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ABSTRACT

THE LOWEST EIGENVALUE OF THE NEGATIVE
LAPLACIAN IN TWO DIMENSIONS:
A MODIFIED PERTURBATION METHOD

By

Ling-Huang Yu

The eigenvalue problem for the negative Laplace operator in two dimensions is
classical in mathematics and physics. Nevertheless, analytical methods for estimating
the eigenvalues are still of much current interest. In this work, a modified perturba-
tion method is formulated by applying perturbation method, reflection method, and
the Fredholm alternative theorem. The method provides the asymptotic expansion
formulas of the lowest eigenvalue to bounded doubly connected regions having the
inner boundary which encloses a region with the maximum dimension of 2¢, ¢ < 1.
The first three order terms of the asymptotic expansion formulas are found explicitly
by correcting the inner and outer boundary conditions alternatively and by applying
the generalized Green’s functions. The relations between the first three order terms
of the asymptotic expansion formulas and geometric properties of the regions are also

investigated.
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INTRODUCTION

The eigenvalue problem for the negative Laplace operator in two dimensions is

Ay =ppinR, (1)

Yv=00nC, (2)

where R is a bounded region with boundary C in two dimensional space. It arises
from separating the time variable out of the wave equation, so it occurs in many
applications; particularly in applications to vibrations of membranes and to acoustic
and electromagnetic waveguides. For instance [12], we can consider the case of a
fixed, uniform, flexible membrane R, of mass p per unit area, stretched under uniform

tension T per unit length. The equation of motion is the wave equation

AY —

1 0%¥ s T

ol 0 7=

where ¥ is the vertical displacement of the membrane from its equilibrium position.

The boundary condition is
¥ =00nC x[0,00) . (4)

By requiring simple harmonic dependence on time, we can separate out the time

factor:

U = e ™t | w is the vibrational frequency , (5)



where

= w?
—Azﬁ:,uz[)mR;u:;—z-, (6)

Yv=00nC. (7)
Egs(1),(2) has a spectrum of infinitely many positive eigenvalues
0 < p1 < p2 < pg < --0 (8)

with no finite accumulation point [8]. The closed form solutions for the eigenvalues
pu of —A\ exist only in few geometric regions. In two-dimensional space, they exist
only in regions [12] which can be described by rectangular, parabolic, polar, or elliptic
coordinates, regions such as rectangles, circles, ellipses, annular circles, and confocal
ellipses.

Numerical techniques such as the finite difference method, finite element method,
point matching method, and eigenfunction matching method are often used to solve
this problem. However, for doubly connected regions with the region bounded by
inner boundary which has maximum dimension of 2¢, ¢ <« 1, the disadvantages
of numerical techniques, such as repetition of the evaluation for each different ¢ and
serious scaling problems due to the small size, encourage us to develop the asymptotic
expansion formula for u.

The dissertation consists of three parts:

In Chapter 2, the formulation of the modified perturbation method and the re-
sulting asymptotic expansion formulas are presented; it is performed by applying
the perturbation method [1], the reflection method [7], and the Fredholm alternative
theorem [4].

In Chapter 3 and 4, the applications of the modified perturbation method to

special cases are executed, such as regions with an inner circular boundary, regions
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with an inner linear boundary, annular circular regions, and circular regions with a
centered strip ; it is achieved by correcting the inner and outer boundary conditions
alternatively and by applying the generalized Green’s functions [4, 12]. The first three
order terms of the asymptotic expansion formulas are found explicitly.

In Chapter 5, the accuracy of the first three order terms of the asymptotic ex-
pansion formulas resulting from the modified perturbation method is compared. The
first three order terms of the asymptotic expansion formulas to general regions are
exhibited explicitly. Relations between the first three order terms of the asymptotic

expansion formulas and geometric properties of the regions are also investigated.



CHAPTER 1

Perturbation Formulation

Consider a membrane having region R, enclosed by a boundary Sy, with an internal

core which has a boundary Sg. The governing Helmholtz equation is

AW (z,y) + K*W(z,y) = 0, (1.1)

where W is the normalized vertical displacement and K is the normalized vibrational

frequency, K =w - L - \/-flﬁ—’ The symbol L is a characteristic length defined by

\/ (area of Ry)/m. Let region bounded by Sy and Sp be the region R. Consider

AU(z,y) + K*U(z,y) =0in R, (1.2)
U(z,y) =00n Sy U Sp , (1.3)
and
AU(z,y) + K*U(z,y) =0 in Ry , (1.4)
U(z,y)=0o0n S, . (1.5)






Let Ky be the fundamental frequency to eqs(1.4),(1.5) and Uy be the corresponding
eigenfunction. Ky is simple (8]. According to eq(A.1), we assume that [1, 7] the
fundamental frequency K to eqs(1.2),(1.3) and its corresponding eigenfunction are

U(z,y) = Uo(z,y) + 3 MUz, ) | (1.6)
=1

K=Ko+Y XF, (1.7)

1=1
where the parameter ) is introduced as a formal way of separating out approximate
solutions of various orders in eq(1.7) and as a sequencing tool in eq(1.6).

Substituting eqs(1.6),(1.7) into eq(1.2) yields

(AUO(:D: y) + K02U0($7y)) + A (AUl(m1 y) + KgUl(x’y) + 2K0F1U0(:c,y))

+ Z A" AU.m("z"’y) + K(%Um(xv y) + 2I{O Z F}'Um—j(z’y)
m=2 7j=1
m—-1m-—s
+ z Z FsFtUm—(a+t)(z1y) =0. (18)
s=1 t=
For similar orders of A, this leads to
AUs(z,y) + KsUo(z,y) =0, (1.9)
AUI(«’L y) + KgUl(xay) = —2K0F1U0($’ y) ) (110)
and
m m—-1m-—s
—2K0 z F}'Um—j(xa y) - Z Z FlFtUm—(a+t)($7 y) )
ji=1 s=1 t=1
m=234,.... (1.11)



Let
Un(z,y) = Val(z,y) + Wi(z,y) , n=0,1,2,... , (1.12)

where Vy(z,y) = 0, V,,’s are defined in R, W,,’s are defined in Ry,

and [7]
Wo(z,y) =00on Sp (1.13)
Wo(z,y) + AVi(z,y) =0 on S, (1.14)
Wo(l’,y) + A(‘/l(:r’y) + W](-’D,y)) =0on SO y T (115)

Wo(z,y) + XA (Vi(z,y) + Wi(z,y)) +---
A (Vi (2, y) + Wino1(2, 1)) + A™Vin(z,y) =0 0on S ,

m=234,..., (1.16)

Wo(z,y) + A (Vi(z,y) + Wi(z,y)) + -
+A™ (Vm(:t, y) + Wm(z,y)) =0on SO s

m=23,4,.... (1.17)
Set A = 1. Then eqs(1.6),(1.7) become

U(z,y) = Wo(z,y) + (Vi(z,y) + Wilz,y)) + -

+((VM(‘T7y) +Wrn(xay)) +eee (118)
K=Ko+Fi+ - +Fpn+-, (1.19)

where
AI/VO("L'ay) + KSWO(:B’y) =01n RO ’ (120)

6



Wo(z,y) =00n S,

AVi(z,y) + KiVi(z,y) =0in R,

<
f
|
\

N~

‘/l(z’y) = _WO(z)y) on SB )

AWi(z,y) + KgWi(z,y) = —2KoFiWy(z,y) in Ry ,

Wl(x’y) = —‘/l(wvy) on SO )

A%(zay) + Kg%(zay) = —2K0F1‘/1(I, y) in R )

Vz(l',y) = ‘Wl(l‘ay) on Sp ,

AW,(z,y) + KiWa(z,y) =

—2K0F1W1(.’E,y) — 2K0F2W0(.’If,y) - FEWQ(.’B,y) n Ro y

W2($,y) = —‘/2(1:’:‘/) on SO )

AV (z,y) + K02Vm(:c,y) =

m—-1m-—s

_2KOZF}Vm—j(xvy) - Z E Fs-Fth—(s+t)(mry) in R )

j=1

Vm(xay) = -

s=1 t=1

m = 3,4,5,... ,

m—l(‘r7y) on SB ,y m=3,4,5,... ,

AWn(z,y) + KiWa(z,y) =

m—1m-s

_2KOZFWm -i\Z, y Z ZFFt m—(s+t) (:L‘ y) in RO:

j=1

Win(z,y)

m=3,4,5,... ,

—Vim(z,y) on Sp , m = 3,4,5,... .

