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ABSTRACT

SUPERVISED LEARNING OF
FEEDFORWARD ARTIFICIAL NEURAL NETWORKS
USING DIFFERENT ENERGY FUNCTIONS

By

Magbool Ahmad

A framework, supported by analysis and computer simulations, is developed to
improve the supervised leamning of feedforward artificial neural networks with a view
towards their software implementation. The framework encompasses various learning
rules derived from carefully selected energy functions in order to speed up and enable
convergence to acceptable weights. We describe the Cauchy, the Polynomial and the
Exponential energy functions and characterize their properties and the performance of
their associated learning rules. We use continuous-time gradient update law learning
rules due to particular advantages over their discrete-time counterparts. We perform
comparative investigations among these learning rules vis-g-vis the usual Gaussian
(sum-of-the-squared) energy function.

The choice of an energy function specifies the back-propagated error in an update
law. It also determines the learning performance in the sense of the speed of conver-
gence. Carefully selected energy functions can in principle enable the neural system to
"skip" undesirable minima; thus permitting convergence to acceptable minima. Conse-
quently, a carefully selected energy function can render a learning process that enables
the neural network to execute good classification/association and improved generaliza-
tion capability.
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The Gaussian energy function has been used frequently. In contrast, we use the
Cauchy energy function, derived from the Cauchy distribution, in the gradient descent
weight update law. We provide a statistical rational for the selection of the Cauchy
energy. Analytical methods and computer simulations show that it could speed up the
learning dynamics and would improve performance in a certain sense. We also show
that all the stable equilibria of the learning dynamics based on the Cauchy energy are
contained in the learning dynamics based on the Gaussian energy. Therefore, the net-
work would still converge to one of the equilibrium points of the Gaussian-based sys-
tem.

We denote a polynomial energy function of order r as a linear combination of all
the L, norms (1 Sp <r). We show analytically and using computer simulations that
employing the Polynomial energy function would improve the learning performance in
a certain sense. The Polynomial energy function of order 2 does not introduce addi-
tional equilibria to the Gaussian system. As a consequence the network converges to
one of the minima of the Gaussian system.

In order to achieve good classification and generalization results, the network
ought to converge to a "good" or desirable minimum of the neural system. An
exponential energy function is introduced to enable convergence to one of the desirable
minima. A bound is established on the parameters of the Exponential energy function
to achieve faster convergence to a desirable minimum. We also show that the learning
dynamics based on the Exponential energy function possess the same minima as the
learning dynamics based on the original Gaussian energy function.

The performance of each of the energy functions addressed in this work, is
evaluated using the XOR and the English character recognition problems. A highly
user-oriented character recognition network is developed for the evaluation, with two
separate modules: a feature extraction network to be trained on a large data base and a
classification network to be subsequently trained by the user according to his/her
requirements. An error correction capability is incorporated to enhance the character
recognition performance.
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CHAPTER 1

INTRODUCTION

Von Neuman machines have proven to be very useful in digital computation and
have contributed significantly in the development of other spheres of life. However,
there are various tasks where conventional digital computers can not compete with the
performance of humans. Vision, classification, association, speech and pattern recogni-
tion are only a few examples. It is also recognized that no matter how fast digital
sequential computers would become, they are unlikely to outperform humans in these

fields.

Observations in neurobiology and psychology have inspired many researchers to
model and design systems, which could emulate these human capabilities. Motivated
by the highly interconnected networks of nerve cells referred to as newral networks,
which form the basis of the human nervous system and the brain, many resecarchers
have proposed various architectures that model the information processing aspect of
the brain and the nervous system. These architectures are often referred to as artificial

neural networks.

Artificial neural networks are systems made of a large number of simple process-
ing elements operating in parallel whose function is determined primarily by the topol-
ogy that connects them. These systems are capable of high level functions such as
adaptation and learning, and/or lower level functions such as data processing. These
networks are inspired both by neurobiology and various mathematical theories of learn-
ing and information processing.

Neurobiological research in recent years has suggested that many types of map-

like data representation are used in the brain [1],[2]. Some of these are now being used
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in neural network models [1],[3],[4]. Other work has shown that complex type of tem-
poral processing and non-linear operations appear to be performed by neurons. Com-
plex neuron models are being used in some neural network models [S]-[10].

Neuron models for the purpose of studying the functioning of the brain are quite
involved and complex. These models are used as paradigms to test hypotheses and
theories on the functioning of the brain. These models fall into the category of
reverse-engineering and are of primary interest to neurobiologists, psychologists and
physiologists. On the other hand, neuron models for the use of engineering technology
fall under the category of neuro-engineering. These models are used to implement
the principles of operation to produce artificial neural networks capable of emulating
some of the aspects of the human brain and thus aim at improving the artificial pro-

cessing of data or information.

1.1 Neurobiology and Artificial Neural Networks

There are two basic types of neural network models: (1) the neurobiological
models that are intended as computational models of the biological nervous system and
(2) the biologically inspired models that are intended as computational devices which
are referred simply as neural network models.

The main objective of the artificial neural network research is to design new
architectures and algorithms that can solve problems which are difficult to solve by the
conventional methods but are easy for intelligent biological organisms. For the inspira-
tional development of the artificial neural networks, we must understand the essence of
neurobiological architecture of real neurons and their connectivity. A simplified
description and a modest analogy of the real neuron is presented in the following sub-

sections.



1.1.1 A Biological Inspiration

The human cerebral cortex is comprised of approximately 100 billion (10'!) neu-
rons with each having roughly 1,000 dendrites that form some 100,000 billion (10'4)
synapses. Given that this system operates at about 100 Hz, it functions at some
10,000,000 billion (10'®) interconnections per seconds. The cortex weighs approxi-
mately three pounds, covers about 0.15 square meters, and is about two millimeters
thick. This is clearly beyond anything which can be reconstructed or modeled; but it is,
perhaps, possible to understand how the brain performs information processing, and we
hope that this understanding can be modeled and ultimately implemented in hardware.

The basic anatomical unit of the nervous system is the nerve cell or the neuron
[11]-[13]. Every neuron is a tiny information processing system with thousands of con-
nections through which signals are sent and received. No two of these cells are exactly
alike, but most share similar features. Each neuron has an inside and outside separated
by a plasma membrane. The inside of the cell and the fluid surrounding the cell have
different concentrations of charged ions which create a potential difference. The major

parts of a typical neuron are shown in Figure 1.1.

Myelin sheath

Axon

Synapse

Figure 1.1: Simplified structure of a biological neuron.
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The major parts of a biological neuron are:

Cell Body : It is composed of a cytoplasm and contains the cell nucleus,
nucleolus, mitochondria and ribosomes. The nucleus synthesizes the information

which controls the activity of the neuron.

Dendrites : These are the outgrowths of the cell body through which it picks up
signals from other cells.

Axon Hillock : It acts as a nonlinear threshold device that produces a rapid vol-

tage increase or decrease, called an action potential.

Axon : It is the longest process of a cell body, which carries messages away from
it. It is very resistive and carries impulses to and from the cell body. Axons are
enclosed in a thick sheet made of the fatty substance myelin, which is a special
low-dielectric-constant material. The myelinated sheath has regular indentations
along its length called the nodes of Ranvier, which restore the pulses periodi-
cally along the axon.

Synapses : These are contacts on a neuron which are the termination point for
axons from other neurons. The synapse forms a gap between the slightly enlarged
ending, or synaptic knob, of an axon terminal and the membrane of the next
cell. At the synapse the electrical impulses that travel through the axon convert
into chemical signals, than back to electrical impulses. When a nerve impulse
reaches the synaptic knob, it causes the release of a chemical called a neuro-
transmitter, from minute vesicals in which the substance is formed or stored. The
neurotransmitters diffuse across the gap and may cause depolarization of the
receptor cell membrane, thus starting an excitatory signal. If the membrane is
charged more negatively than its resting voltage, it is said to be hyperpolarized,

in which case the signal is inhibitory.
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1.1.2 Topologies of Artificial Neural Networks

Artificial neurons are analogous to their biological inspirers. In electronic circuits
form, the cell body is represented by a nonlinear element such as an operational
amplifier, the axons and the dendrites by electrical wires and the synapses by variable
resistors. The input voltages to a neuron are weighted by the synapses which are
represented by the variable resistors. The resistors are connected to an operational
amplifier, on which a threshold has been set. When the sum of these input voltages

reach a preset threshold, the nonlinear element fires imitating a biological neuron.

The processing nonlinear elements can interact in many ways by the manner in
which they are interconnected. The interconnections may be feedforward or may con-
tain feedback loops. The design of a neural network’s feedback loops has implications
for the nature of its adaptivity, while the design of network’s interconnections has
implications for its parallelism.

The modeling and the connection strategy of these artificial neurons are discussed
in some detail in Chapter 2. When many of these processing elements are connected
together, they form an artificial neural network which mimic the neurobiological sys-

tem in a very restricted way.

1.2 Why New Energy Functions?

Artificial neural networks, unlike standard computers, do not execute programs.
Their behavior is determined by parameters referred to as synaptic weights. These
parameters are computed by a learning procedure, during which a set of examples
(input-output pairs) are presented to the network; the weights are updated so that the
output corresponding to each input from the training set is as close as possible to the
desired value. When the learning phase is completed, the network can be presented
with some unknown data and is anticipated to generalize from the data of the training

set and produce a correct response.
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The learning capability of neural networks plays a key role when we want to use
them to do certain practical tasks. The automatic learning rules give artificial neural
networks unique capabilities. Presently, many of the neural networks learn by using
gradient descent methods associated with energy surface. The 'cncrgy is usually
defined as an error function in terms Of the adjustable weights. The most commonly
applied energy function gives rise to the so-called back-propagation update rule.
This rule is discussed in detail in Chapter 2.

Pictorially, an energy surface can be thought of as consisting of hills and valleys.
The surface represents a function of the output error of the network which in turn
depends on the network weights. The gradient descent algorithm aims at finding the
nearby lowest point called the local minimum. When the discrete-time gradient descent
update law is implemented, the steps are discrete and we may observe oscillations and

other undesirable behavior, which is more pronounced if the step size is large.

We use the continuous-time gradient descent update law due to specific advan-
tages over its discrete-time counterpart. These laws ensure convergence to the nearest
local minimum and do not exhibit oscillations. Also the attained local minimum may

not be useful to solve the problem for which the network is trained.

The goal of this research is to make the learning faster and to reach an acceptable
minimum quickly. We view the immediate domain of implementation to be software
on digital computers. In that context, the learning can be increased by increasing the
learning rate; but that would also increase the possibility of local oscillations and
delayed convergence. In this work, energy surfaces are defined so that we do not add
more minima to the already existing minima of the conventional energy surface. More-
over, starting from any initial point, the aim is to speed up the oonvcrgct;ce to an
acceptable minimum. This is achieved by using different energy functions in the
continuous-time update law in contrast with the usual sum-of-the-squared energy func-

tion.
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1.3 Contribution of the Thesis

Properly designed and trained neural networks aims at achieving human like per-
formance in solving association and recognition problems. Neural networks are not so
much programmed as they are trained with data - thus many believe that the use of
neural networks can relieve today’s computer programmer of a significant portion of
their programming load [14]-[16]. Moreover, neural networks improve with experience

- the more data they are fed, the more accurate or complete their response becomes.

A framework, supported by analysis and computer simulations, is developed to
improve the supervised learning of feedforward artificial neural networks. The frame-
work encompasses various learning rules derived from carefully selected energy func-
tions in order to speed up and enable convergence to acceptable weights. We use
continuous-time gradient update law learning rules due to particular advantages over
their discrete-time counterparts.

We describe the Cauchy and the Polynomial energy functions and characterize
their properties and the performance of their associated learning rules. We show
analytically and with computer simulations, that using the proposed energy functions in
the continuous-time weight update law can speed up convergence to local minimum.

The local minimum may not be useful to solve the desired problem. The
Exponential energy function is proposed to overcome this problem. We show analyti-
cally and with computer simulations that the continuous-time weight update law using

the Exponential energy function can "skip” such minima and ensures convergence to

acceptable minima.

We perform comparative investigations among these learning rules vis-g-vis the
update law using the usual Gaussian energy function. We also demonstrate an applica-
tion to the character recognition problem in which various fonts of printed characters
are used.
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CHAPTER 2

BACKGROUND

Neural net structures are based on our present understanding of the biological ner-
vous systems. Neural net models are specified by the node characteristics, net topology
and training or learning rules. By virtue of the type of input/output connections the
models can be categorized as the feedforward neuron model or the feedback neuron
model. The feedforward neuron model is discussed in section 2.1 whereas the feedfor-
ward neural network connection topology using these neurons is of primary interest in
this work and is described in section 2.2. The resulting network which is reminiscent of
multilayer perceptron [16],[17], will be referred to as feedforward artificial neural net-
works (FFANN).

Learning in these networks is inspired by adaptive classification networks beginning
with the perceptrons convergence procedure and the least mean square (LMS) algorithm
and extending to the more recent back-propagation, feature map and reduced coulomb
energy (RCE) algorithms [15]. The back-propagation is currently the most widely
applied neural network architecture used for learning. This popularity primarily revolves
around the ability of back-propagation network to learn complicated multidimensional
mappings [18]. The back-propagation architecture discussed in section 2.3, is used for all

the learning strategies discussed in this work.

The back-propagation neural networks can be trained to learn using supervised,
unsupervised or self-supervised training. Supervised training requires labeled training
data and a teacher who provides error information through a feedback signal after each
trial. Unsupervised training forms internal clusters automatically with unlabeled data.

Self-supervised training uses internal monitoring and error correction to improve
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performance without an external teacher. This work mainly concentrates on supervised

training of the FFANN, using (continuous-time) gradient descent methods.

Back-propagation learning makes use of the gradient descent update laws. The per-
formance of these update laws mainly depends upon the associated energy function. Sec-
tion 2.5 describes the weight update laws and the influence of the associated energy func-
tions. The Gaussian energy function is described in section 2.6. Section 2.7 is devoted to
describe the current state-of-the-art in supervised training of FFANN and highlights the

contributions of this work.

2.1 The Feedforward Neuron Model

Modeling of this class of artificial neural networks has its roots in the work of
McCulloch and Pitts [19]. The feedforward model of neurons was clearly mentioned in
[20] by Widrow and Hoff, where they called it an adaptive neuron. The neurons are

treated as threshold logic units whose output v; is given by

w=f)=f [ZJ:ij Xj +9k] 2.1)

where x; is the external input, wy; the weight or the strength of the connection from the
Jth input to the kth neuron and 6, is the threshold or the bias for the neuron. Here
f (u) is the sgn function which is +1 if uz > 0, 0 if w4, = 0 and -1 if u; < 0 and is
diagrammatically shown in figure 2.1a.

