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ABSTRACT

SUBPOSETS OF THE BOOLEAN ALGEBRA

BY

Ping Zhang

This work deals with two important subposets of the Boolean algebra.

The first subposet @Q,.x is called truncated Boolean algebra, which consists of all
subsets, whose cardinality is at least k together with the empty set. We first compute
its Mobius function in various ways. Since Q,.x can be cons‘udered as the intersec-
tion lattice of the k-equal subspace arrangements, we then co;npute its charateristic
polynomial, x(Qn.k,t), by different methods. As a result, we obtain two different
expressions for x(Qnx,t). One of them has a nice form in the terms of the basis

(t —1),7 > 0, for the polynomial ring.

The second subposet @, is called the k-divisible Boolean algebra, which consists
of all subsets whose cardinality is divisible by k together with the whole set. The
generalized Euler number E, | is the absolute value of Mébius function of Q,. So
E,x counts the number of permutations of an n-set with all the descents in the
position m, where m is divisible by k. The well known classic Euler number is a
special case when k = 2. we study the arithmetic properties of the generalized Euler
numbers and their g-analogs. We derive two different expressions for their recursions
and obtain their divisibilities. We also provide new proofs of previousely known

results already in the literature.
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Introduction

The history of partially ordered sets, or posets, and lattices begins in the nine-
teenth century. The subject was systematically developed in the 1930’s, first in G.
D. Birkhoff’s work [4] and then by others. Although the Mébius function originated
in several forms related to number theory, geometries, algebra, topology and combi-
natorics, the first version of the Mobius Inverse Theorem for posets was due to L.
Weisner [44] in 1935. Shortly after Weisner, P. Hall independently rediscovered this
theorem [27]. In 1939, M. Ward was able to generalized the M6bius Inverse Theorem
[43]. Then in 1964 Rota began the first systematic study the Mébius functions of
the posets within combinatorics [32]. He also established the connection between the
Mboébius function and the efficient enumeration of objects represented by posets. The
combinatorial properties of the Mébius function provide a great deal of information

regarding the structure of posets and related enumerative problems.

The characteristic polynomial of a lattice was also first considered by G. D.
Birkhoff [5], and has been called the Birkhoff polynomial [39] and the Poincaré poly-
nomial [13]. Since the characteristic polynomial of a lattice is the generating function
for the Mobius function, much has been done to exploit the combinatorial and alge-
braic properties of this polynomial. For example, Stanley has produced a factorization
theorem for the modular elements in a finite geometric lattice [38] and has also shown
that the characteristic polynomial of a supersolvable lattice has only nonnegative inte-

ger roots [39]. In fact, much recent work has been related to finding conditions under
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which this polynomial has only integral roots. Raising interest in this topic stems,
in fact, from the fact that a polynomial with real roots has a log concave coefficient

sequence. If, in addition, the coefficients are positive items, they are unimodal [37].

The topic of hyperplane arrangements has developed rapidly in recent years. The
combinatorial implications of this subject arise from a simple fact: An affine hyper-
plane cuts R" into two connected regions. By introducing several hyperplanes, R"
can be partitioned into a number of bounded and unbounded regions. The problem
of counting these regions dated back to to the mid-1800’s. However, no satisfactory
explanation or general formulas were produced until 1975 when Zaslavsky [45] first
used the Mobius function of the intersection lattice £(.A) (defined in Chapter 2) to
enumerate the regions of the complement of a hyperplane arrangement. Zaslavsky'’s
results illustrate the important roles played by intersection lattices, their Mobius
functions, and their characteristic polynomials. Zaslavsky also established the theory
of signed graphs and exploited the connection between the chromatic polynomials
of these graéhs and the characteristic polynomials of certain arrangements [47, 48].
More recently Blass and Sagan were able to generalize one of Zaslavsky’s fundamental
theorems [9] by demonstrating that both of these polynomials count a set of lattice
points in Z", This gives a surprising relationship between these two polynomials and
the Ehrhart polynomial of a polytope [10, 9]. We will use this result and many others
to computer Mobius functions and characteristic polynomials for various subsposets

of the Boolean algebra.

The history of the Euler numbers can be traced all the way back to the eighteenth
century. They posses many interesting number-theoretic properties that can also be
interpreted in various combinatorial ways. D. André [1] showed that the coefficient
of z"/n! in sec x + tan x, or the Euler number E,, is the number of alternating

permutations aja;---a, of {1,2,---,n}, where alternating means a¢; < a; > a3 <
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aq > ---. This result was extended by Carlitz [11] to generalized Euler numbers,
E,k, which count the permutations aja;---a, of {1,2,---,n} such that a; > a4y
if and only if ¢ is divisible by k. In particular, the ordinary Euler number is the
case when k = 2. Furthermore, Stanley [36] used a g-analog of the Euler number,
to generalize this result. He has shown that they count the same permutations by

weight, where the weight of a permutation with z inversions is ¢'.

The divisibility properties of these numbers have also received much attention
over the years. It is well-known that F,,,; is divisible by 2™ and that (n 4+ 1)FE;,4, is
divisible by 22" but by no higher power of two [12, p.259]. The divisibility properties |
of Stanley’s ¢g-Euler numbers were studied by G. Andrews, 1. Gessel, G. Viennot and
D. Foata [2, 26, 19]. The odd integer (n + 1) E2,4,/2%" is called a Genocchi number.
D. Dumont, G. Viennot and J. Francon have given nice combinatorial interpretations
for the Genocchi numbers and the Euler numbers [16, 20]. Moreover, a formal power
series extension of these numbers has also been investigated by Ranrianarivony, J.
Zeng, D. Dumont (33, 18] and others. We will generalize some of these results to the

number E,; in this thesis.



Chapter 1

Definitions and Notation

In this section, we set up some definitions and notation. We will follow Stanley
[40] as much as possible. Any terms not defined can be found described in Stanley’s
book.

A partially ordered set, or poset, P is a set together with a binary relation <

satisfying the following three axioms:

1. Forall £ € P,z < z. (reflexivity)
2. fz <yandy <z, then z = y. (antisymmetry)

3. fz <yand y <z,then z <z (transitivity)

We use z < ytomeanz < yand 2 #y,y > 2 tomean 2 < y. Wesay z,y € P
are comparable if x < y or y < x; otherwise @ and y are incomparable. The element

ycoversz (r <y)if z < z <y implies 2 = y.

We say that P has a minimal element 0 if there exists an element 0 € P such that
z > 0 for all z € P. Similarly, P has a maximal element 1 if there exists an element
1€ P suchthat z <1 forall z € P.

A subposet @ of P is a subset @) of P and a partial order of @) such that for any
4



z,y € Q, we have z < y in Q if and only if z < y in P. A special type of subposet of

P is the (closed) interval [z,y] = {z € P: =z <z <y}, defined whenever z < y.

Two posets P, Q are isomorphic if there exists an order-preserving bijection 7 :

P — @ whose inverse is also order-preserving; that is,

z<yin P ifandonlyif n(z)<n(y)in Q.

A chain (or totally ordered set) C in P is a subset so that every two elements
are comparable. So if the elements of C are {z¢,z,...,2x} with ; < z; when ¢ < j,
we can write C as

C: T < T <0 < Tge

The length of this chain is k. We say this chain C is saturated if we can write C as
C: ag=<zy <" <14

A mazimal chain in a poset P is a saturated chain from a minimal element in P to

a maximal element in P.

We say P is a graded poset of rank n if every maximal chain in P has the same

length n. In this case, there is a unique rank function p : P — {0,1,...,n} such that

(y) = 0 if z is a minimal element in P
PAY) = plz)+1 ifz=<y.

Given a poset P, then the Mébuis function u of P is defined recursively on intervals
[z,y] in P by
p(z,z) =1 and p(x,y) = Z,u z) for all z,y € P.

z<z<y

If there is a possibility of confusion, we use y, to denote the Mdbuis function of a

poset P. Suppose that P is a finite poset that has a unique minimal element 0. For
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brevity, we let u(z) denote u(0,z) and u(P) denote up(0,1). The Mébius function
of P can be equivalently defined by

1 ifz =0,
'u(r) - { _Zy<r /‘t(y) if z > 0 (11)

It is well-known that if  : P — @ is an isomorphism between two finite posets P
and @, then p(z) = p(n(z)) for all z € P. Also, the Mobuis function of the interval

[z,y] of P equals the restriction to [z, y] of the Mdbuis function of P.

The following result is fundamental [44] and a proof can be found in [32].

Theorem 1.0.1 ( Mobius Inversion Theorem ) Let V be a vector space over a

field K. Let P be a finite poset with 0. If f and g : P — V satisfying condition that

f(z) = Ty52 9(y) for all z in P, then g(0) = 56 #(y) f(v)-

Let P be a finite graded poset with 0 and rank n. The characteristic polynomial

of Pis

\(Pt) =3 p(x) ), (1.2)

zeP

One uses the corank of z, rather than its rank, as the exponent on t so that the
polynomial will be monic. Since the characteristic polynomial is just the generating

function for the Mobius function, it is of fundamental importance.

A lattice is a poset L for which every pair z,y € £, has a least upper bound (or
join ) z V y and a greatest lower bound (or meet ) z A y. Clearly, all finite lattices

have a 0 and a 1.

For n € N, let @, be the poset of all subsets of {1,2,...,n} ordered by inclusion;

that is,

z<yin @, if and only if 2 C y as sets.
6



Then zAy=zNyand zVy=aUyforall z,y € Q.. Hence @, forms a graded
lattice with the minimal element 0 = @, the empty set, and the maximal element
1 ={1,2,...,n}. The rank function p of Q, is p(z) = |z|, where | - | denotes the
cardinality of z. Then @, is called the Boolean algebra of order n. It is well-known

[40, 3.8.3] that

Theorem 1.0.2 The Mébuis function of Q, is
p(x) = (=M

for all x € Q,.

By the definition, the characteristic polynomial of @), is

X(Qut)= ¥ (~1klrl = 3 (—1)"(2)t”*=(t—1)“. (L3)

IGQn |Z‘|=k20

In this work, we study two classes of the subposets of the Boolean algebra @,:
the truncated Boolean algebra and the k-divisible Boolean algebra. We denote these

two subposets by Q,.x and Q,x, respectively.

We begin in Chapter 2 with the study of the truncated Boolean algebra. In the
spirit of J. W. Moon [30], we first compute the mobius function of @,.x in as many
ways as possible. We then derive two forms of the characteristic polynomial of Q..
In particular, after a review of the definitions and some premilinary materials related
to subspace arrangements, we use a lattice point counting method due to Blass and

Sagan to get this result.

In Chapter 3, we study the k-divisible Boolean algebra. We start by determining
the Mobius function of Q. We then define the corresponding generalized Euler
number to be the absolute value of this Mobius function and study its combinatorial

properties. We derive two different recursions for these numbers. By using these

~
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recursions, we extend some well-known facts about Euler numbers ( the case k = 2) to
generalized Euler numbers. In Section 3, we introduce the ¢g-Euler numbers defined by
Stanley [40]. We establish combinatorially an explicit expression of the recursion for
the g-Euler numbers. Using this recursion, we are able to obtain some nice divisibility
properties of the g-Euler numbers and then generalize two g-divisibility theorems of
Andrews and Gessel. Along the way, we also provide a few different proofs for known

results already in the literature.

