()\) is the minimal polynomial of a vector y € R™* with respect to H
if and only if () is the minimal polynomial of some vector z € o~ (y) with respect

to A.

Proof. We first prove the sufficiency. For a given x € o7 !(y), there exists a

vector v € V such that x = z + v. It follows that

P(A)x = ¢(A)z + P(A)v.
Since ¢¥(A)z = 0, we have (A)x = ¥(A)v. Note that ¥)(A)v € V. Hence,
Y(A)x = 0(mod V), Vxeo(y).

This implies 1()) is the relative minimal polynomial of every x € o~ !(y)(mod V)

with respect to A. By Lemma 2.2.2, ¢(\) is the minimal polynomial of y.

10



Next we prove the necessity. By Lemma 2.2.2 again, 9()) is the relative minimal
polynomial of every x € 6~!(y)(mod V) with respect to A. In particular, for a fixed
zo € 07 1(y), ¥(A)zo € V. This means that there is a polynomial £(\) of degree k — 1
such that

B(A)z0 = £(A)x,. (2.8)
Let ¢(A) be the minimal polynomial of A, then ¢(\) is divisible by (). This implies
that there exists a polynomial 7(\) such that

$(A) =% (A)n(A). (2.9)
By (2.8) and (2.9), we have

n(A)§(A)xo = ¢(A)zo = 0.

Since x is a regular vector of A, ¢()) is the minimal polynomial of x,. Consequently,

n(A)&(N) is divisible by ¢()). Therefore, there exists a polynomial §(\) such that

and so, £(X) = ¥(A)0(N). Let z = zy — 0(A)xo. Then,
P(A)z = P(A)(zo — 0(A)xo) = ¥(A)z0 — £(A)xo = 0. (2.10)

Let J(A) be the minimal polynomial of z. It follows from (2.10), J(A)W)()\) Since
¥(A) is the relative minimal polynomial of z, we also have 1/)(A)|J(z\) Therefore
P(A) = ¥(N), and $()) is the minimal polynomial of z. [}

Lemma 2.2.4 In Lemma 2.2.3, let m be the degree of ¥(\). Then xq, Axq, ...,

A¥-1x,, z, Az, ..., A" 'z are linearly independent.
Proof. Suppose xg, AXy, ..., A*"1xq, z, Az, ..., A™ 1z are linearly dependent.
Then there are constants ag,ay,...,ar_; and by, by, ..., b,_1 such that

a9Xg + GIAX() + -+ ak_lAk_le + boz + blAZ + -+ bm_lAm_lz =0. (211)

11



Let
n(A) =ap+ a1 A + -+ + ap_1 A*7L,

6()\) = —bo - bl)\ — e — bm_lAm—l,
then (2.11) becomes
E(A)z =n(A)xp € V.

By Lemma 2.2.2, 9()) is also the relative minimal polynomial of z(mod V). Thus
¥(A)|€(X). This leads to a contradiction since ¥()) is of degree m and £() is of
degree m — 1. [ ]

Before we give a new constructive proof of Theorem 2.1.1, we first define the
following notations recursively.

Let n; = n and L; = A. Suppose for integer ;7 > 1, we have defined the linear
operator L; in R™. Let ¥;()) € R[A] be the minimal polynomial of R™ with respect
to L; and W; € R™ be a regular vector, let W, be the cyclic subspace generated by

w; and k; = dim(W;). If n;4; = n; — k; > 0, we define

Gj : R"J’/’W\/’} — an/Wj,

(2.12)
fx} s L%
Since dim(R™/ ’W'J) = dim(R™+1), there is an isomorphism
o; : R JW; — RM+, (2.13)
Let
Lijy1 =0;0Gjo0 aj'l P R — RMIHL, (2.14)

The above procedure will terminate in finite many steps, say t, that is, when n; = k;.
Remark 2.2.1 From the above definition, we have n = ky + ko + - -+ + k.
Lemma 2.2.5 For the above ¥;(A\)(j =1,...,t), we have

(M) Tea(A)] -+ [¥2(A). (2.15)

12



Proof. For agiven j (2 < j <t), by Lemma 2.2.1, ¥;()) is the relative minimal
polynomial of R"-!(mod /W-;-_l) with respect to L;_; and ¥;_;()) is the minimal

polynomial of R"-1 with respect to L;_;. Therefore, ¥;(A)|¥,_1()). [ ]

Lemma 2.2.6 For w; € R"(j = 1,...,t) defined above, there are w; € R*(j =

1,...,t) such that w; = w; and

w; =oia({---({oeri({w; )} ---}), 7=2,....8 (2.16)

moreover, ¥;(\) is the minimal polynomial of w; with respect to A(= L,) for j =1,

ot

Proof. Since w; € R", we simply take w; = w;. By definition, ¥;(])) is the
minimal polynomial of w; with respect to L;. For 2 < j < ¢, since ¥;(A) is the
minimal polynomial of w; with respect to L;, it follows from Lemma 2.2.3 that there
is a vector ug-j_)l € aj"_ll (wW;) such that ¥;()) is the minimal polynomial of ug-j )1 with

respect to L;_;. By Lemma 2.2.3 again, ¥;()) is the minimal polynomial of a vector

u§~j_)2 € aj‘_lz(u(j)

7’1) with respect to L; 5. Repeating the procedure, we eventually

obtain a vector w; = u(lj ) e oy l(ugj )} C R such that W,(A) is the minimal polynomial

of w; with respect to L;. It is easy to see from w; = aj_l({ugj_)l}) (j=2,...,t) that

w; satisfies (2.16). [ ]

Lemma 2.2.7 For w;(i = 1,...,t) obtained in Lemma 2.2.6, let W; be the cyclic

subspace generated by w; for A, then
R":W1$W2®~~®Wt.
Proof. Fori:=1,...,t, let n; = dim(W;). By Remark 2.2.1, n =n; + --- + n,.
Therefore, we only need to show that

k1-1 ka—1 ke—1
wi, Awy, ..., A" T Wy, Wo, AWy, .. AT T W, L Wy, Awg, L AR T Wy

13



are linearly independent. We will show this by means of mathematical induction.

