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ABSTRACT
ULTIMATE STRENGTH OF ARCH STRUCTURES
UNDER TWO- AND THREE-DIMENSIONAL LOADING

By

Abdulaziz Mahmood AlHamad

The ultimate load of parabolic two-hinged and fixed arches under
vertical, longitudinal (in-plane horizontal) and lateral (normal to the plane of
the arch) loads was studied. Plastic, elastic-nonlinear, and combined (including
both plastic and geometric nonlinearities) ultimate loads were obtained under
vertical and longitudinal loads (VH-load) and vertical and lateral loads
(VS-load). Also, three-dimensional ultimate load surface was considered.

In the developed computer program, nonlinear straight beam finite
elements along with a plastic hinge model were used to model the arch
behavior. The element plastic resistance is traced through the three possible
stages of its end joints being both elastic, one plastic, and both plastic. Of four
yield functions implemented, the inverse parabolic function best fitted
experimental results. Nonlinear equations were solved using accelerated
modified Newton-Raphson method.

For a given ratio of longitudinal to total load, h, and in-plane slender-
ness ratio, L/r,, the calculated arch ultimate VH-load, P(h), and other

responses vary significantly with the type of analysis (i.e., the presumed



-



nonlinearity) and with the ratio of ultimate loads under longitudinal-only and
vertical-only loads, P,,/P,,. The ratio of total to vertical-only plastic ultimate
load, P, ,(h)/P,,,, generally decreases with h and L/r,. For elastic analysis the
corresponding ratio, P .(h)/P,,, increases with h for low L/r, but decreases for
higher values. Plastic interaction curves between vertical and longitudinal
components of the ultimate load are convex, while elastic ones are concave.

Behavior under combined analysis is similar to plastic analysis for low
L/1,, and to elastic analysis for high L/r,. For L/r, = 125 to 325, fixing arch
supports increases plastic ultimate load by 0-50%, elastic one by 100-560%,
and combined one by 0-120%. Thrust action in the arch decreases and bending
increases with h.

Behavior under VH-load is similar to that under vertical unsymmetric
load. In particular, the decrease of the "vertical symmetric” component of the
arch ultimate with h is similar to its decrease with the unsymmetry ratio.

The ultimate VS-load is insensitive to restraining the in-plane support
rotation, but is affected by the type of analysis and it generally decreases with
the ratio of lateral to total load and L/r,. Also, it is influenced by the governing
mode of failure (i.e., in-plane or lateral-torsional). This is also true for three-

dimensional ultimate load surface.
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given ratio of h.

F, (1), F..(r), F ()

= Combined, elastic, and plastic total loads of fixed arch
under vertical unsymmetric loading, respectively, for a
given ratio of r.

Fi(8), Fue(s), Foyls)
= Combined, elastic, and plastic total loads of fixed arch
under lateral and vertical loading, respectively, for a given

ratio of s.

Ey(h), Fy(h), F, ,(h)
= Combined, elastic, and plastic vertical load components of
fixed arch under longitudinal and vertical loading,
respectively, for a given ratio of h.

Fyo(0), Foo(n), F,,(r)

= Combined, elastic, and plastic symmetric vertical load
components of fixed arch under vertical unsymmetric
loading, respectively, for a given ratio of r.

Fy (), Fyo(s), Fyh(s)
= Combined, elastic, and plastic vertical load component of
fixed arch under longitudinal and vertical loading,
respectively, for a given ratio of s.

Fuoer Froes Fuop
= Combined, elastic, and plastic ultimate loads of fixed arch
under symmetric vertical-only load, respectively.
f, = The ultimate load parameter corresponding to the ultimate
load of the arch.
H, = Critical horizontal reaction at arch support.
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Ratio of longitudinal load to total load applied to the arch
during vertical and longitudinal loading, and three-
dimensional loading, respectively.

Moments of Inertia of the element cross section about the
y-axis and z-axis, respectively.

Moment of inertia of the arch section and the deck section,
respectively, of a stiffened arch about their respective local
y-axis.

Combined moment of inertia of a stiffened arch about y-
axis.

A general term that refers to the structure global stiffness
matrix.

Structure global elastic-gemoetric stiffness matrix at the
beginning of increment j, formulated without including
plastic effects.

Structure elastic-linear stiffness matrix.

A general term that refers to the structure tangential
stiffness matrix.

Structure tangential stiffness matrix at the beginning of
increment j, and at the end of iteration i (i.e., at the
beginning of iteration i+1) during solution for load
increment j.

Coeffecient used in formula for buckling of arch.

General term for the element stiffness matrix.

Generic term for the elastic stiffness matrix of the element
that may be replaced by either the elastic-linear or elastic-

nonlinear one.

The submatrix of the elastic stiffness matrix, k., that relates

- the force vector at joint I to the displacement vector at joint

1.
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The term of elastic stiffness matrix, k,, that relates ith
component of the force vector to jth component of the
displacement vector.

Average value of the elastic-nonlinear stiffness matrix of
the element during a load increment.

The elasto-plastic stiffness matrix of an element.

The geometric and plastic incremental (also called
reduction) matrices of the element elasto-plastic stiffness
matrix, k., that represent the geometric and plastic effects,
respectively.

First and second order nonlinear-elastic incremental
stiffness matrices of the element, respectively.

Element elastic-nonlinear (also called elastic-geometric)
stiffness matrix.

Element elastic-linear stiffness matrix.
Element tangential stiffness matrix (that may include either
or both geometric and plastic nonlinearity effects,

whichever is present).

Elemenet tangential stiffness matrix at beginning of stage s
of elasto-plastic resistance calculation.

Length of the arch measured along its axis.

General term that refers to arch or element length: length
of the horizontal projection of the arch, or the finite
element or frame span length.

In-plane slenderness ratio of the arch.

Out-of-plane slenderness ratio of the arch.

A general term for axial force in a structural member.

N, v, v, M, M, M}

Force vector at a joint of the element.







Pi(D) =

PV =

Py, Po =

P =

Pyc(h), Pyo(h), Py

Py, Py Py, =

Pioes Puoes Phop

S P, =

xxiii
The axial force and critical (buckling) axial force,

respectively, at the quarter point of the arch span due to
applied load.

Plastic (also called ultimate or limit) forces at a joint of the
element.

The load applied to the structure, expressed in its general
form as a function of the structure displaced position, D.

Unit load vector applied to the structure. The actual load,
P, applied to the structure is measured in terms of P™ and a
load parameter so that, AP = Af-PY,

The portions (or subvectors) of force vector P that
correpond to translation and rotation degrees of freedom,
respectively, needed in calculations for convergence tests.
P is a generic term that may be replaced by any specific
force vector, e.g., P or dP®.

Total load vector applied to the structure at the end of
increment j (i.e., at the beginning of increment j+1).

h)

Combined, elastic, and plastic longitudinal load
components of two-hinged arch under longitudinal and
vertical loading, respectively, for a given ratio of h.

Ultimate loads that the two-hinged arch can carry under
longitudinal-only, lateral-only, and vertical-only
(symmetric) loads, respectively.

Combined, elastic, and plastic ultimate loads of two-hinged
arch under longitudinal-only load, respectively.

Longitudinal, lateral, and vertical (symmetric) unit total
loads, respectively, applied to the arch due to a unit
uniformly distributed load along the horizontal projection
of the arch in the corresponding direction.
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P,(5), P,.o(5), Pyy(s)
; = Combined, elastic, and plastic lateral load component of
two-hinged arch under lateral and vertical loading,
respectively, for a given ratio of s.

Pooes Pioses Puoyp
= Combined, elastic, and plastic ultimate loads of two-hinged
arch under lateral-only load, respectively.

P, (h), P, (h), P, (h)
= Combined, elastic, and plastic total loads of two-hinged
arch under longitudinal and vertical loading, respectively,
for a given ratio of s.

Py(r), Poe(r), Pyy(r)
= Combined, elastic, and plastic total loads of two-hinged
arch under vertical unsymmetric loading, respectively, for
a given ratio of r.

Pii(5), Poe(s), Py(s)
= Combined, elastic, and plastic total load of two-hinged arch
under lateral and vertical loading, respectively, for a given

ratio of s.

Py(h), Py(s) = Unit total loads applied to the arch as a combination of
vertical and longitudinal, and vertical and lateral loads,
respectively.

Py o(h), P, (h), P, (h)
= Combined, elastic, and plastic vertical load component of
two-hinged arch under longitudinal and vertical loading,
respectively, for a given ratio of h.

Po(n), P, (1), P, ,(r)

= Combined, elastic, and plastic symmetric vertical load
components of two-hinged arch under vertical unsymmetric
loading, respectively, for a given ratio of r.

Poe(s), Py (9), P, ()

= Combined, elastic, and plastic vertical load component of
two-hinged arch under lateral and vertical loading,
respectively, for a given ratio of s.
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Combined, elastic, and plastic ultimate loads of two-hinged
arch under symmetric vertical-only load, respectively.

Symmetric (dead) load intensity applied to the arch full
span along its horizontal projection.

Longitudinal, lateral, and vertical (symmetric) unit
uniformly distributed loads applied to the arch along the
horizontal projection of the arch in the corresponding
direction.

Unsymmetric (live) load intensity applied to half of the
arch span along its horizontal projection.

Ultimate load intensity (or uniformly distributed load)
applied along the arch horizontal projection that causes
failure, calculated using elastic stability or nonlinear
analysis.

The load intensity (or uniformly distributed load) applied
along the arch horizontal projection that causes yielding in
the arch at its supports, calculated using linear analysis.

Total load intensity of the different load intensities (e.g.,
live, dead, and longotudinal) applied to the arch half of full
length span of its horizontal projection.

Element force vector at its joints.
The force vector at the joint i of an element.
Old and new (calculated) force vectors (or points) at the

beginning and end of stage s of elasto-plastic resistance
calculation.

Tentative values of the new force vector, Q,’, used during
stage s of elasto-plastic resistance calculation to obtain the
final value of Q.

The plastic (ultimate) force of the ith component of the
force vector at an element joint.
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General term for the element end (or joint) displacement
vector.

Elastic and plastic components of element joint
displacement vector, dq.

The total, elastic, and plastic displacement vector at joint j
of an element.

The old, mid-point, and new joint displacement vector of
the element at the beginning, mid-point, and end of a load
increment, respectively.

Structure resistance vector corresponding to the structure
displaced position, D.

Structure resistance at the beginning of increment j.

Ratio of symmetrical (e.g., dead) load intensity to the total
(symmetrical and unsymmetrical, e.g., dead and live) load
intensity applied to the arch.

Equivalent unsymmetry ratio when applying both vertical
unsymmetrical and longitudinal loads to the arch along with
vertical symmetrical load.

Radius of gyration of the arch section about the y-axis and
z-axis, respectively.

symbols (or names) for the two section proportions of the
arch that were used in the parametric study.

