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ABSTRACT
DIFFUSION APPROXIMATION FOR SOLUTIONS OF PERTURBED
DIFFERENTIAL EQUATIONS
By
Alla Sikorskii

We consider the operator differential equation perturbed by a fast Markov process:

Luc(t) = A(y(Y))ult), t>0

Ue (0) = Ug

in a separable Hilbert space H. Here y is an ergodic jump Markov process in phase
space Y satisfying some mixing conditions and {A(y), y € Y} is a family of closed
linear operators. We study the asymptotic behavior of the distributions of u.(t/e).
For the case when the operators A(y) commute, Salehi and Skorokhod (1996) proved
that the distributions of u.(t/¢) asymptotically coincide with the distributions of some
Gaussian random field with independent increments.

We do not assume that the operators A(y) commute, but we impose some condi-
tions on the structure of these operators. We study the asymptotic behavior of the
stochastic process z(t) = e~*Au,(t), where 4 = [ A(y)p(dy), and p(-) is the ergodic
distribution of the Markov process y(t), t > 0. We prove that the stochastic process
z¢(t/€) converges weakly as ¢ — 0 to a diffusion process z(t), t > 0, which is de-
scribed using its generator. The proof is based on the theorem on weak convergence

of H-valued stochastic processes to a diffusion process.
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Chapter 1

Introduction

1.1 Introduction

Randomly perturbed dynamical systems and differential equations were studied by
many authors: Krylov and Bogolubov, Gikhman (1950, 1951, 1964), Khasminskii
(1966), Papanicolaou and Varadhan (1973), Papanicolaou, Strook and Varadhan
(1977), Papanicolaou (1978), Krylov and Rozovskii (1979), Rozovskii (1990), Hop-
pensteadt, Salehi and Skorokhod (1995), Salehi and Skorokhod (1994, 1996) as well
as other authors. There are several types of problems that are considered for such
equations.

Averaging theorems state the convergence of the solution of the perturbed equa-
tion to the solution of the "averaged” equation. The first averaging theorems were
proved by N.M. Krylov and N.N. Bogolubov in 1920s and 1930s. They considered
the equation of the form

dr.(t) 1

t
— T = - (t77-7
dt ea(I()te)



where function a depends on two times: fast (third argument) and slow (second

argument). If there exists the average of a in fast time

1 /7T
Tan;oT/() a(z,t,7)dr = a(z,t),

then the solution of the perturbed equation z.(t) converges to Z(t), which is the

solution of the averaged equation

dz(t)
dt

= a(z,t).

Gikhman (1950, 1951) established a general averaging theorem for randomly per-
turbed equations. An averaging theorem for the randomly perturbed Volterra integral
equation

20 =00+ [ K(s,tu(),auls)ds

was proved by Hoppensteadt, Salehi and Skorokhod (1995). The kernel K depends
on a fast Markov process y with ergodic distribution p, which is assumed to satisfy
some mixing conditions. One of the results of the above mentioned article is the

convergence of z.(t) to z(t), the solution of the averaged equation

z(t) = p(t) +/0 K(s,t,Z(s))ds,

where

K(s,t,x)=/yK(3, t,y,x)p(dy).



More precisely, it was proved that

P{limsup lz(t) — Z()]| = o} =1.

€0 4<T

An averaging theorem for dynamical systems in Hilbert space was proved by Hop-
pensteadt, Salehi and Skorokhod (1996).

Hoppensteadt, Salehi and Skorokhod (1995) also present a result of another type:
a theorem on normal deviations. From the averaging theorem the difference between
the solution of the perturbed equation and the solution of the corresponding averaged
equations tends to zero. But appropriately normed, this difference (the deviation)
is asymptotically Gaussian. Namely, it is proved that the finite-dimensional distri-
butions of the process e '/%(z.(t) — Z(t)) converge weakly as ¢ — 0 to a Gaussian
process, which can be described as the solution of some stochastic linear integral
equation. A theorem on normal deviation for the difference equations was proved by
Hoppensteadt, Salehi and Skorokhod (1997).

The theorems on the approximation by diffusions deal with the asymptotic be-
havior of z.(t/€¢). From the averaging theorems and theorems on normal deviations
we know that the solution of the perturbed equation is close to the solution of the
averaged equation and the deviation is approximately Gaussian with mean zero and
variance of order e. When we consider z(t) for large time, that is time of order
O(1/e), these deviations accumulate and z.(t/€) converges weakly as ¢ — 0 to a
diffusion process.

Theorems of such type were proved by Hoppensteadt, Salehi and Skorokhod (1995)



for perturbed Volterra equations, Salehi and Skorokhod (1994) for perturbed wave
equations, and Hoppensteadt, Salehi and Skorokhod (1997) for difference equations.
Salehi and Skorokhod (1996) consider a very general setup: operator differential

equations in a separable Hilbert space H:

Dell) — ACuet), w(0) = ug (11)
and
ull) _ gy, w0 =u, DDy, (12)

dt? € dt
where y(t) is an ergodic homogeneous Markov process in phase space Y with ergodic
distribution p satisfying some mixing conditions, and {A(y),y € Y} is a family of
closed linear operators with a common dense domain. The theory of differential
equations with operator-valued coefficients is contained in Krein (1982) and Kato
(1984).

Under the assumption that the operators A(y) commute and A*(y) = —A(y),
where A* denotes the adjoint to A, the finite-dimensional distributions of wu.(t/e)
coincide asymptotically with those of a Gaussian process (t). A similar result is
obtained for equation (1.2) under the assumption that all A(y) are symmetric non-
positive self-adjoint operators. Also, theorems on normal deviations are established
for both equations.

The method of proof is based on spectral decompositions for the operators A(y).

Since these operators commute, they can be represented as spectral integrals with



respect to the same resolution of identity. This method does not work if the operators
A(y) do not commute, which is the case considered in the present work.

