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ABSTRACT

CAPITAL INVESTMENT BY RISK NEUTRAL AGENTS:
MERGING ADJUSTMENT COSTS AND IRREVERSIBILITY

By

Hirokatsu Asano

Current capital investment affects future investment by setting conditions upon which a
firm makes future investment decisions. This analysis applies option pricing theory to
capital investment in order to determine possibilities of future investment, and shows the
optimal investment choice for a firm contemplating future investment. The theoretical
analysis develops a model for capital investment by risk neutral agents. The model
includes costly reversibility and fixed costs of investment. Then, numerical analysis
shows that optimal investment is approximately linear in economic parameters such as
the discount rate. Empirical analysis shows that actual investment behaves as theoretical

analysis predicts.



Wi
been comy
he gave m,
and his coy
the other
G‘lOmm. fi
ommitte

la
eSpecally
k| SIUd_\
work,

Fir
fatefy| o

aﬁhie\'em(



ACKNOWLEDGMENTS

Without the help and support from many people, this dissertation could not have
been completed. First, I would like to thank Professor Robert Rasche for guidance that
he gave me throughout this work. An article that he suggested me initiated this research,
and his comments and suggestions improved this work greatly. I would also like to thank
the other members of my committee, Professors Jeffery Wooldridge and Gerhard
Glomm, for their insight and support. 1 am truly thankful to all members of my
committee for the quality and the speed of their feedback on my work.

I am very fortunate to have good friends at Michigan State University. |
especially want to thank Daiji, Heather, Hiroki, Katsushi and Pablo. They made my life
and study in Lansing enjoyable, if not pleasant, and some of them also contributed to my
work.

Finally, I thank my parents for allowing me to pursue my Ph.D. dream. [ am also
grateful to my brother and his family for their support. They made my academic

achievement possible.



LISTO

LISTO

INTRC



TABLES OF CONTENTS

LIST OF TABLES ....... oottt ettt vii

LIST OF FIGURES ...ttt ix

INTRODUCGTION ..ottt se st aea et eseese et sasens e 1
1. Irreversibility, Costly Reversibility and Fixed Costs of Investment............. 2
2. PHOT WOTK ...ttt ettt sae 4

CHAPTER 1

COSTLY REVERSIBLE INVESTMENT WITHOUT FIXED COSTS. ................ 8
1-1. Bellman EQUAtion .........c.ccceoueriecieiirnienieieicceceeceeee et et eve e 9

1-2. Optimal Investment for Costly Reversible Investment

Without Fixed COStS ......ccccevuivieieeieieciereceeceee e 11
CHAPTER 2
COSTLY REVERSIBLE INVESTMENT WITH FIXED COSTS........ccccouueu.... 18
2-1. Optimal Investment for Costly Reversible Investment
With FIXEd COSLS ...coocueeiiiieiieccicecier et 19
2-2. User Cost of Capital ..........ccceeveeriiniiniiiriiiiieiciesreccre e sie e sne s 23
CHAPTER 3
OPTIMAL INVESTMENT AND EFFECTS OF PARAMETERS ...................... 25
3-1. Optimal Investment Rule.........ccocceeviiiriiiiniiiniiiiiecececcecevee e, 25
3-2. Effects of Parameters on Optimal Investment.............ccccceeecvreenirieennnennns 27

iv



R X |

CHAP
ECON

41

CHAPT
I\NDUS

Sl

i,

g



CHAPTER 4

ECONOMETRIC PROCEDURE. ..ottt 44
4-1. Econometric Model ...........ccociriiiiiniiniineniiienercreneeeese e 44
4-2. Analysis Methods .........ccecorimieceiciiiceececee e 47

1. Data SOUTCES ......cocuiriiiiiiiirierecee et r e e 47
1. Procedure .........cccooviiriiiiicicteececce et e 48

CHAPTER 5

INDUSTRY ANALYSIS ..ottt ve et 52
5-1. Computer and Office Equipment Industry ..........ccccccecvveviniiinniinnieennennne. 52

i. Estimation and Measure of Zero Investment...........cccccoccevervverencennnnnn, 52

ii. Test of Model Selection...........ccceecvevvierieniiinniiriecieseecece e, 57

iii. Test of Serial Correlation ............cccocveviiveniininiiiriinice s 58
5-2. Automobile INAUSEIY.........cccueviiriiniiiiinicceeeeeee e 58
i. Estimation and Measure of Zero Investment............ccccceecvvrvirvniineennen. 58

ii. Test of Model Selection............cccceveevieriniiiiniiniieeceeeeeeee e 63

iii. Test of Serial Correlation ...........ccceovveiierviininiiiieieciecee e 63
5-3. AIrline INAUSHTY ....coouviiiieeee e 64
i. Estimation and Measure of Zero Investment...........ccecevvirvenncinnennnen. 64

ii. Test of Model Selection...........cccceevervieriierienniiniecieceeeee e 71

iii. Test of Serial Correlation ...........ccccooceeveereeieeninrieeeecee e 71
5-4. SUIMMATY ....ceivreriiirierrterireenieeeeesereerat et sre s e sab s s sabe s rbs s aae s sas s esaae e 72
CONCLUSIONS . ...ttt st e st et estessa et e se s st sbessesatesseesbesbessesnsasssenne 74



APPEND
INVE

A-L
A2

A

APPEND.

B-1. -

APPEND]
AND |



APPENDIX A. TWO PERIOD MODEL OF COSTLY REVERSIBLE

INVESTMENT WITHOUT FIXED COSTS. .....cocvviniieieeeerereeeeeee e, 76
A-1. Investment Model ...........ccooiiirininiiiiiece e 77
A-2. Values of Future Investment and Disinvestment...........c....ccccceveneenenn.... 79
A-3. Optimal Investment for First Period.........c.ccccevininiineecreneneceererne. 80
APPENDIX B. APPROXIMATION OF G SATISFYING J(R,G) = 0................ 85
B-1. Approximation by Order of Exponents...........cccccoevvrrreeviincienienecnreeennen, 85
B-2. Approximation by Binomial Series ..........ccccoccerevirieniiinrienieneerere e 86
B-3. Refinement of ApproXimation ...........cc.ceccevceeviierieniereerieeceeeeeereecre e 87