Ratio of lateral load to total load applied to the arch during
vertical and lateral loading, and three-dimensional loading,
respectively.

scaling factor applied to the specified load parameter, Af,,
to obtain a smaller load increment in the procedure for
adjusting the load increment size.

Flange and web thicknesses, respectively, of the box-type
cross-section of the arch.
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U = Total strain energy in the element produced by internal
forces.

Portions of the element total strain energy, U,
corresponding to the quadratic, cubic, and quartic terms of
U.

Uy, Uy, Us

v = Gradient vector of the element, = {

{vi} (o}
(o} (vz)}

Gradient vector of the force vector, Qi at joint i of an
element.

Vi(Q)

Vet = Gradient vectors calculated at the beginning and end of a
displacement stage at joint i during the process of elasto-
plastic resistance calcultion of an element.

Vio = Estimated gradient vector at joint i of an element during
iteration j of the iteration process to return the force point
to the yield surface.

v,V = Ratio of vertical load to total load applied to the arch
during vertical and longitudinal or vertical and lateral
loading, and three-dimensional loading, respectively.

Aer = Coeffecient used in formula for buckling of arch.

o = Scaling factor that scales the force increment vector, dQ!,
at joint i of an element to the yield surface during a load
increment.

gt = Scaling factor that scales the force increment vector, dQ™,
at joint i of an element to the yield surface during stage s
of elasto-plastic resistance computation of a load
increment.

B,y

Constants in formulas for arch ultimate load.

AD} = Total displacement increment during increment j,
accumulated through the end of iteration i for nonlinear
solution.







AD,(T")

Afj

. xxviii
Specified value of the displacement at the controlling

d.o.f., T', used in the displacement-controlled analysis
procedure.

Load parameter increment that defines the applied load for
the increment in terms of the unit load vector, AP =
Af-P".

Total increment load parameter at the end of iteration i of
load increment j that define the applied external load for
the increment in the displacement-controlled analysis
procedure, Af; = Af;, + df;,.

The initial value of the load parameter increment, Af,
specified in the data input.

Specified load parameter value used in determining the
value of displacement at the specified d.o.f., AD,,(T) in the
displacement-controlled analysis procedure.

Total magnitude of the load parameter to be applied to the
structure using the specified load vector.

Length of the horizontal projection of each arch segment
represented by a straight beam finite element, = L/n,
where n = number of elements.

Unit longitudinal, lateral, and vertical concentrated loads
that represent the uniformly distributed load applied to an
arch node, in their respective directions.

Load increment applied to the structure during load
increment j.

Structure incremental resistance during increment j,
calculated at the end of iteration i.

The difference between the unbalanced load vectors at the
beginning of iterations i-1 and i, 6P = dP;* -dP;,, used in
the acceleration procedure used in conjunction with the
modified Newton-Raphson method.
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T = The d.o.f. that is specified to be used as the controlling
d.o.f. in the displacement-controlled analysis procedure.
€(x,Y,2) = Normal strain at point (x,y,z) of the element.
€ = Tolerance limit for yield surface definition of a force

function at an element’s joint.

€p,€ps€ER = Tolerance limits for force, displacement, and energy
convergence tests, respectively.

$ = Force function (or plastic potential function) of the force
vector at an element’s joint.

@y, dy = Lower and upper limits of the yield surface definition.
Q) = Force function of force vector Q' at joint i of an element.
[ RN = Force functions of force vectors Q. and Q,), at the

beginning and end of load (or a displacement stage)
increment, respectively, at joint i of an element.

@i 0, ¥ = Rotation displacements about x-, y-, and z-axes at joint i of
an element.
N = Proportionality constant that relates the plastic

displacement vector to the gradient vector at the yielded
joint i of an element.

His Vi, @; = Translational displacements in the direction of x-, y-, and
z-zxis, respectively, at joint i of an element.

a(y,z) = Normal stress at point (y,z) of the element section.

LA = Allowable (or ultimate) stress permitted to occur in the
arch due to applied loads.

9y = Yield stress of the material.

Oy Oy = Normal stress at a section due to normal force and bending

moment, respectively.
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TiEs T2,E = Limits for energy terms divergence tests used for check of
iteration process divergence during nonlinear solution for a
load increment.

Tips T2p = Limits for force norms divergence tests used for check of
iteration process divergence during nonlinear solution for a
load increment.







CHAPTER I

INTRODUCTION

1.1 GENERAL

The objective of this thesis is to study the ultimate load carrying
capacity of arches. The prevailing trend in structural engineering is toward the
ultimate strength design, mainly because it is based on a more rational
approach to the design process that would place the structural material where it
is needed. In addition, it helps to provide accurate estimation of the structure
reliability under different loading conditions as exemplified by the recently
adopted load-resistance factor design (LRFD) method. In this regard, this study
represents a continuation of the efforts to study the ultimate strength of
structures under different load combinations.

The main advantage of arch structures is their ability to carry loads
through axial thrust (with little or no bending moments) when the funicular
curve of the applied load is close to or coincides with the longitudinal axis of
the arch. For parabolic arches, this load is the symmetrical uniform in-plane
load applied to the horizontal projection of the arch. While this property allows

the construction of long-span bridges with relatively small section depth to
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carry dead loads, the disadvantage of possible sudden failure due to buckling
under high axial load requires consideration its of stability.

In addition, when the arch is subjected to loads other than the vertical
symmetrical load -for example, vertical unsymmetrical load- its load carrying
capacity is significantly reduced. In this study, the effects of other types of
loading is considered, in particular the combination of vertical load with
longitudinal (horizontal in-plane) and lateral (transverse) loads are considered.

These loads usually occur due to earthquake or wind effects.

1.2 OVERVIEW

1.2.1 Arch Behavior under Different Loads

In general, the behavior of arch structures under different combinations
of loading conditions and the interaction between possible different components
of the structure itself (for example, the arch ribs, the deck, and different
bracing systems) is quite complicated. Simplifying assumptions that eliminate
some of these variables -such as neglecting possible deck and/or bracing
systems- are usually deemed necessary to first study the behavior of the main
structural member, i.e., the arch.

The nonlinear behavior of arches under vertical in-plane loading was
extensively studied where both elastic and plastic nonlinearities were included.
It is well documented (for example Austin (2), and Kuranishi (16)) that the arch

total ultimate load decreases as the vertical load unsymmetry increases, and
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that unsymmetric failure mode gO\;erns for both the symmetric and unsym-
metric loads. This was found to be true also for stiffened arches where the deck
serves as a stiffener to the arch in bending.

Another mode of failure that was investigated in the literature is the out-
of-plane elastic behavior of arches, specially the lateral-torsional failure of
arches under vertical loading, where it was found that a single-rib arch often
prematurely fails in this mode before it reaches its in-plane ultimate strength.
To overcome this problem, enough lateral stiffness may be provided by using
double-rib arches connected with lateral bracing system. Inelastic behavior of
braced double-arch systems was studied under wind loading, where the lateral
load was assumed to be a small proportion of the vertical load, and the bracing
requirements were the main objective.

The arch may be subjected to three types of loading. First, a vertical in-
plane loading due to dead and live loads is the primary type of loading. Longit-
udinal (horizontal in-plane) loading may result from wind load or more likely
from earthquake load. Lateral (transverse) loading also usually results from
wind or earthquake.

While the in-plane and out-of-plane arch behavior had been extensively
studied under different combinations of vertical and lateral loads, the inter-
action between the vertical and longitudinal loads had not been investigated
probably bacause of the assumption that the arch elastic stiffness is much

higher in the longitudinal direction. However, this assumption may not be true
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when material nonlinearity is included. This is considered in this study. In
addition, limited studies in the past on the interaction between symmetric and
unsymmetric vertical and lateral loads were limited to two-dimensional studies.

In this study, a case involving the three loads is considered.

1.2.2  Plasticity Model

Early studies of arch behavior concentrated on elastic buckling of arches
and neglected plastic effects. Recent studies included both elastic and plastic
nonlinearities mainly using a "fiber model" to represent the arch. In this
model, the arch is divided into multiple segments along its longitudinal axis
with each segment being divided into small fibers that extend along the segment
length (i.e., the cross section of each segment is divided into small areas). The
stresses and strains in each one of these fibers are assumed to be uniform
throughout the fiber. By assuming a nonlinear stress-strain relation (e.g.,
elasto-plastic relation) for each fiber of the segment and assuming that "plane
sections" remain plane after deformation, the compatibility and equilibrium
conditions at the interfaces of each two adjoining segments are enforced. As a
result, the forces and stresses in the arch can be solved as a set of nonlinear
equations, and the spread of yielding in the arch may be traced with the
progress of loading.

Although the fiber model was successful and produced accurate results,
its use for complicated structures is cumbersome and may be prohibitively time

consuming. In this research, the classic plastic hinge approach was used to
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model plastic effects with special treatment of discontinuities of the yield
surface. Comparison with experimental results produced good agreement, and

this model was used in obtaining the data for the parametric studies.

1.3 SUMMARY OF PRESENT STUDY

In chapter two, a detailed, three-stage procedure to implement the plastic
hinge model is described. Four different functions, namely spherical,
octahederal, parabolic, and inverse parabolic, were used to model the yield
surface at a plastic hinge. The gradient singularity at regions of discontinuity in
the yield surface was treated by using special patch functions. In chapter three,
the scope and implementation aspects of the computer program for nonlinear
solution are described, and numerical results are presented for comparison with
experimental and theoretical solutions reported in the literature. The inverse
parabolic function was shown to produce the best agreement.

In chapter four, the elastic, plastic, and combined (that includes both
nonlinearities) ultimate loads of single-rib parabolic arch with different support
conditions, under different combinations of symmetrical vertical load and
longitudinal load (uniformly distributed along the arch horizontal projection)
are studied. Comparison with the arch behavior under unsymmetrical vertical
loading revealed similarity between the two cases, specially for the combined
analysis. In addition, the interaction between the vertical and horizontal load
components, the failure modes and response curves, the formation of plastic

hinges and the force path at the arch quarter point were also examined.
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In chapter five, the arch pla-stic, elastic and combined ultimate loads
under different combinations of vertical load and lateral load (also uniformly
distributed along the arch horizontal projection) were obtained, and the
interaction curves, failure modes, and response curves were also examined. In
addition, the three-dimensional combined ultimate load surface of the arch was

constructed to demonstrate the interaction between the three types of loading.

