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ABSTRACT

COMPUTATIONAL METHODS IN STOCHASTIC
MICROMECHANICS OF HETEROGENOUS SOLIDS

By

Khalid Ibrahim Alzebdeh

Due to the spatial variability in heterogenous (random) materials at microscopic level,
its effective properties at various length scales have to be determined in a stochastic (prob-
abilistic) fashion. In this dissertation, such a determination is based on a discrete random
modeling of microstructure. Three problems of stochastic nature, are presented and meth-
odologies of treatment are proposed. Solutions are performed via computer simulations.
In the first problem, the effective elastic moduli of Delaunay networks, modeling two-
phase granular media are calculated. Combined with a Delaunay network, two spring
models are used to represent interactions between particles. In the first model, central
interaction is taken into account, while in the second one both central and angular interac-
tions are considered. Results of numerical simulations are used to identify that self-
consistent model which most closely approximates effective elastic properties of two-

phase Delaunay networks.

In the second problem, a micromechanics-based stochastic finite element method is
developed to account for the variability in material properties at micro level. The method
is illustrated through an out-of-plane elasticity problem of a membrane with a microstruc-

ture of a spatially random inclusion-matrix under a deterministic load. The key concept

ii



introduced here is a random meso scale continuum model. It is found that two bounds on
the material properties and in turn on the global response have to be considered in the

analysis.

In the last problem, the effective thermal conductivity of functionally graded heteroge-
neous interphases between fiber and matrix in such composites is determined. The topol-
ogy of microstructure is taken as a mosaic or a random chessboard where both phases
have iocally isotropic properties. The resulting meso-continuum model of the interphase
is used to calculate the effective macroscopic properties (transverse conductivity or,
equivalently, axial shear modulus) of such composite materials. This problem requires the
treatment of several length scales; the fine interphase microstructure, its meso-continuum
representation, the fiber size and the macroscale level at which the effective properties are

defined.
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CHAPTER 1

INTRODUCTION

Solution of any engineering problem involves two types of information: input and out-
put. In mechanical problems the input includes specifying a system (material properties),
a loading (source of disturbance) and boundary conditions on the system. Output, which
depends on the input, is nothing but the response of the system under the specified distur-
bance and boundary conditions. In spite of high quality of control processes in manufac-
turing of engineering parts, a fully deterministic description of their properties is hard or
even impossible. Also, because it is difficult to measure (or describe) disturbances and
boundary conditions, the exact values of these quantities are usually unknown. Therefore,
in an analysis one must admit uncertain nature of the problem which necessitates the use
of stochastic treatments rather than deterministic ones. Stochastic (probabilistic) analysis
in its broadest sense refers to the explicit treatment of uncertainty in any quantity entering
the corresponding deterministic analysis. Difference in the Young’s modulus along a
beam axis, eccentricity of mass density on a disc of a turbomachinary rotor, a change in a
boundary shape or condition, wind-induced forces acting on a structure, etc. are all exam-
ples of randomness in typical structural engineering problems. In this dissertation, sto-
chastic treatment is devoted only to variability in systems (i.e. material properties), while

randomness entering in other parameters is beyond its scope.

It is needless to mention that the necessity for such a stochastic treatment is highly
needed in particular for heterogenous materials. Composites, a special form of heteroge-
nous materials, consist of two or more constituents (phases) which may be perfectly

bonded together. Fiber-reinforced plastics are an example of two-phase materials, while




polycrystals are another example of a heterogeneous solid with an infinite number of
phases where each crystal orientation is associated with one phase. Composite materials
are classified according to different factors such as geometry and distribution of phases
and type of bonding between these phases upon which overall properties are determined.
Due to uncertainty in manufacturing and/or variability (randomness) in its constituents,
the composite properties vary at micro-scale from one point to another and possess a local
directional dependence. Such properties are termed as locally inhomogeneous and aniso-
tropic, respectively. Thus, for random materials, calculation of effective properties at the

macro level should be extracted based on their microstructures.

In recent decades, the subject of effective properties calculations has become of inter-
est to many researchers. Many investigations are in progress, but the subject is not well
established yet where more studies are needed. The sub-branch of mechanics which deals
with aspects at the level of microstructures is called “micromechanics”. Several analyti-
cal micromechanics-based methods to compute the effective materials properties like elas-
tic, thermal and others are available in literature. Basically, these methods can be

classified according to Hashin [1] into three categories:

1) Direct (Exact) approach: where exact calculations of effective properties for some geo-
metrical models of composite materials are performed in terms of averages. It implies that
the averaged microfield quantities satisfy the phase governing differential equations, the
phase interface conditions and the external boundary conditions on the composite. Actual
direct computation is extremely difficult due to the necessity of satisfying the interface

conditions between phases. Therefore, it must be restricted to simple models.

2) Variational approach: In a certain sense, it is more powerful than the direct approach

since it leads to bounds on the effective properties when exact calculation is not possible.




In particular, results for composites with irregular phase geometry of partial information

can be obtained only by this approach.

3) Approximations methods: they have various forms and are independent of a model or a
theory. Perhaps, the most primitive form is to assume that the property has an expression
with undetermined parameters which might be fitted by an experimental data. Within the
dilute limit, another form of approximation is to analyze a model for the a composite
material on the basis of assumptions that are in principle incorrect, with the hope that the
error introduced will be minimized. Effective medium theories may be categorized under

this approach.

In this dissertation, stochastic treatments of medium’s variability (i.e. in material prop-
erties) will be presented through several engineering problems. Considering of variability
of microstructure, we seek meso-continuum models which provide a basis for calculations
of effective macroscopic responses. Micromechanics-based methods along with various
random discrete models of microstructures are used for the passage to the meso-contin-
uum approximations. These methods which involve computer simulations and numerical
analysis will be established and used in various problems. For sake of clarity in presenta-
tion, we focus on simple problems in elasticity as well as thermal problems like two-
dimensional (2-D) conductivity. Namely, the problems that will be addressed and treated

here are:

i ically- ic finite element analysis:
The bulk of finite element work and its applications to date have concentrated on deter-
ministic analysis, where a single problem is modeled and solved numerically. For many
applications this is inadequate due to the non-uniform properties of the media or in other

parameters at specific length scales. Therefore, there is a great need for stochastic tech-




niques to incorporate such non-uniformity. Thus, Stochastic Finite Element Methods
(SFEM) have recently become an active area of research. Here we attempt to combine
two crucial methodologies developed to deal with complex problems of modern engineer-
ing: finite element analysis and probabilistic analysis. Chapter three of this dissertation
is concerned with stochastic finite element analysis through solutions of elasticity and
conductivity problems. A method based on micromechanics is developed to accommo-
date any variation in material property at the micro-level over the domain of finite ele-
ments. Discretization of element’s random field using a digital-image based method in a

form of finite difference scheme is used to link micro to meso properties.

i i li of Delaunay n rks:

In the context of granular media, most previous works in this area were concerned with
specific parameters or phenomena (e.g. contact forces between grains and shear flow of
granular media) [2]. Macroscopic constitutive modeling was based on primitive models
where particles were represented as round disks with one contact point between them
through which force can be transmitted, e.g. see [2]. Unlike composites, there was a lack
of effective medium theories for effective properties prediction. These observations pro-
vide a motivation for the present study. A discrete random model developed with the help
of a well-established graph model, so-called Delaunay graphs, is used to represent micro-
structures of granular media. For a two-phase granular medium modeled by a Delaunay
network, computer simulations are carried out to calculate its effective elastic properties.
Results are used to establish a special effective medium which takes into account several
parameters. Details are presented in chapter four. It is worthwhile to mention here that

such development will furnish a foundation for a further research work in this area.

In fiber-matrix composites, random mixture of fibers and matrix grains leads to a cre-



ation of a new zone between them called “interphase”[3,4]. This zone plays an important
role in affecting the overall properties of the composite. In literature, a few analytical
studies dealing with the interface problem can be found, see for example [4-12]. Actually,
most of these studies focused on interfaces’ elastic properties. Even for thermal proper-
ties, pure approximated treatments with some specific assumptions were adapted [4].
Therefore, it is highly needed to tackle the problem with a real consideration of micro-
structure of the interface. To that end, random field modeling of the two-phase interface
microstructures is developed in order to calculate its effective thermal conductivity (axial
shear modulus). In chapter five, we develop two meso-continuum approximation of a
heterogeneous interface based also, as in the finite element problem, on a digital-image
based method and computer simulation procedure. Then, we proceed by introducing
effective conductivity results in a specific effective medium theory, Composite Cylinder

Assemblage model, to obtain the overall thermal conductivity of the whole composite.

In this dissertation, the sequence of presentation will be as follows: in chapter two, we
discuss some of the random field concepts and how they can be applied to heterogenous
materials to calculate their effective elastic and thermal properties. Chapter three is con-
cerned with the stochastic finite element problem in which we propose methodologies for
treatment for materials’ variability over the domain of the finite element. In chapter four
we describe how numerical implementation can be used to calculate effective elastic mod-
uli of Delaunay network type of microstructures and identify proper effective medium the-
ories for two-phase granular media. Chapter five deals with the linkage between
different length scale calculations of thermal conductivity of heterogenous interfaces in
fiber-matrix composites. Finally, in chapter six we present some conclusions and recom-

mendations for further future research work for of the three problems.




CHAPTER 2

BACKGROUND

2.1 Random Field Concept

In elementary probability theory, random variable X(®), ® € €2 is defined as a real
function mapping a sample space 2 into the real line R. Usually, in experiments, out-
comes are described in terms of random variables as uncertain quantities to be observed.
Similarly, it is meaningful to associate with the term “random field” a giant laboratory
where an investigator can do numerous experiments. Observing the outcomes of all the
experiments in the laboratory and observing the realization of the random field are both

equivalent.

In the terminology of random field theory, the location of each experiment setup in the
laboratory is identified by a set of “coordinates” or “parameters”. In an n-dimensional
space, a vector t = (t, t, t3,......., t;) whose elements, are the coordinates or parameters
corresponds to the locations. A random field is also called a random (or stochastic) pro-
cess, where field indicates that the parameters space is multi-dimensional, while random

variable depends on a single coordinate, usually time.

A random field may be defined as a family of random variables X(t) depending on more
than one deterministic parameter. The collective outcome of all the experiments compris-
ing the random field is denoted by x(t), the realization of the random field. The outcome
of the random variable associated with any location t is referred as the state of random

field at that location. Thus, the random field is denoted as “discrete state” or




“continuous state” one depending on whether the range of random variables is discrete or
continuous. Depending upon the locations of the observation points, random field may be
called more specifically [13]:

1) a random series: if observations are made at discrete points on a time axis,

2) a lattice process: if observation are made at the nodes or sites of a lattice in space,

3) a continuous random function: if observations are made at all points along one or more
spatial coordinates (x, X5, X3) and/or the time axis (t),

4) a random partition of space: if a discrete random variable is observed at every point in
space,

5) a random point process: if points (or, in reality small objects) are located in a random

pattern in space.

Of course, these different descriptions are often closely related. For example, a contin-
uous parameter random field X(t) may be sampled (observed) at a lattice of locations in
the parameter space. At these locations, one may choose to assign one of two values, 1 or
-1. This converts a continuous state field into a binary (two-phase) field. A regular point
pattern can be made to fill the entire space by assigning to each point its own polyhedron
For n = 2, the vector connecting adjacent points is bisected by a plane, and the space
enclosed by all such planes is associated with the point it contains. If the pattern of points
is random, this same construction yields so-called “Voronoi cells”. By assigning a value

to each cell, one obtains a discrete-state, continuous-parameter random field.

The foregoing discussion is about the random fields in general. Here, more specifically,
and as an application in the mechanics field, random heterogeneous materials (compos-
ites) are considered. Due to uncertainty in manufacturing, any actual composite must be
treated as a random medium. In statistical sense, the random medium B is defined as:

B = {B(w); ® € Q) whichisa family of deterministic specimens B(W), ® is one realiza-




tion from the sample space €2 (see Fig. 2.1).

Fig. 2.1 Realizations of 2-D fiber-matrix composite taken from its sample space.

For simplicity and clarity, we consider a random medium of B(W) which is a two-
dimensional random composite of fiber-matrix type as shown by Fig. 2.1, where the ran-
domness is in the location of the fibers. Thus, any property of the random composite B,
say Young’s modulus E as an example, is regarded as a random process or random field, E
= (E(W); ® € Q) over the domain of the specimens where E(() describes Young’s mod-

ulus of one specific realization. The mean or ensemble average of E may be calculated as
(E) = [E(w)p(0)dw 2.1)
Q

where p() is the probability density function of E over the sample space 2 For a dis-
crete arrangement of phases, the probability function P, (x) of finding phase rat x is
given by
P,(x) = (E,(0)) = [E,(x, )p(0)do (2.2)
Q




Here, E (x) is the indicator function which is defined as

{1 if x lies in r phase}

E (x) = . _ (2.3)
r {0 if x lies elsewhere}

Similarly, the probability of finding simultaneously phase r at x and phase s at x' is

P, (xx) = (E (0 E (X)) (2.4)
Probabilities involving more points or phases follow the same pattern.
The auto-correlation function of Young’s modulus E (x) is defined as
n n
(EWEX) = Y Y EEP, (xx) (2.5)
r=1s=1

where E, and E; are the Young’s moduli of the two phases r and s, respectively, and the

E (x) is the Young’s modulus of the composite at point x.

The material occupied by a random region of volume V is defined to be Statistically
Homogeneous (SH) by the requirement that P, (x) be invariant with respect to any trans-

lation inside the body. In mathematical notation, it can be stated as:

Vix,x)eV (2.6)

Polycrystal is an example of a material which is statistically homogeneous. This property
is called strict stationary in the theory of stochastic (random) processes. The statically
independence (or no long-range order) property of statistical homogeneity is attained if we

have, on large volume of the region, the condition
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P (xx) =P (0P (X) as |x-¥|—>e 2.7

This condition is of importance in the analysis of random fields where we note that it is not
satisfied for a material with periodic microstructure. On the other hand, the random com-
posite is described as being statistically isotropic, if the property over the body domain

remains the same in all directions irrespective of any rotation in space.

Suppose now that the dimensions of the region V occupied by the composite are infi-
nitely large compared with typical microstructure dimensions, or microscale, such as grain
size or mean inclusion spacing. If the specimen size is sufficiently large compared to the
size of heterogeneity, then the effective property can be defined based on the volume aver-

age over this specimen. Thus, the volume average of E over one realization is
E=[Emav (2.8)
%

For statistically homogeneous media, it is reasonable and of much help to make the
ergodic assumption which asserts that the volume average of one specific E(W) over V
equals the ensemble average of the random function E (x, ®) at any location x. Mathe-

matically, the ergodicity condition is stated as
Es‘l/IE()g,co)dJ.c = (B)= [E(x, 0)p (w) do (2.9)
v Q

where E is the volume average over a fixed ®, while (E) is the ensemble average over all
specimens at fixed x. By making such an assumption, the statistics of Young’s modulus

(E) can be determined from a single realization E(().
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2.2 Definition of Effective Properties of Heterogenous Media

Based on these stochastic (statistical) concepts of random fields theory and on a proper
model of the microstructure, any property of the random composite (or heterogenous
solid) can be defined. In the present dissertation two mechanical properties are of interest;
the elastic moduli and thermal conductivity. The definition of effective elastic properties
is given here, while the analogy to the thermal conductivity will be presented at the end of

this chapter.