(1.21)

(1.22)

(1.23)

(1.24)

(1.25)

(1.26)

(1.27)

(1.28)

(1.29)

(1.30)

(1.31)

(1.32)

(1.33)



By the Fredholm alternative theorem, the existence conditions [4] of W,, n =
1,2,3,..., give
an(:L‘,y) '
K\ F; yY) dA = — f —_— , , .
[, 2KoFiWo(z,9)Uo(z,v) o Vil@y) ds (1.34)

/Ro (2K0F1W1(x,y) + 2KoF,Wo (2, y) + FYWo(z, y)) Uo(z,y) dA

_ aUO(mv y)
= £0 o Va(z,y) ds (1.35)
m—-1m-—s
/ (2KOZFWm -i\Z, y + Fa —(s-H)(z y)) UO(may) dA
Ry j=1 s=1 t=1
an(I,y)
= — —— = c e 1-
fSO L V(2,y) ds , m = 3,4,5, (1.36)

Thus, the corrections to the fundamental frequency are found

fsan( )V(:r.,y) ds

F, = (1.37)
2K, Ujy(z,y) dA
o/RO 0(1c Y)
g aUy(z,
[ (2KoRW: + FiWolz,y)) Us(a,) dA + §, 22820y, ) g
F2 = i So n )
—2K, U? ,y) dA
o [ Us(zv)
(1.38)
m-—1
/ (2K0 E F}Wm—J(mvy)) UO(‘Tv y) dA —an(z,y)V (:1; y) ds
P i=1 _Jsy  On T
m — _ 2 2
2K, /Ro Us(z,y) dA 2K, /Ro Us(z,y) dA
m—-1m-—s
/ ( Z FJEWm—(s+t)(z’y)) Uo((l?,y) dA
_ Ro s=1 t=1 =345
2( Tan ,m=3,4,5,... .
2K, Uj(z,
OfRO o\Z, Yy

(1.39)



Remark :
F,,m=1,23,...

are unique up to a constant multiplier to Uj .



CHAPTER 2

Sp is a Circle of Radius ¢ Centered

at ($0ay0)

Figure 2.1: Sp is a circle of radius c centered at (zo, o)

The coordinates (z',y'), (z,), (r,6), and (r',6'), as in Figure 2.1, are related by

' [z , 2.1)
y Y%

10



z=r'cosf , y=r'sind, (2.2)
and
' =rcosf , y =rsinf. (2.3)

Due to the invariability of the governing Helmholtz equation under the translation of

coordinates, the governing Helmholtz equation can be written as

o*U(r,6) N 18U(r,6) N 16°U(r,0)

5,2 % g6z + K*U(r,6) =0. (2.4)

Eq(2.4) can be separated by U(r,6) = ¥(r)®(0) resulting in Bessel equations of order

b [12]
z2d2;;(22) + qu;iz) + (22— b3)¥(z) = 0, where z = Kr (2.5)
and
dzj;(f) +b°®(0) =0, (2.6)

where b is a separation constant. The periodic solutions to eq(2.6) are

) sin(nf) , cos(nf), n =v()\,v'1,2,... . (2.7)
\

)

The corresponding solutions [12] to eq(2.5) are J,,, the n'* order Bessel function, and

Y,,, the n** order Neumann function, where

(g)(n+2l)

Jn(Z) = ;(—l)lm y = 0, 1,2, ooy (28)
2l
2 2 2= (%) 1 1
() = 2 (1ng + ) ) - D30 (g e g) @9

11



d(m—-j-1) (2)("“21')
] z

=2 (3) o - B 02

@ (=1)' (3) ™ (Wm+ 1+ 1) + 9+ 1))

T 2 I(m +1)! ’ (2.10)

m=123,...,

where v ~ 0.5772, y(m + 1+ 1) = (1+%+...+$)_% and (1) = —n.

2.1 Membrane With a Circular Core of Radius ¢
Centered at (xg,yo)

Uy(r, 0) is finite in Ry, we assume that

Uo(r,60) = BoJo(Kor) + Z Jm (Kor) (Am sin(m@) + B,, cos(m#b)) (2.11)
m=1
with appropriate constant coefficients By, B,,, and A,, determined by the boundary
condition, eq(1.5).

{1, cos(m#@), sin(mB)}_, is a complete orthogonal set of functions and

27
/ sin?(mf) df = , (2.12)
0

27
/ cos’(mf) df = = . (2.13)
0

Thus, eqs(1.22),(1.23) give

Jo(Koc) Jo(Koc)

il 0) = Bl (J"(K"r) - Yo(KOC)YO(KOT)) = Boy (#ge) o H0T)
+ 5: [Am(c) (Jm(Kor) - 1{:&:3 Ym(Kor)) - AmizgﬁzZ;Ym(Kor) sin(mf)

12



+Y [ m(C)( m(Kor) — ;mgigzgYm(Kor)) _Bm;:§§ZZ§YM(KOT) cos(m#f),

(2.14)

To correct the boundary condition on Sy to O(El“c) for (Up + V1), Bo(c),
A.(c), and Bn(c) must be at most O(;l.). Green’s 2" identity [4, 11] and

eqs(1.20),(1.21),(1.22),(1.23) give

ols(z,y) , _ Vi(z,y) | 9U(z,y)
f;‘o ‘/1(1', y)T ds = ‘%;B Uo(:c,y) ( on + on ) ds, (215)

then eq(1.37) becomes

{ e (avl(w,y) .\ an<z,y)) is

F=" 6"2 On . (2.16)
—2K, [ Ul(z,y) dA
o [, U@)
[10] gives
2
W (Jm(2), ¥m(2)) = —, (2.17)

where W (J,n(2), Yim(2)) is the Wronskian of J,,,(z) and Y, (2).

Jo(KoC) - 1

(2.18)

Yo(Koc) 2 (=Inc)

T 1
— —v-InKy) ——
+2(ln2 y—In o)( C)2+

Eqs(2.11),(2.12),(2.13),(2.14),(2.16),(2.17),(2.18) yield

2v aVi(r, ) Uy (r, )
/0 Uo(c,O)( o et T | e df

F =
2K, / UZ(r,6) dA

~ Jo KoC > m(KOC)

2B(c) By~ "Ye(Kao) +m21( ¢)Am + Bm(c)Bm )Y,,.(Koc)

—K, /RO UZ(r,8) dA

Jo(Koc) ad Jm(Koc)
270\ 0 2 2
2By ey + 2 (An+ BL) ¥ ko)

_K, /RO UZ(r,6) dA

13



Jo(Koc) | & (; B
i 5 (e Bo020) 2555

~K, /RO UZ(r,6) dA

2Bo(c)Bo

n B2 1 N n(ln Ko +v — In2)B? 1 N
Ko /Ro UZ(r,6)dA | I1nel Ko /RO U(r,0)dA | |Incl®

+
(2.19)

Bo(c), Am(c), and B (c) are at most O(iZ;), the simplest choice is to set Bo(c),
An(c), and B, (c) equal to zero. Other choices would only lead to a higher order

correction to the first order result Fi, eq(2.19). Thus,

_ —ByJo(Koyc) = Jm(Koc) .
Vi(r,8) = Yo(Ko) Yo(Kor) :L; Ym(Koc)Ym(Kor) (A, sin(mb) + B,, cos(m#8))
(2.20)
and
P n B2 1 N m(In Ko + v — In2) B} 1 s
ke [ Ge0aa | el "\ ko [ 3004 | Tmel
Ro Ro
(2.21)

where v =~ 0.5772.