1.4 LITERATURE REVIEW
Literature review of the in-plane and out-of-plane behavior of arches is
presented in the following sections. For each section, the review is divided into

studies that deal with elastic behavior and those that include plastic effects.
1.4.1 In-Plane Behavior of Arches

A) Flastic Behavior

In 1971, Austin (2), summarized the research done in the area of arch
behavior to that date. He reviewed the studies of linear buckling of arches
under symmetrical loading. These studies proposed a formula for calculating
the arch strength in terms of the axial thrust at the quarter point of the arch
span, Ngp, that is analogous to the formula for buckling load of axially loaded
column,

Nop = 4o, F_Iy/.L'z = 4x* EL/(k,L)?
where N, is the critical axial load at the span quarter point that causes the

arch to buckle, o, and k., are coefficients that depend on rise-to-span ratio,
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f/L, and type of arch support (2-hinged, 3-hinged, or fixed), L is the arch
length along its longitudinal axis, L is the arch span length (the horizontal
projection of L"), I, is the moment of inertia about the out-of-plane axis, and E
is the elasticity modulus. The arch critical load under unsymmetrical vertical
loading was reviewed, where the studies suggested an ampliﬁcatioﬁ factors, Ag,
similar to that of beam-column to correct linear moments and deflections for
nonlinear effects, Ap = 1/(1-Ngp/Ngp,), Where Ngp is the actual thrust resulting
from the applied load. However, when the ratio of Ngp/Ngp,. is high, the author
recommended a deflection (i.e., nonlinear) analysis.

Studies suggested the above formulas may be applied to non-uniform
arches using an equivalent arch with properties equal to the average properties
of the actual arch, and to stiffened arches by using an equivalent moment of
et B =L it Lops

In 1976, Austin and Ross (3), studied the symmetrical and unsym-
metrical buckling modes of symmetrically loaded arches, using both classical
(linear eigenvalue) and nonlinear analysis. They found that the unsymmetrical
buckling load was always lower than symmetrical buckling load for both two-
hinged and fixed arches, and that the classical theory produces large errors in
predicting buckling loads for symmetrical modes, and in predicting moments

for all modes. They also found that a parabolic arch carries larger load than

circular or catenary arches.
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In 1980, Maeda and Hayashi (24), reported on the elastic nonlinear
nalysis and design aspects of long span arches and compared the obtained
esults with the limits specified by the Japanese specifications. Based on their
bservations they suggested more precise formulas that take the load
nsymmetry into account.

In 1982, Harrison (12), reported a study of the elastic response of
arabolic arches under unsymmetrical loading that extends from one edge to a
raction of the length (varied from 0.3 to 1.0). He concluded that the ultimate
ad intensity (i.e., uniformly distributed load) was minimum when about 70%
f the span was loaded, with reduction of 10% for 2-hinged arches and 13% for
xed arches compared with symmetric loading.

In 1984, Medallah (25), reported on the nonlinear response of deck-
iffened arch subjected to constant vertical load and loaded till failure by
ngitudinal loading. He found the amplification factor method mentioned
yove adequate to predict the elastic nonlinear response from linear analysis.

In 1989, Dusseau and Wen (11), reported the results of linear dynamic
1alysis of deck-stiffened arches under unequal seismic support earthquake
otion in vertical, longitudinal and lateral directions. The study found that
ngitudinal motion creates high stresses in the arch itself and in the longitudi-
1 bracing system between the arch and deck; they found that the sum of
resses due to both vertical and longitudinal motions could exceed the yield

ress of the material under a credible earthquake.




P



3) Plastic Behavior

The behavior of arches when both geometric and plastic nonlinearities
re included was a subject of study since 1972. In the majority of these studies,
he fiber approach described earlier was used. A survey paper by Yabuki and
/innakota (46), 1984, covers different aspects of research on arch behavior up
o that date.

In 1972, Kuranishi and Lu (16), reported a study of the ultimate load of
-hinged steel arches under vertical loading. Using rectangular and sandwich
ections, they studied the variation of the ultimate load ratio, p,/p, (defined as
he ratio of the computed ultimate load intensity, p,, to that which first causes
ield in the arch using linear analysis, p,), with main parameters such as in-
lane slenderness ratio L/r,, unsymmetry ratio, r (= pp/(PpL+Prr), Where pyp
s the dead load applied over the full arch span, and py. is the live load applied
ver half the arch span), and span-to-depth ratio, f/L (see Figures (4-1) and
4-2)). They found that p,/p, decreases with the increase of r and L/1,. In
ddition, p,/p, becomes significantly less than one as r increases, which
wdicates that unsafe design would result from using the linear elastic analysis.

In 1973 and based on the above study, Kuranishi (17), proposed two
ormulas for conventional structural design based on elastic linear and
onlinear analysis, that are based essentially on the sum of stresses due to

ending and axial loads.
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Shinke, Zui, and Namita (35), 1975, studied arches under symmetrical
ind unsymmetrical vertical loads, and the relation of p,/p, with other main
yarameters, and arrived at conclusions similar to Kuranishi and Lu. In another
tudy (36), 1977, they coml;ared analytical results with experimental results,
ind found good agreement.

Kuranishi (18), 1977, studied the ultimate load of fixed arches and found
hat their behavior is similar to that of two-hinged arches with same properties
ut they have larger load carrying capacity. Also, he noted that for stiff arches
with low slenderness ratio), as the force path (i.e. the axial force-bending
noment relation) at the arch span quarter point approaches the yield surface, it
akes a path parallel to the yield surface with direction toward the axial force
xis so that the axial force increases while the bending moment decreases; for
lender arches, the force path moves toward the moment axis.

Komatsu and Shinke (14), 1977, proposed a design formula for the
1-plane instability criteria of a symmetrically loaded arch analogous to the
eam-column formula used in current specifications, where the ratio of
llowable stress, o,, to yield stress, o, is related to the slenderness ratio of the
rch. In this formula two relationships in two distinct regions were defined,
ne controlled by plastic behavior and the other by elastic behavior. In
ddition, they extended this formula for the case of unsymmetrical loading by

itroducing a correction factor for the above formula.

e
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Kuranishi and Yabuki (19), 1979, compared an analytical method to
xperimental data and found good agreement. They also found that residual
tresses may reduce the ultimate load of the arch by up to 20%, while section
roportioning has much smaller effect (up to +5%). To avoid plastic local
uckling of the arch section components, they suggested that maximum strain at
he arch springing should not exceed 4 times the yield strain.

In 1984, the same authors proposed a design formula based on research
f plastic behavior of two-hinged arches (22), and in 1987 they (along with Lu)
xtended it to fixed arches (48). The formula uses two regions based on the
evel of axial load at the quarter point of the arch, similar to the suggestion of
\ustin (2), and correlates axial load and bending moment obtained using linear
nalysis.

Yabuki, Vinnakota, and Kuranishi (47), 1986, reported a study of the
ehavior of fixed arches. They found that the elastic theories (linear and

onlinear) overestimate the ultimate load of the arch.

4.2 Out-of-Plane Behavior of Arches

The out-of-plane behavior of arches under vertical loading, or lateral-
rsional buckling, was extensively studied. However, arch behavior under
rge lateral loading received less attention. Studies on elastic and elasto-plastic

rch behavior are reviewed here.
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A) Elastic Behavior

In 1968, 1. Ojalvo and Newman, (26), described a theoretical formula-
tion of the linear elastic stability of curved twisted members that was used in
several studies of arch behavior, (27,38,39,40). M. Ojalvo, Demuts, and
Tokarz (27), 1969, studied the linear elastic stability of circular ring segments
under thrust or pull force applied to the ring chord (the line that connects the
two ends of the ring). They found that torsional rigidity has a slight effect on
thrust buckling, but it has a more pronounced effect on pull buckling.

Shukla and Ojalvo (38), 1971, studied the elastic stability of parabolic
arches under vertical and tilting loads. Tokarz (39), 1971, reported on experi-
mental tests of lateral-torsional buckling of circular and parabolic arches with
different crown and end support conditions under vertical and tilted loads. In
1972, Tokarz and Sandhu, (40), presented an analytical study of the elastic
buckling of parabolic arches to predict the obtained experimental results above,
and found fair to good agreement.

These studies found that the load direction profoundly affected the arch
buckling load. It is highest when the load tilts with the arch (called hanger-type
load) and lowest when the load tilts opposite to it (called column-type load),
with vertical load (with no tilting) in between. The differences between highest
and lowest loads reach up to 400%. Also, the studied arches were found to fail

in symmetric out-of-plane mode due to bending, with insignificant influence of
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the ratio of torsional rigidity to lateral bending rigidity on the buckling load for
small rise-to-span ratio (f/L < 0.3).

Sakimoto and Namita (31), 1971, studied the out-of-plane elastic
buckling of double-rib arches with bar transverse bracing under radial in-plane
loads, and found good agreement with experimental verification. Yabuki and
Kuranishi (44), 1973, studied the effect of warping on the elastic buckling of
double-rib circular arches under lateral loading, and found that the effect of
warping on the arch behavior increases as torsional rigidity and slenderness

ratio increase.

B) Plastic Behavior

Using the fiber model and incremental nonlinear analysis, Komatsu and
Sakimoto (15), 1977, studied the elasto-plastic lateral-torsional ultimate load of
two-hinged single parabolic arches under vertical and hanger-tilted loads. When
plastic effects were included, they found the hanger-type ultimate load to be
100% larger than that of vertical load. This is relatively small when compared
with elastic analysis, where the difference is 200%. They also found that f/L
ratio does not affect the ultimate load.

Sakimoto and Komatsu (32), 1979, studied the effect of truss-type
transverse bracing on the ultimate load of double-rib arches under combination
of vertical and lateral loading. They found the system fails due to bracing
buckling for slender arches (L/r, > 180), while the ribs failure controls for

stiff arches; a simple formula to predict the arch ultimate strength based on
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linear analysis was suggested. Another study by the same authors (33), 1982,
on the behavior of parabolic double-rib arches with different bracing systems
under vertical loading found that failure is dominated by lateral bending mode
rather than torsional one in both deformation and moments.

Based on the above studies, Sakimoto and Komatsu (34), 1983, proposed
a formula to predict the arch ultimate strength due to lateral instability, similar
to that of beam-column formula, that takes into consideration the type of end
support (two-hinged or fixed), lateral rigidity, and extent of bracing along the
arch length.

Kuranishi and Yabuki (21), 1981, studied the ultimate load of double-rib
parabolic arches with lateral bracing under vertical and lateral loading, and
found the in-plane ultimate load begins to decrease significantly when the
applied lateral load exceeds 50% of the actual ultimate lateral load -calculated
from nonlinear elasto-plastic analysis-. Under “practical" lateral load due to
wind loading -defined below-, they found the in-plane load carrying capacity
decreases slightly (less than 10%) and exhibits in-plane failure mode when
sufficient lateral stiffness is provided; the "practical" wind load was assumed to
be 10% of the arch ultimate lateral load calculated from simple plastic analysis
(using linear analysis).

Extension of this study by Yabuki, Vinnakota, and Kuranishi (45), 1983,
found the in-plane vertical load in presence of practical lateral load decreases

with the increase of in-plane slenderness ratio, L/r,, and rise-to-span ratio, f/L;
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the decrease reaches a maximum of 15% for L/r, = 300 and f/L = 0.3. Design
criteria to account for the effect of lateral load on the in-plane ultimate load
and to specify the required out-of-plane stiffness to prevent lateral failure mode

were suggested by Kuranishi and Yabuki (23), 1984.







