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ABSTRACT

RADIATIVE DECAYS IN THE BETHE-SALPETER EQUATION

WITH A STATIC KERNEL

AND HARMONIC OSCILLATOR POTENTIAL

By

Walter W. Becker

Radiative decay widths are calculated for the radiative decay

processes observed experimentally in the charmonium system. The model

uses a Bethe-Salpeter equation with a static kernel and harmonic oscillator

potentials to model the c-E system. Each decay width is calculated for 2l

different choices of the c-quark mass. The potential used was a linear

combination of a vector coupled and a scalar coupled harmonic oscillator

potential. The quark mass and the scalar to vector coupling ratio were

determined by trying to fit simultaneously the u’(3685) - w(3095) mass

difference, the ¢(3095) + e+ + e' decay width and the 3PJ mass splittings.

A single choice of the quark mass and scalar to vector coupling ratio

could not simultaneously fit all these constraints. The “best fit" to

these constraints occurred when the quark mass was 5.5 and the scalar to

vector coupling ratio parameter was -0.l5. The decay width calculations

are shown graphically for values of the quark mass from 0.00 to TS Gev.

The decay widths were calculated two different ways: (i) using the matrix

elements of the quark momentum; (ii) using the matrix elements of the quark

position. Most of the published calculations use method (ii). The widths

computed by methods (i) and’(ii) are quite different for all masses and all

‘transitions implying that the usual method (ii) gives incorrect results,

and the fits with experimental data are fortuitous.
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Chapter 1

Introduction

With the discovery of the I~meson in 1947 a certain stage of

"explanation" of atomic structure was reached. The electron, proton and

neutron were the fundamental building blocks of nature. The photon was

the instrument that was responsible for transmission of the

electromagnetic forces from one charged particle to another charged

particle. The I-meson did the analogous thing for the nuclear forces

found to be acting between protons and neutrons. The neutrino was

needed to conserve angular momentum in beta decay of nuclei. The only

oddity was the u-meson (or muon) whose existence escaped reason.

Certain other particles, like the positron, were known or strongly

suspected to exist on the basis of a symmetry of the Dirac equation,

which was believed to describe the behavior of massive spin 1/2

particles.

The discovery of several additional particles ruined this nicely

reasoned structure. These strange particles came in two varieties -

called mesons (particles with masses between the n-meson and the proton)

and hyperons (masses greater than the proton’s mass) which eventually

i

decayed into a proton or a neutron. These particles are now called K ,

0
K9 and R0 mesons, and A , 2 and E- for the hyperons. If one

o + o

lodks at the eight particles p, n, A0, 2 , Z“, , 5- one finds that

inany of their properties are identical e.g. spin, parity and their

interaction strength with nuclei. In an attempt to explain this

similarity of properties Cell-Mann and Ne’eman (independently) developed

time 80(3) or unitary symmetry model of elementary particles in 1961.



The group SU(3) has an eight dimensional representation which

accomodated these eight heavy particles. This group also has

representations of dimensions 3, 6, 10, 27, ... At this point the

question arises, do there exist other, still to be found particles that

could be described by these other allowed representations. The

lO-dimensional representation was found to be an acceptable

representation; it described certain resonances and predicted a new S =

-3 heavy particle, the 9-. This 9- was subsequently found in an

experiment conducted at Brookhaven in the 1960’s. So far no particles

have been detected directly that do not belong to the representations of

dimensions 1, 8, or 10. Fairbanks, et a1, [43] have reported results

that seem to imply the existence of free quarks. These experiments

still await verification by Other experimental groups. This peculiar

behavior has puzzled particle physicists for a long time. If one

ascribed to the fundamental, or three-dimensional, representation,

hypothetical particles called quarks, then all of the observed

"particles" corresponded to representations of SU(3) obtained by taking

the product representations [SU(3)]3 G [SDTETTB - I 0 [SU(3)]3 or

[SU(3)13 6 [SU(3)13 G [SU(3)13 - 1 9 [SU(3)13 9 [SU(3)110 9 [We-

These hypothetical quark particles have the following (unusual)

properties.



TABLE 1

QUARK PROPERTIES

Spin charge baryon number other quantum numbers

up 1/2 2/3 1/3 none

down 1/2 -1/3 1/3 none

strange 1/2 -l/3 1/3 S a -1

charm 1/2 2/3 1/3 c = +1

bottom 1/2 -1/3 .1/3 b - +1

top 1/2 2/3 1/3 t - +1

This scheme could be looked upon as indicating the existence of three

"elementary particles" belonging to the three-dimensional representation

of SU(3), and that the observed particles, e.g. fi-mesons, protons, etc.,

were bound states of these quarks. The results from high energy

electron~ proton scattering also seem to indicate the existence of a

point-like substructure for the proton. The point-like substructure had

the same properties that were being ascribed to the SU(3) quarks. One

should note here that in the 1960’s only the first three quarks in TABLE

1 were believed "to exist." The only essential difference between then

and now is the replacement of SU(3) by SU(6) as the underlying symmetry

group.



Eventually, as things usually do, this simple quark picture

became somewhat more complicated. If quarks obeyed the usual Pauli

spinrstatistics theorem, then the quark model of elementary particles

caused problems. The n‘ and the n + p (1238) resonance were viewed as

being composed of three quarks called (3,3,8) and (u,u,u) respectively,

and all three quarks were to have zero orbital angular momentum. This

condition violated the Pauli spin-statistics theorem, which stated that

no two spin 1/2 particles could have the same set of quantum numbers.

In the case of the 9- and I + p (1238) resonance, all three quarks did

have the same set of quantum numbers. Another problem for the quark

model surfaced in the analysis of high energy e+ + e- annihilation

experiments. The ratio of e+ + e- * hadrons to that for e+ + e- + 0+ +

u" is predictable on the basis of the quark model [44]. On the basis of

the simple model above, the predicted and observed ratios differ by a

factor of three. The predicted decay rate of ,0 + 27 is also off by

this same factor when one uses this simple quark model. In an effort to

eliminate these problems, it was then hypothesized that each of the

quarks u, d, s (and also subsequently discovered or inferred quarks like

c, b, t) come in three varieties, e.g. red, green, and blue. The quark

model now predicts that 9- is the bound state of three 8 quarks, one

red, one green, and one blue. Since these S quarks are now

distinguishable (this new quantity called the "color" of the quark is

the new quantum number), the spin-statistic problem goes away 7

immediately. The additional multiplicity of quarks also eliminates the

problem of the factor of three in the no decay rate and the e+ + e-

annihilation experiments mentioned above. The picture or model that

emerges for those elementary particles that participate in strong
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5

interactions is that they are composed of quarks or quark-antiquark

combinations. Other considerations of nature seem to restrict this same

set of elementary particles to be made up of either three quarks or of

quark-antiquark pairs. No deviation from these conditions seems to

exist. The particles to be subsequently considered here are a special

class of heavy mesons and are composed of a quark and its associated

antiquark.

The simplest thing to do is to assume a certain potential energy

function for the qJE interaction, insert this into the Schroedinger wave

equation and solve for the energy levels of this q4fi system. This is

what was done in [29] and [30]. The assumed potential was V(r) - or +

B/r. There were reasons for this choice, aside from giving good

,agreement with the observed energy levels for the c4; system. The or

term arises from the requirement that the quarks are permanently bound

or confined, i.e. free quarks do not exist. As the separation increases

between two quarks, the potential energy also increases. The only way

the two initial quarks can have arbitrarily large separations is to

produce a new q¥q pair, one of which escapes with the first quark and

the other stays behind with the remaining quark. The B/r term comes

from the known coulomb interaction occurring at short distances between

the quarks. This treatment is completely non-relativistic in character.

Since the discovery of the Y(309S) meson and other members of the

Charmonium system, a number of other potential functions have been used

t1) describe these new particles. A recent comparison of the predictions

Of' several of these model calculations with experimental findings is

81ven in [41] . Because of the close agreement between these

tunr-relativistic calculations and experiments, one assumes that the



motion of the quarks in these charmonium states is non-relativistic.

Most of these calculations have problems predicting the splittings of

the various P states (13P0, 13P1, and I3P2) as well as the relative

decay rates from the 2381 state to these afore-mentioned P states. The

radiative decay rates of these triplet P states to 1381 are for the most

part not well enough determined to be useful in making theoretical

comparisons between various model potentials.

In the case of the hydrogen atom the non-relativistic

Schroedinger equation with a pure coulomb potential is unable to

reproduce the fine structure observed. Initially additional terms were

incorporated into the potential and treated perturbatively to produce

the observed fine structure. With the development of the Dirac

equation, which treated the electron’s motion relativistically, the fine

structure of the hydrogen atom was correctly produced, the major defect

of the Dirac equation being the failure to account for the (281/2 -

2Pl/2) splitting (Lamb effect) discovered about twenty years later. To

account for this, one needed a relativistic quantum field theory of

electrons and the electromagnetic field. This construction was first

attempted in the late 1920’s and early 1930’s. These initial attempts

were able to handle some things, e.g. the calculation of the

KleinrNishina formula for compton scattering. The Klein-Nishina

formula, from a relativistic quantum field theory viewpoint, represented

the effect of the leading term in a perturbative expansion. When one

tried to compute the radiative corrections to this result, certain

divergent integrals arose. It was unclear how to deal with these

divergences in the theory. In the late 1940’s, Feynman, Dyson,

Schwinger, and others developed a covariant renormalization scheme which



7

enabled them to calculate these radiative correction terms. This method

is described in several papers in the collection [23].

Shortly after the introduction of the Dirac equation, 6. Breit

[16] and others attempted to generalize this equation to describe the

interaction of two or more relativistic particles, the immediate

application being to the fine structure of the helium atom. The initial

attempts presented problems. (See discussion in [17]). These problems

were only finally resolved with the developments in relativistic quantum

field theory in the late 1940’s. The initial paper making use of these

methods is by Bethe and Salpeter [18]. Most of the work done on the

Bethe-Salpeter equation is directed to applications involving radiative

corrections to the hydrogen atom or positronium. A recent survey on the

applications to positronium is given by Stroscio [22]. The starting

point for our calculations makes use of equations 2.1 to 2.10 and

equations 4.20 to 4.25 of [26]. The derivation of the Bethe-Salpeter

equation from quantum field theory is given in appendix C of [22] and

will not be reproduced here.' The derivation given in [22] as well as

the original one given by Bethe and Salpeter in [18] is based upon

Feynman’s approach to quantum field theory described in papers 21 and 22

of reference [23].

The method of reduction of the general form of the Bethe-

Salpeter equation as given by

MEWS) + ¢<E>n<-5) - knoci) - - uH(S.S’)¢<E'> (1)

to get the radial equation(s) needed to determine the eigenvalues An is

done in several steps. The function ¢(S) can be expanded as follows.
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MS) - 3(S)c + iuvutfim + a (5m + isiuAut‘Sm + isP(3)c <2)
UVTIW

The functions 8(3), Vu(3), ..., P(p) are not all independent of one

another. Relativistic kinematics imposes certain restrictions, and these

relations are derived in Appendix 1.1. It is seen there that the

function 4(3) splits up into a singlet and a triplet case. we choose as

the independent function for the singlet case P(p) and for the triplet

case 3(3). The next step is to insert these singlet and triplet

wavefunctions back into equation (1) and carry out the necessary Dirac

algebra to get equations'4.3, 4.8, and 4.19 of [26]. The program

Schoonschip was used to perform this reduction. The program to do this

for the singlet wavefunction is shown in Appendix 1.2. Similar but more

complicated computer programs are needed for the triplet cases and are

not illustrated here. The wavefunctions for the singlet and triplet

states of the scalar potential are related to those of the vector

potential by

+ v +

48(p) - B¢v(p)B (3)

One consequence of (3) is that by making the substitutions 3’ + -S’ and

4(3’) + -¢(3’) in equations 4.20, 4.21, and 4.22 of [26] one could

convert the results for the "coulomb potential" given there to the case

of a scalar potential. For the singlet case this reduction was

explicitly carried out and checked by Schoonschip. For the triplet

cases a complete reduction was not done, but this substitution rule was

used to obtain the equations analogous to those of 4.21 and 4.22 of [26]

for the scalar potential.

The remainder of Appendix I gives the details of other

:reductions needed to put the Bethe-Salpeter equations for the singlet



1
"

f
.

(
“
a

'
1

I
I
f
)

‘
L
l



and triplet states into a form suitable for numerical solution.

Appendix II gives the details of the calculations of formulae for the

leptonic and radiative decay rates of various qeq systems. The results

of the numerical calculations of these decay rates will be discussed in

chapter 3.

The point of the work described below is to calculate properties

of the qeq system, with an admixture of a vector and scalar harmonic

coupling, and the comparison of these calculations with the experimental

results on the charmonium system. The spectrum of the q4q system using

a purely vector coupling was carried out in [31] and it was found that

the level structure in the 3(J11)J system was not the same as that found

for this spin assignment in charmonium. In [31] the level scheme is

1381, 13D1, 2381, 23D1, etc. In charmonium the appropriate level

structure is 1381, 2381, 13D1, etc. The addition of the second, scalar

harmonic, coupling here was an attempt to obtain the correct ordering of

these states. This attempt was not successful, as will be seen below.

This scalar potential gives us another parameter to vary to see if one

can obtain better agreement with either decay rates or the fine

structure of the P-states within this model. Initially attempts were

made to incorporate a 1/r type of term in the potential. This attempt

produced problems described in chapter 3. we hope to look further into

these problems with a view to incorporating this potential form into our

work. It is possible, based upon work using the linear plus coulomb

type potential described in [29], that the use of a I/r potential would

<:orrect the above level structure problem.



Chapter 2

Outline of the Calculational Scheme

The Bethe-Salpeter equation is a relativistic two body wave

equation which represents a generalization of the Dirac equation. The

Dirac equation is a linear partial differential equation; The

Bethe-Salpeter equation is an integro-differential equation in general.

For special choices of the potential function, the Bethe-Salpeter

equation can be reduced to a partial differential equation. One of

these special potentials is the instantaneous harmonic oscillator

potential. This potential was picked for this work for precisely this

reason.

Once we have this differential equation form for the Bethe-

Salpeter equation, next arises the problem of obtaining solutions of

this equation. One of the tried and true methods for solving partial

differential equations is to use the method of separation of variables

to reduce the problem to a set of ordinary differential equations. we

follow this time honored method. The next problem is the solution of

the resulting ordinary differential equations. .If we use spherical

coordinates in our separation of variables technique, then the two

equations involving the polar angles are solvable and yield the well

known spherical harmonic functions as solutions. The radial equation

tihich results from this separation procedure appears not to be a well

lcnown equation whose solution is easily recognized. In such cases one

time honored method of solution says to express the (radial) function as

a. power series in terms of the independent variable, substitute this

Berries into the differential equation, collect terms of the same power

10
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in the independent variable and set the coefficients of these terms

equal to zero. This method yields a recurrence relation for the

coefficients of the assumed power series solution. In the workable

cases one has a two term recurrence relation. Three or more term

recurrence relations have historically been very hard to deal with. One

wants to be able to express the nth coefficient of the power series as a

function of n and the first term in the recurrence relation. To,be able

to solve the recurrence relation when it involves three or more terms is

in general very difficult. It is only within the last couple of years

that the 3-term recurrence relation arising from the non-relativistic

Schroedinger equation with a linear potential has been solved using

non-standard techniques. In the radial equation resulting from our

Bethe-Salpeter equation, an eleven term recurrence relation results -

so much for this time honored method.

An alternate time honored method of obtaining approximate

solutions of differential equations is to recast them as a variational

calculus problem. This is the procedure to be used here on the radial

equation to obtain an approximate solution to the overall Bethe-Salpeter

equation. One of the basic types of problems in the calculus of

variations is:

Given a function £(x,y(x),y’(x)), find that function y(x) such

that the integral

. I - It<x.y<x>.y’<x>>dx

is a minimum, subject to the constraint condition that
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Ip<x>iy<x>12dx = 1.

'For particular choices of £(x,y(x),y’(x)) and p(x), this problem

requires, as a necessary condition for its solution, that y(x) obey a

linear second order ordinary differential equation. Since any second

order ordinary differential equation can be cast into a self-adjoint or

Sturm-Liouville form, one restricts oneself to those choices of

t(x,y(x),y’(x)) which give rise to such equations.

The reduction of the ordinary differential equations obtained by

the introduction of spherical coordinates is given in appendix 1.3. The

further reduction to the Sturm-Liouville form and the obtaining of the

associated Lagrangian is described in appendix I.4. we note here that

the Lagrangian associated with the differential equation

d/dx(p(x) df/dx) + (q(x) + A r(x)) f(x) = O

is

t - (1/2)p(x)[df/dx]2 - (1/2)q(x)[f(x)12

with the subsidiary condition

(1/2) fr(x)[f(x)]2dx - 1.

That this Lagrangian leads to the given differential equation is

easily checked by inserting i into the Euler-Lagrange equations.

(d/dx(3£/3(df/dx)) - ai/af - 0)

The method we use to attack this variational problem is called

the direct method. we do not rely on the associated differential

equation beyond using it to obtain the Lagrangian for the variational

Irroblem. This method says to select a set of functions {Ai(x)}:_l and to
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write the function f(x) that minimizes the integral f£(x,y(x),y’(x))dx,

subject to the constraint (1/2)fr(x)f2(x)dx = 1, as

f(x) 3 avo(x) + a1A1(x) + ... + anAn(x)+ ...

The usefulness of such a method depends upon how fast the above series

for f(x) converges to the correct (or exact) solution. The choice made

here was to set

An(x) = (xkAi(x)xn)/(a + xk+1)

The ideas behind making such a choice are the following.

(i) we wanted to approximate as nearly as possible the correct

asymptotic behavior (x + a).

(ii) As x + 0, the exact solution must go to zero as xk where k

is the orbital angular momentum of the two particle system.

(iii) The correct asymptotic behavior (x + “0 is given by

(xkAi(x))/(a + bxk+1) and this is also compatible with the choice (ii).

It is shown in Appendix 1.6 that Ai(x)/x is the appropriate solution in

the x + a limit. The third term is one that should not affect either of

these limiting behaviors. This means that f(x) should reduce to one as.

x + O and as x + ~. Several such terms were tried, none successfully.

The one finally chosen was just x“. If one recalls that the correct

solution is a linear combination of functions of the form Ah(x), then

one sees that the x + 0 limit is still valid provided that a0 # O. The

at + 0 limit however is not maintained for any choice of ai # 0, i > I.

'The x + N'limit is still dominated by the Airy function since as x + w

it goes like exp[-2x3/2/3].

The choice of xn for the third part of our trial functions was
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tested for the case in which the quark mass m a 0. In this case the

known solution is just a "displaced Airy function," i.e. f(x) -

Ai(x-xo), times a normalization constant, where x0 is one of the zeros

of the Airy function. By choosing b = 1 and a a 2.385, the correct

function was obtained to five decimal places over the interval from x.=

O to x 8 38. This corresponds to a range of values in f(x) from f(x) =

64
1.00 to f(x) 8 10- . we next discuss the principle steps in the

calculational scheme.

(A) The Calculation 2f the Airy function and its Derivative
 

The Airy function and its first derivative are related to Bessel

functions of fractional order through the following identities:

1/2
Ai(x) = moon/3) x1 ”(2)

- (1/3)/;’{I_1/3(Z) - Il/3(z)}

Ai’(x)': <-x/i)<1//5)x2,3(z)

' (‘X/3){I-2/3(Z) - Iz/3(z)}

where z = 2x3/2/3 and x > 0.

The determination of Ai(x) and Ai’(x) is done by making use of

series expansions of 111/3(x)’ 112/3(x), and K1/3(x) and K2/3(x). The

expressions used are the following:

x-vIv(X) - n§0Aa(")T2a(X/8)

where v - 11/3 and -8 < x < +8. The series for v a iI/3 was terminated
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at 17 terms. The constants An(v) are taken from [32]. The quantities

T2n(y) are Chebyshev polynomials. (See below.)

The expansion for x > 5 makes use of the following

approximation:

K1/3(x) - «(t/2x) e"x 112.0 CnTn*(S/x), x > _s

The values of the constants Cn are also from [32]. The quantities

Tn*(y) are again Chebyshev polynomials. (See below.)

The expansions for Ii2/3(x) and K2/3(x) have the same form as

those for the case of Ii1/3(x) and K1/3(x), and the relevant constants

for these expansions appear again in [32].

The Chebyshev polynomials which appear in the above series

expansions are evaluated by the use of the following recurrence

relations:

I

HTo(X)

T1(x) - xTo(x) - x

T2(X) ' (2X2-1)To(x) - 1(2x2-I)

T3(X) ' 2(2x2-1)T1(x) - T1(x) . 4x3-3x

or in general

sztx) - 2(2x2-1)T2n(x) - T2n_2(x), n>0

T2n+3(x) - 2(2x2-1)T2n+1(x) - T2n_1(x), n>0
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' a

Note that Tn (x) a Tn(2x-1) so that

* a *

Tn+l(x) - 2(2x-1)Tn (x) - Tn_1(x), n>l

The source for these recurrence relations is [32].

(B) The Transformation g: the Trial wavefunctions
  

The next step is the transformation of the set of trial

k+l 9

)lnfunctions (Ai(x)xkxn/(a + bx to a second set of orthonormal

-0

functions. These new orthonormal functions are orthogonal with respect

to a weight function x2. The important quantity here is the matrix Cum

that transforms the functions {Ai(x)xkxn/(a+bxk+l)}:.6o the orthonormal

set ¢m(x). The determination of these matrices Cmn is done separately

for each value of k and is stored in the program for future reference.

These matrices were used when some of the wavefunctions were plotted for

values of x which differed from those used in the integration algorithm.

One should note here that the value of RFC, when used in the 180

functions, yields zero, but this is incorrect. This is due to the fact

that the above expansions for Ai(x) fail at xFO. To eliminate this

problem the value of Ai(x), for x90, is explicitly specified in the main

body of the program.

(C) The Integration Algorithm
 

In the calculation of the matrix Cmn mentioned in (B), several

integrations were needed. The method of integration that was used

throughout the program was one of the gaussian quadrature algorithms.

ffhree different gaussian methods were tried. The first was a standard
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32 point Gauss-Laguerre quadrature. The second was a truncated 68 point

Gauss-Laguerre quadrature. The third one tried was a 28 point guassian

quadrature over the interval from x = O to x - 20. In the

Gauss-Laguerre routines, the values of x are prescribed, and in the

standard 32 point case several values of x were sufficiently large to

cause the value of Ai(x) to be less than 10.300, which the machine sets

equal to zero. The truncated Gauss- Laguerre routine used only the

first 32 points of the 68 points available. The xrvalue of the last

point used in this routine was approximately x - 38.094, and the value

of the Airy function in this region of the xraxis is about 10-68. The

truncated Gauss-Laguerre also gives the best fit to the computed

eigenvalues when compared to the known results for the 180 case. For

all cases, the lowest eigenvalue is reasonably accurate, but for the 2

1So, 3 180, etc., the truncated 68 point routine proved to be the best.

(D) Reduction 2: the Differential Equation(s) 22 Finite Dimensional
 

Matrix Problems
 

The final step in the solution of the differential equations is

to write f(x), the solution of the differential equation, as a linear'

cambination of the orthonormal functions ¢n(x) obtained in (B). This

formal series

9

f(x) -n20 an¢n(x)

Was substituted into the Lagrangian giving rise to the original

d1ffeirential equation. Note that for terms like [f(x)]z in the

Lagrangian, we substitute in Z aman¢m(x)¢n(x). we then integrate over

m,n

x. The resulting terms
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are of the form fa a g (x)dx, a and a being constants independent of

m n mu m n

x, and where gmn(x) is a product of the form

q(x) ¢m(x) 4110:) + r(X) 41:10:) 4:10!)

and where q(x) and r(x) are the coefficients of [f(x)]2 and (df/dx)2 in

the appropriate Lagrangian function. If we set an - fgmn(x)dx and view

an now as just a matrix, we have the typical linear algebra problem of

finding the relative minimums of the quadratic form

2 a M a

m mn n
m,n

subject to the constraint that the vector I have unit length. The

minimum value(s) of this bilinear form occurs when the vector 3 -

(ao,a1,a2,...,ag) is an eigenvector of the matrix an’ the minimum being

associated with the lowest eigenvalue ll, the next lowest relative

minimum being associated with the next lowest eigenvalue A2, etc. The

sought after approximate solution to the original differential equation

is then given by

9

f(x) -1 a i (x)
1-0 i.i

where the ai’s are the components of the eigenvector associated with the

eigenvalue l1, l2, etc. This approach is expected to produce good

results only for the lowest few eigenvalues and eigenfunctions for the

solution of the original differential equations. To show that this

expectation is verified, TABLE 2 lists the eigenvalues for the 150 case.

The known eigenvalues for this equation are the zeros of the Airy

function. The zeros of the Airy function are "well known" and are also

listed in TABLE 2 for purposes of comparison. One can see from TABLE 2
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that the lowest two eigenvalues are indeed very accurately calculated,

but as we go to the larger eigenvalues the agreement becomes

progressively worse, and in the last several cases, one can safely say

there is no agreement whatsoever. Also shown in TABLE 2 are the

corresponding results for including only 6 or 8 terms in the expansion

for f(x). In TABLES 3 and 4 we compare the known solutions for the

lowest three eigenvalues of the 180 equation. The case of the lowest or

ground state solution is indeed very good, that of the next lowest one

not quite so good. In principle one can increase the accuracy of the

calculations by increasing the number of orthonormal functions used. In

practice this presents two different types of problems: the first

involves the amount of storage needed to do the calculations; the second

is how bad the round off errors become in the process of constructing

the orthonormal functions ¢n(x), or what is the same thing, the matrix

C . To get some idea of the round off error problem, the program
mn

calculates numerically the quantity

M a f” x26 (x)¢ (x)dx
nm 0 n m

This matrix, if there is no round off error, should be just the unit

matrix. In practice it is not of course. Some examples of what Mnm

comes out to be in a typical run are shown in TABLES 5,6,7, and 8.

From these examples we see that the round off errors differ by a

fem'parts in 10-.19 from the exact value of zero. One should also point

out that the initial data used to start the calculation had an accuracy

of one part in 10-29. So the resulting round off error due to machine

computations is amplified by a factor of 1010.
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TABLE 2

COMPARISON OF THE COMPUTED AND EXACT VALUES

OF THE ZEROS OF THE AIRY FUNCTION

COMPUTED VALUE EXACT VALUE

NEXP=6

n- ] .2338]07t]25+0] .2338]07u] 5+0]

N- 2 .40883]22]]5+0] .408794944 5+0]

u- 3 .56]]404421£+01 .552055983 5+0]

w- u .8096949395E+01 .678670809 5+0]

w- 5 .1543180161E+02 .7944l3359 5+0]

w- 6 .55665696035+02 .902265085 5+0]

NEXP=8

u- l .2338]07411£+0] .233810741 5+0]

u- 2 .40879496565+0] .408794944 5+0]

N- 3 .552]6322905+0] .552055983 5+0]

N- 4 .68833526025+0] .678670809 5+0]

u- 5 .896248]8375+0] .794413359 5+0]

u- 6 .]3609233095+02 .902265085 5+0]

Na 7 .27]279]0805+02 .1004017434E+02

w- 8 .1004682793E+03 .]]008524305+02

N5xP-io

n- l .2338]07410£+01 .23381074] 5+0]

n- 2 .4087949444£+01 .408794944 5+0]

w- 3 155205620285+0i .552055983 5+0]

u- 4 .6788694482E+01 .678670809 5+0]

u- 5 .80u26376635+0] .794413359 5+0]

u- 6 .9863035]9]5+0] .902265085 5+0]

w- 7 .]3330]78525+02 .1004017434E+02

N- 8 .20953365285+02 .I]00852430£+02

u- 9 .42825007505+02 .]]9360]5565+02

N-lO .]6]008933u5+03 .]2828776755+02
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TABLE 3

CHECK ON THE FIRST THREE SINGLET S ZERO WAVEFUNCTIONS

X BETWEEN .211 AND 38.0

X(l) N81 st u-3

.2]]0695-0] - 9998275+00 .9997045+00 .9979565+00

9998275+00 .9996975+00 .99959]5+00

.111223E+00 -.99530]5+00 .99]7065+00 .9889h55+00

.99530]5+00 .99]7075+00 .98877]5+00

.2733995+00 -.9728005+00 .95]h975+00 .9343755+00

.972800£+00 .951498E+00 .9342665+00

.5077555+00 -.9]28]65+00 .8432055+00 .78843]5+00

.9]28]65+00 .843205E+00 .7885705+00

.814421E+00 -.7997785+00 .6399575+00 .5232955+00

.7997785+00 .639958£+00 .523]8]5+00

.i]93565+0] ~.634660£+oo .3542045+00 .]784955+00

.634660E+00 .354204E+00 .178549E+00

.164537E+01 -.uh]9845+00 .55]9565-0] .116453E+00

.hu]9845+00 .5519565-0] .116456E+00

.2]70]05+0] -.26]6905+00- -.]586935+00 .2]93]95+00

.26]6905+00 -.]586935+00 .2]93495+00

.2768035+0] -.]276335+00 -.2288375+00 .]]27395+00

.]276335+00 -.2288375+00 .]]26905+00

.343948E+01 -.496930E-OI -.]82]275+00 .59]5065-0]

.496930E-01 -.]82]275+00 .591014E-Ol

.u]848]5+0] -.]hg69&5-0] -.98]9]5£-0] .]396385+00

.1496945-0] -.98]9]65-0] .]396675+00

.500445E+01 -.338]555-02 -.3708655-0] .]]062]5+00

.338]555-02 -.3708655-0] .]]06245+00

.5898835+0] -.555]7]5-03 -.9772525-02 .5096225-0]

.555]7]5-03 -.9772405-02 .5092235-0]

.6868h65+0] -.6h]8625-04 -.]765]25-02 .147425E-Ol

.6h]8625-04 —.]765225-02 .1478305-01

.79]3885+0] -.50622]5—05 -.2]33]75-03 .2687555-02

.50622]5-05 -.213457E-03 .2739905-02

.9035705+0] -.2637]55-06 -.167705E-04 .3027755-03



X(l)

.102346E+02

.115112E+02

.128663E+02

.143007E+02

.158153E+02

.174111E+02

.190890E+02

.208501E+02

.2269S7E+02

.246269E+02

.266451E+02

.287517E+02

.309482E+02

.332363E+02

.356176E+02

.3809425+02

TABLE 3(CONT'D)

N31

.878275E-08

.878258E-08

.lBOBBOE-09

.180869E-09

.222694E-11

.222655E-11

.153329E-13

.158266E-13

.627448E-16

.626952E~16

.133659E-13

.133469E-18

.147441E-21

.147098E-21

.810499E-25

.807633E-25

.213384E-28

.212323E-28

.258229E-32

.256545E-32

.137651E-36

.1355595'35

.309212E-41

.306472E-41

.279523E-46

.277056E-46

.969233E-52

.962143E-52

.122602E-57

.122157E-57

.536897E-64

.53847OE-64

22

N-Z

.831496E-06

.8383895-06

.251494E-07

.256u295-07

.448093E-09

-465977E-09

.1535915-]]

.486603E-ll

-2513735-13

.282]285-]3

.7343965-]6

.876490E-16

.]088505-]8

.140650E-18

.787113E-22

.]]22555-2]

.266822E-25

.4283695-25

.4070185-29

.7507]85-29

.2678725—33

~579290E-33

.7282h55-38

.188422E-37

.781792E-43

.2468855-42

.3162h65—48

.124303E-47

.4590645-54

.2289325-53

.2272385-60

.146493E-59

N-3

.2050h45-04

.23303]5-04

.8098595-06

.]022455-05

.]808695-07

.2635525-07

.2213545-09

.3870h65-09

.]437785-]]

.3]3h795-]]

.479642E-14

.l35328E-l3

«794358E-l7

.3005005-16

.630u935-20

.330744E-l9

.23]]905-23

.1736285-22

.376933E-27

.4177OOE-26

.2625525-3]

.hh]7605-30

.7493585-36

.1967075-34

.8389305-4]

.352555E-39

.35]9h25-46

.242684E-h4

.527375E-52

.6]09375-50

.2684325-58

.53h38h5-56

COMPUTED SOLUTION IS ON SAME LINE AS XII) VALUES
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TABLE 4

CHECK ON THE FIRST THREE SINGLET S ZERO WAVEFUNCTIONS

X BETWEEN ZERO AND 7.75

X(I) N31 N-Z N-3

. - IOOOOOE+OI .100001E+Ol .997442E+OO

.250000E+OO -.977106E+00 .959227E+OO .944917E+00

.977106E+OO .959227E+OO .944736E+00

.SOOOOOE+OO -.915237E+OO .847583E+OO .794269E+OO

.915237E+OO .847583E+OO .794414E+OO

.7SOOOOE+OO -.825840E+OO .686489E+OO .582872E+OO

.825840E+OO .686489E+OO .532778E+OO

.IOOOOOE+01 -.720513E+OO .500483E+OO .349834E+OO

.720513E+OO .500483E+OO .349780E+OO

.125000E+01 -.609593E+00 .312709E+OO .132405E+OO

.609593E+OO .312709E+OO .132476E+OO

.ISOOOOE+OI -.501320E+00 .1h1730E+00 .416246E-OI

.501320E+OO .141730E+00 .415743E-Ol

.17SOOOE+OI -.401525E+OO -.789459E-04 .157424E+OO

.401525E+OO “.788153E-04 .157461E+OO

.200000E+01 -.313722E+OO -.106706E+00 .212720E+OO

.313722E+OO -.106705E+00 . .212780E+OO

.225000E+01 -.239453E+OO -.177627E+OO .215059E+OO

.239453E+00 -.177627E+OO .215068E+OO

.250000E+OI -.178756E+OO -.216346E+OO .I73057E+OO

.178756E+OO -.216346E+OO $178011E+OO

.27SOOOE+OI -.130654E+OO -.228775E+00 .117592E+OO

.130654E+OO -.228775E+OO .117541E+00

.300000E+01 -.935876E-01 -.221772E+00 .486397E-01

.935876E-01 -.221772E+00 .486283E-OI

.325000E+01 -.6S7508E-01 -.202015E+00 .168483E-01

.657508E-01 -.202015E+00 .168149E-01

.3SOOOOE+OI -.453415E-01 -.175279E+00 ..709170E-01

' .ASBAISE-OI -.175279E+00 .708673E-01

.37SOOOE+OI -.307110E-01 -.146077E+OO .109603E+00

.307110E-01 -.146077E+OO .109572E+OO



X(I)

.400000E+01

.425000E+01

.450000E+01

.47SOOOE+OI

.500000E+OI

.525000E+01

.550000E+01

.575000E+Ol

.600000E+Ol

.625000E+01

.6SOOOOE+01

.675000E+01

.7000OOE+01

.725000E+01

.7SOOOOE+01

.77SOOOE+OI

N-l

.204436E-01

.204436E-01

.133823E-01

.133823E-01

.861347E-02

.861847E-02

.546340E-02

.546340E-02

.341048E-02

.341048E-02

.209730E-02

.209730E-02

.127105E-02

.127105E-02

.759404E-O3

.759404E-O3

.447436E-03

.447436E-03

.260058E-03

.260058E-03

.149148E-O3

.149148E-O3

.844280E-04

.844280E-04

.471837E-04

.471837E-04

.260398E-04

.260398E-04

.141946E-04

.141946E-04

.764442E-05

.764442E-05
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TABLE 4(CONT'D)

N'2_

.117589E+00

.117589E+OO

.917967E-01

.917969E-01

.697032E-Ol

.697033E-01

.515996E-OI

.515997E-OI

.373086E-Ol

.373086E-01

.263872E-Ol

.263872E-01

.182788E-01

.182786E-01

.124145E-01

.124144E-Ol

.827453E-02

.827442E-02

.541667E-02

.541661E-02

.348499E-02

.348500E-02

.220506E-02

.220514E-02

.137288E-02

.137301E-02

.841504E-O3

.841655E-O3

.508026E-03

.508184E-03

.BOZZOSE-OB

-3CZ3SSE'03

N83

.i322625+00

.]322675+00

.140577E+00

.1406IZE+00

.]375355+00

.]375805+00

.i265675+00

.]265975+00

.]]09245+00

.]]09275+00

.9331805-0]

.9329325-0]

.7576805-0]

.757255E-OI

.5960395-0]

.5955865-0]

.455610E-01

.455272E-OI

.339]7]5-0]

~339°39E‘01

.246333E-01

.246439E-Ol

.l74797E-01

.]75]]95-0]

.]2]3325-0]

.]2]8]25-0]

.8246755-02

.8303655-02

-.549336E-02

~555253E‘02

.3588975-02

.364520E-02

COMPUTED SOLUTION IS ON SAME LINE AS X(I) VALUES
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(E) Scaling and Fittigg Parameters
 

In the calculations used to obtain the starting differential

equations, the mass and the variable x were scaled by the factor 3¢kT2.