The Green’s 2" identity [4, 11] and the generalized Green’s function
G(r,G;F,é),eq(B.S), yield

6Gr0r0)

Wi(r,8) = EUs(r,8) + f Vi(7,6) ds (2.22)

oo (N} . )
Un.s(r.9) f; BUN,,(r,G)Vl(T’ 6) ds (2.23)

= EUy(r,0) + Y. . (K% = K2)[UnglP On

Nl]l

where F is a constant and
UN,J'(T’ 0) = BO(N’j)JO(KNr) + Z Jm(KNT) (Am(Na]) Sin(me) + Bm(Na]) cos(m0))
m=1

14



(2.24)

with appropriate constant coefficients By(N, j), B,(N, j), and A,,(N, j) determined
by the boundary condition, eq(1.5).
Eqs(2.18),(2.20) yield

6UN,,-(r,0) _ 7TBo 6UN'J'('I‘,0)
]{So o Vi(r,6) ds = 3 fi;'o o Yo(Kor) ds

1
|Inc|
(2.25)

To correct the boundary condition on Sp to O(iZ;) for (Uy + Vi + W), the constant

E must be zero. Thus,

_ oG(r, 0;1’,5) o=
Wi(r,8) = fs TSRV ) ds (2.26)
o N Un(r,6 AU i(r, 6
- Ns(r,9) f N1 0) o 6y ds 2.27
= L L KD s on 2n0) (227)
Let
Va(z,y) = V;(z,9) + V3 (z,9) , (2.28)
where
AVj(z,y) + K3V3(z,y) = —2KoFiVi(,y) in R, (2.29)
AV (z,y) + K}V (z,y) =0in R, (2.30)
Vi (z,y) = ~-Wi(z,y) — V;(z,y) on Sb . (2.31)
For the non-homogeneous equation
" 1 ] 2 m2
R +;R + K0—72— R=Ym(K07‘), m=20,1,2,3,... (232)

15



the particular solution is

_ rY,;,(Kor) _
R=—rops, m=0123, . (2.33)
Thus,
i _ —BoJo(Koc) .,
I/2 (T, 9) - Fl YO(KOC) TYO(KOT)
2. Jn(Koc) -, i
— Py erm(Kor) (A sin(m@) + By, cos(m#))
(2.34)
Eqs(2.12),(2.13),(2.30),(2.31),(2.34) yield
- Jo(Koc)
h _ __Jo\hno
V(5,0) = Dule) (Jolir) — 0K ¥i (o))
o ~ J,,.(Koc)
+ 21 ( )sin(m8) + D,,(c) cos(mG)) (Jm(Kor) - mYm(Kor))
+DoYo(Kor) + Y Ym(Kor) (Cr sin(mé) + Dy, cos(mb)) (2.35)
m=1
where
-1 2 BoFICJo(KoC))/O’(Koc)
= —" 2.36
-1 L A, FicJ(koc)Y, (Koc)
N — UL 2.37
Cnm wYm(Koc)/o sin(m8)W;(c,0) df + Y2(Koo) , (2.37)
- BmF]CJm(kQC)Y,;,(K()C)
=— . 2.
D,, Yo Koc)/ cos(m@)Wi(c,0) db + Y2 (Koc) (2.38)
Eqs(2.24),(2.25),(2.27) yield
o W) 72B)By(N, j)Jo(Knc) [ OU (r.0),, 1
0) do = o o(NV, j)Jo(Kn N,j Kor) d
kmieo L?;Z ~ K3)|[Un;P fo on Yol | i

16



(2.39)

2 o I(N) 2BoA,n(N ])J (KNC) aUN.'(r’e)
[ sin(me)w; e, d9=[22 K% ~ KDUn, T Js0

},()(Ko’f') dS]

1

—_ 4. ,
|Inc|

(2.40)

I(N) 2B, B N i
0B, ) Im(Kive) [ Uy r0)
- Yo (K
KT EDOwglt e Yalkar) ds

1
|Inc|

/02 cos(mé)Wi(c, 6) [i

N=1 ;=1

4+ ..

(2.41)

To correct the boundary condition on Sy to O(ln—lcl;) for (Up + Vi + W + V4), Dy(c),
D,.(c), and Cy,(c) must be at most O( -7)- Green’s 2™ identity [4, 11] gives

an(T, ) _ an(T‘,O) i
}{So o Vg(r,O)ds—f;o SV (r,6) d

T h T
-§ (?%’lvzh(r, 6) - .‘W%(T"”Uo(r,o)) ds.  (242)

Thus, eq(1.38) becomes

aUs(r,8) . .
F? f% SV (r,6) ds

—2Ky 21{0/ 2(r,0) dA

) £, (2,0 - 220 000,0)) as
2K, /Ro U(r,0) dA

F, =

(2.43)

Eqs(2.18),(2.21),(2.34) yield

OUy(r,6) . ,; _ [ BoJo(Koc) 1 8Us(r,0) .,
f% o2V (r,6) ds = Fl{ Yilkoc) ?io S rYy (Kor) ds

17



m( on

+ i ;m i f;o AUy(r, 6) (Ap sin(m8) + B, cos(m8)) rY,. (Kor) ds}

m=1

2 3
By f 3U0(r’0)rY0'(Kor) ds | -2 R (2.44)
21{0 U2(r0 dAJss On |lnc|
Eqs(2.11),(2.17), 235) (2.36),(2.39) yield

T § r
£, (0200 - 2200000

2n h
—/ ( 6U° T0) | vi(e0)+ 22l |,=CU0(c,0)) c df

or

4Dy ) 2 5, () 5aD) 25
+4ByDy + 2":21 (AmCp + B D)

= —4ByDy(c )JOE}I?E; 2§; (AmCrm(c) + BmDnm(c)) ;:g:z;

(2.45)

Do(c), Dm(c), and Cp(c) are at most O(IIncP) the simplest choice is to set Do(c),
Dum(c), and Cp,(c) equal to zero . Other choices would only lead to a higher order
correction to the 2*¢ order result F3, eq(2.43). Thus,

V] (r,0) = DoYy(Kor) + i Y (Kor) (Cpn sin(mé) + Dy, cos(mb)) , (2.46)

m=1
where

BoFcho(KoC))fo'(KoC)
Yg'(Koc) ’

— 2n
Do = : f Wi (c,6)d6 +

27Yy(Koc) Jo (247)

18



AmFl CJm(k()C)Y,.:l (K()C)

Y2(Koo) o (248)

Cm sin(m8)W,(c, 6)d8 +

— 27
- WYm(KQC) -/0

1 o B, FycJ. (ko) Y, (Koc)
= — 0 UL . A4
D,, ~ (Koc)/o cos(m@)Wi(c, §)do + Y2 (Koo) (2.49)

and, by eqs(2.21),(2.43),(2.44),(2.45),

aUy(r, 6
2B B} f;o ‘:9(” )rYo'(Kor) ds

_2K3 ( jRo U2(r,6) dA)2 ' _4K? ( /Ro U2(r,6) azA)2

i"z”’ 72B2By(N, j) f dUn,;(r,6)
(K% — K3)[Un;l2 Jss ~ 0m

N=1j=1
2K, [j2 ,0 dA I Cl2
O/RO o(r,0) In

F2=

Yo(Kor) ds

+

TR (2.50)

Eqs(1.19),(2.21),(2.50) give

n B2 1 N 7(ln Ko + v — In2) B
Ko /Ro U(r,0) dA | Ilnel | K, /Ro UZ(r,6) dA

K =Ky +

oUy(r,0)
n?Bg B B3 fso —oa(—n—rYo'(Kor) ds

2K ( /R0 U2(r, 6) dA)2 4K2 ( /Ro U2(r, ) dA)2

o UN)  r2B2B (N, j OUN.(r.0 ]
00 ’.7) N,J(r’ )
E Yo(Kor) d
(K% — K3)|[Un ;|12 ?{so on YoHor)ds)

N=1 j=1
2K, /Ro UZ(r,6) dA |Incl®

+

TR (2.51)

where v =~ 0.5772 .
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2.2 Circular Membrane With a Circular Core of
Radius ¢ Centered at (z, yo)

The geometry of the concerned region is with the outer boundary where Sy is ' = 1
and the inner boundary where Sg is r = c.
For a circular membrane with the boundary where Sy is r' = 1, the frequencies K

and the corresponding eigenfunctions [8, 12] U to eqs(1.4),(1.5) are

Kom, m=1,2,3,..., (2.52)
Kpm,pm=1203,..., (2.53)

and
Jo(Ko,mT’l) ,y M = 1,2,3, cee (254)
Jpo(Kpmr') sin(pl') , Jp(Kpmr')cos(pd’) , p,m =1,2,3,... , (2.55)
respectively, where K, ,, is the m** zero of J, , n = 0,1,2,3,... ,m =1,2,3,... .

