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ABSTRACT

APPLICATIONS OF PLAY AGAINST PAST STRATEGIES IN
REPETITIONS OF A GAME

By

Lei Chen

Hannan [17] introduced and studied certain recursive “play against past” strategies
in the repeated play of a game. His results include bounds on the excess of total risk
to player II over an envelope risk, namely, that which results from use of the best
simple strategy based on knowledge of player I's empirical distribution of past choices.

This thesis investigates the Hannan results for finite games and extends their
applications to certain infinite games. This is accomplished in Chapter 2 by showing
that the Hannan bounds hold for play against random perturbations of the empirical
distribution of player I's past choices of randomized strategies and by identifying pure
strategies in the infinite games with randomized strategies in a companion finite game.
Chapter 3 uses this idea to show that the Hannan recursive strategies and resulting
bounds have applications in the repeated play of certain allocation and nonadversarial
multi-arm bandit problems.

Another application concerns the repeated play of an expert selection problem.
Chapter 4 contains a review of some of the literature for this problem. In this com-
ponent game, player II selects an expert from a set of experts for a prediction and
suffers loss equal to the prediction error. In repeated play, the envelope risk is the
total of the prediction errors by the best individual expert. For a set of n = 2 ex-
perts, Foster and Vohra [13] proposed a recursive strategy and showed that it results
in average prediction error close to that of the best individual expert in the limit.
Chapter 4 shows that their strategy is an example of a Hannan strategy and that the
adaptation of Hannan to infinite games establishes a slightly stronger version of their
asymptotic result. Moreover, this approach provides an immediate solution for the

case of n experts.
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Chapter 1

Introduction

1.1 Introduction

There is current interest in a variety of problems that involve repetitions of a decision
problem. Examples are on-line allocation problems, multi-armed bandit problems
and expert selection problems. Hannan [17] developed recursive strategies for player
II in the repeated play of a game. Our concern is the adaptation of the Hannan [17]
finite game results for certain infinite games, including the aforementioned.

Prediction by combining expert advice has extensive applications. According to
Clemen [8]’s review, it has been applied not only to meteorology and economics, but
also to the prediction of social and technological events, football game outcomes,
electrical demand, tourism, political risk and population, etc.. Clemen [8] gave an
extensive survey of methods for combining forecasts. Most of these conventional
methods for combining forecasts involve taking a weighted average of individual fore-
casts and can be viewed within a regression framework. Regression techniques, such
as weighted least squares, robust-weighting techniques, ridge regression, latent root
regression, have been used in combining forecast. Bayesian techniques for includ-
ing prior information in a forecast combination have been studied by Clemen and
Winkler [10], Clemen and Guerard [9]and Anadalingam and Chen [1]. Most of these
approaches require that the probability distribution of the event being forecasted be
specified.



In computer science, predicting a binary sequence by combining the predictions
of a set of experts has been studied by Cesa-Bianchi et al.[7], Foster [12], Freund [14],
Littlestone and Warmuth [23], Vovk [27][28] etc.. Haussler, Kivinen and Warmuth [18]
also provided prediction strategies for continuous-valued outcomes using expert advice
for certain classes of loss functions. Their strategies are based on the exponential
weight algorithm introduced by Littlestone and Warmuth [23] and by Vovk [27]. None
of their strategies requires statistical assumptions be made about the decision-maker’s
subjective beliefs regarding the distribution of outcomes. They proved bounds on the
difference between the average loss of their strategies and the average loss of the best
expert. The average loss of their strategies will approach that of the average loss of
the best expert at a certain rate as the length of outcome sequence T goes to oco.

Foster and Vohra [13] studied the problem of choosing a prediction from two
experts. Assume that the prediction loss is bounded and that the decision-maker has
the knowledge of the past losses incurred by the two experts. They constructed a
randomized strategy for the decision-maker and indicated that the difference between
the average loss of the decision-maker and the minimum average loss of the two
experts goes to 0 in probability as the number of trials T' goes to oco.

By connecting the Foster and Vohra [13] randomized strategy with game theory
results studied by Hannan [17], we verify that the Foster and Vohra [13] randomized
strategy is a special case of Hannan's strategy for player II in a finite two-person game,
that is, it plays Bayes versus a randomized perturbation of the arithmetic mean of
player I's past randomized strategies. The minimum average loss of the two experts
is the Bayes envelope, denoted by ¢(%XT), where XT is the sum of player I's past
randomized strategies.

We also consider the prediction problem in which there are n experts. Based on
game theory results, we construct randomized strategies for the decision-maker such
that the difference between the average loss of the decision-maker and the average
loss of the best expert goes to 0 in probability as the number of trials T goes to oo.

In the compound decision problem, the extended envelopes, introduced by Johns

[21], is a lower envelope than the simple Bayes envelope. The extended sequence



compound decision problem has been studied by Swain [25], Gilliland and Hannan
[16], Ballard [3], Ballard, Gilliland and Hannan [5] and Ballard and Gilliland [4].
Vardeman [26] studied the k-extended problem in a game theoretic situation. He
constructed randomized strategies with risk approaching the k-extended envelope at
the rate of O(T~'/?).

If the loss of the experts have some dependency, then we can use Vardeman [26)’s
idea to construct k-extended randomized strategies for the decision-maker such that

the average loss of the decision-maker approaches a lower envelope.

1.2 Summary

This dissertation connects game theory, the on-line allocation model, the multi-armed
bandit problem and the on-line prediction problem using expert advice. It is organized
as follows.

In Chapter 2, following Hannan [17], we present notations, useful lemmas and the-
orems for a finite two-person game. We also extend the results of recursive strategies
to an infinite game.

In Chapter 3, we introduce two algorithms, Algorithm H and Algorithm H, based
on Theorem 2.3.2. In the on-line allocation model, if the allocation agent uses Al-
gorithm H, then the difference between the expected average loss of the allocation
agent and the average loss of the best strategy converges to 0 at the rate of O(T~'/?).
In the multi-armed bandit problem if the player applies Algorithm H, then the differ-
ence between the expected average reward of the player and the expected maximum
average reward of any arm in a sequence of T trials will go to 0 at the rate of O(T~'/2).

In Chapter 4, Sections 4.2 and 4.5.1 contain a general review of the most relevant
literature for the on-line prediction problem using expert advice and the k-extended
idea. In Section 4.3, we present a proof of Theorem 1 of Foster and Vohra [13] using
Theorem 2.3.3. In Section 4.4, Theorem 2.3.4 is used to generalize the problem studied
by Foster and Vohra [13] to the case in which the choice is among n experts. Without

any statistical assumption about the distribution of the sequence being predicted,



if the prediction loss is bounded, then we can construct a randomized strategy for
the decision-maker such that the difference between the average loss of the decision-
maker and the average loss of the best expert converges to 0 in probability at the
rate of O(T~'/2). In Section 4.5, we use the Vardeman [26] technique to construct
k-extended prediction strategies when the decision-maker has the knowledge of the
predictions made by n experts. If the loss of the experts takes values in a finite set
with cardinality g, then using the k-extended prediction strategy the average loss of
the decision-maker will approach the k-extended envelope in probability at the rate

of O(g™*~1T-1/2) uniformly in outcome sequences.



Chapter 2

Strategies for repeated play of a

game

2.1 Preliminaries

2.1.1 The finite component game

Consider a finite two-person game in which players I and II have, respectively, m and

n pure strategies. Their spaces of randomized strategies are denoted by X and Y,

m
X = {I: (.'131,1'2,...,18,,.)'2:'- Z O,Zzi = 1},
1

n
Y={y=0nv k203 u=1}
1

and their pure strategies are represented by base vectors € and é in X and Y, that
is, the degenerate probability distributions.
Notations. For m-vectors, we use juxtaposition to indicate inner product, that is,

ab = Y-T" a;b;, and we define the norms

m
la| = max |a;| and |la]| = 3_|ail.
1



Player II's inutility is denoted by a loss matrix A,

a;y -+ Qin A
A= P = : = (A},---,A").
Am1 *** Gmn An

It is assumed throughout the thesis that A has no dominant column, i.e., for each j
m(a.x(eA" — mined") > 0, (2.1)

and no duplicate and dominated columns.
Notations. Let
AT =A7-A", 1<¢g<r<n.

The expectation of the loss when player I or player II uses a randomized strategy
is R(z,y) = zAy, and we will refer to it as risk. From the risk point of view, this
game is identical with the s-game in which player II's pure strategies are m-vectors
in the set of columns of A, {A!,..., A"}, and player II’s randomized strategies s are

m-vectors in the convex hull of the columns of A,
se€eS={AylyeY}.

For each z € X, the vector inner product zs is the Bayes risk of s against z. The

Bayes envelope is defined as

o(z) = mmxs = mm"z:AJ z € X.

A pure strategy valued Bayes response is a function o(-) on X into {A!,..., A"}

where for each z,

zo(z) = ¢(z).
Note that ¢(-) is uniquely defined and o(-) is not unless, for each z, zo is minimized
by a unique o. It is useful to extend the domain of ¢(-) and any given o(:) to the
nonnegative orthant of m-space as follows. For w € [0, 00)™, let

d(w) = mipws = _min wA7,
ij=1l.n



and o(0) = arbitrary and
o(w) = a(w/||wll) if w#0.

It is follows that o(-) is positive homogeneous of order zero, that is, o(kw) = o(w)
for all w € [0,00)™ and constants k > 0.
Notations. In all of the following, o(-) will denote a pure strategy valued, positive,
homogeneous Bayes response defined on [0, 00)™; also, following Hannan [17, p. 102],
we let
|B| = sup lo(z) — o(2')| = max |AT], (2.2)

where the last equality follows from the fact that A has no dominated columns.

A strategy s € S may be evaluated for each z € X in terms of the additional risk

above the Bayes envelope risk ¢(z), that is s — ¢(z). This excess is called the regret

of s at z.

2.1.2 The repeated game

This section considers repeated play of the component game and the evaluation of
recursive strategies in terms of their excess total risk over ¢ evaluated at the (non-
normalized) empirical distribution of player I's choices.

Suppose the component game is played repeatedly with ¢! and o' denoting the
choices of pure strategies by player I and II, respectively, at timet=1,2,...,T. We

suppress the display of dependence on T in writing

e=(e,...,€e7) and g = (d,...,07).