(See Appendix 1.6) In the initial equations we have three undetermined

parameters k, RAT, and m. The scaling transformation eliminates the

explicit dependence of the quantity k from the differential equations.

To determine the transition widths for the radiative decays one needs to

know k, m, and RAT, i.e. the decay widths for a given mass depend upon

the values of k and RAT. We have chosen to determine k and m by

imposing the following two constraints:

(1) That the difference between the two lowest eigenvalues of

the 381 equation be equal to .587(Gev).

(2) The second constraint also involves the 381 equation. The

lowest eigenfunction of this state is supposed to describe the v(3095)

meson. This particle has, as one of its decay modes, 0(3095) + e+ + e-.

A derivation of the formula giving this decay width is presented in

Appendix II.l. Using this expression, which also depends upon m, k, and

RAT (the last two implicitly), we determine a decay width. This decay

width depends upon k3.

To determine the last parameter RAT, which is the ratio of the

scalar to the vector potential coupling strength, we make use of a

aspectral constraint. The initial hope was to vary RAT so as to produce

a level structure in the J-1 mixed state of the form IS, 25, 1D. It was

riot possible to produce this type of ordering and still obtain

reasonable fits to the 2 381 — I 351 mass difference and the M3095) +

e4-i-e- decay width. To determine RAT the splittings between the

various p-states were used. The two particular choices used were the
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3P2 - 3P0 and 3P2 - 3P1 mass differences. One reason for choosing the

p-states for this fit was to obtain a constraint that was independent of

the ones used to determine m and k. A simultaneous fit to both of these

mass differences was not possible. In addition there is another

possible constraint. The 13P2 - 1381 mass difference could not be

satisfied with either of the above mass differences from the above

mentioned p-states.
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(F) Radiative Decay_Width Equations
 

The derivations of the equations of the radiative decay widths

are given in appendices II.2, 11.3, 11.4, and II.5. In appendix II.2

the current matrix element is derived. In appendix 11.3 the functions

describing the spin states of the q43 systems discussed below are

obtained. Appendix II.S gives the Schoonschip computer program for

evaluating the current matrix element for the transition 2381 + 13Po +

Y. Certain polarization constants needed to evaluate the transition

widths, but omitted from the Schoonschip program(s) are given in TABLE

9. The output of the Schoonschip current matrix element calculations is

shown in TABLE 10. The final expressions used in the calculation of the

radiative decay widths are: (i) for the electric dipole cases

r(n'+n+i) - scan/mBAaISI Ice12R2<p>P

and (ii) for the magnetic dipole cases

r(n'mm = 8<mB/m3.>aISI3IchZR2<p>P.

The quantities P are the spin sums and are given in TABLE 11. The

constants Ce and Cm are given in TABLES 12 and 13 respectively. These

equations along with the final steps of their derivations are given in

appendix II.4.
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TABLE 9

POLARIZATION PROGRAM CORRECTIONS

 
 

  

State Correct Polarization Programmed Needed

Quantity Quantity Factor

3s1 (ix/ii); 2; up;

3n, -3/<2/5T)i(e~p>p -e/3] (2°p)p - e/a -3/<2/EF>

3p, {3mm - . ;; um:

3?, -s/3/(2i>(EXP) Exp . -a/3/(2t)

352 k/3ln t-S, E°p t¢3ln

1s0 1/JZT 1 1//ZT
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TABLE 11

SPIN AVERAGE RESULTS

351 + 3P0 2/3 3s, + 351 4/3 331 + 3P2 10/9 331 + 130 2/3

3P0 + 3s, 2 351 + 331 4/3 352 + 351 2/3 150 + 3s, 2

TABLE 12

ELECTRIC DIPOLE CONSTANTS

331 + 3P0 4WI9 3D1 + 3P0 4D/E/3

331 + 3P1 -2n1/6/9 3D1 + 3P1 -2n1/§/3

381 + 3P2 4n/3/9 3D1 + 3P2 ~2fl/6/5

TABLE 13

MAGNETIC DIPOLE CONSTANTS

331 + 1$0 “/9

3D1 + 180 Z/Efl/g



Chapter 3

Calculational Results and Conclusions

(A) Calculational Results

The calculational results of this work will be presented in a

series of graphs. In most cases the quantity being varied is the quark

mass and usually the variation in mass is from zero to 20, in

dimensionless units. The conversion to energy units is made by

requiring the calculated splitting in the 2381 - 1381 to be equal to the

y’(3685) - C(3095) splitting. This is one of the quantities plotted in

the graphs presented below, and since this calculated splitting varies

with the mass parameter, so does this conversion factor. To date most

of the published calculations relating to the charmonium system give

only the results for the parameters that result in the best fit to the

system. I have tried to show how the different calculated quantities

vary as a function of the parameters in this model. My hope is that by

presenting the results in this form this will give some feeling as to

how sensitive the calculated results are to the fitting parameters.

It was pointed out in Chapter 2 that one of the programming

checks was to see if the computed results were consistent with the known

‘behavior of these equations in various limiting cases. The case in

vihich RAT-O and n+0 is known to yield the Schroedinger equation with a

I lxinear potential. In this case, systems with the same total angular

momentum, .1, will have the same eigenvalue, or binding energy, for this

mass. In the case in which the mass becomes very large, our equations go

over into the Schroedinger equation for the spherical harmonic

oscillator. In this case we know that the difference in the binding

35



F
i
g
u
r
e

1
.

G
r
a
p
h
s

o
f

t
h
e

B
i
n
d
i
n
g

E
n
e
r
g
i
e
s

o
f

t
h
e

G
r
o
u
n
d

S
t
a
t
e
s

o
f

t
h
e

1
5
0
,

1
5
1
,

1
0
2
,

3
p
c
,

3
5
1
,

3
0
1
,

3
5
2
,

3
5
2

c
o
n
f
i
g
u
r
a
t
i
o
n
s

o
f

t
h
e

q
3

s
y
s
t
e
m

f
o
r

R
A
T

=
O

a
s

a
f
u
n
c
t
i
o
n

o
f

t
h
e

q
u
a
r
k

m
a
s
s
.

36



37

O
N

   
H

s
h
a
m
a
n

L 
 

O
H

w
e

o
m

m
m

o
m

m
m

a
s

m
e

a
m



F
i
g
u
r
e

2
.

G
r
a
p
h
s

o
f

t
h
e

B
i
n
d
i
n
g

E
n
e
r
g
i
e
s

o
f

t
h
e

G
r
o
u
n
d

S
t
a
t
e

a
n
d

F
i
r
s
t

E
x
c
i
t
e
d

S
t
a
t
e

o
f

t
h
e

1
8
0
,

1
P
1
,

n
g
,

3
P
0
,

3
8
1
,

3
D
1
,

3
P
2
,

3
F
2

c
o
n
f
i
g
u
r
a
t
i
o
n
s

o
f

t
h
e

q
3

s
y
s
t
e
m

f
o
r

R
A
T

=
O

a
s

a
f
u
n
c
t
i
o
n

o
f

t
h
e

q
u
a
r
k

m
a
s
s
.

‘
\

38



39

a
m

w
e

     
N

s
h
a
m
a
n

-

 

 

 



R
9
5
!
!
!
“
V
W
M
’

3
a
t

i
t

F
i
g
u
r
e

3
.

G
r
a
p
h
s

o
f

t
h
e

B
i
n
d
i
n
g

E
n
e
r
g
i
e
s

o
f

t
h
e

F
i
r
s
t

a
n
d

S
e
c
o
n
d

E
x
c
i
t
e
d

S
t
a
t
e
s

o
f

t
h
e

1
8
0
,

1
P
1
,

1
D
2
,

3
P
0
,

3
8
1
,

3
D
1
,

3
P
2
,

3
F
2

c
o
n
f
i
g
u
r
a
t
i
o
n
s

o
f

t
h
e

q
3

s
y
s
t
e
m

f
o
r

R
A
T

-
O

a
s

a

f
u
n
c
t
i
o
n

o
f

t
h
e

q
u
a
r
k

m
a
s
s
.

40



41

O
N

m
a

        
m

s
h
a
m
a
n

b

 

O
H

 
o
n



F
i
g
u
r
e

4
.

G
r
a
p
h
s

o
f

t
h
e

B
i
n
d
i
n
g

E
n
e
r
g
i
e
s

o
f

t
h
e

G
r
o
u
n
d

S
t
a
t
e

a
n
d

F
i
r
s
t

E
x
c
i
t
e
d

S
t
a
t
e

o
f

t
h
e

1
5
0
,

1
P
1
,

l
D
2
.

3
P
0
.

3
5
1
,

3
D
,
,

3
P
2
,

3
F
2

C
o
n
f
i
g
u
r
a
t
i
o
n
s

o
f

t
h
e

q
a

s
y
s
t
e
m

f
o
r

R
A
T

=
+
0
.
3
3

a
s

a
f
u
n
c
t
i
o
n

o
f

t
h
e

q
u
a
r
k

m
a
s
s

42



43

O
N

m
a

 

       
e

o
w
s
w
w
m

P

 
 

 
o
w



44

energy between the (n+2)nd level and the nth level is just twice the

difference in binding energy between the (n+1)st and nth levels. This

large mass harmonic oscillator character is independent of the value of

RAT used here. That these limiting behaviors are observed can be seen

by looking at figures I, 2, 3, and 4. In figure 1, we show a plot of

the binding energy of the eight states 1130, 1191, llDz,‘l3Po, 1331,

13D1, I3P2, and 13F; as a function of the quark mass parameter. In

figure 2 is shown a similar plot for the ground state and first excited

state of these same configurations. In figure 3 is shown a similar plot

for the first and second excited states of these same configurations.

For these first three figures RAT-O. In figure 4, the same states as

are plotted in figure 2 are graphed, but now for RAT-0.33. In these

graphs one can see that the desired limiting behavior is found. At m-O

in figures I, 2, and 3, states with the same value of J have the same

binding energy, and as one goes to m-ZO one sees the convergence of the

binding energies for the states with the same value of the orbital

angular momentum. The equal spacing can also be seen between the levels

with L, the orbital angular momentum, values differing by one unit.

Figures 2 and 3 were included to show a further degeneracy known to

occur for the harmonic oscillator, namely the equality of the binding

energies for the ZS and ID states and also for the 3S and 2D states and

a similar behavior for the 2P-1F and 3P-2F states. Figure 4 is included

to show a similar behavior for large masses in a case in which RAT f 0.

Similar results also occur for values of RAT between 10.50 but are not

shown here. In figure 5, for RAT-O, we have plotted several different

functions that were used in the determination of the parameters RAT, k,

and the quark mass of this model. The curve in figure 5 labeled 1 is
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the ratio 0.587/(l2-l1) where A2 and A1 are the computed masses of the

2381 and 1381 states in this model. The curve labeled 3 is the cube

root of the ratio of the observed leptonic decay rate of the 0(3095) +

U++u- to the computed leptonic decay rate. Curves 1,3, and 4 all in

principle give a value for k, the conversion factor between my

dimensionless units and energy (Gev) units. Curves 3 and 4 however do

not intersect, so only curves 1 and 3 are used to determine k. The

intersection point of these two curves (1 and 3) determines k and the

quark mass. The other curves in figure 5 can be used to fit any

additional parameters that remain in the potential. The only other

parameter currently available is the ratio of the scalar to vector

coupling strength, RAT. By requiring that the 13P2 - 13Po mass

difference come out to be the value observed for the x(3551) and x(3414)

states, a value RAT(I) is determined. By requiring the computed I3P2 -

13?] mass difference to come out to the observed mass difference between

x(3551) - x(3507), a different value RAT(2) is found. It is not

possible to obtain a fit for the x(3551) - 0(3095) mass difference. It

is also not possible to obtain a satisfactory value of RAT that will

invert the calculated level structure, i.e. go from 1381, 13D1, 2381,

23D}, ... to 1381, 2381, 13D2, ... and still have a quark mass of about

1.8 Gev. When trial runs to obtain this result are made, the value of

RAT is large and the k,m determinations produce very large values of the

quark mass. This implies an extremely relativistic configuration,

contrary to what is generally believed to be the case for the charmonium

system. From the discussion in [29] it seems that their B/r potential

is mainly responsible for the correct level structure 1381, 2381, 13D1,

... It was hoped to include this potential form in our model. The
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problem preventing this usage to this point is an inability to perform

numerically certain singular integrals. These singular integrals arise

from the need to use a momentum representation for the B/r potential.

When this is done, integrals with terms like 1n(p-p’) are encountered.

Attempts were made to check out the integration routine for the coulomb

potential in momentum space by computing numerically the-expectation

values of l/r, l/r2, etc. whose values are known [17]. The results were

inconsistent with those given in [17]. One therefore concluded that

this method of dealing with singular integrals could not be trusted and

the attempt was temporarily dropped. I had hoped to look into this

matter again to see if this potential form can be included. I would

like to look at this problem again to see if these difficulties can be

overcome and an a/r form can be included in the potential structure.

In figures 6, 7, and 8 are shown graphs of the wavefunctions for

the first three singlet S states, singlet P1 states, and singlet D2

states. In [35] a procedure for the solution of the Schroedinger

equation with a linear potential is given. The method developed in [35]

can be used for values of L, the orbital angular momentum, different

from zero. Reference [33] discusses these wavefunctions, and graphs of

some of these wavefunctions are presented. Comparison of figures 7 and

8 with figures 2 and 3 of [33] shows that there is good agreement

between our mPO, RAT-0 wavefunctions and their results.

In the system of constraints used here to determine m, k, and

RAT, the values of m determined were found to fall within the interval

3.0 < m < 7.0. Figures 9, 10, 11, and 12 show most of the same

quantities that were plotted in figure 5 for this restricted mass range

and for values of RAT-0.00, -O.16, -O.275, and -O.33. In figure 5,
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60

curves 3 and 4 give the values of k as determined by the w and W’

leptonic decay widths. Note that for the w leptonic decay the value of

4.8 kev was used in figure 5. In figures 9-12 the experimental

electronic decay width limits of 3.8 and 5.0 were used to determine the

1 range of quark masses and k values permitted by this experimental

uncertainty in the value of P(w(3095) + e++e-). One should observe that

as RAT goes from 0 to -0.33, the quark mass ranges determined by these

plots decrease from about 6.5 to about 4.0 in my dimensionless units.

The calculated masses of several of the charmonium states are

given in TABLE 14 for quark masses between 3.0 and 7.0, and RAT - 0.00,

-0.16, and -O.33. Note that in some cases the 3P0 and 3P1 masses are

below the 1381 state.

The expressions used in this work to calculate the radiative

decay widths are given in appendix 11.4. In appendices 11.2 and 11.3

the current matrix element and certain polarization quantities are

calculated. These polarization quantities were used in the Schoonschip

program that was used to reduce the current matrix element and to

calculate the radiative decay widths. An example of one of these

Schoonschip programs is given in appendix 11.5, namely that used for the

transition 2381 + 13Po. The Schoonschip programs performing the

reductions for the other transitions are similar.

The radiative decay widths were calculated by three alternative

Inethods. All methods yielded approximately the same results. In the

sinmlest case (case 1) the program made use of the input parameters m,

RAT, the W’(3685) - M3095) mass difference, and tb(3095)’s mass to

caltmlate the masses of the various other charmonium states. These

calculated masses were then used in the calculation of the matrix
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VARIATION OF THE CHARMONIUM HASSES AS A

FUNCTION OF THE QUARK MASS PARAMETER AND

THE SCALAR VECTOR COUPLING CONSTANT RATIO

RAT-0.00 RAT--O.16 RAT--O.33 OBSERVEDSTATE

1(150)

1(3P0)

1(191)

1(3P1)

1(102)

1(302)

1 (3P2)

2(150)

1(150)

1(390)

1(1P1)

1(3P1)

1(102)

1(302)

1(3P2)

2(150)

1(150)

1(3PO)

1(1P1)

1(3P1)

1(102)

1(302)

1(3P2)

2(150)

W
W
W
W
W
W
U
N

W
W
W
U
W
W
W
N

w
w
w
w
w
w
w
w

.947

-233

.298

.307

.647

.658

.472

.574

.991

.279

.318

.329

.654

.664

.450

.602

.017

.305

.333

.342

-659

.668

.435

.619

W
W
W
W
W
W
W
N

W
W
W
W
U
W
W
N

"-3

.861

.142

.229

.249

.622

.631

.195

.512

n-4

.929

.209

.269

.285

.632

.645

.467

.553

M-s

.970

.250

.294

.307

.639

.650

.449

.580

W
W
W
W
W
W
U
N

W
W
W
W
W
W
N
N

W
W
W
W
W
U
W
N

.690

.952

.098

.132

.569

.595

.546

.376

.807

.067

.169

-195

.585

.607

.506

.450

.807

~139'

.215

.236

.598

.616

.478

.498

2.980

3.415

NOT SEEN

3-507

NOT SEEN

NOT SEEN

3.551

3-592

2.980

3.415

NOT SEEN

3-507

NOT SEEN

NOT SEEN

3.551

3-592

2.980

3.415

NOT SEEN

3.507

NOT SEEN

NOT SEEN

3-551

3-592



STATE

1(150)

1(3P0)

1(IP1)

1(3P1)

1(102)

1(302)

1(3P2)

2(150)

1 (150)

1(390)

1(191)

1(3P1)

1(102)

1(302)

1(3P2)

2(150)

.034

.323

. 31.1.

.351

.662

.669

.125

.630w
w
w
w
w
w
w
w

.017

.335

.351

.358

3.665

3.671

3.118

3.639

W
W
W
'
W
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TABLE 14(CONT'D)

RAT=0.00 RAT=—0.16 RATa-0.33 OBSERVED

U
U
W
W
W
U
W
N

W
W
W
W
W
U
’
W
W

M=6

.996

-277

.311

.322

.645

.654

.436

.598

H=7

.014

~297

.324

-333

.650

.658

.427

.612

W
W
W
W
U
U
W
N

W
W
W
W
W
U
’
W
N

.921

.187

.247

.264

.609

.625

.459

.531

-953

.221

.271

.284

.619

.632

.446

.555

2.980

3.415

NOT SEEN

3-507

NOT SEEN

NOT SEEN

3-551

3-592

'2.980

3.415

NOT SEEN

3-507

NOT SEEN

NOT SEEN

3-551

3-592
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element and phase space factors for the radiative decay widths. A

second method made use of the calculated masses in the matrix element

for the radiative decays but used the physical masses for the phase

space factor (case 2). In the last case (case 3) one made use of the

physical masses to calculate the matrix element and phase space factors.

The transition widths were calculated by these three different methods

for RAT - -0.16 and RAT - -0.33. For RAT - -0.16, case 1 yielded

results quite different from cases 2 and 3, which generally produced

quite similar results. In case 1 some of the transition widths came out

negative. The reason for this is that for some values of the quark mass

the 1321 and 1390 levels fall below that of the 1331 level. When these

values are used in the phase space factor of the expression for the

transition width the negative value results. The results to be

displayed graphically below are all computed by using the physical

masses in the phase space factor but not in the radial matrix element

integral (i.e. case 2). The results of the radiative decay width

calculations are again shown graphically as a function of the quark mass

as this mass varies from 0 to 20 in dimensionless units.

Figures 13, 14, and 15 show the results of the 2381 s 13Po + 1,

’23s, + 13?, + v, and 2381 + 13P2 + r. The two horizontal lines at 1.07

X 10-5 and at 2.15 X 10-5 (Gev) correspond to the lower limit given in

the particle data compilation [40], and to the value given in [41] for

the ¢’(3685) + 3P0 + Y decay width, respectively. In figure 13 the

value of RAT - -0.16 was used while in figures 14 and 15 this value was

set at -.275 and at -0.33 respectively. The calculations were also done

at RAT - -0.16 and at RAT - -0.33 for cases 1 and 3 and the results

cliffered from those of case 2 in some instances. For RAT = -0.275 only



-
.
.

.
-
.
-
.
.

.
—

F
i
g
u
r
e

1
3
.

T
r
a
n
s
i
t
i
o
n

W
i
d
t
h
s

f
o
r

2
3
S
,

+
3
P

+
Y

s
t
a
t
e
s
,

R
A
T

=
-
0
.
1
6

2
3
8
1

+
3
P
0

+
v

d
e
c
a
y
w
i
d
t
h

a
s

a
f
u
n
c
t
i
o
n

o
f

t
h
e

q
u
a
r
k

m
a
s
s

m

.
.
.
.
.

2
3
5
1

+
3
P
1

+
y

d
e
c
a
y

w
i
d
t
h

a
s

a
f
u
n
c
t
i
o
n

o
f

t
h
e

q
u
a
r
k

m
a
s
s

m

-
-
-
-
-

2
3
5
1

+
3
P
2

+
y

d
e
c
a
y

w
i
d
t
h

a
s

a
f
u
n
c
t
i
o
n

o
f

t
h
e

q
u
a
r
k

m
a
s
s

m

-
-
-

U
p
p
e
r

l
i
m
i
t

o
f

2
3
8
1

+
3
P
0

+
y

e
x
p
e
r
i
m
e
n
t
a
l
l
y

d
e
t
e
r
m
i
n
e
d

d
e
c
a
y

w
i
d
t
h

a
s

g
i
v
e
n

i
n

[
4
1
]

=
2
1
.
4

k
e
v

-
-
-
-

L
o
w
e
r

l
i
m
i
t

o
f

2
3
8
1

+
3
P
0

+
7

g
i
v
e
n

i
n

p
a
r
t
i
c
l
e

d
a
t
a

t
a
b
l
e

[
4
0
]

=
1
0
.
7

k
e
v

T
h
e

v
e
r
t
i
c
a
l

s
c
a
l
e

i
s

i
n

u
n
i
t
s

o
f

1
0

k
e
v
.

T
h
e

h
o
r
i
z
o
n
t
a
l

s
c
a
l
e

i
s

t
h
e

d
i
m
e
n
s
i
o
n
l
e
s
s

q
u
a
r
k

m
a
s
s
,

m
=
0
.
0
0

t
o

m
=
2
0
.
0
0
.

64



65

 
 

  

 

 

o
N

m
H

o
H

n
.
h
h
.
b
r
.
.
.
.
.
m
.
.
.
.
h
.
.
.
.
.
a
.

-
I

k
e
b
a
b
.
.
.
”
H
H
1
1

.
.
.
.
.
.
.
.
.
.

.
.

.
I
.
I
.
.
.
.
.
I
.
I
.
l
.
l
.
.
.
.
I
J
H
W
I
W
W
H
H
H
M
M
.
.
.
B
.
H
.
H

.
.
.
.
.

.
1

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
/

1
1
1
1
w
]
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

..
......r..-

l
/

.
.

/
/
/

.
.
.
.
.
.
.

/
/

l
m

x
i

/

z
_

,,
..

,,
...

o
a

_

,
~

1
a

_

’
~

’
.

x
_.

,
.
-
m

a
’

u

,
_

p
2

0
.
5
3
.
.
.

/
x
.

_
a

”
I

\
 

 
 

a

o
m



F
i
g
u
r
e

1
4
.

T
r
a
n
s
i
t
i
o
n

W
i
d
t
h
s

f
o
r

2
3
3
1

+
3
P

+
7

s
t
a
t
e
s
,

R
A
T

=
-
o
,
2
7
5

2
3
8
,

+
3
P
0

+
y

d
e
c
a
y
w
i
d
t
h

a
s

a
f
u
n
c
t
i
o
n

o
f

t
h
e

q
u
a
r
k

m
a
s
s

m

.
.
.
.
.

2
3
8
1

+
3
P
1

+
y

d
e
c
a
y

w
i
d
t
h

a
s

a
f
u
n
c
t
i
o
n

o
f

t
h
e

q
u
a
r
k

m
a
s
s

m

,
-
-
-
-
-

2
3
8
1

+
3
P
2

+
y

d
e
c
a
y

w
i
d
t
h

a
s

a
f
u
n
c
t
i
o
n

o
f

t
h
e

q
u
a
r
k

m
a
s
s

m

-
-
-

U
p
p
e
r

l
i
m
i
t

o
f

2
3
8
1

+
3
P
0

+
y

e
x
p
e
r
i
m
e
n
t
a
l
l
y

d
e
t
e
r
m
i
n
e
d

d
e
c
a
y

w
i
d
t
h

a
s

g
i
v
e
n

i
n

[
4
1
]

=
2
1
.
4

k
e
v

-
-
—
-
-

L
o
w
e
r

l
i
m
i
t

o
f

2
3
8
1

+
3
P
0

+
7

g
i
v
e
n

i
n

p
a
r
t
i
c
l
e

d
a
t
a

t
a
b
l
e

[
4
0
]

=
1
0
.
7

k
e
v

T
h
e

v
e
r
t
i
c
a
l

s
c
a
l
e

i
s

i
n

u
n
i
t
s

o
f

1
0

k
e
v
.

T
h
e

h
o
r
i
z
o
n
t
a
l

s
c
a
l
e

i
s

t
h
e

d
i
m
e
n
s
i
o
n
l
e
s
s

q
u
a
r
k

m
a
s
s
,

m
=
0
.
0
0

t
o

m
=
2
0
.
0
0
.

66



67

    
e
“

o
e
s
m
e
a

 
 

o
m



F
i
g
u
r
e

1
5
.

T
r
a
n
s
i
t
i
o
n

W
i
d
t
h
s

f
o
r

2
3
S
,

+
3
P

+
Y

s
t
a
t
e
s
,

R
A
T

=
-
O
.
3
3

2
3
8
1

+
3
P
0

+
v

d
e
c
a
y

w
i
d
t
h

a
s

a
f
u
n
c
t
i
o
n

o
f

t
h
e

q
u
a
r
k

m
a
s
s

m

.
.
.
.
.

2
3
8
1

+
3
P
1

+
y

d
e
c
a
y

w
i
d
t
h

a
s

a
f
u
n
c
t
i
o
n

o
f

t
h
e

q
u
a
r
k

m
a
s
s

m

.
-
-
-
-
-

2
3
8
1

+
3
P
2

+
y

d
e
c
a
y

w
i
d
t
h

a
s

a
f
u
n
c
t
i
o
n

o
f

t
h
e

q
u
a
r
k

m
a
s
s

m

-
-
-

U
p
p
e
r

l
i
m
i
t

o
f

2
3
8
1

+
3
P
0

+
y

e
x
p
e
r
i
m
e
n
t
a
l
l
y

d
e
t
e
r
m
i
n
e
d

d
e
c
a
y

w
i
d
t
h

a
s

g
i
v
e
n

i
n

[
4
1
]

=
2
1
.
4

k
e
v

-
-
-
'
-

L
o
w
e
r

l
i
m
i
t

o
f

2
3
8
1

+
3
P
0

+
7

g
i
v
e
n

i
n

p
a
r
t
i
c
l
e

d
a
t
a

t
a
b
l
e

[
4
0
]

=
1
0
.
7

k
e
v

T
h
e

v
e
r
t
i
c
a
l

s
c
a
l
e

i
s

i
n

u
n
i
t
s

o
f

1
0

k
e
v
.

T
h
e

h
o
r
i
z
o
n
t
a
l

s
c
a
l
e

i
s

t
h
e

d
i
m
e
n
s
i
o
n
l
e
s
s

q
u
a
r
k

m
a
s
s
,

m
=
0
.
0
0

t
o

m
=
2
0
.
0
0
.

68



69

   
m
a

o
e
e
m
e
u

b

 
 
 

o
w



70

case 2 was done. For RAT a -0.16, the biggest difference between cases

1, 2, and 3 occurs in the ¢’(3685) + 3P1 + Y decay width, the low mass

peak being about twice as big in cases 2 and 3. For cases 2 and 3 the

difference in the calculated results for the decays leading to the 3P1

and 3P2 states is small. The decay width for the 0’(3685) + 3P0 + Y

process in case 1 is also larger than that computed by case 2, the peak

being about 30 kev higher in case 1, and for m=5 the decay width is

about 30 kev. This decay width, for case 3, is about 10 kev higher than

that computed for case 2 in the low mass region (m85) where the fit is

desired. For RAT - -0.33 the calculations in cases 2 and 3 produce

identical results for the 3P2 process. The case 3 results for the other

two decay widths are different from those obtained from case 2. The 3P1

width in case 2 is higher for m < 5, but for m > 5 cases 2 and 3 give

the same results. In the 3P0 case the oscillations present for m < 5

are more pronounced in case 2 than in case 3. For m > 5 case 3 yields a

larger decay width than does case 2. At m - 5 the difference in the

decay widths leading to the 3P0 state calculated by means of cases 2 and

3 is about 5 kev, and as m increases this difference drops off to a

couple of kev at m - 20. For case 1 the computed decay widths are much

larger, the 3P1 peak being about 2.5 times that of case 2. In case 1

the oscillatory behavior present for m < 5 in the 3P0 process is much

larger in amplitude, the peak being at 125 kev instead of the 75 kev

'value of case 2. The ¢’(3685) + 3P2 + Y decay widths are also larger in

case 1, being for m 8 5 about 80-90 kev compared to the case 2 value of

about 50 kev.

Figures 16, 17, and 18 show the results of the decay width

calculations for the transitions 13P1 + 1381-+ Y and 13P2 +-1381 + Y for
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values of RAT = -0.16, -0.275, and -0.33. The horizontal lines in these

5 and 30.0 X 10"5 (Gev) respectively.graphs correspond to 10.0 x 10-

The decay widths for the transitions 13P2 + 13S1 + Y and 13P1 + 1381 + Y

are essentially undetermined experimentally. The results quoted in [41]

4 Gev respectively. Theare 4.9 t 3.3 x 10“ Gev and < 7 x 10‘

horizontal lines in figures 16-18 therefore serve only as a guide to the

order of magnitude of the calculations and their variation with the

quark mass. The decay width computations for the 3P2 2-4K3095) + Y and

3P1 2-1K3095) +|Y were also done for cases 1 and 3 with RAT . -0.16 and

-0.33. As in the w’ + 3?J +’Y cases, the results of the three different

cases did not always agree. For RAT ' -0.16 the results of the case 3

calculations produced larger decay widths than did those of case 1, for

m < 5, and approximately the same results for m > 5. In case 1 there is

no characteristic low mass hump in the 3P1 decay. For large masses (m +

20), the 3P2 and 3P1 decay widths are about equal in each case. There

are only slight differences in the results calculated in cases 2 and 3.

The differences occur mainly in the region 3 < m < 5 and amount to no

more than 10-20 kev out of the computed values of 300 kev for this mass

range. For RAT - -0.33 and m < 5, case 1 gives larger values for the 3P2

+'Ik3095) + Y decay width than does case 3. For m > 5, the decay widths

are not appreciably different. For m < 5, the 3P1 decay width in case 1

is negative because of the inversion of the 3P1 and 1381 levels. For

case 1 the decay width of 3P1 + 1381 + Y is always less than 100 kev.

The difference in the computed decay width in cases 2 and 3 is

negligible.

Figures 19, 20, and 21 show the results of the calculation for

13Po + 1331 + Y, for RAT - -0.l6, -0.275, and -0.33. The horizontal
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line here corresponds to a decay width of 10.0 X 10.5 Gev. The

experimentally determined width given in [41] is 9.7 i 3.8 X 10-5 Gev.

In the 3P0 + 1381 + Y decay the computations were done at RAT a -0.16

and at -0.33 for all three cases. For RAT - -0.16, cases 1 and 3

produce quite different results. The main effect comes from the fact

that the 3P0 level lies below the 1381 level for low masses. (See Table

14.) This results in the appearance of unphysical (negative) values for

the decay widths for m < 5. The low mass hump seen in most of the decay

plots is not present in the case 1 results. The graphs of the case 2 '

and 3 computations are very similar, the only difference being a slight

bump in case 2 at m = 4.5 of about 30-50 kev.‘ For RAT - -0.33 the

calculations produce quite different results for m < S. The results of

case 3 look very much like the curves for 3P2 +'w-+ Y in the previous

plots. Case 1 for m < 4.5 is negative and large. The decay width for m

= 5 is about 100 kev and for m.> 6 is small (<30 kev). The results of

case 2 are shown in figure 21. The behaviors in cases 1 and 2 for m <

4.5 are almost mirror images of each other. For case 3 the computed

decay widths at m - 4.0 and m - 5.0 are 166 kev and 120 kev

respectively.

In figures 22, 23, and 24 are shown the computed decay widths

for the transitions 2331 +1130 + Y, 1351 +1130 + Y, and 2331 + 2130 +

Y. The horizontal lines in these figures are the experimental limits

quoted in [41] for the decay ¢’(3685) + nc’(3592) + Y, namely processes

are still not determined very precisely, but their values, even within

their given errors, still fall within the .43 to 2.795 range. The

graphs in figure 22 were computed with a value of RAT - -0.l6; the plots

in figures 23 and 24 were done with values of RAT = -O.275 and -0.33
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respectively. In these figures (22 to 24) the 10310 of the decay width

is plotted rather than the decay width itself. The reason for this is

that the values of these decay widths, as a function of the quark mass,

vary over a few orders of magnitude and the variation of these widths

with the quark mass could not be shown clearly using only the decay

‘widths pr0per. For RAT - -0.16 the case 1 decay width calculations are

always larger than those obtained in case 3, sometimes by 2 or 3 in the

logarithm of the decay width. In the region of fitting, the differences

however are less than one in the logarithm of the decay widths. The

results of the case 2 and 3 calculations produce no noticable

differences for RAT - -0.l6. For RAT - -0.33, cases 2 and 3 also

produce almost identical results, the only difference being in the W’ +

"c +'Y for m 8 4, and giving in case 3 about 0.2 (in the logarithm)

larger a value. The case 1 decay widths are larger for m < 5 and

generally smaller for m > 8.