Suppose
k1-1 k2—1 kj—1
wi, Awy, ..., A" T wy, wa, Aw,, ..., A™? W2,...,Wj,AWj,...,A’ W
are linearly independent, we will show that
wi, A ARl A Ak2~1 i+1, Aw; Abinily
1, AWy, ..., Wi, W2, AW2, ..., W2,y Wit1, AW5410,..., Wit
are linearly independent. In fact, if
A Ak1—1 A Akz—l . Aw Akj+l-1 X
W1, AW1, ..., Wi, W2, AW2, ..., Woye o, Wig1, AW541, .. ¢, Wit

are linearly dependent, then there are polynomials &; (), £&2(A), .. ., &j+1(A) of degrees

ki =1,k —1, ..., kjy1 — 1, respectively, such that
§iv1(A) Wi = & (A)wr + L(A)wa + - -+ + §(A)w;. (2.17)
By the definitions of L;, G; and o}, we have for any vector x € R™

o;({L;x}) = 0;(Gi({x})) = 0;0Gj00;  00;({x})
(2.18)

= Lj+10j({x})’ .7: 1) )t - la
and

o, ({%;}) =0, j=1,...,t—1. (2.19)
By L; = A and (2.17), we have
{&GrL)win}t = {&(L)wi}+ -+ {§(L)w;}
= {&L)wa} + -+ {&(L)w;}.

Therefore,

o1({&+1(L1)wig1}) = o1({&(L1)wa}) + - - + o1 ({§;(L1)w;}).

14






It follows from (2.18) and o;({w2}) = Wy (refer to (2.16)) that
Si1(L2)or({win}) = &(L2)or({we}) + - + &(L2)or({w;})

= &(L2)Wa + -+ + &(L2)ar({w;}).
So,
{&+1(L2)or({wira})} = {&(L2)or({ws})} + - - - + {&(L2)or ({w; })}-

Furthermore,
o2({§+1(L2)or({w;na })}) = o2({&(L2)or({ws})}) + - + o2({§;(L2)or({w;})}).-
From (2.18) and o5(0({ws}) = W; (refer to (2.16)), we obtain
&+1(La)os({o1({w;11})}) = €s(Ls)Ws + - - - + &;(Ls)oz({o1({w;})}).
Repeating the same procedure, eventually we have
€i+1(Lj+1)Wi1 = 0.

Obviously, the above procedure is equivalent to acting on both sides of (2.17) by

a;i({---a({a1({-H}) -}

Since ¥;;1(A) is the minimal polynomial of w;;; with respect to L;1, we have
(Vg1 ().
But the degree of £;11() is less than the degree of ¥;,1()). Therefore we have
§i+1(A) = 0.
This together with (2.17) contradicts the assumption of the induction. Therefore,
wi, Awy, .., AT Iwy wo, Aw,, L AR T W, W AW, A T e

are linearly independent. [

15



Remark 2.2.2 Note that the relations between w;, ug-j +1), cen, ug.t) in R™ for L; are

the same as the relations between w1, ws, ..., w; in R™ for A in the proof of Lemma

2.2.6. Therefore, for j =2,...,t¢,

LEnlgGH) O p @ k1)
) ) ) ] RS

= < k-1~  (j+1) (3+1)
wj, Liw;,..., L7 "wj,u L;u; ; SRR |

)y Wy )y Loj Uy yoee

are also linearly independent.

Lemma 2.2.8 For W;(j =1,...,t) defined in Lemma 2.2.7, ¥; () is the relative

minimal polynomial of R*(mod (W1 @ W, ®--- @ Wj)) forj=1,...,t—1.

Proof. If j =1, then w; = w; and W; = W;. By Lemma 2.2.1, ¥,(]) is the
relative minimal polynomial of R™(mod W;) with respect to L;. Now for a given
j (2 <j<t-1) and any vector x € R", there are, by Lemma 2.2.7, polynomials

&1(N), &(N), .., &(X) with degree ky — 1, ko — 1, ..., k; — 1, respectively, such that
‘I’j+1 (A)X = fl(A)Wl + fz(A)Wg + -+ {g(A)Wt (220)

Let
y =0;({---o2({o1({x})})---}),

then y € R™+'. Recall that ¥,,,()) is the minimal polynomial of R"** for L; ;.
Acting on both sides of (2.20) by o;({:--o2({c1({-})}) - - -}) and utilizing (2.18), we

have

0 = ¥nu(Lin)y = o({---a({e1({¥11(A)x}})---})

~ ) +2
= &r1(Lj1) Wi + €j+2(Lj+1)u§‘]++1 Dbt &(Lj-i—l)u;tll'

It follows immediately from Remark 2.2.2,

§j+1()\) == ft()\) =0.

16



Hence (2.20) implies that for all x € R™
\I/]',H(A)X = O(mod (W1 &) W2 D---D W])) (221)

Let \ij+1(A) be the relative minimal polynomial of R*(mod (W, @ W, @ --- @ W;))
with respect to A, then \fj+1(A)|\Pj+1(A). By Lemma 2.2.6, ¥;,,()) is the minimal

polynomial of w;; with respect to L;; and

~

V(L) W01 = 05({ - ({1 {T(A) Wy D)}) ---}) = 0.
Thus \Ilj+1()\)|{flj+1()\). Consequently, ¥;1(A) = @j+1(A). Therefore ¥;,1(A) is the
relative minimal polynomial of R"(mod (W, ® W, & - - - @ W;)) with respect to A. m

Proof of Theorem 2.1.1. Combining Lemma 2.2.5, Lemma 2.2.6, Lemma 2.2.7

and Lemma 2.2.8, the proof of Theorem 2.1.1 follows immediately. n

Remark 2.2.3 From the results obtained in this section, it is not necessary to modify
each regular vector w; of L; in R™ to a regular vector w; in R™(j = 2,...,t) if we
only need to determine the minimal polynomials ¥1(A), Uy(A), ..., Ti(N) defined in
Theorem 2.1.1.