This work ends with some comments on related results, open questions and various

conjectures.
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Chapter 2

The Truncated Boolean Algebra

2.1 The Mobius Function of the Truncated Boolean
Algebra

For k fixed, 1 < k < n, let Qu.x be the set of all S C {1,2,...,n} such that
|S| > k or |S| = 0. Ordering Q,.x by inclusion, we see that Q,.x is a poset. In fact,
Q@nk is the subposet obtained from @, by eliminating all elements that have ranks

1,2,...,k — 1. For this reason, Q,.x is called the truncated Boolean algebra.

The Mobius function of Q. is well known. We first state the Mobius value p(z)
for elements from Q... Then we give various new algebraic and combinatorial proofs

of this result. Our proofs illustrate various standard combinatorial techniques.

Theorem 2.1.1 The Mobius function of Q,.x is

1 if v =0,

u(z) = { (=1)m-k+t ('L'__ll) ifz >0 and |z| =m where k <m < n.

(2.1)

First, we give an algebraic proof of Theorem 2.1.1 simply using the definition of

the Mobius function and the following lemma.

Lemma 2.1.2 Let P(a) be a polynomial of degree at most n with real coefficients. If

P(z) has more than n distinct real roots, then P(z) = 0.
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First proof of theorem 2.1.1 : By the definition of the Mobius function of a
poset, u(0) = 1. Let z € Qi with |z| = k + i where 0 < i < n — k. We proceed by
induction on i. For ¢ = 0, the result is trivial since u(z) = —1 if || = k. Assume
that the result holds for all 0 <7 < I. Now let z € Qn. with |[z| =k + T+ 1. Itis

easy to see that

{y € Qnux : 0<y<xand lyl = k+1 where0 << T}
k+1+1\ _ [(k+1+1
k+: )] \I—-i+4+1)

By the induction hypothesis, we have

1

wz) = = > u(y)=~1—2 Y. uly)

OSy<s = 0<y<z
lyl =k +:i

L (k+T+1 i (k+i-1
- () ()

L (k+1+1 i fk+ri-1
Pk = (1+1> { ;(1—i+1>('1)+( i )}
(k)

It is enough to show that P(k) = 0. First note

Let

k+1\ (k+I)k+T-1)---(k+1)k
(1+1)_ (I+1)! (2:2)
and
k+T+1\(k+i-1\ (k+l+1)(k+1)---(k+i+1)(k+i-1)---(k+ 1)k
I—1+41 ) - (I—1+4+1)!'2!
(2.3)

are polynomials in k of degree I + 1. Hence if P(k) # 0, then it is a polynomial of

degree at most [ + 1. Morcover, by equation (2.2), (‘f:}’) =0forall0 <y <TI and

('(I,Tl)'”) = (1-+11) = (=1)™*'. Also by equation (2.3),

l . . . . . .
(-7 + 1+ [—7+:-1 - 3+ I+1\[(—+7-1
}:_13-}-1 J — (— J+1 —_- —
iﬂ( : (1—i+1)( v ) =y (1—j+1)( J ) 1

10



forall0 < 5 <[ and
1 .
_1yitl -(I+ 1)+ I+1\(-(I+1)+1-1)
g( 1) ( it l. =0.
It follows that P(—j) =0 for all 0 < j < I+ 1. By theorem 2.1.2, we have P(k) =0

and the result follows. =

The second proof of theorem 2.1.1 involves certain properties of Mobius functions

of Eulerian posets which were originally studied by Stanley [41, Proposition 2.2].

A finite graded poset P with 0 and 1 is Eulerian if p(zx,y) = (=1)"®¥ for all
z < y in P, where [(z,y) is the length of interval [z,y] in P; that is, the length of
a maximal chain in [z,y]. It is clear that the Boolean algebra @, is Eulerian. The

following theorem is due to Stanley [40, p.137].

Theorem 2.1.3 (Stanley) Let P be Eulerian of rank n, and let Q be any subposet
of P containing 0 and 1. Set Q = (P \ Q) U {0,1}. Then

#(@Q) = (=1)""'1(Q).

The second proof of theorem 2.1.1: By the definition of Mobius functions of
posets, ug, ,(0) = 1. Let £ € Q. with |z| = m, where k < m < n. Since the interval
[O,x] in Q. is isomorphic to the poset Q,,.x, we can apply Theorem 2.1.3 to @,, and

Qm:k- Let 0 and 1 denote the minimal and the maximal element of @ m, respectively.

It follows that Qi = (Qm \ Qm:)U{0,1} and then by Theorem 2.1.3,

(Qmik) = (_l)m-ll‘(Qm:k)'

Moreover, if y € Qmu,y # 1, then pg  (y) = pg.(y) = (1) It follows that

#(Q_m:k) = _Z/[Qm.k(y)

y<i

11



k=1
= Hy € Quu: lyl=17} (-1)
3=0

o, fm m—1
= =Y (-1) = (-1)F :
2~ (a) = (k—l)
The last equality follows from identity (1.5) in [22, p.1]. Finally we have

HQui(z) = p(Qmik)
o ym=l/ 1k m—1
= ()™= (k—l)

m—k+1 m—1
= (=" (k—l)

as desired. [ ]

The third proof of theorem 2.1.1 uses Stanley’s results characterizing the Mobius
function of a rank-selected poset in terms of the number of permutations with given

descent set [42, Proposition 14.1]. A few preliminaries are required for this proof.

Let P be a finite graded poset with 0 # 1 and n = p(i) where p is P’s rank
function. Let S C {1,...,n— 1} and then the corresponding S-rank-selected subposet
of Pis

Ps={zeP:p(z)e Su{0i}

with the same partial order as P. Now define a(P,S) = a(S) to be the number of

maximal 0 — 1 chains of Ps. Then define B(P,S) = B(S) by

B(S) = Y (-1)S-Tly(T).

TCS

If us denotes the Mébius function of the Ps, by proposition 14.1 in [42], we have
B8(S) = (=) (0, 1). (2.4)

Let C(P) be the set of all pairs (z, y) of elements of P for which y covers z. A function

A :C(P) — Z is called an R-labeling of P if, for every interval [z,y] of P, there is a

12



unique saturated chain ¢ = 2y < z, < -+- < 2; = y satisfying

A(zo, 1) < May,22) < -+ < Moy, 1) (2.5)

A poset P possessing an R-labeling A is call an R-poset and the chain z = z¢ <

z) < -+ < z; = y satisfying (2.5) is called the increasing chain from z to y.

R. P. Stanley has shown [35, Theorem 3.1] the following theorem and a proof can
be find in [40, Theorem 3.13.2].

Theorem 2.1.4 (Stanley) Suppose that P is an R-poset with0 # 1 and p(P) = n.
Let X be an R-labeling of P, and let S C {1,2,...,n —1}. Then B(P,S) equals the
number of mazimal chains M : 0 = 29 < 7, < --- < &, = 1 of P for which the

sequence A(M) := (Mzo,z1), ..., AM(Zn-1,Zn) has descent set S; that is, for which

Des(AM(M)) := {i : Mzi-y,2,) > Mai,2i41)} = S.

Let P = @, the Boolean algebra of rank n and S C {1,2,...,n—1}. f H < T,
then let A(H,T) be the unique element of T'\ H. So for any interval [z,y] in @,
there is a unique increasing chain ¢ = 2o < ; < -+ < z; = y defined by letting the

sole element x; — z;_, consist of the least integer contained in y — z;_;. Hence X is an
R-labeling of Q,, and 8(Q., S) is the number of maximal 0 — 1 chains M in Q, such
that Des(A(M)) = S.

Let S, be the set of all permutations of {1,2,...,n}. We define the descent set of

7 to be

Des(r)={i:m>mpand 1 <i<n—-1}.

Note that for each maximal 0 — 1 chain M : Tp < 2 < --- < x, In @, with

Des(A(M)) = S, the sequence A(M) determines a permutation

T = Az, 20)MT2,21) - MTp, Tny)

13



with Des(m) = S. Conversely, for each 7 = my7y--- 7, € S, with Des(7) = S, we see

that 7 determines a maximal 0 — 1 chain
M: @ < {TT]} < {7T'1,7T2} << {7"177"27"'7"11}

with Des(A(M)) = S. It is easy to check that it is a one to one and onto correspon-
dence between the set of all maximal 0 — 1 chains M in Q, with Des(A(M)) = S and
the set of all permutations 7 € S, with Des(7) = S. Hence 3(Qn,S) = B.(S) is the

number of permutations of {1,2,...,n} with descent set S.

Now we are in the position to give another proof of Theorem 2.1.1 using the idea

of the R-labeling of a poset.

The third proof of theorem 2.1.1: Let P = Q, and S = {k,k+1,...,n —1}.
Then Ps = Q,..x and

#(Qux) = (=1)P1718,(8) = (=1)" 7' 8.(S)
where (3,(S) is the total number of the permutations of {1,2,...,n} with the descent

set S. So it is enough to show that

1= (o))

Let # = mymp---m, be a permutation of {1,2,...,n} with Des(x) = S. Then 7 is

built up as follows:

T <My < ove K Tpey < e D> Mpgpp D> Thgpg D -0 > Tp.

Hence m, = n. Since m; # n for all 1 < ¢ < k — 1, there are (Z::) ways to choose

m < mp < -+ < mk—. Having chosen m; < my < --- < m,_y, since there is only one

way to order the rest numbers, we have only one way to choose m > mpyq >« > mp.

It follows that 8.(5) = (}2}).

k=1
Let £ € @Q,.x with |2] = m. Since the interval [f), z] in Qn.x is isomorphic to Qum.x,

1(z) = p(Qmu) = (—1)F! (T::) as desired. -
14



2.2 Subspace Arrangements and the Intersection
Lattices

A central subspace arrangement A = {K,, K,..., K} in the Euclidean space R"
is a finite collection of linear subspaces K; of R*. Then A is a hyperplane arrangement

if codim K; = 1 for all :.

The intersection lattice of a subspace arrangement, £L = L£(A), is the poset of

nonempty intersections of these subspaces ordered by reverse inclusion; that is,
x <y ifand onlyif yCz.

Thus in £, 0 corresponds to R™ and 1 corresponds to Nxe4 . Given two arrange-
ments A and B, we say A is embedded in B if A C L(B). The characteristic

polynomial of £ is

X(L,t) =Y p(x) timB), (2.6)

€L
Note that this charateristic polynomial differs from the one in definition (1.2) since

L may not be graded, and even if it is, then the dimension and corank of £ may not

be the same. However, using the dimension often gives more interesting polynomials.