We assume that A(y) = Ag(y) + A1(y), where Ay(y) commute with
A= [, A(y)p(dy), and A,(y) are finite-dimensional with the same finite-dimensional
range for all y € Y. Since operators A(y), y € Y do not commute, we can not use
the method of Salehi and Skorokhod (1996).

A different approach using a sufficient condition for the convergence to a diffusion
process found in Skorokhod (1989). Such method is implemented in Hoppensteadt,
Salehi and Skorokhod (1997) for the difference equations in R?. It is based on martin-
gale characterization of multidimensional diffusion processes (see Strook and Varad-
han (1979)). Another important tool for proving the weak convergence is a sufficient
condition for the weak compactness of a sequence of the stochastic processes, which
can be found in Parthasarathy (1967) for the case of H-valued processes.

In the present work we generalize the method used in the paper of Hoppensteadt,
Salehi and Skorokhod (1997) to the case of infinite-dimensional Hilbert space using
the results of Daletskii (1967, 1983). The limiting diffusion process is an infinite-
dimensional diffusion process. Such processes arise in the theory of stochastic partial
differential equations. Stochastic differential equations have received a considerable
attention in the recent years. Here we mention just a few books and papers that
are devoted to them: Varadhan (1980), Rozovskii (1990), Protter (1990), Krylov and

Rozovskii (1979), Papanicolaou and Varadhan ((1973), Papanicolaou (1978).



1.2 Summary

Chapter 2 contains the results that are necessary to prove the weak convergence to a
diffusion process in a separable Hilbert space H. Section 2.1 contains the theorem on
weak compactness of a sequence of H-valued stochastic processes, a condition that
ensures that the diffusion coefficients specify the transition probability of a Markov
process and a proposition on the martingale characterization of diffusion processes.
These results are used in section 2.2 to formulate and prove the theorem on weak
convergence to a diffusion process, which is the main result of Chapter 2.

In Chapter 3 we consider the differential equation (1.1) with operator-valued co-
efficients in a separable Hilbert space H. The coefficients are perturbed by an ergodic
jump Markov process y in a phase space Y with ergodic distribution p. We do not
assume that the coeflicients commute, but assume that A(y) = Ao(y) + 41(y), where
Ao(y) commute with A = Jy A(y)p(dy), and A,(y) are finite-dimensional with the
same finite-dimensional range for all y € Y. This assumption is crucial for the proof
of Lemma 3.7 (section 3.4). It ensures that all the integrals involving the resolution
of identity are well defined. We also suppose that Ay(y) = ao(y)D, where aq is a
real-valued function and D is a non-random operator. This is a more restrictive as-
sumption than the one made in the paper by Salehi and Skorokhod (1996), where
a general family of closed commuting operators is considered. If Ay(y) = 0 for all
y € Y, then we have a system of linear differential equations, which were studied by
Khasminskii (1966).

We think that it is possible to extend the results obtained in this dissertation



to the case when Ag(y) = Y p_, axo(y)Dk, n > 1, axo k = 1,...,n are real-valued
functions and Dy, kK = 1,...,n are non-random operators, and also to the case of
general closed operators Ag(y). These are the problems for future research.

Under the above assumptions on operators Ay and A, the commutativity condition
means that Aq(y) commute with A, for all y € Y. This condition is satisfied in many
applications when A; = 0. An example of such kind is given in section 3.5, where we
consider a perturbed partial differential equation. When A; # 0, the commutativity
condition is not satisfied automatically. There are some applications of the results of
the thesis in this case as well (for example, to the systems of differential and partial
differential equations).

The main result is formulated in section 3.3. The proof is in section 3.4 and it is
based on the results from Chapter 2 and some special representations obtained using

the properties of Markov process y and spectral decomposition for the operator A.



Chapter 2

Theorem on weak convergence to a

diffusion process

2.1 A sufficient condition for weak compactness of

a sequence of stochastic processes

Let H be a separable Hilbert space and &,(t), t € R, be a sequence of H-valued
stochastic processes. We say that &, converges weakly to a stochastic process £ if the

finite dimensional distributions of &, converge weakly to those of the process &, i.e.

Jim Ef(& (1) &n(t2), - - &al(t)) = f(£(t1),€(t2), - £(tk))

forall k > 1, ¢,t,,...tx € R, and f : H* — R that is bounded and continuous.

We say that the sequence {&,(t), n = 1,2,...} is weakly compact if any subse-



quence {ni, k > 1} admits a further subsequence {n;,, k > 1} such that €ny, is weakly
convergent in the sense of the above definition.
To prove the theorem on weak convergence to the diffusion process we need a

theorem on weak compactness of a sequence of H-valued stochastic processes.

Theorem 2.1. Let the sequence of stochastic processes &, satisfy the conditions:
a) there ezists a positive compact linear operator Q : H — H such that its range

contains €,(t) for alln > 1 and t € R, and

lim limsupsup P{||Q & (t)|| > 7} =0, for all T > 0,

T=0 naoo t<T

b)

limlimsupsup sup P{||&.(t) — &(t)]| > €} =0

h=0 nooo ¢<T |t—t'|<h
foralle >0 and T > 0.

Then the sequence &, is weakly compact.

Proof of this theorem follows from the condition of compactness of measures in

Hilbert space (see Parthasarathy (1967), ch. VI, p. 151).

2.2 Theorem on weak convergence to a diffusion

process

We consider a Markov process £(t), t € R, in H with transition probability

P(s,z,t,B), z € H,0 < s <t < oo, B € B(H). It is called a diffusion process if



there exist continuous functions a: Ry x H - H and B: Ry x H — L,(H), where
L, (H) is the space of all continuous non-negative linear operators from H to H, such

that

/g(:r')P(s,a:, t,dz') — g(z) =/ /Lug(x')P(s,z, u,dz')du (2.1)

where g is a function from H to R that has bounded first and second derivatives,

0<s<tand

Lug(z) = (¢/(2), alu,2)) + %Tr(g"(x)B(u,x)) (2.2)

and T'r B denotes the trace of the operator B. The operator L, is called the generator

of the Markov process.

