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ABSTRACT

INTEGRAL EQUATION FORMULATION FOR NATURAL MODES OF
A CIRCULAR PATCH ANTENNA IN A LAYERED ENVIRONMENT

By

Eric William Blumbergs

Conventional solutions yielding resonant frequencies of a circular
patch antenna embedded in an integrated circuit environment utilize var-
ious approximations; thus, they produce reasonably accurate results for
only a limited specification of physical parameters. A full wave analy-
sis utilizing integral-operator techniques to determine the resonant
characteristics of the patch circumvents this problem.

Using a polar coordinate Sommerfeld-integral representation of a
Hertzian potential dyadic Green’s function (which accommodates the pos-
sibility of surface wave excitation in the layered background) leads to
coupled electric field integral equations (EFIE’s) describing the cir-
cular disk. Resonant mode solutions satisfy the homogeneous specializa-
tion of these EFIE’s.

For the lowest order resonant modes of the patch, the homogeneous
equations decouple leading to independent IE’s describing resonant modes
supporting radial and circumferential currents. Numerical solutions for

the resonant frequencies and current distributions of these modes are

obtained via Galerkin’s method.
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CHAPTER 1

INTRODUCTION

The birth of microwave integrated electronics has created a growing
interest in the use of microwave patch devices as resonators or anten-
nas. Obtaining accurate resonant frequencies for patch antennas is of
importance, due to their narrow bandwidth rendering them ineffective
outside the vicinity of their resonant frequencies. For the circular
resonator many approximate methods have been explored, but yleld accu-
rate results for only a limited range of physical parameters. This dis-
sertation provides a conceptually exact description of a circular con-
ducting patch immerséd in an integrated circuit environment.

Commonly, approximate methods of analysis for the circular patch
have proceeded through a quasi-static approach relying on calculating
the resonant frequencies from the fringing field capacitance. Most of
the approximate methods often ignore or heuristically account for radi-
ation damping. To accommodate a more rigorous formulation prompts ap-
plication of integral-operator techniques. Recently, integral equation
analysis of the circular patch involving Hankel transform techniques has
been investigated [1-3].

This research exploits an integral-operator description of the cir-
cular patch. The text is divided into five chapters. Chapter two pro-
vides the EM theory relevant to the integrated circuit environment of
interest. Once the necessary theory is presented, a general integral

equation (IE) formulation for resonant structures within this



environment is developed. In chapter three, this IE formulation is ap-
plied to the circular patch, resulting in a pair of homogeneous coupled
IE’s describing resonant modes of the patch. For the simplest modes,
chapter four illustrates how the IE’s decouple. These decoupled IE’s,
describing angularly invariant modes of resonance, may be numerically
solved via Galerkin’s method.

Some clarification about notation and assumptions used throughout
this dissertation may be useful. Vector and dyadic quantities appear
boldface and are identified with arrows and double bar double arrows,

Jw

respectively. Harmonic time dependence of e+ t is assumed, but sup-
pressed throughout (this sign convention becomes extremely important in
making key observations later on). Finally, all media are linear, homo-

geneous and isotropic.



CHAPTER 11

ANALYSIS OF A RESONANT STRUCTURE
IN A LAYERED ENVIRONMENT

2.1 INTRODUCTION

This chapter investigates the resonance of an arbitrarily shaped
conducting patch immersed in an integrated conductor/film/cover environ-
ment. Attention iIs focused on describing the natural resonance of the
device via integral-operator techniques. Once the integral equation for
the patch currents at resonance is obtained, the excitation amplitudes
of the resonant currents and the order of the resonance are determined.

The geometry considered is depicted in Figure 1. A film layer of
thickness t and permittivity €s is deposited over a perfectly conducting
ground plane (y=-t). The space above the film (y>0) is occupied by a
cover dlelectric with permittivity €. Within the flim/cover interface
(y=0) exists the patch device of infinite conductivity. The unit vector
Q. not to be confused with thickness, is tangential to the patch sur-
face. Also, all materials are non-magnetic and infinite in extent.

In section 2.2, the electromagnetics of the layered environment
mentioned above are reviewed. Description of the electric field in the
cover region is expressed in terms of an electric type Hertz potential,
ﬂ(?). which is represented by the inner product of a necessary Green’s

dyad and an electric source current which sustains the field. The
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Green’'s dyad is expressed in terms of Sommerfeld-type integrals. The
general development of a Green’s dyad for tri-layered substrate/film-
/cover dielectric media has been discussed by Nyquist and Bagby [4].
The dyad used in this analysis is the dyad discussed in [4], but spe-
clalized to a perfectly conducting substrate.

In the next section, the integral-operator description for the
patch currents at resonance is pursued. The electric field in the cov-
er, which consists of a scattered field due to surface currents on the
patch and an impressed field exciting the patch, is expressed. Applying
the necessary boundary condition at the patch surface leads to an elec-
tric field integral equation (EFIE), but a broader interpretation of
this equation leads to an integral operator description of the resonant
patch currents.

Finally, by carefully representing the current near resonance and
making various other approximations on the EFIE mentioned previously,
the order of the resonance and the corresponding current excitation am-

plitude coefficient may be obtained.

2.2 ELECTRIC FIELD IN THE COVER

This section presents the expressions for obtaining the electric
field in the cover region of the conductor/film/cover environment. This
electric field, as it will soon be seen, can be expressed in terms of a
Hertz potential which, in turn, may be obtained through use of a dyadic
Green’s function. This dyad will be used extensively throughout Chap-
ters II and III; thus, it requires a somewhat complete explanation. No
details of the dyad’s derivation will be given though. If knowledge of

the derivation is desired, then reference [4] should be consulted.



The electric field maintained by an arbitrary current source in the
cover region of the conductor/film/cover environment can be expressed in

terms of an electric type Hertz potential [S] as

B@R) = (ki + WOHRR) (1)

2 _ 2 - 2 _
where kc = wpe, and kc 4%»/uocc. The Hertz potential, ﬂ(r), is ex

pressed as

we
’ J c

2,
i@ = J &(‘r’l?')-j" ) qv (2)

v

where &(?|?') is the Hertzian potential Green's dyad for tri-layered
dielectric media specialized to the conductor/film/cover environment,
and j(?’) is the source present in the cover region.

The Green’s dyad mentioned above consists of a principal and re-
flected dyad: &RI12’) = YPR12 )+ 8" RI1?’). The principal dyad is

represented by the unit dyad weighted by

3R @2-2) P ly-y’ |

PRI = H e o a%a (3)
- 8np

c

which is the two dimensional inverse transform representation of the

scalar Green’s function in an unbounded cover,

-Jk 1P-2" |
PR12) =& )
2 2,
4n|r-r’ |



In eq. (3) the following relationships hold:

A=vVer s 2 d®A = dEdC

=R+ 22 p =V 2% - k% .
c c
In all the above relationships, subscript c denotes the cover region.
Also, £ and { are the 2-d transform variables. This portion of the
Green's dyad corresponds to a primary wave of potential, ﬁp(?). due to
source currents embedded in an unbounded cover region.

The reflected dyad may be expressed as

where the varlious scalar components are given in inverse spectral form

as

r,2,2,
Gy (FIr’) R, (1) R @) -, (y+y’)
FRIZ) | = R_(A) e e da. (4)
n n snzp
GZ(?I?’) - c(a) ¢

Rt(k). Rn(k). the reflection coefficients, and C(A), the coupling coef-

ficient, assume the following forms:

P, - pfcoth(pft)

R, (A) =
t ()
2
Nfcpc - pftanh(pft)
Rn(A) = -
Z2°(A)



2
Z(Nfc - l)pc

C(a) =

') Z°()
with

Zh(A) =P, * pfcoth(pft)

e 2
2°(A) = Nfcpc + pftanh(pft)

and Py = AT - k% for L = c,f.

The subscript f denotes the flim region. Also, the relationships for
the transform variable A are identical to the ones used for the princi-

pal dyad. The quantities n_. and n, represent the refractive indices of

f
the film and cover, respectively.
This reflected dyad corresponds to a reflected wave of potential in

the cover, which represents a sum of all waves reflected from the inter-

face regions in Figure 1. It is important to observe that this reflec-

ted dyad is complicated by the coupling terms 9%§GZ§ and QgEGZQ. Physi-

cally, these coupling terms correspond to normal components of reflected
potential due to tangential components of polarization currents at the
interface. Also, this reflected dyad accommodates the possibility of
surface wave excitation in the layered surround. This phenomenon mani-
fests itself in the terms Zh(h) and 2°(A) evident in the reflection and
coupling coefficients described above. When these terms are identically
zero (during inversion integration) they lead to pole singularities and
represent the characteristic equations for TE odd and TM even surface

waves in the layered surround.



2.3 INTEGRAL-OPERATOR DESCRIPTION OF RESONANT STRUCTURES

With the help of results presented in the last section, the objec-
tive of this section will be to obtain an integral-operator description
of a resonant conducting patch immersed in the geometry previously de-
scribed (see Figure 1). As mentioned previously, the patch is of arbi-
trary shape, is infinitely thin, and is perfectly conducting.