One of the most important combinatorial invariants of an arrangement is its char-
acteristic polynomial. Zaslavsky has related the characteristic polynomials of certain
arrangements to the chromatic polynomials of signed graphs [47, 48]. Blass and Sagan
[9] have generalized one of Zaslavskly’s results by showing that these two polynomials
both count a certain set of lattice points in Z™, which provides us an efficient way to

compute characteristic polynomials (see Theorem 2.7).

let R* = {(z),22, -+,2,.)} be the Euclidean space of dimension n. For each
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1,1 <1 <n,let H; be the hyperplane z; = 0 and
v" - {}113H25 7H }

This hyperplane arrangement is called the coordinate hyperplane arrangement and
the intersection lattice of @, is lattice isomorphic to the Boolean algebra @Q,. For

this reason, we often write @, in place of £(Q,) .

For fixed k, | <k <n,let = {1 <2, <3< -+ <1 <n}and

KNy=H,nH,N--NH,

k"

Let Q,.x be the set of all such h'’s so that Q,.x is a subspace arrangement. It is
easy to check that £(Q,.x) is a lattice and it is lattice isomorphic to the truncated
Boolean algebra Q,.,. Also for this reason, we simply denote £(Q,.x) by @n.k. Since
Qnk C L(Q,), we see that it can be considered as a subspace arrangement embedded

in the coordinate hyperplane arrangement Q,.

2.3 The Characteristic Polynomial of the Trun-
cated Boolean Algebra

We now consider the characteristic polynomial of @Q,... In this section, we will
derive two forms of the characteristic polynomial of Q. in various ways, which involve
the Blass-Sagan Theorem [9], hypergeometric series, generating functions, binomial

coefficient identities, induction, etc.

Theorem 2.3.1 The characteristic polynomial of Q.1 has the following two forms:

k-1
NEEDY (") t—1)" (2.7)

1=0

X(Quist) = (£ — 1)~ —k+1 Z( k+1) ph—i-1 (2.8)

=0
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It is clear that x(Qn.1,t) = X(@n,t). Also observe that if n < k, then Q,.x = 0 and
X(Qnik,t) = y(ﬁ)t"'o = t". Moreover, if n < k, then

k-1 n

ST T Y T

i=o \! i=o0 \!

also

1

(t _ l)n—k-i'l = (n - k + i)tk—i—l

1=

= (t — 1)PRHIgke k_znfl (k —n- 1) (_Tl)‘

1=0 t

k=n-1
— (t _ l)n_k+llk_l (1 _ %) — tn.

Much work has been devoted to finding conditions under which the characteristic
polynomial of a lattice has only integral roots. This is true for @, but not in general
for Qn.k, K > 2. However, Theorem 2.3.1 shows that x(Q,.x,t) at least factors partially

over Z, in particular that it is divisible by (t — 1)"**! = x(Qn_k41,1).

Furthermore, Equation (2.7) shows that one gets a nicer form for the coefficients
of X(Qn:k,t) when it is expanded using the basis 1, —1,(¢t—1)2,-- - for the polynomial

ring, rather than using the usual basis 1,¢,¢%,---.

Since the truncated Boolean algebra can be considered as a subspace arrangement
embedded in the coordinate hyperplane arrangement, we first give a combinatorial
proof of Equation (2.7) using the Blass-Sagan interpretation of certain characteristic

polynomials as counting a set of lattice points in Z™ [9].

Theorem 2.3.2 (Blass-Sagan) Let

B, = {(vi = xz;), (24 = 0)}195]‘571,19571

17



and let A be a subspace arrangement such that A C L(B,). Fort = 2s + 1, define
[-s,8] = {-s,—(s = 1),...,—-1,0,1,...,5} and C; = [—s,s|*. Then x(L(A),t) =
ICe \ Al

The significance of Theorem 2.3.2 is that it provides us an efficient way to de-
termine certain characteristic polynomials without even computing any Mobius func-
tions. Before proving this theorem, we would like to give the readers an example to
show intuitively what is going on. Consider B, in R? and Cs in Z2. It is well-known
(28] that

X(L(B),t)=(t=-1)(t=3)---(t —2n+1).
So x(L(B2),5) = (5—1)(5—3) = 8.

On the other hand, let A = B; = {(z; = tz3),(z; = 0),(z, =0)}.

We see that |Cs \ B2| = 8 and then |Cs \ B,| = x(£(B2), 5).

The following proof is due to Blass and Sagan [9]. I am including their proof here

for completeness.

Proof ( of Theorem 2.3.2 ): For X € L(A), let

f(X) =

XNC| and g(X)=[(XNC)\ (Uysx¥ NC)l.

Given X € L(A) C L(B,), there is a one to one correspondence between X N C; and -

the cube of side t in Z49™(X) centered at 0. It follows that f(X) = |[X NC,| = tdimX),

Clearly f(X) = y>x g(Y). So by Mébius Inversion Theorem 1.0.1
IC:\ Al = g(R*) = _w(Y)f(Y) = 3 p(Y)tE™) = \(L(A), 1)
Y Y

18



and this ends the proof. [

A combinatorial proof of Equation (2.7): Since Q... € L(B.,), by the Blass-

Sagan Theorem, it is enough to show that

k-1
1C\ Quil = 3 (’;)(t — 1y (2.9)

1=0
Note that C; \ Qn.x consists of all z = (z1,z,,...,2,) € Z" where —s < z; < s for
all + and the number of zeros in (z;,z,,...,2,) is at most k — 1. This observation

enables us to partition Cy \ Q,.r into k parts. For fixed 7,0 <1 <k —1, let
Si={z = (z1,22,...,2,) € C¢ \ Quk : the number of zeros in (xy,22,...,2,) 1817 }.
Then

|S:] = (the number of ways to choose ¢ elements
from {z,,x,,...,z,} as zero coordinates of z)
-(the number of ways to choose the remaining n — 2

non-zero coordinates of z from [—s,s]\ {0})

- (e

It is clear that {Si}ocick-1 are mutually disjoint and
. k-1
("l \ Qn:k = U Si-
1=0

Hence

iy it JAY .
ICt \ Qn:kl = z |S,| = Z (z>(t _ 1)71-;

=0 1=0

as desired. n

Next, we will give an algebraic proof of Equation (2.7) which only involves the use

of binomial identities and the definition of the characteristic polynomial of a poset.
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An algebraic proof of Equation (2.7) :

Equation (2.7):

n—k+1 (k-1

7 =0 =0

+ 2

j=n—k+2 1=0

k-1

i (
0( l)zl(

1=

1 (n—g)!
{Z-' ( J)

n—k _
ey
7=0

n—1
sy 7
j=n—k+2 i=0 ¥ (n—1—7

n—7)!
(n—1-7)

We start from the right hand side of

t

n! -
- AN

7!

nog n! nejoi L
{Z i (n—i ——j)!(_l) } 3!

'} nn—1)...(n—34+1) ;

n—j—t . . t‘] n
)!(—1) }n(n—l)...(n—J+1)ﬁ+t

(the 7 =n —k + 1 term in the first sum is the expansion of

(1-1)*! =0 and the j = n term in the second sum is ¢")

n o nej [n—3-1 _ t
= t"+ > (-1) {(—l)k ( kf—l )} nn—1)..(n—7+1) H

) = 0

3

(applying identity (1.5) in [22, p.1] to each term in the first sum

and the expansion of (1 — 1)*77 = 0 to each term in the second one)

n—j—k+1 n(n - 1)(77, —J+ l)(n _] — 1)' _ti

n—k
= t"+ ) (-1)
1 =0

k=1 (n—j—k)! ;!
20



v C n—k—-p
= " 1)P+! n(n—1)..(k+p+1)(k+p-1)
t +z (k=1)! p! (n—k—p)!

(letn—3—k=p)

nek n (k+p—l)(k+ l)k n—k—
= "+ ) (1) (k+p> p! e

k +P —k—
— tﬂ + P+l( )tn P.
,;) (k+p> P

On the other hand, the left hand side of Equation (2.7) is

X(Qﬂ:k1 t)
Z u(I)tdim(r)

T€Qn.k

n—-k
= p0)"+ 3 >

J=0  dim(x)=j

— tn+nz:k nk_7+1 ]_l t]
el

( using Theorem 2.1.1 and |{z € Q. : dim(2) = j}| = (';) )

k+p— ke
— " p+l n—k—p
= +Z(1~+P) ( p )t

(letn—3—k=p).

Hence we have shown algebraically that Equation (2.7) holds. |

As for the proofs of Equation (2.8), we first give it a combinatorial proof using

the Blass-Sagan Theorem; that is, count the number of elements in C'y \ Q,.x as we
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did in the combinatorial proof of Equation (2.7) except that in this case we partition

Ci \ Qn in a different way.

A combinatorial proof of Equation (2.8) : For non-negative integers t and s
with t =2s + 1,we let £ = [—s,s] and D = F'\ {0}. It is clear that |E| =2s+1 =1t
and |D| = 2s =t — 1. Also we let A x B denote the product of two sets A and B

and A™ denote the product of m copies A’s where m is a non-negative integer.

By Theorem 2.3.2, it is enough to show that

|C'f \ Qn:kl = (t - " k Z (7 i A ' l)t“ " 1 (210)

I,

First we give a outline of this proof. To prove equation (2.10), we construct
a partition {Ag, Aj,... Ax_1} of C;\ Qi such that each A; is a disjoint union
of (““:‘“) sets, say A;1, Aia,..., A, (nk+) with |A; ;| = t*=1(¢t — 1)"~%+! | where

0<i1<k-land 1< < ("‘f“). In this way, we have

k-1 k- ((7FF)
C \an L'ﬂ U U Ai,j (211)

where l#) denotes the disjoint union of sets. Then

k-1 k=1 [(("7FF)

IC\ Quil = D 1AI=D_¢ Y Al

1=0 1=0 =1

=1 (")
— (t _ n k+ltk—1—l

|

Il
o

i=1
nk+l - "—I"*‘z ki1
= (t-— t .
Now we start a detailed proof of equation (2.10) by constructing {A; J}1<]<(n k1)
for each i. Keep in mind that C, \ Q,.x consists of all &+ = (xy,24,...,1,), such that

{z1,22,...,2,} C [—s,s] and the number of zeros in (2, 29,...,x,) is at most k — 1.

2

l\)



For fixed 7, 0 <1 < k — 1, take products of n — k copies of D’s and i copies {0}'s
in all possible ways. Since the number of all such products is the number of ways
of placing i O-component’s in the n — k + ¢ possible positions, we get a collection of
(”_f“) sets, say {B,-,J-}lsjs(n_fh). Note that all the B; ; are mutually disjoint subsets
in R"~%+ and

-k n—k
|Bi;| = D" F|[{0} = (t — 1)
which is independent of 7 and j. Moreover, if 2 = (z;,22,...,21-k4:) € Bi;, then
{z1,22,-..,Tnksi} C [—s,s] and the number of zeros in (z1,22,...,Tn_kti) IS @

Now for fixedtand j,0<i<k—-1land1<j< ("—f“)’ let A;; = E*1 x D x

B; ;. It is clear that
|Aij| = |E¥""Y|D||Bi,| = tF (¢ — 1)nkH

which is independent of j. Since all B;,’s are mutually disjoint subsets of R"™ %+,
we see that all A, ;’s are also mutually disjoint subsets of R®. Moreover, if z =

(z1,22,...,2n) € Aij, then {z1,22,...,2,} C [—s,s] and the number of zeros in

(z1,22,...,2,) isat most (k—7—1)+1 =4k — 1. Hence A;; C C; \ Qn:.