From figures 22, 23, and 24, it appears that the magnetic dipole

widths do have a dependence upon RAT. To get a better feeling as to the

actual variation of these magnetic dipole transition widths, we give the

actual values of these transition widths for the quark masses 3.0 to 7.0

in TABLE 15 for RAT - -0.16, -0.275, and -0.33. For an explanation of

the notation used in this table see TABLE 16.

Additional information on these radiative decay processes can be

found in Tables 17 to 21. Tables 17 to 20 give the values of the radial

integrals for RAT - 0.00, -0.16, -0.275, and ~0.33. The key to the

organization of these radial integral tables is shown in TABLE 16.

'IABLE 21, for RAT - 0.00 and m - 5.0 shows the way the radial integral

18 built up. It is seen from TABLE 21 that the main contribution comes



TABLE 15

VARIATION OF MAGNETIC DIPOLE WIDTHS WITH RAT(GEV)

PROCESS

RSSZ

RATEC

RATEA

RSSZ

RATEC

RATEA

RSSZ

RATEC

RATEA

RSSZ

RATEC

RATEA

RSSZ

RATEC

RATEA

.857OE-05

.1043E-05

.3871E-06

.2081E-05

.5491E-06

.2210E-06

.2043E-06

.2594E-06

.13365-06

.1369E-06

.1824E-06

.8508E-07

.5557E-07

.1182E-06

.5682E-07

RAT--0.16 RAT--0.275

M-3

.8247E-05

.8399E-06

.3184E-06

M-4

.5100E-05

.3989E-06

.1731E-06

M-S

.2879E-06

.2249E-06

.1034E-06

H-6

-93995-07

.1344E-06

.64275—07

M-7

.3682E-07

.8576E-O7

.4218E-07

THE ERRORS IN RSSZ AND RATEC ARE ABOUT

25 AND 40 PER CENT RESPECTIVELY

RAT--0.33

.1041E-04

.7371E-06

.2850E-06

.1060E-04

.3371E-06

.1322E-06

.2507E-06

.1854E-06

.8672E-07

~7772E'07

.1094E-06

.5307E-07

.2761E-07

.6906E-07

.3434E-07

OBSERVED

.645E-06

.756E-06

.43 TD 2.8E-06

.6455-06

.756E-06

.43 T0 2.8E-06

.645E-06

.756E-06

.43 TO 2.8E-06

.645E-06

.756E-06

.43 TO 2.8E-06

.645E-06

.756E-06

.43 T0 2.86-06



quark mass

quark mass

quark mass

quark mass

(m)

(m)

(m)

(m+1)

RSPZ

RSPO

RSPT

RSPZ

93

TABLE 16

RADIAL INTEGRALS KEY

RPZS

RPOS

RPTS

RPZS

812C.

RATEA

RSSZ

RATEC

RATEA

where the correSponding processes are identified

RSPZ

RSPO

RSPT

RPZS

RPOS

RPTS

RSSZ

RATEC

RATEA

¢’(3685)

w’(3685)

u’(3685)

x (3414)

X (3507)

X (3551)

u’(3685)

.1 (3095)

0’(368S)

X(3414) +

x(3507) +

x(3551) +

8(3095) +

8(3095) +

8(3095) +

Y

Y

nc(2934) + y

nc(2984) + Y

né(3592) + Y



TABLE 17
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THE RADIAL INTEGRALS AS A FUNCTION OF

THE QUARK MASS FOR RAT=0.00

.100000E+01

.100000E+01

.100000E+01

.200000E+01

.200000E+01

.200000E+01.

.300000E+01

.300000E+01

.300000E+01

.400000E+01

.4000OOE+01

.400000E+01

.500000E+01 '

.5000005+01

.5000002+01

.6000005+01

.600000£+01

.600000E+01

.700000E+01

.700000£+01

.700000t+01

.800000£+01

.800000£+01

.800000£+01

.900000E+01

.900000£+01

.900000£+01

.217319E+00

.150658E-02

'.225797t+00

.467113E—01

.113364E+00

.397167£+00

.224919E+00

.2736605+00

.404432E+00

.2686025+00

.2811685+00

.33727IE+00

.237641E+00

.247163E+00

.280406E+00

.228151t+00

.232434E+00

.2472495+00

.209056E+00

.211281£+00

.2195185+00

.191764E+00

.193045E+00

.198048E+00

.17684BE+00

.177641E+00

.1808585+00

.164087E+00

.164605£+00

.166772E+00

.747014E+00

.796518E+00

.575166E+00

.824063E+00

.852695E+00

.821269E+00

.604400E+00

.608421E+OO

.604089E+00

.458781E+00

.457804E+00

.462235E+00

.406179E+00

.378131E+00

.402359E+00

.318388E+00

.317823E+00

.315047E+00

.27973OE+00

.279550E+00

.278809E+00

.250550E+00

.250463E+00

.250136E+00

.227644E+00

.227596E+00

.227422E+OO

.209112E+00

.209082E+00

.2089BOE+00

.1024705+00

.935898E-01

.148867E+00

.242934E+00

.287832£+00

~37357SE+00

.266567E+00 .

.145168£+00

.352293E+00

.228200E+00

.6217255-01

.277119£+00

.192300£+00

.341702E-01

.2245395+00

.164943E+00

.118132E-01

.1829455+00

.1436025+00

.105477E-01

.155771£+00

.126702£+00

.725529E-02_

.135372£+00

.113175E+00

.5170156-02

.119594£+00

.102154E+00

.3820915-02

.107056E+00
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TABLE 17 (CONT')

.1000005+02 -.153126E+00 .19376ZE+00 -.930260E-01

.100000E+02 -.153479E+00 .1937425+00 .2912165-02

.100000£+02 -.1519915+00 .193677E+00 .9686645-01

.1100005+02 -.143639£+00 -.180808E+00 .8535575-01

.110000£+02 -.143888E+00 -.180791£+00 .227723E-02

.110000E+02 .1449805+00 .180751E+00 .8842855-01

.120000£+02 -.135359£+00 -.169709E+00 .788272t-01

.120000£+02 -.135510£+00 -.169699£+00 .181939E-02

.120000:+02 .1363485+00 .169669£+00 .813302E-01

.1300005+02 -.128075£+00 .160077£+00 .7320805-01

.1300005+02 -.128209£+00 .16007OE+00 .1480245-02

.130000£+02 -.128820£+00 .160048E+00 .752780E-01

.140000£+02 -.121617£+00 -.15163OE+00 .683234E-01

.110000:+02 -.121720£+00 -.151621£+00 .1223165-02

.1100002+02 -.122190£+00 -.1516085+00 .7005805-01

.150000e+02 -.115853E+00 -.I44152£+00 .640403E-0]

.1500005+02 -.115932E+00 -.144118£+00 .102437E-02

.150000E+02 -.116301E+00 -.144135£+00 .6551065-01

.160000£+02 -.110674E+00 -.137480E+00 .6025532-01

.1600005+02 -.110736£+00 -.137u76£+00 .8679595-03

.1600005+02 -.111030£+00 -.137467E+00 .6151435-01

.1700005+02 -.105995E+00 -.131481£+00 .5688735-01

.170000£+02 -.106045£+00 -.131482£+00 .743013E-03

.1700005+02 -.106281E+00 -.131471£+00 .5797505-01

.180000£+02 -.101745£+00 .12606u£+00 .538718E-01

.180000£+02 -.101785E+00 .12606ZE+00 .641852t-03

.180000£+02 -.101978£+00 .126057E+00 .5481895-01

.1900005+02 -.978668£-01 .121137E+00 .511565E-01

.190000E+02 -.978997E-01 .121136E+00 .558965E-03

.1900005+02 .9805835-01 -.121131£+00 .519872E-01

.200000£+02 -.943119E-01 -.116636£+00 .486993E-01

.200000£+02 -.943391E-01 -.Il6635E+00 .490320E-03

.2000005+02 .9417095-01 .116631E+00 .4943255-01



TABLE 18
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.100000£+01

.1000005+01

.1000005+01

.200000E+01

.2000005+01

.200000£+o1

.3000005+01

.3000005+01

.3000OOE+01

.100000:+01

.1000005+01

.4000005+01

.5000005+01

.5000005+01

.500000£+01

».600000E+01

.600000£+01

.600000E+01

.7000005+01

.700000E+01

.700000£+01

.8000005+01

.800000£+01

.800000£+01

.9000005+01

.9000005+01

.900000E+01

.314656£+00‘

.984360E-03

.7132356+00

.698416E-01

.198053E+00

.424731E+00

’ .289612£+00

.323079E+00

.414009E+00

.305935E+00

.3157065+0o

.351846E+00

.286690E+00

.289127s+00

.3037005+00

.253805£+00

.254696E+00

.263312E+00

.228462£+00

.229570£+00

.23537SE+00

.2095505+00

.210113E+00

.213595E+00

.193298£+00

.193611E+00

.195843E+00

.179427E+00

.179613£+00

.181113t+00

.905730E+00

.100000E+01

.186857E+01

.841996E+00

.847571E+00

.809197E+00

.618097E+00

.617968E+00

.609615E+00

.482617E+00

.482904E+00

.482382E+004

.403025E+00

.403384E+00

.403937E+00

.340072E+00

.337297E+00

.312365E+00

.302819E+OO

.302556E+00

.301617E+00

.272436E+00

.27233IE+00

.271961E+00 ‘

.248212E+00

.248159E+OO

.247971E+00

.228436E+00

.228405E+00

.228298E+00

.121701:+00

.119327E+00

.187547E+00

.269781E+00

.253649E+00

.39346ZE+00

.258072£+00

.117468E+00

.314120£+00

.2189815+00

.5391625-01

.269863E+00

.186035E+00

.271822E-01

.217333E+00

.160092E+00

.3771915-01

.180083E+00

.1399053+00

.99803OE-02

.153816£+00

.123947E+00

.739016E-02

.133967E+00

.111071£+00

.541835E-02

.118551E+00

.100511£+00

.408369E-02

.106259E+00



.1000005+02

.1000005+02

.100000£+02

.110000E+02

.IIOOOOE+02

.1100005+02

.120000£+02

.1200005+02

.1200005+02

.1300005+02

.130000£+02

.1300005+02

.110000£+02

.1400005+02

.1100005+02

.1500005+02

.1500005+02

.1500002+02

.160000E+02

.160000E+02

.160000E+02

.170000E+02

.170000£+02

.170000£+02

.180000£+02

.1800006+02

.1800005+02

.1900005+02

.190000£+02

.190000£+02

.200000£+02

.200000£+02

.200000£+02

TABLE 18(CONT'D)

.167523E+00

.167638E+00

.168686E+00

.157220E+00

.157295E+00

.158050E+00

.148226E+00

.148276E+00

.148834E+00

.140308E+00

.140343E+00

.I40765E+00

.133284E+00

.133309E+00

.133634E+00

.127009E+00

.127027E+00

.127281E+OO

.121368E+OO

.121381E+00

.121583E+00

.116265E+00

.116275E+00

.1164385+00

.111626E+00

.111634E+00

.111766E+00

.107388E+00

.107394E+00

.107503E+00

.103499E+00

.103503E+00

.103593E+00
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-.211956E+00

-.211937E+00

-.211870E+00

197937E+00

.197975E+00

.197931E+00

.1859BOE+00

.185971E+00

.185941E+00

.175534E+00

.175528E+00

.175506E+00

.166354E+00

.166349E+00

.166333E+00

.158214E+00

.158211E+00

.158199E+00

.150942E+00

.15094OE+00

.150931E+00

.144401E+00

.144399E+00

.144392E+00

.138482E+00

.138480E+00

.138475E+00

.133097E+00

.133095E+00

.133091E+00

.128174E+OO

.128173E+00

.128169E+00

.917180E-01

.316016E-02

.962422E-01

.842960E-01

.250176E-02

.879295E-01

-779557E‘01

.201923E-02

.809240E-01

.724818E-01

.165695E-02

.749425E-01

.677114E-01

.137918E-02

.697772E-01

.635194E-01

.116227E-02

.652728E-01

.598081E-01

.990150E-03

.613108E-01

.565005E-01

.851619E-03

~577993E‘01

.5353505-01

.738715E-03

.546661E-01

.508616E-01

.645661E’03

.518533E-01

.484398E-01

.568189E-03

.493144E-01



TABLE 19
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.754984E+00

.791531E+00

.100000£+01

.100000£+01

.100000£+01

.200000£+01

.2000005+01

.200000£+01

.300000E+01

.300000£+01

.3000OOE+01

.4000005+01

.400000£+01

.400000E+01

.500000E+01

.5000005+01

.500000E+01

.6000005+01

.600000£+01

.6000005+01

.700000£+01

.700000£+01

.7000005+01

.800000£+01

.800000E+01

.800000£+01

..900000E+01

.9000005+01

.9000005+01

.189974E+00

.240058E-02

.226665E+00

.145047E+oo

.4288135-01

.3758505+00

.162740£+00

.225274E+00

.39527ZE+00

.238835E+00

.2588115+00

.326959£+00

.184018E+00

.205073E+00

.262320E+00

.207322E+00

.212864E+00

.230626E+00

.190202E+00

.193149E+00

.202977E+00

.174421E+00

.176150E+00

.182067E+00

.160761E+00

.16184SE+00

.165633E+00

149063E+00

149779E+00

152320E+00

.571706E+00

.782606E+00

.845562E+00

.823551E+00

.582081E+00

.592731E+00

.597849E+00

.43184ZE+00

.433901E+00

.441314E+00

.346102£+00

.345171E+00

.3350286+00

.292947E+00

.292821£+00

.291347E+00

.255893E+OO

.255827E+00

.255343£+00

.228414£+00

.228372E+00

.228147E+00

.207064E+00

.207036E+00

.206912E+00

.189907E+00

.189888E+00

.189812E+OO

.1042235+00

.9094525-01

.147512£+00

.200503E+00

.311263E+00

.3582505+00

.271109£+00

.175095£+00

.3584505+00

.238024£+00

.7013945-01

.286382£+00

.197583£+00

.6210335-01

.222228£+00

.1698226+oo

.1641105-01

.185544E+00

.1470565+00

.105668E-01

.157548£+00

.129252£+00

~699797E-02

.136640£+00

.115107£+00

.487081E-02

.120531E+00

.103653£+00

.3535845-02

.1077705+00



.100000E+02

.100000E+02

.100000E+02

.110000E+02

.110000E+02

.110000E+02

.120000E+02

.120000E+02

.120000E+02

.130000E+02

.130000E+02

.130000E+02

.140000E+02

.140000E+02

.140000E+02

.150000E+02

.150000E+02

.150000E+02

.160000E+02

.160000E+02

.160000E+02

.170000E+02

.170000E+02

.170000E+02

.180000E+02

.180000E+02

.180000E+02

.190000E+02

.190000E+02

.190000E+02

.200000E+02

.200000E+02

.200000E+02

TABLE 19(CONT'D)

139016E+00

.1395085+00

.141279E+00

.130326E+00

.130677£+00

.1319SOE+00

.1227195+00

.123006£+00

.123915£+00

.1160892+00

.116281t+00

.116991E+00

.110191£+00

.110338£+00

.110884E+00

.104930E+00

.105044E+00

.105471E+00

.100207e+00

.1002985+00

.100637E+00

.9594355-01

.960160E-01

.962892E-01

.9207365-01

.921324E-01

.9235185-01

.8854115-01

.8859236-01

.8877535-01

.8531082-01

.8535085-01

.8550295-01
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.175765£+00

.175751E+00

.175701£+00

.163872t+00

.163862£+00

.163828E+00

.1537105+00

.153702£+00

.153678E+00

.144909E+00

.144903E+00

.144886E+00

.137203E+00

.137199£+00

.137185E+00 .

.130391E+00

.130388£+00

.130377£+00

.124320E+00

.1243I7E+00

.1243095+00‘

.118869£+00

.118867£+00

.1188605+00

.1139452+00

.113944£+00

.1139385+00

.109172£+00

.109471E+00

.1094665+00

.105388£+00

.105387E+00

.105383t+00

.9421115-01

.2656375-02

.9742375-01

.8631442-01

.2052612-02

.8887305-01

.7961325-01

.1623665-02

.8169125-01

.7386135-01

.1309835-02

-7557585-01

.6887315-01

.1071182-02

.7030712-01

.6450775-01

.894180E-03

.657213E-01

.606566E-01

.7534825-03

.6169436-01

.5723485-01

.6118975403

.5813035-01 ,

.5417495-01

.5521325—03

.5495401-01

.5142285-01

.1790035-03

.5210555-01

.4893465-01

.4187525-03

.495369E-01



TABLE 20
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.100000E+01

.100000E+01

.100000E+01

.200000E+OI

.200000E+01

.200000E+01

.300000E+01

2300000E+01»

.300000E+01

.400000E+01

.4000OOE+01

.400000E+01

.500000E+01

.500000E+01

.500000E+01

.600000E+01

.600000E+01

.600000E+01

.700000E+OI

.700000E+01

.700000E+01

.800000E+01

.800000E+01

.800000E+01

.900000E+01

.900000E+OI

.900000E+01

-.177196E+00

.293672E'02

.227065E+00

.196307E+00

.490867E-02

.363868E+00

.129844E+00

.196436E+00

.389602E+00

.346331E+00

.276173E+00

.320458E+00

.213941E+00

.232601E+OO

.265352E+00

.194519E+00

.200548E+00

.219480E+00

.178440E+00

.181666E+00

.192076E+00

.163560E+00

.165456E+00

.171687E+00

.150665E+00

.151856E+00

.155825E+OO

.139624E+00

.140412E+00

.143066E+OO

.757340£+00

.7888856+00

.569838E+00

.743145E+00

.834391£+00

.817294E+00

.567324E+00

.579536£+00

.593293£+00

.215341£+01

.415476E+00

.425050£+00

-327997E+00

.328508E+00

.319799E+00

.276078E+00

.276179E+00

.275286E+00

.240154£+00

.240468E+00

.240165£+00

.214235E+00

.214228E+00

.214083£+00

.193969E+OO

.193958£+00

.193875E+00

.177742E+OO

.1777325+00

.177679E+00

.1019125+00

.8967355-01

.146809E+00

.1662085+00

.320351£+00

.341977E+00

.2718185+00

.195668E+00

.361503E+00

.247057E+00

.864422E-01

.294315E+00

.190705E+00

.9889355-01

.2255685+00

.172731E+00

.1700455-01

.18707u£+00

.119125£+00

.1011935-01

.158589£+00

.1307682+00

.6789305-02

-137379E+00

.116249£+00

.1661415-02

.121075E+00

.104534E+00

.3317415-02

.108183E+00



.100000£+02

.1000005+02

.1000005+02

.1100005+02

.1100002+02

.110000E+02

.1200005+02

.120000£+02

.1200002+02

.1300005+02

.1300005+02

.1300005+02

.1uooooe+02

.110000£+02

.1100002+02

.150000£+02

.150000E+02

.150000t+02

.16000OE+02

.160000E+02

.16000OE+02

.170000£+02

.170000£+02

.170000:+02

.1800005+02

.180000E+02

.1800005+02

.1900005+02

.190000£+02

.190000£+02

.2000005+02

.200000£+02

.200000E+02
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.130149E+OO

.130691E+00

.132536E+00

.121961E+00

.122348E+00

.123671E+00

.114828E+00

.115111E+00

.116087E+00

.108564E+00

.108776E+00

.109511E+00

.103019E+00

.103181E+00

.103747E+00

.980772E-01

.982036E-01

.986458E‘01

.936438E-01

.937438E'01

.940948E-01

.896431E-01

.897233E-01

.900056E-01

.860135E-01

.8607865-01

.863083E-01

.827046E°01

.827580E-01

.829470E-01

.796745E-01

.797188E-01

.798757E-01

.164400E+00

.164392E+00

.164356E+00

.153202E+00

.153196E+00

.153170E+00

.143647E+00

.14364ZE+00

.143623E+00

.135383E+00

.135379E+00

.135364E+00

.128153E+00

.128149E+00

.128138E+00

.121766E+00

.121763E+00

.121754E+00

.116077E+00

.116074E+oo

.116068E+00

.110972E+00

.110970E+00

.110965E+00

.106363E+00

.106361E+00

.106357E+00

.102177E+00

.102176E+00

.102172E+00

.983567E-01

.983556E-01

.983524E-01

.9190955-01

.2192535-02

.9774565-01

.868738E-01

.1911735-02‘

.891294E-01

.8007065-01

.1502632-02

.8189925-01

.742407E-01

.1205615-02

.7571725-01

.69I9I7Ev01

.984323E-03

.7045028-01

.6477835-01

.8157825-03

.658423E-01

.6088875-01

.6819325-03

.6179776-01

.5743555-01

.5816312-03

.5821915-01

.5131995-01

.4988705-03

.5503115-01

.515764E-01

.4316955-03

.5217315-01

.490703E-01

.3765325'03

.495966E-01
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TABLE 21

ACCUMULATION OF THE RADIALINTEGRALS

2 °-.116373£-08

2 -.116184£-08

2 .140991E-08

3 -.259785£—05

3 -.259450£-05

3 .2502695-05

1 -.1426OBE-03

1 -.142413E-03

4 .137428E-03

5 -.203201E-02

5 -.202888£-02

5 .1960135-02

6 -.124057E-01

6 -.123856£-01

6 .1199922-01

7 -.363156E-01

7 -.362701E-01

7 .3531715-01

8 -.u31107£-01

8 -.4310215-01

8 .420757E-01

9 .1971592-01

9 .2012355-01

9 .-.217585E-01

10 .126663E+00

10 .1283515+00

10 -.1310855+00

0.

0.

0.

-.123103E-08

-.120817E-O8

.111657E-08

-.219372E-05

-.215313E-05

.199048E-05

~.123063E-O3

-.1208I8E-03

.111824E-03

-.186883E-02

-.183602E-02

.170479E-02

-.132231E-01

-.130097E-01

.121578E-01

-.531043E-01

“.523713E-01

.494519E-01

-.I33232E+00

-.131822E+00

.126193E+00

-.226364E+00

-.224777E+00

.218342E+00

-.288749E+00

-.287584E+00

.282634E+00

0.

O.

.695466E-05

--4798595'05

-.444891E-05

.449301E-03

-.311564E-03

-.289903E-03

.429800E-02

-.305538E-02

-.289486E-02

.182293E-01

-.138511E-01

-.138052E-01

.4280705-01

-.371321E-01

-.413986E-01

.593118E-01

-.624716E-01

-.865457E-01

.594584E-01

-.663341E-01

-.l34284E+00

.764343E-01

-.456313E'01

-.166148E+00

.119040E+00

-.238495E-01

-.179224E+00



11

11

11

12

12

12

13

13

13

14

14

I4

15

15

15

16

16

16

I7

17

I7

18

18

18

19

19

19
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.199517E+00

.202785E+00

-.213966E+00

.223716E+00

.227787E+00

-.241834E+00

.227791E+00

.232051E+00

-.246784E+00

.228137E+00

.232418E+00

-.247229E+00

.228151E+00

.232434E+00

-.247248E+00

.228151E+00

.232434E+00

-.247249E+00

.228151E+00

.232434E+00

-.247249E+00

.228151E+00

.232434E+00

-.247249E+00

.228151E+00'

.232434E+00

-.247249E+00

-.312611E+00

-.311863E+00

.308422E+00

-.317744E+00

-.317149E+00

.314268E+00

-.318349E+00

-.317781E+00

.314997E+00

-.318387E+00

-.317821E+00

.315046E+00

-.318388E+00

-.317823E+00

.315047E+00

-.318388E+00

-.317823E+00

.315047E+00

-.318388E+00

-.317823E+00

.315047E+00

-.318388E+00

-.317823E+00

.315047E+00

-.318388E+00

-.317823E+00

.315047E+00

.15177BE+00

-.142276E-01

-.182442£+00

.162939E+00

-.120792E-01

-.182905E+00

.164786E+00

-.118287E-01

-.182943E+00

.164936E+00

-.118137E-01

-.182945E+00

.164942E+00

-.118132£-01

-.182945E+00

.164943E+00

-.118132E-01

-.182945£+00

.1649435+00

-.118132E-01

-.182945E+00

.164943E+00

-.118132E-01

-.182945£+00

.164943E+00

-.118132£-01

-.182945£+00



20

20

20

21

21

21

22

22

22

23

23

23

24

24

24

25

25

25

26

26

26

27

27

27

28

28

28

29

29

29
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TABLE 21(CONT'D)

.228151E+00

.232434E+00

-.247249E+00

.228151E+00

.232434E+00

-.247249E+00

.228151E+00

.232434E+00

-.247249E+00

.228151E+00

.232434E+OO

-.247249E+00

.228151E+00

.232434E+00

-.247249E+00

.228151E+00

.232434E+OO

~.247249E+00

.228151E+OO

.232434E+00

-.247249E+00

.228151E+00

.232434E+00

-.247249E+00

.228151E+00

.232434E+00

-.247249E+00

.228151E+00

.232434E+00

-.247249E+00

-.3I8388E+00

-.317823E+00

.315047E+00

—.318388E+00

-.317823E+00

.315047E+00

-.318388E+00

-.317823E+00

.315047E+00

-.318388E+00

-.317823E+00

.315047E+00

-.318388£+00

-.317823E+00

.315047E+00

-.318388£+00

-.317823E+00

.315047E+00

-.318388E+00

-.317823E+00

.315047E+00

-.3183885+00

-.317823E+00

.315047E+00

-.318388E+00

-.317823E+00

.315047E+00

-.318388E+oo

-.317823E+00

.315047E+00

.164943E+00

-.118132E-01

-.182945£+00

.164943E+00

-.118132E-01

-.182945E+00

.164943E+00

-.118132E-01

-.182945E+00

.164943E+00

-.118132E-01

-.1829455+00

.164943E+00

-.118132E-01

-.1829455+00

.164943E+00

-.118132£-01

-.182945E+00

.164943E+00

-.118132E-01

-.182945E+00

.164943E+00

-.118132E-o1

-.182945E+00

.164943E+00

-.118132E-01

-.182945E+00

.164943E+00

-.118132E-01

-.182945E+00



30

30'

30

31

31

31

32

32
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TABLE 21(CDNT'D)

.228151E+00 -.318388E+00 .164943E+00

.232434E+00 -.317823E+00 -.118132E-01

-.247249E+00 .315047E+00 -.182945£+00

.228151E+00 -.318388E+00 .164943E+00

.232434E+00 -.317823E+00 -.118132E-01

-.247249£+00 .315047£+00 -.182945E+00

.228151E+00 -.318388E+00 .164943E+00

.232434E+00 -.317823E+00 -.118132E-01

-.247249E+00 .315047E+00 -.182945E+00
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from the eighth to the fifteenth terms. This same region is where the

major contributions for the other cases also occur (e.g. RAT . -0.16,

case 1 or case 2).

Tables 22 and 23 give the results of the 2Y and 2 gluon decay

widths for some charmonium states. The results were computed by

expressions similar to those used in the leptonic decay widths reported

in Appendix 11.1. The expressions used in these calculations can be

found in [46].

The computations of the radiative decay widths reported in [30]

make use of a substitution that is common in discussions of atomic

spectra, namely the replacement of <f|3|i> by u<f|[;,H]Ii> 8 u(ki-

xf)<f|;|i>. In [30] 2.1 - if is replaced by mi-mf. With this

substitution the expression for the radiative decay width is

. 2 2 2 _ 2 2 3 2
r(m1+ nf+ Y) <2/3) eq am, inf/4m (a, /n1 1) WM! P (A)

where AA is 42-11, i.e. the difference in the computed masses and R is

the radial integral tabulated in tables 17 to 20, and P is the

polarization sum factor. These calculations were done using the

subroutine Cheat listed in Appendix 111, along with the rest of the

computer program which is also included in Appendix III. The results of

these calculations are tabulated in tables 25, 27, and 29, while tables

26, 28, and 30 give the ratio of the calculations shown in figures 13 to

21 to those calculated by (A). TABLE 24 gives the key to the meaning of

the various columns in tables 25 to 30. The quantity listed in the first

column of tables 25 to 30 is not the quark mass but the quark mass plus

1.0. It is clear from these tables that the two ways of doing the

calculation give quite different results.
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In order to determine the quark mass in Gev, one needs to know a

certain conversion factor. This factor as stated above changes with the

quark mass. For the dimensionless quark mass from 3 to 7, one can see

how this factor varies with the quark mass from Figures 9 to 12. The

average value for this factor is between 0.40 and 0.50, depending upon

RAT and m. For RAT - -0.16 we have for m - 4.0, 5.0, 6.0, and 20.0, the

values 0.32510, 0.38849, 0.42379, and 0.78668 respectively. A simple

calculation shows that the "predicted" quark mass from the model falls

in the range of 1.5 to 2.0 Gev, which is what almost all charmonium

model calculations give.



MASS

3.0

N
O
‘
U
‘

C
O
O

N
O
‘
U
‘
J
-
‘
U
J

0
0
0
0
0

3.0

4.0

5.0

6.0

7.0

TABLE 22

1 (150)

3.714

5.840

8.785

12.615

17.381

4.314

6.928'

10.610

15.482

21.622

4.758

7.756

12.028

17.749

25.025

2(150)

5.504

7.

.226

15.

20.

RATI-O.

.698

.713

.940

19.

26.

RATI-O.

.625

.121

16.

.675

.904

11

13

11

22

30

914

481

717

275

455

306

33

100

108

11

21

15

29.

.891

94.

54

36

121

TWO-GAMMA DECAY WIDTHS FOR SOME

CHARMONIUM STATES(KEV)

RAT--0.I6

1 (3P0)

5.

.229

.596

38.

65.

476

723

119

.076

-033

803

403

~375

18. 255

.975

69.

.212

384

1(3P2)

3.885

5-539

11-393

19-374

31.600

6.006

9.660

16.659

28.476

46.923

8.037

12.304

21.422

36.787

61.099
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TABLE 23

TWO-GLUON DECAY WIDTHS FOR SOME

CHARMONIUM STATES(MEV)

MASS 1(150) 2(150) 1(3P0) 1(3P2)

RAT--0.16

3.0 2.543 3.767 7.497 2.659

4.0 3.998 5.418 15.374 4.476

5.0 6.013 7.684 29.566 7.799

6.0 8.636 10.598 53.014 13.262

7.0 11.898 14.181 89.152 21.631

RAT--0.275

3.0 2.953 4.585 9.687 4.111

4.0 4.743 6.649 20.581 6.613

5.0 7.263 9.543 40.802 11.404

6.0 10.598 13.318 75.149 19.493

7.0 14.801 18.008 129.243 32.120

‘ RAT--0.33

3.0 3.257 5.219 11.466 5.501

4.0 5.309 7.613 24.992 8.559

5.0 8.233 11.021 50.621 14.664

6.0 12.150 15.522 94.991 25.182

7.0 17.130 21.155 165.947 41.824

OBSERVED VALUE OF THE DECAY RATE

12.4. < 8.0 16.3 1.8

THE ERRORS ARE ABOUT 25 PERCENT

IN THE EXPERIMENTIAL VALUES
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TABLE 24

KEY TO TABLES 25 T0 30

Tables 25, 27, and 29 give the following electric dipole

transition widths as calculated by the subroutine "cheat." The

meaning of the columns is:

column 1 The value of the quark mass in dimensionless units + 1.0

column 2 2351 + l3Po + Y (RXSPZ in cheat)

column 3 2351 +~l3P1 + Y (RXSPO in cheat)

column 4 2351-+ 13?; + Y (RXSPT in cheat)

column 5 13Po-+ 1351 + Y (RXPZS in cheat)

c01umn 6 13P1 + 1351 + Y (RXPDS in cheat)

column 7 13P2-+ 1351 + Y (RXPTS in cheat)

In tables 26, 28, and 30, the columns 2 through 7 give the

ratios of the decay widths calculated in the main body of the program

to those given by

column 1 The

column 2 The

column 3 The

column 4 The

column 5 The

column 6 The

column 7 The

using

value

ratio

ratio

ratio

ratio

ratio

ratio

where RSPZ,...,RPTS are

processes as determined

the subroutine "cheat."

0f the quark mass in dimensionless units + 1.0

RSPZ/RXSPO

RSPO/RXSPO

RSPT/RXSPT

RPZS/RXPZS

RPOS/RXPOS

RPTS/RXPTS

the transition widths for the corresponding decay

in Orthog and as shown in figures 13 to 21.



1
0

1
1

1
2

1
3

1
4

1
5

1
6

1
7

1
8

1
9

2
O

2
1

T
A
B
L
E

2
5
.

