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ABSTRACT

LEAST DISTANCE ALGORITHMS FOR LINEAR SYSTEMS

BY

Said Bahi

In this thesis, we investigate the numerical methods for three classes of approx-
imation problems. We begin with the study of methods for approximating a non
negative solution of an overdetermined system of linear equations. We define a best
approximate solution of the system Az = b, ¢ > 0, to be the vector z > 0 which
minimizes the norm of the residual r(z) = b — Az, for a strictly convex and smooth

norm.

We, then, consider a system of linear equations Az = b which has a non nega-
tive solution. We present a method for computing, amongst all these non negative
solutions, the one which is of the least norm when the space R" is equipped with a

strictly convex norm.

Finally, given a system of linear inequalities, Az > b, we suggest an algorithm that
solves the question of the feasibility of the system, and if it is feasible, it computes

the unique solution which has minimal norm.

For each of these three approximation problems, we study a dual problem whose
solution leads to the characterization of the solutions of the original problem. Al-
gorithms for computing the solutions are presented and their convergence proved.

Numerical results for different [P approximation problems are discussed.
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Chapter 0

Introduction

The Least Squares Problems have received a considerable amout of attention from
different authors for either the special case of the Euclidean norm or the more general

case when the norm considered is the {P-norms, 1 < p < oo.

We shall study the numerical methods for computing solutions of the problem

that we state generally as follows.

Let a system of linear equations (resp. linear inequalities) be given and let ||.|| be
a norm. If the system is overdetermined, find the ‘best’ non-negative solutions which
minimize the [|.||-error. If the system is feasible, find the unique solution that has

minimal norm.

This problem will be considered for general abstract norms. For more practical
use, this work will apply to the interesting case of the /P-norms. First, we start by

restating the original problem, specifying the stages of this thesis, as follows

Problem 1. Given a linear system Az = b that has no non-negative exact solution,

find z > 0 for which Az is the closest to b.

Problem 2. Given the system of linear equations

Az=b,z22>0



that is feasible, find the vector z > 0, solution to the system and which has the

minimal norm.

Problem 3. Consider the system of linear inequalities Az > b. Find the solution

z with the least norm.

In problem 3, we make no feasibility assumption. Incidently the proposed method
to solve this problem will answer the question of whether the system is consistent or

not.

Our aim is to propose some implementable convergent algorithms that solve these
problems. After the algorithms are specified, their feasibility and convergence are
proved for any smooth, strictly convex norm. We will test these algorithms for the

usual /P-norm, 1 < p <
llzlly = (3 l=il?)? . (0.1)
In the first chapter we will be concerned with problem 1 :

Let A be an m x n real matrix and let b be a real m-vector such that the system
Az = b, z > 0 has no exact solution. Let the norm ||.|| on R™ be smooth and strictly

convex. We seek z > 0 solution of

|6 — Az|| (min) , £ >0. (0.2)

A more general formulation of this problem can be stated as follows: Given a
closed convex cone K in a finite dimensional Banach space X with a smooth, strictly
convex norm ||.|| and a point b € X \ K, find z € K that minimizes the distance
||b— z||, £ € K. We point out also that our results, including our algorithm can be

formulated in infinite dimensional spaces as was done in [9].

This problem has been extensively studied for the norms ||.||2 ,||-|li and ||.||co-

The last one is refered as the Chebyshev problem. Since the ' and the [* norms
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fail to be strictly convex or smooth, differentiable optimization techniques cannot be
applied. Special methods have been developed to handle these problems. In each of
these cases, thanks to linear programming, the special structure of the norm may be
used. See for example Barrodale and Young [1]. The case when the norm considered
is the [?2 norm
|6 — Az||2 (min) , £ > 0.

has received the most consideration. For a more complete discussion see Lawson and
Hanson [5] where an efficient finite algorithm called the NNLS algorithm as well as a

Fortran implementation are proposed.

With no side constraints, the problem
b — Az||, (min)

for any p, 1 < p < 00, has also been studied by different authors. See Fletcher, Grant
and Hebden [3], Owens [8], Owens and Sreedharan [10], Sreedharan [15], Spath [13]

and Watson [21]. It presents a lesser difficulty since the set of approximation
K={Az|z€eR"}
is a linear subspace.

If the condition £ > 0 is added, the set of approximation is no longer a linear

subspace. In this case we are seeking y in the cone
K={Az|z>0,z€ R"}
which is the closest to b.

Sreedharan in [20] has developed an algorithm for solving this approximation
problem for any smooth, strictly convex norm with applications to the minimization
problem

min{ |- Az|, |z€R"*, 22>0}.
3



In [20] a duality theory was developed and a characterization of the solution was
given. The algorithm we propose in chapter 1 will use these ideas. We will give a
dual problem and review the related duality theory. After stating the algorithm, we
will show that all the steps of the algorithm are valid, then the proof of the convergence
will be given. It is worth mentioning that our algorithm does not depend explicitly on
the special structure of the I? norm, but only on its strict convexity and smoothness.

Numerical results for the norms ||.||,, for various p, will be presented in chapter 4.

General algorithms (such as in Polak [11], Zangwill [22], Zoutendijk [23]) that
minimize smooth, strictly convex functions subject to linear constraints could be used
to minimize the function f(z) = ||b— Az|[?, subject to z > 0. Or use may be made of
nonsmooth optimization algorithms in Sreedharan ([16], [17], [19], [18]) and others.
All of these algorithms for their guarantee of global convergence, however require the
use of their built-in “antijaming” precautions, i.e., procedures that circumvent the
possibility of the generated sequence clustering at or even converging to non-optimal
points. In contrast to these, the algorithm to be presented here for the solution of
the problem at hand has no antijaming precautions because none is needed, and it
is globally convergent. General algorithms like those in Gill, et. al. [4] deal with
the optimization of a twice continuously differentiable objective function subject to
linear constraints and as such are not applicable to our problem, since in general our
objective function, the norm, need not be twice differentiable througout R™ \ {0}.
In particular, for the I? norms, 1 < p < 2, there are non-zero points in R™, m > 2,
where the norms fail to be twice differentiable. Despite this lack of differentiability,
one may try to apply second order methods, the validity of which is predicated on
the continuity of the Hessian of the objective function. Numerical answers obtained
on specific examples are then checked a posteriori to see whether they are the “right”

answers. Such tests lend credance to the applicability of second order methods,



even when the relevent hypotheses are violated, but such findings do not prove the
convergence of the algorithm. We, however, in the present work, give a proof of

convergence of our algorithm, which includes the I? case, 1 < p < 2.

In chapter 2, we will be considering the following minimization problem
|lz|]| (min) , Az=0b, >0.

The norm is assumed to be smooth, strictly convex and the system Az = b to have
a non negative exact solution. This problem has been studied for the /[2-norm with
linear inequalities constraints in [5] and for general norms in [6]. Lawson and Hanson
in [5] gave an algorithm that solves the problem ||z||2 (min), Az > b, called the LDP
(Least Distance Programming) algorithm. It uses the transformation of the present
problem into a NNLS (Non Negative Least Squares) problem. A Fortran code was

also presented.

As we pointed out in the discussion of problem 1, general purpose algorithms may
also be applied to solve problem 2, when the norm considered is the /»-norm. However,
the objective function f(z) = ||z||? poses the same differentiability problems for
1 < p < 0o0. Moreover, as it was outlined in [6], during machine implementation, some
precautions would have to be taken to circumvent the possibility that the generated
sequence of approximations be clustering or converging to a non optimal solution,
though we prove in theory the convergence of the sequence. On the other hand, our
statements including the proposed algorithm do not depend explicitly on the norm,
need no extra differentiability of the objective function and the global convergence of
the algorithm is proved. This work was motivated by similar algorithms in [6] and
[20].

A major step in this algorithm involves the solution, at each iteration cycle k, of

an [? problem



Az =b, £ >0, ||z — akl||2(min)

where a; is defined at the begining of each iteration. The feasibilty of the algorithm

will be studied and its convergence proved.

Next, we examine in chapter 3 the problem
[|z]|p(min) , Az > b

for any p, 1 < p < co. Lawson and Hanson studied a similar problem when p = 2. Our
work is an extension of the so called LDP algorithm in [5]. This problem is solved via
the algorithm in chapter 1. A dual problem will be presented and its correspondance
with the original problem will be studied. A related least squares problem will be given
and used, as mentioned above, to find the solution to our problem. After presenting
the algorithm, we will prove its feasibility and that it computes the solution if it

exists. The fact that no assumption regarding the feasibility of the system
Az > b

is involved will explain the usefulness of this algorithm. Moreover its implementation

is particularly simple.

In chapter 4, some numerical results are given and a subalgorithm is presented.
These results show that the coded algorithm does well compared to other algorithms
in the literature, for different p-norms, when p is in the range (2, o0) and not far away

from 2.



Chapter 1

A Least Distance Algorithm For A
Smooth Strictly Convex Norm

We study in this chapter the system of linear equations
Az =b (1.1)

where z is a non-negative n-vector in R", A is an m x n and bis in R™ . Let ||.||
be a smooth, strictly convex norm on R". In many applications the system above is

overdetermined. In this case, one seeks to minimize the error r(z) = b — Az.
We shall be concerned with the following problem
(P) min {||b— Az| | z € R* z > 0}.

Our objective is to give an implemetable algorithm to solve (P), and prove its
convergence. In practice the proposed algorithm computes simultanuously a solution
of (P), a solution of its dual (P’) and their common value. At each iteration cycle, an
approximation to the solution of (P) is computed and then used to find an approxi-

mation of (P’). The later enables us to compute a new, improved, approximation of

(P).