Consider one realization B(®) taken from the random body shown by Fig. 2.1 with
finite volume V and boundary 8V. Hooke’s law at any point inside the domain of the body
is

c,’j ('.t.) = Cijkl (5) EU ({) (210)
where Cj; is a fourth-order tensor characterized by a random distribution over the body
domain. Depending on the type of boundary condition (displacement, traction or a combi-

nation of the two) applied over 8V and body forces specified over V, then the problem is

to solve the differential equation in the form of
o,'j'j(-g) "'f,‘ (-E) =0 (2.1

to determine o (x), € (x) and 4 (x) . If the moduli of (2.10) vary on the microscale, its
solution will provide some locally averaged information. But, we seek an overall consti-

tutive equation of the body at the macroscale level in the form of

g = Cle (2.12)
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where C° is the tensor of effective moduli at macroscopic level of the body. Definitions
and derivations of Qeff form much of the goals of Micromechanics. The determination of
such a constitutive equation may be achieved based on either the volume averaging over
the body domain, or on the ensemble averaging over the body’s sample space of speci-

mens (realizations) Q

For the sake of defining effective moduli @eﬁ) based on volume averages, we assume

a particular specimen B(®) to be subjected to a displacement boundary condition given by

u. = E.x. X; € oV (2.13)

where eijis the uniform strain field over V if B(®) is a homogeneous body which means
that C is a constant tensor field. But if C is varying over the domain, and hence, ¢ and €

tensors, then with help of Gaussian theorem the average strain may expressed as
1

from which and after solving the differential equation (2.11) we can define the effective

moduli by

el (2.15)

e

0
™

where 8, £ is the average value of stress and strain fields, respectively over the domain

the body.

Also average value of energy density field U can be calculated as
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(2.16)

1

By using the Gaussian theorem and since Gj;; = 0, the average energy density (2.16) can

be expressed after applying the boundary condition (2.13) as
1 1. ~eff,
= - = 8.8 = z8C"¢ (2.17)
0= o, 2

from which C°f can be extracted. Thus, the moduli may be defined either from the aver-
age stress and strain or from the average energy density if the boundary condition (2.13) is

imposed.

On the other hand, the specimen B(®) may be subjected to a traction boundary condi-

tion in the form of

t.=08.n n. on dV (2.18)

which generates a uniform stress field over V if the body is homogeneous. Here, 3; i is the
average stress and n; is the unit normal of the boundary. As before, if the domain is heter-

ogenous, the stresses can be averaged over the body volume as
1

Similarly, the average constitutive equation in the form of (2.15) is obtained after solving
for the average strain field from the governing differential equation. Alternatively, with
the help of equation (2.19) and after substituting the boundary condition (2.18) in (2.16), it
yields
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U= ‘j/ 58,4V = 30,8, = 3057 (2.20)
from which Ceﬂ = (Seff)'1 can be extracted. Thus, again the overall moduli may be defined
from the average stress and strain or from the average energy density for this type of
boundary condition. Indeed, either boundary value problem defined by (2.13) or (2.18)
yields different values for C® at some scale smaller than the dimension of the body. Also,
solution of such boundary value problems provides rigorous definitions for the overall

moduli for any particular inhomogeneous body B(®) and are useful in predicting other

behaviors of composite bodies.

On the other hand, elastic moduli C" may be defined based on the ensemble average.
For a given boundary value problem with displacement or stress controlled boundary con-
ditions, we seek a solution ¢ (x), €(x), 4 (x) ata fixed x € V for each B(W) realization

so that, the effective constitutive law can be defined as
(o) = C¥(e) 2.21)

here { ) is the ensemble average over the sample space € (recall (2.1)). Further applica-
tion of ergodicity condition leads to the ensemble averaged version of (2.21), in which the

mean energy density (U) at x is expressible in the form of
1 1 1
(V) = 5(08) = 5(o)(e) = 507 (e) (2.22)

from which Qeﬁ can be extracted. Hill conditions are assumed in order to obtain 2.22
which can be stated as:

i) the body B is ergodic,



ii) the number of grains --> infinity,

iii) distribution of volume stress sources, if present, are not correlated to the local elastic

moduli.

The forgoing discussion which focused on elastic properties is still applied for any other

property, say thermal conductivity, with the following analogous conceptual relations in

terminology [1]

Elasticity

Conductivity

y; - displacement

T- temperature

€ jj - strain T - temperature gradient
Oj; - stress q; - flux
t; - traction qn- normal flux component
Cijia- elastic moduli K;; - conductivity
Sijia - compliance R;; - resistivity

The mathematics of the conductivity problem is considerably easier than that of elastic-
ity since vectors take place of second rank tensors. In addition, scalar Laplace equation

takes place of vectorial elasticity Naiver displacement equation.




CHAPTER 3

MICROMECHANICALLY-BASED STOCHASTIC FINITE
ELEMENTS

3.1 Introduction

Stochastic finite element methods (SFEM) in its broadest sense refer to the explicit
treatment of uncertainty in any quantity entering the corresponding deterministic analysis.
In such an analysis randomness may arise from three sources: distortion of the boundary,
fluctuation in the external force fields, and heterogeneity of the system (medium). SFEM
have begun to be used in solving mechanical problems of system stochasticity only in the
last decade. Researchers in this field have attempted to combine two types of analysis
developed to deal with complicated problems: finite element analysis and stochastic anal-
ysis. However, solving such problems, which involve continuous random variation in
medium’s properties, is not an easy task even for simple cases. Analytical solutions in
SFEM are available only in few simple cases, generally limited to one-dimensional prob-
lems [17]. Useful analytical tools for performing any structural analysis involving uncer-
tain properties are provided by the theory of random fields which is a branch of the

probability theory.

Several approaches for establishing SFEM are known. Theoretical background, advan-
tages and disadvantages of various stochastic finite element methods can be found in a
comprehensive survey conducted by Brenner [14]. In this survey, the author discusses
various representations of stochastic fields such as the point discretization, the local aver-

aging, the interpolation, and series expansion methods. In literature, most of stochastic

16
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finite element solutions were performed based on one of these different techniques of ran-
dom field representations. Perhaps the perturbation approach, a series expansion-based
method, is the most common one which was developed by many researchers. The method
is based on expressing random functions as sums of deterministic and random compo-
nents, which are then substituted in the descretized equations transforming the random
system equations to a theoretically infinite number of deterministic equations. Depending
on the number of terms considered in the expansion, on (or two), the method is termed as
first (or second)-order approximation. First-order expansion form was utilized, first time,
by Cambou [15] in seeking finite element solutions of linear static problems with system
stochasticity. For solution of similar problems, Hisada & Nakagiri [16] utilized a second-
order perturbation approximation. In another simple case, Vanmarcke [17] developed a
stochastic finite element procedure for solving problems in which the physical properties
exhibit one-dimensional spatial variation. The procedure was based on the second-order
statistics of the random parameter where randomness was represented by a local spatial
variation over the element and characterized by three parameters; the mean, the standard
deviation and the scale of fluctuations. For, multi-degree-of-freedom structures, Shinozo-
uka and Yamazaki [18] performed a static finite element analysis where Young’s modulus
or Poisson ratio were assumed to vary randomly according to Gaussian (or non-Gaussian)
distributions. Results with different stochastic finite element techniques were used; first
and second order perturbation techniques, Neumann expansion, an expansion Monte
Carlo simulation and direct Monte Carlo simulation methods were obtained. These results
were found to be very close for small values of a coefficient of variation for the random

parameter.

Linear partial derivative is also a particular form of the perturbation method where the
first and second order correction terms are expressed as partial derivative of the response

in terms of a defined random parameter. Baecher and Ingra [19] used this form in solving
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geomechanical problems to calculate structural settlement in soils with stationary random
properties. The covariance matrix of the total settlement was expressed in terms of partial
derivatives of the displacement vector with respect to element moduli. For a comprehen-
sive review of perturbation techniques-based stochastic finite element methods the reader
may refer to a survey conducted by Benaroya and Rehak [20]. The major contribution of
their review was in illustrating the similarities and differences between various methods
based on the first and second-order moment calculations. They concluded that all pertur-
bation methods rely on the same theoretical foundations with only differences in the

numerical implementation.

On the other hand, many researchers concluded that due to the discrete nature of a finite
element procedure, stochastic functions of spatial variation must be descretized. Then,
choosing a finite element size depends on the statistical correlation of the random field -
mesh should be fine enough for accuracy purposes but large with respect to the correlation
length. Der Kiureghian [21] proposed to use two meshes; the first one for finite element
computational efficiency based on structural topology, the other for random field discreti-
zation on the correlation length scale. In this regard, discretization of the random field can
be found in Vanmarcke [17] where he defined a scale of fluctuations and suggested it to be
used in the finite element analysis. Liu, et al [22] discussed the discretization of a random
field issue in stochastic finite element analysis. Based on a second moment method, they
transformed the correlated random variables to uncorrrelated ones which leads to a reduc-
tion in the computational time of analysis. Such treatment was presented for linear and

nonlinear continua with inhomegenous random fields.

As was mentioned earlier, the random global stiffness matrix of a structure may be split

into two parts, a deterministic part (Kp) and a random one (1(_') as follows
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Nt
K=Y K =K+K (3.1)
e=1
To solve the static problem
(Kg+K*)x = F (3.2)

an inverse of the stiffness matrix is needed, so several methods were proposed to deal with
this inversion problem. In the weighted integral method, proposed by Deodatis [23] and
others, the elements of fluctuating part of stiffness matrix are assumed to be random vari-

ables and expressed in an integral form. Then, these can be decomposed into weighted
(e)

integrals X;(® and the associated coefficient matrices AK P

Neumann series expansion method has been treated by many researchers (e.g. Shino-
zoka, Yamazaki , Spanos, Ghanem and Deodatis). Application of the perturbation tech-
nique in stochastic finite element analysis yields a stiffness matrix expanded in the form of
Taylor series. Responses are also required to be expanded in a Taylor series expansion
form. The homogeneous chaos expansion method was applied to stochastic finite ele-
ments by Ghanem and Spanos [24] where they used a Karhunen-Loéve expansion to
replace random variables involved in the stiffness matrix. Other methods to handle sto-
chasticity in finite element analysis can be found. Among these is a method in which the
probability density of the response is expressed in the form of a Fokker-Planck equation.
Thus, there is only a need to solve a deterministic equation using a deterministic finite ele-
ment method. Also, the Monte Carlo simulation method consists of solving deterministic
governing equations for some chosen realizations of the random parameter. Point discret-
ization-based methods which use successive iteration simulations are useful in estimating

the first and second moment of responses. Despite the fact that the method is less accurate
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than the Monte Carlo method, it is applicable to a more complicated class of problems.
Although reliability methods are complicated, they have received an attention of numer-
ous researchers recently. More information can be found in a paper by Vanmarcke et al
[25] in which the authors conducted a survey on the development of stochastic finite ele-
ment analysis. Discussion about several methods such as digital simulation, Monte Carlo
simulation, perturbation techniques and reliability analysis was presented. Their work
contained a discretization of the random parameter (vector) for a material property whose
covariance matrix depends on the finite element mesh. Analytical tools to convey first and
second order information about homogenous random fields were described. Since statisti-
cal information such as spatial correlation about materials properties was difficult to
obtain, it was assumed to be the form

R(Ax) = e (3.3)

where Ax is the distance between two points, and A is an adjustable constant. Similarly,
the uncertainty in a parameter, z in the stiffness matrix, was represented by a small random

variable defined as

Z=2(l+a) (3.4)

in which Q is a variation parameter and Z is the corresponding deterministic value.

The computational time of a stochastic finite element procedure (CPU-time), which
determines its efficiency and practicality, has become an important aspect. As an exam-
ple, the computational time of the direct Monte Carlo method, which has proven to be the
most powerful approach, severely limits its applicability. In a deterministic finite element

solution, the CPU time depends on the procedure of taking the inverse of the stiffness
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matrix. Therefore, in a more complicated problem of system stochasticity, any solution
procedure should concern the CPU time issue. Many researchers in developing their pro-

cedures, considered such an aspect and reported data about it (e.g. see [25]).

Thus, the different methods used in incorporating the random effects in material proper-

ties can be summarized and listed as:

1) Perturbation method: where the random system is replaced by a theoretically infinite
number of identical deterministic systems each of which depends on solution of lower

order equations. Up to second-order, the response in a static problem is expressed as
2
{U} = {Uy} +e{U,} +e {U,} (3.5)

where € « 1

2) Neumann expansion method: which, as mentioned earlier is based on a Neumann series

for the inverse of a random operator [K(®)], takes the following form

k(@] = (1-P (@ + P2 (@) -P* (@) +... )1 (K)]

3.6)
P(w) = [{K)) " [k(w)]

This method reduced CPU time when stochastic problem is solved by a Monte Carlo sim-

ulation.

3) Weighted in 1 method: This method focuses on the determination of the random
stiffness matrix [k(W)]. The idea, which was introduced in [26] and presented through an
elastic plate problem, was to start with a locally isotropic random field, say, Young’s mod-

ulus, and assign it to all the finite elements according to
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Exo =" BO+raw]  Fao)y =0 (3.7)
then, all the element of [K(®)] are calculated as
[k (@] = [%] +%, (0 [a'k,] (3.8)

] [ ... . O S . .
where ['Ko] and [A K, | are deterministic matrices, while X is a random variable given

as

Xo (@) = [F(x 0)dA (3.9)
)

4) Spectral method: The coefficients of expansion become correlated in the process of rep-
resenting the random function by a Fourier series. In order to retain the uncorrelateness
while obtaining the desired orthogonality of random coefficients, Karhunen-Loéve expan-

sion is used for that purpose.

It is worthwhile to mention that all above works may be considered as reasonable in
problems involving only small variations in material properties. However, all of them
lack a correct formulation of medium’s variability, which is due to purely hypothetical
assumptions concerning the random field description of a material. That is in the area of
linear elastic structures, all studies relied on a stochastic interpretation of the locally iso-

tropic constitutive law
o, = A (x, ) Sijekk+2p (x, )€, (3.10)

where the Lamé constants A, L are taken to be random fields. Particularly, Young’s mod-

ulus was assumed to be a random field of Gaussian type, with the Poisson’s ratio taken as
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constant. On the other hand, in recent treatments of the SFE problem, Ostoja-Starzewski
[27, 28] suggested a more correct approach; variation in any material property should be
considered at micro level and he proposed a micromechanically-based stochastic finite
difference method. Accordingly, in this dissertation, a similar treatment of medium’s vari-
ability in stochastic finite element [29] will be introduced. The treatment takes into
account the real nature of medium’s properties without any hypothetical assumption.
Thus, we develop, for the first time, a micromechanically-based stochastic finite element
method to handle the variability in any material property over each finite element. A ran-
dom field continuum model based on micromechanics will be presented and used as input
of a specific boundary value problem, say, stochastic finite element method. Due to the
discreteness of materials on the micro level, their non-deterministic constitutive response

has to be considered at a meso level (i.e. scale of a finite element).
3.2 The Finite Element Formulation

To briefly and clearly present our micromechanically-based method, the basic steps in
setting up the finite element equations for out-of-plane displacements of a membrane are
outlined. However, this formulation is the same for all other problems governed by the

same differential equation in the form of
d ( au) _
o, Ci,(z,w)éyj = f(x) (3.11)

in which,

C (x, ) : elastic moduli of the membrane 2-D second rank tensor. As will explained in
next section, C is taken as a random field of sample space {2

u: out-of -plane displacement,

f(x) : a deterministic uniformly distributed load,
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(: one realization taken from the sample space {2

Examples of these problems are: in-plane thermal (electrical, dielectric) conductivity, tor-
sion of rods, diffusion, permeability and any other potential field problem. On the other
hand, the same methodology is applicable to a more general class of problems in which
materials have elastic as well as inelastic microstructures, e.g. plane stress, plane strain,

and three-dimensional problems.