The total loss across the first T plays of the game is
T

RT(¢,0) =Y €'d".
1

If player II uses the same component strategy o at each time t, that is, ¢ = (o,

..., 0), then we write ¢ = 0T and note that

T
RT(e,0") =) éo=ETo
1



where ET = YT ¢'. (Hannan [17, p. 107] calls such g power strategies.) Note that
R7(e,0™) 2 ¢(ET)

with equality if 0 = g(ET). We will sometimes refer to the sum E7 as the empirical
distribution of player I's choices of pure strategies through time T'.

The envelope risk ¢(ET) is the minimum total risk to player II resulting from the
use of a power strategy across the first T plays of the game. If player II knows ET in
advance, then the power strategy with kernel o(ET) achieves the envelope risk.

Hannan [17] refers to the excess risk
R'(e,2) - $(ET)

as the modified regret of g at ¢. He develops bounds for the modified regret of
recursive strategies g, with o a function of E*~! and possible randomization. These
bounds are O(T"/2) uniformly in ¢ for finite component games.

Since we make extensive use of the Hannan [17] notations and results, it is conve-
nient to state some of these for future reference. We let H¢, ¢t =0, 1,... be a sequence
of numbers satisfying,

0<H'<H'<H*Z--.. Hleﬁf— -I-{;

22 (2.3)

Let u be a probability measure on the unit m-cube [0,1]™. z ~ u provides the arti-

ficial randomization in the Hannan recursive strategies and is such that the induced

distribution on
2AT = z(AT- A")

satisfies a Lipschitz condition. Specifically, there exists a constant L > 0 such that
pl{z|t1 < zAT[|AT| <t} S L(t2 — 1) for allg <1t < ts. (2.4)

Also 0 := E,||z||. When p is the uniform distribution on [0,1]™, § = m/2 and we
take L = 1.



Hannan [17, Theorem 3] showed that with the component game defined earlier, if
(2.3) and (2.4) hold, then for each T and ¢,

T
—HT0|B| < Y €eE,o0(E'"™ + H"'2) — ¢(ET) (2.5)
1
2 T 2 T
< HT L) o P S :
< HTOBI+ LIS 3 - ToIB 29)

where |B| is defined in (2.2).
Denote the right hand side of (2.6) by UT. For fixed u, Hannan [17, Section 7]

showed that when T is known in advance to player II, then
H' = (Ln?/40)'/?T"?, t =1,...,T,

minimizes supy T-2UT. When T is unknown to player II and p is the uniform

distribution, then Hannan [17, Theorem 4] proved that for all T and ¢,
Ht = (3n?/2m)Y%'2, t=1,2,...,

minimizes sup; T~'/2U7, and that

—y/3n2mT/8|B| < ie‘Eﬂa(E"l-i-‘/é%—l)z)—d)(ET) < y/3n*mT/2|B|, (2.7)
1

Hannan [17, Theorem 6] produced bounds which are a uniform improvement of those

in (2.7). He showed that

—V1.5mT|B| < ie‘E’,,a(E"l + V G—(tn:—l)z) - ¢(ET) < V6mT)B|. (2.8)

2.1.3 The k-extended gamé

Consider the above two-person game. Player I has m pure strategies and player II
has n pure strategies and the loss matrix A satisfies (2.1). Let X and Y be the set
of player I and II’s randomized strategies, respectively.

Denote S = {Ay|y € Y}. For z € X and s € S, zs is the risk of player II
choosing strategy s against z.

Suppose that this game occurs repeatedly. At each time ¢, let z* represent player

I’s move, and z!, ..., z'~! are known to player II before he makes his move at time ¢.
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Let 8 = (s, 82, - .., 8T) be such that s, is a function from X*~! into S. For x*~! =
z!,...,zt1), the risk of sequence strategy s is
gy
T
3 ztsy(x). (2.9)
t=1

When s = (s, s,...,s) for a fixed s € S, the risk (2.9) becomes
T T
Y zts = (Y z*)s = XTs,
t=1 t=1

where X7 is the sum of the randomized strategies of player I through time T. The

definitions of Bayes response and Bayes envelope imply that
#(XT) = XTo(XT).
Let S* be a set of functions from X*~! into S. Let
X' = (R g,

If we consider 8 = (s*, s*,...,s*) for a fixed s* € S*, then the risk (2.9) for such an s
reduces to Y7, zts*(x**~!). We term

T
min Y z's*(x

tt—l)
8*€S* =1

a k-extended envelope.

We use Vardeman [26] ’s I'* notation to define set S C [0, oo)'". of the form
S={se R"|(z**' @z 2 ® -.-®1')5 = z's*(x**""), for some s* € S* },
where mF-vector 2! ¥t @ 2t ¥*2 ® ...® z' is given by
(" ez - @14, €{l,...,m}, i=1,...,k),

and

k
- - t —k+i
(xt k+1 ® It k+2 ® e ®x )jl,_,jk — Hx‘ k+!.
i=1

Let 6(w) denote a positive homogeneous minimizer of w3. Denote

T
X’Ik" — Zzt—k"'l ® xt—k+2 ® e ® xt.
t=1
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Then

T
min ) zfs*(x
8°€S* t=1

.t—l)

T
— mip z(xt—k-!-l ® zt—k+2 - ® 1")5
€S =)

= min X£35
ies

= Xt5(XE).
For w € R™, define ¢*(w) = w&(w). Thus the k-extended envelope is

¢*(X7) = X15(X7)-

2.2 Lemmas

For later application, we determine the behavior of the Hannan recursive strategy
when player I's choices are randomized strategies z* and o(E*~! + H*~!2) is replaced
by o(X*! + H*'z), where X° =0 and

For this purpose we reinterpret lemmas from Hannan [17] with ' replaced by z*.

Remark 2.2.1 Lemma 2.2.1 below will be an important tool in the proof of Theorems
2.3.1 and 2.3.3. Hannan [17] used it in the proof of (2.5) and (2.6).

Lemma 2.2.1 Let v',t =1,...,T be any sequence of m-vectors. It follows that
T T T
Eztvt = XT,UT-H + EXt—l(,Ut _ v¢+1) + zzt(vt _ ‘UH'I).
1 1 1
Proof.
T T
XT,vT+l + Ext-—l(,vt _ ,vt+l) + Ezt(vt _ vt+l)
1 1
T

T T T
= XT,UT+1 + th-lvt _ th-—lvﬁ-l + zztvt _ zztvt+l
1 1 1 1
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-
-

8
<

T T T T
= 30 Xt — T X g 4 3 gt — 3 gttt
1 1 1 1
S Ttt_Ttt+l
=Y gttt +) 2t - ) gt
1 1 1
T
2

a

Remark 2.2.2 Lemma 2.2.2 below will be used in the proof of Theorems 2.5.1, 2.3.2
and 2.5.3.

Lemma 2.2.2 If (2.8) holds, then
X1 Xt t—1 t-2

e~ gl < e ~ g
Proof.
Xt Xt = X7t X+ g
1= -l = Ylgea -~
1 H g H
o 1 1 zt
— t—1 1
= LI gE )
1 1, 1
< C-Wgm -7+t
t—1 t—2
= H-1 " Ht

]

Remark 2.2.3 The proofs of Lemmas 2.2.8 and 2.2.4 that follow are reinterpreta-
tions of (6.8)-(6.10) of Hannan [17]. He proved the results when player I uses pure

strategies ¢ under the assumption (without loss of generality) that for any €

= mi i=0. .
é(€) s €A =0 (2.10)

Lemma 2.2.3 Suppose that the sequence H* is positive and nondecreasing and that

ot is the recursive strategy

ot :=o(X" 1+ H"2), t=1,2,.... (2.11)
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It follows that
T
> X'(o* = o) 2 —H"|2||| B,
1

where |B| is defined in (2.2).
Proof. From the definition of o¢, we have for each ¢
(Xt + H'z)(o* — o) > 0.

Then
Xt(o.t - at+l) > _th(at - at+l).

So

= HT2(0™*! - a®) — H%2(o' - a°) E(H‘ H"1)z(0* - a°)
where a® = (a), ..., a?), and for each i

0 _ 3 .
6 = i a;, (2.12)

where a;; is the element of loss matrix A.

Since for any t, ot — a® > 0, H > 0 and H' is non-decreasing, then we have
HTz(cT* —4a% > 0.

0 < H%(c! - a®) < HY)2|||B|.
0< (H' = H')z(o* - o) < (H' — H')||2||| B].
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Therefore

T T
2 X' ot —0") > —H||2|||B| - 3(H - H'7)]|2]|| B|
1 1

= —H"||2|||B].

a

Lemma 2.2.4 Suppose that the sequence H* is positive and nondecreasing and (2.11)
holds. It follows that

XTo™! = §(XT) + 3 X1 (o* - o) < HT|l2]|Bl,
1
where |B| is defined in (2.2).
Proof. Since (XT + HT2)[oT+! — ¢(XT)] < 0, then
XToTH — ¢(XT) < —HT2[c™*! — o(XT))]. (2.13)
It follows from (2.11) that
(X1 + H"'2)(o* - 0**1) <.

Then

X710t — o'*1) < —H'"1z(0t — ot*)).

So

T
Ext—l(at _ a‘“)
1

T
HTz0™*' — H%0' - Y (H' — H' )20t (2.14)
1
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It follows from (2.13) and (2.14) that
T
XTUT+1 _ ¢(XT) + th-l(a,t _ at+l)
1
T
< H"20(XT) — H'20' - Y _(H' — H"!)z0'"!
1
T
= H'z[o(XT) — a®] — H%(o' — a®) = Y_(H' - H* ")z(0**! - a")
1
< H"||2||B].

where a° is defined in (2.12). The second last inequality follows from the definitions
of Ht, a° and |B|.

O

Remark 2.2.4 Lemma 2.2.5 below is a slight modification of Lemma 1 of Hannan
[17]. It will be used to prove Theorem 2.3.3.