It was in 1972 that T. Kohonen [21] and J. A. Anderson [22] considered the fact that
the neurons are not binary but are analog. They assumed that the activation of a neuron
was sufficiently linear of the type shown in figure 2.1b, so that simple linear algebra
would approximate the output of the system. It was realized later on [7),[23]-[26] that the
sigmoidal function of the type shown in figure 2.1c is the most pervasive because it pro-

vides a graded and nonlinear response which is closest to a real neuron. The range of the



10

...........................................................

a. Sgn function

0

b. Nonlinear ramp function

0

c. Logistic function

Figure 2.1: Neuron activation functions
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sigmoidal function is sometimes changed from [-1,1] to [0,1] depending upon applica-
tion. The logistic function is a convenient activation relationship that represent a sig-

moidal function and is given as

f (nety) = m:{nlemrm (2.2)

Here 6, controls the firing activity of the neuron for some given inputs. If 6, is negative,
the sigmoidal function shifts horizontally to the right and firing is delayed until a
sufficient input arrives. 6 is used to modify the shape of the sigmoid according to the
gain requirements of the neuron. This is illustrated in figure 2.2.

0
Figure 2.2: The sigmoidal activation function with threshold and shape modification

net;, represents the summation of weighted inputs to the neuron and is given by

nety = ; Wij Xj 2.3)
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The complete feedforward model is shown in figure 2.3.

Neuron j

S

Axon '——Dpendri

Threshold 6; Threshold 9,

Figure 2.3: The feedforward neuron model.

2.2 The feedforward neural network connection topology

The neuron interconnection topology found in the human brain is very complicated
but follows some pattern. Neurons in the retina and cortex are organized into layers with
intra- and interlayer connections. Connections within a layer are referred to as short-term
memory (STM) whereas connection between layers are referred as long-term memory
(LTM). STM connections are usually cgnsidcrcd to be unidirectional whereas LTM con-
nections may propagate signals in feedforward and/or feedback direction. |

We will use the feedforward connection topology throughout this work. This type of
network topology makes use of feedforward neurons in different layers. In general the
network consists of an input layer, m hidden layers and an output layef. These layers are
indexed input through output layers by IN ,H 1,...H} ,Hy,...Hn ,O consecutively. The input
layer is assumed to have / passive nodes with indices 1,..,i,..,/. The input passive nodes
simply accept the individual components x; of the input vector x and distribute them,
without modification, to all of the neurons of the first hidden layer. m hidden layers may
have sufficient number of neurons to perform the assigned task satisfactorily [27]-[29]. It

was discovered early in the neural network research [17],[30],[31] that a sufficient
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number of hidden layer(s) are required to solve a problem of normal complexity.
Recently, it has been stated that one hidden layer would suffice for a large class of appli-

cations [32].

Each neuron in each layer receives the output signal of each of the neurons of the
layer preceding it. This continues through all of the layers of the network until the final
output layer. The output layer of the network consists of N neurons with indices
1,..,n,.N. The N-dimensional y output of the network is available at the output of the
Oth layer. It is assumed that the neurons in any particular layer, as depicted in figure 2.4,

have no lateral or feedback connections.

A FFANN formally carries out a non-linear bounded mapping v:Xc R/ — RN,
from a compact subset X of /-dimensional space to the bounded subset v(X) =Y of the
N -dimensional space. When an input vector x is fed into the network’s input layer, the
passive nodes of this layer transmit all of the components of x to all of the neurons of the
first hidden layer. The output of all of the neurons of the first hidden layer are then
transmitted to all of the neurons of the second hidden layer and so on, until finally the N

output units emit the components of the output vector Y.
Hj Hy

Figure 2.4: A structure of a multi-layer feedforward artificial neural network.
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2.3 The Back-propagation Architecture

The back-propagation architecture as a technique was popularized by Rumelhart et
al. in 1986 [7,8]. This architecture was earlier discovered by Bryson and Ho in 1969 [33]
and indep&ndently rediscovered by Werbos in 1974 [34]. Today it is the most commonly
used architecture in FFANN leaming strategies [18].

Besides the feedforward connections, discussed earlier in section 2.2, each unit of
the hidden layer receives an error signal from each of the units in the subsequent layer as
depicted in Figure 2.5. The output units directly receive the error signal whenever the

network is presented with some input.

IN H,
o« e S(PILI(O]
¢« e S(pII21(O]
¢ e
¢ e S(pI(nl(O]
« e
¢« o S{pIINI(O]

Figure 2.5: The back-propagation architecture of the FFANN.
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The network functions in two stages: a forward pass and a backward pass. Con-
sider the network’s input consisting of P vectors, corresponding to P input patterns,
indexed 1,..,p,..,P, and each vector consists of / elements corresponding to / input pas-
sive nodes, indexed 1,..,i,..,/. The forward pass starts by inserting / dimensional vectors
[x,1f into the network’s input and the network emits out the corresponding N dimen-
sional output vectors [y, = v(x,)]f’, which is the network’s estimate of the desired or the
target output [1, =g (x, )If. After the estimates [y,,]f’ are emitted, each of the output
units is supplied with their correct or target output vector [t,,]{’ . The elements of the error

vectors are computed at the output of the network as
[Epn]r = [ltpn = Ypn 1 n=1,.N 24)

The error elements €,, and the error signal S[p1[n1[O] (to be discussed in section 2.6)

are calculated and are available at each unit n of the output layer O.

In the backward pass, the output units directly receive the error signals from their
outputs. The hidden units in the layer below the output layer receive their error signals
from the output units to which they are connected. The error signal is thus passed back
through the same links which were used for the forward pass but in the backward direc-
tion. The error signal 8[p1[j1[H;] of a unit j in a hidden layer H; is thus a function of
the error signal of the units in the Hxth layer and their inter-linking weights. The error is
propagated back till each of the units in the first hidden layer get their corresponding
error signals. The output layer becomes the input layer in the backward pass.

To summarize, in each training cycle, the input is fed at the input layer of the net-
work. The output of the network is determined in the forward pass. The error signal for
each neuron in the network is calculated and propagated back in the backward pass.
Depending upon the error signal the weight or the synaptic strength of each link in the

network is adjusted in a manner so as to reduce the output error.
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2.4 Supervised training of the back-propagation network

After having designed the network with the back-propagation architecture, using
feedforward neurons in the feedforward connection topology as discussed in sections 2.1,
2.2 and 2.3, the most critical task for the network is to learn, i.e. achieve weights values
that would realize the mapping. Learning is one of the key issues in the artificial neural

network research.

With respect to learning, neural networks fall into a number of classes. Some net-
works are completely fixed in which the design of the network determines the weights.
Other networks have synaptic weights that depend on the problem that is being addressed
by the network, but the weights are pre-programmed into the network. Other networks
can be updated continuously by the outside data source. Networks of this type can per-
form adaptive learning in response to changing environment. The final class is in situ
learning, where the learning algorithm is incorporated directly into the network.

Most of the neural network research has focussed on direct learning to solve specific
tasks instead of building an internal model. Direct learning involves learning a specific
action to solve each task. Learning internal world models is opening up an important area
of learning where internal models of limited environment are built through interaction
and do not have to be programmed into the network. One of the approaches is to use

FFANN to mimic the input/output behavior of network interacting with the environment.

This work focusses on the supervised training of FFANN with back-propagation
architecture. It is a means of training adaptive neural networks which requires labeled
training data and an external teacher. The teacher knows the desired correct response and
provides an error signal when error is made by the network. This is sometimes called
reinforcement learning or learning with a critic when the teacher only indicates
whether a response was correct or incorrect but does not provide detailed error informa-

tion.
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During the supervised training, a training set consisting of examples (x,, %) of
mapping between the input x, and corresponding desired output #, =g (x,) for the
input-output pattern p = 1,...,P is provided. It is assumed that such examples of the map-
ping g are representative of the whole class of map from the input space to the desired
space. When the input data set [x, 1f is presented to the network, it produces the estimate
Dp =VvOxp)If of [t, = g (x,)]f and computes the output error vectors €,,p = 1,....P as
given by (2.4). The error signal is generated from the error vectors according to certain
weight update law, which is discussed in section 2.5. The error-signal when propagated
back adjusts the weights of the network in a direction, so as to minimize the output error.
With this training, the network thus, learns to associate an input pattern to its correspond-
ing output pattern. If the training examples were the true representative of the class of
mapping g, the network hopefully will associate all patterns (including those for which it

has not been trained) correctly.

2.5 The weight update laws and the energy functions

The weight update law is very critical in determining the error signal which ulti-
mately makes the network learn. The Generalized Delta Rule (GDR) is a gradient descent
method of updating the weights. It has been proposed by Rumelhart et al. [7,8] and is

given as
Awkj =-Y VWHE . (2.5)

Here wy; is the weight connecting the output of the jth node in the H;th layer to the
input of the kzh node in the Hyth layer, yis the learning rate, A represents the change and
V.,; represents partial derivative with respect to wyj. E is the energy function and is
given as

E=TE E,= 7 X . 2.6)
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The weight update law (2.5) achieved a breakthrough in training the FFANN. It can
be conveniently used in most cases, however the convergence cannot be guaranteed.

Describing the update law as a system of differential equations [35]-[39] in the form
“.’kj =-Y unE ’ (2.7)

has its advantages over the system of difference equations (2.5). In particular, being a
continuous-time gradient descent system, (a) ensures convergence to local minima, i.e.,
stable equilibria, (b) prevents the existence of oscillations and complicated behaviors and

(c) lends itself to natural implementation via analog VLSI/LSI silicon circuits [35]-[39].

The choice of energy function specifies the error signal to be propagated back. It
also determines the learning performance in the sense of the speed of convergence and
the size of domains of attraction of the stable equilibrium points in the weight space. We

remark that the sum-of-the-square energy function is the L, (Euclidian) norm [40],[41].

2.6 The Gaussian energy function

A learning rule which achieves the desired values of weights (preferably the global
minimum), is statistically equivalent to a maximum likelihood estimator (MLE). In other
words, obtaining a MLE is equivalent to minimizing the errors given by some energy
function. In the process of maximizing the likelihood estimate, the energy function is
derived given the probability distribution of the errors from the desired values in the out-
put of the FFANN.

A well known method of approximating a distribution on the basis of partial
knowledge is to choose the density function d (x) which maximizes the entropy subject
to the constraint of moments [42]-[46]. It is well established that the maximum entropy

distribution subject to the second moment constraint on (—oo,+o0) is the Gaussian distribu-

tion [46]-[48].
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Now suppose that we would like the errors in the output of a FFANN to be a Gaus-
sian random variable with zero mean. In order to make the network an MLE, the criterion
is to minimize the sum-of-the-squared error energy function [48]. This is specifically

shown below. The Gaussian distribution of the errors is given by

Assuming the output errors to be independently distributed for all the output nodes, the

~ joint Gaussian distribution is then given by

dj(e) = @my V2| T, exp[—%(e, T Ep) e, )]. (2.12)

Here N denotes the total number of neurons in the output layer of the FFANN and

I, =diag [Op1 Op2 ........ oo 1

where O, is the standard deviation of the error distribution of the n th output node when
the p th pattern is used. Since the errors &, p = 1,2,....,P, are independent, the likelihood

function L is

L(e,)=£{d,-(e,)

=Q2r) N2\ 5, P | exp[-%pg(ep Y &) Aep )] (2.13)
Choose 0,1 =0p2=....=0py =1, for all the patterns p = 1,2,....,P. Maximizing

the likelihood function, then, corresponds to minimizing the energy function in equation
(2.6), which is referred to as the Gaussian energy function. Of course, in general, X, in

(2.13) can be any symmetric nonsingular matrix.

The continuous-time learning dynamics of the update law (2.7), using the Gaussian

energy function, have been explored in [35]-[39]. In subsection 2.6.1, we describe these
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learning dynamics, whereas the software implementation is outlined in subsection 2.6.2.

2.6.1 The learning dynamics due to the Gaussian energy function.

As described earlier, the FFANN under consideration uses the error back-
propagation architecture. For the weight w,,, connecting neuron m in the last hidden
layer H,, to the output layer neuron n of a FFANN, the learning dynamics are described

by the weight update law (2.7) and is given as

Wom ==YV _E, (2.14i)
and for any hidden layer
wij ==Y Vi, E, (2.14ii)

Using the chain rule, the dynamics are

Wom ==Y oE aepn aypn aupn
nm " d€pn " OYpn ~ dUpn ' OWpm '

(2.15)

where E is the Gaussian energy function given by (2.6). &,y is the error of the output y,,
from the target value £,, for the pth pattern and the nth output node and is given by

(2.4). up, is the net input to the nth node of the output layer and is given by

Upn = 3 Wam Zpm + On. ' (2.16)

Here z,,, denotes the output of the m th node in the H,, th layer. 6, is the threshold of the
nth node in the output layer. The partial derivatives in equation (2.15) can be explicitly
calculated as

0E _
S =
2
3}"% = =581 (pn = Ypn)

3{3 = Ypn (1= Ypn),
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and

Here we have selected the so-called logistic function [7,8]

Ypn = T:_'i—_u;- 2.17)

to describe the input-output relationship of a neuron. Now the weight update law (2.15)

can be written as

Wam ='sz: €pn - Sgn(epn) -Ypn - (I-Ypu) - Zpm
=Y§ (tpn-ypn) Ypn - (l_ypn) - Zpm
=Y§, 8p1n10] . ylp1m](Hn], (2.18)

where y [p 1[m1[Hy] is the output z,, of the meh node in the Hp th layer. 8[p1[n][O] is
the error signal which is completely determined by the desired and the actual outputs of
node n in the output layer and is given by

dpllnllO]= (ton=Ypn) - Ypn - (1 = Ypn)- (2.19)

Observe that the weight w,, , is updated depending upon the error signal of the nth node
and output of mrh node. The weight update law for the weights wy;, connecting the jth
node of a hidden/input layer H; to the kth node in the subsequent hidden layer Hy, is
derived similarly and is given by

Wij = Y§ Slp1lk1[H:] . ¥ [P )H;], (2.20)
where

S[p1[k1[H] == ; SlpIUIHL] - wik - Ypr - (1 = Ypi)- 2.21)

In (2.21), [ is the index of the nodes in the H;th layer to which node k feeds its output
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yuie and wy is the weight of the corresponding connection. y [p][j1[H;] is the output of
the node j in the Hjth layer which is fed to node k in the Hy th layer.

2.6.2 Software implementation

For the software implementation of the update law (2.7), using the Gaussian energy

function, the learning algorithm is formalized in Table 2.1.

Table 2.1

The Learning Algorithm

1  Present the input vectors x,, p = 1,...,P, at the input of the FFANN.

Determine the network’s output y, = v(x,,.), p =1..,P.
Calculate the error signal for the output nodes.

Propagate the error signal back to all the nodes in the network.
Update the weights.

A L A W N

If the weight change of the network is greater than the stopping criterion

g0 to step 1, otherwise stop.

The stopping criterion ® can be defined as

= z IAij |, (222)
Waj

where wy; are all the weights in the network. Theoretically in order to reach a local
minimum the weight change criterion should be zero, which may never be achieved. In
practice we can choose a sufficiently small value of ®, which when achieved indicate that
the trajectories of the system have reached a local minimum. The weight change Awy; of

the system can be determined as
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Awyj = wy; (2+AL)y—wy (2). (2.23)

The term At is the time step of the integration routine. Using the fourth order Runge-
Kutta integration routine the learning algorithm outlined in Table 2.1 was implemented
into computer software using the C-language [36].

