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ABSTRACT

ANALYSIS AND DESIGN OF CLASSES OF TWO-TIME-SCALE
MULTIPORT MODELS WITH DERIVATIVE CAUSALITY

By

Ahmed Abdelaziz Omara

Eliminating derivative causality by inserting parasitic elements produces modified
systems that are two-time-scale. The computational accuracy and simulation
efficiency of the solution of the modified systems are strongly influenced by the
choice of the inserted parasitic element parameters. Computational accuracy
can be traded off with simulation efficiency. Some important aspects of the
nature and behavior of the modified two-time-scale systems have not been
investigated. In addition, there is no known method that shows how to choose
the values of the parasitic parameters to achieve certain desired accuracy at a
highly efficient computational price. Tools based on the singular perturbation
method, on physical systems modeling, and on numerical simulation are used in
this research to analyze and design some classes of these two-time-scale

modified systems.

Analysis revealed some important aspects of the nature and behavior of
the systems under investigation. Understanding those aspects is extremely
important for the general understanding of these systems. A choice for the
perturbation parameter £ that helps to reveal the time-scale properties of the

modified system is given; a suggested preferred standard singular perturbation



form (PSSPF) is shown; a systematic method to transform the modified systems
to the PSSPF is derived; models of the fast sub-systems are obtained and

validated; and proof of stability of such a modified system is shown.

The results of the analysis efforts are used to set procedures to design the
fast sub-systems. The design objective is to achieve certain desired accuracy at
highly efficient computational efforts. The validated models of the fast sub-
systems are used in the design procedures. Examples that demonstrate the
usefulness of these procedures are presented. Analysis and design work shown

here include classes from both linear and nonlinear systems.
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CHAPTER 1
INTRODUCTION

1.1 Mathematical Modeling of Mechatronic Systems

Mathematical modeling is becoming more and more an important step in
design, analysis and development of engineering systems. See, for example,
Chang and Rohde, 1996. There are two main reasons for this phenomenon. (1)
Global competition produced a need to reduce time-cycle and related cost of
product design and development. (2) The continuous improvement of computer
support, in terms of both the cost and the capability, makes CAE more effective.
Therefore, mathematical modeling is increasingly perceived in the industry as an
investment that is necessary to survive in a competitive environment. There are
many research and development efforts focused on developing new tools to aid
engineers in the abstraction, mathematical formulation, and analysis processes

of product design.

Engineering systems have become increasingly complex and inter-
disciplinary. Typically, a variety of components are linked together, including
control sub-systems and imbedded “intelligence” to form a system. In 1967
Yasakawa Electric America (a Japanese company) coined the term
“mechatronics” to refer to systems that combine mechanisms, electronics, and
control (Tomkinson et al. 1996). The term was coined by combining the words

"mechanics” and “electronics" (Auslander et al. 1996). Currently there are



several common definitions for the term, with perhaps more underway. However,
there is a common understanding that continues to be associated the term. It is
the interaction among different physical sub-systems such as mechanical,
electrical, magnetic, hydraulic, pneumatic, and thermal, with electronics, control,
and imbedded intelligence. For such systems, the multiport approach is seen as
a suitable modeling environment (Cellier, 1992; Cellier 1995; Kamopp et al.,

2000).

1.2 Multiport Modeling of Mechatronic Systems

Physical sub-systems with one or more ports are called multiports
(Karnopp et al. 2000). Ports are places at which power can flow among the sub-
systems. As indicated above, mechatronic systems include signal coupling in
addition to the power coupling. Bond graph is a modeling environment that
consists of elements/sub-systems linked together by power bonds. A bond graph
shows power coupling and describes the exchange of energy in a system. Each
bond in a bond graph, in general, implies the existence of a pair of signals
flowing in opposite directions. The two signals are the flow signal and the effort
signal. As multiports essentially transmit finite power when interconnected,
which requires the existence of a flow variable and an effort variable, bond graph
is a very efficient way to model multiports. Figure 1.1 shows a simple hydraulic

system and its bond graph model (from Rosenberg et al. 1983). On the other



hand, block diagrams are efficient in modeling signal coupling. Therefore, block

diagram can be combined with bond graph to model mechatronic systems.

Figure 1.1. A hydraulic cylinder and its bond graph model

The main reasons why the bond graph is valuable as a modeling environment for

mechatronic systems are



1) It provides a unified graphical representation for multiport modeling
regardless of the physical domain type. This makes the bond graph
especially valuable for systems containing transducers.

2) It provides tools to perform graphical analysis that provide insight to
the user efficiently.

3) It enables algorithmic equation formulation that is suitable for computer
implementation. This leads to an efficient and error-free formulation of
system equations for large and complex models (Rosenberg et al.,

1983; Cellier, 1992; Cellier 1995; Karnopp et al., 2000).

The literature includes many examples of using bond graphs to gain
insight into the dynamics of systems and to reveal some of their structural
properties. To mention a few examples, Sueur and Dauphin-Tanguy (1989,
1991) present necessary and sufficient conditions for structural
controllability/observability of linear systems represented by bond graphs.
Rosenberg and Zhou (1988) proposed a power-based tool for visualizing the
dynamic response of engineering systems in bond graph form. They showed
that the power response of dynamic systems could be used as a basis for model
order reduction under some conditions. In particular, they used the RMS power
levels in a bond graph model to determine the weakest power connections in the
model. These bonds became candidates for elimination to reduce the model
order. The tool is suitable for handling both linear and nonlinear systems.

Rosenberg (1987) discusses several applications of causality in understanding



the dynamic structure of models, such as revealing the presence of algebraic
couplings. Zeid and Rosenberg (1986) show that, by transforming a bond graph
model of a linear time invariant system to a canonical form, the gyrobondgraph,
inspection of the resulting graph structure reveals various properties of the
system eigenvalue spectrum. Dauphin-Tanguy and Borne (1985) show that the
fast and slow dynamics of bond graph models can be estimated by determination
of causal loop-gains. They used this result in model order reduction of multi-
time-scale systems. The powerful analysis tools, great insight, and the
computer-aided enabling environment offered by the bond graph give it a
decisive advantage as an engineering modeling environment. Consequently,
numerous research efforts are devoted to addressing issues that arise in the
bond graph environment. This effort is among them; it is dedicated to addressing

the derivative causality issue.

The literature also provides many examples of algorithmic formulation of
system equations from bond graph models. A variety of algorithms to obtain
formulations for different physical domains have been proposed (Karnopp et al.,
1990). That includes obtaining the preferred formulation for certain classes of
problems such as the Lagrange Formulation for non-linear mechanics (Karnopp
1977, 1978). One can proceed algorithmically from a bond graph model to a set
of fundamental equations or to different sets of secondary equations. A set of
equations representing a system is called a fundamental set if it preserves all of

the structural information about the system. Otherwise, the set of equations is



called a secondary set. Structural information depends only on the system’s
topology and the nature of its components. Structural information does not
depend on the numerical values of the parameters of the system elements. As
an example, consider an electrical circuit. A set of fundamental equations is
obtained by applying the volt-current relation for every element in the circuit,
Kirchhoff’'s current law, and Kirchhoff's voltage law. The state equations, the
nodal equations, and the mesh equations are three different sets of secondary
equations. While it is usually straightforward to proceed from a set of
fundamental equations to different sets of secondary equations, the case is
different if you try to proceed from a set of secondary equations to another set of
secondary equations. Karnopp (1983) points out that the bond graph is unique in
providing a mechanism for demonstrating causal interactions among different
components and sub-models; therefore, studying alternative equation
formulations becomes easier. He describes how different causal patterns can
lead to different equation formulations for the same dynamic system. Because
the procedures offered in the bond graph environment are algorithmic, they can
be computerized. ENPORT is one example of a software package that
implements bond graph procedures (Rosenberg and Karnopp 1983). The author
views the bond graph as a basic physical model representation that can lead to a

variety of equation formulations and analysis methods.



1.3 Some Equation Formulation Issues in Mechatronic Modeling

A typical equation formulation goal is to obtain the standard explicit state
space form

%X;-=f(X,U,t) (1.1)

Where, X is the vector of independent state variables, ¢ is time, and U is the
input vector. However, systems could have two different types of couplings
effects that may prevent this form from being attainable. The first is the so-called

“algebraic coupling.” The resulting equations have the general (functional) form

dx
— = fXHUD (1.2)
0=g(X,H,U,t) (1.3)

where H is the coupling vector. The second type of coupling that may prevent
the realization of the explicit state space form is “energy-variable coupling.” The

resulting equations have the general (functional) form

dX, dX
—+=f(X,,— .Ut 1.4
- S Xe— 55U (1.4)
X, =9(X,U,1) (1.5)

Where, X, is the vector of independent state variables, X, is the vector of

dependent state variables. Of course it is possible for both types of couplings to
exist in the same model. The energy-variable coupling is known as "derivative

causality" in bond graph terms (Rosenberg et al. 1983). This research effort is



related to alleviating the effect of the derivative causality for some classes of
dynamic systems. A definition for these classes will be provided later; equations

(1.4) and (1.5) define only a functional form.

Equations (1.2) and (1.3) and equations (1.4) and (1.5) are two implicit
sets of differential equations. They can be converted to explicit sets by algebraic
manipulation if the system is linear. If the number of coupled elements is greater
than two or three, the algebra may become cumbersome. If the system is
nonlinear the algebraic manipulation might be very difficult or even impossible
(Rosenberg et al., 1983; Karnopp et al., 2000). When one applies an integration
formula to a set of differential equations, the result will be an explicit set of
difference equations only if both the integration formula and the set of differential
equations are explicit. Otherwise, the result will be an implicit set of difference
equations. Therefore, integrating an implicit set of equations such as the set
given by equations (1.4) and (1.5), is an implicit-integration problem, regardiess
of the type of the integration formula used. Implicit integrators are generally
computationally more involved than explicit integrators (Bennett, 1995).
However, the computational cost is not the major reason why we usually do not
prefer the presence of derivative causality. The following section includes a

summary on why we do not prefer the presence of derivative causality.



1.4 Problem Statement and Research Objectives

As stated above, bond graph models with derivative causality produce
mathematical models with algebraically coupled derivative terms. Some times it
is preferable to eliminate the derivative causality, and consequently to enable an
algorithmic derivation of an explicit ordinary differential equations (ODEs) model.
The main reasons for preferring explicit ODEs are:

1) to take advantage of many control algorithms that are available for
systems expressed in the explicit ODEs form (Turner & Zeid, 93;
Krishnaswami, 93);

2) to take advantage of the standard CAD control packages that can
algorithmically linearize, analyze, and synthesize controllers for dynamic
systems (Tumer & Zeid, 93; Krishnaswami, 93);

3) to take advantage of easy and error-free automated formulation of
dynamic multiport equations (Rosenberg, 71; Karnopp, 79; Zeid, 88);

4) to obtain a more parallelizable set of equations, for computation on
parallel processors (Turner & Zeid, 93; Krishnaswami, 93).

In addition, this work shows that the derived set of explicit ODEs might require
less computational effort to integrate, compared with the original implicit set,
even if the explicit state-space order is increased as compared to the original

model.



There are two common ways to eliminate the effect of the derivative
causality. The first is to obtain an equivalent expression for the behavior of the
variables. This approach guarantees that all responses’ behavior match exactly
those of the original model; except for the internal details of the coupled sub-
system. This approach needs some algebraic manipulation that might be difficult
or impossible if the system is nonlinear. For these cases where the algebraic
manipulation is not preferable/possible the second way becomes an attractive
option. In the second way, some parasitic elements are inserted to break the

coupling, and consequently eliminate the derivative causality.

Karnopp and Margolis (1979) showed a method to eliminate derivative
causality in bond graph models. It breaks the coupling between the coupled
energy storing elements by inserting parasitic elements into the original model.
Consequently, a modified model that approximates the original model is
produced. This modified model is supposed to be a two-time-scale (stiff) model
so that the dynamic behavior of the original state variables would not be greatly
affected (Karnopp et al., 1979; Zeid, 1988; Zeid, 1989). This approach is the
approach being investigated in this research work. The choices of the inserted
parasitic elements’ values directly affect both computational efficiency and
approximation accuracy; approximation accuracy can be traded off with the
system stiffness. In general, there are some important aspects of the nature and
the behavior the modified two-time-scale system that have not been investigated

in detail. In addition, there is no known method or algorithm to show the user

10



how to choose the values of the inserted parasitic parameters to achieve high

computational efficiency while satisfying certain desired accuracy.

This research work has two main objectives:

1) Analyze the class of two-time-scale modified systems that results from
using the above-mentioned approach to eliminate the derivative causality.
The purpose of this analysis is to better understand the important two-
time-scale properties of that class of two-time-scale systems.

2) Formalize the above-mentioned approach of using parasitic elements to
eliminate the derivative causality in a design context. The purpose of this
formalization is to enable the user to achieve the greatest possible
simulation efficiency for specified approximation accuracy, by making the
appropriate choices for the values of the parasitic elements parameters.

A description of the classes of dynamic systems for which this research effort will

be conducted will be defined later.

1.5 Dissertation Outline

CHAPTER 2 starts by briefly discussing the usefulness of the singular
perturbation method for analysis and design of two-time-scale systems. Then,
the classes of bond graph models for which these research efforts will be
conducted are defined. This is followed by a brief review of related work with

more emphasis on the bond-graph-based methods for eliminating derivative

11



causality. The last two sections of CHAPTER 2 show how to determine the
appropriate perturbation parameter ¢ for the classes of modified systems under
investigation; and how to use this perturbation parameter to transform them to
the standard singular perturbation form. A preferred standard singular
perturbation form (PSSPF) is shown and the transformation needed to obtain it
directly from the modified systems equations is derived. CHAPTER 3 carries on
the results of CHAPTER 2, and shows some procedures to design the fast sub-
system. First a model for the fast sub-system is derived and validated; and the
stability of the modified system is demonstrated. An algorithm to improve the
model performance is shown, before the design procedures are given. An
example demonstrating the usefulness of the design procedures is included.
Nonlinear systems are studied in CHAPTER 4. Therein, a class of nonlinear
systems is defined. Then, obtaining the PSSPF is shown and a model of the fast
sub-system is derived. Stability of the modified system is also proved. The
chapter concludes by giving some procedures to design the fast sub-system of
the class of nonlinear systems under investigation, with an example
demonstrating the usefulness of the design procedures. CHAPTER 5 gives a
summary of the main contributions and suggests some future research

directions.

12



CHAPTER 2
ANALYSIS OF A CLASS OF TWO-TIME-SCALE MULTIPORT MODELS

2.1 Singular Perturbation Method and Two-Time-Scale Systems

It was stated in CHAPTER 1 that the algorithm, for eliminating the
derivative causality, under investigation breaks the coupling between the coupled
energy storing elements by inserting parasitic elements into the original model. It
was also stated that a modified model that approximates the original model is
produced; and that this modified model is supposed to be a two-time-scale (stiff)
model so that the dynamic behavior of the original state variables would not be
greatly affected (Karnopp et al., 1979; Zeid, 1988; Zeid, 1989). The singular
perturbation method has proved to be very useful in analysis and design of multi-
time-scale dynamic systems (Kokotovic et al., 1976; Khalil, 1986; Kokotovic et
al.,, 1986). It decomposes a two-time-scale system into a slow and a fast sub-
systems by assuming a small singular perturbation parameter approaching zero.
Tools to analyze the slow and the fast sub-models and the interrelation between
them are available. For these reasons the singular perturbation (SP) method will

be used (among other tools) in this research work.

