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ABSTRACT

Stochastic Differential Equations and their Numerical
Approximations

By

Liying Huang

This thesis is on numerical methods for Fokker-Planck equations, especially those
equations with degenerate diffusion coefficients. Emphasis is focused on the two-
dimensional case which corresponds to second order stochastic differential equations.

First, Gauss-Galerkin/finite difference methods are proposed. To solve two di-
mensional Fokker-Planck equations which involve two spatial variables and one time
variable, the idea of variable splitting is adopted. More specifically, finite difference
methods are utilized in one of the spatial variables and Gauss-Galerkin methods are
employed in the other. As a consequence, the Gauss-Galerkin approach is used only
in one dimension at each time step.

After two-dimensional Fokker-Planck equations are discretized to semi-discrete
equations by finite difference methods in one direction, the convergence of the dif-
ference approximation is established based on energy type estimates. Using theory
of measures and moments, the Gauss-Galerkin approximation for the semi-discrete
equations is shown to converge when one-dimensional Gauss-Galerkin approximation
is used in the second direction. Combining the above results, the convergence of the

Gauss-Galerkin/finite difference approximation is established.
Computer implementation and intensive numerical tests of Gauss-Galerkin/finite
difference methods are then carried out. The methods appear very efficient and very

accurate.
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1 Introduction

This thesis is on numerical methods for Fokker-Planck equations, especially those
equations with degenerate diffusion coefficients.

It has three major parts:

1). Study of various settings in which Fokker-Planck equations are formulated;

2). Derivation and convergence analysis of Gauss-Galerkin/finite difference
methods for two-dimensional Fokker-Planck equations;

3). Numerical implementation of Gauss-Galerkin/finite difference methods and
the application of these algorithms to problems in nonlinear random oscil-

lations governed by second order stochastic differential equations.

The first part of this thesis provides a study of Fokker-Planck equations corre-
sponding to second order differential equations excited by white noise and various
solution techniques such as the iterative methods. Fokker-Planck equations, which
are defined in unbounded domains with unbounded coeflicients, are reduced to equa-
tions defined in bounded domains with bounded coeflicients at finite time. This
reduction lays the groundwork for efficient numerical approximations.

In the second part, Gauss-Galerkin/finite difference methods for solving two-
dimensional Fokker-Planck equations numerically are proposed. These generalize
the results of one-dimensional Gauss-Galerkin methods originally given by Dawson
[5]. The basic idea of one-dimensional Gauss-Galerkin methods is that discrete mea-
sures are constructed for the approximation of the expected values and the Gauss
quadrature formula is used to find the nodes and the weights in the numerical com-
putation. To deal with a two-dimensional problem, the idea of variable splitting is
adopted. More specifically, finite difference methods are first utilized in one vari-
able and Gauss-Galerkin methods are employed in the other. As a consequence, the
Gauss-Galerkin approach is used only in one dimension at each time step.

After two-dimensional Fokker-Planck equations are discretized to semi-discrete
equations by finite difference methods in one direction, the convergence of the dif-
ference approximation is established based on energy type estimates. Using theories
of measures and moments, the Gauss-Galerkin approximation for semi-discrete equa-
tions is shown to converge when one-dimensional Gauss-Galerkin approximation is

used in the second direction. Combining the above results, the convergence of Gauss-
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Galerkin/finite difference approximation is derived. The analysis is much more rigor-
ous and general than the corresponding results for one-dimensional Gauss-Galerkin
methods previously obtained by Abrouk, Dawson, HajJafar, Salehi and Yen [1, 5, 6].

In the third part, computer implementation and intensive numerical tests of
Gauss-Galerkin/finite difference methods are carried out. In order to find nodes
and weights from moments in one-dimensional Gauss-Galerkin methods, a different
implementation from those by Abrouk and HajJafar [1, 6] is used which appears to
be very efficient and very accurate. The coupling of difference approximation with
Gauss-Galerkin approach is used successfully for the two-dimensional case. Numerical
results on several test problems are also presented. For the model test problem 1, we
compare the numerical solution based on the Gauss-Galerkin/finite difference method
with that based on the conventional finite difference method. It is demonstrated
that the Gauss-Galerkin/finite difference methods seem to be superior than the two-
dimensional finite difference method in achieving high accuracy. For the test problem
2, the exact solution is known analytically. This, therefore, allows us to compare the
numerical solution with the exact solution. For the test problem 3, a simple second
order linear random oscillation problem is formulated in terms of its Fokker-Planck
equation and the partial differential equation is solved by the Gauss-Galerkin/finite
difference methods. Graphics plots are provided to show various behaviors of the
exact solution and the numerical solution.

We now outline the remainder of the thesis. In Chapter 2, some basic definitions
related to stochastic processes are given. In Chapter 3, we discuss the first and
the second order stochastic differential equations and their corresponding Fokker-
Planck equations. In Chapter 4, some general approximation methods for Fokker-
Planck equations are discussed. In Chapter 5, some model problems and their Gauss-
Galerkin/finite difference approximation are presented. Chapter 6 is devoted to the
convergence analysis of the two-dimensional Gauss-Galerkin/finite difference method.
In Chapter 7, the convergence analysis of Gauss-Galerkin/finite difference method is
extended to a second order nonlinear random oscillation problem. In Chapters 8 and
9, computational algorithms and their implementations are presented. Discussions

on the future work and some concluding remarks are given in Chapter 10.



2 Basic definitions

In this chapter, we introduce some definitions and notations needed for our work.

Some results from stochastic analysis are also presented.

2.1 Random variables and stochastic processes

Probability theory pertains to the various possible outcomes that might be obtained
and possible events that might occur when an experiment is performed. The collection
of all possible outcomes of an experiment is called a sample space of the experiment,
denoted by Q. An event E can be regarded as a certain subset of possible outcomes
in the space. In defining a random variable we shall proceed in accordance with a
probability measure, with each elementary event e, we associate with it a certain
number X = f(e). We say that X is a random variable if the function f(e) is
measurable relative to the probability. In other words, we demand that for each value
of  (—oo < T < +00) the set Az of those e for which f(e) < z should belong to the
set of random events and hence, that for it there should be defined the probability
P(X < z) = P(Az) = F(z) which we have called the distribution function of X.

Thus a random variable is a variable quantity whose values depend on chance and

for which a distribution function of probabilities has been defined.

After introducing the random variables, we will introduce the definition of a
stochastic process. Let U be a set of elementary events and ¢ a continuous parameter.
A stochastic process is defined as the function of two arguments: X (t) = y(e,t) (e €
U). For every value of the parameter ¢, the function y(e,t) is a function of e only
and, consequently is a random variable. For every fixed value of the argument e (i.e.
for every elementary event), y(e, t) depends only on ¢ and is thus simply a function of
one real variable. Every such function is called a realization of the stochastic process
X (t). We may regard a stochastic process either as a collection of random variables
X (t) that depend on the parameter t, or as a collection of the realizations of the
process X(t). Thus a process is determined if the probability measure in the function
space of its realization is specified. Two stochastic processes X(t) and Y(t) are said
to be stochastically equivalent if, for every t, we have X(t) = Y(t) with probability
1. Then X(t) is called a version of Y(t) and vice versa.
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2.2 Transition probability density

Assume that the condition probability density functions exist. A stochastic process
is Markovian if, for t; < t; < -+ <t < -+ < tmyn,
p($n+l, tn+l; «e oy Tngmy tn+m I I, tl; ceey Tn, tn)

(2.1)

= P(Tattrtatl- i Tntmsblntm | Tnytn)

It means that “the past and future are statistically independent when the present is

known”. The following is generally true for probability density functions.
p(T1,t15. .3 Tny tn)
= p(z2,t2;. .- Tns ta | 21, 1) - p(21, 1)

= p(x3, 8353 Tnytn | 1, by T2, 82) - p(T2,t2 | 21, th) - (21, 01)

= p(Tn,tn | T1 15 Tayt2;. .3 Tnotytnoy) o p(Z2,t2 | 21, t1) - p(21, 1)
Ift, <t; <--- <ty the Markovian property of z(t) simplifies the above equation:
p(zi,ty;...;ZTnstn)
= p(Taytn | Toetytn-1) - p(T2,t2 | T1, 1) - p(T1, 1)

The condition probability density function p(zi,t; | zi-1,ti-1) is, for the Markov
process, called the transition probability density function. The transition probability
density function gives the density of probability of a transition from one point in
phase space, z;_;, at time t;_; to another point in phase space, z;, at time t;, where
t; > tiy.

2.3 Markov process and Chapman-Kolmogorov equations
Using the Markov property; if ¢; < t; < t3,
P(T2, 12, 23,83 | 21, 1) = p(z3,3 | 72, 2) - p(T2,t2 | 21, 1)
Integrating over z,, this becomes
p(za, ta | z1,t) = /';m p(z3,t3 | 2,t2) - p(z2,t2 | 21,t1)dz,. (2.2)

This equation is known as the Chapman-Kolmogorov or Smoluchowski equation [2].

4



2.4 Wiener process, Gaussian distribution

A Wiener process or Brownian motion is a special stochastic process, satisfying
(i) z(0) =0.
(1) If t, < t; < --- < t,, the differences
[w(tz — w(ty)], [w(ta) — w(ta)), -, [wltn) — w(ta-1)]
are independent.
(iii) If 0 < s < t, w(t) — w(s) is normally distributed with
Efw(t) - w(s)] = (t = 5) - 1, E((w(t) — w(s))?) = - (¢ — )
where 4 is called the drift and o? is called the variance.
We can express these properties in terms of differentials
(i) dw(t;), 1 =1,...,n, are independent.
(ii) dw(t) has a normal distribution and
E(dw(t)) = pdt E(dw?(t)) = odt.
Combining (i) & (ii) together, we have
E[dw(t) - dw(s)] = - §(t — s)dt - ds
where §(t — s) is the Dirac-delta function.

If u =0, 0 = 1, it is called normalized Wiener process. For any Brownian
motion with mean u and variance o2, (5(9;—‘“)-) is a normalized Wiener process. A
random variable z has a normal distribution with mean y and variance 0? (—oo <
p# < +oo,0 > 0) if z has a continuous distribution for which the probability density

function f(z | p,0?) is given as follows:

1 =
f(z | p,0%) = \/2—”06_%(_’&)2 for —o0 <z < 0. (2.3)

If £ € R®, 7 has a normal distribution with mean vector j and covariance matrix k if
£ has a continuous distribution for which the probability density function f(Z | 4, k)

as follows:

1 1 AT -1
21 7k) = S .
FEI R0 = e 2.4)

A d-dimensional process w(t) = (w;(t),...,wq(t)) is called a d-dimensional Brownian
motion if each process w;(t) is a Brownian motion and if the o-fields F(w;(t), t > 0),

1 <1 < n, are independent.



3 Stochastic differential equations

3.1 First order stochastic differential equations

Many problems in applications can be modeled as systems of first order differential

equations of the form
dr
i a(t,z) + Z: bi(t, z

z(to) =y (3.2)

d“’"( dwi(t) (3.1)

where z,a,b;, k = 1,...,m are m vectors and wi(t) for k = 1,2,...,m are inde-
pendent processes of Brownian motion. The vectors a(t,z), bk(t,z) are defined for
t € [to,T], = € R™ and their ranges are in R™. We can write (3.1) in differential form

since %—f— may exist almost nowhere,
dr = a(t,z)dt + z bi(t, z)dwy(t), (3.3)
k=1
z(to) = y.

(3.3) is equivalent to the integral equation

z(t) =y + /‘:a[s,z(s)]ds + g: /;: bi[s, z(s)]dwk(s). (3.4)

Theorem 1 (Ito 1951) Leta(t,z) and {b;(t,z),j = 1,2,...,m} denote Borel func-
tions defined for t € [to, T] and z € R™ with ranges in R™. If there ezists a constant
K, such that

la(t, z)|> + D |bk(t, ) > < £*(1 + |=])?,

k=1
la(t,z) — a(t,y)| + Y |be(t, z) — be(t,y)| < &lz —yl,

k=1

for every z,y € R™, then (3.4) has a solution z(t) which is unique up to a stochas-
tic equivalence and continuous with probability one. This solution z(t) is a Markov
process whose transition probability P(A,t|y,s) for s < t is given by the relation
P(A,tly,s) = P(z,,(t) € A) where z,,(t) is the solution of the integral equation

raal®) =y + [ ol 2au(OME + 3 [ Bl 2un(E)ldmn(6)
S k=1 L



If the functions a(t,z) and bi(t,z),k = 1,...,m are continuous with respect to ¢,
then the process z(t) is a diffusion process with transfer vector a(t,z) and diffusion
operator B(t, z) satisfying the equation

m

[B(t,z)z,z] = )_[b(t,2), 2]

k=1
If a(t,z) and bk(t,z), kK = 1,...,m do not depend on ¢, and satisfy the condition of
the above theorem, then the equation dz = a(z)dt + Y [v, bx(z)dwi(t) is transition
invariant with respect to ¢ and the solution z(t) is a homogeneous Markov process,
that is, the transition probability P(A,t + 7 | y,t) is independent of ¢.

3.2 Diffusion process

A stochastic process z(t) is a diffusion process if the following conditions are satisfied:

(a) For every y and every € > 0, the transition probability density function p(z,1 |

y, s) satisfies the condition
/ p(z,t|y,s)dz = ot — s) (3.5)
lz-yl>e
uniformly over t > s and z,y € R™.

(b) There exist functions a;(t,z), B;;(s,y) such that for every y € R™ and every
e >0,

(i) for1 <1< m,
/,I_ylg(x-' = yi)p(z,t ] y,s)dz = a;(t,y)(t — s) +o(t — s5) , (3.6)
(i1) for 1 < 2,3 < m,
/Ir_yly(x.- —yi)(z; —y;)p(z,t |y, s)dz = Bij(s,y)(t —s) +o(t —s), (3.7)
uniformly for t > s and z,y € R™.

Theorem 2 (Fokker-Planck-Kolmogorov)

(i) If the transition probability P(A,t | y,s) has a density p(z,t |y, s) so that

P(4t]y,) = [ p(z,t]y,s)dz; (3.8)

7



(11) If conditions (a) and (b) are satisfied uniformly with respect to y, and if there

ezist continuous derivatives

gt (z,t]y,s)), %[Gi(t,x)p(z,t  y,5)]

13

and
(a a )[BlJ(t T p(.’t t I y’ )] ‘a] = L--wma
then p(z,t|y,s) forz,y € R™ and t € [3 T] satisﬁes the equation

6p m
92 _ _ga [ai(t,z)p] + = Jz_:l 6:1:3 [Bi;(t, z)p) (3.9)
with initial condition

l}gp(:r,t | y,s) = é(z — y). (3.10)

Proof. Without loss of generality, let us consider m = 1, i.e. we try to prove:

op 0 10
5 = 52l I+ el

Suppose that Q(z) is any function with continuous first and second derivatives, and
has compact support in [a,b]. Then by continuity Q(a) = Q'(a) = Q"(a) = Q(b) =
Q'(b) = Q"(6) = 0.
+00 6p
I = /_ T Q(u)Zrdu
b 0
= [ Qugp(ut |y, s)du
b -
- lim / Qu)Pt T Atlys) —putlys)

At—=0 J, At
. 1 b +00
= Jim = [Q) [ p(a,t 1y, o)pu,t + At | 2, t)dzdu

- [ QUuptunt 1 wes)e]

400
(by (22), plust+At y,8) = [ pla,t|y,s)plu,t+At | 2,t)dz.)