The software is designed to initialize the weights of the network randomly, by a ran-
dom number generator. The seed, which is an integer used to start the random number
generator, is used to represent the set of initial weights. The value of the initial weights w
is restricted to be ~0.9 < w < 0.9. An error criterion & is defined as

£ = TF (2.24)

is used to characterize the training: the lower the error, the better is the training. The
error criterion can also prove to be useful in some cases, to terminate the training of the

network.

2.7 The problem description

We consider the implementation of FFANN into software on digital computers. For
learning of such FFANNS, the continuous-time weight update law (2.7) which is a set of
differential equations is implemented on digital computers. For faithful implementation
of the gradient descent update law (2.7), the learning rate y and the time step At (2.23)
must be very small. As a consequence of the small value of y.Az,

(1) the learning is slow

(2) the algorithm converges to the nearest local minimum which in most cases may not

be satisfactorily useful.

One may consider increasing value of the learning rate y as an immediate solution to
the above problems. This may not work in all the cases. With a large value of ‘y, while we
increase the tendency of skipping the nearby local minima, we may also make it prone to
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skip desirable minima and delay or prevent the convergence.

The so-called back-propagation update law in its existing form uses an almost Euler

approximation to the continuous-time update law. In addition, most reported simulations

use a large step size or a learning rate. Such large values prevent tractable analysis and

have not been proven to ensure convergence. Thus the implementation of FFANNs with

the two conflicting properties remains a challenge:

(a) the update in speed is fast.

(b) Gauranteed convergence to an acceptable minimum and the occurence of no oscilla-

tions. In this work, we aim at achieving this challenge.

2.8 The objectives and the outline of the thesis

(1)

In this work we deal with this problem in two steps.

We present a method to make the learning faster by using different energy functions
in the update law (2.7).

For the supervised learning of FFANN we use the continuous-time weight
update law (2.7) which is derived from an energy function. If we choose an
appropriate energy function tl;e network may learn faster. The energy function can

be viewed as
(i) related to the distribution of the random errors in the output of the network, or
(ii) a mathematical norm.

We can choose a maximum entropy distribution of random errors in the output
of the network, subject to the constraint of moments. Then, proper selection of the
energy function for training the FFANN can make it an MLE in the statistical sense.
In chapter 3, we show that in order to make the learning faster, we can choose a dis-
tribution other than the Gaussian distribution. We chéose the Cauchy distribution

and motivate a rational for its selection and show that learning in this case is faster
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or at least does not deteriorate. This conclusion is also supported by computer simu-

lations.

When the energy function is viewed as a mathematical norm, we have the
option of selecting any L, norm. We combine various norms to form what we call
the Polynomial energy function. In chapter 4, we show the usefulness of choosing

the Polynomial energy function analytically and with simulation support.

(2) We present a method which make it possible to "skip" unacceptable local minima

and at the same time ensures faster convergence to one of the acceptable minima.

The problem of skipping the unacceptable local minima is tackled in chapter 5.
We propose an exponential energy function, which skips the unacceptable local
minima and ensures faster convergence to one of the acceptable minima. The
Exponential energy function is used in conjunction with the Gaussian, the Cauchy

or the Polynomial energy functions.

The performance of the learning algorithm using weight update law (2.7) with dif-
ferent energy functions (Table 2.1) is evaluated in the application to tﬁe pattern recogni-
tion problem in chapter 6. After discussing the network design, various computer simula-
tions are presented. Finally in chapter 7, summary of this work is collected along with

concluding remarks.



CHAPTER 3
THE CAUCHY ENERGY FUNCTION

3.1 Motivation

This chapter addresses the issue of increasing the learning speed of the FFANNS. In
what follows, we describe the intuitive rational for selecting the Cauchy energy function
from the point of view of statistical signal processing. On the other hand, the real rational
for this work may stem from the convergence speed of the would-be proposed weight
update learning rule as compared to the usual update rule (2.6)-(2.7).

The derivation of a supervised training algorithm for a FFANN implies the selection
of a norm criterion which gives a suitable measure of a particular distribution of errors in
the output of the network. There exists a correspondence between the L, norms and the
error distributions [48]. Many researchers [44]-[48] consider the maximum entropy of the
output errors subject to certain moments constraints to be a suitable measure to estimate
the error distribution. The larger is the number of moment constraints, the lesser is the
choice of error distributions.

It is well known that subject to the first and the second moment constraints, the
maximum entropy distribution is the Gaussian distribution [44]-[48]. Corresponding to
the Gaussian distribution, the criterion is to select the L, norm for the energy function in

the weight update law (2.7) [49].

Restricting our attention to the first moment constraint, there are many choices of an

error distribution. The Cauchy distribution [50], given as

d(€pn) = %[E;{”—f] (3.1)

€pn

26
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is chosen due to the following reasons.

(1) The entropy of the Cauchy distribution (3.1) is about 1.78 times higher than the
entropy of the Gaussian distribution (2.11), when the parameters A,, and G, for

these distributions is chosen to be unity. This is analytically shown in Appendix A.

(2) The speed of convergence of the weight update law (2.7) improves when the energy
function corresponding to the Cauchy distribution is used instead of the Gaussian
energy function (2.6). This is discussed in detail in this chapter.

In order to derive the energy function corresponding to the Cauchy distribution of
errors, let us consider the errors €,,, 1 <p <P and 1 <n <N, to be independently distri-
buted. The joint Cauchy distribution will then be

d(en) =@V I T% | (32)

eP’l

Since the errors for all the desired patterns p = 1,2,.....,P, are assumed to be independent,
the likelihood function is

L(epn)= pljdj €n)

= (m)~PN ’f;]l 'Qﬂ%’ (3.3)

We choose Ap1=A,2=.....= A,y =1 for all the patterns p =1,2,....,P. Then maximiz-

ing the likelihood estimator (3.3), corresponds to minimizing the quantity
c= 71_ I1 IT (1+€pn 2), (3.4)
1 4 n

We refer to the quantity in (3.4) as the Cauchy energy function [52].

For a qualitative comparison, we set Op, in (2.11) and l.,,,, in (3.1) to 1 and obtain
the two distributions depicted in Figure 3.1. From the graphs in Figure 3.1, observe that
the Cauchy distribution of the error is more spread out than the Gaussian distribution.

This "spread out" feature signifies higher entropy and more tolerance in errors of the
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Cauchy distribution.
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Figure 3.1: Random error distribution. The horizontal axis show the random error and the
vertical axis show the density with which they are distributed. The solid line represents
the Gaussian error distribution as given by (2.11) with Gp, =1 and the dotted lines
represents the Cauchy error distribution as given by (3.1) with A, =1.

In this work, we desire to train the FFANN using a learning update law derived
from the Cauchy energy function (3.4). When the update law converges to a weight value
that minimizes the Cauchy energy function, the FFANN would then emulate a classifier

with Cauchy distribution of errors from the target values.
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The chapter is organized as follows. In section 3.2, we analyze the learning dynam-
ics of the weight update law (2.7) using the Cauchy energy function. In section 3.3, we
analytically compare the learning dynamics due to the Gaussian (2.6) and the Cauchy
(3.4) energy function. Software implementation of the learning dynamics are presented in
section 3.4, which are then used to train a FFANN. As an illustrative example, we spe-
cialize the software to solve the XOR problem. Simulation results are reported in section
3.5. We discuss the advantages and short-comings of using the Cauchy energy function

in section 3.6.

3.2 The Learning Dynamics

In this section, the continuous-time learning dynamics of the update law (2.7), using
the Cauchy energy function, are explicitly derived. As described earlier in section 2.2,
the output layer is layer O, with nodes indexed by n. The O—1th layer which feeds its
output to the output layer is actually the last hidden layer H,,, whose nodes are indexed
by m. The learning dynamics of the weights using the Cauchy energy function (3.4) in
the update law (2.7); specifically for the output layer

Wim =—7vV,_E°, (3.5i)
and for any hidden layer
wk ==YV, E°. (3.5ii)

Using the chain rule, the dynamics for the output layer are

cc __n~ OE€ 0tpn  OYpn  Oltps
Wim =—7%. I " pm ‘Bu;,, . dw:,,,’ (3.6)

where 4, is the net input to the nth node of the output layer and is given by

Upn = ; Wam Zom + 6. (3.7

Here z,, denotes the output of the mth node in the H,th hidden layer. 6, is the
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threshold of the nth node in the output layer. The partial derivatives in equation (3.7) can

be explicitly calculated as
oEc __ 1 1 +€yn2 1+€,,2)|.2.¢,,,
gt oo o) 2o
== Z[[HH(1+epn2)] [H(1+spn ] epn]. (3.8)
pl]|P p#p
9€pn ..
3)%: =—sgn (tn—Ypn)» (3.8ii)
%’%w,,,,a = Ypn), (3.8ii)

and

Ju,

ﬁ = Zom. (3.8iv)
nm

Here p is a dummy variable representing patterns 1 through P and n is a dummy index
for nodes 1 through N of the output layer. We have selected the so-called logistic func-
tion [7,8]

1

Ypn = )

to describe the input-output relationship of a neuron. Now the weight update law can be

written as

=Y§ d(plinllO].ylpliml(Hn), (3.9)
where

) Ol= 1 2 1 22 | - Gon=Yon) - Ypn - (1 = Ypn 3.10
pln]iO] [I;Ign( +£pq)] [pl;lp( +& )] (pn=Ypn) - Ypn - (1 =¥pn) ~ (3.10)

and y [p J[m][Hp] is the output z,,, of the mth node in the H, th layer.

“The weight update law for the weights wy;, connecting the jth node of the
hidden/input layer H; to the kth node in the subsequent hidden layer Hy, is derived



31

similarly and is given by

wj =Y§, Slp1k1H]1. y [P 1L 1H;], (3.11)
where

Slp [k 1[H,] ==§; Slp I H, Y - wik - Ypi - (1 = Ypi)- (3.12)

In (3.12) [ is the index of the nodes in the H;th layer to which node k feeds its output y;
and wy is the weight of the corresponding connection. y [p ]J[j1[H;] is the output of the
node j in the H;th layer which is fed to node k in the H; th layer.

3.3 Analytical Comparison with the Gaussian Energy Function
3.3.1 A criterion for the learning performance

To compare the dynamics of the (Gaussian) learning (2.14) and the (Cauchy) learn-
ing (3.5), we define the performance criterion delineated in the following procedure. First
we consider V :=E as a candidate Liapunov function [53]-[54]. Then, we calculate the
derivative of V along the trajectories of the (Gaussian) learning (2.14) -- denote this
derivative by V. Similarly, we calculate the derivative of V along the trajectories of the
(Cauchy) learning (3.5) -- denote this derivative by V<. Now if V€ — V <0, then we say
that the learning performance® of the second system is "faster” than or at least the same
as the first system. This is motivated by the fact that ve-v gives the projection of the
rate of change of the difference in the weight vectors, say (W¢ — W), along the diver-
gence vector Vi V. This we take as a measure of speed of updating the weight-vectors
difference (W€ — W), which in turn is equivalent to the comparative speed in updating

the weight vectors W¢ and W.

* Improvement in the leamning performance of system (3.5) here means the derivative of the
sum-of-the-squared error at any point on the error surface along the trajectories of system (2.14) is
less in magnitude than that of system (3.5).
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Formally, we observe that
Ve -V =VypV. (We-W), (3.13)

where W¢ and W denote vectors containing all the corresponding weights. Equations

(3.5) give the components of W€ and equations (2.14) give the components of W.

3.3.2 The learning dynamics for a single pattern

Consider the case when only one input-output pattern is applied to the network. For

case of notation we will drop the subscript p for patterns and define the Gaussian and the

Cauchy energy functions as
1 .
E = -2-§ €n2 (3.14i)
and
Ec := L[](+€,2), (3.14ii)
n

respectively. By straight forward calculations, for the output layer equation (3.5i) can be

rewritten as
Wi =—7 [VW_E +0,V,_E ] (3.15i)

For the hidden layer H, the learning algorithm in (3.5ii) can be similarly rewritten as
wEj ==Y [unE + 11- 2% Vi en 2]. (3.15ii)

Here a,, 2 0 and is given explicitly as

0, =Et+E§ +...+EQN-1,
where

E} =E -¢,2,

E% is the summation of all [N 2 l] pairs not including €,2,
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Edyv-p) =€%2.....en2 not including €,2

Before we formally characterize the learning performance due to the Gaussian and
the Cauchy energy function in the form of a theorem, Lemma 3.1 is in order, which uses

Assumption 3.1 given below.

Assumption 3.1: All the eigenvalues of the matrix with entries a;; = a; + o, are non-

negative.

Remark: In our simulations, we always initialize the weights in the learning dynamics
so that the weight components have small values (typically within [-0.9,0.9]). In doing
so, the output of the individual nodes are likely to be close to 0.5. In that case,
o=0p= - - =0, = - - - =ouy. If the equality holds, then Assumption 3.1 is automatically
satisfied. See Appendix B.

Lemma 3.1: Given a; , x; € R, o; 20 and assuming that Assumption 3.1 holds.

)

Proof of Lemma 3.1 is provided in Appendix B.

Then,

Theorem 3.1: Assume that Assumption 3.1 holds. Consider V := E given by (3.14i), be
a candidate Liapunov function. Let V be the derivative of V along the trajectories of sys-
tem (2.14) and V¢ be the derivative of V along the trajectories of system (3.15). Then the
learning performance of system (3.15) is "faster" than or at least is the same as system

(2.14).
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The proof of this theorem, presented in Appendix C, analytically shows that the
learning performance improves if the Cauchy energy function is used instead of the

Gaussian energy function.

3.3.3 The learning dynamics for multiple patterns

Now, we consider the learning dynamics of the weights for P patterns. The (Gaus-
sian) weight update law is given by equation (2.14) where E is given by (2.6). The (Cau-
chy) learning dynamics of the weights takes the form of (3.5) where E€ now is given by

(3.4). By straight forward calculations, wg, can be written as
u'),f,,,:—y[Vw_. E+1 %oV, e,,,.2]. (3.16i)
P

Similarly, for the hidden layers the learning algorithm of the Cauchy energy function

(3.4) can be written as
ij ==Y [ku E + é‘ ;;%n Vw,,- epnz]- (3.16ii)

Here o, 2 0 and is given by

Opn = ER" + EB* + ...+ EfBy_1),
where

Ef* =E —¢,,2,

EB" is the summation of all [P 1\5"1] pairs not including €,,2,
and finally

E¢Bn-1) = €112€122....... epn 2 not including Ep,,z.

Before we compare the learning performance due to the weight update laws

(2.14) and (3.16), we state Lemma 3.2, which uses the following assumption.
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Assumption 3.2: All the eigenvalues of the matrix with entries g;; y = o;; + 0y, are

non-negative.
Remark: Assumption 3.2 is equivalent to Assumption 3.1.