APPENDIX C. FUNCTION ¢ WITH AND WITHOUT FIXED COSTS

AND RANGE OF INACTION......cotiiiiirtiieensenesee et eestesae s eneas 89
C-1. Coefficients of Function g, By and Bj.......c.ccccceevevveeviieiieeceeeeree e 89
C-2. Range of INacCtion........ccccccuveeiiiiiiiiiecieececeee et e 90
APPENDIX D. SERIALLY CORRELATED ERROR.........ccccccovirirvirirrannne 91
D-1. Voung’s Test of Model Selection...........cccecvciiviiiinininnineiinieeeenens 91
D-2. Estimated p and Durbin-Watson Test of OLS Residuals........................ 94
D=3, DISCUSSION. ... ettt ettt sttt et e s et e s s s eeeaee e 95

APPENDIX E. TWO STEP ESTIMATION FOR
LIMITED DEPENDENT VARIABLE MODEL ...........ccccooevininininiiiniinis 96

BIBLIOGRAPHY ......ooriiiiiiiiiiiiniciiiiici i 100

vi



Teble ] Rec
Tabie 3.1 Ce
Table3.2 Sy
Table33 Cri
Tible34 (i
Table 35 Ty
Tbie3§ 15,
ie37 1y
Thle 3 g Tri,
Tdle3 g Sig:
lble3 1 M,

T&biell] M



LIST OF TABLES

Table 1 Recent Literature on Adjustment Cost Function and Irreversibility..................... 5
Table 3.1 Cases for SIMulations ...........ccoeeveieeiiinieceieeee e 28
Table 3.2 Significance of Discount Rate .............ccocveievineeicieeiceeecee e 32
Table 3.3 Critical Value for Investment without Fixed Costs, y* ........ccooevvvvvvvevirnnennn. 33
Table 3.4 Critical Value for Disinvestment without Fixed Costs, y ™ .......ccccccevvveeunennnnn. 34
Table 3.5 Target Value for Investment with Fixed Costs, V7, ccoceeevvieveeieeeiiiiecieecieens 35

Table 3.6 Trigger Value for Investment with Fixed Costs (Natural Logged), Ln y;, .....36

Table 3.7 Target Value for Disinvestment with Fixed Costs, V7, ..cccccooveevveeeivieeneeenenns 37
Table 3.8 Trigger Value for Disinvestment with Fixed Costs, V7, ..ccoceeevvercnieccneecennennee. 38
Table 3.9 Significance of Quadratic Terms and Interaction Terms.........cccceceevcveriennnen. 40
Table 3.10 Measure of Minimum Investment (Natural Logged), LnG™ ...................... 41
Table 3.11 Measure of Minimum Disinvestment (Natural Logged), Ln G~ .................. 42

Table 3.12 Measure of Inaction Range (without Fixed Costs, Natural Logged), Ln G..43

Table 4.1 Investment Models and Econometric Methods ..........eeeeeeiiiiiiviiiiieiiniiiiiieeenees 49

vii



Tahle 3.1 Me
Tahle 3.2 Est
Table 3.3 Mo
Table 5.4 Sert
Table 3.3 Mo
Tbie 3.6 oy
Table 3.7 \fo
Tahle s 8 Seri;
Tiblesg Mea
Tabie 5.1 Est

Tahle S Mo

T8le 5 Ser



Table 5.1 Measure of Zero Investment (Computer and Office Equipment Industry)......53

Table 5.2 Estimation of Computer and Office Equipment Industry ...........c.ccoovvrennnne.n. 56
Table 5.3 Model Selection for Computer and Office Equipment Industry...................... 57
Table 5.4 Serial Correlation Test for Computer and Office Equipment Industry ........... 58
Table 5.5 Measure of Zero Investment (Automobile Industry)........c.cccccoevvvveviieennnennen. 59
Table 5.6 Estimation of Automobile Industry .............ccooviieiiiiiiiiiiececcceeec e, 62
Table 5.7 Model Selection for Automobile Industry ...........cccceeeviiiiiiecieecieeeeereeee, 63
Table 5.8 Serial Correlation Test for Automobile Industry ..........cccceeevevvviviiecieerieeneenee. 64
Table 5.9 Measure of Zero Investment (Airline Industry)........cccoeevieriieniiiniiieevreeeeen, 65
Table 5.10 Estimation of Airline Industry .........cccooiiiiiiiiiinie e 70
Table 5.11 Model Selection for Airline Industry........c.cccooeiiiiiiiiiniiiiinieeeceee e 71
Table 5.12 Serial Correlation Test for Airline Industry..........cocoeeieiiiiniiienniiiennieeenee, 72
Table D.1 Log Likelihood of Investment Model..........c..cccoooiiiiiiiniiiiiniiiiiecienes 92
Table D.2 Model Selection under Serially Correlated Error ..........ccccoceeniniiinniniiinnnnns 93
Table D.3 Estimated Coefficient of AR(1) Process, p......cccceverieniiniinieneniiinniecnieciens 94
Table D.4 Durbin-Watson Statistic for OLS Residuals..........c.ccoceeviriiiniineinienieneenne. 94

viii



o nomravasyesd

houre 1.1 2

Figure 1.2

-

Fioure 1.3

Fioure 1.4

Fieure 2 1

Fure 22

Foure 2 3

Fawe 3

—H
l’-':“
=
v
(9]
to

Fiaure 4]

gt

O

0



LIST OF FIGURES

Figure 1.1 Approximation of J(G,R) = 0 ....cceevveriiiiiieiiereeeeeteeee e 13
Figure 1.2 Costly Reversible Investment without Fixed Costs .........cccccveveeviercerieennnnne. 14
Figure 1.3 Optimal Rule for Investment in

Costly Reversible Investment without Fixed Costs Model ....................... 17
Figure 1.4 Optimal Rule for Disinvestment in

Costly Reversible Investment without Fixed Costs Model ....................... 17
Figure 2.1 ¢q(y) and N(y) for Costly Reversible Investment with Fixed Costs................. 21
Figure 2.2 Optimal Rule for Investment in

Costly Reversible Investment with Fixed Costs Model............................. 22
Figure 2.3 Optimal Rule for Disinvestment in

Costly Reversible Investment with Fixed Costs Model...........ccccceeueenneee. 23
Figure 3.1 Schematic Diagram for Costly Reversible Investment with Fixed Costs ......25
Figure 3.2 Critical Values for Investment and Disinvestment...........c.ccoccecerineenecnenenns 29
Figure 4.1 Normalized Investment Function .........c..cccoecviiiniiniininiiiiniie, 44
Figure A.1 ¢q(y), N(»), P'(y), and C' () for Two Period Model...........c.ccovnrnininnnnnnnn. 82
Figure A.2 Optimal Rule for Investment in Two Period Model............ccccccovininiinnnns 84
Figure A.3 Optimal Rule for Disinvestment in Two Period Model .............cccccoceneneee 84



Figure B.1

Figure B.2

Figure D.1



Figure B.1 Approximation of G* (1)

Figure B.2 Approximation of G* (2)

Figure D.1 GFMvsOLS .................