In [20], Sreedharan suggested a dual problem (P') , and the relation between

problems (P) and (P’) was studied. We will review briefly problem (P’) .
7



We begin by establishing some notations and definitions. Given two vectors z

and y in R™, the usual inner product is denoted by (.,.)

(:L‘, y) = Za:.-.y;.

A partial order in R" is defined as follows. For any u = (uy,...uy) € R*,u > 0 iff
‘u; >0,i=1,...,n. If Ais a matrix, its transpose is denoted by AT. Associated with
the above inner product is the usual Euclidean norm ||.||;. In formulating the duality
theorems, we will use the well known notion of dual norm. Let ||.|| be a norm on R™,

m > 1, the dual norm ||.||' on R™ is defined by

lyll" = maz{(z,y)| |z =1, =€ R"™}.

For any y in R™, y #0, a ||.|| — dual vector y' is then defined by

Iy'll =1, and (y',3) = lyll" (1.2)
Similarly, a ||.||" — dual vector y* is given by

ly*I' =1, and (y*,y) = [lyll. (1.3)

Recall that a norm ||.|| is strictly convez iff
lzll = llyll = llz + yll/2  implies =z =y,

and the norm ||.|| is smooth if and only if through each point of the unit norm there
passes a unique hyperplane supporting the closed unit ball B = {y € R™| ||y|| < 1}.
We note that ||.|| is smooth if and only if ||.||" is strictly convex. If the norm ||.|| is
strictly convex, then the ||.||-duals are unique, the map y — y' is odd, continuous
on R™ \ {0}, and positively homogenous of degree zero. If the norm ||.|| is smooth,
then the ||.||'-duals are unique, and the map y ~— y* is odd, continuous, positively

homogenous of degree zero on R™ \ {0}. It is easily seen that for y # 0,

v =y/lyll' and y* =y/|yl, (1.4)
8



when the norm ||.|| is smooth and strictly convex, respectively.

In the special case when ||.|| is the {P-norm, with 1 < p < o0, it follows easily
from the Holder inequality that ||.||;, =||.|l;, where p + ¢ = pq. In this case, the dual

vectors take the particularly simple forms
yi = (I9il/lylle)* ' sgnys,  i=1,...,m,

yi = (lyil/llyllp)" " sgnys,  i=1,...,m. (1.5)
for any nonzero vector y € R™.

A convezx cone K in R™ is a convex subset for which A\ye K, Vy € K and VA > 0.
The negative polar of K is defined by K° = {z€ R™ | (2,y) <0, Vy€ K}.In
particular, if

K={AzeR™ | zeR",z >0},

then its negative polar is given by
K°={zeR™ | ATz <0}.

Following Lawson and Hanson [5], if the system Az = b is overdetermined, then the
minimizers of (P) are called the non-negative least squares (NNLS), when the norm
is the I?>-norm. The corresponding residual is called the NNLS-residual. In general
the NNLS solutions are not unique. A finite algorithm for solving the NNLS problem

is given in [5]. At the computational stage of this chapter, we will use this algorithm.

The following dual problem (P’) can be now introduced [20]
(P maz{(b,z) | ze€ R™, ATz <0, 2|’ =1}.

Theorem 1.1 (Nirenberg [7]) Let K be a convezx cone in R™. Let b€ R™, then the

dual problems

min{|lb—y| | y € K}, (1.6)
9



and

maz{(b,2) | z € K°, |2 =1}, (1.7)

have the same value for any norm |.|| on R™.
From this, the following corollary is immediate

Corollary 1.2 Let R™ be equipped with a norm ||.||. Then the dual pair (P) and (P')

have the same value.

An important result in [20] will be used to solve (P). It characterizes the solutions
of (P) in the case when the norm |.|| is strictly convex and the system Az = b has

no non-negative exact solution.

Theorem 1.3 Let the norm ||.|| be strictly convez. The following are equivalent
(i) £ 2 0 is a non-negative least error ||.|| solution of the system Az = b .

(ii) There ezists y € R™, ||ly||' = 1, ATy <0, such that
Az =b — (b,y)y . (1.8)

Moreover, (y, Az) = 0 and y solves (P'). If in addition the norm ||.|| is smooth,

then (i) and (ii) are equivalent to

(iti) Let r = b — Az, then

ATr <0, (1.9)

and
(r*,Az) = 0. (1.10)
An immediate consequence of the theorem follows easily when ||.|| = ||.||2- In this

case clearly r* = r/||r||2, for any r # 0. The vector Z > 0 is a solution of (P) in the

10



13-sense iff the residual r = b — Az is such that

ATr <0 and (r,Az)=0. (1.11)

Now, we give our algorithm for solving (P). It is assumed that the norm ||.|| is
smooth, strictly convex and that the system Az = b, z > 0 has no exact solution.
The main results are the feasability of the algorithm and the theorem concerning its

convergence. Proofs that all the steps of the algorithm are valid will also be given.
Algorithm 1.1

Step 0. Find zo a NNLS solution of Az = b. Let ro = b — Axo, yo = ro/||ro|’,
k=0.

Step 1. Find z, a NNLS solution of
Az =b — (b, i)y, .
Let ri be the residual
re=>b — (b, yk)y; — Az, .
Step 2. If r, =0, GO TO step 8 ; else continue.

Step 3. If
(b,rx) > (byyr)llrell + lirell3/4 -

Set yx41 = r&/||Irx)’ and GO TO step 7.

Step 4. Let
pe = ((b,me) = lIrell3/2)/ (b, yi) -

Step 5. Find a; > 0 such that

e + arrll = 1 + arps

11



Step 6. Set

1 1 p
Yeer = (ye + §ak"k)/||yk + Eakrkll :

Step 7. Increase k by 1, and RETURN to step 1.

Step 8. zi is a non-negative |.|| minimal solution of Az = b. The computation is

complete.

We make a few observations. A crucial statement in the algorithm is step 5
defining the number a;. Any efficient algorithm for finding the zeros of a function
can be used in the current situation . Later, we will suggest a procedure to compute
the ax occuring in step 5. The stopping criterion given in step 2 is a very convenient
one in the proof of the convergence. From a computational point of view, a more
practical stopping rule will be to require that the so called relative duality gap goes
to zero. So, in writing a routine to implement the algorithm, step 2. will be replaced

by

Step 2. If
(16— Azi]| = (b, ye))/lIb — Azi]| <,

where ¢ is a fixed stopping rule parameter, GO TO step 8 (the computation is com-

plete); else proceed.
All the other steps of the algorithm remain unchanged.

Remark. Later in proposition 1.5, we shall show that the sequence ({b,yx))

generated by the algorithm is strictly increasing. We claim that
(byy) >0,  for all k.

To see this, let ro be the NNLS residual of the system Az = b, z > 0, as defined in

step 0. Recall that the system is assumed to have no non-negative exact solution, so

12



ro # 0. From equation ( 1.11) we get
(b, o) = |Iroll7 > 0.

Once more, by step 0 of the algorithm, yo = ro/||ro]|’, so that (b,y0) > 0, which

proves the claim.

We now turn our focus to the convergnce theory. We begin by proving the validity
of the various steps of the algorithm. In the next theorem, we prove that under the
assumption that the primal norm |.|| is smooth, the number o) > 0 defined by step

5 always exists.

Theorem 1.4 Let the norm ||.|| on R™ be smooth. Then if the algorithm is at the

stage of entering step 5, 3ax > 0 such that
lyk + airill’ = 1+ awpx (1.12)
where u; is defined by

e = (b,74) = )/ by we)

Proof. Since the norm ||.|| is smooth, the dual norm is strictly convex. Consider the

strictly convex function f : R — R defined by
FO) = llyx + Arell (1.13)

and let

[(A) =1+ i .
Then f(0) = 1(0) = 1, I'(0) = px and £'(0) = (y;,rs). (For details about f, see [14]).
We note that the algorithm enters step 5 only if ri # 0. By step 1 and ( 1.11), we

obtain

lirell = (b, rie) — (b, yi) (o Ts) - (1.14)
13



Using( 1.14), we have

FO-10) = o) - m
= (hors) = (5,74 = 5 Irul3/ 46,3
= (hora) b, 3s) = (b,7a) + D)/ (B, )
= 5 llnli3/(bus)

< 0.

This implies that f(a) — I(a) < 0 for some a > 0. Note that step 5 is executed only

if step 3 is answered negatively, i.e,
A TR
(b,ri) < (byyilirell + Zlirellz - (1.15)
In this case, since ||yx|| = 1, for any A > 0 we have

IAre + gell = Apx — 1

= I+ el = A8, m) = gl b — 1

> Al = lyell = A((8,m) = liral2)/(8,34) — 1
= Al (8,38) = (8,7) + e )/ 8, 8) — 2

1 1
> N=glreld + slirel)/ 6,08 2,

f) =1(3)

due to ( 1.15). Hence

O =10) > F(rel3/(,3) -2

goes to 0o as A — oo.

Thus, there exists A > 0 such that f(A)—I(A) > 0. Because the function f(A)—I(})
is continuous, this implies that there exists an ay > 0 such that (1.12) holds as

claimed, and the proof is complete.

14



Proposition 1.5 Let ry and y; be as defined in the algorithm. Then

(a) ye + ar #0, Va, if re #0.
(b) ATy, <0 and |w]| =1, Vk.
Proof. To prove (a), suppose ry = ayi for some a. The algorithm defines r; by
re=b — (byr)y, — Azi .
Now, because of the second half of ( 1.11), we get
Irelld = (6 — (b, ye)ye, ) - (1.16)
Hence
lrell; = (b, yw) — (b, ya) (i, ye)
=0,
since (yk,yx) = [lyx] = 1. This implies that r; = 0, a contradiction.