A right-sided triangular finite element, shown in Fig. 3.1, is considered in the present
formulation. However, the key point is that the micromechanical meso-cell which will be
introduced in the next section and called “window” corresponds to one (or more) finite

element cell(s).

u3

X2

Xy

X3

uj ® U

Fig. 3.1 Triangular finite element with its three out-of-plane degrees of freedom.
Now, the nodal out-of-plane displacement vector for the i-th element is
{u(@} = [u, U, u3:| (3.12)

While, the displacement at any point inside the element is given in terms of the nodal dis-

placement vector as
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(o)} = [N, Ny Ny {u (@) (3.13)

where [N] is the shape functions matrix given by

N. = [-“1-(a‘.+b‘.xl +C,X,) where | = 1,2,3 (3.14)

in which A is the element area and a;, b;, c; are coefficients defined in terms of the nodal
coordinates. Thus, the displacement inside the element is taken to be linearly varying in

terms of the element’s nodal displacement values. Its gradient vector may expressed as

griu(x®)} = [B] {'u(w)} (3.15)

where 5__“ (x, ®) b b b
griu(r, )} = ax , [B] = [‘ 2 3:] (3.16)

$u (x, ®) €y €y €3

in which [B] is the gradient matrix. The stiffness matrix of each finite element can be cal-

culated from

[k @] = [181"['C ()] 1B1aA
A (3.17)

= 18) ['c(]B14
where [‘C ( 0.))] is stiffness tensor of the i-th element of one realization of the random
medium. Since we are dealing with heterogenous media, [C) possesses a variation in its
material properties at micro level. Therefore, it is very difficult (or even impossible) in
some cases to be obtained by the conventional methods, say from experimental measure-

ments. Thus, more sophisticated techniques are highly needed in this regard. Random
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field description of the material at micro level and Micromechanics-based method are the
basis of [C] determination (see next section for more details). This approach revealed that
a unique deterministic value of [C] should not be assumed. Instead it can be bounded in a
statistical sense by two values Q; or Cg which are upper and lower bounds on the
actual [C], where 8 is a parameter related to the size of the element and e, n stand for
essential and natural boundary conditions, respectively. In a case of a homogeneous iso-

tropic medium, which corresponds to the deterministic case, a unique value of [C] is given

by

Qg = Q; = k[(]) (1)] , k = constant (3.18)

At this stage, we synthesize the global stiffness matrix from those of the sub-elements

over the entire region as

ne . . ne ; ,
K] = Y[kl o flkwl"= T k@] 319

i=1 i=1

depending on which C; or Cg is used. Here, (ne) is the total number of finite elements

into which the domain is descretized.

Finally, after applying the specified boundary conditions in the problem, the unknown
quantities (responses) are obtained by solving a system of linear algebraic equations (say,

by Gaussian elimination method) in the form of
K (@] {U(w)}* = {F} K (@) ]1"{U(0)}" = {F} (3.20)

Here, {U(w)} is the global response vector which represents the random out-of-plane dis-

placements in case of the membrane problem. While U® provides a stiffer statistical solu-
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tion and U™ a softer one, the actual solution U lies between these two bounds. The

effective global force vector (F}, is assumed to be deterministic in this problem.

3.3 The Micromechanical Basis

The random medium (random microstructure) concept, as already discussed in chapter
2, plays a fundamental role in this micromechanical formulation. Commonly, in stochastic
mechanics random medium is taken as B = {B(w); ® € 2}, i.e. a set of deterministic
media, where @ indicates one specimen and €2 is the underlying sample (probability)
space. Formally, € is equipped with a G-algebra F and a probability distribution P. In an
experimental setting, P may be specified by a set of stereological measurements, while in a
theoretical setting P is usually specified by a chosen model of a microstructure. For certain
types of materials, e.g. a polycrystalline material, a Voronoi tessellation provides a simple
model (Fig.3.2-a), while in case of a matrix-inclusion composite, B(®) may be taken as a
planar Poisson point process in which overlapping disks are excluded (Fig. 3.2-b). In case
of a Voronoi tessellation, each cell, centered at a Poison’s point x, is assumed to be occu-
pied by a homogeneous continuum governed by a stiffness tensor C (x, w) following a
space-homogeneous probability distribution P(C). The disks are assumed to be occupied
by a homogeneous isotropic continuum of one kind, while the matrix by a continuum of
another. Any microstructure used here is assumed to be linear elastic, and the statistics of
micro scale properties are space-homogeneous and ergodic. For simplicity and clarity of
presentation, the discussion is conducted in two-dimensions (2-D); a generalization to 3-D

is quite straightforward.



(a) (®)

Fig. 3.2 A window of size 8 = L/d in (a) Voronoi microstructure (b) matrix-inclusion com-

posite.

In both models, all the phases are assumed to satisfy the so-called ellipticity conditions:

3a., B> 0 such that for any ¢ the following inequalities hold
ageSeCe < Pee (3.21)
Thus, we have two realistic ergodic media models described by random fields
C={CHxw)xe Bioe Q} (3:22)

with piecewise-constant realizations. This latter property is an obstacle to employing the

governing equations of continuum elasticity, which require that the stiffness fields be dif-
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ferentiable. Thus, there is a need for another continuum model - one that possibly looses
some information due to a “smearing-out” procedure, but is sufficiently differentiable and

grasps the meso-level behavior.

The window concept is introduced as a square-shaped domain taken from the random
medium B(®), as shown in Fig. 3.2. It is important here to note that the window is equiv-

alent to one (or more) finite element cell(s). The window size is introduced as

(3.23)

(o]
I
QUItS

which defines a non-dimensional parameter & typically greater than 1, specifying the scale
L of observation (or measurement) relative to a typical microscale d (i.e. grain size) of the
material microstructure. The window may be placed arbitrarily in the domain of B(W) with
smallest size 8 = 1; i.e. scale of crystal or inclusion. In view of the fact that either one of
the microstructures in Fig. 3.2 is a result of a certain random point process in plane, the win-
dow bounds a random microstructure Bg = {Bg(w); w € Q }, where Bg(w) is a single win-
dow realization from a given specimen B(w). In order to define the effective moduli of Bg,
we postulate the existence of an effective homogeneous continuum B™ () of the same
volume V (i.e. area in 2-D) equivalent to Bg. This equivalence is established by equating
the potential energy U (or complementary energy U") of the effective medium to that of a
microstructure Bs(w) under same boundary conditions. The boundary 9Bj is subjected to
two types of boundary conditions (analogous to those given by (2.13) and (2.18)):

1) Deformation-controlled (essential) boundary conditions

u=gx, on 0By (3.24)

V. . .
where g is a given constant tensor and dB; is the boundary of Bj.
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2) Stress-controlled (natural) boundary conditions
t=oc%n,  on 9B (3.25)

where gu is a given constant tensor and n; is the unit normal of boundary. Thus, the essen-
tial and natural boundary conditions define two different inhomogeneous tensor fields at the
scale 8 with continuous realizations, which lead to two random meso-continuum approxi-
mations: Bé5= {B%5(w); w € Q },or B"5= (B"5(w); w € Q }, respectively. Since for any &
> 1, By is a random rather than a deterministic medium, the window of size § plays the role
of a Representative Volume Element (RVE) of these two continuous random medium mod-
els. Then two boundary value problems should be solved in a continuum setting under the
boundary conditions (3.24) and (3.25), respectively. From solution of the boundary value
problem with condition (3.24) for potential energy U (B;) ,the effective stiffness tensor of

any specific body Bg(w) is obtained as
C; = C5(0) (3.26)

superscript © indicates essential boundary conditions. Based upon such determination, the
continuum type constitutive law can be found as
€ v
T(w) = Cs(w)e (3.27)
which points to a random nature of the resulting stress field; overbar indicates a volume
averaging (i.e area averaging in 2-D). It has to be pointed out that the surface traction is
random inhomogeneous on 9B (w) , with the fluctuations disappearing in the limit as

8§ — co. On the other hand, the solution of the boundary value problem for complementary

energy U* (Bg) under condition (3.25) results in a following effective compliance tensor
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S5 = S5 () (3.28)

in which n indicates natural boundary condition. Upon averaging over the strain field

another constitutive law is obtained in the form of
E(0) = S5(w)o (3.29)

which also points to a random nature of the resulting strain field, and the presence of ran-
dom fluctuations in the displacements u; on the window boundary. Due to the heterogeneity

of the microstructure Bg(w), the effective stiffness tensor given by
-1
Cs(w) = [$5(w)] (3.30)

is, in general, different from Q; (w) obtained under essential condition for any given finite
d. Also, both these moduli are, generally, anisotropic with the nature of anisotropy being
dependent on chosen Bg(w). The scatter in C; and Q; is strongest on the scale 8 = 1, and
ittendsto 0 as § = o . Since we have two random tensor fields Cg and g; at our dis-
posal, this continuum approximation is nonunique. These conclusions indicate that a
locally isotropic unique random tensor field should not be assumed. Principles of minimum
potential and complementary energies can be used to show that the two values satisfy the

inequality
Cs () < Cq () (331

The present definition of two inhomogeneous tensor fields given by (3.26) and (3.28)

are analogous to a moving locally averaged random field. Although it is conceptually sim-
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ilar to the procedure of local averaging in the theory of random fields [13] applied to a sin-
gle realization C () ;0 € Q, but it is not the same. It becomes the same in case of a 1-D
model only when applied to compliance. In two and three dimensions computational
mechanics, methods have to be implemented in a Monte Carlo sense to find the energies
and, hence, the effective moduli of finite windows and their probability distributions
PL(_,‘;) and PLQ;). Accordingly, the autocorrelation (autocovariance) functions of C;;
were found to be 8-dependent [17] in contradistinction to the procedures employed by oth-
ers - the “weighted integral method” [26], or the “spectral representation method” [24] -

which have no connection to the material microstructure.

In view of the spatial homogeneity of microstructure’s statistics, Q; and Q; converge
as & tends to infinity. This defines a deterministic continuum B9 for a single specimen

B(w)
C*(w) = Cl(w) = C2(w) (332)

whereby the window of an infinite extent plays the role of an RVE of deterministic elastic-
ity theory. In other words, it is at § — e that the uniqueness of the constitutive law is
obtained. The assumption of ergodicity of the microstructure implies that the effective
moduli of the medium can be determined from one realization as
d

c“w =c?  veeQ (3.33)
where C*I" denotes the effective stiffness tensor of a deterministic continuum correspond-
ing to the scale § — oo . The characteristics of isotropy and homogeneity of ¢ depend on

the given medium and may be ensured by a choice of a proper model. Here, (3.26 ) and

(3.28) are isotropic due to the spatial homogeneity and isotropy of the underlying Poisson
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point process and the spatial homogeneity of P(C).

Also principles of minimum potential and complementary energies can be used to obtain

a hierarchy of scale dependent bounds on the effective stiffness tensor ceff

() =csn ™ sesp ™ s (s sc?s(ctys(chsich=c” vE>s
(3.34)

This is equivalent, by inversion, to a hierarchy of bounds on the effective compliance seff

= (Qeff)-l
= (2222 2 2 () vess639)

in which { ) denotes ensemble averaging, and c® ., ¢" are the Reuss and Voigt bounds,
respectively. These two bounds correspond to calculations of effective moduli of B(W) at
size 8 = 1 involving volume fraction information only. The derivations of such bounds are
based on solving two boundary value problems for minimum energy under specific types
of boundary conditions. Mathematically, Reuss and Voigt bounds correspond to arithmetic

and harmonic averages on e respectively.

To present graphically the discussed behavior, the eigenvalues of C for both cases (essen-

tial and natural conditions) are plotted as a function of 8 as shown in Fig. 3.3.
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Fig. 3.3 A schematic 8-dependence of upper and lower bounds (Q;) and <§§> , respec-

tively.

In the foregoing discussion, three measuring levels were introduced. Explicitly, they are:
microscale 8 = 1, mesoscale 8, ,, and macroscale 8y where 8y, = macroscopic dimension
of the body B(w). These measuring scales satisfy the inequality

micro < Omeso < O (3:36)
with the difference in behavior of C (elastic moduli) at each level may be summarized as:
i) Microscale (8macro): represents the scale at the heterogeneity level (8 = 1). The difference

between annd Cg values is maximum which corresponds to Voigt and Reuss bounds

with highest scatter.
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ii) Mesoscale (8peso): an arbitrary chosen scale for window (finite element cell) at which
we must deal with two values of C (generally locally anisotropic) with some finite fluctua-
tions.

iii) Macroscale ( 8)y): corresponds to the dimension of the body, at which both bounds con-
verge to a unique deterministic value with scatter being converge to zero. If § ., is on
order of 8y, one is forced to deal with spatial fluctuations at the macro scale. Thus, a sta-

tistical rather than a deterministic continuum approximation is applicable.

Since two different random anisotropic continua result, a given boundary value problem
must be solved under both types of boundary conditions (essential and natural) which
yields two global responses. In stochastic finite element analysis, the fact that the element
has a finite size implies that the fluctuations, have to be admitted at the meso level (size of

finite element).

The displacement finite element formulation is not fully consistent with the microme-
chanical lower (stress condition) bound calculation. This is due to the fact that in the upper
bound case the boundary displacements are random. Therefore, a need arises for modifi-
cation in the micromechanics computation to overcome this inconsistency. One possibility
is to perform a stress finite element analysis, which has as it is known, its own drawbacks.
Therefore, an alternative approach, which is adapted here, is to carry out an ensemble aver-
aging of Hooke’s law

E(0) = Sj(w)g (3.37)

to obtain

(8)

(spa’ (3.38)
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which results in a uniform strain field and linear displacements on the boundary of each i-
th finite element. Since the surface tractions are now linear on the element boundary and
there is no randomness present, this can now be used in a deterministic displacement for-

-1
mulation provided we replace go by (o) = (Sg) (€) and € by (E).

Of course the upper bound on u®" is obtained by either averaging {u”;w € Q} or, more

simply, by employing (3.27) above with an ensemble averaged form of Hooke’s law as
y P
(o) = <cg>g° (3.39)

Finally, it is interesting to make a note about the finite-size scaling, i.e. about the behav-
-1
ior of C; and (.S;) , as function of d, f(3). It follows from our computer calculations that

a fit can be achieved with a function
£(8) = ab® (3.40)

where, a, b and p are constants. A fitby f(3) = a8’ was tried, but could not cover the
entire tested range from & = 1 through 200. This subject, including finite-size scaling of

higher moments of C; and 5; , is being presently investigated by M. Ostoja-Starzewski.

Let us note here that, effective average moduli calculated under periodic boundary con-

. o . _] . . .
ditions lie between (Q;) and (.5;) . However, we did not investigate the 8-dependence
in this case, as we are not interested in random microstructures with finite scale periodicity

in our work on SFEM - such microstructures are not relevant here.
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3.4 Methodologies of Solution

The foregoing observations in the previous section suggest a methodology of solution for
stochastic boundary value problems. When a statistical rather than a deterministic contin-
uum approximation is applicable, a solution of a specific problem is then conducted with a
certain choice of meso scale 8,5, of RVE of the statistical continuum. However, since two
alternative definitions of boundary conditions are possible - deformation-controlled and
stress-controlled - then two different random anisotropic continua result. Thus, a given
boundary value problem may then be solved analytically or numerically, say, by stochastic
finite elements to find the upper and lower bounds on response according as C; and g;
are used. However, for global response calculation, two distinct methods, which have sim-
ilar features, termed as “Exact calculation method” and “Covariance-based method” are
proposed here. In the first method, first and second moments of the random response
(mean and variance) are calculated in a Monte Carlo sense. Therefore, each random field
over the finite element is considered where its elastic tensors are calculated based on a suf-
ficient number of realizations. In the second method, the averages and correlation between
elements’ properties are employed to generate their elastic tensors. In such a treatment,
variation is admitted in the material properties only i.e. not in the response since the latter
is obtained by performing a deterministic finite element solution. The second approach
may be considered as approximate but it is more powerful since it dramatically decreases

the computational time.
3.4.1 Exact calculation method
It is termed “exact” since random microstructure of each finite element is discretized by

a very fine finite difference mesh for the purpose of calculating its material property in a

monte Carlo sense. Monte Carlo, which is a common statistical method in probabilistic
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mechanics, is employed as a means of solving problems numerically through sampling
experiments. The problem may be posed in either a probabilistic or a deterministic form.
In a probabilistic setting, solution procedure via the exact method for response based on a

Monte Carlo method may be summarized in the following steps:

1-_Generation of one realization of the random microstructure

We generate one realization B(w) of the random microstructure of the material at hand.
Actually we mean here a proper discrete model of the microstructure which will be
employed in the computation. For example, in case of a matrix-inclusion composite, round
shaped disks are thrown on a two-dimensional plane according to a restricted Poisson point

process and a specific volume fraction.

For a specific §, we divide the domain into 2 x (n x n) finite elements for the purpose of
obtaining the global responses u (x, w) and u”" (x, w) , of all nodes; n is the number of

square windows in x, or x, direction.