CHAPTER II
THEORETICAL MODELS FOR

NONLINEAR ELEMENTS

2.1 INTRODUCTION

The nonlinear finite element program prepared for this study uses
straight beam elements to model the arch. Both geometric and material
nonlinearity effects were incorporated into the finite element model, where
either or both nonlinearities may be included in the analysis.

The tangential stiffness matrix of the straight beam element consists of
the elastic linear stiffness matrix plus the contribution of the geometric (elastic-
nonlinear) and plastic nonlinearities in the form of incremental matrices
(30,28). For elastic-nonlinear analysis and simple-plastic analysis only the
corresponding incremental matrix is included. For combined nonlinear analysis
where both geometric and plastic effects are present both incremental matrices
are included.

The details of formulation of the element stiffness matrices and calcula-

tion of its resistance for different cases of nonlinearity are detailed in the

16
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following sections. The computer implementation of the nonlinear solution

procedure of the structure equilibrium is presented in the next chapter.

2.2 ELASTIC-NONLINEAR RESISTANCE OF STRAIGHT BEAM
ELEMENT

For elastic-nonlinear analysis, the structure resistance during a load
increment is assumed to be linear, and is evaluated as the average of resistance
during that increment,

AQ = k., Aq, 2.1
where AQ is the element incremental resistance (i.e., force) during the load
increment, k. ,, is its "average" elastic-geometric stiffness matrix that repre-
sents the element stiffness during the increment, and Aq is its incremental
displacement vector at its end joints, obtained from the structure global displa-
cement vector (through transformation from the structure global axes to the
element local axes).

In the following two sections, the model used to calculate the element
stiffness matrix is presented first, and then the procedure to evaluate the

average stiffness matrix during a load increment is considered next.

2.2.1 Element Elastic-Geometric Stiffness Matrix

The model for elastic-geometric stiffness matrix used here is that
developed by Wen and Rahimzadeh (42), and derived using Lagrange
coordinates for small rotations (abbreviated as Lagrange-SR), where the global

coordinates are fixed (not updated) and the rotation of the element chord is
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small (less than 15 degrees). It is based on the "average axial strain" model,
where the contribution of the transverse displacement to normal strain,
€(x,y,z), (the second term in the equation below) is averaged over the element
length,
w171 2 (do ) Py, do
won- 2 48] (8T Jo-rt3 o83
and the interpolation functions are linear for longitudinal and torsional

displacements and cubic for lateral ones,

ko= B+ (- p)X/L,
¢ =& + (d,-d)x/L,
vo=v, +0,x+(-20,-0,+36)x*L + (6, +6,-20,)x3/L?
© =0 =X+ (24 Yy -39) XL+ (< -y, +29,) xP/L2
In these equations, {g,, »,, w;, ¢, 0, ¥1, o, --., ¥,} are the element

joint displacement vector, q, Figure (2-1), 6, = (v,-»,)/L and ¥, = (w,-w,)/L
are the chord rotations, and L is the element original length. The x-axis is the
local longitudinal axis of the straight beam element while y- and z-axes are the
principal axes of its section. The normal strain expression is used to compute

the element strain energy, U, over its volume, dV,

u-[ lpaay
volume 2

=0, +U, + U,
where E is the elasticity modulus and U,, U;, and U, are the quadratic, cubic

and quartic terms of strain energy, U, respectively. The elements of the tangent

stiffness matrix are derived from the energy expression,
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Figure 2-1 End joint displacements of straight beam element in three dimensional
space.
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FU

dq; aq;

U, . *U, N FU,
q; oq;  dq; 9q; 9 g,
= k@) + k@) + k().

kG =

The resulting elastic-geometric stiffness matrix is composed of three
matrices,
[kl = [k,] + [k, 1+ [k, 2.2)
where k, is the linear elastic stiffness matrix, and k,, and k,, are the first order
and second order incremental stiffness matrices. The last two matrices

constitute the incremental geometric matrix,

[k,] = [k,] + [kg] 23

The detailed derivation and stiffness matrix elaments can be found in

reference (42).

2.2.2 Calculation of Element Elastic Resistance

The element elastic-geometric stiffness matrix at a given displaced
position is evaluated as a function of its elastic linear stiffness matrix, k,, and
its joint displacement vector at that position, q,

k, = f(k,q). 2.9

The element new displacement vector at the end of a load increment, q,,
may be determined, q, = g, + Aq, where q, is the displacement vector at the

beginning of the increment. Also, the increment mid-point displacement can be
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found, qn, = q, + Aq/2. The element average stiffness matrix during the
increment may be evaluated at the midpoint displacement position of the
increment,
Kpw = f(kydy,),

or alternatively may be taken as the average of the stiffness matrices evaluated

at beginning of the increment, k., ., and at the end of the increment, k. ,,

k%-v = %(kez,o &4 keg-n)'

The obtained numerical results show that both methods give very similar
results, but the first method is less calculation intensive and is the one used
here.

‘When plastic effects are present, only the elastic component of the
element total displacement vector contributes to the elastic-geometric stiffness;
i.e., the plastic component is neglected. Hence, the above equations are applied
with the element total displacement vector replaced by its elastic component as
explained later in this chapter.

2.3 ELASTIC-PLASTIC RESISTANCE OF STRAIGHT BEAM

ELEMENT

For plastic analysis, the element stiffness, and hence its resistance,
change when a joint yields, and in theory the element resistance needs to be
evaluated separately for every stage of stiffness change (elastic, one, or two

joints yielded) during the increment.
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While the stiffness matrix formulation for an elastic-perfectly plastic (or
elasto-plastic) straight beam element with yielded joint(s) is well established
(28, 30, 41), the approximations involved in its implementation differ widely,
(28). The differences arise mainly from the handling of the basic assumption
that for an elasto-plastic material the incremental force vector at a yielded joint
is tangent to the yield surface, which in general causes the new force point to
drift from the yield surface, hence violating the assumption that the force
function, ¢, has to stay on the yield surface. To keep the force point on the
yield surface, several procedures were proposed, some involving iteration
procedure while others involve one-step approximate force correction; both
have been applied with the use of either the elastic or elastic-plastic stiffness
matrix of the element (28). All these procedures treat the yielding of each joint
separately when determining the elastic and plastic portions of the applied
displacement, neglecting the interaction effect of one joint yielding before the
other on the response of the element.

In the following section, a procedure is introduced that combines two
features. First, following an iterative process, the element new force point
would be made to stay on the yield surface in a manner more strictly in
conformance with the theory of plasticity. Second, the incremental displa-
cement can be large enough so that the element may undergo the process of
changing from a state of total elasticity to having one yielding joint and then to

having both joints yielding (43).
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The basic derivation of the elastic-plastic stiffness matrix and the
assumptions associated with it, (30, 28), are summarized in next section for

reference.

2.3.1  Element Elastic-Plastic Stiffness Matrix_

When an element yields as it goes through a displacement increment, dq,
the displacement increment may be expressed as the sum of its elastic and
plastic components,

{dq} = {dg,) + {dq,)
{aqh] [tdg}|  [tdg)) 2.5
{hiq’)} " et ' {ag?)

where dq. and dg, are the elastic and plastic displacement components,
respectively, and dq.' and dq,’ are their respective components at joint i. From
the assumption of elasto-plastic material, the plastic displacement increment
does not generate forces in the element and the element incremental nodal force
vector is related only to the elastic displacement increment and the elastic

stiffness matrix, k.,
{dQ} = [k, 1{dg,}
{(dQ‘) k'l [k’| [(da) @6
<dQ2)} T oy o |
where k, is a generic term, replaced by either k., or k, (depending on whether
geometric effects are included or not), that is composed of four submatrices,

k.3, that relates the joint forces at joint i, dQ', to the joint displacements at joint
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j, d¢'. The yielding condition at joint i is defined by the force function, &, that
defines the yield surface when,

o Q,1Q)h = 10, @.7
where {Q} and {Q,’} are the applied force vector and the limit (plastic) force
vector at joint i, respectively. When the force function satisfies this condition,
the joint is considered to have reached plastic or yield state. Moreover, for
elasto-plastic material the force function cannot exceed unity.

For a yielded joint, i, the normality rule states that the plastic defor-
mation vector is normal to the yield surface and orthogonal to the element force
increment,

{dg})™{dQ'} = 0 2.8)
For associated material, the force function is assumed to be the same as the
plastic potential function, and consequently the plastic displacement increment
at joint i is determined as follows,

{dgl} = 2, (Vi} 29
where )\; is the proportionality constant for joint i and V' is the gradient vector
of the force point, Q, on the yield surface,

vy = L3 , m=1ln
aQy,

_[29t 2ot a@|”
aQ 3Q  9Q,

(2.10)
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where n is the number of force components that compose the yield function.
From (2.5) and (2.9),
{dg}} = {{dg}) - AV} ' @11
Figure (2-4.a) shows the yield surface of a yielded joint with vectors
{dQ}, {dq}, and {V} in a two-component space. The derivation of the elastic-
plastic stiffness matrix depends on whether one or both joints have yielded, as

discussed below.

2.3.1.1 Case of One Joint Yielding

For this case, the plastic deformations are present only at the yielded

joint (denoted as joint A), while the other joint (labeled joint B) is elastic with

{dq,®} = 0, and A\ = 0. The normality rule applies only at the yielded joint.
Substituting the expression for {dq.} using (2.11) into (2.6), then

expressions for {dQ*} from (2.6) and {dq,*} from (2.9) into (2.8), and

observing that \, has arbitrary value, it can be determined that,
1
A, = — VAL KM k2] (dg)
CA
where,
c, = (VAT [KMT{VA)
and kA are the submatrices of the elastic stiffness matrix defined before.

The elastic-plastic stiffness matrix is found by substituting expressions

for \, into (2.11), then expression for {dq.} from (2.11) into (2.6),
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kuM keAB . C_IA {vA} {V“)T[k:‘kf]J i

k‘BA k'BB []_

[k,,] =
[0]

where [I] is an identity matrix. The negative term consists of an N+2N non-
zero matrix that corresponds to the yielded joint, complemented with the N+«2N
zero matrix that corresponds to the elastic joint, where N is the number of

degrees of freedom per joint.

2.3.1.2 Case of Two Joints Yielding

When two joints yield simultaneously, equations (2.8) and (2.9) may be
written in general matrix form,

(dglF {or {(dQl )} . {0} G

or {dg2r| Q) o)’
and,

(dqp) = {(VHa}
W)l vy (o) (A @.14)
gy { 0} W’)} {Az}

In a similar procedure, substituting expressions for dg.' and dq,? from
(2.11) into (2.6), then expressions for dQ' from (2.6) and dq,’ from (2.9) into
(2.13), a set of two simultaneous equations is obtained that can be solved for
A}

(A} = [ V)T [k, ]1{dq}

where,

[
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[c] = {V)T[k]{V}
The elastic-plastic stiffness matrix is obtained by substituting
expressions for \; and A, into (2.11) for both joints, and back into (2.6),
(k] =[] [[1] - (V) (eI (V)7[k,]] @19
The expressions for elastic-plastic stiffness matrix and plastic deforma-
tion are used in the calculation of the resistance and deformation of the straight

beam element as described later in this chapter.