To prove (b), once more by ( 1.11) we have ATry < 0, so that by step 0 of the

algorithm ATy, < 0. A simple induction shows that
ATy, < 0, Vkand |lyx]|' =1.
The proof is complete.
The next result shows that the sequence (yx) built by the algorithm leads to an

improved approximation of the value of (P'), after each iteration cycle.

Proposition 1.6 Let (yi) be the sequence generated by the algorithm. Then, the

sequence ((b,yx)) is strictly increasing and convergent.

Proof. Here two cases have to be considered. Either (a) the question in step 3 is

answered affirmatively, in which case,

P |
(b,re) = (b,yx)llr«ll +Z||"k||§; (1.17)
15



or (b) the question in step 3 is answered negatively, so that
|
(&) < (b, yellrell” + Zllrellz - (1.18)

It is easy to see that case (a) yields a strictly increasing sequence. By step 4 of

the algorithm
Yet1 = Tk/”"k”' .

Inequality ( 1.17) implies

G,okn) = G/l
> (b, + glrel/ Il
Thus
(b, Y1) > (b, k) ,

(since ri # 0 ), as desired.

We now take up the second case (b). Because the norm ||.|| is smooth, the dual
norm ||.||" is strictly convex. By proposition 1.5-(a) yx and ry are linearly independent.

We have

1 [ l ’
llye + §akrk|| = ||§(yk + yx + axri|

< Sllue+ owrill + =l
2yk kT k 2yk

= 14 %akpk (due to step 5)

= 1+ gen((b,m) — 3lirelB)/(,30)

We conclude that

1 , 1 1
(b yi) |lyx + §ak"kll < (bye) + 5011:(5, k) — Zakll"kllg ) (1.19)

which, in view of step 6, implies that

1 1 1 ,
(byye) < ((byys + '2‘°k"k) - Zakll"kllg)/llyk + Eakrkll
< (b, yk41) ,

16



as claimed.

To prove the convergence of the sequence ((b, yx)), we simply observe that because

llyel” = 1, we have

(b,ye) < 1Bl llyll
= |i8fl .
The proof is complete.

The next result will be needed in the proof of the convergence theorem. It also
gives a further insight into the existence and the uniqueness of the number a; > 0,

defined in step 5.

Lemma 1.7 Let ay > 0 be as defined by step 5 of the algorithm. Then oy satisfies

the following inequality
(et awnd ) ) + 3G 2 () (1.20)
Proof. By the definition of the dual norm, we have
lye + anrell” = ((yr + aure)' s ou) + anl(ye + arre)’,ma) - (1.21)
Using the inequality
((gx + arr) s yx) < 1wk + cnre) || lyell
=1,
and ( 1.12), we obtain
1+ an((b, ) = gIrel/Bue) = e+ carel
< 14 on{(ye + akrk)',rk) , (1.22)
which proves the desired inequality ( 1.20).

We are now able to prove the convergence theorem.

17



Theorem 1.8 Either
(a) the algorithm solves (P) and (P') in a finite number of iterations; or
(b) the algorithm generates infinite sequences (zx) and (yx) such that the sequence

(yx) converges to the solution of (P') and every cluster point of (z1) is a solution of

(P).

Proof. To prove (a), we note that the sequences (zx) and (yx) are finite sequences
(i.e, the algorithm terminates in a finite number of iterations) if and only if r, = 0,
for some fixed integer k. In this case by theorem 1.3, zx and yi are solutions of (P)
and (P’) respectively.

To prove (b), let (zk), (yx), (rx) and (ax) be the infinite sequences genarated by
the algorithm.
Let

d=min {||b-Az| |z > 0, z€ R"}. (1.23)

Since the system Az = b, x > 0 is assumed to have no non-negative exact solution,

d > 0. By ( 1.16)

Irell; = (b = (b, y)yis i)

< (el + dllgillz)lIrellz

Let M > 0 be such that ||z]; < M]||z], for any z € R™. Then, because ||y;| = 1,

we obtain

lirilla < [|oll2 + Md . (1.24)

Hence, the sequence (ri) is bounded. Our goal is to prove that (ri) converges to zero.
Suppose that this not true, i.e, the sequence () does not converge to zero. then, by

( 1.24), there exists a subsequence, denoted again () such that

re —r#0

18



There are two cases to investigate.

Case 1. Assume that step 5 of the algorithm is executed for an infinite number
of indices (k), so that
1
(&) < (B yadllrmell” + ZlImell? - (1.25)

By taking a subsequence if necessary, we may assume that
Irellz > 6 Vk>0, for some §>0. (1.26)
Now,

arrel =1 < lyk + curi|’

= Lt (b ra) = 3lIral)/(6, )

(because of step 5), from which one obtains

2 2 anllrall (8,3e) — {ba) + lrelD)/ (6, )

1 1
> (= lirll3 + el 6,
(due to ( 1.25)). By the weak duality and ( 1.23) this implies

arllrell; < 8(b,yk)

< 8d.

Using ( 1.26), we see that
0<ax<8d/s. (1.27)

We have ,thus, shown that the positive sequence (ax) is bounded from above. Since
llyell’ = 1, by passing to a further subsequence of (k), which we call again for simplicity
(k), we may assume that there exists a non-negative number a and a vector y such
that

ar — a and Y — Y .
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Letting £ — o0 in ( 1.20), we get

(y+ar),r) 2 (3,7 = 3 lF12)/(6,3) (128)

(this is possible because the map z ~ z’ is continuous on R™ \ {0}). We will prove

that both possibilities, @ = 0 and a > 0, lead to contradictions.

If a =0, then ( 1.28) becomes
' 1
(or) (by) 2 (br) = 5lIrll3 - (1.29)
If one takes the limit as k — oo in ( 1.16), one has
Irll3 = (b,r) = (b, y)y',r) - (1.30)
Inequality ( 1.29) and equation ( 1.30) together imply
2 1 2
Il < 53
which implies r = 0, leading to a contradiction, as claimed.
If a > 0, then by step 6 of the algorithm
1 )
Yerr — (y + zar)/lly + zerl| =74, (1.31)

as k — oo. Both subsequences ((b,yx)) and ({b,yx+1)) have the same limit. Let p

be this limit. Then

(b,y) =(b,9) =p. (1.32)
Using equations ( 1.31) and ( 1.32) simultaneously gives
(5,9)lly + 5arll = (b,y) + safbr)
Rewriting this equation yields

1 ' 1
”y + 501‘” =1+ Ea(b’ r)/(bay) . (1.33)
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Allowing k — oo in the equation ( 1.12) defining oy, we obtain

(b, 9)lly + = (8,) + (b, 7) — 3IrlE)

Because the norm |[|.|| is smooth, we apply the same argument as in the proof of
proposition 1.5 using the strict convexity of the dual norm ||.||" (equation ( 1.19)) to

conclude that
1 1 1
(b )lly + gorll < (b,9) + gabyr) — Tallrl (1.3
It is clear now that equations ( 1.33) and ( 1.34) combined imply
0 < ~alrl,
leading to the desired contradiction. The proof of case 1 is complete.

Case 2. Suppose that step 3 is executed for all but a finite number of iterations.

Passing to a subsequence denoted again (k), we may assume
Y« —y and rp—r,

as k — oo. In view of arriving to a contradiction, assume that r # 0. By step 3 of
the algorithm

ykt1 = re/ |kl (1.35)
The subsequence (yx4+1) converges to
g=r/lrll".

Thus § , besides y, is a cluster point of the sequence (yx). Because of the fact that

the original numerical sequence ((b, yx)) is convergent (proposition 1.5 ), one has

(bay) = (b’ 37) . (136)

Letting k — oo in both sides of the inequality defining step 3, we find

e, 1
(o) 2 (&uMirll + ZlIrllz
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i.e,

& lrll” = (b,y)llrll'+%llr||§,
( since (b,r) = (b,§)|I7]l' ) . In view of equation ( 1.36), this implies r = 0, yielding
a contradiction. So, in both cases, we have proved that the sequence (r;) converges

to zero, as claimed.

It remains to prove that the sequence (yx) converges to the solution of problem
(P’). Let y be a cluster point of the sequence (yi). Then, there exists a subsequence,

denoted again (yx) converging to y. From step 1 of the algorithm, we have
ri=b — (byx)y, — Az . (1.37)

Since rp — 0, the sequence (Az;) converges to b — (b,y)y’. From the fact that the

cone {Az | £ > 0,z € R"} is closed, we get
b —(by)y = Az, forsome z>0.

Now applying theorem 1.3, we see that y solves problem (P’'). The same argument
applies to any cluster point = of the sequence (zx). Let (z,/) be a subsequence
converging to z. By taking a further subsequence, if necessary, we may assume that
Y — y. Considering equation ( 1.37) and letting k' — oo in ( 1.37), we obtain
Az = b — (b,y)y, (since rr, — 0). Once more applying theorem 1.3, we conclude

that z is a solution of problem (P), as claimed. This completes the proof.