.
1
8
6
2
5
3
E
-
0
5

.
1
0
2
5
7
4
E
-
0
6

.
3
6
7
2
4
O
E
'
0
5

.
7
8
3
4
2
9
E
-
0
5

.
7
9
9
6
7
5
E
-
0
5

.
8
8
3
4
9
0
E
-
0
5

.
8
4
5
2
6
1
5
-
0
5

.
7
8
4
4
5
2
E
-
0
5

.
7
1
9
7
2
1
E
-
0
5

.
6
5
7
9
6
7
5
-
0
5

.
6
0
1
4
8
1
E
-
0
5

.
5
5
0
7
5
7
E
-
0
5

.
5
0
5
5
6
9
E
-
0
5

.
4
6
5
4
2
3
E
'
0
5

.
4
2
9
7
5
2
6
-
0
5

.
3
9
8
0
0
9
E
-
0
5

.
3
6
9
6
9
1
E
-
0
5

.
3
4
4
3
5
5
E
-
0
5

.
3
2
1
6
1
5
5
'
0
5

.
3
0
1
1
4
1
E
-
0
5

.
2
8
2
6
4
6
E
-
0
5

.
1
2
5
8
7
0
5
-
0
9

.
7
6
9
5
1
5
E
-
0
6

.
5
8
8
7
6
7
8
-
0
5

.
8
2
6
7
9
2
E
-
0
5

.
7
4
1
2
6
1
E
-
0
5

.
7
3
5
5
0
1
5
'
0
5

.
6
6
0
2
4
5
E
-
0
5

.
5
8
6
5
7
0
5
-
0
5

.
5
2
1
2
1
5
E
-
O
S

.
4
6
4
9
5
5
5
-
0
5

.
4
1
6
8
9
8
E
-
0
5

.
3
7
5
8
2
8
6
'
0
5

.
3
4
0
5
9
4
E
-
0
5

.
3
1
0
2
1
1
E
'
0
5

.
2
8
3
8
5
9
6
-
0
5

.
2
6
0
8
7
1
E
-
0
5

.
2
4
0
7
0
4
5
-
0
5

.
2
2
2
9
1
5
E
-
0
5

.
2
0
7
1
4
4
E
-
0
5

.
1
9
3
0
9
4
E
'
0
5

.
1
8
0
5
1
9
E
'
0
5

.
5
9
5
8
7
8
5
-
0
5

.
2
5
8
3
8
4
E
-
O
4

.
4
4
0
0
5
5
E
-
O
4

.
2
2
6
6
1
1
6
-
0
4

.
1
1
9
7
0
2
E
-
O
4

.
7
8
8
4
8
9
5
-
0
5

.
5
5
9
6
0
0
E
-
0
5

.
4
2
4
2
3
5
5
-
0
5

.
3
3
6
5
0
3
E
-
0
5

.
2
7
5
7
6
8
6
-
0
5

.
2
3
1
5
9
0
E
°
0
5

.
1
9
8
2
3
3
E
-
0
5

.
1
7
2
2
8
3
5
‘
0
5

.
1
5
1
6
0
5
5
'
0
5

.
1
3
4
8
0
3
E
-
0
5

.
1
2
0
9
2
1
E
-
O
S

.
1
0
9
2
9
0
5
-
0
5

.
9
9
4
2
5
8
E
-
0
6

.
9
0
9
7
2
3
5
-
0
6

.
8
3
6
6
0
3
E
'
0
6

.
7
7
2
8
3
8
E
-
0
6

C
H
E
A
T

T
R
A
N
S
I
T
I
O
N

N
I
D
T
H
S
,

.
8
5
8
3
4
4
E
-
0
3

.
1
8
2
6
2
8
E
-
O
2

.
9
9
3
7
8
6
E
-
O
2

.
1
4
0
3
5
4
E
-
0
1

.
1
8
6
3
4
3
E
'
O
2

.
6
1
9
9
0
2
E
-
0
3

.
3
4
5
9
4
2
E
-
0
3

.
2
2
5
8
2
7
5
-
0
3

.
1
6
3
2
2
2
E
-
O
3

.
1
2
4
7
3
0
5
-
0
3

.
9
9
3
9
1
1
E
-
0
4

.
8
1
5
7
4
O
E
-
O
4

.
6
8
7
1
1
0
5
-
0
4

.
5
8
8
8
5
7
5
'
0
4

.
5
1
2
2
5
4
E
-
0
4

.
4
5
1
1
3
8
E
‘
O
4

.
4
0
1
4
3
2
5
-
0
4

.
3
8
0
3
4
6
5
-
0
4

.
3
2
5
9
1
1
E
'
O
4

.
2
9
6
7
0
3
5
’
0
4

.
2
7
1
6
6
8
5
-
0
4

R
A
T

=
-
0
.
1
6

.
1
3
1
2
2
4
E
+
O
3

.
3
2
1
3
8
5
E
+
O
O

.
8
4
3
4
8
3
E
-
O
2

.
1
7
4
1
9
8
5
'
0
2

.
7
8
7
6
4
1
E
-
0
3

.
4
4
5
7
4
8
E
-
O
3

.
3
0
0
1
2
7
E
-
0
3

.
2
1
9
1
0
3
E
-
0
3

.
1
6
8
9
1
9
E
-
0
3

.
1
3
5
3
7
6
E
-
O
3

.
1
1
1
6
7
1
E
-
O
3

.
9
4
1
9
1
5
E
-
O
4

.
8
0
8
6
6
9
E
-
0
4

.
7
0
4
3
3
1
E
-
O
4

.
6
2
0
8
0
9
5
'
0
4

.
5
5
2
7
0
4
E
'
O
4

.
4
9
6
2
9
6
E
-
O
4

.
4
4
8
9
4
5
E
-
0
4

.
4
0
8
7
3
1
5
-
0
4

.
3
7
4
2
2
8
E
’
O
4

.
3
4
4
3
5
9
E
-
0
4

.
3
6
8
8
4
4
E
-
o
a

.
6
0
8
4
4
3
E
-
0
3

.
2
6
2
5
1
4
E
-
o
a

.
1
7
4
5
4
2
E
-
o
a

.
1
5
2
1
6
7
E
-
o
a

.
1
0
3
3
4
9
E
-
0
3

.
8
7
0
4
1
1
E
-
0
4

.
7
3
8
5
0
5
E
-
0
4

.
6
3
4
9
5
6
E
-
0
4

.
5
5
2
5
4
6
E
-
0
4

.
4
8
5
9
3
1
E
-
0
4

.
4
3
1
3
0
3
2
-
0
4

.
3
8
5
9
2
3
E
-
0
4

.
3
4
7
7
8
7
5
—
0
4

.
3
1
5
4
0
5
6
-
0
4

.
2
8
1
6
5
4
E
-
0
4

.
2
6
3
5
7
2
E
-
0
4

.
2
4
2
7
9
0
E
-
0
4

.
2
2
4
4
8
3
E
-
0
4

.
2
0
8
3
3
4
E
-
0
4

.
1
9
4
0
0
6
E
-
0
4

111



O1

1
1

1
2

1
3

1
4

1
5

1
6

1
7

1
8

1
9

2
0

2
1

.
7
7
1
9
5
O
E
*
0
1

.
6
4
7
6
0
2
5
+
0
1

.
4
1
9
3
7
4
E
+
0
1

.
2
8
0
3
6
1
E
+
O
1

.
2
1
4
9
9
6
E
+
O
1

.
1
7
9
3
6
7
E
t
0
1

.
1
5
7
4
1
1
E
+
0
1

.
1
4
2
7
1
5
E
+
0
1

.
1
3
2
2
9
3
E
+
O
1

.
1
2
4
5
7
9
E
+
O
1

.
1
1
8
6
7
9
6
+
O
1

.
1
1
4
0
4
7
E
+
0
1

.
1
1
0
3
S
O
E
+
O
1

.
1
0
7
2
9
5
E
+
0
1

.
1
0
4
7
7
B
E
+
0
1

.
1
0
2
6
6
4
E
+
O
1

.
1
0
0
8
6
8
5
+
O
1

.
9
9
3
2
6
1
E
+
O
O

.
9
7
9
9
1
8
E
+
O
O

.
9
6
8
2
7
8
E
+
O
O

.
9
5
8
0
5
4
E
+
0
0

T
A
B
L
E

2
6
.

.
1
6
9
1
8
2
E
+
0
2

.
1
5
6
6
8
4
E
+
0
2

.
1
1
9
3
3
5
E
+
0
2

.
9
1
6
3
1
7
E
+
0
1

.
7
7
3
1
9
1
E
+
0
1

.
6
8
9
1
4
2
E
+
0
1

.
6
3
4
3
3
9
E
+
0
1

.
5
9
6
0
8
2
E
+
0
1

.
5
6
8
0
1
5
E
+
0
1

.
5
4
6
7
2
2
E
+
0
1

.
5
3
0
1
0
1
E
+
0
1

.
5
1
6
8
3
4
E
+
0
1

.
5
0
6
0
4
G
E
+
0
1

.
4
9
7
1
3
6
E
+
0
1

.
4
8
9
6
7
8
E
+
o
1

.
4
8
3
3
6
2
E
+
0
1

.
4
7
7
9
5
9
E
+
0
1

.
4
7
3
2
9
4
E
+
0
1

.
4
6
9
2
3
6
E
+
0
1

.
4
6
5
6
7
9
E
+
0
1

.
4
6
2
5
4
3
E
+
O
1

C
H
E
A
T

R
A
T
I
O
S
,

R
A
T

=
-
0
.
1
6

.
1
0
2
0
2
8
E
+
0
2

.
1
0
3
3
3
6
E
+
O
1

.
9
5
4
0
2
1
5
-
0
5

.
7
2
7
9
8
0
5
+
O
1

.
5
9
1
0
3
0
5
+
0
0

.
4
4
6
4
1
7
E
‘
0
2

.
4
4
3
2
2
4
E
+
0
1

.
5
8
4
2
6
8
5
-
0
1

.
8
6
5
9
8
7
E
'
0
1

.
5
9
8
5
7
2
E
+
O
1

.
2
3
8
3
6
4
E
-
O
1

.
2
3
7
4
0
7
E
+
O
O

.
7
8
3
2
7
6
E
+
O
1

.
1
4
0
7
2
7
E
+
O
O

.
3
5
8
2
0
8
E
+
O
O

.
9
2
4
5
1
0
E
+
0
1

.
2
5
9
9
2
5
E
+
O
O

.
4
4
7
1
5
7
E
+
O
O

.
1
0
2
7
1
2
E
+
O
2

.
3
5
9
5
2
7
E
+
0
0

.
5
1
3
7
9
9
E
+
O
O

.
1
1
0
2
4
8
E
+
O
2

.
4
3
9
8
9
5
E
+
0
0

.
5
6
4
9
6
0
E
+
0
0

.
1
1
5
9
1
1
E
+
O
2

.
5
0
4
6
5
1
E
+
0
0

.
6
0
5
1
0
1
E
+
O
O

.
1
2
0
2
G
B
E
+
0
2

.
5
5
7
2
4
2
E
+
0
0

.
6
3
7
1
9
1
E
+
O
O

.
1
2
3
6
9
4
E
+
O
2

.
6
0
0
4
O
G
E
+
O
O

.
6
6
3
2
G
B
E
*
O
O

.
1
2
6
4
3
9
E
+
0
2

.
6
3
6
2
2
1
E
+
O
O

.
6
8
4
7
6
0
E
+
O
O

.
1
2
8
6
7
5
E
+
O
2

.
6
6
6
2
5
1
E
+
O
O

.
7
0
2
5
9
6
5
+
O
O

.
1
3
0
5
2
4
E
+
O
2

.
6
9
1
G
B
O
E
+
O
O

.
7
1
7
8
3
3
E
+
O
O

.
1
3
2
0
7
3
6
+
O
2

.
7
1
3
4
0
8
E
+
O
O

.
7
3
0
7
3
4
E
+
O
O

.
1
3
3
3
8
4
E
+
0
2

.
7
3
2
1
2
7
E
+
0
0

.
7
4
1
8
2
6
E
+
O
O

.
1
3
4
5
0
5
E
+
O
2

.
7
4
8
3
7
7
E
+
0
0

.
7
5
1
4
4
1
E
+
O
O

.
1
3
5
4
7
3
E
+
O
2

.
7
6
2
5
8
0
E
+
0
0

.
7
5
9
8
3
4
E
+
0
0

.
1
3
6
3
1
5
E
+
O
2

.
7
7
5
0
7
3
E
+
O
O

.
7
6
7
2
0
9
E
+
O
O

.
1
3
7
0
5
3
E
+
0
2

.
7
8
6
1
2
4
E
+
O
O

.
7
7
3
7
2
8
E
+
0
0

.
1
3
7
7
0
4
E
+
O
2

.
7
9
5
9
5
2
E
+
O
O

.
7
7
9
5
2
O
E
+
O
O

.
1
9
2
4
3
4
E
+
0
1

.
2
3
7
7
1
3
E
+
0
1

.
2
9
8
0
9
3
E
+
o
1

.
2
6
2
4
9
9
E
+
0
1

.
2
2
8
1
4
5
E
+
0
1

.
2
0
5
9
4
B
E
+
0
1

.
1
9
1
5
1
0
E
+
0
1

.
1
8
1
6
7
8
E
+
0
1

.
1
7
4
6
7
3
E
+
0
1

.
1
6
9
4
8
9
E
+
o
1

.
1
6
5
5
3
3
E
+
0
1

.
1
6
2
4
3
6
E
+
0
1

.
1
5
9
9
5
8
E
+
0
1

.
1
5
7
9
4
0
E
+
0
1

.
1
5
6
2
7
1
E
+
0
1

.
1
5
4
8
7
2
E
+
0
1

.
1
5
3
6
8
6
E
+
o
1

.
1
5
2
6
7
0
E
+
0
1

.
1
5
1
7
9
2
E
+
0
1

.
1
5
1
0
2
7
E
+
0
1

.
1
5
0
3
5
4
E
+
O
1

112



1
1

1
2

1
3

1
4

1
5

1
6

1
7

1
8

1
9

2
O

2
1

T
A
B
L
E

2
7
.

.
1
5
7
7
7
1
E
-
O
5

.
7
8
4
5
1
1
E
-
0
6

.
1
2
9
1
4
5
5
'
0
5

.
4
2
8
4
4
9
E
-
0
5

.
3
4
8
4
7
7
E
-
0
5

.
5
5
2
5
4
9
E
-
0
5

.
5
4
8
1
7
9
E
-
0
5

.
5
2
2
9
3
5
5
-
0
5

.
4
9
0
6
3
3
E
-
0
5

.
4
5
6
9
3
4
E
-
0
5

.
4
2
4
2
8
7
E
-
0
5

.
3
9
3
7
1
8
E
-
0
5

.
3
6
5
5
8
2
E
-
0
5

.
3
3
9
9
1
4
E
'
O
S

.
3
1
6
5
9
8
5
-
0
5

.
2
9
5
4
5
7
E
‘
0
5

.
2
7
6
2
8
9
5
-
0
5

.
2
5
8
8
9
7
5
-
0
5

.
2
4
3
0
9
4
5
‘
0
5

.
2
2
8
7
1
0
E
-
0
5

.
2
1
5
5
9
0
E
'
0
5

.
3
1
9
2
4
7
5
'
0
9

.
9
3
1
1
0
9
5
-
0
7

.
2
8
8
5
7
5
5
-
0
5

.
5
1
2
4
0
5
E
-
0
5

.
3
9
9
3
8
1
E
-
0
5

.
5
0
0
9
1
0
E
‘
0
5

.
4
6
1
1
8
8
E
-
0
5

.
4
1
7
7
4
2
5
'
0
5

.
3
7
7
0
7
O
E
'
0
5

.
2
4
0
7
4
4
E
-
0
5

.
3
0
8
8
4
0
5
-
0
5

.
2
8
0
9
6
7
6
’
0
5

.
2
5
6
6
1
9
5
-
0
5

.
2
3
5
3
0
0
E
-
0
5

.
2
1
6
5
6
9
E
-
0
5

.
2
0
0
0
4
5
5
'
0
5

.
1
8
5
4
0
7
E
-
0
5

.
1
7
2
3
8
6
E
-
0
5

.
1
6
0
7
5
4
E
-
0
5

.
1
5
0
3
2
1
E
'
O
5

.
1
4
0
9
3
0
5
'
0
5

.
6
0
1
5
0
2
5
-
0
5

.
2
1
3
2
0
6
E
‘
O
4

.
5
9
2
6
7
9
E
-
0
4

.
2
9
7
4
9
9
E
-
O
4

.
1
3
0
0
0
0
6
-
0
4

.
7
9
6
0
2
4
E
-
0
5

.
5
3
3
9
?
O
E
°
0
5

.
3
9
0
6
6
5
E
'
0
5

.
3
0
2
5
2
9
E
-
0
5

.
2
4
3
7
1
8
E
‘
0
5

.
2
0
2
0
9
5
E
-
0
5

.
1
7
1
3
O
B
E
-
0
5

.
1
4
7
7
4
5
E
'
0
5

.
1
2
9
2
1
3
E
’
0
5

.
1
1
4
3
1
4
E
-
0
5

.
1
0
2
1
1
2
E
'
0
5

.
9
1
9
6
4
6
E
-
0
6

.
8
3
4
1
3
4
E
-
0
6

.
7
6
1
2
4
7
E
'
0
6

.
G
S
B
S
O
O
E
-
O
G

.
6
4
4
0
0
7
E
'
0
5

C
H
E
A
T

T
R
A
N
S
I
T
I
O
N

N
I
D
T
H
S
,

.
1
2
0
0
7
6
E
-
O
2

.
8
0
4
1
8
1
E
-
O
3

.
1
0
3
9
3
4
5
'
0
2

.
7
0
5
3
1
7
E
-
0
2

.
1
6
9
5
7
7
6
-
0
1

.
1
5
3
4
8
7
5
-
0
2

.
5
7
1
0
1
3
E
-
O
3

.
3
0
8
1
2
5
E
'
0
3

.
1
9
7
6
5
6
6
-
0
3

.
1
4
0
0
3
2
5
'
0
3

.
1
0
5
7
7
3
E
-
O
3

.
8
3
5
3
6
1
6
-
0
4

.
6
8
1
6
4
9
6
-
0
4

.
5
7
0
2
4
7
5
'
0
4

.
4
8
6
4
8
1
5
-
0
4

.
4
2
1
6
1
5
E
'
0
4

.
3
7
0
1
6
1
E
-
O
4

.
3
2
8
5
2
3
6
-
0
4

.
2
9
4
2
5
5
E
-
O
4

.
2
6
5
6
4
3
5
'
0
4

.
2
4
1
4
5
3
E
-
0
4

R
A
T

=
-
0
.
2
7
5

.
7
5
9
0
6
5
5
+
O
2

.
1
7
6
4
1
2
E
+
O
O

.
1
7
2
2
0
6
E
+
O
1

.
4
9
9
1
5
9
E
'
0
2

.
1
2
4
3
2
5
E
-
O
2

.
5
8
3
1
1
2
E
-
0
3

.
3
4
6
9
1
O
E
-
0
3

.
2
3
4
7
7
3
E
-
0
3

.
1
7
1
9
6
8
5
-
0
3

.
1
3
2
8
4
9
8
'
0
3

.
1
0
6
6
1
1
5
-
0
3

.
8
8
0
2
9
0
E
-
0
4

.
7
4
3
0
9
1
5
-
0
4

.
6
3
8
4
0
6
E
-
0
4

.
5
5
6
3
8
1
E
'
O
4

.
4
9
0
6
8
6
E
'
0
4

.
4
3
7
0
9
8
6
-
0
4

.
3
9
2
6
9
7
E
-
0
4

.
3
5
5
4
1
3
E
-
0
4

.
3
2
3
7
3
9
5
-
0
4

.
2
9
6
5
5
5
E
-
O
4

.
3
6
3
7
7
3
E
-
0
3

.
6
4
0
6
8
9
E
-
0
3

.
2
2
8
8
4
4
E
-
0
3

.
1
3
8
3
3
5
E
-
0
3

.
9
4
0
5
7
7
E
-
O
4

.
8
0
5
7
9
0
6
-
0
4

.
6
7
6
7
4
0
E
-
0
4

.
5
7
6
5
8
5
E
-
O
4

.
4
9
7
9
3
3
E
-
0
4

.
4
3
5
0
3
0
E
-
0
4

.
3
8
3
9
0
1
E
-
O
4

.
3
4
1
7
5
0
E
-
0
4

.
3
0
6
5
6
7
E
-
0
4

.
2
7
6
8
7
5
E
-
0
4

.
2
5
1
5
6
9
E
-
0
4

.
2
2
9
8
1
1
E
-
0
4

.
2
1
0
9
5
3
E
-
0
4

.
1
9
4
4
9
1
E
-
0
4

.
1
8
0
0
2
6
E
-
0
4

.
1
6
7
2
3
9
E
-
0
4

.
1
5
5
8
7
4
5
-
0
4

113



Q 01

1
1

1
2

1
3

1
4

1
5

1
6

1
7

1
8

1
9

2
O

2
1

.
6
9
6
4
0
4
E
+
0
1

.
8
1
6
4
3
2
E
+
0
1

.
5
2
4
3
2
6
E
+
0
1

.
4
0
5
3
1
7
E
+
O
1

.
2
9
5
8
3
1
E
+
0
1

.
2
3
6
8
1
9
5
+
O
1

.
2
0
0
9
1
2
5
1
0
1

.
1
7
7
1
1
2
E
+
O
1

.
1
6
0
3
6
2
E
+
0
1

.
1
4
8
0
4
1
E
+
O
1

.
1
3
8
6
6
5
8
+
O
1

.
1
3
1
3
3
3
E
+
0
1

.
1
2
5
4
7
S
E
+
O
1

.
1
2
0
7
0
2
E
+
0
1

.
1
1
6
7
5
6
5
+
0
1

.
1
1
3
4
4
9
E
+
O
1

.
1
1
0
6
4
S
E
+
0
1

.
1
0
8
2
4
4
E
+
0
1

.
1
0
6
1
6
8
E
+
0
1

.
1
0
4
3
6
0
6
1
0
1

.
1
0
2
7
7
3
6
+
O
1

T
A
B
L
E

2
8
.

.
1
6
9
3
5
4
E
+
0
2

.
1
8
5
2
8
0
5
1
0
2

.
1
6
4
9
8
9
8
+
O
2

.
1
2
2
6
4
3
E
+
O
2

.
9
8
7
9
1
7
E
+
O
1

.
8
4
8
6
6
5
6
+
0
1

.
7
5
8
9
2
7
E
+
0
1

.
6
9
6
8
6
2
E
+
0
1

.
6
5
1
7
3
6
E
+
O
1

.
6
1
7
6
8
4
E
+
O
1

.
5
9
1
2
3
4
E
+
O
1

.
5
7
0
2
0
6
E
+
0
1

.
5
5
3
1
6
3
E
+
O
1

.
5
3
9
1
2
B
E
+
0
1

.
5
2
7
4
0
3
E
+
0
1

.
5
1
7
4
9
6
E
+
O
1

.
5
0
9
0
3
4
E
+
O
1

.
5
0
1
7
3
9
5
+
O
1

.
4
9
5
4
0
0
E
+
0
1

.
4
8
9
8
5
0
E
+
0
1

.
4
8
4
9
5
8
E
+
O
1 ‘

C
H
E
A
T

R
A
T
I
O
S
,

R
A
T

=
-
0
.
2
7
5

.
1
0
1
8
5
2
E
+
O
2

.
7
9
0
0
7
5
E
+
0
1

.
3
1
4
3
4
9
E
+
O
1

.
4
2
8
4
9
O
E
+
0
1

.
6
3
1
1
8
5
E
+
O
1

.
7
9
6
7
6
3
E
+
O
1

.
9
2
0
0
6
4
E
+
O
1

.
1
0
1
1
8
1
€
+
O
2

.
1
0
8
1
3
4
6
+
0
2

.
1
1
3
5
1
8
E
+
O
2

.
1
1
7
7
7
2
E
+
0
2

.
1
2
1
1
9
3
8
+
O
2

.
1
2
3
9
9
1
8
+
O
2

.
1
2
6
3
0
9
E
+
O
2

.
1
2
8
2
5
5
E
+
O
2

.
1
2
9
9
0
6
E
+
O
2

.
1
3
1
3
2
1
£
+
O
2

.
1
3
2
5
4
3
6
+
0
2

.
1
3
3
G
O
B
E
i
O
2

1
1
3
4
5
4
2
E
+
O
2

.
1
3
5
3
6
6
E
+
O
2

.
7
5
4
5
2
9
8
+
O
O

.
1
2
1
0
5
7
E
+
O
1

.
5
1
8
1
6
2
E
+
O
O

.
4
2
0
2
6
4
E
-
0
1

.
1
1
2
4
7
4
6
-
0
1

.
8
8
8
7
1
5
E
-
0
1

.
1
8
2
2
7
5
E
+
0
0

.
2
6
9
1
3
8
E
+
0
0

.
3
4
4
7
8
9
E
+
0
0

.
4
0
9
3
6
5
E
+
O
O

.
4
6
4
2
4
2
E
+
O
O

.
5
1
0
9
6
6
E
+
O
O

.
5
5
0
9
3
O
E
+
O
O

.
5
8
5
3
0
9
E
+
0
0

.
6
1
5
0
6
2
E
+
0
0

.
6
4
0
9
6
9
6
+
O
O

.
6
6
3
6
5
8
E
+
O
O

.
6
8
3
6
4
2
E
+
0
0

.
7
0
1
3
3
6
E
+
O
O

.
7
1
7
0
7
9
E
+
O
O

.
7
3
1
1
5
2
E
+
0
0

.
1
6
2
8
6
8
8
'
0
4

.
7
9
9
7
3
0
E
-
O
2

.
4
0
2
5
7
4
E
-
0
3

.
7
4
4
2
5
6
E
’
O
1

.
1
8
9
1
O
O
E
+
O
O

.
2
9
0
1
5
6
5
+
O
O

.
3
7
2
2
6
8
E
+
O
O

.
4
3
8
3
4
8
E
+
0
0

.
4
9
1
8
3
8
E
+
O
O

.
5
3
5
5
6
7
E
+
0
0

.
5
7
1
7
0
3
E
+
0
0

.
6
0
1
8
8
0
E
+
0
0

.
6
2
7
3
3
1
E
+
O
O

.
6
4
8
9
9
3
E
+
O
O

.
6
6
7
5
8
8
E
+
O
O

.
6
8
3
6
7
G
E
+
0
0

.
6
9
7
6
8
7
E
+
0
0

.
7
0
9
9
7
6
E
+
O
O

.
7
2
O
B
1
T
E
+
O
O

.
7
3
0
4
3
4
E
+
O
O

.
7
3
9
0
0
8
E
+
O
O

.
1
9
2
6
7
1
E
+
0
1

.
2
2
7
o
o
s
s
+
0
1

.
3
3
4
9
2
4
E
+
0
1

.
3
0
1
9
0
3
E
+
0
1

.
2
s
s
s
o
o
e
+
0
1

.
2
2
5
8
9
1
E
+
0
1

.
2
o
e
s
s
s
e
+
o
1

.
1
9
3
5
8
3
E
+
O
1

.
1
8
4
3
7
5
E
+
0
1

.
1
7
7
5
9
5
E
+
0
1

.
1
7
2
4
3
8
E
+
0
1

.
1
6
8
4
1
1
E
+
0
1

.
1
6
5
1
9
5
6
+
0
1

.
1
6
2
5
8
0
6
+
0
1

.
1
6
0
4
z
o
E
+
0
1

.
1
5
8
6
1
1
6
+
O
1

.
1
5
7
0
7
9
E
+
0
1

.
1
5
5
7
6
7
E
+
0
1

.
1
5
4
6
3
4
E
+
0
1

.
1
5
3
6
4
7
E
+
o
1

.
1
5
2
7
8
2
E
+
O
1

114



1
8

1
9

2
O

2
1

T
A
B
L
E

2
9
.

.
1
4
3
7
7
9
E
-
0
5

.
1
2
5
4
3
1
8
-
0
5

.
6
4
2
2
3
5
5
'
0
6

.
7
1
2
0
9
9
E
'
0
5

.
3
8
3
5
0
4
E
-
0
5

.
4
0
5
8
1
9
E
-
0
5

.
4
1
0
6
7
8
E
-
0
5

.
3
9
8
0
4
4
E
-
0
5

.
3
7
8
4
1
5
5
-
0
5

.
3
5
6
3
9
6
E
'
0
5

.
3
3
4
1
4
7
E
-
0
5

.
3
1
2
6
9
1
E
-
0
5

.
2
9
2
4
9
1
E
-
0
5

.
2
7
3
7
2
3
E
-
0
5

.
2
5
6
4
1
4
E
—
0
5

.
2
4
0
5
1
3
E
'
0
5

.
2
2
5
9
3
4
E
-
0
5

.
2
1
2
5
7
6
E
-
0
5

.
2
0
0
3
3
3
E
-
0
5

.
1
8
9
1
0
2
5
-
0
5

.
1
7
8
7
B
B
E
-
0
5

\

.
4
7
7
7
2
9
E
-
0
9

.
1
1
2
1
4
4
5
-
0
8

.
1
7
9
3
4
3
5
-
0
5

.
4
8
2
6
5
7
6
'
0
5

.
4
3
7
1
9
5
5
-
0
5

.
3
8
6
9
7
9
6
‘
0
5

.
3
6
1
4
8
5
E
-
O
5

.
3
3
1
3
1
2
E
-
0
5

.
3
0
1
9
8
5
5
-
0
5

.
2
7
5
1
4
5
5
'
0
5

.
2
5
1
1
3
8
8
-
0
5

.
2
2
9
8
5
6
5
-
0
5

.
2
1
1
0
3
8
E
'
0
5

.
1
9
4
3
9
1
8
-
0
5

.
1
7
9
6
3
4
E
-
0
5

.
1
6
6
5
1
5
E
-
0
5

.
1
5
4
8
1
4
E
'
0
5

.
1
4
4
3
4
2
E
-
0
5

.
1
3
4
9
3
8
E
-
0
5

.
1
2
6
4
6
4
E
'
0
5

.
1
1
8
8
0
2
E
-
0
5

.
6
0
4
4
3
8
5
-
0
5

.
1
9
2
4
2
7
E
-
O
4

.
7
8
7
3
6
3
5
'
0
4

.
3
9
0
0
9
3
E
-
0
4

.
1
6
0
0
9
3
E
-
0
4

.
8
1
4
8
2
O
E
-
0
5

.
5
2
2
5
5
4
E
-
0
5

.
3
7
2
0
2
1
5
‘
0
5

.
2
8
2
9
3
5
E
-
0
5

.
2
2
5
0
5
3
5
-
0
5

.
1
8
4
8
7
7
E
-
0
5

.
1
5
5
5
9
6
E
'
0
5

.
1
3
3
4
4
4
E
°
0
5

.
1
1
6
1
8
2
E
‘
0
5

.
1
0
2
4
0
8
E
-
0
5

.
9
1
1
9
8
1
E
‘
0
6

.
8
1
9
2
4
6
E
-
0
6

.
7
4
1
4
4
8
E
-
0
6

.
6
7
5
3
9
0
E
'
0
6

.
6
1
8
7
1
3
5
'
0
6

.
5
6
9
6
3
4
5
'
0
6

C
H
E
A
T
-
T
R
A
N
S
I
T
I
O
N

N
I
D
T
H
S
.

.
1
4
0
8
7
8
6
-
0
2

.
s
o
s
s
a
a
e
-
o
a

.
4
4
8
4
5
0
E
-
0
3

.
3
3
1
5
8
1
E
-
0
1

.
2
0
4
6
0
7
E
-
0
1

.
5
3
9
4
0
5
E
-
0
2

.
1
0
1
5
6
6
E
-
0
2

.
4
2
7
3
4
2
E
-
0
3

.
2
4
2
1
0
9
E
-
0
3

.
1
5
9
2
0
6
E
-
O
3

.
1
1
4
4
3
5
E
-
0
3

.
8
7
2
4
0
2
E
-
0
4

.
6
9
3
3
4
9
E
-
0
4

.
5
6
8
3
3
2
E
-
O
4

.
4
7
7
0
6
1
E
-
0
4

.
4
0
8
0
5
3
E
-
0
4

.
3
5
4
3
8
6
E
-
0
4

.
3
1
1
6
7
2
E
-
0
4

.
2
7
7
0
1
2
6
-
0
4

.
2
4
0
4
2
3
E
-
0
4

.
2
2
4
5
0
7
5
-
0
4

R
A
T

=
-
0
.
3
3

.
7
2
3
3
8
1
E
+
O
2

.
4
5
8
4
6
2
E
-
O
1

.
2
1
7
6
1
8
E
-
0
1

.
2
5
5
1
8
9
E
-
O
1

.
2
1
3
8
5
9
E
-
0
2

.
7
6
3
1
2
8
E
‘
0
3

.
4
0
2
2
9
1
E
-
0
3

.
2
5
4
2
0
2
E
'
0
3

.
1
7
8
1
7
5
E
-
O
3

.
1
3
3
4
9
9
5
'
0
3

.
1
0
4
7
6
3
E
'
0
3

.
8
5
0
4
3
4
E
-
0
4

.
7
0
8
3
7
7
E
-
0
4

.
6
0
2
1
0
6
E
-
O
4

.
5
2
0
1
7
2
5
-
0
4

.
4
5
5
4
2
9
5
-
0
4

.
4
0
3
2
1
4
8
-
0
4

.
3
6
0
3
6
9
E
-
0
4

.
3
2
4
6
9
3
E
‘
O
4

.
2
9
4
6
0
5
E
°
O
4

.
2
6
8
9
4
8
E
'
O
4

.
3
6
1
0
5
3
6
-
0
3

.
6
4
5
2
0
1
E
-
0
3

.
2
0
6
8
8
0
E
-
0
3

.
1
1
5
6
2
6
E
-
o
a

.
7
8
7
3
6
4
E
-
0
4

.
6
7
1
8
9
8
5
-
0
4

.
5
6
5
8
9
5
E
-
0
4

.
4
8
4
1
8
1
E
-
0
4

.
4
1
9
7
6
7
E
-
0
4

.
3
6
7
9
8
2
E
-
0
4

.
3
2
5
6
7
3
E
-
O
4

.
2
s
o
s
a
o
E
—
0
4

.
2
6
1
2
5
9
E
-
0
4

.
2
3
6
3
8
2
E
-
0
4

.
2
1
5
1
1
4
E
-
0
4

.
1
9
6
7
7
5
E
-
0
4

.
1
8
0
8
4
3
E
-
0
4

.
1
6
6
9
0
5
E
-
o
4

.
1
5
4
6
3
5
E
-
0
4

.
1
4
3
7
6
9
E
-
0
4

.
1
3
4
0
9
7
E
'
O
4

115



116

1
0
+
3
9
8
9
v
s
l
'

1
0
+
3
9
0
2
9
9
1
‘

1
0
+
3
9
9
8
9
5
1
'

I
Q
+
3
6
6
1
8
§
1
'

1
0
+
a
e
v
1
6
9
1
'

l
o
+
a
s
v
9
1
9
1
'

1
0
+
a
B
L
9
e
9
1
'

1
0
+
a
s
a
z
s
s
t
'

1
0
+
3
6
0
8
6
9
1
'

1
0
+
3
9
0
1
€
L
1
'

1
0
+
a
s
s
s
t
z
1
'

1
0
+
3
0
L
6
€
8
1
'

1
0
+
3
9
1
o
a
s
l
'

1
0
+
3
8
8
6
8
0
3
'

1
0
+
a
z
s
s
s
l
a
'

1
0
+
3
z
s
a
l
v
z
'

1
0
+
a
s
e
s
s
z
z
'

1
0
+
a
v
s
o
s
e
s
'

1
0
+
s
s
s
s
v
s
e
'

1
0
+
a
r
O
O
Z
Z
Z
‘

1
0
+
a
z
s
s
z
s
l
'

O
O
+
3
9
9
L
6
0
L
'

0
0
+
3
9
9
3
6
6
9
'

O
O
+
3
V
O
§
L
8
9
’

O
O
+
3
6
8
€
V
L
9
'

O
O
+
3
8
9
€
6
9
9
'

O
O
+
3
9
L
8
€
P
9
°

0
0
+
3
9
9
6
3
3
9
°

O
O
+
3
6
8
9
0
0
9
'

O
O
+
3
6
9
L
V
L
S
°

O
O
+
3
1
7
§
P
V
S
°

O
O
+
3
§
1
0
6
0
§
'

O
O
+
3
L
0
6
9
9
V
'

O
O
+
3
0
8
9
9
1
9
'

0
0
+
!
0
9
3
9
9
8
'

O
O
+
3
0
€
9
8
8
8
'

O
O
+
3
9
3
8
L
6
1
'

l
O
-
S
L
E
L
S
G
G
'

I
O
-
B
B
L
P
E
C
I
'

I
O
-
B
I
P
S
V
O
S
'