...............................................................................

...............................................................................

...............................................................................



When a firm
steck. Then
conditions u
takhe into acc
deCl'Si‘m’ Th
fure invesiy
anaj_\SiS-
This a
0 accoun
Merging Tobiy
order 1o inCOrP
model with COs
11997) use 4 m
Mdel with e
form Solution 0f
numericaﬂy. Th
s jngo accoy;
Tobip ' ()
Pegpita) EXceed,
U}emarginal bene

by

efit of Capitg) ;



INTRODUCTION

When a firm invests, its investment decision is based upon its current level of capital
stock. Then, firm’s current investment affects its future investment decisions by setting
conditions upon which the firm makes its future decisions. Therefore, the firm should
take into account the possibilities of future investment when it makes its investment
decision. This paper shows the optimal investment decision for a firm contemplating
future investment, and investigates actual investment in accordance with theoretical
analysis.

This analysis applies option pricing theory to capital investment in order to take
into account the possibilities of future investment. Currently, Abel and Eberly are
merging Tobin’s q theory with an adjustment cost function and irreversible investment in
order to incorporate the possibility of future investment. Abel and Eberly (1996) use a
model with costly reversibility but without fixed costs of investment. Abel and Eberly
(1997) use a model with fixed costs of investment and irreversibility. This ‘paper uses a
model with both fixed costs of investment and costly reversibility. In general, a closed
form solution of this model is unattainable. Therefore, this analysis solves the problem
numerically. The theoretical analysis shows that Tobin’s g becomes lower, when a firm
takes into account its future investment.

Tobin’s (marginal) g theory implies that a firm invests when the marginal benefit
of capital exceeds the marginal cost of capital. The firm will invest up to the point where
the marginal benefit of investment becomes equal to the marginal cost. The marginal
benefit of capital is Tobin’s g, and equal to the derivative of the present discounted value
(PDV) of net cash flow or firm’s equity. The marginal cost is the price of capital.

Investment is an increasing function of Tobin’s q.
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This analysis modifies the friction model to analyze actual investment. The
analysis compares five different investment models including one that specifies costly
reversible investment with fixed costs. The analysis shows that costly reversible
investment or the corresponding econometric model, a generalized version of the friction
model (GFM)), is the best model to analyze actual investment among the tested models.
The analysis also shows that an investment model of partial specification such as
irreversible investment can be inferior to a model of reversible investment without fixed
costs for empirical research.

1. Irreversibility, Costly Reversibility and Fixed Costs of Investment

If the firm cannot sell its installed capital, investment is irreversible. When the firm
invests heavily now, it is more likely that the firm will have too much capital in the future
and Tobin’s g will be lower than the price of capital. In other words, the marginal benefit
of capital will be less than the marginal cost of capital in the future. In such a case, the
firm will want to sell its installed capital, but cannot due to the irreversibility of capital.
On the other hand, if the firm postpones its investment decision, it will acquire more
information about the economy and, then, can adjust its capital stock. Thué, waiting has
value for the firm in a stochastic economy, and the firm’s gain from waiting is more
accurate adjustment of its capital stock in the future. The irreversible investment
literature applies option pricing theory in order to evaluate the value of waiting.

The irreversibility literature regards future investment as a call option. A call
option is a right, but not an obligation, for investors to buy financial assets or
commodities at a predetermined price, or striking price, at a predetermined date in the
future. The investors or option buyers exercise their option if the market price of the
assets exceeds the striking price at the contract date. If the market price is lower than the
striking price, the option buyers will not exercise their option. The gain for the option
buyer is difference between the striking price and the market price at the maturity date.

Therefore, the gain is kinked at the striking price. The gain is zero if the market price is
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lower than the striking price. If the market price is higher than the striking price, the gain
is positive and increasing along with the market price. The premium that the option
buyers have to pay to option writers is equal to the expected gain for the option buyer.
Option pricing theory evaluates this premium.

In the stochastic economy in this paper, operating profit and cash flows are
modeled as functions of capital stock and a stochastic variable, which is called the
economic indicator variable. For a given level of capital stock, there is a critical value for
investment of the economic indicator variable, which corresponds to the striking price.
The firm invests when the economic indicator is higher than the critical value.
Otherwise, the firm does not invest, because the marginal benefit of investment is less
than the marginal cost of investment.

When the firm can sell its installed capital at a resale price lower than the
purchase price of new capital, investment is costly reversible. Costly reversibility
introduces another critical value of the economic indicator variable, the value at which
disinvestment becomes profitable. The firm disinvests if the economic indicator is lower
than the critical value for disinvestment. Then the firm will disinvest until Tobin’s ¢q
becomes equal to the resale price of capital. The firm does not disinvest if Tobin’s g is
above the resale price. When Tobin’s g is between the purchase price of capital and the
resale price of capital, zero investment, or inaction, is optimal. Similar to the gain from
investment, the gain from disinvestment is kinked at the critical value. The gain is
positive when the economic indicator is below the critical value and zero when the
economic indicator is above the critical value. In the analysis, disinvestment is similar to
a put option.