By properly expressing the fields in the cover region, an EFIE de-
scribing the patch can be constructed. The total electric field within
the cover region may be expressed as ﬁt(?) = ﬁl(?) + E5(2). The field
component fi(?) represents the impressed field exciting the patch (e.g.,
plane wave or microstrip line). The field component ﬁs(?) represents
the scattered field maintained by induced surface currents on the con-
ducting patch. This scattered field may be expressed by specializing
eqs. (2.1) and (2.2) as

Jn
@ = - 20l vv-)J @12 ) -R@) as’ (5)

k
c

1
where _—= —
Jwe e
c p e

W

"'Io

Since the patch is perfectly conducting, the total tangential electric
field on the patch surface must vanish. This condition may be stated as
8@ = -t ii(r)|e s’

leads to the following EFIE:

Using expression (5), this boundary condition



k
Q-(ki + vv-)J CRI2)H)R@) ds’ = -} "—° 8@ Res. (6)
(o]

’
S

By making suitable modifications, an integral equation describing
natural resonances of the patch can be extracted from eq. (6). First,
for reasons that will quickly become evident, it is advantageous to use
a broader interpretation of this equation leading to

2 22 2 kc 1.2 2
e-(kc + VV.) a(rlr’.w)-i(r'.w) ds’ = -] - L (f,w) res (7)
s’ ¢
where &(?I?’,w]. R(®,v), and fi(?,w) are the temporal transform domain
representations of ER1?), R@), and ﬁ‘(?). Next, it may be assumed
that temporal resonances of the patch correspond to pole singularities
of 2(?',w) in the complex frequency domain. Thus, near resonance
2(?’,w) may be expressed as
R @®)

2, a P
R ,w) =% (—‘z (8)
w-up)

where ap is the excitation current amplitude, (w-wp)z is the required

pole singularity, and ﬂp(?’) is the normalized resonant surface current
on the patch. For convenience, it is assumed the pole is of first order
and the excitation current amplitude equals unity (the order of the pole
singularity and the value of the excitation amplitude are considered in

the next section); therefore, eq. (8) may be specialized as

10



R R (&)
R@ ,0) = B—. (9)
(u—wp)

The motivation for representing the current in this manner becomes evi-
dent if it is substituted into eq. (7) and the 1limit as w approaches wp

is considered yielding

Q-(ki + VV:) 55 >
lim I a(rlr'.w)-z (¥’ )ds’
W0 w-w P
P P <’
k 19 2
=um-j =8B R w Pes. (10)
*p  Tec

From this EFIE, it can be seen that as w approaches wp, the LHS of the
equation becomes unbounded, while the RHS of the equation remains finite
since fi(?,w) is regular at w=wp. Because this i1s impossible, the LHS
of eq. (10) is forced to become an indeterminate form which finally

leads to the desired equation for natural resonance of the patch device;

Q-(ki + vv-)j &(?I?',up)-ip(?')ds' =0 Cres. (11)
sl

2.4 EXCITATION OF RESONANT MODES

To accommodate the determination of ¢ (pole order) and a_ (excita-
tion amplitude) evident in relation (8), EFIE (7) must be suitably ex-

pressed. First, by passing (ki + VV:) inside the integral, EFIE (7) may

be rearranged as

11



k
e.J 8 R0 R0 der = -3 S LR Res. (12

C
S

ﬁe(?l?’.w). an electric Green’s dyad [4,6], is expressed as

& @1 ,0) = PV + WORRIZ W) + BERR).
(PV indicates ae is integrated in a principle volume sense [7] by ex-
cluding a "slice" principle volume [8] accommodating the source point
singularity at y=y’, and f=—99 is an associated depolarizing dyad [9].)
Next, since Rp(?) (the p’th resonant current) is tangent to the patch,
Q-(argument) may be replaced on both sides of EFIE (12) with

_)
Iszp(r) (arg. )ds leading to

k

<
S

J as J R )-8 @10 R@ o) as” = -

Jﬂp(?)-ﬁi(?,u) ds. (13)

S

Finally, by using reciprocity of the electric Green’s dyad [5], relation

(13) may be rewritten as

k
[ dsfra(;-»,..,).j 8@ R0 R @D ds = -y S J R @B Rw e ()
Cc

’
S S S

Near resonance (wawp). modifications on expression (14) may be made
which will inevitably lead to the desired knowledge of the pole order
and the excitation coefficient. First, ﬁe(?'l?.w) may be expanded in a

Taylor series about the resonant frequency w=wp as

12



8@ 12w « 8@ |?-.up) + g‘; & @ 12,0 wiz-wp) ‘... (15)
P

Also, as it was seen earlier, near resonance i(?’.w) can be represented
by relation (8). Substituting these representations for 2(?’,0) and

ﬁe(?'l?.w) into expression (14) and employing relation (11) yields

a

; R@)| L& @R - R (2

(o) J ds Rp(r ) J [ 3% ce(r |r.u)|w;z wp) + ,,.] ?p(r) ds
p s’

=

= -3 _C 2. i,-
3 o8 J Rp(r) B R, w) ds. (16)

S

From eq. (16) it may be concluded that as long as

2 (2. a_ 2,12 _ 2 (2
J ds 2p(r ) [ [ 3G &e(r Ir,w)lwiz wp)] ﬁp(r) ds (17)
s’ s P

is non-vanishing, then =1 (first order pole) so that the apparent sin-
gularity on the LHS of this equation is annulled when w approaches reso-
nance. With ¢ determined, eq. (16) may be rearranged yielding the fol-
lowing expression for the excitation coefficient ap

p ncCp

D
"

J zp(?)-fi(?,w) ds where

Y
wiz wp)] ?p(r) ds.

.u(')

L}
—y
o
T

LY

)-J [ 28 @12

It is important to note that the above expression for ap is valid only

13



for w near wp. Since, w is real (the patch will most likely by excited
by a driven element) and wp is complex, wswp cannot occur (unless exci-
tation is caused by an indentical resonating patch). Maximum patch exci-
tation amplitude occurs when w=wpr, and frequencies for which w is dis-
tant from wpr (real part of wp) are unimportant because the resulting
amplitude is small.

In the previous development, it was assumed the integral specified
by eq. (17) was non-vanishing giving rise to a first order pole. If this
leading term vanishes, integration of higher order terms evident in ex-

pression (15) into the patch surface current must be considered, giving

rise to higher-ordered poles.

2.5 Summary

In the tri-layered conductor/film/cover environment, the scattered
electric field in the cover maintained by currents excited on a perfect-
ly conducting, infinitely-thin patch resonator of arbitrary shape embed-

ded in the film/cover interface may be expressed as

7
BS@) = - EE (ki + vv-)J iR )R as’. (2.5)
C

’
s

a(?l?'). the Hertzian potential Green's dyad, consists of a principal
and reflected dyad: CRI12) = 1PRI12) + E@R12’). The principal dyad
corresponds to a primary wave of potential due to currents embedded in
a hypothetical unbounded cover. The reflected dyad corresponds to a re-
flected wave of potential due to polarization currents excited at the

film/cover and conductor/film interfaces.

14



By applying the appropriate boundary conditions at the patch sur-
face and exploiting relation (2.5), the following EFIE can be construct-

ed:

k
't‘-(ki + vv-)J ER12,0) R@ ,0) ds’ = -J -n_° PR Rw) Res. @2.7)
’ (o]
S

Using reasonable assumptions near resonance allows 2(?’.w) to be repre-

sented as
R a R (®)
R ,w) = 3 —P ) (2.8)
(w-wp)

Properly using this representation in EFIE (2.7) leads to

i‘-(ki + vv-)l &(?l?',wp)-i’p(i-" )ds’ = 0 Pes. (2.11)

’

The above expression may be interpreted as an integral equation which
describes natural resonance of the patch device.
An expression for ap and the value of ¢ (order of resonance) in

relation (2.8) can be obtained by rearranging EFIE (2.7) as

-J

%-J & R12,0)R@ ,0) ds’ <
e n

k

c Q-fi(?,w) Pes (2.12)
c

s

where ﬁe(?lg’,w) now represents an electric Green's dyad. By substitut-
ing relation (2.8) into EFIE (2.12), applying reciprocity, and expanding

ce(?'l?.w) in a Taylor series about the resonant frequency w , the value

15



of ¢ can be deduced and an expression for ap can be obtained. For the

case {=1, ap was found to be

Jk
ap = - " g I zp(?)-il(?,we) ds where
s

cpP

R 2. 8 2,12 .
Cp = I ds 2P(r ) J [ % ae(r Ir,w)l ] ?p(?) ds.
w=w

s’ s P

16



CHAPTER III

DETAILED ANALYSIS OF A CIRCULAR PATCH

3.1 INTRODUCTION

The last chapter investigated resonance of an arbitrarily shaped
conducting patch in a tri-layered environment. The chapter at hand
focuses attention on a specific structure in the same environment, name-
ly, a circular patch. The goal is to obtain an integral-operator de-
scription of the patch at resonance. The procedure is similar to the
one demonstrated in section 2.3, but more detalils are carried out since
a specific geometry is implied.

Since the resonant structure has circular symmetry, the rectangular
component Green’s dyad of section 2.2 is transformed to polar form.
First, the Sommerfeld integrals of the scalar component Green’s func-
tions are converted to the appropriate cylindrical coordinates. Then,
the unit vectors of the dyad are transformed.

In section 3.3, the polar component Hertzian potential is obtained.
Because the patch has circular symmetry, the radial and the circum-
ferential components of surface current on the patch (Kp and Ke) may be
expanded in an angular Fourler series. Integration of these current
components into the polar Green’'s dyad ylelds the desired expression for
the Hertzian potential in the cover.

Finally, by using the Hertzian potential, the electric field in the

cover, maintained by the patch surface currents, is constructed. With

17



the use of this field, the desired polar component integral equations

for the patch currents at resonance may be derived.

3.2 POLAR COMPONENT GREEN’S DYAD

The rectangular component Green's dyad of section 2.2 can alter-
natively be represented in the following spatial and spectral polar

coordinates:

> X 5 €
A
. ®
A
<

X = pcos6 € = Acos¢
z = psineé ¢ = Asing
3 = Rcose + 2sine d€dg = Adad¢
8

-Qsine + Qcose

Considering first the spectral integral representations of the sca-
lar components of e (egs. (2.3) and (2.4)), it is seen they take

the followings generic form

29,
1RI12) = H £, yly’ )eJx'("" ) agdc.

Geometrically, from the figure depicted on the next page it is obvious

that X- (R-2’) can equivalently be represented as AI3—3’ICOS(¢-¢).