The algorithm studied in this chapter can be generalized as follows. We keep the
previous notations. At each iteration cycle of algorithm 1.1, a prototype approxima-
tion is given by

1 1 '
Vi1 = (v + §ak?'k)/“yk + ‘z‘akrk" : (1.38)

As it was done in [14] a natural extension results from choosing an arbitrary coefficient
A belonging to a set to be determined as a substitute to the coefficient 1/2 in equation

( 1.38). We set down these changes in the following generalized algorithm.
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Algorithm 1.2
Step 0 to step 5. Same as in algorithm 1.1

Step 6. Let

Y1 = (Ye + Aeawri) /|y + /\kakrk”' )
where A\x € A. A is a fixed compact subset of the open interval (3,1).
Step 7. Increase k by 1 and return to step 2.

Step 8. z is a non-negative ||.|| minimal norm solution of Az = b. The computa-

tion is complete.

A carefull inspection shows that most of the results concerning algorithm 1.2
carry over to the present situation. Only a few changes are needed in the proof of the

convergence.

Theorem 1.9 Let A be a non-empty compact subset of the open interval (3,1). As-
sume the norm |.|| to be smooth and strictly convez. Let the sequence (yx) be defined

as in step 6 of the algorithm by

k1 = (9k + Meairi)/ |y + il

where A, is arbitrary, \y € A. Then

(a) the sequence ({b,yx)) generated by the algorithm 1.3 is strictly increasing and

convergent.

(b) the sequence (yi) converges to the solution of problem (P').

Proof. Recall that the smoothness of the norm ||.| implies the strict convexity of

the dual norm ||.||". From this observation we obtain

lye + Mearrell < Mellye + enrell’ + (1 = Ae)llyell
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= M(l+arpe)+ (1 —Ac) (due to step 5)

1
= 1+ Mean((Bri) = 5lImullz)/ (b yi) - (1.39)
Rewriting ( 1.39), we get

1 ,
(byyr) < ({byx + Akcxri) — §Akakl|rk||§)/||yk + Aeokri|

< (b’ yk+l) )

since Ay > 5, ax > 0 and i # 0 . Thus, the sequence ({b,ys)) is strictly increasing.

The rest of the proof of (a) is similar to the proof of proposition 1.5.

To prove the convergence of (yx) claimed in (), we show that
limrk =0. (140)

As in theorem 1.8, we assume ry — r # 0 and show that this leads to a contradiction.
The difference is that we have to pass to an additional subsequence of (\i), that we
shall denote (Ax), such that

M — AEA.

The two cases a = 0 and a > 0 are studied. The case a = 0 carries over exactly as

in the proof of theorem 1.8, while in the case a > 0 by letting ¥ — 0o, we have
yeer — (y+ dar)/|ly + dar| =3 . (1.41)

Since the subsequences ({(b,yx)) and ({(b, yx4+1)) have the same limit, equation ( 1.41)
shows that

(8,9)lly + Aar|l' = (b,y) + Aa(b, ) . (1.42)

Now, let £k — oo in ( 1.39). We get

' 1
(5. 9Mly + Aarll” < (b,y) + Aa(b,r) — SAaIr]l3 - (1.43)
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Combinig eq.( 1.42) and inequality ( 1.43), leads to
1 2
0< —-2-A01||r||2 .

which contradicts the assumption that r # 0. the rest of the proof is completed

exactly as in theorem 1.8.

The reader will note that this theorem was motivated by a similar work in [14].

25



Chapter 2

An Algorithm For Minimal Norm
Solution Of A Linear System

In this chapter, we will be considering a system of real linear equations
Az =b. (2.1)

where A is an m X n real matrix, b an m-real vector, and z an n-real vector. Under the
assumption that the system ( 2.1) has a non-negative solution, we shall be concerned
with the following problem: amongst all the non-negative solutions of ( 2.1), select
that solution which has the least norm ||.||, when R" is equipped with a strictly convex
norm ||.|| (e.g, the IP-norm, 1 < p < 00) . This problem will be referred to as problem
(P)

(P) min{|z|| | Az=0b,z€R",z>0}.

We assume that b # 0, for otherwise the problem is trivial. The notations and

definitions are those of chapter 1.

We present an algorithm for computing the solution of (P). Its feasibility and the
convergence will then be studied . All the steps in this algorithm will be shown to be

feasible. Its global convergence will then be proved.

To solve the given problem, a dual problem, to be denoted by (P’), will be associ-
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ated with (P). An outline of the correspondence between (P) and (P') will be given.
The main application of this work is the IP-norm case. Namely, Find z € R", that

solves the {P-problem
minimize {||z||, | Az=b, € R", 2 >0} . (2.2)

A worthwhile remark to make here is that the objective function in problem ( 2.2) need

not be twice differentiable in R™ \ {0}. This is particulary the case when 1 < p < 2.

For p = 2, problem ( 2.2) was studied in Lawson and Hanson [5]. They refer to
( 2.2) as the Least Distance Programming (LDP) problem. A finite algorithm for
solving LDP was given in [5]. We will use this algorithm as follows. At each iteration

cycle of our algorithm, the LDP problem
Az =b ,z2>0,||z — akl|2 (min)

where (ax) is a sequence defined by the algorithm, is solved using the LDP algorithm
of Lawson and Hanson. Briefly, we recall some definitions and notations from chapter
1. A norm |[|.|| is said to be strictly convexz if the unit sphere contains no line segment

on its surface. In other words
lzll = llyll=ll(z+9)/2 =1 =z=y.

The norm is smooth if through each point of the unit sphere in R", there passes
exactly one hyperplane supporting the closed unit sphere. If the norm ||.| is strictly
convex (resp. smooth), then the ||.|| (resp. ||.||") dual vector is unique (see chapter 1
for the definition of the dual norm and dual vectors). Moreover, the correspondence
z v z' (resp. = — z* ) from R" into the ||.|| (]|.]|')-unit sphere is odd, continuous
and positively homogenuous of degree zero on R™\ {0}. In the important case of the

IP-norm, defined as usual by

lzll, = 3 l=il?)!?,
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with 1 < p < oo, we have ||.||, = ||.|l;, where p + ¢ = pg. We close this review by

recalling that for any smooth, strictly convex norm ||.||
v* = vf|lvll" and v*' = /|,

ifv#0. Let
K={zeR"|z22>0, Az=b}.

Given problem (P), we associate a dual problem ([6])

(P') maz {(by) |E€R",£>0, yecR™, |6+ ATy||'<1},

where AT is the transpose of the matrix A. The relation between problem (P) and

problem (P') is investigated in the next two results.

Lemma 2.1 (weak duality) Suppose K non-empty. Let the norm ||.|| on R™ be arbi-

trary, then
value of (P') < value of (P) . (2.3)

Proof. Let € K , and let ¢ and y be as defined in problem (P’). Then

(b,y) = (Az,y)

= (a, ATy)

IN

(z,ATy+¢) (sincez>0, £>0)
< llalllATy + €Il

< =l
which implies ( 2.3), as claimed.

Theorem 2.2 (Duality [6])If ||.|| is an arbitrary norm on R", and K is non-empty,
then the problems (P) and (P') have the same value.
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The next theorem, due to Sreedharan and Nikolopoulos, states a useful characteriza-

tion of the solution of (P).

Theorem 2.3 ([6]) Let the norm ||.| on R™ be strictly convez. Suppose K non-empty.

The following are equivalent
(i) Z is a non-negative minimal norm solution of problem (P).

(ii)) Az=b, 2 >0, and there ezist { € R", £ > 0 and y € R™ such that

(b,y) >0, ATy +¢|' =1, (24)
and
7= (by)(ATy+¢) . (2.5)
Furthermore,
(€ (ATy+¢))=0. (2.6)
If in addition the norm ||.|| is smooth, then
i* =€+ ATy ,and (€,%) . (2.7)

Finally, (y,&) solves (P'), and
(b,y) = (z*,z) .

A characterization of the solution of problem (P) in the [2-norm case follows imme-
diately from theorem 2.3. This is an important ingredient in the subsequent devel-

opement of this chapter. We record it as

Corollary 2.4 If||.|| = ||-||2, then Z is the solution of problem (P) iff z € K,

7=ATy+¢, (2.8)
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and

(fs j) =0, (29)

for somey e R™, £ € R, € > 0.

It should be noted that when ||.|| = ||.||2, then Z* = Z/||Z||2, so that ( 2.8) and

( 2.9) are simply an easy consequences of equations ( 2.6) and ( 2.7).

We are now prepared to state our algorithm for computing the solution of problem
(P). We assume that the system of linear equations Az = b, z > 0, is feasible and

that the norm ||.|| is strictly convex and smooth.
Algorithm 2.1

Step 0. Find o the solution of Az = b,z >0 ,||z|]2(min). Let
9o = zo/||zo||’ B0 = (g0,20) and k=0.

Step 1. Set ax = ﬂkg;. Find z.4, solution of
Az =b,z > 0,||z — ax||2(min) .

Let up = 244y — ax.
Step 2. If ux = 0, stop. zi41 is the solution of (P); else continue.
Step 3. Set vk = (ux, k).

Step 4. If

PR |
T 2> Bulluxll +;1'||“k||§,

let

gk+1 = ur/|luell’ and Bisr = e /||ukl|’ -

and GO TO step 8; else continue.
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Step 5. Let

e = (= el B

Step 6. Find a; > 0 such that

llgx + axur| =1+ appr .

Step 7. Let

1 1 p
gks1 = (g + §0k“k)/|lgk + §akuk|| )

and

1 1 '
Br+1 = (B + Eak“/k)/“.qk + §0kuk|| :

Step 8. Increase k by 1 and RETURN to step 1.