1
0
-
3
0
9
9
6
6
3
'

7
0
-
3
3
9
L
6
9
1
°

E
E
'
O
‘

=
1
V
8

‘
S
O
I
I
V
U

l
V
3
H
3

o
o
+
3
0
1
s
v
8
9
'

O
O
+
3
7
6
6
L
9
9
‘

O
O
+
3
1
9
|
6
V
9
'

o
o
+
3
1
v
o
s
z
s
'

0
0
+
a
s
z
e
v
o
s
‘

o
o
+
a
z
s
s
L
L
s
'

o
o
+
3
o
l
e
v
9
'

o
o
+
3
v
o
s
z
l
s
'

o
o
+
a
e
v
o
e
t
v
'

O
O
+
3
€
8
9
L
Z
V
'

0
0
+
3
9
0
v
s
z
e
'

0
0
+
3
0
1
9
9
1
E
'

o
o
+
3
L
o
o
z
v
z
'

0
0
+
3
z
1
1
0
1
1
'

i
o
-
a
s
c
s
v
o
s
‘

1
0
-
3
7
7
9
5
0
2
'

z
o
-
a
s
v
t
s
c
s
‘

O
O
+
3
0
6
€
Z
€
Z
'

1
0
+
a
s
t
o
r
1
1
'

1
0
+
3
z
1
5
3
1
1
'

0
0
+
3
9
8
1
L
v
s
'

Z
O
+
3
6
§
§
€
€
1
'

z
o
+
3
2
0
9
2
6
1
'

Z
O
+
3
6
1
9
1
8
1
‘

z
o
+
a
s
a
z
o
e
1
°

Z
O
+
3
1
L
8
8
3
1
'

z
o
+
a
s
e
z
1
2
1
'

Z
O
+
3
1
€
€
§
Z
I
'

z
o
+
3
s
s
o
c
z
l
°

z
o
+
a
z
z
v
o
z
1
'

C
O
+
3
7
1
8
L
1
1
'

3
0
+
3
6
6
3
8
1
1
'

z
o
+
3
s
r
v
s
o
s
'

Z
O
+
3
9
8
8
3
0
1
'

i
o
+
a
s
t
s
v
v
6
°

t
o
+
a
z
s
s
l
v
s
'

1
0
+
3
0
9
6
r
0
1
'

1
0
+
3
1
9
v
v
z
s
‘

1
0
+
3
9
1
6
€
1
€
'

1
0
+
3
8
8
8
6
3
3
‘

1
0
+
a
o
z
v
o
z
s
'

z
0
+
3
9
1
1
1
0
1
°

I
O
+
3
6
9
8
1
0
9
'

1
0
+
3
9
6
0
8
0
9
'

1
0
+
3
L
9
1
9
1
9
'

1
0
+
3
0
9
8
8
3
9
’

1
0
+
3
6
9
9
3
8
9
'

I
O
+
3
6
9
8
8
P
S
‘

1
0
+
!
8
9
0
9
9
9
'

I
O
+
3
6
9
0
1
L
S
'

1
0
+
3
0
L
0
6
8
9
'

1
0
+
3
0
8
6
0
1
9
'

1
0
+
3
L
L
0
8
8
9
'

I
O
+
3
6
9
3
3
L
9
'

I
O
+
3
1
8
7
9
1
L
'

1
0
+
3
6
0
3
9
L
L
'

1
0
+
3
§
9
9
9
9
8
'

I
O
+
3
9
8
0
§
L
6
'

Z
O
+
3
3
0
1
9
I
I
°

Z
O
+
3
L
9
8
8
7
1
'

Z
O
+
3
6
§
8
1
0
2
‘

3
0
+
3
6
L
9
1
0
3
'

3
0
+
3
O
L
€
6
9
1
°

'
0
8

B
T
B
V
I

1
0
+
3
€
6
0
8
0
1
'

1
0
+
3
6
1
1
0
1
1
'

1
0
+
3
0
€
v
3
1
1
'

1
0
+
3
9
8
0
9
1
1
'

I
O
+
3
1
9
1
8
1
1
'

I
O
+
3
8
9
L
I
Z
I
'

I
O
+
3
L
0
0
9
3
1
'

I
O
+
3
9
8
0
1
€
1
'

I
O
+
3
1
7
3
L
8
1
'

I
O
+
3
0
3
8
9
7
1
'

1
0
+
3
L
8
8
7
9
1
'

1
0
+
3
L
Z
§
9
9
1
'

I
O
+
3
3
3
9
3
8
1
'

1
0
+
3
L
0
9
7
0
3
'

I
O
+
3
8
8
0
9
8
8
'

1
0
+
3
3
9
8
8
8
6
'

1
0
+
S
V
V
C
C
Q
E
‘

1
0
+
3
1
6
L
Z
I
S
'

1
0
+
3
§
8
1
6
6
L
'

I
O
+
3
8
8
8
5
€
6
'

I
O
+
3
8
3
8
V
9
9
'

1
3

0
6

6
1

8
1

L
1

9
1

9
1

v
1

8
1

3
1

1
1

0
1



117

(B) Discussion and Conclusions

One of the original aims of the present study was to determine

the level structure of the q4q system and compare the computed results

with those observed for the charmonium system, the placement of the 180,

1P1, 1D2, and 3D2 configurations being of most interest.. When we

calculate the radiative decay widths of the charmonium states, we also

determine directly the masses of several of the ground state energies in

Gev. The position of these levels, given as a function of RAT, for

various quark mass parameters, is given in TABLE 14. The computer output

gives these computed masses for all m between 0 and 20, the ones given

in TABLE 14 being in the range where the best fit occurs to the harmonic

potential’s parameters. From the results given in TABLE 14 the 180

states come out fairly well, but the 3P states are rather poorly

determined, being off by 100 - 200 Mev. The 3? state splittings are

also incorrect. Observationally the (3P1-3Po) splitting is about three

times the (3P2-3P1) splitting but the computed values give the (3P2-3P1)

splitting to be about three times the (3P1-3Po) splitting. This, along

with the improper ordering of the 381 and 3D1 levels, shows that there

is an important contribution to the potential missing in this model.

The calculations using a coulomb potential -a/r give the well

known ordering 18; ZS and 1P degenerate; 3S, 2? and ID degenerate, etc.

while the same calculations for the harmonic potential Br2 give the

ordering 18; IF; 28 and 1D degenerate, etc. This observation implies

that a linear combination of these two potentials could be obtained to

produce the desired order structure for the 381 and 301 states. This

observation strongly implies that the missing piece in the potential is

of the form o/r for some finite 0. Given the matrix elements of 1/r for
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our trial wavefunctions, it would be an easy matter to search for a set

of acceptable parameters RAT, m, k and a to fit the spectrum and

possibly give a better handle on the decay widths for the charmonium

system.

In the case of the transition widths the electric dipole

transitions yield the correct order of magnitude. The observed widths

are in several cases lower than the ones determined in this calculation.

The radiative decay widths for the 2381 + 13?; + Y and 2381 + 13?; + Y,

for the values of the quark masses that result from fitting the

113685), 1(3095) mass difference, P(v(3095) + e++e-) decay width and

the triplet P splittings, are much larger than the experimental

findings. The calculated decay width for the 2381 + 13Po + Y is close to

the experimental results, and in general is between the values given by

the particle data group in [40] and the latest crystal ball experimental

finding [41]. The systematic behavior of the radiative decay widths for

w’ + 3Po,1,2 reported in [30] decrease as a function of J. Those

calculated here increase with J. The experimental findings show a small

decrease with J but the experimental errors are such one could say that

the decay widths are the same for Jh0,l, and 2. The decay widths for

the 3P states to the 1381 state are rather poorly determined, the 13Po +

1381 + Y being the best determined with an error of about 40 percent.

For the other cases the results given in [41] give about a 66 percent

error for the 13P2 + 1381 + Y and only an upper limit of less than 700

kev for the 13111 + 1331 + Y. The 13PJ + 1(3095) + Y decay widths, in

the region of the quark mass determined above, give the same result for

J81 and J-2 and about 40 kev less for J=0. The experimental results

could be consistant with almost anything.
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The calculated magnetic dipole radiative decay widths for the

transitions 2331 + 11s., + Y, 2331 + 2130 + Y, and 1331 + 1130 + Y are

given in figures 22 to 24 and in TABLE 15.

The magnetic dipole transition widths calculated here seem to be

generally lower than those determined experimentally, the computed

widths ranging from a third to a fifth below those found by experiment.

This is independent of the value of RAT used in the calculation, the

only possible exception being the #‘(3685) + nc(2980) + Y. For this

process the computed decay width is changing very rapidly in the region

of masses allowed by the fit in figure 12 and could be somewhat higher

(or lower) than the measured value.

In the calculation of the radiative decay widths of the

charmonium system, we needed only information on the W’(3685) - 4(3095)

mass difference and the real masses of the charmonium system. The decay

width calculation was carried out for 21 different values of the quark

mass. From this calculation no prediction for the decay widths can be

made because no value for the quark mass is determined. To determine a

choice, or range of choices, for the quark mass, we need some additional

information. This additional information comes from requiring that we

obtain a simultaneous fit to the ¢’(3685) - 4(3095) mass difference and

the 4(3095) + e++ e- decay width. This is done in principle by varying

the force constant in the harmonic oscillator potential. For each

choice of RAT this gives a range of values for m, the quark mass. If we

try to specify RAT, we also need an additional fit requirement. The one

chosen here was to try to make the observed 3P2(3551) - 3P1(3507) mass

difference be equal to the respective computed mass differences. It was

not possible to obtain this simultaneous fit from RAT. (See figures
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9-12.) We instead chose a value of RAT which produced a ¢’(3685) -

0(3095) and P[¢(3095) + e++ e-)] fit for the quark mass lying about half

way between the zero points of the observed mass differences minus the

computed mass differences of the 392(3551) - 3Po(34l4) and 322(3551) -

3P1(3507) states. (See figure 10.) One can however make use of the

decay width plots in a different way. we can ask what limits can be

placed upon the quark mass by the requirement that the computed decay

widths be compatible with the observed widths. From the results for the

3PJ +-1(3095) + Y widths, if the quark mass is much lower than m - 5.0,

the radiative decay widths become very large. If the quark mass is very

large, the decay widths could become too small compared to experiment to

be allowed. This alternate viewpoint could be very useful in obtaining

limits on the quark masses when the decay widths for the 3PJ states

become reasonably well determined. This same technique could be used

with other potential theories of q-E systems when the necessary

calculations are made, e.g. for the or + B/r potentials.

From the calculated results displayed in TABLE 23, most of the

widths predicted by this model are larger than those observed

experimentally, the S states being less than a factor of two different

and the P states being less than a factor of ten off.

The most interesting observation to be made from the last set of

tables (25 to 30) is to see where the decay widths computed by Cheat are

approximately equal to those determined in Orthog. The method used in

the Cheat calculation is typical of the charmonoium potential model

calculations. It replaces the momentum matrix element by the position

matrix element in the transition width formula, which is typical of what

is done in the study of atomic transition widths. This substitution is
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valid in the non-relativistic limit applicable to atomic spectra

studies, but from the results displayed in tables 26, 28, and 30 seems

inappropriate for charmonium model studies.

In view of the disagreement between the computed and observed

properties of the charmonium system, one can say that the model as

currently constituted is incorrect. It is possible that the addition of

one or more terms to our effective potential could produce results more

in tune with nature. The first obvious choice is the form o/r. The

reason for this choice, as indicated above, is to rectify the ordering

of the energy level structure in the 3(S-D)1 system. The changes in the

wavefunctions induced by this change in the potential might be

sufficient to induce an appreciable change in the transition widths

given above. A comparison of the radial integral for the 4’ + 3PJ + Y

decay with the 2381 wavefunctions shows that the major contribution to

the radial integral comes from a range of momentum values near the node

of the 2381 wavefunction. See figures 25, 26, and 27. The

corresponding curves for the magnetic dipole transitions are shown in

figure 28. Any changes of the wavefunction in this region could have an

appreciable effect upon the values of the radiative decay widths.
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(C) Summary

The Bethe-Salpeter equation is a relativistic wave equation that

can be used to describe bound states. This equation is in general

difficult to solve. Certain simplifications are usually made in

discussions of this equation. One such simplification is to replace the

interaction term by some effective potential form to describe the

interaction between the two particles. A review of effective potential

methods and their application to the hydrogen atom is described in a

review article by Grotch and Tennis [28]. The effective potential

chosen in this work is a linear combination of two harmonic oscillator

potentials. Using this potential between two spin 1/2 particles, the

spectrum of this two particle system is determined. By using the

coupling constants in the potential, and by shifting the overall zero

point of the potential, a fit is attempted for the c4: charmonium

system. In this fit the 3? states are lower than the observed states.

The 1180 and 21So states come close to the experimental values. Using

the wavefunctions determined by solving, numerically, the radial

Bethe-Salpeter equations, radiative decay widths are determined for all

those transitions observed experimentally. The computed decay widths

are within a factor of three to five of the experimentally determined

decay widths. The main defects of this model are the following. (i) It

predicts the wrong ordering of the 331 and 3D1 states. (ii) The 3P0,

3P1 and 3P2 splittings are incorrect, as well as the 351 and 3PJ

splittings. (iii) The systematic behavior of the computed and observed

¢’(3685) + 3P + Y decay widths are inconsistent. Experiments indicate

J

that these decay widths are approximately the same for all three 3PJ

states, but the model here gives results that increase with J. The only
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electric dipole decay widths in agreement with experiment are the

v’(3685) + 3P0 +1Y and the 3P0 + 1(3095) + Y, the best fit being for RAT

- -0.16 and m E 5.50. (iv) The magnetic dipole decay widths, when

compared to the experimental values, are too low by a factor of three to

five. (v) The predicted widths of the 1130, 2130, 13Po,-and 13P2 based

upon results given in [46] are too big.

On the more positive side, one of the most interesting results

is the ratio of the radiative decay widths computed by <f|§li> and

(£1311) given in tables 26, 28, and 30. These ratios show the method

used in some potential model charmonium calculations, e.g. [30], to be

suspect. The arguments used in support of this substitution of <fl;li>

for (£1311) are qualitative and not based upon actual calculation. As

far as I know this work is the first one to attempt to do both

calculations for the same potential function and compare the results.

The substitution when used in this calculation changed the

radiative decay widths appreciably. An example of this variation can be

seen by looking at TABLE 26 for m95.0. In this case this substitution

produced lower rates for the decays into the triplet P states from the

¢’(3685) level. This substitution also produced lower widths for the

3?; +-1K3095) + Y decays. When this substitution was made in the 3P0 +

0(3095) + Y and 3P1 + W(3095) + Y decay widths calculations, the widths

were increased by a factor of 2 to 4. This suggests that this

substitution yields very unreliable results and any agreement of these

calculations with experimental data is strictly coincidental.

In terms of comparison of the calculations of others with mine

on the charmonium radiative decay width, the appropriate comparisons are

not with my correct calculations displayed in figures 13 to 24 but
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rather with the Cheat values listed in tables 25, 27, and 29. The

reason for this is that almost all calculations done to date make the

replacement (£1311) by (fl;li) as is done in the Cheat calculations. As

can be seen from tables 26, 28, and 30, there can be, and usually are,

appreciable differences resulting in these two methods of determining

the radiative decay widths. Hence the validity of these published

calculations is very questionable. A comparison of three different

radiative decay width calculations with experimental results is shown in

figure 29.

Another item peculiar to this work is to show how the decay

widths vary as a function of the quark masses. For the electric dipole

cases the decay widths are rather flat, as a function of the quark mass,

for large values of the quark mass. This would indicate that when

information becomes available for the higher mass analogues of the

charmonium system, i.e. b-E and t-E, the radiative decay widths could be

compatible with experiments over a larger range in the quark masses. In

the low quark mass region where the c-E system is fit, a change in quark

mass of l to 2 units produces a large change in some of the decay widths

(factors of 3 or more in some cases). This variation of the widths with

quark mass can be used to place upper and lower limits to the quark

masses. If the quark mass is too low, the radiative decay widths become

much too large in many cases. If the quark mass is too large, the

radiative decay widths will be smaller than the experimental decay

widths. The most sensitive cases are the 3PJ decays into the 1(3095)

state. To be able to make use of the calculations in this way, however,

the experimental uncertainties in the 3PJ decay widths will have to be

improved considerably.
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The inclusion of a coulomb type potential form might eliminate

some or all of these problems. It is uncertain how the inclusion of an

o/r potential would affect the radiative decay widths. The a/r

potential would affect the wavefunctions most near the origin where the

energy levels would be affected, but in this region the decay matrix

element contribution is small. Therefore the inclusion of an o/r

potential might remedy some of these defects.
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Appendix I.l

Kinematic Constraints on the Singlet and Triplet Wavefunctions

The number of known exact solutions of the Bethe-Salpeter

equation is very very limited. In view of this, almost all calculations

involving the Bethe-Salpeter equation start out with some-truncated or

approximate version of the complete equation. Two common assumptions

made are:

(i) In a first approximation, retardation effects are ignored

initially, and if they are required, then they are computed as

perturbation effects.

(ii) One demands that the equation be correct up to order (v/c)2

and be linear in the potential function describing the interaction of

the two particles.

This combination of restrictions allows one to write the two-particle

Bethe-Salpeter equation in the form:

(no) + mp,» = K041 (1)

where

p+ - 11(2o +H)/8w2, p_ - -H(20.1 - H)/8w2 (2)

H = 2111p+ - 2wp_, p0 = (4m2 - H2)/4w2

where p+, p_, and p0 are projection operators onto the eigenvalues 2m,

-2m, and 0 of H(p). The application of po and p_ to equation (1) will

yield the following equations:

PoIH(p) + p+vp+I¢ = Kopoi = 0

135
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So

PoH(p)¢ + POP+VP+¢ = 0 + H(p)po¢ = 0 + H2(p)¢/4w2 = 1

p_[H(p) + p+vp+I¢ = Kop_¢ . o if K0 > 0

p_H(p)¢ - H(p)p_¢ = 0 + v-4 = 0

+ (H2<p>/842>¢ - (zen/84211 = 0

So

(H2(p)/4m2)¢ = (H/Zw)¢ - 1 + at = 268 (3)

The consequences of equation (3) upon the wavefunctions can be

found by expanding 4 in terms of various tensor forms, namely

1(p) - CS(p) + YuVu(p)C + 3-i<p)C/2 + E-i’(p)c/2

+ TuAu(P)YSC + YSCP(P) (4)

The matrix C in this decomposition represents the operation of charge

conjugation.

In terms of the two sided matrix notation, equation (3) with

4(p) as given by equation (4) is:

H(p)¢ - (8-3 + Bm)[CS + Yuvuc + E-Tc +3-T’ + YpAuTSC + Y5CP]

+ [CS + Yuvuc + E-IC + E-T’c + YuAuYsc + YSCP](-3T-§ + BTm)
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2414(1))-

The expression (6-5 + Bm)¢(p) + ¢(p)(-6T-S + BTm) is reduced to

a simpler form as follows: (i) Mbve the matrix C in the second term past

-6¢ and ET. This converts ~6T into 3 and BT into -8. With this the

second term has the form 4(p)(6-5 - Bm)C where 4(p) - ¢(p)C-1. (ii) We

now combine the same terms in ¢(p), viz., [(305+Bm);-9(655-Bm)lc and

make use of the following identities:

(62105-8) + (6-§)(3-A) =- 2(1-3)

(81-11(33) + (ii-8x341) - -2Y5(1-B)

(Hui-i) + (HRH) = anti-(bi)

1118(3'3) - m(o+1°6)8 = 411'; In

8(3-3)+(3-3)8 - o

The reduction is now rather easily done and the terms with the

same Y matrix structure are then collected together. The results are:
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MPH» = [(3.3 + 8m)sc + (an? - nose] + [ME-inst + iio<3ximc

-in(3-i)c + i?-(ExT)Y5c - 18(S-T)c - im(3-T)c]

+[-Y5(3-T)c + 13-(3xT)c - im(?-T)Ysc - (3-T)Y5c

-iEo(3xT)c + im(?-I)Ysc]

«116-ch + iE-(Sxi’m + midi-inc + (E-T’m

-13-(5xT’)c + in(?-T’)C]

+[-iYsB(3-A)c +iY-(3x1)c + im(3-K)c + iYsB(3-X)c

-i?-(Kx3)c - im(3-K)c]

+1-i(?oE)AtY5c + mAuYSC + i(§-$)AnY5c + mAnYSC]

+[-(8-5)PC + mBYSCP ' (E‘P)PC + 18751’“

- 2(§-$)sc + [21?o(3x6)Ysc - zim(Z-T)C]

+ His-into] + [us-inc + 21m(17°1’)C1 + [mi-(341m

+[2mAnY5C] + [-2(6°;)PC + ZmBYsC]

. 2[5-T’c + i(mT’ + (3x1))-Tc - S-Epc + 3-(35 - im1)c
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+ i(ExT)-?Ysc + mPBY5C + (mAu - E-T)YSCI

- 26150 + 1-1 c + annc + To; c + E-T’c + T-X Ysc

+ AbBYsc + YsPC].

The last equality is just H0 8 2m¢ (equation 3).

coefficients we see that

p-T’ - wS

imT’ + 1(3x1) - 61

-im9 + SS - wT’

icixi> - 41

-3 P - m T

mAu - S'T 3 NP

mP 3 ”An

(51)

(511)

(5111)

(Siv)

(61)

(611)

(6111)

Comparing the

The four equations in set (5) come from comparing the

coefficients of the following Y matrices: C, 1C, 6C, and ? TSC

respectively. The set of equations in (6) likewise comes from comparing

the coefficients of the following Y matrices: 6C, YSC, and BY5C

respectively. In this derivation we assumed that the YuVu term has only

three components, i.e. YuVu a 7-9 + 8V“ with VA = 0.
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From the set of equations (5) one can see that the scalar S, the

axial vector A, and the "pseudotensor three vector" T’ can all be

expressed as a function of the vector term V, viz.,

s - -(i/n)3-i <71)

1 - (i/o); x 11 (711)

ia-ummm4+56$» nun

Equation (71) comes from (51) by substituting in (Si) for E-T’ the

relation found by dotting the vector 5 into (Sii). Equation (7111)

comes from (511) by substituting into (511) for A from (Siv).

The set of equations (6) can also be expressed in terms of a

single potential function. In this case we choose P, and we are led to

the following relations:

1 . {-5741 P (81)

A1,- (In/in) P (811)

Equation (Si) is just the same as (61). Equation (Bii) comes from (611)

using (61) to eliminate the T dependence in favor of the P dependence.

One can therefore write the wavefunction for the Bethe-Salpeter equation

strictly in terms of the four functions P(p) and 9(p):

11 = <1/(2/2111-3-3/o + mBYS/w + Y5]Pc _ (9i)

+ +

31 - <1/(2/7111-13-i/m + i-i -(i/no)<n21 + 3(3-v11-s
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+ (17610? x ‘11-? 1511: (911)

The state decribed by (91) is the singlet one, and that described by

(911) is a vector or triplet state. The factor 1/(2/2) is a

normalization convention which comes from the requirement that

fd3x P*P - l

and

3

3 + 3



APPENDIX 1.2

SCHOONSCHIP DECOMPOSTION OF THE

BETHE-SALPETER EQUATION

THE FOLLOWING SCHOONSCHIP COMPUTER PROGRAMS. HAVE

PERFORMED THE REDUCTION OF THE SINGLET J-J TO THE FORM GIVEN

IN THE WORK OF CUNG AND OTHERS CITED IN THE BIBLIOGRAPHICAL

ESSAY. THE REDUCTION IS PERFORMED IN A TWO STEP PROCESS. IN

THE FIRST STEP ONE CHECKS THAT THE WAVE FUNCTION IS

TRANSFORMED BY LAMBDA-PLUS(PQ) INTO ITSELF.THEN THE FOLLOWING

SHORT COMPUTER PROGRAMS COMPLETE THE REDUCTION. THE FIRST

PROGRAM INVOLVING LAMBDA-PLUS1PP) ACTS ON THE WAVEFUNCTION

B(PQ) GIVING ONE OF THE TERMS IN THE FINAL REDUCTION. IN THE

NEXT SET OF TWO COMPUTER PROGRAMS THE REDUCTION IS CARRIED

OUT FOR THOSE TERMS THAT HAVE AN OVERALL COEFFICIENT OF C 0R

C*D RESPECTIVELY. IN EACH CASE THE REDUCTION IS DONE IN TWO

PARTS. IN THE FIRST PART THE REDUCTION ALPHA*B *ALPHA IS

PERFORMED AND THEN THE LAMBDA-PLUSIPP) TRANSFORMATION IS

APPLIED TO THE RESULT,GIVING THE FINAL FORM FOR THIS TERM.

IN THE SECOND CASE THE ALPHA-DOT-K TRANSFORMATION IS APPLIED

FIRST, AND THEN THE LAMBDA-PLUSIPP) TRANSFORMATION IS APPLIED

TO COMPLETE THIS PHASE OF THE REDUCTION.

NOTE THAT THE FIRST FOUR CARDS

“ BELOW ARE COMMON TO ALL OF THE

COMPUTER REDUCTION PROGRAMS

LISTED BELOW.

FOR CONVENIENCE, A FACTOR OF

ONE-HALF HAS BEEN OMITTED FROM

ALL OF THE A AND C TERMS IN THE

PROGRAMS LISTED BELOW.

,EE

m
—
m

>
¢
—
3

F’H.

K,PV-U,PW,PX=U,PY,PT-U,PU=Uv PP.PQ

Z-A*B*C

lD,A-1.0+I*G(J,4)*G(J.PQ)/V+M*G(J,4)/V

9 DE

U.NU

B C,

,P
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10,6-1.0+I*G(J,4)*G(J.PQ)/V-M*G(J,4)/v

|D,B-|*G§(J)*G(J,4)*G(J.PQI/V+M*G(J,4)*G5(J)/V+GS(J)

ID,TRICK,J

ID,G(J.PQ)*G(J.h)-’G(J,h)*G(J,PQ)

ID.G(J.PQ)*G(J.PQ)-PQDPQ

ID,G(J.PP)*G(J,4)--G(J,4)*G(J,PP)

10,G(J,PQ)*G(J,PP)-PQDPP+GS(J)*G(J,4)*G(J,PV)

ID,G(J,PP)*G(J,PQ)-PQDPP-85(J)*G(J,4)*G(J,PV)

ID,FUNCT.PV(HU+)-EPF(MU,PQ,PP,4)

ID,PPDPP-W**2-M**2

lD,PQDPQ-V*V-M*H

10,PP(4)-0.00

*END

Z-A*B*C

ID,A-1.0+I*G(J,4)*G(J,PP)/W+G(J,4)*M/W

lD,C-l.0+l*G(J.4)*G(J,PP)/W-G(J,4)*M/W

ID .3- I *65 (J) to (J , 4) *G (J , PQ) /V+M*G (J , 4) *65 (J) /V+GS (J)

ID,TR|CK,J

ID,G(J,PQ)*G(J,h)"G(J,4)*G(J,PQ)

ID.G(J.PQ)*G(J.PQ)-PQDPQ

ID,G(J,PP)*G(J,4)--G(J,4)*G(J,PP)

ID,G(J,PQ)*G(J,PP)-PQDPP+GS(J)*G(J,4)*G(J,PV)

ID,G(J.PP)*G(J,PQ)-PQDPP-85(J)*G(J,4)*G(J,PV)

ID,FUNCT,PV(MU+)-EPF(MU.PQ,PP,4)

ID.PPDPP-W**2-M**2

ID,PQDPO-V*V-M*M

ID.PQ(4)-0

ID,PP(4)-0.00

*END

IN THE NEXT TWO PROGRAMS, AN

OVERALL MINUS SIGN HAS BEEN

OMITTED. THE OUTPUT OF THESE

PARTS GENERATES THE C TERM FOR

THE BETHE-SALPETER EQUATION IN

THE WORK OF CUNG ET.AL. CITED

IN THE BIBLIOGRAPHY.

2-A+C+F

ID,A-G(J,1)*B*G(J.1)

ID.C‘G(J,2)*B*G(J,2)



144

ID.F-G(J.3)*B*G(J.3)

ID,B-|*GS(J)*G(J,4)*G(J.PQ)/V+H*G(J.4)*65(J)/V+G5(J)

ID.TRICK.J

ID.G(J.PQ)*G(J.4)--G(J.4)*G(J.PQ)

lD,PQ(4)-0.00

*END

Z-AXBXC

lD,A-1.0+I*G(J,4)*G(J,PP)/W+G(J,4)*M/W

ID,B--3.0*GS(J)-3.0*M*GS(J)*G(J,4)/V-|*GS(J)*G(J,4)*G(J.PQ)/V

ID,C-l.0+I*G(J,4)*G(J,PP)/W-G(J,4)*H/W

10.TRICK.J

ID.G(J.PQ)*G(J.4)--G(J.4)*G(J.PQ)

lD,G(J,PP)*G(J,4)--G(J,4)*G(J,PP)

10,6(J,PQ)*G(J,PP)-PPDPQ+I*65(J)*G(J,4)*G(J,PX)

10,6(J,PP)*G(J,PQ)-PPDPQ-l*GS(J)*G(J,4)*G(J,Px)

ID,FUNCT,PX(MU+)-EPF(MU,PQ,PP,4)

10,001 PR,PX(MU+)-EPF(MU,PQ,PP,4)

10,6(J,PP)*G(J,PP)-W**2-M**2

lD,PPDPP-W*W-M*M

ID,PQ(4)-0.00

10.9?(4)-0.00

*END

z-AXBXC

ID.A-|*G(J,4)*G(J,PK)

ID,C-I*G(J,4)*G(J,PK)

lD,B-I*65(J)*G(J.4)*G(J.PQ)/V+M*G(J,4)*GS(J)/V+GS(J)

ID.TRICK.J

lD,G(J,PQ)*G(J,4)--G(J,4)*G(J,PQ)

ID,G(J,PK)*G(J,4)--G(J,4)*G(J,PK)

10.6(J.PQ)*G(J.PQ)-PQDPQ

ID,PQDPQ-V**2-M**2

ID.PKDPK-I.0

lD,RK(4)-0.00

10.?014)-0.00

*END

z-A*B*c

ID.A-1.0+l*G(J,4)*G(J,PP)/W+G(J,4)*M/W

lD,C-1.0+l*G(J,4)*G(J,PP)/W-G(J,4)*M/W

10.8-GS(J)+M*GS(J)*G(J.4)/V-I*GS(J)*G(J.4)*G(J.PQ)/v
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Appendix 1.3

(i) Derivation of the 1JJ Equation for_a Coupled Vector-Scalar Interaction
 

The basic two-body 43 Bethe-Salpeter equation with both a vector

and a scalar harmonic oscillator potential is

+ ’ I 2 2 ’ + +’ - +’

2(w-u)f(p)+(v/(ww))1(21nw -m ) + A(m +1114 - P'P )If(p ) - 0 (1)

Here v = -(k/2)V§, 8(3)(3 - 3’) and A is one half of the ratio of the

scalar to vector coupling constant k. The derivation will consist of

rewriting VS, as Vi + (l/p2)V§ and performing the operations of the

radial and angular parts of the Laplacian in this equation separately

and then combining the results at the end. To simplify things, rewrite

(1) as

2<w-u>f<3) + <v/(44'))1<2+A)mm'- mzcl-A) - A 3'6’1f(5’) - o

This equation’s radial part can be written as:

{-2/k)12(w-11)]f + (2+A)V§f - (l-A)(m2/w)V§(f/w)

- (AP/midst) (2)

At this point we shall make use of the following identities:

V§(f/w) - (1/o)v§f - (2p/w3)df/dp - (3m2/w5)f (3)

V:(pf/m) - (p/owgt + (2n2/w3)df/dp + [(2mi/p) - (mzp )lf/m5 (4)

vficpzmmwmm =- vgf - trivia/4)

146



147

= Vif - (n/o)v§t 4 (2mp/m3)df/dp + (3m3/w5)f (5)

Inserting (3), (4), and (5) into (2) we have:

(-2/k)[2(w-u)1f + (2+A)v§t - (1-A)(m2/w)[<1/m)vgf -(2p/m3)df/dp

- <3m2/45111 - (Ap/m>1<p/4)v§t +'(2m2/m3)df/dp-

+ ((Zm“/p) - (mzp))f/wsl

- (-2/t)12<w~u)1f + v§t1<2+41 - <1-A)<n2/42) - (Ap2/4211

+ df/dp[(1-A)(2n2p/o“) - (2n2pa/o“)]

+ [(1-A)(3n“/66) - (2m“/w5)A + (Am2p2/m6]f

- (-2/k)[2(m-u)]f + v§t[(2o2-nn2)/oz1 + dt/dp[2n2po/o“]

+ [(3m“/ws)c - (Am2/w“)1f (6)

where a - l-2A.

Now look at the terms involving the angular part of the

Laplacian. In this case we have:

(v/(ww’))1<2+A)ww’ - m2(1—A> - A E-S’if<$’) =

[<2+A)IPZIVE1 - <1-A)(m2/<wzp2)>v§t - (Ap2/(wzp2))51V§fiif (7)

At this point we make use of the following identity:
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IVE. 8,1 - -28, + 2111 (a)

With identity (8) the expression (7) becomes:

(1/(42p211(<2+A)wZ—m2<1-A)lvit — A<p27<42p2118118,Vi-28,+ 2V11f

- (l/(m2p2))[(2+A)m2 - m2(l-A) — Ap21v§f + (2A/w2)f + 0 (9)

In (9) we have made use of the fact that piv 0.18

Now combining (9) with (6) we get the desired final expression

for the 1JJ equation:

(-2/k)[2(u)-u)]f + [Vif + (1/p2)v§t]((2o2 - amZ)/m2)

+ df/dp(2m2p/w“)u + [(3m2/w5)a + (Apz/w“)]f - O (10)

The quantity a appearing in expression (6) and equation (9) is just

1-2Ao
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(ii) Derivation of 3JJ Equation for a Coupled Vector-Scalar Interaction

The basic two-body 43 Bethe-Salpeter equation with both a vector

and a scalar harmonic oscillator potential is:

+

214-411(3) + <v/(mw’)){1<ww’+E-S’)I + <E$'-E’p>1

+ Ai(mz + 44' - 3-8'11 - (33’-6’S)1-f(5’) - o (1)

The quantity A is one half of the scalar to vector coupling strength.

Collecting terms simplifies equation (1) somewhat. When this is done,

the result is:

2<m—u)f<3) + (Vl(ww’)){[ww’(L+A) + S-i'cl-A) + AmZII

+ (1-A><53’-3’3>1-¥<3'> = 0. (2)

We now concentrate on the term involving the v in equation (2).

The quantity v for a harmonic oscillator potential takes the form

(-k/2)5(3)(§-3’)V;,. For ease of handling we shall split the Laplacian

up into its radial and angular parts and perform the reductions

separately. We begin with the radial component reduction.