Ko = Ko ~ 2.4048 and U, = Jo(Kor').

Translational addition theorems for circular cylindrical wave functions [5, 6, 12

give
Jo(Kr') = i Ji(Kro)Ji(Kr)cos (16 — 1(6p + 7)) , (2.56)
I=—00
J(Kr') sin(pd') = i Ji_p(Kro)Ji(Kr)sin (10 — (I —p)(6o + 7)) ,  (2.57)
l=—00
p=123,...,
Jpo(Kr') cos(pb') = i Ji—p(Kro)Ji(Kr)cos (16 — (I — p)(6o + 7)) , (2.58)
l=—00
p=123,...,
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where 7y is the distance between O = (0,0) and O; = (zg, yo) and 6 is the angle from

the = axis to 0O;. [10] gives
J_i(z) = (-1)'Ji(z) , i=1,2,3,... . (2.59)
Thus,

Jo(Komr") = Jo(KomTo)Jo(KomT)

+ ij: [(‘1)‘2J1(Ko,m7'0) Sin(igo)] J;(Komr) sin(i0)
+ i [ )'2J:(KomTo) COS(leo)] Ji(Ko,mr) cos(0) , (2.60)

i=1

m=12,3,..

Jp(Kp.mT,) sin(pf') = Jy(Kpmro) sin(pbo) Jo(Kpmr)

+ i [(—1)(‘_”)J,-_,,(Kp‘mr0) cos ((¢ — p)b)

i=1

+(=1) N (K mTo) cos (i +p)00)] Ji(Kpmr) sin(i6)

30 [(~1)6PH 0, (Kpro) sin (G = p)6o)

i=1

+(=1)"Ji1p(Kpmro) sin ((i + p)6o)| Ji( Kpmr) cos(i6) , (2.61)

pm=123,...,

Jp(Kpmr') cos(pf') = Jp(Kpmro) cos(po) Jo(KpmT)
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[(=1)4P\J;_y(Kpmro) sin ((i — p)6o)

i
L

+

+(=1)"Jisp(Kpmro) sin ((i + p)6o)] Ji( Kp,mr) sin(if)

+

Vs

I
Pt

(1)), (K mro) cos ((i — p)6o)

)

+(—1)"J,-+,,(Kp,mro)cos(( +p)00)] i(Kp,mr) cos(if) , (2.62)

pm=123,....

Integrals of products of Bessel functions [10] give

/ tJ2(t) [J2 )+ J2(2)] (2.63)
/Ozt ((8) dt =23 (n + 20)J2, 5 (2) (2.64)
1=0
n=2234,....

Thus,

[, T3Eomr') 44 = 7 [J3(Kom) + T (Kom)]

= 7r‘]12(}’{0,m) ) (265)

m=1,23,..

(Kt sin(8)? = [ (Jp(Kpmr”) sin(pf?))’” dA

2r &
= %2 Yp+1+20)02,, (Kpm) (2.66)

pm =0

p,m= 11213a' L]
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1o (Kpmt') cos@t!)[* = [ (Jp(Kpmt") cos(pt))’* dA

2r X
= e g(p + 142002 (Kpm) (2.67)
pm=123....
Law of Cosine :
r? =1 41 — 2ror' cos(8' — 6y) . (2.68)
W) =—q(z) ) Yiz) =-Yi(2) . (2.69)

Then,

rYy(Kor) ds

f 0Jo(Kor')
So an

2n
- Jl(Ko)Ko/o \/1 + 1r& — 2rgcos 0’Y1(Ko\/l +1¢ — 2rgcos @) df' .

(2.70)
Translational addition theorems for circular cylindrical wave functions [5, 6, 12] give

Yo(Kr) = i JiI(Kro)Yi(Kr') cos (16" — 16y) (2.71)

l=—o00

where 7 is the distance between O = (0,0) and O; = (zo,%0), 6o is the angle from
the = axis to OO,;, and the formula holds for points lying ouside the circle with the

diameter OO; = ry. Then,

0Jo(Konr'
]4; 0(67:, r )Y(,(Kor) ds = =27 Ko nJo(Koro)Yo(Ko)J1(Ko,n) , (2.72)
0

n=23,4,...,

]g aJp(Kp,vgn) sin(pd )Yo(Kor) ds = 2w K mJp(Koro) Yp(Ko)Jp(Kpm) sin(po)

pm=123,...,

(2.73)
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8J,(Kym /
}{S o(Kp, arn) <os(P) v (Kor) ds = 27 K mJp(Koro) Yo (Ko) J(Kpm) cos(pbo)
p7m= 1)2,3,-.. .

(2.74)

Eqs(2.51),(2.60),(2.61),(2.62),(2.65),(2.66),(2.67), (2.70),(2.72),(2.73),(2.74) give

K = Ko + ( Jg(Koro) ) 1 4 [(ln Ko + Y — In 2)J3(KOT0) _ Jg(Ko’l‘o)

KoJi(Ko) KoJ:(Ko) 2K3J} (Ko)

| Inc|

27
J(:]’(Koro)f0 \/1 + 18 — 219 cos 0’Y1(Ko\/1 + 18 — 2rgcos ') db’
4K, J} (Ko)

7I’J0 Ko"'o el KmeO)J’( )J (KOTO)Y (Ko)
2K0J (Ko) E Z

p=l (sz KO) Z(p +1+20) p+l+2l(KP m)

7TJo(KM‘o )Yo(K, i KonJo(KonTo) 1
KOJI (KO n=2 (Kgn K2) JI(KO n) |lnC|2

4. (2.75)

where g is the distance between O = (0,0) and O; = (zg, %), Ko = Ko, ~ 2.4048,

v ~ 0.5772, and Kj,,, is the m** zero of Jy, J, - is the m*™* zero of J,, m,p = 1,2,3,....

2.3 Annular Circular Membrane With Outer Ra-
dius 1 and Inner Radius ¢

The geometry of the concerned region is with the outer boundary where Sj is 7' =

r = 1 and the inner boundary where Sgis ' =7 =¢. 7o = 0.

Jo(0) =1, J,(00)=0,p=1,23,... . (2.76)
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Eq(2.75) gives

K=Ko+( 1 )1 [(ano+7—ln2) 1

KoJi(Ko)) |Inc| KoJ: (Ko) - 2K3J3 (Ko)

__mYi(Ko) 7Yo(Ko) i Kon 1
2Ko T} (Ko)  KoT}(Ko) (54 (K2, — K3) Ji(Koyn) | IIncl?

n=2

T (2.77)

where Ky = Ko ~ 2.4048, v = 0.5772, and K is the pt* zero of Jy, p=1,2,3,....
Alternatively, eqs(B.7),(B.8) [4] become

24 R 263 ] = .
0 G(r,0,r,0) laG’(r 0;7, 9) N 1 0°G(r,6;7,0) + R2G(r, 0,7, )

or? r or r2 002
- A Tl8.0) i gy, (2.78)
G(1,6;7,0)=0,0<0,0<2m,0<7<1. (2.79)

{1, sin(m#), cos(m8)}.-_, is an orthogonal complete set of functions, we assume that

G(r,0;7,6) = Ho(6)Py(r,7) + fj H,.(8) P, (r, 7) cos(m8)
m=1

o]

+ 3 Ln(6)Qum(r, 7) sin(mf) . (2.80)

m=1

Eq(2.78) yields

- 32P0(r, F) 6Po(r, ’F) =92 -
Hy(0) (r o + m + rK*Py(r, 7)

+ i H,.(6) (rang::’ ) + BP,,(;(:, 7) + (rf{z - m72) Pp(r, 7")) cos(m#é)

+ fj L..(6) (ranggrv 7) + BQ"‘;SN"’ 7) + (rf{z - mTZ) Qum(r, 7’)) sin(mf)

m=1
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= —5(r,7)5(6,6) . (2.81)