Now we define

(")
A,‘= L‘_f'J A,',_,' fOI‘allOSiSk—l
=1
and then
(n—k+i) k ) k
. n—k+:1 n—k+1\ ;. nek
|Ai] = Z |Ai;| = ( ; )!Ai,ll = ( ; )tk Yt —-1) k1 (2.12)
J=1

We claim that {Ai}o<ick—1 are mutually disjoint. To prove this claim, we proceed by
contradiction. Suppose not and let z € A; N Ay, for some 0 <1 < h < k—1. Then
z € Ai; N Ay for some 1 < 5 < ("'f“) and 1 <[ < ("':+h). It follows that

(i) the number of zeros in (z4_;,...,z,) is i since € A;, and xx_; # 0;
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(ii) the number of zeros in (Tx—p41,...,Zn) is h since T € A,.
But the fact |[{zx—ht1,Th-ht2,---,Zk-i=1}] = h — (¢ + 1) implies, by (ii), that the
number of zeros in (z—;,...,2,) is at least 7 4+ 1 which contradicts (1). Hence all A;’s

are mutually disjoint.

Finally, we claim that C; \ Q.. = Uf:ol A;. Since A; ; C Cy \ Qnu, it follows that

(") k-1
Ai = U Ai.j g C‘t \ Qn:k and then U A;’ g Ct \ Qn:k-
1=1 1=0
On the other hand, let 2 = (xy,22,...,2,) € C¢ \ Qn-. Since the number of zeros in
(z1,22,...,) is at most k — 1, the number of non-zeros in (xy,x2,...,2,) is at least

n—k+1. Let x,, be the (n —k+1)-st non-zero coordinate in {z;, x2,...,r,} counting
from the right. Moreover, m is at most k since |{Tm4+1,Tm4+2,---,Tn}| = n —m is
at least n — k by the definition of z,. If £ —m = 1, then we claim that =z € A,.
By the definition of z,,, the number of zeros in (zpm41,...,25) 1s Kk —m = 2. It
follows that (zm41,Tmt2,...,2,) € B for some 1 < j < ("’f“). Since z,, # 0
and k — m = i, we have (,,22,...,2m_1,2m) € E™ ' x D = E¥*1 x D. So
T = (T1,22y - s Ty Tmg1y---22n) € EF"1 x D x B;; = A;;. This proves that

Ce CUS A

Hence C; \ Quix = Wl Ai and |Cy \ Qux] = S50 |Ail. Now the result follows
from equation (2.12). [

Next, we set up some definitions for the algebraic proofs of Equation (2.8).

The two most common types of generating functions are ordinary generating func-
tions and exponential generating functions. The ordinary generating function of a
sequence {a,}n>o is the formal power series

2 anz"

n>0
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while the ezponential generating function of {a,}.>o0 is the formal power series

z a,z"/n'.

n>0

For information about generating functions, see Stanley’s book [40]

If ay,a,,...,a, and by, b,,. .., b, are constants, then we can form the hypergeomet-

ric series

ay, daz, ..., Uy

b, ..., b,

PFQ

=y (aelaade - (a)y 2t
:r] = g% (b)i--- (b)) A (2.13)

where (a) = a(a+ 1)(a+2)---(a+k—1) is a rising factorial with respect to k. For
information about such functions, see the books of Bailey [3] or Slater [34]. We also

need the following result known as the Chu-Vandermonde Theorem [34, p.28].

Theorem 2.3.3 (Chu-Vandermonde ) If n is a positive integer, then

Ll —n, a _ (I =b+a),
211[ —7l+bl 1}—(1_—1))”‘ (214)

Proof. Sce (34, p.28]. (]

Now we are ready to give algebraic proofs of Equation (2.8) by hypergeometric
series and generating functions, respectively. We assume that Equation (2.7) is given.
First factor out (¢ — 1)"~**! from Y7/ (':)(t — 1)**, and then expand (¢ — 1)F*~1,

We find

The coefficient of ¢/ is



Let k — 3 — 1 =h > 0. We see that the coefficient of t7 = t*=4~! s

h .
g ()(5)
Now we let

h n c— 7 — s [n b — 1 —
-5 )(517) -Er ()
1=0 1=0

It remains to show that
—k+1
g(h) = (_1)h(" / + l) for all h > 0. (2.15)
l

1. We first prove (2.15) by using hypergeometric series. To do this, we need first

to express the binomial coefficients in terms of rising factorials:

n\ _ ((=n)i k—i—1Y) (=" (=k+1)s (—h);
(i)_(_l) T e (h—i )“ RU(—k+1),

7!

Then we see that

h '—i—
gh) = Z“”‘(’f)(k h—i1>

(—l)h (—L + 1);, o (—n),~(—/1.).' 1
{; (—k +1); E}

(=1)(=k + 1), —n, —h
h! {ZFI[ —k+1‘ll}

( by the definition of hypergeometric series)

(~1)"(—k + )y (= + k — h),
h! (—n+ k),

( using equation (2.14) witha= —-handb=n—-k+1 )




2. Next we prove (2.15) using generating functions. Consider the generating func-

tion G(x) of {g(h)}nx0-

G(r) = ig(h).zr"

h=0

- S (OEC ) )
- g(—l)‘r‘ (7) {g; (k _;— I)IP}

= i(—l)i 1:i(7.l>(l + o)kt

1=0 t

= e g () ()

= (L+a)f! (1— 'r“)n

_ 1 = (n—k+h hoh

It follows that g(h) = (—1)" (”—:“’) for all h > 0. Then the coefficient of tF=A-1 is
(=1)kg(h) = ("~:+h) as desired. (]

We conclude this section by giving the exponential generating function of the

characteristic polynomial of Q..

Theorem 2.3.4 The exrponcntial generating function of {x(Qn:x.t)}n>o0 is

k=1
Gi(z,t) = {Z —'} et (2.16)

i—o b

where k is a fired non-negative integer.

Proof. By the definition, we have



as desired.

(vl
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Chapter 3

The k-divisible Boolean Algebra

Let n and k be positive integers with 1 < k < n. Define Qnx be the set of all subsets
z C {1,2,...,n} such that & divides |z| or |z| = n. Ordering Q) by inclusion, we
see that Q. is a subposet obtained from @, by eliminating all elements that have
ranks not divisible by k, except {1,2,...,n}if k fn. So Q. is called the k-divisible

Boolean algebra. It is clear that Q,); = Qx.

3.1 The Mobius Function of the k-divisible Boolean
Algebra

The main theorem in this section concerns the Mébius function of @, x. To state
this theorem, we let H and H denote the ceiling and floor functions (round up and
round down), respectively. Clearly, if x € Qn, then either |#| = mk for 0 <m < I.%J,

or |z| =n.



Theorem 3.1.1 The Mobius function of Qn is

[ mhk
Z (1) Z ( . . ), if || = mk ;
k, gk, ...,k
Nn+n+..+iyr=m JifJ2 J

321
1<:<r

N \ag . n . : ] = dk .
( ) Z »+>+Z+. h(n_hk"]lk’]zl:’"-,]rk> If|1| n an ,rn
nrit - tir=
21
1<i<r

(3.1)

We will give both algebraic and combinatorial proofs for Theorem 3.1.1. Our
algebraic proof of this theorem simply uses the definition of the Mobius function,

induction, binomial identities, etc.

An algebraic proof of Theorem 3.1.1: For any z € Q,, we see that either
|z] = mk for some non-negative m, or |x| = n with k& f n. We will consider these two
cases separately.

Case 1: Suppose that |z| = mk and induct on m. If m = 0, then x = 0 and p(0) = 1
by the definition. Also (—1)°(0'/p) = 1 where p is an empty product. So the result

holds when m = 0. Next, by the definition,

y<r
y € Qulk
m-—1
= =2 Hy€Quu lyl=hkand y <z} u(y)
h=0
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m-—1 h
mk . hk
_Z(hk)z(l) 2 ('k ok 'k)
h=0 r=0 _ . ‘ Ry J2Ry ooy Ir
ntn+-+ir=h
s 21
1<i<r
(using the induction hyperthesis )
m—1 m-1
mk
_1 r+1 ( ' . ' )
120( ) hgr . . Z . (m_h)ka ]1ka ]2ka--‘7 ]r‘k
n+n+--+ijr=h
21
1<i<r
mz—l( 1)r+1 Z ( mk )
r=0 _ - nk, 72k, <. 00k, Jrak
ntr+t-tirtipr=m
n21
1<i1<r+1

(putting 3,41 =m —h)

m
ST
ntn+-+ip=m
21
1<i<r

(shifting the index r by 1)

m
-1y 2 (
htn+-+ir=m
B2l
1<i<r

31
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ik, ok, ..., 3.k

mk >
nk, fak, ..., k)



Note that we get the last equality by adding the r = 0 term into the sum

do so since if r = 0 and m > 0, then

Z mk )
v . ]1k, J‘Zk, evay jrk
n+tn+--+iyr=m

Ji 21

1<i<r

is an empty sum and hence is 0.

Case 2: Suppose that || = n with k£ [ n. By the definition,

= =) Hy€Qux: lyl=nhk} nly)

53 n h .
= - -1y . |
h=0 (hk) r=0 ( ) Z (]lk’ ]2k7° KR} ]rk

it tir=h
I
1<

- IV

1
<r
( applying case 1 to each y )

|3

| S—
—
x|z

—_

— _1 r+1 n
((=1) 2 (n—hk,j,k, ok, ...

>
1]

r= r

Nhti+-+ir=h
21
1<:<r

as desired. This ends our algebraic proof.

. We can

)

)

Our combinatorial proof of Theorem 3.1.1 employs an important way of computing

the Mobius function due to Phillip Hall [27].
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Theorem 3.1.2 (Phillip Hall) Let P be a finite poset with 0 and 1. Let z € P
and ¢, be the number of chains 0 = 29 < 2, < --- <z, = z of length r between 0 and

z. Thusco =0 and ¢, =1. Then
pr)=co—c1+ec—cz+---

A proof of this theorem can be found in [10, p.119].

The significance of Theorem 3.1.2 is that it shows that u(P) can be interpreted

as an Euler characteristic and thus links Mo6bius inversion with algebraic topology.

First combinatorial proof of Theorem 3.1.1: First consider the |z| = mk case.

Since a maximal 0 — z chain in Qn|x has length m, it follows from Theorem 3.1.2 that

w(x) = (=1)e, (3.2)
r=0
where ¢, is the number of chains 0 = 2g < 2; < - < 2, = z of length 7 in Qnx. So
it is enough to show that
e = Z ( ) mk . ) forall0 <r <m. (3.3)
‘ ) ‘ ]]k, ]2’\3, ooy ],-I\?
ntnt-otie=m
21
1<i<r

First assume that » = 0. In this case, if m = 0, then ¢¢ = 1 and the sum is
0!/p = 1, where p is an empty product. If m > 0, then ¢, = 0 and the sum is 0 since

it is an empty sum. So the result holds when r = 0.