18



L 4
o=y
X

-)
P 3_3: v ¢
b
X-(2-2) = X (B-3)

A13-3 | cos(y-¢)
A1B-B’ Icos(¢-y)

pi
€
(]

By applying this result, I(?l?’) may be rewritten as

00 T
3 3, _
IRIR) = I AdA f(k,yly')[ eJA1P=F" lcos(e—y) 4
0 n

This might seem to be the desired polar representation for the generic

integral, but with some simple manipulations a more elegant form is ob-
4

tainable. Utilizing the substitution u=¢-y and noting the evenness in

the exponential allows I(?I?') to become

Y " JAIB—B’ |cos(u)
I(FIF’) = | AdA £(A,yly’)2]| e du.
0 0

Further, employing the integral representation of Jo(x), the zeroth or-
der Bessel function of the first kind [10], allows I(RI?’) to ultimately

become
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(..}
IRIR) = an f(A.Y|Y')J°(A|3-3'|) AdA (1)
0

which is the desired polar representation. Thus, utilizing eq. (1) ena-

bles the spectral integrals in egs. (2.3) and (2.4) to be expressed in

polar form as

-p_ly-y’|

s ® JO(AIB-ID"I) e ©

GPRI1Z) = AdA (2a)
41:pc
0
G:(?I?’) R, (A) -p_(y+y’)
© t > 9, c

NN Jo(llp-P 1) e

G (RIZ) } = R_() T, AdA (2b)

GL@RIZ) 0 lcm

which completes the first portion of the polar transformation.

To finish the transformation, the components of the rectangular

Green’s dyad (e.g. QGXXQ, QGYZQ) must be converted to their appropriate
polar representation (e.g. SGPPS' Ocyeé). This is most easily accom-

plished by carrying out the dot product operations given by Gav= &-G-G,
where a represents the field point components at p, 6, and y, and v rep-
resents source point components at p’,0’, and y’. Before this is done
though, it is advantageous to rewrite the rectangular dyad of section

2.2, given as
B@IZ) = TP + fo8 + §[Talk + o[ + So78] + a2

in a more applicable form. This is accomplished by noting that the
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partial derivatives operating on Gc in the yx and yz components of the
dyad, are identically equivalent to the transverse gradient operating on
Gc' With this observation in mind, e(?l?') may be rewritten as

A
z

eR12) = 1P + % : )

rA . Al.ra r A

tX + y[Gny + Vth] + 2G

Also, noting that G: is a function only of |3—3’| enables vt to be re-

placed by -V;; therefore, the dyad may alternatively be expressed as
B@R1Z) = 1P + 6% + §[e]§ - wicf] + &of2

With &(?I?’) expressed in this form, the dot products of &(?n?')-s may

be easily calculated as

6(?]?’)-3’ = R(GP+G" ) cose’ - 9 2—7 6" + 2(GP+G")sine’
t ap c t
212/7.8/ = APl ,_N13 r . A;~pP,T ,
ERIR) 8 x (G +Gt)sine y r Gc + Z(G +Gt)cose

e12)-§ = 9(cp+cg).

Continuing on with the dot products of S, 9. and 9 into each of the

above ylelds

3-&(?|?')~3’ = (Gp"'G:)COS(G-B’) a.a(?l?l).ol =0
p-8@RI12)-8" = (GP+G{)sin(e-6") §-8R12H P = _g;T ol
AR A _ AR, ,_ 13 .
p-8@Ir)y =0 §-8R12 )-8 = T G,
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A

8.8 12 )5 -(cpm{)sm(e-e') - 8129 = c"«-{1

8-8@12 )-8

(Gp+G:)cos(e—9’)

which completes the transformation of the unit vectors.

Finally, by using the above results along with expressions (2a) and

(2b), the Green’s dyad may be represented in polar form as

G G_G
PP PO py

29,y _
&(rlr ) = Gep Gee Gey where

G G _ G
yp yé yy

G = G,cos(6-6’) G . = G,sin(6-6’) G =0

PP t (o2 t Py

Gep = —Gtsln(e—e ) Gee = Gtcos(e-e ) Gey =0
= -3 =-1 8 =

Gyp T 8p” G, Gye p’ 386’ G, ny Gy

where Gt=Gp+G:. Gn=Gp+G;, and Gc=GZ. with 8RI12’) in this form it may
now be applied to an appropriate situation, namely, a circular patch

immersed in the conductor/film/cover environment. This will be the top-

ic of section 3.3.

3.3 SPECIALIZATION TO A CIRCULAR PATCH

The geometry to be analyzed from here on is depicted in Figure 2.
Figure 2 is a top view of Figure 1 with the arbitrarily shaped patch
replaced by a circular patch, and the origin of coordinates shifted to

the center of the circular patch. The circular patch has radius a, is
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Figure 2. Geometry of circular patch (top view).
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perfectly conducting, and infinitely thin. The patch resides in the
film/cover interface (y=0). The polar coordinates for the patch are
identical to the polar coordinates used in section 3.2 and the same re-
lations hold.

Before determining the electric field in the cover due to the patch
currents, it is desirable to obtain the Hertz potential in the simplest
form possible. Taking advantage of the circular symmetry allows the
current to be suitably modified, in turn, enabling the angular integrals
in the Hertz potential to be analytically handled. Once the Hertz po-
tential is in desirable form, the electric field induced by the radiat-
ing patch may be obtained, leading to the polar component IE’s for the

resonant patch currents.

3.3.1 HERTZ POTENTIAL IN THE COVER

In general, the Hertzian potential maintained in the cover region
by an infinitely thin conducting patch immersed in the flim/cover inter-

face may be written as

@) = :,e JG(?I?')-R’(?’) ds’. (3)

’

For the situation about to be analyzed, though, it is most advantageous
to represent the surface current as R@) = Kp(p'.G')S’ + K(p’,0’)8’ and

use the polar Green's dyad found in section 3.2 to express eq. (3) as

np(?) ;ec I [*p(p’.e’)cos(e-e’) + Ka(p'.e’)sin(e—e')]Gt ds’ (4a)

’
S
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He(r) = Joe [-Kp(p’.e’)sin(e—e’) + Ke(p'.e’)cos(e-e’)]Gt ds’ (4b)

’

J
S

- [-Kp(p’,a’ )g—pr - Kglp’,6" )%r & +le, as. (4c)
C

qsl

These representations for the various components of ﬂ(?) are now in a
form applicable to a circular patch.

From eqs. (4a), (4b), and (4c) it is obvious that little may be
done to simplify these expressions until more is known about the behav-
ior of the patch surface current. Noting the patch geometry, though,
prompts the following rationale: the patch has circular symmetry; there-
fore, the current will be 21 periodic in @ and the various components of

the surface current may be represented in an angular Fourier series ex-

pansion as
K (3) = Z A (p e (s)

If relation (5) is used for the various current components, eqs. (4a),

(4b), and (4c) may be expressed as

n
= 1 ', ’ Jne’ fcos(6-6’) ,
“p Jwe Z rdp P [!Apn(p )[ e {sin(e-e' )} Gt de
e ¢ n 0 n
n
, Jne’ (sin(e-6’) ,
‘a o )I o0 (sine0 ) 6 o ] (6a)
n

25



a ' 4

= 1 TR B ’ 8 ’ _1___8_ Jna’ ’
Hy Joe 2: J dp’p [ Apn(p )537 + Aen(p )p, 36 ]I e Gc de’. (6b)
n

8

In expression (6b) it is noted that i since Gc is only a func-

8_
e
tion of (6-6’); thus, gﬁ may be brought outside the integral with re-
spect to 0’.

Accounting for the azimuthal variation of the surface current, as
illustrated in relation (5), allows for the analytic evaluation of the
angular integrals evident in eqs. (6a) and (6b). Considering these in-

tegrals, it is evident that they assume the following forms:

T

, N o= Jne’ {cos(6-6’) ' aar , ,
I,(p,6,p" ly,y") e {sin(e-e’) G, (p,p’;06-0"ly,y’) dé
bt
T
’ ’ Jne' ’ ’ , ’
IZ(P,G»P |Y)y ) = e GC(P:P ;6-6 |Y.Y ) de’.
“n

By making the substitution u=6-6’, and using the integral representa-

tions for Gt and Gc’ I, and I, may be expressed as

1 2
© PAY-Y' L o) PYHY) )
- Jno e + t e =Jnujcos(u L
I1 e J Ada T, [ e {sln(u)}Jo(Alp p’l) du
0 4
o P (y+y’) (m
= oJN@ C(A)e -jnu 2 2,
12 e J Ada 4"pc e Jo(Alp p’1) du
0 T

where 138’ | = 4/22 + p'2 - 2pp’ cos(u).
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The evaluation of the finite angular integrals in the previous expres-

sions for I1 and 12 reduces to the evaluation of

v ¢

c
3 .. - -jnu fcos(u) 2 2,
fn(p,p $A) [ e {sin(u)} Jo(llp p’1) du (7a)
n
n
fﬁ(p.p';x) = l e Jnu Jomz-z' 1) du (7b)
n

where the superscripts ¢, s and e denote cosine, sine and empty (no co-
sine or sine), respectively. These evaluations can be readily achieved
by using the summation theorem for Jo (see Appendix A). Applying this

theorem first to eq. (7b) allows fg to be rewritten as

n
= [ e-JnuJo(A\/p2 + p’2 - 2pp’cos(u)) du
n

/4 [} ' 4
= 3, (p)J_(ap’ )[ e I 4y 4 ZZ 3, (Ap)J, (Ap’ )[ e 9™ os(ku) du.  (8)
n k=1 n

From eq. (8) it can be seen that the only contribution from the first

term occurs when n=0, ylelding
n

Jo(Ap)Jo(Ap’)I e—jnu du = ZnJo(lp)Jo(Ap') for n=0

n

and due to orthogonality, the only contribution from the second term

occurs when n=tk, yielding
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© \ ¢

zE: Jk(Ap)Jk(Ap’)I e M cos(ku) du = 2rJ_(Ap)J_(Ap’) for n = £1,12,...
k=1 n

Thus, f: may be evaluated as

e _ , -

fn = Zan(Ap)Jn(Ap ) forn=20,%1,%2,... (9)
By applying this result, eq. (7a), which with help of Euler’s identity
can be expressed as

T

‘[ {_3 } (eI 4 TIN5 (rjppr 1) au
4

=]
N -

may also be evaluated as
S 1
f. = {_J } n[Jn_l(Ap)Jn_l(ap )
: 4 Jn+1(KP)Jn+1(Rp )] for n = 0,#1,... (10)

Finally, I, and I, may be expressed as

1 2
_ _Jne s R ,
Il =e Sn(PnP |Y'Y )
_ Jné _e ' '
I,=e g (PP’ ly.y’)
where
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- -y’ - ’
¢ . P ly-y’'I LR P (y+y’) ¢
’ . - L
gn(p.p ly,y’) = | A T, fn(p.p ;A) da
0

“P.(y+y’)
g Cp,p’ ly,y’) = jmk C@) e fz(p.p’;k) da
0

c
with fz and fﬁ expressed in eqs. (9) and (10).