When there are fixed costs for investment, fixed costs introduce a minimum
amount of optimal investment. Sunk costs or installation costs of investment are
examples of fixed costs of investment. Because of fixed costs, a value of Tobin’s ¢

higher than the price of capital is not sufficient for optimality. An increase in the PDV of
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net cash flow from investment can be smaller than fixed costs. When the firm invests,
the gain from investment should be larger than fixed costs. As a result, optimal
investment has a minimum. If there are fixed costs for disinvestment, optimal
disinvestment also has a minimum. Fixed costs also introduce a range of inaction in the
economic indicator.
2. Prior Work
Abel and Eberly have published several papers about capital investment by risk neutral
agents which incorporate Tobin’s g theory with an adjustment cost function and
irreversibility. Abel and Eberly (1994) formally incorporate fixed costs of investment
into their model. They solve a continuous time model with a general form of the
investment cost function which includes both fixed costs and the costly reversibility of
investment as well as a conventional convex adjustment cost function. Their analysis
shows that a range of inaction appears in the firm’s investment decision. Both fixed costs
and the costly reversibility result in inaction as an optimal investment decision. In one
case, a constant returns to scale (CRTS) Cobb-Douglas technology and a perfectly
competitive market are assumed. This model results in the firm showing risk-loving-like
behavior, i.e., the firm will invest more when the price of output fluctuates more, because
the operating profit function is convex in the output price under those assumptions.
When the firm contemplates an investment project, the firm can wait until the
firm’s market condition becomes more favorable. McDonald and Siegel (1986) employ
option pricing theory to evaluate the value of waiting. The irreversible investment
literature shows that optimal investment has two states; one is strictly positive investment
and the other is zero investment, and one of the two states appears at a time. Bernanke
(1983) by employing option pricing theory shows an asymmetric character to irreversible
investment. When market conditions for the firm are favorable, the firm will invest and
acquire more capital. Because the firm cannot resell its installed capital, the firm should

be worried about “bad news.” Due to the irreversibility of investment, the firm cannot
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sell its installed capital, even if a lower capital stock is optimal. In other words, the firm
can adjust its capital stock upward but not downward. Thus, the firm’s investment
decision is concerned only with bad news, because what “irreversible investment is
sensitive to is ‘downside’ uncertainty (Bernanke, pp. 93).”

Currently, Abel and Eberly are merging the adjustment cost function literature
and the irreversibility literature. Table 1 shows recent articles and the topics which the
articles cover. Abel, Dixit, Eberly and Pindyck (1996) develop a model which
incorporates both Tobin’s g theory and option pricing theory. The model is a two period
model with the costly reversibility, but without fixed costs. One conclusion from that
model is that when the firm makes a decision it should take into account the adjustment
of its capital stock in the future (the second period). The appropriate g for current
investment is the derivative of the PDV of cash flow assuming no future investment or
disinvestment, plus the value of the put option for future disinvestment, minus the value
of the call option for future investment. Their analysis also shows that an upward shift in
the distribution of shocks to the firm’s revenue increases the incentive to invest, while a
mean-preserving spread in the distribution of the shocks has an ambiguous effect on

investment.

Table 1 Recent Literature on Adjustment Cost Function and Irreversibility

Adjustment Cost Function Irreversibility Model
Papers’ Costly Fixed Convex | Irreversi- Option Two Continuous
Reversibility Costs Function| bility Pricing | Period Time

AE (1994) X X X X
ADEP(1996) X X X

AE (1996) X X X

AE (1997) X X X X
Asano(1999) X X X X X

* AE and ADEP stand for Abel and Eberly, and Abel, Dixit, Eberly and Pindyck,
respectively.
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Abel and Eberly (1996) use an investment model with the costly reversibility, but
without fixed costs. The paper shows that the range of inaction is wider than that
calculated from the Jorgenson’s user cost of capital, i.e., (real interest rate + depreciation
rate) x (purchase price or resale price of capital). Their model uses an operating profit
function which has constant returns to scale in capital stock and a demand shock variable.
The analysis uses a Taylor approximation for its solution, but there are large
approximation errors in some cases.

Abel and Eberly (1997) use a model incorporating both irreversibility and fixed
costs. The model shows that there are a trigger value and a target value for a composite
variable, i.e., a random variable representing the ratio of economic conditions to current
capital stock. When the composite variable exceeds the trigger value, which means that
the economy is booming, the firm increases its capital stock such that the composite
variable becomes the target value. The model uses a Cobb-Douglas technology, and an
iso-elastic demand function. There are stochastic shocks to technology, the demand for a
firm’s output and the price of flow input. The model also includes the level of factor
utilization.

The analysis presented here uses a modified Abel and Eberly (1997) model with
the costly reversibility. The analysis includes fixed costs, but excludes the factor
utilization. The model without fixed costs is a special case of the model with fixed costs;
namely fixed costs are zero. The analysis will quantitatively show optimal investment
and effects of economic parameters on optimal investment. In order to derive critical
values for optimal investment, there are two obstacles: solving a quotient of power
functions for the model without fixed costs and solving a simultaneous equation system
of power functions for the model with fixed costs. This analysis resorts to numerical
solutions.

Since costly reversible investment has three ranges in the economic indicator

variable, the analysis employs a generalized version of the friction model. Maddala
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(1983, pp. 162) discusses this model. The friction model is an extension of the Tobit
model, which has two ranges. Tobin (1958) studies a model in which a dependent
variable is varying in one of the two ranges while it remains constant in the other range.
However, the economic model of this analysis has three ranges in the economic indicator:
one for investment, zero investment and disinvestment. The economic model requires a
modification to allow some explanatory variables to have different coefficients in
different parts of the friction model. Thus, the analysis generalizes the friction model for
analysis.

The analysis presented here compares five investment models: reversible without
fixed costs, irreversible without fixed costs, irreversible with fixed costs, costly reversible
without fixed costs, and costly reversible with fixed costs. Since some examined models
are non-nested, the LR test is not appropriate for comparison. Voung (1989) proposes a
test of model selection, which is an extension of the LR test. The analysis employs
Voung’s test of model selection.

The empirical analysis investigates three industries: the computer and office
equipment industry, the automobile industry, and the airline industry. For all three
industries, costly reversible investment with fixed costs or the corresponding generalized
friction model is the best among the five investment models, since its likelihood is

highest and its estimated coefficients are compatible with the economic model.
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CHAPTER 1

COSTLY REVERSIBLE INVESTMENT WITHOUT FIXED COSTS

This chapter analyzes costly reversible investment without fixed costs. The analysis

assumes that the operating profit function, 7z, has the following functional form.

7(K,,Z)=A4,Z°K/! )

Here, Z, and K are the stochastic economic indicator variable and capital stock,
respectively. The specification of equation (1) can be derived for a firm with a CRTS
Cobb-Douglas technology facing an iso-elastic demand curve. The economic indicator
shifts a firm’s operating profits and is assumed to follow a geometric Brownian motion
with drift 4, and volatility o;.

dZ, = uZ,dt+o0,;2,dz, 2)
Here, dz, is a standard Wiener process.