Next assume that 7 > 0. Let C : 0 = o<z, < <I_, <y =zbeal—zx
chain with fixed |2;| = h;k for all 7. Clearly, 0 = hg < hy < -+ < hy_; < h, = m and
the number of such chains C with fixed h;’s is

[I(the number of ways to choose ;)

=1
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4 ( the number of ways to choose h;k — h;_1k )

=1 \ elements from a (mk — hi_1k)-element set

_r (mk—h, lk) ( mk )
i \hik = hik ik, gok, ooy geoik, gok)
Ji

i = hi — hi_y > 0 for all 2. Then Equation (3.3) follows by

where we assume that
taking sum over all possible 0 = jo < j, < --- < jr < msuch that ji+j2+---+5 =m

and all j; > 0.

Now suppose |z| = n with & f n. Then ¢; = 0 and a maximal 0 — 1 chain has
length [ﬂ By Theorem 3.1.2 ,
ki 13)
(i) = 3 (~1e = 3 (=) e,

1 r=0

x|z

r

where ¢, is the number of 0 — 1 chains of length r 4 1. It is enough to show that

,_
x|

J

n
Cry1 = : . , for all r .
A A 2 | (n — hk, jik, ]2k,...,],k)
Nttt +ir=h
J21
1<:i1<r
Following the same lines as in the |¢| = mk case, welet C : 0 = 19 < 1) < -+- <
Ty < Ty < Tpyy = 1 bea0—1chain in Qi with fixed |x;| = hik for all 2. Then

the number of such chains C is

ﬁ(the number of ways to choose z;) = ( . : : ! : )
i=1 ]lks Jka"'vjr—lkv Jrk9 n—hrk
where each 5, = h;, — h;_; > 0, r < h, < HJ and j; + j2+ -+ + j» = h,. Now the

result follows by substituting h, by h and taking sum over all possible such j;,---, j,

and h. n

The second combinatorial proof of Theorem 3.1.1 uses one of Stanley’s results
which characterizes the Mobius function of a rank-selected poset in terms of the

number of permutations with a certain descent set [42, Proposition 14.1].
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The Second Combinatorial Proof of Theorem 3.1.1: Let
Sz{h%P“{Hk}gﬁﬂ“”m—IL
Then Qnx is an S-rank-selected subposet of @,. By Theorem 2.1.4, we see that
u(Quip) = (=1)P1718,(S).

where 3,(S) is the total number of the permutations of {1,2,...,n} with the descent

set S. So it remains to find 3,(5).

Let a,(S) be the number of permutations m € .S, with Des(7) C S. Then

an(S) = 3 BulT). (34)

TCS
By the Principle of Inclusion-Exclusion [32], we have
3a(8) = 3 (=) Man(T).
TCS
If |T| =0, then a,(T) = 1. If |T| =r > 1, then let

T={1<lk<hk<---<hk<n-1}CS.

To obtain a permutation 7 = mymy---m, € S, satisfying Des(m) C S, first choose

m < My < -+ < Mk N (h?k) ways. Then choose j k41 < Thiks2 < -+ < Tk 1D
n—hik ) ways and so on. From this we obtain
hok—hy k ys and s . '

(T) = n n— hk n—h,_1k n— hk
T k) \ ok — hyk hok —ho_1k) \n — hok

n
- (lz,k, (hy — h))k,---,(hy — hey)k, n — hrk>'
There are two different cases here. So we will consider them sparetely.

Case 1: If k|n, then let n = mk. Since the m = 0 case is trivial, we may assume
that m is a positive integer. Then S = {k,2k,...,(m — 1)k} and |S| = m — 1. So we
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have

mk
n T)= .
on(T) (h,k, (hg = h)k, -+, (hy = hyey)le, (m — /;,,.)A-)
Let jy, = hy,jy = hi — h,_y where 2 <1 <r <m -1, and j,4; = m — h,. Then all
ji>0and j; + j2 + - - + Jr+1 = m. By Equation (3.4), we sce that

m-—1

nk
- S = (=1 m-—1 + -1 m—1-r ( . m . ) )
ﬂ ( ) ( ) 2( ) Z .]lk~ .]'Zkv---’.]rka ]r+lk

N+t +irg1=m
21
1<i1<r+1

Then it follows that

B@Qnik) = (=1)D713,(8)

ity mk
= -1 ~1)™! . L
* rg:l( ) Z (]lka J'Zkv""]r‘ka ]r+lk)
n+np+-+igr=m

n21
1<:<r

e mk
- o (L)
Z:l Z 1k, g2k, ..., gk
N+t tipr=m
21

1<i1<r+1

(shifting the index r by 1 and then putting -1 as the r = 1 term )

ik, g2k, ...

il mk
= -1
2(=1) 2 ( JJ»‘)
n+nr+-+i=m
321
1<:i<r

( adding the » = 0 term that is 0 if m > 0).
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So the result holds in case 1.

Case 2: Suppose k [ n. If 0 < n < k, then pu(Q,) = 1. Also, the sum has only

r = 0 term which equals to 1. So we are done. Now suppose n > k. Let m = l%J

and then S = {k,2k,....m} C {1,2,...,n =1}, f T C S, then

n
A1) =1 . . . .
“ ( ) (Jlks .]2k9 ceey ]rka Il—]rk>

where 5, + 72+ -+ + Jr = h, and r < h, < m. It follows that

m m 71
n = -1 m-l-r . . . .
Bal(5) Z:l( ) ,,Z_, Z (]1k, 2k, ... 0k, n—h,k)
T st n4tir=h
3>1
1<i<r

Changing the notation h, to h, we have

B m Lyt n
(Qup) = D (=1 Y 2 (jnk, ok, oo gk, n—-hk)'

=0 h= . . .
" "o+ h4cti=h

>
1<i<r

We add the » = 0 term into the sum to include the m = 0 case.

Let 2 € Qi with |z = mk. Since the interval [0, 2] in Q) is isomorphic Q (mk) k>

p(z) = u(Q(mryx) and then the result follows from case 1. [

3.2 Old Numbers and New Numbers

Let u(z) be the Mobius function of Q,x. We define
|/l(i)| = Enlk

where | - | denotes the absolute value of a real number.
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By Theorem 2.1.4, we sce that E, is the number of all permutations of {1,2,---,n}
with the descent set {k,2k,..., [%J k}. In particular, if k& = 2, then E,); is the num-
ber of alternating permutations in S,. The number E,); is well known as an Euler

number. So we call E,|x a generalized Euler number for k > 2. Define
;:1|k = (_I)I"EJEHM"

Ifk > 2, then E}, is called a generalized signed Euler number and E,, = (—l)[%J E.p;

is a signed Fuler number.

The Euler numbers are classical numbers and have been thoroughly studied in the
past century. So we consider them as old numbers. By comparison, the generalized

Euler numbers will be our new numbers.
The following results are well-known [12, p.48 ] for the old Euler numbers .

(1). The exponential generating functions of the E,, are
.2n
E ———‘ = sec T,
Z (2n)2 75 n

n>0 = )

2n+1

z
Z Eongryp—=——— =tanz,
n>0 ) + 1)

~2on

, @
Z Eznm)—! = sech(a).

n>0 <

For this reason, E(2,)2 and [E(;n41))2 are sometimes called a secant number and a
tangent number, respectively. Naturally, E{y,), and E{y,,), will be called a signed

secant number and a signed tangent number, respectively.

(2). The number E,; satisfies the following recursion: for n > 1,

" f2n -1
Eomp = ( B 1) Em-n)2E@n-2m)i2 + E@2n-1)j2i

) 5
o \2m
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n n
Egninz =Y Em-n)2E@n-2m+1))2

N, —
oo \2m =1

with the boundary conditions E;j; =1 for all 0 < ¢ < 2.

(8). The number E(,,), satisfics the following formula [10]:
(E+1)" +(E-1)" =0

where E™ = E,,, such that £y, =1 and

E, = E(/m)|2? if m is even;
E, =0, if misodd.

(4). (m+1)Egntnz = 22| Gonya|, where Ganya is called a Genocchi number, which
is an odd integer. Thus it is clear that the tangent number E(;,41)2 is divisible by

2",

It is worthwhile to mention that

Lemma 3.2.1 (3) is equivalent to the following condition:

(3’). The number Ej,,, satisfies the following recursion:

I (2n) , ,
Z (_,)]) E(2])|2 = 0 and EO = 1. (3-5)

320 \=

Proof. By the binomial formula, we see that
(E+1)"+(E-1)"

s (';) E™ (14 (-1))

j20
m 1%) m
= 3 z(’")Em_J_ 2(22?J)E2(lﬂj_1)
. ] 2
i>o0 j20
7 even
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i 2n
= Y 2(_)

j)E{Qn_hm (putting n= l%J )

j20 \*"
Wk
= Z: 9 (22)12
>0 \2
It follows that (3) and (3’) are equivalent. [

Our goal here is to extend these well known results for E,; to E, for k > 2. We
first consider the exponential generating functions in (1). Stanley [36] has shown the

following result.

Theorem 3.2.2  Let n and k be positive integers with k < n. Then the exponential

generating function of E . is:

m 1+ ki [k 4 7)!
S E = = + i Zn>o:£ /('n +1)! (3.6)
n>0 n. Lnyo 2"/ (nk)!
Alternatively,, for 1 <1<k -1,
Z Ink+i B Zn>0 $nk+i/(nk + 1)| '
o (nk+1)|k 71k + ‘l)' - ZnZO .Tk"/(kll)!
Z - l.kn 1
n>0 (B (kn)! ano ak [(nk)!”
Proof. See [40, Proposition 3.16.4]. .

k

By substituting ¥ by —z* in the exponential generating function for El in

Theorem 3.2.2, one can easily sce that

Theorem 3.2.3  For cach fired k > 2, the exponential generating function of E,

s

Z E T" 1+ T Taso(—1)"z™* /(nk + 1)
nk " 3

s znzo(—mr"*/(nk)!

Also, for 1 SiSk—l,

Z E okt _ Cavo(=1)" e /(nk 4 1)!
S Tk +0! T T Sae(=1) 2R (kn)!
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Z E zkn _ 1
S6 (R (he)! Cnso(=1)mznk/(nk)l’
Remark: If k = 2, we get the same exponential generating function of Ey; and
E}, in (1):
ZE z?nt! Zn>0(‘1)n$2"+1/(2” + 1) sin(a) tan(z)
= = = tan(x),
5 (2n+1)|2 nt1)! ano(_l)nl_.2n/(2n)! cos(x)
271 1 1
E n = = = x),
ng% SRP Sso(—1)" 2 /(2n)!  cos(z) sec(r)
E E; = 1 _ L sech(x)
>0 (zn)[2 ’n ! ano 2 /(2n)!  ch(z) )

Next we give our first recursion for E,x, which generalizes the recursion for E,,

in (2).
Theorem 3.2.4  The number E, | satisfies the recursion

ikl
Epine = ) (km B 1) Eim-1)k Etn-km+1)ik + b(k [ 1) Eyjie. (3.8)
=1

where b(-) is the boolean function defined by

1 if the condition c is true,
b(c) = (3.9)

0 if the condition ¢ is not true.