Proposition 2.1. Let functions a and B satisfy the condition: for any r > 0 there

erists a constant l. for which

1/2

lla(t, ) — a(t,z")|| + [Tr(B(t,x) - B(t,x'))2] <z -2 (2.3)

if ||lz]| <7, ||2'|| < 7, t < 7. Then the transition probability is determined by functions

a and B through the formula:
P(s,z,t,A) = P{€,.(t) € A}, A€B(H),z€ H t>s>0,
where the process és,z 18 the solution of the stochastic differential equation

d€, 2(t) = a(t, &4 (t))dt + BY2(t, & . (t))dW () (2.4)

10



on the interval [s,00) satisfying the initial condition

és,z(s) =z,

where W (t) is the generalized Wiener process in H for which E(W (t),z) =0,
E(W(t),2)? = t||2||?, 2 € H and B'/? is a linear operator such that (B'/?)*B'/? = B,
where B* denotes a conjugate to B. Under condition (2.8) the stochastic differential

equation (2.4) has a unique solution for any initial condition.

This proposition was proved by Daletskii (1967), Theorem 2.1, p. 33. Also see

Daletskii (1983).

Proposition 2.2. Let £ (t), t € Ry be a measurable H-valued stochastic process and
let (Fi, t € R,) be the filtration generated by €. If for any function g : H — R with

bounded first and second derivatives

9(€) - g(6(0) - / Lg(€(w))du

s a local martingale, where L, is defined by (2.2) and functions a and B satisfy the
condition of Proposition 2.1, then f admits a continuous modification &, which is a

Markov random function with transition probability P(s,z,t, B).

This proposition is proved in Strook and Varadhan (1979) for R%-valued stochastic
processes. The proof for the case of H-valued processes is the same.

Denote by C®(H) the set of all functions from H to R with bounded first and
second derivatives.

11



Theorem 2.2. Let€,(t),t€ Ry, n=1,2,... be a sequence of measurable H-valued
processes. Suppose that
1) the distributions of £,(0) converge weakly to some distribution my(-) on B(H);
2) there ezists a compact positive operator @ for which

lim lim supsup P{||Q"'&.(t)|| > 7} =0
T

T=00 naoo t<

for all T > 0;
3) there ezists a subset D C C'®(H) that is dense in C'® (H) and the generator

of a diffusion process L, with the coefficients satisfying the conditions of Proposition

2.1 for whach

lim E(G(sn(tl),...s,,(tk)) (6t + ) - 9(6l0) - [ ' L.,g(s,,(u))du]) —0

n—00

Jorallk>1,0<t, <...tx <t<t+h GeC(H*),geD.
Then &, converges weakly to a Markov random function € with the transition
probability P(s, z, t, B) that is determined by relation (2.1) and the distribution of

&(0) equals my(-).

Proof. 1t is easy to check that the sequence {&,, n = 1,2,...} is weakly compact,
since the assumptions of Theorem 2.1 are satisfied.

Let {n;,',! > 1} be a subsequence for which the sequence {&,,, | > 1} converges
weakly to some stochastic process €. The distribution of & (0) is mg and € is a stochas-

tically continuous process, i.e. P{||£(t) —£(s)]| > €} — 0 as s — t. Therefore £ has a

12



measurable modification, so we can assume that £ is measurable.

It follows from assumption 3) of the theorem and stochastic continuity of € that

B (G0, &) [g(é(t +1) - 9(€) - [ H" Lug(é(u))du]) -

n—oo

lim E(G(fn(tl), - En(te) [g(fn(t +h)) = g(&(t) - [ o Lug(fn(u))du]) =0.

Therefore

B(o(et+ ) - o(60) - [ Lug(w)an /7) =0,

and so the limit process satisfies the conditions of Proposition 2.2.
Since the sequence {,, n > 1} is weakly compact and all convergent subsequences

have the same limit, we conclude that &, — £ weakly as n — oo.

13



Chapter 3

Theorem on diffusion
approximation for solution of

perturbed differential equation

3.1 Introduction

We consider operator differential equation in a separable Hilbert space H:

Luc(t) = A(y(2))u(t), t>0

ue(0) = uyg,

(3.1)

where {y(t), t > 0} is an ergodic homogeneous Markov process in a measurable space
(Y, C) satisfying some mixing conditions and {A(y), y € Y} is a family of closed linear
operators with a common dense domain D, ug is a fixed element of D. We denote by

(-, ) the scalar product in H. Differential equations with operator-valued coefficients

14



are studied in Kato (1984) and Krein (1982).
Let p be the ergodic distribution of the process y. We assume that for all x € D

the integral [ A(y)zp(dy) = Az is defined, and we consider the averaged equation for
(3.1):
t>0

(3.2)

We will investigate the asymptotic behavior of u.(t/€) as ¢ — 0.

3.2 Assumptions

I. Let {U(t),t > 0} be a family of linear operators from H to H satisfying the

differential equation

(3.3)

where [ is the identity operator.
The solution of equation (3.3) defines a semigroup of operators in H:



Assume that this group is unitary, i.e. for any f € D

O f,0t)f) = (£, f).

Also suppose that {U(t), t € R} is weakly continuous.

I1. Suppose that y(t), t > 0 is a jump Markov process with transition probability
P(t,y,C),t >0,y €Y, C € C satisfying the relation
o1
lim - (P(t.,C) ~ 1c(y)) = 1(3,C)

t—0

and sup, Varll(y,-) < co.

ITI. SMC (Strong mixing condition). Set
R(t,y,B) = P(t,y,B) —p(B), t>0,yeY, BeC.
Assume that
/000 |R(t,y,B)|dt <oo forallyeY,BeC.

Set

R(y,B) = /Ooo R(t,y, B)dt.