Multiplying by 1, cos(m#@), sin(m6) and integrating from 0 to 27 on eq(2.81), m =

1,2,3,... yields
Ho(6) = — , Hn(6) = ~ cos(mf) , Lun(6) = = sin(md) (2.82)
o(6) = 5+ Hm(0) = —cos(mf) , Lm(6) = —sin(m¥), .
m=123,...,
Lo(Pa(r,7)) = —8(r,7), n=0,1,2,..., (2.83)
Em(Qm(r, 7)) = —-6(r,7), m=1,2,3,..., (2.84)

where L, is the Sturm-Liouville operator of order n [12] ;

- 2
L:n(W)er”+W'+r<K2-—%)W, n=012,.... (2.85)

{1, sin(m@), cos(mb)}_, is an orthogonal set of functions, eqs(2.79),(2.82) yield

P.(1,7) =0, P,(0,7)is finite, n=0,1,2,... , (2.86)
QOn(1,7) =0, Qn(0,7)is finite, m=1,2,3,... (2.87)
Thus,

SanEr) (IR = V() v <7
Po(r,7) = ¢ , (2.88)

| 12'-J,,(f<f) (}J’:gﬁ ;J,,(f{r) - Y,,(f{r)) Cr>F

n=012,...,

Qm(r,7) = Pyu(r,7), m=1,2,3,... . (2.89)



Eqs(2.80),(2.82),(2.88),(2.89) give

i cos (m(6 — 8)) Pn(r,7) . (2.90)

m=1

G(r,0;7,0) = 5 Po(r,7) +

S|

Thus, by eq(B.6),

4

Yo(Ko)Jo(Kor)Jo(Ko7)
KoJ1(Ko)

-3 [t +

_ T)/()(Ko)Jo(Kof‘)Jl(KoT)
J1(Ko

_ (Jo(KoT)Jo(Kof)},l(Ko) + ‘I.:J()(Ko‘l‘))/o(Ko)Jl(Kof‘))]
Jl(Ko

_% i cos (m(9 - é)) [Jm(Kor)Ym(KOF) Im(Kor)Ym E 0)Jm (Ko'r)]

r<

]

interchange r and 7 in the above result of r < 7

,T>T .
\
(2.91)
Eq(2.54) yields
Uo(’f‘, 0) = JQ(K()T) . (292)
Then ,by eq(2.20),
_ Jo(Koc)
Vi(r,0) = Yo (K 2.93
{(10) = = P g Yol Kor) (299)
Recurrence relations of bessel functions [10] give
, 1 1
Ji(Ko) = §(J0(Ko) — J2(Ko)) = -§J2(Ko) - (2.94)
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Thus,

wir0) = f, 2200y 7.5

[ 8G(r,8;7,0) Jo(Koc) .

_/0 — s L ("YO(KOC)%(K")) d

= —WYO(KO)QEQZE; lKoJo(Ko;‘)Yl(Ko) + Jo(Kor)Yo(Ko) — KOYO(KO;'I'Jl(KOr)

(Koyl(Ko)Jl(Ko)JO(KOT) + %Jz(Ko)Yo(Ko)JO(KOT))

2J1(Ko)
(2.95)
Eqgs(2.21),(2.65),(2.92) give
_ 1 1 InKg+7v—1In2 1
= (Kosz(Ko)) el ( KoJ?(Ko) ) e~ (2.96)
Eqs(2.46),(2.47),(2.48),(2.49),(2.92),(2.95),(2.96) give
VZh(r’ 0) = DO},O(KOT) ’ (297)
where
. -1 2m FICJo(Koc)YO,(KoC)
Do = 5z /0 Wale,0)d0 + ===t
Ky
3 Koy o (Ko (Ko)Yi(Ko) + “2Yo(Ko)B(K)) | 4
= Z}/O(KO) },()(KO) + 7 1( 0) - 2J1(K0) “nclg
4oeee
(2.98)
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Thus,

£, (a0 - 00,0 0

on on
2n [ —
=/‘ 6J0(K07') | _ DOYO(KOC) + 6D0Y0(K01‘) | _ JO(KOC) c db
0 or r=e or r=e
= 27TCKOD0 (—J(I)(KOC)YQ(KOC) + )/()I(KOC)JO(KOC))
= 4D,
Ko
. Ko, (KOJI(KO)YI(KO) + TYO(KO)J2(KO)) 1
=T Yo(Ko) YO(KO) + —2— 1(K0) — 2J1(K0) |1nCl2
+ oo
(2.99)
Eqs(2.34),(2.92) yield
i _ -JO(KOC) ’
Vi(r,0) = F ( Yo(Koc) rYo(Kor)) . (2.100)
Thus,
oU(r,0) . ; _ [? 0Jo(Kor) ;
§ Vi 0) ds = [ R | Vi(1,6) df
Jo(Koc
= -2771{011(1(0)1/1(1{0)1?11%2 ch;
Yi(Kp) 1
241 0
_ e 2.101
" (Ko TPt (2101

Eqs(2.43),(2.65),(2.92),(2.96),(2.99),(2.101) give

F, = { -1 Y1 (Ko)

SKITA(Ko)  2Kod3(Ko)
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K 3\
2 (Koda(o)Ya(Ko) + 2 ¥o(Ko) Ja(Ko) )
mYo(Ko) [2Yo(Ko) + KoY1(Ko) —
J1(Ko) .
1Ko TE(Ko) TP
+ .
(2.102)
Eqs(1.19),(2.96),(2.102) give
K=Ky+FL+F,+---
— K+ 1 1 " (1nK0+'y—ln2) _ 1 _ WYI(K())
~ T\ KoJE(Ko) ) |Inc] KoJ?(Ko) 2K3JH(Ko)  2KoJ3(Ko)
K, \
e b« e AU + SOV ()
K,) —
m°Yo(Ko) |2Yo(Ko) + KoY1(Ko) J1(Ko) 1
4KoJ3(Ko) [ Tep
_+- . ,
(2.103)
Recurrence relations for cross-products of bessel functions [10] give
MyTy — NoGy = 4 (2.104)
odo 0G0 = TagE .
where
My = Jo(Ko)Yo(Ko) — Jo(Ko)Yo(Ko) =0, (2.105)
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Ny = Jo(Ko)Y;(Ko) — Jo(Ko)Yo(Ko) = J1(Ko)Yo(Ko) ,

Go = Jo(Ko)Yo(Ko) — Jo(Ko)Yy(Ko) = —J1(Ko)Yo(Ko) ,

Then,

To = Jo(Ko)Ys(Ko) — Jo(Ko)Yy(Ko) =0 .

T 1
Yo Kp) = ———— .
2 0( 0) KOJI(KO)

Recurrence relations of bessel functions [10] give

Thus,

K=Ko+(

2

EJI(KO) = Jo(Ko) + J2(Ko) = J2(Ko) -
1 1
KoJ?(Ko)/ |Inc]
(InKo++—1n2) 1 mY1(Kp) 1

|

Ko (Ko) | 2K3Ji(Ko)  2KoJ3(Ko)| [ncl?

where Ky = Ky ~ 2.4048 and v =~ 0.5772.
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CHAPTER 3

Sp is a Strip of Length 2¢ Centered

at (an yO)

N w

Figure 3.1: Sp is a strip of length 2c centered at (zo, ¥o)

The cartesian coordinates (z',3') and (z,y), as in Figure 3.1, are related by

z' cos sin -z
_ Yo %o 0 , (3.1)
Yy —sing cos o ¥—Y
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where pg = 0y + 0, 6y is the angle from z axis to O?l, 6, is the angle from 661 to
z' axis, and O = (0,0), O; = (zo, yo)- Let (£',7') be elliptic coordinates related to the

cartesian coordinates (z,y) by

r =ccoshf cosn’ , y=csinh¢'siny , (3.2)

and (£,n) be elliptic coordinates related to the cartesian coordinates (z',3’) by

z' =ccoshécosn , y =csinhsing, (3.3)

where 2c is the distance between the foci. Due to the invariability of the governing
Helmholtz equation under the translation and rotation of coordinates, the governing

Helmholtz equation can be written as

2 2 2.2
0 %(652,7)) L9 %sz’ ) + ch (cosh(2€) — cos(2n)) U(&,m) =0 . (3.4)

Eq(3.4) can be separated by U(£,n) = ¥(£)®(n) resulting in Mathieu equations [12]

d?¥

2 2 _
71-6—2—+[h cosh{—b]‘II—O, (3.5)
@ + [b h? cos? n] =0, (3.6)
dn?

where h = Kc and b is a separation constant. The periodic solutions [12] to eq(3.6)
are S, , the p* order odd angular Mathieu function, and S, the ¢** order even

angular Mathieu function, where

oo}

So, (h,cosn) = Zle (h, p) sin(2In); (2)Bg(h,p) = 1
=1 =1
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if piseven, (3.7)

So, (h,cosn) ZBZHI(h p)sin ((20 + 1)n); Y (21 + 1)Bg,,(h,p) =1
1=0

1=0

if pisodd, (3.8)
Se,(h,cosn) =Y B3 (h, q) cos(2ln); Y Bj(h,q) =1
1=0 1=0
if q is even , (3.9)
Se,, (h,cosn) Z 21:1(h, @) cos ((21 + 1)n) ; ZB;H-l(ha q) =1

1=0 =0

if qis odd (3.10)
p=123,...,¢=012,..