2.3.2 Yield Surface Functions: Types and Implementation

In this section the different types of yield surface functions used in this
study to represent the plastic behavior of straight beams and their definition are
discussed first, followed by discussion of the procedure of implementing these

definitions into a computer program.

2.3.2.1 Types of Yield Surface functions

The type of yield surface defining an element plastic behavior is
obviously an important factor in calculating the plastic load carrying capacity
of a structure. The closer it is to the actual behavior of the element the better
the predicted results, but the more difficult to implement the calculation
procedure or to generalize its application. On the other hand, simply const-
ructed models may affect the accuracy of the obtained results, (1,28), but are

easier to implement into a computer program and can be used to represent a

wide range of structural sections.
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An example of the first type is a multi-faceted yield surface that is
described by several facets in each single region of the surface (defined by
principal axes), (28), creating difficulty in computer implementation. Another
example is a single continuous (usually complex) equation depicting the yield
surface for a limited range of a certain structural section (e.g. an I-beam
section), (28). While this approach is preferable for computer implementation,
it is not always possible since it is difficult to generalize for wide range of
sections and sizes. These disadvantages are specially true when more than two
force components contribute to the yield surface (1, 8).

In this research, four types of yield surface functions are implemented
and compared for the problem in hand. These types are: 1) octahedral,

2) spherical, 3) inverse parabolic, and 4) parabolic, as shown in Figure (2-2)
for two-dimensional space. The octahedral and spherical functions are
considered as the lower and upper limits for the plastic behavior of the
element, respectively, while the parabolic and inverse parabolic functions lie in
between. The inverse parabolic function more closely represents the interaction
between axial force and bending moment for steel sections, (e.g. ref. 7). In
these functions, torsion and shear forces are not included since they do not
have significant effect on the plastic behavior of the studied problem.

Except for the spherical function, all these functions have some disconti-
nuity of the gradient vector either along a line where two surfaces meet, called

aridge, or at a point along one of the principal axes when more than two
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Parabolic

Spherical

Inverse
Parabolic

Octahedral

Figure 2-2 Different types of yield surface in two-dimensional space.

surfaces meet or when the function has a conical shape, called a corner. As a
result, the gradient vector cannot be properly evaluated if the force point lies in
a discontinuity region.

To overcome this problem, the original function is patched in the regions
of discontinuity with special functions that provide definite value and contin-
uous change of the gradient vector in each region of discontinuity, avoiding
singularity of the gradient and allowing proper evaluation of the direction of
the force increment tangent to the yield surface. If the force point lies in a
discontinuity region, the gradient is evaluated using the special function. The
force function itself, however, is always evaluated using the original function.

The patch functions used here do not provide an entirely smooth change

of the gradient from one facet of the yield surface to the other, since there is







30

still some discontinuity between the batch function and the original yield
surface. However, the main purpose of the patch function is to provide an
intermediate or average value of the gradients of the original intersecting
surfaces in the direction perpendicular to the ridge, for example, while still
providing the same value of the gradient as the original surfaces in the
direction along the ridge.

Using the gradient of the patch function, the "initial" direction of the
force increment -tangent to the surface of the patch function- is determined, for
example toward one of the original facets of the yield surface or in a direction
parallel to the ridge. The location of the new force point is found, either in the
region of the original yield surface or in the region of the patch function. If as
a result the new force point drifts from the yield surface, it is returned back to
it by repeating the calculation of the force increment using a new, improved
value of the gradient that is equal to the average of the gradients at the
beginning and end of the force increment, as described later in this chapter.

For a corner region the special function is always taken as the spherical
function, while for a ridge it is specific to each of the original functions. The
mathematical representation of the original yield surface functions and their
special patch functions are described below.

The spherical function, Figure (2-3.a), which has no discontinuity of the

gradient vector, is quadratic and is defined by the equation,
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Corner along
N/N, N-axis

Ridges in
plane N=0

(a) spherical yield surface. (b) Octahedral yield surface.
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plane N=0
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M /M,
(c) Inverse parabolic yfeld surface. (d) Parabolic yield surface.

Figure 2-3 Different types of yield surface in three-dimensional space and locations of
ridge and corner regions.
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The octahedral function, Figure (2-3.b), is defined by the equation,

L%
M

The function is composed of plane facets, each passing through -and

M

z

M

zp

+ + @2.17)

NP

defined by- three points of limit force. Each pair of the limit forces of the

section (£N,, £M, ,, and £M, ) is located on -and defines- one of the three
principal axes. Each adjacent two of these facets intersect along a straight line
ridge that extends between the two limit force points common to the two facets.
The ridge lies in the plane defined by the principal axes of these two limit force
points. For three-component function, this plane is mathematically defined by
the equation,

Q =0,
where r denotes the third principal axis.

It is seen from the figure that four ridges intersect at each limit force
point, forming a corner at that point. Therefore, the corner is mathematically
defined by the equation,

Q- Q,
where Q. , is the limit force point along the c-axis (the axis which the corner

lies on).
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The special function used to evaluate the gradient vector in a ridge

region for three-component octahedral function is,

Q 2 n
d = || +
el &

where n = 3, is the number of force components. As mentioned before, the

Q

, 2.1
Q, (2.18)

spherical function was used to represent all corners.
The inverse parabolic function, Figure (2-3.¢), is defined by the

equation,

RCACT

For this function, there are only two discontinuity regions, both along

the N-axis, where the function has a conical form resulting in singularity of the
gradient at the two limit points, N = +N,. This is avoided by defining a corner
region along the N-axis, with the spherical function being used as the special
function.

The parabolic function, Figure (2-3.d), is defined by the equation,

(-]
P zp

which also has only one discontinuity region in the form of a ridge in the plane

N

NP

N = 0, resulting in a circular ridge (elliptical when the equation is not in
normalized form) in that plane. The special function used here is the spherical

function.
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2.3.2.2 Computer Implementation of Yield Behavior

The new yield status of an element joint, i, (whether it is elastic or
plastic) for a given force vector, Q!, at the end of a load increment is
determined using the force function (i.e., the location of the force point in the
force function space), $(Q'), where three cases are possible, Figure (2-4.a).
First, if the force point is inside the yield surface (&' < 1), then it is elastic
with no plastic deformation. Second, the joint reaches the plasticity condition
when the force point lies on the yield surface (' = 1), but the joint does not
necessarily go through plastic deformation. Finally, if the force point lies
outside the yield surface (¥ > 1), then it has advanced outside the yield
surface and has gone through plastic deformation; this condition, however,
violates the elasto-plastic condition, and the force point needs to be returned
back to the yield surface so that ' = 1.

To determine the yield status of the joint for computer implementation,
the yield surface is represented by a range that is defined as follows,

D, = l+e, > @(QLQ) 2 l-¢ = &y, @21

where &, and &, are the lower and upper limits that define the yield surface
range, respectively, and e, is the tolerance limit. For this study, a value of
€ = 0.001 was used.

The yield surface range divides the force function space into three
distinct regions that are analogous to the three possible cases above, Figure

(2-4.b): if $ < &, then the force point lies in the elastic range and the yield
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Point, Q Current Yield \
+ Q % Q
Qip Qip
(a) Theoretical definition. (b) Computer implementation.

Figure 2-4 Definition of the yield surface and the force and plastic displacement
increment vectors for a two-component joint.

status of the joint is elastic. When &' lies in the yield surface range (i.e., on the
yield surface), then the joint has reached plasticity and its yield status is depen-
dent on the previous yield status of the joint at the beginning of the load incre-
ment (i.e., the plastic history of the joint). If & > &, then it lies outside the
yield surface and the joint yield status is plastic.

The ridges and corners of the yield surface are defined for computer
implementation in a manner similar to the definition of the yield surface range,
as shown in Figure (2-5) for an octahedral yield surface. The force point is
considered to lie in a corner region of the yield surface along the k-axis (where
k may be any one of the principal axes) if the absolute value of the force
component along that axis, Q,, normalized to its plastic force, Qyp» is larger

than a certain limit, taken here as 1-2¢,,
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Figure 2-5 Definition of the discontinuities along ridge and corner regions of octahedral
yield surface.
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Otherwise, the force point is considered to lie in a ridge region -defined by the
k-axis- if the absolute value of the normalized force component is smaller than

s, Figure (2-5),

< € 2.23)

p

where Q, is the force component defining the ridge plane. Notice here that the
above two equations (specially the latter one) are applied when the force

function is in the yield surface range, &, > ®(Q) = &,. Also, the presence of
a corner along each of the principal axes is checked first (before the ridge) and
its tolerance is taken twice as large to avoid the situation of a force point lying

in two ridge regions simultaneously.

2.3.3  Calculation of Straight Beam Elastic-Plastic Resistance
During a load increment the element displacement increment, Aq, is
assumed to be linear, and in general may be divided into three segments as

follows,

Aq =dq* + dq® + dq™® (2.24)
=dq' +dq? +dq®

where dq* is the segment of Aq with both joints elastic, and dq® and dg™ are
those with one and two joints yielding, respectively. The element resistance is

calculated in three stages each corresponding to one of the three displacement
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segments, which are also numbered sequentially to correspond to their
respective stage numbers. For a load increment, any one or two of the three
segments may be null; however those present would take place in the order as
given above.

For each stage of resistance calculation, the process is essentially the
same and involves some or all of the following three steps. First, the initial
tangential stiffness matrix at the beginning of the stage is used to find the
initial force increment vector corresponding to the unprocessed (or unaccounted
for) displacement at that stage, which is the total displacement increment, Aq,
minus the displacement segments that belong to stages prior to the current one.
Second, the length of the displacement segment corresponding to current stage
is determined by locating the intersection point of the force vector with the
yield surface for each yielding joint, and taking the joint that yields first as the
governing one. Third, check for drift of the new force point from yield surface
is performed for yielded joints. If present, a better estimate of the gradient
vector is obtained using an iterative procedure, and the last three steps are
repeated to return the force point to the yield surface until the elasto-plastic
condition is satisfied.

These three steps are not present in all stages. The first displacement
stage involves only the first two steps, the third stage involves only last two

steps, while the second stage involves all three.
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In the following sections, the procedure for locating the intersection
point of the force increment vector with the yield surface at a joint, also called
"the penetration point"”, and the method of returning the force point to the yield
surface are discussed in detail, followed by detailed steps of resistance

calculation.

2.3.3.1 Locating Force Penetration Point

The intersection point between the force increment vector and the yield
surface needs to be found during resistance computation. This mainly arises in
the resistance calculation process when determining the size of different
displacement segments.

