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ABSTRACT
AN EXPERIMENTAL MEASUREMENT

OF COSMIC-RAY MUON SCATTERING BY ALUMINUM,
IN THE MOMENTUM REGION OF 1.60 Bev/c

by Ronald Wilbur Beery

An account is presented of an investigation into the
scattering behavior of (1.60 + 0.05, - 0.04) Bev/c p+ mesons
from cosmic rays. The muons were allowed to traverse a
spark chamber triggered by a counter telescope. The alum-
inum plates of the spark chamber provided the scattering
material for the incoming muons. A description of circuits
and equipment developed for this experiment is presented.

Momentum selectlon was made by using a lead absorber
to slow muons having the above momentum, stopping them in a
scintillation counter. Final selection of events required
observation of a proper p-e decay signature in oscilloscope
photographs made of the signal from the stopping scintil-
lation counter. The oscilloscope display was also arranged
to distinguish between protons, pions, and the desired muons.
This served as a method of eliminating the former two types
of events from the muon data. As a further verification
of the particle selection, the apparent muon lifetime was
measured and was in excellent agreement with the accepted
value., The narrow limits of momentum obtained and the posi-
tive particle-identification procedure represent an im-
provement over previous cosmic-ray experiments of this kind.

The track photographs obtained were measured on



semi-automatic scanning equipment, the output of which was
analyzed by a computer program developed for this experiment
to determine the scattering angle of the particle in the
chamber. Details of this analysis program are presented.
The results of the scattering measurements, in the form of
an integral distribution of projected angles, are compared
with the distributions predicted by the theories of Moliere,
of Cooper and Rainwater, and of Drell and Schwartz. Details
of the computer calculations required for the theoretical
predictions are also presented.

The results of the present experiment demonstrate
agreement with both the theory of Cooper and Rainwater and
of Drell and Schwartz throughout the range of scattering
angles observed: O - 4.5 degrees. This range corresponds
to momentum transfers up to 190 Mev/c. Good agreement with
Cooper-Rainwater and somewhat better agreement with Drell-
Schwartz rather than with Moliere is clear. This experiment
does not display the excessive appearance of high-angle
scattering reported in early cloud chamber experiments with
cosmic-ray muons. This experiment, using cosmic-ray muons,
corroborates the results of the recent experiment performed
by Masek et al., with 2 Bev/c muons obtained from the

Bevatron.
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I. INTRODUCTION

A. Background of muon investigations
The characteristic properties of muons have in
recent years been the subject of considerable interest
among those working in particle physics. The following
characteristics measured in these muon investigations
are of interest here:

1) Muon mass found to be 206.767 % 0.00321 times
that of the electron.

2) Muon mean lifetime found to be 2.2001 % 0.008
useconds22,

3) Yu - Ye distinction. In an experiment by Danby,
et al.,23 it was demonstrated that the muon has
its own neutrino, quite apart from that assoc-
iated with the electron. This was concluded from
the fact that neutrinos, produced by 1T1p decays
and allowed to interact subsequently with protons,
caused the appearance of numerous muons but no
observed electrons. This provided an answer to the
problem of the forbiddenness of the decay mode
P+~—a et +f .

Of particular interest are other characteristics in which
the muon displays a high degree of similarity to the elec-
tron. The following are of interest here:

1) Muon charge found to be 1.00002 %
0.000041:2,21 times that of the electron.

2) Muon-electron similarity in weak interactions.
1
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A value for the‘P' + p capture rate has been

calculated2h using the observed rate of neutron

decay (an electron-producing process) to evaluate

the required constants. This calculated rate is in

good agreement with the capture rates measured with

both bubble chambers25,26 and counters27,28,

3) Muon-electron similarity in electromagnetic

interactions.

a) Measured value of gy = 2(1.001162 %

b)

0.00005)1,2,29, This measured value gives

a comparison ratio gp/ge = 1.000001 %
0.000005. Thus the muon is a spin %
particle, obeying Fermi-Dirac statistics

as does the electron.

Comparison of e-p and p-p scattering.
Extensive work on electron scattering by
protons as well as by various nuclei has
been carried out by R. Hofstadter3o, D. G.
Ravenshall3l, L. N. Hand et al.,32 and J. R.
Dunning, Jr. et al.,33 among others. Work
with p-p scattering is more recent, having
been carried out notably by H. F. Davis et
a]..,?’l4 and R. Cool et al.33 The latter work
presents a detailed comparison between e-p
and p-p scattering, with the conclusion that
there is no observable difference throughout

momentum transfers ranging from 450-1100 Mev/c.
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It has seemed on the basis of these results that
the muon may be described by essentially the same theo-
retical formulations as have been developed for the
electron. Results of scattering experiments of muons upon
atomic nuclei, however, have not always been in agreement
with the above results, particularly when compared with the
e-p, p-p similarity cited above. Discrepancies were first
noted in the behavior of muons obtained from cosmic rays,
which, of course, were the original sources for these
particles. For higher energies, where the momentum exceeds
600 Mev/c, excessive scattering contributions--particularly
at higher angles--have been reported by a number of cosmic-
ray researchers, beginning with the first systematic search
for this effect by Amaldi and Fidecaro in 19503. Outstanding
among the experiments since 1950 is the work of Whittemore
and Shutt™ in 1952 with 0.3-3 Bev/c muons, McDiarmid5 in
1954 with 0.2-4 Bev/c muons, Lloyd and Wolfendale® in 1955
with 0.6-10 Bev/c muons, and Lloyd, Rossle and Wolfendale’
in 1957 with 5-.50 Bev/c muons. Without exception their
results show high-angle scattering in excess of that pre-
dicted by theories based on a nuclear-charge distribution
of finite extent. The fact that the muon-scattering results
between 1950-58 seemed to agree more nearly with the
MolierelO "point-charge nucleus' theory than with the
"finite~-nucleus" theories advanced during that time was
not taken to imply that the nucleus was acting in fact as

a point charge, but rather as suggesting either a deficiency
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in the theory or that the muon has some mode of interaction

not covered by the '"finite-nucleus" theories. An increasing
anomaly for greater momenta was not found to occur in an
experiment by Lloyd and Wolfendale7. Also a short-range
interaction with nucleons was not indicated, since the
amount of large-angle scattering in light elements is much
less than would be expected from the cross section per
nucleon obtained from muon-scattering results for lead2.
"Finite-nucleus" theories with which the experimental
results have been compared include primarily those of
Olbert8, of Cooper and Rainwater9, and of Drell and
Schwartzl7., Olbert's theory is a modified version of the
MolierelQO theory, where the finite extent of the nucleus
is accounted for by forcing the single-scattering law to
be = 0 for scattering angles greater than a cutoff angle
(9 - The Olbert theory provides an underestimation of
large-angle scattering whereas the Moliere theory provides,
of course, an overestimation of scattering in this region.
The Cooper-Rainwater theory using the same general approach
represents a more accurate treatment of the effects on the
scattering to all angles due to a nucleus of finite extent.
The Drell-Schwartz theory, however, approaches the problem
by developing a sum rule which yields the scattering dis-
tribution resulting from both inelastic and elastic scat-
tering. This sum rule is particularly useful since it does
not require knowledge of the complicated final-state wave
functions associated with the final excited states in which

the scattering nucleus may be found. A knowledge of the
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ground-state wave function is sufficient.

The experiments conducted previous to 1959 were
plagued by several serious limitations, typical of cosmic-
ray work during that period, which included:

1) poor statistics at large angles, caused by

the slow data-gathering capability of cloud
chambers

2) measurement errors in determining particle

momentum and/or deflection angles

3) contamination of results by events involving

particles other than muons, pions being the

major concern.
An experiment by Fukui, Kitamura, and Watasell in 1959
with 1 Bev/c muons gave results consistent with the
Cooper-Rainwater theory. This experiment though showing
a degree of improvement in some of the above areas was
shown to be inconclusive by Lloyd and Wolfendalel? in
1960, primarily because of uncertainties in momentum
determination and in particle identification.

To £ill the need for a conclusive experiment on
this subject Masek, Heggie, Kim and Williamsl3 performed
an experiment with the Bevatron at Berkeley using 2 Bev/c
muons obtained from decay of the pion beam. Scattering
was done both in lead with momentum transfers up to 265
Mev/c, and in carbon with momentum transfers up to 400
Mev/c. A total muon flux of 2.5 x 107 particles was obtained

in the experiment. Momentum spread was not more than % 3.5
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percent, and the fractional contamination by pions was of
the order of 4.9 x 10-6. The scattering in lead was com-
pared with the predictions of the Cooper-Rainwater theory
and excellent agreement was found. The scattering in
carbon was compared with the predictions of the Drell-
Schwartz theory and again excellent agreement was found.
Thus the question appeared settled, for machine-made muons

at least, that no anomalous scattering exists.

B. Motivation for the present experiment

There remained a need, however, for a cosmic-ray
experiment to demonstrate conclusively whether the anom-
alous scattering observed by so many cosmic-ray workers
was indeed due solely to the inaccuracies encountered in
the three categories listed above. Such an experiment
should provide significant improvements in each of these
three difficult areas. The present experiment was designed
to £ill this need by applying the capabilities of a number
of recently-developed research tools to a cosmic-ray

scattering investigation.

C. Approach of this experiment
The approach of this experiment was first of all to
utilize a spark chamber to replace the cloud chambers used
almost exclusively for cosmic-ray work in the past. This
allowed a greater rate of data collection and greater
accuracy of angle measurement. Plastic scintillation
counters were used in place of the trays of Geiger-

Mueller tubes common to cosmic-ray work. These provided
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a significant improvement in the momentum determination

and made possible the type of particle identification
technique developed for this experiment. This technique
provided for, among other things, direct observation and
removal from the data of pion events seen. Also computer-
programmed scattering-angle calculations developed in this
experiment replaced the hand deflection-angle measurement
methods previously employed. Thus significant improvements
have resulted in areas (2) and (3) above. Some improvements
were made in (1), with further improvement available in this

area upon continued pursuit of the method of this experiment.



II. EXPERIMENTAL APPARATUS
A. General description

The apparatus for this experiment consisted of an
aluminum-plate spark chamber located in a cosmic-ray
counter telescope, which was composed of three scintil-
lation counters: an aperture counter, a stopping counter,
and an anticoincidence counter. The three-channel coin-
cidence system provided a mode of event selection which
required double coincidence between the first two counters
and anticoincidence with the third. The output of the
coincidence circuit then triggered the spark chamber.

The visible track formed in the spark chamber was
recorded on 35mm film by a motor-driven camera which
automatically advanced to the next frame after each
spark-chamber event. In addition, the pulse from the
stopping counter was displayed on a fast oscilloscope and
photographed by a second automatic camera, synchronized to
the first. This provided a simultaneous photograph of the
stopping pulse corresponding to each chamber event selected
by the coincidence system.

In view of the low rate of data collection inherent
in this experiment, the apparatus was designed to be fully
automatic in its operation. Use of 100~-foot rolls of film
in each camera allowed eight-hour periods of operation

before film changes were required.
8
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The data was analyzed with the help of the follow-

ing basic items of equipment:

1) A Gilliland motorized film-projection machine

2)

3)

on which the oscilloscope film was scanned for
event selection,

A Hydel digitized film scanner tied to an IBM 526
summary card punch by which the coordinates of
each spark in the chamber photograph of a given
event were digitized and punched on IBM cards

for processing,

The Michigan State University Control Data
Corporation--3600 computer by which all

calculations upon the raw data were performed.
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«—Incoming Muon

+—Lead Absorber

__— +—Stopping
Counter
Decay Electron
I I*—-Anticoincidence
Counter

Figure 1I-la. Detail of scattering apparatus.
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Figure II-2. Overall view of experimental apparatus.



B. Spark chamber system

The spark chamber used in the present experiment
was divided into three sections: (1) the main chamber,
in which the usable events took place, and (2) an upper
and (3) lower thin-plate chamber used for more accurate
determination of the incoming and outgoing directions of
the particle. The main chamber section is a laminated
assembly of 103-inch by 10i-inch aluminum plates 5/32-
inch thick, separated by clear plexiglas spacing strips
1/4-inch thick placed around the perimeter of each pair
of plates, to form a series of closed cells. Twenty-two
such aluminum plates and plexiglas spacers comprise the
main chamber. The aluminum plates themselves were used as
the scattering material. The upper and lower chambers are
constructed of 3/64-inch aluminum plates assembled into
milled slots in the sides of a closad plexiglas shell, with
the gap spacing being identical to that of the main chamber.

To provide a helium atmosphere within the chamber
for formation of the ion trail, a series of small holes
were drilled through the right face of the chamber (one
through the center of each cell spacer). Into each of
these holes was cemented the free end of a short length of
soft plastic surgical tubing branching from a manifold
block mounted on the side of the chamber. To complete the
flow system, a similar manifold was used to collect the
exhaust gas into a single tube, for flow control purposes,

which is vented to the atmosphere. Tanks of ordinary
13
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welder's helium were used as a gas supply. The helium
passed first through a liquid-air cold trap and on to the
flow control panel. The cold trap was necessary because
considerable water and traces of oil were found in the
helium. Removal of these impurities improved the chamber
performance in terms of the gap firing efficiency and
spark uniformity and also allowed chamber operation over
a longer period before disassembly and cleaning of the
plates in caustic potassium hydroxide solution became
necessary.

