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ABSTRACT

QUANTIFICATION OF INDUCED ELECTROMAGNETIC FIELDS

INSIDE MATERIAL SAMPLES PLACED INSIDE AN ENERGIZED

MICROWAVE CAVITY BY FINITE-DIFFERENCE TIME-DOMAIN

(FDTD) METHOD

By

Yao-Chiang Kan

The investigation of the heating of a material sample in an energized microwave cavity

requires the understanding of the interaction of the electromagnetic fields with the

material sample in the cavity. The key factor for this understanding is to quantify the

distribution of the induced electromagnetic field inside the material sample placed inside

the cavity.

The goal of this research is to solve Maxwell’s equations in an electromagnetic cavity

in the presence of a material sample based on the finite-difference time-domain (FDTD)

method, which has been successfully applied to several areas in electromagnetics. This

study is based on Yee algorithm, a second-order FDTD scheme, and an improved fourth-

order FDTD scheme.

The numerical dispersion equations of Yee and other fourth-order FDTD schemes are

first discussed and the disadvantages of Yee scheme are discussed. An implicit staggered

fourth-order FDTD method is then employed to calculate the filed distribution in a

rectangular cavity with lossless or lossy samples. The quality factor and the resonant

frequency of a cavity are obtained by a derived time-domain Poynting’s theorem and also

by Prony’s method. The quality factors calculated by these two different methods are very
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consistent.

In applying the FDTD method to cylindrical coordinates, the singularities at the center

of cylindrical coordinates become the major problem. The body of revolution (BOR)

FDTD method is applied to solve the filed distributions in the cylindrical cavities loaded

with samples with symmetries. The treatment in BOR FDTD method is quite straight

forward. Moreover, the BOR FDTD method is a 2.5D FDTD method which is much more

computationally efficient than a 3D FDTD method. For a sample with any arbitrary shape,

the general 3D cylindrical FDTD method is needed to do the calculation. The traditional

3D cylindrical FDTD method encounters the difficulties of the mode-dependent source

implementation and the treatment of singularities. In this study, a general fourth-order

FDTD method is proposed to overcome the problems encountered in a traditional 3D

cylindrical FDTD method.
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CHAPTER 1

INTRODUCTION

The research reported in this dissertation was motivated by the investigation of

microwave heating of material samples. Microwave heating techniques have been widely

utilized in industrial process. Since the microwave heating of material samples is usually

conducted within an energized electromagnetic cavity, to understand the heating

mechanism it is essential to study the interaction of the microwave field with a material

sample in an electromagnetic cavity. The key factor in understanding this interaction is to

quantify the induced electromagnetic field inside the material sample by the cavity field.

The finite-difference time-domain (FDTD) method is employed in this dissertation to

quantify the electromagnetic field inside an EM cavity loaded with material samples.

The finite-difference time—domain (FDTD) method has been used in computational

fluid dynamics (CFD) [1] for a long time and yields very accurate results for CFD

problems. In 1966, Kane Yee originated a set of finite-difference equations for the time-

dependent Maxwell’s curl equations system for the lossless materials case [2]. The FDTD

method was not popular in (Electromagnetic) EM research area until late 1980 and

becomes a very popular method in BM area between 1993 and 1997. Regarding to the

FDTD method applied to eigenvalue problems in BM research, Choi and Hoefer [4]

published the first FDTD simulation of waveguide/cavity structures in 1986. There are
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several papers, [5]-[10], that utilized the FDTD method to investigate the fields and power

distributions in a loaded EM cavity. The paper by Torres and Jecko [9] provides a very

detailed analysis of microwave heating by combining the Maxwell’s equations and the

heat transfer equations. The FDTD method used in this paper is called (FD)2TD method

since the constitutive parameters are assumed to be frequency-dependent. This (FD)2TD

method is a standard method to investigate EM interaction with a lossy material sample

using FDTD scheme. Moreover, the combined electromagnetic and thermal FDTD

algorithm used in this paper provides a basic framework for the FDTD calculation.

However, the dissipated power model in this paper is not clear and the improved model

will be discussed in this dissertation.

Most papers in the FDTD literature are based on second order spatial and temporal

approximations which are originated from Yee algorithm. Due to the requirement of

accuracy and performance, several higher order FDTD methods have been proposed [11]-

[15]. Among these higher order FDTD methods, Ty(2,4) FDTD method, which uses the

implicit staggered fourth order finite difference approximation in space and the explicit

second order finite difference approximation in time, provides the most promising features

[17]. Combining with the (FD)2TD method, the Ty(2,4) (FD)2TD method becomes the

essential FDTD technique in the investigation for the eigenvalue problems in EM research

area.

In this dissertation, the Ty(2,4) (FD)2TD method in rectangular and cylindrical

coordinates are studied. For a cylindrical cavity with azimuthal symmetry, the body of

revolution (BOR) scheme is employed to facilitate the FDTD calculation. In this case, the

BOR FDTD method can give very accuracy results with excellent performance; hence, the
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Ty(2,4) FDTD method is not used.

In chapter 2, a set of general finite difference equations for Maxwell equations is

introduced. Also, the loaded material is modeled by Debye equations and its FDTD

representation is presented. Then a brief introduction of Yee algorithm, stability condition

and numerical dispersion is presented. The fourth order spatial derivatives are presented

and the dispersion analysis is studied. After that, the Ty(2,4) (FD)2TD method is presented

in details. A time-domain power analysis based on Poynting’s theorem is derived. In this

FDTD calculation for cavities, the Prony’s method is employed to estimate the quality

factors (Q) of cavities. The numerical results of a single empty cavity with perfect

electrical conductive(PEC) walls, a cavity loaded cavity with a lossless material sample

and PEC walls, and a lossy dielectric loaded cavity with PEC walls are presented at the

end of this chapter. The numerical results are shown to be consistent with the theoretical

estimation.

In chapter 3, the body of revolution (BOR) FDTD formulation of Maxwell’s equations

is derived. Mode selection and source implementation in BOR FDTD algorithm are

presented. The treatment for the singularity in BOR FDTD formulation is also presented.

In this chapter, the cavities with finite electrical conductive (FEC) walls is studied and the

FEC wall is replaced by a planar surface impedance boundary condition (PSIBC). The

FDTD formulation of PSIBC is achieved by three different approachs and the frequency

domain approximation is chosen due to its simplicity. Numerical results of an empty

cylindrical cavity with PEC and FEC walls and a loaded cylindrical cavity with PEC walls

are presented at the end of this chapter. Consistent results are obtained by using this BOR

FDTD method for cavities with azimuthal symmetry.
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In chapter 4, a general 3D FDTD method in cylindrical coordinates is considered and

studied. The disadvantages of conventional second order FDTD method in cylindrical

coordinates are presented and its improvements are also proposed. The treatment for the

singularity in conventional cylindrical FDTD is mode-dependent and difficult to be

generalized. By the introduction of Ty(2,4) FDTD in cylindrical coordinates, a general

treatment for the singularity in cylindrical FDTD can be obtained. With the Debye or

Lorent models for loaded material samples, a general Ty(2,4) (FD)% method in

cylindrical coordinates is obtained.

Some derivations that are useful in this dissertation are provided in Appendices.
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CHAPTER 2

SOLVING MAXWELL’S EQUATIONS BY FDTD

IN RECTANGULAR COORDINATE

In this chapter we considers the frequency-dependent implicit, fourth-order FDTD

formulation in the rectangular coordinate system and its application to rectangular

cavities. The finite difference approximation to time-stepping in those formulations is of

second-order accuracy. The second-order accuracy in time-stepping combined with

implicit staggered fourth-order accuracy in space, denoted by Ty(2,4)[17], is the focus of

this chapter. Another scheme, Ty(4,4), that uses fourth-order in time-stepping with

implicit fourth-order in space-stepping is not discussed because of the following reasons:

(1) In multistage time discretization schemes (e.g., Runge-Kutta schemes with three

or more stages), boundary conditions must be applied at intermediate levels, then

memory requirement and computer running time are increased.

(2) The accuracies of Ty(2,4) and Ty(4,4) are made comparable by choosing an

appropriate time step[14][17] although the stability of the FDTD formulation of

Ty(4,4) may be improved[15].

(3) The Ty(2,4) is nondissipative, while Ty(4,4) introduces a slight dissipation.

In FDTD calculations for cavities, a many time steps are usually required if the quality
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factor, Q, of the cavity is high. The Ty(2,4) is used to speed up the computation time since

coarser meshes are chosen than that in the original Yee scheme. A dissipation scheme like

Ty(4,4) is not a good choice for a long time integration.

The frequency-dependent FDTD formulation with second-order leapfrog time-

stepping of Maxwell’s equations is discussed in section 2.1. The one-relaxation Debye

equation is used to account for the frequency-dependent properties.

The original Yee’s algorithm is derived from this general scheme for validation in

section 2.2. The stability condition of Yee’s algorithm is also presented and the dispersion

in Yee’s algorithm is then explained.

In section 2.3, the Ty(2,4) (FD)2TD scheme is obtained from this general scheme. The

higher-Oder spatial schemes requires much fewer mesh points than Yee’s scheme does for

the same dispersion error. Although the former usually complicates the FDTD scheme and

require a smaller time step for stability, the computer running time is complemented by the

mesh reduction. The numerical dispersions of explicit fourth-order and Ty(2,4) (FDYTD

schemes are discussed in section 2.3.2 and section 2.3.3. The compact finite difference

schemes requiring special treatments at the boundary and those numerical treatments are

discussed in section 2.3.4 and section 2.3.5. The stability of introducting the numerical

boundary treatment is discussed. The treatment of the finitely conducting (FEC) boundary

is also discussed.

The excitation source is discussed in section 2.4. For the empty cavities with PEC

boundary and loaded cavities with lossless dielectric material samples, the Q values of the

cavities are infinite so only transient-state solution are obtained to validate the program.

The source used for this case is a Blackman-Harris type that has very low sidelobes. For

loaded cavities with lossy dielectric material sample, a single frequency sinusoidal source

6



is used. For cavities, the Q factor and the resonant frequency are most desired quantities

that need to be calculated. The Prony method in section 2.5 provides a method to estimates

those two values without running a lenghty FDTD computation. The numerical results and

discussion are presented in section 2.6, section 2.7 and section 2.8.

2.1 Frequency-Dependent FDTD Formulations with Second-Order

Leapfrog Time-Stepping of Maxwell’s Equations

2.1.1 The Scalar Equations of Maxwell’s Equations

In differential form, Maxwell’s equations in a dielectric dispersive medium can be

written as

A at?
VXE - 4th-

_\ (2.1)

VxH = 9.9+[6]E+j3

where [o] and [it], are electric conductivity, magnetic permeability which are non-

A

dispersive in tensor form, respectively. Js is the known impressed current source. The

above constitutive parameters are further assumed to have the biaxial tensor form in the

rectangular coordinate system given by

-1

-01x 0 0

[a] = 0 cry 0 (2.2)

O O orz   

where or represents the magnetic permeability or the electric conductivity.

For frequency-dependent dielectric material, the one-relaxation Debye equation is
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s (to) = 8' (m)—je" (to) = 8' +352 (2 3)

' ' ’ ’°° l+j0.)Te '

where the subscript, r, denotes the word “relative”. Moreover, 8', and 8", are the real and

imaginary parts of the relative permittivity. The 18 is a new relaxation time constant .

related to the original relaxation time constant 1- by [19]

I

T _ Tend-2

e 8—,":1-5 (2.4)

where 8'” and 8',” are the real part of the complex permittivity at zero frequency and at a

very large frequency, respectively. Note that e,(tu) is equal to e',((u) and 8',” can be any

values when 1:e is equal to zero, the frequency-independent case. The constitutive relation

between D and E is

em 0 0

D(w) = so 0 5,), 0 EU») (2.5)

O 0 am

where an, ery, and e,Z are the relative perrnittivities in different directions and satisfy

Debye equation, (2.3).

The scalar equations of (2.1) in time domain can be written as

BHx 3Ey 3Ez

u — = —-—
x a: 32 By

a”? — Siuaizx (2.6)
Ply—E— - 3x 32

BHZ _ aEx 3E),

“xv—arm-
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The equation (2.5) can be written as

(1 + jwtex)Dx = OerxsEx + Eoe'rxootexwax

(1 + jw‘tey)Dy = 8Oe'mEy + eoe'moteyijy, (2.8)

(l + jwtez)Dz = Oerstz + 808'rz°‘="cezj(‘0Ez

then the inverse Fourier transform is applied; hence, the scalar equations are obtained as

follow

an , aEx

Dx + 1"er—ET = OErxsEx + 806 rxootex—aT

D +t a—D—y = E +8 8' 1.’ £352 (29)
y ey a: Erys y 0 ry°° ey a;

an, . arrz
l)z + T€Z_5t_ = Oerstz + 808 rzootezw

2.1.2 The Finite Difference Equations

For the time-stepping scheme, the leapfrog second-order scheme is applied to (2.6),

(2.7), and (2.9). D , E , and the temporal derivative of H are evaluated at integer time step

but H and the temporal derivative of D and E are evaluated at half integer time step. For

_\ n + 1/2

, and H I are considered to be the field distributions.

4" A"

the time step n, the E , D
  

For the spatial discretion, the second-order Yee scheme or higher-order scheme can be

used. The finite difference approximation to the first derivative of those quantities is



11220151111} 5.. :

mMHEU 
I .. t.
10.112533 til 'tilC _\,.

ahilf'r'e *er 3;“its;

5

ates; so are the

 

‘l‘l

00"”?! 3

AI“ 7

111.1

5.1) M1 ~
"Hal

6.0”” w

11“] "‘1



denoted by 80,113 where or and B represent one of x, y, z, and t parameters and A denotes

one of H, E, D fields. The spatial locations of E and H are plotted in Figure 2.1 and D ,

locates at the same location as E does. Note that Ex, aEx/at , and an/at are evaluated

at half integer spatial step along the x axis, but at integer spatial step along the other two

axes; so are the Ey, Ez, and their corresponding time derivatives. The Hx, Hy, Hz are

evaluated at integer spatial step along the x, y, and z axes, respectively, but at half integer

A

space step along the other two axes; so is the time derivatives of H . The spatial derivatives

_\ A _\

of E are evaluated at the same locations as H and that of H are evaluated at the same

locations as E . Hence, (2.6), (2.7), and (2.9) can be rewritten as

5,114" = —(SZE I" -5 Ezl" )
i,j+l/2,k+l/2 u y i,j+l/2,k+l/2 y i,j+l/2,k+1/2

1

1H ln = — szln _82Ex|n (2-10)
V i+1/2,j,k+1/2 11y i+1/2,j,k+l/2 i+1/2,j,k+1/2

1

5,114" = — 5 xi" 43; I"
i+l/2,j+l/2,k Y i+1/2,j+1/2,k Y i+1/2,j+l/2,k

Z

1/2 n+l/2 n+1/2 n+l/2 n+1/2

so ’” = (a H —6 H )— —
‘ x|i+l/2,j,k y Zli+1/2,j,k Z y|i+1/2,j,k ’ ‘|i+1/2,j,k "li+1/2,j,k

n+l/2 n+l/2 n+l/2 n+l/2 n+1/2

OtDyl, . - (52 xl. . — x 2'. . )_ y yl. . _ yl. . £2.11)

r,]+1/2,k r,}+1/2,k r,1+1/2,k r,1+1/2,k r,1+l/2,

n+l/2 n+l/2n+l/2

7- zli,j,k+1/2 Zli,j,k+ 1/2x yli,j,k+l/2 y xli,j,k+l/2)

8tDZIiiai/z = (8 H n+l/2

t,1,k+1/2

n+l/2 n+1/2

Ilia/2,131: 9‘ ‘ "li+1/2,j,k

n+1/2 1: SD n+l/2

yli,j+1/2,k 3” yli,j+l/2,k

n+1/2 n+l/2 _

zli,j,k+1/2 ez ' zli,j,k+1/2 —

= 808
, n+l/2

n+l/2

. n+1/2

e e

0 '35 zli,j,k+1/2

10

”‘5 x|i+ 1/2,j,k

' E

'2" yli,j+1/2,k

n+1/2

rxootexst xl
i+1/2,j,k

n+l/2

”T 8E

9’ 0‘ yli,j+l/2,k

n+l/2

0°13 6E

’2 ‘Z ‘ zli,j,k+l/2

+ £08

+ 808' (2.12)

I

+ £08
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Figure 2.1 FDTD space lattice
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Apply the second-order leapfrog scheme to time stepping and use the average value to

approximate the D, E, J at n + 1/2 time steps, equations (2.10), (2.11), and (2.12) can be

rewritten as follow.

n+ 1/2

"i,j+1/2,k+1/2

n+ 1/2

yi+l/2,j,k+1/2

+1/2H n

Z i+ l/2,j+ l/2,k

 

 

n—l/2

Jrli,j+1/2,t+1/2

At
+—

x

n—l/2

y|i+ l/2,j,k+1/2

At
+—

y

n—l/2

Z|i+ 1/2,j+ l/2,k

At
+—

Z

n+1 OxAt n+1 _ n

x i+1/2,j,k x|i+l/2,j,k x|i+1/2,j,k

0 At +1/2
— ‘ xl +At(6 Hzl" —

2 i+l/2,j,k y i+1/2,j,k

At 1

-——-(Jx|"+ +
2 1'+1/2,j,k

oyAt
n+1

yli,j+l/2,k

Gym

2

2 yli,j+1/2,k

At +1

V i,j+1/2,k

n )

x|i+ 1/2,j,k

n+1 n

yli,j+l/2,k = yli,j+l/2,k

+ At(6sz|"+ 1/2

n )
yli,j+ 1/2,k

12

6 " —5 E " J
p.( Z yli,j+1/2,k+1/2 y zli,j+1/2,k+l/2

n n

( x 2'. - —8zEx|. . )
u l+l/2,j,k+1/2 l+l/2,j,k+I/2

n n

—5 E )
u( y x|i+l/2,j+l/2,k x y|i+1/2,j+1/2,k

+1/2

5,11 l" )
yi+1/2,j,k

n+l/2 )

i,j+l/2,k x zli,j+1/2,k

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)





n+1 02A: n+1 _ D n

zi,j,k+1/2 2 zli,j,k+1/2 zlt‘,j,k+1/2

5 A‘ 1/2 1/2
——z zln +At(5xH I“ -6 Hxl'” ) (2.18)
2 i,j,k+l/2 yi,j,k+l/2 y i,j,k+l/2

At n+1 n

-— 2| +le2 i,j,k+l/2 i,j,k+1/2

2Tex n + l21 +1

1+ “)0 " -8 (8' +8' 00—)
( At Jl‘li+1/2,j,k 0 ”5 'x At x|i+l/2,j,k

 

(2.19)

21 ,, ,,
= _ 1 _ 8.!)D + 8 (81 _89 J)

( At "Ivar/2,131: 0 ”‘5 "‘°° At x|i+ 1/2,j,k

 

n + I 2Tey
21'

n+1

1+ ”)D — 8 (8' + 8' —)E

( At yli,j+ l/2,k 0 ’y‘ ’2’” At yli,j+ 1/2,k

 

(2.20)

21 ,, 21

= — 1— ‘3ij +8 (8' —8' J)E "

( At yli,j+l/2,k 0 '2" 'Y” At yli,j+l/2,k

 

2Tez
21 n+1 n+1

1 + “)D — 8 (5' + 8' —)
( At Zli,j,k+1/2 0 '2‘ '2” At zli,j,k+ 1/2

 

(2.21)

n
21: n

= - 1— “)0 +8 (8' —8' J)

( At zli,j,k+1/2 0 m '3” At Zli,j,k+ 1/2

 

If we solve the equations (2.16) to (2.18) and (2.19) to (2.21) simultaneously, we will

obtain the finite difference expression for D and E as follow

1 n n

D "* = D — E
k B” x|i+l/2,j,k 62" x|i+l/2,j,kx|i+l/2,j,

n+1/2 n+1/2

+ 5 —5H )
B34 y z|i+l/2,j,k 7' y|i+l/2,j,k

63x n+1 n

-— J +J )

2 ( x|i+l/2,j,k x|i+1/2,j,k

(2.22)
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anda = x,y,orz.

