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ABSTRACT

ADAPTIVE CONTROL OF NONLINEAR SYSTEMS
USING NEURAL NETWORKS

By

Fu-Chuang Chen

Layered neural networks are used in the adaptive control of nonlinear discrete-time
systems. The control algorithm is described and two convergence results are provided.
The first result shows that the plant output converges to zero in the adaptive
regulation system. The second result shows that the error between the plant output
and the reference command converges to a bounded ball in the adaptive tracking

system. Computer simulations verify the theoretical results at the end of this thesis.

i1



To my parents,
Chan-Chwang Chen and Hu Li-Shueh Chen
and my wife

Hway-Ming Ker

1ii



ACKNOWLEDGEMENTS

I wish to thank Dr. Hassan K. Khalil for his Patience and Guidance; and my
committee members, Dr. R. O. Barr, Dr. P. M. FitzSimons, Dr. C. R. MacCluer,
Dr. F. M. A. Salam, and Dr. R. Schlueter, for their help and valuable suggestions.

iv



TABLE OF CONTENTS

CLISTOFFIGURES . ... i vii
LINTRODUCTION . ...ttt ittt iiiiiee e 1
1.1 Neural Computing Research . . ............. ... .. ... ...... 2
1.2 Neural Networksin Control .............. ... it 3

1.3 Feedback Linearization of Minimum Phase
Nonlinear Discrete-Time Systems . ............. ... ... ... .. 9
2. LINEARIZING FEEDBACK CONTROL ............ .. ... .00, 12
3. ADAPTIVE CONTROL USING NEURAL NETWORKS ............. 20
3IMethod 1 ... i i i i i e e 20
3.11Control LawforMethod 1 ......................... 23
3.1.2 Updating Rule forMethod 1 ....................... 25
32Method 2 ...t 26
321 Control LawforMethod 2 . ... ..................... 27
3.2.2 Updating Rule forMethod 2 ....................... 27
3.3 Comparison between Method 1 and Method 2 ................ 28
4. CONVERGENCE RESULT: PARTONE .............ciiiiuni.n. 29
5. CONVERGENCE RESULT: PARTTWO ............. ... 40
6. SIMULATION . ... ittt ittt iiiitaeinannaaenn 56
6.1 Identification ........... ... .. i i i 57
6.2 Regulation using Neural Networks without Bias Weights ......... 63
6.3 Regulation using Neural Networks with Bias Weights ........... 71
6.4 Tracking: 1. The PlantisStable ........................... 78
6.5 Tracking: 2. The Plantis Unstable ................ ... . ... 85
6.6 Controlling a Relative-Degree-Two System: 1. The Pendulum ..... 92

6.7 Controlling a Relative-Degree-Two System:
2. TheInverted Pendulum ............... ... ... ..., 96



7. CONCLUSION ...t i et c ittt i i

REFERENCE

vi



LIST OF FIGURES

Figure 1.1 ... et e e 3
Figure 1.2 ... . i e e e 6
Figure 1.3 ... o e e e e 7
Figure 1.4 ... .. . e 8
Figure 3.1 ... . e 21
Figure 3.2 ... . e e e e e e e e e 23
Figure 3.3 ... e e 24
Figure 3.4 ... .. e e 26
Figure 5.1 ... .. e e e 42
Figure 5.2 ... . e 44
Figure 6.1 ... ... e et et i e 56
Figure 6.2 . ...ttt i i i ittt i e e 60
Figure 6.3 . ... ..t e i i e e 61
Figure 6.4 .. ....... . i i e e 62
Figure 6.5 .. ...ttt it e e 66
Figure 6.6 .........c.. it i e i 67
Figure 6.7 .. ... .. i e 68
FIgure 6.8 . ...ttt i i i e 69
Figure 6.9 . ...ttt ittt ittt 70
FIUTE 6.10 . . o v ettt et ettt e et e 73
Figure 6.11 ... it i i it it i e 74
Figure 6.12 .. oottt i i i i it i i 75
Figure 6.13 . .. ..ot i i i i i et 76
Figure 6.14 . . . . ..ot i i e e e 77
Figure 6.15 . .. oottt i i i e e e 79
Figure 6.16 . . . .. ..o it i i i i i i e, 80



Figure 6.17 . . . ... i i i i i i e e i e 81

Figure 6.18 . . ... oot i i e i e s 82
Figure 6.19 . .. .. ... i e e e 83
Figure 6.20 . . .. ... ..t i e e 84
Figure 6.21 . . ... i it e i e 86
Figure 6.22 . . ... .. i e 87
Figure 6.23 . . . ... i e e e i e 88
Figure 6.24 . . . ... ... . i e i e e e 89
Figure 6.25 . . ..o oot e it e e 90
Figure 6.26 . . . ... ... .. i e e 91
Figure 6.27 . . ..ottt e 92
Figure 6.28 . . . ... .. i i e e 94
Figure 6.29 . . ... o i e e e 95
Figure 6.30 . .. ... i e e e 97
Figure 6,31 . ... i e e e 98
Figure 6.32 .. ... .. i i i i e e 99

viii



1 Introduction

Linearization by feedback [15] is a promising approach to the control of nonlinear
systems. The essence of the idea is to transform a state space model of the plant into
new coordinates where nonlinearities can be canceled (fully or partially) by feedback.
The major challenge in performing such cancellation is the need to know precise
models of the nonlinearities. One approach to address this challenge is to use adaptive
control where the controller learns the nonlinearities on line. This idea has been
investigated for continuous-time systems [17,18] assuming that the nonlinearities can
be parametrized linearly in some unknown parameters. In this thesis we investigate a
similar scheme for discrete-time systems, but we do not assume that the nonlinearities
depend linearly on unknown parameters. Instead, we explore the use of layered
neural networks to model the nonlinearities. In the discrete-time self-tuning adaptive
control scheme, the linearizing control is generated from the information provided by
the neural network. Then, the observed error is used to train the neural network
to improve its approximation of the unknown nonlinear plant. A review of neural
network research is given in sections 1.1 and 1.2 in chapter 1. Section 1.3 provides
some background for feedback linearization.

In chapter 2 we derive output .feedback linearizing control for a discrete-time non-
linear system represented by an input-output model. The relative degree of the system
could be higher than one. In chapter 3, a neural network architecture is suggested
for modeling nonlinear systems. We will describe two different methods for apply-
ing layered neural networks to adaptive control problems and provide the associated
learning rules. The theoretical results of this research are presented in chapters 4
and 5. In these two cha.ptérs, we show local convergence properties based on differ-

ent network models and different learning rules. Simulation results are provided in
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chapter 8. Chapter 7 is the conclusion.

1.1 Neural Computing Research

Theoretical brain research has been published in the contexts of theoretical biology,
mathematical psychology, cybernetics, pattern recognition, the theories of adaptive
systems, and others. Recently the terms “neural computing” and “neural networks”
have been adopted to address more practical issues such as vision, sensory-motor
control, associative memory, supervised learning, unsupervised learning, robotics,
etc. Although these studies have rather diverse origins, they often have one common
objective : to implement new types of computers.

Traditional digital computers do very well on tasks which we know how to proceed
to solve. However, it is very difficult to program a digital computer to solve problems
such as vision and speech recognition. The reasons are: first, we do not have enough
information about how these tasks are actually done in the brain; second, even if suf-
ficient knowledge is available about the function of the brain, it may be incomputable
by digital computers. The result of decades of research in artificial intelligence may
justify the arguments above. The most successful subfield in Al is expert system. Ex-
pert systems are programs which solve specific problems using information collected
from domain experts. In contrast, the results are much more limited when applying
Al techniques to vision and language understanding problems.

Artificial neural networks are networks of processing elements (i.e., “neurons”)
that are interconnected. Each neuron can have multiple input signals, but only one
output signal. Different interconnection topologies and learning rules determine dif-
ferent neural network paradigms. Artificial neural networks are considered models of
the brain, and they are intended to interact with the real world in the same way as

the biological nervous systems do (at least for the original purpose). Most existing
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neural network architectures are constructed to reproduce specific brain functions.
Since our knowledge about how brain functions is still very limited, existing artificial
neural networks may be too simple compared with their biological counterpart. How-
ever, as our knowledge and experience increase, new and more sophisticated neural
network models will replace the old ones.

“Neural computing” became a very hot research area starting from the mid 80’s.
Not all research efforts in this field are biologically motivated. In particular, in engi-
neering applications, artificial neural networks can be viewed as some new tools which
seem able to attack traditionally difficult problems.

Historical reviews and current developments in neural computing can be found in

[20,21,22].

1.2 Neural Networks in Control

Figure 1.1 A layered neural network with
two nonlinear hidden layers
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In this section we concentrate on the discussion of layered neural networks, since they
are the most prevailing network architecture studied for identification and control ap-
plications. A layered neural network, shown in Figure 1.1, consists of an input layer,
an output layer, and at least one layer of nonlinear neurons. The nonlinear neu-
rons sum incoming signals and generate output signals according to some predefined
functions. The neurons are interconnected layer by layer. The output of one neuron
multiplied by a weight becomes the input of adjacent neurons of next layer.

Layered neural networks have good potentials for control applications because
they can approximate nonlinear functions. it was noted more than two decades ago
by Minsky and Papert [23] that by inserting “nonlinear hidden neurons” between the
input layer and the output layer, the XOR mapping (which is a nonlinear mapping)
can be represented by the network. Recently, it is shown by Funahashi [24], Cybenko
[25], Hornik et al. [26], and Hecht-Nielson [3], using different techniques, that layered
neural networks can approximate any “well-behaved” nonlinear function to any de-
sired accuracy. The theorem shown by Funahashi is quoted here.

Theorem
Let ¢(z) be a nonconstant, bounded and monotonically increasing continuous func-
tion. Let K be a compact subset of R* and f(z,,...,z,) be a real valued continuous

function on K. Then for any € > 0, there exists an integer N and real constants c;,
6::=1,...,N),w;(:=1,...,N,5 =1,...,n) such that
N n
f(zl,...,mn)=§q¢(§w,~jq—0,') (1)
satisfles max.ex If(-’h,- ey Zp) — f(a:l,. .. ,xn)l < €.
In other words, given any function f(z,,...,z,) and any arbitrary € > 0, there exists
a three-layer network f(:cl,. ..,Z,) with linear input and output layers and with a

hidden layer whose output functions are ¢(z), such that
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maXzex |f(a:1, ceeyTp) — f(a:l, ceny :c,,)l < €. Similar result for neural networks with
more than one hidden layer can be derived from the theorem above or be shown
from scratch [24]. Notice that the theorem is an existence result. It does not give
an estimate of the number of neurons needed to approximate a nonlinear function
given a specified error bound, nor does it say how to choose the weights. In control
applications some ad hoc procedures are used to determine a suitable size of the
network.

The next crucial issue is to train the network to approximate a given function. The
back propagation algorithm [1] is a widely accepted method to train a neural network
to approximate a function. If there is difference between the function output and the
network output for the same input, the difference can be used in the back propagation
algorithm to adjust the weights in the neural network in order to reduce the error.
The training is usually a time consuming process, and researchers are suggesting
modifications to the original back propagation algorithm to increase the learning
speed [32,33]. There is no theoretical result available yet about the convergence of
the training. However, many applications reported in the literature have confirmed
the value of applying layered neural networks to various problems, e.g. 1 - 14].