= lim —1-—{/ p(z, tly,s)[/ Q(u)p(u,t + At | z,t)du]dz

At—0 At

- [ @@zt | y,s)dx}

= Jim = [ (et 1y, [ bl t+ AL |2, 0Q(u)du - Q(e))de.

At—0



By (3.5) and the fact that Q(z) is bounded since it is continuous on [a,b], we have

_/|_ > p(u,t + At | z,t)Q(u)du = o(At) .

So
é [ / ot + At | z,t)Q(w)du - Q(:)]
= Kl-t- [~/|lu-:r|<c p(u,t + At | z,8)Q(u)du — Q(z)] + o(1

We expand Q(u) about x:

Q"(z)

5 (u—1)+o(u—1)?.

Qu) =Q(z) + Q'(z)(u - z) +

Then

A [/l. plu,t + At | z,1)Q(u)du — Q(z)

= Lt + A 2,0[QE@) + Qa)(u - 2) + L
+olu —2)7Jdu ~ Q(z))

1
- _Q( )E lu—z|>¢

+Q'(z ) p(u,t + At | z,t)du

[u—z|<e
Q"(l‘)
+ 2 At Ju—z|<e

p(u,t + At | z,t)du

(u—z)*p(u,t + At | z,t)du
1 2
At Jucsiec o(u — z)°p(u,t + At | z,t)du

= @Q'(z)a(t,z)+ Q”( )b(t,z:) , asAt—- 0,
(By (3.5), (3.6) and(3 7).)

Therefore
D= [ bty @@t ) + L e
= [Tattaiplat15,9)Q(@)ds
L e .
+5 [ btlp(e,t | 9,6)Q"(2)dz

9



Since
[ @@ = @)tz - [ Qg (ap)is
+o 9
= —/ Q_(ap)dx’
+00
[ @ = @) - [ @ o tbr)de
= [——(bp)Qll + / Q az(bp)d:c

= | Q@(bp)dr
we have
I = _:oQ%dx
= [Telendz+L [0 L pae
= [l Zian + L el
So

Q24 = [ Q- Lian + L L oz,

and finally we get:

op _ 1 6%
5 = -—( zﬂ)+26 >(bp) .

This equation is called the Fokker-Planck equation (Fokker 1914) or the forward

Kolmogorov equation (Kolmogorov 1931).

Theorem 3 (Kolmogorov)

(i) If the transition probability P(A,t | y,s) has a density p(z,t | y,s).

(i1) If conditions (a) and (b) above are satisfied, and if there ezist continuous deriva-

tives 5 5
a[p(xvt I yvs)]’ éalp(zat | y,s)]

and
O p(zt|ys) ii=1
——I[p(z,t]y,8)] i,5=1,...,m,
Oyi0y; v I

10



then p(z,t | y,s) for y € R™ and s € [0,t] satisfies the equation

2

Za.( s, )a + = }: Bi;(s,y aaay, (3.11)

lJ_
with initial condition
liglp(r,t | y,s) =é(z - y). (3.12)

This is the so-called backward or converse Kolmogorov equation. The proof is

similar to the previous one.

3.3 Transformation of second order stochastic differential equa-
tions
Nonlinear equations of second order excited by white noise have the form
z+ f(H)z + g(z) = w(t); z(0) =y, 2(0) =y, (3.13)

where

E(dw?(t)) = 2Ddt,

1., [*
H=353"+ /o g(n)dn

In order to transform it to a first order differential system, let

and

h©W=z, Y2=2z,

(yz 7%-

where W, %% are independent and identically distributed. Then
- )-)-
Y2 T

- v ) (0 0 )w
(-f(H)yz-g(yl) *lo vap )WV

We rewrite the above equation in differential form

> Y2 0 0 -
dY = dt + dW (t), 3.14
( —f(H)y2 — g(n1) ) ( 0 v2D ) * (3.14)

11
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i.e.,
- 01\, 0 o0 = = 0 0 -
dY = ( 0 0 ) Ydt + ( o Vib ) G(Y)dt + ( 0 V3D ) dW (1) (3.15)

with initial condition
Y(0) = (:) : (3.16)

where

- e 0
GY)= .
¥) (—\/2D(f(H)yn+g(y1)))

The above equation is a special case of the following system of stochastic differ-
ential equations:
dY = AYdt + BG(Y)dt + BdW . (3.17)

The existence and uniqueness of solutions of the above systems and the corresponding
Fokker-Planck equations have been studied in, for example, (8, 9, 10, 11], under proper

assumptions on the coefficients. The matrix B corresponding to equation (3.15) is

0 0 : 0 0
- d B=BB = .
(0 \/21))"’m (o 20)

The corresponding Fokker-Planck equation can be written as

op _ 20 0?
5 = —gay‘[ (t, Yp]+ ,Z_: 3 .,ay,[B"(t Y)p|
9 10% . -
= [sz] e =—(=f(H)y2 — g(x1))p] + §a—y§[Bzz(t,Y)P]
B 3p a9 2D 9%
i.e. 3 P 5
p p p
5{“‘Ia_+—[ f(H)2 +g())p] + D=3 - (3.18)

4 Approximations of Fokker-Planck equations

4.1 Brief introduction

Since, in general, it is not possible to obtain exact statistics for the response of a

nonlinear system excited by white noises, a number of techniques have been developed

12



to obtain approximate solutions. Here, we will introduce the iterative method, which
is used by Ilin and Khasminskii [8] and generalized by Kushner [11] to establish the
existence and uniqueness of solutions of the Fokker-Planck-Kolmogorov equations.
It can be used to construct approximate solutions of the Fokker-Planck-Kolmogorov

equations.

4.2 Iterative methods

Consider the following system:

i+Pr+z+eg(z,z)=w(t), B>0,l<1.
E(dw(t)?) =2 Ddt, (4.1)
z(0) =y , z(0) =y.

The associated Fokker-Planck equation is:

dp  .0p 9%*p

y it 5—+——{[ﬂa:+:1:+¢sg(:1::::]p}+D62 (4.2)
with initial condition:
p(Z,0|9) =6(z—-y)é(z—y), ¥=(z,z) €R?.
Define 5 ,
Lou = —:z:-a—li+-—[ (Bt + 1) u]+D%—. (4.3)
We now rewrite (4.2) in the form
op 0 )
Fri Lop + ¢ E[g(l‘,x)PL (4.4)

The existence of a unique solution is guaranteed if g(z, £), g-(z,z), and g;(z, ) are

bounded for all £ € R? and (4.2) satisfies some appropriate conditions [2].

{ — == LoG
.. (4.5)
G(Z,0] ) =6(z —y)d(z - 9).

Consider:

It is equivalent to:

F+Bi+z=1uwt), >0,
E(dw(t)?) = 2D dt, (4.6)
z(0)=y ,2(0)=y.

13



We rewrite (4.4) in the form of an integral equation

PE D =@t D) +e [ [ @t =718) glo@plEr | Dldir. (07)
Integrating by parts w.r.t &, we obtain

PE D =@t 1D e [ [ o0 1D gelpu(zt =7 | Dl déar. (49)
We introduce the following iterative scheme:

(@t 19) = (@ t19) =< [ [ o0 pusl€,719) lold,t — 716 ddr. (49

In order to start this scheme, we need to solve po(Z,t | §) first. we transform (4.6) to

a system of first order differential equations (Section 3.3)

dj = Ajdt + Bdi(t)

T 0 1 0 0
_‘= ,A: 5 dB= .
! (z) (—1 -5) . (0 Vw)

Assuming that po(Z,t | §) is the solution of (4.5), then po(Z,t | §) is the transition

with

probability density function for (4.6). Since (4.6) is a linear system and w(t) is a
Wiener process, po(Z,t | §) is Gaussian with mean value vector m(t | ) = e4* i and
covariance matrix K(t | §) = fi eA*BB'eA"*ds .

We now establish

Lemma 1

(i) m(t|y) is bounded.
(ii) K(t|§y) is positive-definite , ¥t > 0.

Proof.
(7) is clear since the eigenvalues of A have negative real parts.
(17) Clearly K (t | §) is nonnegative-definite.

Suppose for some t > 0, 3 nonzero y, 3 YKy =0, i.e.

t !
( / A B B'eA ’ds) 7
0

t

7

- / 7' BB'eA* jds
0

= 0.

FK7 =

14



Thus B'eA"§ =0, Vs € [0,t] (since F'eA* BB'eA"§j = || B'eA*§]|? > 0).

Let
!7: ( & ) y eAl' = ( a"(s) au(s) ) .
3} an(s) asz(s)
We have
0 = BieA'sg
_ @( 0 o) (au(s) a12(s) ) (51
021(8) 022(3) &2
R [§:
az(s) 022(3) 13
_ \/55( ) |
ax(s)é + 022(3
Thus
021(8)51 + 022(8)52 = O,VS € [0, t] (410)
Moreover p P
(_i;(eA’s) - AleA’s — ds ( A's ) Ale Aa
and
d (47) d ( an(s)ér + arz(s)é2 )
ds ds \ ay(s)é + an(s)é
_d an(s)ér + ar2(s)é;
T ds 0 ’
AleAsy = 0 -1 an(s)ér + arz(s)éa
1 -8 0
ol Py
an(s)é + ara(s)é2 .
Thus
d ( an(s)ér + arz(s)é2 ) _ ( 0 )
ds 0 an(s)é + ar2(s)éz .
Therefore

au(s)fl + 012(3)62 =0, Vs>0. (411)
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Combining (4.10) and (4.11) together, we obtain: e4*§ = 0, which implies §=0. It
is a contradiction to the assumption § # 0! Thus K(t | §) is positive-definite. O
The above implies that po(Z,¢ | §) can be written explicitly,

- %(f—e"ﬂ'}('l(f-e"ﬂ ]

po(Z,t | 9) = e

2n|K|3

Theorem 4 There ezists some constant 0 < v < 1 such that

Ip1(Z,t| ) — po(Z,t | §)| < 7 po(aZ,t | ay) .

Proof: Assume that c is a generic positive constant. For 0 < a < 1,

|2 lpo(Z,t | D)

= I(O , l)eAtK—l(i‘_ e’“:lj)l e—l—zoz(f-eA‘y‘)lK-l(f-CA‘m.

po(ad, t | o)
Define
u=K_%(f—€At!7) ) U=K—%6A’t((l)) .
1(0, e K~YZ - e*'y)| = |v'u| < |v'v|7 |u'ul?
w0
=10, 1)eMKte" ( ) ) [} 1(F - MgYKN(E - ).
Thus
2 £t
|352 [pofz I !7)” < I(O , l)eAtK-—leA't 0 I%
po(aZ,t | ay) 1
)
|(F - M) KN E - e*t)|te” S @ MK (@)
(I
(II) is bounded since f(z) = |1:|%e'1;'22" is a bounded function on (—o0,00) if

0 < a < 1. Now we only need to consider (I).

Case (1): t > 6. Then
K(t) > K(§) = K~(t) < K~(5).
So K~! is uniformly bounded.
oli = ol

16



= ||K-ieA ( (1) ) I

1 ) 0
< KTl A ( 1 ) I

< cl|le*|| (since K~'is uniformly bounded)
Since the eigenvalues of A have negative real parts, it follows that
lv'vl% ~ce ™. (4.12)

Case (2): 0<t<éd<< 1.

t ’
R = /eA’BB'eA‘ds

0
¢ As 0 As
QD/O e ! (01)e*ds .

Lemma2 [f0<s<t<§<<1, then

_ c 1 -4
K l~t_3( !,2) . (4.13)

N R
2

Proof: Suppose A has eigenvalues A;, A; and the corresponding eigenvectors are

v, V2.

1 1
Case (i): A\; # A2, then v, = , Ug = .
/\1 Ag

0 1 1
Clearly: = —1_ - .
Thus
0 1 1
As _ As
¢ (1) /\x—/\2_e (Al)

— 1 e,\,a 1 _ e/\;: 1
AL — A2 i A A2
f

A

(since e**7 = €7 i

eigenvalue ) )




et A3
A1=A2 A=Az

1, there exist positive constant ¢;(4), c2(8), satisfying ¢,(8) < 1 < ¢3(é) and

Since lim,0

limei(6) = Jimea(8) = 1.

So the following is true:
s eAlJ_eAQJ s
61(5) ( ) S ( A e;}l‘::\\?e*:‘ ) S 02(6) ( ) ’
1 A=Az 1

2D &(4) ( ‘: ) (s, 1) < e**BB'e** < 2D &(6) ( : ) (s, 1) .

which implies

Therefore

) 1 s s <_I£<2 1 s% s
cl(J)A .1 ds__2D_c2(5)/o .1 ds .

2 a2\ ! 1 t
-1 3 2 ~ £ ~2

Case (ii): In this case, Ay = Ay =-1, 8=2.

1 0 -1 1
Let -vl-:-( 1),v2=(1),thenA=(v1,v2)( 0 1)(vl,vg)‘l.Thus

Hence

Therefore

1 s
e (v, vy) = e *(vy, v .
(v, v2) (n1 2)(0 1)

18
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Hence

e"‘(?) =e’(svy+vy)=¢€"" ( _:+1) .
-6 S —s S S
o)l ) +)

(since0 <s<4)

Moreover

Similar as in (i), we get:

-26 2 [* st s ds < K < tf s? g
- 2D . .
De~%(1 - §) /0 e <K< /0 ) as

e e\,
-1 3 2
Ko~ele s
2

By (4.13) and since 0 <t <J§ << 1, we have
t
At pr—1 _A't c 1 -3
e"K e’ ~ ﬁ(_i @ ) .
2 3

1 wf 0) 1
oot = 1(0, ) et K M ( ) ) k

1=\ [0),
()0

[v'v|7 ~ ct™7 . (4.14)

Hence

N
I -

[SILS

« |

u|..,N._‘

N—
O

Therefore

(ST

~ (3)

Sl o
e

which implies

Thus we have

P13t ) = polE, | 9)

= 11 [ 9O mEr 1D glm(d.t - 7 | ) dEir
(by (4.29))

M [ [ ol6r 1) |z l(Eot = 71 B dir

(since g is bounded in R’)

M [T o 19) 1 [po( t—7 | )]l dédr

IN

IN
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1M [ [ @ |9 g lonlze - | ) dEr

< |e|M/ / {,rlg')ce i (ai,t—‘r|af§d€d‘r
+|c|M‘/‘_J/mm(f,ﬂy‘)cr'*m(af,t—f|a6d£~dr
( by (4.12) and (4.14) )
-5 - -
< |c|M/(: ce‘"[/mpo(af,t—r|a§)po(a§,rIag')dﬂd'r
+|€|M./:s cr3 [/mpo(a:i:',t—rlozf)po(af,ﬂag')df] dr
= |elc ([:-se'"d1+ /t;r'%dr) po(aZ,t | af)
(by(2.2))
—r(t-6)
= lclc[%—e +2Vt - 2\/tT}Po(a$t|0!7)
< |e|c(%+2\/£—2\/t—5) po(ad,t | af)
< clelpo(ad,t | ay)

(since 2v/t — 2Vt — 4 is bounded for allt > 0 when § is small).