Lemma 2.2.5 If w and w' are m-vectors and (2.4) holds, then
Elo(w+2z) —o(w' + 2)| < L%?-IBHIw' - v,
where |B| is defined in (2.2).
Proof. Let Tjx = {z]|o(w + z) = A7, 0(w' + z) = AF}, and note that

Ejo(w+2) —o(w' +2)| = Y |A|u(Ts)

J#k
= 3 |A*[u(T) + p(Tij))-
i<k
Note that
Y 14% < BT 1< <™ B (2.15)
i<k i<k 2
Hannan (17, p. 118] showed that
W(T3) + u(Ty) < Lllw - w. (2.16)

Therefore, it follows from (2.15) and (2.16) that
2
Bulo(w+2) - o(w' +2)| < L |Blllw - w'].

This completes the proof of the lemma.
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Remark 2.2.5 Vardeman [26] proved the following lemma in the case in which player
I only takes pure strategies. Lemma 2.2.6 below shows that Vardeman’s lemma holds
for any finite set of player I's randomized strategies. This lemma gives a decompo-
sition of ¢*(XE). By Lemma 2.2.6, we can modify the solutions of the unextended
problem to produce solutions of the k-extended problem.

Lemma 2.2.6 Let x**"! = (gt*+1, ... zt-1), ¢*(X%) be the k-eztended Bayes enve-
lope. If the cardinality of X is finite, then
T
FXp) = Y ¢ Y =Y.

zeXk-1  px*t-l=g

Proof.
T

Zx‘s'(x‘t =Y ( X 2Ys'(a). (2.17)

zeXk-1 tixet-1=z

Equation (2.17) is minimal if s*(z) = 0(XF, .c-1_, z¢) for each z € X*-!.

Therefore
T

$f(Xp) = > o X 1)

zeXk-1  pixet-l=z

This completes the proof of the lemma.

2.3 Bounds for the modified regret of Hannan re-
cursive strategies

In this section, we prove results for the recursive strategy (2.11) that are extensions
of those of Hannan summarized in (2.5) - (2.8). The extensions are from ¢ sequences

to z sequences.

Remark 2.3.1 Theorem 2.3.1 below extends the results of Hannan [17, Theorem 3]

as were summarized in (2.5) and (2.6).
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Theorem 2.3.1 Suppose (2.3) and (2.4) hold. Then for all T and z,
T n2 T 2

—HT0|B| < E, Y z'a(X*' + H"'z) — ¢(XT) < HTO|B| + L—4—(Z o ﬁ)|3|.
1 1

where 0 = E,||z||, and |B| is defined in (2.2).

Proof. By Lemma 2.2.1, we have that

T T T
Zztat _ d)(XT) — [XTUT'H _ d)(XT)] + zxt—l(at _ at+l) + zxt(at _ at-l-l)
1 1 1
= 51+ 85+ S;.

Lemma 2.2.3 implies that
S2+ S3 > —H"||2]||B|. (2.18)

(2.18) and X7 (6T*! — ¢(XT)) > 0 imply that
Si1+S2+ 532> —HT“ZIIIBl. (2.19)

By Lemma 2.2.4, we have
S1+ 8, < H'||[|| B|. (2.20)

So it follows from (2.19) and (2.20) that
—HT||z|||B| £ S1 + S2 + S3 < HT||2|||B| + Zz'(a otth). (2.21)
Taking expectation with respect to x on (2.21), we have
—H"9|B| < E,(S1+S;+ S3) < HT9|B| + E, iz‘(o‘ —otth). (2.22)
1

where 0 = E,||2||.
Applying Lemma 1 of Hannan [17, p. 131] with w = X*"!/H*"! and v’ = X*/H",

we have
X1 Xt
|Bu(ot = )| < L—le = - 2l
1 t-2
< _IBI(Ht 1~ gt

The last inequality follows from Lemma 2.2.2.
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Thus

T T
E,) 3'(0' - o') < Y |Iz'[l|Eu(o* - o™
1 1

n? Tt-1 t-2
< L_IBIZ(Ht—I T TH )
L2 T

Therefore, (2.22) and (2.23) imply that
T
—HT9|B| < E,) z'o(X" '+ H''z) - ¢(X7)
1
2 T 2 T
< HT > =-)B
< HO|B|+ LG(5 7~ 7B
a

Remark 2.3.2 Theorem 2.3.2 below eztends results of Hannan [17, Theorem 6] as
were summarized in (2.8). From the proof of Theorem 2.8.2, we see that the results
of Hannan [17, Theorem 4] as summarized in (2.7) hold with ¢ replaced by z*.

Theorem 2.3.2 If u is the uniform distribution, then, for all T and z,
T —
—V1.5mT|B| < E, Y z'o(X* ' + \/6—(tm—l)-z) - ¢(XT) < V6mT|B|.
t=1
where |B| is defined in (2.2).

Proof. Applying Lemma 2 of Hannan [17] with w = X*~!/H*"! and w' = X'/ H",

we have
. 41 Xt-l Xt
|Bu(o* = o] < |B|||—H,_ - =l
t—2
S lBl(Ht— Ht )’

where the last inequality follows from Lemma 2.2.2. Thus

T T
E,} '(0' - 0') < Ellz‘IIIEn(a‘—a‘“)l
1

-2
< IBIZ TI‘T__

< IBI(Z -~ 1 (2.24)
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Therefore, (2.22) and (2.24) imply that
-HT9|B| < E, ZT:z‘a(x‘-‘ + H"12) — ¢(XT)
l L2 T
< HT9|B|+ (; o 'ﬁr’)lB"
Hannan (17, Section 7] showed how to minimize
L2 T
Sl;PT_l/2[HT0|B| + (Xl: 7~ o) Bl

by choice of the H* satisfying (2.3). Hannan [17, (7.7)] gives

2 T
sup T~'/*[H"06| B| + (21: 7 ~ 7)1 Bll 2 Vém|B|,
with the lower bound obtained for
H'= 8 t=12,....
m

]

Remark 2.3.3 Theorem 2.3.3 below is a modification of Theorem 3 of Hannan [17].
In Theorem 2.38.8 the E, expectation is outside the absolute value rather than inside
it.

Theorem 2.3.3 Suppose that H* satisfies (2.8) and (2.4) holds. Then for all T and
Z,

T n2 T 9 T
E,| Zl:ar:‘a(X‘"l + H"'2) — ¢(XT)| < HTO|B| + L?(zl: 7 F”BI

where 8 = E,||z||, and |B| is defined in (2.2).

Proof. By Lemma 2.2.1, we start with
T T T
that _ ¢(XT) = [XT0T+1 _ ¢(XT)] + th—l(at - 0t+l) + th(at _ 0,t+l)
1 1 1
= S+ S+ 8S;.

It follows from (2.19) and (2.20) that

T
|51 + Sz + S5| < HT||2|||B| + | }_ 2*(0* — o**1)|. (2.25)
1
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Taking expectation on both sides of (2.25), we get
T
E,|S1 + 82+ S3| < HTO|B| + E,| Y z*(a* — o**1)]. (2.26)
1

Applying Lemma 2.2.5 with w = X*~!/H*"! and v’ = X!/H",

xt-1  xt
Ht-1 _Iﬁ"

n2
E,lo* - o < L 2
It follows from Lemma 2.2.2 that

T T
E,|3 2'(0' = o™ < 3l Eulet - o'
1 1

n?2 T t-1 t-2
< — P —
< L2 IBIZI:(H,_1 °C )

n? T2 T
< N R ——— .
< LIBIS 7~ ) (2.27)
Therefore, Theorem 2.3.3 follows from (2.26) and (2.27).

O

Remark 2.3.4 Theorem 2.3.4 below is a modification of Theorem 4 of Hannan [17].
Similarly we can show that for a fized p, if T is known to player II, then

H' = (n?/20)'/*T'?, t=1,...,T,
minimizes supy T-V/2UT (H).

Theorem 2.3.4 If u is the uniform distribution, then, for all T and z,

El S o (x4 22D 4xm)| < VamTB)

where |B| is defined in (2.2).

Proof. Since p is the uniform distribution, the result of Theorem 2.3.3 becomes

HTm|B| T

T
Bl S ato(X*™ + H'2) — ¢(XT)| < —(z = = =0)IBl.

Let
2

UT(H) = +5 i 7)IB]
H + 50

HTm|B|
2
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where H = (H',..., HT). Suppose T is unknown to player II, we want to obtain an
H minimizing
sup T~V2U" (H)
T
Hannan [17, Section 7] showed that

sup T~/ *U" () > (3n?m)"?|B| (2.28)

and this lower bound is obtained for H with

2
H‘=\/m t=1,2--- (2.29)
m

Therefore, (2.28) and (2.29) imply the result of Theorem 2.3.4.

O

Remark 2.3.5 Theorem 2.3.5 below will be used to construct k-ertended predicting
strategies in Chapter 4.

Theorem 2.3.5 Let s be the uniform distribution. Assume that the cardinality of X
isd, and d < 0o. Denote

(T = 1)

— Xk st—1 \/
0 = o(XE,[x" 7 + ),
where
t-1 '
th-llx.t—l = Z 1"17
jixti=l=xet-1
and
t-1
T(x‘t'l) = Z I{x-j—l.:xot—l},
Jj=1

Then for all T and z,
T
E,| Y t'o - ¢*(X%)| < V3n2mdt-1T|B|,
1

where |B| is defined in (2.2).
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Proof. Lemma 2.2.6 implies that

T
Yoo -d(Xh) = (% 20 - (b

zeXk-1 tixet-l=g

=Y. Az).

:exk—l

wt-1

Denote the indices ¢ for which x =z byt <t3<...<trg. Then

T(z) 2(; —
A(z) = 2 x“a(X,'j_lla: + V %—I—)z) - ¢(X;|z).

By Theorem 2.3.4, we have that

E,|A(z)| < 4/3n?*mT(z)|B|.

Applying Schwarz inequality,

T
B Yo~ ¢t(XH < ¥ \3wmI() B
1

zexh-—l

< V3n?mdt-1T|B|.

Hence the desired result follows.

2.4 An extension to an infinite game

In this section we adapt the Hannan recursive strategies to produce strategies for

the repeated play of an infinite component game. The infinite component game

is general enough to cover the on-line allocation, multi-armed bandit and expert

selection problems as will be shown in Chapters 3 and 4.