Some recent papers on the application of neural networks to control and identifi-
cation problems are reviewed in the following examples.

Example 1.1 : [4,5,6]

If the input vector U(k) of a nonlinear system can be uniquely determined by its

output vector Y (k) through a static mapping

U(k) = f(Y(k)),

then layered neural networks can be used to learn this mapping and generate controls.



1 INTRODUCTION 6

For example, the dynamical equations of robotics can be rearranged into

U(k) = f(q(k),4(k),4(k)),
where U(k) is the vector of the joint torques and g(k) is the vector of the joint
angles. The neural network can be trained to approximate the inverted mapping as
shown in Figure 1.2(a) and then be used as a feedforward compensator in Figure
1.2(b). On line learning can be carried out as illustrated in Figure 1.2(c), where
two identical neural networks are used. The neural network in the feedback loop
identifies the inverted plant on line and its updated weights are copied to the second
neural network in the feedforward path. Simulation results have been presented in

the referenced papers. O

Neuraf \rtlet

N

(a)

—>1Trained Net—> Plant ——

(b}

— Neural Net

T
|

|
[
!
|

—_—— e ——— e —— —— <

Figwe 1.2 See Example 1.1 of Section 1.2 for description.
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Example 1.2 : [7]

Consider a dynamical system

z(k +1) = fi(z(k), u(k)).

Assume that the order of the plant (i.e., the number of the states) is known, say n,

and that the states are physically measurable. The states at k + 2 are

2(k+2) = fi(z(k+1), u(k+1)) = fi(fi(z(k),u(k)), u(k+1)) = fo(z(k), u(k), u(k+1)).

Repeating the process, one concludes that the states at time k + n is determined by

the state at time k and the controls from time k to (k +n — 1), i.e.,
z(k +n) = fa(z(k),U), (2)

where

U = [u(k),u(k+1),...,u(k+n—1)].

Assume that equation (2) is uniquely invertible for U. Then U can be solved as

U = g(z(k),z(k + n)). (3)
x(K) r U,
Neural.'Net ——
% !
x(k+n) T
U-u,

Figore 1.3 See Example 1.2 of Section 1.2 for description

A layered neural network, as shown in Figure 1.3, can be used to approximate (3).
Ue= g(z(k)’z(k + n)a W)

At each time step k the training of the neural network can be described as follows:
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o Input the states z(k — n) and z(n) to the neural network.

o The error (U — U.) is used to update the weights of the neural network.

It was suggested to implement this learning and control scheme on line. O
Example 1.3 : [8,9]

Dynamical Systems Identification. Layered neural networks can be used to iden-

tify a class of unknown nonlinear functions
y(k+1) = f(y(k),y(k=1),...,y(k—n+1),u(k),u(k = 1),...,u(k — m+1)),

where n > m. As depicted in Figure 1.4(a), this is essentially a function approxima-
tion problem. At each time step k, the control u(k) as well as all of the relevant past
inputs and outputs are applied to the neural network input layer. The error between
the output of the neural network and the plant output y(k + 1) is used to train the

network.

ulk) y(k)

Toaix

Neural Network

Model
ei
L !
N Neural Net (N)
‘|' u
Controller Plant
(b)

Figwe 1.4 See Example 1.3 of Section 1.2 for description.
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Adaptive Control. For a special class of nonlinear unknown systems such as

y(k+1) = f(y(k),y(k—1),...,y(k—n+1))+g(y(k),y(k—1),...,y(k —n+1))u(k),

where the control u(k) appears linearly, layered neural networks can be used in the
Self-Tuning framework (Figure 1.4(b), with the Model block as 1) or in the Model
Reference framework (Figure 1.4(b)) to adaptively control the system. The neural
network is used to learn the characteristics of the plant on line and generate appro-
priate controls to be applied to the plant in order to cancel the plant (self-tuning)
or control the closed-loop system to follow the output of a desired model (model
reference). Details about neural-network-based self-tuning adaptive control will be
provided in chapter 3. O

There are other approaches suggested in recent papers. In [10] and [2], neural nets
are used directly as controllers, but this approach bears a less direct connection to
traditional control design methods. Other works include the application of the CMAC
neural networks to robotics control problems [11] and the Reinforcement Learning
Problems [12]. Favorable simulation results related to these techniques are available
in the references listed.

The research in applying neural networks to control problems is still at the stage of
proposing ways to incorporate neural networks into control systems. Few theoretical
results are available to date, although there have some attempts to obtain theoretical

results [13,14].

1.3 Feedback Linearization of Minimum-Phase Nonlinear
Discrete Time Systems

The concept of zero dynamics and the minimum phase property for nonlinear continuous-

time systems were introduced by Isidori and coworkers [15]. They were adapted

to the discrete-time case by Monaco and Normand-Cyrot [16]. Consider a single-
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input/single-output system of the form:

z(k+1)

y(k) = h(z(k))