Lemma 3.2: Given o;j, x;; € R, a;; 2 0 and assuming that Assumption 3.2 holds.

Then,
[;; x,-j] [;; oj x,-j] 20.

Proof of Lemma 3.2 is provided in Appendix D.

Theorem 3.2: Assume that Assumption 3.2 holds. Consider a candidate Liapunov func-
tion V = E given by equation (2.6). Let V be the derivative of V along the trajectories
of (2.14) and V¢ be the derivative of V along the trajectories of the system (3.16). Then
the learning performance of system (3.16) is "faster” than or at least is the same as sys-

tem (2.14).

Again the proof of this theorem is included in Appendix E. The analysis clearly
indicate that the learning performance in "speed" can improve (or at least does not

deteriorate) when the Cauchy energy function is used.

Proposition 3.1: The equilibria of system (3.16) are also the equilibria of system (2.14).

The proof of Proposition 3.1 is provided in Appendix F.

Remark: Proposition 3.1 implies that when we use the Cauchy energy function (3.5) in
the weight update law (2.7), we still converge to one of the equilibria of system (2.14).

However, this does not mean that starting from the same initial condition, the two
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systems would follow the same trajectory or that their trajectories would converge to the

same equilibrium point.

3.4 Software implementation of the learning dynamics

For the software implementation of the learning dynamics of the weights connected
to the output layer (3.9) and the weights connected to the hidden layers (3.11), the learn-
ing algorithm formalized in Table 2.1 is used. The weight update laws (3.9) and (3.11)
dre implemented into computer software using the C-language on Sun SPARC stations.
Fourth order Runge-Kutta integration routine is used for the integration of these update

laws.

A stopping criterion ®, was set to determine if the system has converged to a solu-

tion. The parameter  was defined as

W= z IAij ls (3.17)
Wiy

where wy; are all the weights in the network and
Awkj = Wi (t+At) - Wi (t). (3.18)

The term At is the time step chosen for the fourth order Runge-Kutta integration of the
update laws. An error criterion § was used to characterize the training: the lower the

value of the error, the better is the training. The (output) error parameter is defined as

6 =3 5 e (3.19)

Note that this error parameter is exactly the Gaussian energy function. The weights
of the network can be initialized by giving their values or selecting randomly by a ran-

dom number generator of the UNIX system.
The training simulator, using the Runge-Kutta integration routine reads the input
data from an input file, which provides the values of time step Az, learning rate 7, error

criterion &, stopping criterion , the network structure, the training patterns and the
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corresponding target values. The training is terminated when either the stopping criterion
o or the error criterion & is achieved. The simulator writes the intermediate or/and the

final values of the network weights or/and other parameters into an output file.

3.5 Simulation example: the XOR problem

The training performance of the two software simulators, using the Cauchy and the
Gaussian energy functions, is described and a comparison is made in this section. A pro-
tbtypc FFANN used to solve the XOR problem had two input passive nodes (a passive
node does not include a sigmoidal transfer function), two hidden nodes and one output
node as shown in Figure 3.2.

Input layer Hidden layer

Output Layer

Figure 3.2: The network used to solve the XOR problem. The input layer has two passive
nodes, whereas the hidden and the output layers have two and one artificial feedforward

neurons, respectively.

The network was fully connected and weights were initialized randomly by a ran-
dom number generator. The seed, which is a number used to start the random number
generator, is used to represent the set of initial weights. The value of any initial weight w

is restricted to be 0.9 <w <0.9.
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Figure 3.3: Comparison of the Gaussian (...) and the Cauchy (___) learning. In all of the
above simulations, the learning algorithm using the Cauchy energy function achieves the

same error with fewer iterations.
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Table 3.1

‘ final data
set # of .
energy function
initial weights | # of iterations # of iterations | time(secs) _ error # of iterations | time(secs)
Gaussian 0.00127
Cauchy 0.00127 44895 301.43
2 Gaussian 0.50165 48683 281.00
Cauchy 0.50123 45308 302.08
3 Gaussian 0.00125 47242 275.17
Cauchy 0.00124 45016 302.50
4 Gaussian 0.50164 48265 278.70
Cauchy 0.50122 45456 302.95
5 Gaussian 0.00127 53656 312.27
Cauchy 0.00125 48842 328.15
6 Gaussian 0.00121 48271 281.45
Cauchy 0.00121 46801 31447

Training results comparing the Gaussian and the Cauchy learning. Final and intermediate data corresponding to update law (2.7) using the Gaussian and the Cau-
chy energy function, represents data when the error criterion £ and the weight change criterion  is achieved.
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We assume that the network has converged when the stoppage criteria ® < 0.0001 is
satisfied. In all the simulation cases, the network converged to a local minimum. A com-
parison of 6 different sets of initial conditions is depicted in Figure 3.3. In all of the six
simulations Y and Ar are chosen to be 1 and 0.1 seconds, respectively. For the cases when
the weights were initialized by sets 1, 3, 5 and 6, the training did achieve excellent
results. In the other cases when the weights were initialized by sets 2 and 4, the network
was stuck in an undesirable local minimum with an error value equal to 0.5. The training

results using these six different sets of initial conditions are summerized in Table 3.1.

In all six simulations the (Cauchy) learning algorithm achieves the same error per-
formance as the Gaussian learning, in many fewer iterations. Finally, we also observe
that the update law (3.5) outperforms the update law (2.14) in achieving any fixed error

value in terms of the number of iterations required to realize that error value.

It may also be observed in Figure 3.3 that the bulk of the number of iterations is
exccuted very near the local minimum. It may therefore be useful to set an error criterion

€ to a desirable value along with the stability criterion ® , for terminating the training.

3.6 Discussion

In this chapter, we derived a gradient descent weight update law using a Cauchy
energy function for supervised error back-propagation learning for FFANNs. We
presented a statistical rational for selecting the Cauchy energy function to be used in the
weight update law. We also showed analytically that the learning performance may
improve if the Cauchy energy function is used instead of the Gaussian energy function.
This improvement is characterized in terms of speed of the continuous-time update law
for the weights which results in fewer iterations in achieving a specified error (energy)

value.

We observe that each component of the vector field of (3.16) is always greater than

or equal to the amplitude of the corresponding component of the vector field of (2.14).
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This means that every point in the weight state-space the dynamics of (3.16) are "t:aster"
than the dynamics of (2.14). However this notion of "speed" is misleading: one cannot
rely on the vector fields alone, one must consider the trajectories crossing into a well-
defined common, constant-energy levels of the same function [40],[53]-[54]. This
amounts to the trajectories of both dynamics crossing into regions defined by the same

error function E.

Even though the proposed dynamics required more computations at every step, the
total number of steps to converge is usually reduced. Due to the growing computations
with the number of output nodes and the input patterns, it may not be suitable to use
software implementation of the algorithm. The networks implemented with analog

hardware can still derive full benefit from the learning speed of the proposed algorithm.

Numerous simulations focusing on the XOR problem, which support the above
analysis, have been conducted. A sample of these simulations is included. The analysis
indicates that the Cauchy learning dynamics are faster at each point in the weight space.
On the other hand, the simulations focusing on the XOR problem seem to support a
stronger conclusion: the Cauchy learning dynamics are faster along each trajectory in the

weight space as compared to the Gaussian learning dynamics.



CHAPTER 4

THE POLYNOMIAL ENERGY FUNCTION

4.1 Motivation

The energy function in the weight update law (2.7) specifies the error of the output
(from the desired values), to be propagated back for the adjustment of the weights. This
error or the energy can be viewed as a mathematical norm. The usual sum-of-the-squared
(Gaussian) energy function is the L, norm. Consequently we may choose other L, norms
(1 Sp So0)[54].

For every error vector €, € R",p =1,2,..,P, we know that all the norms are

equivalent in the sense that
KilglasS|glpsK2 g la 4 4.1)

Here K, and K, are any two constants and o and P are two norms. This equivalence does
not imply that if, for example, the L, norm of an error vector €, is greater than the L,
norm of another error vector e;,‘ then the L norm of €, is also greater than the L, norm
of €,. This implication is a motivation to specify an energy function which when used in
the weight update law (2.7), the error decreases in all the specified norms.

While error reduction in all the specified norms provide an intuitive rational for
selecting the Polynomial energy function, the real rational for this work may stem from
the convergence speed of the would-be-proposed weight update law as compared to the
usual weight update law (2.6)-(2.7).

A learning rule which achieves the desired values of the weights (preferably the glo-
bal minimum) by reducing the error in the first » norms, may use a Polyndmial energy

function [57] of order r given as

42



43
EP=a Y ¥ (€n +b), (4.2)
pn

where a and b are any suitable real constants. It should be noted that p used as super-
script stands for polynomial and when used as a subscript stands for the pattern

p =12,..,P. In this chapter we use the Polynomial energy function of order 2 and
a=b =-%— in the weight update law (2.7), to train a FFANN. The Polynomial energy

function would then reduce to
1 1
EpP = Vi ; ; (Epn + -2—)2 A 4.3)

It should be noted that the Polynomial energy function of order 2 (4.3) is basically a

combination of L and L, norms.

This chapter is organized as follows. In section 4.2, we analyze the learning dynam-
ics of the weight update law (2.7), using the Polynomial energy function (4.3). In section
4.3, we analytically compare the learning dynamics due to the Gaussian (2.6) and the
Polynomial (4.3) energy function. Software implementations of the leaming dynamics
are presented in section 4.4, which are then used to train a FFANN. As an illustrative
example, we specialize the software to solve the XOR problem. Simulation results are
reported in section 4.5. In section 4.6 we conclude with the discussion on various advan-
tages and the disadvantages of using the Polynomial energy function in the weight update
law (2.7).

4.2 The learning dynamics

In this section, the continuous-time learning dynamics of the update law (2.7), using
the Polynomial energy function, are explicitly derived. As described earlier in section
2.2, the output layer is layer O, with nodes indexed by n. The O —1th layer which feeds
its output to the output layer is actually the last hidden layer H,,, whose nodes are
indexed by m. The learning dynamics of the weights using the Polynomial energy
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function (4.3) in the update law (2.7); specifically for the output layer

Whm ==Y Vw..E?, (4.4i)
and for any hidden layer
wf =—vV,,EP. (4.4ii)

Using the chain rule, the dynamics for the output layer are

ou

s _ OEP O  OYps n
Whny = Y.Bep—n.%.afn—.mﬁ. 4.5)
where up, and y,, are respectively the net input and the output to the nth node of the

output layer and are given by

Upn =Y, Wnm Zpm + Op (4.6i1)
m

- and

1

Ypn = Tre"m" (4.611)

Here 2z, is the output of the mth node in the Hy, th layer. 6, is the threshold of the nth
node in the output layer. The partial derivatives in equation (4.5) can be explicitly calcu-
lated as

JEP _ z [e,,,, + ,}] @.79)

n

=-sgn (tpn - .an) (471))
pn

T

Dpn 3 (1~ Yy (4.7iii)

pn
and

ou

I = o (4.7iv)
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Now the weight update law can be written as

¥ =¥ T 8PN IOT .y P YmI[H, (4.8)
where
8P 1[n1[01 = 51 (tpn = Ypn) - (€pn + %) - Yo (1= Ypm) 49)

and y [p ][m1[H, ] is the output zp,, of the mth node of the Hp, th layer.

The weight update law for the weights wyj, connecting the jth node of a

hidden/input layer H; to the k th node in the subsequent hidden layer Hy, is derived simi-

larly and is given by

wEj =Y§,5[P][k][H/c] -yl 1H;]L, 4.10)
where

dpllk][H] == ;, SpIINH] . wik - Ypi - (1 = Ypi). 4.11)

In (4.11), I is the index of the nodes in the H; th layer to which node k feeds its output yy
and wy, is the weight of the corresponding connection. y [p1[j1[H;] is the output of the
node j in the Hjth layer which is fed to node k in the Hy th layer.

4.3 Analytical Comparison with the Gaussian Energy Function

Error back-propagation learning with the update law (2.7) using the Gaussian
energy function (2.6) is very widely accepted. In this section we compare the (Gaussian)
learning (2.14) and the (Polynomial) learning (4.4). In order to do so, we use a similar
criterion for the learning performance as discussed in subsection 3.3.1 and the com-
parison of the learning dynamics using the Polynomial and the Gaussian energy function

is made in subsections 4.3.1 and 4.3.2.
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4.3.1 The learning dynamics for a single pattern

In this subsection we consider a case when we only use one pattern. For ease or

notation we will drop the subscript p and define the Gaussian (sum-of-the-squared) and

the Polynomial energy functions as
1 .
E = T; €,2 (4.12i)
and
| 1 .
EP = > ; (€ + -2-)2. (4.12ii)

By straight forward calculations, equation (4.4i) can be rewritten as
Whn =—7[VW_E +VW_E1] (4.131)
where

E,= % Ten. (4.13ii)

For the hidden layer the learning algorithm in (4.4ii) can be similarly rewritten as

WE =—7 [VWE + vwzl]. (4.13iii)

In order to formally compare the learning performance due to the Gaussian and

the Polynomial energy functions, we state Theorem 4.1.

Theorem 4.1: Assume that Assumption 3.1 holds. Consider V := E given by (4.12i), be
a candidate Liapunov function. Let V be the derivative of V along the trajectories of sys-
tem (2.14) and VP be the derivative of V along the trajectories of system (4.13). Then the
learning performance of system (4.13) is "faster" than or at least is the same as system

(2.14).
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The proof of this theorem presented in Appendix G, analytically shows that the
learning performance improves if the Polynomial energy function is used in comparison

with the usual sum-of-the-squared energy function.

4.3.2 The learning dynamics for multiple patterns

Now, we consider the learning dynamics of the weights for P patterns. The weight
update law is given by equation (2.14) where E is given by (2.6). The learning dynamics
of the weights due to the Polynomial energy function are in the form of (4.4) where EP

now is given by (4.3). By straight forward calculations, wf, can be written as

Why =7 [vw_ E+V,_ El], (4.140)
where
E = %. Y €. (4.14ii)
pn :
Similarly, for the hidden layers the learning algorithm of the Polynomial energy function
(4.3) can be written as
WQ=-7[VW E +V,,,,El]. (4.14iii)

When the network is trained with the multiple patterns, we formally compare the
learning performance due to the Gaussian and the Polynomial energy function in

Theorem 4.2.

Theorem 4.2: Assume that assumption 3.2 holds. Consider a candidate Liapunov func-
tion V ;= E given by equation (2.6). Let V be the derivative of V along the the trajec-
tories of (2.14) and V7 be the derivative of V along the trajectories of the system (4.14).
Then the learning performance of system (4.14) is "faster" than or at least is the same

as system (2.14).
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Again the proof of this theorem is included in Appendix H. The analysis clearly
indicate that the learning performance in "speed" can improve (or at least does not

deteriorate) when the Polynomial energy function is used.

Proposition 4.1: The equilibria of system (4.14) are also the equilibria of system (2.14).