Consider an infinite component game where player I chooses a pure strategy &

from

X =[0,1)"

and player II chooses a pure strategy ¢ from

?= {el,...,en},



23

the set of standard base vectors in n-space. Suppose that player II's inutility is given
by the loss function
L(z,9) =19, 2€X,je¥Y, (2.30)

where we have used the juxtaposition of vectors in n-space to indicate the ordinary

inner product.

Theorem 2.4.1 There ezists a finite 2" xn game with loss matriz A and a one to one
mapping f from X into X, the (2" — 1)-dimensional simplez of randomized strategies
for player I in the finite game, such that

f(E)A =2e;=12; t€X, j=1,...,n. (2.31)

Proof. We see that
f@A =% j=1,...,n
if the f(£) mixture of the rows of A, f(z)A, is equal to £. Thus, if the convex hull
of the rows of A is equal to X = [0,1]", then (2.31) is satisfied with f, any mapping
where f(£) is a mixing distribution of the rows that gives mixture Z. The minimum
generating set for [0, 1]" is the set of 2" vertices of this cube. We take A to be any
matrix whose row vectors are the 2" vertices and f as described above. This A has
no dominant columns since the left hand side of (2.1) is 1. It has no duplicate or

dominated columns.

0O

The infinite game X = [0,1)?, ¥ = {ey, ..., e,} and L(%, §) = £jj has randomized
strategies

X* = set of all probability distributions on X

and
Y* =Y = (n — 1) — dimensional simplex of probability distribution on n points.

Since the loss function is linear in £ and X is convex, the risks from randomized

strategies £* are the same as those from the means. Thus, the extension of the
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infinite game through its randomized strategies remains ”isomorphic” to the restricted
extension of the finite game X, Y = Y*, A, the restriction being X replaced by f [5{]
For any #* € X* and §j* € Y* there exists an z € X, namely, z = f(mean of £*) and

a y € Y, namely, y = §* such that L(£*,§*) = zAy. Moreover, the Bayes envelope

risk in the finite game at z = f(£) is given by
¢(I) = m.in :i:J ’
j

the Bayes envelope in the infinite game at z.
Suppose the infinite component game is played repeatedly with z* and §* denoting
the choices of strategies by player I and II, respectively, at time t =1, ..., T. We

suppress the display of dependence on T in writing
g=(&,...,27) and g = (§',...,9").

Remark 2.4.1 In the repeated play of the infinite component game, suppose that

player II uses a Hannan recursive strategy
P'=e ifo(X"1+H"'2)= A, j=1,2,...,

where o 13 a positive homogeneous pure strategy valued Bayes response in the finite

game described in Theorem 2.4.1, and
t
X’=0, Xt=) 12 ! =f(3") t=12,....
1

Then the modified regret in the repeated play of the infinite game at £ is
T T T
gt — mjinz it =Y slo(X* + H'2) — ¢(XT),
t=1

t=1 t=1
that is, it is the same as the modified regret in the finite game at z. Hence the results
of Theorem 2.8.1-2.8.5 cover repeated play of the infinite component game. Of course

m = 2" and |B| =1 in this adaptation.



Chapter 3

On-line allocation model and the

multi-armed bandit problem

3.1 Introduction to on-line allocation model

3.1.1 Component allocation game

We consider the following component allocation game in which player I selects a loss
vector | € [0,1]" and player II selects a probability distribution p on n points with
loss L, = 37 lipi. We recognize this as an example where player I's pure strategies

are in the cube
X=[0,1]"

and player II’s pure strategies are in the finite set
Y = {e1,...,en}.

By Theorem 2.4.1, there is a finite game isomorphic to the component allocation

game.

3.1.2 On-line allocation model

Suppose the component allocation game is played repeatedly with I* and p* denoting
the choices of strategies by player I and II, respectively, at time ¢t =1, ..., T. This

25
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repeated game was studied by Freund and Schapire [15]. They called this game the
on-line allocation model.

Freund and Schapire [15] formalized the on-line allocation model as follows. The
allocation agent A has n strategies to choose from. At each timet =1, 2, ..., T, the
allocator A choose a probability distribution

pt= tlap;"'-)p:;)

over the n strategies, where p! is the probability that strategy i will be chosen, for

each ¢ and t. Each strategy i suffers some loss I{. Denote loss vector I* by

1= (It I),

The loss suffered by A at time ¢ is defined as
Z pt lt
i=1
that is, the expected loss of the strategies with respect to A’s chosen allocation rule.

Denote the expected total loss of A across the first T trials by
E[LY] = Zp‘l‘
The goal of A is to minimize

E[L%] — min El‘

1<i<n

So A will try to perform as well as the best strategy among these n strategies.

Assume that the loss suffered by any strategy is bounded, so without loss of
generality, let I! € [0,1], for each i and t. Also there is no statistical assumption
made about the loss vector I!. Freund and Schapire [15] showed that Littlestone and
Warmuth [23]’s Weighted Majority algorithm can be generalized to handle the on-line
allocation problem. They constructed an algorithm, called Hedge(8), such that at
each time t, Hedge(f) chooses the probability distribution vector

t
¢ w

p = n t?
i=1 Wi
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where w* = (wf,w},...,w!) such that for each i and parameter g € [0,1] ,

1 ¢
1 t+1 t Qlt
w, =—, w7 =wf5.

So at each time ¢, after the loss vector I*~! is received, the Hedge(3) will choose the
probability distribution vector p* by updating w*.
If 3 is chosen as a function of L and n, Freund and Schapire (15, Lemma 4] showed

that
T
E[LY dge(8)) < 12‘35“,. g It + V2Linn + inn (3.1)
holds for all sequence of loss vectors I}, ..., IT which satisfies

T
min Y I! < L.
t=1

1<i<n

Dividing both sides of (3.1) by T, we obtain an upper bound for the difference
between the expected average loss of Hedge(() and the average loss suffered by the
best strategy.

Ellesgep) o 1 il‘ , Velinn _ inn
T T Tisisn7" T T
That is, the average loss of Hedge(3) approaches the average loss suffered by the best
strategy as T' — oo.
Note that, to obtain (3.1), the parameter § in Hedge((3) depends on L. In the
next section, we will give a solution of the on-line allocation model based on game

theory results when L is not available,

3.2 Application to the on-line allocation model
Our algorithm H for the on-line allocation model is described in Figure 3.1.
Lemma 3.2.1 For any £ € [0,1]", let f(£) = (f(£)1,-..,f(Z)2n), where

f(@)i= ﬁl[ijaij + (1= 2;)(1 - ay)],

and a;; is the element of matriz A defined in Figure 3.1. Then f is a one to one

mapping onto its range satisfying Theorem 2.4.1.
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Figure 3.1: Algorithm H

Algorithm H
Choose initial probability vector p!
Repeat for t = 2,3,...

1. Choose allocation pt, such that

= w0 - ) < X Dai - ), wa,

s=1
where 2z = (23,...,22n), 21, ..., 2» are i.i.d U(0,1) under p. And A,..., A"

are the columns of matrix A.

ayy -+ Qun A
— . . — . — 1 n
A_ M e M = . —(A,.-.,A ),
Qzry c° G2ng Agn

and A,,..., Az~ are the distinct sequences from W.

W = {w" |w" = (wy,...,w,), w; € {0,1},Vi}.

2. Receive loss vector It € [0,1]".

Proof. For fixed j, let A = {i: a;; = 1}, then

f(Z)A = Zx {aij

= in: f[[ikask + (1 = 2)(1 — aix)]aij
i=1 k=1
= & Z H[zka,k + (1= 2)(1 — ai)]
i€A k#j

>

wn—1€{0,1}" ! k#j
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2 [[1&+(1- xk)]

k#j

a

= xj’

where

N .'f,‘k if Wi = 1
zwk = . .
1-2, ifw,=0,

and (3.2) follows from the definition of a;.

O

Theorem 3.2.1 The modified regret for algorithm H in the on-line allocation prob-

lem satisfies

—V2n-13T < E[LY] - min Zl' < V22 V3T,
for all T and all loss sequences l,where E[L} ] = ET b,

Proof. Consider the allocation game described in Section 3.1. By Theorem 2.4.1,
there is a finite game isomorphic to this allocation game. Take f defined in Lemma
3.2.1 to be the one to one mapping in Theorem 2.4.1.

In the allocation game, at each time ¢, suppose player I chooses a strategy i* such

that
= (li,...,lf,),

and player II's strategy is a random vector §* taking value from a set

Y = {61,...,8,,}
such that
'gt =€j
if
a(xt—l 6(t2 1) ) = AJ

in the corresponding finite game, where z and A7 are defined in Figure 3.1,

¢
X°=0, X*=) g 2t=f(z.
1
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It follows from Lemma 3.2.1 and Theorem 2.4.1 that the modified regret of the

allocation game is the same as that of the finite game, i.e.,

T T

Y &' —min)_ &

t=1 J t=1
T ., 6(t—=1)

= Soato(xt + Za) - g(xT)
t=1

It follows from Theorem 2.3.2 that
e T 6(t—1)
—Vv2n-13T _<_ E“ ZZ‘O’(Xt_l + 2_112) - ¢(XT) S V2r+13T,
t=1
By the definition of p* and §*, we have for any j =1, ..., n,

p{d' = ;)
= ,,{g(xt—l + Mz) — AJ‘}

=u{[";f(fc’)+6“ )z]A’<[Zf 2+ - Lop vy

It follows from

#=(l,...,1), and f(3)A = it

that
pli = e,-}
s _p2) 6(t — P
- p{z« D, - ), vi)
—pt
Thus
T T n
E, Y #9'—min) & = Y Uip}- mle'
t=1 7 =1 j=1 t=1

= E[Lﬁ]—m_inz:l;
i &

and the result follows.
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Remark 3.2.1 Compared with Hedge(3), Algorithm H not only gives an upper bound
for LY — minycicn Xi) It with the rate of O(T*/?), but also gives a lower bound with
the same rate. At each time t, algorithm H determines the probability distribution

(allocation) without using either L or T.

The on-line allocation model described above is quite general. One of the appli-
cations is the problem of prediction using the advice of a team of experts. Suppose
at each time ¢t = 1, ..., T, the decision-maker must make a prediction and has the
knowledge of the predictions made by each of the n experts. Each prediction and
the outcome, which is disclosed after the decision-maker has made his prediction,
determine the incurred loss. |

Let the decision-maker and the n experts select their predictions from a convex

set D, and let © be the outcome space. Suppose loss function is a function L,
L : Dx6© —[0,1].