I
)
~~

8
—
k‘
~—
[
—~~
aq
N
S—
~~~
N
N—

with z(k) € R*, u(k) € R, y(k) € R, and f and h analytic functions on their domains.
Denoting by fo the undriven state dynamics f(-,0) and by fi the j-times iterated

composition of fy. The system is said to be of relative degree d if

dho f¥o f(z,u)
Ou

=0 0<k<d-1

and
Oh o fO—1 0 f(a:,u)
Ou

y(d) is the first output affected by the input u(0). Let r € R be an external control.

#0 ae. in R

A nonlinear static state feedback control is denoted by
u= ‘)‘(1‘, 1‘) (5)

If %} # 0, the feedback law (5) is said to be nonsingular.
Suppose the system (4) is of relative degree d. Solve the state equation of (4)

recursively to express y(k + d) in the form

y(k +d) = F(z(k),u(k))
An important assumption about the system (4) is that

0 € Range(F(z,e)) Vz (6)
It also follows from the definition of relative degree d that

O0F (z,u)
5 #0
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Therefore, the implicit function theorem can be used to show the following theorem.

Theorem [16]
Assuming (6) is satisfied and d < oo, then there exists a nonsingular feedback con-
trol law of the form (5) such that the closed-loop system, after a suitable change of

coordinates z = T'(z), is described by the equations

a(k+1) = Az(k)+ Br(k)
z(k+1) = F(z(k),22(k),r(k)) (7)

y(k) = Cz(k)

where dim z, = d and (A, B,C) is a controllable-observable triple. )

A very informative proof is available in [16]. From (7) we see that if d < n, the

29 component of the state will be strongly unobservable in the closed-loop system,

because z; has no effect on the plant output; if d = n the system is fully linearizable.
If system (7) starts from 2,(0) = 0 and r = 0, then z; = 0 and the plant output

stays at zero. The motion of the system is determined by the dynamics of z;, which

gives rise to the notion of zero dynamics.

Definition

The Zero Dynamics of system (7) are defined to be
2o(k + 1) = F(0, z2(k),0). O (8)

The system is said to be minimum phase if the zero dynamics have an asymptotically

stable equilibrium at the origin.
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2 Linearizing Feedback Control

Many interesting systems can be described by a nonlinear model in which the con-
trol appears linearly. We are interested in the single-input/single-output nonlinear

discrete-time system:
yk+l = fO(yk) yk—l gy yk—n+l yUk—dy Uk—d=19: -+ uk—d—m+l) (9)
+ gO(yk, Yk-1y-+ -y Yk—n+1y Uk-dy Uk—d-1y- -+, uk—d—m+l)uk—d+la

where m < n, y is the output, u is the input, d is the relative degree of the system,
and go is bounded away from zero. The arguments of f, and go are real variables.

Compared with the deterministic autoregressive moving average (DARMA) model

n-1 m-—1
Yey1 = E aiYk—i + Z biuk—dy1-i (10)
1=0 1=0
n—1 m-1
= [Z aYk-i + Z bittk—d41-i] + botk—d—1
1=0 =1

(S8 aiyk—i + S 7" biuk—a41-:) is a special case of fo and by is a special case of go.
The functions f, and go are unknown. The objective is to design a self-tuning

control system using neural networks so that the output of the plant will asymptoti-

cally track the command. Two obvious difficulties show up immediately. First, even

if fo and go were known, the control law cannot simply be

fo) , 7(8)

Hhod1 = _go(') 90(‘)’

because this control is noncausal when d > 1. Second, since fo and go depend on

past inputs, the system may become internally unstable after the feedback control,
if it exists, cancels the plant dynamics. These two issues are well known for linear
discrete-time systems [19,27]. Especially it is shown in [27] that the system (10) <2

be converted into

n-1 m+d-1

Yk4d = Zaiyk—i+ Z ﬂ;uk_.- . (11)

=0 =0
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n-1 m+d—1
= [;) oiYk—i + ; Bivk—i] + Bouk

Then the control ux in (11) can be determined in terms of past inputs and past
outputs to cancel the plant dynamics, and the effect of the control u; will show up at
the plant output d steps later. The purpose of this section is to derive the nonlinear
counterpart of (11) for the nonlinear system (9) and to define the zero dynamics
associated with (9).

The work of Monaco and Normand-Cyrot [16] suggests that important properties
of system (9) may be revealed if the system is put into state space form and some
suitable coordinate transformation is performed on the model. We select the state

variables as the current output and all past inputs and outputs up to the most delayed

input or output on the right-hand side of (9), i.e.,

11(k) = Yk-n41

zn—l(k) = Yk-1

zn(k) = Yk
<1n+1(k) = Ug—d-m+1
-’Cn+m+1(k) = Uk-d+1
zn+m+d-l(k) = Uk

Let x(k) be the state vector. A state space model of (9) is constructed accordingly

as

zi(k+1) = z5(k)



2 LINEARIZING FEEDBACK CONTROL 14

Ta-1(k+1) = za(K) (12)
Za(k+1) = fo(za(k),Zn-1(k), -, 21(F), Zntm(k)s Zntm-1(k); - -, Zns1(k))
+ go(za(k),- - -, 21{k), Zngm(K)s - - - Zng1 (K))Zngme1 (K)
= Jo(zi(K)s s Znsm(K)) + go(z1(K), - -, Znsm(K))Znsm+1(F)

Tot1(k+1) = za42(k)

Tntm+t(k+1) = Znpmya(k)

mn+m+d—l(k+1) = Ui

y(k) = za(k).

There are (n + m 4+ d — 1) states. The state space representation (12) is, in general,
a nonminimal realization. However, no difficulty arises from working with this non-
minimal realization since the redundant dynamics are stable (for linear systems the
uncontrollable/unobservable eigenvalues are at the origin). In the following we derive

a transformation that transforms system (12) into the form (7).

. (k+2) = y(k+2)
= fo(z1(k+1),...,2a(k+1),...,Znsm(k + 1)) (13)

+gO(zl(k + l)a soe 1xn(k + l)a s 1xn+m(k + 1))$ﬂ+m+1(k + 1)
After substituting (12) into (13), we have

z,(k+2)

y(k+2)

= filzi(k)s- - Tnemi1(K)) + 91(21(K); - - s Tntm1 () Zname2(K)-
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By applying the same technique recursively, one gets

zn(k + 3) = f2(zl(k)s B axn+m+2(k)) + 92(11(":), R axn+m+2(k))xn+m+3(k)‘

zo(k+d—1) = fo_o(x1(k)y- .. Tnympa-2(k))

+ ga-2(z1(k), . . ., Tatmed-2(k))Tntmea-1(k).

Then the following state transformation is suggested,

le(k) ) [ Il(k)
zln.(k) zﬂik)
z1,n+1(k) za(k+1)
z(k) = : = : (14)
Zl,n+d—l(k) an(k + d - 1)
Zzl(k) 1n+1(k)
| zn®) ] L zeem®)
[ (k) ]
zn.(k)
fo(®) + go(®)Zn+m+1(F)
- s = T(x(k))
fa-2(9) + ga—2(®)Tnimsd-1(k)
Tny1(k)
Zntm(K)

After this transformation, (12) becomes

zu(k+1) = z2(k)

z2in(k+1) = z1041(k)

Hntr(k+1) = z1042(k)
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Zinta-1(k+1) =

far1(x(k)) + ga—1(x(k))Znsma-1(k +1)
far(T7H(2(K))) + ga-1(T 7 (2(k)))wa
F(z(k)) + G(z(k))uk

Zzz(k)

ng(k)
Uk—d+1

z1n ().

Two interesting points about this transformed model can be discussed.

o If F(e) and G(e) in (15) were known, the control u(k) could be defined as

—F(z(k)) + r(k)

uk) = &)

and r(k) will appear as the desired output d steps later.

o The past control u(k — d + 1) appears in (16). Notice that

uk—-d+1) =

—F(z(k—d+1)+r(k—d+1)
G(z(k—d +1))
—far (T (z(k —d +1))) + r(k—d + 1)

9a-1(T~Y(z(k — d +1)))
—faa(x(k—d+1)) +r(k—d+1)
da1(x(k—d + 1))
—fo(x(k)) + r(k —d +1)
9o(x(k))
— fo(T(=(k))) + r(k —d +1)
9o(T-*(2(k)))

16

(15)

(17)

(18)
(19)
(20)
(21)

(22)

Thus, (22) can be substituted into (16). This makes the right hand side of the

transformed model a function of the state z(k) and the input r(k). Similar to

the definition given in Monaco and Normand-Cyrot [16], we say that the system
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(9) is Minimum-Phase if the strongly unobservable part

za(k+1) = z5(k)

ZQ,m—l'(k + 1) = Z2m(k)
—fo(T7'(z(k))) + r(k—d +1)
90(T=(2(k)))

has an asymptotically stable equilibrium at the origin when 21y = 212 = -+ =

221"1(’c +1) =

z1n = 0 and r = 0, i.e., when the plant output and the reference command are

restricted to be zero.

Example 2.1
This example is used to illustrate the transformation process. For n = m = d = 2,

the system is

Y1 = fO(yks Yk-1, Uk-2, uk—3)

+ gO(yk’ yk-l y Uk-2, uk—3)uk—l'

We select n + m +d — 1 = 5 states as

z1(k) = Yk
(k) = we

z3(k) = uk-3
z4(k) = uk—2
zs(k) = Ug_g,

and the state space model is

31(’6 + 1)

Zg(k)

z2(k+1) = fo(za(k),z1(k),za(k),z3(k)) +
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go(z2(k), z:1(k), z4(k), z3(k))zs5(k)

= fo(z1(k), .., za(k)) + go(z1(k), ..., za(k))z5(k)
za(k+1) = za(k)
zo(k+1) = z5(k)
zs(k+1) = u
y(k) = =za(k).

The purpose of the next step is to bring out the control u(k) explicitly.

Tk +2) = folza(k+1),21(k+1),z4(k +1),23(k + 1)) +
go(za(k + 1),z (k + 1), z4(k + 1), z3(k + 1))zs(k + 1)
= fo(fo(z1(k), - -, 24(K)) + Go(z1(K), - ., za(K))z5(k),
za(k), zs(k), za(k)) +
go(fo(z1(k), .-, za(K)) + go(1(F), ..., za(k))zs(k),

za(k), z5(k), z4(k))u(k)

= fi(z1(k),...,zs(k)) + g1(z1(k),...,zs(k))u(k).
Then, after the state transformation
2 [ 58
_[2®] 2| iy | = | eakt) | = [ T (x()) ]
=28 = | o = e | = 25
292(k) z4(k)
we get
m(k+1) = z13(k)
Z]g(k + 1) = 213(k)
z13(k+1) = fi(x(k)) + g1(x(k))zs(k+ 1)

= F(z(k)) + G(z(k))u(k)
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a(k+1) = zp(k)
(b +1) = u(k—1)
y(k) = z12(k). 0

Before concluding this chapter, it remains to show that the inverse of the trans-

formation (14), i.e. x(k) = T-!(z(k)), exists. It suffices to show that the partial

derivative g—f‘ is nonsingular.
[1 0 --. 0 ]
01 0 0
: .. e 0
00 1 0 0
* % e * go O 0
* % * g 0 0
o =|* * * *x g 0 0 (23)
ox
* % . * 0
x k- e * G492
00 - 0 1 O 0
00 - 0 0 0
0 0 - o . 0 .- 0
| 0 0 - 0 1 0 0

where g; # 0,0 < i < d — 2. The matrix in (23) is nonsingular, since, after some row

interchange, it becomes

(1 0 -- 0 ]
01 0 0
: : 0
00 - 1 0 0
00 - 0 1 0 0
00 - 0 0 0
00 - 0 0 0
00 - 0 1 0 0
* x - *x x g9 0 0
x X - * * a0 0 0
* x - *x *x g 0 0
* % * x . 0
|+ * e % % gy |
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3 Adaptive Control using Neural Networks

The purpose of this chapter is to introduce the adaptive control system. Convergence
results will be provided in chapters 4 and 5. Two different methods for applying
neural networks to adaptive control of unknown nonlinear systems will be described
in sections 3.1 and 3.2, respectively. In 3.1 the neural network is used to model
the plant, and it needs to go through the same transformation described in chapter
2 in order to bring out the control. In 3.2 the neural network is used to model the
transformed plant directly. A comparison of these two approaches will be given in
section 3.3.

Although neural networks can model any nonlinear function to any desired accu-
racy (see section 1.2), there is no result about how many neurons should be used to
achieve that accuracy. In practice, given a nonlinear plant, some identification process
is needed to determine a suitable neural network size for modeling the plant. The size