The firm invests or disinvests to maximize the firm’s expected equity or the PDV
of firm’s expected net cash flow, /(K,,Z). The investment and disinvestment incur total
costs, IC,, which include payments for investment, and receipts from disinvestment. The
functions /, and D, are a cumulative investment function and a cumulative disinvestment
function, respectively. The function /, is the sum of all purchases of capital up to time ¢.
Therefore, dI, is the amount of investment at time ¢. Similarly, D, is the sum of all sales
of capital up to time #. Both are non-decreasing step functions. And, because capital

stock, K,, is exponentially depreciating at an exogenous rate, J, while the functions 7, and
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D, remain the same level until the next investment or disinvestment, in general,

K, # I,— D, We can write the value function, ¥(K,,Z), as follows.'

V(K,,Z))= max E,[fe"‘ {4,200 ds - IC,, }] 3)

(l”,n ~‘Il)l +s }

subjecttodX,,, =dl,,, —dD,,, -6 K,,.dt, K,,, 20 Vs=>0,
dZ,\” =Hz Z,H-dt +0, Z,+_\-dZZ 5 a.nd
1CI+.r = P;(dlm.\- - pl-(dDHx

Here, 5, p; and p, are the discount rate, the purchase price of capital and the resale

price of capital, respectively. Parameters , p, and p, are given. Ata point in time, ¢,
the firm makes its decision about X after the stochastic economic indicator variable, Z,, is
revealed, in order to maximize its expected equity or expected PDV of the net cash flow
assuming optimal investment for the future.

1-1. Bellman Equation

By splitting the time period of equation (3) into two: the first period from zero to A¢, and
the second period from 4¢ to infinity, and assuming that 4¢ is sufficiently small and the

spread, ¥ — i, is strictly positive, we have

V(K,,Z,)=E,[‘[Ve""A,,Z,':fKﬂ,ds]wt max E[ [ e”‘{A,,Z,';f’K,‘i‘ds'—lC,“}]

{dlio.dDy, )

Z, )z's

+e-rA’ max }El[fe_ﬁ {Anzll;gHrKﬁAHrdr_plt’dIHAH-r + pl_\'dDHAHr }]

{dlioaser dDionser

= A;rKle f’ e_(y+w)“‘E(ZII:.:9

1

Ars &+ A1 . 4
1+yNE,[V(KH ) 4)

~A,Z KAt +

! The main text of this paper solves a continuous time model, while the appendix A of the
paper solves a two period model. Although the two period model of this paper shows
economic intuition, it is the continuous time model which allows us to derive the optimal
investment and show effects of parameter variation on the optimal investment. In the two
period model of this paper, for simplicity, a firm makes investment decisions only twice;
one at the beginning of each period, so that the second period decision does not concern
future investment.
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Therefore,

},AtV(KI b ZI ) = Aﬂ le‘o Klo (1 + yAt)At + El [V(KI*AI k4 Zl‘hv )_ V(KI 9 ZI )]
= A,Z°KO(1+ a0t + E,[aV(K,, Z,)]. ©)

By dividing both sides by 4r and letting Ar — 0, the above equation becomes
W (K..2)=A4,27°K? +(/ar)E [av(K,.Z,)]. (©6)

By Ito’s lemma, E,[dV( - )] can be expressed as follows:

Efav(K,.Z )= -6 KV dt +V,u,Z,dr + % V,o0lZ}dt . (7)
Thus, the Bellman equation for V(- ) is

W(K,.Z)=AZ Kl ~SKV, +u,ZV, + —;—a; zv,,. 8)

Because V( -) is set up to be homogeneous of degree one in K and Z by choosing
the exponents on Z, we can transform the partial differential equation (8) to an ordinary
differential equation. The derivative of the expected equity, Vx, is equal to Tobin’s g. By
definingy=2,/K,, p=u,+3, and o,=0;, q(y) (= Vi) becomes the following
second order ordinary differential equation

2

(r +8)(y)= 4.0 y"" + p,yq'(y)+ %‘-“-y’q”(y)- ©9)

The solution of equation (9) is

q(y)= Hy'’ + B, y* + B,y"". (10)
The first term of equation (10) is the particular solution, and H = 4,6/ f (l —6). Then

the characteristic function fassociated with equation (9) is given by

2 2
f(w)E-%wz—[u,v—%]¢+(7+5)- (11)

The second term and the third term of equation (10) are the complementary solution. The

second term corresponds to the derivative of the value of future disinvestment as the put

10
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option and the third term corresponds to the derivative of value of future investment as
the call option. And, the exponents ¢y (< 0) and ¢. (> 1) solve @) = 0.
1-2. Optimal Investment for Costly Reversible Investment without Fixed Costs
The optimal investment decision equates Tobin’s g with the price of capital. In the case
of costly reversible investment, the firm should buy new capital when g exceeds the
purchase price of capital, while it should sell its installed capital when g is lower than the
resale price of capital. Then, the firm invests or disinvests until Tobin’s ¢ becomes equal
to the corresponding price of capital.

When there are no fixed costs for investment, there are two critical values in y:

one for investment and the other for disinvestment. At the critical value for investment,
y*, the firm is indifferent between investing and waiting. Above y*, investment takes

place, while below y* the firm waits. The critical value for disinvestment, y~ has

similar properties. Then, the boundary conditions for equation (10) are fourfold:

q(y*)=pi, (12a)
q(y™) =Pk, (12b)
q(y')=0, (12¢)
and q (y)=0. (12d)

The first two conditions are the smooth pasting conditions. The last two conditions are
the high order contact. For investment without fixed costs, there are four unknowns, y",
y~, By, and B,.

Abel and Eberly (1996) derive the solution to equation (10) which satisfies the
boundary conditions (12a) to (12d) as

BN — _(1 ';’0)1'1 g(ny_)l—()—m , (138)

B, = - (1-0)H fi- g G)Iy' );-o-«»,. , (13b)

P

11



and

Here. G =37
Hx)=[1-(1 -
equation

where, R = P

Abel an

PR = | gp,

Bu, Usually g >
Fproximation, 1l
For Nample, wp,

“ally 5 43 An

he function h. Th

%?mximation as

fi




. 2 -0
= , 13
Y {A,eh G"} (13¢)

q - Px z | 13d
an Y Tl a6nG)| (39
Here, G = y«r /y— , g(x) = (xV’I' _ xl—() )/(xwp _ xW\ )’ and

h(x)=[1-(1-60)g(x)ip, -(1-6)1-g(x)}/o, ]/ f(1-6). Here, G satisfies the following
equation

J(R.G)= RW(G)-G""n(G™)=0 (14)
where, R = p;/px .