13



2.1.1 Some Important Issues Related to Using the SP Method

There are two important issues related to the use of SP method. These
two issues can be defined as (1) the determination of the “appropriate”
perturbation parameter (¢). (2) Transforming a singularly perturbed model to
the standard singular perturbation form. Solving the first issue is a pre-request
for solving the second one. This sub-section will briefly discuss these issues;
later in this chapter, they will be dealt with so that the singular perturbation

method can be of useful use to the problem under investigation.

Although the singular perturbation theory has seen significant
developments, and has many applications; theory users have a major concern.
The time-scale separation is not always, easily detectable. In many situations, a
good understanding of the physical process is needed to detect the separation,
and to choose the perturbation parameter(s) (Kokotovic et al., 1986) and (Sueur,
1991). Choosing the “appropriate” perturbation parameter is usually crucial to
the usefulness of singular perturbation analysis. This task becomes more difficult
when the system involved is complex. In addition, the perturbation parameter of
a two-time-scale system does not have to be unique; there might be several

possible perturbation parameters.

The general form of the standard singular perturbation model is

X=f(X.Z.en), X@y)=X°, XeR", (2.1)

14



eZ=g(X.Z.et), Z(y)=2", ZeR™ 2.2)

where; ¢ is a small positive scalar; a superscript dot denotes a time derivative;

and f and g are functions that are assumed to be sufficiently several times

continuously differentiable. This model is the most studied SP model in the
literature and the first one to be used in control and systems theory (Kokotovic et
al., 1986). Consequently, numerous analysis and design tools are available for
two-time-scale systems that are in the standard form (2.1) and (2.2). Of course,
expressing the model in the standard form is not going to change any thing in the
system’s time-scale properties; but it is going to reveal them. In contrast, a
singularly perturbed model that is not in the standard form might hide its time-
scale properties. Even though, there are procedures to help transform a two-
time-scale system from a non-standard form to the standard form; these

procedures are general and their outcome is not unique.

Zeid (1988 and 1989) suggested that the modified systems that result
from removing derivative causality by inserting parasitic elements could be
transformed to a standard singular perturbation form. He also noticed that once
a standard form is reached the singular perturbation theory tools could be
conveniently used. However, there was no method defined to show how to
transform the system and consequently, there was no attempt made to use the

singular perturbation analysis tools.

15



The objectives of the work reported in this chapter are

(1) To introduce a choice for the singular perturbation parameter (&) that
helps reveal the two-time-scale properties of the class of modified
systems under investigation.

(2) To show how the general procedure outlined in Kokotovic et al. (1986) for
transforming singularly perturbed models to the standard form can be
used to obtain a preferred standard singular perturbation form (PSSPF)
and to gain insight into the problem under investigation.

(3) To define the transformation needed to obtain that PSSPF.

2.1.2 Additional Remarks on the Standard SP Form

When ¢ is set to zero, equation (2.2) reduces/degenerate to the algebraic
equation
0=g(X,Z,0,1) (2.3)
The barin X and Z indicates that the variables belong to a system with £=0.
Model (2.1) and (2.2) will be said to be in the standard form iff (2.3) has k >1
distinct real roots

Z-= Ji()?,t), i=12,...,k. (2.9)

This assumption ensures that each root of (2.4) will correspond to a well-defined
n-dimensional reduced model that can be obtained by substituting (2.4) into (2.1).

The ith reduced model would be

16



X = FX(X 00,0, X(t=0)=X(t=0) (2.5)

Notice that the initial conditions of X are the same as those of X . The model
(2.5) is called a quasi steady state model because when ¢ is small Z will
converge rapidly to the solution of (2.3), (Kokotovic et al., 1986). It has been
shown in the literature (Kokotovic et al., 1986; Khalil, 1986; Kokotovic et al.,

1976) that, for a small ¢ and a stable system
X()-X(@)=0(), t=0 (2.6)
and, in addition,

Z@)-Z(t)=0(), t>0 (2.7)
2.2 Classes of Bond Graph Models Under Investigation

The classes of bond graph models under investigation in this research

effort are the classes that can be represented using the basic bond graph set
S1={g, LRS..S f,TF,GY,O,l}. The basic set S; includes multiport capacitances,

multiport inertances, muiltiport dissipations, sources of effort, sources of flow,
displacement-modulated transformers, displacement-modulated gyrators, O-
junctions, and 1-junctions. The general homogeneous mathematical form for the
derivative causality that occurs in these classes of bond-graph models can be
expressed in equations (2.8) to (2.11). This form assumes that the model does

not include algebraic loops that are not separable from the derivative causality.

17



X, =J,(X)*Z, +J (X)*X, (2.8)

Z,=J,(X)*Z, (2.9)
Z,=¢,(X,) (2.10)
X, =0,(Z,) (2.11)

Where, the J matrices are the constraints imposed by the junction structure
between sets of ports; they are in general nonlinear. X, is the independent
energy variables vector, X, is the dependent energy variables vector, Z, and Z,
are the coenergy vectors for X, and X, respectively, U is the sources input
vector; and ¢, and ¢, are generally nonlinear functions, Rosenberg (1971), van
Dijk (1994). Throughout this document the dimension of X, will be one. The

above general formulation allows non-linearity in both the fields and junction
structure. If the fields and junction structure are both linear, the fields’ relations
and the junction structure matrices will become linear. Consequently, the

junction matrices will no longer be function of the independent state vector X,.

The general mathematical form of these classes of linear systems can be written

as follows.
X,=J,*Z,+J, *X, (2.12)
Z,=J4*Z (2.13)
Z,=8*X, (2.14)
X,=8,"*z, (2.15)

18



Rosenberg (1971) has also shown that J, and J, are one another's negative

transpose. If Z, and Z, are eliminated, the linear general mathematical form will

simplify to
X, =J,*S,*X, +J, *X, (2.16)
S, *X,=J,*S,*X, (2.17)

Zeid’s proposed algorithm is supposed to be implemented in the bond graph
environment. Actually, facilitating the automated derivation of an explicit set of
equations is one of the main reasons for using his algorithm. However, since this
work includes analysis and design of the modified systems that are produced
from this algorithm, it is necessary to show the general mathematical form for
these modified systems. If the original system is in the form (2.16) and (2.17) the
homogeneous modified system will be in the general form (2.18) to (2.20).

X, =J,*S*X, +J,*(K,*q+R*(J,*S,*X,-S,*X,)) (2.18)

X,=K,*q+R*(J,*S,*X, -S,*X,) (2.19)

G=J,*S.*X, -S,*X, (2.20)
Where, K, and R are the inserted parasitic stiffness and resistance

respectively; g is the flow variable in the inserted parasitic elements. In these

research efforts we will study systems with one derivative causality per storage
field. Of course using the algorithm is not limited to linear systems only. First
linear systems that can be expressed in the general form (2.16) and (2.17) and
whose modified systems are in the general explicit form (2.18) to (2.20) will be

studied. Then, in CHAPTER 4, a class of nonlinear systems will be studied.
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2.3 Related Work

Because the method of eliminating the derivative causality under
investigation here is bond-graph-based, this section will discuss only the bond-
graph-based methods to eliminate the derivative causality. Examples of the
other methods include the kinematics-based work of Allen (1981) to obtain
explicit ODEs; the work of Gordon et al. (1998) to convert systems of ADEs to
ODEs; and the work of Borutzky and Cellier (1996a and 1996b) which partition
(tear) the resultant ADEs from the bond graph using symbolic manipulation for a
more efficient solution. Presentations of the bond-graph-based methods will be

very brief except for the method that is under investigation in this research work.

2.3.1 The Algorithm Under Investigation

This research work is a continuation of the method for eliminating
derivative causality demonstrated by Karnopp-Margolis (1979) and generalized
and automated by Zeid (1988). In 1979 Karnopp and Margolis demonstrated a
method to eliminate the derivative causality in bond graph models of planar
mechanisms. The method eliminates the derivative causality by inserting
parasitic damping and parasitic stiffness. Zeid (1988) showed an algorithm to
generalize and automate the method demonstrated by Karnopp and Margolis.

Zeid summarized his proposed algorithm as shown in Figure 2.1 to Figure 2.4.
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Figure 2.1. Handling an inertance that is attached to a 1-junction
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Figure 2.2. Handling an inertance that is attached to a O-junction
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Figure 2.3. Handling a capacitance that is attached to a O-junction
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Figure 2.4. Handling a capacitance that is attached to a 1-junction

As the figures above indicate, a dependent inertia is treated by adding a parasitic
damping and a parasitic stiffness; the parasitic elements are in series with
respect to one another, and they are both in parallel with respect to the

dependent inertia. On the other hand a dependent stiffness is treated by adding
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a parasitic damping and a parasitic inertia; the parasitic elements are in parallel
with respect to one another, and they are both in series with respect to the
dependent inertia. The dependent stiffness problem and the dependent inertia
problem are the dual of one another. Therefore, it is sufficient to analyze only

one of them. It has been decided to do the dependent inertia problem.

2.3.2 Other Related Work

Joseph et al. (1974) presents a method for causality assignment (relaxed
causality) for nonlinear systems with algebraic loops and/or derivative causality.
The method will still produce a set of ADEs for systems with algebraic loops
and/or derivative causality. However, he claims that it is more suitable for
computerized formulation of nonlinear systems than the widely used Sequential

Causality Assignment Procedures (due to Karnopp and Rosenberg).

Granda (1984) shows different alternatives to deal with derivative causality
and algebraic loops. The proposed alternatives can be summarized as being
deleting elements from the original model, adding elements to the original model,
or algebraic manipulation. Each of these alternatives could be the right choice,
depending on the problem under investigation and depending on the objective of
the process. He emphasized the importance of alternatives that can be

implemented on a computer.
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Bos et al. (1985) describes a method that uses formula manipulation to
remove differential causality from mechanical systems. It states that the

computational demand of the formula manipulation is “excessively large.”

Kamopp (1992) proposed another approach to eliminate derivative
causality in bond graph models of mechanical systems. The approach defines
an |-field or an IC-field using generalized momenta or generalized coordinates
similar to those used in Lagrange’s equations. Karnopp (1992) showed that this
method would require a matrix inversion, at each time step if nonlinear
constraints such as modulated transformers were involved. In addition, this
method would be more difficult to automate compared with the method under

investigation in this research.

Margolis (1993) acknowledges that when the goal of analysis is to
simulate the system's transient response, the derivative causality issue has to be
dealt with; and shows a way to derive input/output transfer functions for bond

graph models with derivative causality.

Edstrom (1999) shows that by inserting a parasitic resistance into a class
of bond graph models with derivative causality; then deriving the explicit set of
equations for the modified system; and setting the parasitic resistance to zero (or
infinite); a set of explicit ODEs can be obtained for the original system that

contained a derivative causality. Results were proved for a very limited class of
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linear bond graph models that did not include transformers, gyrators, or multi-port
elements. The main importance of this paper is highlighting the relationship
between mathematical models derived from bond graphs with derivative causality
and the standard singular perturbation model; although it was addressing a less
general (compared to the modifications under investigation in this work) type of

modifications and no details have been investigated.

2.4 Determining the Appropriate Perturbation Parameter

As stated earlier, there might be more than one possible perturbation
parameter for a two-time-scale system. In addition, there is no systematic way to
identify the most "appropriate” one for a problem under investigation. Some
insight into the problem under investigation is needed to enable the user to
acquire this information. The objective of this section is to gain that insight and to
determine the appropriate perturbation parameter ¢ for the problem under
investigation. To the author's knowledge, there are no published efforts that
discuss this issue in detail. Zeid (1988) suggested (without analysis) using two
different perturbation parameters, C and R with C being "very small* and R

being "very big". This suggests that RC is O(1). On the other hand, some

simulation results, which were obtained within this research work and will be
shown later, show that the modified system can include two fast poles. These
results showed also that the separation between the slow and the fast sub-

systems increases as RC decreases. This suggests using RC as the

25



perturbation parameter. This section will show another possible choice for the
perturbation parameter; later it will be demonstrated that this choice helps reveal

the time-scale properties of the systems under investigation.

2.4.1 Analysis Based on Physical System Modeling

Figure 2.5 shows the simplest version of the problem under investigation.

It shows a case in which the original system consists of only two “coupled”

masses, I1 and 12.

" 12
x1 X2
—> (o] e
n FAAARA 12
R

Figure 2.5 A local problem

Let us assume that these two coupled masses are decoupled by inserting a
parasitic spring, whose compliance is C and a parasitic damper whose
resistance is R. This is exactly equivalent to using the method under

investigation to eliminate the derivative causality. Assume that the translation of

26



the two masses are x1 and x2 respectively. The equations of the modified

system can be written as

1 R
¥l = — (2 — x) + 2 (22— 71
=2+ (2=

1 R
2= (12— xl) - (2 - A
2= (G2 -2 -l

6 = (x1-x2)

This system can be written in the state space form with the state vector

-R R -1

x1 n 1n «dai

. . R -R 1

X =|x2| and system matrix A=| — — —
12 12 CI2

g 1 -1 0

It can be shown that the characteristic equation of this system is

e Ry R L
n I12) Cc\I11 12|

where, A is a root of the characteristic equation; andA =0 root represents the
slow “original system” eigenvalue. To find the eigenvector that corresponds
toA =0, set A =0 in the equation

AV = AV
Where, V is the eigenvector that corresponds toA. It is easy to show that for
A=0,

Vi
V=|Vl
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This mode represents a solid body mode in which the two masses have the

same velocities; this is an accurate description of the original system.

The other two eigenvalues of the modified system are the eigenvalues of

the fast sub-system and they are the solution of

A +A(%+%)+%{%+%)=O (2.21)
As the best separation will occur when the two fast poles are equally fast which
means that the sluggishness of neither of them would dominate. We examine
here the condition at which the two fast poles of (2.21) are critically damped. It is
easy to show here that for roots of (2.21) to be critically damped, the following
condition (2.22) must be satisfied

4
1 1

11 12

RRC = (2.22)

Equation (2.22) will be examined subsequently, together with the results from the

next sub-section.

2.4.2 Simulation-Based Analysis

In another effort to discover the appropriate perturbation parameter for the
problem under investigation, simulations of some simplified versions of the
problem were conducted. In one attempt, Example 1 was used; Figure 2.6
shows a schematic diagram and a bond graph of the original system of Example

1. Where, the original system refers to the system with the derivative causality.
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As shown, the original system includes two inertances, L1 and L2, that are
coupled through a transformer, TF , whose modulus is m. Figure 2.7 shows a
schematic and bond graph model for modified system of Example 1. Where, the
modified system refers to the original system after inserting parasitic elements
into it to eliminate the derivative causality. The terms original system and
modified system will be used throughout this thesis to convey the above-

mentioned meanings.

L1 L2

<v> T A1

Figure 2.6 (a). Schematic diagram for the original system of Example 1

TFl—1}— 12

,l:l-i > ]_.

I R1

Figure 2.6 (b). Bond graph model for the original system of Example 1
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L1 L2

Figure 2.7 (a). Schematic diagram for the modified system of Example 1

v
— 1}— F}l—>1 |—> Ri

T R
f!‘ o —> 1<C

A"

12

Figure 2.7 (b). Bond graph model of the modified system of Example 1

The following set of parameters was used for Example 1 in this attempt:
11=12=2000
R1=2000

m=1

Eigenvalues of the modified system were calculated at different values of the

product RC that were chosen. For every chosen value of RC, the values of R
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and C were changed till a pair of two critically damped poles for the fast sub-

system are obtained. For these values of R and C for which two critically

damped fast poles occur, the product R*C was recorded vs. its corresponding
value of RC. Again, the critically damped condition was chosen because it was
thought to provide the best separation between the fast sub-system and the slow
sub-system. To obtain suitable values for the fast poles some trial and error
alongside with knowing, that generally reducing RC will produce faster poles in
the fast sub-system were used. Figure 2.8 summarizes the results of this

investigation for Example 1. The horizontal axis in Figure 2.8 is the product RC
and the vertical axis is R*C normalized by dividing it by the right hand side of

equation (2.22).