Later in this chapter the stopping rule of step 2 will be used as follows. We
will show that the constructed sequence (ux) converges to zero. Then, because of
this convergence, it will be proven that the algorithm converges to the solution of
problem (P). However, for implementation purpose, we shall use the more realistic
stopping rule, similar to the one used in chapter 1, called the relative duality gap
criterion. In other words, we replace the condition ux = 0 of step 2 by the condition

(llz&ll = Bi)/llzk|l £ n, where n > 0 is a stopping rule parameter. We record this in
Algorithm 2.2.

Step 0. Find xo, go and fo, as in step 0 of algorithm 2.1; let 7 > 0 be a stopping

parameter.
Step 1. Same as step 1 in algorithm 2.1.

Step 2. If

(lzksrll = Be)/ llzksall <m0

stop. Ti41 is the solution of (P); else proceed.
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Step 3 to 8. Same as in algorithm 2.1.

Our main interest in the upcoming sections of this chapter will be focused on
proving that the various steps of the algorithm are valid and that the important step
6 defining a; > 0 is anserwed affirmatively and, finally, to prove that the algorithm

leads effectively to the solution of problem (P).

Lemma 2.5 ([6]). Let zq, go, Bo be defined as in step 0 of the algorithm. Then, there

exist o € R™, é0 > 0, yo € R™ such that
go = {o + ATyo , ”goll' =1 ,and ﬂo = (b, yo) > 0 . (210)

Proof. By corollary 2.4, there exist £ € R, £ > 0, z € R™ such that
zo=¢+ ATz, and (£,20) = 0.

But go = a:o/||zo||', thus go = ¢ + ATyo, where & = {/[[.’co”', and yo = z/||a:0|l'. To

prove the last statement of ( 2.10), we note that

Bo = (go0,o)

= |lzoll3/llzoll’ > 0,
and
(€0 + ATyo, zo)
= (Yo, AZo) (Due to ( 2.9)),

= (yOa b) )

(go, l‘o)

which completes the proof.

Proposition 2.8 (a) Let ux # 0 be as defined in the algorithm. Then

Va>0, gi+aur #0. (2.11)
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(b) Let ax > 0 be as defined by step 6 of the algorithm, then there ezist £k €

R", &1 20, yiy1 € R™ such that

941 = &1 + ATyisr , gkl =1 ,and Beyr = (yk41,b) - (2.12)

Proof. To prove (a) we proceed by induction on k. Let k¥ = 0 and suppose ( 2.11)

does not hold, i.e, 3a > 0 such that go = —auo. Then

luollz = (uo, 21 — ao)
= —aYgo,z1 — ao)
= —a"'({go, 1) — (90, a0))
= —a '({z1,& + ATyo) — Bo) , (because of ( 2.10) and step 1)
= —a”'((Az1, %) + (z1,40) — o)
= —a ' (fo+ (z1,60) — Bo) , (since b= Az)),
= —a"'({z1,6)) -
This yields a contradiction since z; > 0,§ > 0, and ug # 0, which implies ( 2.11) for
k = 0, as desired.
To prove (b), by definition of z; in step 1 of the algorithm and the corollary 2.4,
there exist £ € R™*, £ > 0, z € R™ such that
o = I;—ao
= £+ ATz, (2.13)
and
(2,8) = (uo, 1) = 70 -

Suppose ag is determined by step 6 of the algorithm. Then, because of ( 2.11),

go + — Qoo

2
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is nonzero. Let

1 1 '
v1= (¥ + 5002)/”90 + 500“0" )

and

&= (6&+ %005)/”90 + %aouonl :

From ( 2.10) and ( 2.13), we obtain

1 1 ,
ATy + & = (bo+ATyo + §ao(€ + AT2))/llg0 + 50101‘0”

= (go + aoto)/||g0 + 00“0”'

p—d gl'

Now,

(1,8) = ((wo,8) + 5et0(z, B)/llo + 5a0oll

1 1 )
= (Bo+ 50070)/"90 + 500“0"
= B .

This completes the proof of ( 2.12), for k = 0. The same argument applies for any

integer k if we assume the proposition to be true for k£ — 1.

Remark. It will be shown later that the sequence (i) generated by the algorithm

is strictly increasing. This combined with ( 2.10) imply that 8x > 0, for all k. We

conclude that step 5 is properly formulated.

Proposition 2.7 Suppose the algorithm is at the stage of ezecuting step 5. Let p

be defined by

e = (e = 5 s/ e -

Then, there ezists ar > 0 such that

llge + cxuk]] =1 + crpas -
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Proof. Let the function f : R — R be defined by
FO) = llgx + duell

and let

I(/\) =14 Mg .

Then, f is a strictly convex function. Moreover, f(0) = ||gk||' = 1 = 1(0). Also

f'(O) = <g;’uk> ’
(see chapter 1). We have

Ae/Be = (uk,zx41)/Bi , (by step3)
= (uk,ur + ax)/Bx , (because of step 1)

= [luell3/Be + (ur, g3)

(since ax = Bkg,). If the algorithm is at the stage of executing step 5, then u; # 0.
So,

FO) =10) = {ghous) ~ (ne ~ 5l e
= {ghrn) — lun3/Be — (e, g0) + 2 uel/ B
= 5/

< 0.

Hence, there must exist A > 0 such that f(A) — I(A\) < 0. Now, ax > 0 in step 5
is sought only if step 4 of the algorithm is answered negatively. This means that

must satisfy

o1
T < Blluell” + 7 llusllz - (2.15)
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Using this inequality, we have

' 1
FO) =) = g + Al = 1= Alwe — 5lluall2)/ B
/ ' 1
2 Muell = llgrll' = 1 = Alve = 5lluellz)/B
' 1
= Ml = 7% + g/ 2
1 1
> Al=gllwsllz + Slluell2)/Be — 2
The last step is due to ( 2.15). From this we get

FN) =10 > Fluela/e —2 — oc

as A — oo.

Therefore, f(A) — I(A) > 0, for some A > 0. Since f — ! is continuous, there must
exists ax > 0, solution of f(A) —I(A) = 0. Thus, equation ( 2.14) holds. The proof is

complete.

Proposition 2.8 Let the norm ||.|| be smooth. Then
(a) The sequence (Bx) generated by the algorithm is strictly increasing.
(b) Either the sequence (Bx) is finite; or it is a convergent infinite sequence.

Proof. Two cases are to be distinguished. The first case is straightforward. Assume

step 4 of the algorithm is executed. This occurs if

o1
2 Belluel + el
So, from the definition of Si,;, we obtain

Bt = v/llurl
1
> ﬂk‘*‘Z”“k"g/“uk“

’

> ﬂka
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('since ux # 0). Now, let us assume that step 4 of the algorithm is answered negatively.
Then B4, is defined by step 7. Let ax > 0 be as defined in step 6. Recall that we
are assuming the norm ||.|| to be smooth. So, the dual norm ||.||' is strictly convex.

It follows that

1 ' 1 | '
gk + genurll < 5llge + cwuill + Sllgel

1 1
= 1+ §ak(‘7k - §||"k||§)/ﬂk :

Consequently, we get

1 1 1 '
B < ((Bx+ -2-ak7k) - Zakllukllg)/llgk + Eakukll
1 1 '
< B+ §ak‘7k)/||9k + §akuk||
= Pi4r -

This proves that, in all cases, the squence (f) is strictly increasing, as claimed.

To prove (b), supppose that the sequence (%) is infinite. To show its convergence,
we need only prove that it is a bounded sequence. This follows immediatly from the

weak duality lemma,

Br = (yk, b)

< el s (2.16)

for any fixed feasible solution z € R". Hence, (f%) is bounded from above. The proof

is complete.

After these preliminaries concerning the feasibility of Algorithm 2.1, we begin the
study of its convergence. The next two results will be needed in the convergence

theorem.

Lemma 2.9 Let ai > 0 be as defined in step 6 of the algorithm. Then

' 1
Bi((gr + axuk) ,ue) + §||"k||§ > % (2.17)
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Proof. First, we recall that by the definition of the dual vectors and the construction
of g, we have
I(gk + axwe) || =1 and [lgill' =1.
This implies
((ge + axur)', gx) < ll(ge + cnue) [l llgsll =1 .

Due to the definition of the dual norm, we also have the equation
llge + anurll” = ((gx + arur)’, ge) + ar((gx + arur)’,ue) -
This, combined with the equation ( 2.14), defining ay, yield
L+ au(m = uld)/Be = llgn + couel
< 1+ on{(ge + akur) , ug)
which, since a; > 0, implies ( 2.17), as desired.

Theorem 2.10 Let ai ,zx and uy be as defined in the algorithm. Then, the sequences

(ak) , (zx) and (ui) are bounded.

Proof. If the algorithm terminates in a finite number of iterations, we are done. Con-
sider the case the sequences are infinite. Let d > 0 be the value of the minimization

problem (P). Then as mentioned above,

.Bk = (bayk)

< d, forallk. (2.18)
Now, from step 1 of the algorithm, we see that

ladllz = Bellgilla
< MBilgill
= MB. (since|[v']| =1, for all v#0)

< Md,
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where M > 0 is such that ||v||; £ M||v]| for all v € R". Hence (a;) is a bounded

sequence.

To prove that the sequence (z;) is bounded, let Z be any fixed feasible solution of

problem (P). Because z4, is the minimizer of the problem
Az=b , 220 , ||z — ak|2 (min),
(this minimization is done in step 1 of the algorithm at each iteration cycle), we have

lzenall < Nlzker — allz + llaxllz
< 112 —axllz + llaxllz

< [12llz + 2llax]l

IN

2|2 + 2Md .

Thus, (zx) is a bounded sequence. From this it follows clearly that the sequence (ux),

Uk = Tk41 — Gk, 18 also bounded. This completes the proof.