The corresponding solutions [13] to eq(3.5) are J,,, the p* order odd radial Mathieu
function of the first kind, N,,, the pt* order odd radial Mathieu function of the
second kind, J. the ¢* order even radial Mathieu function of the first kind, and

N.,, the ¢** order even radial Mathieu function of the second kind, where

Jo,(h,cosh &) = \/-g_tanhﬁi {(—1)"5(21)B§,(h,p)J21(h cosh&)}
1=1

\/— E{ B;’,hp)

Bz (h,p) =
1 1 . .
[Jl_l(Ehe_e)Jlﬂ(EheE) - J,+1(§he"£)J1_1(§he€)]} if piseven,

(3.11)
Jou(hycosh €) = [ tanh £ 3" {(~1)~"5 (21 + 1) B3y (h,pMass(hcosh €))
=0
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(]

= B2(h, p) IE{( 1)~ LBzz+1(h p)
[A(Ghe ) (ghe) - Jua(ghe™)di(he)|} if p s odd

(3.12)

Je,(h,cosh€) = \/>Z 1)'-% B (h, q)Jzz(hCOShf)}

n

: i{ ~iBy(h,q) iz hef)J,( he'f)} if qis even

l=0

(3.13)

Joy(hcosh €) = /2 3= {(~1)"~" Bfes(hy @) Jaa(hcosh )}

\/% - -1 e
Bl(h ) g{( 1)'=7 B34 (h,q)

[J,(;he"f)J,H( L pet )+J,+1( L he (= hef)]} if qisodd

(3.14)

N,,(h,cosh§) = \/—gtanhﬁi {(—1)"‘3(2l)B§’,(h,p)N21(h cosh E)}
1=1

[SIE]

N (GRS
l=l

[Jz 1(lh€ ¢ N1+1( heg) J1+1( She” )Nl—l(%hee)]} if piseven,

(3.15)

No,(h,coshs)=[ tanhﬁZ{ 1)'57 (21 + 1) By, 1 (h, ) Natsa (R cosh €) }
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o}
-Q
—_
&
3
~—
¥
o

[A(Ghe N (Ghet) = a(Ghe INi(shet) |} if pis odd,

(3.16)
N (h,cosh ) = /7 5= {(~1)"~1B5(h, ) Na(h cosh )}

= \/g ot _ [.—g e l E 1 _E } A .
Bg(h, q) g {( 1)""2 B3 (h, Q)Nl(zhe )Jt(2h€ )t if qis even,

(3.17)

= )/; S {(—1)-F By, ()
=0

1 1
he‘f)N,H(Ehe‘) + J1+1(§he_5)N,(%heE)]} if gis odd ,

| oumsmmanm |
S~ 2
—~~
(SR

(3.18)

p=1,2a3a--- y q:0,1,2,... .

3.1 Membrane With a Strip of Length 2¢c Centered

at (zo, Yo)

Uo(&,7n) is finite in Ry, we assume that
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oo

+ z [AZM_I(C, ©0)Sosn+1 (ho, €08 1) Jo,., ,, (ho, cOSh §)

n=0

+ A3, (¢, ¥0)Se,, (ho, cos n)Je,, (ho, cosh §)

+A;n+l (C, ‘PO)Sean (hOv Cos 77)']:2,.+1 (hOa cosh E)] (319)

with coeflicients A3, (c, wo), A%.41(c, wo), A5.(c, po), and A5, (¢, po) determined by
the boundary condition, eq(1.5), where hy = Kyc.
{S

22(n+1)

(h,cosn), Sozn,s(h,cosn), Se,.(h,cosn), Se,..,(h,cosn)}, is a complete

orthogonal set of functions and [13]

2r
/0 S2. . (hcosn) dn = WZ(B (h,2(n + 1)) = M,y (h),  (3.20)
52 h dn = °°B° h,2n+1))2 = M2 .. (h 3.21
) Somn 1 (hycosn) dnp =7 (Bg,(h,2n+1))* = Mz, (k) , (3.21)
1=0
2n et
/0 S2 (h,cosn) dy = 27 E( ) By(h,2n) = M5.(R),  (3.22)
1=0
A 532 ,,(h,cosn) dn = WZ(B§,+1(h, 2n +1))2 = M;, . .(h), (3.23)
1=0
where
1 ifl=0
& = f (3.24)
2 if 140,
[13] gives
Jo(hoy1) =0, p=1,2,3,... . (3.25)

Thus, eqs(1.22),(1.23) give

2 - Joq,,, (o, 1
m=1 02m )
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= 1
Z 2n+1 C ‘PO Soanﬂ(ho,COS??) JOzn+1(hOaCOSh£) - J02n+1(h'01 )Nozn.n (ho,COShf)
No, 1(h0’ 1)

n=0

+A4%,.(¢, 90) Sean (ho, cos 1) (J,,n(ho,cosh £) — MNCQ"(hO,COSh €)>
Neﬁn(hO) 1)
A Jeanas (R0, 1
+A;n+1(0, ‘Po)Seg,,H(ho,cos 7)) ( eg,,ﬂ(ho,cosh{) _QL(E—)Nez,,H(ho,COSh{))]
N¢2n+l(h0a 1)
Z A3m(,90) 3722 iy Nown (o, €031 €) S (B, cO5)
3 Jopns (ho, 1)
HZ::O [A2n+1 ¢, Yo —Iﬁ(—h—l)No,nﬂ(ho,cosh{) Sognss (ho,cosn)
e JC?n(hO) 1)
+A3,(c, o) N, (ho1) N.,_ (ho, cosh £)S.,, (ho, cosn)

J

+A5 . .(c, o L’(ho—’l—)N hg, cosh €)Se,,..., (ho,cosn
2n+1 +

N32n+l(h0’ 1) cant
Z C 900 (h07 Cos n)Jozm (hO’COShE)

+ Z [A~;n+l(c’ ‘PO)Sozn-n (hOa cos 7’)']02"“ (hOa cosh é‘)
n=0

Jezn(hOa 1)

Zewn\B0: ) nr (ho, cosh
N, (o 1) e (0 5))

+“i;n(c) ‘pO)Snn (ho, Cos 77) (']ezn (hOv cosh 5) -

~ Jeznsq(hoy 1
+A§n+1(ca (PO)Scan(hO)COS T)) ( ezn«n(hO’COSh E) - N—z%()].))Nezn+x(h0vCOSh£))]
. €2n+1 )

- e2n (P05
Z [A;n(c ‘PO)J—V—((’:.—);Nez..(ho,COShf)Sczn(ho,COSU)
n=0 €2n )
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Jeznsr(ho,1
Ao o) sezmer B 1)

€2n+1

(ho, 1) Ne2n+1 (ho, cosh {)S,,,,“ (ho, Ccos T))

(3.26)
[13] gives
W (Je,(h,cosh€), N (h,cosh€)) =1, ¢=0,1,2,..., (3.27)

where W(J,q(h,cosh{),Neq(h,coshf)) is the Wronskian of J. (h,cosh§) and
N.,(h,cosh§). Thus, by eqs(2.16),(3.19),(3.22),(3.23),(3.25),(3.26),(3.27),