Thus v = cle| < 1 if |¢]| is chosen small enough. O

Similarly, we can get

|Pn = Pno1] 7" po(ad,t | aF) .

Therefore the series
P(E,t ] 9) = po(Z,t | §) + D [Paa(Z,2 | §) — pu(Z,t | §)]
n=0

converges uniformly w.r.t Z and § for any fixed t and satisfies the integral equation
(4.7).
An approximate solution of (4.7) is given by the partial sum p,, where

n+l
3 _7po(a:i:',t | ay) .

lpn — p| <
Since vy < 1, |pn—p| =0 as n — oo. In addition, Vn, we have
lim |pn(5»t | 37) —p(fvt I g)l =0.
le|—0
Therefore, the iterative scheme (4.9) is convergent.
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5 Gauss-Galerkin methods

5.1 Fokker-Planck equations for nonlinear oscillations

Let z, = z and z3 = Z and let us recall the Fokker-Planck equation obtained previ-
ously from the second order stochastic differential equation that models the nonlinear
oscillation with random forcing term,

Op _ dp 0 *p
%= 5, + axz{[f(H)l'z + g(z1)lp} + Da—zg ) (5.1)

with initial condition
p(z1,22,0) = g(z1,23) . (5.2)

Our interest is to solve the above equation numerically by extending the idea
of Gauss-Galerkin approximation developed for the one-dimensional Fokker-Planck
equations.

The most straightforward extension of the one dimensional Gauss-Galerkin method
involves applying a finite difference type approximation in one of the spatial variables
and the Gauss-Galerkin method in the other spatial variable. There are numerous
issues to be considered such as how should the difference approximation in an infinite

domain be applied.

5.2 Model equations

In order to construct and analyze the Gauss-Galerkin type approximation for equa-

tions of the form (5.1), we first study the following model equation:

2
2t 452~ Liap)+ L)

for z,y € (—00,00), t > 0. Here, e > 0, f(y) > 0 are assumed to be positive.

Further assumptions on the coefficients a = a(z,y) and 8 = ((z,y) will be made

later.
Let
= %(1 + cothz) = = :ze_z , §= %(1 + cothy) = - jye_v .
Then z,§ € (0,1) if z,y € (—o0,00). Moreover, we have
b = vl
£ T or
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] ez(er + e—:) _ er(e.r _ e-z)

= vt

2(e* + e7%)
vh 2
z (C‘t + e—:)2

= 2i(1-%)v;,

2

2 2
VUzr = (vi)x(—_— + vz [(——]r

e* + e-—-:)2

2 2
= e [(_+—T] *

Uz

et + e—:)Z

—4(e” — )

(ez + e—r)s

= 43*(1 —2)*vzz — 43(1 - 2)(2% — 1) vs ,

0y

v, = v,—, a—y

- ev(e¥ +e7Y) —e¥(e¥ —e7Y)

- 2(ev + e7v)?

o 2

= Ly (ey + e_y)2

= 29(1 —g)vy,

B 2 2
T W ey Y e e,

_ 2 2 —4(e¥ —e7V)

- vgg (ey + e—y)Z + Ug (ey + e—y)3

Therefore the model equation becomes:

op
ot

—2[5(1 — §) f(§) + 2e5(1 — §)(2§ — 1))]

dp

9y

45%(1 = 9)* vy — 45(1 = §)(2§ — 1) vy .

0%p
4eG?(1 — )2 ==X

2
~22(1 ~ 2) - (ap) ~ 26(1  £)(25 — 1)SE(F%) + 28 (1 — £ 2 (Bp).

Without loss of generality, replace # by =z , § by y,and f by f. This leads to

9p
ot

2 y(1 - y)f(y) + 2e9(1 - y)(2y — 1)]2

op
Oy

0%*p
+4ey’(1 —y)? —
Oy?

~22(1 - 2)2-{ap) - 2a(1 - 2)(2z — 1) ~-(3)

12221 — 2?2 (%),
oz?

For simplicity, we pose the boundary conditions

p(z,0,t) = p(z,1,t) =0, YVt >0,

22



and the initial condition p(z,y,0) = ¢q(z,y).
Let us use H = L2?(0,1) to denote the L? integrable function space. We denote
the inner product by

1
(f,9)= [ f(2)g(x)dz , ¥f.g e H.
We also define the Sobolev spaces by
w™0,)={feH | f,f'.f"eH}, m=1,2,...

Then the additional boundary conditions at £ = 0 and z = 1 are specified in a way

such that the following always holds,
(Lp,v) = (p, L*v) ,Yv € W*?(0,1) n C?(0,1] (5.5)
where

2
Lp=-2z(1 - r)%(ap) -2z(1 —z)(2z - l);—x(ﬁzp) +2r%(1 - z)z%wzp) ,

and
L'p = [-2Q2z - 1)a +3(2z —1)28% - 3%v + 2[z(1 — z)a — 3z(1 — z)(2z - 1)52]?
T
v
9.2 232

We note that sometimes the boundary terms may not vanish, such boundary
terms often lead to singular measures corresponding to densities accumulated at the
boundary.

For convenience, we also assume that the coefficients a and § satisfy certain

conditions that imply the inequality
(_Lu ) ‘U) 2> _A(uv U) ) (56)

for a given constant A and any function u which satisfies the boundary conditions
required for equations (5.3). In addition, a(z,y,t), B(z,y,t) are assumed to be

smooth functions and
la(z,y,t)| < by, Vy € (0,1), t >0, z€(0,1),

13(z,y,t)| < b, Vy € (0,1), t >0, z € (0,1)

for some positive constants by and b,.
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5.3 Difference approximation in y

Our motivation is that if we first approximate the derivatives in the y direction by
differences defined on some given grid, it then might be feasible to apply the one-
dimensional Gauss-Galerkin methods at each of the grid points. In this regard, (5.3)
is very convenient for variable splitting.

Finite difference approximation is one of the most widely used methods in solving
partial differential equations. The difference approximation may be set up easily
using standard techniques [13]. For example, the unit interval [0, 1] in the y direction
can be partitioned by a uniform grid. Let N, be the total number of subintervals,
h, = 1/N, be the length of each subinterval and {y; = jhy,7 =0,1,2,..., N, } be the

grid points. Then the second order derivative in y may be approximated by

7 ( ) -2 )+ ) —
p (yj) ~ p yJ+1) p,(zi/J) P(yj l)
y

with truncation error of the order O(h2).
There are several choices for the first order derivative in y, for instance, one can
either use the center difference

P(yi+1) — p(Y;-1)
2h,

which has truncation error of the order O(h2), or the one-sided difference in y ap-

proximated by
p(y;+1) = ply;)  p(y;) — p(y;-1)
or ,
hy hy

which has truncation error of the order O(h,).

Even though the center difference is the most accurate approximation among the
ones described above, the upwind difference may have superior stability property
which may become very important when the diffusion coefficient in the y direction is
small or negligible and convection becomes the dominant phenomenon [7]. For this
reason, we choose the backward difference approximation for the first order derivative
in y.

Using the above difference approximations, we obtain the following semi-discrete
approximation of (5.3). (By semi-discrete, we mean that the equation is only dis-
cretized in one variable while it remains continuous in the other variable.)

Op;

20 = —2y,(1 - ) f(w) + 2e3,(1 - )2y, — 1)) BB

hy
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2Pj+1 — 2p; + pj-1
h;

+4ey, (1 — y;) + L;p, (5.7)

where

2
Lp = ~22(1 - 2) 2 a,p) ~ 22(1 — 2)(22 ~ 1) 2o (82p) +22* (12 2 (87p), (55)

for1 <3< N,-1,z€(0,1) and t > 0, with pp = py, =0, a; = o(z,y,,t),5; =
B(z,y;,t) and each p;,1 < j < N, — 1, must satisfy additional boundary conditions
in the z direction that are required for the original solution p = p(z,y,t) of equations

(5.3), i.e., p; satisfies equation (5.5) for any j, and Ljvis:

Liv = [-2(2z — 1)a; + 3(2z — 1)*87 — B]v + 2[z(1 — z)a; — 3z(1 — z)(2z — 1)/3}]%

+2r3(1 — z)? f% (5.9)
Then for any smooth test function v € W22%(0,1) N C?[0, 1], we have
(L;p;,v) = (pj, Liv), Vi=1,2,..,N, - 1.
The initial condition is given by
pi(z,y,0) = q(z,y;), 1 <7< N, -1, z€(0,1). (5.10)

5.4 Gauss-Galerkin methods

The Galerkin methods usually refer to finite dimensional approximations to the weak
formulations of partial differential equations. The Gauss-Galerkin methods, in our
current context, have special forms. The test functions in the weak form are chosen
to be polynomials, while the approximate solutions are taken to be discrete, or atomic
measures. A unique feature for the Fokker Planck equations is that the inner product
of atomic measures with polynomials are closely related with the moments of the
probability distribution.

The first analysis of the Gauss-Galerkin methods for one dimensional Fokker
Planck equations was given by Dawson [5]. A more complete analysis was given
in [6], together with a computational algorithm and numerical examples. The model
equations considered in [6] is of the form:

op 0 10 ,
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Thus, equation (5.3) can be viewed as a generalization of the above equation in two
dimensional space. On the other hand, one may also view its semi-discretization (5.7)
as a system of equations and each of the equations is similar to (5.11).

In (5.11), the spatial interval is finite, thus, the standard L? spaces and inner
products were used in [5, 6]. When dealing with semi-infinite intervals, these intervals
become finite after changing variables.

To solve (5.7) by Gauss-Galerkin methods, let us first formulate its weak form.
Taking the inner product of a test function v € W?2(0,1)NC?[0, 1] with the equation
(5.7) and integrating by parts, we have for 1 < j < N, — 1,

d cj €j
—(pj,v) = —(pj-1 — Pjyv) + ‘—J«,.(Pjﬂ - 2p; + pj-1,v)
dt h, h?

+([-2(2z — 1)a; + 3(2z — 1)282 — B?]p;, v)

L1 = 7)oy — 32(1 — )2z ~ Vs, 90)
*v

+2(z (1= )8}ps, 53).

t>0, (5.12)

where

¢; = 2[y;(1 — y;) f(y;) + 2ey;(1 — y;)(2y; — 1)], &5 = 4ey; (1 — y;)° .

Let us now approximate the probability measure p;dz by
dpJ:ct)—Za ))d.t, 1<j< N, -1, (5.13)

i.e., the probability measure is approximated by an n-point discrete Dirac-delta
(atomic) measure. Here, one may choose different n for different index j, i.e., there
could be different number of atoms at different values of y. But, for simplicity, we only
consider the case where n is taken to be independent of j. {z¥f = z¥(t),1 <k <n}
are the n nodes with af (t) as their corresponding weights. As far as the test functions
are concerned, we choose a set of linearly independent functions {v;(z)}3"~*. In par-
ticular, vi(z) = z* for i = 0,1,2,...,2n — 1 may be the standard choice. Then, (5.12)
impliesfor0<i<2n-1,1<j3;<N,—1landt >0,

c;  &;
% Z af(t)yvi(zh(t kz:l (t + h—%)af_l(t)vi(xf_l(t))
<, 2

5 + —52-) (tviak(t ))+ 2 ,+1(t)vi(1’f+1(t))
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+§af(t)(L;v.-><x:(t>) (5.14)

where L} is defined as in (5.9) . Note that v;(z) =, 0<i<2n—1.

The system (5.14) is a system of 2n x (N, — 1) ordinary differential equations
for the n(N, — 1) nodes and n(N, — 1) weights. Initial conditions for the ordinary
differential equation system are given by

kzl a(0)vi(z%(0)) = (q(,y5), vi(<)) (5.15)
for1<j<N,-1,0<:1<2n—-1.

Using the properties of the Gauss quadrature [14], if g;j(z) = ¢(z,y;) is some
nonnegative function whose support has positive measure, we may let the weight
function in the Gauss quadrature be given by g;(z) for each j. Then for each j, the
nodes {z%(0)}7., and weights {a%(0)}z-, are uniquely determined by (5.15) and the
z*(0)’s are distinct and lie in (0,1) (see chapter 9 for details).

We shall make a crucial but also somewhat restrictive assumption that there exists
a time interval [0, T] such that the system of ordinary differential equations (5.14) with
initial conditions (5.15) has a unique solution in [0, T], with distinct nodes {z¥(0)}z_,
in (0,1). Furthermore, the weights {a¥(t)} stay positive for ¢t € [0,T] and for all k
and j.

The above assumptions imply that the approximate atomic measure would remain
valid in a given time interval and the measure is positive in the sense of distribution.
However, these assumptions can be proved rigorously only in some special cases which

we will discuss briefly later.

5.5 Some useful results

In this section we present and prove some useful differential inequalities. Let us use
the convention that a vector (or matrix) is said to be non-positive ( < 0 ) iff all its
elements are non-positive, and
X<V iff X-Y<0.
Lemma 3 Let A(t) be an N by N matriz with smooth and bounded elements and
its off-diagonal elements are all non-negative, i.e., a;;(t) > 0,1 <1 # 7 < N. Let
M(t) € RV satisfy that A?(O) < 0 and for t > 0 we have
d - -
Zl—tM(t) <A()M(t) .
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Then

M(t)=<0, Vt>0.

Proof. Let A > —min{a;i(t), 1 <1 < N} be some given constant, then 4; =

A + M is a matrix with all non-negative elements. Define
Mi(t) = eMM(t).

We have A-/il(O) <0 and for ¢t > 0,

%MuojAmM%m-
So d
;i_zjt?l(t) = Al(t)xﬁl(t) + é(t) ’

with G(t) < 0 for ¢t > 0. Thus,
- t -
Mit) = exp{ [ Ar(w)du} #,(0)

+/0' e;rp{/:Al(u)du} G(s)ds , Vt>0.