The flow control panel consisted of a branching
valve arrangement with a separate flow gauge and metering
valve in each branch. Helium passing through the main branch
proceeded directly to the chamber distribution manifold. A
flow rate of 215 liters per minute was maintained in this
branch for best operation. Helium passing through the re-
maining branch was made to bubble through a glass tube con-
taining 2.5 inches of ethyl alcohol. The helium flow rate
through this branch was kept at the low rate of one bubble
per second from an orifice 1/32-inch in diameter. This
minute quantity of alcohol dissolved in the helium and
served as both a quenching agent for the ionization process
and, to some extent, as a wave-length shifter to bring the
wave~-length of the light emitted from the spark discharge
nearer the blue region where the film sensitivity is higher.

To supply the high-voltage pulse necessary to fire

the chamber, a thyratron pulsing unit was used which was
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Figure II-3. Close-up of spark chamber.



C. Counter telescope system

A vertical counter telescope system subtending a
solid angle of 0.1l5 steradian was constructed as shown in
Fig. II-1,2. This solid angle allowed reception of approx-
imately 5 percent of the available cosmic-ray intensity.
Plastic scintillation counters viewed by 6810A photomulti-
plier tubes were constructed for each position in the
telescope system. The aperture counter at the top consisted
of a circular block of scintillating plastic 9 inches in
diameter by 3 inches thick with a flat region cut on one
side to which the photo tube was attached. The stopping
counter consisted of a block of scintillating plastic 24
inches by 24 inches by 7 inches with each of the four
corners cut off at 45 degrees so that phototubes may be
attached at those positions. The corners are cut in such a
way that as many as four phototubes could be attached at
each corner.,

For reasons of cost only two phototubes were actually
installed, giving a total of eight in all for this counter.
This provided a ratio of photo-cathode area to total counter
surface area of 0.96 percent, which is considerably smaller
than recommended by the experience of others.

The "anti" counter consisted of another block of
scintillating plastic 24 inches by 24 inches by 2 inches
with one phototube on each corner mounted as in the above
case. In this counter the ratio of photo-cathode area to

surface area was 0.65 percent, notably smaller than the
17
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value for the stopping counter. Indeed it was observed
that the anti counter was less efficient than was the
stopping counter as it was not able to produce the expected
reduction in count rate compared to the doubles rate (i.e.,
integral count rate). Fortunately this deficiency only
caused film to be wasted, since the burden of the momentum
determination as well as particle identification rests upon
the film record of the stopping pulse with its required decay
signature. For this reason the cathode-area fraction was
allowed to remain at the above value throughout the experiment.

The power for the phototubes was derived from two
Hamner N-4035 power supplies. The aperture counter and the
anti counter were operated from one of these supplies and
the eight tubes on the stopping counter were operated from
the second supply. In addition the voltage on each tube
in the entire system was adjustable within +0 percent, -20
percent of the power supply output in 16 steps for the
purpose of matching the sensitivity of all the phototubes
in each counter by equalizing pulse height or count rate.

The signals from the three counters were fed to the
appropriate coincidence or anti coincidence input in the
tunnel diode coincidence unit which was also built during
the course of the present research work. This unit used
gallium arsenide tunnel diodes throughout as monostable
multivibrators, each triggered by the previous stage, and
the first triggered by its respective scintillation counter

signal. The primary features of this design were its
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narrow coincidence resolution time (2 to 3 nanoseconds),
short dead time, and reliability for input signals ranging
in amplitude from 50 millivolts to 50 volts approximately.
This latter feature is particularly important in working
with relatively large scintillation counters. A detailed
circuit description and schematic of this unit is given
in Appendix B. A delay cable 60 feet long had to be
inserted in each coincidence channel to assure the condition
that the anti signal, whenever present, arrived at the
coincidence circuit before the coincidence signals from the
aperture counter and stopping counter. The tunnel diode
coincidence unit has an output circuit consisting of a
transistor amplification stage and individual emitter
follower output stages to supply isolated coincidence output
signals to the spark chamber, the 517A oscilloscope and a

count rate monitoring scaler.
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D. Automatic photographic system

The photographic aspects of this experiment required
two cameras. One photographed the particle tracks in the
spark chamber; this was done three-dimensionally by means of
a mirror to provide a stereo view of the chamber. The
remaining camera photographed the traces appearing on the
screen of the 517A oscilloscope. These traces displayed
the pulse signature produced in the stopping counter by the
particle making the track in the chamber.

1. The optical arrangement

The optical schematic of the chamber camera arrange-
ment is shown in Fighre D-1. A large chamber-to-camera
distance was chosen in order to assure an adequate depth
of field and to compensate for the fact that the spark chamber
plates were parallel. These requirements were made more
demanding by the use of a 45 degree mirror to project a
9) degree steroscopic view of the chamber onto the film.

As can be seen from the figure, a useful depth of field
twice the chamber depth is required for this type of view
since the two images are not located at equal distances
from the lens. This results in a minimum £ number of 5.6
at a distance of 20 feet. In the room which housed the
experiment, space considerations required the use of an
additional plane mirror to fold the viewing beam back upon
itself, allowing the chamber camera to be mounted directly
above the chamber.

As 1is also apparent from the figure, the image of
21
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the stereo view will be smaller than that of the direct
view by the ratio of their distances. Correction for this
effect as well as that of parallax was made in the analysis
procedure. A separate section of the analysis program
performed this task.
2. The operational system

The camera system was designed for fully automatic
operation. This was accomplished by using camera units
built to expose 1200 frames per 100 foot roll of 35 mm film
and by the construction of a camera control unit capable of
automatic sequencing and control of all film advance functions.
The following basic functions are performed by the camera
control unit (in order of occurrence):

a. Blank the grigger circuit of spark
chamber. Blanking is accomplished by relay interruption of
the signal line to the grid of each 5C22 thyratron.

b. Start film drive motor in each camera.
The sprocket motor in each camera operates on 24 volts AC.

c. Advance frame number in each camera.
Solenoid~-activated six-digit counters are used for the
purpose of registering on the film the frame number of
each event.

d. Apply braking to film drive motors.

The discharge of 250 mfd at 30 volts into the motor coils
is used to provide the DC braking necessary to obtain
positive frame position control.

e. Illuminate, for a set duration, the
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chamber itself and the frame numbers thus recording these
on the film prior to the next event.

f. Unblank the trigger circuit of spark
chamber to accept the next event.

These operations were performed in a properly timed
sequence by the use of appropriate relays controlled by the
R-C timing circuits, as described in greater detail in
Appendix D. The complete film advance sequency requires
approximately 0.85 seconds. With an event rate of 2.5-3
per minute the dead time due to this operation was of the

order of 5 percent.



E. Stopping-pulse display system

A positive particle identification was sought for
this experiment in an attempt to avoid some of the prob-
lems inherent in the earlier work with cosmic-ray muons
as mentioned previously. Photographic recording of the
pulses from the stopping counter provided, in principle,
the means necessary to make positive particle identifi-
cation. The muons may be distinguished from stable pro-
tons or electrons and from pions by the number of pulses
observed and from other singly-decaying particles on a sta-
tistical basis by a check of the characteristic lifetime
of the events accepted. Thus a satisfactory mechanism of
selection is available if the pulses registered in the
stopping counter are suitably displayed for photography.
A specialized means for doing this has been developed in
the present experiment. Of the multiply-decaying particles
the most significant constituent in the cosmic-rays is, of
course, the pion. It was the large time scale difference
between the two steps in the decay of a pion via a muon to
an electron that made the development of a satisfactory
display method such a challenge.

An attempt was made to record stopping 7Tt
mesons as well as‘P+'s. This was done by a complex
scan pattern for the 517A oscilloscope which worked by
following a single fast sweep (6 pion lifetimes long)

with a displaced slow sweep (5 muon lifetimes long).

24
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A Zwshaped trace was decided upon, of which the top
trace was set at 25 nsec/cm for a total sweeptime of
140 nsec to resolve J/=u~e decays occurring in the
stopping counter., Next the sweep rate was changed
automatically to 2‘psec/cm and the beam retraced ready
for the second trace at this slower rate to display

p~e decay pulses. The change of sweep rate was effected
by connecting a new timing capacitor corresponding to
the slower rate in parallel with the one corresponding
to the initial fast sweep. This connection was made by
a triggered thyratron just as the first trace was come=
pleted., The thyratron was extinguished again upon
completion of the slow trace ready for the next event,
Proper retrace between the fast and slow traces was

an automatic result of the above procedure since the
sweep system in the 517A consisted simply of a timing
capacitor whose voltage rose linearly with time, and

was applied to the deflection plates via a DC amplifier.
Thus the voltage accumulated upon the first timing
capacitor was immediately reduced, upon connection of
the new uncharged timing capacitor, to 1 per cent (by
the ratio of sweep rates) of its value at the end of

the first trace., The sole reason the beam retraced
between times was that the second capacitor was
initially uncharged and was larger by a factor of 100
than the first. Thus the beam should return essentially

to its starting point on the screen. Retrace instead to
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muon stopping

Eulse

e stopping sweep marker
ulse ulse

Figure II-5. Characteristic oscilloscope trace,

showing‘P-e decay signature.
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approximately 10 per cent of the full scale value was the

practical result, due to stray capacitance in the sweep
amplifier and deflection plate leads, The retrace rew=
quired approximately 0.80 psec, thus placing the begin-
ning of the second trace at about 1 psec after the
passage of the particle through the apparatus.

Two additional modifications were added for
analysis convenience. A negative step pulse was
generated and applied to the vertical input along
with the regular signal to displace the second trace
to a position below the initial fast trace. The
particular portion of the trace (three in all, in-
cluding the retrace) to which each observed pulse
belongs could in principle be determined from the
apparent pulse width, since all pulses are essentially
the same width in reality. It is, however, much more
satisfactory to have the traces separated into a
Z-pattern as mentioned above. The other feature was
the addition of a negative marker pulse introduced
in the vertical input at a time of 10 psec after the
top trace. This was included for purposes of sweep
calibration monitoring., The position and height of
this pulse at the end of the second trace in every
photograph gave immediate indication of any trouble
developing in either the sweep timing or vertical
amplifier sections of the oscilloscope.

The above predetermined sweep sequence was
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iniated by a single external trigger pulse from the

coincidence circuit. The delay encountered in initiating
conduction in the 5C22 thyratrons that fire the spark
chamber was =22 300 nsec so that the first fast trace of
the oscilloscope was completed before large amounts of RF
from the chamber discharge could appear in the scope picture.
It is, of course, in the top trace where problems of pulse
identification and resolution are most difficult. Slight
timing adjustment to assure this desirable condition was
made by adding 20 feet of cable to the chamber trigger line.
The scope display system had a stopping pulse width
of & 40 nsec width at half maximum. This is somewhat more
than desired as only pions persisting for more than two
lifetimes can be expected to display the p pulse in a
77 -p-e decay. Efforts to materially improve this condition
have thus far been unsuccessful, but a major effort at such
improvement is scheduled as a primary task preceeding

further research to be done with the apparatus.



F, Analysis system

The analysis system consisted primarily of two
film scanning machines, one equipped with an IBM 526
key punch, which were used to prepare the data for use
on the Michigan State University computer (a C.D.C. 3600)
on which the computations were carried out,

The first of the two scanners is a Gilliland
vertical projection model modified for continuous film
traversal by means of a foot~operated speed control.
This facilitated the scanning of the oscilloscope film
for suitable events, The corresponding chamber film
photographs of events judged as having been muons that
came to rest in the stopping counter were measured on
the second scanning machine, a Hydel unit, This unit
equipped with a Datex digital encoder system and an
IBM 526 summary key puhch was used to provide on IBM
cards data describing the x, y coordinates on the film
of each spark in the particle track. These coordinate
positions were punched on the cards as fivewdigit
numbers which were linearly related to position on
the film, The scale is arbitrary and must be converted
to position in real space; this is done in the geometry
subroutine of the program.

All computation related to track behavior in each
event was carried out in the SCOPE program especially
written for this experiment. This program performs the

following major tasks for each event:
29






30

1) Sorting and identification of each event

2) Geometry conversion to real-space coordinates

3) Storage of all converted real-space data on
magnetic tape

L) Elimination of events having an insufficient
number of data points present

5) Calculation of least-square line fits to
spark positions for incoming and outgoing directions
in both the direct and stereo views

6) Calculation of the total deflection angle
for each event from the line fits in the direct and
stereo views

7) Partitioning of the data with respect to how
many events in a given run display a track deflection
angle in each 0.25 degree increment from O degrees to
7 degrees.

The partitioning supplies the necessary information
from which the differential scattering distribution may
immediately be plotted. This saome partitioning operation
is performed upon the calculated values of azimuth angle
for each of the track segments as well.

A more detailed description is presented in

Section III-B and a program listing is given in Appendix F.