2.3 A constructive proof of Theorem 2.1.2
In this section, we give a constructive proof of Theorem 2.1.2.

Lemma 2.3.1 [14] For a given ¥(\) € R[)], via finitely many purely rational oper-
ations one can always find a squarefree relatively prime basis {¢1, Y2, ..., 9s} C R[]

of ¥(X) such that

T(A) = [N [ (N)]™ -+ [pa V)™, (2.22)

where m; > 0(i = 1,2,...,s) are integers and m; < mp < -+ < M.

17



Proof. Group all simple factors of ¥(\) in the complex number field C which

have the same multiple, then ¥()\) can be represented by

(A) = [er(WN)]™ [ (X)) - - - [0a(A)]™, (2.23)

withm; >0fori=1,2,...,sand m; < my < --- < m,, where gcd(wi,d;")‘cp,-) =1 and
ged(pi, ;) =1fori # j; 4,5 =1,2,...,s.
Now we only need to show that ¢1, @, ..., @, are all in R[\] and all of them can
be obtained via finitely many rational operations in R[A].
Since ¢;(A) is a factor of order m; of ¥()), ¢;(A) is a factor of order (m; — k) of
2 G(X) for k < m,. Let
d
di(A) = ged (\Il(/\), W\P()‘)) , l=1,...,m,. (2.24)
Apparently, d;(\) has the following form

di(A) = e (N TH(A) e T ), (2.25)

with the restriction [p;(A)]™ ' =1whenm; —1<0,i=1,2,...,s.

Denote d;_1(\)/d;()\) by m:(A) for i = 1,...,m, — 1 with do(A) = ¥()), then
M (A) = do(A)/di(A) = ©1(A)p2(A) -+ - ps(A),

Tm(A) = dm-1(A)/dm,(A) = 01(A)p2(A) -+ 05 (N),

My +1(A) = dimg (V) /dmy11(X) = @2(X) -~ 9, (N),
q : (2.26)

nmz()‘) = dmz—l()‘)/dmz()‘) = 902()\) o 903()‘))

NMmat1(A) = dmy(A)/dmyr1(A) = @3(A) -+ s(N),

nm.()‘) = drn.—l(’\)/dm,(’\) = (Ps(/\)‘
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Hence,

(PI(/\) = nml(’\)/n‘mz(A))

(P2(/\\) = nmz()‘)/nma()‘)a
X : (2.27)

SOJ—I(A) = Um,-l(’\)/ﬂm.('\)’

(Ps()\) = Um,()\)-

Note that (2.24), (2.26) and (2.27) can all be accomplished by finitely many ra-

tional operations over R[)\], hence ¢;, ps, ..., ¢, must belong to R[}]. ]

Lemma 2.3.2 [14] For given ¥(A) and ®()) in R[\] with ®(\)|¥(N), one can always
find a common squarefree relatively prime basis {¢1,¢2,...,9,} via finitely many

purely rational operations such that

T(A) = [pr (W)™ [ (X)) - - - [0a(N)]™, (2.28)

and
®(A) = [p1(A)]™ [p2(A)]™ - - - [ps(A)]™ (2.29)

withn; <m,, fori=1,...,s.
Proof. By Lemma 2.3.1, we may assume ¥(\) has a squarefree relatively prime

basis {71, 72, ..., Mk} With decomposition

T(A) = [m NP [n2(N)]P* - - [k (AP,

and ®(\) can be expressed as

®(A) = [m(N)] [m2(A)]% - - - [me(A)]%O1(N),

where each ¢, < p; is a nonnegative integer and ©, is not divisible by n; for i =

1,2,...,k.

19



If 7; = ged(m;, ©1) has positive degree, then 7; has a nontrivial decomposition
n =1 (2.30)

For those i’s with 7; = 1, let {; = ;. Then ©;()) can be rewritten as

ol Iy
61 —T117-22 "'Tk @2,

where each I; (i = 1,2,...,k) is a nonnegative integer. Since ®(\)|¥(\), not all the
7;’s can have zero degree, and hence, deg ©®, < deg ©;. Replacing 7; and §; for n;,
a new squarefree relatively prime basis of ¥ contained in {7y, &1, 72,82, .-, Tk, &k} i
obtained such that

—_ P1 ¢P1,.D2 ¢D2 Pk ¢Pk
V=m0 106y T
and
1 1 T2 2

g9, th +q9; gtz .q 9tk -9
b =71 11,2 HEEEE S Sl C TS

Repeating the preceding procedure, a common squarefree relatively prime basis

{1, .., ps} of ¥(A) can be obtained, via finitely many steps, for which

T(A) = [er(N)]™ [ (W)™ -+ [s (W)™, (2.31)

and

(A) = [ea W™ @2 (A" - - [pa (N)]O(X) (2.32)
with ged(p;,©) = 1,7 =1,2,...,s. But then ©(A\) must be a constant. Otherwise,
since ®(N\)[¥(A) implies O(A)|¥(A), there exists at least one ¢;(1 < i < s) such that

ged(pi, ©) # 1. n

Remark 2.3.1 Even if ¥()\) is not divisible by ®()\) in Lemma 2.3.2, a common
squarefree relatively prime basis of both ¥(A) and ®()\) can still be obtained via finitely
many purely rational operations. In fact, if ©(\) in (2.32) is not a constant, then,

by Lemma 2.3.1, ©()\) has a squarefree relatively prime basis {my,7s,...,7}. Since
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ged(pi(A),©) = 1 for i = 1,2,...,8, {¥1,02,---,Ps,T1,T2,-..,T1} 1S a Squarefree
relatively prime basis of ®. Obviously, it is also a squarefree relatively prime basis of

.