3- Microstructure calculations:

For each window (meso scale element) the "upper" moduli (_Jfs (w) and "lower" moduli
Q; (w) are calculated based on the discrete random model introduced in step 1 and com-
puter simulations. Here we adopt a specific model; a random chessboard (with square lat-
tice) network where the window’s microstructure is descretized by a fine finite-difference
(as shown in Fig. 3.4) type of mesh representing the continuous phases of matrix and inclu-
sions, at the microscale. Each node represents a grain cell from one phase with its stiffness
being modelled by a linear spring of either k™ or k' stiffness constant depending on which
phase it belongs to - matrix or inclusion, respectively. The interaction between neighbor-

ing nodes (phases) is modeled by these linear springs which are connected in series.
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Assignment of phases to nodes is performed randomly according to a specified probability

distribution function - uniform probability density function is adopted here.

(b)

(2)

Fig. 3.4 Microstructure of a finite element discretized by a fine finite difference scheme (a),

one grain cell 1 with spring model (b).

Then, an effective spring constant which models the interaction any two neighboring

nodes (cells) 1 and 2 is calculated as

1 2

-1
K = (l+-‘_) (3.41)
Kk

Once the model is established, we apply essential (or natural) boundary conditions on the
window’s boundary. Consequently, solving a numerical boundary value problem for min-
imum energy stored in the network, under say essential condition, the elastic moduli
Q; (w) can be extracted for B(®). Conjugate gradient method is used here as a minimiza-

tion algorithm for the energy.
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4 Fini
For each finite element, the moduli Q; (w) or Q; (w) are taken as the output of the above
micromechanical calculations. Feeding them into a finite element code and performing two

finite element analyses, two different responses are obtained.

S Statistical analysi
Performing the above calculations (steps 1-4) for a sufficient number of realizations, Monte
Carlo sampling, the global response for each realization is calculated. Upon ensemble
averaging over the number of realizations, the upper and the lower bounds on the global

. . . . . n
response are obtained depending on which elastic tensor is used, Q; or Cs.

In the above methodology of solution, an exact micromechanical solution over each
finite element was conducted. Then, a deterministic finite element solution for global
response was obtained for each realization. However, following the modification in the
micromechanical formulation when the natural condition is used, as presented previously,
the same steps of exact method still have to be implemented but in a different order. In
other words, effective moduli over one finite element are calculated via Monte Carlo
method. Since we deal with a statistically homogeneous medium, this result is then appli-
cable for all other finite elements. Henceforth, it may be fed into a deterministic finite ele-

ment analysis which yields a deterministic response.
3.4.2 Covariance-based method

In this method averages and auto-correlations between elements’ elastic moduli are used
to generate the random field of all finite elements’ elastic moduli. The method to achieve
such a generation is based on a simulation of random vectors technique (see e.g. Elishakoff

[30]), which may be summarized as follows:
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Treating a finite element of size d as an RVE of the medium, the mean value of elastic
stiffness tensor of one typical element and its variance-covariance matrix are calculated via
the micromechanics-based method described in section 3.4.1. Furthermore, the method
relies on an observation that correlations between C tensors of any two finite elements are
known. In fact, as demonstrated by Ostoja-Starzewski [31], the correlations between any
two adjacent elements are almost zero, while those for any other pair are zero due to the
lack of spatial “memory” in our disk-matrix composite on scales & greater than the mini-
mum separation distance. Because C is a symmetric tensor, it is written here in a vector

form as
T
{C} = [C” C22 ClZ] ,V = lvij]3x3 (342)
where (C} is the ensemble average (mean) of elastic stiffness tensor and V is the variance-

covariance matrix. Next, we decompose the variance-covariance matrix to upper and lower

triangular matrices [L], [U]T, respectively. This decomposition is expressed as
T
(L) [U] = [V] (3.43)
where [L];,3 is given by
172 172 2 172
Ly =vy Ly = vip/vi Ly = ("22“’12/"11) (3.44)

a A A

s T
Then, to generate the i-th element’s elastic moduli {C} = [C“ C,, C, 2] we use the

relationship

{Ch3m = [L1,4 {2}, + {Chay (3.45)
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where, {Z) is a vector of random numbers taken from an independent standard normal dis-
tribution N(0,1). Thus, we generate a realization of a random vector for each finite element
in a sequential fashion. The corresponding elastic moduli tensor C (w) is obtained by
inserting the generated random numbers in the formula given by (3.45). Once all elements’
elastic moduli are assigned, a deterministic finite element solution is performed to obtain

the global response.
3.5 Numerical Results and Discussion

The micromechanics-based stochastic finite element is used here to solve two problems;
an elastostatic membrane and a steady state thermal conduction. In both problems, the
microstructure is taken as a matrix-inclusion composite with its microstructure modeled
under the following specifications:

i) both phases are locally isotropic homogenous continua;

i1) inclusions are round non-overlapping disks of the diameterd = 5Al, where Al is a unit
length,

iii) the distribution of the inclusions in the matrix corresponds to planar Poisson process
with a specific minimal distance between any two adjacent points. The reason of choosing

such a restricted process is to avoid the stress concentration problem.
I) Membrane problem:

The out-of-plane deformation u (x,, x,) will be obtained by applying the stochastic finite
element method corresponding first to a random continuum approximation B; , and then to
B;, ata given scale 8. Thus, C, i in (3.11) are components, and realizations, of the random
tensor fields (}; or (_Zg. The membrane problem is being expressed in the form of a Poisson

equation (3.11), under Dirichlet boundary conditions u = 0 on 8B of a square-shaped
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body domain of the size 400A1x400Al, subjected to a uniform force distribution f = 10/
(Al)2 (see Fig. 3.5). Inclusions are generated with a minimal distance between any two
neighboring inclusions of140% of inclusion’s diameter. Inclusions occupy 10% of the

whole volume.

Fig. 3.5 A membrane of a matrix-inclusion composite with a finite element mesh of reso-

lution & = 20.

To take into account the randomness in the inclusions’ distribution, ten different B(w)’s
are generated and the solution for the global response is obtained. As a measure of the glo-
bal response of B(w), we choose the volume V () under the membrane, so that we obtain

a set of 10 ‘upper’ estimates V (e) (w) and a set of 10 ‘lower’ estimates V (n) (w) . Figure
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3.6 shows the ensemble averages (V (c)) and (V (" ) for three different values of & plotted
as functions of increasing stiffness C' of the inclusion with C™ kept constant. Here C™
(stiffness of matrix phase) is taken as unity for simplicity, so that C' becomes a so-called
contrast, and all the plots are normalized by v - v g ci-cm= 1, which is the

purely deterministic case.
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Fig. 3.6 Ensemble average “upper” and “lower” responses, normalized over the determin-

istic case C' = C™ = 1. 8© and 8™ correspond to Cy and Cj , respectively.

As may be expected, the membrane deformation under essential boundary condition is
smaller than that under the natural boundary condition, since the moduli Cg are always

. n . . N . .
stiffer than the (;5. On the other hand, an increase in the stiffness of the inclusions leads to
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stiffening of the membrane, and hence, to a reduction of the deformation and consequently,
of V® and V™. Therefore, for a fixed 8, both curves are decreasing monotonically and
diverging away from Cl=C™ =1, with increasing C'. In addition, for a fixed contrast, we
see that the two responses (bounds) get closer with increasing 8, and have a tendency to do
converge to a unique value as & — oo, which corresponds to the deterministic case. How-
ever, we should note that this limit can only be attained in an approximate sense, providing
the fluctuations in stiffness disappear for such large finite elements. Thus, it is expected
that, for a fixed contrast, the scatter in the responses (as measured here by the standard devi-
ation) decreases when & goes up, (see Fig. 3.7). On the other hand, for any fixed §, it

increases with the contrast (i.e. microstructural randomness) increasing.
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Fig. 3.7 Graph of standard deviation of the “upper” and “lower” responses.
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IT) Heat conduction problem:

In this section a problem of a heterogenous medium, undergoing a steady state heat con-

duction, is considered. The local constitutive relationship at a point x in the domain is

given by
q; = —K,'j (x, ®) T‘j (3.46)
where,
q;: heat flux,
K;:: second rank thermal conductivity tensor,

ij
Tj: temperature gradient,

®: one realization taken from the sample space €2.

According to our micromechanical formulation, we have two constitutive relationships in

the form of

g =-K;VT g =-KVT (3.47)

over each finite element. Thus, all our concepts and observations presented in section 3.3
still hold here. Therefore, two stochastic finite element problems have to be solved to find

the upper and lower bounds on the actual response.

Our solution of this problem takes into account several features:
i) Both exact and covariance-based methods of solution are adapted in stochastic finite
element analysis.
i) For lower bound problem, the compatibility modification in the micromechanical com-
putation is incorporated. Accordingly, averaging are conducted for the compliance tensor

and then a deterministic finite element solution is sought.
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iii) Unlike the membrane problem, window, i.e. meso element cell, will be equivalent to

one triangular finite element.

With these features taken into account, we focus on the response as a function of the
element size 8. The CPU time for both finite element and micromechanics computations
will be measured and compared. To achieve these objectives, we consider a unit square
domain of the medium in which the inclusions are distributed randomly in the matrix with
a contrast of 10 according to a minimal distance between disks centers being 140% of inclu-
sion’s diameter and volume fraction of 0.20. The domain is subjected from above to a uni-
form source of heat with unit magnitude. The boundary conditions are specified as two

insulated neighboring edges, with the other two are flux free (see Fig. 3.8).
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Fig. 3.8 The domain, boundary conditions, and finite element discretization of the

domain with & = 10; a plot at 402x402 pixel resolution.

The temperature at the corner point (the origin of the coordinate system) is used as a
measured reference in our present problem. First, considering the case of a homogenous
microstructure (without inclusions), a deterministic finite element solution is found tobe T
= (0.2913, which is very accurate compared to the series solution (T = 0.2965) and Reddy’s
solution (T = 0.3013) [32]. In the random medium problem, we study the effect of finite
element size (: the ratio of meso element size to micro element size) on the results. Two

sets of bounds on temperature based on exact and covariance-based calculations are
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obtained and plotted as function of & (see Fig. 3.9). Six values of d are considered 2, 4, 8,

10, 16, 20 and fifty realizations are used in the ensemble averaging.
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Fig. 3.9 Bounds on response (reference temperature of corner point) as a function of d.

Examining the results of Figure 3.9, we can observe that the difference between both
bounds decreases as d increases. It is with increasing  that both bounds converge to a con-
stant value which corresponds to the deterministic solution. The window’s (finite element)
size plays an important role in both micromechanical and finite element calculations. For
example, in the micromechanical computations, it is of interest to have a large size of win-
dow in order to decrease the fluctuations in the material property. On the other hand, finer
finite element mesh leads to a better accuracy in response results. Comparing the two sets

of bounds, under the exact method and the under random assignment method, the former
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set apperas to be softer than the latter one. The difference is not that significant which
makes the latter one more reasonable to use. As expected, both methods provide conver-
gent bounds on response with 8 increasing. However, they are in some disagreement; this
is due to the fact that the covariance-based method is an approximate one since:

i) the elastic moduli are generated according to a Gaussian distribution based on the first
and second moment information; actual statistics of CZ. and SZ. are not really Gaussian
[31].

ii) the elastic moduli are generated assuming zero correlations between contiguous finite
elements; this is not exactly true as some spatial correlation exits in a non-overlapping ran-

dom disk field.

Since randomness in the response is involved in the upper bound only, standard devia-
tion has a meaning here. Thus, it is plotted as a function of  as shown in Fig. 3.10 which
shows that scatter decreases as O increases. It should be noted that neither the full conver-
gence at 8 — oo of upper and lower bounds in Fig. 3.9, nor the complete decrease of scatter
at & — oo in Fig. 3.10 can be attained since the finite element has to remain finite relative

to a heterogeneity (i.e. microscale) in a finite element problem.
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Fig. 3.10 Standard deviation of the upper bound (for reference temperature) as a function

of d.

CPU time is a very important criterion in determining the practicality of any computa-
tional technique. Here, we measure and compare the CPU time for both micromechanics
(MM) and finite element (FE) calculations based on one realization as shown in Figure
3.11. From that graph, we can see that the FE time decreases dramatically with the increase
of O, while the MM time is increasing very rapidly. This is due to a decrease in the number
of finite elements, but at the same time, an increase in the element size (the number of res-
olutions increases). This indicates that an optimal & may be deducted which is found here
to be approximately 3. On the other hand, the advantage of using the covariance-based
method rather than the exact one is that it reduces the micromechanics calculations time by

two order of magnitude. Nevertheless, the CPU time of either one of our methods (exact
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or covariance-based) is much less (!) than that of the problem of exact solution using very
fine resolutions of a finite difference scheme over the entire domain. In such a case, CPU
time was found to be 443 minutes, whereby the Conjugate Gradient method was used as

the minimization procedure. This comparison shows that our methodologies are efficient

and practical in numerical solution of stochastic boundary value problems

Fig. 3.11 CPU time of FE and MM calculations plotted as a function of .



CHAPTER 4

EFFECTIVE ELASTIC MODULI OF DELAUNAY NETWORKS

4.1 Introduction

Variation in material properties at micro level as well as random geometry of micro-
structure have a great impact on the effective (macroscopic) properties of heterogenous
media. Particularly, we are concerned here with two-phase granular media. Determina-
tion of constitutive laws for such media is one of the primary goals of micromechanics.
Besides, Micromechanics gives a better understanding of the relationship between the glo-
bal behavior of such materials and micro behavior. In this context, one can see that differ-
ent means of study were used: analytical, numerical computations, and experiments with
real or model material. We refer the reader to a special issue of Mechanics of Materials

Journal for a collection of recent advances in the granular materials area [2].

Naturally, behavior of granular materials is influenced by a multiplicity of different
parameters. Aﬁisotropy, contact points between particles, type of packing (i.e regular or
random) and displacement and rotation of individual particles at micro level are some
examples of these parameters. Incorporating one or more of these parameters, many
researchers have attempted to derive constitutive models at macroscopic level. Perhaps
the statistical approach is more frequently used than other methods. As an example, a sta-
tistical method was employed in defining the stress tensor for particulate media [33] and
hence in finding the effective stiffnesses for assemblies of granules with linear elastic
interactions [34). In this regard, many studies modeled the grains at micro level as circu-
lar (spherical) disks with one contact point between any two neighboring grains by which

53
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force can be transmitted from one to another. Among those, Satake’s [35] work who pre-
sented a formulation of new mechanical quantities where void and contact points were
introduced. While Oda [36] was concerned with the importance of fabric on mechanical
response of soils, Satake [37] concentrated on the analogy between governing relations of
discrete and continuous media, as well as on relating the anisotropy of microstructure with

stress and strain.

The contact between grains at micro level received a great attention of many workers in
this field. Based on statistical approaches, a number of studies have been attempted along
this line of approach, see for example work [38 - 40]. These works were limited to condi-
tions of small deformation without sliding at inter-particle contacts. Chang [41] dealt with
translation and rotation of discrete particles which yield the micro scale discontinuity due
to sliding and separation at contact points. At micro-element level, stress and strain were
introduced so that a stress-strain relationship based on contact force transmission was
derived. On the other hand, Oda et. al [33] introduced several measures of granular fabric
for a random assembly of spherical granules. Therefore, parameters which characterize the
granular fabric were utilized in a description of the overall macroscopic stresses and
deformations. In a general frame of continuum mechanics, Sidoroff et. al [42] considered
a description of the contact force distribution in granular media, taking into account the
induced anisotropy. Based on contact points between particles, Mehrabadi et al [34]
examined the macroscopic stresses of a granular mass and, hence, defined these stresses

in terms of its microstructural characteristics like the fabric.

An alternative approach to analytical methods of solution in granular media is that of
numerical simulations. If used in a proper way and checked by real physical experiments,
computer simulations can provide a wide range of valuable information not easily avail-

able from real experiments. This type of approach has great advantages in the micro level
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analysis of granular materials: motion of each individual particle and mechanical state of
each contact point can be followed; boundary conditions, material properties, etc. can be
prescribed exactly. Recently, Rothenburg and Bathurst [43] used numerical simulations to
study a medium of initially isotropic plane assemblies of elliptical-shaped particles. They
focused in their work on the strength characteristics of real sand and micromechanical fea-
tures of behavior. In another study [39], they presented a micromechanical analysis of
plane granular assemblies interacting according to linear contact force interparticle rela-
tionship. Explicit expression for elastic constants in terms of microstructure’s parameters
were derived and verified by computer simulations for dense isotropic assemblies. How-
ever, one drawback of the computer simulation method is that its power is limited by the
capacity of computers which deal with a limited number of particles. This fact motivated
some experimental line of approach which can be found in literature. Gourves [44], as an
example, used various experimental techniques to measure displacement of each grain,

stresses and other parameters.