At each time ¢, for each %, denote the prediction of expert B; by B!, and denote the
outcome by y;. Then L(Bf,y,) is the loss of expert B; at time t. If at each time ¢,
the decision-maker chooses B} to predict y; with probability pf, where p! is defined in
Algorithm H with I = L(B¢,y,). Then by Theorem 3.2.1, we have that the expected
average loss of the decision-maker approaches the average loss of the best expert at
the rate of O(T~'/?).

Note that if the loss function L is convex with respect to d € D, then at time
t, let the decision-maker predict with a nonrandomized prediction ", p!Bf. The

convexity implies that
n n
LY piBy) < Y pit.
=1 =1
It follows from Theorem 3.2.1 that

T =n T
2 L piBiw) < min 3 It + V2n+1V/3T.
t=1 =1 <i<n t=1

We will continue the discussion of prediction using expert advice in Chapter 4.
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3.3 Introduction to the multi-armed bandit prob-

lem

3.3.1 Component multi-armed bandit game

We consider the following component multi-armed bandit game in which player I
selects a reward vector b € [0, 1]" and player II selects a probability distribution p on
n points with gain L, = ¥ b;p;. We recognize this as an example where player I's
pure strategies are in the cube

X=[0,1"

and player II's pure strategies are in the finite set
? = {el,.-.’en}.

By Theorem 2.4.1, there is a finite game isomorphic to the component multi-armed

bandit game.

3.3.2 The multi-armed bandit problem

We are going to study the repeated play of the component multi-armed bandit game,
that is, the multi-armed bandit problem. In the multi-armed bandit problem, origi-
nally proposed by Robbins [24], a gambler must decide which arm of n non-identical
slot machines to play. At each trial, he plays one arm and receives a reward (maybe
nonpositive). The goal of the gambler is to maximize his total reward over in a
sequence of plays.

Lai and Robbins [22] studied this problem using statistical assumptions about
the rewards of the slot machines. They assumed that the distribution of rewards
associated with each arm is fixed and does not depend on the number of trials T'.
They bounded the difference between the expected total rewards of the player and
the maximum of the expected total rewards of any arm with O(logT).

Auer, Cesa-Bianchi, Freund and Schapire (2] presented a variant of the bandit

problem in which no statistical assumptions are made about the generation of rewards.
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They only assume that the rewards are bounded.

They formalized the multi-armed bandit problem as a game between a player
choosing actions and an adversary with knowledge of past plays choosing the rewards
associated with each action. Assume action space is {1, ..., n} and all the rewards
belong to the interval [0, 1].

They defined the full information game and the partial information game. In the

full information game, at each trial t =1,2,...,T:

1. The adversary selects a vector of the current rewards
b= (8,...,0%),
where for each i, b} is the reward associated with action i at trial ¢.

2. Without knowing b¢, the player chooses an action i; € {1,2,...,n} and get the

corresponding reward b},.
3. The player observes b* after he makes the action i,.

The partial information game also consists of three steps. All the steps are the same
as that in the full information game except step 3 is replaced by: The player only
observes b}, after he makes the action i,.

They presented an algorithm, called Hedge, for the full information game. Al-
gorithm Hedge is a slight variant of Algorithm Hedge(3) described in Section 3.1.2
The idea of Hedge is to choose action 7 at time ¢t with probability

e (14 a)‘5
h= Tl +a)

where a > 0 is a parameter and

t
t+1 __ t
8 = E b‘i‘

t=1

Note that each reward b is defined as a random variable on the set of player’s actions
up to trial £ —1. The measure of the performance of any algorithm, say A, is E(G4) —

Ghest, Where
T
E(GA) = Ei;,...,ir[z b:g]’

t=1
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and r

Gbe“ = llé‘]asxn Eilv"'»iT[g b;]' (3'3)
Auer, Cesa-Bianchi, Freund and Schapire [2, Theorem 3.2] showed that in the full
information game for a > 0,

l
E(GHedye) 2> Gbcst - %Gbeat - %-

For an appropriate choice of a, which is depends on Gy.,, the difference between
E(GHedge) and Ghes: is at least —v/2T'Inn in the full information game.
Auer, Cesa-Bianchi, Freund and Schapire [2, Section 4] also gave an algorithm for

the partial information game based on Hedge.

3.4 Application to the multi-armed bandit prob-
lem

In this section, we investigate an algorithm for player in the full information game un-
der the assumption that each reward b does not depend on past play. Our algorithm

is described in Figure 3.2.

Theorem 3.4.1 If 5t and bt are defined in Algorithm H, then the ezpected gain of
Algorithm H satisfies

T
—V2"+1V3T < E(Gy) — max Y bi < V2n-1V3T,
1<j<n o
where E(Gg) = 7, pib%.

Proof. The proof is similar to that of Theorem 3.2.1 with loss replaced by gain.
By Theorem 2.4.1, there is a finite game isomorphic to this component game. Let f
be a one to one mapping in Theorem 2.4.1 associated with matrxi A defined in Figure
3.2.

At each time t, player I chooses a strategy z* such that

= (b,...,b),
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Figure 3.2: Algorithm H

Algorithm H
Choose initial probability vector p!
Repeat fort = 2,3, ...

1. Choose action i; according to the distribution 5*, where

t—1 _ . .
= W - ) < e - ) v,

and z = (z1,...,2n), 21, ..., 2on are ii.d U(0,1) under y, and A!,..., A" are

the columns of matrix A. A is defined in Algorithm H.

2. Receive the reward vector b.

and player II’s strategy is a random vector §* taking value from a set

Y = {ey,...,en}
such that
?)t=e,1
if
6(t 1)
t-1 — _Aj
o(X""' 4+ —= o 2)=-A

in the corresponding finite game, where z and A’ are defined in Figure 3.2,
t
X°=0, X*=) =, z* = f(&").
1

It follows from Theorem 2.4.1 that

D) - oxm.
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It follows from Theorem 2.3.2 that

T _
—Vor-13T < E, Y zlo(X*' + \/90—2;1—)@ - ¢(XT) < V2nH13T.
t=1

By the definition of ' and §', we have forany j =1, ..., n,
p{9' = e5}
= ulo(x + X0 - )
X, 6(t-1 R = S 6t 1
= (T 1)+ L) < 2 - + Do, v
1 1
It follows from
# = (b,...,b8), and f(#)47 = 3!
that
p{§ = e;}
. 8 s 6 t 1 .
= WE -5 < C=D) i - a9, vi)
=1
= P
Thus
T T n T
CELY 9+ mp Y d = -3 H +max )
t=1 t=1 j=1 t=1
T
Therefore, Theorem 3.4.1 follows.
(m]

Remark 3.4.1 Algorithm H gives both an upper bound and a lower bound of the
modified regret at the rate of O(T'/?) without knowledge of T or Gpest.

Suppose the player has access to the opinion of a set of K experts. At each trial ¢,
before choosing an action, the player is provided with a set of K probability vectors

(€(1),...,€4(K)). For each j, £(j) is the advice of expert j on trial ¢, that is
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and &!(j) is the recommended probability of choosing action i by expert j. After
receiving the reward vector b¢, the expected reward for expert j is £¢(5)b".

At each time ¢, we apply Algorithm H with new reward vector

(DY, ..., E(K)DY).
It follows from Theorem 3.4.1 that

~VERRVAT < E(Gs) - a3 € G < VICIVAT

Therefore, using Algorithm H, the expected average reward of the player will ap-

proach to
T

2% S i),

=1
which is the average reward of the best expert, at the rate of O(T~1/2).



Chapter 4

Prediction using expert advice

4.1 Introduction

In this chapter we review some of the literature dealing with prediction using expert
advice. Section 4.2 is a self-contained review. However, the main thrust of this
chapter is to show how the Hannan recursive strategies apply in a prediction problem
considered by Foster and Vohra [13]. In particular, in Section 4.3 we prove that a
strategy for n = 2 experts investigated by Foster and Vohra [13] is an exmaple of
a Hannan strategy and we deduce a slightly stronger result than was established in
their Theorem 1. Section 4.4 gives a solution for the n expert case. Finally, Section

4.5 applies the k-extended approach to the prediction problem.

4.2 Literature review

Consider the following prediction problem. Suppose no statistical assumptions made
about the actual sequence

y=@y,---,v1) (4.1)

of outcomes that is observed. At each time ¢t = 1, ..., the decision-maker must
predict the value of y;. Before making the prediction, the decision-maker is given the

predictions of n experts.

38
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This decision problem can be viewed as the following game between two players,

the decision-maker and nature. At each timet=1,2,...,

1. Each expert B;, i = 1,...,n, makes a prediction B! € D, where D is the

prediction space.

2. The decision-maker, who has the knowledge of all Bf, i =1, ..., n, s <t, and

past outcomes y, ..., ¥:—1, makes his prediction §; € D.
3. The nature chooses some outcome y; € ©, where O is the outcome space.

4. Each expert B;,i =1,...,n, incurs loss L(B{, y;) and the decision-maker incurs

loss L(g, ye), where L : DxO — [0, 00) is the loss function.

Suppose at each time t, the decision-maker uses a prediction algorithm A to make
prediction 7, then loss of the decision-maker is equal to the loss of the algorithm
A. Define the total loss of the algorithm A on a sequence of trials with respect to a

sequence of outcomes y to be

T
Li(y) = EL(ﬁt,yt), (4.2)

where y is defined in (4.1). Similarly the total loss of the expert B; with respect to y
is defined to be r
L. (y) = Y L(B},w)-
t=1

The goal of the decision-maker is to find an algorithm A to minimize

Li(y) — min Ly, (). (4.3)
The goal of the nature is to maximize (4.3). So the min/max strategy for the decision-
maker is the algorithm that minimizes the maximum of (4.3) over all outcome se-
quences.

Vovk [27] introduced a general on-line prediction algorithm when the outcomes
are binary. For the case with continuous-valued predictions, Vovk proved for a large

class of loss functions bounds of the form

L3(y) - min LE,(y) < cyinn,
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where ¢, is a positive constant determined by the loss function L.
In the rest of this section, we give a literature review according to the following

four cases.
Case 1. D = [0,1], 8 = {0,1} and {By,..., B,} is the finte set of experts.