of the error between the plant and the network model may also be available from the
identification process (see section 6.1). In chapter 4, we are going to assume that the
nonlinear plant can be exactly modeled by a multi-layer neural network. However, in
chapter 5, some error between the plant and the model is allowed. Thus, the analysis

in chapter 5 incorporates a robustness result.

3.1 | Method 1

Rewrite the system

Yk+1 = Jo(UkyYk=1y- - s Ykont1, Uk=dy Uked—1y - - - » Yk—d—m+1)

+ go(yk, Yk-1y--+ s Yk—n41) Uk—d) Uk—d=1y:- - uk—d—m+l)“k—d+l

Ye41 = fO(zl(k)y s 1zn+m(k)) + go(.’t](k), R szn+m(k))uk-d+1 (24)
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We propose to use a layered neural network

Yk41 = fo(x(k), w) + Jo(x(k), V)uk_a41 (25)

to model the system (24), where w and v are vectors containing variable weights in

the neural network. The neural network can have as many nonlinear hidden layers as

desired.

Figwe 3.1 The neural network model

Figure 3.1 shows the architecture of a neural network model with one hidden layer
in fo and go. The neurons labeled “L” are linear ones which can scale or shift the
sum of incoming signals. The nonlinear neurons, which are labeled “H”, employ the

Hyperbolic Tangent Function A,

h(z) = (" — e7*)/(e" + €7%),
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as their transfer function. The mathematical descriptions of fo and §o with one hidden

layer are
21:1 w.,z,(k)-}-w. —_ e- ;‘:1"‘ wiJIJ(k)+lzll
k WiTssnrm 26
( )’ :z-; ' ::l wiy zy (k) +iy +e E’:l wiy T, (k)+u, ( )
and
Z;‘:xm vi;z;i (k) +0i _ —Z;‘:lm viy T, (k)+0:
o(x(k), vi 27
( Z t ::1 vi; 2, (k)+9, +e E;':l"‘ viyz, (k)+5s ( )
The weights 0, ..., W, and v,,...,0, in (26) and (27), which are not shown in Figure

3.1, are the bias weights, each attached to a corresponding nonlinear neuron. A
neural network with any number of hidden layers can be described mathematically
by iterative substitution from the output layer toward the input layer, although the
final expression can be very complex.

Let 6 = [w v]. At time step k, the neural network weights are denoted by 6(k)

and the estimated output is

Yiar = So(x(K), (k) + Go(x(k), v(k))ur-a+1 (28)

The control algorithm is described as follows.

At each time step,

1. Calculate the control from the current states of the model (28), and apply it to
the plant (24) and the model (28). Section 3.1.1 describes how to calculate the

control.

2. Update the parameters 8(k) using the error between the plant output (24) and

the model output (28). The updating rule is provided in section 3.1.2.

If there are parameter errors, the output error may be observed. The output error is
then used to reduce the parameter errors in order to produce better controls. This is

a recursive process.
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3.1.1 Control Law for Method 1

The general procedure for calculating the control is given in chapter 2, where the
transformation is performed on the plant. In the adaptive control system, the trans-
formation is performed on the model, which is a neural network. Next example shows
how to use the neural network model to generate controls.

Example 3.1

Let us revisit Example 2.1. The unknown plant is

Yeer = fo(zi(k), ..., z4(k))

+ go(z1(k), ..., z4(k))ur_1.

The neural network model of the plant is

Yirr = Jo(@i(k),...,za(k), W(k))

+ go(z1(k), - . ., z4(k), v(k))ur—;.

which is shown in Figure 3.2.

Figure 3.2 The neural network model (see example 3.1)

In order to bring out uj, the following transformation is performed.

Vipz = Jo(Za(k +1),z1(k +1),z4(k + 1), z3(k + 1), w(k))
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+ go(Z2(k + 1), z1(k + 1), z4(k + 1), z3(k + 1), v(k))zs(k + 1)
= folFo(z1(k), .., za(k), w(k)) + Go(z1(K), .., za(k), v(K))zs(k), (29)
za(k), 25(k), za(k), w(k)) +
do(fo(z1(k), ., za(k), W(K)) + Go(=1(K), . .., za(K), V(K))zs(k),
za(k), 25(k), za(k), v(k))u

= filzi(k),...,z5(k),0(k)) + §i(z1(k), - .., z5(k), O(k))u.

where (k) = [w(k) v(k)] and Z,(k + 1) is the estimation of z,(k + 1).

Figure 3.3 See example 3.1 for description

Notice that at the second equality of (29), the output of the network becomes one
of its inputs. Therefore, the transformation process can be realized by duplicating and

reconnecting the neural network model. Figure 3.3 shows the idea. The functions f;
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and §; are available from the network in Figure 3.3, and the control can be generated

to be ‘
v = —hO) (k)
g1(+)

The procedure used in Example 3.1 can be generalized to the general case. The cal-

O

culation of the transformation can be a time consuming task for digital computers.
It has been observed that the digital computer is a serious bottleneck when applying
computed-torque techniques to robotics control [30]. On the other hand, neural net-
works, with its massive parallel computing capability, should be able to handle the

computation efficiently, provided adequate hardware implementations are available.

3.1.2 Updating Rule for Method 1

Define the cost function to be

Je = (Vi1 = Yer1)’

The effect of adjusting weights on the cost function can be revealed by the following

gradient:

aw (k)

3go(x(k).v(k)) )’
( 2 Uk_d+1

(3[ng(k),w(kn)' ]
av(k)

Vomyde = 2(Yky1 — Yk+1) [
The weights are updated as follows:
Ok +1) = 6(k) - 2Lva(k)Jk (30)
Tk

aw(k)

Bgo(x(k).,v(k))\’
( £ Uk—-d+1

(a[‘o(x(kl,w(kn)' ]
3v(k)

=ww—§mﬂ—wm[

where 4 is a positive constant and

2
aw(k)

830 (x(k),v(k))

re=1+ ,
av(k) ) Uk4d-1

[ afa(x(k).w(k) )’
( |
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3.2 Method 2

In chapter 2 the plant
Yet1 = fo(21(k), .., Znam(K)) + go(z1(K), - . - ZTnpm (k) )uk-dir (k)
is transformed into
Yred = fa-1(z1(K), o Tnsmya-1(K)) + ga1(z1(K), .. ., Tatmea-1(k))ux  (31)
Here the transformed plant is modeled by the neural network
Grra = far(21(k); - Tngmeac1 (), W) + Gucr(22(K), - - Zngmeramr (K), Vg (32)

which is shown in Figure 3.4.

Figure 34 The neural network model for the transformed plant

Similar to the control algorithm in Method 1, at each time step a control is applied

to the plant and the model. Then the network weights are updated according to the
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observed error. However, the control law and the updating rule are slightly different

as explained next.

3.2.1 Control Law for Method 2

At each time step the estimate of the transformed plant is

y;+d = fd—l(l'l(k),- .. ,-’Cn+m+d—1(k)s W(k)) + Ga—1(z1(k),s - - - Tngmad—1(k), V(K))uk
(33)
The control is defined straightforwardly from (33) as

_ -fd-l(') + r(k)
ga-1(°)

U
3.2.2 Updating Rule for Method 2
Rewrite (31) and (32) as

Yey1 = fd—l(zl(k —-d+ 1), ce ,$n+m+d—1(k —d+ 1))

+ §d—1($1(k - d + 1), e ,zn+m+d-—l(k - d + 1))Uk_d+1 (35)

and

Gep1 = faa(@(k—d+1),..., Tnimedaer(k—d+1),w)

+ jd_l(zl(k —-d + 1), e ,z,.+m+d_1(k —d+ 1), V)Uk_d+1 (36)
Calculate the estimated plant output using current network weights as

Viyn = faa(m(k—d+1),. ., Zapmeaor(k — d+ 1), w(k))

+ g}d_l(zl(k —-d+ 1), . ,:z:n+,,.+4-1(k —d+ 1), V(k))uk._d+1 (37)
Define the cost function to be

Je= (y;n - 311:+1)2
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The effect of adjusting weights on the cost function can be revealed by the following

gradient:
aid-l(xge-dw;l).w(k)))'
VomyJe = 2(Yig1 — Yre1) . ik '
(39d—1(x(akv-(z;'1)"’(k))) Uk—d+1
The weights are updated as follows:
Ok +1) = 6(k)— E%Va(k)Jk (38)

3fa—y (X(k=d+1),w(k))

!
B, . aw (k) )
= 9("’) - _(yk-H - yk+l) ( \ '
Tk (394-1(’(?‘;‘(1‘)"1),"(“1)) Uk—ds1

where u is a positive constant and

[ (afd-l(x(k-dn).w(k)))' }2
aw(k)

=1
i | BTSN S
av(k) ) Uk-d+1

3.3 Comparison between Method 1 and Method 2

Method 2 is simpler and more direct compared with Method 1. In Method 2, Only one
neural network architecture is needed for generating controls and updating weights.
In Method 1, two networks are needed: one for updating weights and the other for
generating controls. For relative degree one system, Method 1 and Method 2 are the
same.

The two methods introduced here have been standard algorithms for linear sys-

tems. The first method is described in [19] and the second method appears in [27].
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4 Convergence Result : Part One

The adaptive control systems and the related algorithms have been introduced in
chapter 3. Two different convergence results based on different assumptions will be
shown in this and next chapters. In this chapter we consider adaptive regulation

problem for a single-input/single-output relative-degree-one system

Y41 = fO(yk,yk—l,--'ayk—n+l,uk—lauk—2s"',uk—m) (39)

+ gO(yk, Yk=19-- - s Yk—n41)Uk-1, Uk—-25. .-, uk—m)uk

Important assumptions about the system are listed here.

Assumptions
1. fo vanishes at the origin, i.e., fo = 0 when the arguments of f; are all zeros.
2. go is bounded away from zero.

3. This system is minimum phase. By that we mean the zero dynamics

221(k+1) = Zgg(k)

ok +1) = zm(k)
F(0,22(k), )

am(k+1) = — G0 2.00.v)

has an globally exponentially stable equilibrium point at the origin, and there

exists a Lyapunov function V5(z2(k)) such that

& (M) < Valza(k) < calza(k)f, (40)
Vaza(k +1) - Va(za(k) < —alma(k)?, and (41)
“"‘(f;f‘) < Lix. (42)
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4. The nonlinear functions fp can be exactly represented by a multi-layer neural
network fo which does not have bias weights. In the case of a three-layer neural

network,

m+n

fo(x(k)) = Jo(x(k), w) = 3 wiH (3 wisz;) (43)

where H is the hyperbolic tangent function.

5. The function go can be exactly represented by a multi-layer neural network
without bias weights connected to nonlinear neurons. However, there is a bias
weight added to the linear neuron at the output layer. In the case of a three-
layer neural network,

q m+n
go(x(k)) = go(x(k),v) = vo + ‘;viH(JZ_:I vi; ;) (44)
The w and v in (43) and (44) are vectors containing variable weights in the

neural networks. Now the plant (39) can be written as
vker = fo(x(k), W) + Go(x(k), v)ui (45)
The estimate of the plant is

Vi = Jo(x(k), W(k)) + go(x(k), v(K))u (46)

There is no theoretical evidence about how good three-layer neural networks without
bias weights can approximate nonlinear functions. But it is for sure that they can
deal with certain classes of systems. Some evidence from simulation will be provided
in chapter 6. The Method 1 and Method 2 described in chapter 3 are the same
for relative-degree-one systems. After the transformation described in chapter 2, the

plant (39) becomes
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211(k+1) = Zlg(k)