Since A; is non-negative, then
B(t,s) = els Ar(a)ds
is non-negative for s < t. Therefore, A-/il(O) <0 and é(s) <0 fors>0 imply
M(t) =0, Vvt>0.
Thus,
M(t)=<0, Vt>0. O
Consequently, we get the following relation between the solution of the system of

differential inequalities and the solution of the system of differential equations.

Corollary 1 [Comparison Principle] Let A(t) be an N by N matriz with smooth

and bounded elements and its off-diagonal elements are all non-negative, i.e., a;;(t) >
0,1<i#j<N. Let M(t) € RN satisfy

2 M) 2 AW + ), V>0,
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and Ml(t) € RV satisfy

S (0) = AW (1) + G(t), V>0,

with M,(0) = M(0). Then
M(t) < My(t), Vt>0.
In particular, when N = 1, we have the following well-known inequality.

Corollary 2 [Gronwall’s Inequality] If fort > 0, we have

210 < a0 +9(0)

then,

f(t)<ezp{/ } +/e.rp{/ }g(s)ds,Vt>0.

Proof: Let

h(t) = exp {/:a(s)ds} f(0) + [: exp{/:a(u)du}g(s)ds .

Then h(t) satisfies that

d
Th(t) = a(t)h(t) + g(t) ,
with h(0) = f(0). So

ft) <h(t),Vt>0. O
The following corollary can be viewed as a weak discrete maximum principle.

Corollary 3 Let ¢, >0, c; > 0 be given constant and {f;(t)}}h' satisfies

;itf( t)=cifi-1(t) = (o + ) fi(t) + cafjpa(t), 1<FJ SN, VE>0

with fo(t) = fn41(t) =0 and £;(0) =g;, 1 <7 < N. Then,

fi(t) £ max {g;,0}, Vt>0.

~1<<N
Proof. Define
a = max {g;,0}
and

M(t) = (fi(t) = a, falt) = ay ey f(t) — @) .
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Then
d

dt
for some tridiagonal matrix A with elements a;;_; = ¢1,a;-1; = cafor2 < j < N
and a;j = —(c1 +¢;) for 1 < 57 < N. Since ¢; > 0,c; > 0, and M(O) < 0, by the

previous lemma,

M(t) = AM(t), Vt>0.

M(t) <0, Vt>0.

This implies

. , <3
f,(t)Slg}aS)I(v{g,,O}, VI<j<N,andVt>0. O

Remark : We see from the proof that the differential equations in the corollary
can be replaced by inequalities and the conclusion will still be valid. Furthermore,
one could prove a stronger version which implies that if fi(t) = max,<;<n~{g;,0} for
some 1 <k < N and t > 0, then f;(t) = 0 for all 5 and all ¢.

Now, we state some results concerning the classical moment problem [15].

Given a sequence {m,}>2,, define the following differences
A'm, = m,, (5.16)
Afm, = A 'm, — A 'mpg, k=1,2,---. (5.17)
Then we have,

Theorem 5 A necessary and sufficient condition for the ezistence of a solution of

the Hausdorff moment problem, i.e., the ezistence of a unique nonnegative measure
u satisfying
1
™my =/ a:’dy, 1=0,1,2,---,
0

is that
Afmi>0, k1=0,1,2,---.

5.6 Existence theorems for Gauss-Galerkin approximations

First, let us show that if the coefficients of equation (5.3) are constant, then, the
system (5.14) with initial condition (5.15) has a unique global solution with positive

weights and distinct nodes.
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Theorem 6 Let the coefficients of equation (5.8) be constant. If q is a probability
distribution and the support of q(z,y;) has positive measure for all1 < j < N, — 1,
and (5.7) has a set of nonnegative solutions {p;, j = 1,2,...,N, — 1}, each having
support of positive measure, then the solution of (5.14) with initial condition (5.15)
ezists for all time and the weights {a%(t)} remain positive and the nodes {z*(t)}

rematn distinct.

Proof: We can use each p; as the weight function to define a Gauss quadrature,
i.e., given n, there exists a unique set of distinct and positive nodes {z%(t)};_, and

positive weights {a¥(t)}7_, such that

[ itz = S itz

for any polynomial v; with degree not exceeding 2n — 1.
Recall that equation (5.3) becomes,

dp  Op 0% ap 1
= oy Te7 ez T2

Its weak form is,

d c € Ov;
:i?(Pj»vi) = h—y(Pj—l = pjvi) + Ez(p’“ - 2p; + pj-1,vi) + a(p;, ‘a-;)
1 azvg
+§,52(p,',ﬁ) , t>0.
Then 4o .
c € ‘
— Y af(thui(z5(1) = 3 |(— + 3)aoa ()il (1))
dt h h
k=1 k=1 Yy v

_(,—l; + #)af(t)vi(zf(t)) + hisa§+l(t)v;(.rf+l(t))

+ f: af(t)(Ljvi)(z5(t)), Vt>0.
k=1

Thus, (5.14) has a set of solutions for all time. O

6 Convergence of Gauss-Galerkin approximation

6.1 Outline

To prove the convergence of the Gauss-Galerkin approximation, we first show the

convergence of the semi-discrete difference approximation and derive an error estimate
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at the same time under certain regularity assumptions on the exact solution of the
Fokker-Planck equation. Then, we show that the Gauss-Galerkin approximation is

convergent in some weak sense.

6.2 Convergence of the semi-discrete difference approxima-
tion

Here, let us demonstrate that the semi-discrete approximation (5.7) is convergent
when the number of grid points in the y direction, N,, goes to infinity, i.e., when
h, — 0. Using standard techniques in difference approximations, we first examine the
truncation error of the approximation by substituting the exact solution p = p(z,y,t)

of (5.3) into the equation (5.7). For simplicity, we use p(y;) to denote p(z,y;,t).

Then,
%[p(yj)] () —h:’(yj-n) 4o P1) —2P,E;;’/J‘) + p(y;-1)
+L;p(y;) + 75, 6.1)

for1 <j < Ny,—1, z>0andt >0, with p(yo) = plyn,) = 0, a; = a(z,y;,t),
B; = B(z,y;,t) and
9*p

p(y;+1) — 2p(y;) + p(yj-n)]

= 5:‘[51/—2(!/:') - B2
y
F) Y — (i
_cj[a—:(yj) _ p(y)) h:’(yj 1)].
” c; O°p 2
= 3 gy Wk +Ohy),
and

(75,75) < Mhy, (6.2)

for some constant M > 0, if we assume that the solution p = p(z,y,t) of (5.3) is
sufficiently smooth and its derivatives in y are uniformly bounded.

Now, define €¢; = p(y;) — pj, J = 1,2,..., N, — 1, then

Je; e — € €;r1 —2e; + e,
5 = h,,J & h{ =+ Le;+ 15, (6.3)
and
eo=en,=0. (6.4)

Let us now state a convergence theorem.
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Theorem 7 Assume that in a given time interval [0,T], the solution p of (5.3) is
smooth and the coefficients satisfy the previously specified conditions. Then, in the
given time interval, the solution {p;,1 < j < N, — 1} of the semi-discrete approzi-

mation converges to p as Ny, — oo, i.e., hy = 0.

Proof: We apply a standard energy type estimate to obtain error bounds on ¢;’s.
Using (6.3) and the inequality (5.6), we get for any j,

1d _ . €; —€;
55(61’51) = —¢;( hy

— 2€j + €j-1
,€;)
h;

e.

v€5) + (2
+(Ljej, €;) + (75, €;)

< —L(ej—ejor, €5—€501) + (&1 ej-1) = (€5, )]

_thJJsJJ 2h,,]’] 703

5. 6
+h—12(61+1 —€j, €5) — h—;(ej —ej-1,¢€j)
v v

1 1
(e, €) + 5(e50 &)+ 5(7, 7)) -
Here, we have also used the Holder’s inequality

1 1
(m5,€5) < 5(61, e;) + 5(% 7).

Now, if we multiply h, on both sides and sum over all 5, we get

Ny-1 Ny-1
1d°¢ ¢j ¢ ¢;
5% ; (ejsej)hy < —:5' ;:1 (ej —€j—1, € — ej—l) + 5(607 €o)

C; 5%}
= olem-1sen-) = 75 D0 (e — € € — €;)
2 hy 1=0

Ny-1 =
+ /\1 Z (ej y 6j)hy + '2‘ Z (Tj y Tj)hy
i=1 1=1
Ny-1
< M E (e, e;)hy + Mnhz )
i=1

for some positive constants A; and M;. Using the Gronwall inequality, we get for any

te[0,T],
Ny-1 Ny-1
2 (e(t),e;(t))hy < Ma 3 (€;(0),€;(0))hy + Msh] = Mshi
=1 i=1

for some positive constants M, and M. Convergence then follows. O
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6.3 Convergence of the Gauss-Galerkin approximations

We now show that the Gauss-Galerkin approximations, as defined in (5.14) and (5.15),
converge to the solution of (5.7), (5.10). Combining with the convergence property of
the semi-discrete approximation, this implies the convergence of the Gauss-Galerkin
approximation to the solution of the original model equation (5.3).

Given a continuous f(z) function on [0, 1], we would like to verify the convergence

of the quadrature formula:

£(f) = Y @b (1) 7k (1)
k=1

to
LU = [ Sz, t)de

as n — oo for any t € [0,T] and each 1 < j < N, — 1. The additional subscript
n is used in order to emphasize the dependence of the weights and nodes on n, the
number of atoms.

We start with the following lemma:

Lemma 4 Let {u7(t)} be the Gauss-Galerkin measures defined as in (5.13)-(5.15).
Then for any 3, 1 < j < Ny — 1, let | be any fized positive integer and

m;n(t) = /01 zldp?(.r.t) , telo,T]. (6.5)

We have the set {mg'n(t) in > %(l + 1)} is uniformly bounded and equicontinuous in
t € [0,T] for each | and j.

Proof : By the definition of {u7(t)}, we have

n

m! (1) = 3 ek (0)(ha (1)

k=1
Using equation (5.14), we get for 0 <! <2n -1,

oF C; 2¢; &5
Zml (1) = (2 + Eg)mj_,m(t) - h—’y+ h—;)mjm(t)-{- E’;m§+l,n(t)
y v v

n

+ E af,n(t)L;(Il)l::::;n(t) .

k=1
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Here again L] is as defined in (5.9). Using the boundedness of the coefficients and
the assumption that all weights {a%,(t)} are positive in [0, T], we get

d G 4 &

—ml <
a0 S Gt

¢ . 2

P a(t) = G+ (0 + e (1)

m2e), miz (), mia(0) 02 U+ 1),

where g is some linear function with nonnegative coefficients. Now, define

d 3] J 2 J
GO = G+ Emia () = (2 + Fm (0 + gm0
-mmﬁ%mmﬁuwﬁm) (6:6)

and
mi(0) = (q(z,y;),2'), 1<j<N,—1,1>0.

J

Using the comparison principle given in Section 6.1, we get

mla(t) <mli(t), Vi€l TL1<j<N,~1, n>+

SU+1).

Now, we estimate {m!(t)}. Define
M;(t) = (m(t), m(t). ... m(8))" .

Notice that g' is some linear function with nonnegative coefficients, we may write

(6.6) in matrix form as

i\ ¢ 2 &j o »
)Mo = (2 + TI(0 + i (0 + ABL().

y y

for some nonnegative matrix A. Let M}(t) — e At Mj(t),
M) = (m2(t), mA(t), ..., (1))

then
4] €; Cj

d - - 2e; =
F 0 = G+ ML - (2 + TOMO + L.

and

-

My(t) = My (t) =10
Now, applying the discrete maximum principle, we get

- k = k() —
mi(t) < lg%%f-lmf(o) = R (q(z,y;),z*) < C, Vte[0,T],
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where1 < j < N,—1,n > (l+1)/2 and C is some constant, depending on the initial
condition ¢ = q(z,y) only. Meanwhile, since M,(t) = e"‘A-'iJ-‘(t) and e4* is a matrix

with bounded and nonnegative elements for t € [0, T], we get
mi(t) < Ci, Vte[0,T),1<j<N,—1,k<I,

where C; are some constant depending on the initial condition ¢ = ¢(z,y), the time
interval [0, T] and the value of [.

Thus, for each given [, we obtain that the set {mg',,(t) 'n > %(l +1)} is uniformly
bounded and the bound, in fact, is independent of j and N, under proper assumptions
on the initial condition.

We now consider the equicontinuity of {m} (¢) :n > (I +1)} in [0,T]. By the

mean-value theorem

d
Im (t2) — ln(tl)l = am O]tz =], €€ (t,t2) .
From earlier discussion, we have
d ;| ¢ o Eiy i ¢ o 25,
~mt < (=L + 1yt -
'dtmj,n(g)l —_ I(hy + hg )m_]—l,n(C) (h + h2 )m (()

+’% J+ln( |+g(m ()mi-",,‘((),m;'n(g'))

i 26
§--l<c>+(,‘j—y+—,% m(¢)

In
. &
3

+h2 J+l )+g(m )sm] (C),m,(C))

< B(N,)-Ci+¢'(Ci=2,Ci1,C1) = M(I, N,) .

Here, B(N,) is a constant that may depend on N, and M ([, N,) is a constant, possibly
depending on [ and N,. So,

Im! L (t2) —m! (t)] < M(IL,N,)|ta = 1], Vit € [0,T].

Therefore, for given [ and N, we have the equicontinuity of {m} (t) : n > 1(/ +1)}
in[0,7]. O

From the above lemma, we get

Corollary 4 Given N, for each 1 < j < N, — 1, {z'du;a(t) : n > LI + 1)} forms

a set of uniformly bounded measures.
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Proof : First, for each [, since {m} (t) :n > (I +1).t € [0,T]} is uniformly

bounded, we get
Zaw Y <M,Vvte[o,T).

Since by assumption that all weights are positive for t € [0,T], for f € C[0,1] N
L>(0,1), we have

(2t = |[ o rdu (a0
SOCROEROTERT

max | f(z} ,(1))]

1<i<n

< X aL ()5 0)
=1
< M| fllL=u)-

So, for each j and {, {z'du’} forms a sequence of bounded positive measures. O
With the uniform bound on the sequence {m! ()} as n = oo and the equiconti-

nuity, we now show the following.