Under assumption I the group {U(t), t € R} admits the following representation

16



(see Dunford and Schwartz (1963), v.2, sec. XII.6.1, p. 1243, Stone’s Theorem):
Er(t) — eitS — / €“AdE,\.
R

The resolution of identity F\ and the symmetric operator S are determined uniquely
by the group {U(t), t € R}.

Set A(y) = A(y)— A, yeY.

IV. Suppose that A(y) = /io(y) + A1 (y), Ao(y) = ao(y) D, where aq is a function

from H to R for which

/Ylao(y)lp(dy)<oo, /Y/Yao(y)ao(y)R(y,dy)p(dy)<oo,

D is a linear operator from H to H such that D* = —D and fig(y)E,\ = E,\/io(y) for
allyey.

Denote @y = [, ao(y)p(dy).

V. Assume that A;(y) = i5,(y), and all S;(y), y € Y are symmetric and finite-
dimensional with the same range R of dimension n. Let e;, e, ..., e, be an orthonor-

mal basis in R and Ski(y) = (S’l(y)ek,e]-), k,j=1,...,n.

3.3 Results
Set z(t) = U(—t)u(t).
Theorem 3.1. Suppose that conditions I-V are fulfilled. Then there exists a positive

17



compact operator ) such that the stochastic process Qz.(t) = Qz.(t/€) converges
weakly as € — 0 to the diffusion process z(t) with the generator L determined on

functions ® : H — R with bounded first and second derivatives by the relation

L8(Q2) = ((Q2),Qa(2) + 3Tr#"(@2)QB(:)Q (3.4
where
i(z) = /Y /Y / f o B AW)E, R, &)l (3.5)
B(Z) = Boo(Z) + BOI(Z) + B]()(Z) + B“(Z), (36)
Boo(2) = 2 [ / < Ao(y')z 0 Aoly)z > R(y, dy')p(dy), (3.7)

Boi(z) =2 /Y /Y / / o < Ap(y')z 0 dENA,(y)dE,z > R(y,dy')p(dy),  (3.8)
Bio(2) = 2/}’/}’//{,\:y} < dE,\/il(y')dE#z o Ao(y)z > R(y, dy")p(dy), (3.9)

B“(Z) = 2/},/},//{/\,+#_/\_#,=0} < dE)‘lAl(yl)dE#lZ o dE,\Ao(y)dE#Z >
x R(y, dy') p(dy). (3.10)

Here < aob > denotes the tensor product of vectors a,b € H, namely for any x € H

the following relation holds < aob > z = (a, z)b.

Remark 3.1. For a function ® : H — R, its derivative ®' at point z is defined in

the following way: we consider ®(z+tu),t € R, u € H as a function of t acting from

18



R to R. If the weak differential

Do(z,u) = %@(z + tu)
t=0

depends on u linearly, then D®(z,u) = (¥'(2),u). Vector ®'(z) is called the weak

derivative of ® at point 2.

To define the second derivative consider

2

- <I>(z+t1u1+t2u2) y Uy, Us € H, tl,tz € R.
0t 0t, £,=0.t,=0

This expression (the second differential) is a bilinear function of u,, u, € H, and
it defines an operator ®"(z) acting from H to H, this operator is called the second
derivative of function ® at point z. Its boundedness means that the bilinear function
and the operator are bounded.

The third derivative is defined through

—®(2 + tlul + t2U2 + t3U3) = V(ul, Uo, Ug),
BE.06:00 1=0,t2=0,13=0

uy,uz,u3 € H, t),t,,t3 € R.
The boundedness of the third derivative means that the trilinear form V defined

on H x H x H is bounded, i.e.

sup Il.-’(ul,u2,u3)| = ”‘/'” < 0.
Huell<1,k=1,2,3

19



Remark 3.2. Under conditions IV and V, formulas (3.5) and (3.7)-(3.10) can be

rewritten as follows:

- z) = Dz + // [ dE 2 CJ)AdeE,\Ck-l-
{A=n} k=1

dEAek(C'ka, dE#ej) + SjkdE,\ek(dE#Z, ej)] y

By (z) = 2/ / ao(y)ao(y')R(y, dy')p(dy) < Dzo Dz >,

B (2) —22// (dE,z,¢€;) <AszodE,\ek>

k,j=1 {A=u}

Bio(z _22// (dE,z,e;) < dExex o Cijz >,

Bu(2) =2 Z / // / Stsim(dE,z, €;)(dEy 2, em) X

k,j,l.m=1 {N+u=A—p'=0}

< dFEy e odFe; >,

where

D, = / / Ao(y') Ao(y) R(y, dy')p(dy) =

/ / R(y, dy")p(dy) DD,

Ay = / / Ao(y') S, (v) Ry, dy')p(dy) =
// y')Sk; (y)R(y, dy')p(dy) D,

Cij=i /Y /Y Ao () Sk; (¥ R(y, dy') p(dy) =

20



i/y/Y&o(y)Skj(y')R(y,dy’)p(dy)D,

where ag(y) = ao(y) — ao,

n
Sik = E Sijki-
=1

Remark 3.3. Operator Q is chosen so that Qa(z) and and QB(z)Q satisfy the as-
sumptions of Proposition 2.1. Therefore Qa(z) and QB(2)Q determine the transition

probability of the process z(t) as described in Proposition 2.1.

3.4 Proofs

The proof of Theorem 3.1 follows from Theorem 3.2 formulated below and the The-

orem 2.2 on weak convergence to a diffusion process.

Theorem 3.2. Let ® : H — R have bounded &', ®", "', D®', DD®', D®"D and

;%(D@”(z)D:r,m), and let assumptions I-V be fulfilled. Then for any 0 < t; < t,

B(8(2 (1)) - ®(2(1)/F1,) = E([ L@(Ec(r))df/fi}) +o(1),

where Ff is the o-algebra generated by {y(s/e), s < t}, the operator L is given by
(3.4) with the coefficients defined by formulas (3.5)-(3.10).