At . ' 213

Oa(Tea - 3) + 80(8 mm + 8 ,0;wa

 

At . . 21: oz

0016:“: + '2') + 80(8 rats + 8 rawj)

20 T 808
(1 ea “100

 

At . . 21cc:

Ga 3 +13“! +80 eras+8raoo-E-

2':
0 ea

50(5 rats + 5 race-E) At
 

At ' ' 21 a

011("2‘ + Tea) + 80(8 rats + 8 raooTj')

 

2

At ' ' 217

60(3' + Tea) + 80(8 ras + 8 race-X?)

AI . . 21cc:

Ga '2— + Tea + E"0 8 rats—8 race—AT

 

At . . 21w

Ca —2'+Tea +80 eras+8raoo—AT

At + 22cm
 

At . . 21: a

Oa(—2' + Tea) + 80(8 ras + 8 ramj)

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

Equations (2.13) to (2.15) and (2.22) to (2.27) are the finite difference equations that

are used to calculate the field strength. When Tea is equal to zero, the frequency-

independent case, equations (2.28) to (2.33) become
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808.1113 _ Ga 2

8101 = At’ (2.34)

eoe'ms + (Ia-2-

132a = 0. (2.35)

e 8' At
0 a

B3a = r 5 At 9 (2.36)

80830” + (5Cl 2

2

eoe'm + Ca 2

YZQ = 1 1
(2.38)

and

At

808',” + (fa—2-

Hence, the equations (2.24) and (2.27) become the same equation as follows:

_ GxAt At

n + l 2808;,“ n 1 808.1}: n + 1 n

x _ —_Ex —-_ xl +Jxl
i+l/2,j,k oxAt i+l/2,j,k 21 oxAt i+l/2,j,k i+l/2,j,k

+ —— +—

21-: s' 28 e'
0 rxs 0 rxs (2.40)

At

8 8' /
+ O rxs (5H,n+12 —82H In+1/2 )

oxAt y “i+1/2,j,k Yul/2,131:

l + —,—

28OE rxs
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GyAt At

 

 

 

(2.41)

2)

(2.42)

n+1 = 28O8 rysE n _l 808 rys ( |n+l +J In )

yi,j+1/2,k oyAt yi,j+1/2,k 2 oyAt yi,j+1/2,k yi,j+l/2,k

E08 rys 2“308 rys

At

80801: n+1/2 n+1/2

+—-— 523x] —6tz|

oyAt i,j+l/2,k i,j+l/2,k

l+—,——

2808 m

Fifi At
t O

E n+1 _ 28Oerzs n _1 808m: ( n+1 +1 n

Zi,j,k+1/2 ozAt z i,j,k+l/2 2 ozAt Zli,j,k+1/2 Zli,j,k+1/

808 rzs 2808 rzs

At

5 ‘3' 1/2 1/2
+———°'2‘ (5x11 I“ -6 Hxl“ )

oZAt yi,j,k+l/2 y i,j,k+1/2

1+—,—-

2808175

and the original Yee’s finite difference expression can be derived from the above equations

and equations (2.13) to (2.15).

2.2 The Yee’s Algorithm

Using the second-order central difference approximation to space derivative in (2.15)

and (2.42) and no current source inside the computational space then the Yee’s

representation of Maxwell’s equations are

  

n+1/2 _ H n-1/2

"Ii,j+1/2,k+1/2 "li,j+1/2,k+1/2

E " —E " E " —E "
+_A_t yli,j+l/2,k+l/2 yli,j+l/2,k_ zi,j+l,k+1/2 Zli,j,k+1/2

11x ‘ AZ Ay

17

(2.43)





n+1/2 n-l/2

y|i+1/2,j,k+1/2 y|i+1/2,j,k+ 1/2

  

  

 

 

 

 

 

  

E n _ n n —E n (2.44)

2| 1| x 1.
At i+1,j,k+l/2 i,j,k+1/2 i+l/2,j,k+l i+1/2,j,k
+_ .....

”y Ax AZ

n+1/2 n-l/2

Zli+1/2,j+1/2,k z|i+l/2,j+l/2,k

Exln _ 1"" E n _ E n (2.45)

+A_t i+l/2,j+l,k i+l/2,j,k_ yi+l,j+1/2,k yi+1,j+l/2,k

uz Ay Ax

CxAt At

n + l _ 2EOE rxs n + 808 rxs .

"li+1/2,j,k oxAt x|i+ 1/2,j,k oxAt

1+——,-— 1+5—-,—

2808 rxs 808 rxs (2.46)

H n+1/2 n+1/2 n+1/2 n+1/2

z|i+l/2,j+l/2,k Z|i+1/2,j-l/2,k zi+1/2,j,k+l/2 Zi+1/2,j,k-1/2

Ay AZ

1— Gym At

1: + l _ 2€08 rys n 808 rys .

yli,j+1/2,k 1 oyAt yli,j+1/2,k 1 oyAt

+ , +——,—

2808 m 2808 m (2.47)

n+1/2 n+1/2 n+1/2 n+1/2

xli,j+l/2,k+1/2 xli,j+1/2,k—l/2_ zi+l/2,j+l/2,k zi-l/2,j+l/2,k

AZ Ax

O'ZAI At

E n+1 _ 2808 rzs n + 808 rzs .

z|i,j,k+1/2 1 ozAt zIt,j,k+1/2 1 ozAt

+ , +———,—

2808 m 2808 m (2.48)

n+1/2 n+1/2 n+1/2 n+1/2

y|i+l/2,j,k+1/2 yli—1/2,j,k+1/2_ xi,j+l/2,k+l/2 Jri,j--1/2,k+1/2

Ax Ay
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2.2.1 Stability Condition

The stability condition is required to avoid numerical instability in finite difference

approximation schemes. The stability condition of Yee algorithm is first correctly

presented by Taflove[3] and is

At S 1 (2.49)

ch + 1 +-—1—

(Ax)2 my)2 (Az)2

where At is the time step and Ax, Ay, and Az are mesh sizes along the x, y, and z

 

 

directions, respectively. The (2.49) is also called the Courant-Friedrichs-Lewy (CFL)

condition. Note that the CFL condition is derived by assuming a homogenous spatial

region. Generally, the CFL value is defined as follow:

 

+ 1 + 12 (2.50)  CFL = CAtJ 2 2

(Ax) (4y) (Az)

which is less than or equal to I.

An exact stability condition for general case is usually difficult to derived since it

depends on numerical boundary conditions, variable and unstructured meshing, and

material properties. However, substantial modeling experience has shown that numerical

stability can be maintained for many thousands of iterations with the proper choice of the

time step. In the practical modeling, (2.49) is usually used. If the numerical computation

diverges then a smaller time step is used, and so on.

2.2.2 Numerical Dispersion

The phase velocity of numerical wave modes in the FDTD grid can differ from the

vacuum speed of light, in fact varying with the modal wavelength, the direction of

19
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propagation in the grid, and the grid discretization.

The dispersion relation for a plane wave in a continuous lossless medium is simply

(”2 2 2 2
—2 = kx+ky +kZ (2.51)

where c is the speed of light, to is the radian frequency, and kx , ky , kz are wavenumbers

along the x, y, z axes in this medium.

The numerical dispersion equation for FDTD scheme can be obtained by substituting

the plane monochromatic traveling-wave trial solutions into the finite-difference

implementation of Maxwell’s equations. The dispersion equation[16] of full three-

dimension Yee algorithm is

[1.212.211 = [1.2151112 [$22n1‘2-a‘1112+[1.2n(‘2:11

where kx , ky , and kZ are wavenumbers along the x, y, z axes in the computational space.

 

Assume Ax = Ay = A2 = A, choose CFL = a, and define R = A/A which is the

number of grid cells in one wavelength, then (2.52) can be rewritten as

2 - - 2 - - - 2 - 2
_3_2[Sin(a_)] _ Sin(ksrn9cos¢) +Sin(ksrn()srnq>) +Sin(kcosfl) (2.53)

J31; R R R

is speed of wave in

 

where]? = ME/2 which is equivalent to Tip/C = n/l-c where 17p

~ ~

computational space and 7:2 = k;2 + ky2 + kzz. The 6 and Q) are polar and azimuthal

angles in the spherical coordinate system.

Several conclusions can be observed from (2.52) and (2.53) and are summarized as

follow.

20



_————‘

ll)

14

(’7)

The) 
nun;

cal 11'. ‘

 

The nu:

nents
of

Items,~ T}



(1)

(2)

(3)

(4)

(5)

(6)

(7)

The Yee’s FDTD scheme gives a phase error. The speed of wave in the computa-

tional space is less than that in free space. However, (2.52) and (2.53) are indenti-

cal in the limit as At , Ax, Ay, and Az all go to zero.

The smaller the CFL values, the larger the phase error from Figure 2.2.

The larger the R, the smaller the phase error from Figure 2.3. The effect on reduc-

ing the phase error due to change of R is about 100 time that due to change of

CFL values.

There is a numerical phase velocity anisotropy in Yee algorithm or other FDTD

schemes from Figure 2.3 and Figure 2.4.

The number of grids in one wavelength has a lower bound that makes the numer-

ical phase velocity goes to zero and the wave can no longer propagate in the

FDTD grid from Figure 2.5.

The numerical dispersion occurs because the higher-spatial-frequency compo-

nents of wave propagate more slowly than the lower-spatial-frequency compo-

nents. This numerical dispersion causes pulse broadening due to the spatial low-

pass characters in FDTD schemes.

The numerical dispersion can lead to spurious refraction of propagation numeri-

cal modes if the grid cell size is a function of position in the grid.
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2.3 The Ty(2,4) (FD)2TD Algorithm

From the analysis in section 2.2.2, the phase error in Yee algorithm keeps this scheme

from the calculation EM fields of an electrical larger object or from applications that need

more accuracy, such as the phase cancellation technique. In the cavities with FEC

boundary problem, the phase error and the error from surface impedance boundary

approximation are two main errors in the FDTD formulation. Hence, the fourth-order

spatial derivatives is employed to reduce the cumulative phase error. For fourth-order

spatial scheme, special boundary treatment and degraded stability condition are the two

main disadvantage. The degraded stability condition is not very significant since a smaller

time step is usually used in FDTD schemes. The larger stencil on the FDTD mesh is very

troublesome when dealing with material discontinuities. However, the implicit staggered

spatial finite difference schemes used in this chapter simplifies this problem by using two

field points and three field derivative points.

2.3.1 The Fourth-Order Space Derivatives

The fourth-order finite difference expression can be categorized as explicit schemes

and implicit schemes as follow:

Explicit collocated scheme

 

 

8a 8(“t+1‘“i-1)‘(“i+2‘“i-2)
— E 2.54

( x),- 12Ax ( )

Explicit staggered scheme

(flu) 5 27(“1+r/2 ‘ “1—1/2)‘(“1+ 3/2 ‘ “1—3/2) (2.55)

ax 1 24M
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Implicit collocated scheme

 

(22) 42—")6x 1+1 Bx i-l 2 Bu ~“t+1‘“i-1

6 +363): 2m ”'5"

Implicit staggered scheme

 
 

(1“) 213-“)3x 1+1 ax i-l 11(8u) ~“1+1/2—“1-r/2
(2.57)

24 + E 5} f Ax '

All above equations can be derived by Taylor expansion and the details are in Appendix A.

The compact finite difference scheme used in this thesis is the implicit staggered schemes

of (2.57).

2.3.2 Dispersion Analysis for Explicit Staggered Scheme

For simplicity, Maxwell’s equations in a normalized region of free space with p. = 1 ,

O , and c = 1 are considered and can be obtained as8:1,0'

<
L

ijV = a (2.58)

Q
)

t

where 17 = H + j}? . Apply (2.55) to the left hand side of (2.58) and the central

difference to the right hand side of (2.58) and let

V '1 _ 170131“;le +12,.JAy + 12.1032 - umAt)
I, J, K (2.59)

then the following equations are obtained

27



 

 

3731.011

1\

“331mm (1‘x;\

1.5101193, 3

L (A;

1.2751011

L

The numenCdl 1

*L

Fm .

m FI‘SUrQ

“it,

“Q The ph.



sin((r)At/2)V _ ,27sin(l'2zAz/2) — sin(3IEZAz/2)V

At "II, J, K J 24Ay VII, J, K

+ ,27sin(ltyAy/2) — sin(3/2,Ay/2)V

J 24Ay ZII,J,K

 

(2.60)

 

  

,27sin(izAz/2) — sin(3izAz/2)V + Si“(‘”A’/2)v

J 24Az Jrl1, J,K At yll,J,K

,27sin(/2,Ax/2) — sin(312,Ax/2) V

_J 24Ax 3'1, J, K

(2.61)

= O 

.27 sinu'EyAy/z) — sin(312yAy/2)V +

‘1 24Ay XII,J.K

.27sin(i2,Ax/2) — sin(3/2,Ax/2) sinmmu) _

J 24Ax Vy|1,J,K+ At VZII,J,K _ O

 

(2.62)

 

For non-trivial solution, the determinant of the above equations is set to zero and the

numerical dispersion relation is

 

[sin((uAt/2)]2 = [27sin(lixAx/2) — sin(3ié,,Ax/2)]2

  

 

cAt 24Ax 2 63)

~ ~ ~ ~ . ( .

+ 27 sin(kyAy/2) - sin(3kyAy/2) 2 + 27 sin(k,_Az/2) - sin(3szz/2) 2

[ 24Ay ] [ 24Az ]

The numerical dispersion relation can be further reduced to

1728[ . ( an H2 I: . (Zsinecoso) . (37csin000s111Il2
— srn — = 27 srn —— — srn

02 flR R R

- . . - . . 2

+ [27 sin(k srn231mb) _ Sin(3km: srn¢)] (2.64)

  

+ [2.7 SinC-Ecose) _ Sin(37ccos0)]2

R R

if A = Ax = Ay = A2.

From Figure 2.6, the phase error of fourth-order scheme is much less than that of Yee

scheme. The phase error of fourth-order scheme at R=5 falls between that of Yee scheme
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at R=13 and R=40 as shown in Figure 2.7. Hence, a coarser mesh can be chosen for

fourth-order scheme if the same phase error is required.

2.3.3 Dispersion Analysis for Implicit Staggered Scheme

For implicit staggered scheme given in (2.57) with numerical boundary condition, the

scalar equations of V x V can be rewritten in a matrix form. For BVZ/By, the matrix

equation is

AX = B (2.65)

where A is a (N+1) by (N+l) matrix, N is the number of partition along the y axis,

      

      

T

X:[£:Y_.Z 8—1/2 a_.VZ .a_VZ LVZ .a—Vz :l (266)

By j=an j=lay i=2 ayj=N-2ayj=N-rayj=1v

Mi: . .
andB = 737 whereMrsa(N+l) bmeatrix and

A = V 2 -V . 2.7

B [V2 -1Vz -3 2 _§ Z _2N-5VZ 2N-3 ’- _ [v-1] (6)

1-2 1-2 1-2 J-——2 —— -——2

The elements of matrices A and M depend on the coefficients in (2.57) and numerical

boundary approximation. The (2.65) can be rewritten as

X = — (2.68)

where A7 = A-IM and A-1 is the inverse of matrix A.

Apply (2.59) to (2.68) and after some calculation, the j component of X becomes
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 ,, v, -jz.(.-_22+1)Ay
__ : — m. e

(2.69)

where 172]." is the (j,n) element of matrix [171. Other derivatives of 17 can be obtained

similarly and a system of equations for Vx , Vy, and Vz are setup. Setting the determinant

of above equations to be zero and A = Ax = Ay = Az, the dispersion relation is

obtained as

jicsinecoscpm-(zn + 1))]2

3:313(17.11-(2,212 .
[v-1 jksin05in¢(2J—(2n+ 1)) 2

+ L2 fine R :I . (2.70)

[10-1 j/‘ccos0(2K—(2n+ 1))]2

+ zmxne R

n=0

 

The (2.70) depends on locations of points and matrix [171; hence, the analysis of this

equation is very complex. The phase error in implicit staggered scheme is close to that in

the explicit staggered scheme. Moreover, the phase error in implicit staggered scheme can

be further reduced if the suitable optimization method is used. The optimization methods,

which make I? close to 1: or vp/c close to one while maintaining smaller R, can be

researched based on (2.70).

30



(
)

 



v
p
/
c

 

 

0.98‘ ..... ....._,

 

0.94,. ..... Al.:,..,..:. .. --

  
 

0 20 40 60 80 100 120 140 160 180

Figure 2.6 Comparison of numerical phase velocity

between explicit 4th-order scheme and Yee scheme at

R=5, a=0.24, and (pa-1V4.
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2.3.4 Calculation of Derivative of E in Ty(2,4)

The derivatives of E along x, y, and z are first considered. The term aEy/az case is

considered here as an example. From the Figure 2.8, the evaluation of aEy/dzlk _ 1/2

which is close to the boundary by Az/2 needs values of dEy/dzlk _ 1/2,

dEy/dzlk E , and Eylk, if (2.57) is used. However, 3E /Bz| is

=3/2 yk=0 y k=—1/2

outside the physical boundary, hence, the value of aEy/azlk _ 1/2 has to be approximated,

so is the value of dEy/dzlk _ N “2 where NZ is the number of partition along 2 axis. For

mesh points other than k = 1/2 and k = Nz— 1/2, the (2.57) is applied to yield the

derivatives of E .

By. By
 

 

 

     
 

aEy/dz Ey

=_1,2 ————— k=Nz+l/2

\/ 1 l 1 V

/\ I l I /\

k=0 k=1/2 k=l k=1/2 ————— k=Nz

Figure 2.8 The lattices ofEy and BEy/az along the z axis at fix

xand y.

The following two fourth-order approximations are used to approximate the

A

derivatives of E on those two special points:
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24 dz 7 12 dz 5 24 dz 3 12 dz 1 A2 2

*‘i k‘i k=§ *‘i

21.1% 3.952 .2132 __1_i_Ey
12 dz 1 24 dz 3 12 dz 5 24 dz 7

k=Nz_§ k=Nz-i k=Nz-i k=Nz-i
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Az

A system of equations are derived and written in matrix form,

AX = B

where

r _

26 —5 4 —l O

l 22 1 O O

0 1 22 1 0 O

A =

O O 1 22 l O

0 0 O 1 22 l

_ O O -1 4 —5 26_

X ‘ dz 1 dz 3 dz 3 dz 1

k=§ k=§ k=Nz_§ k=Nz-i

" "l

Ey|k=1-Eylk=o

Eylk =2—Eylk =1

24

B = — ,

Az

EY|k=Nz—l -Eylk = Nz—2

  L Ey|k=NZ—Eylk=Nz—1J
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and Tdenotes the transpose of a matrix. By using the LU decomposition, the derivatives of

E at every points can be determined.