III. ANALYSIS PROCEDURE

A, Analysis of oscilloscope photographs
1. Types of events identified
The types of events identified by analysis of the
oscilloscope photographs made of the signal emitted by the
stopping counter may be categorized according to the num-
ber of individual stopping pulses observed for each event.
An interpretation of each such category follows:

a) One-pulse event: Such an event would
have been caused by a particle which either was not stopped
within the counter or did not undergo a subsequent decay
within the observation time of the oscilloscope (which
includes stable particles, of course). In either case
all events of this type were rejected as not representing
muon events. Since the observation time of the oscilloscope
was 1l pseconds, i.e., five muon lifetimes, less than 0.7
percent of the real muon events were lost by rejecting
such one-pulse events.

b) Two-pulse event: Such an event was
taken to be due to a muon which was stopped in the counter
and subsequently decayed into an electron and two neu-
trinos. The electron, being given an initial kinetic
energy as a result of the decay process, produces another
stopping pulse in the scope trace, identifying the time
of the decay. All such events were marked for subsequent
track measurement. As described in section (2) below,

a random sample from events in this category yielded a
31
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measured mean lifetime in close agreement with the

accepted value for muons.

A false two-pulse event could have been caused by
a single pulse event together with a second pulse caused
by the appearance in the counter of another cosmic ray
particle within the oscilloscope observation time. As is
shown in the next section, the fractional occurrence rate
for this is of the order of 3 x 10" for muons. Thus out
of the 2,266 events used in the final results of the exper=-
iment only of the order of 0.7 such spurious muon events
would be expected. As a practical matter this must be
increased by a factor of 2 due to the fact that in most
of the oscilloscope photographs there is a second trace
triggered by persistent transients in the apparatus. In
the upper and middle portions of the trace the real and
spurious traces are easily distinguishable by the presence
of the initial stopping pulse and the residual radio-
frequency pickup in their respective portions of the
real trace. 1In the lower slow trace, however, these
two traces are indistinguishable and thus prﬁvide a dup-
licate time interval in which a pulse from the cosmic ray
background could appear. It is asserted that the presence
of this second trace in the oscilloscope photographs does
not affect the reliability of identifying two-pulse p-e
events. This is because the occurrence of any false‘p-e
event having its second pulse in the lower trace of the

spurious sweep would be governed by the above mentioned
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expectation of 0.7 such occasions out of 2,266 events,
Even this total of 1.4 possible false p-e events causes a
negligible effect on the resulting scattering distribution
of the experiment. The p-e lifetime plot shown in part 2.,
of this section was made assuming all two~pulse events to have
occurred within the original trace. No inconsistency with
this assumption is apparent in the lifetime results.
The contribution of spurious two=pulse events in

which one of the particles was a proton is expected only
in the ratio that protons are present with muons in the
cosmic rays., This ratio of protons to muons in the cosmic
rays above 0.7 Bev/c is less than 1 percent according to
Rossil®, Thus only (10-2)(3 x 10-4)(2,266) = 6.8 x 10-3
events out of 2,266 events are expected to be of this type.
Contamination of the data due to protons may thus also be
neglected.,

c) Three pulse event: Such an event was
taken to be one of the following: (1) a p=p-e event,
(2) an event in which another charged particle entered the
counter within the observation time of the scope trace in
addition to a bona fide ju-e event, or (3) an event in which
two additional charged particles entered the stopping
counter following an initial single pulse event. As can
be seen from the several possibilities mentioned, the
rejection of all observed three~pulse events constitutes a
more than sufficient means by which to eliminate from the
scattering data such pion events as produced a 7-p-e

decay in the stopping counter.
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Events involving pions which traverse the chamber

but decay into muons in flight before reaching the stop=~
ping counter cannot be eliminated from the data by the
above selection method if the muon formed in flight subw
sequently decays in the normal manner in the counter.
However, because of the relatively short time of flight
at relativistic velocities for the distance of 4,5 feet
from spark chamber to stopping counter, together with
the relativistic lifetime dilatation existing through
the greater portion of this distance, the number of

pion events not identified because of ine=flight decay
was considered negligible.,

The relative number of three=pulse events caused
by mechanism (2) and (3) may be estimated in the following
manner, First of all the total muon intensity must be
calculated for the apparatus of the experiment, The
integral muon intensity, I, at sea level due to the
hard component of the cosmic rays is given as 0.008/cm2-
sterad~sec by Rossi16. The total count rate may be ob-
tained from this by integrating over the area and solid

angle of the counter.
FY/a apmr

The count rate j‘-’%: /Va/(I' cos* 0)sin 868D
°

Taking Iy = 0.008/cm2~sterad-sec, A = 2600 cm? for the
stopping counter, and Ghax‘ = 70° from vertical due to
cutoff by depression of basement laboratory below sure

rounding terrain, gives

70°
g—rg: JVIV[’.‘S} cos® 9]0/7= 41.8 fsec
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This is only a rough estimate since no account was taken

of the shielding effect of the lead pile above the stop=-
plng counter,

A more careful estimation is next obtained by con=-
sidering the total solid angle in three zones: 0< @< 9°;
9%« @ £27°; and 27%°< @< 70°, The value of 9° was chosen
because it represents the half angle of the cone subtended
at the stopping counter by the area of the top of the lead
pile. The next interval of 18° was chosen to be equal to
the full angle of the central cone for symmetry purposes.
For each zone a different value of Iy was taken according
to the approximate amount of effective atsorbing material
present in each particular zone,

dN/dt = (77/3)31:2(.0045)(930) + (,0045)(2600~230)

+ (.0062)(2600-930)] [ 1-(.987)3] +

+ [2(.0053)(930)+(.0053)(2600~930)+(.0062)

(2600-930) ] [ (.987)3(.888)3] + [2(.0062)¢

(930)+(.0053)(2600-930)+(.0073)(2600-930{7‘

[f.888)3-(.3u2)izz
This yields dN/dt = 31.5 incident muons/sec. From this
value of dN/dt the relative probability for appearance of
an additional pulse on the oscilloscope within the 10 psec
observation time may be obtained. This relative probabile
ity is equal to the ratio of the observation time to the
average time between background muons. Thus

Prob. = Tobs/Thackground = Tobs(dN/dt)=(10 x 107%sec)*

*(31.5/sec)

3.15 x 10~%
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Thus for three-pulse events having another muon

in addition to a p-e decay the above calculated prob-
ability gives an expectation of five events out of 8,000.
These false three-pulse events will appear with one pulse
in the top trace and the remaining two somewhere in the
middle or lower traces, There are other higher order
possibilities by which three-pulse events of this type
may occur. These include p-e, P; By, B, p3 M, By, P. The
relative probabilities for these mechanisms are smaller
than the above by factors of 0.01, 3.15 x 10‘4, and
3.15 x 10-6 respectively.

Since the sweep duration of the fast upper trace
is nearly six pion lifetimes (mean pion lifetime taken
as 25.5 x 10-8 sec21), more than 99 percent of all real
T -p-e events should appear with two pulses in the top
trace. In contrast, however, the probability for a second

muon pulse to appear in the top trace is
Prob. = 140 x 10~ sec (3l.5/sec) = 4.4l x 10-6,

This gives an expectation of 0.035 occurrences of an
additional pulse in the top trace out of 8,000 events.

The appearance of a j-e decay in the first trace with

a subsequent additional muon pulse appearing in the

slow bottom trace is the only remaining first order
mechanism for false three-pulse events having two pulses in
the top trace. The probability of having a p-e decay
within 140 qp-seconds is
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-Fso x 10-9 -f140 x 10-9)
Noe [(2.2 x I0-b - Noe [(Z.Z x 10-©

No

-2.27 x 10-3 ~6.36 x 1072

= e -e = 0.059
This probability must further be multiplied by 3.15 x 10‘4,
the probability obtained above for having an additional
muon within the 10 p-sec observation time, yielding
1.86 x 10~3. This gives an expectation of 0.1l5 occur-
rences out of 8,000 for three-pulse events having a p-e
in the top trace followed by an additional pulse in the
lower trace. There is a total expectation in 8,000 events
of 0.035 + 0.15 = 0.185 false occurrences of three-pulse
events having two pulses in the top trace, forming an
apparent 1T1p-e event. This is still, of course, a very
small expectation, implying that if any decays are seen in
the top trace with a third pulse later, they should be con-
sidered bona fide 7r-p-e events. Of the 6 three-pulse events
observed, none displayed two pulses in the top trace.

The fact that no three-pulse events qualifying as
T-p-e events were observed must be compared with the ex-
pected pion flux at sea level. This flux is, however, not
very well known as yet. The best estimate which seems to
be available at present is due to B. Peters and Y. Pal of
the Niels Bohr Institute in Copenhagen37. They estimate the

integral pion flux to be of the order of 10 percent as great
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as that of protons in the momentum region of this experiment.

The proton to muon ratio in turn 1Is less than one percent
according to Rossil®, Thus out of 8,000 muon events, some-
thing less than eight Tr-p-e events should be expected.

Not all pion decay events occurring in the stopping
counter can be observed in the oscilloscope trace due to
the width of the stopping pulse. The minimum resolving
time is 50 mpsec or 2 pion lifetimes. Assuming a pion life-

time of 25.5 mpseCZl

only the fraction 0.135 remain of the
original number present. Thus out of the eight pions sug-
gested above, at most one observed case should be expected.
Indeed the figure of eight expected pions out of 8,000 muon
events may well be excessive due to the fact that in looking
for pion decays, one is concerned with the differential
rather than the integral flux. The relative differential
pion flux in the region of 1.6 Bev/c may well be notably
smaller than the relative integral flux as there is indi-
cation from cosmic-ray results3’ that the differential pion
flux actually decreases with momentum below several Bev/c.
Since out of 8,000 events no 7-p-e events were
observed in the decay time range of 50-140 mpsec, an upper
expected limit to the observed pion incidence for this
experiment of 1 in 8,000 may be set. Since only 0.135 of
the total incident pions have their decay observable in the
time range of 50-140 mpusec, this corresponds to an observed
total upper limit of 7 pions in 8,000 events. This value is

consistent with the value of 8 pions in 8,000 events
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calculated above. The value of 7 in 8,000 corresponds to a

maximum expectation of 2 pions in the 2,266 events used in
the final results of the experiment. It must further be
borne in mind that both the calculated value of 8 in 8,000
and the observed value of 7 in 8,000 are upper limits. As
indicated above there is reason to believe that both the
calculated and observed figures for the number of pions

included in the data of the experiment are high.

2. Lifetime study

As a check on the acceptance criteria for events chosen
for measurement as muon events having the proper momentum, the
muon lifetime was calculated from a sample of 1,280 events
chosen at random from the data of this experiment. These were
selected by choosing some 50 rolls of oscilloscope film dis-
tributed uniformly throughout the total film data and meas-
uring the delay time to the second pulse of each two-pulse
event in that film roll. Thus the sample was also taken
without regard to whether that event was subsequently
measured for scattering or rejected due to poor track quality.
As it turned out 676 events of the 1,280 had acceptable
tracks for measurement, 604 events did not. Fig. III-1 shows
a plot of N(t)/No versus distance along the oscilloscope
trace measured in centimeters on the scanning table. From
this distance in centimeters the corresponding time t may be
determined from the geometry of the system. Taking d as the
distance of pulse separation on the scanning table, the con-

version to time is as follows:
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"

5.3 cm on scope (9.3 psec
39.8 cm on scanner ( 47%

[0.310 usec/em] 4

The solid line of Fig. III-l1 is the theoretical decay curve
for muons. It was obtained from the decay law
N(t) = Noe"‘%t = Noe't/’f

Differentiating gives

-t = 1n (N(t)) = N
= WS 1n 10 log N(t)
o
Oor 1n 10 log (No ) _ = (0.301 psec/cm)d
Wy ~ ° 7.70 psec
2.302 log (No/N(t)) = (1L.403/cm)d

Choosing d = 20 cm for convenience, a ratio of No/N(¢) =
16.60 satisfies this equation. The solid line in Fig. III-1
is drawn with this slope. Slight departure from a straight
line at each extreme of the plot is due to nonlinearities

in the oscilloscope sweep rate at the extremes of the trace.
This came about in conneétion with the response time of the
circuit causing the automatic change in sweep speed after
the first fast trace. A best fit to the data in Fig. III-1
yields a muon mean life 0.6 percent less than the accepted
value of 2.20‘Psec21 used above in forming the theoretical
curve. This is well within the estimated 1 percent sweep
calibration tolerance that it was found possible to main-
tain over the long term duration of the experiment. In

view of the good agreement of the measured mean life with
the accepted value for muons, the particle selection procedure

used in this experiment is established as a satisfactory

criterion for muon selection.
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T =2.29psec/"

(conversion to time is 0.319psec/cm.)
5 10 15 20

25cm.
| | | I ) ] ] | ] |

Figure III-1. Normalized lifetime plot of 1280 events
selected at random from 8000 two-pulse
events.