Abel and Eberly (1996) solve equation (14) by a Taylor approximation at the
point (R =1and G = 1). They suggest

(1-6)y +9)

But, usually R > 1 and G > 1. When the solution is far from the point of the Taylor

GEI+[L} (R-1)". (15)

approximation, there is a large approximation error. Figure 1.1 shows such an example.
For example, when R = 2, Abel and Eberly suggest that G is approximately 1.51, but G is
actually 5.43. An alternative approximation for equation (14) can be derived by choosing
a larger term in either the numerator or the denominator in the function g for simplifying
the function A. The alternative approximation yields equation (16), which is a better

approximation as figure 1.1 shows.?

G z[[%——H—QJ(&](R—I)H:'I_H (16)
@ —1+60 \ o,

2 See the appendix B for derivation.
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Figure 1.1 Approximation of J(R,G) =0

(6=0.143,4,~0.506, 6= 0.06, y=0.07, 1, = 0.05, 07 = )

Equation (16) suggests that G is approximately 6.07. However, this analysis solves
equation (14) numerically in order to find more accurate results.
Figure 1.2 shows one solution for costly reversible investment without fixed

costs. Since 0 < #<1, H>0and 0 <1 - @<1. Therefore, the first term of the ¢
function, Hy'™?, which is equal to the so-called naive case, is concave and increasing for
positive y. And, the term is zero at y = 0. Since ¢y < 0 and By > 0, the second term of the
q function, By y®", is convex and decreasing for positive y. As the second term is
infinite at y = 0, it dominates the other terms for small positive y. Since ¢.> 1 and

B, <0, the third term of the g function, B, y?", is concave and decreasing for positive y.
The third term equals zero at y = 0, and approaches negative infinity as y approaches
infinity, so that it dominates the other terms for large positive y. As a result, for positive

y, there are a local minimum of the ¢ function at a small value in y and a local maximum

of the ¢ function at a large value in y. Figure 1.2 (a) shows the (marginal) g ratio, which
is drawn as a function of y. The ¢ function is negatively sloped for y < y~, then

positively sloped, peaks at y*, and again becomes negatively sloped. The ¢ function is
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(a) Functions g (y) and N(y)

qa(y)

(b) Optimal Investment and Disinvestment

Figure 1.2 Costly Reversible Investment without Fixed Costs

(0~ 0.143, 4,~ 0.506, 5= 0.06, y=0.07, 4, = 0.05, 0, = i1, G ~ 5.43)
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tangential to the price lines ( p; =1 and p; =0.5) at the critical values of y. The N
function is the so-called naive case in which the firm assumes zero future investment. It

is presented as a dashed line in figure 1.2 (a). The bold line of either the ¢ function or the

N function is relevant to investment decisions.

For costly reversible investment without fixed costs, whenever the firm observes y
above y* or below y~, the firm will invest or disinvest accordingly. When the firm
invests or disinvests, y after investment or disinvestment equals the corresponding critical
value, y* or y~. When yis between y* and y~, zero investment, or inaction, is
optimal, and capital stock remains at the same level. Since this model assumes that
installation of investment is instantaneous, we do not observe y above y* or below y~.
For the naive case, the optimal investment rule (the bold dashed line) is entirely located
left of the costly reversible case (the bold solid line), and two critical values are lower
than those for the costly reversible case.

Figure 1.2 (b) shows optimal investment, d/,, and optimal disinvestment, dD,, as a
function of the ratio of the stochastic variable, Z, to capital stock before investment, K, .
In figure 1.2 (b), a solid line is optimal investment and disinvestment for the costly

reversible investment, and a dashed line is optimal investment for the naive case. Both
lines are derived from figure 1.2 (a). When the ratio, Z,/ K,_, is between y* and y~, zero

investment is optimal so that K,, = K,_, or d/,= 0 and dD, = 0. If the ratio exceeds y"*,

optimal investment is positive and given by

-K,. (17)

If the ratio is below y~, optimal disinvestment is positive and given by

dp, = K, - Z-. (18)

y
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Investment for the naive case is entirely located left of costly reversible investment, so
that, when the firm contemplates future investment, its optimal investment is smaller than
when it does not consider future investment. Disinvestment for the naive case is also
located left of costly reversible investment, so that optimal disinvestment is larger when
the firm contemplates future disinvestment than when it does not. In terms of capital
stock, the firm chooses lower capital stock when it consider future investment than when
it does not.

Figures 1.3 and 1.4 show the optimal rule for investment and disinvestment,
respectively. The optimal rule is to bring y back to one of the two critical values
whenever y moves beyond the corresponding critical value. Otherwise, inaction or zero

investment is optimal. In figure 1.3, the function g approaches the purchase price line

( px ) from below, becomes tangent to the purchase price line at the critical point for
investment, y*, and then moves downward. In figure 1.4, the function g shows the
opposite move. It approaches the resale price line ( px ) from above, becomes tangent to

the resale price line at the critical point for disinvestment, y~, and then moves upward.
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q(y)

N (y)l P x

Figure 1.3 Optimal Rule for Investment in
Costly Reversible Investment without Fixed Costs Model

(0~ 0.143, 4, ~ 0.506, 5= 0.06, y=0.07, &, = 0.05, 0, = 11, y* = 2.01)

q(y)

Figure 1.4 Optimal Rule for Disinvestment in
Costly Reversible Investment without Fixed Costs Model

(9~ 0.143, 4, ~ 0.506, 5= 0.06, y=0.07, ;= 0.05, 0; = p1. y~ =~ 0.369)
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CHAPTER 2
COSTLY REVERSIBLE INVESTMENT WITH FIXED COSTS

This chapter derives the optimal investment rule when investment has fixed costs. Due to
fixed costs, both investment and disinvestment have a trigger value and a target value in
y. The investment costs have two parts: payment for new capital or revenue from resale
on one hand, and fixed costs on the other hand. Fixed costs, however, do not affect the
marginal analysis of investment, so that the Bellman equation is the same as costly
reversible investment without fixed costs.