2.3.5 Calculation of Derivative of ii in Ty(2,4)

The calculation of de/dy is shown as an example. Figure 2.9 shows the grid

configuration along y direction.

  

 

    
 

 

dHZ/dy de/dy de/dy

'=-1/2 Hz j=Ny+1/2

\l 1 i \/

/\ l I /\

j: j=1/2 j=l --------- j=Ny

Figure 2.9 The lattices of Hz and dHz/dy along they axis at fix

1: and 2.

If the boundary is PEC, then Ex, EZ, and Hy are zero according to Figure 2.1. Hence,

the derivatives of Hz on the boundary are zero, also. The matrix equations, AX = B

becomes

222 1 0 01

1 22 1 0

A = 0 , (2.77)

0 1 22 1

L0 0 1 22,  
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8H, aHz aHz 3Hz

y j=l y j=2 y j=N,-2 y j=Ny—1

- 412'
“j=3/2 j=l/2

H, -Hz|
‘j=5/2 j=3/2

24 -
B = — , .Ay . (279)

2|. ‘Hvl.
j=N),—3/2 ‘ J=Ny-5/2

H,| —Hz|
. j=Ny-l/2 j=N,-3/2_

and

aHz 3Hz
a = ’T :0, (2.80)

y j=0 yj=1vy  

If the boundary is not PEC then aHz/ayl. 0 and aHz/ayl. N need to be

1: J= ,

approximated. The following fourth-order one-way finite difference approximations are

    

 

 

    

  

used:

31 229 75 37 11
——H —H __ __ __

8 2 ._1+ 24 z ._3 8179.;+ SHZ ._7 12HZ ._9

3H2 1‘2 '2 1‘2 1‘5 "2
—a— A (2.81)

y i=0 y

and

3Hz 31 229 75

W _ ‘(T’fl _ .+'§i”z. 3'§”z._ 5
J N J- )'-i J- y-i J-Ny_§

(2.82)

37 11

”'2'”: ._ rfi’fi. 91W
I'Ny-i J=Ny-_

The components of the corresponding matrix equation are
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24 O 0 O

1 22 1 0

A = 0 , (2.83)

O 1 22 1

_O 0 0 24.

r

BHZ 3HZ 8Hz 3HZ 371,

= _a__ T ._a_ .5— —a—— , (2.84)

y 1:0 y j=l y j=Ny-2 y 1=Ny1 y }=N

and

_ 31 229 75 37 11 -

’3H2._1+21HZ._3‘§HZ._s+'8’HZ._7‘EHZ _9
1-2 1‘2 J-§ 1-2 1-5

—H

z|j=3/2 Z|j=1/2

—H

24 Zlj=5/2 z|j=3/2

B=— (2.85)

M

-H
Zlj=117,—3/2 z|j=N,—5/2

Hzlj=N,—1/2_Hzlj=N,-3/2

- f _

where

31 229 75

f—[_8H ._ 1+EHZ._ 3—8 z.__ 5
J‘Ny—i J-Ny—i J-Ny_§

(2.86)

+—H —flH /A

Z. 7 12 z. 9 y

J=Ny—'2' I=NY-§
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2.4 Excitation Source and Power Analysis

2.4.1 Excitation Source

An excitation probe is placed parallelly to one of the rectangular axes. The current

density of the probe is modeled by induced EMF method and represented as

J = (1(X)5(y - yo)5(z - zo), 5(x — xo)l(y)5(z — 20), 5(x - xo)5(y - yo)1(2))W(t) (287)

where

sink(ha — 0t)

sin kha

 1(a) = 10 CL = x, y,z, (2.88)

w(t) is the time dependence of .7 and ha is the length of probe along the 01 direction.

For empty PEC rectangular cavities, the source frequency is 2.45 GHz. In order to

contain a finite energy in the cavity, the signal source needs to be turned off at some given

time. The sidelobe level of the Blackman-Harris (BH) window[20] is approximately -92

dB and provides a smooth transition of excitation. The BH function is discretized as

follow,

1I(tn — ta)

Nhalf

2115(tn — tc)
W) In e [tc — Nha”, tc 4' Nhalf] (2.89)

31t(tn - 5))

Nhalf

0 otherwise

0.35875 + 0.48829 cos(

h(t ) = + +0.14128cos(

n

+ 0.0ll68cos(

 
where w(t) = h(t)cosc0t, In is the time step, 16 is the center of the BH window, and

NhaIf is the designed half width of the BH window function.

38



For a loaded 
frequency Sinusozt.

   

  

the finite value of]

The excited mt.

“here the Green's i.

 
m2 denmes the

n

mfll‘éS. the probe mm

7

The integm} {Own

13.de =



For a loaded PEC rectangular or an aperture-coupled cascaded cavity, a single

frequency sinusoidal source is used. The loss of material sample in the cavity accounts for

the finite value of Q.

The excited modes are determined by the location of the probe according to

75(2) = [imam #0)de (2.90)

where the Green’s function is

_ , . , E ? E ?
Gm) = —qu2 "‘ 2°) 3‘ ’ <29»

n kn_k

 

and 2 denotes the sum of all the TEnm] and TMnm] modes. For example, to excite TM

n

modes, the probe must have JZ component only.

2.4.2 Power Analysis

The integral form of the Poynting’s theorem is

)dV + fa? x 17‘)-fzdS (2.92)

V V V S

A

where J 3 is the source current. For lossless case, the power stored inside a cavity after the

source turned off is

_ A 013‘ _. 073‘
P5 — {(E W441 T)dv. (2.93)

The FDTD approximation of the first integrand, evaluated at time step 71 , in (2.93) is
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P2]; = _2_1A_t{Exln(Dx|n+ l—Dxln-l) +Ey|n(Dy|n+l_DyIn—l)

(2.94)

n n+1 n-l

+EZ| (Dzl —Dz| )}

and that of the second integrand, evaluated at time step n, is

H 71+12 71—12 n+12 n--12

n __ 0 2 2 2 2

2 1 2 (2.95)

N

in“? in“ l l}
where the nonmagnetic material is assumed. Hence, the power stored inside the cavity at

time step n is

P: z 2(1):} + PZH)Av (2.96)

where Av = AxAyAz for uniform partitions.

For material with conductive loss, the dissipated power is the first term on the right-

hand side of (2.92). The conductive dissipated power density is 0E2 and its time domain

formulation is easy to determined. However, the dissipated power for a lossy dielectric

material is contained in the second term on the right-hand side of (2.92) and the dielectric

dissipated power density in the time domain has to be extracted. For this case, (2.93) is the

summation of the stored power of the whole cavity and dissipated power due to the lossy

material sample. Hence, only the calculation of the (2.93) and the dissipated power are

needed for power analysis. However, the stored power inside the loaded material region is

also presented below to form a general Poynting theorem.
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Assume the one-relaxation Debye medium, the Fourier transform of the x component

inf-Q—lg-is
a

21ft(Ex(m)®[jw8'(m)Ex(w)l+ E
lm) 8’ [(1)8"(0))Ex(u))]) (2.97)

where 8'((1)) and 8"(w) are the real and imaginary parts of electric permittivity and the

sign, ®, stands for the convolution. The first term in (2.97) is the stored power density due

to Ex and the second term is the dissipated power per volume due to Ex. Substituting the

relation of the permittivity with static and infinity frequency permittivities, (2.97) can be

rewritten as stored and dissipated powers as

-1- E (c0)®[j008' E (c0)]+E ((1))®l:(8' —e' )jwfl] (298)
21! x x00 x x xs xoo 1+(‘Mexl2 '

and

1 (8x; - 8x21) E,(w)
ET(EJ‘((D) ® Ex(00) — Ex(00) ®[WD. (299)

The corresponding time domain equations for above equations are

 

dE d

e'mexU) it“) + Ex(t)l:(€'xs — e'xm)—§dx—t(2] (2.100)

and

(E'xs _ 8.x”)

——(E,(r)E.(t) — E,(t)8x(t)) (2.1m)
ex

where gx(t) is the inverse Fourier transform of Ex((0)/ [1 +(wtex)2]. Hence, the
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Poynting theorem for nonmagnetic material can be rewritten as

(33-idv = I[o]§-EdV+ [aggi-E—[ggicgmv

V V V.

_. a}: 4 a‘ _. 88‘ _. _. .
+l([§1]E°W+[§2]E'-£+H'WJdV+§(EXH)°ndS

V s

where

8'”, O 0

[£1]: 0 try,° O

O 0 e'zoo

te'xs—e'too O 0

[£2] = 0 gas-89“

0 E'zs-fi'zm

ox 0 0

[0] = 0 (5y 0 .

O 0 oz

and

8' —8' —
XS 10° 0 O

Tex

e', -8' 00

[£3] = 0 _£_L O

'c
ey

0 0 sis-8'2”

L Tez J  

(2.102)

(2.103)

(2.104)

(2.105)

(2.106)

where the V5 is the volume of the material sample. Note that the summation of the third

term in (2.102) can be obtained by subtracting the second term in (2.102) from (2.93).
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Evaluating the gx(t) involves the convolution of Ex(t) and the time domain version of

1/[1+((01:e)2]. To get the convolution, a history of Ex(t) is required and this is

impractical in the program implementation. Hence, the convolution need to be

approximated by a recursive equation. The first method is to discrete gx(t) into a

recursive equation by discreting the convolution directly. By using the Fourier transform

pair, e‘al’l and 2a/(a2 + 002) , the discrete version of gx(t) is

gx(nAt) = ZALExMAt) + Zé—t—KA’MHExfln — 1)At) + e'N/‘agxan — 1)At). (2.107)

Tex ex

Hence, the stored power density due to Ex at time step 71 is calculated from the discrete

version of (2.100) and (2.107) and that of dissipated power from discrete version of

(2.101) and (2.107).

The other method uses a procedure similar to what we did to Debye equation in

section 2.1.1. Let gx(00) = Ex((0)/[l+(mrex)2] or [1+(torex)2]gx(oo) = Ex((0),

then its time domain expression is

6128.0)
dt2 = Ex(t). (2.108) 

2

gx(t) —Tex

By using the second order central difference approximation of the second derivative,

(2.108) becomes

gx((n + 1 )At) = [2 + ($1)2]gx(nm) — gx((n — 1)At) — (gjzzzxmm). (2.109)

ex ex

The (2.107) is obvious first order accurate but (2.109) is second order accurate in time.

/1

However, the homogenous solution of (2.108) contains a divergent term, e‘ a, and its
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FDTD formulation cannot be used. More general FDTD formulation of power for a

general Debye medium will be discussed in the next chapter.

2.5 Prony’s Method

Results in the frequency domain are usually obtained by recording the time-domain

response at the selected observation points of the FDTD mesh and applying the FFT

algorithm. There are, however, several limitations in the FFF approach. The main

limitation is that of the frequency resolution Af , which is roughly the reciprocal of

observation time, i.e., Af = 1/(NAt) where At is the time step and N the total number

of iterations used in the FDTD method. A second limitation arises from the windowing of

the time-domain data because the FDTD response is truncated in time. This has the effect

of viewing the true time-domain response through a rectangular windows of duration

T = NAt. In the frequency domain this windowing is translated into the convolution of

the true spectrum with the function sinf/f .

The Prony’s method is a technique for modeling sampled data as a linear combination

of complex exponentials and is particularly suitable for calculating the resonant frequency

and Q of a resonating structure, since the impulse response of such a structure is

characterized by a superposition of decaying exponentials[21].

2.5.1 Theory

The Prony’s method fits an exponential approximation with unknown exponents of the

form
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p
f(m) = Clextm+C2642m+ ...+CQeAQm __, 2 C2111" (2.110)

k=l

to a function f(t) by sampling at n equally spaced points and 11k = eA". A linear change

of variables has been introduced in advance such that the data points are

m: 0, l, 2, ...n — 1. The coefficients Ck and 11k can be complex numbers. The above

equation can be written as follow,

C1+C2+...+CP f0

C1u1+C2u2+...+CPuP = fl

C11fi+C2u§+...+CPufJ = f2 (2.111)

-1 -1 -1

C111? +C2u; +...+Cpu';, =fn_1

or in the matrix form

1 1 1 1 C1 f0

111 112 113 11,, C2 f1

2 2 2 2

11.1 112 1‘3 11p C3 = f2 (2'112)

      
where fl. = f(i) and i = 0, 1, 2, ..., n — 1. Let 111, ..., up be the roots of the following

equation

p
-1 -2 k

up+alup +0t2u” +...+Otp_1|.t+(1p = Eaku = O (2.113)

k=1

then we can get the following equations from (2.111) and (2.113)
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fp+fp-lal+fp—2a2+”.+f0ap = O

f +f0t+f_0t+---+f0t=0
p+1 p l p l 2 l p (2.114)

fn-l +fn—2al +fn_30€2+ +f,,_,,_,ocp = 0

or the following one by shifting the first terms on the left hand side to right side of

equal sign

  

3.1-18-2 f. 30,- ”f,“

fp fp-l fl (11 fp+l

fpf‘ f.p f.2 :2 = (-1) fp'+2 (2.115)

f ' f. f ' 519 f.
L 71-2 71-3 n—p—l_ _ n-l_    

which is linear in on.

The Prony’s method solves the (2.110), a nonlinear equation in p. , by solving (1,. in

(2.114), a linear equation in (X, finding the roots, 11,-, in (2.113), and obtaining C, in

(2.111) where i = 1, 2, 3, ..., p.

The original Prony method chooses n = 2p + l . The original Prony method works

perfectly well when no noise (truncation error or measurement imprecision) is present in

the data. However, when a noise is introduced, then this method performs very poorly,

largely due to the extreme sensitivity of root locations to the coefficients of the polynomial

in (2.113). The least squares Prony method uses 71 > 2p + 1, then (2.112) and (2.115)

become overdeterrnined linear equations systems and the singular value decomposition

(SVD) is used to solve those equations.

Determining p is an important issue of applying Prony method to frequency domain
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analysis or prediction since every ui represents a frequency component. If the value ofp is

‘ less than the number of actual modes excited in the structure, the spectral resolution is

poor[21]. However, if p is selected to be too high, nonphysical modes appear. Nonphysical

modes introduced by Prony estimation can be suppressed by the application of Prony’s

method with the time sequence of the sample points in reverse order[22].

2.5.2 Estimation of Resonant Frequency and Quality Factor by Prony

Method

From the definition of quality factor,

Q _ Stored Energy
_ 2.116

0 Power loss ( )

 

the FDTD time-domain response, say Ex, of a cavity can be expressed in terms of a

superposition of the resonant modes[24]

‘0 —(a. + flit/0mm p
Ex(mAt) = z Cke = 2 Ckug' (2.117)

k: 1 k=1

with ork = (1),/(2Q) where m = (0, ..., )N— 1 . By Prony method, the Ck and 1.1,, can

be obtained if Ex(mAt) are known. Hence, the resonant frequency and damping factor are

 

 

imagtlntuk»
: 2. 1

k 21tAt ( 1 8)

and

real ln

ak = (Atmm (2.119)

where 11k is the calculated mode corresponding to fk, imag(ln(uk)) is the imaginary
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part of ln(p.k) , and real(ln(uk)) is the real part of ln(uk).

Once the damping factor and the resonant frequency have been determined, the quality

factor can be easily obtained as

nfk

at

Q = . (2.120)

  

Note that (2.120) is obtained when the cavity mode is at a steady state[23]. However, the

Prony method provides a way to estimate quality factor of cavities from the field

distribution at transient state.

2.6 A Single Empty Cavity with PEC Walls

An empty rectangular cavity with PEC boundary is studied in this section. The Q value

of this cavity is infinite so the time to achieve the steady state is almost infinite. Hence, all

the results presented here are obtained in the transient state.

2.6.1 Configuration

The configuration of the empty cavity with PEC walls is shown in Figure 2.10. The

excitation probe is located at one of the six faces of the rectangular cavity and its length is

assumed to be very small. The dimensions of the cavity are: b1xb2xb3.

2.6.2 Numerical Results of Field Distributions

For T1301 1 mode, the excitation probe is located at the center of the y-z plane and only

Jx at 2.45GHz is provided. The BH source is used and automatically turned off at 18,875

time steps, spanning over 0.2516118, with At = 13.3299 ps. The cubic cavity with b1, b2,

and b3 all equal to 0.08658 meter is assumed. For this dimension and frequency, the
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TElOl, T1301 1, and ml 10 modes can be excited; however, only THO” can be excited

because only Jx is provided on the probe and Exs of other modes are zero. The numbers of

partitions along the x, y, and z are all 10.

The x, y, and z dependences of Ex are shown in Figure 2.11 to Figure 2.15. For TED“

mode, Ex is constant along x at fixed 2 and the numerical results are shown in Figure 2.11

and Figure 2.12. The Ex is proportional to sin(7tot/0.08658) along the Qt axis where 0t is

y or z and are shown in Figure 2.13, Figure 2.14 and Figure 2.15. Note that the numerical

results at those grid points are exactly equal to Dsin(7tot/0.08658) where D is a

amplitude factor if or is from 0 to 0.08658 with increasing 0.008658 for every step. The

summations of By, E, and Hx over all grid points are 3.7386e-06, 1.9023e-06, and 0

respectively and it shows that no Ey, E2, and HK exist.

Forml11 mode, the probe is located at the center on the bottom x-y plane and only Jz

is provided since Ez of TE111 modes is zero. The length of the cubic cavity is 0.10604

meter and the BH source is off at 025131118, with At = 16.3265 ps. The electric field

distributions are plotted from Figure 2.17 to Figure 2.21, and they are consistent to those

from theory[l9]. The summation of Hz over all grid points is -5.7932e-31 which is almost

zero, thus confirms the excited dominant mode being a TM mode.

The time dependence of Ex for TE), 1 mode at given point is plotted in Figure 2.23 and

its frequency response in Figure 2.24. From Figure 2.24, the resonant frequency of TEOII

mode is observed to be close to 2.5 GHz. However, the estimated resonant frequency of

THO“ mode by Prony’s method is 2.4528 GHz which is much closer to the source

frequency. The estimated resonant frequency ofml 11 is 2.4548 GHz by Prony method.
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Figure 2.10 The configuration of the empty rectangular cavity

with PEC boundary. The excitation probe is located on one of the

six faces.
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Figure 2.11 The x dependence of Ex at 7.: 0.025974 and t= 0.26658 us

for TEOII mode.
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Figure 2.12 The x dependence of Ex aty= 0.034632 and t= 0.26658 us

for TEou mode.
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Figure 2.13 The y dependence of Ex at Jr: 0.025974 and 1: 0.26658 us

for TEOII mode.
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2.7 A Lossless Loaded Cavity with PEC Walls

In this section, the numerical computations of lossless loaded cavity with PEC walls

are considered. A lossless rectangular material sample is placed in the center of the

rectangular cavity and the dimensions of the rectangular cavity are shown in Figure 2.25.

The excitation probe is located at the center of the xz plane and is very short comparing to

the dimension of the cavity. The excited field is TE101 mode and the operation frequency is

2.4SGHz with the wavelength )1. equal to 0.12245m when there is no material sample

present. In order to compare with theoretical estimations, three material samples with

selected shape and dimensions have been studied. The excitation source is off

automatically and all the numerical results are based on transient state solution.