Proof of Theorem 2.1.2[14]. The assertion of the theorem is a direct conse-
quence of the above lemma by mathematical induction.

Suppose the assertion of the theorem holds for 2 < j < t, that is, {¥;}/_, has a
common squarefree relatively prime basis {n;,72,...,7,}. Since {n1,72,...,7s} is a
squarefree relatively prime basis of ¥; and ¥,;,|¥;, a new squarefree relatively prime
basis of ¥; and ¥;,, can be obtained by repeating the same procedure described in
Lemma 2.3.2. Moreover, each 7; is either in the new squarefree relatively prime basis
or can be rewritten as a product of polynomials in the new squarefree relatively prime
basis. It follows that the new squarefree relatively prime basis {¢1, ¢2,..., ¢} of ¥;

and ¥;,, is also a common squarefree relatively prime basis of {\Il,}f:_ll (]

Remark 2.3.2 Squarefree decompositions of the minimal polynomials ¥,,¥,,..., ¥,
in Theorem 2.1.2 can be implemented by using symbolic computation. From Theorem
2.1.3, as long as those decompositions in (2.3) are achieved, the structure of the Jordan
normal form of A can be determined ezactly, without knowing the zeros of pi’s. The

approzimation of those zeros of i, k =1,...,r, has no influence on this structure.
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CHAPTER 3

THE ALGORITHM

Following what was described in the last chapter, we outline our algorithm for deter-

mining the Jordan normal form of an n X n matrix A in R".

e Step A. Find the minimal polynomials ¥;()), ¥3(A),...,¥,(A) in Theorem
2.1.1.
Ao0. j=1,n1=n, A1=A

A1l. Find a regular vector w; in R™ and its minimal polynomial ¥;()) with

respect to A;. Denote the degree of ¥;()) by k;.

A2. Let njyy =n; — k;. If nj;; =0, then Step A is finished.

~ ~ k;—1~ . ~ ~ k;i—1~
A3. Extend w;, A;w;,..., A’ "W; to a basis w;, A;w;,..., A7 Wj, Vi1,
Vi 42, -++, Vo, Of R™. Then {vi, 11}, {Vk,+2}, -*+,{Vn,} form a basis of

the quotient space R"i/ AW’J-, where Wj is the cyclic subspace generated by

w;. With this basis, we may define the isomorphism o; as follows:
g; an/Wj — an+1,
T

y — (cl,...,cnjﬂ) ,

Where y = cl{vkj-l-l} + CZ{ij-I-?} + e + cnj+1 {vkj+nj+1}'
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A4. Compute the matrix A;j;; of the linear operator L;1; = 0; 0 Gj 0 0; "

j
R™i+1 — R™+1 under the standard basis {egj“),egj“),...,esf;.t:)} of
R+,

AS5. Let 5 =j+1 and go to Al.

e Step B. Determine the structure of the Jordan blocks in the Jordan normal

form of A.

B1. Find a common squarefree relatively prime basis {¢1, @2, ..., ¢} of ¥y,
Uy, ..., ¥y, ¥, in R[)] such that

(

v, = SOTMSO?M et
A T L
L (3.1)
Uy = @y Mgy T
B 2 S
where myx > mag > -+ > myx > 0 for k = 1,2,...,r. To achieve

this, first use Lemma 2.3.1 to obtain a squarefree relatively prime basis of
¥,; secondly, modify the squarefree relatively prime basis of ¥, so that
it becomes a common squarefree relatively prime basis for both ¥; and
U,; then apply Lemma 2.3.2 inductively to modify the known squarefree
relatively prime basis of ¥;,¥,,--- ¥;_; to a new squarefree relatively

prime basis of ¥y, ¥y, -, ¥y until £ = ¢.

B2. From Theorem 2.1.3, corresponding to each ¢, * of (3.1) for k =1,...,r
and ¢ = 1,...,t; there are p, = deg ¢ Jordan blocks of order m,; of the

form
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(n, 1 0)

)\k,l

y l=1,...,pk, (32)
1

\ 0 'm

™ Xk
in the Jordan normal form of A, where the ), ’s are zeros of ;. Notice
that the structure of the Jordan normal form of A has been determined
without knowing those A, ’s.

e Step C. Calculate the Jordan normal form of A.

After the structure of the Jordan normal form of A has been determined in

Step B, the remaining task is to approximate all zeros of the polynomials
©¥1,92,*, @, obtained in Step B1 to fill in the diagonal entries of the matrices
in (3.2).
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CHAPTER 4

IMPLEMENTATION OF THE
ALGORITHM

In this chapter, we will discuss in detail the implementation of the algorithm outlined
in Chapter 3, and present an example to demonstrate the implementation of the

algorithm.

4.1 Implementation of Step A

Let n; = n and A; = A. For j = 1,2,..., choose a vector w € R™ at random.

Consider the n; x (2n; + 1) matrix
Hj = (W,AjW,...,A;-le, In_.,-)1 (41)

where I,,, = (egj o, es,jj)) is the n; x n; identity matrix in R™ . In general, we denote
the k x k identity matrix in R* by I.

Suppose r; is the largest integer for which w, A;w,..., A7~

1 . .
;/w are linearly inde-

pendent. In general, Gaussian elimination with row pivoting can be used to reduce

H; to the following form
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( hl,l te hl,,.j h’l,rj+1 X e X \
O h”l"‘r- h"‘j,rj-i-l %* PR * -
H_; - FAL] [n. (42)
J
0 o - 0
\ 0 0 --- 0 }
—_—— _—
where h;; #0 fori =1,...,r;, and I3, is the n; X n; matrix resulting from applying

the above Gaussian elimination process on ;. Notice that if computation is symbolic,
then pivoting can be replaced by finding a nonzero element in Gaussian elimination
process. In Appendix, an efficient algorithm of reducing H; to Hj is developed to

reduce the memory storage and drastically speed up the computation.