Recent decades have seen an increasing use of the concept of graph theory in the anal-
ysis of solids with heterogenous microstructures. Different kinds of networks whose
geometry ranges from regular to random were adapted in modeling these microstructures.
Motivated by the lack of models which connect random field models to underlying micro-
structures, Ostoja-Starzewski [45] showed how a graph representation may be used to ana-
lyze the constitutive laws of granular-type materials with the inclusion of micro scale
randomness. For an arbitrary polygonal convex-shaped cells in a graph, the author
derived constitutive coefficients for linear elastic interactions between grains in which
randomness was incorporated per edge. Davis and Deresiewiecz [46] used a graphical
approach to study the compressibility and force transmission in a granular material mod-
eled as a two-dimensional random packing of like spheres in elastic contacts. They repre-

sented the packing by a stochastic planar graph, with the nodes of graph taken as the
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centers of spheres and the branches as contacts between adjacent spheres. Then, the sto-
chastic graph was replaced by a lattice whose each branch has a random stiffness modulus

assigned to it.

It is well known that the Voronoi tessellation, is an important model in different fields
of science. It was suggested and improved by several workers like Meijering, Cahn and
Prager based on the idea of subdividing a space into random regions where each region
corresponds to one Poisson point. Many workers in the random media field adapted the
Voronoi model in their studies. Meijering [47] introduced the Voronoi tessellation as a
model of crystals aggregate with randomly distributed nucleation sites. Uniform growth
of these sites, represented by randomly distributed points in space, resulted in space filling
Voronoi polyhedra. Hatfield [48] generated random bond networks from a two-dimen-
sional Voronoi tessellation as an attempt to model the structure and conductivity of micro-
emulsions. For more discussion about Voronoi (and other types) tessellation the reader is
encouraged to refer to Winterfield’s dissertation [49] entitled “Percolation and Conduction
in Disordered Media” in which he presented it as a graphical model for chaotic compos-
ites. In this dissertation, a further discussion about generation of a Voronoi graph will be

presented in light of what is given in [49].

Dual to the Voronoi tessellation graph is a so called Delaunay triangulation, i.e. trian-
gles or there analogous higher dimensions. A Delaunay triangulation network is con-
structed by joining a pair of contiguous Poisson points by a line which is bisected by the
in-common edge of the Voronoi cells containing the two points. Linking all Poisson
points according to this mentioned criteria makes up random triangles. Both networks
(Voronoi and Delaunay) are generated according to a stationary Poisson process in R?
plane. More details about construction of Voronoi and Delaunay networks will be pre-

sented in next section. Delaunay graphs (networks) have been used in modeling the inter-
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actions at micro level of solids. Consequently, effective properties, like elastic, thermal, at
macroscopic level may investigated. For linear elastic Delaunay networks, Ostoja-Starze-
wski and Wang [50,51] calculated the stiffness matrix in terms of the first and second
moment based on computer simulation. For a homogeneous medium, bounds on macro-

scopic moduli of Delaunay networks were found as a function of some of its parameters.

In the present study, we conduct a study for a special class of two-phase granular media
with a topology of Delaunay networks. A special feature of this study is that it establishes
a linkage between different concepts: discrete graph models, random field models (sto-
chastic concepts) and numerical (computer) simulations which are used as a methodology
of solution. Our goal here is to identify a proper effective medium theory (self-consistent

model) based on these computer simulation results.

4.2 Problem Statement

Consider a two-phase random granular medium (see Fig. 4.1) in 2-D plane, whose
microstructure is modelled by a Voronoi planar tessellation graph. The central interac-
tions between grains at micro level are modeled by Delaunay graph (network) in which
each vertex represents a unit cell (grain) of the medium, while the edges represent the lin-
ear elastic central interactions which are modelled as linear springs. The shear interactions
between neighboring cells are modeled by linear angular springs connecting two consecu-
tive bonds in the Delaunay graph. A discussion about various models of microstructure
can be found in the next section. Based on the two spring models, we seek effective elas-
tic moduli of periodic Delaunay networks at macroscopic level. Although properties at
micro level are locally anisotropic, statistics of Delaunay networks shows that macroscop-
ically they are homogeneous and isotropic. Therefore, two effective constants (for exam-

ple, K, W) are a sufficient information to provide.
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The problem of determination of effective moduli of Delaunay networks falls into a
general category of linear transport problems. The randomness in those networks may be
per edge or per vertex. The first case is easier to handle and has been solved in a number
of conductivity and elasticity problems [50, 51, 52]. The second case is especially hard in
the case of a topologically disordered microstructure lacking periodic geometry. Such is

clearly the situation with Delaunay networks.

= 4
" AVA-Ii
A

=)

Fig. 4.1 Random assemblage of particles from granular material with spring interaction

model.

In this study, we are interested in using the second approach (randomness per vertex) to
determine the effective moduli of a two-phase granular medium with Delaunay network
type of microstructure, where the two phases are mixed at random. Vertices in the net-
works are assigned in a random way to be either of type 1 (soft) or type 2 (stiff) with the
volume (i.e. area) fraction C; and C,, respectively [53, 54]. More specifically, type 1 (or
type 2) vertex implies that the halves of all edges incident onto it are soft (or stiff). In par-

ticular, the stiffness of any half length I/2 of a given edge is given by 2k;/l, where i = 1, 2.
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One edge of Delauanay graph represents two springs (which belong to two neighboring
grains) connected in series. Thus, its effective stiffness constants are calculated according

to
1 -1
k7 = (l+—) 4.1)
kl k2

The stiffness ratio r = ky/k; is called a contrast. When r = 1, the model reduces to the
homogeneous one-phase case. Therefore, the randomness is present not only in the geom-
etry of Voronoi cells, but also in the distribution of the two phases. For the sake of com-
parison, the effective moduli of the medium will be determined using regular (triangular)
networks of approximately the same size number of vertices. Macroscopically, elastic
moduli of s triangular lattice modeling a two-phase medium are isotropic. For a homoge-
neous case, an exact analytical formula can be derived considering only one unit cell.
Based on these two models of microstructure (Delaunay and regular), we seek the specifi-

cation of Hooke’s law as
e e
O; = Aeyd;+2Ue; (4.2)
where, A and JL° are the effective Lamé constants.
Numerical results of effective moduli are obtained via computer simulations for
Delaunay networks using two models; (1) central and (2) both central and angular elastic

springs. For regular triangular networks only the central spring model will be utilized.

On the other hand, we attempt to identify a proper effective medium theory for analyti-
cal calculations of effective elastic moduli of such two-phase Delaunay networks. Our

computer simulation results are used to determine which of several different self-consis-
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tent models can provide the best possible approximation to effective Hooke’s law.

Following reference [55], we employ two self-consistent approximations (SCA):

i) a Symmetric Self-Consistent Approximation (SCA-S), which treats the medium as a

mixture of N phases without distinguishing any one as a matrix.

ii) an Asymmetric Self-Consistent Approximation (SCA-A), which treats the medium as a

system of N-1 inclusions embedded in a matrix. The SCA-S is specified by the following

equations

N N
Y cPi(x-x) =0 Y 0 (u-p) =0 (4.3)
i=1

i=1
while the SCA-A is given by

N N .

11 (K, - x;) 11 (Hy = 1)

== ;‘_[1 + .ZZC‘P"—K_'] L= E[l + ch‘.Qi—u— (4.4)
1= =

where the matrix phase (i.e. i = 1) serves as a reference. In the above coefficients P; and

Q, are given by
P =|1+2 Z‘Y"(l‘s)z T e p it ealx)t s
f-["‘f"ml—”] Qi =Pyt GrA-X) (49)
where (s) is the ellipse aspect ratio and
As(l+v) A.(1-v) C.(1+v)
(1+5s) 2 2
W, K. -
4, =— Cc,==2-1 v=X1H 4.7)
U K K+U
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To apply the self-consistent models to our media, we perform a mapping between the
Delaunay network and an inclusion-matrix system where the former is viewed as if it is a
field of inclusions, rather than vertices connected by elastic edges, see details in next sec-
tion. The main advantage of establishing such effective medium theories is that it gives

approximate results without conducting computer-intensive calculations.

4.3 Models of Random Microstructures

Macrostructures of a planar two-phase granular materials are represented by two differ-
ent discrete models; Voronoi graph and regular hexagonal lattice. While Voronoi model
captures the randomness in microstructure’s geometry, hexagonal lattice is a proper model
for special types of microstructures, like that of ceramics. In both models, each cell repre-
sents one particle at micro level and interactions between grains are modeled by Delaunay
and regular triangular networks, corresponding to Voronoi and hexagonal graphs, respec-
tively. Since the regular lattice is a well known model, it will be used just for the sake of

comparison with our Delaunay results.

In the Delaunay network, two spring models will be used; central, and combined cen-
tral and angular (noncentral) spring model. Thus, an approximate continuum model for
heterogeneous medium is defined from these discrete models. In what follows, we give a

brief description of each model.

4.3.1 Regular Triangular Networks (Lattices)

Regular triangular network is a well established model which was used by many work-

ers, to represent macrostructures of composite and crystalline materials, e.g. see [56-59].

In this model, material in a continuous sense has cells of hexagonal shape which have
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same size and orientation and cover whole area of the medium. When all cells of a lattice
have the same property, the medium is termed as “homogenous”, while if it changes from
one cell to another it is called “heterogenous”. Randomness in phases’ distribution may
be incorporated by random assignments of springs’ stffinesses. Representing each cell
(hexagon) by one vértcx (node) at its center, and interaction between cells as bonds con-
necting all vertices, a regular triangular network, named as lattice model, is obtained (see
Fig. 4.2). Clearly, it is equivalent to a finite difference scheme in the sense that it is a dis-

cretized representation of the original continuum (i.e. nodes and bonds).

VAVAVAVAVAVAV/
VAVAVAVAVAVAV/

Fig. 4.2 Triangular (regular) network of size 7x7 with a hexagonal unit cell.

Consider a single cell, as shown in Fig. 4.3, of the discrete model; we describe the orig-
inal continuum in terms of six normal linear springs (Note: we assume here central inter-
actions only). These springs control the stretching of the span OL, i.e. the deformation of
the cell. For a two-phase medium, each hexagonal-shaped cell springs may be either of 1
type or 2. To answer the question of what material this kind of model can describe, we
need the relation between the stiffness of springs and elastic moduli of the continuum it
models. Macroscopically, triangular lattice model yields isotropic properties of a random

two phase medium. Further discussion can be found in sub-section 4.3.3.



63

Fig. 4.3 Unit cell with six springs modeling the stiffness of the original continuum.

4.3.2 Dual Voronoi -Delaunay Networks

Tessellation of a plane means subdividing it into smaller regions with a certain shape
like square, honeycomb, triangle etc. that cover the whole plane without any overlapping.
Two types of tessellation may be distinguished in literature; regular and random. One type
of random tessellation in 2-D plane is the Voronoi tessellation in which a plane is subdi-
vided into cells of convex polygons. The two-dimensional tessellation has appeared in
the literature under the names of Dirichlet [60] and Thiessen [61] as well as Voronoi. For-
mally, Voronoi planar tessellation graph G (E,V) consists of two sets V - the set of vertices
of cells and E - the set of its boundary edges (see Fig. 4.6). Generalized to N dimensions,
the definition of the Voronoi tessellation as presented by Winterfeld [38] may be summa-

rized as:
Let Py (x)), P, (xy),...P,(x,) be an infinite set of randomly distributed Poisson
points, according to a specific distribution, in N-dimensional space. The region inside the

polytope of P; is the set of points x closer to P; than P;

fr-x|<fr-x| %) (4.8)
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Points on an edge of a Yoronoi polygon are equidistant from two Poisson points P; and Py
x-x| = p-x)<|x-x| I#ik (4.9)

An edge lies on the perpendicular bisector of the segment connecting P; to P. Vertices of

a Voronoi polygon are equidistant from three Poisson points.

x-x] = |x-x = x-x|<]x-1,] m#ik, I (4.10)
A vertex is the intersection of the perpendicular bisectors of the segments connecting P; to

P, and P; to P,.

The process to generate a two dimensional tessellation network, shown in Fig. 4.4 may

described as follows:

Starting with a random distribution of Poisson points in an area, all points are simulta-
neously allowed to expand into circular disks at the same rate. The constraint - no disk is
allowed to impinge on the area of another - is imposed during the formation process.
Thus, it must deform upon further expansion with all disks evolving into polygons of
which each edge is equidistant from two Poisson points. Another characteristics of the
Voronoi graph is that any circle centered at any point inside the Voronoi polygon with a
radius equals to the distance of this point to the polygon’s Poisson point contains no other
points inside [47]. In addition, the circle centered on an edge of the polygon passes
through two Poisson points while the circle centered on a vertex passes through three

Poisson points.
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(a) (b)

(c) (d)

Fig. 4.4 Formation process of a Voronoi graph. Poisson points (a) expand into disks at
the same rate (b). No disk may impinge on the area of another (c), hence, they evolve into

area-filling polygons (d).
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We employ Voronoi networks as two-dimensional models of multi-phase granular
materials. The Voronoi tessellation determines a structure of simply connected grains that
fill an area. Voronoi polygons are the building blocks of a random material which impart
to it a random geometry and topology. The random topology results from the variation in:
coordination number of one site to the other in the Voronoi graph, the random location of
Poisson points, and the random sequence of labeling polygons as either one of the two
phase. The random geometry results from this labeling and the geometrical statistics of
the tessellation process. From the Voronoi tessellation, a useful model of two-phase gran-
ular media is obtained by selecting at random a given number of polygons and labeling
them as a certain phase and the rest as the other phase. The network representation of the
Voronoi tessellation is dual to a so called Delaunay network G(V, E) which consists of two
sets - V set of sites (vertices) representing polygons of the Voronoi graph and E - set of
bonds (edges) connecting the contiguous polygons. This network representation assists in
determining the effective properties of the Voronoi granular media. Once the medium is
created, its structure is fixed and its elastic moduli can be determined via numerical com-
putation after a proper spring model is introduced into the network which models interac-

tions between particles.

To perform a computer simulation, the Delaunay network is translated digitally in a
form of three matrices stored in different files. First one, called a connectivity matrix,
contains (N) rows where N is the number of Poisson points of the network. In each row
the first entry is the Poisson point (vertex) label and in the second the coordination number
(# of nearest neighbors vertices) while the rest of entries represent the nearest neighbors to
this vertex. Statistics of Delaunay networks shows that the average coordination number
per vertex is six, recall Euler’s theorem [62]. The numbering scheme used for the matrix
is the order in which the polygons are constructed, i.e., row #1 represents the first polygon

constructed, #2 the second, etc. In the other two files the X-coordinates and Y-coordinates



69

of all Poisson points are stored, respectively. Such generation of Voronoi-Delaunay net-
works is implemented by a computer program written in FORTRAN and run on a SPARC

10 - SUN station.

4.3.3 - Central Spring Model

In a generally disordered network, any edge, which represents the central interaction
between two adjacent cells is modeled as two linear springs connected together in series,
each of constant O;, where i = 1 or 2 in a two-phase medium. Analogously, this model is
applicable to a special case of the regular triangular lattice. Considering a cell, in a shape
of polygon, as shown in Fig. 4.7 - b, its mechanics is simulated by m central (normal)
springs which are connected at its vertex. We should notice here that all springs incident
into one cell posses the same stiffness since we assign stiffness to cells (vertices) not to
edges (springs). Nodes of cells can deform freely in a 2-D plane i.e. have two-degrees of
freedom (u;, u;). The m-th edge (OL) makes an angle © with respect to the coordinate
axis X, with its rotation being negligible. Also, since we are dealing with infinitesimal

linear plane elasticity problem, higher order terms in energy expressions are neglected.

The relation between elastic moduli of the continuum and spring stuffiness of the dis-
crete model is established via equivalence setup in which energies of both models are
equal. For the continuum model, the elastic energy of a single cell is expressed as

1 ..
where,
Cijkl : forth order tensor of elastic moduli (stiffness tensor),

€;j: a second order linear strain tensor,
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A: area of the unit cell.