2.7.1 Quasi-cubic Case

A quasi-cubic material sample which has almost equal dimensions is placed in the

center of the rectangular cavity. The dimensions of the material sample are set to be

x0=0.00343m, y0=0.0034m, and 20:0.00352m. This sample is assumed to be lossless and

have the relative permittivity of 8, = 2.5. In this computation, the number of partitions

along the x, y, and 2 directions are 21, 20, and 33 respectively. The material sample is

located at node 10, node 9, and node 16 along the x, y, and z directions where the number

of nodes starts from 0. The excitation source spans over about 67,412 time steps with

At = 3.72822ps and the computation stops at 68000 time steps.

With this electrically very small sample, xo/A = 0.028, the static electric field

induced inside of a dielectric sphere, Em = (3/(2 + 8,))E is used to estimate the
ns’

induced electric field in the sample where Em is the electric field inside the dielectric
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sphere and EM is that in the region of sphere before the dielectric sphere is placed. For

TE,01 mode, only Ey exists since Ex and Ez are zeros for this mode.

The variation of Ey along y axis at x=0.034286m, z=0.056388m and at t=0.25352us is

plotted in Figure 2.26 and the calculated ratios of Ew5/En5 inside the sample are 0.6550

and 0.6352 at node 9 and node 10, respectively, and the electrostatic estimated ratio is

0.6667. Ens is approximated by the electric field at first node because Ey is constant along

y axis in TE,01 mode when there is no sample present. The closeness of the numerical

results and the electrostatic estimation gives confidence to the numerical accuracy. The

ratios of Em/En5 along the y axis at several different times are shown in Table 2.1 and

those ratios are almost independent with time for the lossless case.

Table 2.1 EWs/En3 ratio at different times

 

 

 

 

 

 

Time Step Ews/Ens at node 9 Ews/Em at node 10

67999 0.6550 0.6352

67979 0.6550 0.6352

67959 0.6550 0.6352

67951 0.6550 0.6352    
 

Due to the induced charge on the material sample surface and the induced current in the

material sample, the other components of the electric field are induced to satisfy the

boundary conditions. The Ex, By, and EZ along the y axis are shown in Figure 2.26 and
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shows that the excited cavity mode is not a pure T1510, mode anymore since there are Ex

and Ez inside the material sample. However, the TE10, mode still dominates inside the

material sample judging from the amplitudes of Ey versus Ex and Ez in Figure 2.26.

The estimated resonant frequency of TElm mode for PEC empty cavity with the

dimensions shown in Figure 2.25 is 2.4532 GHz while that for PEC loaded cavity with a

quasi-square cubic sample is 2.4478 GHz. The resonant frequency decreases about 0.22%

after the material sample is placed inside the cavity.

2.7.2 Thin Square Plate Case

The material sample with a shape of a thin square plate, having its height much smaller

than its width, is placed in the center of the cavity. The numbers of partition in this FDTD

calculation are 15x17x10 and the dimensions of the material sample are 0.024m, 0.002m,

and 0.02326m along the x, y, and 2 directions. This sample is also assumed to be lossless

with the relative permittivity of e, = 2.5.

The x dependence of Ey is plotted in Figure 2.27 and then a sine function is used to fit

that curve. By this way, the Em is obtained since the Ey versus y plot is not a constant

anymore. The induced electric field inside the material sample is estimated by the

boundary condition of Em = (1/8,)Ens . The ratios of Ews/En5 along the x direction for

different locations of z are plotted in Figure 2.28. Those ratios inside the material sample

varies from 0.39 to 0.45 which are close to the electrostatic estimation of 0.4. The ratios of

Em/Ens varies slightly at different times for this case.
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The line with star symbol is the calculated values and the line with

circle symbol is the fitted values for the empty cavity.

70



 

0.6

0.56

0.54 '-

E
W
S
/
E
H
S

0.52

0.5 '

0.48 ..1. .

0.46

0.44
   

0.42.... ............ I. ................2:005815"' ............. .............. _l   
0.02 0.025 0.03 0.035 0.04 0.045 0.05

Figure 2.28 Variations of Em/Ens in the x-directions. Each curve

represents this ratio as a function ofx for different locations of z. The

relative permittivity of the thin square plate material sample is e, = 2.5 .

The solid line with symbols is the ratios at t = 0.242891“ and the dash

line with symbols is those at t = 0.24301 us .

71



The excitation source is off at 0.239us which covers 49,049 time steps with

At = 4.862ps and the computation stops at 50,000 time steps. The calculated resonant

frequency is 2.4382 GHz and the frequency shift is 0.61% comparing to 2.4532 GHz

which is the resonant frequency in empty cavity. The maximum of Ex and EZ inside the

material sample is in the order of 10'4 which is very small comparing to the E), This is

because the material sample is very thin in the y direction so that there is no significant

induced field Ex and Ez.

2.7.3 Narrow Strip Case

The dimensions of this narrow strip sample are 0.002322m, 0.02125m, and 0.002115m

along the x, y, and 2 directions. This sample is also assumed to be lossless and have the

relative permittivity of 8, = 2.5. The number of partitions of this FDTD calculation is

31x16x55.

Theoretical estimation of the induced electric field in the material sample may be close

to the electric field when the cavity is empty because the initial electric field is tangential

to the major part of the material sample surface, and the continuity of the tangential

component of the electric field at the material sample surface requires this estimation. The

variation of electric field along y is plotted in Figure 2.29 and the ratios of Ews/EM are

shown in Figure 2.30. The induced E,r and Ez fields inside the material sample are almost

zero and E), is the dominant field. The ratios of Ews/En3 inside the material sample range

from 0.94 to 0.99 which are close to the theoretical estimation of 1.

The excitation source is off at 74,835 time steps which spans over 025133118 with
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At = 3.35841 ps , and the computation stops at 75,000 time steps. The calculated resonant

frequency for this narrow strip case is 2.4464 GHz and the frequency shift is 0.28% from

the resonant frequency of the empty cavity of 2.4532 GHz.
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2.8 A Lossy Dielectric Loaded Cavity with PEC Walls

The field distributions of a cavity loaded with a lossy dielectric material sample with

PEC wall is discussed in this section. The excitation source for this lossy case is a single

frequency sinusoidal source turned on all the time. The size of material sample is chosen

large enough to cause a relatively low quality factor of the cavity. The relation of cavity

quality factor and number of the time steps which is needed to reach the steady state is

also studied in this section. In order to identify the time steps to reach the steady state, the

FDTD formulation of power analysis is used.

2.8.1 Configurations

The physical configuration of this case is the same as that in Figure 2.25 but with a

larger material sample. The numbers of partition along x, y, and z are 15, I7, and 10 and

the dimensions of the material sample are: 0. 0336x0.014x0.0698 m.

The real and imaginary parts of the relative permittivity in (2.3) can be obtained as

 

e —8' 1..

e',(m) = e'm+—”—-’—2- (2.121)

1+(00'te)

8' -e' (or

8",(00) = ( " ’°°) 2 " (2.122)

1 + (one)

and the 8', and 8", can be expressed as follow:

 

8'” = 8',((o)+0oree", (2.123)

t 1 r

e = e 00 — . 2.124
roo r( ) (D1.- ( )

6’

For the lossy material sample, the relaxation time, 1,, , is not zero and it depends on the
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properties of the material. In this FDTD computation, re is assumed to be 10‘9 seconds

and the 8', is set to 2.5 with four different 8", as listed in Table 2.2.

Table 2.2 Permittivities mapping at re = lns , 00 = 2n(2.45 e9)

 

 

 

 

 

 

e',((0) 8",(00) 8'” 8',”

2.5 0.1 4.0394 2.4935

2.5 0.5 10.1969 2.4675

2.5 2.5 40.9845 2.3376

2.5 5 79.469 2.1752      
 

According to the analysis in section 2.3.3, the stability of the Ty(2,4) (FD)2TD scheme

depends on the material properties. Hence, for the first two permittivities in Table 2.2 we

choose At = 4.25442ps and the last two at At = 4.8622ps. Note that a smaller At

needs to be used if a small 8",(to) is chosen.

2.8.2 Numerical Results and Discussions

The approximate time steps to reach the steady state needs to be identified first in the

lossy case calculation. When the average input power is equal to the average dissipated

power, the system reaches the steady state. The dissipated powers for the first case with

e’,((n) = 2.5 and 6",(to) = 0.1 are plotted in Figure 2.33 and the corresponding stored

energy is shown in Figure 2.32. Note that the input power is calculated from (2.93) since
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the induced EMF method used is not accurate to calculate the input power at the probe

location. The stored energy is calculated from the integral of the difference of input power

and dissipated power. In order to determine the average power, a sine function is used to fit

the calculated data between 33,900 and 34,000 time steps in those two figures as shown in

Figure 2.34 and Figure 2.35. When the difference of this fitting data and the dissipated

power data in the period of zero to 35,000 is plotted, we obtain Figure 2.36. From Figure

2.36, it is observed that the approximate time step to reach the steady state is about 25,000

for this case. By using the same approach, the time steps for other cases are obtained. The

average loss power and the time-average stored energy are listed in Table 2.3.

Table 2.3 The loss power and stored energy

 

 

 

 

 

 

   

,, The average loss The time-average

e .09)
power stored energy

0.1 2.45e-10 8.905e— 1 8

0.5 1.1258e-9 8.8e-18

2.5 3.035e-9 7.55e-18

5 3.205e-9 7.45e-18

 
 

In Table 2.4, the major resonant frequency and the Q factor in the fifth column are

calculated by using Prony’s method. In order to obtain the Q factor by Prony’s method, a

windowed sinusoidal source is used. The fourth column is the Q factor calculated from the

definition. The number of time steps to reach the steady state is roughly equal to the Q
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Table 2.4 Properties of four different lossy cases

 

 

 

 

 

 

      

Major Q .

.1...) 1.3231328; 85:13:23 Q= oS—‘Szi‘if'tfs?’ 1...... 83:28:???
(GHz) Method

0.1 2.4503 0.12 559.5 523.6 25,000

0.5 2.45 0.13 120.3 125 5,000

2.5 2.45 0.13 38.3 37.1 1,400

5 2.45 0.13 35.7 34.2 1,300

 

factor divided by twice the resonant frequency times the period of one time step. Hence, a

very long time integration is needed if a high Q cavity is dealt with. The field distribution

calculation scheme for the high Q cavity is shown in Figure 2.31. This algorithm is easy to

corporate with other temperature related equations to calculate the temperature change in

a cavity.

The field distribution of Ey in the steady state and the fitting sine function are plotted in

Figure 2.37. The ratios of the calculated and fitted E), are plotted in Figure 2.38. The ratios

are no longer close to 0.4 as that in Figure 2.28; however, the ratios at those points which

are near to the middle point of the material sample is still around 0.4. In this case, the

material sample is much larger than that in section 2.7, so the field distribution is no longer

easy to be fitted by a pure sinusoidal function which is shown in Figure 2.37.
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Figure 2.31 The flow chart of calculating the field distribution at

steady state for high Q cavities.
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CHAPTER 3

SOLVING MAXWELL’S EQUATIONS BY BODY

OF REVOLUTION FDTD

In the study of the interaction of microwave radiation with non-ionic materials, a mate-

rial sample is placed in a cylindrical EM cavity which is excited with a fundamental cavity

mode. Most of the time, objects that are symmetric about an axis are encountered; hence

the body of revolution (BOR) FDTD is examined and used to solve the problems involv-

ing cylindrical cavity loaded with symmetric material sample.

The cylindrical cavities with perfectly electrically conducting (PEC) boundaries are

first studied in this chapter. The BOR FDTD formulation of Maxwell’s equations in cylin-

drical coordinates is first constructed in section 3.1. Two sets of equations are derived for

the FDTD formulation. The selection of which set of equations to be used for field calcu-

lation in cavity problem is determined by the characteristic of cavity modes. Then the sin-

gularity problems at p = O is discussed. The Blackman-Harris (BH) function is used to

construct the excitation source in the cylindrical PEC cavity calculation since the sidelobe

0f BH function is approximately -92 dB. The excitation probe is assumed to be located at

a P0th on the cylindrical wall. In section 3.2, the surface impedance boundary condition

(SIBC) is used to simulate the finitely electrically conducting (FEC) boundary. Three
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methods of the FDTD formulation for SIBC is presented and the frequency domain

approximation is used in the actual calculation since it gives stable numerical solutions.

For the cavity with lossy wall, a continuous source is used and the time step to reach the

steady state is studied. TM012 and T131“ modes of the empty cylindrical PEC and FEC

cavities are calculated and the results of the former case is compared to the analytical solu-

tion in section 3.3. The field distributions of TM012 and ’I‘Elll modes with a cylindrical

PEC cavity loaded by a small cylindrical material centered in p = 0 are then calculated.

The results of the former case are compared with corresponding theoretical estimation.

The field distributions of the cavities with a thin rod or a thin disk material are also calcu-

lated and compared to theoretical estimations.

After the induced electric field inside the material sample is accurately quantified, the

dissipated power density inside the material sample can be calculated. This dissipated

power density acts as the heating source to raise the temperature of the material sample.

3.1 The BOR Formulation of Maxwell’s Equations[28]

Consider Maxwell’s curl equations in non-dispersive medium written in cylindrical

coordinates in a linear material,

Vxfi = [s]%—f+ [cu—5+3, (3.1)

VXE — “Heal? + [6*]7‘; (3.2)

where [8], [0‘], [u], and [0*] are electric permittivity, electric conductivity,

0 t n n e o o A 0

permeability, and magnetrc conductrvrty rn tensor form, respectively. J, rs the known
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impressed current source. These constitutive parameters can be expressed in tensor form

in cylindrical coordinates as

“on am 0‘92

“w “w “w

_azp (12¢ azzj

[0!] = (3.3)

  

where or represents the relative permittivity, relative permeability, the electric

conductivity, or magnetic conductivity. It is noted that if the medium is dispersive the

approach used in chapter 2 can be applied.

The azimuthal dependence of field is expressed as a Fourier series,

E = 2 (Eucosmo + Evsinmo) (3.4)

m = 0

I? = 2 (zucosmo + zvsinmo) (3.5)

m = 0

73 = 2 (;ucosm¢ + jvsinmo) (3.6)

m = 0

Where m is the mode number and is an integer because of single valueness of azimuthal

x x A 5 ¥ ¥

dependence of the field. Fourier coefficients eu , ev, hu , hp, 1“, and 1,, are dependent on

r. z, t, and m where u and v stand for the even and odd azimuthal dependence,

reSpectively. The fields, E and f1 , in (3.4) and (3.5) describe the fields at any point in the

emire: space of interest because the objects considered are symmetric about the z-axis. If

the objects considered are not symmetric about the z-axis, then different pairs of model

90



expansion are needed for different regions, followed by matching boundary conditions

between those different regions. It is not suitable to use BOR scheme for this non-

symmetrical problem. Note that if the loaded material is lossy, then Maxwell’s equations

with B and D pair are needed to perform the Fourier series expansion. Other relations for

the lossy case are described by the Debye equation as we did in chapter 2.

Substituting (3.4), (3.5), and (3.6) into (3.1) and (3.2), we have the following pair of

 

 

equations:

"1“ 3 " aEu v a .

:64) x 121,, u + Vxhu, 1, = [e] a" + [o]eu’ v + 1“,», (3.7)

i156) x 211,11 + Vxéu, v = 4MB]; v + [0*]Zu, v. (3.8)

The above two vector equations can be separated into two independent groups of six scalar

equations. These groups represent modes that are azimuthally perpendicular to each other.

The first group is as follow:

 

 

  

 
 

3e v v .

Be a ah u 3h .

[8]—ai;—+[c]e¢’u = a: — (By—1",“ (3.10)

36 v 13(ph ) .
[e] a? +[G]ez,v = "TX—v"? “—12,, (3.11)

3h u 3e

[11] a? +[o*]hp’u = 11‘2“?“ (3.12)

ah¢v aerv aezv

[u] at, +[o*]h¢,v = — 32’ + ap’ (3.13)
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ahz u 13(9341 u) m
' * -_______;__ _. [it] (3.14)

The second group can be obtained by a similar procedure. Note that the signs of terms that

contain {3 in the second group are different from those in the first group. The summary of

fields that depend on r, z, and t for those two groups are listed in Table 3.1.

Table 3.1 BOR representation of Maxwell’s equations

 

 

 

 

 

 

 

 

Fields of first group Fields of second group

ep v ep’ u

6’1 u 31) v

62 v ez, u

hpu hmv

ht). v h¢1u

hau hLv    
 

Assume that those constitutive parameters have the biaxial tensor form in cylindrical

coordinates given by

" '1

0190 O

[a]: 0 09,0 . (3.15)

0 001
Z  
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Then these two groups of equations can be represented in matrix form[27] as

    
  

    

m )- -1 i- T

0 "az :5 ep (poppa,+o*p)hp

dz 0 —ap e¢ = - (110p at+o*¢)h (3.16)

¢ ¢

m 13 ez (ii a + at h
-— —— _ _ o“ O ):Fp papp 0‘ _ z t Z 24

m —- — _

O “a: T- hJ (eoepa,+op)ep+ jp

im 1.8.9 0 _hz_ _(sosza,+oz)ez+jz_

L p pap -  

where 3a denotes 3% and 01 = p, z, t.

3.1.1 Mode Selection in BOR Algorithm

There are two important issues that need to be determined in applying BOR algorithm.

The first one is which group of equations should be used and the second one is how many

modes should be included to solve the problem. These two issues are determined by the

incident wave or the impressed current source.

For scattering problem, the field distribution of the incident wave determines the

number of modes and the group of equations to be used. Consider the incident filed[25],

E‘ = f(p)E(t—§)[bcos¢—i>sin¢1 = bE‘p+i>E"¢ (3.181

where c is the speed of light and p, (b , and z are the cylindrical coordinates. The Eip is

even functions with respect to 11) so is H'1), by Maxwell’s equations. Similarly, Ei¢, Hip,
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and H12 are odd functions w.r.t d). The total fields denoted by a superscript t will preserve

this angular dependence[l9] because of the symmetry about the z-axis of the object.

Therefore, these total fields components can be expanded in terms of a Fourier cosine or

sine series. The Etp, H11), and E2, are even functions and H'p, Et¢, and th are odd

functions w.r.t (1); hence the second group of equations is selected to solve this problem.

From (3.18), only cos¢ and sino are involved, so only mode m=1 is needed to solve this

problem.

In the cavity problem we considered, the source is assumed to be a line current source

located at a point (4)0, zo) . The source can be expressed as

7= —pf(p)5(z—zo)——8(¢p—;L°)gt(t) (3.19)

where f(p) and g(t) are variation of 3 along p and t, respectively. Symbol 6 is Dirac

delta function. If we let $0 to be zero then the delta function 8(4)) can be expanded by

Fourier cosine series as:

co

8

8(4)) = Z —;)-['—"cosm¢ (3.20)

m=0

where

1 = 0

30m : m , (3.21)

2 m¢0

Form theory, the lowest TE mode is TE011 and its p component, Ep , is equal to zero.