Vi(z,y) OUy(z,y)
ngUo(:c,y)( 5t o, )ds

—2Ky /Ro Us(z,y) dA

2 OVA (€, 8, (€,
/0 Us(0,7) (___16(_677_) |¢=o + _0(.% |€=0) dn
~2K, /Ro U2(¢,m) dA

F1:

1 |-
- 5 [A;,,(c, ) 451 (¢, 00)
~2K, /Ro U2(€,n) dA n=o

JCZn (ho’ 1)
Ncan(h01 1)

M2en(h0)

Ae e Jezn+1 (h ) 1)
+A2n+1(C, ©0)Agnr1(c ‘PO)N—O

My (h )}
¢2n+1(h0’1) 2n+1170

+ 1 3] [

~ 7y M3 (ho)
—2K, /Ro UZ(€,m) dA a=o e2n (B0, 1)

2 Jeznir(ho, 1
+ (A50en)” (e, p0) Jemerlhr )

Lennnl80:2) pre  (pyl
e2n+1(h0’1) 2 +1( 0)]

(3.28)

fi‘z’m(c, ¢o) and fi‘z’n +1(¢, @o) do not affect Fy, the simplest choice is to set them equal

to zero. [13] gives
B3 (h,p) = O(R*77)) | (3.29)
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Bj.1(h,p) = O(**7P) | (3.30)

B (h,q) = O(R*"9) , (3.31)
Bj.1(h,g) = O(RP*174)) (3.32)
J82n+1(h’7 1) _ 4n+

NeohD) O(r*™*?), (3.33)
J.,.(h,1) ) n=0

New(ho1) (3:34)

O(h*™) n#0.
Azn(c,00) = O(1) , Asnia(c o) = O(1) . (3.35)

hocosh ¢ is O(1) on Sp. Thus, to correct the boundary condition on Sy to O(g-) for
(Uo + V1), A5,(c,p0) and A3, ;(c, po) must be at most O(g), the simplest choice
is to set them equal to zero. The other choices would only lead to a higher order

correction to the first order result F;, eq(3.28). Thus,

1)
; A (¢, po mNezn(ho,COShE)Se:,.(ho,COSU)

e J32n+l(h’ 1)
+A3, (e p )Ne,,,+,(h 1)Ne,““(ho,cosh{).S',,,m(ho,cos17)l ,  (3.36)
and
= Je (hO, ) 2 Je (ho,l) ]
AS)? (¢, p0) =222 ppe ( A, ¢, po)~2nt1l D L e (h
o nZ:% (A3.)" (c %)Ne,,,(ho, 1) 2 (ho) + ( 2 +1) ( %)Ne,,.“(ho 1) 2 +1(ho)
| =

—2K, /RO U2(€,n) dA
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(3.37)

The expansion formulas connecting the circular cylindrical wave functions with the

concentric elliptical ones [5] give

2 B?(h,
JP(KT) sin (p(a - ‘pO)) = \/8_” Z p( m) SOm(hchSn)JOm(h,COShE) )
2 m=1 M:z(h)
(3.38)
p=123,...,
where p and m are both even or odd.
and
> B¢(h,
Ju(Kr)cos (a0 — o) = Y2 3> BB g 1 cos . (h cosht)
fq n=0 Mvel(h)
(3.39)

q=0,1,2,...,

where ¢ and n are both even or odd. Then,

Bo(ho,O) B3,(ho, 0) .
o A 2 B 2
Ag(c, o) = V8TBy———= M (ho) + V2 Z Mo(h) (A2p sin(2ppg) + Ba, cos(2pyo))
(3.40)
[13] gives
h? 7ht
B;(h,0) =14+ — + — . 3.41
0( ’O) + 8 + 512 + - ) ( )
1, 13, )
e(h) _ Lo, a0 ) 42
M:(h) ﬂ(z SH Tt (3.42)
(Bg(h,0))" _ 1 2
= — he + 3.43
Mg(h)  ax 0 (343)
Jeo(hy1) w1 « 1
=T T nd—y—InKy) ——— 4 . 3.44
Ne(h,1) 2 lnc 2 (In4 -y —lnKo) (Inc)? M (3.44)



Thus,

— e \2 Je,,.(ho, ) e 2 Je2n+1 (hﬂv 1) e
Z [(A2n) (C, (pO)Negn(hOa )M2n(h0) (A2n+l) (C, SOO)Ne,.,H(ho, 1)M2n+1(h0)

Fl n=0
—2K, U , N dA
0 / 0 (6 )

€o (h01 1)
~2K [ U3(€m) dA

R ]

+ .-

{\/— Bo ’ZO’ + V2 Z[Bz”ohz ;’) (Aszin(zp‘Po)'*‘szCOS(zP‘Po))}}

—2K, /Ro U¢(&,m) dA

Jeo(h(h 1)

—=——=M;(ho) +
Nco(hO’l) 0( 0)
_ nB2 1 +7rB§(ano+7—ln4) 1
—K/ U2(¢ )dA|lnc| K/ U2(¢,n) dA |Inc|? ’
0 Ro 0 7 0 Ro 0 » N
where v = 0.5772. (3.45)

Eq(2.23) yields

_ = Ung(6o) U, (€,m)
Wi(€,n) = EUs(§,n) + Nz—_-:l ng (KI%I — Ij{g)“UN,ij %;0 3]7'1 Vi(€,n) ds,

(3.46)

where FE is a constant and

UNJ(&””) = Z Agm(c’ 900’N?j)SO:m(hN:cosn)Jmm(hN’COShé)

m=1

oo

+ Z [Agn+l(c’ ¥o, N, j)Smnﬂ (hN’ cos U)Jo:,m (hNa cosh E)

n=0

+ A%, (c, 00, N, §)Ses, (RN, cos N)Je,, (RN, cosh§)
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+ A5, 1(¢, 00, N, §)Sesnsi (RN, cOsN) ey, (hn, cosh {)]

(3.47)

with  coefficients  A3.(c,0,N,j),  A3.1(c,00,N,j), Aj.(c,p0,N,j), and
A$. . 1(c, 00, N, j) determined by the boundary condition, eq(1.5), where hy = Kyc.
The expansion formulas connecting the circular cylindrical wave functions with the

concentric elliptical ones [5] give

Se,(h,cosn) N, (h,cosh§) = \/—Z B;(h,q)Y.(Kr)cos(n(0 — wo)) , (3.48)
q=0,1,2,...,
where ¢ and n are both even or odd.
Thus, by eqs(3.36),(3.40),(3.41),(3.42),(3.44),(3.48),

aUN,J'(ga T’)
f;o ——6n—Vl(€,n) ds

T & Je, (ho,1) &
= — A (c, He Bs, (ho,2
‘/;,2:%{ 5e(C <po)Nm( o,l),,zzo 5n(ho,29)

BUNJ(r 0)

f;o Yo, (Kor) cos (2n(6 — ¢y)) o

e (h01
et L Bs. . (ho,2 1
N (hO, Z 2n+1 0,44 + )

€2q+1 =0

+A01 (6 p0) 57—

-?{So Yoni1(Kor) cos ((2n + 1)(0 — o)) _a_[_ji"ain(_r_’_el ds}

T e Je h07
= 3 A5(es o) 52 2 B0

BUN,,-(r, 0)

on ds +

fs Yan(Kor) cos (2n(6 — ¢u))
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- [(2) (s ) f, vt 22t ]

|Inc|

E2: oUy,(r,0) 1
_( - }fSOYO(KOr) o 4 T T (3.49)

To correct the boundary condition on Sp to O( C‘) for (Uy + V; + W) , the constant

F must be zero. Thus,

oo I(N) .
Zz g K UNJ 6) ) fi;o aUN,J(g’n)‘/l(é’n) ds . (350)

& — K3)|IUn,;l|? on
Let
Va(z,y) = Vs (z,y) + Vi (z,y) , (3.51)
where
AVS(z,y) + K3Vy(z,y) = —2KoFiVi(z,y) in R, (3.52)
AV (z,y) + K2V (z,y) =0in R, (3.53)
Vi(z,y) = -Wi(z,y) — V;(z,y) on Sp . (3.54)

The method of variation of parameters (3] gives

: ad Jes (ho, 1)
V3 (&,n) = 2K F; A5, (¢, po) ———"-=8.,, (ho, cOs
5(611) = 2KoFs 3 { A cr0) 3220005 oy con)

[F3n(€) Nea (ho, cosh §) — G5, (€) Jesn (o, cosh §)]

<

82n+1(h0 1)

Seznss (ho, cOS
e,,.“(ho 1) 2 +1( 0 77)

+A3011(¢) po)

2

[F5i1(6) Nesas (o, c08h €) — G1(€) Jeanss (o, cosh€)] }

(3.55)
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where

14
Fi(§) = [ Juy(ho, cosh )N, (o, cosh 1) dy (3.56)

G3(6) = [ N (ho, cosh ) d (3.57)

q=0,12,.