The proof of Theorem 3.2 is based on the following lemmas:

21



Lemma 3.1. The process z. is bounded, namely ||z(t)|| = ||uol| for all t > 0.

Proof. 1t is easy to see that z(t) satisfies the following differential equation:

a2() = B(t.y(H))z(t), t>0 (3.11)

2¢(0) = uy,

where B(t,y) = U(-t)A(y)U(t). Indeed,

d

Galt) = ZO0ut) = ~A0(=u ) + U (-0 AW(e/)ud) =

T dt

U(=t)(Ay(t/e)) — AU (t)2(t).

Note that B*(t,y) = —B(t,y) for allt > 0, y € Y, where B* denotes the conjugate

to B, and so (B(t,y)z,2) =0forallt >0,y €Y, 2 € H. Therefore

(20), 7(0) = (2(0)2(0) = 2 [ (i (9) Bls,u(D)ze(o))ds =0,

a

Let g be a measurable bounded function from H to R. Consider the linear oper-

ators I1 and R that act on a function g as follows:
Mg(y) = /Y[g(y') — 9(y)[(y, dy')

Rg(y) = /Y 9(y")R(y,dy"),
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where I1(y,C) and R(y,C), y € Y, C € C were defined in assumptions II and III

respectively.

Lemma 3.2. Let g: Y — R be measurable, bounded and satisfy
fY g(y)p(dy) = 0. Then HRg = —g.

Proof. Consider the semigroup of operators {7}, t > 0} generated by the transition

probability of the Markov process y(t):

Tg(y) = /Y 9(¥')P(t,y,dy"),

then according to assumption II
[Ig=1i 1(T )
g=jm ; td — 9)

We calculate IIRg under the condition that [, g(y)p(dy) = 0. Note that

fooo T:g(y)dt = Rg(y) and therefore
[IRg = li l(TR — Rg) =1 1 oOTT )dt — o0'1" (y)dt ) =
g = lim 7 (ThRg = Rg) = lim 3| | nTeg(y | Tt ) =

1 [ % 1
lim — (/ Tig(y)dt — / Ttg(y)dt) = lim __/ Tig(y)dt = —g(y)
A 0 h—0 h 0

h—o h

because T; — I as t — 0, where [ is the identity operator.

a

Lemma 3.3. The process (zc(t),y(%)) is a homogeneous Markov process in the phase
space H x Y with generator G, determined on functions f : H x Y — R, which are
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measurable and bounded with bounded partial derivative in the first argument, by the

relation:

!‘h

t+h

Gu(0(213) = limy & [ B 1l + .o — ) =1) - Je)] =

h—0

(200, B 1))+ 21 (o) = (20), B)2) +1 [ 1) = Fe ) ),

The proof of this lemma is the same as in the finite-dimensional case. The next

lemma is a generalization of Dynkin’s formula.

Lemma 3.4. Let f : R, x H xY — R be measurable and bounded with bounded

partial derivatives in first and second arguments. Then for any 0 < t, < t; < 00
ts to )
E(f(tz, Ze(t2)7y(?)) — f(t1, ze(t), y(?))/]“:,) =

B( [ 50,52 + G200 [ 7 ).

Lemma 3.5. Let conditions I-V be fulfilled. Let ® be a bounded measurable function

such that ® and D*®' are bounded. Then for any 0 < t; < t; < 00

E(®(2(t2)) — ®(2(t1))/Fy,) =

cE(/t /[@" 2(u ( =) z(u) )ze(u))+

(¥ (), B(w,¥)B(u,y () z(w) + (¥ (z(w)), By(u,y) Az = ABy ()2 (w)) | x
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u / €
R(y(;),dy )du/]:h) + O(e),
where By (s,y) = U(—s)A,(y)U(s) and O(e) does not depend on t, and t,.

Proof. Using the fact that z, satisfies the differential equation (3.11) we can write

B(z(t2)) - B(z (1)) = / " g5, ze(s), w(0))ds

t) €

where g(s, z,y) = (®'(2), B(s,y)z). Set f(s,z,y) = Rg(s, 2,y), then since
Jy 9(s,z,y)p(dy) = 0 from Lemma 3.2 we have that I1f(s,z,y) = —g(s,2,y) (here

operator II acts on g as function of y). From Lemma 3.4 we have
to t2
B( [ sts. 260 u2ds [ 71 ) = ~el0(tn .y 2) = ezt uCE))+
t

6E< / 2 [(f;(S,ze(S),y(z)),B(S,y(g))z((s)) + f;(s,ze(s),y(g))] s / F) _
GE(/hz/Y[(q:u’(z((u))B(u,y(%))zf(u)’B(u,y;)z((u))+
+(®'(2c(w)), B(w,¥)B(u, y(g))z((u)) + (®'(2e(u)), Bi(u,y')Az — AB (u, y’)ze(u))] X
R(y(lf)’dy')dU/f;) +0(e)

since under the assumptions of the lemma function f is bounded.

Lemma 3.6. Suppose that conditions I-V are fulfilled. Then for a function

®: H — R such that &, ®", & D*®, D*D*®, D*®"D and 2(D*®"(z) Dz, z) are
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bounded, the following representation is valid:
t
B(2((2) - 0(a(2) /74 ) = B - 0 0)/7) -

E(/tt R(%,ze(f))dr/@) +0(),

where
K(r,2) = Ki(7,a) + Ky(7, 2),
Ky (7, 2) // (®"(2)B(r,y)z, B(7,y")z) R(y, dy") p(dy),
Ra(ro) = [ [Y (¥/(2), B(r, ) B(r,1)2) Ry, dy")p(dy).
Proof. Set

K(u,z,y) = /Y[(fb”(z)B(u, y)z, B(u,y')2)+
(CI)'(Z), B(ua y,)B(u’ y)z) + ((I),(Z)7 Bl (U, yl)/iz - ABI (u’ y,)z) R(y7 dy'),
R(w,2) = [ K(uy.2)oldy).