At joint i, when the old and tentative new force points, Q. and Q,", at
the beginning and end of a displacement stage, s, lie in the elastic range and
outside the yield surface, respectively, the force increment vector needs to be
scaled back so that the new force point lies in the yield surface range. If either
the old or new force point lies in the yield surface range there is no need for
scaling and the scaling factor is equal to O or 1.

The tentative force increment vector, dQ"*, and new force point, Q,™*,
during stage s are calculated, dQ™* = k;’dq**, and Q,* = Q,* + dQ™*, where
k® = f(k,, V) is the tangent stiffness matrix at the beginning of the stage, k. is
the elastic stiffness matrix, V is the gradient vector at the yielding joint(s), and
dg** is the unprocessed displacement vector (not yet accounted for at the

beginning of that stage),
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Figure 2-6 Locating the force increment penetration point of the yield surface.
s-1
dq** = Aq - E dq™ (2.25)
ss=1

The penetration point at joint i during displacement stage s is defined by
the scalar factor ' that scales the tentative force increment vector, dQ™*, to
the yield surface, Figure (2-6), so that its function satisfies the equation,

Q! + a¥ dQ) = 1. @.26)
The resulting scaled force and displacement vectors are dQ* = «.+*dQ"*, and
dq® = at*dq™*, respectively.

The solution of equation (2.26) depends on the type of yield surface used
to represent the element behavior. For spherical yield function the equation is a
quadratic one and its solution is the positive one of its two roots. For other
types of yield surface, the equation may be solved using an iteration method,

such as the modified bisection (Regula-Falsi) method used here, where the
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solution is satisfied when the target value lies in the yield surface range instead

of being exactly equal to unity.

2.3.3.2 Keeping Force Point on Yield Surface

When a joint has yielded at the beginning of a displacement stage, s, the
tentative force increment vector at that joint during that stage, dQ™*, is tangent
to the yield surface, and because the yield surface is convex in general, the new
force point, Q,i"* is necessarily not in the elastic range; it lies either on or out-
side the yield surface. The last case violates the elasto-plastic condition, which
stipulates that the force point should stay on the yield surface, and therefore the
force point needs to be returned to the yield surface.

The procedure used here for force point return is an iterative procedure
that involves evaluating the tangent stiffness matrix, k* = f(k., V,), where V,
is the gradient vector at the old force point. The initial estimation of gradient
vector is that of the old force point at the beginning of the stage, V@ =
Vi(Q.). If the resulting new force point, Q" = Q,»* + dQi"*, lies outside the
yield surface, then its projection to the yield surface along a radial line passing
through the origin, Q,"*, is found, and the gradient used to recalculate k¢ for
the first iteration is taken as the average of the gradient at the old force point
and that at the projected point, V,® = {V/ + V,7}/2. When the gradient is

calculated in normalized form, V,i® = V., and the process of projecting the

force to the yield surface is not needed.
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(a) New force point outside (b) New force point inside
yield surface. elastic range.

Figure 2-7 Iteration process to keep force point at yield surface.

If the new force point is still not converged (i.e., not on the yield
surface) and lies outside the yield surface, the estimated value of V @ for

iteration j is calculated as follows,
Vi(i) ) (vi(i-l) + vi(i-l))lz
° ° n

where V 10D and V¢ are the gradients corresponding to old and new force
points during the previous iteration, Figure (2-7.a).

On the other hand, if the new force point is not converged and lies in the
elastic range, then the last obtained value of V! is overestimated, and a new
value is calculated using the old vector used in the previous iteration, V¢,

and the old vector of the iteration jj that last resulted in a force point outside

the yield surface, V@, Figure (2-7.b),
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If convergence is not achieved within a certain number of iterations (5
used here), the iteration process is stopped and the new force point at the end
of the last iteration is scaled back to the yield surface (i.e., projected on it)
along a radial line passing through the origin. The projected force point is
taken as the final new force point, Q,* = Q,™*, and the force increment for the
stage, dQ* = Q,* - Q.*. From experience, when convergence is not achieved

within a few iterations the reason is most likely related to the global structure

stability, such as the current load increment being too large and exceeds the
ultimate load of the structure.

‘When both joints of the element yield simultaneously, the iteration
process is performed independently at each joint, with the resulting gradient
vectors at each joint used to evaluate the tangent stiffness matrix. Similarly, the
process of scaling the new force point to the yield surface is performed (when
needed) only at non-convergent joint(s).

The process of projecting the tentative force point, Q,™, to the yield
surface along a radial line passing through the origin is done using the
procedure described by equation (2.26) in the previous section, with Q,*
replaced by a null vector -representing the origin point- and dQ™* replaced by
Q,™, so that /(Q,"”) = ®i(a,’-Q,™) = 1. However, when this equation is
solved by the iteration procedure the assumption that Q,"* lies outside the yield

surface may not be true, since it may also lie in the elastic range. To avoid this
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Figure 2-8 Treatment of force increment extending across surface discontinuity.

situation, the length of the tentative new force vector is doubled, Q,"* =
2-Q,™, until its function lie outside the yield surface, ($(Q,™) > 1+¢,). The
solution then proceeds normally and the obtained scaling factor, «.}, is adjusted
for the additional multiplying factor, with the final value of o, being larger
than unity. This technique guarantees stability of the iteration process.

For a yield surface function with discontinuous gradient, such as the
octahedral function, the force increment may jump from one facet (or region)
on the yield surface to another. In this case, the process of exactly following
the force increment path as it moves across different facets is tedious and
elaborate, since it involves finding the intersection between the force increment

vector and different facets of the yield surface, and each displacement stage
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may have to be further subdivided into two (or more) substages that trace the
force path through each facet.

An approximation to this situation that simplifies the calculation proce-
dure is to approximate the actual force path by a single straight line path that
extends from the old force point to the new force point and passes through the
elastic range, Figure (2-8). The new force point is found so that it satisfies the
elasto-plastic condition using the same iterative procedure of returning the
force point on the yield surface described in this section. This in effect replaces
the original discontinuous yield surface by an imaginary substitute yield surface
that is defined by the final gradient vector, V., (i.e. the final gradient vector
is perpendicular to this surface) and the final force increment vector, dQf,

which forms a part of the surface.

2.3.3.3 Steps of Resistance Computation

The initial step in calculating the element resistance is to determine the
initial new yield status of the element joints (at the end of a load increment)
which in turn determines the stages of resistance that need to be considered,
and calculate the resistance for only those stages. After the resistance of those
stages are calculated, the total element resistance duringvthe increment, AQ, is
calculated as the sum of those of the stages. In general, AQ = dQ' + dQ? +
dQ’, where dQ!, dQ?, and dQ’ are the element resistance for the first, second,
and third stages, respectively, and the final new force point of the element,

Q. = Q, + AQ, where Q, is the old force vector (at the beginning of the load
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increment). In addition, plastic displacements are calculated using the
applicable equations given above.
The detailed process of determining the initial yield status and different

stages of resistance computations are discussed in the following sections.

A. Determining Element Initial Yield Status

The first step to determine the new yield status at each joint is to assume
that the element behaves elastically and calculate the tentative element force
increment,AQ" = k.- Aq, where Aq is the element displacement increment
vector obtained from the structure global incremental displacement vector. The
tentative new force point is found, Q," = Q, + AQ". The old and new force
functions at each joint, i, are calculated, &, = ®(Q,) and &, = ®i(Q,"),
respectively. The initial new yield status at each joint is determined as follows:
1. If & > &, the initial new yield status of the joint is plastic regardless of
the old yield status, Figure (2-9.2), and 0 < o' < 1.
2. If @,° < &, then the joint is in the elastic range, Figure (2-9.b), and ' =
1. Here, if the old yield status was pl;xstic, the joint is considered to have
unloaded.
3. If . lies within the yield range, then &, has to be checked to determine the
new yield status:
3.a. If &} < @,, then the new position is elastic, Figure (2-9.c), and o = 1.
3.b. Otherwise, bo;h old and new positions lie in the yield range (since old

position is not allowed to lie in the plastic range at the end of previous
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(a) New force outside yield surface. (b) New force in elastic range.
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Q

(c) Old force in elastic range, new (d) Both new and old forces
force in yield surface range. in yield surface range.

Figure 2-9 Determination of the initial yield status of a joint at the beginning of load
increment.







48

increme®nt), with the following possibilities:
-If . > &, and the old yield status is plastic, then new yiel‘d status is
plastic, shown as point (1) in Figure (2-9.d), and o} =
- If " < & with the old yield status being plastic or if the old yield
status is elastic, then the new yield status is elastic and o, = 1, as
represented by the other three points on the same figure.
With the yield status at the beginning and at the end of the increment
being found, it is possible to determine which stages of element resistance need
to be considered, and proceed to calculate the resistance for the ones that are

not null, as follows.

B. First Elasto-Plastic Stage

For the first displacement stage, the initial force increment is the
tentative force increment found before, dQ™! = AQ", and the unprocessed
displacement is the total increment displacement, dg*' = Aq. Also, the old and
new force points at the beginning and end of the stage are Q,' = Q, and Q,™' =
Q,", and the yield status at those points are those obtained before.

The scaling factors at each joint, o' and a2, are calculated, and the
smaller of these scaling factors, o,* = minimum(e,', .?), determines the joint
that yields first (joint A), Figure (2-10). The force and displacement increments

corresponding to this stage are calculated, dQ' = a*-dQ™, and dq' =

a-dq™!, respectively. The new force point at the end of this stage is Q! =

Q, + dQ.
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Joint A Joint B

Figure 2-10 Calculation of the first stage elasto-plastic resistance of straight beam
during load increment.

If a* = 0, the first stage is null (not present), and dQ' = 0, dq' = 0. In
addition, if this is true for both joints (i.e. a.* = o = 0), the second stage is
also null, and dQ* = 0 and dq*> = 0. On the other hand, if the new yield status
of both joints is elastic (i.e. o, = 1, i=1,2), the member behaves elastically
through the whole load increment and the second and third stages are null. In
this case, the final force increment and new force vectors at the end of the load
increment are equal to the tentative ones, AQ = dQ' = AQ", and Q, = Q' =
Q,", respectively, and the process of resistance calculation ends here.

When 0 < o < 1, the new force function at joint B is calculated,

.21 = $83(Q,Y), (< ®,), and used to check for the presence of second stage. If
.21 > &, then the new force point at joint B is in the yield range and joint B
has also reached the yield status simultaneously with joint A. Therefore, the

second stage is null, i.e. dQ* = 0 and dg? = 0, and the calculation proceeds to
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the third stage. Otherwise ,*' < @,, i.e., joint B is elastic, and the second

stage is not null.