(-2/k)[2<w-u)f + IV§f(1+A) + (l-A)(p/w)V§(pf/w) +

+ <Am2/41vgct/411 + o (3)

We now make use of the following identities in (3):

(i) v§(t/o) - (l/o)v§t - (2p/m3)df/dp - (3m2/w5)f
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(11) V:(pf/m)= (p/w)V§f + (2m2/w3)df/dp + [(2m"/p)-(m2p)]f/w5

With these substitutions we get:

(-2/k)[2(w-u)]f + (1+A)v§f + (1-A)(p/o)((p/o)v§t + (2n2/o3)df/dp

+{(2m“/p) - (m2p11f/451 + (Am2/m>1(1/w)vgf - (2p/o31df/dp

- (3m2/45)f1

- -(2/k)12(m-u)1f + V§f1(l+A) + (l-A)(p2/wz) + A(m2/wz)1

+ dt/dp[(1-A)(2n2p/d“) — A<2n2p/o“)]

+ [(l-A)((2m“/ws) - (m2p2/45)) - A(3m“/ws)1f <4)

The coefficients for Vif, df/dp, and f can be further simplified

as follows:

, Vif‘ 1+(p2/m2)-(2m2-m2)/m2; A(1--p2/o2 + mZ/m2)=A(m2-p2+m2)/w2

- 2Am2/w2

dt/dp: (1-4)<2m2p/4“) - A(2m2p/m“) - <1-2A)<2m2p/o“>

f: <1-A)<<2m1/46>-(m2p2/46>) - (smiA/wi) = <1-A)(3m‘1/46

—n2/o“) - (3n“A/66) a (3n1/o6)(1-2A) - (1-A)(n2/o“)
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Setting a = (I-ZA), expression (4) can be rewritten as:

-(2/k)[2(w-u)]f + V§f((2w2-am2)/m2) + df/dp[2m2pa/w“]

+ (3nio/o6 -(1-A)(n2/o“)1t (5)

To complete the derivation of the 3J equation we need to reduce

J

the part that comes from the angular part of the Laplacian. The

expression to be reduced is, from (3),

<1+A)<1/p2>V§£1 + (l-A)(p2/m2)(I/p2)fijvifijf1 + (AP/(«1211211113151

+ (bun/11121161173811?j - pjvgpitj] (6)

The reduction of this expression is aided by the use of the

following identities:

(i) IVE, pi] = -2pi + 2vi

(11) [via 81] . 511 ' filfij

Inserting these into (6) we get:

,(1+A)(1/p2)v§f1 + (1-A)(1/o2)pj[pjv§fi-2pjfi +2iji]

+(Am2/(mzp2))V§f1 + (l-A)(p2/(w2p2))[(Vi81+281-2V1)fijfj

- 2 -
(V,fij+291 27,18,111

- (l/pZ)VEfit(1+A)+(p2/42111-A)+<Am2/42)1 - 2(1-A)<1/621fi
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_ 2 -
+ (1 A)[(1/m )( ZViijj + 27 pif )1

J J

- (1/p2)<(2412-am2)/412)V§t1 - (1-A)(2/o2)ti

- 2 -+ (1 A)(1/o )(zvjpitj zvipjfj)

Combining this with (5) we have the final expression for the 3JJ system.

-(2/k)[2(w~u)]fi+ Vif1((2m2-um2)/m2) + dfildp(2m2pc/m“)

+ [amid/65 - (1-A)n2/o‘*]ii -(2(l-A)/m2)f1

+ (1/p2)((2oZ-on2)/oz)v§f1 + (1-A)(1/m2)(2VJfiifJ-2vipj fj)-O

and where

Vjfiifj- W33 -(L-§)f - (1/2)[3(3+1) - 1(l+1) -s(s+1)]f1

  

(iiia) The Radial Equation for the 3(J11)J Bethe-Salpeter Equation

with Vector Harmonic Potential
 

The starting equation is:

2(w-u)?<p) + (v/(ww 111611»+1: - 12’): - (w/<w+m))pp - («n/(w+1n)p+p’ ’

+

+ ES'<S-E'/<<m><o'+n)>+2) - E'pl-iis') - o (1)

The equation is an integral equation for 1(3). The choice of v(5,3’) -

(-k/2)V;,6<3)(3-3’) converts this integral equation into a second order

differential equation, which can then be separated in spherical
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coordinates to yield a "simple" ordinary differential equation for the

radial functions. The reduction makes use of the following relations:

2 . 2 2 2
Vp Vr + (l/p )V(

I. Radial case

(1) V§(f/w) = (l/m)V§f - (2p/w3)3f/3p - (3m2/m5)f

(11) V§(pf/w) - (p/w)V§f + (2m2/w3)3f/Bp + [(Zm“/p)-(m2p)]f/w5

(111) V§<p2f/<u<m>)) - vgf - mvgwm)

- Vif - (m/m)v§f + (2mp/m3)3f/3p + (3m3/w5)f

II. Angular case

(1) (Vi, pi] - -251 + 2vi

(11) [V13 fij] ’ 611 - fiifij

(111) (vi, 9151] - -4pifij + 2vi§j + 231vj

The seven terms in equation (1) involving V: are given next

along with reductions using the above relations:

(1) (v/(ww’))ww’ - Vif
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(2) (v/cwm’>>E-$’- flipj<p/m)v§<pf/w)

" fiifij(p/w)[(p/w)V§f + (2m2/w3)3f/ap

+ (Zulu/p - mzp)f/w5]

" fiifiilwzlszif + (2m2p/w“)3f/BP

+ (3m"/m6 - mzlm“)f]

- (p2/m2)v§f + (2m2p/m“)af/ap

+ (3m"/m6 - mzlw“)f]

<3) <-v/<mw’>><w’/<m«m>>§$ - — pifij<p2m<w+m>>>v§fJ

<4) <-v/<m¢')><m/<m'+m>>5’3’ = - fiifijV§(p2f /<w<m+m)>)
J

= - gifijlvgfj - (m/m)v§fj + (2mp/m3)3fj/3p + (3m3/w5)fjl

<5) <v/(wm'))3E’[$-5'/(<whm><w'+m))1

= 9153(p2/<m<w+m>>)v§<p2f /<m<w+m)>>
j

+(2mp/m3)3f= fiifij<pzl<w(w«m)))IV§f -<m/m)V§f /ap+<3m3/w5)f1
j J 3

++ ++

<6)+<7> <v/(ww')>(2pp’-p’p> = fiiflj(p/w)V§(pf/w)

= fi1$j(p/w)[(p/w)V§f+(2m2/w3)af/ap+<2m”/p - mzp)f/w5]
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- §1§j[(p2/m2)v§f + (ZmZp/m”)3f/3p + (3mulm5 - mZ/m“)f]

Now collect terms of the form V2rf ij/ap, and p and look

3’ ifijfj

at their coefficients. Doing this we get:

151193?ij [6U+611(pz/w2) - pZ/(Murhnn -1 + (m/m) + p2/(w(uH1n))

- mPZ/(wzw-hnD + 132le]

- fiifiJV§fjl(csz—mzixm2>6ij-<m~m>/m -1 +(m/w>+<m-m)/w

- mwflmz ... pz/wzl

-§1§jv2£ [((2m2-m2)/w2)6j -1 +(m/w) -1 +(m/m) +1 -(m/m)

-(m/w) +(m2/w2) +(pz/w2)]

- pifijv§f[((2m2-m2)/m2)5 +0]
13

- Vif ((2u2-m2)/m2)5

J 13

fiifijafj/apl511(2mzp/w“) - (2mp/w3) + (pZ/(w(w+m)))(2mp/w3)

+ (2m2p/m“)]

- fiisjafj/aplsij<2m2p/w“) - <2mp/w3> + (w-m><2mp/w“>+<2m2p/m“)1

wfiifij/3P[513(2m2p/w“) - (ZmP/w3) + (2mp/m3) - (Zmzp/w“)
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+ (Zmzp/m“)1

= fiifijafj/apléijCZmzp/w“)]

- (2m2p/m“)af /3p 5

3 ii

fiifij fjlcij(3m“/u6 - mz/w“> - <3m3/w5) + (3m3/m5)(p21(w<m+m)>)

+ (3m“/w5) - (m2/w“)1

. fiifijfj[5ij(3m“/m5 - mz/m“) - (3m3/m5) + (w-m)3m3/m6

+ (3m“/w5) - (m2/m“)l

- fiifijijiJOmWNS - mZ/m“) - (3m3/w5) + (3m3/m5) - (sun/M)

+ (3m“/w6) - (m2/w“)1

' fiifijijijOmu/w6 - m2/m“) - mZ/m“]

Now for the angular terms, we proceed in a similar manner.

(1) <v/<ww'>)<mm'> - <1/p2)v§f

<2) <v/(ww’>)<S-E’> = (bi/m)<v3/p2><si/w>£

- (pZ/m2><1/p2>p1v§tif

. (1/m2)§i[piv§ -251 +2v11£
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a (1/m2)v§f - (2/m2)f +0

(3) -<v/<mw'))<u’/(m>)3$ =- -<p2/<w<w+m>)mifijmpzwgfj

= -<1/<w(w+m)>>pi§jvgfj

. -(1/(m(m)))[vgfii§j + 45151 «2:115j -2fi1Vj]fj

2 .. ..

- -<1/<«»(«mn)))(waits;j + 4:115ij 217153155 251ij J1

<4) -<v/<w’>)<w/<m'+m>)5’3' =- -<p2/<m<m+m)>><1/p2>VEfi1fiifi

= '(1/(w(w+m)))Vifiipjfj

<5) <v/(m’n33’G-S’M(mum'm)>

p“/(w2(w+m)2)fiifik(1/P2)V§ fikfijfj

pz/cmRmflnsitkvg pkpjf j

Pz/(“2(w+m)2)[vifi1fik Mfiifik -2Vipk ‘2fiivklfikfijfj

p2/(w2(w+m)2) [Vifiifijf j+4fiifijfj-Zvifijfj-Zfiivkfikfijfj]

pz/(m2(m)2) [V319frap19 if j-zvits 1f 3
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- p2/(m2(m+m)2)[Vifiifijf1+4fiifijfj-2Vifijfj'0 ~4fiifijfj]

- Pz/(w2(w+m)2)[Vifiifijfj-Zvifijfj]

<6) 2<v/<wm'>)35’ - 2<p2/mz)51v3(1/p2)pjfj

- <2/m2)[V§51 -251 -2vi]5jtj

. 2 2 _(2/u )[VJipjfj +291§3f3 2vipjfj]

(7) -<v/<mm’)>§'3 = -<p2/52>5J<1/p2)v351fj

a - 2 2 -(I/w )[V(fiJ +25j Zlepifj

n— 2 2 :-(l/w )[v‘fiipjfj+25151£j 2v151£11

Now combine terms, looking at the coefficients of Vifi, Vifi

Vjfiifj, and pifijfj.

in'

sz [5

< J 11 <1/w2>1 - V26 f ((2w2-m2>/(p252))(l/pz) + 61 ( 11 j

J

visipjtj[-(1/(m(u+m)))-(1/(w<w+m))) +pz/(w2(w+m)2)+(2/w2)'(1/w2)]

- Vipipjij-(Z/(w(whm))) +(<w-m>/<w2(m+m)>> +<1/w2)1

- vfipipjij-(z/(w<m+m>>) +<1/(w<w+m))> -<m/<wz(w«m)>> +<1/m2)1

- Vfipipjfjl-(1/(w(whm)) -Cm/(w2(w+m))) +(1/w2)]
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vfisipjfj(1/(m2(w+m)))[-m-mi-m] ==0.

Vifijfj[+(2/(w(w+m))) -<2p2/<w2<w+m>2) -<4/52>1

- Vipjfj[+(2/(w(w+m))) -2(m-m)/<w2(w+m)) -<4/wz)1

- Vifijfj[(2w—2w+2w-4ur-4m)/(w2(m+m))]

-2V1fijfj[(2ur+m)/(w2(w-hn))]

ifj(2/m2) + fiivjfja/(MMD)<

u
. '
0
)

a 2 -(2/w >[51vj+5 j fiifijlfj +fi1ijj(2/(w(w+m)))

" Zfi V f [(1/w2)+ (1/(m(w+m)))1 +(2/m2)5
_ 2

1 J J iJfJ ‘2’” )fiifiifj

- ZfiiijJ[(2aH1n)/(w2(wi1n))l +<2/m2)51jfj 42/52»;ij

Now we do the fiifij terms. Note that we have obtained two

additional terms of this type in the V reduction.

351‘:

fiifijij-(Z/wzm -4/(w(w+m)) +(4/w2) -(2/w2) +(2/w2)61j-(2/w2)]
iJ

- fiifijfjl-(A/(w(whn))l

To proceed further we look at the term:

2 -
2((2ufl‘m)/(w (w‘hn)))(fii\7jfj Vifijfj)
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This term looks like 5 x F, i.e. an angular momentum or an t-§ type

structure. To proceed further just consider the fiin3 j -V1pjfj part.

pivjfj - vipjfj . [V151 - 51j+§ipj]fj - visjfj

- Vjfiifj - Vifijfj - aijfj + fiifijfj = I

Up to this point we have been somewhat sloppy in our notation

for typing purposes. The symbol V used up to this point is as defined
1

above to be given by V: - V§‘+ (l/p2)(Vi-Vi). Strictly speaking V here
i

should be explicitly written as (V()i, but was written as V1 for

convenience. To proceed further we need to distinguish between the

angular quantity (V()1 and the various components of the gradient

operator V . With this in mind we proceed on with the derivation of the

i

‘f-§ term.

(vp1 - vi - §1<$-$>. <v() vj - @jcp-V>j-

H

I [VJ-fij(p-V)]pifj -[V1-fii(p'V)]§jfj -5H + pisjfj

+ +

Vjfiifj 41stj - sjcp-3>pifj +51<po$>5j£j -6,J£j+oifijfj

i(xjfiifj-xipjfj) -i[fij(px)§i -51( p 'x)fijlfj-51jf j +fi1fijf j

-(i--§)1j-il<p x)fiifij Wifiifij P 'X)51§ j+151531f351jfj+fiifijfj

So we end up with
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2
2<2ar+m>/<w (w‘l'm))[fiiijj - Vifijfjll

= 2<2mm)/<«»2<w+m)>[-<1t-§>ij -6ij+fiifij]fj

=[-2<2m>/(w2(umn>) (1/2)[1(j+1)-1(l+1)1+2(2w+m)/(w2(ufl1n)]51jfj

-2<2m)/(m2<w+m>)6 +2<2m)/(w2<m)>tsits
ijfj ij

--(2w+m)/(w2(w+1n))[3(J+1)-1(1+1)]611fj Hum)/(m2<ur+m)M3113;j

Now we combine the fiifij term with that obtained above and we

have:

-4/(m(w+m)) +4/(w(ur+m)) +2m/(w2(w+m)) = 2m/(w2(w+1n))

This is the coefficient of the 5 term arising from the angular part
1‘53

of the Bethe-Salpeter equation reduction. Combining the above terms we

have:

Vii “ml—mamas” +(2m2p/m")(3f /3p)5

J J 1:!

+fiifijl5ij(3m"lw6 - 1112/00") - (m2/w“)l +V§((Zanz-qu)/m2132)511fj

-(2w+1n)/(w2(w+1n))[3(j+1)-1(1+1)161ij + (2m/(m2(uri~m))fi1§jfj

- (2/k)2(m-u)f1 (2)

This expression can be recast into a more convenient form by noting that
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(1) <<2w2—m2>/<w2p2))v§fjaij . -<(2w2-m2>/<w2p2))[1<1+1>1aijfj

= -<<2w2-m2>/(w2p2))[1(1+1) -j<3+1> +1<1+1>1<51jfj

= {-<<2w2-m2>/<w2p2))j<j+1> + <<2m2-m2>/<w2p2)[3<3+1)

-1(l+l)]}Gijfj

Now combine the [j(j+1) -1(l+1)] terms:

(11) <<2wLm2>/<w2p2>> - <<2m>/(u2<m>>>

I! <1/w2)[<w2/p2) + (mama/p2 - mum) -<w+m)/(w+m)1

(1/w2)[(w2/p2) + 1 - w/(w+m) - 1]

<1/w2>[<w2<m>-wp2>/<<w+m>p2)1

(I/wzpzmwzwm) - w<w+m><w-m>)/<w+m>1

(l/w2p2)[w2 -w(w-m)] = (1/w2p2)[mw] = m/(wpz)

So we have for

Vi<(2m7~mz)/(mzpz>>fi - <(2m>/(w2(m+mmlj<j+1) -1(1+1)]f1

the quantity

-<(2m2-mz>/(m2p2>>j<3+1)csijfj + (m/wp2)5ijfj[j(j+1)-l(l+1)I

With these last substitutions we have for the 3(Jil)J vector
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potential equation

-(2/k)2(m-M)fi(p) + ((2m2-m2)/w2)v§f -<(2m2—mZ)/(m2pz))j(j+1)fi

+(2m2p/w“>af1/ap + £1<p)[<3m“/m6> - (mZ/w“>1

_ 2 n.
(m /w )tiifijfj + (hum/(Maura)”1311511?j

+<m/(wp2>)[j(j+1) -1(1+1)1fi - o.

 
 

(iiib) The Radial Equation for the 3(J11)J Bethe-Salpeter Equation

with 2 Scalar Harmonic Potential
  

The starting point for the derivation is the equation

2(m-u>f<3> +A<v/<wm’)>[m2+mw’-3-$’>I -(53’-E’$)

+(1/<<w+m><m'+m>)<253'<S-E’> - E$<p’>2-E'S’<p2>>1-f<3)-o <1)

The reduction, as with the other cases discussed, is carried out

by first considering the radial part, then the angular part, and then

adding up the two contributions. The radial part reduction is aided by

the use of the following identities.
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(i) v§(f/m) = (1/w)v§f - (2p/m3)df/dp — (3m2/w5)f

<11) V§(pf/w) - (p/wwfi + (2m2/m3>df/dp + f(p)[2m‘*/<w5p)

_ m21,/ms]

(iii) v§<p2£/(<w+m)<w-m))> = V? - mvgcf/uo

- Vii - (m/m)v§f + (2mp/m3)df/dp + (3m3/m5)f

Writing v as ~(k/2)5(3)(3 - 3’)v§, with v§,f a Vif

+ (l/p'2)Vif and considering for the moment only the V: terms, we have

from (1):
O

-(2/k)[2<w~u>£<p)1 +A<m2/m)v§(i/m) +Av§f -A<p/m)V§<pf/w> (2)

The remaining terms sum up to zero. To see this note that

(A/(w(urhn)))[2(fiifikfikfijp2>Vf.(p2f/(w(w+1n))) - fiipjvgpzf‘nmwm»)

- pzfiifijV§(p2f/(w(ur+m)))]

is the contribution from the last three terms, and using pkfik - 1, we

have the resulting zero contribution here. The terms in (2) can be

reduced with the aid of (i) and (ii), giving
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-(2/k)2(w-u)f +A<m2/w>[(1/w)V§i - <2p/w3)df/dp - <3m2/w5)£1

+Av§f -A(p/m)[(p/w)v§f + (2m2/m3)df/dp + f(p)(2m“/(w5p)

-m2p/m5)] . -(2/k)2(w~u)f +Av§f[m2/u2 +1 -p2/w2]

-2A(2m2p/m“)df/dp -2Ai(p)[3m“/m6 - mZ/(2w“)] (3)

We now proceed with the angular part of the Laplacian.

A<pZ/<w2p2)>v§f1 +AV2f -A(Pz/(w2pp2))fijV25f

-Apz/(mzpz) (pivfi pjfj- pjv( fiifj )

-+Ap“/(m2(m+m)2p2)[zpipkfi pkfijfj- piijzf- vi pifijfj] (4)

The reduction of (4) is made easier by the use of the

identities:

2 ._
(i) [V‘,pi] 291 +2vi

(11) [V1953] a 611 - $151

2 - -(111) [v(’fiifij] 45151 +2V15j +2fiivj

The first three terms in (4) yield:
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A(m2/(w2p2))v§fi +-A(1/p2)v§fi -A(p2/(m2p2))fij[5jvg -2pj +2v ]fi
1

= Av§f1[m2/(w2p2) +(1/p2) - (pz/(m2p2))] + 2Af1/m2.

The fourth and fifth terms in (4) yield:

-Ap2/<m2p2>{tv§ a, +213i wins;j - [vi 51 +253 -2v1151£j}

=-A 2 m2 2 -2V f +2v fP /( p )[ ifij j jfii j]

The last terms yield the following:

I = Ap“/<w2<w+m>2p2>[zfiifik<pRVi ~25k +2vk)fijfj

_ 2 - _ 2 t.(v, i153 +4fiifij 2mj 251vj + V, fiifij)fjl

In this last expression we have used (i) on the first term and (iii) on

the second term. Making use of (i) and (ii), I is simplified as

follows:

I - Ap"/(u2<w«m>2p2>lzpivi fljfj -4§1fijfj-V§ fiifijfj -4fi1fijfj

..2+2V1fijfj +251ijj v( pipjfj]

- Ap“/(m2(m+m)2p2)[2(v§ gipjfj -2v1§jfj) -4515j£j —2v§pifij£j

-4§ipjfj +2v1§jfj +2p1ijj]

. Ap2/(w2(w+m)2)[-4V1fijfj -4§1§jfj +2V1pjfj +2injfj]
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- A 2/(2w2(w+m 2 -2v f +2 v f -4* f
p ) )[ ifii 3 fit 3 J pifij J]

The net result of these angular reductions is

vgfi[2Am2/(m2p2)1 + (2A/u2)f1 -(Ap2/(w2p2))[2Vjfiifj -2vifijfjl

2 2 2 - _
+(Ap /(w (w+m) )[2p1ijj ZVipjfj Apipjfjl.

The term Zinjfj can be rewritten as 2(Vjpj -61j + pipj)fj, which gives

v§£1<2Am2/<w2p2)) + <2A/w2>f1 - (Apz/(mzpzntzvjtsifj -2V1fijfjl

+A2m2ur+m22V f-Zf -2v f-Z f 5< p /< ( > )I 151 j 1 193 1 2121 j] < )

Combining the radial and angular parts we obtain:

(-2/k)2(w—u)fi(p) - 2(Am2/u2)v§f1 -2(2Am2p/m“)d£/dp

-2A£1(p)[3m“/m5 - mZ/zm“] + (2Am2/(m2p2))v§f1 +2A(f1/m2)

.. 2 _ 2 2 2 -(A/m )[zvjfijfj zvifijfj] +(Ap /(m (m+m) )[ZVinfJ 2fi

-2vj§jfj -2§1pjfj] (6)

The equation (6), or rather some of its angular terms, can still

be simplified.

2
(1) The V‘fi term.

As noted in connection with the vector potential equation

'_L
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v22 =- -1(1+1)fj - -[j(j+1) -j(j+1) +1(1+1)]f
< j

J

' -j(j+1)f + [j(j+l) -1(1+1)]f

j .1

(ii) (Vjpjfj - Vipjfj) terms

- 2 _ 2 2 2 _
2[A/w Ap /(w (urhn) )IIVJfiifj Vifijfj]

.- 2 2- 2 2 _
2(A/w )[((urhn) p )/(uH1n) 1(‘7jf51fj Vifijfj)

=-2(A/m2)[((uflm)[(m)-(w-m)])/((ur+m)(ur+m))](Vjfiifj-vifijfj)

.- 2 -2(A/m )(2m/(m+m))[Vjfi1fj vipjfj]

--2(2mA/<m2(m+m))[-i-§]ij

Inserting these relations into (6) we have

(2/k)2(m-u)f1(p) - 2(Am2/m2)V§f1 -2(2Am2p/m‘*)df/dp

-2Af1(p)[3m“/m5 - mz/Zm"] - (2Am2/(w2p2))j(3+l)fi(p)

+2(A/w2)f1 -2(2mA/(u2(m)))t-£-§1 if j

+(2Am2/(w2p2))[3(j+1)-1(1+1)1f1

- 2 -2Acw-m>/(w (mung pifijlfj

Using (f-§)ij- (j2-12-32)(1/2)6ij we have
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(2/k)2(m~u)f1(p) - 2(Am2/m2)v§£1-2(2AmZp/m“)dfi/dp

-'21‘.fi(p)[3m"/m6 - mZ/Zw'fl -(2Am2/(w2p2)).1(j+1) +(2A/m2)f1

+(2mA/(m2(m))>li<i+1) -1<1+1>1fi

+(2Am2/(w2p2))[1(11-l)-1(1+1)lfi +(2A(m-m)/(m2(u-Hn)))fiipjfj.

-(2A(m-m)/(w2(omn)))f1 + 2(2mA/(w2(urm>))f1(p)

Combining the [j(j+l) -l(l+l)] terms we have for its coefficient

2mA/(wp2). Finally we have

(2/k)2(m-u)£i - (2Am2/m2)v§£1-2(2Am2p/m“)dfi/dp

-2A£1(p)[3m“/m6 - m2/2w"] - (2Am2/cw2p2>)i<i+1>

+[i(i+1)-1(1+1)1(2mA/cwp2» + (ZACw-m)/(w2(w+1n)))fiifijf J

(111C) Combining the 3(J31)J Scalar and Vector Potential Forms
 

 

We now combine the terms arising from the potential in the two

previous equations, i.e. the Bethe-Salpeter equation with a pure vector

potential and the same equation with a pure scalar potential. we

proceed directly by writing out the terms indicated.
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amazon-mi - [<2w2-m2)/w2 + 2Am2/w21Vrf1(P)

+ [(2w2-m2)/m2 - 2Am2/<w2p2>13(3+1>£1<p>

+ [2m2p/w" - 2(2Am2/w2)]df1(p)/dp + i1(p)[3m‘*/w6 - mZ/m“

-2A(3m‘*/w5 - 113/m“)! + Ira/(mp2) + 2mA/cwp2)1[i<i+1)

-1(1+1)]f1(p) + [2m/(w2(w+m))+2A(w-m)/(w2(w+m))lfiifijffp)

“fiifijmz/w“) - [(ZwZ-am2)/m2]Vrf1(p)

+ [(sz-amz)/wzlj(j+1)fi(p) + (2m2pa/m“)df1(p)/dp

+ fi(p)[3m‘°a/m6 - maze/M] + (my/mp2)[j(j+l)-l(l+l)]fi(p)

+ fiifijijZm/(wzmimn + 2A(u-m)/(w2(m))l

- T1 (mz/w")

J

In this last equation we have defined a - 1-2A, B - (3-2A)/2,

y - 1 + 2A, 6 - l - A, and

T11 - 6161 - diagonal part

-{<1/2>I - JET—Di» /(2j+1) “x — <1/<2<2i+1>>> oz] - (1/2>I

With this the final form is the following:
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(2/k>2(w~u)fi<p>=((sz-am2)/w2)V§f1(p> + ((2w2-0m2)/w2)j(j+1)fi(p)

+ (2m2pa/m“)df1(p)/dp + [3m"a/w6 - mZB/m“]f1(p)

+ (mY/(wp2))[J(i+l)-1(l+1)lf1(p)

+[2m5/(w2wm) +2A/(m<ur+m)>1[<1/2)I -<v’1‘('}+‘1')/(2;1+1))c:x

- (1/(2(23+l)))oz] (p)
11 £1

+ [(IETEFT)/(Zi+1))cx + (1/(2(2j+1)))Ozlijfj(p)(m2/w“)



Appendix 1.4

Integrating Factors and the Sturm-Liouville Form

(a) The Integrating Factor or Multiplier

The arguments of the functions f and f below depend only on the

i

magnitude of the momentum p.

From Appendix 1.3 the radial equations for the three cases to be

\ considered are:

(-2/k)2(w-u)f + [Vif - <1/p2)3<i+1)1<<2m2-am2)/w2))

+ (2m2pa/m“)df/dp + [Smua/ws + ApZ/wzlf - o (1)

<-2/k>2<w—u>f1 + [vii-1 - <1/p2)i<3+1>1<<2u2—am2)/w2>

+ (2m2pa/m“)d£1mp + [3m“a/w5 - (1--A)(m2/m'*)]f1 - o (2)

(-2/k)2<w—u>f1 + [Vifi - <1/p2)i<i+1>1((2w2-am2>/w2)

+ (2m2pa/u“)df1/dp + [3m‘*a/w5 - mzslw“ + (mY/(wp2))(j(j+l)

- 1(1+1))] + [2m6/(m2(w+m)) + 221/(m(u>+1n))][(1/2)6ij

- (W/(znlnox - (l/(2(23+1)))ozlijfj

+ (m2/w“>[<IETEIT7/(2i+1))ox + (1/(2(2j+1)))azlijfj - o (3)

The SturmeLiouville (or self-adjoint) form of a second order

ordinary differential equation a(x)y” + b(x)y’ + c(x)y a 0 is
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d/dx[p(x)y’] + q(x)y = 0. To transform any second order ordinary

differential equation into its associated Sturm-Liouville form one must

determine a multiplier function s(x) such that a(x)s(x) - p(x) and

b(x)s(x) - dp(x)/dx. Since the multiplier is determined by the

coefficients of the first and second derivative terms alone, all three

cases listed above will have the same multiplier s(x). To proceed

further we first rewrite the 1J equation using:
J

Vif . (1/p2)(d/dp p2 d/dp)f - de/dp2 + (2/p)df/dp

With this the 1JJ equation takes the form:

{-2/k)2(m-u)f + (<2w2-am2)/m2)<d2f/dp2 + (Z/p)df/dp)

+ (Zmzpc/m“)df/dp + [3m"a/w6 + ApZ/mzlf - 0

The coefficients of the second and first derivative terms are easily

seen to be:

a(p) - coefficient of dzf/dp2 - ((2m2-am2)/m2) (4)

b(p) - coefficient of df/dp - ((zuZ-on2)/u2)(2/p)+(2n2po/u“) (5)

To determine s(p) we make use of its defining relation:

d/dp[a(p)s(p)] = b(p)s(p)

whose solution is given by

s(p) - (1/a(p)) exp(f(b(p)/a(p))dp

Set
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q(p) - <b<p>/a<p)) - (shah/(21924132)t<<2p2+nz)/<p2+m2))(2/p)

+ (2m2ap)/(p2+m2)2] = (Z/p) + (2mzap)/((2pzhfiz)(p2+m2))

First note that f(2/p)dp - ln(p2) and that we have set fi2 = (2 - a)m2.

The second integral is a little harder and we do this by means of a

partial fraction expansion. .Set p2 - y, so that the second integral now

reads

m2a1<1/<(2y+fiz><y+m2)))dy

Expanding the integrand

A/(Zyi-fiz) + s/(mz)-1/((2ysn2)<m2))

yields the relation

A<y+m2> + B(2y+fiz) = 1

so that

y(A+ZB) - 0, mzA + E1213 - 1

From the first of these relations we see that A = -ZB and from the

second -2sz + 523 . 1, so that

B - -<1/(2m2-fiz)) = -(1/am2).

and

A ' +(2/am2)

We can now write



175

I<1/(<m2><2y+n2>))dy = f[(2/am2)<1/(2y+n2) - (l/am2)(1/(y+m2))]dy

- (2/au2)[<1/2>1n<2y+nz>1 -<1/am2)1n<y+m2>

- (llamz)[1n((2y+nZ)/(y+m2))l

Combining things we see that

a(p) a I<2w2-auzl/m21“lexptln<p2> + ln((2P2+fiZ)/(P2+m2))]

= [(Zuz-am2)/w2]'lexp[1n(p2(2w2-am2)/w2)]

.p2

(b) The Sturm-Liouville Form and the Lagrangian

The Sturm-Liouville forms of the 1J
J: 3JJ. and 3(Jil)J equations

are:

-(2p2/k)2(w-u)f + d/dptp2((sz-am2>/u2)di/dp1

+ [3m“ap2/w6 + Ap“/w“1f - <<2w2-am2>/w2>i<i+1)f = o (1)

-(292/k)2(w-u)f1 + d/dplp2((ZwZ-am2)/w2)dfi/dpl

- ((sz-am2)/w2)j(j+l)fi + [3muap2/m5 - (l-A.)n2p2/u‘*1f1 - o (2)

-<2p2/k>2<m~u>ti + d/dp[pz((ZwZ-am2)/w2)dfi/dp]

-[(2w2-am2)/w2]j(j+l)f1 + [3n“op2/u6 - nzpze/u“
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+(tnY/m)(_1(j+1)'-l(1+1))1fi + [(Zmpzé/(w2(ur+m)))

+ (ZApz/(w(w+m)))][(1/2)5ij- (MT—Ti3+1 /<2i+1>)<ox)ij

-(l/(2(2j+1)))(oz) 1f +(m2p2/w“>[<<fi‘(i+'T)/<2h1>><ax)
13 j ij

+ (1/(2(Zj+1)))(oz) lfj = o <3)
11

These equations follow from the corresponding equations in

appendix I.4(a), namely equations (1),(2), and (3) there, using the

substitutions for the first and second derivative terms as given by (Z)

and (5) in the same appendix multiplied by p2, the integrating factor

found in appendix I.4(a).



Appendix I.5

Limiting Cases of the Radial Equations

 

and the Lagrangians for the Radial Equations
 

We shall look at the four limiting cases: (i) p + a, (ii) p + 0,

(iii) m + w, and (iv) m + 0.

(i)p+a

To look at p + '5 we first write out the coefficients of the

first and second derivatives of our equations. Note that these will be

the same for all three equations.

d/dplp2((2w2-6m2)/w2)df/dp] = [p2(2w2-am2)/w2]d2f/dp2

- + d/dp[p2(2w2-am2)/w2]df/dp

d/dp[p2(2mz-am2)/m2] - 2p(2m2-um2)/w2 +(p2/m2)hp

- (p2(2u2-an2)/u“)2p

The coefficient of dzf/dp2 goes like 2p2 as p + "a The

coefficient of df/dp has a factor of 4p for its leading term as p + fl.

To complete the discussion one needs to look at the coefficients

of the undifferentiated terms. In this case the three equations have

different coefficients and each needs to be looked at separately.

IJJ: [3u“ap2/u6 + Ap“/u“ - ((2w2-0m2)/m2)j(j+1) -4p2m/k

+ (ZpZ/k)E1f + -(2p2/k)(2w-E)f

177
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3JJ: [3m“op2/u5 - (l-A)n2p2/u“ - 4p2w/k + 2p2E/k

- (<2w2-am2)/u2)i(j+1)1f + (-2p2/k>(2m~E)f

3(J11)J: In this case one can also see by counting powers of p that the

leading behavior is given by the same factor as in the 1JJ and the 3.]J

cases. In these three cases it is appropriate to replace m by p for

large p and for finite m << p. In each case then the equation

appropriate to the limit p + "113

2p2 dzf/dpz + 4p df/dp - (sz/k)(2p-E)f . 0

or

dzf/dp2 + (2/p)df7dp - (l/k)(2p-E)f - 0 (1)

If we set

f(p) - u(p)/p (2)

then

df/dp - -(1/p2)u(p) + (l/p)dU(p)/dp (3)

de/dp2 - <2/p3)u<p) - <1/p2>du/dp - <1/p21du/dp + (l/pmzu/dp2

- <1/p1d2u/dp2 - <2/p>du/dp + <2/p3>u<p) <4)

Inserting equations (2), (3), and (4) into equation (1), we have



 

179

<1/p>d2u/dp2 - <2/p>du/dp + <2/p3)u(p) + <2/p>1<1/p>du/dp

- <1/p2)u1 - (l/k)<2p-E>u<p>/p = 0

or

azu/dp2 - ((2p/k) - (E/k>)u<p> = o ' (5)

(ii) Case of p + O, for finite m > 0.