Then we can rewrite the statement of the previous lemma as follows:

B(@(:.(t) - 9(.(1))/F,) _EE(/ K (s, 2(s ds/]-" ) + Ol

Denote K (s,z,y) = K(s,z,y) — K(s,z). We need to prove that

t2
eE(/tﬂ(szc() ds/f‘)—)Oase—)O
3%

26



Since [, K(s,z,y)p(dy) =0foralls >0,z € H IIRK = —K by Lemma 3.2 (the
operators I1 and R act on K as a function of its last argument, y).

Set f(s,z,y) = Rf((s,z,y). Recall that B(s,y) = ao(y)D + Bi(s,y), and B, is
a bounded operator: B (s,y) = U(—s)A;(y)U(s). Under assumptions of the lemma,

K has bounded partial derivatives in first and second arguments since z, is bounded

(Lemma 3.1):

Kis.29) = [ [(@"(z)(Bl(s, §)A — AB\(s,7), B(s,y')2)+

(®"(2)B(s,9)z, (B1(s,9)A — ABy(s,9)2)+
(@/(2), B(s,¥)((Bi(s,5) A= ABy(5,5)2) + (¥ (2), (Bi(s, ) A~ ABy(s,y')2) Bls, 3)2)+
(®'(2), B\(s,y'AAz — 2AB, (s,y')Az + AAB((s,y')2) | R(§,dy'),
Ki(s,2.9) = | B"(s.1)B(s.)®(:) + '(2)B(s.9)Bls. )+
[Az — ABy(s,y)]"®'(2) + ®"(2)[Az — ABy(s,9")]2+
Bls, ) ®"(2)B(s, )z + Bls,y)¥"(2) Bls,) + { o-(¥"(2)B(s.v)z, Bls,¥))} ,_,

From Lemma 3.4 we have

([ i/ 7) o0

([0t 500000, Bl + 65200 D s /7).
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So

2
E(/ K (s, (s /f;,) =0(e) + O(ty — t).
4q

Lemma 3.7. Under the assumptions of the previous lemma there exists the limit

T
limT_,ooi/ K(r,2)dr = f((z),
T Jo

K(z) = K|(z) + Ky(2), and

Ki(2) = (A(®"(2))2, 2) + / / . }(A,(@"(z)dE,\)dE,‘z, 2)+

//{A:,,}(Az(dE*q’"(z))Z,dEuz)Jr
////{A,+”_A—”’:0}(‘AS(dEX(I)”(Z)dE/\)dE“Z,dE“,z), .

Fa(2) / / - / / ), dExA(y) A(y)dE,2) Ry, dy') pl(dy) =

(®'(2), Doz) +// Z [ (dE,z,€;)(®'(2), Ax;dExex)+

{r= I‘}k] 1

(®'(2),dExexr)(C;z, dE,e;) + S;u(®'(2), dExex)(dE, 2, ;) |, (3.13)

where for a linear operator C from H to H

Ao(C) = /Y /Y Ao(y')"CAo(y)R(y, dy')p(dy), (3.14)
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(€)= [ [ Ay €A )R av)ote) (3.15)

() = [ [ Ay CAut) R av)ote) (3.16)
= [ [ Awrcawru.aotay. (3.17)

and

m://&WMmmmwmwm
YJY

The operators Akj, ij, k,3=1,...,n and coefficients Skjim, S'Jk, k,j,lm=1,...n

are defined in Remark 3.2.

Remark 3.4. Assumption V ensures that the integrals in formulas (3.12) and (3.13)

are well-defined:

n

(A)(@"(2)dE))dE,z,2) = Y _ (®"(2)dExex, Ax;2)(dE,uz, €5), (3.18)
k,j=1

Ay(dEx®"(2)z,dEyz) = Y (dEyz,€;)(®"(2)Chjz, dExey), (3.19)
k,j=1

A3(dEx®"(2)dE\)dE,z,dEyz) = Y Skjim(dE,z,€;)(dEy 2, €m) X

k,j,l,m=1

(®"(2)dEsex, dExey), (3.20)

since for any vectors xy,x9 € H the expression (E\x,,z;) treated as a function of A,

has bounded variation on R.
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Proof. Recall that

(1,2) // (®"(2)B(1,y)z, B(7,y')z) R(y, dy') p(dy),

and B(7,y) = U(—7)A(y)U(r). Using the spectral decomposition for U(r) we can

Ki\(r, 2) = /Y/Y((I)"(z)/e_"’\dE,\/i(y)/e""dE,,z,

/ e "™V dEy A(y') / e dE,z) R(y, dy') p(dy) =

/Y/Y//// e TN (A(y') dEn @ (2)dErA(y)dE,2,dE 2).

For an operator C set

// )R(y, dy')p(dy),

then

Ki(r,z) = / / / / e "Nt u=A ) (A(dEy®@"(2)dE))dE, 2, dE . z).

Under assumption IV A(y) = Ao(y) + A;(y), and therefore A(C) can be written in
the form

A(C) = A(C) + Ai(C) + Ax(C) + A3(C),

where A;(C), 1 = 0,1, 2,3 are given by formulas (3.14)-(3.17) and satisfy the following

properties:

1) E\Ao(C)E, = Ao(EACE,),
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2) ExA(C) = Ai(ENC),
3) Ay (C)E, = A,(CE,).