Hence, the ‘1’ dependence of E¢ is cosmrb in order to keep E4, from becoming zero for
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TED“ mode[26]. Therefore, the first group of equations need to be used in this FDTD

calculation for cavity problems and (3.19) becomes

3 = p Z jmcosmq) (3.22)

m=0

where

E m

jm = ——:r—¥8(z—zo)g(t). (3.23)

3.1.2 The BOR-FDTD Formulation[28]

In this section, the BOR-FDTD formulation will be derived by using the leapfrog

scheme with 0* = 0. Consider the first equation in (3.17),

3h_ . ¢1 m
Sp-a—t — -O'pep-]p-a—Z:FE z (3.24)

where the right hand size will be evaluated at t = (n + 9A: since h field is evaluated at

t = (n + am. The standard FDTD notation will be used in this derivation, p = iAp

and z = jAz. Using field locations in Figure 3.1, (3.24) becomes

n+1/2 . 1/28 1 . . . . . .

Kiley (111—404)] = —opep (1.11-13’

_h$+l/2(i, j)-h3+1/2(i.j-1)¥ m

91 9141/2

(1.1)

(3.25)

h: + We. 1') 

The components, e; + 1”U, j) and jg” 1”(1, j), have to be approximated by those values

adjacent to them since they are sampled at integer time step n. The second-order
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approximation used here is

+1. . . . —1 . .

fg+1/2(l.’j)= 3f; (I11)+6f;,'8(z.1)-f2 (1,1)
 (3.26)

where f is e or j. The FDTD representation of equation (3.24) is then

n+1. . . . —l . .

6,, (t11)= Ap-e;(t.J)+Bp-ef, (1.1)

+1/2- -_ +1/2- -_ 27)

kg (1.1) kg (1.1 1)+ m hg+l/2(i’j)T
 

n+§

—C ' j (i9j)+ —

p [0 AZ 9141/2

where

 

A = —— (3.28)

 

 

= -— (3.29)

 

 

C = —— (3.30)

 

and x = p, q), or 2. Note that jg+ ”2 is not replaced by the approximation of (3.26) in

(3.27).

The other five FDTD equations can be derived by using the similar procedure and are

listed below;
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n+1 .. . . -1..

e¢ (‘91) = A¢-e$(r,})+B¢-e; (12])

n+-— hn+l/2(i ')_hn+l/2(i_1 )

o 2 o o ,J ,1

—C1 - [11 (t. J) + Z A; (3.31)
 

 

_hg+ l/2(ia j) — h3+1/2(i9 j- 1)]

Az

n+1. . .. —l ..

eZ (1,1) = Az-e:(z,})+Bz-e: (1,1)

 

 

  

n+-

. 2 . . m . .

—Cz°l:]z (1,1)3Fahgfl/2011) (3.32)
1

91+ ”2,113+ V2“: J) ‘ 91—1/2h$+1/2(i-13j)]

piAp

. . . . m . . €"(i,j+1)-e"(i,j)
hg+1/2(1,)) = hg‘1/2(z,j)IFGpaie:(z,j)+Gp[ ‘1’ AZ ‘1 ] (3.33)

. . . . e"(i,j+1)-e"(i1j) e"(i+1,J')-e"(i1j)

h$+'/2(t,1)= h3‘1/2(z.1)-G¢[ " AZ " — Z AD 2 ] (3.34)

m
 

 hymen = hg-1/2(i.j):0.p
91.16303“ 1,17— 01-83(1) f)

(3.35)

91+ 1/2Ap

ego; j)—Gz[

i+l/2

where Gx = At/(uopx), x = p, (1), or z and pi = (i—l/2)Ap and 91/2 = p0 = 0,

and the fields associated with the coordinate (i, j) are shown in Figure 3.1. In Chen’s paper

[28], those BOR FDTD equations are obtained by using a first-order approximation,

n+1 . . . .

z, + r,fg+l/2(i,j) = fp ( J)2 f;( 1), (3.36)
 

97



 

I \/ l \/ |

I /\ T /\ I time

n-112 n n+1/2 n+1 n+3/2

 

 

  
 

 

 
FIGURE 3.1 The field locations for BOR FDTD in time and

space.
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for fields at the half time step. Smaller time steps or spacial steps are required in Chen’s

paper than that in this chapter. This problem becomes more serious in calculating the

cavity modes with n ¢ 0.

3.1.3 Singularity in BOR-FDTD Formulation at p = 0

As observed from (3.27), there is a 91/2 factor, which is equal to zero, in the

denominator of the fourth term when calculating the ep(0, j). Hence, ep(0, j) is infinite

at p = O and this makes h¢(0, j) in (3.34) infinity, also. The filed, hz(0, j) , is infinite by

the same reason in (3.35). Other fields, ep, hp, and hZ at the p = 0 also exhibit

singularities; however, the actual fields must be finite in both the time and frequency

domains. Hence, the these singularities must be removed before above FDTD equations

can be used for time stepping.

As observed from (3.31) and (3.32), only the components h¢(0, j) and hz(0, j) are

needed to update the adjacent ez(l, j) and e¢(1, j) fields internal to the mesh. The

60(0, j) and ep(0,j+ l) are needed to evaluate h¢(0, j). The field, h¢(0, j), is not

needed actually to calculate the ez( l, j) since

n+1 . . -l .

ez (1,))=Az.e;'(1,))+BZ-e;‘ (1,1)

n+-

. 2 . m -

—Cz.[1z (LJFah‘S’H/ZUJ)
(3.37)

l

 

93/2h$+1/2(13 J) ’ 91/2111? + V2“): 1)]

plAp

With 91/2 = 0; hence, ep(0, j) is not needed, neither. In actual calculation, h¢(0, j) and
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ep(0, j) are set to zeros to avoid cumulation error.

Now, only hZ(O, j) is needed to update the fields point in the FDTD lattice. Note that

hZ is zero at p = 0 for m at 0 by (3.17); hence, we only need to evaluate hz(0, j) for

m = O. From the integral form of Maxwell’s equation in the time domain, we can obtain

the following time update equation for hz(0, j) when m = 0

4A!
 hg+ 1”(0, j) = hg-1/2(0,j)— e;(1,j) . (3.38)

Once hz(0, j) is known the rest of the field components can be evaluated using (3.27) and

(3.31) to (3.34).

3.2 Surface Impedance Boundary Condition

When the boundary of a cavity has a finite electrical conductivity (FEC), there are two

FDTD approaches to calculate the field distributions in the EM cavity. For a cavity with

good conductor wall which is considered in this chapter, the skin depth and the local

wavelength are very small compared to the radius of curvature of the cavity wall. Hence,

the planar surface impedance boundary condition (PSIBC) is used to approximate the

lossy conductor wall. For more accurate simulation, an absorption boundary condition

(ABC) has to be used outside the cavity and as shown in Figure 3.2. In this chapter, only

the PSIBC case is considered.

3.2.1 Planar Surface Impedance Boundary Condition

The surface impedance is inherently a frequency-domain concept. Consider a time-

harrnonic plane wave incident at angle 6,. on the lossy dielectric half-space as shown in
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Figure 3.3.

The surface impedance for a planar interface at z = 0 can be defined through the

following relation:

15.11») = 2(w)[a><fi1(w)1 (3.39)

where Z((1)) is the surface impedance. The surface impedances of interface for TE and

TM plane wave[30], respectively, are

 

2mm) = Z2c0302

where

Z jwuk 1/2

" _ (jwsk + 0k)

2 1/2

sin 91'

e 1— j“
””( (11808,)

« 1 , then the surface impedance can be rewritten as

 

cost)2 =11—

 

 
When lsin 202
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= (1 - sin202)“2.

(3.40)

(3.41)

(3.42)

(3.43)
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Figure 3.2 FDTD configuration for cavities with FEC wall
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Free Space ‘ X Lossy Dielectric

 

 
 

 
   

Figure 3.3 Coordinates for the incident and reflected plane

waves upon a lossy surface

Z(u))

jwuz )1/2

45“”) = 2mm) =Ij11112—1—o,

(ll—21)1/2 S

710 82, S-i-O'z/Sz

(3.44)

Where ‘10 = filo/80 and s = jw. Equation (3.44) is the planar surface impedance used

through this chapter.

32.2 FDTD Implementation of Planar Surface Impedance

In order to do FDTD calculations, the time domain expression of (3.39) needs to be

Obtained. The convolution in time domain is involved since there is a multiplication in

frequency domain. The convolution in time domain needs to be approximated by some
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recursive expression in order to run on a computer. Three approximations are discussed in

this section. The time domain approximation[29] is first considered; however, this

approximation encounters some divergence problems when evaluating an integral and is

not used to the FDTD implementation. The frequency—domain[31] and Z-transforrn

approximation[32][33] are easier and more efficient to calculate than the time domain

approximation.

3.2.2.1 Time-Domain Approximation by Prony’s Method

The time-domain surface impedance is

“2r 1/2

z(t) = 110(5) {5(t)+ae‘”[Il(at)+Io(at)]U(t)} (3.45)

where U(t) is the unit-step function, a E—oz/(Zez) and I0 and I 1 are the modified

Bessel functions of the first kind of zero and one order, respectively. Hence, the time

domain expression of (3.39) is

A “2r 1/2 A _‘ A _‘

Ez(t) = n0(-8;-) [an,(t)]+foae‘"[11(at)+Io(at)][an,(t—t)]d1: (3.46)

and the discretization version of (3.46) is

_, “2, 1/2 _. ""1 _.

E.(m) = 110(5) {U2 x H.(m>1+ 23 Foam x H1(m — cm} (3.47)
r q = 0

Where

Fem) = If: +1’Il-Iv - qI1<aAr1e<a~>ru1<aArv> + 10(aAtY)]dY (3.48)

and
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q) = { . (3.49)

q

The Prony’s method is used to approximate the F0(q) and (3.47) is then

A

E1
 

Q
n _§ II ..x

= n2[H,| + 2 Gk(n)] (3.50)

1:1

.A ..x n ..x

where 01(11) = CkH,| +tthk(n—1)andk = 1,2,3, ...Q.

3.2.2.2 Frequency Domain Approximation

The surface impedance, (3.44), is rewritten as

2(5) MIL—:11 (3.51)

where s = jw, 112 = 710 IZ—Z', and a = (32/32 . Equation (3.51) can be approximated by

2r

a rational polynomials in frequency domain and is rewritten as

Z(s') = I s. zl—i CI (352)
1+s' . l(1)i+s' '

1:

where s' = s/a, the L is number of terms needed in that approximation and (1),- are

  

known poles. The L and (1) 1' are determined using a rational Chebyshev approximation and

is listed in Table 3.2[31]. This approximation is over the real axis interval s' = [0, 3]

which will accommodate most material up to several tens of Gigahertz. The (3.39) in s-

plane is then
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L

.3 aC- ...:

E,(s)zn2[l — 2 aw-IJWXHASH' (3.53)

l

 

l:

Assuming the waves are piecewise linear in time, (3.39) in discrete-time domain is

 

given by

_\ n A _; n L A n

E,| = n2[n><H1I ]— 2 A1| (3.54)

i=1

where

_s n A _‘ n .1 _~. n—l _~. n-l

A,- = pil[an,I ]+pi2[nXH;| ]+p,3A,| (3.55)

and

C- with

p,l = 112611”? —1)/(Azam,.)] (3.56)

l

Ci —a(1),-At

1712 = nzall/(Atami)—e (1+ 1/(Atawi))] (3.57)

l

—a(1),-At

pl.3 : e , (3.58)

3.2.2.3 Z Transform and Digital Filters Approach

The term, Ci/ ((1),- + s'), in (3.52) is a analog lowpass filter with a single pole. The

digital version of this term is a digital IIR filter. Hence, this become an IIR digital filter

design from the analog filter in digital signal processing terminology.

A popular IIR filter design is the bilinear transformation which is appropriate for

lowpass, bandpass, and highpass filters. The bilinear transformation is a mapping from the
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Table 3.2 Rational Approximation Results

 

Number of

Terms

c.
l

 

 

2.60266906380e-10

3.311958475116-8

1.58725612150e—6

4.35701245008e-5

8.08657638450e-4

1.071972546526-2

9.48589314718e-2

0.3933263026213

2.43632801 126e-7

1 .06720343642e-5

1.596120263253-4

1.59383673429e—3

1.20627876345e-2

7.22902130819e-2

0.3267172939002

0.86807551 10248

 

s-plane to z-plane and can be linked to the trapezoidal formula for numerical

integration[34]. The substitution of variable for bilinear transformation is

 

2(1—21-1)
s = — 3.59

T 1+z‘1 ( )

where T is the period of one time step or the sampling factor. Applying the bilinear

transformation, (3.59), to (3.53), then the time discrete version of (3.39) becomes

 

L
.5 n ..A n A n

E,| = n2|:fixH,| ]— Z f1| (3.60)

i=1

where

..x n 2"awiT Aln-l aCinzT A I? n A I? n—l 36

f' _(2+a(1)iT)f' +(2+a00iT)I:nx 1|+nx 'I I ('1)

The bilinear transformation maps the entire left half of the complex plane inside the

unit circle in z-plane and the imaginary axis in the complex plane becomes the unit circle

in z-plane. As a result, frequency compression or frequency warping will take place when
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transferring from the analog system to the digital system. The bilinear transformation is

most useful when this distortion can be tolerated or compensated.

3.2.3 Fields Calculation on the Cavity Wall

From Figure 3.1, there are two tangential electric fields and one normal magnetic field

on the physical cavity walls. By (3.50), (3.54), and (3.60) the tangential electric fields are

evaluated from the tangential magnetic fields on the cavity walls at the same time step.

However, the tangential magnetic field is evaluated at half-time step before the current

time step and half cell in front of the cavities wall according to Yee’s FDTD lattice in

Figure 3.1. In the practical FDTD calculation, these tangential magnetic fields are used in

(3.50), (3.54), and (3.60) to obtain the tangential electric fields on the cavity walls.

Equations (3.54) and (3.60) can be rewritten as

 

.1 n _, n—l/2 L _, n

E,| = n2[an,|h ]— 2A, (3.62)

i=1

where

A n .1 _‘ n-l/2 A A n—3/2 A n-l

Ail = Pil["XH'Ih ]+pi2[nXH,|h :|+pi3A'I (3.63)

and

L
A n _‘ n-l/2 A n

EII = n2[fiXH(|h ]— 2 [I (3.64)

i=1

where

.1 n 2—a00iT .1 n-l aszT . _. n-l/2 . _, n-3/2

fi| = (m)fi| +(——)[an,| +nXHtlh ]. (3.65)

1'
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Note that the subscript, h, stands for a half space step before the walls. The normal

magnetic fields on the cavity walls are obtained by using the normal FDTD

implementation of Maxwell’s equations.

3.3 An Empty Cylindrical Cavity

The physical configuration of the cylindrical cavity is shown in Figure 3.4. The radius

and height of the cavity are a and h and that of loaded material are b and l. The wall of the

cylindrical cavity is assumed to be perfectly electrically conductive (PEC) or finitely

electrically conductive (FEC) and the excitation probe is located on the side of the

cylindrical cavity.

The TM012 mode of an empty cylindrical cavity with PEC boundary is first calculated

to verify the program. The g(t) in (3.19) is a Blackman-Harris (BH) windows function

with the central frequency of 2.4571GHz and 0.1GHz bandwidth. The BH function makes

the source turn off automatically and the 0le bandwidth is chosen because only

TM012 is desired. The dimensions of the cavity are a = 0.0762m and l = 0.15458m and

the dimensions of grids are Ap = 0.0006m and A2 = 0.00118 which are lees than

21,/20 where A is the wavelength. The numbers of partition along p and z are 127 and

131, respectively, and the one time step is 1.69363 ps. The field distributions of Ep and

E2 are plotted in Figure 3.5 to Figure 3.6 and the total time step is 15382. Form these

figures, we conclude that the result of m = 0 mode is the dominant mode which is much

larger than that of m = 1 mode and higher modes. The field distribution of E on the p — z

plane is plotted in Figure 3.7. Hence, only m = 0 mode is considered in the calculation of
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TM012 mode for the FEC and the loaded cavity. For TE1 1 1 mode, the numbers of partition

are 127 and 67 along p and 2 directions and the one time step is 1.29676 ps. The field

distributions of Ep, Eq) and E on the p — z plane for TEl 11 mode are plotted in Figure 3.8

to Figure 3.10. For TEm mode, the m = 1 mode is dominant mode as can be seen from

these figures.

For the empty cylindrical cavity with FEC boundary, the FEC boundary is replaced by

PSIBC. The continuous sine function is used for g(t) in source equation (3.19) since

there is a loss on the boundary. As observed in Figure 3.11 with At = 1.2967608ps , the E

field achieves a steady state about 23,135 time steps for 0‘ = 102 S/m and 120,000 time

steps for o = 104 S/m. It will need more than 600,000 time steps to evaluate the field

distribution of TEN] mode for cavity with o = 106 S/m which is usually encountered

in regular cavities.

The field distributions of E2 and E on the p-z plane are shown in Figure 3.12 and

Figure 3.13. There is some Ez near the boundary wall form Figure 3.12; however, the

value of E2 is much smaller than that of ED. The B field on the p-z plane is nearly identical

in Figure 3.13 compared to that in Figure 3.10. Therefore, it is reasonable to use PEC wall

assumption to do the FDTD calculation for field distributions in cavities since most cavity

wall is made of metal with conductivity larger than 0 = 106 S/m. Moreover, this PEC

assumption requires much less time steps in FDTD simulation.
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3.4 A Loaded Cylindrical Cavity

For a loaded cavity with PEC boundary, three cases for TM012 mode and one case for

TEm mode are calculated. The first one is a cavity loaded with a small cylindrical

material, with I z 2b, centered at p = 0 . The second one is a cavity loaded with a thin

rod material with l » 2b and a cavity loaded with a thin disk material with l « 2b is the

last case. For TE11 1 mode, only the case of a cavity loaded with a small cylinder material

is studied.

3.4.1 Small cylindrical sample for TM012 mode

A material sample, having the diameter equal to the height, is placed in the center of

the cylindrical cavity. The diameter is 0.006 meter and the height is 0.0059

meter; that is l=2b. The induced electric field inside the material sample can be

estimated by the electrostatic field induced inside of a dielectric sphere as

1'
Ez = (3/(2+s,))Ez.

The numbers of partition used along the p and 2 directions in this FDTD calculation

are 127 and 131, respectively, and the period of one time step is 1.29676 ps. Observing the

electric field distribution in Figure 3.7, only Ez component of the electric is significant

near the center of the empty cavity. Due to the small dimensions of the material sample, E2

is still the dominant component near the center of the loaded cavity if other components

are compared with Ez in Figure 3.14 and Figure 3.15.

The ratio of E2 component of the induced field inside the material sample to that of the

induced field in an empty cavity is plotted in Figure 3.16. The ratio is between 0.6 to 0.75
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and it depends on the position of p and the fitting sine function. The electrostatic

estimation of that ratio is 0.667 with s, = 2.5. The numerical results and the theoretical

estimation are in satisfactory agreement.

3.4.2 Thin rod case for TM012 mode

A material sample with the shape of a thin rod, having its height much larger than its

diameter, is placed in the center of the cylindrical cavity. The dimensions of the material

sample are l = 0.13098 meter and b = 0.0018 meter. The ratio of the diameter to the

wavelength is about 0.03. The numbers of the partition along the p and 2 directions and

one period of time step are the same as those considered in section 3.4.1. The dominant

component near the center of the cavity is still Ez if

ED and E2 components are compared in Figure 3.17 and Figure 3.18. The field distribution

of E2 along the p axis seems to be not affected at all in Figure 3.18. In fact, E2 is not

affected by the placing of sample or the effect is too small to be noticeable. From Figure

3.19, we observe that the ratio of the z-component of the induced electric field to that of

the electric field in an empty cavity is very close to 1 or slightly less than 1. The

electrostatic estimation of that ratio is 1 based on the continuity of the tangential

component of the electric field on the sample surface. This electrostatic estimation agrees

with our numerical results.