Haussler, Kivinen and Warmuth [18] studied the Generic Algorithm first introduced
by Vovk. At each time t, the Generic Algorithm predicts with any value §; that

satisfies for y = 0 and y = 1 the condition

n w‘,ie""L(B: ry)

L(ge,y) < —cin , (4.4)

n
i=1 i=1 We,i

where ¢ and 7 are any two positive constants, for any i,
~nL(Bt,
w]_'g' > O, wt+l,i = 'U)t'ie n ( H yt).

Haussler, Kivinen and Warmuth [18, Theorem 3.11) showed that if L is a loss

function such that

LRI - L)L)
LT e L) - LG

where Lo(z) = L(0,2) and L,(z) = L(1,z), then it follows from by applying the

(4.5)

Generic Algorithm with w;; =1, ¢ = ¢1, and 7 = 1/¢,, that for any T,

sup  [LGeneric(y) = min Lp, (y)] < ciinn, (4.6)
y € {0,1}" -
Bte[0,1]"

where Bt = (Bt,..., B.).
e For logarithmic loss, that is defined by L(§,y) = yind + (1- y)ln}—:%, (4.6)

holds with ¢, = 1.

e For squared loss, that is defined by L(§, y) = (§—v)?, (4.6) holds with ¢, = 1/2.

Foster [12] also proposed a prediction method with the loss function defined as

squared loss. At each time ¢, the decision-maker predicts with

n
- t
b= 2 wt,iB;,
=1
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where (w1, ..., W) minimizes

t—1

Z(i w;B} —y,)* + é"’?

=1 i=1
over all probability vectors w. It follows from Foster [12, Theorem 1] that for
any outcome sequence y and any probability vector w,

T T n
S @ —v)? - YO wiBf —y)? <2+ ninn(T +1).

Therefore using this strategy, the decision-maker can perform as well as any
convex combination of the n experts, namely, the difference between the average
loss of the decision-maker and the average loss of any convex combination of

the n experts will converge to 0 as T goes to oo.

For absolute loss, that is defined by L(§,y) = |§ — y|, ¢ = oo. Then the
Generic Algorithm can not be applies directly. Cesa-Bianchi et al [7] studies

some variants of the Generic Algorithm for the absolute loss.

Cesa-Bianchi et al [7] constructed a min/max strategy, called Algorithm MM,
for the decision-maker when the loss function is absolute loss. At each time
t=1,...,T, Algorithm MM predicts with

p v(M"+ 2", r—1)—v(M" +1-rr—-1)+1
t = ’
2

where
r=T+1-t, Z"=(Bi,...,B})

t-1
M™=(M],...,M}), M =0 M} =3 |B} —y,|, V5,

s=1
and v is defined inductively as
v(M,0) = gin M;,

- - -1
o(M,r) = min vM+z,r—1)+v(M+1-2zr ).
z€[0,1) 2
Cesa-Bianchi et al [7, Theorem 2] showed that for any set of n experts and for

any outcome sequence y,

. T
Lim(@) — min Lj,(y) < 5 —v(0.7),
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and Algorithm MM achieves the value of the game, T —v(0,T'). So Algorithm

MM is a min/max strategy.

The disadvantage of the Algorithm MM is that T must be known in the be-
ginning of the game. And the algorithm is computational expensive since the
calculation of v(M, r) involves minimizing a recursively defined function over all
choices of z € [0,1]". Therefore simple algorithms, Algorithm P, Algorithm P’

and Algorithm P*, were introduced so that they can be implemented efficiently.

Algorithm P works as following. At each time ¢, Algorithm P makes a prediction
:0! =F B (Tg),

where g3 € [0,1),
E?:l wtpiB:

Te = T
i=1 Wi

wyi = 1, w1 = we;Up(|Bf — wel), Vi,
and Fg(r) and Up(g) be any functions such that

In(l1-r)B+r)
2in(%5)

=in(l1-r+r7p)
2n(d;)

1+ < Fp(r) <

for0<r<1,and
B < Us(g) £1-(1- By,

for0<q¢g<1.

The performance of Algorithm P depends on the parameter 3. Cesa-Bianchi et
al [7) showed how to choose 3 in according to the type of knowledge available

to the decision-maker.

* If the decision-maker knows an upper bound on the total loss of the best
expert, Cesa-Bianchi et al [7, Theorem 15] showed that for any K > 0,
taking § = g(\/‘_"?:), where

__

14224 &'

inz

9(2) = (4.7)
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for any set of n experts and any outcome sequence y such that

: T
RRAEES

we have
logan

2

*x If T is known to the decision-maker in advance, then use a slight variant of

LE(y) - lr?jign Lg,. (y) £ VKinn +

Algorithm P by adding a new expert By, where at time ¢, B}, = 1-B;i.
Denote the algorithm that uses the expanded n+1 experts by Algorithm P’.
Cesa-Bianchi et al [7, Theorem 16] showed that taking § = g(\/ﬁ—"(@ )
where g is defined in (4.7), for any set of n experts and any outcome

sequence y of length T', we have

) Tin(n+1) logs(n+1)
T (N _ T /

* If there is no prior knowledge about the upper bound on the total loss of the

best expert or the length T of the sequence, the following procedure, called
Algorithm P*, can be used. For z = 0 to oo, Algorithm P* repeatedly runs
Algorithm P(g(,/%"'ﬂ)) until the total loss exceeds b,, where g is defined in

(4.7),
k., = 4(#)2’1nn,
and
b, = k, + kylnn + "’?“.

Cesa-Bianchi et al [7, Corollary 22] showed that if n > 7, then for any

outcome sequence Y,

L7.(y) - min LT, (y) < 4\/1?}2" L%, (y)inn + 2.8Inn.
Case 2. D=[0,1], 6 =[0,1] and {B,,..., B,} is the finite set of experts.

Haussler, Kivinen and Warmuth (18, Theorem 4.2] showed that for loss function such
that
9(y,a,b)  09(y,a,b),,
> .
o + (e > 0 (48
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holds for all y,a,b € [0, 1], where

g(y’ a, b) = L(i/;la) - L(y’ b)’

CcL

¢y is defined in (4.5), and ¢, < oo, the Generic Algorithm satisfies

sup [LGenertc( ) - llgji?n Lg, (y)] < cLlnn, (49)
y € {0,1}" o
Bte[0,1)"

where B, = (B%, ..., B.).

e For logarithmic loss, that is defined by L(§,y) = yink + (1 - y)in=d 1, (4.8)
holds and ¢; = 1. Then (4.9) follows.

e squared loss, that is defined by L(§,y) = (§ — y)?, (4.8) holds and ¢, = 1/2.
Then (4.9) follows.

e For absolute loss, that is defined by L(y,y) = |§ — y|, we have ¢, = co. Then
we can not apply the Generic Algorithm. Haussler, Kivinen and Warmuth [18]
constructed an new algorithm, the Vee Algorithm, that predicts with any value
7: that satisfies the condition

tle

max{y + [ln(z » )]/ Ring—=1
< 9 i
< mln{y - [ln(z M)]/[ 1 + e—q]}

i=1 W
where for any i,

-nL(Bt,
w1 >0, Weprs = wyee "),

Y ={0,1,B.,...,B.}.

Haussler, Kivinen and Warmuth {18, Theorem 4.7] showed that for any outcome

sequence y and any i, the Vee algorithm satisfies

J

T — —_———
Ly, (y) < [-in :'—1‘“’ +1 1 mm L ,()]/[2ln 1+e"7
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Case 3. D = [0,1], © = {0, 1}, and there are unaccountably infinite set of experts.

Freund [14] generalized the Weighted Majority algorithm of Littlestone and Warmuth
[23] to the case in which there are unaccountably infinite set of experts. The algorithm
he used is called the exponential weights (EW) algorithm. The EW Algorithm gives
a prediction g, that is any value in [0, 1], such that for y € {0,1},

) -1l !
L(gw) < | e o0 du@)l/( [ du(), (4.10)
where for each ¢, c is a positive parameter, and the measure p,(A) is defined as
per1(A) = /Ae—%b(p.m)dm(p),
and y, is a probability measure on [0, 1].
Assumption 4.2.1 Suppose the loss function satisfies the following properties
e 3c and n = 1/c, such that (4.4) holds.
e Vy, L(p,y) has a continuous second derivative with respect to p.
e 35:[0,1] = [0,1], p(d) is the unique minimizer of
T
2 L (p) yt)
t=1
over all outcome sequence y whose empirical distribution is 6.

Choose the initial probability measure to be

1 (A) = /A w(z)dz,

where
w(e) = = 1250 Ppesc
1 g2
Z= /o lwy(x,p)]m(z)dx, (4.11)
and

o(zp) = 2 [e(Lip, 1) = L(p, 1)) + (1 - 2)(L(p,0) ~ L(H,0))].
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Freund [14, Theorem 1] showed that for all outcome sequence y whose empirical

distribution is 4,

T
”’}‘En it [LEw(y) - H}(l)li];L(p V)] < ln—— _ _an+O( )

where Z is defined in (4.11).

e For log-loss, that is defined by L(d,0) = —log(1 — |d — 6]), Assumption 4.2.1
holds with ¢ = 1. Freund [14, Theorem 3] showed that

1
max{st(y) - g}g}]zL(p y)] < 5in(T+1) +1.

e For square loss, that is defined by L(d,8) = (d — 6)?, Assumption 4.2.1 holds
with ¢ = 1/2. Freund [14, Theorem 4] showed that

1 2 1
L - - —lp—— =
max[ Ew(y) lell[(l)fi] tz 1:L(]J )] < lnT + 2lnerf( 79 "1

where erf(p) = 2 [P e~*"dx.

T
In—
n2,

e For absolute loss, that is defined by L(d,6) = |d — 6|, we have ¢ = oco. Since

rg[g,r}]le vl = g{lg,q}Elp vel,

this prediction problem can be treated as a prediction problem using two expert

advice.
Case 4. L(d,0) < K,foralld € D and 6 € ©.