zim(k+1) = fo(x(k),w) + go(x(k), V)Znsm(k +1)
= F(z(k),w) + G(z(k), v)u(k) (47)

21(k+1) = z(k)

Zg'm_l(k-*-l) = ng(k)
Zam(k+1) = u(k) (48)

y(k) = z(k).
It is convenient to recall that (see chapter 2)
zin(k) = y(k),...... , zu(k) =y(k—n+1),
Zam(k) = u(k —1),...... y z21(k) = u(k —m).

The purpose of the control is to regulate the plant output to zero asymptotically.

At each time step, the control

_ _F(z(k), w(k))

U= Gal), V(b)) )
is applied to the plant. Then the weights are updated.
O(k +1) = oy ST
(k+1)=0(k) - ;(yk+l = Yk+1) (3§o[x;k;.v;k l)lu (50)
. av(k) k

Notice that y;,, in (50) equals zero, because the control (49), which is calculated
from the model, can exactly cancel the model dynamics. Therefore, the updating

rule is rewritten as

g0 (x(k).v(k)) (51)

jogxyq wgkn) }
8v(k)

ok +1) = 8(k) + f‘;ym [ ow(k)
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Next a local convergence result is provided.

Theorem 1 Under the gradient-descent updating rule (51) and the assumptions 1 -
5, given any initial condition x(0), there ezists a positive constant R such that
if
|0 —6(0)| < R,
then

yx will asymptotically converge to zero.

Proof:
step 1. The closed-loop control system.

Substituting u, defined in (49) and ux_q44; into (39) and (47), one gets

211(k+1) = Zlg(k)

sk 41) = [P+ 60 -gomve)| 69

221(k+1) = Zgg(k)

trma(k+1) = zn(k)
_ F(zy(k), 22(k), w(k))
G(21(k), z2(k), v(k))
y(k) = zia(k).

ng(k + 1)

The functions F and G in (52) and their derivatives are continuously differentiable

infinitely many times. The term [o], vanishes when (k) = 6 and the derivative of

%%%’%%—} with respect to 0 is zero when z(k) = 0. Using these properties, we have

F(z(k), w )))]

G(z(k),v(k))

F(z k) w(k) )]
v(k))

[0 = [F(z(k),w)+G(z(k), v)(—

= [F(z(k),w)+G(Z(k) v)(-

W e—s Y,
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_F(z(k),w))]
Ca(k),v)
_ F(a(k),w)  F(a(k),w(k))
= Gla(k).f) [G(z(k),v) - G(z(k),v(k»]

) 0 [F(a(k),w)
= G(z(k)ao)%[c(z(k),v)]

where the last equality follows from the Mean Value Theorem [28].

. [F(z(k»w) + Gak), V)

(6(k) - 9)

6+(1-¢)(6(k)-6)

Therefore

Lo ], < Kk |0(k)| - |2(k)|, where B(k) = 6(k) - 6 (53)

step 2. To choose a Lyapunov function associated with z;.

[0 1 .- ... 0}

0 00 1 ---0

zi(k+1)= Az (k) + | : |[[e],, whereA=]: :
1 0 v --- 0 1

A is a stable matrix (since all eigenvalues are at the origin). = Given any symmetric
Q@ > 0, 3 a symmetric P > 0 such that A’PA — P = —@Q [31]. Choose the Lyapunov
function

Vi(z1(k)) = 2y(k) P21 (k),

Then, using (53),

0
Vi(zi(k +1)) = Vi(za(k)) = -2i(k)Qzi(k) +22:(kYA'P | : | [o],
1
0
+[efj[0---1)P | : (54)
1

<~z (k)Qz1(k) + ks |B(K)| 12(R) + ke |B(R)| [z (k).
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step 3. To choose a Lyapunov function associated with z,.

The plant dynamics associated with z; is

221(k+1) = Zgg(k)

z2.m—l(k+l) = z2m(k)
—F(z(k), 22(k), w(k))
G(21(k), 22(k), v(k))
—F(0,25(k), w(k))
G(0,22(k), v(k))
[—F(h(k),%(k),w(k)) _ —F(, Zz(k),W(k))J
G(z1(k),22(k), v(k))  G(0,22(k),v(k)) |,
—F(0,2,(k),w)
G(0,2z2(k),v)
+ [_F(zl(k)sz(k)ww(k)) —F(O,Zg(k),W(k))}

ng(k + 1) =

G(z1(k), 23(k), v(k)) ~ G(0,25(k), v(k))
[F(O,Zz(k),W(k)) —F(O»Zz(k),W)]
b

G(0,22(k),v(k))  G(0,22(k), V)

By using similar techniques in showing (53), we can arrive at

[0 ]l < cslza(k)] (55)
and
[0 ],] < ca [6(K)| - I22(k)! (56)
Let
Sk = [zzg(k),...,zgm(k),—%]l
and

Qk = [Oa ceey Os [.]a + [.]b],

Applying (55), (56), (41), and (42), we have

Va(za(k +1)) - Va(za(K)) = VA(Sk + Qi) = Valzalh))
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[Va(Sk) — Va(z2(k))] + Va(Sk + Q) — Va(Sk)

< —kslza(R) + kICSk+ (1= O)Qul - |Qul

< —ks|zo(k)* + Ey |Sk| - |Qkl + k2 |Qxl?

< ks |z () + ks |21 (k)| - [2z2(R)| + k|24 ()|
+ |22 (K)P10(K)| + ¢z (k)| - |za (k)| |B(K)|
+ chlza(k) P10 (K)

< —kslza(k)[ + ks |21 (k)| - [22(k)| + k7 |2 (k)

+ knlz(k)PlO(k)] + kaolz(k)16(k)[? (57)

step 4. To combine step 3 and step 4.
Let V(z(k)) = Vi(z1(k)) + BVa(z2(k)). Then, from (54) and (57),

V(a(k+1) = V(a(k)) < ~z(k)Qz(k) + ks |0(k)| l2(k)[* + ka |0(K)] [206)P
—Bks |22(K)|* + Bks |21(k)| [z2(F)| + Bkz |21 (K)|’
+Bknal2(k) 1K) + Bkral2(k)[6()[?

[(—Fk10 + Bkr) [2al* — Bks |22(k)[* + Bs |21(k)| [z (k)]

(ks + Blan) |B(E)| 2R + (ka + Bra) |68 (k)

IN

< K a(R)? + ks |0(k)| (k)P + K, 6(k)[ 1200 (58)

The last inequality is true if 8 is small enough.
step 5. A Lyapunov-type function related to weight convergence.

Rewrite the updating rule (51) as
8(k +1) = 8(k) + ;”—Ak
k
where

8 xkvk

[ogxgk) wgkn)
Di = Y aw(k)
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Define 8(k) = 0(k) — 0, then

Gk +1) = 6(k) + :‘—kak,

and the inner product of 6,4, by itself is

s s - 2 - 2
Gk +1Y8(k +1) = d(k)6(k) + r—“o(k)'Ak + ‘:—ZA;Ak.
k k

Notice that
Yir1 = Jo(x(k), W) + go(x(k), v)us
and
0 = fo(x(k), w(k)) + Jo(x(k), v(k))ux
After subtracting (61) from (60), yx4+1 can be rewritten as

—6(kY aya";‘

Y41 =

L(k)=6+(1-¢)(6(k)-€)

Now let us investigate the term 8(k) A in (59). It can be quickly verified that

Ye+1
(k)

- ;.
(kY Dy = O(k) -‘(’9’;“

Then, making use of (62), we have

B(ky A = (k) 2

90 o) Yk+1
b(ky "’*g;* R [ (kY a‘(ﬁ;‘ o — (kY 31({;(;1
= —Yint Lé(k)' aiakoﬂ o — (k) _6% I‘(k)] Yk+1
= i+t z; & (gwf— . o m)) ¥ z'"i ( af{ -
+{iz:;6i (Z_?: (k) ?’)f,? I‘(k)) ggéﬁ (gl% o(k) gz:

yk+1]
L'(k)

2 r(k))
) } Uk | Yk41
(k)

36

(59)

(60)

(61)

(63)

-
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The functions and parameters used at the last equality of (63) are defined in (43) and
(44). By virtue of special property of the hyperbolic tangent function, each

- (on| _ 2 (2
w(aw o)~ ow r(k)) °”’(3"

— %%
6(k) ov

r(k)) term is of the order [0(k)|" - |z(k)!.
Moreover, the control uk, as defined in (49), is of the order |z(k)| and yi4; is of the
order [6(k)| - |2(k)| (see (53)).
So,

(k) Dk < —yiyy + K Ié(k)l3 (I2(k)* + |2(k)[%). (64)

Next check about f;—ALAk in (59).
k

2 2
By H 2
vy JAYWAVEES = Yir1-

k k

Define \
[ (aﬁ T(x(k)).w(k )'
=14 . aw(k) '
8GgT!xgkn,v(kn u
L ( av(k) ) k
Then

2 2
I ' B 2
DD < —Yip-
rz Kk e Ye+1

It can be shown that r; is bounded. Then, setting 4 = 1, the equation (59) becomes

Ok +1)0(k+1) — 6(k)b(k) < —kgy?Z,y + ko ’5(k)|3 (Iz(k)|* + |z(k)°).  (65)

Final step. A Lyapunov function for the overall system.

Choose the Lyapunov function
V(k) = 6(kY6(k) + v*V (z(k)).
By (58) and (65),
V(k+1)=V(k) < —ksyiyr +ho |5(k)|3 (Iz(k)I* + |2(k)[°) (66)

7 (=R 2B + K i) 126) + K, oo (k)7
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Suppose |z(0)] < K. Then, by (40) and the definition of V(z(k)), there exists a
constant d; such that

V(z(0)) < d,K2.

s={(;>|é'o”+72vsc2},

It can be verified that if 4 is chosen to be

Consider the set

C

thalov;7n (67)
then
|5(0)| < % and |z(0)| < K = ( ;Eg; ) € S.

Next, we show that if ¢ is chosen small enough, then the set S is an invariant set.

For any ( 383 ) €S,

6(k)| <, and (68)

| V(z(k))l < K\/2d,.

Again, by (40) and the definition of V(z(k)), there exists a constant d; such that

|2(k)| < dz

V(a(b)| < K24, (69)

Substituting (67), (68) and (69) into (66), one gets

VE+1)=V#) < —huk - B o (10)

[1- k—c,(kg + Kic + 2ko K2d, + 2d1 ko K3dyy/2d,)].
1
It is obvious that there exists a co such that if ¢ < ¢o, then (68) can be rewritten as

V(k+1) = V(k) < —ksy?,, — k|z(k)]*, (71)
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and the set S is an invariant set. Since ( ;Eg; ) €S, (

Finally, (71) implies that

V(k) —V ask— oo,

and therefore

ye — 0 ask — o0. O

z(k)
o(k)

)ES Vk > 0.

39

(73)
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5 Convergence Result: Part Two

In this section we consider adaptive tracking problem for a single-input/single-output
relative-degree-d system
Y41 = fO(ykayk-l" ey Yk—n41, Uk—dy Uk—d-1y- - - auk—d—m+l) (74)
+ 9o(Yks Yk-15- - - s Ykon+1, Uk—ds Uk—d—15 - - -  Uk—d—m+1 ) Uk—d+1

After the transformation described in section 2, the plant (74) becomes

zn(k+1) = 212(k)
2in(k+1) = z1,41(k)

2mpact(]) = Saoa(X(K)) + Gaca (X(k))Tmtmpac (k + 1)
= farr(T@(k))) + gar (T (2(k))Yus
= F(a(k)) + G(z(k))us (75)

221(k+1) = Zgz(k)

22,m—l(k+1) = 22m(k)

ng(k + 1) = Uk—d+1
—fo(T~}(2(k))) + r(k—d +1)
90(T~(2(k)))

y(k) = zia(k).
Some assumptions about the plant are made here:

Assumption 1.

9a-1(x(k)) is bounded away from zero over any compact set. More precisely,

|ga-1(x(k))| = B >0, Vx(k) € = (77)
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where B is a known constant and = is a compact subset of R™*"+4-1,
Assumption 2. The system is minimum phase.

Setting z,(k) and r(k —d +1) in (76) to be zero, the dynamics associated with z,(k)

become
221(k + 1) = Zgg(k)
Zam-1(k+1) = z,(k)
= fo(T71(0,2,(k))) -
m(k+1 8
an(E+1) = = 10, m (b)) (78)
have equilibrium at C, where C = [c,. .., ], then

_ =5(T(0,0))
5o(T1(0,0))

After the state shift

€2 = 22; — C,

(78) is transformed into

en(k+1) = exn(k)

em-1(k+1) = em(k)

_ AT +0)
D =TT ek 1 0)) )

The dynamics (79) are called the zero dynamics. By assuming that the system is
minimum phase, we mean the zero dynamics have an asymptotically stable equilib-
rium point at the origin and that there exists a Lyapunov function V,(e;(k)) such

that

a1 lea(R)]® < Va(ea(k)) < calex(k)?, (80)
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Va(ea(k +1)) = Va(es(k)) < —ales(k)|’, and (81)
Va(x)

Rewrite the plant (75) in an input-output form as

Ye+d = fa—1(x(k)) + ga—1(x(k))ux (83)

The plant (83) is modeled by the neural network
Grra = famr (x(k), W) + §a-1 (x(k), V)us (84)

In the case that (84) is a three-layer neural network, then

Figwre 5.1 The neural network model for the transformed plant

m+n+d-1

foax(k),w) = S wlH( S wiz; + ) (85)

=1 =1
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and
q m+n+d-1 . .
f)d_l(x(k),v) = EU,‘H( Z Vi; T + f),) (86)
=1 =1

The function H in (85) and (86) is the hyperbolic tangent function. The three-layer
neural network model is shown in Figure 5.1.
Assumption 3.
Assume that there exist w and v such that fd_l and g4-) can approximate fy_, and
gd-1, which are continuous functions, to within € accuracy over the compact set =,
ie.,

Fw, v s.t. max |faa(x(k),w) = faa(x(k)| < € Vx(k)€Z (87)

and max |§g_1(x(k),v) — ga-1(x(k))] < ¢ Vx(k)€Z= (88)

The weights w and v are unknown. w(k) and v(k) represent the estimates of w and

v. Let 6 = [w v] and define the parameter error as
6(k) = 0(k)— 0 (89)

We are going to employ a dead-zone algorithm for updating the weights which has
been adapted from [29]. At each time step, if the error between the plant output
and the model output is larger than a certain threshold, the weights are updated.