RRC Normalized

Figure 2.8 Relation between normalized RRC and RC, Example 1
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To further the understanding of the results shown in Figure 2.8 the
procedure described above in this section were implemented again for another
example (Example 2). Figure 2.9 shows a schematic diagram and a bond graph
model of the original system of Example 2; and Figure 2.10 shows a schematic
diagram and a bond graph model of the modified system of Example 2. The
difference between Example 1 and Example 2 is that Example 2 has an
additional energy-storing element (capacitor, C1). Consequently, Example 2 is
more general than Example 1 and its order is higher than that of Example 1 by

one.

L1 C1 L2

TF R1

Figure 2.9 (a). Schematic diagram for the original system of Example 2
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B 12

Figure 2.9 (b). Bond graph model for the original system of Example 2

O F A

Figure 2.10 (a). Schematic diagram for the modified system of Example 2
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Figure 2.10 (b). Bond graph model for the modified system of Example 2

The same procedure described above for Example 1 was applied for Example 2
for three different cases; every case had a different set of original system
parameter values. The three different sets of parameters were chosen such that:

1) One set produces an over damped original system, one set produces a
critically damped original system, and one set produces an under damped
original system.

2) The real part of the fastest pole in all cases is equal to —0.25. This will
make comparing the three different cases with one another and with
Example 1 easier and more meaningful.

The used three different sets of original system parameters along side with their

corresponding eigenvalues are as follows:
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Case one:

C1=0.0107 I11=12=1250 R1=1000
Al=-0.25 A2=-0.15 m=1
Case two:

C1=0.008 I1=12=1000 R1=1000
Al=-0.25 A2=-025 m=1
Case three:

C1=0.004 I1=12=1000 R1=1000
Al=-0.25+i0.2501 A2 =-0.25-i0.2501 m=1

The results of these three cases are summarized in Figure 2.11

[—.—C1=0.0107 —8—C1=0.008 —d—C1=0 004
100% : : : :
o E | |
m ' I
€ 90% [ NI~ | |
© : :
8 - e
[ ! : :
E so%| - : :— >
° 1 | ] ]
2 ! ! !
70% E + | ;
0 0.2 04 0.6 0.8
RC

Figure 2.11 Relation between normalized RRC and RC, Example 2
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Figure 2.8 and Figure 2.11 indicate that the product R*C converges to a

constant as RC gets smaller. In other words, R*C converges to a constant as
the time-scale separation between the slow sub-system (original system) and the

fast sub-system increases. Moreover, Figure 2.8 and Figure 2.11 indicate that

the constant (to which R*C converges) could be related to the original system
parameters only. These conclusions agree with and perhaps explain equation
(2.22) that was derived for the two coupled masses example. After examining
Figure 2.8 and Figure 2.11 it is easier to understand that equation (2.22) was
obtained because the original system had a zero eigenvalue; therefore any value

for the two critically damped fast eigenvalues will provide enough time-scale

separation between the original sub-system and the fast sub-system for R*C to

1 4 T The observation that R*C converges to a constant as ¢

n 12

converge to

tends to zero means that there is another option for choosing ¢ in addition to
E=RC; it is e=%. These results will aid the efforts to find the standard

singularly perturbed model for the class of systems under investigation. These

efforts are reported in the next section.
Although examples used in this section are somewhat restricted, they

were useful in demonstrating some important aspects of the general problem for

these reasons:
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1) They contain the important aspects of the problem under investigation;
they contain a coupling between two energy-storing elements in the
original system; and they contain the same structural modifications under
investigation in this work. The modifications do not depend on the details
of the original system.

2) As the time-scale separation between the slow sub-system and the fast
sub-system in modified system increases; most of the details of the slow
sub-system (the original system) are not going to affect the fast-sub-
system. Later, it will be shown that, only the inertia field will affect the fast
sub-system as the time-scale separation increases.

3) As the time-scale separation between the slow sub-system and the fast
sub-system in the modified system increases; the effect of the fast sub-

system on the slow sub-system tends to vanish.
2.5 Finding the Standard Singular Perturbation Form

The results obtained from section 2.4 are more of clues that provide
insight, which is typically needed before being able to use the singular

perturbation method effectively. In addition, until this point of this presentation, it

has not been confirmed yet that choosing £=—1§ and assuming that R’C

converges to a constant as ¢ tends to zero, will be a better option for the
problem under investigation. A subsequent analysis based on these results will

prove their usefulness. An important part of this analysis is formulating the
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modified system in the standard singular perturbation form. This issue is

investigated in this section.

2.5.1 Using Transformation Procedures to Obtain PSSPF

Even though there are some general procedures to help transform a two-
time- scale singularly perturbed model from a non-standard form to the standard
form (Kokotovic et al. 1986), the result of these procedures are not unique; and
you have to decide what ¢ is and put the model in a required form before you
can start using those procedures. This section shows how the transformation
procedure outlined in Kokotovic el al. (1986) can be best used for the classes of
models under investigation. It demonstrates that by showing how to use the
procedure in transforming two simple examples; then it characterizes the

preferred standard singular perturbation form (PSSPF).

This procedure assumes that the systems are linear; they can be

summarized in three steps as follows:

Step 1:

Put the system in the form
ev =F(e)V, ve Rt (2.23)
Where, n is the order of the slow sub-system and m is the order of the fast sub-

system.

Let F(¢e) = FO + eFl(e)
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For two or more time-scales to appear we should have detF(0)=0.
ifdet F(0) #0 then all the components of v would be fast. Assume that the

dimension of the null space (N) of F, is equal to n. To be able to find the
transformation, rank of F, must equal to the number of the fast variables. The

null space (N) of Fy is defined as
_ n+m _
N(FO)-{yeR |F0y_o}

Step 2:

To select a fast variable vector 7 choose m linearly independent vectors in R+

orthogonal to the null-space N(FO) and arrange them as the rows of an
mx(n+m) matrix Q.

Step 3:

To select a slow variables vector x, find P (the left null space of FO) such that

PF,

0=0

The change of coordinates

x=Pv, n=Qv, T={g} (2.24)

will transform the system (2.23) into the standard form

X=A l(8)x + A, (€ (2.25)

£1) = Ay ()X + Ay ()7 (2.26)
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as long as the transformation matrix 7 is nonsingular. In addition, as ¢
becomes small, A“(O) will contain the n slow eigenvalues and %Azz(O) will
contain the m fast eigenvalues in the original time-scale ¢ (vs. the fast time-scale
r=%), Kokotovic et al. (1986). The next paragraphs will demonstrate how to

use this general procedure by explaining how to apply them to two simple

examples.

Following the Sequential Causality Assignment Procedures (Rosenberg et
al. 1983) it can be shown that the homogeneous original system of Example 1

can be written as

L _of mr1 2L %P2 (2.27)
dt 11 dt

pz_,pl (2.28)
12 11

and that its homogeneous modified system can be written as

2
dpl  m“(R+Rl) . mR m
=- 1+ 2-— 2.29
dr n_ PPt (2.29)

dp2 mR . R 1
—_— — l——-‘— 2+— 2'30
a n? Rk (2.30)

dgq m 1
—=—pl—-—p2 2.31
a nt 12’ (2:31)

Where il and i2 are the currents in the inductors L1 and L2 respectively; g is
the charge in the parasitic capacitor; pl=Ilil; p2=12i2. Next we will apply the

transformation procedure to convert the modified system to the standard form.
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First, the modified system equations (2.29) - (2.31) can be expressed in the

matrix form
r—-m2(R+Rl) mR —m-
pl I1 2 C
4 p2|= Rm R 1 (2.32)
dt 11 2 C
q m -1
— — 0
11 12

Inspecting equation (2.32) shows if we proceed from here to calculate Fy, the
rank of F, would equal to one. Since it was stated above that the number of fast
variables should be equal to the rank of Fy, and we already decided that there

should be two fast variables; this indicates a potential inconsistency, and means

that some scaling is needed to avoid this potential inconsistency. Knowing that

= %, and that R2C becomes constant as ¢ becomes small; an experienced
observer can notice that he/she needs to scale the variable g to Rqg to be able to
proceed correctly. As R is equal to %, this scaling is an ¢ -based scaling, which

is exercised only to avoid potential inconsistency such as the one detected

above. Implementing this scaling and substituting & for R*C will produce

~m?(R+Rl) mR -mR
pl Il 2 «a
dlpal=| ™ R R (2.33)
dt Il 2 a
Rq mR -R 0
Il 12

Consequently, we can obtain
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—m?(+eR) m -m
pl n 2 «
m -1 1
e—| p2|= — _— = (2.34)
dr 11 12 «
Rq m -1
— — 0
11 12
Comparing (2.23) and (2.34), we can see that
-n? m —m
11 12 «
m -1 1
F.=| — — — 2.35
0 n 1n2 «a (2.35)
m -1
11 12

and that the rank of F,

0 is two, which is the correct rank.

In the second step, to select the fast variables, find the right null space (y) of

FO. Calculating y from Foy =0 leads to

where yl is an arbitrary constant. Notice that the dimension of this null space is

one, which is equal to the number of the slow variables. The next step is to

choose two linearly independent vectors that are orthogonal to y. Obviously, the

choices of these vectors are not unique. This research work recommends

choosing the two orthogonal vectors to be
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-
7 0
-1 and 0 (2.36)
12
1
0

This choice is recommended because the two fast variables this choice is going
to produce are physically meaningful and moreover, understanding and
characterizing their behaviors are useful to this research work. With this

recommended choice the two fast variables are

m 1

Zpl-—p2 2.37
AT L (2.37)
Rq (2.38)

The first fast variable (% pl——Il—2 p2) can be seen as the error introduced into the

second equation (2.28) of the original system model due to inserting the parasitic

elements. The second variable (Rq) is a scaling of the charge in the parasitic

capacitance; it is basically, the integral of the first fast variable. From design
perspective, it is important to design the modified system such that these two
variables are fast; so that the effect of the parasitic elements on the original
system behavior will vanish quickly. Therefore, these two variables are of
particular importance to this investigation.

In the third step, to select the slow variables, find P (the left null space of FO)
such that PFO =0. This will produce
P=[P1 mP1 0] (2.39)

where, Pl is an arbitrary constant, it will be chosen to equal to one; so that
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P=[1l m 0] (2.40)
With this choice, the slow variable in this example is going to be

pl+mp2 (2.41)
This slow variable has a physical meaning. If we were to algebraically
manipulate the original system equation (2.27) to sum the coupled derivative
terms together, this algebraic manipulation would have produced the derivative of

this variable (2.41) as the sum. With P and Q available, the transformation

matrix T can be written as

p 1 m O
r=|"|=|m =Ly (2.42)
o\ 12
0 0

Consequently, the system matrix of the transformed system is

-m?®(R+R1) mR —-mR
n 2 «
Z:T ER; i _IS T_l,or
n 2 «a
mR -R 0
I 12 ]
— 2 ]
mlzi’l 0
ill+m 12;
~ -m’R1 -m*I12’R1 m* 1 Rim*> 1
A= . R+ — | ——=|T—+—
nn+m*2) ni2n+m*2) | n 12| al N I2
0 R 0

Therefore, this system can be written in the standard singular perturbation form

x= Al 1(:s),\c + Alz(e)n (2.25)

£n = €A, (e)x + A, (€)n (2.26)



with

moa-L o
x=pl+mp2, n= Ilp 121’ ,
Rq

-, 3
o | mmPR 4 <[ ZmI2RL
11 _111+m212)' > inemi2)

[ _mRI —m*12?Rte [m? 1| _1[m? 1
A1 =| il + m212) | @nd Ay = niln+mie) |12 o 12

0 1 0

Examining the eigenvalues of the original system shows that it is really equal to

the one indicated by A“ as it was stated. It was also stated above that

lAzz (0) contains the eigenvalues of the fast sub-system as £ gets small.
£

RSN e L
Ay = | nn 12| ealnl I2 (2.43)
1

Using equation (2.43), the eigenvalues (4) of the fast sub-system, as ¢ gets

small, can be calculated from
2 2
IS (L S ) PR LT (2.44)
I I2 al 11 12

Next we will demonstrate how to apply the procedure to Example 2.
Example 2 is more complex than Example 1; its original and modified systems

were given above in Figure 2.4.5 and Figure 2.4.6 respectively. Following the
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SCAP (Rosenberg et al. 1983), the homogeneous original system of Example 2

can be formulated as

dql _ pl (2.45)
dt 11

Pl __ L | mr1EE 4 %2 (2.46)
i Cl n'a

p2_,p (2.47)
12 11

and its homogeneous modified system can be written as

dql _ pl (2.48)
T

dpl__ L miRRI), mR o, m (2.49)
@ c? n_ PPt '
dp2 mR . R 1

2 _mR R ool 2.50
a  n PP (2.50)
dgq m 1

dq_m-1 o 2.51
a n? 1n? (2.51)

1) After scaling g to Rgq, this system can be written in the matrix form as

0 L 0o 0
\ I
ql -1 -m?(R+Rl) mR -mR
CAR e 11 2 « (2.52)
e\ p2| 1 mR  -R R
Rq T 2 a
0 mR R 0
! 11 12 ]

Therefore,
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(2.53)

—~
~
N
o QI—Q|5'O

1 12 |

-

2) To select the fast variables, find the right null space (y) of FO. Calculating y

from FO y =0 leads to
[yl ] 1 [0 ]
y2 0 1
y={mI2 _ (=Y} |+¥2|mI2 (2.54)
—y2 0 —
I1 11
- 0 0 b 0 -

Where yl and y2 are arbitrary constants. Notice that the dimension of this null
space is two, which is equal to the number of the slow variables. To select the
same meaningful fast variables we selected for Example 1 the two vectors that

are orthogonal to the right null space should be selected as

0 0
g and g (2.55)
X3 !
Therefore, the two fast variables remains to be
m 1
m pl— ) p2 (2.56)
Rq (2.57)
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3) To select the slow variables, find P (the left null space of FO) such that

PFy = 0. This will produce

P<[ a1 ras mos ) 259
Where, P11, P12, P21, and P22 are arbitrary constants to be chosen so that
the transformation matrix is not singular. We still desire to get the meaningful
slow variable that was obtained in Example 1. To do that select

P21=0, P22=1 (2.59)
This will select one of the two slow variables as

pl+mp2 (2.60)

The other meaningful slow variable would be the state (g1) in the original

system. To select it select
Pl1=1, P12=0 (2.61)

With P and Q available, the transformation matrix T can be written as

1 O 0 O
T P 01 m O 0 62
1 I2
_0 0 O 1_

One can easily notice that the lower right 3x3 sub-matrix in the transformation
matrix of Example 2 (2.62) is the same as the transformation matrix of Example 1

(2.42). The system matrix of the transformed system is
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0 L 0 0
I
-1 -m*(R+Rl) mR -mR
i=rl|cCl n 12 a |71 or
o MR -R R
I1 2 «
0 L"_E i 0
L 11 12 .
0 — _m2_ 0
I1+m?I2 I1+m?I2
-1 -m’Rl ~-m’I2R1 0
A=| Cl I1+m?I2 I1+m*I2 ,
-m -m*R1 —m*I2R1 m> 1| -R[m*> 1
> Rl —+—| —|——+—
nclr nn+m*2) nn+m?2) | n 12| a|nl 12
|0 0 R 0 ]
[ 1
gl 2 pl-—p2
=[ 1+m 2]’ n=\n""12° }.and
p p I Rg
—m*I2Rle _[m_ui} —_l'm_xL}
11111+m212§ I I2 alnl 12
Ap(e)= (2.63)
1 0
Consequently,
m?> 1 -1lm?* 1
ntrl Zlnitnz
Ay(0)= (2.64)

1 0

It is remarkable that A,,(0) for Example 1 (2.43) is the same as that for Example
2 (2.64). In other words, the fast sub-systems in both examples will become

same as ¢ decreases. More details will be given on that in CHAPTER 3.
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As explained while demonstrating how to use the procedure on the two
examples, there are some variables that are preferable, to be states in the
transformed standard form, to others. The standard form that includes these
preferred variables will be called the preferable standard singular perturbation
form (PSSPF). This PSSPF has the following characteristics:

1) The slow variables consist of the states that are not part of the coupled
field in the original system, and the variables whose sum of derivatives are
obtained if we were to sum the coupled derivatives (in an equation-by-
equation basis) in the original system as shown in the examples.