B. Analysis of track photographs

The muon track photographs taken iu the spark
chamber were measured on a Hydel scanuing machine and
the digitized output was punched out on IEM cards by
the IBM 526 Summary punch attacked to the Hydel., With
this scaoning=-punching chain the x~y coordinate position
of any point on the film trame may be recorded on IBM
cards in 5~digit numvers having an arbitrary scale
factor put vearing a relationship to positiou on the
£ilm which is linear to rive significant figures.

Each data card contains a ten~column heading
which records the film rrame numper being measuvred,
the view number ("1" for direct, ''2" ror stereo),
card number within a given view measurement (1l-=5 to
complete the measurements in each view), and the
operator number., The remaining seventy columns are
available for punching data. G&ince both the x=y
coordinates require 5 columns on the card, totalling
ten columns per point on the film, each card carries
the coordinate data of seven points along the track.
The position of the center of the spark in each gap
along the track was recorded in this manner; there
are 320 such points to pe recorded in each view. In
addition to these 20 points the upper and lowver front
corners of the main chamber, which are visivle irn poth
views, were chosen as tiducial marks., These riducial

marks were used as a means of establishiug both the
L2
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vertical Z axis reference direction and the scale factor
pertaining to real distances in each view. This makes a
total of 32 points in each view, requiring five cards per
view or ten cards in all, per event. From these recorded
points the complete track can be reconstructed and the
desired quantities calculated using a computer program

written for this experiment.



C. Data reduction

The computer program, for which a listing is given
in Appendix F, performed the following tasks upon the raw
track data obtained on the Hydel scanner.

1. Sorting and geometric reconstruction

a. The cards are processed ten at a time
and are checked for identical frame number and sequential
view and card numbers. If cards are missing or out of
order, the program will cause an appropriate diagnostic
to be printed, scrap that particular event and move on
to the next.

b. The position data of the 32 points is
first converted to centimeters measured in real space.
Then the coordinate points are corrected for camera
parallax, using the known optical geometry of the
experimental set-up.

c. These data are then written on tape
for permament storage. This phase of the calculations will
thus never have to be repeated for subsequent runs with
the same data. Nor will the original data cards again be
needed, as future calculations can be made directly from
the tape.

2, Performing the necessary calculations upon
the data tape

a. First the appropriate track points are
taken from memory, from which line fits are formed

Ly
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to the incoming and outgoing directions in both champer

views. There are often gaps in the chamber which do not
tire in a given photograph, leaving points missing trom
the track data. A minimum of two points in the tour gaps
or the thin plate chamber and two in the first tour gaps
of the main champer is sct as the criteria for acceptance
of a given event tor processing. A maximum of six points
would be available tor the line fit if all gaps in the
thin plate chambers fired properly.

b. Faving met this criteria, a least
squarecs line tit is made to each of the projected track
segments. This line f£it process yiclds values for the
slope with respect to the . axls and the interccpt in
the :z-y piare at Z2 = 0.

c. A statistical parameter called R? is

calculated for each of the four line fits done above.

This quantity defined as

2 _ é 106-%] [21‘7]}
(,,,-,)V x-‘-m(') B zi-m@

R

m-1
where .L%
2 Z z
>-(=;£_k2‘=1xk and 2——4."’ &

has values between 0 - 1,0 and is a measure of how
nearly the observed points fall exactly on the least
squares line. A cutoff value of RZ = 0.960 was estap=-

lished by correlating the values obtained for R? with
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the appearance of the track as viewed on the scanning screen.

The event was rejected if any one of the four line fits
yielded a value of R? less than 0.960.

Causes of this could be either operator error or
individual spark displacements. The former was effectively
eliminated by remeasuring all events rejected for too low a
value of R2. A portion of the rejected events were recovered
in this way. The latter are assumed to be caused by delta
rays formed in a given gap. These events which pass the R2
test have their line fit parameters made available to the
space angle and projected angle calculation procedure
that follows.

d. Another subroutine uses the values obtained
in step b. above for the slope and intercept of each track
segment, to determine the azimuth angle ¢ of both the
incoming and outgoing tracks projected on the x-y plane.

From the signs of the slopes, the quadrant in which each
track segment lies around the Z axis In the upper hemisphere
is determined. These quadrant values are in turn used in
assigning the correct value of ¢ to the arctang , yielding
values ranging from O degrees to 360 degrees measured
counterclockwise from the positive X axis.

e. The value of the apparent total deflection
angle @ present in the track is calculated in a function

subroutine, by a process derived upon direction cosines.
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r. Next the projected angle with respect

to the + Z axis of each track segment is calculated from
the corresponding slope parameter, A modified value of
the two projected angles in the direct view is formed by
correcting for the inclination angle in the y=z plane
made by the top track. This is done in order than when
the projected deflection angle in the direct view is
calculated from the value ot the projected incoming and
outgoing directions, it will be indeed the deflection
angle projected in every case on a plane containing the
incoming direction of the particle. This formality is
dictated by the nature of the statistical scattering
theories with which the experimental results are to be
compared, In principle this is quite different trom the
derlection angle projected upon an arbitrary plane, i.e.,
that of the tront tace of the chamber, which does not
necessarily contain the direction of the incoming par=
ticles coming in from random directions within the
vertical acceptance cone of the counter telescope
system, Yet since this cone has a maximum opening
angle of 15 degrees or less, the correction to the
calculated deflection angle required for track in~
clination amounts to only a few percent. The wvalues

of incoming and outgoing projected angles for both
views are printed out on the Projected Angle Data

page. Along with this are printed the calculated

values of projected deflection angle in the direct
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and stereo views and the projected deflection angle in

the direct view, corrected as described above.

g. A calculation of the zenith angle (with
respect to the +Z axis) of the incoming track was per-
formed at this point from the values found for the slope
of the incoming track in each view. Vector addition of the
tangents in each view was used to find the tangent of the

zenith angle.

3. Summary functions performed by the computer

program

a. A partitioning operation was performed
upon the resulting values of @in, @Pout, the total
deflection angle #, the zenith angle @in, the incoming
direction in the direct view (projected) @in, and the
corrected projected deflection angle in direct view

O dir. This operation consists of having the computer

take successive small increments of the quantity in

question, counting and storing for each interval the

total number of cases, out of each group of fifty events,
that yielded a value of that quantity within each such
interval. This 1s a valuable aid to subsequent plotting

of the results in the form of distribution functions for each
of the above quantities. Each interval is defined to

be single-ended so as to avoid ambiguity for any

resulting value of the angle. In the case of @ in,
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for example, the first interval is formed by the relation

0 @ < 10°; the second is 10 ¢ P < 20°, et cetera, up
to 360 degrees., The interval size chosen for the above
quantities is 10 degrees, 10 degrees, 0.25 degrees,
0.20 degrees, 0,20 degrees, and 0.25 degrees respectively.
The number of events occurring in each interval is cume
ulative for each successive group of fifty events through=-
out the entire run,

b. There is assembled at the end of each
group of fifty events a list of frame numbers for all
events rejected for having an insufficient number of
spark points from which to form a line fit.,

c. There is also assembled at this point
a list of those events rejected for R2 less than 0.960,
Recovery of these events was attempted by remeasuring
each such rejected event. Some 15-20 percent of such
remeasured events then passed the R2 test.

L, Print=out of results
The following information was printed out by the
program in this order,

a. Information printed out at beginning
of run

(1), List of events stored on tape.
After storage of the data on tape, a complete list of
frame numbers of all such events is printed out in
groups of fifty.

(2)., List of frame numbers for

events not placed on tape due to cards out of order
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within event, wrong event number on a card, et cetera,

Along with each frame number will be an appropriate
diagnostic statement describing the reason for deletion,

b, Information printed after processing
of each group of fifty events throughout the run

(1), Line data page. The slopes,
intercepts, correlation factors, and number of points
used are listed for each of the four line fits asso=
ciated with each event number., Two pages are required
to list this information for fifty events,

(2). Space angle data page. On this
page the computed values of azimuth angle § and corre=-
sponding quadrant are printed out for both the incoming
and outgoing track. Along with this the calculated value
of the projected incoming direction o£in and of the total
deflection angle & is listed. A final column relists all
values of # which were 1,000 degrees or more, with zeros
listed for all events having &less than 1.000 degrees.
The events whose value of & is listed in this column
have their spark position data duplicated on another tape
for separate storage of all events giving high deflection
angles,

(3). Projected angle data page. On
this page are printed the calculated values of the in=
coming and outgoing projected angles for both views, the
values of the projected deflection angle in each view,

and the projected deflection angle in the direct view,
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corrected for track slant as described previously,

(4), First list of rejected events.,
A list of event numbers for events having less than the
minimum number of spark points present is printed on
the page following the projected angle data.

(5). Second list of rejected events.,
A list of event numbers for events not passing the 2
0.960 test on RZ is printed on the next page. Events
appearing in this list were remeasured and rerun as a
group.

c. Information printed at the end of

an entire run

(1). The last page number used in
the run.

(2). The total number of events
processed to date,

(3). The total number of events
"saved'" (i.e., having # = 1.000 degree) to date. This
information is printed out so that a total count of these
quantities may be accumulated over any number of runs,
This is accomplished by reading these numbers back in on
a data card for the next run,

(4), Also the number of events saved
during this run is listed,

(5). List of the frame numbers of
every event having a calculated track deflection angle

6 of 1.000 degree or greater,



52
(6). Results of the partitioning
subroutine upon P in, ®out, & , & dir. (cor-
rected), A, 2@ in as defined above are printed out
last, using a separate page for each.

A complete listing of Program Spark is presented

in Appendix F,



IV. TEEORETICAL PREDICTIONS

The data of this experiment are to be compared with
the scattering theories set forth by L. Cooper and J., Rain-
water? and by S. D. Drell and C. L. Schwartzl? for multiple
scattering of fast particles by extended nuclei. These
methods deal directly with the case where the scattering
centers are nuclei of a known charge distribution of finite
extent. This is in contrast to previous treatments of the
problem, notably the MolierelO theory which assumes the
nucleus to be a point charge and the Olbert8 theory which,
as a first approximation to treating the extended nucleus
case, assumes that the single scattering law becomes iden=
tically zero for angles greater than a certain maximum
angle (), calculated from the properties of the scattering
material in question. As can be inferred from the above
listed assumptions, the former theory overestimates the
multiple scattering at higher angles, while the latter

underestimates predicted scattering in this region.

A, The Cooper-Rainwater calculation
The Cooper-Rainwater theory begins as does that of
Moliere and of Olbert with a single scattering law which is
the Rutherford scattering law, modified to account for
shielding by atomic electrons. This law has the following
form:
F1(@, Qr) = Q/2(A2 +Uy2)=3/2

where & is the projected angle

@, is the equivalent screening angle
53
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and Q = u'ﬂ'(Nt/A)BZ/p )(ez/mecz)(O.Sll/pcya

e2/mec? = rp, = 2,82 x 10~13 cm

N = Avagadro's number

Z = proton nhumber of the scattering material
A = atomic number of the scattering material
t = thickness of the scattering material

v/c &1 tor the relativistic particles

-~
]

dealt with in this experiment
pc = momentum in Mev,
This basic single scattering law is taken as is, in the
Moliere theory. In the Olbert treatment £1(¢f ,&Pqp) is
taken as above for angles ¢? such than Oél(f/f/@e_ but
is set = 0 for [(P|> P,. The cutoff angle (P, is deter=
rained from ¢f, by the relationsnip

(1.67 x 10D raz=1/3
Po/ P = a/rn = ToAL/3

_ (1.67 x 10%)(2.818 x 10~13)
= TI.T x 10-13 AzIl/3

- 1/3
where @Pp = L.14 (mec2) z1/3 ) 14, 3.76(2/137§)? 1/2
137pc

= X/a = nc/pca

and P, = ‘he/perp = fic/pc(l.l x 10-13)51/3
The Cooper-Rainwater theory, however, employs the above
single scattering law for all angles, modified by the
appearance of a form factor which also is a function of
angle, thus:

£1.0-R(@) = 0/2(@2 + Pp2)"Y2 Fyb/epo)

where 5FN(C?/690) = 5FN(y) is defined by

Fney) = FCy) + Fxl(y)
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where FNC(y) is the term contributed by elastic

scattering.

In fact (FNC(y))% is the Fourier transform of the
nuclear charge distribution. FnI(y) is the term contrib-
uted by inelastic scattering. FNI can be written approxs
imately as 1/Z (l-FNC)(Fp) where Fp is the form factor for
scattering by a single proton., This, however, can be taken
as &1 for momentum transfers € 200 Mev/c., Thus its
effect can be neglected for all present picposes.

The exact form taken by Cooper-Rainwater for FNC,
chosen in such a w2y as not to nderestimate the effects
due to multiple scattering, is defined by a curve drawn
through a set of points for which values of FyC were
given and then attached to an asymptotic formula

fory = 0, 1, 2, 3, FNC is taken as follows:

FNC = 1.00, 0.82, 0,50 and 0.15.

For y Z 4, FC = 12/y4,

This form for FNC amounts to taking up a position between
the results of assuming a uniform charge distribution in
the nucleus, which gives a value of 9/y4 for large values
of y, énd the results set forth by Williams which give a
value of 16/y4 for large values of y.