(11)

(12)

Applying the results obtained for I1 and Iz. the polar components

of the Hertz potential (eqs. (6a) and (6b)) become

Jwec
n=-o

A3
2 _ 1 jne ’ ’ c ’ s ’
np(r) = — 2: P [Apn(p ) g, + Aan(p ) gn] dp
0

~a

2y _ 1 Jne | ’ S ’ Cc ’
ne(r) " Jwe 2: P [ Apn(p ) g, * Aen(p ) 8n] dp
¢ n=-o Y0
a
2 _ 1 Jne y Jn el .,
ny(r) = 3;3; E: p’ [ (p ) g + A (p ) rd gn] dp’.
n=-o Y0

(13)

(14)

(15)

(The differentiation with respect to @ evident in eq. (6b) was evaluated

in obtaining relation (15), leading to the jn term.) With the Hertzian

potential in this relatively simplified form, the electric field in the

cover and inevitably the resonant IE’'s for the circular patch can deter-

mined, as will be seen in section 3.3.2.
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3.3.2 COUPLED POLAR COMPONENT RESONANT IE’S

The electric field components Ez and E:. maintained in the cover
region by the patch surface currents, may be recovered using the results

of section 3.3.1 along with the relations

2 > I} 2>

= S .

ES@®) = kg T () + 55V (€3] (16)
S22y 12 ¢ (2 .18 o

Ee(?) =k Mg(R) + 2 55 ¥ 1@). (17)

First, using eqs. (13), (14), and (15) from section 3.3.1, the diver-

gence of ﬁ(?). given in cylindrical coordinates as

gn+a—n

vﬁ(r)=-—(n) 5T * 5y 1y

1
)

may be straightforwardly obtained as follows:

18 oJn®
r ap(pﬂp) 2: Ja [ pn(p )p ap(pg ) + en(p )p ap(pg )] dp’
n=-o
B ] a
1348 _ 1 Jne ’ Jn s Jn ¢ ’
B 30 Tle = chc Z e I [ (P )= + Aen(P )p_ Sn] dp
==~0 0

] oJné Jnd e ,
5; E: Ja [ pn (o’ 6p 3y &n (p )p ay n] dp

n=-w

and combining and collecting terms ylelds
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2
eJne Jn s _ 8 e
E | { a0 [2 S5tee0) - L 6 - 5B ]

n=-w

(p )|=

n p 3y °n

Jn Jn 8 e p
5 ap(pg ) + g g ]} dp’. (18)

Utilizing relations (13), (14), and (18), the expressions for Ez(?) and

E:(?) given by eqgs. (16) and (17), respectively, may be written as

ol 5 ) - 524

3

d e ’ 2 s a
8pdp’ 8y gn] * Aen(p )[kc * aplp 6p(p8 )]

2
d (Jn c Jn & e ,
* %[p— 8n] * o7 Bpdy 8n]} de

a
2

Jne ’ 2.8 Jn n s

e J P {Apn(p ) kcgn ;E (pg ) + = 8

n=-o

Jn 8 e 2 iﬂ a s
2 2
-h_ge_n 38 el
p2 & pp’ 8y gn] P

A more convenient form for the above equations involving E; and Ez may

be expressed as

s
E
p(

"'Io

[ ]
Z J [pn(p’ )Kpp(p.p’) + Aen(p' )er(p.p’ )] dp’ (19)
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[
n
EE@®) = -3 S Z eJn8
8 k_

where the K _, are defined as
af’s
K (p,p',y) =p’ -kz g
PP | ¢c
K (p,p',y) =p’ sz
PO | C
K, (p,p',y) = p'--kzs
ep "' | c
K(pp’y)=p’k28
ee "' c °n

Ol

-8 (Jn

[a[Apn(p’)Kep(P.P') + Aen(p’)Kee(p.p')] dp’ (20)
0

n| (21a)

e

n| (21b)
(21c)
(21d)

By using the previous components of electric field expressed in

eqs. (19) and (20), the polar component IE’s describing the circular

patch can be obtained.

Since the patch is perfectly conducting, the

total electric field tangential to the patch surface (y=0) must vanish,

S (2 12 S2y - _pi2
which may be stated as Ep(r) Ep(r)ly=0 and Ee(r) = Ee(r)ly=0 where

pressions (19) and (20) these boundary conditions lead to

n=-mw

n=-w

(. ]
Jne ’ ’ . 4
}: e Ja[Apn(p K (pp") + Agu (" K o (p,p )]
0

(.
2: eJne Ja[Apn(p’)Kep(p.p') . Aen(p')Kee(p.p')]
0

S'R‘
0 I0

E: e(?) is the incident field exciting the patch. With the help of ex-

i
E ,0,y=0
p(p y=0)

-3 n—° Eé(p,e,y=0).



(It must be remembered that the KaB

present. These derivatives must be calculated before y=0 can be evalat-

's have derivatives with respect to y

ed in the previous two EFIE’s.) By invoking the results previously il-
lustrated in section 2.3, the above two equations lead to the following

IE's for the resonant patch currents:

(-]
Jne ’ ’ ’ ’ ’, - -)
e Ja[Apn(p )Kpp(p.p ) + Aen(p )Kpa(p.p )] dp’ =0 pes (22)
n=-o 0
(- ]
eJne Ja[Apn(p')Kep(p,p’) + Aen(p’)Kee(p.p’)] dp’ =0 Pes. (23)
n=-w 0

Although expressions (22) and (23) are in a rather cumbersome series
form, exploting the orthogonality of the exponential permits them to be

simplified as

a

n=0,%1,%2,...
[Apn(p K (06°) + Ag (5 DK (b )] &' =0 (24)
0 pES
n=20,%1,%2,...
[Apn(p )Kep(p.p ) + Ag (P K (p,p )] dp’ =0 Jes (25)

0

which are now coupled IE’s that can be solved independently for each n.
For the speclial case of n=0, the above equations decouple forming two
IE’'s which can be solved independently. Physically, when eqs. (24) and
(25) decouple, they describe resonant modes on the patch in which cur-
rents sustained at resonance are axially symmetric. The solution of

these axially symmetric modes is furnished in the subsequent chapter.
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3.4 SUMMARY

The Green’s function presented in Chapter II can be alternatively

represented in polar form as

Gtcos(e-e') Gtsin(e-e') 0
G (?I?’) = | -G,sin(6-6’) G,cos(6-6') 0 (26)
o t t
8 18
_EB’GC .B’Ea'cc G
with
-p ly-y’l -p_(y+y’)
* 5 5 e © + Rt n(A) e ©
Gt,n = JO(AIp-p 1) Tnp Ada
c
0
© -p_(y+y’)
_ > 9, cCA)e © Ad
G, = Jo(hlp ' 1) np .
0 c

This polar representation allows € to be conveniently applied to a cir-
cular patch embedded in the tri-layered medium.

The Hertzian potential maintained in the cover by the radiating
patch can be suitably expressed by implementing relation (26) and ex-
panding 2(?') in an angular Fourier series. Once this is done, ﬁ(?) can
be analytically integrated with respect to 6 leading to a relatively
simplified form. By utilizing this convenient expression for the Hertz
potential (egs. (3.13), (3.14), (3.15)), the necessary components of
electric field, E; and E:, scattered from the surface the patch can be

constructed (egs. (3.19) and (3.20)). Once these components of electric
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field are determined, the boundary condition on the perfectly conducting

patch surface (y=0) leads to IE’'s for the resonant patch currents:

~a

o0
Jne ’ ’ ’ ’ /! = 2
Z " | [Apn(p K (0.6) + Ag (" DK (0,0 )] dp’ =0 Pes (3.22)

n=-w 0

~a

o0
E: eJne [Apn(p')Kep(P.P') + Aen(p’)xee(p.p')] dp’ =0 Pes. (3.23)
n=-o 0

Exploiting the orthogonality of eJne simplifies the above system to

n
r[Apn(p' )Kpp(p,p' ) + Aen(p' )er(p,p' )] dp’= 0 3
0

n
Ia[APn(p')Kep(P'P') + Aen(p')Kee(p.p')] dp’= 0 3
0

which are now coupled IE’s that may be solved independently for each n

(n representing the various modes of resonances on the patch).
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CHAPTER 1V

SOLUTION TO DECOUPLED AXIALLY-
SYMMETRIC RESONANT IE’S

4.1 INTRODUCTION

Pursuing a moment-method solution of the coupled IE’s, egs. (3.24)
and (3.25), via Galerkin's method, enables the exact determination of
complex resonant frequencies (which include radiation damping) and cor-
responding resonant currents for the circular patch. The special case
of n=0 causes a decoupling of the IE’'s, subsequently providing two inde-
pendent IE’s which describe angularly invariant eigenmodes on the patch.
The solution of these independent IE’s is pursued in this chapter.

Section 4.2 presents the details involved in decoupling the IE’s.
When n equals zero the coupling kernels, K

[o:]
(3.24) and (3.25) vanish, while the self terms, Kpp and Kee, simplify

and KGp’ implicated in egs.

immensely. The expressions for Kpp and Kee may then be expanded leading
to relatively simple forms of the independent IE’s.

Once the IE's are placed in an appropriate form, Galerkin’s method
may be applied. Tchebychev polynomials, with the expected edge singu-
larities incorporated, provide a suitable choice of basis and testing
functions which may be utilized in both IE’'s. Once expansion and test-
ing are carried out, an NxN homogeneous matrix equation results from
each IE. The only nontrivial solution to these matrix equations re-

quires a vanishing determinant. This condition leads to the
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determination of the desired complex resonant frequencies for the circu-
lar patch.