2) One of the fast variables is the error introduced into the original system’s
algebraic equation due to inserting the parasitic elements.

3) The other fast variable is a scaling of the charge (Rq) in the inserted

parasitic capacitance.

2.5.2 A Transformation to Obtain the PSSPF

This section derives the transformation matrix needed to transform a

general modified system from the class of systems under investigation to the

PSSPF and proves its existence.

Assume that a linear system includes a coupled energy field together with

some other energy storing elements that are not coupled with the field. Assume
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that the vector of the states that are not among the coupled field is X, and its

dimension is r. One way to recognize the elements of the coupled field is by the

appearance of their parameters in J Further, assume that the coupled field

di’
includes only one dependent energy-storing element. Based on general form for
the coupled field given in equations (2.16) and (2.17), the general form of this

class of original systems can be written as

X,=A X, +A,X, (2.65)
X, =J,*S,*X,+J,*X, (2.66)
Sa*X,=Ju*8*X, (2.67)

Consequently, the general form of the modified systems of this class, and based

on the general form given in equations (2.18) to (2.20), can be written as

A, A, 0 0
Xr l Xr
d X‘, A, Jiisi+RJid‘,disi —RJide _',id X,
= = 1 (2.68)
q Cle
0 7,8, -, 0

Where, %= K p The transformation matrix that transforms this modified system

to the PSSPF is

I. 0 0 0
r-| ¢ & Tl 0 (2.69)
o J,S -S, 0
o 0 0 R

If the modified system is in the explicit form
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X =AX +BU
then, the transformed modified system will be

Z=TAT"'Z+TBU, Z=TX
Where I; is a square unit matrix whose dimension is the same as that of X; and
1, is a square unit matrix whose dimension is the same as that of X,. Notice
that because there is only one dependent energy-storing element, the dimension

of § d is one by one and the dimension of X d is one. Further notice that one

does not have to formulate the original system to be able to formulate the
modified system and transform it to the PSSPF. To obtain the transformation

matrix given in (2.69) one needs to know Jiqr Sis and § d The matrix

J di = —Jiz which relates the flows (velocities) of the dependent and independent

energy storing elements can easily be obtained from the original system bond

graph; and S; and § 4 e inverse inertia matrices that are parts of the original

system parameters.
2.5.2.1 Derivation and Proof of Existence
To derive equation (2.69), we will start from the general form for the

modified systems given in equation (2.68). This form is rewritten again here in

equation (2.70).
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A, A, 0
X,
d| X, A, JiSi+RIyJ,S, RIS,
| X, 0 RIS, —RS,
q
0 J S =S,

[ x

Xi
Y (2.70)

Changing q to Rq and substituting a for R*C in equation (2.70) will lead to

A, A, 0
X,
d X‘, Air JiiSi+RJideiSi _R"idsd
at| X, | | o RJ,S, RS,
Rq
0 RJ S, - RS,
Equation (2.71) means that
0 0 0 0
0 J.,J,S J.,S 1
id di°i " id°d 4”id
F0= 1
0 J;S; =S, -

This means that the null space of Fy is

© R|lx

xr
X, (2.71)
X, '
| Rq
(2.72)

and that the two orthogonal vectors to the null space can be chosen as
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_ 0 _ .

7,8.)
( di x) and 0
—Sd 0
0 1

This means that the Q0 matrix can be written as

0 J,S. -8 0
— dit'i d
Q_[ 0 0 0 1 :| (2.79)

To select the slow variables, find P (the left null space of FO) such that PF,=0.
This will produce
[P P. -P.J. 0]
p=|rmr n ri”id

P P. -P.J. 0
ir ii i id

(2.74)
Where, Prr, Pn., Pir’ and Pii are arbitrarily chosen so that the transformation

matrix is nonsingular. To get the meaningful slow variables that we want (as

explained in the examples above), select

=0, P.=1. (2.75)
ir 11} 1
P =1, P.=0 (2.76)
rr r rn

combining the change of variable ¢ to Rq with P and Q, we can get the

transformation matrix T as in equation (2.69) to be applied directly to the general
form (2.70).

Next we will show that the transformation matrix given in equation (2.69) is
always nonsingular.
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det (T) = R det (1,) det (I;) det (-S +J ;, §; 171 J,})

=+R det(Sd+JiT $;7.4)

d

Since S; and § 4 are inertia matrices, they must be positive definite. Therefore,

Sd >0, and

J;‘r S.J., 20, with the inequality satisfied when Jid is nonsingular.

d"i" id

This proves that det (T) # 0 which means that the transformation exists.
2.5.2.2 Example of Using the Transformation Matrix

This sub-section shows an example of using the transformation matrix
defined above to transform a modified system to the PSSPF. Figure 2.12 and
Figure 2.13 shows a schematic diagram of a fluid pipe system and its bond graph
model respectively. Figure 2.14 shows a bond graph model for the modified

system.
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Figure 2.13. Bond graph for the original fluid pipe system
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Figure 2.14. Bond graph for the modified fluid pipe system model

For this system

pl
p2
p3|
p4

Xi=

Xd =[P5],
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aQ_g, P
dt I
dqz _ S p2
dt I

dpn_ L pP_ Ll g P P P P\ plP P PP
dt  Cac L C L I Is Is Is L I Is Ia

dp> _ 1 qz_Rzl’_z_lq_R(ﬂ+P2_E_ﬂ_ﬁ) R{P' E_E_ﬂ)
2

dt  Cace2 1 C L 1. Is I+ Is L In Is Ia
)

dps _ 1 P P2 P pe_ps\, (P P2 P pe)_p P

da C L I I I+ Is L I»n Iy Ia I3

11 I2 Iz Ia I4

Consequently, the modified homogeneous system can be written in the matrix

form as
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0 O —l 0 0 0 0 0
I
- 510 O 0 —l 0 0 0 0
q I2
q 1 0 _R+R1+R5 _R+Rs R+ Rs R+ Rs E _l
C h Iz Is ls Is C
Pllo L _R+tRs _R+Ri+R  R+Rs R+Rs R 1
dajfp|_ C2 I I2 Is Is Is C
3 R+Rs R+Rs R+R3+Rs R+Rs R 1
dtip 0 0 - - —_— =
ps I I2 I3 s Is C
R+ Rs R+ Rs R+ Rs R+ Rs+Rs R 1
ps 0 O - —_— = =
h I2 I3 14 Is C
ally o K R R R R I
I 12 I3 N Is C
o o L T 1 LU
L 5 12 I3 n Is J

Using equation (2.69) the transformation matrix can be written as

100 0 O O 0 O
010 0 0O O 0 O
001 0 0 0 1 O
000 1 0O 0 1 0
T=lo00 0 1 0 -1 0
000 0 O 1 ~-10
oo L L _L _1 1,

L I I3 14 Is
000 0 0O O 0 R

With this transformation, the states of the transformed modified system are
r q I
q2
D'+ ps
p2+ ps
p3- D3
ps- ps
P p_p_ps_ps

Lrn L1

Notice that the original system equations are the following algebraic differential

equations
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.——:S p—
dt /! I
dq o, P2
dt 2
dapP 1 Py dPs Pr P, P3 Ps
—=—q-R——-———--Ry{ —+——-———-—
a G L dt Iv I2 Is Ia
dP> 1 P2 dPs Pr P, P3 Pa
—=—¢q2-R2———-Ry{ —+ ————-—
dt 2 I. dt L In I I
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CHAPTER 3
DESIGN OF A CLASS OF TWO-TIME-SCALE MULTIPORT MODELS

3.1 Introduction

Analysis carried out in CHAPTER 2 gave insight into the problem under
investigation; and showed how to transform a modified system from the class of
systems under investigation to the PSSPF. This sets the stage for taking
advantage of several tools that are provided by the singular perturbation method.
CHAPTER 3 will take advantage of some of these tools, together with some
other tools, to design the class of systems under investigation. The design
objective, which is the same as the chapter objective, is to achieve the greatest
possible simulation efficiency for a specified approximation accuracy by making
the appropriate choices for the values of the parasitic element parameters. As
explained earlier, the computational efficiency and the approximation accuracy of

the modified systems can be traded off together.
3.2 A Model for the Fast Sub-System and Proof of Stability

As indicated earlier, if the modified system is correctly designed, it should
be a two-time-scale system, so that the modifications would not greatly affect the
behavior of the original system’s variables. This two-time-scale system should
contain two sub-systems; the slow sub-system and the fast sub-system. The

slow sub-system represents the original system, which is known and there is an
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obvious interest in not altering its behavior. The fast sub-system results from
inserting the parasitic parameters. It is well understood that the fast sub-system
will affect the behavior of the slow (original) one. Unfortunately, there is not
much known about the fast sub-system. Particularly, there is no published work
that characterizes or models it. Therefore, the first step in this effort of designing
the fast sub-system is to model it. This section will carry on some of the results
obtained in CHAPTER 2 to achieve this task. In addition, the results obtained in
this section directly address the stability of the fast sub-system and

consequently, of the whole modified system.

Work presented in CHAPTER 2 derived a general form for the

transformation matrix 7 and the matrix FO that is used to select the fast and

slow variables, so that a modified system in the general form (3.1) can be
transformed to the standard form (3.2) and (3.3). These general forms are

rewritten again here, for the reader’'s convenience.

A, A, 0 0 |
X’ 1 X’
A J.S +RJ, J,S. —-RJ, S J.
X. ir i idV divi id“d id || X.
a8 c (3.1)
@ Xl 1o RJ,S, -RS, — |*%
q Claq
0 7,8, -S, 0
x= Al 1 (&)x+ A1 2(8)77 (3.2)
en = €A, (E)x+ Ay (€)n (3:3)
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0 0 0 0
1
o J.,J,S. -J.,S, —J.
d di"1 id“d id
Fo= . ’] S’ s « (3.4)
di”i ~d a
_0 JdiSi —Sd 0 |
I, 0 0 o
P o 1. -J,6 0
T=|-:|=|---="2----= LA (3.5)
o] |0 7,5 -5, 0
0 0 0 1
Kokotovic et al. (1986) showed that
Ay (0) = QF W (3.6)
where,
T =[v w] (3.7)

As the general form for both F, and Q have been derived in CHAPTER 2 (they
are rewritten above as (3.4) and (3.5)), the only remaining piece that is needed to
calculate A22(0) from equation (3.6) is W. To find W, we will derive T™' using

equation (3.5), and then use equation (3.7) to find W. From equation (3.5)
I 0 0

! 1. -J,
T'={ 0 G' 0 |where,G=| ' “'
0 0 1 JaSi =S4

Using an inverse block matrices formula (see for example Kailath 1980), it can be

shown that
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171 _ ',id"disi "id
’ Sd -‘,disi‘,id "Sd +‘IdiSi‘,id

G'= and consequently, it can be
J,S, 1
Sa=JaSidua =Sq+JuSid i
shown that
0 0
Jid 0
W = =Sy +JuSia
! 0
=8, +J4S:J
0 1

Therefore, using equation (3.6) it can be shown that
~(5, +I08,0,) (s, +I58,0,)
Ay (0)=QFW = @ (3.8)
1 0

and consequently, as ¢ becomes small, the fast sub-system dynamics can be

written as

| -R(S, +J15,7,) %(S,, +J58,7,)

—Ap(0)= (3.9)
£

R 0
Assuming that ¢ is small enough, equation (3.9) models the fast sub-system.
The term

1

5, +7050,) 319

is the equivalent of the inertia field evaluated at (reflected on) the dependent

energy-storing element. Therefore, equation (3.9) can be written as



A =| e s (3.11)

where A, refers to the fast sub-system dynamics, and I, refers to the

equivalent of the inertia field evaluated at (reflected on) the dependent energy-

storing element. Using equation (3.11), the characteristic equation of A, can be

written as

PEONLIy P
1 CI

eq eq

=0 (3.12)

Equation (3.12) is the characteristic equation of a series R-L-C circuit, with

the term 1, as the inductance of L. This result shows that, as ¢ gets small, the

fast sub-system can be approximated by the parasitic capacitance, the parasitic

resistance, and I, connected in series. This model should be very useful for

any design work for the two-time-scale modified system; and it will be used in the
design algorithm to be presented later in this chapter. The condition, of having a
small enough ¢, imposed on the validity of this model is not detrimental at all for
our framework, because it is the same condition that applies for any useful
modified system. Equation (3.12) also proves the stability of the fast sub-system
for a small enough &, which means that the whole two-time-scale modified
system will be stable, if the original system is stable (Kokotovic et al. 1986). The
model of the fast sub-system described above can be shown in a graphical form.

Figure 3.1 shows a bond graph model of the fast sub-system.
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Figure 3.1. A bond graph model of the fast sub-system

Notice that the parasitic elements R and C are linear by choice. The model
given in Figure 3.1 is derived for linear systems; however, it will be useful for

nonlinear systems too. That will be shown later in CHAPTER 4.

3.3 Validating the Fast Sub-System Model

The model of equation (3.11) for the fast sub-system is very important; but
it should be validated before it is used. As the model is an approximation that is
good when ¢ is "small enough," this validation should also help us to get an idea

of what "small enough ¢ " means.



3.3.1 Accuracy of Slow and Fast Poles Locations

In this sub-section we examine the accuracy of the fast and slow poles of
the modified system after using the fast sub-system model to choose the values
of the parasitic elements to place the fast poles at certain specified locations. The
first example used is the electrical circuit that was introduced as Example 2 in
CHAPTER 2. The homogeneous original system of Example 2 that was given in
equations (2.45) to (2.47); and its homogeneous modified system that was given

in equations (2.48) to (2.51) are rewritten here again for the reader’s

convenience.

dql _ pl (2.45)
a1

al__ L o mri 2L, P2 (2.46)
dt Cl 11 drt

p2_,p (2.47)
12 11

dql _pl (2.48)
a1

2

dpl 1 m“(R+R1) . mR m
= 1+ 2-— 2.49
a cl? n_ TPl (249)

2 _mR Rl (2.50)

q_m -1 m (2.51)
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Three different cases of Example 2 were examined in this validation work; every
case had a different set of original system parameters values. The three different
sets of parameters were chosen such that:

1) One set produces an over damped original system, one set produces a
critically damped original system, and one set produces an under damped
original system.