The proof of Proposition 4.1 is provided in Appendix 1.

i{emark: Proposition 4.1 implies that when we use the Polynomial energy function
(4.3) in the weight update law (2.7), we still converge to one of the equilibria of system
(2.14). However, this does not mean that starting from any initial condition, the trajec-
tories followed by both the systems would be same or the trajectories would converge to

the same equilibrium point.

4.4 Software implementation of the learning dynamics

For the software implementation of the learning dynamics of the weights connected
to the output layer (4.8) and the weights connected to the hidden layers (4.10), the learn-
ing algorithm formalized in Table 2.1 is used. The weight update laws (4.8) and (4.10)
are implemented into computer software using the C-language on Sun SPARC stations.
Fourth order Runge-Kutta integration routine is used for the integration of these update
laws.

A stopping criterion ®, was set to determine if the system has converged to a solu-

tion. The parameter ® was defined as

0:=Y |Aw|, (4.15)

Wi
where wy; are all the weights in the network and

Awkj =Wy (t+Ar) - Wij @@). (4.16)
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The term Az is the time step chosen for the fourth order Runge-Kutta integration of the
update laws. An error criterion € was used to characterize the training: the lower the

value of the error, the better is the training. The (output) error parameter is defined as

=5 T e’ 4.17)

Note that this error parameter is exactly the Gaussian energy function. The weights
of the network can be initialized by giving their values or selecting randomly by a ran-

dom number generator of the UNIX system.

The training simulator, using the Runge-Kutta integration routine reads the input
data from an input file, which provides the values of time step Az, learning rate v, error
criterion &, stopping criterion ®, the network structure, the training patterns and the
corresponding target values. The training is terminated when either the stopping criterion
® or the error criterion & is achieved. The simulator writes the intermediate or/and the

final values of the network weights or/and other parameters into an output file.

4.5 Simulation example: the XOR problem

The training performance of the three software simulators, using the Polynomial,
the Cauchy and the Gaussian energy functions, is described and a comparison is made in
this section. A prototype FFANN used to solve the XOR problem had two input passive
nodes (a passive node does not include a sigmoidal transfer function), two hidden nodes
and one output node as shown in Figure 3.2.

The network was fully connected and weights were initialized randomly by a ran-
dom number generator. The seed, which is a number used to start the random number
generator, is used to represent the set of initial weights. The value of any initial weight w

is restricted to be 0.9 <w <0.9.

We assume that the network has converged when the stoppage criteria ® < 0.0001 is

satisfied. In all the simulation cases, the network converged to a local minimum. A
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comparison of 6 different sets of initial conditions is depicted in Figure 4.1. In all six
simulations vy and Atr are chosen to be 1 and 0.1 seconds, respectively. For the cases when
the weights were initialized by sets 1, 3, 5 and 6, the training did achieve excellent
results. In the other cases when the weights were initialized by sets 2 and 4, the network
was stuck in an undesirable local minimum with an error value equal to 0.5. The training

results using these six different sets of initial conditions are summarized in Table 4.1.

It should be noted that in all six simulations the (Polynomial) leamning algorithm
achieves the same error performance as the Gaussian or the Cauchy learning, in many
fewer iterations and computer time. Finally, we also observe that the update law (4.4) |
outperforms the update laws (2.14) and (3.5) in achieving any fixed error value in terms
of the number of iterations required to realize that error value.

As the bulk of the number of iterations is executed very near the local minimum, it
is therefore useful to set an error criterion £ to a desirable value along with the stability
criterion ® , for terminating the training. For the cases when the weights were initialized
by the sets 1, 3, 5 and 6, £ was set to a value of 0.005. In the other cases when the

weights were initialized by sets 2 and 4,  was set to 0.51.

4.6 Discussion

Training of a FFANN with update law (2.7) using sum-of-the-squared energy func-
tion (2.6) ensures that the L, norm of the error vector € for all the output nodes
n=1.2,..,N and all the patterns p=1,2,...,P , decreases as the training proceeds and finally
converges to a local minimum value. While the L, norm of the error vector decreases,

other L, norms (1 S p < o), may increase or decrease.

Restricting our attention to the present case where we are using the Polynomial
energy function of order 2, we only consider the L and the L, norms. To illustrate the

above fact, we consider a simple case of a trajectory in two dimensional error space in
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Figure 4.1: Comparison of the Gaussian (...), the Cauchy (---) and the Polynomial (__)
learning. In all of the above simulations, the Polynomial learning algorithm achieves the

same error with fewer iterations.
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Table 4.1

w H intermediate data _ final data
set # of O
energy function | M
initial weights emor | #of iterations | time(secs) | emor | #of iterations | time(secs) — error # of iterations | time(secs)

1 M Gaussian || 0.005 18245 105.77 _ 0.00127 48382 28163 [ 0.00127 48382 281.63
| Cauchy | 0.005 15102 10121 | 000127 44895 30143 || 0.00127 44895 301.43
|  Polynomial || 0.005 4387 2598 || 0.00127 5742 3406 || 0.000002 74045 442.33
2 [ Gaussian [ 0510 [ 12505 7269 | 050165 | 48683 28100 [ oso165 | 48683 281.00
Cauchy [ 0.510 8210 5474 {| 0.50165 34882 23249 || 050123 45308 302.08
Polynomial | 0.510 4965 29.44 || 0.50165 18236 10799 || 0.500454 58466 346.43
3 Gaussian 0.005 16543 95.99 w 0.00125 47242 27517 || 0.00125 47242 2715.17
Cauchy [l 0.005 14356 9624 | 0.00125 44988 30200 || 0.00124 45016 302.50
|  Polynomial  § 0.005 3938 2334 || 000125 5302 3148 || 0.000002 73312 43178
4 ‘ Gaussian ﬁ 0.510 11833 6839 | 050164 48265 27870 || 0.50164 48265 278.10
Cauchy || 0.510 174 5189 | 050164 34872 23242 || 050122 45456 302.95
_ Polynomial | 0.510 4517 2674 || 050164 17946 10637 || 0.500456 57794 34228
5 * Gaussian H 0.005 22292 129.19 M 0.00127 53656 31227 || 0.00127 53656 31227
_ Cauchy | 0.005 17149 11489 || 0.00127 48461 32540 || 0.00125 48842 328.15
| Polynomial  § 0.005 5873 178 || 000127 7265 43.09 " || 0.000002 75603 45148
6 | Gaussian || 0.005 15397 89.57 § 0.00121 48271 28145 ﬂ 0.00121 48271 28145
| Cauchy | 0.005 13961 9374 || 0.00121 46801 31447 || 000121 46801 31447
_ Polynomial | 0.005 2829 16.83 , 0.00121 4307 25.66 m 0.000002 75057 448.39

Training results comparing the Gaussian, the Cauchy and the Polynomial leaming. Final and intermediate data corresponding to update law (2.7) using the Gaus-
sian, the Cauchy and the Polynomial energy function, represents data when the error criterion § and the weight change criterion  is achieved.
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Figure 4.2. If the training starts from point €; and proceed along the trajectory and settles
down at a local minimum &, we observe that while the L, norm of the error vector
decreases the i.l norm increases throughout this learning.

We can quantify the possibility of increase in the L, norm while the L, norm
decreases at a point, in terms of the shaded area in Figure 4.2; the larger the area, the
higher is the possibility. Similarly if we train the network, by decreasing the L; norm of
the error vector €, we will notice as depicted in Figure 4.3, that the L, norm of the errors
may increase. We can again quantify the possibility of increasing the L, norm while the
L, norm decreases at a point, by measuring the shaded area in Figure 4.3; the larger the
area, the higher is the possibility. If €; is a point, where the L norm is tangent to the L,
norm (i.e) the shaded area measures zero, then possibility of a norm increasing while the

other norm is decreasing reduces to zero at that point. This is depicted in Figure 4.4.

This criterion can be easily extended to an n-dimensional error space, where we
have an n-dimensional sphere representing the L, norm and n-1 dimensional surface
representing the L norm. The enclosed volume between the two norms in the direction
of the trajectory, measures the possibility of increasing the output error in one norm
while the error decreases in the other norm. This quantification is another aspect of this

research which can be pursued further independently.

When a network is trained with the Polynomial energy function, we decrease the
error in the L, as well as the L, norm. We observe from Figure 4.5 that we reduce the
possibility of any norm increasing while the other is decreasing with the measure given

above.

Giving more weight to any norm in the energy function, will enhance the tendency
of decreasing that specific norm more than the other. In other words we enhance the pos-
sibility of other norm to increase while the first is decreased. This is illustrated by the fol-
lowing example, in which we give more weight to the L norm in the energy function.

We use the modified Polynomial energy function E™?, which is
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Figure 4.2: Trajectory showing the increase in Ljnorm while L, norm is decreasing. €; and &¢
represent the initial and the final points of a trajectory in the error space. The size of the sha-
ded area represents the possibility of L) norm increasing while L, norm is decreasing.

Figure 4.3: Trajectory showing the increase in L, norm while L norm is increasing. €; and &
represent the initial and the final points of a trajectory in the error space. The size of the sha-
ded area represent the possibility of L, norm increasing while L) norm is decreasing.
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Figure 4.4: Trajectory showing both the L; and the L, norms decreasing. €; and .,

o e e 3 * i e
represent the initial and the final points of a trajecta'yzin the error spaag:. The L, {s
tangent to the L, norm at the initial point of the trajectory, indicating that both the
norms of the error vector decrease as the training proceeds along the trajectory.

.

Figure 4.5: Energy level diagram of the Polyn: energy function. The network
trained with the Polynomial energy function reduces the possibility of increasing the

error in one norm while it is decreasing in the other (L, or Ly).
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Em =% > Cn + 12 (4.18)

n

When the network is trained with the weight update law (2.7) using the modified
Polynomial energy function and the initial weights are given by set 5, we notice in Figure
4.6 that at some stage the error which is the L, norm starts to increase. Also notice that
the L norm and the modified energy of the errors keep decreasing throughout this train-

ing till the local minimum is achieved.

1.5
error

iterations

Figure 4.6: Training results of the XOR problem, trained with the modified Polynomial
energy function. L; and L, norm values are represented by dotted and solid lines respec-
tively. Note that the L, norm of the error increases while the L norm decreases after

18000 iterations.
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Besides the main advantage of increased speed of convergence in terms of the
number of iterations and less time, we can pick an energy function that lowers the value
of the errors in the desired norms, to suit our requirements. Using the Polynomial energy
function in order to train a FFANN in comparison with the usual sum-of-the-squared
energy function is thus of a threefold advantage: (1) speed of convergence in terms of
computer training cycles, (2) time and (3) the choice to decrease the output error in any

particular norm or a combination of norms.



CHAPTER 5

THE EXPONENTIAL ENERGY FUNCTION

5.1 Motivation

In chapter 2 and 3 respectively, we used the Cauchy (3.4) and the Polynomial (4.3)
energy functions in the weight update law (2.7), to speed up convergence to a local
minimum. Using the Cauchy energy function ensures convergence to a local minimum in
fewer steps in comparison with the Gaussian energy function. Due to more computations
in each step, the Cauchy learning may take more computer time in comparison with the

Gaussian learning.

When we used the Polynomial energy function (4.3) in the update law (2.7), the
algorithm not only outperformed the Gaussian and the Cauchy leamning in terms of

number of steps but also in computer time.

We speed up the convergence to a local minimum by using the Cauchy or the Poly-
nomial energy function in the continuous-time update law. The local minimum that we
converge to, may not be good enough to solve the problem for which the network is
trained. For instance, in the case of the XOR problem when we initialize the weights with

set 2 and 4, we do not converge to good minima.

In this chapter, we formalize the skipping minima that are at a higher energy value
and converging to an acceptable minimum at a lower energy value. Many researchers
have proposed various modifications of the discrete-time update law (2.5) based on
heuristic arguments, to speed up the convergence to acceptable weights [7],[8],[58],[59].
We propose an exponential energy function [60] of the form

F =e*E, (5.1

58
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to be used in the weight update law (2.7) to overcome the above mentioned problems.
Here x is any positive real number whose parameterization is discussed later in this
chapter. When we use the Exponential energy function (5.1) in the continuous-time

update law (2.7), the system still is a gradient descent with all of its nice properties.

In section 5.2 we include the learning dynamics of the update law (2.7) using the
Exponential energy function F. We take discrete steps when we implement the update
law (2.7) via software on a digital computer. This feature adds the capability of skipping
the undesirable local minima. We present explicit derivations of the learning algorithm
based on the Exponential energy function in this section. In section 5.3, we compare the
learning dynamics of the weight update law (2.7) when it uses the Exponential energy
function F and a simple energy function E. E can be the Gaussian, the Cauchy, the
Polynomial or any other suitable energy function. Software implementations of these
derivations are then used to train a FFANN. As an illustrative example we specialize the
software to solve the XOR problem in section 5.4. Simulation results are presented in
section 5.5. We conclude by finally discussing the advantages and the limitations in sec-

tion 5.6.

5.2 The learning dynamics
Consider the learning dynamics of the weights using the simple energy function,
which may be the Gaussian (2.6), the Cauchy (3.4) or the Polynomial (4.3)energy func-
tion; specifically
w=-yV,E, (5.2)

where w represents all the weights in the network. Now consider the learning dynamics

of the weights using the Exponential energy function (5.1); specifically
we=—-vyV,F, (5.3i)

=-yxe*E V,E, (5.3ii)



=-YXVwE, (5.3ii)
=Yw, (5.3iv)

where Y is the skipping factor and is defined as
Y :=KexE, (5.9

Observe that x is constant at any particular step of the integration and varies
exponentially with the output error (energy) from one step to another. As the learning
proceeds, the output error (energy) E decreases, the skipping factor % also decreases
exponentially. Therefore the likelihood of skipping the local minima which are at higher
energy levels are greater than skipping the local minima at lower energy levels.

Here w gives the learning dynamics for the update law (5.2). These learning
dynamics have already been explored in chapters 2, 3 and 4 corresponding to the Gaus-
sian, the Cauchy and the Polynomial energy functions.

5.3 Analytical Comparison with the Simple Energy Function

In this section, we compare the Exponential learning (5.3), with the update law (2.7)
using the simple energy function (2.6), (3.4) or (4.3), alrcady described in earlier
chapters. In order to do so, we use a similar criterion for the learning performance as dis-
cussed in subsection 3.3.1 and the comparison of the learning dynamics is made in sub-

section 5.3.1.

5.3.1 Comparison of the learning dynamics

We analyze the learning performance of weight update law (2.7) using the
Exponential energy function by comparing the learning dynamics of systems (5.2) and
(5.3) with the criterion outlined in subsection 5.3.1. In order to formally compare the
learning performance due to a simple and the Exponential energy functions, we state

Theorem 5.1.
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Theorem 5.1:

Consider a candidate Liapunov function V :=E given by equation (2.6), (3.4) or
(4.3) corresponding to the Gaussian, the Cauchy or the Polynomial energy function. Let
V be the derivative of V along the the trajectories of (5.2) and Ve be the derivative of V
along the trajectories of the system (5.3), then the learning performance of system (5.3)
is better than or at least the same as system (5.2), provided the skipping factor y given by
(5.4) is greater than or equal to unity.