The boundary conditions are E,x =1 for all 0 < n < k.

Remark: If & = 2, we have the same recursions for E, in (2).

As for the proof of this theorem, we leave it to the next section, since Theorem 3.2.4

is just a simple corollary of Theorem 3.3.2.

Our second recursion for E, generalizes the recursion for E, in (3) or in (3’).
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Theorem 3.2.5 Suppose that n > 1 and 1 < 1 < k — 1. Then the number E,
satisfies the following recursion:
n nk
(1) Z(—l) (k )E(AJ)M = 0;
120

n kn +1
2 _
@ e

J=0

)EU\J)H + ( 1) nt E(kn+x)|k =0

with the boundary conditions Ex =1 for all0 <1 < k—1.

By the dcfinition, we see that supposen > 1 and 1 <1 < k—1.Then E' nlk Satisfies

the following recursion:
, 2, [(nk
) 3 (1) B =0

‘, kn +1
(2) E ( I\] )E(kJ)H - E(kn+1)|k

=0

with the boundary conditions L}, =1 for all 0 << k—1.

Remark: If k£ =2, we have the same recursion for E;p in (3’) and (3).

We will give Theorem 3.2.5 an algebraic proof as well as a combinatorial proof.
Our algebraic proof uses exponential generating functions.
An Algebraic Proof of Theorem 3.2.5 To prove (1), it is equivalent to show

that

, ! kn
Egnye = (=1)"* Y (1) (k])E(k])[k (3.10)

720

We have

Z (_l)n+1”2_:](_1) kn E _Zin__+1
k] (k3) |k (kn)’

n>1 120

—_ ney (kn)! | pk(n=3) ki
B z {Z(_l) [k(n = 7)]H(kj)! Bt (kn)! } +1

n>1 | 5>0
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S S c | B
= - -1 - )k —— + 1
720 [n-3>0 [k(n — 7)) (LJ)H(]\’])!
-1
ki ki
= — Eginim—|  =1% Epye—— +1
L4 S By +1 = 3 By
= -1+ KwT Ty Tl = k)T
>0 (k)] (A]) > (k3)I (k])
Equating the coefficients of 71— (k ),, the result follows.
To prove (2), it is equivalent to show that
o kn 41 .
Eengiye = (=1)" Y _(=1) ( k) )E(kj)lk for all ¢ .
=0
By Theorem 3.2.3, we have
,l,n/\+1
E nk+) k7T 7, 1
r§) (nk+1)lk (nk +12)!
: xnk-H E . .
= -1)t— ke (kn)!
g( ) k1) g% (kT "/ (kn)
- kn + 1 ankt
= -1)" -1 E —_—
,g,( ) [;,( Y ( ki ) (k21K (nk +1)!
Equating the coefficients of o :A:'),, the result follows. [

We now give a combinatorial proof of Theorem 3.2.5. To do this, we need some

preliminary materials related to signed sets and the involutions of such sets.

A signed set S is a set with a function ¢ : S — {+1,—1}. An involution f on S

is a function f:S — S such that
f? =1id, where id is the identity map of S
A functionf on a signed set S is sign-reversing if

sign {f(a)} = —sign {f(a)} foralla € S
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A point a € S is called a fired point of f if f(a) = a. The set of all fixed points of f

in S is denoted by FY; that is,

Fr={a€S: f(a) =a}.
Then the following theorem will play a crucial role in our proof [40, 2.6].

Theorem 3.2.6  Let S be a signed set with a sign function €. If f is a sign-reversing

involution on S with the fired point set Fy. Then

Z(((l) = Y ela) =|Fy|. (3.11)

a€S a€Fy
A combinatorial Proof of Theorem 3.2.5 :  First, we construct a signed set S

as follows: we let my represent the 0 permutation for convenience of notation.

5(0) = {mo},
S(n+1)
{m=mm Thnssi € Sknsi: Des(m) = {k,2k,--- kn}}, 1 #0;

) {m, i=o0.
Let 1 < 3 <nand 0 <: < k-1. For fix : and 7, let J be any kj-subset
of {1,2,---,kn + 1} and S(J) be the set of all permutations of J with descent set

{k,2k,---,(j — 1)k}. Then let
S(7) =W S(J), where J runs over all kj-subset of {1,2,--- kn +1}.
J
By the definition of E,x, one can easily see that
1S5(0)] = 1,
1S = (3) By, if1<j<nand0<i< k-1,
Eksipn, i1 #0;

|S(n+1)| =
0, ifi=0.
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we now contruct a signed set S by
n+1
S=4 S
=0
with a signed function € : S — {+1, -1} defined by

e(r)=(-1)Y if 7€,

Secondly, we define a sign reversing involution f on S as follows: if # € S, then

7 € S; for some 0 < j < n+ 1. there are three cases:

Case 1: If j =0, then m# = my. Define
f(mo) =123 --- k.
Case 2: Ifj=n+1and: >0 and then 7 = mymy -+ Tpnyi. Define
f(mime e Mhngi) = M- - T
Case 3: IfO<j<n+1,then m=mm. - m;. welet
{1,2,..Jkn+ i} \ {m,m2,...,m;} = {a1 < az < -}
and define

T My Mpjayay---ax € Sjy, ifay<mgyandl <j<n;
Ty Mkl dy -+~ a; € Spyr, if a1 < T and j = n;
f(m) = (3.12)
T Ty Mj—k € Sy, ifay>m;and 1 <y <n.
To ifay >mjand j=1

Remark: Note that f is a well defined map on S. Moreover, if 7 € S,, then either

f(m) € Sj41 0r f(m) € S;_1. Tt follows that

1. f is sign reversing.
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2. f has no fixed point; that is, Fy = 0.
It remains to show that f is an involution on S.

1. If # € S(0), then
fi(mo) = f(12--- k) = m,
since {1,2,...,nk+1}\ {1,2,.. k}={k+1<k+2<---}and k<k+1.
2. If me€ S(n+1), then
fA(mmy - M) = f(mma--min) (by the definition)

= MMy Tkns:s (since kn € Des(m) ).

3. If m € S(y) for some 0 < 3 < n+ 1, by a routine procedure, one can easily see
that f%(m) = .
So we see that f? = id.

By Theorem 3.2.6 and the remark, we see that, on one hand,

Ser)= Y =|F]=0.

nES NGFI

On the other hand,

n+1 _
Yoem) = Y ISI(=1)
mES 1=0
o= () Eyi + (1) i if i # 6
2 i=o(—1) (:’;) E k)i if i = 0.
Combining these two equations, the result follows. n

So for, we have generalized the well-known results (1 ), (2), (3) and (3’) about
the old numbers. It remains to generalize their divisibility properties in (4). We leave

it to the next two sections.
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3.3 The Generalized ¢g-Euler numbers

We start this section by introducing the concept of a g-analog of a mathematical

object, which will play an important role in the rest of this work.
A g-analog of a mathematical object O ( O could be a definition, number, theorem

or an identity) is an object O(q) depending upon a parameter ¢ such that

limO(q) = O.

g—1

Note that g-analogs are not necessarily unique. There may be several equally valid

g-analogs for the same object.
Let k,j7 € N and ¢ be an indeterminate. Define ¢g-analogs of k by
KL =14¢ +q% +q7 +-- + 40,

In particular,
Fh=k=1+q+¢"+-- +¢"".

Further, define a ¢-analog of the factorial by
(k]! = [k][k = 1][k = 2]...[2][1].

We can then define ¢-binomial coeflicients by
n | [n]!
m |~ [m]![n —m]!

=1 (K =kl =k [k = k nol_(n
Clearly, when g = 1, [k] = [k], = k, [k]! = k! and [ m ] = ( )

m

It is well-known that any ¢-binomial coeflicient is a polynomial in g.

R. P. Stanley [40, p148] defines a natural g-analog E,x(¢) of E,x as follows:

Ikn+i Zn>0(_l)nxnk+i/(Q)nk+i
Efensin -
; P PP Syt
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for1 <i:<k-—1and

okn 1

E i =
> Eu I e = Tsa (=1 e (g)ms

n>0

(3.14)

where (¢)m = (1 — ¢)(1 — ¢%)...(1 — ¢™) = (1 — q)™[m]! for any positive integer m.

We call E,,c(q) a generalized g-Euler number. In particular, E,;(¢) is an ordinary
g-Euler number and a natural ¢-tangent number is given by

$2n+l

Z E2ns1)12(9)

n>0 (q)2n+1

nso(=1)"2"* /(g)2n 1 _ sing(z)

Ln>o(=1)"2%"/(q)2n " cos,(x) = tang ().

Also, it is clearly that E, (1) = E, .

The main theorem in this section is concerned with a recursion for E,(q), from
which we derive the first recursion for E,x. Once we have established this theorem,
we can more efliciently study the divisibility properties of E,x. First, the following

preliminaries are needed.

Let z,,z,,...,x, be a set of variables. Then the elementary symmetric function
of degree r in n variables is the sum of all square-free monomials of degree r in
Zy,T2,...,T,. More formally, for all » > 0 and n > 0,

€ (21, T, ) = Z T Tiy.Ti, - (3.15)
1<i1 <i2<<ir<n

Let z; = ¢! for all 1 < i < n, where ¢ is an indeterminate. Then

er(1,q4,¢%...,¢" ") = q(;) [ Z ] (3.16)

where [ 7: ] is the g-binomial coefficient [29, p.19]. Suppose that {P;, P,} is a par-

tition of {1,2,...,n}. For « € P, and b € P,, we call a pair («,b) an inversion of
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{P1, P,} caused by a if a > b. We define

I(Py, P;) = |{(a,b):a € P, b€ P, and a > b}|.

Lemma 3.3.1 Let {P,, P} be a partition of {1,2,...,n} with |P;| = r. Then

3 gl PuP) = [ " ] : (3.17)

{P1,P2}

Proof. This lemma is well known. But I am including a proof for completeness.

Let Po={iy <iy<--- <} CH{1,2,..,n} and P, = {1,2,...,n} \ P;. It is clear

that ¢; causes ¢; — 7 inversions for all 1 < 7 < r. Then

I(Px,Pz)=Xr:(i1~j)=i(ij—1)— (;) (3.18)

1=1 j=1

By using (3.16), we get

DO L g ) 3 gor=r (r71)

{Pl,PQ} 15i1<i2<c-~<irsn

r

= ¢ e(l,q,¢%..., ")

_ q—(;)q(;)[j]z[:]

as desired. m

If 7 = mm,...m, € S,, then define an inversion of a permutation m to be a pair

(mi,m;) where 1 < j and m; > m;. We let the number of inversions of © to be
inv(m) = [{(m;,7,;): 1 <jand m > 7}
Recall that we defined the descent set of 7 by
Des(mr)={i:m>mpand 1 <i<n-1}
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Theorem 3.3.2  Let n and k be any non-negative integers. Then E,|i(q) satisfies

the following recursion:

17]
En+n)k(q) E[km—l] P e ) (DE (e kma )k (@) + (K f n) Ei(q) (3.19)

m=1

where b(-) is the boolean function defined by (3.9).