2) The real part of the fastest pole in all cases is equal to —0.25, to make
comparing the three different cases with one another easier and more
meaningful.

The used three different sets of original system parameters along side with their

corresponding eigenvalues are as follows.

Case one:

C1=0.0107 I11=12=1250 R1=1000 m=1
Al=-0.25 A2=-0.15

Case two:

C1=0.008 I1=12=1000 R1=1000 m=1
Al=-025 A2=-0.25

Case three:

C1=0.004 I11=12=1000 R1=1000 m=1

Al =-0.25+i0.2501 A2 =-0.25-i0.2501
We assume that we desire the two fast poles to be critically damped and to be at
a certain desired pole location (DPL). Then, equation (3.12) is used to calculate

the values of the parasitic parameters that will place the fast poles at the desired
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location. These values of the calculated parasitic parameters are used in the
modified model and subsequently, the eigenvalues of the modified model are
calculated to examine how close the fast poles to the specified desired ones and
how close the slow poles to the original system poles. Notice to use equation

(3.12) to calculate the values of the parasitic parameters, we need to know 1, , in
addition to the two desired location of the poles. 1, Can be calculated using

equation (3.10); it can be shown it is, for this example, equal to

1

1 1
_+_
L I:

Tables 3.1 to 3.3 show the calculated eigenvalues from the modified system (as
described above) for every desired pole location (DPL) that was examined; the
three different cases of the example are shown. The first column in every table
lists the eigenvalues of the original system. PR is the ratio between the used

desired pole location and the real part of fastest pole in the original system.

Orig | DPL=-1.25 | DPL=-2.5 | DPL=-5 | DPL=-7.5 | DPL=-12.5 | DPL=-17.5 | DPL=-25
PR=5 PR=10 PR=20 PR=30 PR=50 PR=70 PR=100

-2.2744 -3.7827 | -6.6724 | -9.4794 -14.9726 -20.3766 | -28.3881

-0.5709 -1.6101 | -3.7261 | -5.9199 -10.4271 -15.0233 | -22.0119

-0.25 | -0.3093 -0.2592 | -0.2529 | -0.2519 -0.2514 -0.2513 -0.2512
-0.156 -0.1454 -0.148 -0.1486 | -0.1488 -0.1488 -0.1488 -0.1488

Table 3.1 Validating the fast sub-system model against Example 2, case 1
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Orig | DPL=-1.25 | DPL=-2.5 | DPL=-5 | DPL=-7.5 | DPL=-12.5 | DPL=-17.5 | DPL=-25
PR=5 PR=10 PR=20 PR=30 PR=50 PR=70 PR=100
-2.4509 -3.9817 | -6.9112 | -9.7517 -15.3003 -20.7505 -28.821
-0.4201 -1.5041 | -3.5859 | -5.7471 -10.1993 -14.7493 | -21.6789
-0.25| 0.1194i -0.2869 | -0.2648 | -0.2593 -0.2553 -0.2537 -0.2526
-0.25| -0.2089 -0.2274 | -0.2381 | -0.2419 -0.2451 -0.2465 -0.2475

Table 3.2 Validating the fast sub-system model against Example 2, case 2

Orig | DPL=-1.25 | DPL=-2.5 | DPL=-5 | DPL=-7.5 | DPL=-12.5 | DPL=-17.5 | DPL=-25
PR=5 PR=10 PR=20 PR=30 PR=50 PR=70 PR=100
-2.3995 -3.9485 | -6.8893 | -9.7343 -15.2872 -20.7396 | -28.8119
-0.64 -1.6547 | -3.6111 | -5.7658 -10.2128 -14.7604 | -21.6881
-0.25| -0.2303 -0.2484 | -0.2498 -0.25 -0.25 -0.25 -0.25
0.25i 0.2723i 0.2561i | 0.2514i | 0.2506i 0.2502i 0.2501i 0.2501i

Table 3.3 Validating the fast sub-system model against Example 2, case 3

In addition to the results shown in the tables 3.1 to 3.3, Figure 3.1 shows a

summary of the error in the fast poles locations compared with the DPL; and

shows the value of R, both against the normalized fast poles location (PR);

notice that R = 1 . Every error shown in Figure 3.1 is the average of the errors of
£

the two fast poles with respect to the DPL. The three different cases of the

example are shown. The results of this example and of the next example will be

examined and explained together.
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Figure 3.1. Effect of fast pole locations on the accuracy of the fast

sub-system model for Example 2

The second example that is used to validate the fast sub-system model is
the fluid pipe system (Example 3) that was introduced in CHAPTER 2. The

homogeneous original system equations for this example was given in

CHAPTER 2 as
dgp __ P

dt I

dq: __P

dt I2
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AL P dPs (P P Py Pi
dt Clq L dt Ly I2 Is I
@Pr_ L Pi dPs_ (P P Py Pu
dt Czq I» dt Lt I: Is Ia
dPs dPs Pi P> P3s Ps Ps
—_— —_—t—_ - -Ry—
dt dt Ly In I3 Ia I3
dPs dPs Pr P2 P3 Pa) Ps
—=——T 4Ry —+ ————— —Rs—
dt dt Lo 1. Is I 14

Ps _Pr _P. Ps Pa

Is ©Ih I» Is Ia

And the modified system equations were given as

0 O L 0 0 0 0
I
-~ 10 0 0 L 0 0 0
q I2
9 i 0 _R+R1+Rs _R+Rs R+ Rs R+ Rs 5
Ci I I2 I3 14 Is
p 1 R+Rs R+Rz2+Rs R+Rs R+Rs R
0 — - - =
da|p|_ C: I I I Is Is
dt| ps 0 0 R+Rs R+Rs _R+R3+Rs _R+Rs _R
ps I I2 I3 14 Is
R+Rs R+Rs R+ Rs R+ R4+ Rs R
ps 0 o - - -—
I I2 I3 14 Is
L9] 1o o R R _Rk _k _R
I I I3 14 Is
0 0 1 1 1 1 1
L I I2 I3 ls Is
The following set of parameters values were used:
C1=0.001 C2=0.001
11=1000 12=200 13=100 14=100 15=100
R1=3000 R2=1000 R3=1000 R4=1000 R5=1000

With the above given set of parameters, it can be shown that the original system

eigenvalues are approximately the following:
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-10.0 -10.0 -4.9042

-2.6946 -0.96254 -0.32758

These slow eigenvalues were obtained by calculating the eigenvalues of the
modified system with two very fast poles (-5012.57 & -4962.41; DPL = 5000) with
respect to the original system. The same procedure described above in this sub-
section that was used with Example 2 was used with this example. Again
equation (3.12) can be used to calculate the values of the parasitic parameters

after obtaining I, that can be calculated using equation (3.10). Using equation

(8.10), 1,, for this example is equal to

Table 3.4 shows the calculated eigenvalues from the modified system (as

described above) for every desired pole location (DPL) that was used.

Orig | DPL=-50 | DPL=-100 | DPL=-200 | DPL=-300 | DPL=-500 | DPL=-700 | DPL=-1000
PR=5 PR=10 PR=20 PR=30 PR=50 PR=70 PR=100
-103.6 -166.68 -286.273 | -401.678 | -626.409 -846.66 -1172.3
-18.46 -58.106 -138.77 -223.405 | -398.692 | -578.447 -852.8
-10 -13.039 | -10.3186 | -10.0675 | -10.0287 -10.01 -10.005 -10
-10 -10 -10 -10 -10 -10 -10 -10
-4.9042 | -4.9169 | -4.9072 -4.9049 -4.9045 -4.9043 -4.9043 -4.9
-2.6946 | -2.6946 | -2.6946 -2.6946 -2.6946 -2.6946 -2.6946 2.7
-0.96254 | -0.9625 | -0.9625 -0.9625 -0.9625 -0.9625 -0.9625 -1
-0.32758 | -0.3276 | -0.3276 -0.3276 -0.3276 -0.3276 -0.3276 -0.3

Table 3.4 Validating the fast sub-system model against Example 3
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Figure 3.2 (similar to Figure 3.1) shows a summary of the error in the fast poles
locations compared with the DPL; and shows the value of R both against the

normalized fast poles location.

90%
P I S S S I »
70% 4 -\ e T
60% -\ i o b T [ 40000
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30% - O

- 30000 a
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. i | 10000
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Normalized desired fast poles location (PR) o 1358, crat

Figure 3.2. Effect of fast pole locations on the accuracy of the fast sub-system

model for Example 3

Examining tables 3.1 to 3.4, it is noticeable that across the range of PR
that is shown in the tables, the slow eigenvalues are very close to the original

1% column in

system eigenvalues except for one value in case two of Example 2 (
table 3.2), where PR is equal to five and there is no obvious separation between
the fast and the slow sub-systems. This should not be disappointing because,
the rule of thump is that there should be an order of magnitude separation (this

corresponds to PR=10) so that the fast sub-system would not greatly affect the
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slow one. On the other hand, it is apparent from tables 3.1 to 3.4 that the
locations of the fast poles are somewhat different from the DPL that was used in
equation (3.12) to calculate the parasitic elements parameters. Figure 3.1 and
Figure 3.2 show that as the ratio PR (called normalized desired fast poles
location in the figures) increases over ten the error rapidly decreases. It can also
be noticed that for all cases shown in both figures, for a DPL that is an order of
magnitude, or more, faster than the original system (this corresponds to PR
bigger than or equal to ten) the following holds true:

1) The error in the fast poles locations are at or less than 55%.

2) The locations of the slow poles are very close to those of the original

system (within 5%).
3.3.2 Conditions of Two Critically Damped Fast Poles

In this sub-section we examine the validity of the conditions, provided by
the model under validation, for having two critically damped fast poles. These
conditions are of particular interest; later it will be argued that a pair of two
critically damped poles is the recommended choice for fast poles. The
characteristic equation of the fast sub-system model was given in equation (3.12)
as

e Ryt

CI

eq eq

=0 (3.12)

For the roots of this equation to be critically damped, the following relation must

hold
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R* 1

4] 3,, i,

This means that

R2C =41 (3.13)
eq

Substituting ; for 11 in equation (3.12) then, the characteristic equation of
R“C eq

the fast sub-system can be written as

/12+/1—4—+%=
RC R°C

which means that

p=___2
RC

Where P (identical to A) is the location of the two fast critically damped poles as
€ becomes small. This result can be written as
P*RC=-2 (3.14)

Equation (3.14) is a condition provided by the model for obtaining a pair of
critically damped fast poles. To validate equation (3.14), different values of the
product RC were chosen. For every value of RC, the values of R and C were
changed until a pair of critically damped fast poles (P) were obtained from the
modified system. For these values of R and C for which two critically damped
fast poles occur, the location of the two critically damped poles (P) was recorded
versus its corresponding R and RC. Figure 3.3 summarizes the results of this

attempt for Example 2. The horizontal axis in Figure 3.3 is the value of R
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(R =l); the first vertical axis shows the product P*RC. The second vertical
€

axis shows the ratio between the critically damped fast poles location in the
modified system and the real part of the fastest pole in the original system. This
ratio is referred to as MO. The same procedure described in this sub-section
was implemented for Example 3. Figure 3.4 (similar to Figure 3.3) summarizes
the results of Example 3. Figure 3.3 and Figure 3.4 show that as R increase (i.e.
as ¢ decreases) the product P* RC converges to minus two; this result confirms
equation (3.14). They also show the product P* RC is close to minus two (within
%15) for an MO ratio of ten or more (i.e. for fast poles that are an order of
magnitude or more faster than the original system). It is also obvious that the

product converges to minus two rapidly as MO gets bigger than ten.

Validation results shown in this sub-section and the last sub-section show
that the model under validation (equation (3.11)) would be fairly accurate if the
fast poles are an order of magnitude faster than the original system; and that the
accuracy improves rapidly as the fast poles gets faster than an order of

magnitude.
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Figure 3.4. Conditions for two critically damped fast poles, Example 3
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3.3.2.1 Advantages of Critically Damped Fast Poles

The second order fast sub-system should be designed to be critically
damped, to avoid unnecessary computational cost and potential excessive
approximation errors. The reason is that if the fast sub-system is over damped,
then it would contain two real poles; one of them is faster than the other. In this
case the faster pole will determine the stiffness of modified system and, the less
fast pole (of the two fast poles) will determine simulation accuracy.
Consequently, there will be an un-necessary additional computational cost. On
the other hand, if the fast subsystem is excessively under damped, there will be
an overshoot and an oscillatory behavior, which is undesirable. To demonstrate
this we simulate Example 1 that was introduced in CHAPTER 2. Figure 3.5
shows simulation results for calculating the state of the independent variable (i1)
from Example 1 using three different systems: The original implicit system, the
modified system with two excessively under damped fast pole, and the modified
system with two critically damped poles. The product RC has the same value in
the used two modified systems. It is obvious that the modified system with the
two excessively under damped fast poles has oscillatory behavior that increases
the approximation error introduced by the modified system. Figure 3.6 show the

simulation results for the state (q) of the dynamic parasitic element (the

capacitor) using the above mentioned two modified systems. It is obvious that
the case with two excessively under damped fast poles has an amplitude that is

much bigger than that of the critically damped case.

79



——i1, implicit ===i1, under damp fast —i1, crit. damp fast

Independent state
variable

RC_PS.xs, chart!

Figure 3.5. Approximation error for an excessively under damped and a

critically damped fast sub-systems
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Figure 3.6. Behavior of the dynamic parasitic element for an excessively

under damped and a critically damped fast sub-systems
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3.3.3 Effect of Selected Dependent Element Value on Model Performance

If we have a storage field with a single instance of derivative causality, the
choice of the dependent element is arbitrary. The fast sub-system model as
given in equation (3.11) does not suggest which element one should choose as
the dependent element. Therefore, we would like to answer the following
questions. Suppose that we have a storage field whose elements have different
values. Does the value of the selected dependent element (with respect to the
independent ones) have an effect on the model performance? If there is an
effect, what is the choice for which the model would perform best? This section
addresses these questions through simulating Example 1 that has been

introduced in CHAPTER 2.

Example 1 includes only two coupled inertances; its homogeneous original
system was given in equations (2.27) to (2.28) and its homogeneous modified
system was given in equations (2.29) to (2.31). These equations are rewritten

here again for the reader’s convenience.

Pl _f mr 2L P2 (2.27)
t 11 dt

f—zz - m’l’—: (2.28)
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2
dpl  m“(R+R1) . mR m

=- 1+ 2-— 2.29
dr TN (2:29)

dp2 mR R 1
42 _mR , R .1 2.30
a n? Pl (2.30)

dq m 1
dq_m 1 5 2.31
a nt 1n2? (2.31)

To explore the effect of the value of the selected dependent element we simulate
Example 1 with different combinations of the values of the inertances I1 and I2
and with both of them alternatively chosen as the dependent energy storing
element. This is done for two different values of the transformer modulus (m).
The parameter R1 of original system was held constant throughout these
simulations at R1=1000. For every combination of I1, I2, and m, we chose
certain desired pole location (DPL) for a pair of critically damped fast poles.
Based on this chosen location equation (3.12) was used to calculate the values
of the parasitic elements R and C. These calculated values of R and C were
then used in the modified model to calculate its eigenvalues. The fast
eigenvalues of the modified model were then compared with the desired pole
location (DPL) that was chosen and used in calculation. Figure 3.7 and Figure
3.8 summarize these simulation results for the two simulated cases, m =1 and
m =2 respectively. The horizontal axis in both figures is the difference between
the values of I1 and I2. The two solid lines are the errors of the fast poles
location for the two cases, when 11 is the independent element and when 12 is
the independent element. Every calculated error is the average of the errors of

the two fast poles with respect to the corresponding DPL. The dashed lines in
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both figures shows the value -(“i—zz) It can be noticed from both figures that
m

choosing either I1 or 12 as the independent element is not going to affect the

model accuracy only at the point (I—I—z—z)=1. Notice that (Il/m’) is the

1/m

equivalent of I1 when reflected on 12. Away from this special point the model
will be more accurate if the dependent element value (or its equivalent) is smaller

than that of the independent element.