Solving the linear system

(h1,1 h1,2 hl,rj \ ( a(()j) \ (hl,rj+1 \

h2’2 se hz,,.j agj) _ h2,rj+1 (43)
()
\ O R ) \ a7 } \ herjirit1 /
yields the minimal polynomial of w
— \Ti _ (4) ri—1 .. (4) (4)
T(A) =) (%,--1)‘ +-+ay’A+ag’). (4.4)

Let njy = n; —r;. If nj;; = 0, then w; = w, ¥;(A) = ¥(A) is the minimal

polynomial of R" with k; = r;, and

R — W] — Span{ﬁrj’ A]W], v ,A’jj_lwi}.

J
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Step A is finished.

Now let us assume nj;; > 0. For the n; X n; matrix I in (4.2), write I} =

(ug’), usf,)) It is easy to see that there are n;.; columns of I} , say uff), - ,uff;),ﬂ,
2
for which uif = 5’ )+1,u(j ) = eg )+2, e ,ufi )'+1 = eg). For instance, when H; is
2

achieved by applying Gaussian elimination without requiring row pivoting to H; then

By = e, )
namely,
g) = UE-J)-FP = eg)ﬁ—p, p=1...,n1.

The same consequence takes place if the pivoting only occur within the first r; rows.

If, during the elimination process, say only the pth row (p < r;) and the (r; + k)th

row have been interchanged, then

I, = (“gj)» U ﬁ’)l,efﬁk,ufﬁn e ’Ug)’ g)ﬂ, e ,eiflk_uuglk,eglk+u e Sz],) ),
that is,
ufi) = ug)ﬂ, = eg)ﬂ, forp=1,...,nj41 exceptp =k,
while u(J) ud) = eg)%.

When Gaussian elimination is applied to transform H; to H;, in essence, a non-

singular matrix P; is constructed making P;H; = H*. Accordingly,
J 2772 J

( h1,1 hl,rj \

Pi(w,Ajw,---, A7 'w) = =

J

where



and

P; =PI, = Pj(egj), e ,eff;,)) = (ugj), ‘e ,uff;,)) =1, (4.5)
with P’J~e§j) = uz(.j), i =1,...,n;. In particular,

( . .
Pl — 4 — o)

11 (S rj+11

(4) (9)

< Pjeg) =U, = erj+2’ (46)

It follows that w, A;w, ... ,A;j ~'w and eff ), e ,egj )+1 are linearly independent, since
nj
P; is nonsingular and
hix -+ Ry
€] (9
1 G) G) Fieh Pichn
= j j _
Pj(w)"')AjJ w, €, a""eiﬂj+l) - 0 h"j,rj I I
o o9
O “ tnj+1

C 0
0 I

Tj+1

: : rj—1 (4) (4)
is also nonsingular. Consequently, w, A;w,---, A’ "w, e;] €,

basis of R™; and if there exists certain el ), 1 < s < njyy for which \Il(Aj)eff) # 0,

is

) form a new

then ¥(A) is not the minimal polynomial of R™, in other words, w fails to be a regular
vector in R™. In this case, a different vector in R™ will be chosen at random and the

above procedure will be repeated, making our algorithm one of the Las Vegas type,
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until \P(Aj)egf )=0foralls=1,2,... ,Nj+1. An extremely early success, usually the
first try in practice, of this procedure can be warranted by Theorem 1.0.1.
Now, ¥(A;)y = 0 for any vector y € R™; therefore ¥()) is the minimal polyno-

mial of R™ and w is a regular vector in R™. Let

ki = rj,
v~vj = W,

and

~ ~ kj—l~
W; = span{w;, A;w;,---, A7 W;}.

]

Evidently, {e(f)}, e {eg )-+1} form a basis of the quotient space R™ /WJ We thus
J

complete the parts A1, A2 and A3.

Next we consider the implementation of A4. Rewrite P; = I} in (4.5) as

M; Msj } k;
P=1I, = (4.8)
M, My } 1
—~
kj RS

where M, is an n;, X k; matrix and My is an n; 4, Xn;;; matrix. Write the nonsingular

matrix

— (& ki-1~ — (j) (9)
T. — (WJ)?AJ ij’ei1 ’...’ei"j-H)

Q1 @3 )} & (4.9)
QZ Q4 } Mj+1

kj Nj41

where Q3 is an nj;, X k; matrix and Q4 is an n;4; X nj;; matrix. Since, from (4.7),

kj—1 j ; ¢ 0
PiT; = Pj(W;,--, A~ Wj,egf),...,egzﬂ) - 0 , (4.10)

nj+1
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so,

C’ 0 cC’ 0 C 0

P;T; = =1,. (1)
0 I.. 0 IL./)\o I
Hence,
C’ 0 cC’ 0 M, M,
T = P, =
0 I.. 0 I.. )\ M M,
(4.12)

C_1M1 C—lMg
M, M,

We now generate the matrix A,; of the linear operator Lj ;1 under the standard
basis e(’+1), eg“"l), eSfJﬁ of R™+1. Let A; (al ,a2 . a,(fj ), where a( is the
ith column of A4;, for 1 <i < nj, then

bk

(Aje Sf)) A fiz+1) (a 8), " £:Z+1) = (4.13)

B, } Mj+1
where B; is a k; X njy; matrix and B, is an nji; X nj; matrix. Since {w;, - -,
Af’_lﬁ"], eff), (’) } is a basis of R™, for p = 1,...,n;41, there are constants

bips b2y - -+, bn;p such that

~ k=1~ ;
A_,efi = bW, + o+ bry p A7 Wi+ bk,.+1,pe§j) + oo+ by, pe(’)

[y )

+1

b, (4.14)
- (F ki-1g . o) 9 3P
= (Wj)"',AjJ Wj, € i1 T zn]+1)

b, +1,p

\ bro

= Ty(bl,p’ e ?bnj,p)T-
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This implies

{Aje;,} = bkj+1,P{et(.11)} +--t bn].,p{e(]) h p=1,...,n.

inji
Since o; is defined by
g; R"f/wj — R+

y— (Cls s ,cnj+1)T7

where y = Cl{ez(‘{)} + 02{651)} R o O {efj), }, we have
nj+1
oi({e}) =€tV p=1,...,n.