This choice of FNC(y) results in an 5$ﬁ(y) such that

}N(y) = 1 for small values of y = ICP/CPOI
and becomes Z~l for large values of y = 147U%}
with the rapid change occurring around y & 2, This is an

improvement over Olbert's tacit assumption of:
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FN(y) = lforye 1l

and =Z=0fory> 1
In the present theory :gk(y)becomes z=l instead of zero
for large values of y and the functional form is known by
which it reaches this value from its value of 1 for y = O,
The Fourier representation of the single scattering

law can be written thus
£,C=R = - ir9 d
10R@) = & [ ge 7

d .
and g(f) =-/‘fiC‘R(0)e"uq d &
From this a value for the probability of a final projected
angle after any number of scatterings is given by
M(@)dP = dc?/zr[:iw e 8(T)=glo)yy

The quantity g(T) - g(0) = Q/2 (eifd"’-l) (P /Pa gt
< (@2 +dy2)3/2

For the sake of convenience, the variables are transformed,

following Moliere, as follows:
x = (26Q)-3P, N = (26Q)% §
and 6 = =% 1n[ ( x2/e)0m2/2GQ]

S 5.66 + 1.24 log 10 z4/3 a7l ¢
= 2. . & T.138 + 3.76(Z/137)2

Thus g(}) = g(0) = g(X /(26Q)2) = g(0) = Sx)

®
Whence S(’l) = 1/2% (x"x}f )+ ;;S(’l“')—
M(x) then gggomes
%F/ei’l x eSan
After suE:;ble integration and expansion by powers

of 1/2G as described in the Cooper-Rainwater paper, the

following form of M(x) is obtained.
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WRe) = e ¥/ [1+ a@,x0/86] + 1/86 P77 NCL, %)
q(L,x) = 2(2x2-1) [ 1n(L/1.26) +

{Z%OSh(t)"l/t) dtj + 6x2 -@_/L@(cosh (21x)-1)
2x/L) sinh (21Lx)

where L = 1/4 and

/ZL)Z'(cosh(t)-j/t_:] dt ~ (2Lx)2/2.2 +
(o)

+ L)%/, + * * * * 4+ (2Lx)N/n(n?)

for values of n =2, 4, 6, 8, * « o o

U
N(L,x) % N3 T(x,Ad A

T(x,A) = exp [—(x +2 )2] + exp [—(x-)‘)?]-Z exp(=x2)

B, The Moliere calculation
The Molliere multiple scattering distribution which
assumes a point nucleus, is latent in the expression:

«°
MC-R(x) = 1/27T/ei’(x eSU) an

Z o

oo
_ j'E\I(x'/xu)(cos()(x')--].)dv;'
where S@ = 1/26 0 (x'2 + xp%)3/2

The single scattering law used by Moliere was

E@ = /2 (42 + Py2)=3/2

This differs from the one used by Coojer-Rainwater
only by the omission of the factor j;N(d’/C}’o). Thus the
Moliere scattering distribution may be obtained from the

Cooper=Rainwater calculation by merely setting }N(y) =1
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in the above expression for M(x). The machinery set up
to calculate M(x) from the final form shown in part A
above can thus be used to also calculate MMOle(x), The
results of this Moliere calculation are used for com=-

parison purposes in discussing the results of the present

experiment.



C. The Drell-=Schwartz calculation

The data of this experiment are further to be
compared with the scattering distribution predicted by
the method set forth by Drell and Schwartzl?, 1In this
method the total differential scattering cross section
(elastic plus inelastic) is constructed from a knowledge
of the nuclear ground state wave functions. This method
considers the specific case of high energy electrons
scattering from light nuclei so that the interaction
may be treated in the first Born approximation. Only
values of the momentum transfer ’Efl £ 200 Mev/C are
considered so that the nucleon recoil velocities vyec
are kept well in the nonrelativistic range ( @rec < 1/5).
In this region of momentum transfer values the dominant
factors in the scattering are the Coulomb forces and
the magnetic forces, viz., single-particle magnetic
moment interactions.

The form for the low resolution (all final
energies accepted at each specified angle) differential
cross section d0"/da, given as equation 19 in the Drell=-

Schwartz paper, is
da _ /d Zq? 2785)-1)e
= :—j'%)ﬂg){%ﬁﬁgm + (asec?(%)-1)

Jdan
[(4/3) ()< 7> * 1'14”.1 (22 + Wi +
L35 T p eGP,

’-‘M¢ cos (%) k
The term d 0o/dr = [9% “sTnd oy | £,

59
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2.818 x 10-13cm (classical electron radius)

Te

me = 0.511 Mev (mass of electron in Mev units)

K = PC (in Mev) where P is the final momentum of
the particle after scattering

Ko = P4,C (in Mev) where pgy is the initial momentum

of the particle before scattering

ﬂ = total spatial scattering angle (in radians)

Note here that only through the factor remg do the
properties of the electron, which was taken to be the
incident particle in the Drell-Schwartz development, appear.
Since, however, the classical electron radius re is

defined as
re = e2/meC2 = 2.818 x 10-13cm

the product reme = e2/C2 is actually independent of
electron characteristics. Thus for scattering of muons

no change is required in d 0 y/dm since
rpmy, = (ez/qpcz)qp = e2/C2 = reme.
From the kinematics of the problem the relationship

between K and K, is

1

K/Ko =
1 + 2K,/AM sin2 6/2

This ratio is essentially unity for the present experiment
since the quantity (2K, sin? 6/2)/AM is 2,69 x 10=3 even

for 6@ = 17 degrees, the largest value encountered any
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place in the calculation.

The term fz(q), the proton form factor given by
Hofstadterl8 as
2, = e=q?

The momentum transfer q, from the kinematics has the form

q = 2Kp sin( 9/2)[1 + 2Ko/AM sin2(9/2]‘%

= 2Ko sin( 8/2) I K/Kq

Since K/K, was shown to be essentially unity above, q is
replaced by qp, the momentum transfer as a function of &

for purely elastic scattering
o = 2Ko sin 8/2

This value of qo was used in the present calculation
wherever q appears in the expression for do /dm above.
For use in calculating the proton form factor above, q,
must be in units of £-l. This requirement is satisfied
by using .Ko in units of PC/H C where PC is in Mev and
fhc is in Mev ~f.

The term :ﬁ%q) is related to the form factor for

two body correlations and is given by Drell-Schwartz as
* . = - _‘)
=Z + Z(Z - 1) F(q)

where F(q) is the form factor for two body correlations.

In an electron scattering experiment by Chollet, Bounin
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and Bishop19 performed at the Linear Accelerator Labor-
atory of the University of Paris at Orsay, the form of
F(q) for aluminum in the momentum transfer region of this

experiment was found (in terms of x) to be

Fac = [L-(6/39)x +(5/15Gx2] emG/2)

where x = (aq)2/2 with the quantity a, the

nuclear size parameter, = 1.86 x 10-13cm according to

their results. For the present experiment q may be replaced
by qo in the above expressions. The terms following f%iq)
in the above expression for the cross section represent
scattering contributions due to magnetic forces and are
denoted herein by fﬁ%ag(qo). The terms in,ﬁﬁag(qo) were
evaluated for the present experiment using 2 = 13, A = 27,

M = 13(938,.256) + 14(939.552) = 938.8 Mev, q = qq
27

<T> (the average ground state kinetic energy per nucleon)
= 30 Mev, pp = 2,793 om, and‘pn = «1.91 nm. The final
term in the gﬁ&ag(qo), however, was taken as negligible
since it is not expected to make any larger relative
contribution than was the case in the work of Masek, et
al.? for carbon.

The differential cross section obtained as above
was converted to a differential scattering distribution

by the following defining relationship.20

dor) _ £U%)
ﬂ)e —(dﬁ- o M;fmf
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where Nj = total number of incident particles

(Jn = density of nuclei (nuclei per unit volume)
t = thickness of target in cm.

Also dm is defined 277 sinBdf , whence

d#/ dn.= 1/2Tsin @

Using this in the above relationship yields
d 0/dn(Nofnt) = (dN/d4 )(d B /dp) = (dN/d §)(1/27sin @)

Thus (dN/dé)o =27 sinefnt(da'/djz.)p
Now fn can be written as

Pn = _(no./mole)(mass/volume) =_number = Nj En
A

(mass/mole) volume

where Nj is Avagadro's number, fmis the mass
density, and A is the atomic weight.

The quantity No, the total number of incident
particles, was set equal to 1.0, with the result that
the quantity (dN/d 9), dé gives the probability for a
given particle to be scattered to the element of angle
d® at ® . This facilitates the normalization of all
distributions to unity, which has been the practice in
this work. _

The above expression for (dN/d 6 )p is written
in terms of total spatial scattering angle rather than
projected angles. Since, however, both the Cooper=-

Rainwater and Moliere multiple scattering theories,
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described in parts A, and B. of this section, are written

in terms of projected angles, a method was developed for
converting the Drell-Schwartz single scattering distribution
to projected angles. This method is based on taking a
conical view of the path of an incoming particle. The
point of scattering defines the apex of the cone formed
by a figure of revolution done upon the deflected track
about an axis along the incoming direction. Azimuthal
symme :ry about the incoming direction is assumed throughout.
Taking such a conical view of the scattering geometry, a
plane may be imagined at an arbitrary distance R, from the
scattering site along the incoming direction and perpen-
dicular to it. On this plane may be imagined concentric
circles about the point where the incoming direction vector
pierces the plane. These concentric circles are constructed
such that each i-th one has an equal incremental radius
increase drj over the previous one of Rod &f .

The relative number of projected angle events
occurring within d ¢ at & were found by establishing
a plane of projection containing the incoming direction
vector. The contributions to the projected angle scattering
distribution from the various spatial deflection angles were
fouind b calculating the fractional area of each successive
concentric ring which lies between the parallel lines in
the plane of the circles, perpendicular to the plane of
projection, that bound the element of projected angle d&@ .
For each element d@ at projected angle & the fractional

area contributions for all © > {( vweighted by the
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scattering distribution dN/d® evaluated at® , are summed
to form the total value of dN/d{f evaluated at @ .
The resulting conversion relationship is as follows
-

(dN/d d)lf = ;é.‘ C,(dN/dag )g, where the sum-
mation is incremented by an amount A # . At a given
value of # the beginning point of the summation is at

fio = @+ AB. Thereafter the successive terms in the
sum are evaluated at f#j = & +(i - io + 1)2¥é , where
using &89 is taken to he numerically equivalent to using
the quantity & &. The Ci coefficients represent the
fraction of each concentric ring which falls within the
parallel lines bounding the zone of width Rod@ at angle &°.
The first coefficient Ci, arises from an area which is a
segment of a circle and is bounded at & =¢ by a chord
of the circle as it bounds the element A¢ and at 4 =

& +4A4¢ by the arc segment which is tangential to the

remaining boundary of dd. The area of such a segment

is found from geometry to be given by
ajo = %rzio (2 Yio" sin2 Xio)

where rio is the angle in the plane of the rings measured
in either direction from the projection plane around to the
intersection of the lower boundary of A® with the outside

of the io-th ring. From the above definition ¥io is

civen by
Y (r‘p _ Rten@\ tandf
s, =arcos r"" = arcos K__'tﬂn’)} = a8rCOS{eqn 4}

Yan &
Lan(Cf+ AGP)

= arcos
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There are two identical area contributions such as that

above, symmetrically placed about the incoming direction

vector. Thus the fractional area coefficient Cio =
aa, 2[4 h, (;w;—smﬂ);.)]
- N a — ]
H“o ,Zo'l 77-[ ’:"o "o -1 ]

tan® 6., (2 X ~s/n a"—);;)
T (Eants, ~ tan?5, )

-

a2

To form the remaining terms in the summation J;, is

generalized to

Yi = arcos(-,’-:_ff-) = arcos(f-ff——:;.) = arcos[tahcf/
. 4 t‘h(2p4{xg¢+4pa42]

In all cases of 1 > io the area contributions @i were

approximated by a parallelogram whose ave3 is given by

cix [cor @ (ka5 (R 09

where Rg= R /cos@, Rpi = Ro/cos #i, and Jab| is

taken equal to [4¢] . Thus @i becomes
_Rlag]?
a; = Ssin I

It is apparent that rather than two there are
four such area segments in the i-th ring symmetrically
placed around the incoming direction vector. The

fractional area coefficient Ci then is
2
‘. 4a;  _ #laal R?
—H Hz (Sin &) (tan b — tang, ) h_qz
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The values of Ci thus calculated, together with the values

of dN/d@ , were then used to form the sum defined above
for each value of (f at which a value of (dN/d{f), was
desired. The upper limit of the summation is set at oo ;
in practice, however, this series converges very rapidly
since (dN/d@ )9 decreases by five orders of magnitude by
about 14 degrees. Ci also decreases monotonically for
larger angles.