Lemma 5 Given N,, there ezists a sequence {kn}, kn, — oo and a sequence of func-
tions {m .(t)} such that for every fized integer |, we have

lim mikn(t)zm'»_(t), ViI<j<N,-1,te|0,T].

kpn =00 J

Proof: Using the Ascoli-Arzela theorem [16] and results of the previous lemma, for
each [ and j, we get a subsequence of {m' (t) :n > 3(1+1),t € [0,T]} that converges
uniformly to a limit, denoted by m .(t). Taking intersections of these subsequences
successively and applying a dlagonal selection principle, we obtain a sequence {k,},
k,, — oo such that

lim m, (t)=ml (1), VI<j<N,—1,1>0.te(0,T]. O

kn—00 J

Lemma 6 Given N,, for each 1 < j < N, —1 and for any t € [0,T), the elements
of the sequence {mg'_(t)}?;o are the generalized moments of a nonnegative measure,

i.e., there ezists a nonnegative measure P;.(z,t), such that for each | > 0 and each
1 <3< N,—1, we have

1
/z'dP,,.(x,t)=mj,_(t), Vie[0,T].
0
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Proof: The proof is based on the necessary and sufficient condition for the moment
problem given in an earlier section. Since {m/,(t) ,{ > 0} are moments of the measure

du?, we have for the related difference

Afm! (£)>0, Vk=0,1,2,---,and < 2n—1.

I

Since

lim ml & (t) = m‘l;-(t) )
kn—00 n ’

we get

Afml (t) > 0.

I

Thus, there exists a measure dP;.(z,t) such that

1
mt () =/0 Z'dP,.(z,t). O

Corollary 5 Given N, for each1 < j < N, —1 and any f € C[0,1], we have

kn—00 JO

lim /lf(:r)dpj"(:c,t)=/01f(:c)dP,~,.(1:,t), Vtel[o,T]. (6.7)

Proof : Notice that for every fixed integer | > 0, we have

1 1
lim z'du;(z,t)=/0 2'dP;.(z,t), Y1<j <N, -1, te[0,T].

kn—00 JO

By the well-known Weierstrass approximation theorem, {z'}2, is dense in C[0, 1], so

for any continuous function f,

lim/f z)dpte(z,t) = /f )dP;.(z,t), Ytel[0,T] O

kn—00

Let dP;.(z,t) = pj.(z,t)dz, we now verify that p;.(z,t) corresponds to the weak

solution of the equation (5.7).

Lemma 7 Given Ny, for each 1 < j < N, —1 and for each |, we have

mia () = mi (@) = [Pt Rele) piyg,

+/'(_.Pj+1,. 8) — 2pja(8) + pj-1..(s)
C] 2
) hy

,z')ds

¢
+ [[(pinls). Liads , Ve€[0,T].
0
Here, po. = pn, . = 0.
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Proof : 1t is clear that

m;,k,.(t) - m;,kn(o)

/ m] 1.kn (3 ]k,.( )

+/ J+lk (3) 2mj.k,.(s) + mﬂ-n,kn(s)
h2
y

+/ [/ duJ"J:s) ds,

[ L5t (@) S glmizd (o), migh(s) b, (s))

ds

for some linear function g' with nonnegative coefficients which is defined before. So,
by the Lebesgue dominated convergence theorem, we get from (6.7) and the previous

lemmas on the convergence of the moments that

tomi_y.(s) = mi.(s)

m! (t)—m}(0) = x h 22 ~ds
- —oml !
+ [l Tl el (), L3(at s
0 h2

Thus, for any [,

(pj'.(.‘l',t),l'l) - (Q(x’ijo)wxl) = ‘/Ot[';l(pj—l.-(x»s) —pj'.(z,s),:rl)]ds

v

+ G Prsaae:9) = 2psal,8) 4 proaole, 9,2

+ [0, L ds . O

Since {z'} is dense in C|[0,1], we see that {p;.} are the weak solutions of (5.7).
By the assumption that (5.7) has a unique set of solutions, we see that the limit of
{u~} is, in fact, independent of the subsequence. It follows that the whole sequence

is convergent. Thus, we have proved the following theorem.

Theorem 8 Under all the previous assumptions, given N, for each 1 < j < N, — 1

and for any continuous function f in [0,1], we have
lim / f(z)dut(z,1) / f(2)p;(z,t)dz, Vt € [0,T], (6.8)
where {p,} is the set of weak solutions of (5.7).
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Finally, we combine the convergence of semi-discrete approximation and the above
result to get the convergence of the Gauss-Galerkin/finite difference approximation

to the solution of the model problem (5.3).

Theorem 9 Let p be the solution of (5.3). Then, under all the previous assumptions,

for a given continuous function f in [0,1], we have for any t € [0,T],
Ny-1

lim lim Z h [/ f(z)dy}(z,t) / f(@)p(z,y;,t)dz|* =0,

Ny—00 n—c0
where p is the solutton of (5.3).

Proof : For any € > 0, there exists an N* such that for any N, > N*, we have
Ny-1

> hyllpi(z,t) = plz,y; Ol <

where H = L%(0,1). So,
Ny-1

}:hl/f st Ode = [ f()plz, 35, 0del? < 5.

T YT,

For each N, there exists an n* such that if n > n*, then for each 1 < 3 < N, -1, we

have , |
n _ ) 2 E
| [ @@ = [ fopy(a il < <.
Hence,
Ny-1
Zhl/f r)dul(z,t) - /f pjxtd.z:|2<—
Therefore,

Ny-1 | .
,Z=:1 hyl/o f(I)dﬂ?(I,t)—A f(2)p(z,y;,t)dz|* < €.

Letting ¢ — 0, we get the conclusion in the theorem. O

7 Application to nonlinear oscillation of second or-

der

7.1 Formulation

Consider equation (3.13), which models the problem of general second order nonlinear

oscillation with a random force. We rewrite it in the following form
z+g(z,z)=w(t).
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The associated Fokker-Planck equation is

dp __0p 0 0*p
3= Ya:t 5l l9(z yp]+Da 3 T.Y € (—00,00) (7.1)

where y = z and with initial data

p(z,y,0) = q(z,y) .

We assume that g and %5 are bounded functions. In order to make the coefficients
of equation (7.1) bounded in space (since £ might not be bounded), we perform the

following transformation
p(z,y,t) = p(z + yt,y, 1),

thus
dp Op O0p dp  0p

ot ot Yoz ° Yazr T Yoo
9 _@ dp O0g. Op ap
[g( ' y)p] ap+ga 6yp+gay—gt-a—;,
0%p _ 0 (0p ap 0%p 5 0%p ,0%p
Day Day(ay 61) Day 2D gy TP g

and equation (7.1) becomes:

op op 9 ,_. 0%*p 0%*p 2c')p
o = 95t 5,0 )+Da2“2‘Dazay+Dt Eyel

The coeflicients of the above equation are all bounded in a given time interval. Let

us change variables similarly as in Section 5.2:

(1 4 cothy) .

wlr—-

1
= 5(1 + cothr)

Without loss of generality, we write the equation in p, r and y,

0 0 0 0?
> = a”+ba"+ +daz(dp)+2d (fp)+f (fp) (7.2)

Here, z,y € (0,1), and we assume that a = a(r,y,t), b = b(z,y,t), c = c(z.y,t),d =
d(z,t) and f = f(y) are all smooth functions of variables in [0,1] x [0, 1] x [0, T] and
satisfy some further conditions we give later. Moreover, we assume that the initial

condition is p(z,y,0) = q(z,y), and p = 0 on the boundary.
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7.2 Convergence of the semi-discrete difference approxima-
tion

The difference approximation may be set up by using standard techniques. For ex-
ample, the unit interval [0, 1] in the r direction can be partitioned by a uniform
grid. Let N, be the total number of subintervals, h; = 1/N; be the length of each
subintervals and z; = jh;, be the grid points. The second order derivative in z may

then be approximated by

52 d;s1piv1 —2d;p; + d;_1p;_
@(P(l'j))z chdlehs hJ§J 217

with truncation error of the order O(h2). For the first order derivative in x we may

use the center difference
P(IJH) - p(zr;-1)
2h,

which has truncation error of the order O(h?). With the above difference approxima-

tions, we get the following semi-discrete approximation of (7.2).

Op; _ , Pi+1 =Pi-t dp dj+1Pj+1 — 2d;p; + dj—1pj—1
Bt~ Y ba+“+d B2
_J- o(fpi+1) a(fPJ—l) _0_2_ _
forl1 <3< N -1,y € Ol)andt>0 with po = pn, = 0. Here, a; =

a(zj,y,t), b; = b(z;,y,t), ¢; = c(z;,y,t), and d; = d(z;,1).

Now let us demonstrate that this semi-discrete approximation is convergent when
the number of grid points in the z direction N, goes to infinity, i.e., when h; — 0.
Using the similar techniques as in Section 6.2, we first examine the truncation error of
the approximation by substituting the exact solution p(z,y,t) of (7.2) into equation
(7.3). For simplicity we use p(z;) to denote p(z;,y,t). Then,

dj1p(zi4) — 2d;p(z;) + d;—1p(z5-1)

+d; 2
d; 0[fp(zj+1)] _ Olfp(z;- o
p i Azl Aol bt 4.

for1<j<N:-1, y € (0,1)and t > 0, with p(zo) = p(zn,) =0, and

p(zjs1) — (37:'-1)]
2h,

T, = a; [%(P(xj)) -
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+d; [%(dﬂ?(u)) _ Gnp(Tin) = 2df”:§zi) + dj—lP(fj-x)]
52 3(/Pf9’~‘J+l)) - 3(/Pgl‘1—1))
+2d; [m(fp(fj)) - : o L.
Thus,
= oy sl g TR o L EIREN L op).
and

(TJ‘ 3 Tj) S Mh: , (74)

for some constant M > 0 if we assume that the solution p = p(z,y,t) of (7.2) is

sufficiently smooth and its derivatives in z are uniformly bounded.

Now, define e; = p(y;) —p;, J =1,2,. — 1. Then
6e,~ _ €41 — €51 de; dJ+16J‘+1 - deej + dj_lej_l
ot = Y7 2m, "'ba taetd B
d; O(fej+1) O(fej-1)
+h:( ay - ay ) + f (feJ) +7;, (75)
and
eo=¢en,=0. (7.6)

Theorem 10 Assume that in a given time interval [0,T), the solution p of (7.2) is
smooth and the coefficients satisfy the previously specified conditions. Then, in the
given time interval, the solution {p;,1 < j < N, — 1} of the semi-discrete approri-

mation converges to p as Ny = oo, i.e., h, = 0.

Proof: Using (7.5), we get for any j,

1 9¢? €41 — €;-
53;‘ = a,¢ J+12h +bJ Ja +c, ;
djt1€j41 — 2djej + d;_¢€,
+d161 J+1€5+1 th 1-1¢;-1
die; O(fe;j+1) O(fe;-1) 0?
pa @A) APy s pei e ey
Summing over all j, we will get
1 Nz-1 ae Nz-1 e N:-1 de. N:-1
§Zat Za,,’“ -l-z:beJ J+2c,
J=1 J=1
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N:z-1 ; g €3 ) ]
Z d.e J+161+1 —die; dje; — dJ'leJ“)
i€l

+ h2 - h2
N,-l die; d(fe;a1) O(fej N:-1 0?
3€; 7+1 _ J-1
+ ,5;:, "oy By +Efe’a"-’fe’)
N:-1
+ 3 Tie
i=1
Noot Na—1 2 N:-1
= a;€€j+1 G168+ % +3
-,2—%, 15:‘1 o Zb,a +Zc”
+ Nildjej(djﬂejﬂ"djei) _Ni dj+lej+l(di+1ei+‘“djef)
. k2 ~ &
7=0 z 3=0 B
+ Nil dj-1ej-10(fej) Nil djy1€+1 9(fe;)
= ke Oy 3 he Oy

N:-1 aZ(fe, N:7l

+Zf1 +ET’6"'

Integrating over y, we have

since

L Ne=l g 1 Nt a 18
_.Elzﬁoe?dy = Zl/oefem] hJHd ——E/ de
j= =
—Nxz—l /1 ditr1€,41 — dj-lej—l a(fej)d
=1 0 h”—' 0y !
Ne—1 Ne-1
_Z/((feJ)d‘i'Z_/TJe-’dy
j=1 0
1 N:-1 a, —a,
< - e
=7 ,; J o
1 N,—l 1 a]+l 2 1 Nz 1 J
+ JX—% /o T e% T3 X / i
Ne—1 N,—l lNz—l
+ Z / cje 2dy+ Z / 2dy+ / 2dy’
J—l

Nx‘l‘/‘l d,+161+1_d1 le] la(feJ)d
=170 ay ’
17t 1 ( J+leJ+l —dj_1e;-1)’° R (fe;)
L L L0
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}_Nil /l [(djr1€541 — dj€;) + (dje; — df“e"")]zdy
4 31 Jo

Negl 11 0 €; 2
S L5

T
1=1

le—l/ J+1€J+1 de_, lNz-I/ (d €; — J 1€5- 1)2
< dy
= 6(fe,~))
+ aJe))
NS L
Nesl r1 (djpre541 — dje;)? ! 0(fe;)
< ;,/o W dy + ,-Zn/ ( )
Thus,
lN,—l d N:-1 N:-1
_Zdz 2dy < WxZ/ 2dy+M:»Z/ idy

=1
Nx-l
< AWIZ/ 2dy+M3

for some positive constants M;, M, and M3. Using the Gronwall inequality, we obtain
for any t € [0,T],

N:-1 Nz-1

Z/ dy<M4Z/ 0)dy + Msh2 ,
=1
for some positive constants My and Ms. Convergence now follows. 0O

7.3 Convergence of the Gauss-Galerkin approximations

We rewrite equation (7.3) as

Op; Pi+1 = Pj-1 dj+1Pi+1 — 2d;p; + d;_1p;y
at] = aJ J 2h: J + CJP] + d] ) J ,:g J J J
6PJ dj o(fpj+1)  0(fp;j-1)

To solve (7.3) by Gauss-Galerkin method, let us formulate its weak form. Taking
the inner product of a test function v € W2?2(0,1) N C?[0,1] with equation (7.3)
and integrating by parts with suitable assumptions on the coefficients, we have, for
1<7< N -1,

d 1
EZ(PJ‘»U) = 5,‘1—(‘11‘(Pj+1 = pj-1),v) + (¢;p;,v)

T
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d; ad
+h—;(dj+1pj+1 - 2d,p; + dj_1pj-1,v) — (pj, a—(b'v))

d; . d 32( fv)

_i(fpﬂ-l» a_y) + Tz—:(fpj'l' ) + (fpi»—5=5—)- (7.7)

Let us now approximate the probability measure p;dy by
i (y,t) = 3 a5, (18(ysa(t))dy , 1 <5< N —1, (7.8)
k=1
and choose v(y) = y' for | = 0,1,2,....,2n — 1. Then (7.7) implies for 0 < [ <
2n—-1,1<3<N;—-1landt >0,

d < &

gg%AMWM‘=,M§%Hnmmmummww
:kz:a] ln aJ y] l( ))(y;-l(t))l
+Zaunwa»%nf
d¢“

h’ Z .li‘+l.n(t) (yf+l(t))'
k—

h,z%nn%>>

z k=1
d;
J - JZQJ ln(t y] l(t))

n

0b;
- Zafn l J(y] (t
=1

= 2 el (0 b (5 (1) (w ()

=1

LS (R (1) f () (yE L (1)

—

i Sy (6) @by () (4 ()

ana.l'»n" u:.lu.n"r
o

+E[f y,(t ) @} a(t) (35 (1))

+Zmual (1) (4 (1)

+§,1(1—1) (45 (1)) &5 (1) (w5 (1)) (7.9)
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Lemma 8 Let {u7(t)} be the Gauss-Galerkin measures defined as in (7.8). Then for
any j, 1 <3 < Ny —1, let | be any fized positive integer and

1
mo 0= [ ydiue), teT].