Foster and Vohra [13] studied the problem of choosing between two expert forecasts.
Suppose that B; and B, are two experts with bounded forecasting errors or called
loss. At each time t = 1, ..., T, the decision-maker has the knowledge of the past
loss incurred by Experts B, and B,. Foster and Vohra [13] constructed a randomized
strategy C from B, and B; based on their past average loss. They indicated that
the difference between the average loss of C and the minimum average loss of B; and
B, will converge to 0 in probability at the rate of O(T~'/2). We will give a detail

description of the strategy C' and a proof in Section 4.2 using game theory results.
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One of the applications of the on-line allocation problem studied by Freund and
Schapire [15] is predicting using expert advice when the loss function is bounded. By
the Hedge() Algorithm, at each time ¢, the decision-maker predicts with §, = B!
with probability pf, where B! is the prediction of Expert B; at time t,

t
¢ w

b = —:17,
where the parameter 3 € [0, 1], for any 1,
w! =1/n, wit! = wfﬂL(B:'”‘).
Freund and Schapire (15, Lemma 4] showed for all outcome sequence of y such that

min LT () < L,

1<j<n

choosing S as a function of L,

min LT () < V2Linn + Inn,

1<j<n

E[Lgcdgc(ﬂ) (_14)] -

where
E[Llledge(ﬂ) (y)] - z EP:L( ’yt)’

1i=1

is the expected total loss of the Hedge(f3) Algonthm over y.

In Chapter 3, we use game theory results to construct an algorithm H for the
decision-maker when the loss function is bounded. Without loss of generality, for any
deD,and 0 € 6, let

0<L(d,0) <1

At each time ¢, the decision-maker predicts §, = B! with probability pf, where p! is
defined in Algorithm H with ! = L(B¢,y,). Theorem 3.2.1 shows that for all outcome
sequence of y,

T
~V2n-1V3T < E[Ly(y)]l - min 3 LE,(y) < V2r V3T,
3301

where
t=11i=1
is the expected total loss of Algorithm H over y.
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4.3 A proof of Theorem 1 of Foster and Vohra

Suppose B, and B, are two experts. At each time ¢, let B! and B be their predictions

of outcome y;, respectively. Suppose for i =1, 2,
Bl e D, y €6,

and the loss function L is bounded. Without loss of generality, for any d € D, and 6
€ 6, let
0<L(d,6) <1

For i =1, 2, denote

In their paper, Foster and Vohra [13] constructed a randomized strategy C for the

decision-maker. At each time ¢, the decision-maker predicts with

X B! with probability min(max[0 ——(-r)-D“":'_,l ’1,1)

G = 1 Y 2(t-1 l
B! otherwise,

where s is a constant that satisfies 0.5 < s < 1,

t ¢
Dy:=Y b5 - Y b (4.12)
k=1 k=1

Now we will write the randomized strategy C in the following equivalent way. At

each time ¢, the decision-maker predicts with

X B! if D,y >2(t-1)*(z-1/2)
Y=
B} if D,y < 2(t—1)*(z - 1/2),

where z is U(0, 1) random variable under 4.

Foster and Vohra indicated that if the decision-maker uses the randomized strat-
egy C, then the difference between the average loss of the decision-maker and the
minimum average loss of the two experts will be bounded by a nonnegative random
variable e, and er goes to 0 in probability as T' goes to co. On its face, this random-

ized strategy C is similar to the Hannan [17)’s recursive strategies for player II in a
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two-person finite game, that is player II plays Bayes versus a randomized perturba-
tion of the player I ’s empirical distribution. We will prove Theorem 1 of Foster and

Vohra [13] using the game theory results of Chapter 2.

Theorem 1 of Foster and Vohra [13] If B, and B, are two ezperts with bounded
loss bt, bt for all t, and the strategy C is defined as above, then

1 T 1 T T
Ya< Tmin(Zbi,Zb%) +er,
1 1 1

S|

and

0<er 50,

where & is the loss of strategy C at time t.
Proof. Without loss of generality, for all ¢, let
0<b<land 0KSHi<1.

Consider a finite two-person game in which player I has 4 pure strategies, player II

has 2 pure strategies, and the loss matrix A is defined as following:

Let z = (z1,22,23,24). Under a probability measure u, z;, 22, 23 and 24 are

independent. z; is U(0,1) for i = 1,2 and 4. 23 is degenerate at 1/2.
0

1
Since AT = A7—- A" = ,for 1 < ¢ <r <2, (2.4) becomes
-1

0

p{z|ti <22 —z3 <t} <t — 1.

So (2.4) holds with L =1. 8 = E,||z|]| = m/2 = 2.
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Consider that player I chooses randomized strategies z from the class X that

consists of all =t such that for each ¢,
gt = {(1-07)(1 - b3), b (1 — b3), (1 — bY)b3, b3}
For any t and 1 = 1, 2,
' A' = bl

Then the Bayes envelope ¢(X7T) becomes

T
Ty _ : T, _ . t
#(X") = ae{x}}g‘z}x o = mig t§=l b;.

If Ht = 2t* and z is defined as above, we have
t—1
(X1 + H"12)A = Z b +2(t —1)* (22 + 24),
k=1

and

t-1
(X*'+ H'2) A% = Y b5 + 2(t — 1)*(23 + 24).
k=1
Then the Bayes response o(X!~! + H*"!z) becomes
o(X 4 H2) = Al if D,y >2(t—1)%(z—1/2)
A2 if Dg_l S 2(t - 1)'(22 - 1/2),

where D;_, is defined in (4.12).

Since

.'L“o(X“l + Ht—lz) — bﬁ if D¢y > 2(t - 1)'(22 - 1/2)
b% if D¢_1 S 2(t - 1)'(22 - 1/2),
the definition of the strategy C implies that
& =1'o(X" + H'2).

Then applying Theorem 2.3.3 withm =4,n =2, |B|=1,L=1,0 =2, H* = 2¢t*

and for any player I’s strategy z* in X, we have

T T T
E,| ;Ct - min(; b, > b))l
1
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T
= E,|)_z'o(X* '+ H'z2) — ¢(XT)|
1

22 T 2 .
< 8 - - —8
< 2T*2|B| + 2 (El g T'7*)|B|

< 4T + ——2-3—T“‘.
- 1-3s

By Markov inequality, we have that
1 T _ . T T p
Tl Y& —min(d_ b, ) b5)| = 0.
1 1 1
Hence the desired result follows.

O

Remark 4.3.1 1| &7 —min(ST 8, 5T 8)| 5 0 is slightly stronger than the result
of Foster and Vohra [13, Theorem 1]. The optimal choice of s is 1/2, and the optimal

convergence rate is O(T~'/?).

4.4 A generalization to more than two experts

In the last section, we have proved that given the predictions of two experts, we can
construct a randomized strategy for the decision-maker such that the decision-maker
performs as well as the best experts in the sense that the difference between the
average loss of the decision-maker and the average loss of the best expert converges
to 0 in probability. In this section we consider how to construct a randomized strategy
for the decision-maker when there are more than two experts.

Suppose at time t, B!, ..., B. are the predictions of n experts, respectively. For
any t and 4, let outcome y, € ©, B! € D. Suppose the loss function L is bounded.
Denote

b = L(Bi,w), Vi,t.
Without loss of generality, we assume that 0 < b <1 for all i and ¢.

Suppose at each time ¢, for all 4, the decision-maker has the knowledge of b}, ...,
bi~!. We define a randomized strategy C for the decision-maker, which is described

in Figure 4.1.
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Figure 4.1: Strategy C

Strategy C

Choose initial prediction from the set of {B}, i=1,...,n}
Repeat for t = 2,3, ...

predict with B} if for any i,

t_zl(b; - b:) < \/gﬁz—(ét—jz(/li _ Aj),

where z = (21,...,22n), and 2y, ..., 2on are i.i.d. U(0, 1) random variables under u,

Al, ..., A" are the columns of matrix A.

ajy -+ Qi A,

agp *c Ggng A

And A,, ..., Az~ are the distinct sequences from W.

W = {w" | w" = (wy,...,w,), w; € {0,1},Vi}.

In the next theorem we will show that using strategy C, the decision-maker will

perform as well as the best experts among the n experts.

Theorem 4.4.1 Let ¢, be the loss of the strategy C at time t, bt be the loss of the
ezpert B; at time t with
0<¥ <1Vt

Then as T goes to oo,
1 T T ¢ P
Tﬁga—ggzyuﬁﬂ,
and the convergence rate is O(T~'/?).

Proof. We consider the two-person game infinite game described in Section 2.4.

By Theorem 2.4.1, there is a finite game isomorphic to this infinite game. Let f be
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a one to one mapping in Theorem 2.4.1 associated with the loss matrix A defined in
Figure 4.1..
In the infinite game, at each time ¢, suppose player I chooses a strategy i such

that
it =(,...,0"),
and player II's strategy is a random vector §j* taking value from a set

?={el,...,e,,}

such that

if
o(X*'+ H"2) = A

in the corresponding finite game, where z and A’ are defined in Figure 4.1,

X'=0, Xt= Zx 7t = f(zY),
and
2
H= %t 10
27!

It follows from Theorem 2.4.1 that the modified regret of the allocation game is

the same as that of the finite game, i.e.,
T

ul"l%
Hn

=
= Zla:'a()("l + H'"'2) — ¢(XT)
t=

By the definition of §, we have
T

t
Zl: - 12131 Z b

= z::z:‘a()("l + H"'z) — ¢(XT)
It follows from Theorem 2.3.4 that

T
E Y zto(X'' + H"'2) — ¢(XT)| < V3n22°T.
t=1
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Thus r i
E,|Y ¢ — min 3 b} < V3n22°T.
1 I<isn 9

By Markov inequality, we have that

1 T T ¢ P
lel:ct - lsjlél";bjl 0.

Hence the desired result follows.

4.5 The k-extended prediction strategies

4.5.1 Introduction

In the on-line prediction model described in Section 4.2, at each time ¢, the decision-
maker predicts the outcome y, € ©. The decision-maker has the knowledge of the
predictions made by each of n experts, and makes a prediction based on the past and
current expert predictions and the past outcome sequence. The goal of the decision-
maker is to find a prediction strategy such that the total loss is as small as possible.
Since no statistical assumptions are made about the distribution of the outcome
sequence, a reasonable goal for the decision-maker is to perform as well as the best
expert. In Chapter 3 and the first four sections of Chapter 4, different strategies have
been introduced to give upper bounds on the difference between the total loss of the
decision-maker and the total loss incurred by the best expert such that the average
loss of the decision-maker approaches the average loss incurred by the best expert as
T goes to co. We observe that the average loss incurred by the best expert is equal
to the Bayes envelope in a finite two-person game. It is of interest to find a strategy
for the decision-maker such that the average loss of the decision-maker approaches a
lower envelope as T' goes to oo.