In section 4.4, the search for the previously mentioned complex
frequencies is pursued. The evaluation of each element involved when
calculating the determinant described above requires numeric evaluation
of a spectral inversion integral in which many subtletlies are present.
The spectral integrals all share common branch point and pole singulari-
ties. The proper choice of the branch cut and the location of the poles
strongly influence the correct choice of integration path that must be
used. Once the spectral integrals are correctly evaluated the complex
resonant frequencies and corresponding patch currents are obtained.
Numerical results for the resonant mode in which only a radial component

of current exist are presented.

4.2 AXIALLY SYMMETRIC DECOUPLING FOR n=0

In order to illustrate the decoupling of (3.24) and (3.25), the

expressions for g:, gg, and gz , egs. (3.11) and (3.12), must be spe-

cialized for n=0. This task involves first, calculating f:. fﬁ, and f:

when n=0. From expression (3.9) it easily seen that

e _ ’
fo = ZnJo(Ap)Jo(Ap ). (1)

Also, expression (3.10) speclalizes to

c
S 1 ’ ’
£ = {-J} u[J_l(Ap)J_l(Ap ) £ J,(p)J, (Ap )]

which, with the help of the relation
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J_(2) = (-1 (z)  ([10], p.358) (2)
simplifies further to

C ’
fo = Zqu(lp)Jl(Ap ) (3)

s-
fo = 0. (4)

Thus, utilizing egs. (1), (3), and (4), g,

’ 82. and gi simply become

e _ | AC(A) R .

g, = J ch e Jo(Ap)Jo(Ap ) dA (5)
0

. ® 14 R, ()
g = J A —po—— J,(p)J; (Ap") (6)
(o]

0

g5 =0 (7)

where the fact that y=y’=0 has been exercised everywhere except for gz.
This reason for this, as it will soon be seen, is that g? gg must first
be evaluated.

With gz and g§ conveniently expressed, the KaB’s --represented in
eqs. (3.21a)-(3.21d)-- may be readily evaluated showing the decoupling
and simplification of the IE’s for the mode n=0. Concentrating first on
decoupling the equations, it is easily observed that the expressions for

K and K_ ,
[ol:] 6p

2

)= o[ g v B (L8 (pgs)) 4 B[ g0) 4 In & e
er(p.P ) =p [kc g, * 3olp ap(pgn)] + ap[p gnJ + o7 Bpdy g, (3.21b)
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K. (p,p’) =p kz + 308 (,eC) 4 "ZS-J—"ﬁ—aZ e (3.22¢)
ep PP c8 2 8p PEp p2 &n p 9p’éd g ’

vanish when n=0 since all terms depend either on n or gz. Thus, IE’s

(3.24) and (3.25) decouple becoming the independent IE’s

A (p') K ,p')dp’ =0
rp(p)pp(pp)p
0

rAe(p ) Kee(p,p ) dp’ = 0.
0

Further, by again applying relations (5), (6), and (7), Kpp and Kee --

expressions (3.21a) and (3.21d)-- become

3
o _ ,|.2 ¢ a e
Kpp =P _kc & * aplp ap(Pg )] apap’ay go]
- 2 3
- |2 _1,c.,18 c 3 c_ 4@ e
=P L(kc 28, * p3p & * "2 8 T BpopTay 80] (8)
P op
o _ I c
Koo = P"|¥ 8o]

where the superscript o denotes n=0.

ng is already in a suitable form. On the other hand, K:p must be

modified further. With the assistance of relation relation (5), the

first three terms in eq. (8) may be combined as

00
1 +R_(A) 2
t 2 1 18 8%
0 c ap

©
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Adding and subtracting the quantity AZJI(Ap) leads to

[” 1 + R (A) 2
t ’ 8 18 2 _1
0 c ép P

1 +R. () 2 2
+ A —fp—c_ JI(AP )[kc - A ]JI(AP) da. (9)
0

By virtue of Bessel's differential equation

a2 2
— R + R+ (T-—=)R=0 ([11], p.364)
ar

ol ko
mlm
ol
N

with solutions defined as Bessel functions of the first kind with order
v and argument Tr (R=Jv(Tr)). the first term in expression (9) vanishes

(v=1, T=A). Thus, K:p becomes

00
1 + R, (A) 3
o _ ., t 2 _ .2 ’ __ @ e
K=o [ J N g [kc A ]Jl(Ap)Jl(Ap ) ax - gl go] (10)
0

but this is not yet the desired form; the derivatives on gg still have
to be evaluated in the last term. Continuing on, with the use of rela-

tion (5), this term can be expressed as

3 o Py .2

8 e_| Aaca) 8 ¢’ 8 ,
3p 8y %o J 2p_ 3y ° W[%‘”’%"‘P ’] . (11)
0

Carrying out the derivatives and evaluating at the patch surface (y=0)

leads to
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3 3
8 e __ ‘ A’ca) ,
535375; 80 2 Jl(AP)J1(AP ) dA (12)
0

where the chain rule, g; Jl(ax) = aJl’(ax). and the relation J;(z) =
-JI(Z) ([10], p.361) were applied in passing from eq. (11) to eq. (12).

Thus, substituting relation (12) back into eq. (10) yields

1 + R, (A) 3
K° = p’Jm[A —t (ki -a%) 4 A g(*’] 3, ()3 (Ap*) da

which is the desired form for K:p.
To briefly summarize, for n=0 the IE’s represented in eqgs. (3.24)
and (3.25) decouple and simplify immensely leading to independent IE's

expressed as

JaAp(p ) Kpp(p.p ) dp’ =
0

=0 (13)
JaAe(p ) Kee(P,P ) dp’ =0 (14)
0
where
o ) 1+ R, (1)
Kee =p kC A ——isz———— JI(AP)JI(AP ) da (15)
0

1 + R, (A) 3
K° = p’J [A —t (ki -2%) + A g("] 3,003, (p") A4 (16)
0
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With a judiclious choice of basis functions representing the radially-
dependent current amplitudes Ap(p') and Ae(p’), Galerkin’s method can be
successfully applied to (13) and (14). This will ultimately lead to
numerical solutions providing both resonant frequencies and current dis-

tributions, as will be shown in the following sections.

4.3 MoM SOLUTION VIA GALERKIN’S METHOD

The IE’s as expressed in eqs. (13) and (14) describe unique reso-
nant modes on the circular patch. EFIE (13) describes modes where the
surface current sustained at resonance has only a radial component with
no azimuthal variation. EFIE (14), on the other hand, describes modes
where the surface current sustained at resonance has only a circumferen-
tial component but is also azimuthally invariant. Applying a moment-
method solution, namely, Galerkin’s method, to IE’s (13) and (14) will
produce a system of equations from which the complex resonant frequen-
cles and corresponding current distributions for these simple modes can
be obtained.

Galerkin’s method, as applied in this situation, involves expanding
the unknown current distributions (represented by amplitudes Ap(p’) and
Ae(p') in IE's (13) and (14)) in a set of N basis functions which are
complete, physically realizable, and enable the spatial integration evi-
dent in the IE’s to be evaluated in closed form. Once expansion is com-
pleted, the resulting equations are integrated again over the entire

domain of the patch into the identical set of N functlions used for ex-
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pansion. This last procedure, better known as testing, results in a NxN
linear system of equations for each mode, which in turn can be solved to
yield the desired resonant frequencies and current distributions. The
number of basis functions (and therefore testing functions) to be used
depends on the desired accuracy of the resultant resonant frequency and
current distributions. Theoretically, to yleld exact results N should
extend to infinity. Numerically this is impossible and for all practi-
cal purposes the number of basis functions needed for satisfactory con-

vergence is fairly low.

4.3.1 RADIAL MODE

Seeking a complete set of basis functions for Ap(p'). which when
multiplied by p’Jl(Ap') can be analytically integrated from p’=0 to
p’=a, leads to the consideration of the Tchebychev polynomials Tm(p’/a)
([10], p. 778). Although with some minor manipulations these functions
are integrable with p'Jl(Ap'). they must be modified to accommodate the
physical behavior of the expected patch current distribution. By naive-

ly representing Ap(p') as

o0
AP') = z AouTg(p’ /2) (17)
mn=0

it is evident that the known edge condition of vanishing normal current
at an infinitely thin edge (in this case the edge being p=a) is not pre-

sent; therefore, expression (17) must be modified to
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’ V= ’ - ’ 2"
AP Z AT alP /a) /1 - (o 72)% . (18)

m=0

Further, by virtue of the polar coordinate representation R = SKP. there
is the possibility of a discontinuity in the current or it’s derivatives
at p=0. But it has been shown by Blischke [12] that this problem may be
circumvented by retaining only the odd terms in expression (18)
(Blischke has rigorously demonstrated that the even terms in relation

(18) identically equal zero). Thus, Ap(p’) ultimately becomes

’ - ’ - ’ 2 X
Ap') = Z AouTomer /a)/l (p'/a)% . (19)
m=0

With Ap(p’) represented in this form, the spatial integration in-
volved in IE (13) can conveniently be handled. By utilizing relation

(19) and exploiting the linearity of the summation and integration oper-

ators, IE (13) may be written as

(-
}: Apm jaT2m+1(pl/a)V/i - (p’/a)2 K:p(P.P') dp’ = 0. (20)
m=0 0

Considering only the spatial integration and the relevant terms in eq.

(20) leads to the required evaluation of

’ - . 2 . ’ ’
1= rrm1(p /a)/l (p*7a)% 3, (") p'dp
0

Using the substitution u=p’/a and rewriting the square root term leads
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to

2
@ -u) 3, (Aau) du. (21)

By repeated application of the recursion relation

ZuTn(u) = Tn_l(u) + Tn+ (u) ([13] p.1032)

1

the quantity u(1 - u2)T2m+1(u) evident in eq. (21) can be expressed as

[T2000) *+ Tppp (@) + Ty @) + Tpp )], (22)

00| =

(The details omitted in obtaining eq. (22) and an explanation of the
absolute value apparent in the third term are provided in Appendix B.)