Proof :

In order to analyze the learning performance, let’s evaluate Ve -V as given below.

Ve -V =VyV.We-W)

r R

=[.V,E.].-¥{|xV.E| - |V,E|}, (5.51)

=-y}:[x- 1] [VWE]z. (5.5ii)

In order for the update law (2.7) using the Exponential energy function (5.1) to improve
(or at least does not deteriorate) the learning performance, Ve —V should be non-
positive. This implies

x1. (5.6)
To improve the learning performance, the relationship (5.6) imposes the following res-

triction on the energy function.

_ Inx
E 2 a 5.7
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The above relationship is depicted in Figure 5.1. We observe that for non-positive
the system does not behave as a gradient descent system. For positive x the
learning performance only improves if for a certain value of x, E has a value that
satisfies the relationship (5.7). We also observe that if x 21, the learning with the
Exponential energy function always improve. If for some reason we want faster learning
for some higher energy value greater than E and slower leamning for E < E, then we

can chose appropriate value of x such that 0 < x < 1.

20

15 A

E 10—

o
|

e - - - - - - - - - -

o—F------

Figure 5.1: Graph representing the relationship (5.7). It is an essential condition to
improve the learning performance of system (5.3). The learning performance only

improves if the parameters are chosen above the graph line representing (5.7).
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Proposition 5.1: The equilibria of system (5.2) and system (5.3) are same.

The proof of Proposition 5.1 is provided in Appendix J.

Remark: Proposition 5.1 implies that when we use Exponential learning (5.3) we still
converge to one of the equilibria of system (5.2). However, this does not mean that start-
ing from any initial condition, the trajectories followed by the systems would be same or

the trajectories would converge to the same equilibrium point.

5.4 Software implementation of the learning dynamics

For the software implementation of the weight update law (5.3), the learning algo-
rithm formalized in Table 2.1 is used. The weight update law (5.3) is implemented into
computer software using the C-language on Sun SPARC stations. Fourth order Runge-

Kutta integration routine is used for the integration of these update laws.

A siopping criterion , was set to determine if the system has converged to a solu-

tion. The parameter @ was defined as

0= |Aw], (5.8)

where w are all the weights in the network and
Aw =w(+At) - w(t). 59

The term At is the time step chosen for the fourth order Runge-Kutta integration of the
update laws. An error criterion £ was used to characterize the training: the lower the

value of the error, the better is the training. The (output) error parameter is defined as

§ =3 5 e’ (5.10)

Note that this error parameter is exactly the Gaussian energy function. The weights

of the network can be initialized by giving their values or selecting randomly by a
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random number generator of the UNIX system.

The training simulator, using the Runge-Kutta integration routine reads the input
data from an input file, which provides the values of time step At, learning rate Y, error
criterion &, stopping criterion o, the energy function parameter x, the network structure,
the training patterns and the corresponding target values. The training is terminated when
either the stopping criterion ® or the error criterion & is achieved. The simulator writes
the intermediate or/and the final values of the network weights or/and other parameters

into an output file.

5.5 Simulation example: the XOR problem

The training performance of the software simulators, using the Exponential and the
simple energy functions, is described and a comparison is made in this section. For the
simple energy functions, we used the Gaussian (2.6), the Cauchy (3.4) and the Polyno-
mial (4.3) energy functions. A prototype FFANN used to solve the XOR problem had
two input passive nodes (a passive node does not include a sigmoidal transfer function),

two hidden nodes and one output node as shown in Figure 3.2.

The network was fully connected and weights were initialized randomly by a ran-
dom number generator. The seed, which is a number used to start the random number
generator, is used to represent the set of initial weights. The value of any initial weight w

is restricted to be -0.9 <w <0.9.

We assume that the network has converged when the stopping criterion ® < 0.0001
is satisfied. In all the simulation cases, the network converged to a local minimum, when
we chose energy function parameter x = 1. A comparison of 6 different sets of initial
conditions are depicted in Figures 5.2, 5.3 and 5.4. In all six simulations y and Ar are
chosen to be 1 and 0.1 seconds, respectively. For the cases when the weights were initial-
ized by sets 1, 3, 5 and 6, the training did achieve excellent results. In the other cases

when the weights were initialized by sets 2 and 4, the network was stuck in an
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undesirable local minimum with an error value equal to 0.5. The training results using

these six different sets of initial conditions are summarized in Tables 4.1 and 5.1.

We increase the tendency of skipping the local minima in order to avoid the cases
that we observe when the weights are initialized by sets 2 and 4, by chosing a larger skip-
ping factor. This is achieved by selecting x = 1.8, which subsequently increases the skip-
ping factor . Comparison of the six different sets of initial conditions are made in Fig-
ures 5.2, 5.3 and 5.4. The training results of these simulations are summerized in Table
5.2.

We observe in Figure 5.2, 5.3 and 5.4 that x was chosen to be 1.8, the update law
(2.7) using the Exponential of the Polynomial skips the local minima, when the weights
were initialized by sets 2 and 4. For the same two sets of initial weights, the update law
using the Exponential of the Gaussian and the Cauchy energy functions, still could not
skip the local minima. It can be shown easily, that by increasing the value of x, we can

skip these undesirable minima also.

In all of the simulations, observe that the Exponential (5.3) learning achieves the
same error criterion as the simple (5.2) learning in many fewer iterations and computer
time. Depending upon the value of x or the skipping factor ¥, the Exponential learning
algorithm can be made to skip the undesirable local minima, thus allowing it to converge

to one of the desirable minima.

As the bulk of the number of iterations is executed very near the local minimum, it
is therefore useful to set an error criterion & to a desirable value along with the stability
criterion ® , for terminating the training. For the XOR problem the error criterion
& = 0.005 provides reasonably good results and it will save us lot of computer steps and

time.
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Figure 5.2: Comparison of the Exponential (=1, 1.8) and the Gaussian learning. The
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and (___) respectively.
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Figure 5.3: Comparison of the Exponential (x=1, 1.8) and the Cauchy learning. The Cau-
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(___) respectively.
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Table 5.1

set # of final data
initial weights # of iterations
45939 379.38
41829 311.73
70003 671.55
46600 381.26
42537 314.37
53741 509.72
45419 37525
41836 311.90
70171 684.03
46290 378.65
42530 314.28
54373 515.74
49889 41198
43933 327.25
71344 673.07
47151 389.83
44413 331.20
73658 706.68

Training results comparing the Exponential (x = 1) of the Gaussian, the Cauchy and the Polynomial leaming. Final and intermediate data using the Exponential
(x = 1) of the Gaussian, the Cauchy amd the Polynomial energy function, represents data when the error criterion § and the preset stoppage criterion @ is

achieved.
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Table 5.2

final data

set # of
initial weights # of iterations

Gaussian 0.005 !

Cauchy 0.005 2866 2298 0.000291 39091 311.62

Polynomial | 0.005 0.000000 67921 680.68

2 Gaussian 0.510 0.500589 43265 372.66

Cauchy 0.510 955 7.59 0.500170 40400 319.68

Polynomial | 0.510 60 0.61 0.000000 67939 68138

3 Gaussian | 0.005 7676 66.71 0.000693 42632 371.06

Cauchy 0.005 2803 234 0.000286 39696 31633

i 0.005 0.000000 67463 67633

4 0.510 0.500585 43396 373.60

Cauchy 0.510 929 7.39 0.500168 40932 323.92

i 0.510 0.000000 70274 704.65

5 0.005 0.000705 44921 391.01

Cauchy 0.005 3089 2461 0.000288 41039 327.12

Polynomial | 0.005 328 3.31 0.000000 69983 701.45

6 Gaussian 0.005 17630 6638 0.000676 44523 378.51

Cauchy 0.005 2893 23.08 0.000277 41854 333.50

Polynomial | 0.005 274 2.79 0.000000 70388 704.53

Training results comparing the Exponential (x = 1.8) of the Gaussian, the Cauchy and the Polynomial leamning. Final and intermediate data using the Exponential
function (x = 1.8) of the Gaussian, the Cauchy and the Polynomial energy functions, represents data when the error criterion € and the weight change criterion @

is achieved.
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5.6 Discussion

Weight update law (2.7) using the Exponential energy function (5.1) corresponding
to the Gaussian (2.6), the Cauchy (3.4) or the Polynomial (4.3) energy function provides
a variable skipping factor %, which changes with each computer step. The learning

dynamics of this system is given by (5.3iii) as
wé =—vyx V,E.

If we consider Yy as the cwnulative learning rate, then we can say that the learning rule

(5.3iii) provides a variable learning rate, which varies with each computer step.

The changes in the cwmulative learning rate are such that it is large at higher
energy levels and is small at lower energy levels. In digital software based networks, like
the one we used in this work, the concept of variable learning rate is vary useful. The rea-
son is that, we want the undesirable minima at higher energy levels to be skipped

whereas it should converge to desirable minima at lower energy levels.

As the calculations in section 5.3 reveal, the weight update law (2.7) using the
Exponential energy function contributes to overall better learning performance as com-
pared to when the Gaussian, the Cauchy or the Polynomial energy function is used. This
is observed practically in all of our simulations with the XOR problem. Some of these
simulations are reflected in Figures 5.2, 5.3 and 5.4.

Apparently, we can make the learning as fast as desired, by choosing appropriate
values of k. This is misleading because if we increase the values of the skipping factor
beyond certain limit (which varies from problem to problem), the weights change so
abruptly that the outputs of the network clamp to saturation (0 or 1) values. As a result
the partial derivatives of the outputs with respect to the corresponding inputs of the neu-
rons are very very small. Consequently, the error signal (2.19), (3.10) and (4.9) which
is propagated back is negligible, resulting in a smaller weight change. This makes the

algorithm converge to a false minimum. This can be avoided to a certain extent by using
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lower gain neurons as described in section 2.1, or using appropriate cost factor. Alterna-

tively we restrict the value of  to a certain limit.
When the weights are initialized randomly within the range [-0.9,0.9] (as is the case
in all of the simulations), and value of x is restricted to [1,2.5] normally provide good

results. The exact parameterization of x is not addressed here and can be pursued

independently, depending upon the task.



CHAPTER 6

THE PATTERN/CHARACTER RECOGNITION PROBLEM

6.1 Problem description

Pattern recognition is one of the major application areas of FFANNSs. In this
chapter we employ FFANNSs for character recognition. The characters that were chosen

for this problem were the Arabic numerals of different fonts.

Character recognition using a FFANN has attracted the attention of many
researchers, for it would find many applications in office automation and computer
aided design. Merging the classical techniques of pattern recognition with the
classification capabilities of a FFANN, the process of character recognition as viewed
by many researchers [61]-[63], consists of feature extraction by classical methods and

classification by a FFANN.

Many others motivated by the association and the classification capabilities of the
human brain expect both of the tasks to be performed by a FFANN [64]-[66]). The
FFANN reminiscent of Neocognitron [64] dedicated to solve the problem of character
recognition use a large number of neurons and trainable weights. Many researchers
exploit the capabilities of multilayer perceptrons [17] to solve the problem of character
recognition by using a sufficient number of neurons in the hidden layers [27]-[29].

We decompose the character recognition problem into two parts: (1) feature
extraction or preprocessing and (2) classification. We use two layer FFANN for feature
extraction and an additional layer network for classification. The two networks are
concatenated in a feedforward manner, the feature extraction network followed by the

classification network.
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In section 6.2, we discuss the data-base used for training and testing the network.
The network design is discussed in section 6.3. The training and the learning algorithm
used to train the network is discussed in section 6.4. In this section we carry out the
learning evaluation with update law (2.7) using different energy functions. In section
6.5, the chapter is finally concluded with the discussion on the network design and

various learning algorithms used.

6.2 ‘The data-base

We have collected 100 different fonts from printed material [67]-[70]. Each of
these printed fonts were scanned using the SC-7500 Toshiba scanner and was stored as
a "Tiff" file. The files have subsequently been converted to "Hips" format which could
casily handle binary data. The pixel image of various digits in different fonts were
then obtained from the formatted Hips files.

The images of these fonts were stretched appropriately to fit within a pixel win-
dow of 17x15 dimension while leaving a small margin on all sides. With this pre-
processing, we also achieve scaling invariance of the characters to some extent. The
grey level of these pixels were set to be 0 or 1. Some of these fonts were chosen to
represent this formatting, whose pixel images are depicted in Figure 6.1.

The collected fonts included roman, bold and italic versions of different classes.
The network was trained with half of these fonts (which included roman, bold and
italic versions of some of the classes). The second half of the data-base was used to

test the character recognition and generalization capabilities of the network.

6.3 The network design

The character recognition network [71] that we used consist of the feature extrac-
tion and the classification networks as depicted in Figure 6.2. The feature extraction

network is designed in a manner to extract features locally with local connections from
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previous layer, while the classification is done with global (i.e full) connections.

Training of the network used for the character recognition takes a long time. We
split the network into two, so that one part (i.c) feature extraction network, which
takes major portion of the training time should be available as a commercially trained
chip off-line on a very large datg-base. The second part should be available to the user
to train it on-line with new data to be added. We discuss the design of the feature

extraction and the classification network in subsections 6.3.1 and 6.3.2 respectively.

Feature
Input . Classification
Pa — > Extraction E——— Network » Class
e Network

Figure 6.2: Block Diagram of the FFANN used for the Character Recognition problem.

6.3.1 The feature extraction network

A partially connected FFANN with one hidden layer is chosen to extract features
of Arabic numerals of various fonts used for common printing. The input layer of this
feature extraction network is a 17x15 array of passive nodes corresponding to the input
patterns. These patterns are the characters O through 9 of different fonts. The input

passive nodes simply accept the individual components of the input image and
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distribute them to the specified neurons of the hidden layer. The output of each neuron
is in the range (0,1) as the activation output is determined by the so called logistic
function [7]-[8]

1

output = -l—-'—.e—_m;- 6.1)

A sliding window of 7x7 array of input nodes are connected to a neuron in a hid-
den layer. The window slides all over the input array moving one column or one row
of 7 input nodes at a time. As a result the dimension of the hidden layer reduces to
11x9. A similar sliding window of 5x5 array of hidden layer neurons is connected to
a neuron in the output layer. The resulting array-size of the output layer consequently

reduces to 7x5. The structure of the network is shown in Figure 6.3.

|
/,

Py
St

11
7
Input layer Hidden Layer Output Layer

Figure 6.3: Structure of the FFANN used for feature extraction.
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Ten 7x5 array targets are constructed corresponding to each input digit. The tar-
gets are constructed so as to retain the general shape of the characters and, in addition,
be pseudo-orthogonal to each other. Figure 6.4 shows all the targets used in the train-

ing of this network.