We have the set {mg’n(t :n > (14 1)} is uniformly bounded and equicontinuous in
t € [0,T] for each | and ;.

Proof : By definition of {u](t)}, we have

=Y af ()(y.(t)

k=1
Using the boundedness of the coefficients and the assumption that the weights {a% ()}
are positive and the nodes{y¥(t)};_, are distinct in (0. 1) for ¢t € [0, T}, we get from
equation (7.9),

d_

Emj.n(t) < ’\l m,lj—l.n(t) + )‘2 m;- ( )+ /\3 m-7+l (t)

- - 1
+g' (m22(t) mi (), m (1), n 2> FU+1),

where A;, A2 and A3 are some positive constants depending on the coefficients and

h., and ¢' is some linear function with nonnegative coefficients. Now, define

(8= A mi i (8) 4 D m(t) + dami (1) + g (mH (), myTH(E), mi(1)) - (7-10)

and
mj(0) = (q(z;,9),y") . 1<J<N=1,120.
Using the comparison principle given in Section 6.1, we get

an

m! (t)Smfi(t), Vte[0,T],1<j<N;-1, nZ%(l+1).

We notice that ¢' is some linear function with nonnegative coefficients. Equation

(7.10) now becomes

mh(t) = &mi_ (t) + &mi(t) + &mi () + &mii(t) + & miTi(t),  (7.11)

where ¢, , ¢z, €3, &4 and & are some positive constants depending on the coefficients
and h,. Let M(t) = (M) be an (N; — 1) x (I + 1) matrix, with element M;,
being equal to mf(t). We may rewrite (7.11) in matrix form :7 M = A M for some
nonnegative matrix A. Then M(t) = e4! M(0).
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Thus

k _ . k
mi(t) < Gy, _max mH(0) = Ci_max_(q(z;,9),4*) < My, Yt € [0, T},

where 1 < j < N;—-1,n> (I +1)/2, and M, is some constant which depends on
h, the coefficients, the initial condition ¢ = gq(z,y), the time interval [0,T] and the
value of (.

Therefore, for each given I, we obtain that the set {m} (t) : n > Yl + 1)} is
uniformly bounded.

The proof of the equicontinuity is similar to the proof of Lemma 4 in section
6.3. O

Now, we know that {m/(t) : n > (I + 1)} is uniformly bounded and equicon-
tinuous in [0,T] for each { and j, following the same arguments as in Section 6.3,
first we will get the convergence of the Gauss-Galerkin approximation to the semi-
discrete approximation. Then if we combine this result with the convergence of the
semi-discrete approximation, we have the convergence of the Gauss-Galerkin/finite

difference approximation to the solution of equation (7.2).

8 Computational algorithms

We discuss here some methods for the solution of Gauss-Galerkin/finite difference

approximation.

8.1 Runge-Kutta and multi-step methods

The Gauss-Galerkin/finite difference approximation yields a system of 2n x (N, — 1)
ordinary differential equations for the n(/N, — 1) nodes and n(N, — 1) weights (see
equation (7.9)). Standard numerical methods such as Runge-Kutta and multi-step

methods may be used to solve such equations.

8.2 Predictor-corrector scheme via moments

Due to the special structure of the Gauss-Galerkin approximation and its close rela-
tionship with the Gauss quadrature and the moment problems, a alternative way of
solving the ordinary differential equation systems has been studied at least for the

one-dimensional problem. Here, we present some stability conditions which show why
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such a procedure is feasible and how it may be applied to two-dimensional cases as
well.

First we rewrite the Gauss-Galerkin/finite difference approximation at t = ¢; as

d c € : ¢ 25 £ .
Za(t) = (5 2Ima(0) = (7 4 3)ma () + 25mia(t)
v y v v y
+ 3 ak (1)(Lvi) (k1)) (8.1)

where L is defined as in (5.9). Note that vi(z) = ', 0 <1< 2n — 1. The moments
are defined by

m (1) =Y a5 (t)(z5a (1), YOS i< 1.
The proposed computational procedure is as follows:

1 Given {m! (t0)}25", compute {a¥,(to)} and {z£,(t0)}.

[SV]

Predict {m} ,(to + At)} for i = 0,1,...,2n — 1. Evaluate the right hand side
of (8.1) at ¢ = to and using the forward difference to approximate the time

derivative to predict {m},(to + At)} for i =0,1,...,2n — 1.

3 With {m} (to+At)} 5", compute the weights {a¥(to+At)} and nodes {zk(to+
At)}.

4 Evaluate the right hand side of (8.1) using the new moments {m} ,(to + At)},
weights {a*(to + At)} and nodes {z%(to + At)}. Find the new updates of
{m;-’n(to + At)} fori =0,1,...,2n - 1.

5 Repeat steps 3 and 4 above or march to the next time-step.

One may consider step 2 as a predictor and steps 3 and 4 as a corrector. Obviously,
the core of this procedure is in step 3. The actual implementation of step 3 can be
found in section 9.1 (see also [6]). Here we present the next theorem to substantiate

the given procedure.

Theorem 11 Given a set of positive weights {af’n(to)}L‘:l, a set of distinct nodes
{z¥.(to)}r=y in (0,1) and the corresponding moments {m} ,(to)}725", there ezists a

small enough At such that if {m (to + At) n>l are computed from step 2, then
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there ezists a set of positive weights {af'n(to + At)}3_,, and a set of distinct nodes
{2, (to + At)}p_, C (0,1) such that for any 0 <1< 2n —1,

m! (to+ At) =Y a¥, (to+ At)(z5,(to + A1)
k=1

Proof : Define m} ,(t) = 0 for any i > 2n.
We have
Afm! () >0, k1=0,1,2,...,

where A*m]_(t) is defined for each k from {m/(t)} by (5.17). So, if At is small
enough, by the continuity property we get

Afml (to+A)>0. k1=0,1.2,....

By the theorem on the Hausdorff moment problem, we obtain the existence of positive
weights {a%, (to + At)}7_, and distinct nodes {z¥, (to + At)}r_, C (0,1) such that

mi . (to+ At) = Y a¥, (to + At)(z¥(to+ At))', VO<i<2n-1.0
k=1

9 Implementation

In this section, we discuss various issues in the practical implementation of our
Gauss-Galerkin/finite difference algorithms. First of all, a general description of the
algorithm is given. Numerical results on a number of test problems are then pre-
sented. For the model test problem 1, we compare the numerical solution based on
the Gauss-Galerkin/finite difference method with that based on the conventional two-
dimensional finite difference method. It is demonstrated that the Gauss-Galerkin/finite
difference methods are superior to the two-dimensional finite difference methods in
achieving high accuracy. For test problem 2, the exact solution is known analytically.
This, therefore, allows us to compare the numerical solution with the exact solution.
For the third problem, a simple second order random linear oscillation problem is for-
mulated in terms of its Fokker-Planck equation and the partial differential equation is
solved by the Gauss-Galerkin/finite difference method. Graphics plots are provided

to show various behaviors of the exact solution and the numerical solution.
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9.1 Description of the algorithm

The Gauss-Galerkin/finite difference method uses finite difference method in the z
variable and Gauss-Galerkin in the y variable. Its implementation consists mainly of

the following features (see the appendix for a flow chart).

1 Initial condition

Use Simpson’s rule to get integrals for the moments of the initial condition.

2 Difference in the z-variable

At each time step, center difference is used in z variable.

3 Finding the associated symmetric tridiagonal matrix
An important step is to compute the inner product of the associated family
of orthogonal polynomials from the corresponding moments. This replies on
an expansion of the product of two polynomials in terms of a monomial. We
implement the procedure by the algorithm given in Figure 1, which is different

from the ones given in theses of Abrouk and HajJafar [1, 6].

4 Finding the weights and nodes
We use the following theorem [14] to get the weights and nodes from a tridiag-

onal matrix

Theorem 12 Let the polynomials {p;} be defined by the recursions

po(z) = 1,
pi+1(z) = (2= 8ip)pi(z) — Y2 piva(z) fori >0,

where p_,(z) =0 and

biv1 = (zpi, p)/(pis i)
{ 0 for 1 =0,
(pi,pi)/(piz1,Pic1)  for 12> 1.

2 —
Yigr T

-
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Algorithm to form the tridiagonal matrix:

Input: {m;,0<j<2n-1} : the moments
Output: {4;} : the diagonal elements,
{7,}: the off-diagonal elements.
Begin
Initialize
ag=0, Bo=0, =1, do = -4y,
ay =mg, B =my, & =0/a, d =1,
™M = (ma/mq) — (my/mo)®. az = §mg — 26,m,; + my,
B2 = 82my — 286ymy +my, 62 = B,/ a,.
For j=2:n-1, let
€ = —5jdo = Y;-1C0
For k=1:5-2, let
ek = dey — 6,dk —vj_10k
End for
ej-1=dj_a — 8;d;y, €;=djy,
041 = Tloo Thoo EkEMesiy
/3,+1 = Z{:o ZLO €kEMEkyitl,
6i+1 = Bjxt/ajp, v = ajn/e;.
For :=0:7+1, let
c,=d;, di=e;.
End for
End for
For j=1:n-1, let
Y =V
End for
End

Figure 1: Algorithm for the construction of the tridiagonal matrix.
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Let the matrix

(51 Y2 \
T2 b2 1

. . ‘yj
\ i 61

Then
(i). The roots x;, i = 1,...,n, of the n-th orthogonal polynomial p, are the

eigenvalues of the tridiagonal matriz J,.

(ii). Let v = (vii),...,vg))T be an eigenvector of J, for the ecigenvalue r,.
Suppose v*) is scaled in such a way that

(v(’))Tv(” = (po,po) = /b w(l‘)dl‘.

a

Then the weights are given by w; = (vi"){ 1=1,...,n.

5 Solving the system of ordinary differential equations
Predictor-corrector type methods are used to update the moments for the next

time step.

9.2 Model test problem 1
Numerical test is performed first for the following problem:
e = (y*(1 = y)’u)yy + b
with boundary conditions
u(r,0,t) = u(z,1,t) =0,

ur(0,y.t) = us(l,y,t) =0,

and initial condition

u(r,y,0) = wcosz(%f)sin(ny).

The purpose of this test is to show the superior convergence properties of the Gauss-

Galerkin approach, as compared with those of the conventional finite difference method.
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The Gauss-Galerkin/finite difference method uses finite difference in the z variable
and Gauss-Galerkin in the y variable. We use five grid points in the z direction while
three nodes in the y direction for each grid point in z. The locations of the nodes
(o, A, and ) corresponding to the grid point £ = 0.5 are plotted in Figure 2 and
the corresponding weights are given in Table 1. We can see that the nodes with
positive weights have clearly moved to the boundary of the interval. Similar behavior

is observed for all other grid points in z.

time || weights for o | weights for A | weights for »
0.0 0.298631 0.712243 0.298143
.05 0.289834 0.62341 0.28954
0.1 0.288038 0.561437 0.287862
45 0.309076 0.395482 0.309062
1.0 0.356011 0.288322 0.35601
2.0 0.411019 0.177964 0.411019
3.0 0.44199 0.11602 0.44199
4.0 0.46051 0.078981 0.46051
5.0 0.472101 0.055799 0.472101
6.0 0.479639 0.040723 0.479639
7.0 0.48471 0.030581 0.48471
8.0 0.488225 0.02355 0.488225
9.0 0.49073 0.018541 0.49073
10. 0.492558 0.014885 0.492558
12. 0.494962 0.010077 0.494962
14. 0.496402 0.007196 0.496402
16. 0.49732 0.00536 0.49732
18. 0.497936 0.004128 0.497936
20. 0.498367 0.003267 0.498367
25. 0.499004 0.001992 0.499004
30. 0.499324 0.001352 0.499324

Table 1: Gauss-Galerkin/finite difference solution: Three nodes in y direction. o, A,

and » are symbols for nodes. (see Figure 2)
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Gauss-Galerkin Nodes

Figure 2: Gauss-Galerkin/finite-difference solution: Movement of nodes to the bound-
ary 0.0 and 1.0 as t — oo.
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At time 30.0, the numerical solution is approaching steady state based on the
tolerance we have chosen. The solution becomes uniform in z while it approaches
zero in the interior and piles up at the boundary. The nodes and weights at the

steady state are given in Table 2 and they are the same for all grid points in z.

y-nodes || 0.006261 | 0.500000 | 0.993739
weights || 0.499324 | 0.001352 | 0.499324

Table 2: Gauss-Galerkin/finite difference solution: Three nodes in y direction.

In Table 3, the zero-th through the fifth order moments of the Gauss-Galerkin/finite
difference solution at the grid point z = 0.5 are given at various times.

Next, conventional two-dimensional finite difference methods in both directions
were implemented. In contrast to the high accuracy in estimating moments using
Gauss-Galerkin/finite difference methods, the standard finite difference method in
two dimensions suffers inaccuracy due to the piling up of solution near the boundary.
The related results are presented in Tables 4 and 5. Table 4 consists of the moments
computed using 20 grid points, while Table 5 consists of the moments computed using
40 grid points. In addition, the graphs for 20 grid points and 40 grid points at ¢t = 0.0
and t = 30.0 are shown in Figures 3 and 4.

By comparing the test results, we can see that Gauss-Galerkin/finite difference
methods have remarkably high accuracy, and they are much more suitable for solving
equations with degenerate diffusion coefficients than conventional two-dimensional fi-
nite difference methods. This is mainly because Gauss-Galerkin methods can capture

the Dirac-delta measure like singular behavior of the solution very efficiently.