3.4.3 Thin diSk case for TM012 mode

A material sample with the shape of a thin disk, having its height much smaller than its

diameter, is placed in the center of the cylindrical cavity. The dimensions of the material
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sample are l = 0.00118 meter and b = 0.006 meter and the ratio of diameter to

wavelength is 0.1. The z component of the induced electric field inside the sample is still

the dominant component. The induced electric field of this thin disk geometry can be

estimated theoretically by the boundary condition of Ez = (1/8,)E:.

The numbers of partition along the p and z axes are 131 and 262 and the one time

step is 1.05171 ps. The numerical results are shown in Figure 3.22. The ratio of Ez/E; is

about 0.42 which is consistent with the theoretic estimation.

3.4.4 Small cylindrical sample for TE111 mode

The dimensions of a small cylindrical material are l = 0.00516 m and 2b = 0.0048

m. The numbers of partition along the p and z and one period time step are the same as

those used in calculating the TElll mode in an empty cavity. The numerical results of

field distributions are shown form Figure 3.23 to Figure 3.25. There are some Ez near the

center of the cylindrical cavity due to the placing of material sample as observed in Figure

3.25; however, the magnitude of E2 is much smaller than Ep or E¢. When (I) = 1t/2 , E4, is

zero since the first group of equations in Table 3.1 is used. Hence, the Ep is the dominant

filed distribution near the center of the cavity. From Figure 3.23, we observe that the ratio

of induced field Ep to Ep in an empty cavity is about 0.7 which is close to the theoretic

estimation. Same results can be observed from Figure 3.24 for E,9 at (I) = 0.
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CHAPTER 4

SOLVING MAXWELL’S EQUATIONS BY FDTD

IN CYLINDRICAL COORDINATES

In chapter 3, we considered the cylindrical geometries with rotational symmetries. The

purpose of this chapter is to develop methods for treating problems which may not have

rotational symmetries. This chapter considers the second-order and Ty(2,4) FDTD

formulation and applications in cylindrical coordinates. The general 3-D FDTD formation

is considered and discussed in section 4.1. There are two problems in applying cylindrical

coordinate FDTD in 3-D. The first one is the singularities at p = 0. The other

complication that arises in applying cylindrical coordinate FDTD in 3-D is that the cell

size in the 4) dimension decreases with decreasing p. This means that very small time

steps may be necessary in order to satisfy the Courant stability criterion, unless the region

in the vicinity of p = O is filled with perfect conductor or otherwise excluded. The two

problems can be solved by using a set of FDTD approximation equations for p = 0 after

a careful examination of the 3-D FDTD Maxwell’s equations. This special FDTD

approximations at p = 0 requires the loaded material to be bi-axial magnetic and without

impressed or conductive current near the p = O. For second-order method, those FDTD
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approximation equations are highly mode-dependent and not easy to be generalized as is

discussed in section 4.2. In section 4.2, source implementation for traditional second-order

FDTD approximation causes incorrect field distribution and this problem is solved by

introducting the Blackman-Harris type source.

Using the higher-order spatial finite difference scheme, the approximation order can

be controlled and general FDTD approximations at p = 0 can be obtained. Higher-order

FDTD also requires less number of partition than that in second order scheme and hence

reduces the computational time. These higher-order method is studied in section 4.3. At

the end of this chapter, the FDTD formulation of constitutive equations for general Debye

and Lorentz material, an extension of Debye material in section 2.3, is derived in section

4.4.

4.1 Three Dimensional FDTD Representation of Maxwell’s Equations

in Cylindrical Coordinates

In this section, the 3-D FDTD expressions of Maxwell’s equations are derived. The

differential Maxwell’s equations considered here are

A 33
VxE -—

at

... (4.1)

VXH = QB'I'jc'IH-is

at

where B = [e]1§‘, B = [p.JH, Jc = [O’]E, and Jc is the source current. The above

constitutive parameters are further assumed to have the biaxial tensor form in the

cylindrical coordinate system given by
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' 1
up 0 0

[0t] = 0 01¢ O (4.2)

O O org  

where 01 represents the electric permittivity, the magnetic permeability or the electric

conductivity. For nonmagnetic dielectric material considered in this chapter, the electric

conductivity of this material is assumed to be zero and the magnetic permeability is

assumed to be the same as that in air.

The scalar Maxwell’s equations in cylindrical coordinate are

83 _ ?§¢_18EZ

7r? - a. Bit “'3’

g‘” = g—gz—g—fp (4.4)

g?” = ggp—g—LIz—JC¢—Js¢ (4.7)

where Ep’ E¢, Ez, Hr, H¢, and Hz are electric and magnetic fields along p, (p, and z,

respectively.

Using the FDTD notations, those finite difference equations for Maxwell’s equations

are obtained as:
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n l n l n

5th I I = 6——8¢Ep 1 l —p——Sp(pE¢) 1 (4.14)

' —' — . l . l - _- _ . 1 . 1 . _. _
1+2,J+2,k l+§,j+§,k 1+2,}+2,k 1+2’J+§’k 1+2,j+2,k

where 5p(pH¢) and 69(pE¢) need special treatment on p , and it will be discussed later.

The spatial locations of B and I? are plotted in Figure 4.1, 15“ has the same location as

B does and so is E and I? . The sequence of FDTD calculations along time axis is shown

in Figure 4.2. The B, E, and 33/.» are evaluated at the integer time step; but 3 , 1:1 , and

BIS/at are evaluated at the half-integer time step. The order of calculation at different

time steps are also described in Figure 4.2. Note that the boundary conditions are applied
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after the E is calculated.

Note that the terms 5%(pE¢) and 3%(pH¢) are not factorized out. The first term can

be rewritten as

a 8E¢

$(pE¢) = E¢+p§6 . (4.15)

n

The evaluation of E¢ in the right hand-side is E¢|

i+ l/2,j+ 1/2,k

which is not where E¢ is

located and, thus, (4.15) is not used.
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FIGURE 4.1 FDTD lattice for cylindrical coordinates.
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Figure 4.2 The diagram of order of FDTD calculations along time axis. The

meanings of those steps are listed below.

(1) Using (4.9) to (4.11)

(2) Desired time stepping scheme for B.

(3) Constitutive relation of B and I?" which depends on material models.

(4) Using (4.12) to (4.14). At this point, the boundary conditions are applied.

(5) Desired time stepping scheme for I}.

(6) Constitutive relation of 3 and F1 which depends on material models.
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4.2 The Second-order Cylindrical FDTD Scheme[35]

The second-order cylindrical FDTD scheme which applies the Yee algorithm to

cylindrical Maxwell equations is discussed in this section. The cylindrical FDTD

formulation of Maxwell equations is presented in section 4.2.1. The singularity of

cylindrical FDTD equations at p = O and its traditional treatments are discussed in

section 4.2.2. The traditional source FDTD implementation is discussed in section 4.2.3

and an improved source implementation is also presented in this section. Finally, several

numeric results are presented in section 4.2.4. The problems caused by the traditional

source implementation and the improved implementation by utilizing Blackman-Harris

function are also discussed in this section.

4.2.1 The Second-order Cylindrical FDTD Equations

Applying the second-order central finite difference approximation to time and spatial

derivative of fields, the (4.9) to (4.14) become the finite difference Maxwell’s equations in

cylindrical coordinates. The finite difference equations are listed below:

 

 

 

 

H n+1/2 H n+1/2

n+1 -E In + At x zi+l/2,j+l/2,k Z|i+l/2,j—1/2,k

pi+1/2,j,k pi+l/2,j,k Blur/2,1,1: le/on

(4.16)
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Az Olin/2,131:
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(4.17)
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—(p,-+ 1E¢|i+ 1,j+ 1/2,k—piE¢|i,j+ 1/2, 1))

4.2.2 FDTD Calculations at p = 0

There are singularities in (4.18) and (4.19) in the above FDTD equations when p

approaches to zero. Thus, those two equations can not be used in this FDTD calculation.

Appropriate approximations to E,9 and Hp are presented in this section.

D=0 O=0

Assume that there are no impressed current and conduction current inside the region S

in Figure 4.1, we can obtain the finite difference equation for Ez at p = 0 by Ampere’s

law as

1

—1 At 4 "-2
Ez " = Ez " + — - —H¢ (4.22)

Ojk+1 0j1+1 E '1 1jk+1
’ 9 2 7 I 2 2’ ’ 2

where rl is the distance along p for the first cell as shown in Figure 4.1.

Regarding to H91 , it is used to calculate E¢| in (4.17) and EZ1 in (4.18).

p p=0 p=0

However, Ezl 0 is approximated by Amper’s law in (4.22). If E¢| 0 is also
p: p:

approximated then the calculation of Hp at p = 0 is not needed. Traditionally, E,» at

p = 0 is approximated by its analytical solution. For example, E,» at p = 0 of TEl 11

mode is approximated by Ed, at p = 1 times 1.0015 which is the ratio of analytical
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solution at these two points. This approximation is highly dependent on the mode being

calculated and difficult to be generalized. Other drawbacks of this approximation are the

lack of order control and the number of partition along p cannot be too small even if the

Ap is much smaller than A/ 10. These disadvantages can be solved theoretically by

applying the Ty(2,4) FDTD to cylindrical coordinates FDTD.

4.2.3 Source Implementation

Traditionally, the way chosen to numerically incorporate an electromagnetic field

excitation source inside the cavity for the empty cavity simulation is based on the specific

cavity mode of resonance. Implementing a source is to select several lattice points as

source points and assigning magnitudes of an electric field component at these points

based on theoretical cavity field solutions[4]. These source points are driven a few cycles

at a frequency close to the resonant frequency, then turned off. This technique of exciting a

mode inside the cavity and then turning off the source gives the natural frequency

response. Examples of excitation sources are shown in Figure 4.3.

The traditional source implementation is mode-dependent and actually gives wrong

field distributions which are shown in section 4.2.4 even though the fundamental modes

are calculated. However, by using the source implementation in (3.19) and Blackman-

Harris function for g(t), correct field distributions can be obtained. In this chapter, the

second-order FDTD with traditional source implementation is denoted by T-FDTD and

that FDTD with Blackman-Harris source is called BH-FDTD.
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Figure 4.3 TE“1, TEnl, TM01], and TM012 modes excitation techniques

in a cylindrical cavity[35].
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4.2.4 Numerical Results and Discussions

For TM012 mode, an empty cylindrical cavity with 0.0889 meter radius and

0.14409926 meter height are used. The number of partitions along p, (1), and z are 29, 36,

and 29, respectively. One time step is equal to 5x10'13 second and the number of total time

steps is 35,000. The total stored energies of T-FDTD and BH-FDTD are plotted in Figure

4.4. The result of BH-FDTD is closer to the correct one. The field distributions of TM012

mode of T—FDTD and BH-FDTD are plotted in Figure 4.5 to Figure 4.8. For T-FDTD,

only the field distribution of ED along 2 in Figure 4.6 and that of E2 along 2 in Figure 4.8

are correct comparing to theoretic results. On the contrary, the BH-FDTD gives the correct

field distributions of E field in all the figures.

Using an empty cylindrical cavity with radius equal to 0.0889 meter and height equal

to 0.0669089 meter, 3 TE1“ mode can be excited. The number of partitions along p, <1),

and z are 59, 36, and 29, respectively. One time step is equal to 1x10'13 second and the

number of total time steps is 175,000. The total stored energies of T-FDTD and BH-FDTD

of TE111 are plotted in Figure 4.9 and the field distributions of E field are plotted in

Figure 4.10 to Figure 4.15. Observing from these figures, we found that all the field

distributions calculated by T-FDTD are all incorrect. However, the field distributions of ED

along (1), Ep along 2, 15¢ along (1), and E,» along 2 are roughly similar to correct ones. Again,

the field distributions calculated by BH-FDTD are all correct comparing to theoretical

results. Hence, the traditional source implementation needs to be replaced by Blackman-

Harris source when calculating the fundamental modes of empty cylindrical cavity with

PEC wall. Also, from our experience the Blackman-Harris source should be used for
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Figure 4.4 The plots of total stored energy ofTM012 mode in a PEC empty

cylindrical cavity. The upper figure is calculated by using the traditional

source implementation and the lower one by using the BH source

implementation.
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Figure 4.11 The variation of ED of TEul mode along the 4) direction in a

PEC empty cylindrical cavity. The upper figure is calculated by using the

traditional source implementation and the lower one by using the BH

source implementation.
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lossless cavity calculation whether if the cavity is empty or not.

For a loaded lossless cylindrical cavity, the TM012 mode is considered. The

dimensions of this empty cavity are 0.0762 meter in radius and 0.15458 meter in height.

The numbers of partition along p, (i), and z are 29, 36, 29, respectively, and one time step is

equal to 5x10’”. A small cylindrical material sample with 0.0105 meter in radius, 0.0107

meter in height, and 2.5 in relative permittivity is placed in the center of the cavity. The

field distributions of ED and B2 are plotted in Figure 4.16 and Figure 4.17, respectively.

These field distributions are similar to those in Figure 3.14 and Figure 3.15. The ratio of

Ez/E: of TM012 mode along the z direction in the PEC cavity loaded with a small

cylindrical material sample is plotted in Figure 4.18. The theoretical estimation for this

case is 0.667 and the numerical results is about 0.75. This numerical result can be closer to

that in Figure 3.16 if the numbers of partition along axes are increased and the dimensions

of the loaded small cylinder is less than tenth of those of the cavity.

Form these numerical results, we can conclude that the BH-FDTD with traditional

treatments at p = 0 gives correct field distributions of a lossless cylindrical cavity.

However, the drawback of BH-FDTD is its mode-dependent due to these treatments at

p = 0. By using the Ty(2,4) FDTD method, a general treatment can be obtained and a

smaller number of partition along each axis is required for the same accuracy. The Ty(2,4)

FDTD scheme is then expected to be the fundamental FDTD algorithm for cylindrical

coordinates.
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traditional source implementation and the below one by using the BH

source implementation.
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Figure 4.17 The variation of E2 of TM012 along the p and 2 directions in a

PEC empty cylindrical cavity. The above figure is calculated by using the

traditional source implementation and the below one by using the BH

source implementation.
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Figure 4.18 Plot of the ratio of Ez/E; of TM012 mode along the z direction in

the PEC cavity loaded with a small cylindrical material sample.
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4.3 Ty(2,4) Cylindrical FDTD Scheme

Applying the implicit staggered fourth-order approximation,(2.57), to spatial

derivatives of fields in (4.9) to (4.14), the Ty(2,4) cylindrical FDTD scheme is obtained. A

general treatment at p = O for Ty(2,4) cylindrical FDTD method is discussed in section

4.3.4. The matrix equations along p, 0, and z are obtained in section 4.3.1, section 4.3.2,

and section 4.3.3, respectively.

4.3.1 Derivatives of Fields in p direction

There are four terms in (4.9) to (4.14) which involve the derivative along p direction;

59112, 69(pH¢) , 5pE and 5p(pE¢).
z,

The derivatives of H fields are considered first. Applying (2.57) to every lattice points

in Figure 4.19, the following matrix equation can be obtained

  

     

AX = M (4.23)

where

'1 22 1 0 0 0

0 1 22 1- O O

A = ' ° ' , (4.24)

O - l 22 1 O O

O O 1 22 1 0

_0 0 1 221_(Np-1)x(1vp+1)

T

x: 91 91 3_f .91 if , (4.25)

app=Oapp=l app=2 8pp=Np-lapp-Np

and
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59112.
0:0 801’; l p=2 . . . 691.121 p=Np—l 50H;

I I I I

”I ”IHzl p=l/2 Hzl p=3/2 z p=Np—3/2 z p=Np—1/2

    p=1 =Np

501']:

l

5pm?”p=0 59(DH¢I p=1 8‘1qu p:2 o o o

I I . . . | l

pH¢ I p=1/2 OH,» I p=3/2 pH‘I’ I p=Np—3/2 pH¢I p=Np—1/2

5p(pH¢I pTNp-l 5‘4qu p=Np

Figure 4.19 The locations ofH field and its corresponding derivatives

in p direction.
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pr=3/2‘pr=1/2

pr=5/2"pr=3/2

24

M = — ' .Ap . (4 26)

flp=Np-3/2_flp=Np-5/2

  bf|p=Np-1/2-f|p=Np'3/22

where Np is the number of partition along the p direction and f is Hz or pH¢. In order to

use LU decomposition, a square matrix is desired. Hence, the derivatives of H fields at

p = O in Figure 4.19 needs to be approximated since (4.23) is a underdeterrnined linear

equation. To maintain the fourth-order approximation for the overall FDTD scheme, this

approximation at p = 0 needs to be fourth-order at least. Both fourth-order one-way

difference and six-order one-way difference approximations are listed below:

Fourth-Order

 

 

 

3f —93f|p=%+229f|p=%—225f|p=%+lllflp=%-22f|p g

— = (4.27)

app=o 24Ap

Six-Order

if. _ b b —b b

app=0 f|p=-+ ZfID—g 3f|0=§+ 4fI ‘2 (428)

+b5fl M+b6f| l1+b7f|

_ =7 9:2

where
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{—5.60208331

19.024479

-30.882813

(b1,b2,b3,b4,b5,b6,b7)T = 30.369792 . (4.29)

-18.026042

5.9640625

{-0.8473983)
  

The results by applying these two different order approximations will be discussed later.

Hence, the new matrix equation is AX = M where X is the same as (4.25),

  

   

"24 0 o 0 0 0

1 22 1 O O O

0 l 221- O O O

A = . . . , (4.30)

O O - - - l 22 1 0

O O 1 22 1

_0 ° ' ' 0 0 0 24_(Np+r)x(Np+1)

and

Apg—f

P p=0

pr.-.3/2’pr=1/2

24 pr=5/2_pr=3/2

M = — . (4.31)

A9

pr=Np-3/2—flp=Np-5/2

flpsz—l/Z-pr=Np-3/2

Ap§—£

. p=Np _

where 3% is the approximation of 3%: . Another expression of (4.23) can be

p=0 p=0 
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obtained as:

  

   

r22 1 0 0

l 221- O O

A = . . . , (4.32)

0 - - - 122 1

_ 0 1 2%(N.-1)><(~.—1)

r

X: Q]: 3_f 3_f (4.33)

app=l pp=2 app=Np-1

and

r _ -

Apaf

24 pr=5/2‘pr=3/2

M = — - . (4-34)

AD

pr=Np—3/2‘pr=Np—5/2

A937
pr=Np_r/2’pr=Np—3/2_fia_pp_NJ

‘ p  —
The condition number of a matrix A measures how unstable the linear system AX = M is

under the perturbation of the data M. In the FDTD calculation, a small condition number

which is close to 1 is desirable. The later matrix equation is used in this chapter since the

condition number of matrix A in (4.32) is smaller than that in (4.30) for a same number of

partition.

For derivatives of E fields along p direction, the SpEz and 89(pE¢) at p = 1/2 and

p = Np — 1/2 has to be approximated regardless of the physical boundary condition.