The targets are considered orthogonal if the hamming distance between them is
equal to the dimension of the targets, namely 7x5=35. In the present case, it was not
possible to construct orthogonal targets while retaining the geometric shape of the
digit. The minimum and the maximum hamming distance between the targets given in
Figure 6.4 is 17 and 22, respectively. As a consequence, this coding has an error
correction capability of up to 8 errors in the output pixels. If the pixels with similar
and dissimilar activation state (specifically, a high or low state) correlates to +1 and -1,

the correlation matrix C for all the targets becomes

35 =3 =1 =5 =1 =1 +1 =1 =3 =3
-3 35 =7 =3 =3 +1 -1 -3 -1 -1
-1 =7 35 =1 -1 =1 =7 =5 +1 +1
-5 -g -1 35 ;1 -1 +§ -1 -7 3

_|-1 =3 -1 -1 35 =1 =3 =1 +1 +1
C=[11 41 -1 =1 21 35 41 -1 -3 +1 (6.2)
+1 -1 -7 41 -3 41 35 -3 -1 -9
-1 =3 =5 =1 =1 =1 =3 35 =3 +1
-3 -1 +1 =7 +1 =3 -1 =3 35 -1
-3 -1 +1 -3 +1 +1 -9 41 -1 35]

The performance of the feature extraction network can be measured by noting the
correlation of the output digits with the targets. If the output is within a hamming dis-
tance of 8 of a target, it is classified to that target; otherwise we consider the network

to be unable to classify the particular input.

6.3.2 The classification network

The classification network is a fully connected FFANN. There is only one layer
consisting of 10 neurons corresponding to the different classes of characters, namely

0,1,...,.9. The output of the feature extraction network from its 35 output nodes is
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Figure 6.4: Targets used in the feature extraction network for various digits.
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directly fed to all of the classification neurons. We chose orthogonal targets for all the
10 different classes. The targets are chosen so that, for any particular class, the output
for the corresponding node is high and all others are low. If the output of more than

one node goes high, the network is considered unable to classify.

6.4 Learning evaluation with different energy functions

We used the Gradient Descent method with the error backpropagation learning
technique for the training of the network. The feature extraction and the classification
networks can be trained together or separately. We trained the two networks separately

with a view to achieve the following advantages:

(1) The feature extraction and the classification networks can be viewed as two

separate modules;

(2) The feature extraction being fully trained on a large data-base off-line and the
classification network can be quickly trained on-line when new fonts are added.
This will enhance the character recognition capability of the network as will be

demonstrated in our work.

We used a training simulator developed in [35]-[39],[57],[60],[71], coding the
weight update law (2.7) in C-language on Sun SPARC station. For the integration of
these update laws, the simulator uses fourth order Runge-Kutta integration routine. A
stopping criterion ®, was set to determine if the system has converged to a solution.
(The solution is actually the local minimum in the vicinity of the initial conditions in
the weight space.) The weights were initialized randomly by a random number genera-
tor. The value of any initial weight w is such that -0.9 < w < 0.9.

We assume that the network has converged when the specified stopping criterion

o is achieved. The parameter ® is defined as

o =Y lAwl, ~(6.3)
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where w are all the weights in the network and
Aw =w(t+Ar) — w(1). (6.4)

The term At is the time step of the fourth order Runge-Kutta integration which is used
to integrate the update laws (2.7). We also used an error criterion to characterize the
training: the lower the value of the error, the better is the training. The error parameter
is defined as

E=T T e (6.5)
p n

Half of the data-base was used as set 1 and the other half as set 2. Each of these
sets included 50 different fonts that are listed in Appendix K. We trained the network
in different stages to study the response of different modules under different condi-
tions. Training of the feature extraction and the classification network is discussed in

subsections 6.4.1 and 6.4.2, respectively.

6.4.1 Training of the feature extraction network

We trained the feature extraction network with the update law (2.7) using the
Gaussian (2.6), the Polynomial (4.3) and the Exponential (5.1) energy functions. The
Cauchy energy function (3.4) is not used in the update law (2.7), as the computations
grow exponentially with the number of patterns and the output nodes. With 50
different training fonts, the input patterns are 500 and the network has 35 output
nodes. Therefore, it is not feasible to use the Cauchy energy function for the training
of the pattern recognition problem.

The training simulators using the learning algorithm outlined in Table 2.1 was
developed corresponding to update law (2.7) using the Gaussian (2.6), the Polynomial
(4.3) and the Exponential (5.1) energy functions. In all the training simulations the
value of Ar and y were chosen to be 0.0005 and 1. x parameter of the Exponential
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energy function (5.1) was chosen to be 0.004.

We assume that the network has converged when the stopping criterion ® < 0.15
is satisfied. The error criterion & = 400 was also chosen to terminate the training of the
network. For the Gaussian and the Polynomial energy, learning was terminated when
the stoppage criterion w was achieved. On the other hand for the exponential energy,
learning was stopped when the error criterion was achieved. The error(s) and the
number of steps at convergence are tabulated in Table 6.1.

Table 6.1
Gaussian Polynomial Exponential Gaussian
13 526.25 638.96 399.96
steps 16205 18442 10598

Table 6.1 shows the error(s) and the number of steps at convergence of the Gaussian,
the Polynomial and the Exponential Gaussian learning used for the training of the

feature extraction network.

After the network was trained with set 1, it was tested with set 2. The character
recognition performance is reported in Tables 6.2, 6.3 and 6.4 corresponding to the
Gaussian, the Polynomial and the Exponential Gaussian energy functions. In all of the
results the network incorporates the error correction capability which is built in the tar-
gets (i.e. if the binerized output is upto a Hamming distance 8 from the targets, the
corresponding input is classified to that target).
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Table 6.2

set 1 100% 0% 0%

set 2 92.6% 3% 4.4%

Table 6.2 shows the character recognition using the feature extraction network trained

with the Gaussian leamning.

Table 6.3
patterns correct incorrect reject
set 1 100% 0% 0%
set 2 93% 1.8% ' 52%

Table 6.3 shows the character recognition using the feature extraction network trained

with the Polynomial learning.
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Table 6.4
patterns correct incorrect reject
set 1 100% 0% 0%
set 2 92.4% 2.6% 5%

Table 6.4 shows the character recognition using the feature extraction network trained

\;vith the Exponential of the Gaussian learning.

On convergence we observe that the Polynomial learning achieved a better recog-
nition performance, though the error criterion is higher than the Gaussian and the
Exponential Gaussian learning. The reason is obvious if we look at the L norm. When
the training terminated the L; norm of the errors for the Polynomial learning was
882.95, in contrast with 1694.85 for the Gaussian and 1398.56 for the Exponential
Gaussian learning.

We also notice that the Exponential Gaussian learning achieved almost same
recognition performance as with the simple Gaussian learning, but in much less
number of computer steps. In conclusion, we can use appropriate energy function in

the update law (2.7) to improve learning speed and/or performance.

6.4.2 Training of the classification network

We used the Gaussian learning (2.6)-(2.7) to train the classification network. The
values of At, ® and y were chosen to be 0.01, 0.1 and 1 respectively for the training
of the classification network. The training was terminated when the stopping criterion
o was achieved. The error(s) and the number of computer steps at convergence are

tabulated in Table 6.5.
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Table 6.5
set 1 set 2
E 246 8.32
steps 296 618

Table 6.5 shows the error(s) and the number of computer steps at convergence of the

learning dynamics for the training of the classification network.

The classification network was trained with two different sets. First we used the
same set (set 1) as was used for the training of the feature extraction network. With
this set as input to the trained feature extraction network, the output of this network
was fed to the classification network and was trained with it. It is just like training the
feature extraction and the classification networks together with set 1. The whole net-
work (the feature extraction and the classification) was then tested with set 2 and the
results are reported in Table 6.6.

In the second case set 2 was input to the trained feature extraction network and
the output of this network was used to train the classification network. This is done
assuming that tha additional data available to the users to train the classification net-
work would be different than the one on which the feature extraction network is
trained. As such set 2 was used for training and set 1 was used for testing. The

classification results of the network are reported in Table 6.7.
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Tasble 6.6
patterns correct incorrect reject
set 1 100% 0% 0%
set 2 94% 2% 4%

Table 6.6 shows the character recognition when the feature extraction and the

classification networks are trained with set 1, using the Gaussian learning.

Table 6.7
patterns correct incorrect reject
set 1 99.8% 0% O 02%
set 2 100% 0% 0%

Table 6.7 shows the character recognition when the feature extraction and the
classification networks are trained with set 1 and set 2, respectively, using the Gaus-

sian learning.
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For both the cases reported above, we trained the network with update law (2.7)
using the Gaussian energy function. For the training of the classification network we
only used one energy function (the Gaussian) as the emphasis here is to study the

classification capability and not the learning speed of the network.

Observe that when the feature extraction network is trained with set 1 and the
classification network is trained with set 2 (which is the output of the feature extrac-
tion network when the input is set 2), the character recognition improves considerably.
This feature highlights the importance of using the modular approach. Besides improv-
ing the recognition performance, it provides training convenience to users as they have

to train a smaller network (the classification network) on the new data to be added.

6.5 Discussion

We decomposed the problem of pattern recognition into two, namely, the feature
extraction and the classification of the input characters. Both of these tasks are per-
formed by the FFANN. The network performing feature extraction is partially con-
nected whereas the classification is done with a fully connected network. The two net-

works are concatenated, the feature extraction followed by the classification.

The two networks performing the feature extraction and the classification are
treated as two separate modules. The feature extraction is trained on a large data-base
off-line whereas the user can train the classification network on-line according to their
requirements, as and when the new data is added.

In this work we trained the feature extraction network on a certain data-base and
tested it with another set of data. The training is supervised, in which we provide the

targets, that incorporate the error correction capability due to their structure.

We illustrate that the training can be improved using appropriate energy function
in the update law (2.7). When the Polynomial energy function is used, we lower the

output error in L, as well as L; norm. Observe that even if the L, norm is higher in
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value we achieve good recognition results due to the fact that the L, norm of the out-

put error is also reduced.

Observe that when the classification network is trained (according to the require-
ments of the user) with different fonts than the training set (with which the feature
extraction network was trained), the over all pattern recognition capability is enhanced.
Besides improving the recognition performance, this modular approach provides train-
ing convenience to users.

The training simulators based on the update law (2.7) incorporating different
energy functions can also be used to train FFANNSs for various other applications. The
simulators are effectively used to train multilayer feedforward artificial neural networks

for handwritten numeric character recognition [72].



CHAPTER 7

SUMMARY AND CONCLUSION

Artificial neural networks are mathematical models, originally designed to mimic
some of the functions of the nervous systems of higher animals. There are two main
approaches to design these artificial neural networks, namely, those implemented via
digital software and those manufactured via analog hardware. This research follows the
former approach as applicable to the feedforward structure of these networks. Supervised
learning is the key to make these networks useful for automated information processing
of data. In this work we addressed some of the issues of the supervised learning as appli-
cable to FFANNSs.

7.1 Summary

In this research, theory supported by computer simulations is described, to improve
the supervised learning of FFANNs. Error back-propagation learning being widely
accepted is used to realize the gradient descent method of updating the weights of the
network. Realizing the advantage of the continuous-time update law, we preferred it over

the conventional (Euler) discrete-time update law and we used it through out this work.

The choice of an energy function specifies the back-propagated error in the update
law. It also determines the learning performance in the sense of the speed of convergence
and the size of the domains of attraction of the stable equilibrium points in the weight
space. The Gaussian (sum-of-the-squared) energy function is commonly used due to its
simplicity. Another motivating factor of its usage is that it is a derivative of the

maximum-entropy distribution subject to the second moment constraint (the Gaussian

89
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distribution). The Gaussian energy function is basically the L, (Euclidian) norm.

The choice of maximum-entropy distribution can be increased if the constraint is
reduced to the first moment only. We chose the Cauchy distribution from the point of
view that the corresponding energy function (namely the Cauchy energy function)
improves the learning performance in a certain sense*. Though the choice of the Cau-
chy energy function may not be good for solving bigger problems due to the exponential
growth of its computations, it still remains as a candidate for possible hardware imple-

mented neural networks.

Reduction of the output errors of a network in the L, norm may not always achieve
the desirable results. We may have to reduce the output errors in other norms or a combi-
nation of norms. The Polynomial energy function, not only takes care of this problem,
but also improves the learning performance. A simple example of the Polynomial
energy function is discussed in which a combination of L; and L, norms is used. Besides
reducing the error in both norms, it improves the learning speed in terms of computer

steps and time.

A very common problem that is inherent with the gradient descent systems is con-
vergence to the nearest local minimum. The nearest local minimum may not be good to
solve the desired problem. The requirement of skipping the undesirable local minima (at
higher energy levels) and converging to the desirable minima (at lower energy levels) is
achieved by using the Exponential energy function. Besides, the convergence to the
desirable minimum is much faster in terms of the number of computer steps and time,

when the Exponential energy function is used.

Numerous simulations on the XOR problem have been conducted to evaluate the

learning performance of the gradient descent update law using different energy

* Improvement in the leamning performance of the Cauchy system here means the derivative of
the sum-of-the-squared error at any point on the error surface along the trajectories of the
Gaussian system is less in magnitude than that of the Cauchy system.
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functions. All simulations are in support of the analytical derivations indicating that a
suitable choice of the energy function may improve the learning performance in terms

of the learning steps and/or time.

Finally, we evaluate the use of the energy functions described in this work on the
practical problem of character recognition. A highly user-oriented character recognition
network is developed with two separate modules; a feature extraction network to be
trained on a large data-base and a classification network to be trained by the user accord-
ing to his/her requirements. It is shown that different energy functions can be used to
update the weights in order to improve the learning performance. In addition, the pro-
posed structure is easy to use by the user as he/she would train the network on any addi-

tional input patterns in order to improve recognition of newly acquired characters.

7.2 Conclusion

In this research, we have developed a method of exploiting the energy functions in
the gradient descent weight update law to improve the leamning performance of a
FFANN. The improvement of learning performance aims at improving the learning speed
and/or improved generalization. This methodology has been specialized to two typical
problems: the prototype XOR problem and the practical character recognition problem.