It can be concluded from this sub-section that the dependent element
should be chosen as the element of the least value. Notice that all element

values should be evaluated at the same location.

|—e—m=1,11ind —@—m=1,12ind = @ = m2L2L1, m=1]

0.5
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© o
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Figure 3.7. Effect of selecting the dependent element, m=1
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Figure 3.8. Effect of selecting the dependent element, m=2

3.4 An Algorithm to Improve the Model Performance

Last section showed that the fast sub-system model (equation (3.11))
could be used to choose the value of the parasitic elements to locate the fast
poles at certain user-defined location. Although, there would be some error in
the poles locations, this error as shown above is negligible for the design
objective of this work. However, this section shows an algorithm to improve the

model results, in case this is of interest for other uses of the model.

The fast sub-system characteristic equation is rewritten here again for the

reader’s convenience.
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1
to =5, 77157 319

FERRLI P
1 CI

€q q

-0 (3.12)

Before the algorithm is given some of the features of the characteristic equation
(3.12) are demonstrated. For the roots of the characteristic equation (3.12) to

have certain damping ratio { 4 the following must hold true

2 _R°
4¢< =——CI , which means that
d ;2 “eq
eq
2~ _ 2
R c_4leq;d (3.15)

Equation (3.15) means that the product R’C will always be a constant as ¢

become small. The real part of the roots of the characteristic equation (3.12) is

-R _ -R’C _-RC 1
21,, 2RCI, 2I, RC

eq q

(3.16)

As R’C is constant, equation (3.16) means that the location of the real part of

the fast poles is inversely proportional to the product RC .

The method that is proposed here for improving the model results is based

on successive improvements of the calculated I, using the calculated fast

eigenvalues from the modified system. Assumes that the user has defined some

specific locations A, and A, at which he/she would like to place the fast poles to

separate them from the slow poles. Further assume that the two poles 4, and 4,
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have a real part that is referred to as Re(4,), a damping ratio that is referred to

as { d’ and an undamped natural frequency that is referred to as w,,. The

algorithm can be described as follows:

1)

3)

4)

Use equation (3.10) to calculate I, , for convenience we will refer to it as

I

eq.u *

Calculate the values of the parasitic parameters R, and C, using the

following equations

1 2
_ 3.17
qu.uCr w"'d ( )
IRf =%, (3.18)

eq.u

Use the calculated parasitic parameters (R, and C_) from step two in the

modified system model to calculate the eigenvalues of the modified
system, and consequently identify the two fast poles. Let these two fast

poles be 4, and 4, , let their corresponding damping ratio be ¢, and
let their natural frequency be w, .. If . is “equal to” { 4 9° to step six,

otherwise proceed to step four.

Calculate an updated equivalent inertia (/,, , ) as follows
R
I = < 3.19
o zgtwn.r ( )

5) Go to step two above.
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6) The final values of the parasitic elements parameters (R, and C,) should

be calculated from the following

R.C, = R.C, )
5 T e (Re(/l,)

Rf Cf
L / = 3.21
2 qux ;d ( )

The loop that includes steps two to five is used to improve the accuracy of the

(3.20)

damping ratio of the placed poles and then step six is used to improve the
accuracy of their real part. Equations (3.17) to (3.19) and (3.21) come directly

from equation (3.12). Equation (3.20) is suggested by equation (3.16).

To demonstrate the effectiveness of the algorithm, we apply it to Example
3, the fluid pipe system. The desired fast poles were set to have real part of (-
100) and a damping ratio of 0.7. Table 3.5 shows simulation results for
implementing the algorithm with the loop involving steps two to five, repeated
only five times. The first column in Table 3.5 has five labels, each one is used for
its corresponding row; the next six cells are the original system’s eigenvalues
and the last two cells are the real part and the imaginary part of the desired poles
locations respectively. The following six columns in Table 3.5 show the resuilts
for repeating the loop five times followed by the final result obtained from step six
in the algorithm. It can be noticed from the table that the damping ratio of the
placed fast poles converges monotonically to the desired one as we keep
updating the value of the equivalent inertia. It is also remarkable that

implementing step six has moved the fast poles very close to the two desired
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values. It is also noticeable that in all the shown results the slow eigenvalues are

very close to original system’s eigenvalues.

One can repeat the loop involving steps two to five as many more times as
needed; and further more can implement another loop involving steps 2 to 6 until
the desired accuracy of pole placement is reached. However, as the purpose of

this work does not need such accuracy; there will be no further demonstration to

this idea.
Loop, 1 Loop, 2 Loop, 3 Loop, 4 Loop, 5 Step 6
I eq.u 24.5272 22.6945 21.6018 20.9271 20.5011 23.4986
¢ 0.79277 0.75653 0.73541 0.72257 0.71455 0.69554
R 5555.278 | 4905.185 | 4538.673 | 4320.147 | 4185.213 | 4669.534
C 1.76E-06 | 2.00E-06 | 2.16E-06 | 2.27E-06 | 2.34E-06 | 1.84E-06
RC 0.009801 | 0.009801 | 0.009801 | 0.009801 | 0.009801 | 0.008605
-0.32758 | -0.32758 | -0.32758 | -0.32758 | -0.32758 | -0.32758 | -0.32758
-0.96254 | -0.96253 | -0.96253 | -0.96253 | -0.96253 | -0.96253 | -0.96253
-2.6946 -2.6946 -2.6946 -2.6946 -2.6946 -2.6946 -2.6946
-4.9042 -4.9056 -4.9058 -4.9059 -4.906 -4.906 -4.9056
-10 -10 -10 -10 -10 -10 -10
-10 -10.1335 | -10.1517 | -10.1643 | -10.1729 | -10.1786 | -10.1377
-100 -112.483 | -100.772 | -94.1687 | -90.2309 | -87.7992 | -96.5376
102.02 86.4819 87.1102 86.7695 86.3261 85.9614 99.7226

Table 3.5. Using the algorithm to Improve model results for Example 3

3.5 Design Procedure for the Fast Sub-System

It was demonstrated in the previous sections that the fast sub-system

model could be used to place the fast poles at certain desired locations. This

88



section shows some design procedure whose objective is to achieve simulation
efficiency while meeting certain accuracy bounds. As discussed earlier, the
computational efforts needed to simulate the modified system increases as its
stiffness increases. We have also discussed that the fast poles should be faster
than the original system to avoid affecting the original system significantly.
Therefore apparently, there is a need to know the location of the fastest pole in
the original system. But the original system as we know is in the algebraic
differential equation form, and it is not convenient to find exactly or directly it

eigenvalues. This issue will be dealt with in the procedure to follow.

Assume that there is an original system whose modified system is
required to be accurate to within certain specified bound, for some specified
inputs. Assume that the error bounds are set for all the states of the original
system and for the state of the dynamic parasitic element. The proposed
algorithm can be summarized as follows:

1) Set j=0, were j is a counter; choose the smallest inertia as the dependent
inertia. Make an initial estimate of the original system eigenvalues by
omitting the dependent energy-storing element from the system.
Consequently, one can determine an initial estimate of the radius of the

original system’s eigenvalues; let us refer to it as p,.

2) Choose the two fast poles of the modified system to be critically damped;
and choose a desired pole location for the two critically damped fast poles

(DPL) such that
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3)

4)

5)

6)

DPL =10* p,.
Use the fast sub-system model (equations (3.10) and (3.12)) to calculate
the values of the parasitic parameters R and C needed to place the two
fast poles at DPL. If j> 1 go to step five directly
Use the calculated values for the parasitic parameters in step three in the
modified explicit system and calculate the modified system eigenvalues.
Assume that the real part of the two fast eigenvalues (or the slower one, if

they are over damped) is Re,; and the calculated radius of the slow

eigenvalues is p.. If you can not distinguish two fast poles from the rest

Re,
of the poles, assume that P =1. If

Re Re
L <5,0r
P, P,

> 20 take

DPL = DPL*10* -2
Re/

and go back to step three; otherwise proceed to step five. This will ensure
enough separation between the fast and the slow sub-systems and
prevent simulating an excessively stiff system during the design process
unnecessarily.

Set j=j+1, and DPL, = DPL.

Simulate the modified system and the original system and calculate the
errors of the states for which the user requires bounds on their errors.

Calculate the ratios between the calculated errors and the user-specified
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error bounds; assume that these ratios are r,r,,...,r,. Find ry,x such

that r

max, j =max{rl,r2,...,r,, }. Assume that the error whose ratio is

rmax IS "€" and that its corresponding desired error is e, .
7) If 0.8 < rmax <1, go to step nine.
Otherwise;

if j>1, calculate

e. —e

= J Jj-l
p DPL,-DPL '

e, e,

DPL,, = DPL, +

This assumes that the error is a linear function of the DPL.

If j=1, take

DPL . .
DPL = ; L. Where fac=2,ifr_, >1,and fac=0.5if r_, <0.8
ac

8) Go to step three.

9) End of design procedure.
Notice that, when the dependent energy-storing element is omitted from the
original system, the system will become an explicit ODE system whose

eigenvalues can easily be determined.
The procedure presented above assumes that the model of the original

system is conveniently available. This assumption is true for several practical

classes of systems. However, the user might prefer to deal only with the
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modified explicit system. One possible reason for this preference could be
avoiding deriving the implicit original model. In this case, there would be a need
to find a reference other than the original implicit system to calculate the errors of
the modified system with respect to. Since it is known from the singular
perturbation theory that the errors of the modified system should decrease as ¢
decreases, we can choose this reference to be the modified system itself but with
an excessively small €. An excessively small ¢ means an excessively large R.
To verify that certain ¢ is small enough for the modified system to be an
“accuracy reference”, it is recommended to ensure that a further decrease (say
an order of magnitude) of £ would not change the simulation results obtained
from the modified system within the number of digits of accuracy required by the
user. Figure 3.9 shows a flow chart for the main steps of the suggested design

procedure.
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Figure 3.9. Flow chart for the proposed design procedure

Change DPL End procedure

3.5.1 An Example Using the Design Procedure

To demonstrate the usefulness of this procedure we apply it to design the

fast sub-system for Example 3. The following set of parameters was used in this

example:
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C1=0.0001; C2=0.0001;

11=100; 12=100; 13=100; 14=100; 15=100;

R1=300; R2=300; R3=100; R4=100; R5=100;
Assume that the error bounds are set to be 1% for all the states of the original
system for unit step inputs. Further assume that the error is defined as the ratio
between the maximum absolute error value and the maximum absolute signal

value.

All the inertia elements here have the same value, which is the most
difficult situation to approximate; we will choose 15 to be the dependent. To
estimate the radius of the slow sub-system, omit IS and then calculate the
eigenvalues of the original system. This will produce the following set of
eigenvalues

-1.0000

-3.1331

-2.4334 - 9.4779i

-2.4334 + 9.4779i

-1.5000 - 9.8869i

-1.5000 + 9.8869i
The fastest pole in this set is (-3.1331). Therefore we will choose DPL=-31.
Then we will use the fast sub-system model (equations (3.10) and (3.12)) to
calculate the values of the parasitic parameters that are needed to obtain two

critically damped fast poles at the chosen DPL (-31). This will result in the values
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C =5.2029e-005 R =1240
Using these two values in the modified model, and subsequently calculating its
eigenvalues produce the following set of eigenvalues for the modified system
-1.0000
-1.0037
-1.0920 - 7.5092i
-1.0920 + 7.5092i
-1.5000 - 9.8869i
-1.5000 + 9.8869i
-22.5286
-44.2837
It is obvious from this set that Re, =-22.5286, and p.=-1.5. Therefore,

Re s
P,

=15, and we can proceed. Next we set DPL, =-31 and j=1; and simulate

the implicit original and the modified systems to calculate the errors. The errors
calculated for the seven states of the original system are, in the order of the

states, as follows:

DPL=-31
el | 0.044539
e2 | 0.044539
e3 | 0.029023
e4 | 0.029023
e5 | 0.035824
e6 | 0.035824
e7 | 0.046535
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Inspecting these errors show that some of them are larger than 1%. Therefore,
there is a need to reduce the DPL used in the design. Since j is equal to one,

DPL will be set to 2* DPL,, which means that DPL, =-62. Using the new value

for DPL in the fast sub-system model to calculate the values of the parasitic
parameters produces
C =1.3007e-005 R =2480

Using these values of R and C in simulating the modified system, the obtained

errors were as shown below

DPL=-31 DPL=-62
el | 0.044539 | 0.012109
e2 | 0.044539 | 0.012109
e3 | 0.029023 | 0.007981
e4 | 0.029023 | 0.007981
e5 | 0.035824 | 0.009484
e6 | 0.035824 | 0.009484
e7 | 0.046535 0.01237

Again there are still some errors that are higher the set bounds. Therefore, there

should be additional iterations as described in the design procedure. The results

of all the iterations are summarized below.
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DPL=-31 DPL=-62 | DPL=-64.2 | DPL=-68.4

R 1240 2480 2568 2736

el | 0.044539 | 0.012109 | 0.011309 | 0.009988
e2 | 0.044539 | 0.012109 | 0.011309 | 0.009988
e3 | 0.029023 | 0.007981 0.007452 | 0.006579
e4 | 0.029023 | 0.007981 0.007452 | 0.006579
e5 | 0.035824 | 0.009484 | 0.008851 0.007818
e6 | 0.035824 | 0.009484 0.00851 0.007818
e7 | 0.046535 0.01237 0.011551 0.010199

MATLAB ode15s stiff integrator was used to simulate both the implicit and the
modified systems.
seconds and for the modified system whose errors satisfied the errors bounds
was 3.63 seconds. One can notice that to double the value of DPL we needed to

double the value of R. This is not a surprise because equation (3.14) shows that
RC should be set equal to D_—PZL and it has also been shown that the product

RRC converges to a constant as £ gets small. It can be noticed also that the

number of iterations that was needed to achieve the design objectives was not

large.

Simulation time for the original implicit system was 2.96
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CHAPTER 4
ANALYSIS AND DESIGN OF A CLASS OF TWO-TIME-SCALE NONLINEAR
MULTIPORT MODELS

4.1 Introduction

CHAPTER 2 and CHAPTER 3 demonstrated analysis and design of a
class of two-time-scale linear systems. This chapter uses the results and insight
obtained in CHAPTER 2 and CHAPTER 3 and further extends them to cover a
class of nonlinear systems. Tools for analysis and design of a class of nonlinear

systems are presented.