L2

(a)

(b)
Fig. 4.7 Central spring model for an in-plane elasticity problem (a), Voronoi unit cell with

m springs incident into it (b).

To obtain an energy expression for the discrete model, Fig. 4.7 - a is useful where OL
represents the m-th spring of stiffness O.. Without loss of generality, let the length of the
spring be included in its stiffness constant. i.e spring constant is inversely proportional to
its length (k ~ 1/1) . Assuming that O is a fixed point and the in-plane infinitesimal dis-
placements of point L are u; and u; in X, and X, directions, respectively, then, the total

energy, stored in all of springs, is given by

m eijekl : m.m.m
E= Y E" =53 o [LLT (4.12)
m=1

where, [, = cos0, I, = sin@. Comparing expression (4.11) and (4.12), the elastic moduli

of the discrete spring model are found as




n
a 1 m
Ciw =3 & % LHLY (4.13)
m=1
: : 1 S
For the triangular regular lattice model A = 2.3 and I, = > I, = 5 It is obvious

that expression (4.13) for the elastic moduli satisfies the essential requirements of symme-
try in stress and strain tensors. Result presented above was found by many workers, e.g.
see Holnicki and Rogula [63] for regular lattice which was extended by Ostoja-Starzewski

to a general case of disordered geometry [45].

Suppose a triangular lattice of central spring model is used to model a homogeneous
isotropic medium e.g. [64, 65]. Thus, in any cell, all the six normal springs have same

stiffnesses; in such a case, (4.13) can be rewritten as

¢, = %élzﬁ;‘f:m @.14)
Substituting 1, =0.5and 1, = ? , into above, elastic moduli can be evaluated as
Cim =€y = {3;“/30‘
Ciip = Cip = % (4.15)
Cizz = Cg6 = ‘?a

which satisfy all the following conditions of isotropy

Cim = Com

C1112 = C'Z212 =0 (4.16)

1
Cip = j(cml -Chip)
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In a such a 2-D case, we express bulk (and shear) moduli in terms of stiffness matrix com-
ponents as

K+p = Cyy B = Cg 4.17)
so that a pair of independent elastic constants are obtained as

_ A3
K—Ta

n = ?a (4.18)

Substituting the elastic moduli of expression (4.18) into the following relationship,

=
O

K-
+

= 12 (4.19)

vV = = —_—
Cll

A
a =

we obtain a Poisson ratio (V) equal to 1/3. This result which also may be obtained form an
analytical solution for one unit cell indicates that this model can be used only for a special
case of two-dimensional medium of V being 1/3. To present a medium of a general isot-
ropy, two independent elastic constants i.e. E and V, another parameter like angular

springs should be added to the model as will be discussed next.

4.3.4 - General Spring Model - Combined Central and Angular Spring Models

As shown by Fig. 4.8, an angular linear spring linking two adjacent normal springs in
order to constrain their free rotation, is introduced into the network. For each unit cell, we
have (n) angular springs, where n is total number of normal springs. The stiffness of the
m-th spring, denoted by 3™, takes into account the magnitude of angle associated to it. We
notice here that all angular springs incident into a cell have the same stiffness and there is

no interaction between springs of different cells.
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Uy

Fig, 4.8 Combined central and angular spring model.

Writing an expression for the elastic energy due to angular change (A®) (i.e. angular

spring deformation) between two bonds as shown in Fig. 4.8 in the form of
m 1,m 2
E” = 5p"a6)| (4.20)
m+ 1 em

where, A® = A0 -A

After carrying out some manipulations and making use of the stress and strain symmetry

property in stress and strain tensors, the total energy can be expressed in terms of the dis-
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crete model parameters. Again, from energy equivalence between those of discrete and

continuum models we obtain the elastic moduli as

\

( n
13 (gmesm oo e o
m=1
_Bmsiklzll;n+ll;n+ll;n+ Bm[:n-&-ll;nl;n-f-ll;n
L _Bmaikl:tl;nl;n-f-l[;n-'-l+Bm1;n+11;nl;cnl;n+l

Chu = 4.21)

where superscript (m-1) equals n when m = 1. Here n is the total number of springs in the

cell. Deriviation of above formula can be found in an unpublished work of Ref. [66].

Since, we are dealing with an elastic behavior, superposition of elastic moduli given by
(4.11) and (4.21) yields the elastic moduli of a cell of the continuum expressed in terms of

the stiffness constants 0. and [3 of normal and angular springs, respectively.

We consider a homogeneous isotropic medium modeled by a triangular lattice. All nor-
mal springs are assigned same stiffness (Q), and angular springs same stiffness (8). In a
continuum sense, elastic bulk and shear moduli of a cell are expressed in terms of the dis-

crete model’s parameters (O and [3) as follows
1 (3 9

9 ﬁ) 422)
T 2304 3

Eqn. (4.22) implies that the presence of the angular springs in the discrete model has no

B

effect on bulk modulus (i.e. x* = 0). Substitution of these values into the formula of

two-dimensional Poisson’s ratio given by (4.19) yields

o-38
3o+ 3P

vV = (4.23)
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Thus, the above equation suggests the following range of Poisson’s ratio that can be cov-

ered by the present model

(4.24)

4.4 Methodology of Solution
4.4.1 Spider-Inclusion Analogy

The Voronoi tessellation can be viewed as a planar system of continua, e.g. a polycrys-
talline solid. If we observe that the self-consistent method is used to predict effective
(macroscopic) moduli of polycrystalline media, based on approximations of a typical crys-
tal by an elliptical inclusion, such moduli of Delaunay networks can be determined pro-
viding we set up a suitable equivalence between both systems. On the other hand, the
condition that self-consistent methods are only applicable to macroscopically isotropic
medium is also consistent with our Delaunay network system since it is statistically an iso-
tropic one. Due to the fact that a typical Voronoi cell is somewhat elongated, it seems rea-
sonable to approximate it by an ellipse of aspect ratio (s). Actually, the computational
results which will be obtained by computer simulations in a range of volume fraction
between 0.0 and 1.0 will be used to determine the closest value of s, the aspect ratio of
ellipse, such that the self-consistent model fits our exact results. To that end, we define a
“spider” to be a Delaunay vertex and those halves of edges incident onto it which lie in
this vertex’ Voronoi cell. Now, with the help of Fig. 4.9- b below we call this equivalence
a “spider-inclusion analogy”. The precise nature of this analogy depends on the actual

inclusion model, that is on the choice of shape, and the type of inclusion-matrix interface
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(i.e. perfectly bonded or imperfect). In addition, the results also depend on whether a

symmetric or asymmertic form of the self-consistent method is used.

In summary, the two self-consistent models, summarized before, will be tested against
the exact calculations of effective moduli carried out by computer simulations of very

large Delaunay networks.



b)

Fig. 49 A Voronoi tesscllation graph and its dual Delaunay network; b) “spider-inclu-

sion” analogy.
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4.4.2 Periodic boundary conditions

Periodic boundary conditions have been used in many fields of science and proven to
be an excellent way to represent various problems of infinite nature. For Delaunay net-
works, it means that the geometry is repeated with periodicity L in x, and x, directions.
One window of Delaunay network with periodic boundary conditions may be generated as

follows:

First we generate n Poisson points from a planar homogeneous Poisson process of in a
square L x L. Then, we duplicate these Poisson points of the square into other two squares
one on the right and one on the left. The resulting three squares are duplicated twice in the
X, direction: above and below. Thus, we end up with a total of 9 sub-squares forming a
new big square of size 3Lx3L and 9n Poisson points. Then, the process of generating a
Voronoi graph along with its dual Delaunay graph, as it was described before, is applied
over the new big square. Thus, generated Delaunay graph (as shown in Fig. 4.10) yields
in the middle square, an approximately squared-shaped part of the Delaunay network,
whose boundary 9B is shown in bold lines; this is called a periodic Delaunay network. It
is next used for the purpose of calculating the effective moduli of the medium. It is of
importance to note that periodicity is meant here not only in the geometry of the network
but also in the physical nature of the boundary condition. That is, physical periodic

boundary conditions may be specified as

u;,(x+L) = u;(x) +E X, Vxe 0B

1(x) = -t(x+L) Vxe dB

(4.25)

where g is the macroscopic strain, t; is the traction on 9B, and L = Le,, with ¢; being a

unit base vector.
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Periodic boundary conditions represent a certain combination of the essential and the
natural boundary conditions given by (2.13) and (2.18), since the periodicity of the net-
work imposes also a periodicity in the forces acting between the neighboring vertices.
Thus, the effective elastic moduli of a network with periodic boundary conditions must lie
between those under essential and natural boundary conditions; actually they are closer to
those obtained under the essential boundary conditions. Hence, simulations of periodic
Delaunay networks give the closest estimates of the effective properties in a computer

simulation.
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Fig. 4.10 A periodic Delaunay network generated by duplication of Poisson points of one

square into other 9 squares.
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4.4.3 Numerical Solution Implementation

The method of solution is described here in a general sense so that it can be applicable
to any network regardless of its geometry or a model of interactions between grains used
along with it. The procedure to calculate the effective moduli (K, |L) of the generated peri-

odic Delaunay network is conducted in the following steps:

1) We generate one realization (specimen) of the Voronoi and its dual Delaunay networks
(note: a large size of network gives a better presentation of an infinite medium). Once a

realization is created we conduct the following operations on it:

i) Random assignment of the two phases type 1 (and 2) to all network’s vertices according

to a given volume fraction C, (and C,) without any spatial correlations.

ii) Subjecting the boundary of the network to a uniform in-plane extension, corresponding
to a macroscopic strain €,; = €,,, and then calculating the total energy U, set in the net-
work as a sum all the energies of all its edges (bonds) which are modeled as linear springs.
It is important to note that the boundary edges are to be calculated only once, although
they show up twice in Fig. 4.10. Accordingly, bulk modulus of this realization can be

extracted from the energy calculations.

iii) Subjecting the boundary of the network to a uniform extension in x,; direction and a
uniform compression in x; direction, corresponding to a simple shear €,,, in a coordinate
system rotated by 45°, and then calculating the total energy Uy as before. This assign-
ment of boundary condition yields the shear modulus of the realization directly.

iii) Noting that the energy of a two-dimensional linear elastic continuum of volume V (=

L?)is
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v 1

By equating the energy of the discrete model to that of continuum model, we calculate the

(area) bulk modulus as

2U
k= —0 (4.27)
V(€ +€p)
Similarly, the (area) shear modulus can be calculated as
2U
p=—2 (4.28)
Viep,)

It may be recalled from 2-D elasticity that bulk and shear moduli can be written as [8]

E E

D) =5+ (4.29)

K

where E is the area Young’s modulus and V is the area Poisson’s ratio which can be

expressed in a 2-D plane as [67]

v = XZH (4.30)

2) Carrying out steps i) through step iii) in Monte Carlo sense for a sufficient number of
realizations, say n, the effective bulk and shear moduli of the medium are obtained in the

sense of ensemble averaging which may expressed as

n

Z Ki 2 H;
R R (N (4.31)
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The outlined procedure of calculations is carried out via computer simulations where
three computer programs were developed and written in FORTRAN for this purpose.
While, one program is used to generate the geometry of the periodic Delaunay network, a
second one does the mechanics part of calculations where the energy of the discrete model
is minimized using a conjugate gradient algorithm [68]. As a result, the effective moduli
can be extracted. In the case of a regular network, the third program is developed to do

both tasks of the first two programs simultaneously.

4.5 Numerical Results

As stated earlier, we are going to calculate the effective elastic moduli of two systems:
(1) periodic Delaunay network and (2) periodic regular triangular network. The main
focus is given to Delaunay medium under two cases: (1) homogeneous case and (2) heter-
ogenous case. Two sets of numerical results are obtained corresponding to: (1) the central
interaction between grains and (2) the general model with both central and noncentral

interactions are considered.

4.5.1 Central Interaction Model
i) Homogeneous medium:

It is a case of networks representing a granular media which are made of entirely type |
(or type 2) vertices, i.e a homogeneous medium. Poisson’s ratio in such a homogeneous
case is found to be 0.38. The spring constant k of an edge of length 1 has been adapted
according to a series model (k (1) = l'l). This observation motivates an investigation of Vv
for a Delaunay network in which springs are assigned according to a more general rule k
(1) = IP, where the exponent p is the same for all springs. Fig. 4.11 illustrates the depen-
dence of V on p from which we observe that the maximum Poisson’s ratio is reached when

p =-1. This value makes much sense for a spring model, since it assumes that the stiffness
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of a spring is inversely proportional to its length. Therefore, it will be adapted throughout
all calculations. Since in the central spring model, the only input parameter is k (spring
constant), a special isotropy (here, V = 0.38) is yielded. For a homogeneous triangular lat-
tice Poisson’s ratio obtained from numerical simulations is 1/3, as it can be verified from a

unit cell spring model.

0.4

0.3

A 0.2

0.1

0.0

Fig. 4.11 Dependence of the Poisson’s ratio v on p for a one-phase Delaunay network

with all spring constants assigned according to k = 1P,

i) Heter mediym

It is a non-trivial case where two phases of a granular medium are mixed at random.
Calculations of effective moduli are performed for ¢, ranging from 0.0 to 1.0 varying by
0.1 increments for several contrasts; 10,100,1000,10,000. For contrast equal to 10, results
of computer simulations varying continuously are shown in Fig. 4.12 for bulk mcdulus

and in Fig. 4.13 for shear modulus (indicated by black triangles). The results of various
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self-consistent models for (N = 2, i.e two-phase medium) with aspect ratio s = 2 are shown
also on the same graphs. We tried several ratios and, SCA-S with s = 2 gave the optimal
approximation to Delaunay network results for the entire range of contrast (stiffness ratio).
On the other hand, SCA-A method seems to be too ‘stiff’ for Delaunay networks but good
for regular triangular networks. Results of regular triangular network of approximately
the same size, indicated by black circles, show that the effective stiffness at ¢, between 0.0
and 1.0 are stiffer than those of the Delaunay networks. Also, we observe that the random
geometry leads to a softening relative to a regular structure in the two-phase medium case.
The same observation was made in the case of one phase medium [50]. In Figs. 4.12 and
4.13 we show results of circular inclusions with springy interphase where the tangential
stiffness (spring constant) of the springy interphase equals to 7. Due to the drawback -
lack of representation of numerical results - it will not be used beyond this point. Voigt
and Reuss bounds at contrast 10 are plotted in Figs. 4.12 and 4.13 for bulk and shear mod-
uli, respectively. Since they are so widely spaced, they shall be dropped also in any fur-

ther calculation.

Then we proceed to perform calculations for bulk and shear moduli (for Delaunay and
regular triangular networks) at contrasts 100, 1,000, 10,000 (see Figs. 4.14-4.16). Aspect
ratio (s = 2) in SCA-S model continues to be the best approximation to our numerical sim-
ulation results for Delaunay networks. For regular geometry, simulation results fit very

well the self-consistent model of circular inclusions with perfectly bonded interfaces.

On the other hand, the results of Delaunay networks are used to test the quality of the
self-consistent approximations in two limiting cases: networks with a finite area fraction
of one phase being either holes or rigid inclusions. These two cases are characterized by a
critical point at which the system makes a transition: from elastic to floppy - in case of per-

colation of holes, and from elastic to rigid - in case of percolation of rigid inclusions.
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With our numerical simulation results of Delaunay networks, we approach both cases by
an assignment of a contrast increasing from 10, to 100, 1000 and 10,000, rather by direct
simulations of partially void or partially rigid networks. Thus, Fig. 4.14 shows the results
for X normalized by K; at contrast 100, Fig. 4.15 at contrast 1000, and finally, Fig. 4.16 at
contrast 10,000. Graphs for [l normalized by L, are exactly the same and, hence, they are
not shown here. Clearly, since we are plotting the resulting effective K and | on a scale
where K/K; is finite, it is at contrast 10,000, shown in Fig. 4.16 that we get the case of par-

tially void networks. This is a situation of percolation of holes.