C. Second Elasto-Plastic Stage

At the beginning of this stage, the force point at joint A is on the yield

surface, joint B is elastic, and dg"? is not null. The unprocessed displacement
and the old force vectors are calculated, dq*? = Aq - dq', and Q> = Q,!, and
the resistance calculation proceeds as follows:

1. The tangential stiffness matrix, k2, is formulated with joint A plastic and
joint B elastic. The initial gradient at joint A is calculated as that of the old
force point, V,A? = VA(Q.

2. The tentative new force point and its function at joint B are calculated,

Q.,"? = Q2 + dQ"?, and &,>? = #%Q,"?), where dQ™? = k- dq"%

2.a. If 82 > &, then the new yield status of joint B is plastic, and the force
increment vector, dQ"?, needs to be scaled back to the yield surface at joint B,
Q.2 = Q2 + dQ™? = Q2 + «.2-dQ"?, where «.® is the scaling factor, Figure
(2-11).

2.b. If, however, ®,2"> < @, then joint B is still elastic and o> = 1 (i.e.
dQ™? = dQ™?), and the scaling process is not needed.

3. The new force function at joint A is calculated, $,A™? = ®4(Q,™?), and
checked for drift from the yield surface:

J.a. If &, < $,A"2 < &Y, then the new force point is still on the yield surface

and satisfies the elasto-plastic condition and no iteration is needed.
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Joint A Joint B

Figure 2-11 Calculation of the second stage elasto-plastic resistance of straight beam
during load increment.

3.b. On the other hand, if the new force point is not on the yield surface,

® A2 > @, (or 2% < &, during subsequent iterations), then it has to be
returned back to the yield surface. Following the iteration procedure described
before, a new estimate of V A2 is obtained and used to recalculate the stiffness
matrix, k*2. Steps (2) and (3) are repeated until the new force point is returned
to the yield surface, as represented by the dashed line in the figure.

At the end of this stage, the final incremental and new force vectors for
the second stage are dQ? = dQ™"? and Q,2 = Q,™?, respectively, and the
displacement vector, dq® = «.°dg"?.

If 0B < 1, then third stage is not null, and the old force and
unprocessed displacement vectors at the beginning of that stage are found,

Q) = Q2 and dg® = dq** = dq*? - d¢?, respectively. Otherwise, if el =1,

then third stage is null and resistance calculation ends here.
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D. Third Elasto-Plastic Stage

With the old force points at both joints on the yield surface and the third
displacement segment, dq® = dg"* not null, the third is present, Figure (2-12),
and its resistance is calculated as follows:

1. The gradient vectors corresponding to the old force points at both joints,
V,? = VI(Q2) and V>* = V¥Q,%), are calculated and used as the initial
gradients to evaluate the tangent stiffness matrix, k2.

2. The tangential stiffness matrix, k?, is formulated with both joints being
plastic and the tentative incremental and new force vectors are calculated,
dQ™ = k*dq? and Q,* = Q; + dQ™, respectively.

3. The new force functions at both joints are calculated, ®,* = #(Q,™), i =
1,2, and each joint is checked separately for drift from the yield surface:

3.a. If at joint i, &, = &,* > &,, the new force point at that joint is on the
yield surface and satisfies the elasto-plastic condition, and no iteration is
needed at that joint.

3.b. On the other hand, if the force point lies outside the yield surface range
(i.e., % > &, or ,"* < &, during subsequent iterations), then the elasto-
plastic condition is violated, and the force point needs to be returned back to
yield surface. A new estimate of the gradient vector is calculated (as described
before) only at the joint(s) that do not satisfy the elasto-plastic condition, and

steps (2) and (3) are repeated until convergence is obtained.







Joint B

Joint A

Figure 2-12 Calculation of the third stage elasto-plastic resistance of straight beam
during load increment.

After convergence, the final incremental and new force vectors for this
stage are calculated, dQ* = dQ™, and Q,* = Q,", respectively. As stated
before, the element resistance for the load increment is AQ = dQ' + dQ? +

dQ’, and its new force vector, Q, = Q, + AQ.

2.4 COMBINED ELASTIC AND PLASTIC NONLINEARITY

The procedure of combining both elastic and plastic nonlinearity effects
is basically the combination of both separate procedures discussed above. The
elastic-plastic (or tangential) stiffness matrix, equations (2.12) and (2.15), is
evaluated using the elastic stiffness matrix, k.. When geometric effects are not
present, k. is taken as the elastic-linear stiffness matrix, k, = k,. When

geometric effects are present, k, is taken as the elastic-geometric stiffness
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matrix, k, = k. In this case, the elastic-plastic stiffness matrix may be written
as follows,
(Ea] = [k] * [&] * [&] where, @.27)

(o] = =[] [(VICT (VYT [k,]]
where k, and k, are the geometric and plastic incremental (or reduction)
matrices, respectively.

The elastic-geometric stiffness matrix is evaluated using the elastic
portion of the midpoint displacement of the current increment -as discussed
before-,

k, = f(k, q.,,) 2.28)
where Aq, ., = q., + Aq./2, and Aq, = Aq - Aq,. However, Aq, is not known
beforehand since the plastic components of the increment displacement vector,
Aq,, is found only during the plastic resistance calculation, which in turn
requires prior knowledge of k.

This leads to a predictor-corrector iterative procedure where the element
resistance has to be evaluated twice during every iteration, i, of the nonlinear

solution for the structure equilibrium. Initially, the elastic-geometric stiffness

matrix, k,, is evaluated assuming the incr 1 plastic displ t to be
null, Aqygy = O (i.e. Aq.gy = Aq). Using this assumption, the element elasto-
plastic resistance, AQ, is calculated. If this initial calculation produces plastic
displacements, Aqyeom # 0, then the above assumption is not correct and k,

needs to be reevaluated using only the improved or corrected value of the
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elastic displacement increment, Aq,.,,, = Aq - AQpeom, and AQ is calculated
again for the same iteration.

The requirement that the element plastic resistance be calculated twice
every single iteration adds considerably to calculations, while on the other
hand, assuming the displacement increment to be all elastic (the first step in the
above procedure) produces an error that may add to a significant difference
when accumulated over many increments.

A procedure to avoid excessive calculations while minimizing error is
used here where the element plastic resistance is calculated only once during
every iteration for nonlinear solution of the current load increment). In this
procedure, the estimate of the plastic displacement at the beginning of an
iteration, i, is taken as that calculated during the previous iteration so that
Aq.® = Aq® - Aq,“". The elastic-geometric stiffness matrix is evaluated,
k,® = f(k,, (q,+Aq,?/2)), and the elasto-plastic resistance and plastic
displacement vectors, AQ® and Aq,®, are calculated. For the first iteration, the
plastic incremental displacement is assumed to be zero, Aq.® = Aq®.

The basis for this procedure is that when the iterative solution for the
increment is near convergence, the element displacements and forces do not
change significantly from one iteration to the next, and hence the element
plastic displacements produced during an iteration are close to those obtained
from the previous one. When the iteration for nonlinear solution of equilibrium

converges during a given iteration, this implies that the error -on the element
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level- due to this procedure during that iteration produces errors small enough
-smaller that the allowable tolerance- to allow for convergence of the nonlinear
solution. In other words, the iteration for elasto-plastic resistance on the
element level is shifted to the iteration for convergence on the global structure

equilibrium level.







CHAPTER I
COMPUTER PROGRAM:

SCOPE, IMPLEMENTATION, AND VALIDATION

3.1 INTRODUCTION

The computer program performs static nonlinear analysis of three-
dimensional structures with the flexibility of including either or both geometric
and material nonlinearities. For nonlinear solution, both direct Newton-
Raphson (abbreviated N-R) method and modified Newton-Raphson method with
acceleration scheme based on a modified Aitken’s method were implemented
with the latter being used to obtain numerical results throughout the study.

The structure ultimate load is defined more precisely using an automatic
load step adjustment procedure, and the response curve may be traced beyond
the ultimate load using a displacement-controlled analysis procedure that is
implemented in analogy with the modified Newton-Raphson method.

The convergence criteria for nonlinear solution involves checking the
norms of the residual force and displacement vectors with separate checks for
translation and rotation degrees of freedom, as well as the residual structure

internal energy. In addition, the solution process is checked to avoid diver-
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gence and to optimize solution speed, and adjusted if necessary by means of
modifying the global stiffness matrix used to obtain the solution, adjusting the
load increment size, or switching the nonlinear solution method (from load-
controlled to displacement-controlled analysis). The accuracy of the member
resistance calculation is also verified by comparing the work of external (nodal)
forces and internal energy.

The structure and loading data input includes data input modules for
global analysis parameters, nodal points, structure members, basic load
vectors, and incremental loading parameters. The analysis output is obtained
for specified parts or all of the structure load and displacement vectors and
members joint forces and displacements. This output may be obtained for every
load increment or only at the ultimate load point. In addition, the load-
displacement response curves for selected degrees of freedom of the structure
may be separately obtained for plotting.

Detailed description and implementation of the above topics is covered

in this chapter.
3.2 PROGRAM SCOPE AND IMPLEMENTATION

3.2.1  Scope and Types of Analysis
In this section, the different types of analysis are described, and their

assumptions and constraints are discussed in detail.
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3.2.1.1 Types of Analysis

Three types of arch ultimate loads were calculated for the parametric
study. Elastic-nonlinear ultimate load involves geometric effects only, while
plastic ultimate load involves plastic (or material) effects only. Combined
ultimate load includes both geometric and material nonlinearities.

Geometric nonlinearity is that resulting from the change of the geomet-
rical configuration (deflection) of the structure under loading, that affects the
equilibrium of the structure. This type of analysis is called here "elastic-
nonlinear” or "elastic-geometric" analysis. The elastic-nonlinear ultimate load
of a structure is essentially equivalent to its buckling load under the same
loading conditions.

Plastic nonlinearity is that resulting from the permanent change, or
yielding, of the material response under high stress level. "Plastic" or "simple-
plastic" analysis as defined here includes only the material effects.

When the analysis includes both geometric and material nonlinearities, it
is called here "combined analysis". Combined analysis is the lower bound of
elastic-nonlinear and plastic ultimate loads, and is more representative of the
structure actual behavior. When combined analysis is dominated by one of the
two nonlinear effects, it produces results that are close to or the same as those
produced when only that effect is included. Nonetheless, plastic and elastic-
nonlinear ultimate loads are needed for comparison with known solutions in the

literature and specifications criteria based on these types of analysis.
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3.2.1.2 Assumptions of Nonlinear Analysis

The nonlinear solution procedure is implemented using the assumption of
fixed coordinates, where reference is made to the original configuration of the
structure. Loads are applied at the nodal points.

The elements stiffness matrices are derived using the Lagrange-small
rotations (Lagrange-SR) coordinates, where the member generalized deflection
coordinates are measured from the original global coordinates. This derivation
is valid for small member chord rotations from the original structure
configuration, where 6, and ¥, are less than about 15 degrees (see Figure
(2-1)). In addition, the member end rotations relative to the deformed member
chord are assumed to be small, and the effect of torsional rotations on axial and
shear strains are neglected.