Otherwise, the weights are not changed. In order to better define the error, rewrite

(83) and (84) as
Ye4r = fa-1(x(k —d + 1)) + ga-1(x(k — d + 1))uk—d+1 (90)

and
Uks1 = fd_l(x(k —d+1),w)+ ga1(x(k—d+1),V)uk_as (91)

The estimated plant output is

Yinr = famr(x(k — d+ 1), W(k)) + a1 (x(k = d + 1), v(k)Juk-arr  (92)
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The error ex4; is defined as
€k+1 = Yiy1 ~ Ykl (93)
This error is applied as input to a dead-zone function D(e) which is depicted in Figure
5.2.
0 of |e| < dp
D(e)=4¢ e—do ife>do (94)
e+dy ife<—dy

The output of the dead-zone function is used in the updating rule.

Dle)

Figure 5.2 The deadzone function

Updating Rule

8famr(x(k=d+1)w(k) )
(95)

1
6(k+1) = O(k)— —D(yi, - e
(k+1) (k) e (¥isr = Yen1) [ (%-1("?;(‘;')’")"'“”)’uk_d+1

1
= 0(k) - ;D(ek+l)lk—d+l

where

r = 1+ =1+ J£-4+1Jk—d+l

8§g—1(X(k=d+1),v(k

(3fd-x(x("-d+1)-"(k))), ]2
aw(k)
!’

( vk ) Uk—-d+1
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This updating rule is similar to that of Method 2 described in chapter 3, except that
ex+1 in (38) is replaced by D(ex41)-

The control law is specified next.

Control Law
"y = — far(x(k), w(k)) + r(k)
ga-1(x(k), v(k))

where r(k) is the reference command satisfying |r(k)| < d,, d, being a positive con-

(96)

stant.

Now, based on the assumptions made above, a local convergence result is given.

Theorem 2
Given any initial condition x(0) and any small constant dy, if the initial parameter
error (0) (see (89)) and the modeling error ¢ (see (87)) are small enough (depending
on dy), then

1. |5(k)| will be monotonically nonincreasing, and (k) will converge to a constant

vector.

2. The tracking error between the plant output and the reference command will

converge to a bounded ball centered at the origin and has radius d,.

Proof :
step 1: State transformation.

The dynamics associated with z, is

zn(k+1) = 2z12(k)

2in(k+1) = zip41(k)
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Zintd-1(k) = F(z2(k)) + G(z(k))us (97)

The last equation can be rewritten as
Zinid-1(k+1) = F(z2(k)) + G(z(k))ux
= F(2(k),w) + G(z(k), v)u
+ {F(a(k)) - F(2(k),w) + [G(z(k)) — G(z(k), v)]ui}1
= F(a(k),w) + G(z(k), v)ux + {o}1 (98)

where F(z(k),w) = fa_1(T~'(z(k)),w) and G(z(k),v) = §a—1(T~'(z(k)), V). Plug-

ging ux into (98), we have

tumeinald) = Fla(k), )+ Glatt) ) A LR EDLID o,
= Fa(k),w) + Cla(k),v) | = (ZG((’;)(:)’(?()IC; r(k)
—F(z(k),w) +r(k) —F(z(k),w) + r(k) .
+( G(z(k),v)  Gla(k),v) )]H h

P(a(k), w(k) + (k)
G(a(k), v(k))

= r(k) 4 [F(z(k),w) — r(k) + G(2(k), v)(— )]

— P(a(k),w(k)) + F(a(k), w(k)) + {o}:

= r(k)+{eh
+ {F(a(k),w) — F(z(k), w(k)) + [G(z(k),v) — G(z(k), v(Kk))]ur}2
= r(k)+ {o}1 + {0} (99)

Define
ei(k) = znu(k)—r(k—n—-d+2)
(100)

el.n+d-—l(k) = zl.n+d—l(k)_r(k)

In other words,

ei(k) = z,(k) — II(k)
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Then (97) can be represented in new state variables e; as

eilk+1) = eyk)
CN(k+1) = en+l(k)

enta-1(k) = {0} + {o}; (101)
With the transformation
€2 = Z2i — C, (102)

the dynamics associated with z, is transformed into

en(k+1) = exn(k)

e2,m-—1(k + 1) = Cgm(k) (103)
em(k+1) = ugp_g41—c¢

Thus, (101) and (103) together is the new state space representation of the closed-
loop system.

Step 2: To show that |5(k)l will decrease and converge, and (k) will converge if the
states of the system stay in a compact set.

Consider the sets

={(2) el < mnlest < n} (104
and

I =1{0]16 < é} (105)
In the forth coming analysis we will assume that e(k) stays in I¢ for all £ > 0 and

investigate how 8(k) will behave in that situation. Later on, we will show that, under

certain conditions, e(k) indeed stays in Ie.
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From the facts that

2(k) = e(k) + [TI(k) C]

and

it is clear that if e(k) stays in I¢, then x(k) is bounded for all &.

Claim 1

If € and 6 are small enough, then, for all (e(k),0(k)) € Ie x I, ga_1(x(k),v(k)) is
bounded away from zero.

proof: (please refer to Assumption 1, Assumption 3 and Control Law for some

of the constant variables used here)

|9a-1(x(k), v(k)) = ga-1(x(k))| < |ga-1(x(k),v(k)) = Ga-1(x(k), V)]
+ 1ga-1(x(k), v) — ga-1(x(k))|
< alv(k)|+e<ab+e (106)
If ;6 + € < B/2, then
|ga-1(x(k), v(k))| > B/2 &. (107)
Claim 1 ensures that the control uy is uniformly bounded for all (e(k), 8(k)) € I x .

The input-output form of the system is

Yerr = faa1(X(k — d + 1)) + ga-1(x(k = d + 1)) us-at1

As long as (e(k),0(k)) € Ie x Iy, all previous controls are bounded and, by the

assumptions (87) and (88), we have
Yerr = Sfa1(x(k—d+1)) + ga-1(x(k — d + 1)) us—a1

= faca(x(k —d+1),w) + da1(x(k — d + 1), V)up_as1

+ [fama(x(k = d +1)) = faa(x(k — d +1),w)]
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+ [(gam1(x(k — d + 1)) = daa(x(k = d + 1), v) g

= faa(x(k—d+1),W) + Ga-a(x(k — d + 1), V)us_a41 + O(e)  (108)
The weights w and v in (108) are unknown. The estimate of the plant output is
Yim = faoa(X(k = d+ 1), (k) + Gunr(x(k —d + 1), V(E)uwroars  (109)

The error between the neural network output and the plant output is

€41 = Yk41 — Yk+1
= faa(x(k=d+1),w(k)) = far(x(k —d+1),w)

+ [Gaca (x(k = d+ 1), v(K)) = Gu-a(x(k = d + 1),9)us—as1 + O(€)
8facs(x(k=d+1)w(k) )’

= O(kY aw (k) OGR4 O
(%) [ (354—1(X(k-d+l).v(k)))’u ] + O(|0(k)[*) + O(e)
av(k) k—-d+1

= (k) Je-ar + (k)

Since the states x(k) and all previous controls are bounded, there exist ¢; and cg

(depending on g, and p) such that
In(k)| < erl8(k)I? + cae
Assume that é§ and € are small enough such that
In(k)l < M < do (110)
(do defined in (94)). Next, some analysis related to the deadzone function is provided.
o If |ef,,| < do, then D(e}y,) = 0.

o Ifef,, > dy, e, é(k)'J,,_d.,_l + n(k) > do, then 5(k)'Jk_d+1 > 0, since |p(k)| <
do.

D(eiy1) = O(k)Jkearr +n(k) = do < (k) Ji-as1 + do — do

=> D(e},,) < 0(k)' Jizas
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o If e;,, < —do, i.e, O(k)'Ji_ysr + n(k) < —do, then (k) Ji_gp1 < O, since
In(k)| < do.
D(eryy) = O0(k)Jkeapr +n(k) + do > 0(k) Ji_apr — do + do

= D(epy1) > 0(k) Jican
Thus in all cases we can represent D(ej,,) as
D(epy,) = a(k)d(k) Je_an (111)
where 0 < a(k) < 1. Plug (111) into the updating rule (95). we get

Ok +1) = 6(k) — a(k) CEL Iroer) e

112
1+ Ji_ap1Jk-an1 (112)
Subtracting 6 from both sides of (112), it becomes
~ - (O(k) Jx-g1)Jk—dir
0k+1)=06(k)— alk 113
( ) = 0(k) — a(k) 14 Tl g Jein (113)
Then,
6(k+1)8(k + 1) — 8(k)'8(k)
(B(K)' Jk—d41)? 20y OK) Tec 1) T} agr Je—an
= —2a(k + a’(k
T T edican T O T T T imdecan?
(0(k) Jx—441) 2y (O(K) Je_asr)?
< =2a(k + o*(k 114
- 0( )1 + Jl':—d+1'.]k—d+l “ ( )1 + Jl'c—d+1Jk—d+l ( )
0(k) Jx-ds1)? (O(k) Jk—asr)?
< —a®(k ( — (2a(k) — 2a%(k
S I e O = 2 O T e
0L\ 2
< —a¥(k) (6(k)' Jk-a+1) (115)

T+ 7} s dean
= 0(k)'0(k) is monotonically decreasing and 0(k)8(k) — C; as k — o
(116)
where C, is a constant. This shows that the norm of parameter errors will converge.
Then, (116) implies that
5(k)'Jk-d+1_

a(k) — — 0 ask — o0 (117)
\/1 + J,',_“_IJ},-.{H
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=  O(k+1)—06(k) — 0 ask — oo (118)
= 0(k) — C; as k — oo (119)
= (k) — Cy 40 ask — oo (120)

where C, is a constant vector. The result (118) can be verified by rewriting (113) as

(é(k)"]k—d+l) Je—ds1
Jl + ‘]‘,c—d+1Jk—d+l \/1 + Jl’t—d+l‘]k—d+l

It is shown in (120) that the weights in the neural network model will converge.

O(k +1) = O(k) — a(k) (121)

Step 3: To show that |e,(k)| is uniformly bounded by g, if € and é are small enough.

Rewrite the dynamics associated with e, as

[0 1 0]
0 00 1 ---0
e(k+1)=Ae(k)+ | : [[o],, whereA=|: F
1 0 - 0 1
0

and
[e], = {o}i+{e}2
< 36+ cq6 (122)

The constants c3 and ¢4 in (122) depend on g; and g,.
A is a stable matrix (since all eigenvalues are at the origin). => Given any symmetric

Q@ > 0, 3 a symmetric P > 0 such that
A'PA-P=-Q.
Choose the Lyapunov function
Vi(e(k)) = €'(k)Pe(k),

Then,

Vi(e(k +1) - Vi(e(k)) = —€'(k)Qe(k) + 2e(kY AP | : |[o],
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0
+[e)[0---1)P
1
< —e(k)Qe(k) + (clf(k)| + cq€) le(K)| + (csl0(k)| + cae)?
< nin(@)le(k)” + (cab + cae)le(k)] + (cab + cqe)?
< =Anin(@)le(k)* + cun(cad + eqe)?
< =AVi(e(k)) + cr1(cab + cq€)?, where X = %—;
= The R.H.S. will be negative
whenever V;(e(k)) > %(c;;é + cqe)? (123)

The conclusion from (123) is that, given any uz > 0, if § and € are small enough such

that

n

_/\_(636 + cq€)® < p3 (124)

then

{Vi(e) < p3} is an invariant set, i.e.,

Vi(e(0)) < ps = Vi(e(k)) < p3, VE 2 0.

p B
le(0)] < F"'(P) = |e(k)| < ‘/W?P)’ Vk>0.

Hence, g, in (104) can be chosen to be ‘/Efm’ where pu3 is chosen large enough so
that |e(0)] < /52 Notice also that |e(k)| will decrease toward a ball of radius

It follows that

O(c36 + c4€).
step 4: To show that the dynamics associated with e, are bounded.

The dynamics associated with e, is

621(k+1) = ng(k)
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where

Uk—d+1

e2,m—1(k+1) = e2m(k)

em(k+1) = up_gy1—¢

_ —Fley(k—d+1)+T(k—d+1),e(k—d+1)+C,w(k—d+1)) +r(k—d+1)

Gler(k—d+1)+H(k—d+1),es(k—d+1)+ C,v(k—d +1))
G(0,e,(k—d+1)+C)

A

(—F(el(k—d+ 1)+ T(k—d+1),es(k —d+1)+ C,w(k —d +1))

A

Glew(k—d+1)+I(k—d+1),es(k—d+1)+C,v(k—d+1))
—F(0,e;(k—d+1)+C)
- G(O,ez(k—d+1)+0))
r(k—d+1)
Glew(k—d+1)+T(k—d+1),es(k—=d+ 1)+ C,v(k—d +1))
—fo(T~1(0,e5(k) + C))
9o(T1(0, e2(k) + C))
N ([—F‘(e,(k—d+1)+H(k—d+1),e2(k—d+1)+C,w(k—d+1))
Gley(k—d+1)+II(k—d+1),e(k—d+1)+C,v(k—d +1))

—F(0,ex(k—d+1)+C,w(k —d+1))
T Gle(k—d+1)+H(k—d+1),ex(k—d+1)+C,v(k—d + 1))]
+[ —F(0,e3(k—d+1)+C,w(k—d+1))
Gles(k—d+1)+T(k—d+1),e3(k—d+1)+C,v(k—d+1))
—F(0,e3(k —d+1) + C,w) ]
" Gle(k—d+1)+M(k—d+1),e(k—d+1)+C,v)

+[ —F(0,e3(k—d+1)+C,w)
Gley(k—d+1)+T(k—d+1),e;(k—d+1)+C,v)
—F(0,e:(k—d+1)+C) )
" G(0,e3(k—d+1)+C)
+O0(ll(k—d+1))
—fo(T (0, e2(k) + C))

90(T-1(0, e3(k) + C))
+[0(6(k —d+1))+O(es(k — d+ 1)) + O(TI(k — d + 1)) + O(e)]2

Since all the states are bounded, [e]; is bounded by a constant.



5 CONVERGENCE RESULT: PART TWO 54

Let

_ —fo(T1(0,ex(k) + C)) '
O = [enlheam 2 S B 1)) €

and
Qx = [0,...,0,[e]s)

Using the V;(ez(k)) described in (80) as a Lyapunov function candidate, we obtain

Va(ez(k + 1)) — Va(ex(K))

Va(Sk + Qi) — Va(ez(k))

= [Va(Sk) — Va(ea(k))] + Va(Sk + Qi) — Va(Sk)

S —kslea(k)* + EICSk + (1 = C)Qxl - 1Ql
< —kslea(k)? + Ey |Sk] - 1Qkl + k2 |Qf?
S —k5 IEQ(k)|2 + k6 |e2(k)| + k7. (125)

Thus, if u; is chosen large enough, there is an invariant set {e;(k) | Vz(ez(k)) < ¢12}
inside {e; | |ez| < u.}.
We summarize the results from Step 2, Step 3 and Step 4 here: Given any initial

condition, if 4, and u, are chosen large enough, and é and € are small enough, then
1. (e(k),0(k)) € Ie x Iy, Yk >0.