4.2 Class of Nonlinear Systems Under Investigation

The class of nonlinearity under investigation here is the displacement-
modulated nonlinear junction structure. An example for this class of nonlinearity
is a planar mechanism that has linear inertia field with displacement- modulated
transformers. The general form of the homogeneous original system of this class

of nonlinear systems is

X, =J (X)*X, +J,(X,)*X, (4.1)
X, =J,(X)*X, +J,(X)*Z,+J (X )*X, (4.2)
Z,=J,(X)*Z, (4.3)
Z, =S5X, (4.4)
X,=5;'z2, (4.5)
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Where, the J matrices are the nonlinear constraints imposed by the junction

structure; X, is the independent energy variables vector in the coupled field; X,
is the dependent energy variables vector in the coupled field; Z, and Z, are the
coenergy vectors for X, and X, respectively; and X, is the state vector whose

states are not among the coupled field and its dimension is r. As stated earlier,
one way to recognize the elements of the coupled field is by the appearance of

their parameters in J ,.. The state vector of the corresponding modified explicit

di
system is
Xr
Xi
X = ,
X,
q

where q is the state of the inserted parasitic compliance. The explicit equations
of the modified system will be in the general form
X, =J (X)*X, +J,(X,)*X, (4.6)

X, =J (X )*X, +J,(X,)*S,*X, +

1 (4.7)

J.‘d(X,)*(R*(Jdi(X,)*Si*X‘, _Sd *Xd)+E‘I)
X,,=R*(J,,,.(X,)*sl,*xi—sd*x,,)+éq (4.8)
G=J,(X)*S* X, -5, * X, (4.9)

Where, C and R are the inserted parasitic compliance and resistance

respectively. Throughout this chapter the junction matrices are functions of the
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vector X,; however, sometimes this will not be written explicitly for the sake of

clarity.

4.3 Obtaining the PSSPF

CHAPTER 2 showed how to use some general transformation procedure
to obtain the PSSPF for the modified models of the class of linear systems that
was under investigation. Kokotovic et al. (1986) gives some other general
procedure to transform nonlinear systems to the standard singular perturbation
form. This procedure is analogous to the above-mentioned procedure for linear
systems. Therefore, the effort of applying the nonlinear procedure to get the
PSSPF will directly benefit from the results and insight gained while discussing
how to use the linear procedure. This section shows how to use the general
procedure for nonlinear systems to obtain the PSSPF for the general modified
nonlinear systems in the form (4.6) to (4.9). This procedure can be summarized
as follows:

1) Put the system in the form

ev = h(v,¢), ve RMM (4.10)
2) The fast variables are n=0(v), where ©(v) is the m independent

equations that the n+m equations h(v,0)=0 reduce to, knowing that
rank QQ =m.

av

3) The slow variables are x = o(v). Find o(v) from
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oo
—hv,0)=0 4.11
v (v0) (4.11)

The assumption is made that
do

rank g(; =n+m (4.12)

v
Next, this general procedure will be applied to the class of nonlinear modified
systems expressed in equations (4.6) to (4.9). While doing so, the insight gained

from CHAPTER 2 will be used.

We start by doing the scaling (change of variables) Rq for g in the
equations (4.6) to (4.9); the usefulness of this scaling was demonstrated in

CHAPTER 2. Doing this scaling produces

X, =J,*X,+J, *X, (4.13)

X, =0, %X, 40, 2S5 X, + 1 *(R*(J, *S,* X, =S, * X, ) +~Rq) (4.14)
a

Xd=R*(Jdi*S,*X,—Sd*X,,)+§Rq (4.15)

RG=RJ,*S,*X,-RS,*X, (4.16)
After this scaling the system is ready to be put in the form

v = h(v,¢)
Based on what was demonstrated in CHAPTER 2, we will take e=% and

R’C =a, where « is a constant, which will produce the following equations:
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X =& *X, +el, *X, (4.17)

X, =6l *X, +el , *S,*X, +J,*((J,*S,*X, -8, *Xd)+—l—Rq) (4.18)
a

exdz(Jdi*Si*Xi—Sd*Xd)+—;-Rq (4.19)

ERG=J, *S, *X,-S,*X, (4.20)

Following step two in the procedure above we obtain

h,(v,0)=0 (4.21)
h(v0)=J,*((J,*S,*X,-S,*X,) +$Rq) =0 (4.22)
h,(v0)=(J,*S,*X, -, *X(,)+éRq -0 (4.23)
h,v0)=J,*S,*X, ~S,*X, =0 (4.24)

h, X,

h, X,

Where h = andv=| '

h, X,

hq Rq

It is noticeable that either equation (4.22) or equation (4.23) is redundant.

Therefore, h(v,0)=0 reduces to two independent equations and the vector of the

two fast variables 7 is:

XQ XY _Q %
”=[Jdi(xr) $;*X, =S, Xd] (4.25)

Rq

The rank of -g—"- is the rank of
1%
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9/ 4S5 X,

. J,S, - S, 0

which has the rank of

)

This rank is two because S, #0. The slow variables vector is x = o(v), where

al
. : aR ar
o(v) can be found from equation (4.11). Assuming that o = e il g P
1 r+l
_0r+i

equation (4.11) can be written as

do, aal do, aal i
aXr aXi aXd aRq Phr (V,O)
‘ )
=0
h 4 ,0)
. ) ) ) h(v.0
90,4; 30,4 30,y 30, 1" WO
X, 0X; dX; ORg

Examining equations (4.21) to (4.24) shows that

h,(v,0)0=0, and
hi wv,0) = Ji 4 h d w,0)

Consequently, we can make the following choices

a0, do,

90, _ 0 0o,

; X, dRq

). ¢ n’ )¢

r
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do, _ dJ,X, do, do, do,

= , — i = —J’, —
oX, oxX, X, 0X , e oRq
Therefore, the slow variables vector can be written as
X
o= ’ (4.26)
X.' _Jid(xr)Xd

and

3o I, 0O 0 O

—= 4.27

av —aJ id X d _ ( )

— 1 i J id 0
oX

r

has arank of r+i.
4.4. A Model for the Fast Sub-System and Proof of Stability

This section will define a model for the fast sub-systems for the class of
nonlinear systems under investigation. To do that, the general form of the two
fast variables that was obtained above will be used to derive a general form for
the dynamics of the fast sub-system. The general form of the two fast variables

was given in equation (4.25) as

J, (X )*S *X. -S,*X
n=[Zl]=[ da( r) qul d d] (4'25)
2

Therefore, we can obtain

I HaX) 5 5%, 47,(X,)%5,*X, -5, * X, (4.28)
dt dt

dn, ..

2 _R 4.29
a1 (429
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Using the general form of the modified system as given in equations (4.13) to

(4.14) we can obtain

ﬂ7‘l‘=f(XnXi)"'JdiSiJml *(R*(‘,disixi —ded)"'ERq)_
a

dr
R
S, [R *(J,S.X,~S,X,) +;Rq] (4.30)
‘%2- =RJ,S X, —RS,X, (4.31)
Where,
d"di
FXX) = ZhS X 41,8, * U, X, +,5.X) (4.32)

is, in general, a nonlinear function that does not include the parasitic parameter

R. Notice that f(X,,X,) includes the term (—dJ"';tx')

S.X,), which is the part of

the dynamics that results from the dependency of the junction structure on the

state vector X,. As &£ gets small, R gets large and equation (4.30) can be

approximated as
% =JuS T *(R*(J,S,X, -S,X,) +§Rq) -
Sd[R*(J‘,,S‘.Xi ~SdXd)+§Rq:| (4.33)
The approximation given in equation (4.33) is an O(¢) approximation. It shows

that the additional dynamics term (-‘y%)-s,x,.) that results from the junction

nonlinearity has a secondary effect that can be neglected for a small enough ¢.
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If the junction structure matrix J, were a function of X,, then its derivative with

respect to time would have included X,. But, equation (4.14) shows that X,

includes the parasitic parameter R as a factor for some of its terms. Therefore, if

J, were a function of X, we would not have been able to neglect the term

i”"-S,.X,. as an O(e) approximation. Terms in equation (4.33) can be

dt

rearranged to write the equation as

%:—R*(Sd +JinTiSi‘]id)*(JdiSiXi -ded)_g'(sd +J';S"""d)Rq

(4.34)
Equations (4.34) and (4.31) are the equations of the fast dynamics; they can be
written as follows

dn, -R R

- 4.35

at qu m pe qu 7, ( )
dn,

=R 4.36

ar n, ( )

1

I, = 7 (4.37)
(S +J4(X,)*S;*J,(X,))

Equations (4.35) to (4.37) represent the fast sub-system model for a small

enough €.

Examining the fast sub-system model shown in equations (4.35) to (4.37)

shows that the model is a function of the slow variable(s) ( X,). Equation (4.26)

shows that the variables of X, are among the slow variables. Because of the
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time-scale difference in a two-time-scale system, the slow variables will change
only slightly during the dynamic behavior of the fast variables. Therefore, when
solving for the fast variables that are dependent on the slow variables in a two-
time-scale system, the slow variables are taken as constants at their initial
conditions (Kokotovic et al. 1986). In fact, two-time-scale systems are solved by
solving the fast sub-system as just described, and then solving the slow sub-
system. This is true even for frequency excitation as long as the frequency of
excitation is slower than the fast dynamics. Based on this understanding the

equivalent inertia term 1, in equation (4.37) needs to be evaluated only once at

the initial conditions of the slow variables X,. As a result, the fast sub-system
model shown here is the same as the fast sub-system model (equations (3.10)
and (3.11)) that was derived in CHAPTER 3 for the linear case, except that the

matrix Jid here has to be evaluated at the initial conditions of X, instead of

being totally independent of all variables.

1

I, (3.10)
(Sd +JySJ.) 7

_R _-R
I R*CI
A, = i “a (8.11)
t R 0

Consequently, the bond graph model and the physical interpretations of the fast
sub-system for this class of nonlinear systems are the same as those for the

linear systems studied in CHAPTER 2 and CHAPTER 3.
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The only nonlinearity that appears in the fast sub-system model is in the

term I, due the dependency of J, on the slow variables X,. Therefore, if the

fast sub-system is stable as a linear system over the entire range of the values of

1., this proves that the fast sub-system is stable (Kokotovic et al. 1986).
Consequently, if we prove that I, is always positive, this will prove that the

second order fast sub-system, expressed in equations (4.35) to (4.37), is stable.

As S, and S, are inverse inertia matrices, S, must always be positive definite
and J;S,J,, must always be positive semi definite. Consequently, 1,, is always

positive and the fast sub-system is always stable for a small ¢. If the fast sub-
system is stable the entire two-time-scale system is stable if the slow (here the
original) system is stable (Kokotovic et al. 1986). This proves that the entire

modified system is stable for a small enough ¢ if the original system is stable.
4.5 Effect of Inaccurate Effective Field Value on Model Performance

To use the fast sub-system model (4.35) to (4.37) to design the fast sub-

system, I, has to be evaluated. As explained above, I,, can be closely

approximated by evaluating it at the initial conditions of X . This sub-section will

investigate the effect of using an erroneous value for qu on the fast sub-system

model performance. To investigate that, we will simulate Example 3 (the fluid

pipe system) that was used in section 3.5. It is a linear system whose qu is a
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known constant. We will use the linear fast sub-system model (3.12) to place the
fast eigenvalues of the modified system of this example at certain locations while

using some erroneous values for qu. The effect of different percentages of
errors in the value used for qu on the model performance will be evaluated.

The same set of parameters that was used in section 3.5 is used here.

Tables 4.1 to 4.4 summarize the results of simulation carried out in this
section. Every table presents simulation results for a different PR ratio. The PR
ratio was defined previously as the ratio between the desired location of the two
critically damped poles (DPL) that is used in calculations, and the fastest real
part in the original system’ s poles. The first column in every table includes two
labels (in the first two cells, they label their corresponding rows); the DPL value
used in the whole table; and the eigenvalues of the original system. The two

labels are %qu, which refers to the percentage of the correct qu that is used;

and Zeta-fast, which refers to the damping ratio of the two fast poles. Every
column from the remaining columns in the tables shows, on its top, the

percentage of the correct qu used in that column, the damping ratio of the two

fast poles that are obtained from the modified model after using that percentage

of qu, and the eigenvalues calculated from the modified system after using the
percentage qu that is shown on the top of the column. When the two fast poles

are complex conjugate, the real part is shown in one cell followed by the
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imaginary part in the following cell. Notice that these situations (complex
conjugate fast poles) will correspond to Zeta-fast (damping ratio of the two fast
poles) that is less than one. It can be noticed from tables 4.1 to 4.4, that in all the
presented cases, the original system’'s eigenvalues were affected only slightly

(less than 5%). That is true over the entire range of the used %I (150% to
9 eq

50%) and over the entire range of the used PR ratio (10 to 40). It can also be

noticed that when the correct qu (100% qu) is used, there are still some errors

in the fast poles locations; these errors decrease as the ratio PR increases.

Using an erroneous value for qu could increase or decrease this error;
depending on whether this error in qu is going to counter affect or add to the

approximation error of the model. The result will be obtaining fast poles that are
(or one of them is, if they are over damped) slower than the desired fast poles
location. Figure 4.1 shows the percentage error in the location of the slower of

the two fast poles vs. the error in the value that is used for qu. When the two

fast poles are under damped, their real part is used in the error calculations and
the mark that identifies their location in Figure 4.1 has no background color.
Figure 4.1 presents the four different cases for the PR ratio. It shows that in

general equation, (3.10) slightly overestimates qu, and that its estimate

improves as & gets small (means PR gets bigger). It can be noticed also, that in

all cases for errors in qu within 50%, the additional errors in the pole location

due to using the erroneous value for qu is always less than the percentage error
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in the value that is used for qu . This suggests that if we are designing the fast

sub-system to set the fast poles no slower than certain location and

approximating the calculation of qu , we should increase the used PR ratio, than
what we would use if we had accurate calculation for qu , with a percentage that

is similar to the expected error in qu. Results shown here show that, in the

worst case, when the inaccuracy in qu adds to the model approximation error,

this can be counter affected by increasing the PR ratio; therefore, the price in the
worst case will be slightly additional computational efforts compared to what

would have been required if qu were known exactly.