Look at the coefficients of the first and second derivative

terms first, which from part (i) are:

p2(2wz-am2)/w2 (second derivative)

and

2p((2w2-am2)/w2) + (p2/w2)4p - (p2(2m2-am2)/w“)213

(first derivative)

As p + 0, these coefficients become

P2((2m2-am2)/m2)

and

2p<<2m2—an2)/m2> + <4p3/m2> - 2p3<2m2-am2)/m“

respectively. Keeping only the leading term in p for these two cases,

we have that
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For

180

p2(2-a) = coefficient of second derivative term

2p(2-a) - coefficient of first derivative term

the 1JJ equation the coefficient of f(p) is

3m“ap2/w6 + Ap“/w“ -((2w2-am2)/w2)j(j+l) - 4p2m/k 1>2p2Elk

small p this goes over into [-(2-a)j(j+l)].

the 3.]J case we have

[3m"ap2/u5 - (l-A)m2p2/cn‘* - ((2u2-m2)/w2)1(j+1) - (2132/1020)

+ 2pZE/k1 + -<2-a>1<i+1).

the 3(J11)J case we have

[3m“ap2/w6 - mzpze/u'+ + (mY/w)[j(i+1)-1(1+l)]

-((2w2-am2>/w2)i<i+1>lf1 - [2mp26/<w2<whm))

+ Ap2/(m(w+m))][(l/2)51J - «323+'15/(23+1))(<lx)1
J

- (1/(2(23+1)))(Oz)ij]fj

- [(mZpZ/w“>{NEWS/unn)(ax)ij+<1/(2<23+1)))<az)1j1fj

+ [Y[J(j+1)-1(l+l)] - (2-a)j(J+l)Ifi.

Now recall that a = l-ZA and Y = 1+2A; so we have for the
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3011)J case:

[(l+2A)j(j+1) - (1+2A)l(l+1) - (2-1+2A)j(j+1)]

- [j(3+1){1+2As2+1-2A} - (1+2A)l(1+1)]

- [j(j+1){0} - (1+2A)1(l+1)] = -(1+2A)1(L+l)

3.]J and 1JJ cases:

-(2-a)j(j+l) - -(2-1+2A)l(l+l) - -(l+2A)[1(l+l)]

since 1 - l in the 3JJ and 1JJ cases. Therefore all three equations have

the same functional form for p + 0 and for m finite and m > 0, namely

«fit/cm2 + (2/p)df/dp - (1(1+1>/p2>f = 0 (6)

(iii) Case of m + a

Proceeding as in the previous cases we start with the

coefficients of the first and second derivatives of f.

coefficient of dzf/dp2 - p2((2m2-am2)/w2) + (2-a)p2

coefficient of df/dp - 2p((2m2-am2)/m2) + 4p3/w2

- 2p3(2u2-an2)/u“ + 2p(2-o) + 4p3/n2 - 2p3(2-o)/n2

- 2p(2-o) + 2p3a/m2.

The coefficient of the undifferentiated term is



182

[3ml’cp2/m6 + Apu/w” - ((Zmz-am2)/m2)j(j+1) - (2p2/k)2w

+ (2p2/k)E] + [aapz/m2 + Ap“/m“ - (2-a)j(j+1)

- <2p2/k)<2m + (pzlm) + -E)]

where we have made the approximation w = m and in (2p2/k)2m we have

 

made use of the expansion w a /m2+p2 a m'+ (p2/2m) + ...

Here we have set E a 2m + A. Collecting terms we now have

(2-<u)1)2c12f/dp2 + 2p(2-a)df/dp + {-(2-a)j(J+l) - (szlk)(p2/m)

+ (2p2/k)l]f a 0

or

de/dpz + (2/p)df/dp + [2A/<k(2-a)) - j(i+l)/P2

- 2p¢/(mk<2-a>1f<p> = 0 <7)

Comparing this last equation with that for the radial equation

of the three dimensional harmonic oscillator such as is found in [38],

we see that they are of the same form if the force constant is taken to

be k(2-a) - k(l+2A).

In a like manner one proceeds to show that the 3JJ and 3(J11)J

equations give rise to this same limiting form.

(iv) Case of m + O
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Proceeding as in the previous three cases we look at the

coefficients of the first and second derivatives of f.

coefficient of de/dpz: p2((2w2-am2)/m2) + 2p2

coefficient of df/dp: 2p((2u2-cm2)/u2) - (4p3/u2)

- p2((2w2-am2)/w“)2p + 4p - 4p - 4p - 4p

coefficient of undifferentiated term:

[3111“0I132/m6 + Ap“/w‘* - ((ZwZ-amz)/w2)J(J+1) - (2p2/k)2w

+ <2p2/k1E1 + o + A - zi<i+1) - (2p2/k)(2p-E>

For the 1JJ equation in the limit m + 0 we have the form:

2p2d2f/dp2 + 4pdf/dp + [A - 2j(j+1) - 2p2(2p-E)/k]f - 0

or

de/dp2 + <2/p1df/dp + 1A/(2p21 - J(J+1)/p2 - (zp-E)/k1f - o (a)

In this case the other two equations do not reduce to the same

limiting form. For the 3JJ equation, the coefficient of the

undifferentiated term is

-21(1+1> - (sz/k)<2p-E).

For the 3(J31)J case this same coefficient is:
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{-2i<i+1)1f1 + AMI/2Nij - (/j(j+1)/(2i+l))(0x)1j

‘<1/(2(25+1)))(°z>131f3 - (2p2/k)(2p-E>fi

In this limit these equations become

3JJ= de/dp2 +.(2/p)df/dp + 1-1<i+1)/p2 - <2p-E>/k1f = o (9)

3(J11)J: dzfildpz + (2/p)df1/dp + [-(j(3+1)/p2)5ij

+(A/sz){(1/2)51j - <43?3¥T7'/<2i+1))(ax>1j

- <1/<2<23+1>>)<az) 1 - <<2p-E>/k)61.jlfJ - o (10)
11

Note if A - 0 then all three equations in the m - 0 limit have the same

form again.

(v) Lagrangians of the Radial Equations

The general form of these, or any, Sturm-Liouville equation is:

d/dx[p(x)df/dx] + [q(x) + lr(x)]f - 0.

It is well known that such equations arise as the Euler-Lagrange

equations associated with the Isoperimetric Problem in the calculus of

variations. The statement of this problem is to find a function f(x)

such that the following integral

I - (1/21fB [p(x)(df/dx)2 - q(x)f2]dx a [3 £(x,y,y’)dx (11)

A A

is an extremum, subject to the further constraint that
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(1/2)fB r(x)f2 dx = 1. (12)

A

The limits A and B may be finite or infinite, p(x) must be

differentiable for x in the region A < x < B, and q(x) and r(x) should

be continuous in the same region.

The associated Lagrangians for the equations are respectively

£1 - <1/2)[p2<<2w2-am2)/w2)<df/dp>2 - <1/2113n‘icp2/o6 + Ash/u“

- <<2w2-m2>/m2):1(1+1) - (zpznomlf2

£2 - (1/2)[p2<<2w2-su2>/w2>1(df/dp>2 — (l/zmn‘ispZ/m6

-<1-A)m2p2/m“ - ((2w2-am5)/w2)i<i+1> - (2p2/k12w1f2

£3 - (1/2)[P2((2w2-0m2)/w2)1(dfi/dp)2 - (1/2)[3n"o1p2/u6 - anZB/u“

+ (mY/w)(j(j+1)-1(1+l)) - (2p2/k)2w - ((ZwZ-am2)/w2)j(j+1)]f2

- <1/2)1<2mp26/<w2<mn>)> + ApZ/wcwnnu/mij

_ (v"iTj’i?1‘5‘/<2i+1))(ax)ij - <1/<2<23+1)))(°a’ii]f12

- (1/2){(m292/w‘*)[(F——j(i+l)/(21+1))(Ox)ij

2
+ <1/(2(2;1+1)))(oz)ij]1fj
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where a = 1-2A, 8 = (3-2A)/2, Y - 1+2A, 6 = 1-A, and the common

constraint condition is

(22/k)IB pzlf1(p)12 dp = 1.
A



Appendix 1.6

Solutions of Limiting Forms of the Radial Bethe-Salpeter Equations

and the Choice of the Variational Trial Wave Functions

We first obtain solutions of the limiting forms of the equations

derived in appendix I.5(i) and (ii). We first discuss the case of p +

0. In this case the equations have the limiting form [equation (5) of

appendix I.5(i)]:

dzu/dpz - (2/k)pu + (E/k)u = o (1)

If we set y - a(p-E/Z), equation (1) becomes

dZu/dy2 - yu - o (2)

for the choice a - 34(27E). The solution of equation (2) is the Airy

function.

If p + 0, then the limiting forms of these equations again all

take on the same form, namely equation (6) of appendix I.5(ii):

dzf/dp2 + (2/p>df/dp - [2(2+1>/p21f - o (3)

The general solution of equation (3) is

f(p) = apz + bp-(z+1)

We impose the requirement that f(p) + 0 as p2 which requires that b E 0.

The idea now is to make use of these two limiting forms of the

Bethe-Salpeter equations to obtain "good" approximate solutions to these

equations. One method is to write the approximate solutions in the

form:

187
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f(p) = [p‘13<p>[Ai<3/?§7E7'p>/p1 <4)

This particular form does not preserve the above limiting forms however.

This particular problem can be easily taken care of by modifying

equation (4) to read:

1

f(p) - [p‘13<p>[Ai(3/?§7E7 p>1<1/<a + p‘+ >> ' (5)

with a > O.

The form of the Airy function is somewhat awkward to deal with

for the following reasons. The constant k which appears in the argument

is one of the parameters that is to be determined by comparing the

eigenvalue spectrum and decay rates calculated by these equations to

those observed experimentally. A second reason is that Ai(x) for x =_3S

300
is very small (8 10- ). The expected value of k from previous

calculations is about .3. The numerical integration routine to be used

is a Gauss-Laguerre algorithm whose abscissa range will pass this limit.

The more points used in the numerical integration, the better the energy

eigenvalues will be, especially if those points are near x - 0. This

factor of 3/(57E) can be eliminated from the argument of the Airy

function by making the following change of scale.

p - 3VZE725 x m = 341E725 K (6)

Inserting (6) into the term

d/dp[p2((2mZ-am2)/w2)df/dp]

we have

d/dx[x2((ZwZ-aK2)/w2)df/dx]
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2
where w = x2 + K2 now. In the coefficient of the f(p) terms we have

IJJ: [amiapz/ue + Ap“/w'* - ((2w2-0m2)/w2))j(j+1)

- (zpzlkXZw-Enflp)

+ [Bruaxz/ws + saw/u“ - ((sz-aK2)/w2))j(j+l)

- 2x2m - 34(27k) Ex2]f(x)

The éJJ and the 3(Jil)J equations behave in a similar manner, i.e. with

the substitutions p + x and m + K, all of the terms in the coefficient

remain of the same form with the exception of the (2p2/k)(2m~E) term.

This term, as in the lJJ case, becomes

2x2m - 3J127k) sz

In terms of the variables x and K the variational problem now

reads: Find those functions f(x) which render the following integrals an

extremum

I0£1<x.f<x),f’<x>>dx (7)

subject to the constraint

3% E I0 x2f2(x)dx a 1 (3)

The functions £1(x,f(x),f’(x)) are
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i1(X.f(X).f’(x)) - (1/2)(df/dX)2[x2(2w2-am2)/w2]

- (1/2)[3t“cx2/u6 + Ax“/u“ - ((2m2-aK2)/m2)j(j+l)

- 2x2u1f2 (9)

£2(x.f(x>.f’(x)> - (1/2)(df/dx)2[x2<2w2-am2)/w21

- (1/2)[3K“ax2/m6 - (l-A)(K2x2/w“) - ((sz-aK2)/w2)J(J+1)

- 2x2u1f2 (10)

£a<x.f(x).f’(x)) - (1/2)[x2(2u2-am2>/w21(dfi/dx)2

(1/2)[31<"ax2/u16 - szzslm“ + (Ky/m)[j(j+l)-£(£+l)]

- ((2w2-0K2)/m2)3(3+1) - 2x2m1f12<x>

<1/2112tx25/cw2<u+x)> + Ax2/<u(w+x))1 [(lmsij

ij](fj(X))2(lifiifi/(23+1))<ax) - (l/(2(23+1)))(az)
13

(1/2){(K2x2/w“)[(v’jzi’fU/(Zjflnwx)ij

1(f <x))2 (11)+ <1/<2<2_1+1>>><oz>ij 1

In terms of the variables x and K the trial form of the function

f(p) given in equation (5) reads:
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f(x) =- x‘B(x)Ai(x)(l/(a+x“l)) ' (12)

The function B(x) ideally should go to unity as x + O and as x +

6. 0f the functions tried, none was found that obeyed these

restrictions and yielded satisfactory results. In view of this, the

function B(x) was chosen to be a polynomial

B(X) . 80 + 31)! + 32x2 + 000 + 39x90

Details concerning this choice of B(x) and its calculational results are

discussed above in Chapter II of the thesis.



Appendix 11.1

The transition rate for 3¢1(3095)+e++e-

+—

We start from the S-matrix element for the process 3Wl(3095)+e +e ,

<e+e"|s|3wl(3095)>=<e+e'|1: exp(-iIHI(t)dt)I 3111113095»,

where T denotes the time ordered product, and

3 + +

811:) = -Id xju1x.t1au(x.t)

, 11+ +

Juh‘) ' jUU‘It) + 33(3117») '

.h + "

J (X.t) + ie:¢(x)Y y(x12.
U u

With these definitions, we have for IHI(t)dt the form

4 .h l
— s +

IHI(t)dt Id X(Ju(X)Au(X) ju(X)Au(x))

To proceed further we need to evaluate the S-matrix element.

This we do by the use of perturbation theory. The standard approach

here is to expand the exponential in the S-matrix element formally

in a power series, so that

_(___)_+m

exp(-iI HI (t)dt = l-i I HI (t)dt + JI Ia

-m .00

I(t)HI (t' )dtdt' +...

:
F

We need to take into account the time ordering property explicitly

given in the S—matrix above. Formally this means writing the S-matrix

element

<e+e|l+iTI0°d4x[j:: (x)Au (x) + ju1(x)Au (x))

-@

imp-Mn4

#T I I d xdy(j31x1A (x) + 1pH‘X’A (x)][j$ <y1A (y)

-co-oo

+”W4 4 h 1
+3H1y1A(y1)+..- |3$1130951> = <ee| -aI I d xd y(ju1x1Au1x1jv1y1Av1y1

.1 .h 3
+Ju(x)Au(x) Jv(Y)AV(Y)+- . -) | 41113095»

1flfi



193

The terms omitted from this last expression will give a zero

expectation value because they do not contain the requisite number

of e+ and e- creation operators, in the first or second order terms

in this expansion, to produce the e+e- final state. The terms in

. this last expression can be factorized as follows:

<e+e-|8|3w1(3095)> = 8TId4xd4y<e+e-|j:(x)|0><0|Au(x)Av(y)|0>

<0|j3(y)|3¢1(3095)>

+ a second term with x and y interchanged.

Since the only term in this product that contains two arguments,

x and y, is the photon term An(x)AV(y), the time ordering need only

be considered for this term. The quantity

<o|mnu(x)av(y)|0>

is called the photon propagator.

We now discuss each of these three terms separately. In what

follows we shall use the Fourier expansion of the functions ¢(x) that

arise in the current matrix element. The form that we shall employ

for this purpose is

3/2 2

l 3 m .

w) - (2 s31“ p mp) (bs(p)us(p) exp <-1px)

+

+ as (p)vs(p)exp(+1px)

(i) The term <e+e-|ju(x)|0> a <e+e-|ie$(x)YHW(x)|0> = I

The Fourier expansion of I is

3 2 2

._l . 3 3 , m + - +

I ‘21: 1eId pd p S 83:33 B(p)E(p') <e e lbS (p)un_.,’(pnvu

d;.(p'>vs.(p') exp (-i(p+p')x)|0>.



194

plus other terms which involve one creation operator of either type

and an annihilation operator or no creation operators of either type

. +

(i.e. bS

...-

Let <e e | a <0|br(q)dr,(q'), so that

or dg).

<e*e'|b;(p)d:.<p')10> - <o|br(q)d,.(q'>b;<p)ds.(p'>|0>

3 3

. <o|b;<p)ds.(p')dr.(q')br(q)|0> + 5 (p-q)5 (p'-q').
rs r's'

Now with the integrations over p and p' we arrive at the result

13 2

<e*e'|ju<x)|0>(- g) 1e {ggeu (q)Yv (q') exp (-i(q+q')x>
u r'

(ii) The photon propagator term

 

4

<0|TAu(x)Av(y)|o> a 92—1]; Id4k Siptéflx-yn

k -ie

The expression on the right hand side of the photon propagator

term (ii) is obtained in the following way. we expand Ah(X) in a

Fourier expansion using

3/2 3 +

“p(X) . (5%» f [355- (e:<k)ax<1)exp<ikx) + efi ax+(1)exp(-ikx>)

3 3

Au(x)1\,(y) = (2-11; 2a II 3;" 35:: (eX“(k)ax(k)exp(ikx)

X + ++ _- (1'): +I 'l 0+! + I _"

+6“ (k)al (k)exP( 1kx))(€v(k )aa(k )exP(1k Y) + €V(k )aa(t )exP( 1k Y))

3 3 3 .

1 2 I Q_§§_E_ [e:(§)a
+ a‘+ + . .

(k)e (k')a (k')exp(1kx - lk'y)

X00, /m' x V a

(k)a

81+

a“ (k);:(k )aa (k )exp(-ikx + ik y)]

+

A
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TAu(x)Av(y) = B(xo-yomuumvm + 6(yo-XO)AV(Y)AH(X)

3 3 3
l d kd k' A + + a + + . .

= (— 2: I———-—-— (e (k)a (Me (ma (k')exp<1kx-1k'y)e(x -y)
2" M1 mm. H x v a o o

+ NE: W: “K' E' 'k +'k"( -Eu )ax( )ev( )aa( )exp( 1 x 1 y)e yo xo))

The vacuum expectation value of the time ordered product is zero,

except for the two terms explicitly written out above. In this case

we have

<0er mm ( )|o> = (i 3 2 ”111-135% Ni?) “(I‘mz‘ (TE-Eu
I.l Vy . 2‘" “'1 aw. €11 EV ad

° 1 + a + . 3 + +0
1k - k' - + k k' k-kexp< x 1 y)6(xo yo) eu( )ev( ’5a1x‘ )

exp(-ikx + ik'y) B(Yo-xo))

(1 3 z I‘i'Bk 2: (e16?) °‘ (inexpmux yne<x y )8 — — e - -

2" mi «4112 mi 11 " ° °

+ x I? “it" -ik - -eu( )ev( )exp( (x ynewo 110))

3 3 3 3
l d k a + +, . l d k .

=- "'"211’ i I —2w (cum e301 )exp<1k<x-y))) = (7“) I _2w Gwexp(-ik(x-y))

 

 

-HD exp(-ikoxo)

We now note that I dk
2 +2 2 .

-ao -k+k+m-1s

o

exp(ik x )
o o . .

I dko +2 2 2 a 2fli ReSidue (f(ko))

c k +m -k +i€

o
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exp(ikoxo)

K2+m2-k2

o

 

R = Residue [f(k )] = Residue

o

exp(ikoxo)

'(ko-w)(ko+w)

 

= Residue

+2 2

where w I k + m , so that

 

exp(ik X ) exp(imx )

R - m (kc-wmmo) .. ti: ° ° - —————2w° ,

o o Roi-m

So

1 ‘ 4 e ik x-

°|TAu(x) v‘Y’| > (2“) I k2_1€ auv

(iii) The Hadronic Current Term:

H - <0|jh(y)|3 (3095)>

. u “’1

a = <0|jg<y)|3w1(3095)>

a <0|exp(-ipwy)jg(0)exp(ipwy)I3¢1(3095)>

a <0|j$(0)|3¢1(3095)> exp(ip¢y)

Now combine (i), (ii), and (iii) to get

2

+ - 1 3.— me .h 3

s a <e e |s|¢> = II‘EF’ eur(q)yuvr.(q') EE3<°|3v‘°’| w1(3095)>

4 .
. _ , l 4 expgikgx-yzz

expupwyww exp( “em )1!) (21,) Id k k2 _ 1e 636)!
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Note that the 8 has been omitted. We have a sum of two terms, which

are equal, the second term coming from interchanging x and y. Next

we perform the integrations over y, k, and x, in that order, giving us

 

 

17 m2

s . (71,) e6<0|jh(0)|3w (3095)>fi (qw v (q'w -9
v 1 r U r' E'

I d‘kd4xexp(--'i(q+q )x)-exp(ikx)Idyexp(ip¢y)exp(-iky)

1 7 “'2
=- 15? e6m <0|j’\‘, (ml3191(3095)»: (qwuv,.<q') E'

Id‘kdx 332‘“9”. kix) (21!)4 6(k'Pq1)

k2

13 m:

=- (-11,) e6«Ii: (0)|3\v1(3095>>u (qwuv,.(q') —.

exp(-1(q+q‘-p )x

Id‘x Q

p2

W 2

3 .h 3 - , ["2
, ‘Enl’ e6W<0|3u<o>| ¢1(3095)>ur<qwuvr.(q ) ..1

-§- (zn)‘6(q+q'-p¢)

PI»

2

m

. (21ne5 <0|jh(0)|3\p (3095)>E1‘( ) v ( ') -9W p 1 r q Y“ r. q B3.

—26(q+<1'-p¢)

9‘»

We now want to find the quantity I<e+e-ISIW>I2. We will sum

this over the possible final state polarizations and integrate over
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the allowed momentum states so as to determine the total decay rate

of ¢+e++e-. Let T I |<e+e_ISl3¢l(3095)>I2 suitably summed and integrated

  

over.

m2

2 2 + - h — , __§_
'1‘ rfr' {(211) e (<e e |3u<m|w>ur<qwuvruq 1..

6(4)(q+q'-pq} _ .h In: 6m(q+q'-Pw)_

2 (vrn(q')Y\’ur(Q)<o|Ju|‘1’> Eu 2

P1» 911
2 2

 

(4)
6 (q+q'-p)

2 2 me h h w. (211) e E,<w|ju(0) |0><0|jv(0) |¢> 2

9
W

2: . (3:19”qu «1' fit. “I'm“: (on)

r.r

Look first at the term summed over r and r'. and note that this double

sum is equivalent to the taking of the trace of the matrix product

-1 . -1 ,
Yu ('2'; (firm-m) )Yv[ fiwq +m)] .

Note that

—- l

zur<p)ut<p) - 5;— PM? +113)

r e

2v (9')? (p') = 31-- (iY'p'+m)
. r' r' 2m e '

r e

By using

Trace (yuyayvys) 8 “GuaavB - 46uv6a8 + 4YuBYva

Trace (Yqu) - 46uv

we have
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rzr'yuvr.(q')vr.(q')Yvur(q)ur(q)

- iY oq+me

=- trace (Yp(-2_1]n-)(17.q.+me)7v 2m

e e

- - t 1 - ' - . +race [Yu1 Y 9 )Yv( 17! q) Ypmevae

_1_

41112

e

+ terms with l or 3 7'3)

I :2;— . . . 1 2

4112 trace huh! ‘1 )Yvw 9’ + “97qu 1

e ,

With this, the trace part becomes

-1
2

—— 4 ' - 4 . ' + 4 ' + 4m41112 ( q qu awe q quq v 86W}

e

-1 I c 2 c
8 — + + - O .m2 [9 uqv quq v awhile q q )]

e

Here qoq' = (3.3- - EE'). If we choose for our coordinate system

the center of mass of the decaying particle, then 3 - -& and E-E'

in this case since the masses of the decay products are equal. With

this we have

2 2 2 2

q-q' = 45592 - E .. «22 - 11:) - p = -22 me.

Then the trace part becomes

-1 , , 2
m2 (qua) + %q\) + 51-“) (2E )).

e
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To complete the reduction we pick the z-axis parallel to the spin

axis of the decaying particle and note that in the center of mass system

that we will use here, the 4th component of €v(m) is zero. Therefore

EV - 63v' 2:11 8 63“. and we have

equ - qcose euqu a qcose

'a— a— '8-equ equ qcose euqu qcose

and the trace part dotted into the polarization vectors euev becomes

‘23 ((-q cose)<qeose) + (qcose)(-qc089) + 2321
m

 

e

-l 2 2 2 +1 2 2 -232 2

-‘- [-2q cos 6 + 2E ) =-—— -ZE (l-cos 6)) = (l-cos 6)
m2 m2 In2

e e e

where we have made the approximation q2 2 E2 >> m: and we have neglected

m: in comparison to 32. With this T becomes

 

2 2 m: 5 (Py'q'q” 2 h 2 232 2T . -(2n) e EE'( .—) |< o|j (0)|¢>| {-5— (l-cos 9))

DW me

We now need to give an interpretation to the factor (64%, -q-q')) 2.

This is done in the standard way of rewriting [64(pw-q-q'))2 as

64(pw-q-q')

6 (pw-q-q ) <—i) 44Idx exp<i1p¢-q-q'>x) = 2 4 (vxr)

( w)

 

where er is a normalization space-time.
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Now we would like the quantity T/t.

T 2 ”:92 n 2 23: 2 1
'1' - -(21r) —2— ]<0|j (0)|1p>| —-2- (l-cos 61—?

a m p
e e W

4 4

5 (Pw-q-q ' ) V (F3: 0

To obtain the total decay rate we must sum over the possible

sets of (unpolarized) final states available. If we choose the normalizing

volume to be (2n)3. the density of final states is given by d3qd3q'

and we have

2 2e2

6m . $- . 431) —-; (l-cosze)|<o|jh(0)|w>|26‘(p¢-q-q')daqd3q'

96

a

= 1%“; |<0|jh(0) |¢>|2(1-cosze)6‘(pw-q-q'm3qd3q'

9
W

We now integrate over d3q' using the delta function, and we get

dw I _;§%_ |<0|jh(0)|¢>|2(l-cosze)54(aw—B-E')d3q.

"P

1»

We next integrate over d3q I qqud(cose)d¢. The d¢ integral just

gives us 2n. For the other two integrals we have

11

n 3
2 cos 1 l 4

I (l-oos e)d(cose) = [case - “73110 - (-1+§)-(1-§) . .3

O

2
2 2 x dx 1 2

Raw-213m dq - I6 (aw-22m dz = I6(E¢-X) :- 2- - §I6(E¢-x)x dx

8 x—z- ' 8 ‘E-li

a a '
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2
_ p

Finally w I ;2%_ |<0|jh(0)I¢>I2(2fl)(-4/3)(—%9

91»

. 52.3! |<o|3'h(0)|¢>|2

91»

The final step is to determine |<0|jh(0)|¢>|2. The matrix element

<0|jh(0)|¢> is related to the wavefunction of the decaying particle

as follows:

<0|jh(0) |¢> - 3<0|jh(0) N8) + 3< o|3h(0)|1pD>

 

2

. fiie3/: { Ida? f8(P) " IdBP p f8 (p) 3B(;+m) }

(211) flu flu

fine 2 r (p)
i 4 p

+ 3!! I? ‘39 sum»

The factor of1/3 that appears in these terms is to take into account

the currently accepted hypothesis that there exist three different

“colored" quarks that can give rise to the same qq system.

In terms of ¢(0) we have

m - 3% I<0I1"<0)Iw>l2
3m
V

21 2

' ;;§'{/3 i eq/5¢(0)}

v

21 t 2 2
- — 3e 2|¢(0)| )

3m2 q
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where

2 2
2 2 g__ 2 3 4e ‘ 4

eq - (eQ) = 4“ Q (41) 9(4“) (41) '§u(4fl)
 

and where Q =

w
h
o

Thusw .. 32 3 inunnlwm I2
3m2 9

V

 

2

- 16a2 (4n)|¢<0)|2
9m

V

2

9m
V



Appendix II.2

Derivation of the Transition Rate for the Radiative Decays

in the Bethe-Salpeter Equation

We start this derivation from the S-matrix element of the

appropriate decay process, namely <7,B|S|§>, where E is the initial

state and 1,3 represents the final state of the transition in

'question. The S-matrix in the interaction representation is given

by the time ordered product of expl-iIHI(t)dt] where HI(t) is the

interaction hamiltonian. The interaction hamiltonian is given by

-Iju(x)Au(x)d3x I -Ij:(x)Au(x)d3x to the lowest order in the

0

electromagnetic current,Au(x). In the second term,j:(x0 stands

for the hadronic component of the electromagnetic current. With

these considerations one can express the S—matrix element for the

desired transition in the form

<Y,B|T exp(iIHI(x)d“x)|§> I <Y,B|[1+iId“xHI(x) +...]I§>

=- 1<1,B|Id‘*x HI(x)|‘fi> = 1Id“x<ylAu(x)|o> <BIjJ‘(x)l1§>

The expression <B|j:(x)|§> is the hadronic contribution to

the electromagnetic current matrix element between the states B and

B.

204
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The S-matrix element can be diagrammatically represented

as /Y

I

I

%_____L " :3

 

 

To translate this into a more useful form for calculational

purposes, we assume that to lowest order this can be represented in

the form I Y

I

I

X2,

:’
 

X
0
—

—
-
1
-

‘
4
1

N

.
.
0

>
4

X

:
4
L
-
—
~
—
1
L
H

This diagram is evaluated just like the analogous one for

electron-positron scattering, with the emission of a photon, in

quantum electrodynamics. we start by looking at the top (or q-)

line in the diagram. This contribution yields

—- + _

1"? (X3)Yu311 SC(X3-X2)1 A (X2)[1 SC(X2-X1)]YVI¢ (XI)

and a similar contribution from the bottom line

_+ u s +

II .. \P (111,) Ya [1 Sc(Xu-Xs)1 YB '1’ (X5)

The interaction part between lines I and II is given by

[iguUDc(x3 - xs)][iguaDC(xl- x“)].
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(1) Conversion of‘E to we

The first step in this derivation is to convert the expression

for the positively charged line into one involving the charge conjugate

wavefunction, since the Bethe-Salpeter equation will be written in a

form that makes use of w and we rather than one that makes use of w and

'$. The charge conjugate wavefunction we is defined as .

¢c(x) I C $T(x). This says that $ I [wc]T[C.l]T. we will

also need to know the explicit form of ¢(x) expressed in terms of wc(x).

This follows directly with a little algebra. (The second equality in the

first line below is just the definition of WKx).)

p(x) - [wc<x>th_c‘11T = [puffs

p(x)* - BTC-l¢c(x)

p(x) . eTlc'11*wc*<x> - (sTc'1>*wc*<x)

Now we make use of the relation C-lyuc I “YuT in the form'C-lyu I

T -1
YD C (Yfi B) to get

p(x) = -[c‘181*wc*(x) = -c‘lwc*T<x) 3T

[c‘11*" " c¢c(x) ¢c(x)

The forms that we need for the positively charged line wavefunctions are

DOW

wc<x> - d$m(x>

p(x) - ¥$;(x)C‘1 . 4$;(x)c



207

(ii) Conversion of II

We now make use of these relations between wc(x) and w(x) in the

positively charged part of the diagram representing the radiative decay

of our system.

11 - Von.) Y.“ [1 SCCXu'XSH 185 f(xs)

- wcTcm.) [c’llT QM sc<x.-xs>lvBSI-*6c<xs)c1

- T * u _ 5 4—2

we (Kt) C Ya [1 Sc(xu X5)] Y8 [ ¢c(x5)01

Now take the transpose of the quantity II.

HT = «133ch 185111 sees-x0111v;T(c*>Twc<xt>

I -CT$;T(x5) Y85T[i Sc(xs-xt)1TYa“T C-1¢c(xu)

' 4$;(xs)C YBSTli SC(X5‘xu)1TYa“T C-l¢c(Xu)

5T
. .$c(xs)c YB c'lcli sc(x5-x.,)]Tc'lc YQ“TC'ch(xu)

- Team-135111 sccxs-xou-vahT 1cm.)
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(iii) Combining terms and the Bethe-Salpeter equation

With (1) and (ii) above the full matrix element can be written

as:

I II Interaction I $-IX3)Yu[i Sc(x3-x2)] £+(x2)[i Sc(x2-x1)]

vaw'cx1){-Wc(xs>vvt1 sc<xsm1>lvawccxon

iguch(xa'xs)1gaBDc(X1'Xu)

At this point we display the matrix indices in order to keep things

straight. we rewrite this matrix element in the form:

Int .. 'IW-(xfilAHulABu Sé(x3-x2)]BC[d+(x2)ICD[1 Sam-11mm;

I101mlw'cxl)lec’sznMIvvlmu sc<x5-x1)1mnalop

1¢c(xt)1P iguch(X3‘Xs)1gasDc(X1-Xu)

We now collect terms that appear as "initial" or "final" state terms.

The "initial" state terms are those with arguments x1 and xh and

adjacent matrix terms:

(1-4) [YQIEF w’(x1>F[vBiopwc<x.)1P igachm-x.)

and in like manner the "final" state terms are:

(3-5) W<x3>1Anu1AB Wflxsnmnvlm igwnc<x3-xs>



 

<1-4)

(3'5)
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(a) The (1-4) Initial State System

[YQIEFI1P(x1)1F[Y810P1¢c(xu)lp[igaBDc(xrxt+)1

[YGIEFIp(mewccxoIPHBTIPougach<x1-x1>1

[v 1 [wcx )1 [1 (x )1 c‘lctv T1 c’lcti p (x -x )1
aEFch“? 8P0 Basel“

[11 [1(a)] w (111)] C-1(CYTC-l) c [is p (111-111)]
aEF F c PPQ B QRRO ch

[YQIEFIMM)]FIWC(Xu)]PC;é[-YBIQRCROIisaBDc(X1-Xu)1

I

-[Ya]EFWCX1 .XuNFPC- PQIYBIQR CRoligaBDc(X1‘Xu)l

1
-1gaBDc(x1-xu){[YGIEFIMXhXOIF-p C. pQ ”31611 CR0}

[(114m) Within.) c‘1<-zm)c1E0

(b) The (3-5) Final State System

[WIX3)IAIYHIABIWQ(X5)1M1Yv1MNliguch(X3-xs)1

[YuTlBAl-Wxaficks)IMIYVIMN [iguch(X3-xs)]

c’lchuT] BAc'lcmxaficcxs) llevlmlingc(X3-Xs)l

c‘ll—y IBAcmxaflccxsnmnu IMNIiguvDCCX3'X5)1
V
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-1 ._

I C YuC¢(x3,x5)Yv[-iguch(X3-Xs)]

(c) An Aside on the Bethe-Salpeter Equation

We shall need to make use of the adjoint form of the Bethe-

Salpeter equation and this section is devoted to obtaining such a form.