We can write the value function, V(K,,Z), as follows. There is one difference

from investment without fixed costs, i.e., a specification of fixed costs.

V(K..Z,)= max E[J’: e"‘{A,,Z,';f’K{‘l\ds'—IC‘,+\.}} (19)

Wl dby )

subjecttodk,,, =dl,,, —-dD,,, -6 K,,.dt, K,,, 20 Vs=>0,
le+,\' = /—lZ ZI+.\d’ + GZ ZI+,\dzZ ’ and
1CI+.\’ = plzdlus - pl.(dDN.\’ + FIZH»x + FI)ZH».\-

Here, F,Z,., and F,Z,,, are fixed costs for investment and disinvestment, respectively.

Coefficients, F, and F,, are constant and given. Then, equation (19) yields the

following Bellman equation.
W(K,,Z)=AZ K’ ~SKV, +u,ZV, + %a,%zf V,, (20)

The solution of equation (20) is

Vi(-)=q(y)=Hy"" + Byy® +Bpy*" . 1)

Here, H, ¢y and ¢, are defined similar to investment without fixed costs.

18
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2-1. Optimal Investment for Costly Reversible Investment with Fixed Costs
Denoting the trigger values and the target values of investment and disinvestment by y;, ,

Y1r» Y1.»and y;,, respectively, the boundary conditions for equation (21) become

alyr.)=px. | (22a)

a(vi.)=pi. (22b)

alvi )= ri» (22¢)

a(y7.)= P (22d)

f’” Vi ()= pi bk = zF, (22¢)

and [/ "px =V, (UK = zF, . (221)

At the trigger value for investment, the firm is indifferent between investing and not
investing. Equation (22a) represents this. When the firm invests, the firm should invest
until function g becomes equal to the purchase price of capital. This yields equation
(22b). The benefit from investment from the trigger value to the target value is equal to
fixed costs of investment. Equation (22¢) shows this. Similar arguments for
disinvestment yield equations (22c), (22d), and (22f).

Although the function g with fixed costs has the same equation form as the
function g without fixed costs, two coefficients for the function g with fixed costs, By

and B, , satisfy the following relation with the corresponding coefficients for the function
q without fixed costs, By and B,

B, < B, <0< By < By (23)
By multiplying a positive coefficient smaller than By, the minimum of the function ¢

lowers. Similarly, by multiplying a negative coefficient larger than B,, the maximum of

3 See the appendix C for proof.
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the function g rises. By choosing appropriate By and B, the model yields positive

values for the four critical values, y;,, y;,, y;,.and y;,, satisfying the boundary

conditions (22a) to (22f).
From equations (21) and (22a) to (22f), we have

FE)=Hi )" + B ) + By ) - pi =0,

1-6

f) H(y,,,) +BA(.VIu) +BI(Iu)‘"._plt’= ,
Hlyi )+ By )" + Bilyin )" - pi =0,
H()’lu)lo"' (J//u) (}’lu).—PK‘=0,

A
Fs =——” Ir l.,
© f(l_e)[y (i

and
&) =-piln) - i)'+ 7(1127)[(”_“ Y ()]
_q)fh iy -Gy B' [(yru)‘"""—(y;,)‘”""

1 -1

Here, £is a vector of six unknowns for investment with fixed costs, where

&= {y-,*-,, ViasVirsVias Bx,B) } This analysis again numerically solves the system of

equations (24a) to (24f).

Vi o _(y;,“)W\-|]

v prP 1 [(y 7 ]+ Px [(y;-, J' - (yiu J! ]— F, =0,
L

]—F/,=0.

(24a)
(24b)
(24¢)

(24d)

(24¢)

(24D

Figure 2.1 shows one solution of costly reversible investment with fixed costs.

The solid line is the function g for investment with fixed costs, while a broken line is g

without fixed costs. And, a dashed line is the function N. The difference between g with

fixed costs and without fixed costs is only the inclusion of fixed costs, while all other

conditions are the same. When there are fixed costs, the peak of the function g moves

upward and to the right. As a result, the function g reaches above the purchase price line

20
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(px =1). And, the crescent area between the function g and the purchase price line
corresponds to fixed costs of investment, or the left hand side of equation (22¢). At the
same time, the minimum of the function ¢ moves downward and to the left, and the
minimum of the function g is below the resale price line ( p, =0.5). A triangular area
between the function g and the resale price corresponds to fixed costs of disinvestment,
or the left hand side of equation (22f). The peak of the function g is flat, while the trough
of the function g is steep. When y reaches part (D) in figure 2.1, the firm should
disinvest, while when y reaches part (I) in the figure, the firm should invest. If y remains

in either part (O), (O'), or (O"), then zero investment is optimal. Also, figure 2.1 shows

- - + +
Yir <Viu <Via < YVir.

i}
(10°)
\D)
ot- Y
YTry Ta ly ‘;‘a 2 3 Y‘;‘r 4

~

0.5 y
i

|

t

1

|

Figure 2.1 ¢(y) and N(y) for Costly Reversible Investment with Fixed Costs

(0~ 0.143, 4,~ 0.506, 5= 0.06, y= 0.07, 4, = 0.05, 5, = 0.05,
pi=1, px=0.5, F,=0.5, F,=0.05)

21
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Figures 2.2 and 2.3 show the optimal rule for investment and disinvestment,
respectively. The optimal rule is to bring y to one of two target values, whenever y

exceeds the corresponding trigger value. For example, the pre-investment level of y is

above y;, , the firm should invest so that the post-investment level of y equals y;,. In
figure 2.2, the optimal investment is to bring y to y;, (= 1.26), whenever y exceeds y;,
(= 3.67). Similarly, in figure 2.3, the firm makes y equal to y,, (= 0.352), whenever y

moves below y; (= 0.150). When y is between y,, and y;,, inaction is optimal.

q(y)

Figure 2.2 Optimal Rule for Investment in
Costly Reversible Investment with Fixed Costs Model

(0~ 0.143, 4,~ 0.506, 5= 0.06, y= 0.07, 1, = 0.05, o = 0.05,
pi=1, px=05,F,=0.5, F,=0.05, y},~ 1.26, y,~ 3.67)

22
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q(y)

0.8 q(y)

Figure 2.3 Optimal Rule for Disinvestment in
Costly Reversible Investment with Fixed Costs Model

(6~ 0.143, 4,~ 0.506, 5= 0.06, »= 0.07, ;= 0.05, o, = 0.05,
pi=1, px=05, F,=0.5, F,=0.05, y;,~0.150, yj.~0.352)

2-2. User Cost of Capital

Abel and Eberly (1996) show that, for costly reversible investment without fixed costs,
the user cost of capital is higher for investment or lower for disinvestment than
Jorgenson’s user cost of capital. This section shows that, for costly reversible investment
with fixed costs, the user cost of capital is even higher at the trigger for investment and
lower at the trigger for disinvestment than those in the Abel and Eberly’s model.