Using these properties we rewrite K;(7,2) as follows:
RI(T, Z) = //// eiT(A’+II—A_[J')(AO(QII(Z))dEAdEuZ’ dE,\IdEuIZ)-*-

//// e TN HA ) (A, (9" (2)dEN)dE, 2, dEx dEy 2) +
/ / / / TN (4, (dEy®"(2))dErdE, 2, dE,z) +
J[[[] oo (AdBr @ @) B2, dB) =
/ / (Ao(®"(2))dExz, dEy2) +

/ / / e B=X) (A, (®"(2)dEx)dE,z, dEx z) +

/ / / €™ ) (Ay(dEx®" (2))dEyz, dE, 2) +
J[[[] et (AsdBr@ (212 Bz, dE ) =
Uo@(e1)z,2) + [[ 79 (A (@ (), )+

[ e a2z, dE2)+

/ / / / e TN =2 (A3 (dEx " (2)dE))dE, 2, dE, 2).
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Now we average with respect to 7, that is, compute

1 [T
T/o K, (r,z)dr.

Note that

1 (T,
lim —/ e Ndr =0 if p# Aand it equals 1 otherwise.
T oo T 0

Therefore

lim = / " R(r 2)dr = (Ao("(2))2, 2) 4
0

T—ooo T

/ / {A:u}(Al(Q”(z)dEA)dE,‘z, z) + / / {A:u}(Az(dEAQ"(z))z, dE,z)+

//// (.A;;(dE,\Iq)”(Z)dE,\)dE”Z,dE#/Z).
{N+p—2—p'=0}

Formula (3.12) is proven.

Formula (3.13) is obtained similarly:
Ro(r,2) = / /Y ('(2), B(r,y')B(r, y)2) R(y, dy')p(dy) =

/Y/Y//(‘D'(z),e'"’\dE,\A(y')/i(y)e"“dEyz)R(y,dy’)p(dy) —
/Y/Y(‘I"(z),f‘io(y’)l‘io(y)z)R(y,dy’)p(dy)+
/y/y// 6”(/\_”)(@,(‘2)1/‘io(yl)dE,\/‘il(y)dE”Z)R(y’ dy')p(dy)+

/ / / / 701 (&(2), dE> A, (v')dE, Ao(y)2) Ry, dy')p(dy) +
YJY
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//// TP (2), dEA (y) A1 (y)dE,2) R(y, dy ) p(dy) =
(#(2). Do2) //// e #)[ A5(y)'(2), Sk;(y)(dE 2, €;)dExex) +

k,j=1

n

iZ(fb( ), Sk; (y)(dE,Ao(y)z, e;)dExer) +

k,j=1

§ S (#(2), Sy () (dE, 2, )dEr A (')ek)]R(y,dy')p(dy)=

k,j=1

@@, 0+ [ [ [[ew ”)[ (dE,z, ¢5)(@'(2), Ao(y)Siy(y)dBrex) +

k] 1
t Z y)z,e;)(®'(2)(2), Sk;(y')dExex)—

k,j=1

n

5> S (0)(dEuz. )iy en ) @'(2), dEsen)| Rl ol

k!jylvmzl

Taking into account the definitions of Ak]‘, Ck]' and Sk;im given in Remark 3.2 we have

Ky(1,2) = (9'(2), Dy2) //// ir(A-n) Z

[(dE z,€;)(®'(2), Ar;dExer)+
kj=1

(9'(2),dExex)(Chj2,dE,e;) + Sik(dE, 2, €)(¥'(2), dEAek)] R(y,dy")p(dy).

Averaging with respect to 7, we get formula (3.13).

Lemma 3.8. Suppose that the assumptions of Lemma 3.7 are fulfilled. Then

B(2(:. () - 2 () 7y) = B( [ Ra(mar/7y ) + o),
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where K () was introduced in the previous Lemma.

Proof. We need to show that

E(/tt [R(-j-,z((s)) - f((ic(s)]ds/]-'i})

lim sup =0.

¢—0

For an h > 0 consider

From Lemma 3.7

1 t+h s -
2 [IRC. 2 - Ks =
t
t+h
%/ [K(s,2) — K(z)]ds - 0 ase— 0 for any h > 0. (3.22)

Fix s > 0 and consider y(z) = K(£,z) — K (2) as a function of 2. The function v

satisfies the assumptions of Lemma 3.5, and thus we have that
E(u(2(s)) — v(2(1))/ Ft) = E((¥.(0), Z(s)) — (v(6), Z(t))/ Fi) = O(e + h).
Therefore for some constant ¢; > 0

Pe oy {(4(0), 2(s) = Z()] > 8} < F(e + ).
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Thus

t+h ~
B [ (R0 = K0 - (R(E,2) = R)ds] <

€

h(s+ 2

5 (€ + h)).

The last inequality together with formulas (3.21) and (3.22) imply that

1
li E.
VSR

forany h > 0,46 > 0.

Set ty =t, + kh, k=0,1,2,...,n, then

B[ kiCsi0- Keiolan /) -
Bk ) e - ksl /7 )

for any 6 > 0, h > 0. The proof is completed by letting h — 0, then 6 — 0.

lim sup
e—0

(tp — b )(6+c§—1h)

lim sup
€—0

g

Lemma 3.8 implies the statement of Theorem 3.2 if we note that for any vectors

a,b € H and linear operator C from H to H

(Ca,b) =TrC <boa >,

and use formulas (3.12)—-(3.17).

To complete the proof of Theorem 3.1 first we observe that the set of functions ®
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that satisfy the assumptions of Theorem 3.2 is dense in C(?(H). Therefore the first
part of condition 3) is satisfied.

Unfortunately, the drift @ and the diffusion operator B do not necessarily satisfy
the conditions of Proposition 2.1, and therefore do not necessarily define a diffusion
process. Therefore we consider the process QZz(t), where @) is a compact positive

operator, and we apply Theorem 3.2 to this process. Its generator
' ~ 1 >,
Lo (Q2) = (9'(Qz2),Qa(z)) + -2—TrQ(I>"(Qz)QB(z) =

(¥/(@2), Qa()) + 5Tre"(Q2)QB(:)Q.

Note that a(z) is linear in z, since it has the structure Fjz, where Fj is a linear
operator. The diffusion operator B(z) is bilinear in z and has the structure < F,z o

z >, where Fj is a linear operator. Thus

Qa(z) = QFiz, TrQB(2)Q=TrQ < Fz02z> Q = (2, QF,Q2).