Utilizing expression (22) allows eq. (21) to become

1

2
1. = J [TZm(u) ¢ Typp(W) + Tpr o (0)
0

ml

| o

Jl(kau)
+ T2m+4(u)] ———— du. (23)
2
1-u
With the help of
1 T (x) J (yx)
n v _m y y y>0
dx == J . () J_ ()
2 2 "vin2" “v-n2 Re(v) > -n-1
o} 1 -x 2 2

[13], the spatial integration is finally evaluated as
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2
na

Aa Aa Aa Aa
Im = 16 [J1+2m"i’ 11-20'2) * Y203 J-201 )
2 2 2
Aa Aa Aa Aa
= J1e12021 2 Y1-120-21 2 ¥ 2mes T J-Zm-3('7)]
2 2 2 2
uaz
= -1? jm(ha). (24)
Using this result, EFIE (20) may be expressed as
N 0
2 1 +R_(2) 3
na t 2 2 ATC(A) _
s Z Apmj [A 25— (k] =A%) + == ] J,(ap)3 (Aa) da = 0. (25)
=0 0

Now that current expansion has been completed, testing can be im-

plemented. By multiplying the above with

’ - ’ 2
T21+1(p /a) V/i (p’7a)

and integrating over the surface of the patch, the following spatial

integral results:

2
111 = I T21+1(p/a) /1 - (psa) Jl(kp) ds

s

- [ Z

= ZnJaT21+1(p/a) 1 - (psa) Jl(Ap)p dp.
o

Application of result (24) allows the above integral to be evaluated as
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2.2

na Aa Aa Aa Aa
In==% [J1+21(-2’ 11-21F) * 9214303 I21-1F)
2 2 2 2
Aa Aa Aa Aa
" J14121-21 2 J1-121-21 F * 21457 "-21-3(7’]
2 2 2
"232
Thus, EFIE (25) becomes the matrix equation
N
}E A B, =0 1=0,1,2,...,N (27)
pm lm
=0
where
00
1 + R, (A) 3
_ t 2 _ .2 ATC(A) ~
B -J [A 5, (ky - A7) + —— ] J,(Aa)J,(aa) aa. (28)
0

The difficulty of solving IE (13) has been reduced to solving a linear
system of equations evident in eq. (27). Non-trivial solutions to this
system impose the condition of a vanishing determinant. This condition,
DET[B(w)]=0, enables the numerical extraction of the complex resonant
frequencies. Complications arise though, due to the necessary evalua-

tion of the spectral integrals obvious in the matrix elements Blm'

4.3.2 CIRCUMFERENTIAL MODE

The tedious details involved in applying Galerkin’'s method to EFIE
(14) are similar to those implemented in the MoM solution of IE (13).

The same set of basis functions used for Ap(p’) may be used to expand
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Ae(p’), but the correct edge condition must be incorporated. For the
circumferential mode, the current (which is tangential to the patch

edge) must become appropriately singular at the edge (p=a) which leads
to

Ae(p’) = 2: Aem - (29)

(Again only the odd terms are considered to assure continuity of the

polar coordinate representation R = Kea [12].) Substituting expansion

(29) into IE (14) yields

p ‘/a) o
’ -
em — Kee(p,p ) dp’ = 0. (30)

1 - (p’ /a)

In analogy with section 4.3.1, the spatial integration in IE (30) may be

evaluated creating

N 2 1 + Rt(k) 3
Z hom ¥ | A g5 4,00 3,00 @1 = 0. (31)
=0 0

Continuing on, and applying the testing operator

( eq. 31) ds

J 2m+1(p /a)

s V/Ii- (p’/a)zﬁ

leads to the following homogeneous matrix equation for the circumferen-

tial mode current amplitudes:
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N
2: Aemclm =0 1=0,1,2,...,N (32)
=

0
where
Crm = rx I;:—tm 3,a) 3 (aa) ax (33)
0 C
with
ﬁp(xa) = [Jﬂ(%) Jﬂ(“—;) + JM("—;) JM(A—;)] for p=1,m.
2 2 2 2

As witnessed iIn last section, complex resonant frequencies may be ex-
tracted from (32) leading to the construction of Ae(p’). Again problems
arise in the numerical evaluation of the inversion integral. The subtle
difficulties, which are present in both spectral integrals (28) and

(33), are addressed in detail in the subsequent section.

4.4 NUMERICAL EVALUATION

To illustrate the complications that arise when evaluating inver-
sion integrals (28) and (33), it is convenient to utilize the expres-

sions for Rt(k) and C(A) in section 2.2 to express Blm and clm as

al -2 A2 - p, )
By = + J (Aa)Jm(Aa) da (34)
0

') Z')z% () !
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_ A
Cip = J 3 (Aa)ﬁn(xa) da (35)

1
o PARLY

with Zh(A) =p.* pfcoth(pft) 2°@) = Nfipc + pftanh(pft).

The real line integration as implicated above must be implemented with
due regard to the branch point and pole singularities present. To ac-
commodate the evaluation of the above integrals it is necessary to in-
voke Cauchey’s theorem for contour integrals [14]. This theorem along
with proper determination of the implicated branch cuts, allows for the

correct numerical evaluation of the above integrals.

4.4.1 COMPLEX PLANE SINGULARITIES

Analysis of integral representation (34) suffices to demonstrate
the procedure which can be utilized to evaluate both spectral integrals

(34) and (35).

The integrand in eq. (34) has a complicated functional dependence

on the wavenumber parameter pc=V/A - k; V/A + k;. It is evident that
branch cuts emanating from branch points at A=2kc are implicated by the
square roots in order to render the integrand in eq. (34) analytic.
(Branch cut singularities of Py are not implicated since the integrand
is an even function of this quantity.) Considering the media to be
slightly lossy with kc=k;-Jké' and kc">0 leads to the determination of
the standard hyperbolic branch cuts [5]. These branch cuts along with
the surface wave poles, apparent when Zh(l)=0 (TEodd pole) and 2°(2)=0

(TMeven pole), are depicted in Figure 3. The branch cuts are chosen to
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satisfy the physical constraints which require waves to decay and propa-
gate outward from a source point. These conditions, which are consis-
tent with the exponential factors of the form e PY implicated through-
out this analysis, require Re(pc}>0 and Im{pc}>0.

When considering the resonance of the circular patch, though, it is
obvious that in order to have fields decay temporally due to radiation,
the imaginary part of w (and therefore kc) must become positive in order

to be consistent with the ert

time dependence. This results in a
"migration” of the branch cuts and poles [1] in Figure 3 across the real
axis. When this "migration" occurs, the branch cuts to no longer sepa-
rate the proper Riemann sheets which guarantee Re(pc}>0 and the
Im{pc)>0; the natural resonant modes are consequently non-spectral leaky
modes. Although this seems contradictory, similar branch cut analysis
has been used by Chew and Kong [1,2,15] which has produced reasonable
numerical results predicting characteristics of resonant structures.
Thus, the accepted and apparently correct configuration of the complex-
plane singularities implicated in the resonant circular patch analysis,
is illustrated in Figure 4. It is noted that the imaginary parts of all
the singularities are very small. These imaginary parts are exaggerat-
ed, and appear to be significant in the figures only for the purpose of

illustration.

4.4.2 PATH OF INTEGRATION

Since the integration path implicated in expression (34) passes
from zero to infinity, only the right hand side of the complex A plane

need be considered when determining the proper path of integration.
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Figure 3. Standard hyperbolic branch cuts along with TE and TM surface
wave pole singularities in the complex A plane.
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Migration of singularities across the Ar axis.
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Also, the curvature of the hyperbolic branch cuts (see Fig. 4) may be
ignored. The Jjustification for this approximation relies on the fact
that the imaginary part of kc is small and resides only slightly above
the real axis.

The real line integration path specified in expression (34) must be
slightly deformed above the real axis, as 1llustrated in Figure 5, so
that it does not violate the migration paths of the singularities and
render the integral undefined [1]. In order to evaluate spectral inte-
gral (34) with the path defined as in Figure S, it is helpful to con-
sider the path of integration illustrated in Figure 6. Since the inte-
grand in expression (34) is analytic everywhere within the closed con-
tour displayed in Figure 6, Cauchey’s integral theorem may be applied

leading to

I (36)

original et Ireal * lTE * ITM * Ibranch =0
In the above relation, | denotes integration of expression (34) about
corresponding portions C of the contour specified in Figure 6. In rela-
tion (36), |°z 0 due to the nature of the integrand (see Appendix C);
therefore, this result may be evaluated as
Ioriginal = - |real - lTE - ITM - Ibranch' (37)
As observed in expression (37), evaluation of eq. (34) with the original
path of integration (Fig. 5) is equivalent to it’s evaluation with the

path of integration specified by the RHS of expression (37). The latter

path (RHS) turns out to be numerically superior to the former path
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Deformed contour of integration.
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(LHS). The reason being that the residues, resulting from ITE and ITM’
can be analytically evaluated (refer to Appendix D) leaving only the
real line integration and the branch cut integration for numerical eval-
uation. This greatly reduces the amount of numerics involving complex
numbers.

The exact procedure employed in the present and the previous sec-
tions may be utilized to evaluate expression (35). The resulting path
of integration obtained for spectral integral (35) is the same as in
relation (37) with the exception of the TM pole contribution. This pole

is of no consequence since it is not implicated in representation (35).

4.4.3 NUMERICAL RESULTS FOR RADIAL MODE

Numerical results may be pursued for both the radial and circum-
ferential modes by numerically implementing eqs. (27) and (33), respect-
ively. Although resonant frequencies can be obtained for the radial
modes, none can be determined for the circumferential modes. The fail-
ure to determine resonant frequencies for these modes suggests that
these modes may be purely evanescent, non-resonating modes [1].

A FORTRAN program provides a numerical solution to matrix eq. (27),
ylelding resonant frequencies for the radial modes. As stated earlier,
non-trivial solutions to the matrix eq. require a vanishing determinant.
This leads to a polynomial in the complex frequency w, roots of which
correspond to the various modes of resonance. These elgenvalues are
searched for in the complex w plane via secant method (which involves
choice of an initial R that must be in the near proximity of the desir-

ed resonant frequency). For numerical convenience the resonant film
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wavenumber,

is actually determined.