The locations of the field and its derivative is plotted in Figure 4.20. The matrix equation
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is the same as (2.73) to (2.76) and is rewritten below:

 

 

  

    

AX=M (4.35)

where

P26 -5 4 —1 0-

1 22 l O - - O

O 1 22 1 O - O I

A: . . . . . . . , (4.36)

0 0 l 22 l O

0 O O l 22 1 p

_O O —1 4 —5 26 prNp '3

T

5’1 if if 3_f
X: dp lap BP 339 1 , (4.37)

9‘5 ”=6 “Np-5 “”97

and

flp.1-f|p=o

pr=2_pr.—.l

24 -

=— . 4.8

M Ap . (3)

pr=Np—r-pr=Np—2

_pr=Np—pr=Np—1_  
Note that the pE¢ in Figure 4.20 is equal to zero no matter what E9 is. The

p

approximations used for end points are
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Figure 4.20 The locations ofE field and its corresponding derivatives in

p direction.
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_13_f +1591 _iif £521: f|p=l fl

248p 7 128p 5 248p 3 128p 1 Ap

”=2 9:2 “=2 ”=2

and

21f 521 +131 _LQI.
128p 1 248p 3 68p 5 248p 7

p”’9‘2 “”07 9:”9‘5 p= p-i

 

_ fIksz_fIk=Np-l
_ Ap

4.3.2 Derivatives of Fields in 0 direction

(4.40) I

 

For derivatives of fields in 1)) direction, there is no end points or boundary points;

hence, (2.57) can be used for all the lattice points along (3) direction. The 8¢Hz and 8¢Hp

are considered first. Applying (2.57) to the FDTD lattices in Figure 4.21, the matrix

equation for this case is

  

AX = M

where

”22 1 o 1-

1 22 1 O

A = 0

0 l 22 1

_1 O l 22_N°)(N.

T

X _ 92 91' . . .911 all
a¢¢=oa¢¢zl a¢¢=N°_2 a¢¢=N°-I

and
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(4.41)

(4.42)

(4.43)



fI¢=1/2—fI¢=Np-l/2

fI¢=3/2_fl¢=r/2

_ 24
_ All)

 
For 505; and 5¢E the matrix equation isp9

AX=M

where A is the same as that in (4.42),

   

fI0=~,—3/2”fl¢=N,—5/2

_fI¢=N¢-l/2_fI¢=N,—3/2_J

!

 

if 3_f 21.“

X= 61> .61 3 61> 3
¢=§ 0:5 ¢=~,—§

and

i fl,.1-fl..o

fI0=2_fI0=1

_24 -

M7871;

fl¢=N,—l—fI¢=N,-2

_ fI¢=o"fI0=N,—r   
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(4.44)

(4.45)

(4.46)

(4.47)



Hz, Hp E

....... ( 5,139, 5,1,5, )

_ ————— 0:0 Q=N¢

~~~~~~~~ 84,112, 8,11p

~~~~ ( E. E.)

¢=N¢—1

 

 

Figure 4.21 The FDTD lattice along the it) direction.
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4.3.3 Derivatives of Fields in z direction

The calculation of derivatives of fields in the z direction is similar to that in 2.3.4 and

2.3.5. The matrix equation for derivatives of magnetic fields, 52H¢ and SZHp , is

 

  

  

 

  

 

(4.49)

T

z=Nz—l:|

 
For PEC boundary, the d_f and d_f

32 z = O az

 

M

where

’22 1 0-

l 22 0

A: 0

0 1

_ 0 22.1N.—1)x(~.—1)

8f 8f 0f (if

X- a— 8‘ 8‘ a—
zz=l Zz=2 zz=Nz—2 Z

and

F ...

Azaf

fz=3/2_fz=l/2_fia_z

z=0

fz=5/2_f|z=3/2

fIz=N,—3/2'fIz=~,—5/2

42%?
Lflz: ~,—1/2—fIz=~,—3/2_2—4§E

 

 z=N
Z

need to be approximated by (4.27) or (4.28), respectively for FEC boundary.

zp’
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 z=N

(4.48)

 

(4.50)

(4.51)

are all equal to zero, but these quantities

For derivatives of electric fields, BZE¢ and 5 E the matrix equation is (4.48) with



  

    

F26 —5 4 —1 . . o.

1 22 l O - - O

O 1 22 1 O - O

A = . . . . . . . , (4.52)

O O l 22 1 O

O O O 1 22 1

_ 0 - O -1 4 —5 26JNZxNz

a_f a_f <21: 31
X - dz 1 dz 3 dz 3 dz 1 (453)

2:5 2:5 z=Nz-i z=Nz-i

and

fIz=l—fIz=O

fIz=2—flz=l

24 -

M = — . 4.54A2 ( )

fIz=~,—r_flf=N,—2

_ fIz=N,_fIz=Nz-l _  
4.3.4 FDTD Calculations at p = 0

Due to the singularity at p = O , special treatments need to be applied to those finite

difference equations which contain divergent terms. At the first glance, the first two terms

on the right hand side of (4.11) and the second term on the right hand side of (4.12)

become infinite or undefined when p approaches to zero. Hence, this two equations can

not be used for field calculations at p = O . Thus, the FDTD equations from (4.9) to (4. 14)

at p = O are examined one by one in this section.

Equation (4.9) is still valid for p = O and is used to calculate D0 which is located at
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half-integer space step along the p axis. For p = O , this equation becomes

 

   

I I I I I

n-- n-- n—" ’1'“ "—-

2 1 2 2 2 2

59,/1k 5, j,k i9 19k i 11k 51 11k i1 11k

Equation (4.10) is valid for p = 0 if 25sz at p = O is known. Here we cannot only

approximate 8,04, at p = O and ignore 52Hp at p = 0 since it is required in (4.51).

Moreover, HD at p = 0 is also required in (4.51); hence, HD at p = 0 needs to be

approximated which is discussed later in this section.

Equation (4.12) also has divergent terms so this equation can not be used for p = 0.

BD at p = O is approximated by the following equation

13dBp
+ _—

12 dp

B —B

- pp=1 pp=0
 

    

D

II

N
I
L
»

p:

N
l
~

which is a fourth-order approximation. In order to obtain the derivatives of Bp with

respect to p, both dBp/dp at p = 1/2 and p = Np — 1/2 need to be approximated by

 

 

 

— — 2 B 11 — 23&9 = 93BpIp=l+2293pp=2 25 pp=3+ IBPp=4 2 Bpp=5 (457)

dp 1 24Ap '

p—-

and

38" 93B 2293 2253— = _ + _

dp 1 ( pI0=Np—1 pIp=Np-2 pIp=Np—3

“NP—2
, (4.58)

1113 —228 / 24A+ p|p=Np_4 p|p=Np_5) ( P)
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respectively. The matrix equation is AX=M where

  

    

 

   

  

22 1 0 O

1 22 1 - O

A = 0 (4.59)

O 1 22 1

- 0 ' 0 1 22.(~,.-2)><(N..-2)

T

X _ 3‘32 :4 :4 L4
" 89 3 89 5 89 5 39 3 ' (4'60)

P=§ 9:5 p_Nz-§ p=Nz-é

and

r _ -

B I _B I _Agf’fl»

24 Bplp=3-BpIp-2

M = _ . (4.61)
Ap B

pIp=Np-2- pIp=Np—3

B _ _Efl)
plp=~,-1 plp=~,_2 24 dp p=~,-1/2

d—Bp 83—, . . B.
where d— and d— are the approxrmatrons of ~3— at p = 1/2 and

p p=l/2 p p=Np—l/2 p

p = Np-1/2, respectively. The values of Bp at p = l to p = Np—l can be

calculated by (4.12) first, vector X is solved, and then Bp at p = O can be obtained. The

value of Hp at p = O can be obtained by applying the constitutive relation.

Equation (4.11) definitely cannot be used at p = 0 due to the divergent and undefined

terms on the right hand side. Assume that there is no impressed current but with a
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conduction current inside region S in Figure 4.1, we can obtain the finite difference

equation for DZ at p = 0 by Ampere’s law as

 

1 n n-l 1

"‘2 DZI +DZI 4 "‘2
SD +08 = —H (4.62)

’ 30 .k 1 Z Z 2 r1 1’1 . r

’4 +2 2Lk+2

where r1 is the distance along p for the first cell. A more general approximation can be

obtained by similar approximation which is presented in the approximation of HD at

p = O. Replacing Hp by Ez from (4.56) to (4.61), the fourth-order approximation of

£2 at p = 0 can be obtained.

Equation (4.13) is valid for p = O and it becomes

n n n

83¢] . 1 = 69521 . l—SzEpl . 1' (4.63)

i,],k+§ 5,],k'1'5 i,j,k+§

Equation (4.14) is valid for p = 0, and it becomes

n l n
8,3 = —————8¢Ep _ -——89(pE¢)1 1 (4.64)

P . - _
9k ’1... k 211+21k

N
i
l
—
-

N
I
—

N
.
"
—

lj+lk 111+
2’ 2’ 2

where the location of p in 59(pE¢) depends on that of E¢.

4.4 Time Domain Finite Difference Equations of Constitutive Relations

The electric permittivity used in this chapter is modeled with the general Debye or

Lorentz equations.

The Debye equation is
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- n t 8 — 8 °°

6(6)) = 8'((1)) — )6 ((0) = 8 .. + 2 fir, (4.65)

k = 1 9k

and the general Lorentz equation is

kag
 

M

8((0) = e'(w)—je"(w) = e'm+(e's—8'°°) 2 (4.66)

k=l

where wk is the k-th resonant frequency, uk is the k-th damping frequency, 8'00 = 8(00),

M

8'0 = 8(0) and 2 Gk =1.

k=l

A _\

The scalar constitutive relations modeled with Debye relation between E and D in

time domain can be obtained as:

 

M

Dam = e'amEaU) + 2 Pak(t) (4.67)

k = 1

where

aPakU) ' '

and 0t is one of p , q), or 2. By the same way, the scalar constitutive relations modeled

with Lorent equation in time domain is

M

Dam = E'amEaU) + (s'as—e'am) 2 Pak(t) (4.69)

k = 1

where

azpaku) apako)
2 2

T ”(x/(T +wakpak(’) = Gama/6150:“) (4'70)
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and only the damping case with 0,21,, — 4(1)?“ < 0 is considered.

The constitutive relations for Debye material in finite difference form are

M

Du " = E'amEaln’t 2 Pakl" (4.71)

k = 1

and

n n v v n

Pakl + Tackstpakl = (8 ask _ E aoo)Ea| (4'72)

and that for Lorentz material are

M

Da " -_- e'amEaln + (e'as — e'am) 2 PakI" (4.73)

k = 1

and

n

n 2 n 2

oakfitPakl +wakpakl = GakmakEoc . (4.74)

71

5,210
(1k

If the second-order time stepping is used, then (4.72) and (4.74) can be rewritten as

-2 2At , .
" +r-(8654-864Wal" (4.75)

aek

n 2A1 n-l

- " Pak
 

P
01k 1:

+ Pakl

aek

and

2 —l —2 —3 —4

Pakln = (— 2y—ymak)Pak|" +(1+5y)Pak|" -4YPak|" +YPakln

(4.76)
n—l

+YGakw121kEa
 

where y = 2/(uakAt).
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CHAPTER 5

CONCLUSIONS

In this dissertation, the finite-difference time-domain(FDTD) method is employed to

quantify the induced electromagnetic field in a material sample placed in an energized

microwave cavity. Due to the discrete nature of FDTD methods, the stability condition and

the numerical dispersion becomes major problems when it is applied to EM problems.

Generally, smaller Courant-Friedrichs-Lewy(CFL) values lead to the more stable FDTD

scheme. However, smaller CFL values will cause a larger phase error which is not

desirable in the FDTD calculation. Hence, the maximum CFL value for a stable FDTD

scheme which leads to a minimum phase error and also demands a smallest number of

grid cells in one wavelength is desired for FDTD calculation. This optimization can be

achieved by the analysis of the numerical dispersion equation for the FDTD scheme which

is demonstrated in section 2.2.2.

The traditional second-order FDTD method by Yee in rectangular coordinates is

shown to be an efficient solver for closed boundary rectangular cavities if the object within

several wavelengths is considered. For electrically large objects or cavities, the larger

number of grids and phase error will dramatically slow down the calculation and destroy

the numerical accuracy. Either higher-order scheme or other methods need to be

introduced to deal with the electrically larger objects. Higher-order FDTD schemes reduce
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the number of grid if the same phase error for the second-order is required. However, the

explicit higher-order FDTD scheme not only increases the stencil with more field points

but also complicates the treatment of lattice points near the physical boundary. The

implicit higher-order FDTD schemes uses the same number of field points as that in Yee’s

algorithm. The increased calculation time by the matrix multiplication in implicit higher-

order FDTD scheme is compensated by the decrease of the number of grids in one

wavelength. The Ty(2,4) method, which employed the second-order approximation in

time stepping and the implicit fourth-order in the spatial stepping, is shown to lead to an

easy implementation in section 2.3.4 and section 2.3.5. Although the dimensions of

rectangular cavities under consideration are close to the wavelength of microwave, the

Ty(2,4) is highly applicable to higher frequency EM problems or microwave problems

with small size devices.

The quality factor, Q, and the resonant frequency are two important measurement

factors of cavities. By using the time-domain Poynting’s theorem derived in section 2.4.2,

Q value can be obtained from the FDTD calculation and (2.116). The resonant frequency

can be obtained by applying the fast Fourier transform (FFT) to field data verse time. For

lossless cavities case, the FFT approach may be practical since we can control the time

step to turn off the source. For lossy cavities case, the FPT approach may become

impractical since the number of time steps to reach the steady state can be very large. On

the other hand, both the quality factor and the resonant frequency of a cavity can be

obtained by using the Prony method in section 2.5. The numerical results in section 2.8

shows that the prediction of Q and the resonant frequency by Prony method is close to

those by time domain Poynting theorem and the FFT.
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The singularities introduced by the FDTD method at the center of a cylindrical cavity

is a major problem in the application of the FDTD method. For cylindrical cavities loaded

with a symmetric material sample, the BOR FDTD method is the most efficient method to

perform the FDTD calculation as shown in chapter 3. The treatment of singularities in the

BOR FDTD method is also discussed in section 3.1.3. Since the BOR FDTD method is a

2.5D FDTD scheme, the calculation is much faster than that in a 3D case. Hence, the

number of partition can be set to a much larger number and more detail around

discontinuity can be obtained. A conclusion can be drawn from section 3.2.1 is that the

PEC boundary can be assumed in most cavity calculations with the metal wall having a

conductivity larger than 104.

For general cylindrical cavities loaded with samples of arbitrary shape, the 3D

cylindrical FDTD method needs to be employed. The traditional second-order cylindrical

3D FDTD method suffers the problem of the mode-dependent source implementation and

the treatment of sigularities. By using the Blackman-Harris(BH) source, it solves the

source problem in the traditional second-order 3D FDTD method. In order to obtain a

general 3D FDTD method, a fourth-order treatment for sigularities is proposed in section

4.3.4 to replace the mode-dependent treatment in second-order FDTD method. Combining

with the implicit staggered fourth-Oder FDTD method, this proposed Ty(2,4) FDTD

method in cylindrical coordinates solves those problems in the traditional second-order

FDTD method. However, the implementation of this Ty(2.4) FDTD method in cylindrical

coordinates suffers a numerical instability at this point.

The techniques developed in this study including the Ty(2,4) scheme in rectangular

and cylindrical coordinates and the time-domain power analysis may be useful for a wide
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range of EM problems. Some topics which are relevant for further study in the future are:

(1) Optimization of the numerical dispersion equation.

(2) Power analysis of other material models; e.g., Lorentz material.

(3) Extend the Ty(2,4) FDTD method for magnetic material.

(4) Investigating the implementation of proposed Ty(2,4) FDTD method in cylindri-

cal coordinates and the analysis of the corresponding numerical dispersion equa-

tions

(5) Incorporate with thermal equations in the Ty(2,4) forms with a Ty(2,4) FDTD

method, and perfect matched layer (PML) for the Ty(2,4) FDTD method.
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APPENDIX A

DERIVATION OF FOURTH-ORDER FINITE

DIFFERENCE APPROXIMATION

In section 2.3.1, several fourth-order finite difference approximations to spatial

derivatives are presented. This appendix details the derivation of those finite difference

approximations based on the Taylor’s expansion. The explicit scheme have only one

unknown in the approximation; on the contrary, the implicit scheme have more than one

unknown in the approximation. The locations of the field point and its derivative also play

a role in the approximations. The collocated scheme has the field point and its derivative at

the same location; on the contrary, the staggered scheme has the field point and its

derivative at different locations with a half step spatial difference. Generally, three field

points are involved in the second-order approximation and five points, including field

points or their derivatives, for the fourth-order approximation.

For explicit collocated scheme, the following Taylor’ expansions are used:

3

u- = u +Ax (4(1)+(___A2"!)2 .u(2)+(___Ax)
1+1 3! “1(3)+

-(-———A4x)4-uf4) + (A.l)

3 4

(Ax)? “(2) _ 93f; . “1(3) + 913+). - uf“) + (A-Z)
u!

ui_1= u—Ax u(1)+—
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l

ZAJC2 2Ax3 ZAJC4

um = u,+(2Ax)-u,<1>+(—§—!l-u§2>+L§!_)_.u<3>+(—4!L.u,<4>+... (4.3)

2Ax 2 2Ax 3 ZAx 4
ui_2 = ui—(ZAx).u,(1)+g-T)~ul(2)—(—T)—-u,(3)+£—4!—)-u,(4)+.... (A.4)

Multiply (A.1) by or, (A2) by [3, (A3) by y , (A.4) by 8 and sum all these new equations

together; then setting the sum of the coefficients for u, , “(2) , up) to be zero and that of

uf 1) to be one. The following equation is obtained,

( a+B+y+6=0

a-B+2y—25=l

01+B+4y+45=0.