Proof. R. P. Stanley has shown [40, Proposition 3.16.4] that

E.k(q) Eq'"“” (3.20)

where the sum is over all 7 € S,, with the descent set Des(w) = {k, 2k, ..., l"—;l-j k}.

So it is enough to show that E,(q) defined by equation (3.20) satisfies (3.19).

Let

Ensr = {7 : ™€ Suyr and Des(r) = {k,2k, ..., || k} }.

If # = mm..me1 € &g, then either n + 1 = 7y, for some 1 < m < l%J or
n+ 1 = m,4; where k [ n. One casily sees that n + 1 = 7,4, can happen if and only

if £ J/ n. Now define
Ervy={m: m€ &y and My =n +1}

forl<m< l%J and
Eia={rme&pnandmy=n+1}.

It is clear that £,4, = UL JOE,’I';, Note that k divides n if and only if £2,, = 0. Hence

E(n+l)|k(‘[) — Z qinv(rr) — Z Z inv(r) +b(k /(n) Z qin\'(n). (321)

- — - N
m€EE R m=1 me&, "€~‘3+1



Now consider the first summation in equation (3.21). For fixed m,1 < m < l%J , and
write

m = 71'17T2...7l'km._1(7l + l) Thkm41:-Tntl € g;n-H
[ N e’

T (-2

where 7, = n+ 1. Then

inv(m) = inv(t) + inv(e) + (n — km + 1) + i(7,0)
where

n—km+l=|{(n+1,7;):km+1<j5<n+1}

and
i(r,o) = {(mi,m;):mi>m, 1 <i<km—-land km+1<j<n+1}

Suppose {Py, P,} is a partition of {1,2,...,n} with |P;] = km — 1. Define £(P,)
to be the set of all permutations of P, with the descent set {k,2k,...,(m — 1)k}.
Then there is a one-to-one order-preserving correspondence between £(P;) and Egpm-1;
and Similarly for £(P,;) and &,_ym41. For any 7 = mim...7im-1 € E(P,) and any

0 = 0102...0n_km+1 S S(Pg),

i(r,0) = H(mi,oj): i>05,1<i<km—-land1<j<n—-km+1}
= |{(a,b):a € P,b € P, and a > b}|

= I(PI,PQ).

For any partition {Py, P,} of {1,2,...,n} with |P|| = km — 1,

Z qinv(‘r)-}-inv(a)
T E g(Pl)U € S(Pz)
— Z qinv('r)+inv(o')

T E 8km-la € gn—km+l
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_ { Z qi(r)}{ Z qi(a)}
T€EERm—1 TEEn _km+1

= E(km-l)lk((I)E(n—km-f-])|k(Q)-

If r is replaced by km — 1 in Lemma 3.3.1, then

E qinv(n) — Z Z qinv(r)+inv(a)+n—km+l+1(P, P2)
TEET (PL,P) o € g(Pl)
gc g(P))

n n—km
= [ km— 1 ] q § +lE(km—l)lk(q)E(n—km+l)|k(q)'

It follows that

L2 P 3 B 1
E E qmv T _ Z [ o — 1 ] qn- m+ E(km_l)lk(q)E(n—km+l)lk(Q).

m=1 WGS,’I"H

3

So we are done if k divides n. Suppose that & /| n. Then there is an extra term

ZRGSO

o ¢™ ™ in equation (3.21). Note that the correspondence

T=mm..T(n+1) < 7 =mm..m,

between £, and &, is one-to-one and order-preserving. Hence

Z qinv(") = z qi"v(") = En|k(q)'

7r€c.‘72+l €SN

This completes the proof of Theorem 3.3.2. [

Remark: Observe that when ¢ = 1, we have the recursion for E, as in Theo-

rem 3.2.4

Theorem 3.3.2 and Theorem 3.2.4 are very useful in further studying the divis-

ibility properties of E, and E,;(q), which will be seen in the next section. To
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demonstrate this point, we will end this section by a direct application of Theo-

rem 3.2.4.

We know that (n +1)E(2n41))2 = 2°"|Gant2] where Gany2 is the Genocchi number.
It can be verified using the exponential generating functions of E(zn41))2 and |Gany2|

as follows: it is well-known [12, p.48 - p.49 ] that.

2t tint?
G(t) = a1 ¢ +’§|62n+2|—3)_!
and
2 !
T(t) = il =1+ nz)%E(an |2m
Let 2t = s and then t = s/2. On one hand,
2t
tT(t) = T
2n+2
= t+ ”2;0 Egngnp(2n + 2)(2_n+_2)'

Egnyyp(n +1) s**2
= 1/) {S+Z ,)2" (2n+2)' .

n>0

On the other hand,

2n+2
—_ 9 -
= 1/.. S+§ C2n+2| n+2)' .
It follows that (n + 1) Eznyn)2 = 2%"|G2nst2l-

Since Genocchi numbers are odd, we see that following theorem is true.

Theorem 3.3.3 Let n be a non-negative integer. Then
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1. 2% divides (n 4 1) Ezns1)2;

2. (Tl + 1)E(2n+1)|2/22n is odd.

Proof. Using the recursion for E,x when k = 2, we can now give a direct proof of

this theorem without using their generating functions. For brevity, we first define
Ein = (n+ 1) Egny2.

We first prove (1):  Induct on n. The case n = 0 is trivial. Suppose n > 0 and

then

. 1 2n
Efpiyz = Z("'H)( I)E(2m—l)|2E(2n-2m+l)]2

oy 2m —

n (72 + 1)(2:1,1]) . £
' m(n—m+1) (2m-1)[25(2n-2m+1)|2

m=

2 & (‘Zn +2

- 2n+1 Z

m=1

'm ) E(.2m—l)|2E(2n—2m+l)|2'

It follows that

. " (2n 42 . .
(2n + 1)E(2n+1)12 =2 Z ( om ) E(?m—l)|2E(2n—2m+l)|2'
m=1 =

By the induction, we have

92n—-2 P * ™
2 divides E(2m-1)|2 (2n-2m+1)|2

where 1 < m < n.

Since 2n + 1 is odd, it is enough to show that

L (2n 4+ 2\ . .
> ( >E(2m—1)|2E(2n-2m+1)]2 (3.22)

D
mo \ 2m

is divisible by 227!, Note that for fixed m, 1 < m < n, we see that

2n+2) 2n + 2 _ 2n 4+ 2
2m ) \2n+4+2-2m)  \2(n-m+1))’
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Moreover, sincen —(n—m+1)+1=m,2(n—m+1)—-1=2n—-2m + 1 and
2n—2(n—m+1)+1 =2m—1, Alsosince ] <m <n impliesthat 1 <n—m+1 < n,
it follows that the m-th term equals to the (n — m + 1)-th term in sum (3.22). It

follows that sum (3.22) is

2

2m

1%)
2n + 2\ . .
( )E(2n1—1)|2E(2n—2m+1)|2

m=1

th(n is odd) (2; @]2) 51 Earn-ne (2= [5]+1) Benaparons

where b(-) is the boolean function. By the induction,

— o . 27 +2 = =
227-1 djvides 2( ' ) (2m=-1)2E(2n-2m+1))2 where 1 <m < l%J

2m

So we are done if n is even. If n is odd, there is an extra term. Now let n = 2/ + 1

for some non-negative integer | and then

(2n+'2 {220+ 1) +2  [2(20+2)
2[2] )~ \ 20+1) )~ 21+2)

which is divisible by 2, since that the number of carries in adding 2{ + 2 to (4{ +
4) — (2l 4+ 2) = 2/ + 2 in 2-ary arithmetic is at least 1. Hence the extra term is also

divisible by 22"~! and the result follows.

We next prove (2): Induct on n. The n = 0 case is trivial. Now suppose n > 0

and consider

Elansie _ 2": n+1 2n Etm-ni2 | [ (EGatn-m)+)i2
22n 2Z2m(n—m+1) \2m -1 22(m-1) 22(n-m)

m=1

_ 1 2": 2(n+1) (2m—1)J2 (2(n—m)+1)[2
2(2n + 1) 2m 22(m-1) 22(n-m) )

m=1

0. — E(Zm—l)|2 E(2(n—m)+l)|2
m ‘22(m-l) 22(n—m)
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and then

E; 1 & (2(n+1)
9 (2n+1))2 — -
(2n + 1)—22“ 5 m2=1 - Om.
By the induction, O,, is an odd number for all1 <m < n

Since 2n + 1 is odd, it is enough to show that

Vin) = % é (2(n+1)) o..

2m

is odd for all n > 1. Note that, by the induction,

Om—1=0(mod2) foralll <m<n.

By [22, (1.91)], we see that

1
% (Qn + ‘2) — 92n+1)=1 _ g2n+1

()
m=0 <m

1 (2 2 1
;{z ( n + )}__-3(.2211-0-]_2):2271_1

2
oo\ 2m

It follows that

is odd. Now it is enough to show that

" (2‘n+2)
Vin) =2 —1)= Y ~222(0p — 1)
is even, since then V(n) must be odd and the result follows.

Note that O,, = On_pm4; for all 1 < m < n. It follows that

,_
(MR
—

| (2[2]) (Ofﬂ B 1)‘

It is clear that for 1 < m < l%J, (2;:,2)(0171 — 1) is even since each (0,, — 1) is even

w3 4

2n+2
( ""; )(om —1)+b(nisodd)

m

and (2;:2) is an integer. Moreover, we have the extra term in the odd-n case is also

(2’2n+2 )
even since Jzﬂ— is an integer and O[ﬂ] — 1 is even. Hence V'(n) — (22" — 1) is even
2

and then V(n) is odd. (]
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3.4 The Divisibility of the Generalized ¢g-Euler Num-
bers

G. E. Andrews and I. Gessel have shown [2, Theorem 1 and Theorem 2 | that

1. Egnt1)2(q) is divisible by (1 + ¢)(1 + ¢%)...(1 + ¢) = [2][2]2[2]a...

2. E@nt1)2(q) is divisible by (1 4+ ¢)™ = [2]™.

It follows that 2" divides E(3n41))2 by letting ¢ = 1.

We adopt the techniques which G. E. Andrews and I. Gessel have used in their

work and extend their results to E,4i)x(g) for all prime k > 2 and 1 <2<k —1.

First, we study some related divisibility properties of certain binomial coeflicients

and g-binomial coefficients .

Lemma 3.4.1  Let k be prime. Then (L}Zf;) is divisible by k for all0 <1< k —2.

Althought Lemma 3.4.1 is just a special case of Theorem 3.4.3 and Theorem 3.4.4,

we include a proof here to show a special method used in proving such a problem.