Herbster and Warmuth [20] considered the prediction model where D = [0, 1],
© = [0,1] and loss function is L. They studied the case in which the outcome
sequence is divided into at most k + 1 arbitrary segments. Each segment has a best
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expert. The sequences of segments and its associated sequence of best experts is
called a partitioning. Now the goal of the decision-maker is to perform well relative
to the best partition.

Let y = (y1,...,yr) be any outcome sequence. For any (t,...,%) such that
1<t;<Tandt; <ti,

[yO: ytl)v [ytn ytz)’ ey [ytu yT-H)

is called a k-partition of y, denoted by P .(y), where

e = (eg,---,e€k),

such that 1 < e; < n and e; # e;4). Expert B,, is the best expert associated with the
ith segment [ys,, ¥s,,,). Define the total loss of Py .(y) to be

LR’G (y) Z Lt‘“ - ([yii y Ytiga ))’

=1

where L"+l “([9s» Ys,,,)) is defined in (4.2). Since

L}, (y )_<. mln LB, ¥,

Lp, ,(y) can be considered as a lower envelope.

Herbster and Warmuth [20] modified Vovk’s Generic Algorithm, which is de-
scribed in Section 4.2, by adding an additional update to obtain two algorithms: the
Fized — share Algorithm and the Variable — share Algorithm. Each algorithm has
a parameter « € [0, 1].

Herbster and Warmuth [20, Theorem 4.4] showed that for any positive integers k
and T, by setting a = %, for any outcome sequence y with T' < T, and any Py.(y)
with k < k, the Fized — share Algorithm satisfies

A

LTizea(y) < clnn+enLf, W+ ck(lnI +In(n — 1)) + 2¢k,

where c and 7 are determined by the loss function, and LF,,.4(y) is defined in (4.2).
Herbster and Warmuth [20, Theorem 5.8] showed that for any positive integers k
and L, by setting a = EEETE’ for any Py .(y) with k < k, Lﬂm (y) < L, the Variable —
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share Algorithm satisfies
T T Ly o
Ly ariane(y) < cinn +enLp, (y) + O(k(ln;) +O0(k),

where c and 7 are constants determined by the loss function, and LY, ;4. (y) is defined
in (4.2).

For certain loss functions, such as square loss, ¢ and 7 can be chosen such that
cn = 1. Then using either Fized — share Algorithm or Variable — share Algorithm,
we have bounds for the difference between the average loss of the decision-maker
and L}, (y)- As an example, Herbster and Warmuth (20, Section 6] considered a
sequence of 800 trials with four distinct segments. They compared Vovk’s Generic
Algorithm to the Variable-share Algorithm. The simulation results showed that the
Variable-share Algorithm performs better than Vovk’s Generic Algorithm for this
sequence.

Cover and Shenhar [11] introduced a prediction strategy whose average loss ap-
proaches to the k-th order Bayes envelope in the situation of sequential prediction
of binary sequences with apparent Markov structure. In their paper, D = [0, 1],
© = {0,1}, and they use a score function instead of a loss function. Without con-
sidering the Markov structure, Cover and Shenhar [Section 4][11] gave a random pre-
dictor that predicts §; = 1 with probability p, at each time ¢, where p; is constructed
based on Blackwell [6]’s procedure.

For any outcome sequence y, denote the expected average score by

T
B(Sr) = 7 Ylpan + (1 - p)(1 - w,

t=1

and the Bayes envelope by

1z 1
¢(St) = max(T Y ynl- T %)
t=1 t=1
It follows from Hannan (17, p.139)] that for any y,

6(Sr) — E(Sr) < %



57

Considering the k-th Markov structure, Cover and Shenhar [11, Section 5] gave a

k-th order Markov predictor. At time T, T =k, k+1, ..., let

2= (Yr—k+1,-- -, UT)-

Denote T"(z) = T(z,1) + T'(z,0), where T'(z,1) and T(z,0) are the number of times
the sequence 2,1 and 2,0 were observed in y. For each z, the k-th order Markov

predictor uses the Blackwell procedure to make predictions. It follows that

k
#(5r) = BSH) S T2+ 7,
where
#60)=5mr T T@HSme)
- z€[0,1)*

is the k-th order Bayes envelope.

In the compound decision problem, a lower envelope than the simple Bayes en-
velope is the extended envelope introduced by Johns [21]. The idea of the extended
version is to take advantage of higher order empirical dependencies in the parameter
sequence. Johns [21] proposed extended compound rules whose risks achieve these
envelopes in the limit. Gilliland and Hannan [16] generalized and strengthened some
results previously reported by Swain [25] and Johns [21]. Theorem 3 of Gilliland
and Hannan [16] implies that the extended rules should compare favorably with un-
extended rules relative to the parameter sequence generated by a strictly stationary
process.

Vardeman [26] treated a sequence version of the finite state compound decision
problem. He also studied the k-extended problem in a game theoretic situation. After
proving a simple game theoretic decomposition of k-extended envelope, he constructed
randomized strategies with risk approximating the k-extended envelope at the rate
of O(T*/?).

Suppose that the loss sequence of the experts has some dependencies. For instance,
in the case of two experts, assume that the loss sequence {(b},b3), (b%,62), (83, 53),
(b%,0%), ...} is {(0,1), (1,0), (0,1), (1,0), ...}. Taking advantage of the dependencies,

we can use the idea of the k-extended problem in decision theory to construct a
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strategy, named k-extended strategy, such that the average prediction error of the
k-extended strategy approximates the k-extended envelope, which is a lower envelope

than the simple Bayes envelope.

4.5.2 The k-extended prediction strategies

Consider the prediction problem discussed in Section 4.4. Suppose at time t, Bf, ...,
Bt are the predictions of n experts, respectively. For any t and , let outcome y, € 6,

B! € D. Suppose the loss function L is bounded. Denote
b = L(B!,y), Vi,t.
Without loss of generality, we assume that 0 < bf <1 for all 7 and ¢. Let
Q = {b; Vi,t}

and suppose that @ is a finite set with cardinality q.

Assume at each time ¢, for all ¢, the decision-maker has the knowledge of b}, ...,
bi~!. Using Vardeman’s technique, we define a k-extended randomized strategy C*
for the decision-maker, which is described in Figure 4.2. So at each time ¢, strategy
C* only uses the past stages, at which the k previous predicting errors are the same

as b**"!, to determine the prediction.

Theorem 4.5.1 Let cf be the loss of strategy C* at each time t, bt be the loss of the
ezpert B; at time t with
0<bi<1Vit.

Suppose Q = {b¢ Vi, t} is a finite set with cardinality q. Then as T — oo,

1 T i T
Fiad- X min( 3 50

t=1 yeQnrk=1) 1<i<n t:bet-1=y

and the convergence rate is O(T~'/2).

Proof. Denote

X=|{z'={z,..., 25}, 2t = [J[bfau + (1 - &})(1 — au)], Vi}
=1
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Figure 4.2: Strategy C*

Strategy C*

Choose initial predictions g;, t < k, from the set of {B}, V:}
Repeat fort =k, k+1,...

predict with

2(T(b* 1) — o
G=Bif ¥ (b;-b:)g\/3" (T(bzn )=V 4 - aiyi,

s:b*d—l=pet-1

where
btt—l = {bt—k+l’ b!—k+2’ . bt—l}’
bl = {051,
T(b*™) = tf Iiges-1opet-1)
j=1
and z = (z1,...,22), and zy, ..., zp» are i.i.d. U(0,1) random variables, A, ..., A"

are the columns of matrix A.

Qgny °°° Qongp Agn

And A,, ..., Ay» are the distinct sequences from W.

W = {w" | w" = (wy,...,w,), w; € {0,1},Vi}.
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Since the loss of experts take values in a finite set @, which has cardinality q, the

cardinality of X is g". There exits a one to one mapping between Q™ and X.
Consider a finite two-person game in which player I has 2" pure strategies and

player II has n pure strategies. The loss matrix is the matrix A in Figure 4.2. Suppose

player I only takes strategies from X. Denote

3n2(T(x**"1) - 1) ,

2n )

o = a(X,"_lIx't_1 + \/

where
t—1

X'tk--1|x.t_l = Z xjr

jixei=l=xet=1

and

-
-

T(x"_l) = I{x.j—1=x.¢—1}.
j=1
Then the definition of the strategy C* implies that

T
Xl:z‘m: Y () o)

zeXk-1 tix*t-1=z

= > (X a

veQn(l—l) t:bet—1 =y
T
-3
t=1

It follows from Lemma 2.2.6 that

¢"(Xr) = 3 é(Xzlz)

zeXk-1

T
= Y (miin( S 8).

ueQn(k—l) t:b* l—l=v

Thus, applying Theorem 2.3.5 with |B| = 1, m = 2", and z* in X, we have

T T
BAYd- % (mn( 3 b))

yGQn(l—l) ‘:bnl-l=y
= k(yk
= E,| Zzt"t - ¢"(X7)|
1

Therefore, by Markov inequality, Theorem 4.4.1 follows.
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Remark 4.5.1

T
. ¢
) (mm E bit)) < Jin t§=1bi'

yGQn(k 1) t:b* ot—1 =y

Example 4.5.1 Suppose there are two ezperts, and their loss sequence is as following:

{(b1,5), (b, 53), (b3, B3), (83, 82), - .} = {(0,1),(1,0),(0,1),(1,0),...}
Then the simple envelope is

2

T -l ifT>1andT isodd
(X%) = .
if T is even

For the simple case of k = 2, the k-extended envelope is
¢*(X7) =0.

Therefore, we see that the 2-extended envelope is indeed a lower envelope.
Let T = 5000. To compare the average loss of strategy C? with the average loss
of the strategy C defined in Section 4.3, we used S-PLUS to determine:

1 5000
499826‘ 0.5196078,

4998 E t =

Thus, the 2-extended prediction strategy performs better for this sequence.
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