We start from the Bethe-Salpeter equation in the form:

(almwd'IC-amm -- -gZDc(x1-x2)vu¢c"lvuc

where g2 is a constant. We first note that

$(X1132) " YuTW*(xl,X2)Yu .

and C* I C-l. We start by taking the complex conjugate of the above

Bethe-Salpeter equation, giving

(31* +m)¢*(C-l)*(-¢2* +m)C* =- ~gZDcx(x1-xz)yuew(c’1”Yuma.

We first consider the left hand side of this equation and

express it in terms of EKx1,x2).

L ' (11* + m)w*(C-1)*(-32* + m)C* 3 (31* + m)¢*C(-22*+m)C—1

' (31* + m)YuT$ YuC(-32* +1100-l

” (31* + m>YuT$('CYuT)(-32* + HOC-1
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' (31* + m)YuTEI‘C) YuTC‘32* + m)C-'l

Now note that

T T T T

Ya Yu*3u = Ya (Yi 81-7631) = rt {-7131-7131)

T T T

= Yu(-Yiai-Y636) I (Yiai-Yuau)vu . {-11 ai'Yu 31>Yt

where Yu I YhT and 11 I ”YiT- So we have that, moving YnT past '32*

L = (21* _+ m>mT'$<-C)(+12T+ noanC'l

- (11* + mmT‘w'<-C)(+32T+ lax-€111.)

In a similar manner

T T T

Yv*3u*11 = (11 31-1131)Yt I (-Y131-1131)Yu

T T

' Yu(Y131-Yu3u) . Yu(-Y1*31-Yu3u) = Yu(-Y1 31'Yu 3»)

r T
a a

11 (Yu v)

This gives, now moving the YuT past 31*

1 - YuTUuTaI-Il + ma? t-c1 [+3211+ mH-C'llvu

- vuTc'lcnuTaul + m1 c'lc‘ui CUzT + m1 C'ln.

‘ YuTC—l(31+m)d$(32+m)Yu

We next turn our attention to the right hand side of the Bethe-Salpeter

equation.
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T -1T

R a ‘829c*(X1-X2)Yu ¢* C Y“ C

‘ ‘829c*(X1-X2)YuTYuT W Yu C YuT C-l

' -32Dc*(XT-X2){(YuY1)r+<YuYu)T}'$ ['CYuTlYuT c”l

- -22Dc*(x1-x2){(vuvi>r+<vuvu)T}'T’{-c1{<viyu)r+<vuvu>T}c‘1

- -32Dc*<x1-x2>{-(yivu)‘+(vuvu)”$I-c1{-(vuv1)‘+<vtvu)T}c'l

T T T T-— T T T -1
= -sch*(X1-xz){-Yu Y1 +Yu Tu WI-CH-Y1 Ya +Yu YuT}C

T - T '1

' ‘SZDC*(X1'X2)Yu YuTM-CIYu YuTC

T T— T -1

' ‘Sch*(X1'X2)Yu Y“ M-CIYu {-C Yul

I-2* - TT—-

8 Dc (x1 xz)Yu Yu wt vulva

-1 -1 _.

- '82Dc*(11'xz)YuT[C ovuTc C]¢(-Yu)Yu

_ 2 * T -1 —-_

= a DC (X1‘X2)Yn C [‘Yu]C¢( Yu)Yu

. _ 2 * _ T -1 -—

8 Do (X1 X2)Yu C YuC W YuYu

T -1 -—
3 'Yu 82Dc*(X1'X2)C YuC w YuYu

Finally L - R gives
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0-1(31+m)d$(x1,x2)(-32+m) = -g2Dc*(x1-x2)C-lyud$(x1,x2)Yu

the desired adjoint Bethe-Salpeter equation.

(d) Substitution into the Bethe-Salpeter equation

We now make use of the equation obtained in (c) to reduce the

interaction term. The initial state reduction gives

(M) - [YGIEFW-(Xl)IFWCUEI.)IPIYBIOPHBQBDC(X1’XH)]

. '1[(;1 m>¢<x1,xu)C-l(-al§ +m)C]EO

The final state reduction gives

<3-s> a [‘6 "<x3>1 Ann]ABIWC+(xs)lulvvlmligWDCCX3-xs)l

- _1[C-1(35+m)C$KX3,X5)(‘a3+m)]NB

Although it is not explicitly written down, there is an implied

integration over the repeated variables in the interaction term I II

Int. The above manipulations have been done on the integrand of this

expression.

(iv) Final reduction of the current matrix element

Combining the various pieces from (iii) we have

-Int - I II Int a [c'l(as-hn)c$(x3,x5)(-a3+m)1NB[isc(x3-x2)]BC

[1+(X2)]CD[iSc(X2'X1)]DE[(31+m)¢(xl.Xu)C-1(-3u+m)C]EO

[iSc(x5-XQ)]NO

p
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The reduction is aided by the use of repeated integrations over

the variables x1,...,x5. Before we begin this process, we note two

properties of Sc(x-y) that will be useful in our reduction procedure.

The quantity Sc(x2-x1) has the Fourier representation

Sc(xz-x1) = (1/ZN)“Id“p (mrifi>exp(ip(xz-x1))/(p?+m2-16)

Also note that the application of the operator 3 + m to Sc(x2-x1) yields

(51+m)8c(xz-x1) = (1/21)“Id“p(m-ifi)(ifi+m)exp(1p(xz-x1))/(p2+m2-1e)

- (l/21)“fd“p(p2+m2)exp(ip(x2-x1))/(P2+m2-ie) - 6“(x2-x1)

Furthermore note that under charge conjugation we have

C-ISc<x-y)C = [Sc(y-X)]T

In the above expression for -Int, let 31 act to the left on

[iSc(x2-x1)]DE. This gives rise to the delta function 6“(x2-x1).

Likewise letting ~3n act on [iSc(x5-x;,)]No gives rise to a second delta

function 6“(x5-xn). With this -Int has the structure

-Int - [c'lczs +m)‘$<x3,xs>[-za +m)]NB[iSc(xa-xz)IBCIi+(xz)]CD

[15(x2-X1)]DE[W(X1sxu)i5(x5'xu)lEN

Now integrate over x1 and x5. This gives

-Int - [C-1(35 +m)CEKX3.xu)(-13 +m)INBI1SCCX3-xz)chld+(X2)]CD

W<xz .xI. ) 11m
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Now look at the term EKX3,xn)(*33+m)iSc(X3-x2). This equals

{-33n'$CX3,xn)yu + mWKX3,xn)][iSc(X3-x2)] A

with the derivative in the initial expression acting to the left. If we

now integrate by parts over X3 we have

- " .. u
flaau¢(xa.Xu)Yu13c(X3 Xu)d x3

I— - 3

f$C13.Xu)YuiSc(xa X2)nud X3

+Jikxa.Xu)Yu[33u15c(X3-x2)]d“X3.

With this A becomes

A - -N(x3,x;,)7u[iSc(xa-x2)]nud3x;;

+ f$Kxa.xu)(m +Tu33u)[iSC(X3-xz)]d“x3

The first term of this expression is zero because the function $1xa,xn)

vanishes on the surface at infinity. With this -Int takes the form

-Int - [C'l(3u+m)d$ixa.Xu)3“(xa‘x2)lNC[£+(xz)1CDFWKX2.Xu)]DN

- [c‘1<zm>c$<x.,x2)1 15+(xz) mm.)

(v) Final Reduction by using Center of Mass Coordinates

We now set

¢(x2,xn) - exp(-ikX) ¢(x), ‘$(x2,xn) = exp(+ik’X)'$Kx)

where k is the momentum of the center of mass of the initial state of
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the system and k’ is the momentum of the center of mass of the final

state of the system and

X - (xz+xn)/2, x = xz-xn

implies

x2 - X + x/2, xn - X - x/2.

Using the chain rule we have

a/ax, a (3/3X)(3X/3xn) + (3/3x)(3x/8x2) I (1/2)(3/8X) - 3/3x

Inserting this back into -Int we have

tc‘lm/m/ax - a/ax + m)c‘¢7<x2,x.>1ia+<x2)w<x2.x.)

- [c‘1<<1/2)z/ax - mx + m)CexP(ik’X)'4—*(X)][1é+(x + <1/2)x>

expc-ikx>¢<x>1

' [C-l(1k’/2 - Wax + m)Cexp(1k’X)?(X)][iIl+(X + (1/2)x)exp(-1kX)¢(X)]

= [C-1(ik’/2 - z/ax + m)Cexp(1k'xy$tx)][1é exp(ik(X+(l/2)x)

exp(-ikX)¢(x)]

- [Elm/2nf - a/ax + m)CEKx) ié exp(ikx/2)] exp(i(pf+k-pi)

We now integrate over X. Note that fd“X d“x (integrand) - fduxz d“xn

(integrand), i.e. the Jacobian of the transformation (X,x) + (x2,xn) is
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one. The result of our integration over X is just the addition of a

delta function in place of the exponential term (modulo 21’s).

-Int - c’1(1¢f/2 - a/ax + m)d$(x) ié exp(ikx/2)(2T)“6(pf+k -p1)¢(x)

At this point we take the trace of this expression. This was done using

the 1977 version of Schoonschip we have on the CDC here. ’The evaluation

was done by using the momentum representation of the above expression in

the form

-Int - ¢f((1/2)8ET + 1 $°3 - Bpo + m) ¢1?-é

This form is obtained by making use of the identity trace(ABC) -

trace(CBA) for Y matrices. In more detail we have

-Int - c'1[1§f/2 - z/ax-+ mld$(x)1é exp(1kx/2)(2w)“6(pf+k -p1)¢(x)

Note

trace[-Int] 8 trace{C-1[ipf/2 - 3/3x + mld$ ié ¢(x)]}(2fi)“5(Pf+k‘Pi)

- (constants) trace{[ipf/2 - fl/Bx + m]C$ ié Q(x) C-ll}

mm”1 s ¢1

trace[-Int] 8 (constants) trace{[ipf/2 - l/Bx + mld$'ié ¢i]

= (constants) trace{¢1 ié'$ C[ipf/2 - 3/3x + m]}

. (constants) tracef$CIipf/2 - 3/3x + mlcbi ié}
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= (constants) trace{¢f[(i/2)BET + ;-E - p08 + m]¢i ié]

where 3C 8 ¢f and the operators in the square brackets act to the left.

The constants in this last equation are (21!)l+ 6(pf+k-p1) 2(2e/3), and

the delta function is the four-dimensional energy momentum delta

function.



Appendix II.3

The Calculation of the Angular Momentum States

of the Vector Particles Arising from qq States

In the calculation of the transition amplitude, we

shall need to make use of the explicit polarization states of

the particles. In this appendix we derive the required polar-

ization states and the appropriate normalizing constants. The

triplet particle states that we will be considering are 3P0,

381, 3P1, 3P2, and 3D1.

The calculations make use of the relation

 
 

' N 'b

'b ’b M-m A + m

TJLM i C(LlJ, M-m, m)YL (r):

with

l

i for 3 = +1

0

N 'b

E m = for m = O

l

-i for 3 = -l

O

(1) 331. Let J - 1,_L = o.

++1 +0 +-1

T = 1//4n g T = 1//4n g T a ll/an g
101 100 10-1

so that the appropriate polarization vector for these particles
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is 1//Z? Em.

(2i) 3D}. Let J=1, L82. M=l case.

 

m m

. _N N M-m “ +m

TJLM = i C(LlJ, M m, m)YL (r)€

T121 = /1/10[Yg($)3+1] - /3/10[Y;($)E°] + /3/5[Y:(§)E‘1]

. -1//§

8 V1710[/57(4n) 8(3cosze -l)' -i//2 ]

o

o

-/3710[-/157(8n) sine cose e+1¢ o ]

1

1/JE

+/3/5[/15/(2nj ksinze e21¢ -1//§ ]

o

1.1- 1

- -<1//§>(ll/I6>(1/2)/5/(4w) cap: -1> 1

o

0.

+/3/1o /15/(8n) pz(px+ipy) o

1

1

-1+/3/§ /f§7<2¢><1/4>(px+ipy)2<1//§>
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‘ —

(3/(8/17))(p§ +2ipxpy - pg; -p§ + 1/3)

= (~3i/(8G))(p§ + Zipxpy - pf, + 13% -1/3)

    113/(45))“:x + ipywz J

-1

~"(a/(8%?)Hp; + Zipo + p; -1 + 1/3)
.Y

= (-31/(8/?))(2ipxpy - p; + 1 - p; - 1/3)

  L.(3/(4v’17))(px + ipy1pz __,

r(3/(8/1r'))'(2p§ + 2115,133, -2/3) fl

= (-3i/(8/F))(1 - 2p; +21pxpy -1/3)

L(3/(4/1?))(px “Dynaz J,  

px(px +1py) -l/3

(3/(4/?)) -iE1/3 + 1py<px + ipy)3

  L-(px +i|t>y)pz

(Zii) 301. J=1, L=2. M=0 case.

7120 - x3716 v;1(6)2*‘ - «273 vg<5>E° + /§7I6 v;(6)z'1

-1//2

#37IOEJIS713nSSine cose e'1¢ -i//2 J

0
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0

- /2/5[(1/2) /5/(4n) (3cosze -1) 0 J

1

1//§

‘+ /3/10E-/15/(8w5 sine cose e+i¢ -l//2 J

0

pthx-ipy).1 o 1

= (-1//§)/§7T6 15/ 8n ipz(px-ipy) -/57§(1/2)/§7T£?l' o

0 - 3p§ -1

J ' L. J   
rr pz(px+ipy)W

-/3710 #157I8n5 (ll/2) -ipz(px+ipy)

L. 0 J

l73/(4/2—)) ( ' + 4/2— +- 1w pz px-1py) (3/( n))pz(px Ivy)

(31/(4/ZF))pz(px-ipy) - (31/(4/5?))pz(px+ipy)

Examining -1/3)

  

 .1 

2pxpz 1
I '

rpxpz i= _3/(4/f;) 2pypz
= -3/(2/2?) 1 Psz

2( 2 _1/3)

2 -1/3

L ”z ...1 U" ‘1
    

For a 301 state one can write the polarization vector as

(£-6)5 - 2/3 times some constant k. For a definition of

++m '

e , see section 6 of appendix II.3. The point of the

above calculation is to determine the appropriate constant k.
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A

E'- = (-1//7)(px + 1'py)

‘1

(~1//'§)(px+ipy)px + (1/3)(1//7)

+(e'-6>6 - E'xs (-1//'2')<px+ipy)py <1/3)(i//§)

  _f-1//7)(pi*ipy)pz .1

1"px(px+ipy) -1/3

-1//2 p (px+ip ) -i/3
Y Y

 
 pz(px+1py) 

Now comparing with the above result for m=1, we see that

-k//2 = 3/(4/F) -+ k = -3/(2/2F)

As a check one can carry out a similar calculation on

the m=O case and one again arrives at the same constant of

proportionality, as one should.

(3) 3P0 case. Here L=1, J=0.

T
m . m

JLM §c(110; M - h, h) Yf'm(p)zm

m

(ll/5)EY;1(13)E+1 - vgmfito + Yllwfifif’l]

-1//2

(1//§)[/§7T§?7 sine (coso -isin¢) -i//§

o
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o

- /3/(4n) cose 0

1

_ 1//§

- /§7(§?7 sine(cos¢ + isino) i//§ J

o

Px - ipy o

= [bum/W81! (II/2') pr-ipy) -(1//§)/“l—3/41:7 0

0 pz

px+ipy

-(1//§)/3/l8n5(1//§) -i(px+‘ipy) J

o

2px px

= -1/(4/F) Zpy = -1/(2/?) py

2pz pz

50 for 3P0 our polarization vector is Em = B//E? .

(4) 3P1 case. Here L=J=1.

(a) m = +1 case

TJLM ‘ T11+1 = (ll/7)EY:(B)E° - Yg(5)31]

o

(ll/2)E/3/(8n) sine(cos¢ + isin¢) o

1
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ll/2

- V3/(4w) cose -i//2 ]

0

0 - pz

-(1//§)/37(8n) 0 - ipz

px + ipy - 0

p2

= (1/4)/37n ipz

-px-ipy

In this case the angular part of the wave function is

just a constant times E x 3 . To see this look at the

above case.

‘ s 3 .2

-1//2 -i//2 0 = i(-ipz//?) + 3(pZI/7)-+ £(-py//Z + ipxl/Y)

px py pz

  
(-1//§)Ei(pz) + 3(ipz) + §(-px-ipy)]

-pz

= (il/f) -ipz

px+ipy

-pz

BUt T111 = ‘(1/4)V3/W 'ipz

px+ipy

Therefore comparing terms, the required constant is
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obtained from

(il/2)k = -(1/4)/i7; -+ k = /§(-i)(-1/4)/§7;

= (l/(2/§))V3/n.

(5) 3P2 case. Here J=2,L=1.
 

JLM

T212

The

The polarization matrix is+?-p for this case.

Q“->

= T21” = § C(112;M - fi.$)Yr;g(P)€m

= 1 ‘ 'Y1(p)€

-1//2

= -JETTEFT sine (coso + isino) 'l//7

o

px+ipy

= (1//2)/§7ra?7 1(px+ipy)

' o

1

= (1/4)/§7n (px+ipy) i

o

determination of the constant of proportionality k in

the polarization matrix kTZm.E is as follows:

" . 1 T' ‘1 F’ . r

1 1 O px px+1py

1212 = (k/z) 1 -1 o py = (k/z) 1(px+ipy)

O 0 0 0

L .1 132-1 L_ ,.      
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1" ‘1

px+ipy

= (1/4)/3/n i(px+ipy)

L. 0 -1

k/Z = (1/4)/3/v + k = (1/2)/3/w

  

(6) Determination of“?m

+zm is obtained from the following considerations.

++m _ . & M-% h
.uv - § C(112.M.m)au a,

F’ 'W
1/2 i/2 0

For m=2 this just gives us i/2 ~1/2 0

  0 0

L. __

1

since E'= - i (II/2) and the Clebsch-Gordon coefficient

0

is one.



Appendix 11.4

Radiative Decay Rate Formulae

(1) Results of the Schoonschip Evaluation of the Current Matrix Element

In the program used to evaluate the Dirac algebra associated A

with the current matrix elements, certain numerical factors were omitted

from the main body of the program for convenience. TABLE 9 below lists

those factors that depend upon the polarization state involved. In

addition an overall 41/8 was omitted. The 1/8 comes from the

‘normalization of the two body wavefunctions and the factor of 4! comes

from the angular integration that was done with Schoonschip. The

results of the Schoonschip evaluation of the Dirac algebra and the

angular integration over the internal momentum are given in TABLE 10.

(ii) The P0 Integration

As seen from the previous section, the Schoonschip program for

the current matrix elements yields results that have the following form:

(constants)(p/E)[po+(1/2)ET-E]f1(p)ff(p)(polarization factors)

For example in the 2381 + 13Po case we have explicitly

-(8/3)iff(p)f1(p)(p/E)[po+(1/2)ET-E]E';(4I/32n)(4e/3)

The functions f1(p) and ff(p) are actually functions of p as

well as p0. These functions can be decomposed into the product

structure

f1(3.Po) - f1(13|)[l/(po+(1/2)ET-E+ie) - 1/(po+E-(l/2)ET-ie)1

A similar structure holds for ff(;,po), the only modification being that

E is replaced by E In the current matrix element we have the

T f'

228
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products f1(p)ff(p), so structures of the following form are encountered

C(po) . [1/(po+(1/2)ET-E+i£) - 1/(po-(1/2)ET +E—ie)]

[1/(p0+(l/2)Ef-E+ie) - l/(po-(1/2)Ef +E-ie)]

[Po +(1/2)ET-E] (1)

The decay width is obtained by integrating over the four

momentum (p,po). The angular integrations were relatively easy to do

and were done concurrently with the current matrix element calculation

in Schoonschip. What remains are the radial IEI and the po integrals.

The only terms involving po are explicitly displayed in (1). The pa

integral is over the real line, the ISI from 0 to m. For simplicity we

break the integral up into four parts as follows.

Idpoc(po)/<2«)

Idpo<po+<1/2)ET-E)/<<po+<1/2>ET-E+1e)<po+<1/2)Ef-z+1e>)/<2n)

Idpo<po+<1/2)ET-E>/<<po+<1/21ET-E+1e><po-<1/2)Ef+E-1e>>/<2x)

Idpo(Po+(1/2)ET-E)/((po-(1/2)ET+E-16)(po+(1/2)Ef-E+i€))/(2W)

+ Idpo(po+(l/2)ET-E)/((po-(1/2)ET+E-16)(po-(1/2)Ef+E-i€))/(2*)

The first two terms give just -i. The second two terms yield

the following, using the method of residues.
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Idpo(po+(1/2)ET-E)/((po-(1/2)ET+E-1€)(po+(l/2)Ef-E+1€))/(2n)

- +1 Residue[(Po+(1/2)ET-E)/(po+(1/2)Ef-E)]

- +1 [(ET/z - E +ET/2 -E)/(ET/2 - E +Ef/2 -E)]

- +1 [(ET-ZE)/((ET+Ef)/2 -2E)]

Idpo<po+<1/2)ET-z)/<(po-(1/2>ET+2)<po-<1/2>Ef+z>)/<2w)

- +1 [2(ET/2 - m/«ET-zfm)

+((Ef/2 -E)+(ET/2 #E)>/((Ef-ET)/2)l

+ET)/2 -2E]]- +1 2/(ET-Ef)[ET-2E -[(Ef

- +1 2/(ET-Ef)[ET-zr'-Ef/2 - ET/Z +23]

- +1 2/(ET—Ef)[(l/2)(ET-Ef)1 = 1

Adding together the results of the integrations we have

+1[-1+1-(ET-2E)/((ET+Ef)/2 -2E)

- -1 (ET-2E)/((ET+Ef)/2 -2E)

Therefore

Idpoc(po)/(2n) - -i(ET-2E)/((ET+Ef)/2 -2E) (2)

(iii) The Transition Rate Formulae
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The S-matrix element for the radiative decay B’ + B + Y is given

by

-(2fl)"i[current matrix element] 6“(pf-pi+k)

The usual expression for the decay width is given in terms of a matrix

element denoted by Mfi' (See Appendix D of [45].) If one expresses the

wavefunctions f1(p) and ff(p) in the current matrix element in terms of

the radial wavefunctions of the states B and B’, then our current matrix

element is precisely this Hematrix element. According to [45], the

decay width in terms of this M~matrix is given by

my + B + v) = <1/2>(1/<4u>)2 IBI/Mfi. Ida Z 1an
spins

This expression however assumes a specific normalization for the states

we have labeled B and B'. Sakurai’s expression assumes these states are

plane waves and are normalized accordingly. In the case of bound states

a different normalization is conventionally used, namely

a *

f0 1(1))" (p) dp - 1-

If we use this normalization condition then the above equation for T

reads

r(n' +B+v> - “Inn/tun.)(ea/41')2 ISI fan 2 1an <3)
spins

Note here that we have factored out of our matrix M a 2e.

The sum over spins here means a sum over the final states and an average

over the initial states. The quantity IEI is the magnitude of the

momentum of one of the decay products in the final state. The angular

integral and the spin average are easily done and in our cases we obtain

the results for the spin averages listed in TABLE 11. In the case of

the magnetic dipole transitions, an extra factor of k2 arises from the
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polarization term which has not been incorpowidthd into TABLE 11. The

cases in which a 381 state is replaced by a 3D1 state lead to the same

Spin average results, e.g. 381 + 3P0 and 3D1 + 3P0 both have a spin

average of 2/3.

We now carry out the calculation of the decay width for the

special case of 381 + 3P0, and just list the results for the remaining

cases. We start with the M matrix element for the transition 381 + 3Po.

M - (1/12)<81/3>Idp Pzif1(P)ff(p) (p/E)

{-1(ET-2a)/<<ET+Ef)/2 -2z)1} E-é (4)

a (2/9)1R(p)(-1) E-é - (2/9)R(p) Eoé (5)

where R(p) is just the p integral in (4):

R(p) E Idp p2{£1<p>ff<p> (p/E)

[(ET-zz)/<(ET+Ef)/2 -2E)]} <6)

Inserting (5) into (3) we have for the decay width

r(B' +B+ v) - (8mB/mBJ (ca/(mo)2 I31 (41:) (2/9)2R2<p> <2/3)

- (64/243) «(113/ma.) I31 R2 (p) (7)

where a - e2/(lm)

Equation (7) is for the 351 + 3P0 case. We can however write the decay

width equation in the form
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MB" + 3+1) = 8<mB/m3.><e2/<41>)ISI IceI2R2<p>P

= 8<mB/mB.>alEl Icel 2112(1))? (8)

In equation (8), if we specify P and Ce’ which are constants coming from

TABLE 11 and TABLE 12 respectively, then we can write all of the

electric dipole transition widths by specifying these two constants,

with the obvious understanding that the appropriate radial integrals are

chosen.

For the magnetic dipole transitions the functional form changes

to

m + n+1) = 8<mB/mB.>e2/(4w>2I3I3 IchZR2<pm4w>

- 8(mB/m3.)a|3 I 3 Icml 2112(1))? <9)

In this case the constants Cm are given in TABLE 13. The polarization

constants P are those quantities given in TABLE 11.
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- APPENDIX ll.5

SCHOONSCHIP REDUCTION PROGRAM

TRIPLET 5 ONE TO TRIPLET P zERO

EE,ES,M,HEE,COEF,P,PO

J,Jl,MU,NU,LA,MA,MM,HN,O,N,J2

PP,TF,T|,PS,V,W,E,PT,PQ-U

PF,P|,EP,EPS,EPP

THE FOLLOWING EXPRESSION NEEDS TO BE DIVIDED BY THE QUANTITY

(I/(h*PI)*COEF, wHERE COEF Is THE COMMON OENOHIHATOR OF THE ORIGINAL

CURRENT HATRIx ELEMENT I.E. (M**2*EE**h*(EE+H)**2

TRIPLET S ONE TO THE TRIPLET P ZERO CASE. '

EXPR-PF*(-.5*G(J,h)*ET+I*G(J,PP)-G(J,h)*PO+M*GI(J))*PI*G(J,E)*COEF

lD,PF-l*EE*PPDV-H*EE*G(J,V)+M**2*G(J,h)*G(J,V)+G(J,h)*G(J,PP)*PPDV

+I*M*G(J,Jl)*EPF(Jl,PP,V,h)*GS(J)

IO, Pl--|*EE*PPDW+M*EE*G(J,W)+G(J,h)*G(J,W)*M**2+G(J,h)*G(J,PP)*PPDW

+I*H*G(J,Jl)*EPF(Jl,PP,W,h)*GS(J)

IO,OOT PR, V(MU+)-FF*TF(MU)*ES-FF*PP(MU)*PPDTF

ID,FUNCT. V(MU+)-FF*TF(MU)*ES-FF*PP(MU)*PPDTF

IO,OOT PR, W(NU+)-FI*TI(NU)*ES-FI*PP(NU)*PPDTI

ID,FUNCT. W(NU+)-FI*T|(NU)*ES-FI*PP(NU)*PPDTI

ID. ES-EE*EE+EE*H

IO,FUNCT.TE(LA+)--PP(LA)/P

I0,00T PR.TF(LA+)--PP(LA)/P

I0,00T PR. TI(HA+)--PS(HA)

lD,FUNCT.TI(MA+)--PS(MA)

*YEP

ID,TRICK,TRACE.J

IO,EOE-I

IO,PSOPs-I

lD,PPDPP-P**2

IO,PP(h)-O

IO,E(h)-O

IO,PS(u)-O

lD,PPDPS*PPDE-P**2*PSDE/3

ID,P**9-P**7*(EE*EE-H*M)

lD,P**7-P**5*(EE*EE-H*M)

ID,P**5-P**3*(EE*EE-M*M)

ID,P**3-P*(EE*EE-H*M)

lD,P**2-EE*EE-H*H

a FI,FF,PSDE,P,I,COEF,M**h

N R

*END
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Hydrogen," Reviews of Modern Physics, volume 41, p. 350

(1969).

The above citations mainly deal with background material and serve-

to place this work in the context of current elementary particle physics

development. MOBt of the theoretical calculations dealing with the

charmonium system make use of the nonrelativistic Schroedinger wave

equation with a potential of the form V(r) 8 ar + b/r. The most extensive

treatment of this standard model is

[29] Eichten, E. and K. Gottfried, T. Kinoshita, K.D. Lane, and

T.M. Yan, "Charmonium: The Model," Physical Review, third

series, volume D17, p. 3090 (1978).

[30] Eichten, E. and K. Gottfried, T. Kinoshita, K.D. Lane, and

T.M. Yan, "Charmonium: Comparison with Experiment," third

series, volume D21, p. 203 (1980).

In these articles the authors make a great many predictions for the

charmonium system involving mass spectra and various types of decay
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rates for all of the allowed states. One item that hampered this earlier

work was the incorrect identification of the IS; states. The

radiative decay rates predicted by these authors are also incorrect,

being off by a factor of two or three from the experimentally determined

decay rates.

In the following work, Hoestler and Repko tried to see how a proper

treatment of relativistic effects would affect a charmoniumrlike system.

[31] Hoestler, Levere C. and Wayne W. Repko, "Bethe-Salpeter

Equation with Instantaneous Harmonic Oscillator Exchange,"

Annals of Physics (N.Y.), volume 130, p. 329 (1980).

In [31] they assumed a harmonic potential and calculated the spectra

and P((3095) +'e+ + e—). Using these two quantities they determined, in

exactly the same way as that described in chapter 2, the quark mass and

the harmonic coupling constant. The convergence for an initially

purely linear potential (which occurs when n 8 o) to a purely harmonic

potential level structure (limiting case for mi+ on) was shown to be

very rapid. They made no attempt to determine wavefunctions or other

quantities that could, in principle, be calculated for this system.-

In our method of solution we choose to make use of the fact that a

limiting form of the equations possessed Airy functions as their

solutions. To make use of this fact we needed accurate values of these

functions. To accomplish this we made use of the work of Yudell L.

Luke [32].

[32] Luke, Yudell L., "Mathematical Functions and their approximations,"

Academic Press, New York (1975).

The method used in this book to determine the Airy function is to expand

IBessel functions of orders f 1/3 and f 2/3 in a series of Chebyshev

polynomials. The appropriate coefficients are found in [32] on pages

351 and 352 (for the t 1/3 cases) and on pages 354 and 355 (for the f 2/3
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cases). The definitions and properties of the Chebyshev polynomials used

here are given on pages 453 to 464 of [32]. The recurrence relations

used in the Airy function computations are given on pages 453 and 459

of [32].

As a check on the wavefunctions at m = 0 and L + 0 one can compare

our results in figures 7 and 8 with those shown in

[33] Maurone, Philip A. and Alain J. Phares, "The Linear Potential

Wavefunctions," Journal of Mathematical Physics, Volume 21,

p. 830 (1980).

The method of solutions employed in [33] was developed only recently and

can be used to solve recurrence relations that result from series solutions

of differential equations involving three or more terms. This method of

solution is described in the following articles,

[34] Antippa, Adel F. and Alain J. Phares, "General Formalism

Solving Linear Recursion Relations," Journal of Mathematical

Physics, Volume 18, p. 173 (1977).

[35] Antippa, Adel F. and Alain J. Phares, "The Linear Potential:

A Solution in Terms of Combinatorics Functions," Journal of

Mathematical Physics, volume 19, p. 308 (1978).

[36] Phares, Alain J., "The Energy Eigenvalue Equation for the

Linear Potential," Journal of Mathematical Physics,

volume 19, p. 2239 (1978).

[37] Antippa, Adel F. and.Toan Nguyen Ky, "The Linear Potential

Eigenenergy Equation. 1: the coefficients Kn (32')," Canadian

Journal of Physics, volume 57, p. 417 (1979).

and some unpublished Villanova University reports referred to in these

articles.

The other limiting case of our equations is the three—dimensional

Schroedinger equation with a harmonic oscillator potential. This

equation is discussed in several places. Two convenient sources for

this equation are

[38] Fong, Peter P., "Elementary Quantum Mechanics," Addison

Wesley, Reading, Mass. (1962).
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[39] Morse, P.M. and H. Feshbach, "Methods of Theoretical

Physics," volume 2, p. 1662, McGraw-Hill, New York (1953).

Some of the numerical data used, e.g. masses, spins, etc. of the

various charmonium states can be found in the periodically issued

Particle Data tables compiled by the Particle Data Group at Berkeley and

Cern. The last published compilation is

[40] Particle Data Group, "Review of Particle Properties,"

Reviews of Modern Physics, volume 52 (April 1980).

The more recent work dealing with the 130 states as well as the

radiative decays of various charmonium states can be found in

[41] Gaiser, John E., "Charmonium Spectroscopy from Inclusive

Photons in J/w and w' Decays," preprint SLAC-PUB. 2887,

invited talk presented at the XVIIth Rencontre de Moriond:

Workshop on New Flavours, Les Arcs, France, January 24—30,

1982.

[42] Konigsmann, Kay 0., "J/w Radiative Transitions to

Pseudoscalars," preprint SLAC-PUB. 2910, invited talk presented

at the XVIIth Rencontre de Moriond: Workshop on New

Spectroscopy, Les Arcs, France, March 20-26, 1982.

Reference [41] includes a compilation of theoretical models and their

predictions of the charmonium system properties along with the more

recent Crystal Ball experimental results. [41] is the only source that

I know that contains information on the radiative decay rates of the

various triplet P states.

This work explicitly assumes the existence of quarks as constituents

of elementary particles. Even though the quark model is discussed in many

books and articles, e.g. [l], [2], [3], [7], [29], and [30] above, the

only experiment giving any positive indication for the existence of

free quarks is that by LaRue, et. al.,

[43] La Rue, 0.3., and W.M. Fairbank and A.F. Hebard,

"Evidence for the Existence of Fractional Charge on Matter,"

Physical Review Letters, volume 38, p. 1011 (1977).
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Additional information on the quark model can be found in R.P.

Feynman's book

[44] Feynman. Richard P., "Photon-Hadron Interactions,”

W.A. Benjamin, Reading, Mass. (1972).

In particular the ratio (e+ + e' +|hadrons)/(e+ + e- +.u+ + u') is

calculated in lecture 35 Of this book.

A derivation Of the radiative decay width given in appendix II.4

can be found in the book by Sakurai.

[45] Sakurai, J.J., "Advanced Quantum Mechanics,"

Addison-Wesley, Reading, Mass. (1967).

The two-gluon and two-gamma widths fOr the 1150, 2130, l3Po,

and l3P2 states were computed from equations given in

[46] Bakbieri, R., R. Gatto, and R. Kogerler, “Calculation Of

the Annihilation Rate Of P-wave quark anti-quark Bound

States," Physics Letters, Volume 608, p. l83 (l976).