Computation of the matrix elements involved in calculating the
determinant of eq. (27) is handled in several steps. First, for each
iteration of the secant method, the location of any surface wave poles
(hp—xpr Jhpi) present must be determined (for all results only the TMO
pole 1s excited). The surface wave poles lie near the Ar axls in the
region between A=kc and A=kf (refer to Fig. 6). (For the remainder of
)

this section the cover wavenumber will be represented as kc=kcr+ch1.
A small region on the Ar axis (of width 2e centered about real part of
the pole) is excluded and integrated analytically (see Appendix E) to
avold numerical overflow problems. Once the pole is determined, inte-
gration of the integrand in expression (34) along the intervals A=0 to

(C i (Cbranch
handled numerically via Rhomberg integration. The integration of the

real A=kcr to Agkc

), and A=k to A=A e (C_ ;) 1

integrand along the remaining interval, Atlpr+e to A=w (Creal)’ is nu-
merically integrated step-by-step in full periods of oscillation of the
integrand. Again, Rhomberg integration is used for each step in this
last interval. Finally, analytic evaluation of the TMO residue com-
pletes the computation of the matrix elements.

Figures 7-9 illustrate plots of the normalized resonant film wave-
number, kfa. as a function of the normalized film thickness, t/a, for

the lowest-order radial mode. In each figure, the permittivity of the

cover is chosen to be that of free space. Film permittivities of ef=1.1
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(Fig. 7), cf=2.65 (Fig. 8), and cf=9.6 (Fig. 9) are also used. Further,
three basis functions are found to be an adequate number for numerical
convergence.

As expected, in each of the three plots, the real part of the reso-
nant wavenumber (kfg) approaches the patch cavity [16] resonant wave
number (kfa=3.83) as the film thickness approaches zero. Also, the
imaginary part of the resonant wavenumber (kfg). which corresponds to
radiation, tends toward zero as the film thickness diminishes. For

thicker film layers, though, the value of k 2 decreases appreciably

f
from the value of kfa predicted by the simple patch theory. Also, for
these thicker film layers, it is expected that fields residing under-
neath the patch will radiate more causing kfia to increase. As observed
from the plots, this is indeed true. When larger values of film permit-
tivity are used as opposed to smaller values, the circular patch seems
to radiate less provided the thickness remains fixed.

For the lowest-order mode, Figures 10-15 illustrate convergence
plots of the normalized radial current magnitudes and corresponding
phases as a function of the normalized radial coordinate (p/a) for the
same three ef’s used above. For each e two convergence plots are
shown: one for a thin film layer (t/a=.025), and one for a thick film
layer (t/a=.3). As observed from all the plots, it is clear that numer-
ical convergence is in fact reached when three basis functions are used
(as was assumed above). Also, for a given thickness, the current
distributions for the various cf’s seem to remain nearly the same.

Finally, for the lowest-order mode, comparisons of the normalized

current magnitude determined from this analysis (IE solution) and the

current predicted by the patch cavity model (which is given by Jl(kfa))
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are made for thin and thick film layers. As seen from Figures 16 and
17, the patch cavity current is in good agreement with the current mag-
nitude predicted by the IE solution when the film layer is thin, but the
cavity current deviates appreciably from the IE solution current when
the film layer is thick.

The remaining figures depict results for some of the higher-order
modes. Figure 18 illustrates the resonant wavenumber as a function of
film thickness for the first higher-order mode. For this higher mode,
results converge well when five basis functions are used. Also, the
resonant wavenumber plot for this mode displays similar trends to the
wavenumber plots for the lowest-order mode. Thé current distribution
shown in Figure 19 demonstrates that five basis functions are sufficient
to yield numerical convergence for this higher-order mode. This seems
reasonable since spatial oscillations of the current have increased.
Figure 20 shows the current distribution for the second higher-order

mode with kfa=9.56+J.269. Again, five basis functions are used.

4.5 SUMMARY AND CONCLUSIONS

The coupled IE’'s for the resonant patch currents, developed in
Chapter III, decouple for the case of n=0. These decoupled IE’'s, eqgs.
(4.13) and (4.14), describe axially symmetric resonant modes. IE (4.13)
describes modes where the current sustained at resonance has only a
radial component (radial modes). IE (4.14) describes modes where the
resonant current has only an azimuthal component (circumferential
modes).

Applying Galerkin’s method to both IE’s leads to the following two
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homogeneous matrix equations

N
}E A B, =0 1=0,1,2,...,N (4.27)
pm lm
=0
N
2: Aemclm =0 1=0,1,2,...,N (4.32)
=0

from which the resonant frequencies and current distributions for the
two types of modes may be obtained. Each matrix element of egs. (4.27)

and (4.32) contain spectral inversion integrals, given as

- (ki - A% A3(N§c- 1) . .
B, = + (Aa)J _(Aa) da (4.34)
Im | o ') 2z | ! n
©
A
C, =| =23 (aa)3 (ra) aa (4.35)
1m I Zh(l) 1 m

that must be evaluated when solving these matrix equations. The proper
path of integration for matrix elements (4.34) and (4.35) relies on the
location of the surface wave poles and the correct choice of the branch

cut implied by the wavenumber parameter

P. = V’A -k V/A + k.
c c c
Imposing the physical constraint of a lossy cover region (with

kc=ké-Jké' and ké’>0) which supports decaying outward propagating waves,

leads to the standard hyperbolic branch cuts emanating downward from
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A=+kc and upward from A=-kc (refer to Fig. 3). But for temporal reso-
nance, ké’ becomes positive, and in order to sustain a continuous tran-
sition, the branch cuts and pole singularities "migrate" across the real
axis; therefore, the path of integration must be deformed so that it
does not violate the "migration" paths of the singularities (refer to
Fig. 5).

Once the correct integration paths are chosen, eqs. (4.27) and
(4.32) are implemented numerically. The solutions to eq. (4.26) (radial
modes) yield reasonable resonant frequencies and current distributions.
Resonant frequencies for the circumferential modes, however, can not be
determined. This leads to the conclusion that there exists no pole
singularities corresponding to such modes.

The previously described determination of the branch cuts and inte-
gration contours for spectral integral (4.34) yields reasonable results
but is somewhat contrived. A more rigorous explanation may result from
investigation of the forward transforms of the potential functions used
in the derivation of the resonant IE’s described in Chapter III. For
example, the spatial scalar representation of the principal Green’s
function from Chapter II, given as

-Jk 1P-7 |

2,9 e
Gp(rlr' = oy
4n|r-r’ |

may be Fourier transformed in the transverse directions (Q and Q direc-

tions) as
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-Jk IR-7* |

&P, ¢ y) = H e = & &) 4

> 9
4n|r-r’|

For resonance, it has already been observed that kc=ké+Jké'. This al-
lows the above transform to be expressed as

-t ')_ ’

k| 2| e 122 |

ap(E’C»y) = Ief e e-J(Ex * CZ) dxdz.
4u|r-?’l

It is obvious from the above expression that the forward transform of
the principle Green's function does not converge due to the growing
exponential factor. It is conjectured that if convergence of the above
forward transform is satisfied, the correct intrgration path will auto-
matically be determined when the inverse transform is taken. This argu-
ment may be extended to all the potential functions (since they have
similar propagation characteristics), in turn, avoiding the previous
difficulties of determining the correct branch cuts and integration

paths.
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CHAPTER V

CONCLUSIONS AND RECOMMENDATIONS

Integral-operator techniques provide a conceptually exact descrip-
tion of resonant structures in an integrated circuit environment. Un-
like most other techniques, the EFIE approach allows for the accurate
determination of complex resonant frequencies, which include the effect
of radiation damping. This technique proves useful for the analysis of
a clrcular patch resonator within the integrated conductor/film/cover
environment.

Chapter two pursued a somewhat general analysis of a arbitrary reso-
nant structure within the integrated environment. A detailed discus-
sion of the electric Green's dyad for the tri-layered medium was review-
ed. Application of this dyad lead to a homogeneous IE describing the
natural resonance of the structure.

In chapters three and four, the previous Green’s dyad was appro-
priately represented in polar form, enabling it’s convenient application
to a circular patch. This lead to the development of two coupled homo-
geneous IE’s describing the various modes of resonance for the patch.
These IE’s provided analytic angular mode indexing. For the lowest-
order angular mode, the IE’s decoupled leading to independent IE's
describing axially-symmetric resonant modes. Galerikin’s method with
Tchebychev polynomials lead to successful numeric determination of
resonant frequenclies and current distributions for the radial modes.

Investigation of the solution for the first higher-order angular mode,
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which corresponds to the dominant resonant mode of the circular patch,
is encouraged.

Also, 1in chapter four it was observed that numeric solution for the
resonant frequencies involved evaluation of spectral inversion inte-
grals. Due to the nature of the resonant structure, determination of
the correct integration path for these integrals became complicated and
lacked a rigorous approach. (Identical problems have also been con-
fronted in determining the leaky modes of an infinite microstrip wave-
guiding structure.) A rigorous determination of the aforementioned

integration path is a topic of research strongly encouraged.
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APPENDIX A

REPRESENTATION FOR Jb VIA SUMMATION THEOREM

The zeroth order Bessel function evident in expressions (3.7a) and

(3.7b),

Jo(klz-z’l) = Jo(\/p2 + p'2 - 2pp’cos(u)) (A1)
may be conveniently expressed by invoking the "summation theorem" for
Bessel functions [13]. This theorem is briefly stated as

(]
Jvy = Jké

e Zv(mR) = Jk(mp)Zv*k(mr)e

k=-n

where

-
v

0, p>0, ¢>0

Vr;z + p2 - 2pp’ cos(u)

o
]

L

p<r, and 0 < Y < 5

The quantities r, p, and R can be considered the sides of a triangle
such that the angle between the sides r and p is equal to ¢, and the

angle opposite side p is equal to yy. With the specializations

Z2 =J,v=0 m=2A, ¢ =u,
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and R = 33| = V/pz + p'2 - 2pp’ cos(u)

Jo(Alz-B’I) may be written as

-]
230 . .
J,(Alp=p" 1) Z I (Ap)J, (Ap" e

k=-w

Jku (A2)

Finally, by rewriting the exponential and utilizing the relation J_n(z)

= (-l)an(z) [10], eq. (A2) may be ultimately expressed as

[ ]
-2'|) = Jo(Ap)Jo(Ap’) + 2: Jk(Ap)Jk(Ap’)cos(u)
k=1

_)
Jo(Alp

where the restriction p’<p (p<r) is no longer necessary. This expres-
sion for Jo(Alz-z’l) was implemented in modifying eq. (3.7b) to eq.