The results of the three self-consistent models; SCA-S, SCA-A and circular inclusion
are also plotted in Figs. 4.14, 4.15 and 4.16. It is found that SCA-S ellipses model at
aspect ratio s = 2 continues to be the best approximation here except in the range c, = 0.5
to 0.6 which is a situation of high fluctuations. On the other hand, the circular inclusion
model with perfect bonding remains an excellent approximation to the regular network
results except between same points: C, = 0.5 to 0.6. In fact, the self-consistent model pre-
dicts the transition in response at 2/3 volume fraction of phase 2, while the simulations do
so around 50%. It is interesting to note that 50% is the critical probability of Bernoulli
percolation of sites on such networks [69]. Also, it is important to observe that while the
self-consistent model with circular inclusion is off by 16.66%, other effective medium the-

ories of composites with perfect bonding give percolation at 100% [70].
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Fig. 4.12 Effective bulk modulus at contrast 10 for Delaunay and regular networks; along
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Fig. 4.13 Effective shear modulus at contrast 10 for Delaunay and regular networks;

10.0
god| — * b. (circles)
: — — p. b. (symmetric ellipses)
godl — P b. (asymmetric ellipses)
) - p. b. (springy interface)
7.0-{] —© Reuss bound
—&— Voigt bound
6.0 4 exact (random geometry) 1}
exact (requlor geometry)
5.0+
4.0+
3.0
2.0
1.0
.0+ T
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
C

along with various self-consistent models and Voigt and Reuss bounds.



88

100.0
90.04| —— p- b. (circles) /
— — p. b. (symmetric ellipses) /
80.0~{| —-- p. b. (asymmetric ellipses) : /
70.0 exact (rondom geometry) //
’ ®  exact (reqular geometry) fl
60.0 /
- //
Q /
50.0 /7
> /7
- ' /
40.0 ,71
30.0 7,/
s
20.04 V¥4
/
10.0- Z
0.0-+;. ﬁ % —T T — T 7771

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

Fig. 4.14 Effective bulk modulus of Delaunay and regular networks at contrast 100.
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Fig. 4.15 Effective bulk modulus of Delaunay and regular networks at contrast 1,000.
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Fig. 4.16 Effective bulk modulus of Delaunay and regular networks at contrast 10,000.
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The case of rigid inclusions is approached by plotting Ky/K for a very high contrast of
10,000 on a scale where K; is finite. Thus, Fig. 4.17 gives the case‘ of contrast 100, Fig.
4.18 contrast 1000, and, finally, Fig. 4.19 contrast 10,000. Simulation results of both
Delaunay and triangular networks showed that SCA-A provides now a better fit, with a
change in aspect ratio: s =2 in Fig. 4.17, s = 4 in Fig. 4.18. However, the final case of Fig.
4.19 cannot be approximated by any single aspect ratio in the entire range of c,; this figure
shows the case of s = 8, which was found to provide the best overall fit. The transition in

the self-consistent model of circular inclusion occurs again at volume fraction 2/3.

In all simulations carried out here, at any specific c,, we employed 20 samples with
1,000 vertices each. This was the best we could achieve given the computer resources
available to us. The strongest scatter was encountered at c; = 0.2, 0.3, 0.4 and 0.5 in Fig.
4.19, which motivated a setup of 10 samples with 2,000 vertices each. As a result, only

the regular triangular network at ¢ = 0.3 appears to be off.

1.0
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Fig. 417 The reciprocal of effective bulk modulus at contrast 100.
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Fig. 4.19 The reciprocal of effective bulk modulus at contrast 10,000.
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4.5.2 Combined Central and Angular Interactions Models

So far, all calculations were carried out based on a central interaction between grains.
In this sub-section, results are obtained based on a consideration of two types of interac-
tions; central and angular. Hence, the general spring model introduced into Delaunay net-
works in such a way that in addition to each edge being a normal spring, an angular spring
connects each two neighboring edges to model angular interactions. Therefore, now, a
new parameter, r = k"/k® ratio is needed to be specified, k" is normal spring stiffness and
k?is angular spring stiffness. As mentioned earlier, this model can represent a medium of

general isotropic elastic properties (i.e. two independent elastic constants, here K and ).

On the other hand, inclusion of the angular (shear) interactions in a Delaunay network
needs more efforts since computer time needed to run a single case becomes very large. In
addition, a higher number of realizations is essential to kill fluctuation in output results
especially for higher contrast. Due to limitation in space and time on any computer facil-
ity available to us, all calculations are performed at contrast 10 (note here that we used
both same contrasts in normal and shear interactions). To examine the effect of a change
in r on the effective elastic moduli of Delaunay networks, six values of r are chosen; 0.1,
1.0, 10, 50,100. When r = oo, the model reduces to the central spring one and all pervious
results are valid, a case which was verified here, while r = 0 means that only pure shear
interactions (no central interactions) exist between grains. In latter case, Poisson’s ratio is
found to be equal -1. Hence, the present model can predict effective properties of a
medium whose Poisson’s ratio ranges from -1 to 0.38. Proceeding to effective moduli cal-
culations, Fig. 4.20 shows the results of K normalized over K; for a range of volume frac-
tion (C,) ranges from 0.0 to 1.0 with an increasing increment of 0.1. Examining these
curves one can observe that an increase in r parameter leads to a softening in effective bulk

and shear moduli. This observation is consistent with that one might expect - introduc-
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ing angular springs into a network increases its stiffness. Fig. 4.21 shows the results of
effective W as a function of C, while same behavior continues to be observed here with
only one exception - a high fluctuation in results at small values of r (= 0.1, 1.0) is
observed. These cases corresponds to a network which is very strong in shear but very

weak in normal interaction.

To present the results in form of two other independent elastic constants, E, V are calcu-
lated from X and [l and plotted versus volume fraction (C,) as shown in Figs. 4.22 and
4.23, respectively. Effective Young’s modulus is decreasing as r increases (the same
behavior as before), but the problem of high irregularity at small values of r has disap-
peared. For effective Poisson’s ratio, the variation with respect to volume fraction (C,)
appears to be very weak near the extreme values of r (i. e. at r = 0.1 V has approximately
the same value of 0.98). Atr = oo, (shown by the curve on top) we recover results
obtained by using the central spring model, which possesses also a weak variation. At
moderate values of r, a stronger variation which takes a form of a concave-up curve can be
seen for the cases atr =1, 10, 50, 100. It is of interest to note that it is approximately at r
=20 when V equals 0. A note is made here of an investigation by Snyder et al [71] which

reports the dependence of V on the volume fraction for continuum-type composites.

Now we examine the best approximation among the three self-consistent models, SCA-
S, SCA-A and circular inclusion to our simulation results at three cases; r = 10, 50, 100.
Since these ratios represents practical cases of materials, so they are chosen here. Pure
shear or close to it is of a pure academic interest and does not posses any practical basis,
hence, it is ignored here. For such a case, we could not find any self-consistent model
among the three which may fit our results, which strengthen our decision - that it should
be ignored. Fig. 4.24 shows the simulation results of X for Delaunay network (normalized

over K, ) along with the three models of self-consistent method. It is the circular inclusion
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with perfect interface model that fits our results excellently (see Fig. 4.24). In the con-
trary, for both cases r = 50, 100, as shown in Figs. 4.25 and 4.26, the SCA-A inclusion
model is found to be the best approximation to its corresponding simulation results,
respectively. One should remember here that at r = oo, which corresponds to the case of
using the central spring model only, it was found that the SCA-S model was the best

approximation to the simulation results.
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Fig. 4.20 Effective bulk modulus of Delaunay network at contrast 10 for different

values of r.
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Fig. 4.21 Effective shear modulus of Delaunay network at contrast 10 for different

values of r.
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Fig. 422 Effective Young’s modulus of Delaunay network at contrast 10 for different val-
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Fig. 4.23 Effective Poisson’s ratio of Delaunay network at contrast 10 for different

values of r.
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Fig. 4.24 Effective bulk modulus from numerical simulations and self-consistent models
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Fig. 4.25 Effective bulk modulus from numerical simulations and self-consistent models

results for r = 50.
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CHAPTER 5

EFFECTIVE CONDUCTIVITY OF HETEROGENOUS INTERFACES
IN FIBER-MATRIX COMPOSITES

5.1 Introduction

The transition zone between matrix and inclusion (or fiber) in inclusion-matrix com-
posites usually forms due to bonding processes during manufacturing [3]. Diffusion,
nucleation and chemical reactions are some examples of these processes. Thus, it is a
region where the inclusion and matrix grains are chemically and mechanically combined.
Two terms most commonly used to describe this region are: interface and interphase.
When the transition zone is a two dimensional boundary separating matrix and inclusion,
it is called “interface”. Whereas, when it is assumed to be an additional phase between
matrix and inclusion or a third layer, it is called “interphase”. Most frequently, theoretical
studies in this area represent this zone as a two dimensional layer or as a three dimensional
region of certain microstructure, i.e. an interphase [3], which has distinct properties. Inter-
faces in composites influence the local fields and their effective properties. Therefore,
composites with inhomogeneous interfaces have attracted attention of several researchers
recently, i.e. see [72]. Works in this field include studies of stress fields due to thermal [5,
6, 7] and mechanical loadings and the evaluation of effective elastic moduli of composites
with inhomogeneous interfaces [8 9, 10]. However, in these studies the interphase region
is assumed to be isotropic with Young’s modulus, as an example varying linearly, as a

power law, or as a polynomial, and in general Poisson’s ratio is taken as constant for sim-
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plicity purpose. Anisotropy of the interphase is considered in [11, 12] where the anisotro-

pic constants vary as a power law.

All of these works were based on effective medium theories and no consideration was
given to the microstructure of interphase. In the present study, this complicated problem
is approached in a new way which is hinged on a discrete random model for the micro-
structure of interphase. The microstructure is represented as a zone of two randomly
interpenetrating phases with statistics distribution to be linearly along its thickness. We
consider two specific models of the random microstructure: a fine-grained model with a
topology of a random chessboard, and a coarser-grained model with a topology of a
Voronoi planar tessellation, whose cells are occupied by either one of the two phases.
Although we mention these two models for random micros&uctures, our calculations will

performed based on the first model only (i.e. random chessboard with square pixels).

Next, the window concept is used as a “Representative Volume Element (RVE)” taken
from the interphase region. In order to calculate the effective properties of a window, the
same idea adapted in previous chapters is implemented here. Namely, at a given resolution
d of the window, we apply two types of boundary conditions: deformation-controlled and
stress-controlled on the boundary of the window. Equivalency setup between energy of
two systems - discrete model for window’s microstructure and a meso-continuum approx-
imation - yields two bounds on the effective properties of the interphase. Results showed
that properties of interphase, are locally anisotropic and are given as a continuous differ-
entiable tensor function which may be approximated by polynomials. On the other hand,
it is important to note here that there is an alternative method, based on a “star-triangle

transformation” (Y --> A) for calculating an effective conductivity of a lattice due to Frank
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and Lob [73]. However, our own program appears to be entirely sufficient and up to the
task of computing all the components of K of the interphase under specific - essential or
natural - boundary conditions. These results are fed into an effective medium theory to
predict the effective transverse conductivity of a composite with random distribution of
inclusions within the matrix [69]. In particularly, for the sake of simplicity, the Composite
Cylinders Assemblage model (CCA) [12] is employed in the present study to achieve this
purpose. A special feature of our study is its linkage of behavior at various length scales
of the composite body. While random field models of microstructure are established,
computer simulations are used to calculate effective properties of interphase at meso scale,
then, the CCA model is employed to calculate the effective (macroscopic) properties of

composites.

Finally, the governing equations for conductivity problem in 2-D are the same as for
out-of-plane elasticity, so that whatever outlined above is applicable also to an axial shear

modulus of a unidirectional composite.

5.2 Problem Statement

The main objective of the present study is to compute the effective transverse thermal
conductivity of the inhomogeneous interphase zone in a fiber-matrix composite. The inter-
face is explicitly taken as a finite thickness zone of two component phases. A particular
unidirectional fiber reinforced composite with continuous and aligned fibers, embedded in
a matrix, which are in shape of circular cylinders is considered. Each fiber-matrix inter-
face is a region of two randomly mixed phases, matrix and fiber (see Fig. 5.1). Both fiber
and matrix are assumed to be homogeneous and isotropic, that is, they are described by

two constant isotropic conductivity tensors. A random fluctuation is present in the com-
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posite from two sources: (i) the random mixture of both fiber and matrix cells in the inter-

phase region and (ii) the random distribution of fibers in the matrix at macro level.

Fig. 5.1 Sketch of a transverse cross-section of a unidirectional fiber-reinforced compos-

ite with heterogeneous interphase.
To account for such randomness, four different length scales are introduced here:

i) Smicm =1 - scale of heterogeneity,
i) Sipierphase = (b - a)/d - scale of the interphase,
iii) Opeso = L/d - scale of window taken from interphase,

iv) Spnacro - macroscopic dimension of the composite body.

For a homogeneous isotropic interphase undergoing a steady state of heat conduction,

the constitutive law given by Laplace’s equation is
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q; = K, T, (5.1)
where,
q;- heat flux,
T ;- temperature gradient,

Kj;- thermal conductivity tensor in 2-D, given by

K‘.j = K[l O] where K = constant (5.2)
01
but since the interphase region is heterogeneous and a random mixture of two phases, the

problem then tumns to find an effective constitutive law analogues to equation 5.1 as
% = KjT, (5.3)

where K® is the effective conductivity of interphase, over-bars indicates volume averag-
ing. Calculations are conducted over a window of size O. Postulating that the window is
equivalent to a RVE taken from the interphase, helps in finding K. But since it is
obtained when window size goes to infinity (—> o), then, it is impossible in our problem
to be predicted by a unique value. Instead, compatible with our observations made in
chapter 3, only bounds on Keﬁ may be obtained. The micro-meso linkage (i.e. between
discrete variation of conductivity at micro level and meso-continuum approximations)

will be performed via computer simulation. Details are provided in the next section.

Then, the two bounds on interphase’s effective conductivity at meso level will be used
to estimate the effective conductivity of the composite containing such interphases.
Here, we use a continuum mechanics approach to establish a linkage between meso and

macro properties. CCA model is utilized for this purpose.
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5.3 Solution Procedure
5.3.1 Passage from the Micro to Meso Level

We employ a cylindrical coordinate systemr, 0, z such that the z-axis is parallel to the
axes of the fibers and the r—0 plane is a transverse plane which becomes the plane of our
2-D problem (Fig. 5.2- a). The random mixture of two phases (m-matrix, and f-fiber) in
the interphase is represented by a random chess board (Fig. 5.2-b) or by a Voronoi mosaic
(Fig. 5.2-c). In both models cells are occupied at random by either one of the phases
according to a so-called indicator function:

1 if reV,

() = {0 if rev r= (r,0) we Q (5.4)

i

where: V- domain occupied by a phase, s =m, f.
€)- sample space,

- one realization of the random interphase.

An established model of description of random media [74, 75] is used here, whereby B
= (B(W); ® € Q)is a random microstructure, which was presented in chapter 2. Two
typical realizations of B(®) for both models of the interphase are shown in Fig. 5.3- b and
c. In what follows we characterize ) in terms of a probability distribution P {y (r) }

which is assumed to satisfy the end conditions
P(x(ap) =1) =0 and P(x(by) =1) =1 (5.5)

where a; is the radius of fiber, while by is the radius of interphase. The fiber and matrix

phases are both taken as locally isotropic and hence equations given by (5.5) implies that
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(m)

Ki(jn = 5;,-1‘(/) atr<ag,and K" = 51’.1((”‘) atr > by,

<)

Fig. 5.2 Sketch of a fiber-interphase-matrix system, and two models of microstructure.

The variation in properties of interphase at micro level is piecewise-constant. Thus, the
highly heterogeneous interphase structure - discrete (non-differentiable) and random -
poses a major obstacle in the analysis. The meso-continuum approximation, K‘(,i) (r,9),
where i denotes the interphase, provides a solution for such a problem. The meso contin-
uum is obtained by treating the window as if it is an RVE characterizing the material
response K‘.s.i) (r,8) as a transformation from the temperature gradient VT = @ into the
heat flux q,or vice versa. Hereinafter, overbears indicate volume averages over the vol-

ume (i.e. area) of RVE.