\ or—B+8y-86=0

(A5)

 

The solution for (A.5) is or = 8/12, [3 = —8/12, 7 = —1/12, and 8 = 1/12. Hence,

the explicit collocated approximation is

Bu ~ 8(“i+1—“i-1)"(“i+2‘ “42-2)

(37),: 124x ' M

For the explicit staggered scheme, the following Taylor’s expansions are used:

Ax

“141/2 = “1*“2—‘1‘; I l

2 3 4
1)+%/T2_)_ . “magi—<22. . “(3)+(_A_XZ£'2_) . “(4)4, (4.7)

Ax (Ax/2)2 (Ax/2)3 (Ax/2)4
_2.. . up) +T . "(2)—T . u(3) +T - 45(4) + (A.8)

ui—l/Z = “i r r

3Ax (3Ax/2)2 (3AJt/2)3 3Ax/2 4

“(43/2 = “(+7'“il)+’T'“i2)+—3!——'uf3)+g——z§—)—-u,(4)+.(A.9)

3Ax
__.u§

ui-3/2 = “i 2 r r

2 3 4
1) + 9.13%31. . “(2) _ $.3ng . “(3) + gL‘Z/fl. - (41(4) + .(AJO)

Use the similar procedures in the derivation of the explicit collocated scheme, the
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following set of equations is obtained

a+B+y+6=O

1 1 3 3

2 55:77—55“

1 1 9 9 (AH)
4a+-B+ZY+-5- 0

1 27y_375_0

(8a—8B+8Y 

The solution for (A.11) is or = 27/24, B = —27/24 , y = —-1/24, and 5 = 1/24

and the explicit staggered scheme is

27 u — u. —u.
(1“)F( (41/2 “i- 1/2) ( 1+3/2 1—3/2) (A12)

3x 24Ax

For the implicit collocated scheme, the following Taylor’s expansions are used:

“1+1: u +Ax u,11>+(——A") u;2>+%x!i3.u,13>+£iff!—)4.u,14>+... (4.13)

u,_, = u,_m.u11>+(i‘2£!—)2.u,12>_(—%)—3-u,13>+£%x!—)3.u,14>+... (4.14)

611>1=u11>44x 6144573“) u13>+£i‘3j—)3.u,14>+(—%"T)3.u,15>+... (4.15)

(4,191: 11>_Ax-u,12>+(i‘21‘!._)2.u,13>-(i‘3j—)3.ug4>+(£ff!—)4-u,15>+.... (A.l6)

The corresponding equations for or, B, y, and 8 are
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a+B=O

(or—B)Ax+y+5=1

1 l
_ ._ _ - A.l7(01+ lB)Ax+(y 5) 0 ( )

l l l 1

K (ga— EB)AX 4' (EV 4" 2'6)-

and the solution is 01 = 3/(4Ax), B = —3/(4Ax), y = —l/4, and 5 = —1/4. Hence,

 

the implicit collocated scheme is

 

 

(123.1) fie)

a4141 ax 1—1 2 Bu ~“1+1‘“i—1

6 23(5),: 2Ax ' (“8)

For the implicit staggered scheme, the following Taylor’s expansions are used:

I

Ax (Ax/2)2 Ax/2)3 (Ax/2)4
ui+ l/2 = “1' 3- ' “(1) +T— - 141(2) + (—-3—!-—— ' “1(3) "l'T ' “1(4) + (A.l9)

2 3 4

92.x . “(1)...Ex12—L . “(2)_(_1§x_/_g)_ . “(3).6954fi . “(4)... (A20)
ui-l/2 = “1' 1 2! 1 3! 1

4

6,1131 = u(')+Ax u(2)+(——Ax)11,3)+(——Ax)3-u(4)+(—A—x—)--u(5)+... (4.21)
3141 3

_ (13302 (A102 (A304
uflll — ufll—Ax-ufz)+—2!—~uf3)--§—!—-u,(4)+—Z-!—-uf5)+.... (A22)

The corresponding equations for or, B, y, and 8 are
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2 a+B=O

Gor-éfi)Ax+y+6=l

l 1 (A23)

(gt! + §B)Ax + (y—8)= O

1 1

([4—802— 4—8 )Ax+(§y+1—=08)

and the solution is a = 12/(11Ax), (3 = —12/(11Ax), y = —1/22, and 5 = —1/22.

 

Hence, the implicit staggered scheme is

 

(A.24) 

(‘3’!) +195)64141 ax1-1+1_1(E)u)i5“1+1/2“1—-1/2

24 12 8x Ax °

The fourth-order approximation at the points half-integer grid away from the boundary

in (2.71) and (2.72) can be obtained by assuming

Bu Bu au Bu “1"“0
5(—) + (—) + (—) +61or(——) . (4.25)

ax 7/2 Y 8x 5/2 B 31‘ 3/2 ax 1/2 Ax

Using the following Tayor’s expansions:

 

Il
l

11,), = 1104—11111,1)+(_—Ax2/2)2 112p, +E‘gflfi-1133>+(A§a§2—)2.u54>+u. (A26)

“(1) = ugh-Ax ui2)+(——A2x)2- ui3)+-(——A32:)3- uj4)+-(—é42:—)4-u15)+... (A.27)

113/2 = u0+-3A-x- 11-1-81)+(-§————A222/2)2- “82)+(-3———A;/2)3- 1136) +QA—ZT/y-u34)+...(A.28)

us/2 = uo+§%—x-u31)+(—5Ax—2!/—2)—2-u32)+(—5—A—232—!/2)3-u63)+(—5A:-—!/—2):-u34)+...(A.29)

and
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. . .(A.30)

7Ax/2 2 (7Ax/2)3 7Ax/2 4
u7/2-u0+——-u“+5” (___) ”‘82)+—_31_—"“83)+L4—!‘)"'“84)+

the solution is 0: =13/12, B = —5/24, y =1/12, and 5 = —l/24.

The one-way fourth-order finite difference approximations in (2.81) and (2.82) can be

obtained by assuming

 

(Bu) 0m1/2 + Bus/2 + Y“5/2 + 6“7/2 + ““9/2
_ = (A.3l)

8x 0 Ax

with (A.26), (A.28), (A.29), (A30) and

2 3 4

119/2 = u0 + 9_Ax 1131) + (—————9A:/2) 1152) + (—————9A;/2) M6 + ———(9A:'/2) 4484) + ...(A.32)

The solution is 01 = —3l/8, B = 229/24, y = —75/8, 8 = 37/8,andn = -11/12.
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APPENDIX B

DERIVATION OF NUMERICAL DISPERSION

RELATION FOR IMPLICIT STAGGERED

SCHEME

In (2.70), the numerical dispersion relation of the implicit staggered FDTD scheme is

presented. The derivation of this equation provides fundamental derivation of those matrix

equations in Ty(2,4) FDTD scheme. In this appendix, the derivation of (2.70) is detailed.

Consider Maxwell’s equations in a normalized region of free space with u = 1,

8 =1,0' =1,andc = l andobtain

<
L

a
ijV = (B.1)

Q
.
)

t

where V = H +jE and

vV—~avz avy ‘an avz Aavy avx 132

x ‘ (W‘s?)”(az‘$i”(x-wi ‘"

Let

V" V j(KxIAx+K).JAy+KzKAZ+0)nAI)

lI,J,K = 0
(3'3)
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where xx, K and Kz are the wave numbers along x, y, and z axes, respectively in the
y 9

computational space.

Consider the x component of (B.1) at point (I, J, K) which is

  

   

8V 3V 8V

iii-711i = 715 03-4)
y z I, J, K I, J, K

The second-order finite difference approximation of the time derivative of V11 is

11 + 1/2 11 - 1/2

an = VII,J,K ' VII,J,K = _2 .sin(wAt/2)V (B 5)

31 ”K Ar 1 At Jrl1,J,K' '
 

The time derivatives of Vy and VZ can be obtained by replacing index x with y and 2. For

BVZ/ay component, VZ is assumed to be located at the half integer position in space and

a V2/3y is located at the integer position in space. The one-way fourth—order

approximation for numerical boundary used is assumed to be

av,

W
5V

z
(8.6)

 

' 1+bVZ +cVz +dVz +eVZ

J="
2

     J = 1:

M
I
L
»

N
I
L
]
!

N
I
“

for j = O. The numerical approximation for j = Ny can be obtained by similarity and is

   

 

listedbelow:

avz
— =c‘zV +bV +cV +dV

dy._~ Z-_Nl Z._N z._N 5 z _N_

1- 1 1- 1-2 ,_ ,_ r5 1- ,5 111.11

+eVZ

9

I=Ny_§

Apply the implicit staggered four-order finite difference approximation, (2.57), to every

lattice point along y axis, a set of equations is obtained as follow:
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.(B.8)

: Vzlj=N_,—3/2_ Vzlj=N,-5/2
 

Ay

~ Vz|j=~,—1/2- Vzlj=N,—3/2
 

23:2 .1321: +1511: 2
24 By j=0 12 By i=1 24 By i=2

2315 ,1_13_V_z +1.32: 2
24 ay 1=1 12 By j=2 24 By F3

51% +21% .2112
24 By 1:11,-3 12 ay 1=~1-2 24 ay 12er

.2va +2312 .2912 -
24 By I‘M—2 12 By j=N,-1 24 By j=N,

   

Combining with the numeric boundary condition in

rewritten in a matrix form of

  

   

Ay

(B.6), the above equation can be

  

AX = B (3.9)

where

P 1 0 o 0-

_1_ 2_2_ i O
24 24 24

A : 0 (3.10)

0 i 22 i
24 24 24

_ 0 0 0 1_<~y+1>x<~y+1>

T

X_ avz avz avz avz avz (1111)

8y j=0 8y j=l ayj=1~/,—2 3y j=N,—1 3y j=N ,
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c‘zVz +sz +cV.’ +de +eVZ

._1 ._§ ~._§ ._2 ._g

1’2 1’2 "2 "2 "2

- —V

‘j=3/2 Z|j=1/2

Ay

- —V

‘j=5/2 Z|j=3/2

M

B =
.(B.12)

V —V

zlijy—3/2 zlijy-S/Z

M

v- —Vz|
Lj=N),-I/2 j=Ny—3/2

Ay

ZzV, +bV, +cV,l +de +eVz

&'=N-1 ~‘.—.N-.3. ”ex/-2 ‘=N_Z '=N-2
_ J .v 2 1 .v 2 J .v 2 J .v 2 J y 2‘

The matrix B is rewritten as follow

a b c d e zl1‘=1/2

_ V

1 1 0 0 0 zlj=31/2

O -l 10 O

B _ .1. — —l-MV (B 13)
‘ Ay ’ Ay ‘

0 0—1 1 O

O 0 0 —l l z|j=N,—3/2

e d c b Z1 VI

' ‘ _ Zj=N,-1/2J   
where M is a (Ny+1)xNy matrix and l7 is a vector with N), dimension. Hence, the vector X

can be obtained as

-1. 11717.
Ay

X _ Aym M)V _

For a point with j = l, the derivative of VZ is listed below:
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(B.15)

171,3 2B 1+

= zlij— 2 9K

3VZ 1N

3y I, '=1,K =yA
  

yB

where 717,3 is the element of M— at 1th row and [3th column. According to (B 3)

can be rewritten as follow:

 

 

 

 

 

 

    

Z j=(ZB+ 1)/2

_. _2B+l

J[K’(I 2 )Ay] (

VZ = z ._ 'e . (B.16) T

I,j=2B2+1K l,j—I,K #1

Hence, (B.15) becomes “‘

N _1 _. _2B+I

8V: Z 1.1: 1K ’2 ,7, e J[Ky(l 2 )Ay] (B17)__ _ IB . .

3y l,j=l,K Ay 5:0

Similarly, we obtain

N —1 _- .3114

BV YII J k: z _ J[Kz(q 2 )AZ]

73—1 _ ’ ’ q We . (B.18)

Z 11‘]! k = q AZ Y = 0

Hence, (B.4) leads to

Vxl Vzl ”y" ‘i‘rlJ-ZB + ‘1‘ l1 J K . I J K _ 2

—-—’1—-231n (nAt/Z +-—’-’—- m e
At ( ) Ay B - 0 JB

- . (B.19)

_VYII,J,KN mm Y2+1) AZ] -0

AZ Y :0

Similarly, the y component and 2 component of (B.1) at point (I, J, K) are
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y VXI N,—1

4&5 - 23in((1)At/2) + 45. 2 171W:

Y=0

 

 

 

 

A1 A2

2 1 (B20)

N _1 _. _ (1+

VZ|1,J,K x _ J[K‘(l 2 )Ax] _

— Ax - 2 mlae — 0

01:0

and

- V Nx-l —j 1c l-2a+l Ax
. y x 2

——-———XIJ’K~ZSin((1)At/2)+ LI’XLK- Z Filae [ ( ) ]

“=0 2 1 . (3.21)

V-‘|1,J,K Nil_ -J[ "(J- B2+ )A] 0

— - m e =

M 6:0 ’3

Equations (B. 19), (B20), and (B21) can be rewritten in a matrix form,

AV = O (8.22)

where A is 3x3 matrix as shown in (B27) and

VxlI,J,K

V = Vy|[,J,K . (3.23)

V

_ ZII,J,K_J  

By taking the determinant ofA to be zero and restoring the light speed into the time related

terms, the dispersion relation is obtained as
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_N -1_ —)[1<,(l-2a2+ IJAX] 2 -N,-l_ -J|:Ky(J 2132+ 1%] 2

[23in((1)At/2)]2 20 mla + B = 0771186

cAt
Ax

Ay

_
_ u

‘(B.24)

-N —1 ej[K(K-2Y2+1)AZ]
2

 

  

Assuming uniform partition along x, y, and z axes, A = Ax = Ay = Az, the

dispersion relation becomes

  

 

2 2

12[Sin(__):l2a1t ___ ”231111“,‘j['<1("2a2+1)“i + Nilmjfie‘jixi’ ‘26; 1M

“/31? 01:0 B=0

(3.25)

Nz‘l : K_2Y+l A

+ Zmeej[K( 2 H

y=0

where a = fiery/A which is the CFL number and R = x/A which is the number of

cells in one wavelength. Let K = xxx + Kyy + KZE, then (B25) can be further simplified

as follows,

1 j_Ksin9cos¢(21-2a—l)-2

i—ilsmtn‘g—Rll={-244 .
a 0 _

—1_stinBSin¢(ZJ-ZB—l)q

' R
+:=0[2 mme (326)

I:Nz._ 1 _jt'ccose(2K- 2y - 1)]2

+ 2 fizKYe R

y=0

 

N
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(B.27)

 
 

  
 

 
 

199

 
 

 

 
 

 

N
,
—
1

_
-

z
K
_
2
1
3
+
1

A
Z

N
-
1

_
.

y
J
_
2
a
+
1

2
fi
K
B
e

I
[
K
(

2
)

]
,
2
:
fi
l
a
e

J
[
K
(

2

2
s
i
n
(
(
1
)
A
t
/
2
)

5
:
0

(
1
:
0

A
t

A
Z

A
y

’
}
[
K
Z
(
K

_
_
2
0
1
2
+

1
)
A
z
:
l

N
1
1
_

1
-
j
[
K
,
(
l
_

2
1
3
2
+

l

o
m
m
e

2
5
i
n
(
(
1
)
A
t
/
2
)

E
a
m
’
fl
e

A
2

A
t

A
x

N
y
-
l

_
-

V
J
-
Z
B
+
1

A
N
x
_
1

_
.

,
I
—
2
a
+
l

A
x

2
7
1
1
1
3
6

J
[
K
i
(

2
)

y
]
2

m
l
a
e

}
[
K
(

2
)

J
.

1
3
:
0

0
1
:
0

2
8
1
n
(
(
o
A
t
/
2
)

A
x

A
t

 
 

 



where

= . (13.28) 

Hence, the ratio of wave propagation speed in the computational space to that in the

physical space is equal to the ratio of TC to K.
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APPENDIX C

DERIVATION OF EQUATION (2.107)

In section 2.4.2, the time domain version of Poynting theorem is derived and gJr(t) is a

key factor in calculating stored and dissipated power in time domain. In this appendix, the

derivation of time domain expression of gJr(t) is detailed.

The function, 811(1) , is the inverse Fourier transform of Ex((o)/ [l + (0)1“)2] and can

be rewritten as follow:

g(x) = S"{ E,(m) }
l + ((D‘tex)2

_ _1 -1 ___1____ 3 {Ex(w)}®3 [{1 +(w1ex)2}]

:13

Ex(t) ® {211 fl}

(C.l)

 

ex

 

1 1 fl

T

= e "E (t—T)d‘rI x

where Ex(t — 1:) is a causal signal; that is, EJr(t — 1:) is equal to zero when t< T and the

. -r/n,. . .

system is a causal system; that 1s, 13 I I 1s equal to zero when 1: < 0. Discretmg (C1) by

using the approximation in Figure C.1, the discrete version of gx(t) is
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mAt (m+1)At HA!

\ -(111 + 22A:

1(1

e Ex(n—m—2)

 

  

mAt (m+1)At (m+2)At

FIGURE C.1 Approximation of integrant in (CI)
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1 mAt _(m +1)A1
 

 

 

 

  

 

 

n— F- _ --

g(n) = 2: Age I”Ex(n—m)+e 1" Ex(n—m—l)

exm=0 - 4

1 "_1 A _ _mAt _(m+1)At _

= —t e t“'Ex(n—m)+te 1” Ex(n-m—1)

21am_ 1 2

_ ' " . (C.l)

_fl

1 At 1.1
+ ZTex-Z—[Ex(n) +e Ex(n—l)]

_A’ .91.

T11 At At T111
— e g(n— l)+4texEx(n)+4texe Ex(n—1)

A more accurate recursive approximation can be obtained as follows by using three

field points in Figure C.l:

 

 

 

"_2 J33 _(111+1)A1

_ l l T“ 4 Tu

g(n) — 21 At 3e Ex(n—m)+§e Ex(n—m—l)

exm=0

_(m+2)At

l T11
+§e Ex(n—m—2):|

11-2 _"W 422.112

= 2: 2: 1%[6 t”Et('I-m)+4e 1" Ex("-m-1)

“m =1 (C.2)

(m+2)At

T

+19 ” Ex(n—m—2):|

 

   

_E -23

+ 1 I-S—I[Ex(n) + 4e I"'Ex(n—l) + e T"‘Ex(n—2)]

21“ 3

_E -91 -291

I At 2A! 1 At 1
= (I - (X — (IE _2

e g(n l) +6TexEx(n)+ 3712116 Ex(n 1) +6Texe x(n )

where (C.2) needs to store one more history of Ex than (C.l) does.
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APPENDIX D

DERIVATION OF EQUATIONS (3.7) AND (3.8)

The term V x 75‘ in (3.2) is

V x 2 (Eucosmo + Evsinmo)

= 2 [V x (Evsinmqn + V x (Eucosmml

(D.l)

[(sinm¢V x Ev + Vsinm¢ x 2v) + (cosm¢V x Eu + Vcosm¢ x 2a)]

. .\ "IA .3 "I" .x A

[smm¢(V x ev - 6(1) x e“) + cosm¢(a¢ x ev + V x 4%)]

and those terms in the right hand side of (3.2) lead to

—[ul%f7l + [0*]1‘9’ = 410% 230(3ucosmtb + szinmtb)

+ [0*] 2 (zucosmq) + zvsinmtb)

m=0

A (D2)

hu A

= zocosm¢(—[u]% +[o*]hu)

+ 2 sinm¢(— [1&ng [0*]Zv) -

m=0
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From (DI) and (D2), we obtain (3.8),

A

igffi x 2v, u + Vxéu, v = {we}; " + [0*]72u, v. (D.3) 

For V x I? in (3.1), the following equation is obtained,

V x Z (flucosmo +71vsinm¢)

m=0

[V x (i‘zucosm¢) + V x (szinmm)

0

u

M
s

m

(D.4)

[(sinm¢V X 71v + Vsinmtb X in) + (cosmtpV x it“ + Vcosm¢ x7210]

0

M

M
a

m

[sinm¢(V x12, — gt?) x Z“) + cosm¢('-g$ x in, + V x ha]

0

M

M
a

m

and those terms in the right hand side of (3. 1) lead to

[8]%—f+[o]i+js = [e] EGG-:"cosmo-t-Eaa—jvsinmcp)

+ [o] 2 (Eucosmt’p + Epsinmo)

0° "' = 0 (13.5)

+ 2 (iucosm¢+jvsinm¢)

m=0

= i [cosm¢([e]g—f“ + [0]?“ +12) + Sinm¢([8]%v + [612v + 12)].

0

Comparing (DA) and (D5), we obtain (3.7),

a?“ r .
at +[O]eu’v+]u’v. (D.6) £56) x 72v, u + szu, v = [e]
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