For p=1,...,nj, it follows from the definition of L;, that

Ljed™ =050 G005 (ef ™)) = 050 G({es,}) = 05({4je,}).

By (4.15) and (4.16), (bx, 41, * » bn, »)T is the p-th column of A, forp = 1,.

That is,

bkj+l,1 crt bkj+l,nj+1

Aj =

boji - b

njimj+1

(4.15)

(4.16)

RN (FES B

(4.17)

In the following, we deduce a simple representation of A;;. By (4.14), we have

{ by o by, )
-1 _
I} (Aje‘l] y" T Aje":nj+1) - bk,-}-l,l oo bkj+1,‘nj+1
\ bnj,l T bnj,nj+1 /

It follows from (4.12) and (4.13),

31

(4.18)







A = ( 0 ’Inm)T'_I(Ajeiu"',Aiein-

]\4'2 ]\4'4 B2 (4.19)

- <M2, M4) = M,B, + M,B,.
B,

From (4.8), both matrices M, and M, are available after Gaussian elimination is
applied in the first step. Therefore, A;;; can be obtained with minimal computation

effort. In particular, if no pivoting is employed in the elimination process, My = I,

and Aj+1 = M2B1 + B2.
Remark 4.1.1 It follows from G;({e;,}) = {Ajei,} and (4.15) that

Gj({ei}) = bryurpfell )+ + boy el

J+1

b p=1,...,n4.

Thus, Aji1 is also the matriz of G; under the basis {e;,},...,{ei,  } of 'R":‘/W,».

4.2 Implementation of Step B

Now we discuss the detail of determining the structure of the Jordan blocks in the

Jordan normal form of A.

A common squarefree relatively prime basis {¢1, @2, - -+, ¢»} in R[\] for the min-
imal polynomials ¥,, ¥,,..., ¥, constructed in Step A satisfying the decomposition,
U= My o
U,y = 90717‘2'190;'12'2 te ‘P:‘n“) (4.20)

U= G



where my > moy > - >myp > 0for k=1,2,...,7, can be generated by means of

symbolic computation as follows.

For k; = deg ¥;(A), let do(A) = ¥1(N) and

1
di(A) = ged (\Iﬁ(A),%‘Iﬂ(A)) , l=1,...,k.
In the proof of Lemma 2.3.1, it was shown that if {6, ...,6,} is a squarefree relatively

prime basis of ¥;(A) such that
P1(A) = [B2(A)]™ [B2(A)]™ - - - [B:(A)]™

withm; >0 (i=1,...,s) and m; < my < --- < m,, then for n;(A) = d;_1(A)/d;(}),

t=1,...,m; — 1, we have, ignoring the constant factors,
(M) = dW)/d) = 6NN -0,
M (A) = dmy-1(A)/dm (X) = 01(A)62(X) - - - 0,(}),

77m1+1(>‘) = dml(A)/de—l()‘) = 92()‘) ce 03(’\))

nmz()‘) = dmz—l(’\)/dmz(/\) = 92(’\) Tt 98()‘))

Mma1(A) = dmy(X)/dmy11(X) = O5(X) - - -0, (X),

nm.(’\) = dm,—l()‘)/dma(A) = 03(/\)

L Mme+1(A) = dm, (A)/dm,+1(A) = 1.

This implies

{’2, M2 .. Jme }:{1,...,1, 0:(0), 1,...,1, 6,(A), -+, 1,...,1, 6,0 }.
m1— mz2—mi— Mg —Myg—-1—
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Therefore, to generate {6;,...,0,} and find m;, m,, ..., m,, we may compute

mome s
772’ 773’ 774’

yielding the sequence

1,...,1, Tttt g g g, Teakmat2 g g
———

Mny+2 " Tn1+n2+3
ni n2
and

mi =TL1+1, 01(/\) = nn—ml—,
mi+1

meo = My +n2+1, 02()\): h,
nm2+1
NMm;

m; = m;_ + n_,- + 1, 0]()\) = ”_-J:’
™5

The process stops when m; degb; + --- + m,degf, = k; for certain s, and clearly,

{61, ...,6,} constitutes a squarefree relatively prime basis of ¥;()) for which

P3(A) = [B:(N)]™ [02(X)]7™ - - - (B (X)) ™. (4.21)

By the polynomial “long division” in R[A][15], ¥2(\) can be decomposed as
T3(A) = [B:(N)] [B2(N)] - - [B,(N)]**©1(N), (4.22)

where 0 < b; < m; and ©;()) is not divisible by any 6;, for ¢ = 1,...,s. With this
decomposition, we calculate 7;(A) = ged(6;,0,),7 = 1,..., s by symbolic computation

(18]. For those i’s with deg 7;(A) > 0, 6; has a non-trivial decomposition
6:(A) =n(N) &), 1=1,...,s
For 7;(A) = 1, we let &(A) = 6;()\). Writing

01(A) = (N7’ (A) -+~ 7 () ©2(),
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and replacing 6;(A) in (4.21) and (4.22) by 1 (A)&(A), for i =1,...,s; yields

o= e,
(4.23)
\1,2 — Tfl—ngi" Tgﬁ—laggz . Tf‘+l°£g’@2()\)-
Obviously, ignoring those 7;(A)’s with degree 0 in {71, &1, ..., 7s, &4}, a new square-

free relatively prime basis of ¥;()) is constructed. By repeating the same procedure
for (4.23) until the factor ©;(A) of ¥, which is not divisible by polynomials in the
basis becomes a constant, a common squarefree relatively prime basis of both ¥;())
and ¥y()) is produced.