Jorgenson (1963) show that the user cost of capital, c,, is
c; = (}' + 5)p,§ + px for investment, or (25a)
c; =(y +8)px + px for disinvestment. (25b)
Here, p is the derivative of p with respect to time. In this analysis, the price of capital is

constant over time, so that

23
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¢; =(y +6)pk for investment, or (26a)

¢; =(y +8)px for disinvestment. (26b)
Abel and Eberly show that, for costly reversible investment without fixed costs, the user

cost of capital, c¢(y), is the following.

(y) = + 8y (»)- - Eldg ()]
=+ 8}~ 30 ()~ 3 0,5°0°()

2
=4,0y"° (27)
Then, the user cost of capital at each trigger value is
¢t = A,,t9(y+ )H’7 for investment without fixed costs, or (28a)
c = A,,G(y‘ )H) for disinvestment without fixed costs. (28b)
Abel and Eberly also show
¢ <cj<cy<ct. (29)

Because the fixed costs of investment do not affect the marginal analysis, equation (27) is
valid for investment with fixed costs. Thus, at the trigger value of investment or

disinvestment, the user cost of capital is
crp = A,,G(y}, )H) for investment with fixed costs, or (30a)
cry = A,,e(y;, )H’ for disinvestment with fixed costs. (30b)
Therefore, because y;, <y~ <y* < y;, as appendix C shows,
c,’-,<c'(<cj <c})<c+ <cyy. (€3]
The user cost of capital at the trigger value for investment is higher with fixed costs than

without fixed costs, while the user cost of capital at the trigger value for disinvestment is

lower with fixed costs than without fixed costs.

24



OPTIM

31. Optimal

This section dj.
aschematic djy
figure 3.1 i op!
With fixed cosge
the economic i
oplimal iny estn;
the same leve] g

naction locus, g

Figure 3] Sc}



CHAPTER 3

OPTIMAL INVESTMENT RULE AND EFFECTS OF PARAMETERS

3-1. Optimal Investment Rule

This section discusses the optimal investment in terms of capital stock. Figure 3.1 shows
a schematic diagram for costly reversible investment with fixed costs. A solid line in
figure 3.1 is optimal post-investment capital stock for the costly reversible investment
with fixed costs. At time ¢, given firm’s pre-investment capital stock as K, if the ratio of
the economic indicator to pre-investment capital stock, Z,/ K,_, is between y;, and y;,,
optimal investment is zero gross investment or inaction, so that capital stock remains at

the same level and K,. / K,_= 1. The horizontal locus in figure 3.1, which is called

inaction locus, shows this.

Ke./K, .

Figure 3.1 Schematic Diagram for Costly Reversible Investment with Fixed Costs
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The upper end of inaction locus is y;,, so that higher y;, widens the inaction

range by increasing its upper limit. When the ratio exceeds y;, , the firm will invest such

that

K. 1) Z
= . (32)
K, y';'u K,

The slope of K,. / K,_ locus for investment is proportional to the reciprocal of y;,. A

higher value of y;, flattens investment locus, so that post-investment capital stock, K., is

lower and the optimal investment is smaller. Due to fixed costs, there is a gap between

inaction locus and investment locus at y;,. Optimal investment can be written as

follows:

dl, =2 K, forZ> Z'(=y,K.). (33)

+
ylk:

Similarly, when the ratio Z,/ K,_ moves below y;, the firm disinvests such that

K!+ 1 Z’
= [ . ) , (34)
KI— yTa KI—

The slope of K,. / K. locus for disinvestment is proportional to the reciprocal of y;,.
There is a similar gap for disinvestment. The lower end of inaction locus is y;, , so that
higher y;, narrows the inaction range by decreasing its lower limit. A higher value of

y1. flattens disinvestment locus, so that post-investment capital stock is lower and

optimal disinvestment is larger, in contrast to optimal investment. Optimal disinvestment

can be written as follows:

dD, =K, —Z—f forZ,> Z (=y,K.). (35)
Viu

When there are no fixed costs of investment, there is no gap among disinvestment

locus, inaction locus and investment locus. In other words, for investment without fixed
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costs, the disinvestment locus, inaction locus and investment locus are connected, and
Yir =Y =y" ad y;, = yr =y,

The size of the inaction range is measured by G(= Z*/Z =y /y oryi. /vy )
G is large when the range of inaction is wide in terms of Z, . For investment with fixed

costs, minimum investment and minimum disinvestment are measured by G* and G,
respectively, in terms of the ratio of post-investment capital stock to pre-investment
capital stock. G* and G~ are defined as K, / K, (y7, /y+. for investment, or y;, /y7.
for disinvestment). A large G* corresponds to a large value of minimum investment. A
large G~ corresponds to a smaller value of minimum disinvestment.

3-2. Effects of Parameters on Optimal Investment

This section presents simulations constructed under a wide range of values for the
economic parameters in order to investigate their effects on capital investment. The
number of simulation cases is more than 90,000 for investment with fixed costs and more
than 30,000 for investment without fixed costs. Thus, the conclusions of the simulations
are robust. The simulations show that all of the critical values of the optimal investment,
except the trigger value for investment, are approximately linear in the economic
parameters such as the discount rate, while the trigger value for investment is semi-log
linear in the economic parameters.

Table 3.1 lists the economic parameters for the simulations. The simulations vary
all of the economic parameters except the depreciation rate and the purchase price of
capital. The purchase price of capital is used as the numeraire. In equation (9), which is
the differential equation for the theoretical model, trend in the economic indicator
variable, 4, the discount rate, ¥, and the depreciation rate, &, appear as &4, + 6 (= 4, ) and
(7+ 9). In other words, three parameters, u,, ¥ and J, yield two coefficients. In order to
avoid a redundancy in the simulations, the simulations drop the depreciation rate. The

simulations first focus on two parameters: 1, and the spread, which is defined as the
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