/"qu 150% 140% 120% 100% 80% 60% 50%
Zeta-fast 1.340 1.303 1.225 1.142 1.054 0.959 0.910
DPL=-100 | -270.626 | -250.171 | -208.902 | -166.683 | -121.432 | -72.276 | -62.212
DPL=-100 | -54.275 | -54.714 | -55.944 | -58.107 | -63.271 | 21.3394i | 28.3816i

-4.9 -4.906 | -4.906 -4.907 -4.907 -4.908 | -4909 | -4.910

-2.7 -2.695 -2.695 -2.695 -2.695 -2.695 | -2695 | -2.695

-0.327 -0.328 -0.328 -0.328 -0.328 -0.328 | -0.328 | -0.328

-1 -0.963 -0.963 -0.963 -0.963 -0963 | -0963 | -0.963

-10 -10.208 | -10.224 | -10.263 | -10.319 | -10.405 | -10.554 | -10.680

-10 -10 -10 -10 -10 -10 -10 -10
Table 4.1. Effect of erroneous leq on model performance, PR=10
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% 1

eq 150% 140% 120% 100% 80% 60% 50%
Zeta-fast | 1.279 1.239 1.156 1.066 0.969 0.860 0.801
DPL=-200 | -507.341 | -465.297 | -379.191 | -286.273 | -172.513 | -132.498 | -112.487
DPL=-200 | -117.725 | -119.766 | -125.864 | -138.770 | 44.32992i | 78.54582i | 84.09254i

-4.9 -4905 | -4905 | -4905 | -4.905 -4.905 -4.905 -4.906
-2.7 2695 | -2695 | -2.695 | -2.695 -2.695 -2.695 -2.695
-0.327 -0.328 | -0328 | -0.328 | -0.328 -0.328 -0.328 -0.328
-1 0963 | -0963 | -0963 | -0.963 -0.963 -0.963 -0.963
-10 -10.045 | -10.048 | -10.056 | -10.068 | -10.085 | -10.113 | -10.137
-10 -10 -10 -10 -10 -10 -10 -10
Table 4.2. Effect of erroneous leq on model performance, PR=20
% 1

eq 150% 140% 120% 100% 80% 60% 50%
Zeta-fast | 1.260 1.220 1.135 1.043 0.943 0.831 0.768
DPL=-300 | -743.992 | -680.252 | -548.759 | -401.678 | -252.537 | -192.531 | -162.526
DPL=-300 | -181.100 | -184.839 | -196.328 | -223.405 | 89.22632i | 129.1044i | 135.356i

-4.9 -4904 | -4904 | -4.905 | -4.905 -4.905 -4.905 -4.905
2.7 2695 | -2695 [ -2.695 | -2.695 -2.695 -2.695 -2.695
-0.327 0328 | -0.328 | -0.328 | -0.328 -0.328 -0.328 -0.328
-1 -0963 | -0963 | -0963 | -0.963 -0.963 -0.963 -0.963
-10 -10.019 | -10.021 | -10.024 | -10.029 | -10.036 | -10.048 | -10.058
-10 -10 -10 -10 -10 -10 -10 -10
Table 4.3. Effect of erroneous lsq on model performance, PR=30
%I

eq 150% 140% 120% 100% 80% 60% 50%
Zeta-fast | 1.251 1.210 1.125 1.032 0.930 0.816 0.753
DPL=-400 | -980.621 | -895.152 | -718.077 | -514.793 | -332.546 | -252.542 | -212.540
DPL=-400 | -244.479 | -249.948 | -267.021 | -310.302 | 130.9763i | 178.7838i | 185.925i

-4.9 4904 | -4904 | -4904 | -4.904 -4.904 -4.905 -4.905
-2.7 2695 | -2695 | -2.695 | -2.695 -2.695 -2.695 -2.695
-0.327 0328 | -0328 | -0.328 | -0.328 -0.328 -0.328 -0.328
-1 0963 | -0963 | -0.963 | -0.963 -0.963 -0.963 -0.963
-10 -10.011_[ -10.011 | -10.013 | -10.016 | -10.020 | -10.026 | -10.032
-10 -10 -10 -10 -10 -10 -10 -10
Table 4.4. Effect of erroneous loq on model performance, PR=40
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Figure 4.1. Effect of errors in I-eq on fast poles location errors

4.6 Design Procedure for the Fast Sub-System

This section gives a procedure for designing a fast sub-system, from the
class of nonlinear systems under investigation, to achieve simulation efficiency
while meeting certain accuracy bounds. As discussed earlier, the computational
efforts needed to simulate the modified system increases as its stiffness
increases. The design procedure presented here are very similar to those
presented in CHAPTER 3 except that we linearize the original and the modified
systems to estimate the linearized systems eigenvalues. The linearization is
done by evaluating the junction structure matrices at the initial conditions. As

explained earlier, the slow variables change only slightly during the dynamic
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behavior of the fast variables. Therefore, for fast sub-system design it would be
sufficient to evaluate its slow-variables-dependent parameters at the initial

conditions of these slow variables.

Assume that there is an original system whose modified system is
required to be accurate to within certain specified bound for some specific inputs.
Assume that the accuracy bounds are specified for all the states whose accuracy
are of concern to the user. The design procedure can be stated as follows:

1) Set j=0, where j is a counter. Linearize the original system around its
initial conditions by evaluating the junction matrices at the initial conditions
of X,. Choose the smallest inertia as the dependent inertia. If you can
calculate the eigenvalues of the linearized system do so. If you cannot
due to some cumbersome algebra, omit the smallest inertia and then
calculate the eigenvalues for the linearized approximated system.
Consequently, one can determine an estimate of the spectral radius of the
linearized original system’s eigenvalues; let us referto it as p,.

2) Choose the two fast poles of the linearized modified system to be critically
damped; and choose a desired pole location for the two critically damped
fast poles ( DPL) such that

DPL=10*p,.

3) Use the fast sub-system model (equations (4.35) to (4.37)) to calculate the

values of the parasitic parameters R and C needed to place the two fast

poles at DPL.
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4) Setj=j+1,and DPL, = DPL.

5) Simulate the modified nonlinear system and the original nonlinear system
and calculate the errors of the states for which the user requires bounds
on their errors. Calculate the ratios between the calculated errors and the

user-specified error bounds; assume that these ratios are r,,r,,...,r,. Find

n

rmax Such that =max{r,ry,...r, . Assume that the error whose

"max, j
ratio is ryax is "€" and that its corresponding desired error is ¢, .
6) If 0.8 <rmax <1, go to step eight.

Otherwise;
if j>1, calculate

e.—e€

_ J J-1
A DPL,-DPL,,’

e, €

DPL,, =DPL, +

This assumes that the error is a linear function of the DPL.

If j=1, take

DPL,; . .
DPL = fac Where fac=2,if r,, >1,and fac=05if r_, <0.8
ac

7) Go to step three.
8) End of design procedure.
If the user prefers to deal only with the modified system, the same method

described in CHAPTER 3 can be used to find an "accuracy reference.”
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4.7 An Example

The slider crank mechanism shown in Figure 4.2 is taken from Rosenberg
et al. (1983). It has a nonlinear junction structure manifested in its nonlinear

modulated transformer (m). The equations of the original system of the slider

crank mechanism can be written as

P

a9 _ "9 (4.38)
dt J

dp py dp

0 _7_ le__Q_+_x (4.39)
p p

X 8 (4.40)
M J

This means that

Jig =—m, X, =0, X, =p,, X,=p, (4.41)

The transformer modulus m is function of & and can be calculated as follows

dx dx d@ déo dx

—_—_—m—_—m— = —

dt  do dt dr aé

x(8)= rcos¢9+\/l -r%sin? 0

sin 9c030 (4.42)

\/1 -r sm

Where @ is the crank angle, M is the cylinder mass, J is the crank inertia, [ is

m=-rsin@ — r

the length of the massless rod, and r is the radius of the crank. A bond graph
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model for the modified system is shown in Figure 4.3; the modified model of this

example can be written as

p
49 _Fo (4.43)
dt J
dp R +R R 1
6 =_m2—ll Pptm—p —m—q (4.44)
dt Y
dp R R 1
— X =mZp, ——p +— 4.45
& SmyPe T Pxtd (4.45)

1
ﬂ=mlp0 -—p (4.46)

ANMRRRNRRNNN

©) 777777777 R

Figure 4.2 (a) Schematic diagram for the slider crank mechanism

T

N 1— MIF — 1 — R

Lo

J M

Figure 4.2 (b) Bond graph model for the slider crank mechanism
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Figure 4.3. Bond graph model of the modified slider crank mechanism

First we put the modified model in the PSSPF. To do that, start by

changing g to Rqand then follow the above-outlined procedure. Changing g4 to

Rq produces
p
a4 _“o (4.47)
a J
dp R +R R R
—i=—m2( 1 )p +m—p_ -m—Rq (4.48)
dt J 0 Tty T,
dp R R

R
aRg _ R (4.50)

1) Put the system in the form &v = h(v, )

dd Py

E—=E—=

dt J 1
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£dp0— m2(8R1+1p +mip -m—Rq=h
dpx ! ! +1R h
E——=m—p,—— —Rg =
dt jp0 Mpx o ="
£dRq—m—1- _i h
dt JPH Mpx 4
he| 2
h
3
P4 |
2) h(v,0)=0
m?2 P +m1p —mqu—O
770 Ty o
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2 _
ov | om

}, has rank two.

3

3) Find the slow variables x = o(v), ™ h(v,0)

0

do,
oRq
do, &
OoRq

ao,

ap,
do,

ao,
a6
do,
26

do,

dp,
Jdo,

(v,0)=0, leads to

do,
dp,

(v,0)+—Lh,(v,0)+

To obtain the slow variables vector

make the following selections

0

Py tmp,

do,

do, -
dp,

20

do,

= l,
aPo

0,

99, _dm

30 o9’

Consequently,

1
, has rank two.

aepx
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Assume that the example has the following set of parameters
/4
J=2, M=10, R1=100, 6(t =0) =

r=0.2, 1=3*r

Where, all units are Sl units. Further assume that the rest of the initial conditions
are zeros and that, the input torque is

T =2,t<2; T =0 otherwise.

Assume that error bounds are specified for both the speeds that are coupled in
the inertia fields in the original system; and whose coupling is broken in the
modified system by inserting the parasitic elements. Those two speeds are the
angular velocity and the piston velocity. Assume that the errors are specified
such that the ratio between the maximum absolute value of error and the
maximum absolute value of the signal should be less than or equal to 1%. We

will call the error in angular velocity e1, and the error of piston velocity e2.

The value of the transformer modulus at time zero is
m(%) =0.17577

This is the value that will be used for the fast sub-system design. Substituting
this value in the original model and calculating the eigenvalues of the associated
linearized model shows that the fastest calculated eigenvalue is about -1.34.
Therefore we will start our design iterations by choosing DPL=-13.4. Using this
value to design the fast sub-system in the linearized modified model, gives the

following values for the parasitic parameters
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R=232.14 C = 6.4295e-004
Using these two values in the linearized modified model gives the following
eigenvalues for the linearized modified model

-15.2594

-11.7448

-1.3406
Proceeding to step five in the algorithm to simulate the modified and the original
systems (both nonlinear) and calculate the errors, we find that

el = 0.0090

e2 = 0.0457
As the e2 is still larger than the desired bound (0.01) and j=1, we will take DPL
equal to twice its current value and go to step three. The results of this iteration

and the rest of the iterations are summarized in table 4.5.

DPL| -134 -26.8 -36.9 -48.4 -60.3
R [232.1401| 464.2801 639.25 838.47 1044.6
el 0.009 0.007 0.0067 0.0066 .0065
e2 | 0.0457 0.0234 0.0164 0.0129 .010

Table 4.5. Summary of results of design procedure

It is noticeable that the algorithm converges quickly. It can also be realized that
e2, which is the error in the speed of the dependent inertia is larger than that of
the independent inertia and also more responsive and consistent to changes in
€. Analysis presented in this work did not investigate this issue. Figure 4.4 and

Figure 4.5 compare simulation results of both the original and the modified
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systems resulting from the previous design. Comparisons are shown for the two
velocities that were coupled in the original system and whose coupling was
broken in the modified system. The modified system is seen to follow the original
system closely. It is interesting also that simulation time for the original implicit
system was 5.49 seconds while it was 2.86 seconds for the modified stiff system
with the parasitic parameters values corresponding to DPL=-60.3; same
integrator (MATLAB ode15s) was used in both cases. This indicates that
following the design procedure prescribed here can lead to computational

savings even as compared with the effort required for the original implicit system.

——omega, modified =——omega, original

15 20

set!1_ex3 @x3f_set11.ds, chartt

Figure 4.4. Comparing omega from the original and modified systems
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— velocity, modified =—velocity, original
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Figure 4.5. Comparing velocities from the original and modified systems
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CHAPTER 5
CONCLUSIONS

5.1 Summary of Main Contributions

This research work had two main objectives:

1) Analyze the class of two-time-scale modified systems that results from
using parasitic elements in a specified structure to eliminate derivative
causality. The purpose of this analysis is to better understand the
important two-time-scale properties of that class of two-time-scale
systems.

2) Formalize the above-mentioned approach of using parasitic elements to
eliminate derivative causality in a design context. The purpose of this
formalization was to enable the user to achieve the greatest possible
simulation efficiency for specified approximation accuracy, by making the
appropriate choices for the values of the parasitic element parameters.

These two main objectives have been met. Analysis shown in this document
revealed some important aspects of the time-scale properties of the modified
problem under investigation, which greatly improved our understanding of the
systems under investigation. The design procedure presented in this document

serves to meet the second objective.

Several contributions have been made toward achieving these objectives.

The following gives a brief description and comments on these contributions:

125




1)

2)

3)

4)

5)

6)

Determining the choices of ¢ and variables scaling (£=%, R’C is

constant, and Rq for gq) that help formulate the modified systems in the

standard singular perturbation form and reveal its time-scale properties.
Formulating the modified system in a physically meaningful standard
singular perturbation form (PSSPF). The states of this PSSPF are related
directly to the states of the original system and other physically meaningful
quantities that are of particular interest in the study of these systems.
Using the general procedures outlined in Kokotovic et al. (1986) could
lead to a standard singular perturbation form whose state variables are not
physically meaningful and not of special interest. = Methods to
systematically obtain this PSSPF were shown for classes of both linear
and nonlinear systems.
Showing that the modified system can be divided into two distinct sub-
systems and that each sub-system can have its own model. This is an
enabler for any analysis and design work on the modified system, and
offers great insight into it.
Showing that the fast sub-system can be closely approximated by an R-L-
C model.
Showing that as £ gets small the only parameters from the original
system that continue to affect the fast sub-system are the parameters of
the coupled field; all other effects from the original system diminish.
Showing that the transient of the error introduced into the algebraic

equation can be directly designed, which is a significant improvement on
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what was known of taking R “very big” and C “very small” to obtain fast
parasitic dynamics in prior published work.

7) Giving procedures to design the fast subsystem to achieve certain
required accuracy at a highly efficient computational price. The design
procedures used the results obtained from the analysis work. The key
part of the procedures is the use of the fast sub-system model. In the
case of linear models it was shown that the user could also place the fast
poles as desired. It was suggested that the designer should target the two
fast poles to be critically damped to provide for efficient computation.
Examples of using the design procedures were given. These examples
show that the proposed design procedures can effectively and efficiently
select the appropriate values for the parasitic parameters, so that the
modified system is just stiff enough to meet the accuracy bounds. They

also showed that the typical number of iterations is small.

The results of these research efforts make the method of derivative
causality elimination that was under investigation more understandable, more
tractable, and much more rigorous as an option for eliminating the derivative
causality. In addition they bring a new set of tools and a very useful mind-set for

attacking certain classes of problems.
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5.2 Suggested Directions for Future Research

Research results that were presented herein point to some directions of
further research efforts. This section briefly describes two such research

directions.

5.2.1 More than One Dependent Storage Element

Research efforts presented in this document addressed directly the case
in which there is one dependent energy-storing element in the coupled field.
However, there are situations in which there is more than one energy-storing
element in a coupled field. In these situations, if the modified system is designed
to be two-time-scale, then there will be couplings between the different parasitic
fast dynamics. This observation is made based on some preliminary work done
by the author. The nature, the effect, and the chances of manipulating and/or
approximating these couplings are to be evaluated. Another possible solution to
this case would be to design a multi-time-scale system. The number of time-
scales would be equal to the number of the dependent energy storing elements
plus one, for the original system. The process could be a successive design
process in which the designer starts with the fastest time- scale sub-system and
then does the second fastest sub-system, and so on. This solution might raise

computational-efficiency-related concerns, especially as the number of time
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scales increases. The proof of stability of the fast sub-systems also must be

addressed.

5.2.2 Analysis and Design for Eliminating Algebraic Loops

It was indicated in CHAPTER 1 that the presence of an algebraic coupling
in a resistance field could also lead to an implicit set of differential equations.
Algebraic loops could also occur in the junction structure. As explained earlier it
is often desirable to obtain an explicit set of ODEs. One way to break these
algebraic loops is to insert parasitic dynamic elements. As a result some
parasitic dynamics occurs. It seems that this parasitic dynamics would share
some similar aspects with the parasitic dynamics that was dealt with in the
problem that was under investigation in these research efforts. Consequently, it
is recommended to examine the possibility of treating this problem with the same

techniques that were used in the derivative storage element.
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