2. Ié(k)l will be monotonically nonincreasing, and 6(k) will converge to a constant

vector.

Step 5: To show that the plant output will eventually track the reference command
with an error less than d,.
Since x(k) and u; are bounded for all k, it can be verified that Ji_44; is bounded.

Hence, (117) implies that

a(k)0(k)Jk-441 — 0 as k — oo (126)

= D(ex41) — 0 as k — oo (127)
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- |8k+1] < do as k — oo (128)
= |Yk41 — Yk+1] < do as k — oo (129)

Recall that
Yira = Ja-1(x(k), w(k +d = 1)) + daa (x(k), v(k + d — 1))us (130)

While the control u; is generated from

Gkrd = fac1(x(k), w(k)) + a1 (x(k), v(k))us (131)

Then

Viea — Greal < Mo (x(k),w(k +d — 1)) = fauy(x(k), w(k))| (132)

+ |[Ga-1(x(k), v(k + d = 1)) = Ga—1(x(k), v(K))]ux| (133)

IN

K|0(k—d+1) - 6(k)] — 0, as k — oo. (134)

== |ﬂk+d - yk+4| <dy as k — o (133)
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6 Simulation

This section is divided into several subsections, with each subsection dealing with a
specific issue. Some issues are directly related to the results presented in the previous
chapters, while others are not, as will be described at the beginning of each subsec-
tion. All the simulation programs are written in Microsoft C and run on a IBM PC

compatible machine. The plants under consideration are of the general form

Y41 = fo(yk, Y15+ s Yk—n41, Uk—ds Uk—d-1y-- -, Uk-d-m+1) + GoUk—d+1 (136)

which is a relative degree d system, with gy being a constant. We will simulate on

relative-degree-one and relative-degree-two systems only.

" x (k) X, g oK)

Figwe 6.1 The neural network model

The neural network architecture which will be used for the rest of this chapter is
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shown in Figure 6.1 and denoted by NN(m,n), where m and n are the number of the
hidden neurons used in the first and the second hidden layers (the first hidden layer
is the one close to the inputs).

We look at identification problem first in section 6.1, and study various control

issues in subsequent sections.

6.1 Identification

We start with identification problems, although identification is not directly related
to the results presented in the previous chapters. There are several reasons to pursue

identification first:

1. To demonstrate that layered neural networks can learn to approximate nonlinear

functions.

2. To get some insight about how to choose a suitable neural network size to handle

our current control problems.

3. Before the neural networks are applied to control problems, some “pretraining”

may be needed.

It is worth while trying to clearly describe the training process here. Neural networks
of the form in Figure 6.1 will be trained to approximate the system

1.5Ykyk-1

ﬁ?ﬁ-}-—y,f_—l + 07szn[05(yk + yk_l)] . 603[05(yk + yk—l))] + 1.2uk (137)

Y41 =

Several network sizes will be used to develop some feeling about how to choose a
suitable neural network size. Each nonlinear neuron in the neural network has a bias
weight attached to it, though the bias weight is not shown in Figure 6.1. In order to
focus on the effect of the number of nonlinear hidden neurons on the identification
process, the weight between u; and the output neuron in Figure 6.1 (i.e., go) is fixed

to be 1.2 (the same as the plant).
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At each time step, the control u; is randomly selected from the interval [-1.7,1.7].
The inputs ui, yx and yx_, are applied to the plant and the neural network model.
The error between the plant and the model is used to train the neural network. We
use standard back-propagation algorithm [1] to update the weights. The algorithm is
described here.

The plant is
Yk+1 = So(Yks Yk—1) + 1.2u;
The model is

Yig1 = fo(yk,yk-l, Wi) + 1.2u,

Define the error to be Ji = (y;;, — ¥k+1)?. The weights are updated as follows:

Wipa = Wk—#kVWqu

. 3 fo(ye, ye1, Wi) |
= Wk—ﬂk(yk+1—yk+1)[ fO(yka!x,k] k)]

where ?—M‘"‘é‘x‘%ml is calculated by the back-propagation algorithm. The learning
rate ui used in this simulation is

(0.2, k < 1000
0.45, 1000 < k < 5000
_ ] 0.25, 5000 < k < 10000
K= 0.15, 10000 < k < 20000

0.1, 20000 < k < 30000
| 0.5, 30000 < k

Our experiences suggest that using smaller learning rate at the early stage of training
can avoid large oscillation which may cause instability. The learning rate is increased
and then gradually decreased for better convergence. The initial weights of the neural
networks are selected randomly between —0.1 and 0.1. In the rest of this chapter,
the initial weights of the neural networks are always selected this way. Small initial

weights can reduce the chance of saturating the nonlinear neurons.
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In all of the figures shown in this subsection, each data point represents the error
between fo(yk,yk-1) and fo(yk,yk_l, W) averaged over 1000 time steps.

Figure 6.2 shows the training results for the first 30 thousand time steps. The net-
work NN(2,2) does not contain enough hidden neurons, so it is incapable of bringing
the error down. It is also apparent from Figure 6.2 that NN(4,4) learns to approxi-
mate f(yx,yx—1) faster than NN(6,6), and NN(6,6) faster than NN(12,12). For these
three neural networks, errors are reduced to about 0.033 at the end of 30 thousand
training. It seems that NN(4,4), NN(6,6) and NN(12,12) result in similar errors, but
next figure will provide more insight.

Figure 6.3 shows the training of NN(4,4), NN(6,6) and NN(12,12) from 30 to 200
thousand time steps. It is obvious that NN(4,4) is leveling off, while NN(12,12) is
reducing the error at a much faster pace. NN(12,12) pushes the error to 0.012 at the
end of 200 thousand training.

Figure 6.4 shows the result of the same identification problem using NN(25, 25).
Compared with NN(12,12), NN(25,25) takes much longer time to reduce the error
significantly.

We conclude that neural networks of sizes between NN(6,6) and NN(12,12) are
adequate to be used in the adaptive control of the system (137), in terms of the speed

they can learn to approximate the plant and the accuracy they can achieve.
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6.2 Regulation using Neural Networks without Bias Weights

Part 1:

The simulation here corresponds to the result in Chapter 4. The neural network
NN(7,7) is used in the control system to model and regulate the output of the plant
(138) to zero.

L.5Ykyk—1
1+yi+yi_,

The plant satisfies the assumption that fo(X(k)) = 0 when X (k) = 0.

Y1 = + 0.75tn[0.5(yx + yr-1)] - c0s[0.5(yx + yx-1)] + 1.2ux  (138)

The neural network contains no bias weights as it has been assumed in chapter 4 so
that fo(X (k), Wi) = 0 when X(k)=0. Before the neural network is used for control
purpose, it may go through similar identification process as in 6.1 using standard
back propagation algorithm. But this time the weight g, is not fixed. When the
neural network is used in feedback regulation, the updating rule is switched to (45)
described in chapter 4, where u is set to be one. Simulation results are provided
next to show how different amount of training on the neural network NN(7,7) would
affect the performance of closed-loop regulation. From the experience of 6.1, it is
expected that as a neural network receives more training cycles, it should have better
approximation of the plant and should perform better in feedback regulation.

In this simulation, the weights of the neural networks after the training (or iden-
tiﬁcafion) process become the initial weights of the neural networks in the control

system. The initial condition of the plant is

(¥o,¥-1) = (-1.5,-1.5)

Figure 6.5 compares the plant outputs resulted from three neural network controllers;
one received no training, while the other two received 7000 and 14000 training cycles,
respectively, before being used to regulate the plant output. It confirms the expecta-

tion that better trained neural networks should perform better in the control system.
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However, an important message from Figure 6.5 is that the plant output is regulated
to zero even when the neural network is not pretrained.

Part 2:

Figure 6.6 shows the result when the same neural network is used to regulate the

plant

1.5ykyk—1

———7 + 0.3 + Y1) + 1.2 139
1+y:+y}2¢_1 COS[yk Yk l] Uk ( )

Y1 =

Large oscillations appear again and again when the plant output is close to zero. The
problem is that the neural network fo(yk, ye-1, W) vanishes at the origin (since it
contains no bias weights), but fo(yx,yx-1) is nonzero when yx = yi_; = 0. There-
fore, it is impossible for the neural network to model the plant well and generate
satisfactory controls.

To solve the problem, we want to use the idea of dead-zone described in chapter
5. The cosine term in (139) can be treated as the error between the plant and the
best approximation which the neural network can achieve. The maximum magnitude
of 0.3cos[yx + yx-1] is 0.3, so it is intuitive to specify [—0.3,0.3] as the dead zone
region (i.e., setting dy = 0.3) to cover the dynamics which can not be modeled by
the neural network. The simulation with dg = 0.3 is shown in Figure 6.7, where the
plant output converges to the dead zone (more precisely, converges to [—0.1,0.3]).
Figure 6.8 shows the result when d, is set to be 0.15. Figure 6.8 (dy = 0.15) exhibits
worse transient behavior than that of Figure 6.7 (dy = 0.3), and the region the plant
output converges to in Figure 6.8 is of the same size as that of Figure 6.7. These are
evidences that do = 0.15 is not a good choice. How about if dy > 0.3? Figure 6.9
gives the plant output when dy = 0.4. After a quick initial shift, the plant output
converges to 0.4. This suggests that a good choice of dy may be somewhere between
0.3 and 0.4.

Although the plant output converges to a point within the specified dead zone
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when dp = 0.4, it just happens to be the case. We did not provide theoretical results

that guarantee the convergence of plant output to a fixed point within the dead zone.
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6.3 Regulation using Neural Networks with Bias Weights

Part 1:

In section 3.2 part 2, a layered neural network without bias weights is unable to

model and regulate the system

1.5yxyk—1

_— 3 _ 1.2 140
T+ +47, + 0.3cos[yk + yr-1] + 1.2ux (140)

Ye+1 =

and the idea of dead zone is tried to confine the plant output to a bounded area. Here
we apply the neural network NN(7,7) with bias weights to model and regulate the
system (140). Figure 6.10 shows the plant output when NN(7,7), which receives no