We choose Q so that QF; and QF»Q are bounded. Then Qa(z) and QB(z)Q satisfy

the condition of Proposition 2.1 and therefore define a diffusion process.

36



3.5 Example

Let H be Ly(R?), that is the space of complex-valued functions f such that

[ 1@z < o0, 2= (2033)
R

Let A be the Laplace operator. We consider the equation

Ou(t, )
ot

= —iao(B(2)A + A1 (0()ui(t,2), (3.23)

where 6(t) is a Markov process in phase space © that has ergodic distribution p and
satisfies conditions II and III of section 3.2, the function ag satisfies condition IV, and
{A,(9), 0 € B} is a family of finite-dimensional operators. For example, let A,(#) be

an integral operator with the kernel

Iy7 '“"'Zak bk y’o)

where ag, by, kK = 1,2,...,n are real-valued functions and

A (O)u(t,z) = zZak / be(y, O)u(t, y)dy

Since the range of operator A,(6) is contained in the span of functions a, ..., a,, this

operator is finite-dimensional. Hence the condition V of section 3.2 is fulfilled.
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For convenience assume that

/ a0(0)p(df) = 1.
(S]

Also assume that [ bx(y,0)p(df) = 0 for all y € R? and k = 1,2,...,n. The last
assumption ensures that condition IV of section 3.2 is satisfied: the operator A = —iA
commutes with Ay(6) = —iao(0)A.

The operator S introduced in section 3.2 equals —A, it has the spectrum [0, 00).

Its Green function (resolvent kernel) is

1 eiVzlz-yl

T,y € R3, x #y, 2 ¢ [0,00). The resolvent R, satisfies

(R,u,v) // :(z, y)u(y)v(z)drdy.
R3 JR3

Denote by E the resolution of identity of operator S. Using the expression for the
Green function and the fact that E({a}) = 0 for all a € R, it can be shown that the

resolution of identity for the operator S satisfies

C)u,v) /123 /Ra (/ 471r2 sin I\i—lxyl yl)d/\)u(y)mdxdy. (3.24)

Here C C [0,00), u,v € C(2)(R®) and have bounded support.

Consider z(t,z) = e *4u,(t,z). Let e;,5 = 1,2, ... be an orthonormal base in L.
J
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The Fourier coefficients of z(t, ) can be computed as follows:

(Ze(t)’ej) = Ze,j(t) = (eitAu(t)vej) =

1 —_
/ e (dExuc(t), ¢;) = / -t / / sin( lx YD) ut, y)es@)dAdzdy.
0 rJr 4 |z —yl

According to the Theorem 3.1, there exists a positive compact operator () such

that the stochastic process Qz(t/¢) converges weakly to the diffusion process that is
determined by its generator. Let us compute the diffusion coefficients using formulas

given in Remark 3.2:

a(z) = cAAz, c=— /e /e (a0(8') — 1)(ao(8) — 1)R(8, d8") p(dB),

B(z) = By(2) =2c < Azo Az >,

here

<AzoAz > f(x) = (Az, f)Az(z) = Az(y) f(y)dyAz(z).

R3
Remark 3.5. According to Remark 3.2 in the case of equation (3.23) By (z) =
Bio(z) = By1(2) = 0 and a(z), B(z) = Bu(z) do not depend on the operators A,(6),
since E({a}) = 0 for alla € R. So the limit process will be the same for all equations
of the form (8.23) as long as operators A(6) are finite-dimensional and the operator

A commutes with A.

Now let us choose an operator Q. It has to be chosen so that QAA is a bounded
operator. We can do it in the following way: we try to find a kernel K such that for
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UGLQ

Qu(r) = mlﬂrwhdwdu

Since @ has to be a compact operator, the kernel has to be in Ly(R3 x R3), also it

has to be symmetric and nonnegative, and the following relation must hold:
1QAAu[| < erllull (3:25)

for some constant c,. If the equation (3.23) is considered in a bounded region o C R3,
with the boundary da ( and this is usually the case for the equations of such form),
then we set K and AK together with their normal derivatives equal to 0 outside of a
and on its boundary. Then according to the Green formula for the Laplace operator

we obtain

QAAu(z) = / K (z,y)AAu(y)dy =

0Au oK
/QAyK(x, y)Au(y)dy + /aa (_BTK - Au:,;;;)ds =

/ A K (z,y) Au(y)dy = / AyA K (z,y)u(y)dy,

where subscript y indicates that operator A acts on K as a function of y, ds is an
element of the boundary, and ;—n denotes derivative in the normal direction to the
boundary. If AAK is bounded, then formula (3.25) is valid.

If equation (3.23) is considered in an unbounded region, then K and its derivatives

up to the third order have to decrease rapidly at infinity.

Remark 3.6. The example considered above can be generalized to the case of a system
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of partial differential equations. Let H be (L,(R3))", that is the space of functions

u: B3> C", u=(u,uy,...u) such that

lu(z)|?dz < oo,
R3

here z = (x1,T2,73), |u| = /|wi|? + [uz|? + ... |u,|? is the Euclidian norm. We

consider a system of partial differential equations

Ouck(t, T) . (0t ~ () t
PEE =l 0Dt ) 453 el [ b0t

or n vector notation

uti2) _ _ia® (o) dult ) + AV ult, ),
ot € €
here a©® = (a{”, . .. ,a”)’ is a vector-column. We assume that Jo bik(y,0)p(d6) = 0

for all j .k =1,2,...7 and y € R®. Then condition IV of section 3.2 is satisfied.
Again, A1) () can be any finite-dimensional operators (not necessarily integral) as

long as operator A commutes with A. Note that since the action of A on (uy,...u,)

is coordinate-wise, the diffusion coefficients of the limit process can be computed in

the same way as above, and they do not depend on operators A1) (6).
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