We have shown that investigating various energy functions with a view towards
eventual implementation onto software had preduced valuable results. Analytically it is
tractable to investigate the learning rules in the continuous-time setting. Yet in software
implementation, we had to anticipate the step-size and the learning rate and their
appropriate selections so as to achieve "faster" convergence, and in addition guarantee

the absence of oscillations.
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Appendix A

Entropy comparison of the Gaussian and the Cauchy distribution

Consider the distribution of a random variable x, to be Gaussian with zero mean,

which is given as

1 %0
= e . Al
L0 =55 @A
Choosing ¢ = 1, the Gaussian distribution can be given as
fox) = e (A2)
8 \2n ' :

The entropy H, (f ) [43] of the Gaussian distribution f g X) is calculated as

400
Hy(f)=~ [ fo(x)log f,(x) dx (A3)

+oe

=—loge [ fo&x)Inf,(x)dx

4o
1 2 1 2
=—1 =x2 1n -x712
ogeime [me ]dx
+4oo
1 2 1 x2
=_l -x72 ln___ dx
oge [ e [ o 2]
oo +oo
1 1 _. x2 1 2
=—loge |In — ——e 2 gy — [ 2= ——e* 2 gx
8 21;_'[. pl - _‘L 2 2x

400
=loge |In V2; — 1 J'x.—xe"‘z’zdx

Now solving the integration on the right hand side by parts and evaluating xe*"2 from
—oo t0 +oo using I'Hapital’s rule, [51] we get

Hy(f)=loge [m VI% + %] (A4)
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Now consider the distribution of the random variable x, to Cauchy with zero

mean given as

1 A
=—. . AS
Choosing A = 1, the Cauchy distribution of x can be given by
1 1
=—, . (A.6)
The entropy H,.(f ) of the Cauchy distribution f.(x) is calculated as
+o0
H.(f)=- [ fo&x)log fo(x) dx (A7)
<400
1 1 1 1
=-loge | — In |— dx
® _{. T 1+x2 [n 1+x2]
400
1 1 1 1
=-—loge | — In—+1In dx
& _‘[.75 1+x2[ n l+x2]
+oo +oo
1 1 1 1 1 1
=-—loge |In— | —. dx + | — dx
& u_'[,n 1+ x2 _{,u 1+x2  1+x2
<o
1 ¢ In(1+x?
=loge [Ink+ — | ———=dx
8 n _{. 1+ x2
Now by substituting x = tan® and using
2
[ Inseco d6 == In2
0 2
we get
H.(f)=loge . In(4m) (A.8)

Comparing the Gaussian and the Cauchy entropy function values from (A.4) and
(A.8), we observe that Cauchy entropy is about 1.78 times the Gaussian entropy.



Appendix B

Proof of Lemma 3.1

Lemma 3.1 : Given o; , x; € R, a; 2 0 and assuming that Assumption 3.1 holds.

Then,
[in ][2“& X; ] 20,
Proof :
1 ]
[Zx,][z:a;x,]=[x‘ ] . [al a,]x,
$ [} i
=xT1alx (B.1)
=xTAx (B.2)
=xT [—;-(A +AT)]x (B.3)
=xT Ax (B.4)
20. (B.5)

In step (B.2), A = 1of has non-negative entries. In step (B.3), A in the sym-
metric form xT Ax is replaced by its symmetric part %(A +AT) = A [41],[55]). By

Assumption 3.1 A is positive semidefinite.

Remark: Note that if all the o;s are equal, then in step (B.2), the matrix A is sym-
metric  positive  semidefinite. This is obvious since A =o;117, and
xToy11Tx = o; 1117 x 112,
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Proof of Theorem 3.1

Theorem 3.1: Assume that Assumption 3.1 holds. Consider V := E given by (3.14i),
be a candidate Liapunov function. Let V be the derivative of V along the trajectories
of system (2.14) and V¢ be the derivative of V along the trajectories of system (3.15).
Then the learning performance of system (3.15) is "faster" than or at least is the
same as system (2.14).

Proof : Case 1 (output nodes)
In order to analyse the learning performance, let’s evaluate VS — V as
VE -V =V V.W° -W) (C.1)
Here W is the weight vector containing all the weights. Equation (3.5i) gives the com-

ponents of W° and equation (2.14i) gives the components of W. Then for the output
layer, we get

Ve -V =LV, _E.] {|V._E°| - |V._E|t (C.2i)

= [.V,_E.] ~v{|(+a,)V,_E| - |V,_E| (C.2ii)
s- ) J - ) -J

==vY o, IV, EP (C.2iii)

€0 asa,20andy>0 (C.2iv)

95



96

Case 2 (hidden nodes)
Now consider the dynamics of weights connecting the neurons in a hidden layer.
The components of W° and W are given by equations (3.5ii) and (2.14ii) respectively.
Plugging in the values of W° and W in equation (C.1), we get

r - 4

. . l ) .
VeV =[.V, E.].—¥{|VW,E + el % O V2| = |Vw, El 1 (C.3)

where
1
VuE=3Z Vi En -
n

Therefore we get

. . 1
Ve -V =- 77X ;kuenz] [E;a,, v,ue,,z]. (C4)
wy
For each entry of the summation ), we use Lemma 3.1 to show
wy
[): Vw,,e..z] [2: Oy Vw.,e..z] 20 (C.5)
n n

therefore

V-V <0.
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Proof of Lemma 3.2

Lemma 3.2 : Given o; , X;; € R, o;; 2 0 and assuming that Assumption 3.2 holds.

Then,

[ZZxU][ZZa,, x,-j] 20,
i j i j

Proof :
1 9
[Z zxij ][Z 2 a"j x,-j ] = [...x,-j ) . [au o a”] xu
i j J l .

=xT1aTx D.1)
=xTAx D.2)
=xT [%(A +AT)]x (D.3)
=xT Ax (D.4)
> 0. (D.5)

In step (D.2), A = 1al has non-negative entries. In step (D.3), A in the sym-
metric form xTAx is replaced by its symmetric part %(A +ATy = A [41],[56]. By

Assumption 3.2 A is positive semidefinite.
Remark: Note that if all the a;;s are equal, then in step (D.2), matrix A is sym-

metric positive semidefinite. This is obvious since A = a,-jllr, and
xTa,-jllTx = a,-j ||1Tx “2
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Proof of Theorem 3.2

Theorem 3.2: Assume that Assumption 3.2 holds. Consider a candidate Liapunov
function V = E given by equation (2.6). Let V be the derivative of V along the the
trajectories of (2.14) and V° be the derivative of V along the trajectories of the system
(3.16). Then the learning performance of system (3.16) is "faster” than or at least is
the same as system (2.14).

Proof : Case 1 (output nodes)
In order to analyze the learning performance, we calculate V¢ — V as
VE -V =VyV.W=-W) (E.1)
where W is the weight vector containing all the weights. Equation (3.5) gives the com-

ponents of W€ and equation (2.14) gives the components of W. Then for the output
layer, using equations (2.14i) and (3.5i), we get

. 3

o1

VeV =V, _E.1 ~y{|V._E°| - |V._E|} (E.2i)

= [VarE 1 = 11|V E + 5 T O Vot = |Ve_E| B2
P

where
V., E =

Wam

Therefore we get

98



99

ve-ve-lys [sz_e,,z] [):a,.. vw_e,,z]. €3
Wam | P p

Using Lemma 3.1, it follows that each of the entries of the summation over w,,,, on
the right hand side of equation (E.3), is 2 0. Subsequently V¢ — V < 0.

Case 2 (hidden nodes)

Now consider the dynamics of weights connecting the neurons in any hidden
layer. The components of W° and W are given by equations (3.5ii) and (2.14ii),
respectively. Again we calculate the difference V¢ — V as follows.

r - <

VeV = [V, E.] . = ¥{ |V E + = z Z O Vi, €pn 2| = |V E| 1 E4)

where
1
m; = E E Z vw.uepnz'
p n
With this substitution, we get

ve-v=-ly }:[}:}:Vw.,e,.. ][}:}:a,..v ¢ 2] €5)

Wupﬂ

Considering the summation over wy;, on the right hand side of (E.5), we use Lemma
3.2 on each of its entries to show

[}:sz.,e,,. 2] [}:}:a,m Vo Eon 2] 20
pn pn

As each entry of the summation over w;; on the right hand side of equation (E.5)
is 2 0, therefore VSV < 0.



Appendix F

Proof of Proposition 3.1

Proposition 3.1: The equilibria of system (3.16) are also the equilibria of system
(2.14).

Proof: First we consider the case of output nodes of a network. The equilibria of the
weights connecting the output neurons of system (2.14) are given by

0=w,,,
=V, _E,
1
=5 va_ep,,z, F.1)
and the equilibria of the weights connecting the output neurons of system (3.5) are
given by
0=we,
1
=V, E+ 0) 3 a,,,,Vw_ep,,z,
p
1 1
=2 Z Vv’ * 5 Z O Vb E2)
This implies
YV tn2==3 &, V,_€n2 (F.3)
p p

Multiplying both sides by ¥, a,, V,,_€,n2, we get
p
2
[z VeoEon 2] [z %pn Vo Epn 2] = _[;_; % Vo Epn 2] . F4)
P 4 P

According to Lemma 3.1, the left hand side is non-negative but we notice that the
right hand side is non-positive. This implies
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Y Vb2 =Y %V, €2 =0. F.5)
P P

This proves the subject claim for the weights connecting the output nodes. Fol-
lowing similar derivations and using Lemma 3.2 the claim for the weights connecting
the hidden nodes can be easily proved.



Appendix G

Proof of Theorem 4.1

Theorem 4.1: Assume that Assumption 3.1 holds. Consider V:=E given by (4.12i),
be a candidate Liapunov function. Let V be the derivative of V along the trajectories
of system (2.14) and VP be the derivative of V along the trajectories of system (4.13),
then the learning performance of system (4.13) is "faster" than or at least is the same
as system (2.14).

Proof : Case 1 (output nodes)

In order to analyze the learning performance, let’s evaluate VP -V as

VP -V =VpV . WP - W) (G.1)
[ - )
=[.V,_E.] ={|V._EP| - |v._El[} G2)
. - : =J
=[.V,_E.] ={|V,_E +V,_E|-|v,_E|} (G3)
L . - - =J
where E | = % {_‘, €, . Simplifying the expression in (G.3), we get
VP-V=-y% (,_E)(V,_E) (G4)
Wam
= =2y WZ € Vu ED (Vy EY) (G.5)
=-2y ¥ &,(V,_E)? (G.6)
Wam
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therefore,

VP -V <0. (G.7)

Case 2 (hidden nodes)

For the hidden nodes we can similarly derive the following expression
VP -V =-v% (V,,E) (Y, E) (G.8)
Wi
As the energy functions £ and E L e not direct functions of the weights w;;, there-

fore we can write

v ov=-ly p> [z e, kue,,] [z kue,,] G9)
For each entry of the summation ), we use Lemma 3.1 to show
wy
[Z €, Vw‘je,,] [2 Vw"e,,] 2 0. (G.10)
n n

therefore,

VP -V <0. (G.11)



Appendix H

Proof of Theorem 4.2

Theorem 4.2: Assume that Assumption 3.2 holds. Consider a candidate Liapunov
function V := E given by equation (2.6). Let V be the derivative of V along the the
trajectories of (2.14) and V? be the derivative of V along the trajectories of the system
(4.14). Then the learning performance of system (4.14) is "faster”" than or at least is
the same as system (2.14).

Proof : Case 1 (output nodes)

In order to analyze the learning performance, let’s evaluate VP -V as

VP -V =VyV . WP - W), (H.1)
r 4
=[.V,_E.1 ~{|V,_E?| - |v,_E|}, H.2)
=[.Vy_E.] ~{|V,_E +V,_E,| - |V._E|}, (H.3)
where E;| = % 2.2 €pn - Simplifying the expression in (H.3), we get
pn
VP -V=-v% (,,_E) (V,_E)), (H4)
=-2Y X [Z €on Vw,,epn] [sz..epn]' (H.5)
Weu | P p
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For each entry of summation ), we use Lemma 3.1 to show

Y em Vi on| [XVuoon| 20, (H.6)
P P
therefore
VP -V <0. H.7)

Case 2 (hidden nodes)
For the hidden nodes we can similarly derive the following expression

VP -V =-73 (V,,E) (Vy,Ey. (H.8)
Wij

As the energy functions E and E; are not direct functions of the weights w;;, there-

fore we can write

A [EZF e ] [}:z Vw.,em] 1)
For each entry of the summation ¥ we use Lemma 3.2 to show
Wy
[EE En Vi, pn] [ZE Vo ,,,.] (H.10)
therefore

VP -V <0. (H.11)



Appendix I

Proof of Proposition 4.1

Proposition 4.1: The equilibria of system (4.14) are also the equilibria of system
(2.14).

Proof: First we consider the case of output nodes of a network. The equilibria of the

weights connecting the output neurons of system (2.14) are given by

O=w

o
=V, E,
-lyvy 2 1
- -5 z w..epn ’ (I- )
P
and the equilibria of the weights connecting the output neurons of system (4.4) are
given by
0=wt,

= Vw.‘E + anEl,

1 1
72 Vu_tm?+ > zp; Ve Eons

1
2 €n Vo Eon t 3 2 Ve Eom- a2
P 14
This implies
1
? Z Vw,...epn == z €on Vw..epn . 1.3)
p p

Multiplying both sides by ¥’ V,,_€,,, we get
4

% [%‘, Vw'_“e‘,m]2 = - [E Vw_ep,,] [P €pn Vw_ep,,]. 1.4)

4
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According to Lemma 3.1, the right hand side is non-positive but we notice that the left
hand side is non-negative. This implies
2V ton =2 &n Yy &, =0. 1.5)
p p
This proves the subject claim for the weights connecting the output nodes. Following

similar derivations and using Lemma 3.2 the claim for the weights connecting the hid-
den nodes can be easily proved.



Appendix J

Proof of Proposition 5.1
Proposition 5.1: The equilibria of system (5.2) and system (5.3) are same.

Proof: We consider the Exponential (5.3) and the simple (5.2) systems, which are
rewritten as

wé=-yyV,E, d.1n
and
w=-yV,E, (4.2)

where E can be the Gaussian (2.6), the Cauchy (3.4), the Polynomial (4.3) or any
other suitable energy function. Let the equilibria of system (J.1) be w*, then

O=-yy V,El,.. J3.3)
This implies

V,El, =0. (1.4)
Consequently

w' € the equilibria of system (J.2). (.5)

Now consider the equilibria of system (J.2) to be given by w**, then

0=-yV,E|, =, J.6)
which implies
V,E| - =0. 3.n

As a consequence
w"" € the equilibria of system (J.1). (J.8)
(J.5) and (J.8) prove the claim.
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Appendix K

List of fonts used for the pattern recognition problem

Set 1
Ancient Fluidum italic Mosaik
Athenaeum italic Folkwang New Clarendon
Augustea Francesca Nicholas
Banco Garamond Normandy
Breite Grotesque Paganini italic
Century Horizon Peignot
Choc Hyperion Petra
Corvinus Italian Playbill
Craw Clarendon bold Kaufmann Saltino
Craw Modermn Letter 9 Salut
Diotima London Slim Black
Diotima italic Lydian Stardivarius
Egyptienne italic Matura Stencil
Elizbeth italic Michel Angelo Tea Chest
Falstaff Microgramma bold Walbaum italic
Flash Mistral Weiss italic
Fluidum Montan
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Set 2

Albertus
Amanda
Badoni bold
Baskerville
Bembo
Cartoon bold
Caslon italic
Consort bold
Craw modern bold
Eckmann
Editor
Egizio

Erbar italic
Folio
Fortune
Ganton
Gill-sans

Gothic bold italic
Goudy bold
Hercules
Jacno
Keyboard
Klang

Letter 4
Letter 6
Letter 7
Melior
Mercurius
Modern 20
New Gothic
Noname
Paganini
Perpetua italic
Placard

Plantin

Psitt
Quirinus bold
Radient bold
Ritmo
Rockwell
Standard
Tiemann
Times
Times bold
Topic bold
Trump
Universe

" Vendome

Walbaum
Weiss
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