When plastic effects are included (in plastic and combined types of
analysis), the material nonlinearity considered here is based on the elastic-
perfectly plastic material behavior, neglecting strain hardening effects, residual
stresses, and the gradual spread of yielding across the member section. The
member yielding is represented using the plastic hinge model, as described in
chapter two, where the plastic deformations are assumed to be concentrated at
its ends by formation of plastic zones of zero length while the remainder of the

member behaves elastically.
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3.2.2  Procedure of Incremental Analysis
In this section, the procedure of applying the incremental load and
optimization of the solution speed are considered, and then the detailed steps of
nonlinear solution during a load increment are described.

3.2.2.1 Incremental Analysis: Definition of the Ultimate
Load and Optimization of Solution

The structure ultimate load is defined as the maximum load it can carry
before failure. For the purpose of this study, failure is assumed when the
structure can no longer carry any additional applied loads. The structure
behavior beyond the point of ultimate load or when the structure goes into large
deflection -of the magnitude of the structure dimensions- is not of practical
importance, and is not considered here.

The structure ultimate load is obtained by incrementally loading the
structure up to its ultimate load. The ultimate load is reached when either the
solution for equilibrium becomes unstable due to divergence of the iteration
process when applying a new loading increment, or when the load parameter

decreases if displacement-controlled analysis is used.

Defining the ultimate load point
To define the ultimate load point more precisely, a procedure for
automatic adjustment of the load increment size, similar to that suggested by

Bathe and Cimento (4), was implemented.
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In this procedure, the applied load for increment j, AP}, is determined
using the initial load parameter, Af = Af,, where Af, is the load parameter
specified in the data input so that,

AP} = Af-PV,
where PV is the unit load vector applied to the structure. If the nonlinear
solution process diverges during iteration, a smaller load is applied by scaling
down the load parameter so that Af = sf; - Af,, where sf, is a scaling factor, and
the solution for the increment is repeated using the new load parameter. If the
solution is still diverging, the scaling process is successively repeated -for a
total of three times- using a smaller load parameter each time,
at = b AL,
where sf,, is the scaling factor for the mth attempt. Scaling factors of 1.0 (for
the initial attempt), 0.50, 0.20, and 0.05 are used for m = 0, 1, 2, and 3,
respectively. .

If the smallest load parameter still results in solution divergence, the
structure is assumed to have reached its ultimate load at the end of the last
converging load increment. On the other hand, if convergence is obtained for a
load parameter, it is used in the next load increment, as explained later.

Displacement-controlled analysis was implemented to trace the load
response curve beyond the limit of load-controlled analysis, and to define the

ultimate load point even more precisely. However, the added accuracy in
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defining the ultimate load point was found negligible, with the improvement in

the value of ultimate load being typically less than 0.2%.

Optimization of Solution Speed

In addition to handling calculation divergence, the same scaling
procedure described above is used to handle slow convergence rate of the
solution. To avoid endless calculations for convergence during a load incre-
ment, the maximum number of iterations allowed during a load increment is
limited to 40 iterations. If this limit is reached, a smaller load increment is
used (by using the next smaller scaling factor) and the solution is repeated.

In addition, if the number of iterations needed for convergence during a
converging load increment exceeds a certain limit (taken here as 25 iterations),
then a smaller load increment is used for the following increment. By reducing
the nonlinearity handled in a single increment, the calculation time spent on
every increment is decreased and the total solution effort may be minimized.
This process may be repeated until the smallest factor is used.

To optimize the solution speed and avoid repeatedly encountering the
same likely divergence situations, the first scaled load parameter that results in
solution convergence is used for at least the next four load increments to
guarantee that at least the total magnitude of the last diverging load increment
is successfully applied to the structure. This process avoids likely divergence
situations due to, for example, unnecessarily large load increment near the

ultimate load, or due to steep change in the structure stiffness.
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After four consecutive fast converging increments (i.e., each requiring
less than 25 iterations for convergence), a larger load parameter is used -by
using the next larger scaling factor- to avoid excessively small load increments.
This process may be repeated if necessary until the initial load parameter is

reached again.

3.2.2.2 Steps of Analysis During a Loading Increment

The steps of nonlinear solution procedure during a load increment are
described in this section for the modified Newton-Raphson method, which was
used for obtaining results of this study. Direct Newton-Raphson method was
implemented for comparison of convergence rate and check of the accuracy of
nonlinear solution. When the implementation of direct Newton-Raphson method
is different for a given step, the difference is mentioned as relevant.

The principles and implementation of the three nonlinear solution
methods of analysis is explained in detail in appendix A. A summary is

described here for completeness of discussion.

Theoretical Basis of Nonlinear Solution
The nonlinear equilibrium equation of the structure at the end of load
increment j requires that,
f(D) = Pi(D) -Ri(D) = 0,
where PY(D) is the applied load through load increment j, R¥(D) is the structure

resistance at the end of that increment, and D is the (unknown) structure displa-
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Figure 3-1 Iterative solution of nonlinear equations of equilibrium using the Newton-
Raphson iteration process.

cement vector that satisfies the equation. By using Taylor’s series to expand the
above equation about the converged (known) solution point at the beginning of
load increment j, the direct Newton-Raphson equation for iteration i of the

nonlinear solution process may be written as, Figure (3-1),

API - ARL, @)Y - @Y - Ki,@l)-dDf,
where AP/ is the applied load during increment j, AR, (D, ) is the calculated
structure resistance at the end of iteration i-1 as a function of D}, the total
structure displacement vector at the end of that iteration; dP;,“(D, /) is the
unbalanced force at the end of iteration i-1; K,; /(D;) is the structure tangen-

tial stiffness matrix at the beginning of iteration i-1, and dD; is the unknown
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incremental displacement vector during iteration i that is needed to attempt to
satisfy the equilibrium equation. The solution is accepted when equation (3.1)
is satisfied to within an assumed tolerance limit.

For modified Newton-Raphson method, K, is replaced by the stiffness
matrix at the beginning of the increment, K, /, to avoid the calculation-intensive
decomposition process for every iteration. An acceleration scheme is
implemented to compensate for the resulting decrease in the speed of solution
convergence.

The displacement vector through iteration i, D, may be written as D} =
D! + AD/, where D! is the displacement at beginning of current load incre-
ment, and AD; is the accumulated incremental displacement during the current
load increment through iteration i, ADj = AD,, + dD/. The increment index,

j, may be omitted in the following discussion for simplicity.

Steps of Analysis for a Load Increment

The typical solution for nonlinear equilibrium for a given load
increment, j, consists of the following steps:
1. Specifying the Initial Load Increment:

The analysis begins by specifying the initial load increment size, AP, to
be applied for the increment, which is assumed to be the unbalanced load for

the first iteration of the increment, dP ™

APi = gP¥ - Af-PV + qPu, 3.3
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where Af is the load parameter that defines the actual load forces as a ratio of
the applied unit load vector, P", and dP™"! is the residual load vector still
unbalanced after convergence at the end of the previous increment. The value
of Af is influenced by the convergence rate and its value during the previous
converged load increment, as discussed before.

2. Assembly and Test of the Structure Global Stiffness Matrix:

At the beginning of the increment, the structure tangential stiffness
matrix,. K, ,, is formulated as a function of the structure displaced position at
the beginning of the increment (D = D), and decomposed using the
Cholesky decomposition method. During this process the stiffness matrix, X, ,,
is verified to be positive-definite, and if this is true its determinant is
calculated and the initial displacement vector, dD,, corresponding to the initial
applied load, dP.*, is obtained using equation (3.4) below.

If the determinant of K, J is small compared with the determinant of the
linear-elastic stiffness matrix of the structure, the solution accuracy is verified
using the procedure described in the next section. If the solution is found
acceptable, the obtained displacement vector is accepted as that of the first
iteration. For modified N-R method, the decomposed stiffness matrix is used
during all following iterations. For direct N-R method, the stiffness matrix is
updated and decomposed for every iteration but is checked for accuracy of
solution only during the first iteration, since the iteration process itself acts as

an indirect check in the following iterations.
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On the other hand, if the stiffness matrix is not positive-definite or the
solution was found unacceptable then the structure is considered either unstable
or close to that state, and the solution is considered to be diverging. To
overcome this situation, the stiffness matrix is formulated again using a
different assumption, as explained in step (5) below, and the solution is
repeated.

3. Calculation of the Structure Nonlinear Resistance:

The structure nonlinear resistance for the increment is calculated during
every iteration as follows,

3.a. The incremental global displacement vector for iteration i is obtained by

solving for the unbalanced load at the end of previous iteration,

dD; = K;'.dp?’,  for MNR, or,

dD, = K;.dp?,  for DNR,
where dD;" and dD; are the incremental displacement vectors obtained using the
modified and direct Newton-Raphson methods, respectively. For accelerated
modified N-R method, dD;" is replaced by the modified (accelerated) vector,
dD; = f(dD,,, dD;"), as that of current iteration. The total displacement vector
for the increment is calculated as the sum of displacement vectors for all
iterations up to the current one, AD; = AD;,; + dD;.
3.b. The resistance of individual elements corresponding to AD; (transformed
into the element’s local coordinates), is calculated as described in chapter two,

and assembled into the incremental structure resistance, AR;, after being trans-
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formed back into global coordinates. The new unbalanced (or residual) load
vector at the end of current iteration, dP, is found,
dP = AP - AR,.

The vectors, dP;* and dD;, Figure (3-1), are used as the residual force
and displacement vectors in the process of convergence/divergence check
during that iteration.

4, Check for Convergence or Divergence of the Solution:

Check for convergence or divergence of the solution process is
performed using the convergence/divergence monitoring procedure described
later. Depending on the results, the solution procedure continues as follows,
4.a. If the solution process has converged, then the solution for the increment
is accepted and control is transferred to step (6) below.

4.b. If convergence has not been obtained yet but the solution is converging,
then the solution process continues by going to step (2) above for iteration i+1.
4.c. If the solution process is determined to be diverging, then control is
transferred to step (5) below.

5. Divergence Handling:

If the solution process is diverging, the load step is repeated with
modified assumptions and the solution process is repeated. These modifications

are implemented in the following order:
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5.a. If the process diverges during the iteration process, the loading step size
is probably too large and the solution is repeated with a smaller increment size
using the scaling procedure described before.

5.b. If solution still diverges for the smallest load step size or if the stiffness
matrix is unstable at beginning of the increment, then the structure stiffness
matrix is formulated without the plastic nonlinearity effects if present. If the
process still diverges in the presence of geometric effects alone or if plastic
nonlinearity is not present, the stiffness matrix is formulated using the elastic-
linear stiffness matrix, K,. This option is not applicable for direct Newton-
Raphson method.

5.c.  If the process is still diverging after the above two steps, then the load-
controlled analysis has reached its end. The ultimate load is taken as that at the
end of last converging increment. If displacement-controlled analysis is
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