Inductively, when a common squarefree relatively prime basis of ¥;(}A), ...,
U, _1(A\) has been constructed, a common squarefree relatively prime basis of both
¥;_1(A) and ¥,(A) can be constructed by the above procedure to serve as a common
squarefree relatively prime basis of ¥;()), ..., ¥;(A), and the implementation of the
part B1 is accomplished.

Now we consider the implementation of the part B2. Corresponding to each ¢} *
in (4.20) for k = 1,...,7 and ¢ = 1,...,¢t; there are p, = degy; Jordan blocks of

order m; . of the form

[ 1 0 )

Ak,
; l= 1,...,pk, (424)

1

\O | "y,

™My je XMy k
in the Jordan normal form of A, where the \;’s are zeros of ¢,. Without knowing

those zeros, the structure of the Jordan normal form of A is determined at this stage.

Remark 4.2.1 The computation in Step A involves only Gaussian eliminations and

divisions between polynomials, and the major computation in Step B is to generate a
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common squarefree relatively prime basis. Those computations can all be carried out
by symbolic computation. Therefore, if all the entries in the given matriz A consist of
only rational numbers, then the structures of the Jordan blocks in the Jordan normal

form of A can be determined ezactly.

4.3 Implementation of Step C

In order to fill in the diagonal entries of the matrix in (4.24), the zeros of ¢y,..., ¢,
in (4.20), which may not be in R, need to be evaluated. The approximation of those
zeros can be computed by well established subroutines, such as the Jenkins-Traub
routine [2] in the IMSL library. When those zeros are available, the complete Jordan
normal form of A is achieved.

Although those A ,’s are eigenvalues of A, it is inappropriate to approximate those
numbers by calculating the eigenvalues of A using standard codes such as EISPACK
(16], or more advanced LAPACK [1], because if Ax; is obtained as an eigenvalue of

A, it might fail to provide the information of the location to which A;; belongs.

4.4 Computational result

Golub and Van Loan presented a 10 x 10 matrix [7] as shown below to illustrate the

difficulty of calculating the Jordan normal form of a matrix by numerical computation:

-
-
-
|
[\

1 -1 2

-2 4 -4 8 —6
6
8

2
3
-4 4 -4
5 —4 10 -10 20 -15
2 -2 12 -12 24 -18
2 -5 15 -—-13 28 =21
-6 2 -5 12 -11 32 -24
-6 2 -5 12 -14 37 -26

-6 2 -5 12 -14 36 -25

|
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o o o o (=] (=] o (=] [
w w w w w w w 5] w
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Here, we use the algorithm described in the above sections to obtain the Jordan

normal form of A. For symbolic computation used in Step A and Step B, we take

advantage of routines available in Mathematica[18]. The main procedure and result

are described as follows.

Let A; = A and Iy = (e, €2, -, e10) be the identity matrix of order 10. Ran-

domly choose a non-zero vector w € R1%, for example, we choose
b )

_ 111111111
W =(1,2,3 255 75 9 1)

1 1949 2687 2167 _ 2063 _ 21689 _ 20792 _ 7507 _ 7901 _ 2275877 _ 1622597
1260 1260 1260 126 1260 316 36 126 1260 316
209 _ 601 _ 127 _ 977 _ 8092 _ 45364 _ 7367 _ 72203 _ 2033057 _ 28890384
% 630 1260 315 63 630 315 18 63 3 31
1 2 _ 563 _ 2693 _ 293 _ 206729 _ 8404 _ 6317 _ 62885 _ 1800997 _ 434839
3 3% 420 420 14 420 35 12 42 420 35
1 _ 46 _ 4801 _ 1576 _ 23789 _ 69308 _ 5701 _ 116018 _ 1671077 _ 4911188
4 315 1260 830 63 316 315 ) 63 315 318
1 _ 67 _ 2773  _ 10837 _ 17663 _ 107101 _ 15752 _ 131173  _ 1340957 _ 7895737 _ 56871103
11 262 1260 1260 630 1260 63 180 830 1280 316
1 _ a7 _ 069 _ 902 _ 3233 _ 19729 _ 9764 _ 8219 _ 8494 _ 1516069 _ 2275274
() 106 28 106 106 210 35 10 35 21 105
1 _ 1019 _ 821 _ 24889  _ 10121 _ 36341 _ 73667  _ 2176921 _ 1612159 _ 3847211 _ 28936991
7 28320 318 2520 316 360 262 ~2620 630 504 1260
1 _ 221 _ %191 _ 511 _ %3129 _ 254381 _ 759107 _ 821407 _ 2 _ 19984037 _ 60255653
8 604 520 504 520 2620 2520 360 gs!‘% 2520 2520
1 _ B171 _ 1147 _ 4207 _ 8977 _ 8537 _ 31847 _ 53933 _ 560719 _ 3353641 _ 2527876
[ 13260 420 20 210 84 106 210 1086
1 _ 197 _ 891 _ 2581 _ 10469  _ 1280 _ 191089 _ 161801 _ 841082 _ 10060037 _ 15167263
10 420 25 262 315 1260 630 1380 315 1260 630

Utilizing Gaussian elimination with row pivoting for ( K[w], o), we obtain

( K*[w], I}, ) where

1 194 2587 2167 _ 263 _ 2168 20792 7597 _ 7901

1260 1260 1260 126 1260 316 36 120
0o -7 _ 421 _ 4133 _ 4086 _ 34009 _ 11656 _ 7277 _ 23361

280 280 840 28 840 106 24 28
0 0 _-367  _ 74086 _ 5713  _ 136833  _ 123928  _ 1722455  _ 322241