(3.8).
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APPENDIX B

TCHEBYCHEV RECURRENCE RELATION

The recursion relation,

2uT () =T ,(u) +T ., (u) (B1)

presented in section 4.3.1, introduces a potential problem for values of
n less than or equal to zero. For example, when n=0, n-1 becomes nega-
tive, but Tchebychev polynomials are not defined for negative orders.

If this recursion relation is to be valid when negative orders are im-

plied, the following constraint must be imposed:

Tn(u) = Tlnl(u) for n = -1,-2, ... [12] (B2)
When restriction (B2) is implemented, the recursion relation produces
valid results for all integer values of n.

Using recursion relation (B1) along with restriction (B2) allows
the term u(1 - uZ)T2m+1(u), evident in eq. (4.21), to be conveniently
expressed. From this term it is evident that the quantities uT

2m+1
and u3T2m+1(u) must be determined. Applying relation (B1) leads to

(u)

1
uT2m+1(u) =5 [TZm(u) + T2m+2(u)] (B3)

2 1
T U [TZm_l(u) + 2T, . () + T2m+3(u)]
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3 1
W, () =1 [TZD_Z(U) + 3T, (u) + 3T, (u) + TZm+4(u)] (B4)

Combining expressions (B3) and (B4) yilelds
ut - AT, () = 1 [r (W +T, (u-T, (u-T (u)] (BS)
2m+1 8 | 2m 2m+2 2m-2 2m+4

It is observed that since expansion (4.19) begins with m=0, the order
of the Tchebychev in the third term of eq. (B5) may become negative;

therefore, restriction (B2) must be imposed leading to

2 1
u(l - u )T2m+1(u) =3 [TZm(u) + T2m+2(u) + TIZm—ZI(u) + T2m+4(u)]. (B6)

Expression (B6) is identical result presented by expression (4.22).
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APPENDIX C

ASYMPTOTIC BEHAVIOR OF THE SPECTRAL INTEGRALS

For the radial mode, the matrix elements are given by expression

(4.34) as

+ J,(xa)J_(Aa) da. (4.34)
2" (a) Z2(0)z8(\) 1 n

© 2 2 3,2
J [ (ky - A7 AT(NE - 1)p_
B =
1m
0]
By considering the behavior of the above integrand for large values of

A, the following approximations may be made:

(ki - 2% = A3

P, = AT - kl ® A

2" ()

P, * pfcoth(pft) x® 2A

2°()

2 2
Nfcpc + pftanh(pft) = A(Nfc +1).

Also, with the assistance of the asymptotic expansion of Bessel func-

tions Jv with large argument, given by

3 (2) = v 2/(rz) cos(z - 5% - %) ([10], p. 364) (C1)

(z represents a complex quantity) the terms 31 and jm may be approx-

imated as
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Jl(ka) ~ % (sin and cos terms)

Jm(ha) = % (sin and cos terms).
Utilizing all the previous approximations, it is observed that the inte-

grand of expression (4.34) has the following non-convergent asymptotic

behavior for large A:

1 = ——2:————— (sin and cos terms).

With this type of behavior it appears that the integral implicated by
(4.34) is divergent. This is not the case, though. A more detailed
inspection of 31 and jm illustrates that the integral does converge.

The terms 31 and jm assume the following generic form:

Jp(z) = [J1+2p(z) Jl-Zp(Z) + J2p+3(z) J-Zp-l(Z)
2 2 2 2
2 2 2 2

where p=1,m. Considering z large in the first term and applying rela-

tion (C1) leads to

3upp(®) Iy (@ = & costz - F[1528) - By cos(z - 5152 -
2 i

= — sin(z - Eg) sin(z + Eg). (C3)

Similarly, for z large the second, third, and fourth terms become
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-2 P -™
J2p+3(z) J-Zp-l(Z) ® - — cos(z + =) cos(z 5) (Ca)
2 2
J (2) J (z) » £ sin(z - §12p-21) sin(z + Fl2p-21)  (C5)
1+|2p-2| 1-12p-2| xz ' 2
2 2
2 - ¥ fal
J2p+5(z) J_Zp_3(z) = — sin(z 5) sin(z + ). (Ce)
2 2

Utilizing expressions (C3)-(C6), relation (C2) may be rewritten for

large z as
~ L =2 np _Tp
Jp(z) & — cos(z + —5) cos(z _f)

+ sin(z - %IZp-ZI) sin(z + %IZp-ZI)].

The three cases of p=0, p=1, and p>2 must be considered in the above

expression. Considering p=0 leads to

30(2) = %% [cosz(z) + sin(z - ;) sin(z + %)] = 0.
Similarly, p=1 yields
31(2) = i% [cos(z + %) cos(z - %) + sinz(z)] =0
and p>2 ylelds
Jp(z) = %% cos(z + E%) cos(z - !%)
+ sin(z - E% + g) sin(z + Eg - %)] = 0.

Thus, it may be concluded that for all 1 and m, 31(Aa) and Jm(ka) tend
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asymptotically to zero for large values of A; therefore, the integrand
in spectral integral (4.34) approaches zero for large values of A Hmzo)
as was assumed in section 4.3. This renders the numerical integration
convergent.

Similar manipulations may be practiced on inversion integral (4.35),
which represents the matrix elements for the circumferential mode, lead-

ing to the same conclusions.
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APPENDIX D

RESIDUE EVALUATIONS FOR
SURFACE WAVE POLES

Evaluation of spectral integral (4.34) about the TM pole contour

(C..,), depicted in Figure 6, demonstrates the procedure used for all

™
residue calculations for both spectral integrals (4.34) and (4.35). For

convenience, spectral integral (4.34) is expressed as

* F,(a)
B,y =J [Fl(x) + = ] da
0 2°(a)

where
ki - AZ 5 3
F.(A) = -5 aJ.(aa)J_(ra)
1 AtV m
3,..2
AT (N -1)p
F,(1) = ff S 3,(aa)3, (ra).
(1)

Considering only the integration about the TMeven pole leads to evalua-

tion of
[ J FZ(A)
| = F,(A) dA + da. (D1)
™ 1 Z2(a)
c c
™ ™

Since FI(A) is everywhere analytic within and on CTM , the first term in
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expression (D1) yields no contribution. Further, assuming CTM to be
limitingly small and FZ(A) to be a slowly varying function of A in the

proximity of the pole, integral (D1) may be approximated as

da
Iy FZ(Ap) J ze(x)' (D2)
C

™

Considering the leading terms in a Taylor series expansion of Ze(A).

given as

e . € _ [
Z2°(A) = 2 (Ap) + (A Ap) X Z2°(A) -
p

(where the first term vanishes by definition), allows integral (D2) to

become

Iy F:pr) J Adf 5 (D3)

2- (A) p
p ™

where

e’ 8 e

2 (A) = =27 (1) .

P oA A=Ap

Considering the following local polar coordinates

Jv

A—-A_ = ge
P

da = Jeerdw
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allows integral (D3) to finally be evaluated as
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APPENDIX E

ANALYTIC REAL LINE INTEGRATION
NEAR SURFACE WAVE POLES

When numerically evaluating spectral integrals (4.34) and (4.35),
the real line integration (refer to Fig.6 ) in the neighborhood of the
surface wave poles leads to potential numerical overflow problems.

These complications arise because the pole values reside very near the
real axis. To overcome this difficulty, the real line integration of
spectral integrals (4.34) and (4.35) in the proximity of the poles may
be analytically evaluated. Analytic evaluation of spectral integral
(4.34) near the TM pole (expressed as Ap=Apr+jApi) illustrates the gen-
eral procedure.

Considering only the real line integration and rearranging the inte-

grand of integral (4.34) yields

(E1)

FZ(A)
|real = -[ [FI(A) * e ] da
0 YANCY)

where
ki - 12 5 3

F.(A) = AJ, (Aa)J _(aa)

1 At

3,..2

F,(A) = N Wpe - VP 3. (ra)]

2 = 1 a)Jm(Aa).

2"(2)
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By considering a small portion of the real line, with a width of 2¢ cen-
tered at the real part of the pole, in expression (E1) leads to the eva-

luation of

€

F,(a)
I =- [FI(A) + 2 ] .
P . 2%

Assuming l'-‘1 and F2 to be continuous and slowly varying in the region of

interest leads to

t >

dAa
I = -[ 26F, (A_) + F,(A_) ].
P ) 1 pr 2 pr Ie Ze(A)

Approximating Ze(A) with the first two terms of a Taylor series expan-

sion about Ap as

e - _ a_ e
2200~ 20+ (-2 Gz mlkA (E2)
P

permits Ip to be expressed as

€
F, (Apr)

dAa
1 = -[ 2eF,(A_) + -2, d ] (E3)
P 1%r’ ¥ e o) L oA

where the first term in expansion (E2) is zero by definition and

e’ 8 e
2 (Ap) = = Z°(2)

A=A
P
The remaining integral in expression (E3) is evaluated as
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f= I a [ da
A-A A-A_) - A
e P J.  pr pi

-1
- ln[eJ[tt - 2tan (Api/e)l]

-1
= j[(trn - 2tan (Apilc)]. (E4)

The proper choice of sign in expression (E2) is chosen to satisfy the
branch cut of the 1n function (negative real axis). Since Ap1>0 and
arg(I) must reside between +wx and -n, the plus sign is chosen. Thus, Ip
is evaluated as

F,(A_)

~ _ 2 pr
= [2°F1"‘pr’ + 2 PT°

o) Jln - 2tan"1(xpi/e)l ].
P
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