The set of values for (dN/dC?)q obtained as
described above constitutes a series of points on the
differential scattering distribution for projected
angle single scattering. In order to be directly com-
parable with the results of the Cooper-Rainwater cal-
culation and those of the experiment, it is necessary
finally to make a multiple scattering correction to
this single scattering theory. This was done by cal-
culating the function g(y), the differential distribu-
tion for single scattering from an extended nucleus

developed in the Cooper-Rainwater paper?.
= 1 2 2 -3/2
g(y) 2B(y* + yp%) / ﬁN(y)

where B = Q/ @02, y = /Py or x/x0, and yp =/ Po.
Q, Yo C?m’ x, and th(y) were defined in part A., of
this section. A ratlo of multiple to single scattering
probability from Cooper-Rainwater was then formed by
dividing MC-R(y) by g(y). This ratio was formed for
each of the 260 values of y for which values of MC-R(y)

and g(y) are obtained during the course of the computer
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calculation. This set of ratios was then employed

as a correction factor to the Drell-Schwartz projected
angle distribution obtained as described above. The
Drell-Schwartz distribution, corrected for multiple
scattering is plotted in integral form in Fig. X-&
along with the theoretical distributions of Moliere
and Cooper-Rainwater and the results measured in
the present experiment.

Appendix G gives a review of the computer
program, written in CDC=3600 Fortran, by which each
of the theoretical predictions described above was

calculated.



V. RESULTS AND CONCLUSIONC

A, Discussion of experimental uncertainties

Experimental uncertainties are present in the meas=

ured values of the scattering angles determined for each
muon event represented in the data here reported. These
arise In two general areas:

1) failure ot the track, made visible by the series
of spark discharges in the chamber, to lie exactly
along the original pathh ot the particle

2) inability to transfer with complete exactness the
coordinate positions of the series of sparks com=
prising the visible track to IBM data cards to be
used by the analysis program,

The major cause of (1) is taken to be a random displacement
ot individual sparks in the track due to the secondary ion-
ization effects in the heliunm atmosphere of knock-on elect-
rons, This effect results in a '"'scattering' of the points
along the track which in turn causes an apparent scattering
angle in the observed track not caused by any real physical
scattering phenomenon. This apparent scattering is often
referred to as ''noise level scatterirg'. The uncertainty
of (2) is caused by tle inability of the scanning operator
to position the reference indicator on the Hydel Scanner
over the exact center of each spark in the track tor each
event, The random distribution of measured positions about

the actual positions on the film introduces an additional
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""'scattering'' of the points along the tracl: beyond that of

(1) above.

The overall error distribution resulting from both
oi the above causes of false scattering can be treated by
the method develoned by licDiarnidl for aralysis of cloud
chamber tracks, FIrom his method the standard deviation
can be obtaired for the overall noise level scattering
from all such causes as the above, The following scattering
distribution is developed in his paper for the case of

PC g~ oo, lL.e., neg li-”-ible real scaLt,erirw:
-

(;) (< ¢>,..) exp o (< ¢>~)7

N e

F?Z‘p750 rw£9

Tor the case n = 2 which pertains to the present exrperiment

as described below, this reduces to

2= < ¢>.1)
R (< 4’7.1) o2 [

Setting the derivative c¢f this evpiession equal to zero
delines tne location of the peax of the <@ >, distri-

bution in terms of o

(&£ @> 1n)2 most prob. o 2

L=

This relationship may then be inverted to yield a value for
g once the value of (€ > 1) (most prob.) is identilied

from a plot of the experimental results. In this manner

o = V2 («@>nost prob.
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Figure V-1. Plot of 100 "doubles" events. Twe groupings
of the data are shown. Se¢lid curve represents
theoretical predictions for noise-level scat-
tering.
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The identification of (< @$>p)(post prob.) is

carried out here as in McDiarmid's paper by measuring

events obtained under a 'doubles'" counter criteria in

the apparatus. That is, these were obtained with the
anticoincidence counter disabled, thus accepting particles
having any momentum greater than 1.56 Dev/c in order to re-
duce the contribution from real scattering to a low vclue.

A plot is given in Fig. V-1 for 100 such events upcn which
two measurements of the scattering angle were made, corre=-
sponding to n = 2 in the above expressions. A separate
histogram for each of two groupings of the data is given.
From these histograms the most probable apparent scattering,
(£ @ > n)(most prob,) 1s 0.37 degrees at the location of
the peak of the histogram. The solid curve in Fig. V=1 is

a plot of the distribution P(«< @> ) above for pcp—r oo
and n = 2, The fact that tliis curve is a good approximation
to the data establishes the assumption that the data used
here had in fact negligible real scattering and thus pro=-
vides a valid means of measuring ¢ . The value of 0.525
obtained for ¢ was then used in the determination of the

theoretical distributions presented in Fig. V-2,

B. Comparison of observed scattering with predicted
values
In the present experiment a total of 2,266 usable
events identified as muon events were obtained upon which
track measurements and deflection angle calculations were

performed. Many events beyond this number were identified
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as muon events but were not usable due to subminimal track
quality of one type or another. Most of the events re-
Jected in this way either failed to pass through the entire
chamber (i.e., entering or leaving through one side), had
too few sparks present to obtain an accurate line fit, or
had too many displaced sparks due to knock-on electrons

set In motion along the track.

Figure V-2 shows the resulting integral scattering
distribution for the 2,266 accepted events, The curve is
normalized to unity, This is a plot of the relative number
of events displaying a measured projected scattering angle
equal to ¢f or greater, These measured projected scattering
angles were calculated from the data for each event in the
manner described previously in Section III-C and Appendix F.
Also shown In Fig. V-2 by solid lines are the predicted
integral scattering distributions for this experiment
which follow from the theories of Cooper and Rainwater?d,
of Drell and Schwartzl?, and of MolierelO, These curves
were obtained from calculations done as described previously
in Section IV and in Appendix G. The error bars shown on
the cxpcrimintal points are statistical only. The effect
of other measurement uncertainties, discussed in Section V-A,
are accounted for in the calculation of the predicted dis-
tributions.

The contribution to the scattering distributions due
to multiple scattering are as follows (evaluated for the

Drell-Schwartz theory):



74

Scattering angle 1.0°| 2.0°|3,0° |4.0°|5.0°

Multiple acatteringl 69% |27 4% | 12,6%|9.5% | 8.2%

In comparing the experimental results with the
theories as shown in Fig, V-2, it is apparent that the
data are in best agreement with the predictions of the
Drell-Schwartz calculation within the statistical uncer-
taintlies shown., This calculation gives predicted values
about 10 percent higher than those of Cooper-Ralnwater for
angles greater than 2 degrees, The Drell-Schwartz calcu-
lation represents a slightly better fit to the experimental
data than does that of Cooper-Rainwater,

The Moliere distribution, while differing from that
of Cooper-Rainwater only by a factor of 3.2 at the highest
angle use, nevertheless does not represent a suitable fit
to the data. A X2 test was made on the data with respect
to each of the theories from the relationship

exp, _ . The ] 2

M Ni N{
x?* = 5

i=1 VEZEEET

This gives values of 4,76, 4,92 and 11,40 respectively for

the Drell-Schwartz, Cooper-Rainwater, and Moliere theories,
The X2 tables>® glive the following predictions for these
values. The probability is approximately 92.5 percent that
the data are consistent with the first two theories, as com-
pared to a 40 percent probability that the data are consis-
tent with the Moliere theory.
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Figure V-2. Normalized plot of experimental and theo-
retical integral scattering distributions.



C. Summary and conclusions

The work presented herein was an experimental
investigation of the scattering behavior of 1.60 Bev/c
muons experiencing momentum transfers up to 190 Mev/c
in the aluminum plates of a spark chamber. Cosmic rays
were utilized as the source of these muons. Details of
the experimental equipment constructed for operation of
the spark chamber, particle detection and identificationm,
and automatic track photography have been presented along
with details of the computer programs developed for data
analysis and theoretical predictions.

The muon track data obtained was analyzed to yleld
measured values of projected angle scattering. It was
found that within the uncertainty limits shown in Fig. V-2
the observed scattering was in good agreement with the
extended-nucleus theories of Cooper and Rainwater? and
of Drell and Schwartzl7, rather than yith the point-
nucleus theory of MolierelO. Thus the results of the
present experiment are in good agreement with the results

13 and of Fukui, et al.ll At the same

of Masek, et al.,
time the data and results of the present experiment are
given with somewhat firmer bases, with respect to improved
momentum determination and particle identification as
described earlier, than those upon which the results of

the latter were felt by somel? to have rested.

76



77

Having observed no identifiable '"anomalous' scat=
tering in an experiment where both the momentum determina=-
tion and particle identification were good, it is concluded
that upon careful investigation the similarity of muons and
electrons with respect to electromagnetic scattering indeed
holds for cosmic ray muons as has been shown for machine
made muonsl3. The present experiment represents the best

cosmic ray muon scattering experiment to date with respect

to the above critical features,



APPENDIX A: Spark chamber system

The spark chamber system consists of three prin-
cipal divisions: (1) the spark chamber structure itself,
(2) the helium gas flow system, and (3) the thyratron
pulsing unit.

1) Spark chamber

As mentioned in the text and as shown in Fig. II=3,
the spark chamber used in this experiment is constructed
in three sections: the upper, main, and lower chambers.,
The main chamber is composed of 5/32~inch aluminum plates
10 1/2-inches square with a tab on one corner of each for
electrical connection., These plates were assembled with
tabs alternated with respect to location at front and
rear of the right-=hand chamber face to facilitate the
connection of alternate plates to the thyratron pulser
and the remairing ones to ground. To handle the high
current pulses without excessive voltage drop, one~inch
copper straps were used to connect the chamber plates
together, and one=inch braid carried the current from
the thyratron circuit.

The gap spacing between plates was formed by
plexiglas spacing strips sliced from 3/4=-inch sheet
stock and machined to 0.25~inch within a ten thousandth,
A close gap tolerance was necessary in an attempt to
obtain uniformly high spark efficiency in each gap. The
spacing strips were assembled to form a square around the

outside of each successive plate. The next plate was
78
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placed upon the spacing strips forming a closed cell,

and then another set of spacing strips was placed upon
it in the same manner. Twenty-two such gaps form the
main chamber, The entire assembly including the upper
and lower chambers is held together by tensioning bolts
at each corner bearing upon a 1/2-inch thick aluminum
plate on top and bottom.

The upper and lower chambers were each constructed
by milling 1/16-inch grooves in plexiglas pieces at
0.25~-inch spacing in such a manner that the pieces are
assembled into a closed box having continuous grooves
around the inside wall at every 0.25-inch increment.
The 3/64-inch thick aluminum plates used for these
chambers were inserted in the box grooves just before
the final side was mounted in place. Both the upper
and lower chambers were built with four gaps in pairs
of two, separated by a distance of 1 1/16-inch. Elec-
trical connections to the plates were brought out in a
similar manner to that described above for the main
chamber,

2) The helium gas flow system

The gaseous medium for spark production decided
upon for this experiment was helium with a trace of
ethyl alcohol vapor as an additive., Of the gasses
commonly used for spark chamber work, helium was
chosen since it is the only one economically feasible

in a free flow system which exhausts into the atmosphere,
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This flow method was chosen because it is mechanically
impractical to attempt to seal for evacuation a chamber
constructed as described above,

Helium, of the grade most readily available from
welding suppliers, was first run through a cold trap
containing liquid air. This procedure was adopted when
after only a few months' operation a noticeable deter-
ioration of gap efficiency was observed., It was
determined that a trace of both oil and water as well
as some hydrogen was present in the welder's helium,
The latter could not conveniently be eliminated, but
the liquid air trap effectively removed the oil and
water before it entered the system., The result was
a considerably longer time period before disassembly
and cleaning of the chamber again became necessary to
restore gap efficiency.

The helium flow control panel consists of two
Hoke metering valve and flow gauge units, one on each
branch of a two=~way flow path. Most of the helium
passed through the main branch and on to the distri=
bution manifold on the spark chamber. A flow rate of
2,5 liters per minute was maintained in this branch.

A small amount of helium, however, was diverted into
the second branch through a second metering wvalve and
flow gauge to a 1/32~inch orifice at the base of a
glass tube containing ethyl alcohol. The tube was

filled to a depth of 2.5 inches and helium was bubbled
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through the alcohol at a rate of one bubble per second.

The purpose of the alcohol is described in the main text.

The gas flowing in the two branches was again com=
bined and sent to the chamber. Each of the three sections
of the chamber was fed from a separate flow control valve
to its own manifold block., At this point individual flow
control to each of these divisions was necessary in order
to keep the helium flow rate per cell equalized among the
three sections, since each contained a different number
of cells.