pretraining, is used in the control system. No dead zone is specified in the learning
rule (92) (dp = 0), because the plant output can be regulated to zero perfectly.

Part 2:

In this thesis it is assumed that the nonlinearities of the plant are unknown but can
be modeled by neural networks. There may be cases when the nonlinear functions
of the plant are known, but the coefficients attached to these nonlinear functions are
unknown. The second situation has been considered recently in the continuous-time
setup by Sastry and Isidori [18]. We are going to refer to the second situation as
the analytic approach. The purpose of this part of simulation is to compare the
robustness properties of the neural network method and the analytic method.

Suppose the plant is

1.5ykyx—1

kTRl 99 141
1+y2+yi, e (141)

Y41 =

In the neural network method, (141) is modeled by NN(7,7). In the analytic method,
(141) is modeled by

1.5y kyx-
Yk41 = G(k)m + b(k)uy (142)
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where a(k) and b(k) are unknown coefficients. Both the neural net model and the
analytic model are trained to approximate (142) well before they are applied to reg-

ulation problems. However, the actual plant to be controlled is

1.5YkYk-1

Yet1 = T
* 1+yi+vi,

+ w - cos[yk + yk-1) + 1.2uy (143)

Figure 6.11 through Figure 6.14 compare the plant outputs resulted from the neural
network controller and the analytic controller when w = 0.0, 0.1, 0.4, and 0.7,
respectively. The neural network control can always bring the plant output to zero in
all of these cases, while errors, which are roughly proportional to the magnitude of w,
are observed when the analytic controller is used. The neural networks are universal
approximators in the sense that they can accommodate variations in the part of the

plant.
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6.4 Tracking : 1. The Plant is Stable

The neural network NN(10,10) is used in the adaptive tracking problem to control

the plant

1.5YkYk-1

m + 0.7sin[0.5(yk + yk_l)] . cos[0.5(yk + yk_l))] + 1.2u;x  (144)

Y41 =

to track a reference command. Since the nonlinear function fo(yk,yx—1) in (144) is
bounded uniformly over R?, the plant is stable in the sense that given any sequence
of bounded control {ux}, the plant output is bounded. This means that the neural
network will have plenty of time to learn to approximate the plant and generate ade-
quate controls without the fear that the closed-loop system may blow out. Therefore,
in this part of simulation, the neural network NN(10,10) is directly applied to the
control of the plant without any pretraining. From the data shown in Figure 6.15 to
Figure 6.20, it is observed that the neural network can reduce the tracking error sig-
nificantly during the early stage of the control process. But it takes much longer time
to achieve “perfect” control. The same fact is also observed in section 6.1, where the
neural networks can reduce 85of error. Letting the neural networks go through some
identification process will definitely help a lot when they are used in the control sys-
tem. It is clear from Figure 6.15 to Figure 6.20 that certain part of reference signals
cause persisting errors at the plant output. The neural networks may be pretrained
intensively around these corners in order to achieve quick convergence in the control

process.
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6.5 Tracking : 2. The Plant is Unstable

The plant used in this part of simulation is
Yesr = 0.2y2 + 0.2yx_; + 0.45in[0.5(yx + yk—1)] - c0s[0.5(yx + yk—1))] + 1.2ux  (145)

The plant (145) is unstable in the sense that given a sequence of uniformly bounded
controls {u;}, the plant output may diverge. An example is shown in Figure 6.21,
where the plant output runs away after the step input u; = 0.9, V k£ > 0 is applied
to the plant.

In this section we are going to use the neural network NN(10,10) to control the
unstable plant to track a bounded reference command. Figure 6.22 shows the result
when NN(10,10) is applied to control (145) without being pretrained. The plant
output runs away in the first 10 time steps. Since the initial weights of the neural
network, including §o(0) are chosen small (between —0.1 and 0.1) as mentioned in

section 6.1, the magnitude of the control u,, which is defined as IQQ}(S()JMQ‘J, can be
very large initially, forcing the plant output to grow larger and larger. Hence, the
system blows out before the neural network has a chance to learn to approximate the
the plant.

As a remedy to the situation above, the neural network is trained for 2000 cycles
in the hope that go may come close to 1.2 after the training. During the training
process, uy is selected randomly from the interval [-1.2, 1.2]. The results of applying
the partially trained neural network to control the the plant are shown in Figures
6.23 to 6.25. It seems that good control is not achieved at the beginning of the step

reference command. The plant response when controlled by a neural network which

is pretrained for 10000 cycles is presented in Figure 6.26.
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6.6 Controlling a Relative-Degree-Two System: 1. the Pen-
dulum

In this section we are going to apply the neural network to control a pendulum (Figure

6.27).
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Suppose that the equation of motion of the pendulum is
0(t) + 0(t) + sin(0(t)) = u(t) (146)

To discretize the system equation, let T' be the sampling period. Then (146) is

discretized (using Euler’s Rule) as
0k+1 = (2 - T)ek + (T - 1)0k_1 - Tzsin(ﬂk_l) + T2Uk_l (147)

It is verified through simulation that we can set T' = 0.3 for the discretized model to be
a good approximation of (146). In order to define the control, the same transformation

as described in chapter 2 is performed.

01,.',2 = (2 - T)()k“ + (T - l)ok - T’sin(()k) + T2uk

(2 - T)[(2 - T)ok + (T - 1)0k_1 - T2sin(9k_1)
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+ T?upq] + (T = 1)0; — T?sin(0k) + T?us
= [(2-T)*4 (T - 1)}bx + (2—T)(T —1)8x_, — T?sin(8;)

—T*2 = T)sin(0k_y) + T*(2 = T)up_ + T?*uy (148)
which is modeled by the neural network
ék-}-? = j(gk, ok—lv Uk-1, wlk) + gkuk (149)

Since the control u; is multiplied by T2, it is difficult to reduce T from 0.3 to 0.2
in the simulation. At each time step, the control uj is generated from (149). The

updating of the weights is based on the error between 64, and
Orsr = F(Okn, Okzy kg, Wi) + Gt (150)

Figure 6.28 shows the result of using the neural network NN(10,10) to control the
pendulum to track a sinusoidal reference command. Since the pendulum is stable
around the origin, the neural network is not trained before being used in the control
system. The pendulum angle tracks the reference command quickly, although slight
errors are still observed at the end of 1200 time steps. Figure 6.29 shows that even

at 10000 time steps, the errors are still detectable.

-w-wu-; ‘
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6.7 Controlling a Relative-Degree-Two System: 2. the In-
verted Pendulum

The pendulum equation has been described in (146).
Let

y=0-n«

to be the output of the system. The system equation is rewritten in terms of the new

variable as
y(t) +y(t) — sin(y(t)) = u(t) (151)

which becomes

Yir1 = (2= Tyx + (T = Vyx—q + T?sin(ye—1) + T?up_y (152)

after being discretized.

The simulation setup is very similar to that of section 6.6, except that the origin
is unstable. The simulations presented in Figures 6.30 to 6.35 are conducted under
the assumption that the coefficient associated with uy, i.e. T2, is known. Otherwise
it is very difficult to produce any reasonable result. Any small error in the estimation
of T? can produce large error in the control, driving the plant output from the origin
which is already an unstable eqﬁilibrium point. It is obvious that controlling the

inverted pendulum is much more difficult.
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7 Conclusion

In this research, layered neural networks are applied to the adaptive control of single-
input/single-output nonlinear systems. Under different assumptions, two local con-
vergence results are shown in chapter 4 and chapter 5. The simulation results in
chapter 6 suggest that neural networks can be powerful tools for practical identifica-
tion and control problems.

The advantage of using neural networks in identification and adaptive control
problems is that neural networks are universal approximators. The neural networks
can learn to approximate various nonlinear functions as long as they contain enough
nonlinear hidden neurons.

The disadvantage is that the learning of neural networks to approximate nonlinear
functions is a very time-consuming process. In the case that the plant is stable and
nicely behaved, the neural network controller usually can achieve satisfying control.
In the case that the plant is unstable, the neural network may need to be trained
before being applied to the control system. Otherwise, the performance of the closed-
loop system can be very bad because the neural network may not learn quickly enough
on line to produce suitable controls.

The speed of “learning ” in fhe part of the neural network is the bottleneck of
the control system. Slow learning of neural networks can limit the usefulness of their
applications to real world control problems. How to improve the learning speed is an
important issue to look at.

Another interesting issue is to generalize the current control scheme to multi-
input / multi-output setup. Many important systems are highly coupled multi-input
/ multi-output systems, e.g. robotics. | The control problem for MIMO systems is

more involved. The neural network architecture needs also be reconstructed to ac-
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commodate MIMO systems.

In my point of view, there are two research directions in applying neural networks
to control problems. One is to combine neural networks with analytic control algo-
rithms. This thesis is an example of this approach. In addition to layered neural
networks, other neural network paradigms may directly or indirectly help to solve
control problems. The other research direction is to use neural networks to reproduce
biological control system, which is usually called sensory-motor control. This is a
relatively new research area for control engineers. Since we can control our hands
and fingers easily, it is very logical to try to understand how those excellent controls

are accomplished.
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