We can now put everything together to prove that the algorithm 2.2 converges to

the solution of problem (P).

Proposition 2.11 ([6]). Let (uix) be the sequence generated by the algorithm. If

ux = 0, for some k, then x4, is the solution of problem (P).

Proof. u; = 0 implies 744, = a; = Big; (because of step 1 of the algorithm). By

virtue of proposition 2.6,
Be = (b,yx) and g =& + ATyx .
This gives us the relation

Tesr = (b, ye) (& + ATyi) .
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Moreover,

Ik + ATye| =1 and (byx) > 0.

Using theorem 2.3, it is obvious now that x4, solves (P).

Theorem 2.12 (a) If the algorithm terminates after a finite number k of iterations,

then zx41 is the solution of problem (P).

(b) If the algorithm generates an infinite sequence (zx), then it converges to the

solution of (P).

Proof. Algorithm 2.2 terminates in a finite number k of iterations iff ux = 0. In this
case, by proposition 2.11, the algorithm computes the unique solution zx4; to the

problem (P). This proves (a).
To prove (b), assume that the algorithm is executed for an infinite number of
indices (k). By theorem 2.10, the sequence () defined by
Y = Uk, Th41)

where (zx) and (ux) are generated by the algorithm 2.1, is a bounded sequence.
Hence, by passing to a subsequence if necessary, we may assume that 44 — 7. Since
0 < B < d ( due to ( 2.18)) and ||gk||' = 1, let us pass to a further subsequence,

denoted again by (k), such that
Br— B and g — g .
Our first goal is to establish that
limuy =0. (2.19)

Suppose the claim were false. Then, once more by theorem 2.10, there exists a

subsequence, denoted (k), such that

ur —u # 0. (2.20)
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Case 1. Step 6 is executed for an infinite number of indices (k). We claim that
the corresponding sequence of positive numbers (ax) is bounded from above. Because

of ( 2.20), we can pick a subsequence, denoted once more by (k), such that
lucl2>6, Vk, for some 6§>0. (2.21)
Now, using ( 2.14) it follows

alluel =1 < |lgr + oru]’

1
= 1 anm — 5 lusl)/ B -

This shows that

, 1
ak(Belluell” = + 5 llusllz) < 28 - (2.22)

Recall that step 6 is executed only in case
o1 2
e < Belluill + 2 lluellz - (2.23)

Combining ( 2.22) and ( 2.23) we get

1 2

7 okllusllz < 28: .
Together with ( 2.21) and ( 2.18), this shows that

O<ar < 8d/5 .

Thus, the sequence (ax) is bounded, as claimed. Passing to a further subsequence, if

necessary, we may assume that there exists @ > 0 such that
ar—a as k— o0o.

If we let K — oo in ( 2.17), then by continuity of the map z — z' on R™\ {0}, it
follows that
, 1
Bi(g + ouYu) + 2wl 2 7. 221)
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We distinguish two possibilities, «a = 0 or a > 0. We prove that each of these

possibilities leads to a contradiction. We then conclude that limu; = 0.

If @ =0, then ( 2.24) becomes
/ 1, .
Blgu) +Sllullz 27 - (2.25)
From the definition of u, in step 1 of the algorithm, we obtain

luellZs = (ze41 — ak, ux)
= (Ti41,uk) — (ar, ug)

= Yk — ,Bk(g;,uk) . (226)

Passing to the limit on both sides of ( 2.26) leads to

lull} =~ - Blg',u) . (2.27)
Inequality ( 2.25) and equation ( 2.27) force u to satisfy

1
5”““% <0 ’

which is a contradiction to ( 2.20). So u = 0, as claimed.

Suppose now that a > 0. Using step 7 of the algorithm and allowing k — oo,
we get
1 1 . .
Bran — (B + 50‘7)/”9 + 50“" =8.

Note that Bx = (yk, b) and Bi+1 = (yk+1,b) both have the same limit. So § = B. This
yields the equation
1 p 1
Bllg + zeul' = B+ 5av . (2.28)

Once more allowing k — oo in the equation ( 2.14) defining o, gives

Bllg +aul = 8 +aly 5 ull) (229)
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Applying the strict convexity of the dual norm ||.||" implies
BGslall + 3lg + aul)

= B3 +5(1+a(y— [ul2)/B) (because of (229)

= B+ 5001 sl (230)

A

1 '
Bllg + saul

Inserting this in ( 2.28) shows that
1 1 1
B+ 50 < B+5aly - 5lull2) ,

which implies
1
Ll <0
leading to the sought contradiction with ( 2.20). So u = 0 and the whole sequence

(ux) converges to zero, as desired.

Case 2. Assume that the condition in step 4 of the algorithm is satisfied for all
but a finite number of indices (k). As in the first case we proceed by contradiction.
So, let us suppose that (ux) does not converge to zero. Then there exist a subsequence

which we denote again by (k) and a nonzero vector u such that
limur=u # 0. (2.31)
Since step 4 is answered affirmatively, we have
A T
Te 2 Belluell” + 7 llull (2.32)
for all k. Letting k — oo in the above inequality implies
A TR
7 2 Bllull + Zllullz - (2.33)

By step 4,

,Bk+1 = 71:/”“1:”’ .
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As k — oo, this converges to

B=/lull. (2.34)

Combining inequality ( 2.33) and equation ( 2.34), we obtain

1
FlulE < 0,

a contradiction with ( 2.31). We have thus proved that in all cases, the sequence (uy)

generated by the algorithm converges to zero, establishing ( 2.19), as claimed.

We now prove that the algorithm converges to the unique solution of problem
(P). Let z* be any cluster point of the sequence (zx) and let (z,/) be a subsequence

converging to z*. Writing the relation in step 1 of the algorithm for all k', we have

Ty =ty + Bugy (2.35)
where
g =ATyp + &, lowll =1,
and
B = (yp,b), V K,
(by proposition 2.6). Since ||g,/||' = 1, by passing to a further subsequence that we

denote (k'), we have

o —g, gl =1.

It has been proven that limu, = 0, so if we let k' — oo in ( 2.35) we get
z*=Bg , llg' =1. (2.36)

Clearly, z* is feasible since K = { ¢ € R" | z > 0, Az = b } is closed. In other

words, Az* =b and z* > 0.
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We have seen earlier in the proof that 8 = lim(y,s,b), where y» € R™ , £ >

0 and ||ATy, +&.||' = 1. By the weak duality lemma and equation ( 2.36) we have

(v, 0) < |l

= 8. (2.37)

Letting k' — oo in ( 2.37) yields equality. This shows that every cluster point of the
seqeunce (zx) is a solution of problem (P). Due to the uniqueness of the solution, we
conclude that (zx) converges to the unique solution of (P). This completes the proof

of the theorem.
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Chapter 3

On The Minimum Norm Solution
Of A System Of Linear

Inequalities

Lawson and Hanson proposed in their book ([5],chapter 23) an algorithm for solving
the so called LDP problem (Least Distance Programming). The algorithm computes
the vector of minimal norm solution of a system of linear inequalities. The norm used

by the two authors for the objective function was the [2-norm and the problem was
Minimize ||z||; subjectto Gz > h.

The formulation of the solution to the problem was based on the Kuhn-Tucker opti-
mality conditions. When the norm ||.||; is replaced by the IP-norm, 1 < p < o0, in
the objective function, the problem is no longer linear. A different characterization

of the solution has to be considered.

We shall propose a generalization of the LDP algorithm, given by Lawson and
Hanson, to the IP-case, for any p, 1 < p < 0o. Keeping in mind the difference of the
two problems, we will follow closely, whenever possible the approach in [5]. This is
made possible, simpler and elegant because of the availability of the least distance

algorithm presented in chapter 2 of this work.
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The problem considered, and refered to as problem (P) is
(P) =zl (min), Az >b.

Here A an m x n-real matrix, b an m-real vector, z an n-real vector. The norm ||.||
is assumed to be strictly convex and smooth. To solve the given problem (P) and
with an eye toward the characterization of the solution, a dual problem, referred to
as (P'), will be introduced. We will investigate the relation between (P) and (P').
A related least distance problem, similar to the one studied in Chapter 2, will then
be used to solve (P). The main contribution of this work resides in giving an explicit

formula to compute the vector of minimal ||.||,-norm solution of (P).

We introduce briefly the notion of the dual vector for the norm ||.|| on R". Let

||l.II' denote the dual norm. For any vector v € R®, v # 0, a ||.|| — dual vector, v', is
defined by

lll=1, ('\v)=]l". 3.1)
Similarly, the ||.|" — dual vector, v* , is defined by

lo*l'=1, {v%v) = lo]] . (3.2)
When ||.|| = ||-|lp» 1 < p < 00, is the usual »-norm, then ||.||" = ||.||¢, where p+¢ = pq.

In terms of coordinates, the dual vectors are given by
‘U; = (lvil/”vHQ)q—lsgnvi i=1,..,n,

vf = (lvil/||lv]lp)P tsgnvi i=1,..,n.

The following two identities are useful and will be often reffered to later.
v’ = vf|lv|| and v* =v/|]v||, (3.3)

for any v #0 .
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Set

K={zeR" | Az>b}.

If the region K is nonempty, then due to the compactness of the norm ||.|| unit ball
in R™ a solution of problem (P) exists; it is unique due to the strict convexity of the

norm ||.||.

Given problem (P), we assotiate a dual problem
(P) maz {(by)| yeR™, y20,[|ATy|' <1}

where A7 is the transpose of the matrix A.