10476 1428 5238 31428 7857 31428 1746
0 0 0 —A7 _ 11 _ 2809 _ 1702 _ 57799 _ 37523
38424 407 36424 3303 36434 3904

K* =

W = 0 0 0 0 —.331 _ 832 _ 408 _ 1651 _ 27921
19740 49356 3048 290 1316
5 05 250 496
0 Y o Y 0 ~ 1086 ~ 1o ~ %03 331
0 0 0 0 0 0 0 0 0
0 0 (1] 0 0 0 0 0 0
0 0 1] 0 0 0 h] 0 4]
0 0 (1] (1] 0 0 0 0 1]

37

_ 2276877
1260

_ wsssxz
_ 1912064

N ’Sﬂq'zé d

_ 826661

26424

19253
235

_ 5025
662

© o o o

_ 1622597
316

__ 461719
461719
_ 242519

_ 2294

© O © o




and

1 0 0 000 0 000
-1 1 0 0 00 0 0 00
S60 - jdss 1 000 0 000
10T %5 —me L 00 0 000
- - e 5 e 00 1 000 (4.25)
4743 _ 20743 4671 3857 o () _ 1519 1 00
6620 6620 3310 1655 662
-3 3 0o -2 10 0 000
-2 % 2 -2 01 0 000

It follows from (4.25) that {w, Aywy,..., A3w;, es,eq,€9,€10} is a basis of R°.

Solving the linear system

1 1949 2587 2167 _ 263 _ 21689 \ a 20792
1260 1260 1260 126 1260 0 315

0 -2 421 4133 _ 405 _ 34009 a 11656
280 280 840 28 “840 1 105

0 0 _.367  _ 7405 5713 _ 135833 a 123928
10476 31428 5238 31428 I 7857

a7 1 2809 _ 1702

0 0 0 26424 1404 26424 as 3303

331 _ 832 4085

0 0 0 0 —1730 2935 aq 3948
5 65

0 0 0 0 0 1986 ) as 1986 /

yields the minimal polynomial of w
T(A) = A —(asA% + agA? + asA® + a2 + a1 )\ + aq)
= A6 —13X% 4+ 69A* — 1913 + 290\% — 228\ + 72.
Since ¥(A;)e; = 0 for i = 5,6,9,10, ¥()\) is the minimal polynomial of R!® and
w is a regular vector. Therefore,

ky, = deg¥ = 6,




Wi = {1, Ai#y, -+, A3},

moreover, {es}, {es}, {€s}, {€10} form a basis of the quotient space RY/W,.

From (4.8) and (4.25), we have

- 4 8

-1 4 0 -2 10 0 000
2 7 2 12

-3 z 2 -2 01 0 000

(M3, My) =

39 392 152 632 28 48

15 " s a5 s 0 0 1o -3 10
164 539 78 844 42 248

o ~aws s 3 00 o —% 01

According to (4.13), we have

By
(Ases, Ares, Areg, Arerg) = = 2 -2 24 -18

B,
2 -5 28 -21
2 -5 32 -24
2 -5 37 -26
2 -5 36 -25

Therefore,
Ay = (M, My) = MyB, + MyB; =

=1 4 0 -8 10
L i 2 -2 8 -6
- F  F ¥ o0oifls 312
s

30 32 152 632 o 4 -4 16 -12
125 375 375 375

5 —4 20 -15
le4 539 78 844 3

o
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E
y
El
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)
&
¥
|
L
.
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0 000 2 -5 28 -21

0 0 00 9 _5 32 _24 -4 4 0 O
2z -£10 2 -5 37 -26 - 2 - 11
% _%01 2 -5 36 -25 \g_g _% _4 5

Let I, be the identity matrix in R*, we choose a non-zero vector

3 4
aZ)§)€R4‘

win

w-—-(%,

Using Gaussian elimination with row pivoting on ( K[w], I ) where

1 -1 -2 —10 -32 )
) 3 . ;3 -2 -10 -32 88
K[w] = (w, Ayw, Ajw, Asw, Aow) = ,
1273 433 2020 857
3 10 50 100 25
1773 2041 2429 7547
4 300 300 300 300
yields the matrix
1 -2 -2 -10 -32 1 0 00
0o -2 -9 27 -72 —-3 1 0 0
(K*[w],I3) =
139 2141 927 1219 769
0 0 -9 —%0 ~—25 ° ~1s0 e 10
507 2535 . 2743 829 751
0 0 0 -3z 56 °  1ees 417 278 1
Solving
1 -1 2 10 ao ~32
0o -2 -9 -27 a; —72
= )
139 2141 927
0 0 -i% ~300 az ~Z6
07 2535
\0 0 0 -&% /\as ) 556

we obtain the minimal polynomial ¥(\) of w in R*
T(A) = M —(azA® + a2 + a1\ + ao)
= XM —10X% +37)\2 — 60X + 36.

40







Since deg ¥(\) = 4 = 10 — deg ¥;(A), we have ¥y(\) = T(N).

For ¥;()) and ¥,(A), a common squarefree relatively prime basis { (A — 1), (A —

2), (A — 3) } in R[}] is found (by means of symbolic computation) for which

Ti(A) = A-2°(A=-3)*(A-1),
Ta(A) = (A-2?*(A-3)%

It follows that the Jordan normal form J of A is of the form

2 10000000 0)
0210000000
0020000000
0003100000
,_|oo0o00so00000
" |looooo010000
0000002100
0000000200
000000003 1

\0 000000003
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APPENDIX: An elimination algorithm

1 An elimination algorithm

For a nonzero vector w € R™ and an n x n matrix A, we consider the following
n X (2n + 1) matrix

H = (w,Aw,... Aw, I,).

In this appendix, we develop an efficient elimination algorithm to reduce H to the

following form

)

(hll oy, hieox ek \

hyy Pre<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>