9.3 Model test problem 2

Consider the second order Langevin equation:
T+2z=uw(t),
its corresponding Fokker-Planck equation is given as:
ue = —(yu)z + (2yu)y + %uw )
according to the previous sections.
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Time m0 ml m2 m3 m4 md
0.0 | 1.00000 | 0.50000 | 0.29736 | 0.19604 | 0.13846 | 0.10275
1.0 || 1.00000 | 0.50000 { 0.36224 | 0.29336 | 0.24855 | 0.21579
2.0 || 1.00000 | 0.50000 | 0.40020 | 0.35030 | 0.31524 | 0.28760
3.0 | 1.00000 | 0.50000 | 0.42430 | 0.38645 | 0.35832 | 0.33504
4.0 | 1.00000 | 0.50000 | 0.44043 | 0.41064 | 0.38752 | 0.36772
5.0 | 1.00000 | 0.50000 | 0.45168 | 0.42753 | 0.40811 | 0.39106
6.0 || 1.00000 | 0.50000 | 0.45982 | 0.43973 | 0.42313 | 0.40826
7.0 || 1.00000 | 0.50000 | 0.46589 | 0.44883 | 0.43440 | 0.42130
8.0 |{ 1.00000 | 0.50000 | 0.47053 | 0.45579 | 0.44310 | 0.43142
9.0 |f 1.00000 | 0.50000 | 0.47416 | 0.46124 | 0.44994 | 0.43945
10. || 1.00000 | 0.50000 | 0.47707 | 0.46560 | 0.45544 | 0.44593
11. || 1.00000 | 0.50000 | 0.47943 | 0.46915 | 0.45994 | 0.45126
12. | 1.00000 | 0.50000 | 0.48139 | 0.47208 | 0.46367 | 0.45570
13. || 1.00000 | 0.50000 | 0.48303 | 0.47454 | 0.46680 | 0.45944
14. || 1.00000 | 0.50000 | 0.48441 | 0.47662 | 0.46947 | 0.46264
15. || 1.00000 | 0.50000 | 0.48560 | 0.47841 | 0.47176 | 0.46539
16. || 1.00000 | 0.50000 | 0.48663 | 0.47995 | 0.47375 | 0.46779
17. | 1.00000 { 0.50000 | 0.48753 | 0.48130 | 0.47549 | 0.46989
18. | 1.00000 | 0.50000 | 0.48833 | 0.48249 | 0.47702 | 0.47174
19. | 1.00000 | 0.50000 | 0.48903 | 0.48354 | 0.47838 | 0.47339
20. || 1.00000 | 0.50000 | 0.48965 | 0.48448 | 0.47960 | 0.47487

Table 3: Gauss-Galerkin/finite difference solution: Three nodes in y direction.
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Time m0 ml m2 m3 m4 md
1.0 || 0.99796 | 0.49898 | 0.35708 | 0.28613 | 0.24091 | 0.20855
2.0 |/ 0.99794 | 0.49897 | 0.38500 | 0.32801 | 0.28930 | 0.25972
3.0 || 0.99794 | 0.49897 | 0.39766 | 0.34700 | 0.31127 | 0.28300
4.0 | 0.99794 | 0.49897 | 0.40338 | 0.35559 | 0.32121 | 0.29354
5.0 | 0.99794 | 0.49897 | 0.40598 | 0.35948 | 0.32571 | 0.29831
6.0 || 0.99794 | 0.49897 | 0.40715 | 0.36124 | 0.32775 | 0.30047
7.0 | 0.99794 | 0.49897 | 0.40768 | 0.36203 | 0.32867 | 0.30144
8.0 || 0.99794 | 0.49897 | 0.40792 | 0.36239 | 0.32908 | 0.30188
9.0 |{ 0.99794 | 0.49897 | 0.40803 | 0.36256 | 0.32927 | 0.30208
10. || 0.99794 | 0.49897 | 0.40808 | 0.36263 | 0.32936 | 0.30217
11. | 0.99794 | 0.49897 | 0.40810 | 0.36266 | 0.32940 | 0.30221
12. |1 0.99794 | 0.49897 | 0.40811 | 0.36268 | 0.32941 | 0.30223
13. |[ 0.99794 | 0.49897 | 0.40811 | 0.36269 | 0.32942 | 0.30224
14. | 0.99794 | 0.49897 | 0.40812 | 0.36269 | 0.32943 | 0.30225
15. | 0.99794 | 0.49897 | 0.40812 | 0.36269 | 0.32943 | 0.30225
16. [ 0.99794 | 0.49897 | 0.40812 | 0.36269 | 0.32943 | 0.30225
17. |1 0.99794 | 0.49897 | 0.40812 | 0.36269 | 0.32943 | 0.30225
18. | 0.99794 | 0.49897 | 0.40812 | 0.36269 | 0.32943 | 0.30225
19. | 0.99794 | 0.49897 | 0.40812 | 0.36269 | 0.32943 | 0.30225
20. |1 0.99794 | 0.49897 | 0.40812 | 0.36269 | 0.32943 | 0.30225

Table 4: Difference solution: 20 grid points in y direction.
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Time m0 ml m2 m3 m4 md
1.0 || 0.99949 | 0.49974 | 0.36190 | 0.29298 | 0.24936 | 0.21838
2.0 | 0.99949 | 0.49974 | 0.39755 | 0.34645 | 0.31214 | 0.28622
3.0 | 0.99949 | 0.49974 | 0.41728 | 0.37605 | 0.34705 | 0.32418
4.0 | 0.99949 | 0.49974 | 0.42820 | 0.39243 | 0.36640 | 0.34524
5.0 | 0.99949 | 0.49974 | 0.43424 | 0.40149 | 0.37710 | 0.35689
6.0 |/ 0.99949 | 0.49974 | 0.43759 | 0.40651 | 0.38303 | 0.36335
7.0 | 0.99949 | 0.49974 | 0.43944 | 0.40929 | 0.38631 | 0.36692
8.0 | 0.99949 | 0.49974 | 0.44047 | 0.41083 | 0.38813 | 0.36890
9.0 | 0.99949 | 0.49974 | 0.44103 | 0.41168 | 0.38913 | 0.36999
10. [ 0.99949 | 0.49974 | 0.44135 | 0.41215 | 0.38969 | 0.37060
11. || 0.99949 | 0.49974 | 0.44152 | 0.41241 | 0.39000 | 0.37093
12. [ 0.99949 | 0.49974 | 0.44162 | 0.41256 | 0.39017 | 0.37112
13. | 0.99949 | 0.49974 | 0.44167 | 0.41264 | 0.39026 | 0.37122
14. [ 0.99949 | 0.49974 | 0.44170 | 0.41268 | 0.39031 | 0.37128
15. || 0.99949 | 0.49974 | 0.44172 | 0.41270 | 0.39034 | 0.37131
16. [ 0.99949 | 0.49974 | 0.44173 | 0.41272 | 0.39036 | 0.37133
17. || 0.99949 | 0.49974 | 0.44173 | 0.41272 | 0.39037 | 0.37134
18. || 0.99949 | 0.49974 | 0.44173 | 0.41273 | 0.39037 | 0.37134
19. || 0.99949 | 0.49974 | 0.44174 | 0.41273 | 0.39038 | 0.37134
20. |} 0.99949 | 0.49974 | 0.44174 | 0.41273 | 0.39038 | 0.37135

Table 5: Difference solution: 40 grid points in y direction.
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Initial condition

Difference solution at t=30.0.

Figure 3: Difference solution at ¢ = 0.0 and 30.0: 20 grid points in y.
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Initial condition

=30.0.

Difference solution at t

Figure 4: Difference solution at ¢ = 0.0 and 30.0: 40 grid points in y.
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In this numerical test, we solve the following problem

1
ut=—wuh+way+§%y+ﬂsz)

where f is constructed in such a way that the exact solution to the above equation
can be formulated analytically as u(z,y,t) = X(z)e™¥"~t. If the interval for z is
chosen to be [—z;,z,], then X(z) is (z; — z)(z; + z). With the exact solution, one
can compare values of the exact moments with the numerical moments computed by
using the Gauss-Galerkin/finite difference method (finite difference method in the z
variable and Gauss-Galerkin in the y variable).

Numerical results are presented in Table 6 through Table 11. The zero-th to the
seventh order moments of the Gauss-Galerkin/finite difference solution for z = 0.0
are given in Tables 6 and 7. Their differences with the corresponding exact moments
are shown in Tables 8 and 9.

In Table 10, the maximum of the time difference, i.e. '"ﬂo‘o'”ﬁz_'"“(o‘o"), of the

numerical moments are given. This is used to determine if the solution is approaching
steady state. As the time reaches 13.056, the algorithms stops as the solution is near
steady state, based on the tolerance we have chosen.

At the steady state, as the weights approach zero, the distribution of the nodes
are given in Table 11. The symmetry of the nodal distribution with respect to the

origin is also a property of the exact solution. The nodes are almost equally spaced.

9.4 Model test problem 3

As in the previous problem, the Fokker-Planck equation corresponding to the second
order equation

P+ 25 = (1),

is known as:

1
ug = —(yu)z + (2yu), + §uw .
We may consider the initial condition

u(z,y,0) = 6(z)d(y) ,

where § is the Dirac-delta measure, or more generally, an initial density distribution

of the type:
u(xayvo) = Uo(l’,y)-
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Time m0 m1l m?2 m3
0.001 | 24.9875000 | 0.0000000 | 12.4937500 | 0.0000000
0.251 | 19.4590679 | 0.0000000 | 9.7295339 | 0.0000000
0.500 || 15.1613706 | 0.0000000 | 7.5806848 | 0.0000000
0.501 |[ 15.1537899 | 0.0000000 | 7.5768944 | 0.0000000
0.750 || 11.8010456 | 0.0000000 | 5.9005217 | 0.0000000
1.000 || 9.1900891 | 0.0000000 | 4.5950431 | 0.0000000
1.250 || 7.1568013 | 0.0000000 | 3.5783992 | 0.0000000
1.500 || 5.5733742 | 0.0000000 | 2.7866858 | 0.0000000
1.750 || 4.3402771 | 0.0000000 | 2.1701375 | 0.0000000
2.000 || 3.3800002 | 0.0000000 | 1.6899992 | 0.0000000
2.250 || 2.6321825 | 0.0000000 | 1.3160905 | 0.0000000
2.500 | 2.0508434 | 0.0000000 | 1.0254210 | 0.0000000
3.001 || 1.2431225 | 0.0000000 | 0.6215607 | 0.0000000
4.001 || 0.4572057 | 0.0000000 | 0.2286024 | 0.0000000
5.000 || 0.1681552 | 0.0000000 | 0.0840773 | 0.0000000
6.000 || 0.0618460 | 0.0000000 | 0.0309227 | 0.0000000
7.000 || 0.0227467 | 0.0000000 | 0.0113731 | 0.0000000
7.500 || 0.0138021 | 0.0000000 | 0.0069008 | 0.0000000
7.500 || 0.0137952 | 0.0000000 | 0.0068973 | 0.0000000
10.001 {f 0.0011322 | 0.0000000 | 0.0005659 | 0.0000000
12.501 || 0.0000933 | 0.0000000 | 0.0000465 | 0.0000000
13.056 || 0.0000537 | 0.0000000 | 0.0000267 | 0.0000000

Table 6: Gauss-Galerkin/finite difference solution: The values of numerical moments

of order zero to three along z = 0.0.
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Time m4 md m6 m7
0.001 || 18.7406250 | 0.0000000 | 46.8515625 | 0.0000000
0.251 || 14.5943008 | 0.0000000 | 36.4988288 | 0.0000000
0.500 || 11.3710262 | 0.0000000 | 28.4400844 | 0.0000000
0.501 |l 11.3653407 | 0.0000000 | 28.4258655 | 0.0000000
0.750 || 8.8507808 | 0.0000000 | 22.1368620 | 0.0000000
1.000 [ 6.8925628 | 0.0000000 | 17.2391339 | 0.0000000
1.250 || 5.3675972 | 0.0000000 | 13.4250108 | 0.0000000
1.500 || 4.1800274 | 0.0000000 | 10.4547550 | 0.0000000
1.750 || 3.2552051 | 0.0000000 | 8.1416623 | 0.0000000
2.000 || 2.5349978 | 0.0000000 | 6.3403366 | 0.0000000
2.250 || 1.9741349 | 0.0000000 | 4.9375505 | 0.0000000
2.500 || 1.5381308 | 0.0000000 | 3.8470514 | 0.0000000
3.001 || 0.9323406 | 0.0000000 | 2.3318964 | 0.0000000
4.001 || 0.3429033 | 0.0000000 | 0.8576424 | 0.0000000
5.000 || 0.1261156 | 0.0000000 | 0.3154303 | 0.0000000
6.000 | 0.0463839 | 0.0000000 { 0.1160114 | 0.0000000
7.000 {| 0.0170595 | 0.0000000 | 0.0426676 | 0.0000000
7.500 || 0.0103510 | 0.0000000 | 0.0258890 | 0.0000000
7.500 || 0.0103459 | 0.0000000 | 0.0258761 | 0.0000000
10.001 || 0.0008488 | 0.0000000 [ 0.0021228 | 0.0000000
12.501 || 0.0000697 | 0.0000000 | 0.0001742 | 0.0000000
13.056 || 0.0000400 | 0.0000000 | 0.0001000 | 0.0000000

Table 7: Gauss-Galerkin/finite difference solution: The values of numerical moments

of order four to seven along z = 0.0.
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Time m0 ml m2 m3

0.001 | 0.0000000 | 0.0000000 | 0.0000000 | 0.0000000
0.251 | 0.0000000 | 0.0000000 | 0.0000000 | 0.0000000
0.500 | 0.0000000 | 0.0000000 | -0.0000005 | 0.0000000
0.501 | 0.0000000 | 0.0000000 | -0.0000005 | 0.0000000
0.750 || 0.0000000 | 0.0000000 | -0.0000011 | 0.0000000
1.000 | 0.0000001 | 0.0000000 | -0.0000014 | 0.0000000
1.250 || 0.0000003 | 0.0000000 | -0.0000013 { 0.0000000
1.500 | 0.0000005 | 0.0000000 | -0.0000011 | 0.0000000
1.750 || 0.0000006 | 0.0000000 | -0.0000008 | 0.0000000
2.000 | 0.0000008 | 0.0000000 | -0.0000005 | 0.0000000
2.250 | 0.0000009 | 0.0000000 | -0.0000003 | 0.0000000
2.500 || 0.0000010 { 0.0000000 { -0.0000002 | 0.0000000
3.001 | 0.0000011 | 0.0000000 | 0.0000000 | 0.0000000
4.001 | 0.0000012 | 0.0000000 { 0.0000002 | 0.0000000
5.000 {| 0.0000011 | 0.0000000 | 0.0000002 | 0.0000000
6.000 || 0.0000010 | 0.0000000 | 0.0000002 | 0.0000000
7.000 || 0.0000009 | 0.0000000 | 0.0000002 | 0.0000000
7.500 || 0.0000009 | 0.0000000 | 0.0000002 | 0.0000000
7.500 || 0.0000009 | 0.0000000 | 0.0000002 | 0.0000000
10.001 || 0.0000006 | 0.0000000 | 0.0000001 | 0.0000000
12.501 {| 0.0000004 | 0.0000000 | 0.0000001 | 0.0000000
13.056 || 0.0000004 | 0.0000000 | 0.0000001 { 0.0000000

Table 8: Gauss-Galerkin/finite difference solution: At z = 0.0, difference between

numerical moments and exact moments of order zero to three.