The next theorem generalizes slightly the duality theorem 3.1 in [6] to the case of
linear inequality constraints. It establishes the relation between problem (P) and its
dual (P). Since 0 € K iff b < 0, in which case the value of (P) is zero, we explicitly

exclude this easy case.

Theorem 3.1 Assume that K is non-empty and that 0 ¢ K. Then, problems (P)

and (P') have the same value.

Proof. We begin by showing the classical weak duality inequality. Let z € K, y €
R™, y >0 such that ||[ATy|" < 1 .Then

(by) < (Az,y) (sincey>0)

= (z, ATy)
< izl |ATyI
< =l (3.4)

Hence, value of (P') < value of (P). To prove the desired, let

d=d(0,K)=inf {|jz]| | z€K}.
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By the duality theorem in Nirenberg (7],
d(0, K) = max { —o(z) | |zl <1}, (3.5)
where o denotes the support function of the convex set K and where we have adopted

the notation d(a,X) = inf{ |la —z|| | z € X }. Let 2o be the maximizer of ( 3.5).

By the definition of o, we see that

—0(20) = —sup {{z0,2) |z € K }

= —sup {(20,2) | Az 2 b}

inf {(—20,z) | Az > b}
= sup {(by) | ATy=-2,y>0}.

The last step is due to the duality theory in linear programming.

Now, since
sup {(b,y) | ATy = -2, y20}

is finite, there exists § > 0 such that
ATg‘:—an y_ZO’

and
(b,5) = sup {(b,y) | ATy=—-2,y>0}.

Furtheremore,

Equation( 3.6) combined with ( 3.4) imply the claimed equality.

The following theorem is due to Sreedharan-Nikolopoulos [6] in a slightly different
form. Only a few changes are needed in the proof. We include it for completness.
It states a characterization of the solution of problem (P) and establishes the rela-
tion between the solutions of (P) and (P'). Because of theorem 3.1, only a minor

modification is needed for its use in our case.
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Theorem 3.2 Assume that K is non-empty and that 0 ¢ K. Then the following are

equivalent
(i)  solves problem (P).
(i) AZ > b and 3y € R™, y > 0 such that

”ATy"l =1, (y’b) >0,

and

z = (b,y)(ATy) .
Proof. Due to theorem 3.1, it is easy to see that (ii) implies (i). Since |ATy||' =1,

Izl = (&, ) I(ATY)ll = (by) -

To prove the converse, let y > 0 be a solution of problem (P'). Then

|zl = (b,y) = p .
Since AZ > b and y > 0, we have

(ATyaj) = (y,Ai)

On the other hand
(ATy,z) < ATyl Iz < p -
Thus
(ATy,z) =p and ||ATy|'=1.

So,

(ATy,z/p) = ||ATy||" .
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By uniqueness of the ||.||-dual and since ||Z/p|| = 1, we have
z/p=(ATy),

which implies
z = (b,y)(ATy)

completing the proof.

Theorem 3.3 Assume that K is non-empty and that 0 ¢ K. Then, % is the solution

of problem (P) iff Az > b and 3y € R™ , y > 0 such that
ATyl =1, (3.7

and

= ATy. (3.8)

Furthermore,

and y is the solution of (P').

Proof. If z is the solution of (P), then by theorem 3.2
" = (ATy)" = ATy,

with y > 0 and ||ATy||" = 1, which proves the “only if” part.
“If” part: By ( 3.8)

Thus
1=||2*|| = |ATy| = (ATy, (ATy)') = (ATy,2/| 3]} .
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So,

Izl = (ATy,z)
(y, Az)

> (b,y)

Now,

(b,y) = (ATy,2) < | ATy'lIz]l = |1z]| -
This implies
2]l = (6,9) -
Therefore, Z and y solve (P) and (P') respectively, as desired.

As mentiond in the discussion at the beginning of this chapter, a key step toward
the solution of problem (P) lies in our ability to compute effectively a least distance
solution of a related problem. Before we formulate this problem, we set down some

notations that will be used throughout this chapter.

Let E be an m x n real matrix and let ¢ € R™. We consider the convex cone
C = {zeR™ | ET2 <0}
and its negative polar
C° = {Ez|z>0,z€R"}.
Given E and b, we introduce the following minimization problem
min { [le—y|' |y €C°} (3.9)
With ( 3.9) is associated the following dual problem

max {(c,z) | 2€C, |z||=1}. (3.10)
52



Problem ( 3.9) and its dual ( 3.10) have the same value (see chapter 1).

The relation between ( 3.9) and its dual ( 3.10) was studied in Sreedharan [20]

where the following theorem is proved

Theorem 3.4 Assume that ¢ € C°. Let 7 > 0 be a solution of problem ( 3.9) and

let y be the mazimizer of ( 3.10). Then
Ei=c—{c,y)y" (3.11)

and

(Ez,y) =0 (3.12)

Proof. See theorems 3.5 and 3.7 in Sreedharan [20]. Note the interchange of primes

and stars since our minimization problem uses the dual norm.

Corollary 3.5 ([20]) If £ > 0 is a solution of problem ( 3.9), then
ETr' <0, (3.13)

wherer =c— EZT .

Remark. Since the map 2z — 2’ is odd, positively homogenous of of degree zero on

R™ \ {0}, it is easily seen from ( 3.11) that

ro= (o)
= y/lyll, (by(3.3))
=y (since [|y|| = 1) (3.14)
We are now ready to give the algorithm for solving (P) when ||.|| = ||.|l,- The

reader will note that for the validity of the present algorithm, it will not be sufficient

to assume that the norm ||.|| is just strictly convex and smooth. The special structure
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of the I? norm will be used. A careful look at our proof will reveal that the new
requirement is the following. Let v # 0 and v’ its ||.|| dual. Then v; = 0 implies
v; = 0, where v = (v,...v,) and v’ = (v},...,v,). The algorithm starts by solving a
problem of type ( 3.9). Then it proceeds to compute the solution of (P). We will

state this algorithm for the norms ||.|| = ||.||, and ||.]|" = ||-]l;, where p + ¢ = pq
Given the matrix A and the vector b, defining problem (P), let
AT
e[ ]
and ¢ = [0,...,0,1]7. E is an (m + 1) x n-matrix and ¢ an (n + 1)-vector.
Algorithm 3.1

Step 0. If 5 < 0, Then z = 0 solves (P). GO TO step 6.

Step 1. Find @ > 0, a solution of the problem

lc — Ez||; (min), z2>0.

Step 2. Compute the residual r = ¢ — Fa.
Step 3. If r = 0, the feasible region of (P) is empty. GO TO step 5; else proceed.
Step 4. Compute ' = (ry,...,Tn,1), the ||.||, dual of r. Let

’ ’ .
Tj=—ri[rep, J=1.,n.

Step 5. Accept Z as the solution of (P).
Step 6. The computation is complete.

Before proceeding any further, some comments are in order here. To find 4 > 0
in step 1, Algorithm 1.2 of chapter 1 can be used. Step 3 answers the question of
the feasibility of the system Az > b. To determine feasibility we may use the [?-

residual. If the problem is feasible we actually start all over from step 1 with the
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given l9 norm. If the region K is non-empty (the system has a solution), then the
algorithm will compute the solution of the system, which has minimum norm. If step

3 is answered affirmatively, the region K is empty. In this case we exit the algorithm.
We start by proving the feasibility of the algorithm in

Proposition 3.8 Letr = c — Eu be the residual as given by step 1 of the algorithm.

If step 3 is answered negatively, then

":.+1 =|rlly > 0.

Proof. Note that since the case b < 0 has already been handled, 0 ¢ K. In this case
let y be the solution of the dual problem ( 3.10). It follows from ( 3.12) and ( 3.14)
that
(ETr',a) = (ETy,q)

= (ya Eﬁ)

= 0, (Dueto(3.12)). (3.15)
This implies that

0=(ETr',4) = (r,Eq)
= (r',c—r), (duetostepl)
= (=l - (3.16)

Step 3 of the algorithm is answered negatively if r # 0 . Hence from ( 3.16), we

obtain

"::+1 =|rlly, >0, (because of ( 3.1)) (3.17)
This completes the proof.

In the next result, we show that the stopping criterion of the proposed algorithm

is well formulated. We also show the feasibility of the system Az > b, if r # 0.
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Theorem 3.7 Let r be the residual vector, with (n+1) components, given by step 1

of the algorithm, then
(a) If Z is as defined in step 4, T is the minimal norm solution of problem (P).

(b) If ||Ir]l, = 0, the system Az > b is inconsistent.

Proof. Let us prove (a). From step 4 of the algorithm, we have

z; = —";'/";H
= ey, i=lam (3.18)

To verify the feasibility of Z, we need to show Az > b. By ( 3.17), we have

_ T ’ = T
- 9l = “I'n z,—
lirllq[z, —1] (—r +1)[ 1]
= (—r;+l)[_rll/r:1+1a---a_r;/r;ﬂ,—l]T
= [r;,...,r;,r;ﬂ]T

’
=rT

Hence
— (A, 8] [ ° I Irll, = ETr' . (3.19)
This combined with the inequality ( 3.13) of corollary 3.4 implies
(b— Az)||r||, = ETr <0.
Thus, Az > b, as claimed.

If = 0, then due to the feasibility we just proved, b < 0 and we are done. So
assume that Z # 0. Then, by step 4, r;- # 0 for some j, 1 < j < n. As observed
earlier, this implies r; # 0, due to the special form of the ||.||, dual in the case of the

P norm. So, ¥ = (rq,...,7,) # 0. Now we have

r; (Ir;1/lIrllg)* " sgn r;

= Il sgn /I3, i=1,.m.
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From this it follows that

7 ;1" sgn v/ lirllalirll ™

|

8,
<

il

|r;|*~*sgn r;/||7|1?