3) The high voltage pulsing unit

As described in the main text the spark chamber
was fired by discharging into the chamber a bank of
capacitors charged to 15 KV, The discharge of each
capacitor bank was controlled by a separate 5C22
hydrogen thyratron being triggered ultimately by the
coincidence circuit., The Amperex 6279/5C22 version
was chosen because of its superior rise time charac=
teristics and higher voltage handling capabilities.
Biasing the grid of each thyratron at +15 V (adjustable
to best operating point) further decreased the rise
time into conduction. An Amperex EFP60 secondary emission
tube, used in a single=shot blocking oscillator circuit,
delivered a fast=rise 150 V pulse to the grid of the
6279/5C22. The EFP60 was triggered by the positive
pulse delivered to it from its respective 6688 cathode

follower stage. The three cathode followers, each
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"driving its own EFP60 and 6279, received their signals
from the coincidence circuit via a 6688 input amplifier=-
inverter stage. A negative pulse having an amplitude

of 0.1 V or greater triggered the spark chamber discharge,
but a larger input pulse was desirable for reducing the
rise time to a minimum., A negative input pulse of one
volt or more produces an overall spark discharge delay
time of = 200 nsec., The circuit of the thyratron unit
is shown in Fig. A=~l1, This unit was constructed in 1961
following the general plan of a similar unit just com=
pleted at that time by Prof. D, Meyer and Prof, K.

Terwilliger of the University of Michigan, Ann Arbor.
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APPENDIX B: Circuit description of the counter telescope

system

The counter telescope system consists of two
divisions: (1) the scintillation counters with their
circuit boxes and power supplies, and (2) the tunnel
diode coincidence circuit.,

1) Counters and phototubes

The three scintillation counters in the telescope
system are fitted with one, eight, and four 6810A photo=-
multiplier tubes corresponding to the aperture, stopping,
and anti counters respectively., Each phototube was
wired for negative pulse output according to a suggested
circuit found in the data sheet supplied with each tube,
except that the bleeder resistances were multiplied by
a factor of 6.5 to conserve power supply current. This
was feasible only because of the low average count rate
involved.

The DC operating voltage for each phototube circuit
was supplied via a distribution panel from two Hamner
N-4035 power supplies. One of these power supplies was
associated with the eight tubes on the stopping counter;
the remaining one supplied both the aperture and anti
counters, via a second distribution panel. Each phototube

voltage could be adjusted to a desired level below that
of the power supply voltage. A voltage drop ranging to

minus 20 per cent in 16 steps was provided by this method,
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The purpose of this arrangement was to allow independent
voltage adjustment of each tube to equalize pulse heights
among the several tubes on the same counter.,

The aluminum mounting sleeves of each phototube
were connected to the power supply at negative cathode
potential to reduce dielectric stress on the glass walls
of the phototube, It has been the experience of many
that failure to do this causes noise in the phototube
output.

2) Coincidence unit

The tunnel diode coincidence circuit constructed
for this experiment (see Fig. B-=1,la) was designed from
the basic circuit given by Whetstone and Kounosu 3¢,
Basically it consisted of an input module for each
scintillation counter with a number of tunnel diode
univibrators cascaded to provide a high degree of
isolation from the input signal as well as standarde
ization of signal shape. Once the input signal is
standardized in this manner, the coincidence function
may then be performed by merely feeding the signal from
each coincidence channel into a current adder, which
in turn triggers another univibrator whenever there is
a signal present in all inputs at the same time,

Anticoincidence operation is also available by
arranging that the signal from the '"anti' input module
be used to gate the coincidence channel at a subsequent

stage in the circuit. It is necessary in this mode of
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operation that the "anti' signal arrive in the circuit
before the coincidence signal. For this reason the
signals from the aperture and stopping counters were
each delayed 60 nsec by means of additional cable length.

As shown in Fig, II-4 the entire unit was con-
structed in a copper chassis to minimize troublesome
effects arising from pickup of RF radiation from the
spark chamber. Use of silverplated finger stock on
the tight-fitting bottom plate provided a highly
effective closed conducting shell for shielding of
the circuit. Within the chassis are copper dividers
to decrease signal pickup from one point in the circuit
to another. The necessity of this measure was evident
from experience with a pilot model in which the degree
of singles rejection was limited by dependence on the
amplitude of the input signal., Partitioning the

chassis effectively eliminated this problem.
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APPENDIX C: Modification of Tektronix 517 oscilloscope

tor J=p-e d isplay

As described in the main text, more than one
method of identifying J/=p-e decay pulses on the 517
was attempted. The one which proved most reliable in
the presence of large quantities of RF radiafion trom
the spark discharge consisted essentially of programming
the sweep of the 517 to produce a characteristic Z=trace
as described in the main text.

To accomplish this several rather extensive
modifications were made to the sweep gate and sweep
amplifier circuits of the 517, A diagram ot the most
crucial modirications is given in Fig, C-~1l, These are
the circuits responsible for (1) automatic sweep speed
change after the first trace and (2) trace separation
and marker pulse presentation,

As may be seen in Fig, C=l1 the automatic sweep
speed change was accomplished by using a 5727 thyratron
to switch in a new timing capacitor (1200 ppt) tor the
slow sweep, after completion ot the tast trace. The
original timing capacitor Cl129J is adjustable to cal=~
ibrate the fast trace, while the 25K rheostat shown
serves to calibrate the slower trace. The lSO‘pr
capacitor serves for the duration of the ftirst trace
to etfectively short the two resistances across which
it is connected, but becomes of negligible effect in

comparison with 1200 ppf by the time the second trace
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is rully underway. The use of this 150 pr capacitor
proved to be an ettective means of providing the proper
charging resistance for each timing capacitor, in order
to maintain a lipear sweep.

The delay required before switching in the 1200
uuf capacitor for slow sweep was provided simply by the
inherent delay involved in establishment of conduction
in the thyratron, following application of plate
potential., The plate potential is simply the potential
appearing across Cl129J as it charges during the first
sweep. The firing delay is a function of the bias
potential present on the control grid of the 5727, Thus
a variable bias potential was provided by the 10K rheo=
stat by which it is possible to calibrate the firing of
the thyratron to occur precisely at the end of the first
trace.

When set for double sweep operation, the action
started from the initial trigger pulse proceeds on its
own, including horizontal retrace between sweeps. Autoe-
matic horizontal retrace is a direct consequence of the
fact that in the 517 the sweep voltage appearing on the
deflection plates is simply an amplified version of the
instantaneous potential across the timing capacitor
C129J as it charges with time. Thus when the uncharged
IZOO‘Rpf capacitor is switched across the fully charged
Cl129J at the end of the first trace, the potential across

it is reduced to approximately 1 per cent of its '"fullw
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sweep'' value, This action is passed along by the DC

sweep amplifiers to the deflection plates as a very
effective retrace (limited slightly by stray capacitance

in the amplifier and deflection plates). The second trace
begins immediately after retrace since the 1200 ppf begins
to charge immediately upon being connected by the thyratron.

A ramp and marker generator was designed to produce
a step voltage by which to separate the slower trace to a
position on the screen below that of the fast trace., A
schematic for this circuit is given in Fig, C=l., The rise
time of this negative step function produces the vertical
movement in the cross bar of the Z=trace as the beam is
lowered after the first trace at the same time that the
change of the timing capacitors is causing horizontal
retrace, By the time the sweep speed change and retrace
are complete the negative step function will also have
reached its full amplitude where it remains throughout
the slow trace,

The negative step function for sweep separation was
obtained from the square negative pulse present at the
first triode section of the 6DJ8, The leading edge of
this wave form was delayed by a twoemsection RC delay
network and then fed to the base of 2N501 transistor.
This transistor was connected as an emitter=follower
to provide a low impedance output to drive the vertical
input of the scope.

The purpose of the 1N67 is to clip the signal into
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the 2N501 at =10V. This method of signal limiting retains

the short rise time associated with the high amplitude
signal from the 6DJ8 circuit without overdriving the 2N501.
The purpose of the 1N39 is to block passage of the negative
step function back into the differentiation circuit attached
to pin 6 of the 6DJ8,

A negative marker spike was obtained by differenw=
tiating the negative~going trailing edge of the wave form
generated by the 6DJ8 monostable multivibrator circuit,

The 2.,5K trimpot which controls the period of the circuit
was used to set the time of the marker pulse to be pre=
cisely 10 psec. after the arrival of each phototube pulse
accepted by the coincidence circuit. The appearance of
this marker pulse in each scope picture served as a cone
tinual calibration monitor on overall sweep time.

In addition to the modifications described above,
several other incidental changes and additions were made
in the 517. The two 6AG7 clamping tubes V112 and V113
used to discharge the timing capacitor following each
trace were replaced by eight 6CL6 tubes for greater
discharge current capacity and hence faster retrace,

Two additional 6CL6 clamping tubes were inserted between
pin 8 of V117 and ground to more quickly discharge the
effective shunt capacitance of the positive deflection
plate during retrace. This treatment should in principle
have also been applied to the negative deflection plate.

This was not done since sufficient benefit was obtained
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from clamping the positive deflection plate as to make

it no longer mandatory that it be done on the negative
plate as well. Also because of the reversed polarity on
the negative plate, clamping is difficult without arranging
a more sophisticated circuit to control conduction in the
clamping tubes than was required for the ornes that were
installed.

The R126 and the L105 in the trigger amplifier
were increased by a factor of 5, to 1600 and 60‘ph
respectively, to increase the trigger signal for more
stable triggering of the sweep gate circuit of V111
and V119,

The circuits added required power supply capa-
bilities exceeding that of which the 517 power unit was
capable. For this reason a supplemental power supply
was constructed and installed in the scope to supply
6.3 V AC at 12 amperes, 6.3 V AC at 1 ampere, and
=90 V DC regulated with 90Cl VR tube,

All of the above equipment was constructed on
chassis plates and installed within the case of the 517
indicator unit. Subsequently, however, it became apparent
that the 180 V DC regulated supply within the scope was
being overloaded by portions of the modification circuits.
Therefore an additional 180 V DC supply was used to supply
the new circuits. No further overload symptoms in the

main power supply were encountered.
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AFPENDIK D: The automatic camera system

To make continuous automatic operation of the
spark chamber possible an automatic film advance camera
system was designed and constructed for this experiment.
The cameras used were Graflex units accepting 100 foot
rolls of 35 mm film. These were motorized by the addition
of a 120 rpm gear motor on each to drive the sprocket
directly, with a cam attached to the sprocket shaft to
operate a microswitch upon each one=third turn of the
shaft. Short framing was employed in order to obtain as
many photographs on a 100 foot roll of film as possible,
For each frame the film was advanced approximately onhe
inch by a 120 degree rotation of the sprocket shaft.

This allows 1200 frames per roll instead of 800 for the
standard one and one-half inch frame spacing used for
35 mm film.

The camera motors were controlled by a circuit
for which a schematic diagram is given in Fig., D=1, Each
motor was a two pole induction type operating on 24 V AC,
which can be very effectively brought to an abrupt stop
by substitution of 30 V DC for the AC driving voltage.
This DC braking procedure made possible accurate frame
spacing as indexed by the cam and microswitch assembly
on each motor. The central motor control circuit also
controlled the synchronized advance of frame indexes
placed in view of the cameras. To simplify spark gap

identification during analysis, illuminating lights were
95
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also controlled by this circuit to expose the frame count
on the film in each camera, and to expose the front edges
of the spark chamber plates upon the film of the chamber
camera.

A resume of the sequence of camera advance operations
is as follows: In the spark chamber high voltage pulse
chassis was located a sensing circuit to trigger the
camera circuit upon each spark chamber discharge. This
was accomplished by looping a current pick up around
the plate lead of one of the 6279 thyratrons. The signal
induced in this lead upon discharge triggers a 6DJ8 mono-
stable multivibrator which in turn energizes a 6C4 triode
having the coil of a DPST relay in its cathode., The
closing of this relay completes the 24 V AC circuit to
start the camera motors and switches the 125 V DC to the
sequencing relays that control the remainder of the camera
and lighting functions.

The first step in the sequence that follows is that
simultaneous with the starting of the camera motors is the
activation of the blanking relays: three in the chamber
circuit (one for each 6279 to prevent discharge during the
camera advance operation, see Fig., A=1), and one in the
coincidence circuit (see Fig, B=l@. Each of these relays
has its own timing capacitor to determine the hold time
after the 125 V DC sequence~starting voltage has been
removed., Also the starting of the camera motors activates

relay RL2 through which their AC current flows. This






97
3PDT relay connects the two lo'yf capacitors in the
light timing circuits to 125 V DC for charging while
the motors are advancing the film. The third pole on
RL2 serves to activate another relay which controls the
frame indexes, advancing them one count, The duration of
the voltage pulse delivered to these indexes was leng=
thened by the timing capacitor on this index advancing
relay, for more reliable index response. When the film
has been advanced one frame, the motors are stopped by
the DC braking current, Following automatic termination
of the braking current relay RL7? releases, Release of
RL2 connects each of the light timing capacitors to its
respective light relay which in turn illuminates the
chamber and scope frame indexes for the respective
durations for which Sj, and Sjg are set. The timing range
available for these lights is 1/2, 1/4, 1/8, 1/16 second,
with the setting chosen for suitable exposure of the frame
numbers in each case,

The control of the motors for proper frame spacing
occurs as follows: Upon initiation of the camera advance
cycle, relay RLy receives 125 V DC as do the blanking
relays, etc., as described above, The adjustable series
resistance and shunt capacitor preceding this relay
provide a delay in the operation of RL; sufficient to
assure that both camera motors have turned far enough
from their rest positions to release the microswitch

from its "index'" position to the ''run' position. In this
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run condition the motor receives 24 V AC directly. The time
delay on RLy is such that the large contactor RL; is acti=-
vated soon after the time when the microswitch in both
cameras has been placed in the run position. At this

time the index lead to the motors is converted by RL;

from 24 V AC to 30 V DC. Thus whenever each motor again
reaches its index position at the next frame location,

its microswitch transfers the motor coil to the index

line where the 30 V DC present there provides sufficient
DC current to effect complete braking in less than 1/30

of a revolution of the sprocket (based on a maximum of

1/2 revolution of the motor shaft and l4:1 gear reduction
to the sprocket shaft)., This is equivalent to frame
indexing to better than 10 per cent in less than 0,2
second motor travel time per frame. This short camera
cycling time was desirable to minimize the dead time of
the apparatus.