Proof. By Kummer’s Theorem [15, p.270, item 71], it is enough to show that the
number of carries when adding km —1 to kN + ¢ — (km — 1) in base k is greater than
orequal to 1. Now kN +i—(km—-1)=k(N—-k)+(:+1) where1 < (i +1)<k-1
and km — 1 = k(m — 1) + (k — 1). So these two numbers have one’s digit 7 + 1 and
k — 1 in base k. Since (1 + 1) + (kK — 1) > k, we have a carry out of the one’s digit

and are done. =

In general, g-analogs of these binomial coefficients have the similar divisibility. To

show it , we first need the following lemma [24].
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Lemma 3.4.2 If p is a primitive kth roots of unity, then p is a simple root of 1 — g™

if and only if k|M.

Remark: Note that Lemma 3.4.2 requires the condition that k& is prime. Since our
proofs are based on Lemma 3.4.2, the condition that k is prime can not be omitted.

Also, it is easy to find a counter example to show that this condition is nesessary.

Lemma 3.4.3 Let prime k> 2 and 0 <1 < k —2. For any nonnegative integers n

and m, the erpression

[kn+i l [K][k]2--[K]m-1
km =1 | (k]a[k]n-1---[K]n-ms+1

is a polynomial in q. Clearly, when q = 1, we have Lemma 3.4.1.

Proof. The expression in question is a rational function and the roots of the de-
nominator are roots of unity. To prove Lemma 3.4.3, we need only show that each
zero of the denominator appears with at least as large multiplicity in the numerator

as in the denominator.

kn +1
km —
1 <35 < km -1, 7 must divide at least l%J of the numbers An + 1,kn + 1 —

We know that that [ 1 ] is a polynomial in q. By Lemma 3.4.2, for each

L.k(n=1)+1,k(n=1),k(n=1)=1,....,kn —km 41+ 2 (otherwise this ¢g-binomial

coefficient would not be a polynomial). Now

kn + (1 — g™ *+)(1 — ghn+i=1) (1 — ghnkmtiv2)
, = . ) : (3.23)
km —1 (1 = ¢*=1)(1 = ¢*™=2)..(1= ¢*)(1 — q)

Since [k]; = (1 — ¢’*)/(1 — ¢’), we have

K[k [K]ey = L= 00 =)0 = g 0) (3.24)

(1 =¢)(1—¢?...(1-¢m1)

and

(1= q™)(1 = g D)(1 = ghn=2). (1 = ghtnmt)
(1 =q*)(1 =g 1) (1 — gnm+t) '
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As a result, we have

(K][K) 2. [K]m=r
[k]ﬂ[k]n-l "‘[k]n—m+l

_ (1 — q")(l _ q“’)...(l _ qk(m-l))(l _ q")(l _ qn-l)m(l _ qn—-m+1)
(1= g™)(1 = ¢*(=D).. (1 — g"n=m+D)(1 = q)(1 — g?)...(1 — g™ 1)

Now we get

kn +1 (K)(k)2...[k]m—1  Qi(q)
[km -1 ] [Kalk]ntee-[k]nemsr  Q2(q)’ (3.26)

where @Q,(gq) and Q2(q) are as follows:
Qilg) = (1—¢"*)(1 - ¢
(1= (1 =" (1-¢")
(1 _qk(n-l)+l)(1_qn—l)(1 _qk(n—l)—l)

(1= (Ik("—"l+l)+l )(l_qn-m+l )(1_qk(n—m+l)—l)

(1 _ qk(n-m+l)—2).“(l _ qk(n—m)+i+2)’

Qaq) = (1=¢"™ (1 =g
(1 - qk(m—l)-H)(l _ qm—l)(l _ qk(m—l)—l)

(1 = gFm=2T) (] (m=2))(] _ gkm=2)=1)

(I=g") (1 = g)(1 = ¢*)
(1= (1= ¢*)(1 —q).

kn 4+

Note that Q,(¢)/Q2(q) is almost same as l e — 1

} except that the factor

(1 _ qkn)(l _ ([k("_l))...(l _ qk(n—m+1))
(1 —g*m=1)(1 — ¢*m=2)..(1 - ¢*)
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) [kn+i
in

km — 1 ] is replaced by

(1-¢")(1—=g¢*")...(1— ¢ ™)
(1-¢)(1—=¢*)...(1—-¢gmt)

More precisely, @1(q)/Q2(q) is same as [ ::1'*'_’1 ] except that each kN exponent in

the numerator and denominator has been divided by k. Suppose that 1 < 7 < km—1
and jlkN. If k& /] j, then j|kN implies that j|N. If k|j, then %IN Hence we still
have that each zero of the denominator of Q,(¢)/Q2(q) appears with at least as large
multiplicity in the numerator as in the denominator. Thus the divisibility properties
previously described are prescrved since the only change dose not affect whether a

denominator exponent divides a numerator exponent. ]

Lemma 3.4.4 Letk > 2 be aprime and 0 <1 < k—2. For any nonnegative integers

kn +1 ]

n and m,[k] is a factor of [ PR

Clearly, when ¢ = 1, we also have Lemma 3.4.1.

Proof. For all non-negative integers n and m, we see that

[ kn +i ] _ (=™ = g, (1 - g ). (1 - g i)

km —1 (1 =g 1)1 = ¢*m2)(1 = ¢¥ 1) (1 - ¢)(1 — g)

By Lemma 3.4.2, for any integer M, 1 — ¢™ has one and only one factor [k] if and

only if M is divisible by k. There are n — (n —m) = m factors of [k] in the numerator

kn 41

. As a result, there is one
km —1

and m — 1 factors of [k] in the denominator of[

factor [k] in [ kn + ] .

km —1
Now we are in the position to prove the divisibility properties of the generalized

g-Euler numbers.
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Theorem 3.4.5 Let k be any prime and 1 < 1 < k —1. We have Eiyik(q) s

divisible by [k][k]2[K]s...[K]n-
Remark: When k = 2, we have the Andrews and Gessel’s first result about the
divisibility of the g-tangent numbers in [2].

Proof. Induct on n. For n = 0, the result is trivial. Suppose the result is true up to

but not including N. By Theorem 3.3.2, we have two cases.

Case 1: If:=1, then

Egavg1) k(9

N T N
Zilkm -1

] g N Eem-1)6 (@)EwN - km+1)16(q),

Case 2: If2<i:i<k-1,then

Eyny i)k (@)

N .
W'{' 1— 1 N—fkon:
= Z[ km(—-l ) ](1‘A B em - 1)1k @B kN =km+i) k@) + Egn+i—n(q)
We first consider case 1. By the induction hypothesis, for all 1 < m < N,

Eeom-1)(q) = [K][K]2[K]3--.[k]n-1P1(q)

and
Egn—kmenyn(q) = [K][K]2[K]3...[K]N-m P2(q)

where Pi(q) and P,(q) are different polynomials in q. Then

kN
[k ]E(km—l)[k((I)E(k/\/—km-i-i)lk((l)

m —1

_ [ kN ] [F][K2. [kl [K][K]2[k]s...[k]n Pi(q) Pa(q).

km —1 | [K]n[K]) =1 [K) N
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By Lemma 3.4.3,

[kN ] [K][K]z... [k]m 1
km—1 [k]N[k]N—l---[k]N—m+l

is a polynomial in q. We have that [k][k][]s...[k]~ is a factor of

kN

km —1 ] Efemn 1)k @OE 4N - km+1)15@)

for all 1 < m < N and then a factor of

N[ kv kN—bs
[ " Egm— 1)k @E§N - km+i)k(q)-

km -1 q
So the result holds in case 1.

For case 2, we see that [k][k];[£]s...[k]n divides the extra term by an induction on

1, where 1 = 1 is done in case 1. So the result also holds in case 2. [ ]
Theorem 3.4.6 Let k be prime and 1 <1 < k — 1. Eknyi)k(q) ts divisible by [k]™ .

Remark: When k = 2, we have the Andrews and Gessal’s second result about the

divisibility of g-tangent numbers in [2].

Proof. Induct on n. For n = 0, the result is trivial. Suppose the result is true
up to but not including N. By Theorem 3.3.2, we consider the two same cases as in

Theorem 3.4.5.

Case 1: If : =1, then

Eyvinyiw(@

[ AV ] i
= Z[m_l]q H E e - 1)k @OE N - km+1)1k(9)

m=1

Case 2: If2<i:<k-1,then

Egnvg ik (@)



= Y km —1 ]qu_bM{E(km—l)|k((I)E(kN—km+i)|k(Q) + Egnti-n)k(@)-
We first consider case 1. By the induction hypothesis, for all 1 < m < N, then
Egm-1yk(q) = [k]m-lHl((l)
and
Egn-tmsnix(@) = [K]Y "™ Ha(q)
where H,(q) and H;(q) are different polynomials in ¢. By Lemma 3.4.4, [k] is a factor

of [ - ] We have that [k]N=m+m =11 = [£]Y is a factor of
km —1

kN
[k ] Eem—1) 1k @)E N —km+1)16(0),

m—1

for all 1 < m < N and then a factor of

N A
V m+1
mZ=1|:an _ l] ¢ "™ B 1)k @E N —km+1)16(@)-

So the result holds in case 1.

For case 2, we see that [k]" divides the extra term by an induction on ¢, where

1 =1 is done in case 1. So the result also holds in the case 2. ™

Observe that if put ¢ = 1 in Theorem 3.4.5 and Theorem 3.4.6, we have the divisibility

properties of E,; as follows.

Corollary 3.4.7 If k is prime, then k" divides E,qiyi for alll1 <1 < k—1. In

particular, when k = 2, we have 2" divides E(z,41))2-
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Chapter 4

Open Problems and Conjectures

We know that (n + 1) E(2,41)2 is divisible by 22" but by no higher power of two.

More precisely, we have

(7l + 1)E(2n+1)|2 = 22nG2n+2 (41)
where the Genocchi number Gj,42 is odd. It is then natural to ask the following
question:

Problem: For a fixed prime k, are there two simple functions of n and k, say a,«

and by, k, such that
tnk Enpe = k7% G (4.2)
with G being an integer that is not divisible by k?
In our study, we see that for each 1,1 <1<k -1,

(n + 1) Enktiyx
k'_ k’;‘i_'l_l J

(4.3)

is an integer, but in general this number and & are not relatively prime. For example:

if Kk =5and n =9, then (9 + 1)E(9544)5 has factor 5!, while [MJ = 12. So

5-1
the number (9 + 1) E(g.544)5/5' has factor 52. But we believe that E(3,4:)3 behaves

exactly like the ordinary Euler numbers.
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Conjecture 4.0.8 Fori =1 or 2, we have

[t

(n+ 1)E@nip =3 Gantils

such that G3n4i)3 is an integer that is not divisible by 3.

Note that if k& = 2, expression (4.3) agrees with the Genocchi number.

The signed Euler number £}, is defined by
2 = (—1)[3JE,,|2

where H is the round down function. L. Carlitz [10] found a congruence for EJ ,:

0 (mod p®) (

B = p=1(mod4))
@2 2 (modpf)  (p

1
3 (mod4) )

(4.4)

where p is an odd prime such that (p — 1)p~!|2n.

We expect that the generalized Euler number and the signed Euler number have

the similar congruence properties.
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