= (Il N7 Dsgn s (AN NIANG) G =1,00m

So,
=z = 7. (7137 /1Irl13) -
Using the fact that the map z — 2* is odd, positively homogenous of degree zero on
R"\ {0}, we get
—z =" =7/, - (3.20)

By definition of E and ¢, we have # = —AT4. Thus

= = ATa/|7,

= AT(a/|I7ll,), a>0. (3.21)

This implies that Z satisfies equation ( 3.8) with y = @/||r|l;, ¥y > 0 and ||ATy||, = 1.
We have verified that z satisfies the conditions of theorem 3.3, so that Z is the solution

of problem (P). The proof of (a) is now complete.

To prove (b), assume that r = 0 and that there exists a solution Z of the system

Az > b. We have

T
c_[lzT ]ﬁ=r=0.

Since ¢ = [0,...0,1]7, we easily see that
ATa=0, ba=1. (3.22)
By step 1 of the algorithm, @ > 0, so

1 = bVa
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= 0, (by(3.22),

a contradiction. Thus, the system Az > b has no solution, as claimed. This completes

the proof.
We close this chapter with the following observations.

1. With the algorithm of chapter 1 at hand, the present algorithm for finding the

minimal norm solution of a system of linear inequalities is easy to implement.

2. A consequence of this algorithm is to determine whether the system of linear
inequalities under consideration is consistent or not, as shown in step 3. But if this
is all that one is interested in then one would use the {2-norm in place of the {9-norm

in solving the problem stated in step 1.
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Chapter 4

Numerical results

In this chapter we discuss the computational aspects of the algorithm presented
in chapter 1 of this work. At this time we will not investigate the numerical results
of the algorithm of chapter 2. The whole implementation of this algorithm will be
presented elsewhere.

The main computational difficulty encountered in this algorithm is finding ax > 0
such that

”yk + Clkf‘k” =1+ agpx .
This search occurs in step 5 at each iteration cycle.

Suppose that we are at the stage of entering step 5. Let the function F be defined
by
F(a) =1+ ap — |lye + ari . (4.1)

We are searching for ax > 0 such that
F(ak) = 0 .

It is well known that

d ' '
Ellyk + ari|| = ((yx + ari) , i) (4.2)

(see for example [14].).

59



Assume that the search for a; has been reduced to an interval (8,7),y > 8 >0,

with F(8) > 0 and F(y) < 0. We begin by fitting a quadratic ¢(a) on the interval
[3,4] as follows

g(v) = F(7) := F3

{ 9B)=F(B):= k"
(4.3)
q(B)=F(B):=F

We seek the roots & of ¢. If |[F(&)| < n and & € (3,7), where 5 is a given tolerance
parameter, then we set

ak=d

and return to the main algorithm. If the stopping condition |F(&)| < 7 is not met
but & belongs to (8,7), we reduce the interval of search by setting

¥

and then apply the routine to the new reduced interval (8,7), till an acceptable oy

& if F(a) <0
& if F(&) >0

is obtained.

In the case when the root & is not in the interval of search (3, ) or if the quadratic

interpolation has no real root, we consider the quadratic fitting as not suitable. A

linear interpolation is then performed to determine &, i.e

&= (BF—vh)/(F2- F), (4.4)

followed by an update of the interval (3,+), as was done in the quadratic fitting case.
Let

g(@) = A(a — B)* + Fi(a - B) + Fy

(4.5)
be the quadratic interpolation defined via ( 4.3). It is easily seen that

A=(F,-F-F(-8)/(v-8)*. (4.6)
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The roots of ¢ are
&—B=(=-F +£\/F?—4AF )24 . (4.7)

Recall that the quadratic interpolation is considered under the conditions F; > 0 and

F,; < 0. So, q has its maximum in (—o0, &). It follows that
q(&) =24(&- )+ F <0.
Thus, the only relevant root in ( 4.7) is
&—f=(-F, —\F?—4AF, )]2A .

The following subalgorithm is based on the above discussion. For a further refinement
of the interval of search (8,v), we included a bisection to be performed at each

iteration cycle of the subalgorithm.
4.1 Subalgorithm
Step 0. Let B =0 and v be such that F(y) < 0. Let ¢ > 0
Step 1. Let Fy = F(B), F, = F'(8) and F, = F().
Step 2. Let h =~ — .
Step 3. Compute A = (F; — F; — Fh)/h%. If A =0, GO TO step 7; else proceed.
Step 4. Let A = F;> —4AF,. If A <0, GO TO step T; else proceed.

Step 5. Set
a=p+(-F,—VA)2A.

Step 6. If B < & < v, GO TO step 8; else proceed.

Step 7. Let
a=(BF,—-1Fh)/F - ).

61



Step 8. If |F(&)| < ¢, set

ap =a&

and RETURN to the main program; else proceed.

Step 9. If F(&) < —e, set v = &; else proceed.

Step 10. Set 8 = é.

Step 11. Let & = (8 + 7)/2.

Step 12. If |F(&)| < ¢, set ax = & and return to the main program; else proceed.

Step 13. If F(&) < —¢, set v = &; else proceed

Step 14. Set B = &G and RETURN to step 1.

A Newton method can also be incorporated within this subalgorithm. As noted
in chapter 1, in the IP-case the dual of a given non-zero vector z is given by

z; = (lz:)/llz]lg)? 'sgnzi , t=1,..m.

This particulary simple formula of z' makes the calculation of the derivative in ( 4.2)
immediate. We use the Newton iterations as follows. Via the quadratic model, we

determine & belonging to (3,7), then we start the Newton iteration at &. We compute
o =a&—- F(&)/F'(a). (4.8)

Having this new approximation, we check if a* belongs to (3,v) and if it yields an
actual decrease the value of F. Only under these conditions we continue the Newton

iterations until an acceptable & is reached. If one of the conditions
(a) &€ (B,7)

(b) [F(a®) <|F(4)|

is not met, we exit the Newton iteration and return to the quadratic model.
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The algorithm 1.2 suggested in chapter 1 was coded in Fortran 77 for a SPARC

station. The norm considered is the P-norm

lzlls = (32 lzil")?

for various values of p. The dual norm is the ||.||; norm, ¢ = p/(p — 1). The stop-
ping rule parameter whithin which we consider the tolerance for the duality gap as

acceptable is ¢ = 1076, The code was run in double precision.

We calculated the sequence (ay) using the subalgorithm outlined in this chapter.
We also incorporated a Newton iteration scheme, as discussed earlier, to determine

each ay.

The coded version of the main algorithm seems to do much better for p > 2 than
for p in the range (1,2).

When p > 2 and not far away from 2, the convergence seems to do well compared to
[20]. We also found that the sequence ({b, yi)) increases and the duality gap decreases
monotonically. However, in some cases, the sequence (ax) poses more problems, e.g,

it may converge to two different limits.

The case 1 < p < 2 does not do as well. For example for p = 1.8 a significantly
larger amount of iterations were needed to reach the same acceptable tolerance of
10-¢. The sequence ({b, yi)) still increased monotonically. The duality gap decreased

in the same way.

In conclusion, compared to the algorithm in [20], the present algorithm seems to
perform well for values of p larger than 2, but not as well for p in the range (1,2)

with regard to the number of iterations.

The following linear system is taken from Barrodale and Young [1] and was used
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by Sreedharan [20] and others ([8], [10]) for 1 < p < oo.

T = 1.52
r1+z, = 1.025
zy+2r; = 0475
z1+3z, = 0.01
T,+4z, = —-0.475

$1+5$2 = —1.005

We record the results in the following table.

P z Tq p iterations
5.0 | 0.258716 | 0.000334 | 1.472222 | 149

4.5 | 0.253714 | 0.001339 | 1.507273 | 59

4.0 | 0.261537 | 0.000031 | 1.546597 | 28

3.8 1 0.261783 | 0.000000 | 1.568348 | 27

3.5 0.261952 | 0.000000 | 1.607494 | 24

3.0 | 0.261791 | 0.000000 | 1.697914 | 20

2.5 | 0.260704 | 0.000000 | 1.842740 | 15

2.0 | 0.258333 | 0.000000 | 2.102851 | 1

1.8 | 0.239018 | 0.0019 2.280894 | 165

Table 4.1: 1.8 <p <5

Algorithm 1.2 was also coded in Fortran 77 for a SPARC station. The results are
presented for p = 3 (table 4.1) and for various of Ay = 1/6x. The tolerence parameter
is € = 10~6. For p = 3, the numerical results suggest that the algorithm converges
faster for A; near -‘2- The convergence tends to be slower for A\, far away from % We

used the same example as above.
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b z z2 | p iterations
1.8 | 0.26179422 | 0.0 | 1.69791476 | 16
1.9 | 0.26179173 { 0.0 | 1.69791476 | 18
2.0 | 0.26179170 | 0.0 | 1.69791476 | 20
2.2 |1 0.26179069 | 0.0 | 1.69791476 | 20
2.5 | 0.26179026 | 0.0 | 1.69791476 | 23
2.8 | 0.26179038 | 0.0 | 1.69791476 | 26
3.0 |0.26179090 | 0.0 | 1.69791476 | 29
4.0 | 0.26179037 | 0.0 | 1.69791476 | 39
5.0 | 0.26179041 | 0.0 | 1.69791476 | 50
10.0 | 0.26179035 | 0.0 | 1.69791476 | 104
Table 4.2: p =3
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