106

In order to define the effective conductivity of the window (RVE), the same methodol-
ogy as the one used earlier in the stochastic finite element problem is implemented here

based on a computer simulation. For sake of clarity, it is briefly summarized here as:

i) Application of two types of boundary conditions on window’s boundary:
a) essential (displacement-controlled): T = Bjxj,
b) natural (stress-controlled): q,n, = G,n,.

where, T- temperature, B- temperature gradient, g- heat flux, and n- unit normal on bound-

ary.

ii) Energy calculations based on the discrete model under both (i-a) and (i-b) conditions for
one realization taken from the random microstructure of interphase. As mentioned earlier,
energy equivalence principle yields two values of conductivity; K ; (w) and

I_(g () = (R; (w) )_l , respectively.

iii) Statistical analysis (in Monte Carlo sense) over a sufficient number of realizations.
Thus, two (upper and lower) bounds on the effective conductivity of interphase given by
either (I_(g (r)) or (1_<§ (r)) are obtained, where ( ) denotes ensemble averages. It turns
out that both tensors are orthotropic as can be seen from Fig. 5.2- b and ¢ by noting a gra-
dient in the radial direction. Indeed, the 60-component was found larger that the rr-com-
ponent. Three features of the present model in contradistinction to the commonly assumed
isotropic meso-phase models [72] are:

i) the tensors posses an anisotropic character,

ii) a sigmoidal transition curve without a kink at r = ag,

iii) an effectively larger thickness of the interphase: a = ap -L/2 and b = b +L/2 instead of

ag and by,
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5.3.1 Passage from the Meso to Macro Level

So far we obtained two bounds on the effective conductivity of the h genous inter-
phase. Now, admitting the interphase as a distinct zone, the two bounds are fed into the
CCA model of Hashin and Rosen [12] to find K‘“ of the whole composite. In this model
the actual unidirectional fiber-matrix composite is represented as a set of composite cylin-
ders which completely fill the space, (see Fig. 5.3). Each composite cylinder consists of a
cylindrical fiber enclosed in two concentric cylinders, the inner one representing the inter-
phase and the outer one the matrix. In addition, each composite cylinder has a similar
geometry such that a/b and a/c are constant, where a, b and c are - in the meso-continuum
approximation - the factious radius of the fiber, the factious outside radius of the inter-
phase and the factious outside radius of the matrix (of the composite cylinder), respec-

tively.

Fig. 5.3 Sketch of a Composite Cylinders Assemblage model.



108

In CCA model, first we calculate the effective conductivity of one cylinder by replacing
it by an equivalent homogeneous cylinder with unknown effective conductivity property.
To achieve that, we can apply either essential or natural boundary conditions on the
boundary of the cylinder; but as was found By Hashin and Rosen [12], both yield identical
results. Therefore, we choose to apply a uniform temperature gradient field B such that

the temperature on boundary of the composite cylinder is

T| ., =B-c-cosb (5.6)

in which c is the radius of the composite cylinder. The governing equation for our problem
is heat equation which for a case of no coupling between mechanical and thermal fields in

steady state condition is
QGx = KyTy =0 s=fm (5.7)

for two homogeneous regions, of fiber and matrix. For inhomogenous locally anisotropic

interphase eqn. (5.7) is
()
Gei = (KT ) =0 (5.8)

Solution of equation (5.7), which is a Laplace’s equation in a polar coordinate (k =r, | =

0), it yields the temperature fields in the fiber as

Tm =Amr-cosG O<r<a (5.9)

and in the matrix as
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T = [A™r+B"™ /r]cos®  b<r<c (5.10)

For the interphase region, eqn. (5.8) takes the following form in the polar coordinate

2 0 M D2 L2
k0T, [aK" +1K<a)]a_T+1aKre or, KedT KedT _

or? or rorr |or " ror '8_9+ r 8r89+ 7 392 =0 (>.11)

in which a <r <b with the K ;i) (r) tensor being either (K; (r)) or (Kg (r)). Recogniz-
ing that they are both orthotropic i.e. K ,(;) ‘=K ,(é)" = 0, and they are varying in the
radial direction only, we develop polynomial fits for K, ég ‘K ,(,') ‘K ég "and K r(:) " in the

2 3
form ofk0+k1r+k2r +k3r +....

Plugging the polynomial fits of (say the upper bound) into (5.11) and using the separa-

tion of variables technique, its series solution is obtained in the form of

N N
T = [A“) S d, (r-r)"+8Y Y en(r—ro)"]cose (5.12)
n:O n=0

which involves two new constants A® and B®, here i stands for interphase and N for the

number of terms in the series.

Finally, we evaluate the five unknown constants A0, A®, B® AM B by ysing the

boundary conditions

) (9
T =T

0 0 } at r=a (5.13)
q9 =49
@ _ g™

0 m at r=5=% (5.14)
q9 =4
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7™ = B-c- cosd at r=c (5.15)
where we note that
(s)
¢ = —K(’)g s=fim (5.16)

This permits the determination of the effective conductivity K from equating the flux
on the boundary of our composite cylinder g (m) (c) with the that on the boundary of the

equivalent homogeneous cylinder.

q(m) (c) = —Kefchose (5.17)
which yields
it i g K m B™
K = 8,K° K = -4 = (5.18)

As proven by Hashin and Rosen [12], this results applies for a RVE (Representative Vol-
ume element) taken from the composite medium. Based on such a result, eqn. (5.18) is

truly our effective conductivity of the whole composite.

As pointed out in section 5.3, we note again that we actually conduct this procedure

twice, for K @ equal to either (I_(g} or (K g)
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5.4 Discussion of Results

Based on the foregoing theoretical formulation, results are obtained for a composite
having a random chessboard interphase. Interphase under consideration characterized by
two parameters: contrast ratio K&/ K™ = 10, and ag = 1.0, by = 1.1 which implies that the
interphase thickness is 10% of fiber radius. We assume a linear distribution for fiber

grains along the interphase thickness as
P(x(r) =0) = Ar+B (5.19)

where A and B are found from the end conditions (5.5) such that A =-10.0 and B = 11.0.
Choosing the above linear distribution is due to the lack of experimental information.
Thus, we have a random mixture of two phases with concentration of fiber phase decreas-
ing gradually (here linearly) in the radial direction along the thickness of interphase. In
this study, the interphase is simulated by 100 squares (pixels). Three windows of 10x10,
20x20, and 40x40 pixels corresponding to & = 10, 20, 40, respectively from interphase are
considered. For each window of size 0 taken from a specific B(®), numerical simulations,
i.e. solving a boundary value problem numerically, yield K or (Rg)-l (R is the resistiv-
ity tensor) according to which boundary conditions; essential or natural is used, respec-
tively. For n radial points, ensemble averaging over N realizations in Monte Carlo sense
yields two bounds (K& (7)) and (I_(lﬁl (r)) on the effective thermal conductivity of inter-
phase. We mention here, that although both K;g and R.g are, in general, different from
zero for any given realization B(W), the ensemble averages of these two components are
zero due to the assumption of axisymmetry of P (x (r)) . Besides, (K,,) and (Kgq) were

found to be different which indicates that the interphase possesses an orthotropic property.
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Averages for K and Rgg are shown in Figs. 5.4 - 5.6 for the three different values of )

according to the following specifications:

d =10 0=20 =40
. |8 |13 |13 |
a 995 99 98
b 1.105 1.11 1.12
N 1000 100 20

Polynomial approximation for each case is shown on the same graph along with its corre-
sponding output simulation results. These polynomial fits were developed by Wang [77],
and are reproduced here for the completeness of presentation. Examining these curves,
we can make the following observations:

i) difference between bounds becomes smaller as O increases. Also, as expected, results
obtained under essential boundary condition are stiffer than those under natural boundary
condition, where the former one is an upper bound on interphase conductivity while the
latter one is a lower bound.

ii) the polynomial functions shows a non zero slope at r = a - as it should not be the case -
this is due to a limitation in the fitting process itself. A gradual decrease through the
whole thickness of interphase can be observed where no jump or sharp gradient exists. It
is due to the nature of method used in this study that such a behavior occurs, i.e. the win-

dow concept is employed here. As a result, the thickness of the interphase becomes (b - a)

not (by - ag).

iii) larger O leads to a higher anisotropy, while for the smallest & (= 10) the anisotropy is

almost non-existent.
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iv) since scatter decreases as O increases, smaller number of realization (N) is needed for

high values of 0.

With the meso-continuum approximation at hand, we proceed to the calculation of
macroscopic effective moduli via the CCA model. Both bounds are used as an input for
K ,2) in this model, and thus will obtain two bounds on the macroscopic conductivity of
the whole composite [72]. In Fig. 5.7, we show only effective conductivity for the case &
= 20, in which two graphs are plotted corresponding to (K;) and (Kg) as a function of
volume fraction of fibers. It is clear how both bounds on interphase conductivity produce

very close bounds on the macroscopic conductivity of the composite.

Finally, in this study, we showed how properties of heterogeneous interphase affect
composites’ overall properties. We used two different procedures of calculation at both
interphase and macro levels; random field modeling and computer simulations, and CCA

model, respectively.
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CHAPTER 6

CONCLUSIONS

Three engineering problems in micromechanics which have in common a stochastic
nature have been presented and methodologies of treatment were outlined. Due to vari-
ability in microstructures of special materials (heterogenous materials), effective (macro-
scopic) properties calculation should be admitted at micro level. Methodologies of
solution had the same basis: establishing a linkage between responses at different length
scales of the medium - micro, meso and macro - where randomness was incorporated
with the help of a random field theory. Introducing random discrete models at micro level
of the medium yields the meso-continuum models from which macroscopic responses can
be identified. In order to present clearly the basic ideas associated with the proposed
methods, analysis was conducted only in the context of linear elasticity (out-of-plane), and
thermal problems. However, for more complicated analyses such as nonlinear elastic, vis-
coelastic or elasto-plastic responses the underlying theme still holds. In this dissertation, a
finite element method based on micromechanics was proposed for solution of stochastic
boundary value problems. In another problem, a random discrete model, Delaunay net-
work, was employed to model random microstructures of granular media. Based on such
a modeling, effective elastic properties of the Delaunay network were calculated via com-
puter simulations. Finally, heterogenous interfaces in fiber-matrix composites were mod-
eled so that meso-continuum approximations were obtained and allowed the

determination of all effective properties of the composite.

In the stochastic finite element problem, we developed a random continuum model

using a micromechanics approach, and then used it as input for solution of a specific

118
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boundary value problem. Thus, we developed for the first time, a micromechanically
based stochastic finite element method. The link between the microstructure and finite
element method was provided by a so-called window which corresponds to a single finite
element cell. The window concept played a key role in the finite element formulations
since it yielded a specification of constitutive laws of a random meso-continuum. The
membrane example problem through which the method was presented here was a simple
but generic one - it illustrated the essential features of a micromechanics-based approach
in grasping the spatial heterogeneity of materials in stochastic finite element analyses. We
conclude that two random fields have to be considered in describing the microstructure
and bounding the response of the heterogeneous medium, with the choice of both fields
being dictated by the choice of a finite element mesh. Also, we note that the finer the finite
element mesh, the higher is the computational cost of a finite element solution, but the
lower is the computational cost of micromechanical specification of the material. Investi-

gation of both times as a function of the length scale 8, gave an optimal value of about 3.

It follows that by a relatively straightforward modification, a finite element program
can be made to incorporate a meso-mechanical input. Such an input may, in principle, be
provided in three different ways:

i) a direct computational simulation of the microstructure in each window (cell), repeated
n times in a Monte Carlo sense for various realizations [29],

ii) an assignment of medium’s properties according to a random meso-continuum [27],
iii) an analytical derivation of the stochastic constitutive laws at the meso-scale. This

yields a finite element version based on homogenization theory.

The first part of calculations in this problem were obtained in the sense of method i).
However, in light of method ii), a modification in the analysis was achieved through link-

ing the random fields of all finite elements together. Variance-covariance statistical
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parameters were used to establish such a treatment by which a major advantage was
achieved. CPU time of analysis was reduced by two orders of magnitude, which gave the
method a much needed practicality and efficiency. Concerning results, covariance-based
finite element analysis for problem with mixed boundary conditions gave softer results
compared with exact analysis performed earlier. On the other hand, CPU time measure-
ments of our recent methods showed that it is comparatively more elegant than a direct
exact analysis of the whole domain. The ratio between former time of analysis to latter one

was found to be very small.

Finally, it is of need to extent some of stochastic finite element procedures to cope with
nonlinear and dynamic analysis as well as apply it to mechanics problems like stochastic

continuum damage mechanics.

In the second problem, our objectives were: (1) to introduce a discrete modeling for
random microstructures of a special class of granular media; namely, Delaunay network
model of microstructures combined with two different spring models for central interac-
tions between particles at micro level and both central and noncentral interactions were
employed; (2) to calculate the effective elastic properties of two-phase granular media
with periodic boundary condition imposed on window’s boundaries which represents a
RVE taken from the random medium; (3) to identify a self-consistent model for a matrix-
inclusion composite which could adequately give bulk and shear moduli of two phase
Delaunay networks. Various such models were investigated against our numerical simula-

tions with the following results:

1) Using a central spring model:

1) For moderate and high contrasts, the ellipse SCA-S model provides the best fit to

numerical simulation results of Delaunay networks. The circular model is excellent for
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regular triangular networks.

ii) For very high contrasts corresponding to the percolation of holes, these two models con-
tinue to be adequate except near the critical point.

iii) The self-consistent model, in a symmetric formulation, of inclusions with springy inter-
phases is only adequate in fitting the bulk modulus. The asymmetric formulation of this
model was apparently investigated here for the first time, and with a negative result: the

model breaks down for volume fractions of inclusions exceeding 50%.

2) Usi neral spring m for both central and angular in i

i) Due to the high variability involved in responses especially at high contrasts, contrast 10
was only considered. To decrease the fluctuations, a larger size of Delaunay network as well
as a higher number of realizations are highly needed.

ii) As the ratio of stiffnesses of two springs (r = k"/k?) increases, softer effective bulk and
shear moduli are obtained. When r — 0, a case of pure shear interactions, the moduli were
found to increase. Effective Poisson’s ratio, corresponding to a homogeneous medium case,
in these two limiting cases were found 0.38 and -1, respectively. It was observed that Pois-
son’s ratio equals O approximately at r = 20. In 2-D plane, the range of Poisson’s ratio, as is
well-known, is between -1 and 1. One drawback of the present Kirkwood type model is its
inability to cover this whole range.

iii) For r = 10, the best fit to our numerical results among the three self-consistent models is

the circular inclusion model, while at r = 50, 100, it was the SCA-A with aspect ratio 4.

On the application side, results of this study will form basis for derivation of effective
constitutive laws of granular materials in a number of more complex situations where more
work is needed (see e.g. [76])such as:

1) Hertzian contacts need to be taken into account,

1i) infinitesimal elastic waves propagate under conditions of constant macroscopic strain,
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iii) elasto-plastic deformations take place.

While, the three cases above still lack effective medium theories, numerical simulations
such as those presented here may be employed. Thus, for example, introducing angular
springs between contiguous edges, one could adapt the Delaunay network to simulate the
elastic-plastic transition and the incipient plastic flow in granular media - these results
should be used to identity the best self-consistent model and calibrate it in the fashion

demonstrated here.

The need for meso-continuum approximations arises in another problem of mechanics;
inhomogeneous interphases between fibers and matrix in fiber-matrix composites. Intro-
ducing several length scales, we predicted the effective transverse conductivity (and axial
shear modulus) of a unidirectional fiber reinforced composites with inhomegenous inter-
phases. We presented a new treatment of heterogenous microstructures of interphases in
which materials were functionally graded. The highly heterogenous nature of interphase
necessitated introduction of a meso-continuum concept. The choice of a length scale of an
RVE of the latter is quite arbitrary over a wide range of values. Unlike the passage to an
infinite scale, as commonly targeted in other problems of micromechanics, the finite size
of interphase precluded this possibility. As a result, two random fields bounding the effec-
tive response at any given O were introduced. This provided a micromechanics-based der-
ivation of the profile of material characteristics across the interphase. Both random fields
were averaged in an ensemble sense to provide two meso-continuum approximations for
input to the effective medium calculations, that were based here on the CCA model. The
convergent nature of resulting bounds on effective modulus C°f, with increasing 9, sug-
gested a O-dependent hierarchy of bounds. Such an observation provided a clarification

about the choice of d to be used.
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