The cycle terminating relay RLg served to assure
proper termination of the cycle after a predetermined
period for protection of the motor coils which at the
end of their travel carry a high value of DC braking
current. Relay RLg served to interrupt the 125 V DC
to all sequencing relays, each of which in turn released
at a time governed by its own timing capacitor as
described above. A further purpose served by RLg was
the uniform termination time it provided for the entire

sequence, especially on manual camera cycling, regardless
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of how long the manual switch may be depressed, Following

termination by RLs the main motor relay RL; is deactivated
at a time controlled by RLy such that both cameras have
certainly completed their framing and have come to rest.
The blanking relays in the chamber and coincidence
circuits (mentioned above) were set to drop out last of
all, making the apparatus sensitive once again to the
transit of the next acceptable particle. The coincidence
circuit blanking relay is in fact the last to return to
normal operating position to prevent the arcing of any
other motor relay from inducing a spurious signal in the
coincidence unit, as this would have resulted in con-
tinuous cycling of the camera system,

The camera cycling system described above proved
to be a very reliable one. There was a fairly regular
mortality rate on the microswitch operated by each motor
cam and this was due to a calculated risk taken on the
current rating of the type of microswitch chosen., The
choice was dictated by the desired physical properties
of size and mounting type. But this system, which
included several improvements to cure early operational
ills, performed in excess of 500,000 camera cycles without

serious maintenance problems,



APPENDIX E: Momentum determination

The momentum of the muons studied was determined
using the total depth of stopping material penetrated
following observation in the spark chamber until coming
to rest in the stopping counter. Referring to Fig. II-1
for vertical dimensions of the apparatus, there existed,
in addition to the 40-inch lead pile, a 1/2-inch thick
aluminum plate upon which the chamber is mounted and a
1/4-inch thick steel plate upon which the lead pile rests.

The total stopping thickness in gm/cm? was found from the

’2(3"720ﬁ9

where Pj is the density of the i-th type of stopping

formula

=§ 02 d; €;

material; di is the total depth in centimeters of the
i=th type of material; and €ji is the relative effi=-
ciency of this material as an absorber compared to Pb.
The average density of the lead bricks used in this
experiment was determined to be 11.08 gm/cm3, while the
remaining densities were taken from the handbook. The
€ i values for aluminum and iron were taken from infor-

mation contained in Cosmic Ray Physicsld by Dr. D. J.

Montgomery.
Using these values
R = (11.08 gm/cm3) (40 in)(2.54 cm/in) (1) + (2.70
gm/cm3) (% in)(2.54 cm/in)(1.46) + (7.6
gn/em3) (% in) - (2.54)(1.25) = 1137 gm/cm2

(Pb equivalent)
101
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This corresponds to 1.56 Bev/cl® for the momentum of the
muons passing through the chamber. This value of the
momentum is the minimum value a particle may have if it
enters the apparatus from a vertical direction. Muons
entering from directions lying at some non-zero angle
with respect to the vertical will have a somewhat larger
depth of stopping material through which to pass in
reaching the stopping counter. The maximum value this
may have is determined by the maximum angle about the
vertical which can be accepted by the geometry of the
counter telescope arrangement. It was determined from
the tabulated experimental measurements of the incoming
track direction with respect to the vertical Z axis,
that 95 percent of all accepted events entered the
apparatus within a vertical cone extending 15.4 degrees
from the vertical. Using this angle the corresponding

maximum path length in lead was calculated from right

triangle geometry to be (40') JIV+ tan? (15.4°) = 41.5",
The corresponding maximum range in lead is 1178 gm/cmz.
In calculating the range for the fastest particles ac-
cepted by the apparatus, the effective stopping power of
the stopping counter must be included. This counter has
a usable thickness of 6-inches, a density of 0.9 gm/cm3
and an absorbing efficiency of 1.90 from the same curves
used aboveld, This yields a range contribution of

26.0 gm/cmz. The maximum total range of an acceptable

particle (i.e., that stopped in the stopping counter)
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is then 1204 gm/cm2. This corresponds to a maximum
momentum of 1.65 Bev/c. The median momentum for this
experiment was taken as 1.60 Bev/c; this is slightly
less than the arithmetic mean of 1,605 Bev/c. This
choice is based on the fact that the relative muon
inéidence rate decreases as the cosine? of O1N
measured from the vertical, the effect of which can be
seen in the data for incoming tract direction. Thus the
momentum of the muons in this experiment was taken to be
1.60 Bev/c + 0.05, - 0.04 or approximately 1.60 Bev/c

+ 2.8%.

In view of the narrow momentum limits held in
this experiment, it was unnecessary to integrate over
the muon intensity distribution within the accepted
range interval. This results from the fact that the
+ 2.8% spread in momentum stated above causes an
expected change of only & 1.8% in the muon incidence
rate as determined from the plot of the differential
muon range spectrum found in the cosmic ray survey
article by B. Rossil®, Further, it can be seen from
the equations of Section IV, A. that the major effect
of the value of pc upon the predicted scattering dis=-
tribution is its effect on the conversion factor between
the variable x used in the calculation and the projected
angle variable . Specifically ¢ is proportional to
x/pc, where x is the reduced scattering variable used

in the theory. Thus a + 2.8% spread in momentum causes
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only a + 2.77% change in the value of the scattering
distribution in its region of steepest slope (in the
vicinity of 1.0 degree) and less change for other
values of angle CP. The uncertainty resulting from
assuming the momentum to be a constant is therefore

sufficiently small to be neglected.
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APPENDIX G: Calculation of theoretical multiple scattering

distributions

I, Calculation of the Cooper=Rainwater distribution
A, The differential scattering distribution M(x)
As given in Section IV, B., the form of the dif=-
ferential distribution that describes large angles as

well as small is

- X
MC=R (x) =\7—Tf—-[l ’ M ‘/GF Neyw

The parameters and functions in this expression
for M(x) are as defined in the main text.

In performing the calculation of M(x) the program
written for the task was arranged in the following manner:
Subroutine COOP calculates the quantities G, Q, x,, (fy,

OQmy t (in gn/cm2), (2 GQ)Z, all of which are needed
later on in the calculation. In addition to these quan=
tities, the form factors FNC(y) and fN(y) are calculated
in this subroutine.

To perform this, a table of 21 values of FNC(y)
for values of y fromy = 0 to y = 4 increments of 0.25
is entered in an array in the machine memory. These

C

values of FyN” were obtained from plotting the four values

9
fory =0, 1, 2, 3, that Cooper and Rainwater suggest,
which is then to be matched to the function FNC = 12/y"
for y 2 4., A function routine FORM (y) interpolates

this table of FNC values or uses the assmptotic value

of FNC(y) for any required value of y. The wvalues of
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FNC(y) thus generated are used in COOr by which to obtain

the corresponding values of f?ﬁ(y) from the relation
Py =By *+ Q- AC(y))/z.

The values of ,ﬂ%(y) obtained in this manner are stored
in an array under Labelled Common for later use.
Subroutine RAIN, called successively for each
value of x, controls the remaining operations involved
in calculating the differential scattering distribution
M(x)s. Function TXIAM is called a number of times to
fhrﬁish, for each value of x4 an array of values of the
function T(x, A ) as defined above. Function QLX is
called to evaluate the function q(L, x) as defined above.
The Iintegral represented by N(1, x) is evaluated by means
of Weddle's rule in Function WEDL. The value of M(x) then
is merely the sum of each of the terms whose value was
jJust calculated. Each value of M(x) thus obtained is
entered in an array in Labelled Gommon containing the set
of M(x) values that correspond to the set of required
values of x. M(x) is also printed out at this point along
with the corresﬁonding value of & and x. Printed out also
is the value of q(1,, x) and the number of terms found

necessary for convergence of the series used to calculate

qa(L, x);






B. The corrected dillerential scattering

distribution

The next step in the calculation is to obtain
a differential scattering distribution corrected for
noise level scattering. Tais 1is done as discussed in

in tae main text by evaluating the following integral
e pe-x")?
g(x1) = we 27 d X
(X) Wa.nM

where g(x') 1is the corrifteq distribution, x' =
- "x’

measured deflection, e 27 is the normal distri-

bution function used as a weighting factor upon M(x)
as a method of obtaining the expected value of the
differential distribution function at x' due to the
total of all the contributions from deflections
having all values of x. This integral is evaluated
by nhumerical integration in Function GPTHTA, which
in turn calls Function FNTGRL to do the actual inte-
gration using an extended five-point Newton-Cotes
quadrature method.

A set of g(x') values is obtained by repeating
the above procedure for various values of x' by which
a corrected differential distribution g(x') for each
x' needed is made available, These values of g(x')
are printed out at this point together with their

corresponding ¢P' and x' values.
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C. The integral scattering distribution
From the set of g(x') values obtained in
Function GPTHTA an integral distribution is obtained
by numerical integration of these values in Function

GTHETA. This is done to evaluate the integral

G(x{) :X/Zj(x,) dx’

For purposes of normalization this may be

rewritten as

1 oo
N = = ’ CJIX/
G'” (XL) G(o) 47(’()

The integration of this expression is performed by

the same Newton-Cotes function routine mentioned above.
Normalization is performed after integration by dividing
each value of G(xy') by G(p) to obtain Gy(xy') for each
value of XL' to be used. The values of Xyt were gen=-
erated stepwise in the machine upon reading in values

of the step size and upper limit on XL'. The calcu-
lated values of G(XL') and GN(XL') were printed out

at this point together with the corresponding values

of &'y and X';.
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II. Calculation of the Moliere scattering distribu-

tion
The Moliere differential scattering distribution

was calculated using the same program as described in
Section I. above, making the proper identification
concerning ,ﬂ& in the calculation of M(x). (FNC)%
is the Fourier transform of the nuclear charge dis=-
tribution. Thus the point charge nucleus which is
assumed in the Moliere theory will, since it has
negligible extent, have a corresponding FNC——+ 1.00.

From the expression for .ﬂ% = FNC + —l— (1 - FNC)

we see that J?ﬁ —> 1.00 also. Thus %o calculate
the Moliere differential distribution, the integrand
of N(L, N) was merely rewritten with the Jgﬁ factor
omitted--effectively setting fﬂ% = 1.00.

The Moliere corrected differential distribution
and the Moliere corrected integral distribution were

then calculated in exactly the same manner as

described in B. and C, above,
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III. Calculation of the Drell-Schwartz scattering

distribution

To obtain the Drell-Schwartz predicted distribution,
a subroutine DRELL was written in a straight-forward manner
to calculate the function IN/46 developed in section 1IV.-C.
Values of this function were obtained at 260 points in the
range of the experiment. Printed out at each of the 260
points were the following quantities: 6, qo(in Mev/c),
fz(qo), F(qo)» /’F(qo)' ﬁ’-mag(qo), ddy/dn , do/dn, dN/4d €.

A second subroutine MSCOR was written to calculate
the multiple scattering correction factor required to
correct the single scattering law of Drell-Schwartz to one
which includes the effects of multiple scattering. This
was done by calculating the ratio of the multiple to
single scattering laws of Cooper-Rainwater at each point.
This ratio was then stored in the memory until after the
following step.

Next a third subroutine DRELPR was written to cal-
culate dN/d ¢ from the appropriate linear combination of
the dN/d9 values, as developed in Section IV.-C. Values
for dN/d® were obtained at each of the 260 values of &
as above. These values were then corrected by using the
correction factors generated in subroutine MSCOR, giving
a differential distribution for multiple scattering based
on the Drell-Schwartz single scattering results. Printed
out at this point were the following quantities: ¢ , x,

(dN/d @)g, (AN/d Py , "MS. The terms (dN/d ¢f)g and
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(dN/d &)y are respectively the single scattering distri-

bution of Drell-Schwartz converted to projected angles and
this distribution corrected for multiple scattering.

The set of values obtained for (dN/d ¢p)y were then
operated on by function GPTHTA and then by function GTHETA
whose purposes and printed results are described in sections
I.-B. and I.-C. of this appendix.

In addition both (dN/d &)g and (dN/d ¢p)y were
operated on directly by function GTHETA. By comparing the
resulting distributions printed out from this step, an
estimate of the precent difference in the integral dis-
tribution due to multiple scattering was made.

A listing of the computer program described above,

written in CDC-3600 Fortran, follows:
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