65




Time m4 md m6 m7

0.001 || 0.0000000 | 0.0000000 { 0.0000000 | 0.0000000
0.251 |{{ -0.0000002 | 0.0000000 | 0.0130764 | 0.0000000
0.500 || -0.0000017 | 0.0000000 | 0.0125145 | 0.0000000
0.501 | -0.0000017 | 0.0000000 | 0.0125094 | 0.0000000
0.750 || -0.0000034 | 0.0000000 | 0.0099015 | 0.0000000
1.000 | -0.0000039 | 0.0000000 | 0.0077171 | 0.0000000
1.250 | -0.0000036 | 0.0000000 | 0.0060089 | 0.0000000
1.500 || -0.0000029 | 0.0000000 | 0.0046791 | 0.0000000
1.750 {f -0.0000023 | 0.0000000 | 0.0036439 | 0.0000000
2.000 {{ -0.0000017 | 0.0000000 | 0.0028377 | 0.0000000
2.250 |{ -0.0000013 | 0.0000000 | 0.0022100 | 0.0000000
2.500 || -0.0000009 | 0.0000000 | 0.0017219 | 0.0000000
3.001 |{ -0.0000005 | 0.0000000 | 0.0010439 | 0.0000000
4.001 [ 0.0000000 | 0.0000000 | 0.0003841 | 0.0000000
5.000 [{ 0.0000001 | 0.0000000 | 0.0001414 | 0.0000000
6.000 || 0.0000001 | 0.0000000 | 0.0000521 | 0.0000000
7.000 || 0.0000001 | 0.0000000 | 0.0000193 | 0.0000000
7.500 || 0.0000001 | 0.0000000 | 0.0000118 | 0.0000000
7.500 {f 0.0000001 | 0.0000000 | 0.0000117 | 0.0000000
10.001 || 0.0000001 | 0.0000000 | 0.0000011 | 0.0000000
12.501 || 0.0000001 | 0.0000000 | 0.0000002 | 0.0000000
13.056 {| 0.0000001 | 0.0000000 | 0.0000002 | 0.0000000

Table 9: Gauss-Galerkin/finite difference solution: At z = 0.0, difference between

numerical moments and exact moments of order four to seven.

66




TIME || Maximum of the time difference of moments
0.0005 46.875000000000
0.2505 36.487705858505
0.5005 28.437777611792
0.7505 22.147816506532
1.0005 17.247759848566
1.2505 13.431729474020
1.5005 10.459985598491
1.7505 8.1457350166581
2.0005 6.3435080228516
2.2505 4.9400201311993
3.0005 2.3330626924851
4.0005 0.8580712150043
5.0005 0.3155878452433
6.0005 0.1160692655025
7.0005 4.268883345D-02
7.50045 2.588885695D-02
10.0005 2.123773380D-03
12.5005 1.742318613D-04

Table 10: Gauss-Galerkin/finite difference: Maximum of the time-difference of the

numerical moments.

y-nodes || -1.65040 | -0.52387 | 0.52387 | 1.65040

Table 11: Gauss-Galerkin/finite difference solution: At z = 0.0, there are four nodes

in the y-direction.
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is considered. When the initial condition is the Dirac-delta measure, the exact solution
(referred to as p(z,y,t)) which is given by

-20 (_‘2,“4'0 tp2_ y+2.0 20t y-e"°‘:y-o425 y2+¢2.0t y2—0.75 40t l’2“*4‘0 t, v:)
0.5e —1.0420e2 0408 ¢4 401,

73/—=0.0625 — 0.0625¢-40t + 0.125¢-20¢ + 0.0625¢ — 0.0625 te—40¢ '

is plotted for various times in Figure 5. The moment functions are given in Figure 6.

p(r,y,t) =

The initial condition we choose is of the form
1 .
uo(z,y) = ﬁe ‘S(y)-

The exact solution (referred as g(z,y,t), which equals p o ug.) is plotted for various
times in Figures 7, 8 and 9.

To apply the Gauss-Galerkin/finite difference method, we use the Gauss-Galerkin
approximation in the the y direction while using the finite difference approximation
in the z direction. As the initial condition is a singular measure, the conditions of our
convergence theorems do not apply. Thus, we choose a smooth/regularized condition
to be the initial condition in the approximation. One such smoothing is given simply

by solving for the exact solution up to time t = 0.1, which is

g(z,y,0.1) = 0.78394¢0-999837+0.099652y-6.06897y?

and then applying the Gauss-Galerkin/finite difference method. Given z, the zero-
th through the fifth order moments of the exact solution in the y direction have
simple analytic forms which are used to prescribe the initial approximations for the
Gauss-Galerkin method.

Let

Man(z,t) = /_oo y"g(z,y,t)dy.
It follows from the differential equation that
o )
—M, = "a.d
* n n n 1 n
= /_oo (—y g +2y" g, +2y"g + oY gw) dy

0 [~ . o n(n—=1) o _
= y"tgdy — 2n : ygdy+¥/_ y"gdy

"0z J-o
= O M —2am, + D
oz 2

This system of equations cannot be solved recursively through analytic approach

for general initial conditions. However, some interesting properties of the moments
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p(x,y,0.05)

p(x,y,0.01)

p(x,y,0.2)

plx,y,0.1)

P(x,y,1.0)

p(x,y,0.5)

-delta initial condition.

ion with the Dirac

Figure 5: Exact solut
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Oth moment at t
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2nd moment at t
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3rd moment at t
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0.1 in y-direction.

Figure 6: Exact moments with

0.05 .1

the Dirac-delta initial condition.
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may be observed algebraically in the following and graphically in Figure 10 through
Figure 13.
If the initial condition is an even function in z, then the even order moments

remain even in z while the odd order moments remain odd for any positive ¢t. Thus,

%Mu(o, =0

and

M2"+1(0,t) =0.

The equation is given in the whole space. In theory, it can be transformed into an
equation defined in a finite region as discussed in the previous sections. However, for
practical numerical purposes, we choose to restrict the equations to a finite interval in
the y-direction so that finite difference approximation in y can be made. Additional
boundary condition has to be implemented as a cut-off of the solution defined in the
whole space. Given any finite positive time, the exact solution decays at infinity.
Thus, setting the solution to be zero for large values of z would be a reasonable
approximation. Naturally, the accuracy of our numerical scheme is largely affected
by the cut-off interval that we pick for z. This will be explained later through graphic
display.

Given a grid in the z-direction, we typically choose two to three nodes in the
y-direction for each z grid point. The length of the cut-off interval in z ranges from
[-2,2] to [—6,6] and the number of grid points in z ranges from 20 to 60. The time
step-size is often between 10~ to 102 and the length of time interval is on the order
of 1 to 20.

The graphs of the exact and numerical moments as functions of z are given in
Figures 10-13. In Figure 10, the moments are computed on the interval z € [—2.0,2.0]
at t = 5.21. For the same value of t, the moments computed on the interval
r € [—4.0,4.0] are given in Figure 11. By comparing the exact solution with the
numerical solutions, we see that the larger the cut-off interval is, the numerical solu-
tion will remain a good approximation over a longer time interval. Similar pictures
for moments computed on the interval z € [—4.0,4.0] and the interval z € [—6.0,6.0]
at t = 12.0 are given in Figures 12 and 13, which substantiate the above claim. This
is intuitively clear as demonstrated by the graphs of the exact solution.

Finally, the zero-th order exact moments, numerical moments and the errors at

t = 12 with 40 grid points in z and two nodes in y are presented in Tables 12 and 13.
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g(x,y,0.1), x in [-2.0, 2.0)

Figure 7: Exact solution for ¢ = 0.1.
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g(x,y,5.21), x in [-2.0, 2.0]

g(x,y,5.21), x in [-4.0, 4.0]

Figure 8: Exact solution for t = 5.21.
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gl(x,y,12.0), x in [-4.0, 4.0]

g(x,y,12.0), x in [-6.0, 6.0]

Figure 9: Exact solution for t = 12.0.
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Figure 10: Comparison of the moments when ¢t = 5.21,z € [-2.0,2.0].



Exact Oth moment at t=5.21
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Figure 11: Comparison of the moments when t = 5.21,z € [—4.0,4.0].



Exact Oth moment at t=12.0

Numerical Oth moment at t=12.0
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Figure 12: Comparison of the moments when ¢t = 12.0,z € [—4.0,4.0].
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Exact Oth moment at t=12.0 Numerical Oth moment at t=12.0
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Figure 13: Comparison of the moments when t = 12.0,z € [-6.0,6.0].



z

exact moments

numer. moments

error

-4,
-3.8
-3.6
34
-3.2
-3.
2.8
-2.6
2.4
-2.2
-2.
-1.8
-1.6
14
1.2
1.
-0.8
-0.6
0.4
-0.2

0.01958709263951136
0.02478757472874219
0.03099229840377004
0.03828505035179119
0.04672618773768949
0.05634393338340611
0.06712583040039726
0.07901105596761341
0.0918843928912383
0.1055726258102865
0.1198440800758245
0.1344118436157715
0.1489409704215598
0.1630596514241039
0.1763739857375736
0.1884856268586013
0.1990112541285562
0.2076025693122749
0.213965375825513
0.2178762877388823

0.
0.04014208886942286
0.01934606081985256
0.04738628312217605
0.04024364299446147
0.06157565114840212
0.06380420000341576

0.0819711045936535
0.0903606037010086
0.1072242303532511
0.1192245427953118
0.1352757364472455
0.1486639552648338
0.1633949452912657
0.1761117785044321
0.1884167533216087
0.1986229428879876
0.2072437597245973
0.2134385613519516
0.2173596789576086

0.01958709263951136
-0.01535451414068067
0.01164623758391748
-0.00910123277038436
0.006482544743228021
-0.005231717259996015
0.003321630396981495
-0.002960048626040101
0.001523789190229691
-0.001651604542964605
0.0006195372805126582
-0.000863892831474034
0.0002770151567260681
-0.0003352938671617733
0.0002622072331415204
0.00006887353699266963
0.0003883112405686506
0.0003588095876776165
0.0005268144735613712
0.0005166087812737419

Table 12: At ¢t = 12.0, the zero-th order exact, numerical moments and the errors.

(z=-4.0-—-02)
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exact moments

numer. moments

error

0.2
0.4
0.6
0.8

1.2
1.4
1.6
1.8

2.2
24
2.6
2.8

3.2
3.4
3.6
3.8

0.219195746475355
0.2178762877388823
0.213965375825513
0.2076025693122749
0.1990112541285562
0.1884856268586013
0.1763739857375736
0.1630596514241039
0.1489409704215598
0.1344118436157715
0.1198440800758245
0.1055726258102865
0.0918843928912383
0.07901105596761341
0.06712583040039726
0.05634393388840611
0.04672618773768949
0.03828505035179119
0.03099229840377004
0.02478757472874219
0.01958709263951136

0.2186121798330846
0.2173596789576086
0.2134385613519516
0.2072437597245973
0.1986229428879876
0.1884167533216087
0.1761117785044321
0.1633949452912657
0.1486639552648338
0.1352757364472455
0.1192245427953118
0.1072242303532511
0.0903606037010086
0.0819711045936535
0.06330420000341576
0.06157565114840212
0.04024364299446147
0.04738628312217605
0.01934606081985256
0.04014208886942286
0.

0.0005835666422704112
0.0005166087812737419
0.0005268144735613712
0.0003588095876776165
0.0003883112405686506
0.00006887353699266963
0.0002622072331415204
-0.0003352938671617733
0.0002770151567260681
-0.000863892831474034
0.0006195372805126582
-0.001651604542964605
0.001523789190229691
-0.002960048626040101
0.003321630396981495
-0.005231717259996015
0.006482544743228021
-0.00910123277038486
0.01164623758391748
-0.01535451414068067
0.01958709263951136

Table 13: At ¢t = 12.0, the zero-th order exact, numerical moments and the errors.
(z=0.0-4.0)
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10 Discussions and Concluding Remarks

In the previous sections, we have developed, analyzed and implemented the Gauss-
Galerkin/finite difference method for two-dimensional Fokker-Planck equations. The-
oretical analysis suggests that the method is applicable to a wide range of equations
arising in nonlinear oscillations. Numerical tests show that the method is practical
and very accurate especially in dealing with solutions that exhibit é-measure like
singularities.

A number of important and interesting issues remain to be studied in the future.
Among them, there are various theoretical questions concerning the properties of
two-dimensional Fokker-Planck equations, and the Gauss-Galerkin/finite difference
approximation such as if the solutions develop singularity and if the Gauss-Galerkin
nodes would collide into each other in finite time. On the numerical aspect, we have
only presented one possible approach to the two-dimensional Fokker-Planck equations.

In the following, we remark on some other alternatives.

10.1 Possible generalization of Gauss-Galerkin methods

The Gauss-Galerkin/finite difference method we have analyzed and implemented
takes a fixed given direction to apply the difference approximation and another fixed
direction to apply the Gauss-Galerkin approximation. For some problems, the so-
lution might pile up in both directions, generalization of two-dimensional Gauss-
Galerkin methods might be very attractive. It could be performed by introducing
the alternating direction approach, i.e., at a given time step, if the Gauss-Galerkin
method is applied in the z-direction, then, it is applied in the y-direction at the next

time step.

10.2 Simulation of nonlinear oscillation model

The test problems we have studied are limited to the Fokker-Planck equations asso-
ciated with the linear oscillation models of which the behavior of the exact solutions
are more or less clear. The code, however, is written in a general form that allows to
have variable coefficients and thus applicable to the Fokker-Planck equations associ-
ated with the nonlinear oscillation models. Test problems for nonlinear oscillation
problems and comparison of this method with other numerical methods will be carried

out in the future.
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10.3 Other applications

Stochastic equations and their Fokker-Planck equations appear often in other ap-
plications such as population genetics and mathematical finance. It remains to be

explored in the future that how should Gauss-Galerkin methods be applied in those

exciting new areas.
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Appendix

INPUT
Simpson’s rule [lnldal moments ) (Dﬂl processing
Mathematica | " | nf%at)=m(0)

LAPACK
dsterf

v

Backward
. | substitution

Update
OUTP!
t+Aty= = e+ M)]

Weights Evaluate RHS [}
Nodes of ODE system on
- :, Y F( ; :) — [m a-o- A)y=m(t)+2 F J

OUTPUT

Figure 14: Flow chart for Gauss-Galerkin/finite difference method.
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