Alternatively, eqs(2.33),(3.36),(3.48) give

JC h) ko e

Viem =3 Flrz{ £, (¢, ) 2ol ) 232,, ho, 29) Y3, (Kor) cos (2n(6 — o))
NCZq(hO’ n=0
J¢2q+l(h

+A§q+1( )m ZoanH(hOa 29 + 1)Y2n+1(K07')

cos ((2n +1)(6 — o))} -

(3.58)
Eqs(3.20),(3.21),(3.22),(3.23),(3.53),(3.54),(3.55) yield

Z C1 ¢0 oam(hO’Cos n)JOQm(hO’COSh f)

+ 3 [C8nr1(C, 20) Sornss (R, COS M) op, ., (ho, cosh )
n=0

ch,. (hOa 1)

N.. (ho 1) N, (ho, coshf))

05206, 00 hay 0871 (o s cosh ) ~

Ll(h"’_l_)N (ho,COShg))]

+C-’;n+1(c) 900)562n+1(h07cosn) (Je2n+1(h0)COSh 6) - N (ho 1) €2n+1
€2n+1 )

+ Z (¢, o) (ho, cosh €)S,,, (ho,cosn)
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oo

+ 3" [C3ns1(€:£0) Noga, 1 (o, cOSh €) S (o, cOS )

n=0

+C§n(cv ‘pO)Nezn (hO’ cosh G)Sezn (hOa cos 77)

+C§n+l(ca ©0)Neynr1 (ho, cosh €)Sezns1 (ho, cos n)] ,

(3.59)
where
2w
— [ WA(0,1)S (o, cos ) dn (3.60)
Cs. (¢, 00) = ’ '
2m(c ()00) M;’m(ho)Nmm(hO’ 1)
2m
~ [ WA(0,1)Sur,. (ho, cos) d (3.61)
Cs, ) = ' -
2n
-—A W](O,n)Sez"(hO’COST’) dn
20 (90 M3, (ho) Ney, (ho, 1)
Jc h ’1 e e
2KoFs A (6, 0) 22200 (B2 (0)N.y, (ho, 1) = G (OW e (s 1)
_ NCQn(hO’ 1) )
NCZn (ho’ 1)
(3.62)
2n
—-/(; W1(0,7)Sen 41 (ho, cosn) dn
C; ) =
3n+1(C #0) M5, . 1(ho)Ney,y, (ho, 1)
Jeani1(hos1) [ e ¢
2KoF145,(c, SOO)ﬁa::ll((_h(:)’_l_)) [F2n+l(0)Ne2n+1(h0’ 1) = G50 41(0)Jeznsa (ho, 1)]
N.,...(ho,1)
(3.63)
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Eqs(3.7),(3.8),(3.9),(3.10),(3.47),(3.49),(3.50) give

27
/0 Wl(O»ﬂ)Sez..(hoaCOS 77) d’)

o (£, 2Dy as) p,
. Asq(c, 0, N, j)Jeso (B, 1
szz ; (K2 — K2)||Un,]2 Lgo 2q(C Yo F)Jesq(hn, 1)

(21rB3(hN, 29) B:(ho,2n) + 1Y B (h,29) Bg (o, 2n))]
1=1

B Un,(r,0
o I(N) (”2"}{ Yo(Kor )a_lvg:"_’) d )
= 2 A5 (¢, 00, N, 3)Jey (BN, 1 )
N=1j=1 (K% — K3)||Un,;1? [Z 34(C, 0

(27rB§(hN, 2q) BE(ho, 2n) + 7> By (hn, 2q) B (ho, 2n))] }
1=1

2m
/0 WI(O) n)S€2n+1 (h‘Oa Cos 7’) d’?

> So Bn ! o) '
= 2 ' E A5 (e 00, N, 5)egir (hny 1)
N=1j=1 (K% — K3)||Un,;1? Lz:% 2¢+1\G: o .

1=0
- (@f. Yo(K 3UN,(1' 0) d)
oo 2 So kad .
= Ae (C,‘P 1Na])Jezq+l(hN11)
NZZ S I [Z 640
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(wZB;m(hN, 2 + 1)B .1 (hoy 2n + 1))]}

1=0

1 + .
|Inc| ’
(3.66)
2n
| Wa(0,m)S.,, (o, cosm) dn = 0, (3.67)
2n
/o W1(0,1)So,..,(ho,cosn) dn =0 . (3.68)
Thus, by eqs(3.25),(3.27),
oUo(&,7) . VY (€,m)
f;a (Tvz (&,m) TUO(EJI) ds
2r [ QUL(E, VI (&,
:/(; ( gg ) |5:o Vzh(o’ n) + _26(5_77)' |5=0 UO(Oan)) dn
=3 [ A3, (¢, 00)Cs (¢, o) M3, (ho)
n=0 ean(ho’ )
-1 e ~e e
+mf12n+1(cy 900)02n+1(cr ‘PO)M2n+1(h0):l
+3° [A5(c,90) (e, 90} Mo ) + Ay (€, £0)Cinan (€ 90) My (ho)]
n=0
(3.69)

C3.(c,p0) and Cg,.,(c, o) do not affect the second order result F;, eq(2.43), the

simplest choice is to set them equal to zero.

Noy(h,1) =O(R7%), p=1,2,3,... ,

P
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Newy(hy1) = ' . (3.70)

= O(h*"*?) | 3.71
N¢2n+1 (h” 1) ( ) ( )
O(Z;) n=0
Jer(h1)
N, (A1) (372
O(h*™) n#0.
F0)=0+---, (3.73)
G(0)=0+---, (3.74)
q=0,1,2,... .

hocosh§ is O(1) on So. Thus, to correct the boundary condition on S to O(p o)
for (Up + Vi + W1 + V2), Cs.(c, o) and C5, ., (c, po) must be at most O(jma), the
simplest choice is to set them equal to zero. The other choices would only lead to a

higher order correction to the second order result F, eq(2.43). Thus,

V’.’h(g’ 77) = Z [C;n(c, (PO)Nezn(hO’COSh E)Se:n (hOv cos 77)
n=0
+Csn11(¢,£0) Ny (ho, cOsh €) S, (ho,cosm)] , (3.75)
where
27
c —'/0 WI(O,TI)Sezn(hO,COSU) d77
€ c’ —
in(©: 0) Mg, (o) Ny, (o, 1)
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Je,,.(ho, 1)

2K FL AL (¢, ¢
oFidan(e ) " (o)

[F;n(O)N¢2n (hOa ) ;n(O)Jenn (hO, 1)]
N, (ho,1) ’

(3.76)

2T
- /(; Wl(Oa n)seznn (hOa Cos 77) dﬂ
Cinralerv0) = = h) Newoa (s 1)

Je n+1 h’ ) €
2oy A (e, o) 22z 02 ). [F50i1(0)Neyu s (B0, 1) = G5 (0) g (o, 1)

Ne2n+1(h0a 1)
- Neo.s (o, 1)
(3.77)
And
o(&:m) 1 a v (¢ m) )
ng (TV (5’ ) on ————U (5’ )
= i [Agn(c) SOO)C;n(c’ SOO)MZCn(hO) + A;n+l(c’ 900)C§n+1(ci 900)M2en+1(h0)] .
n=0
(3.78)
[13] gives
2 4
Bg(h,0) = 1+ll-8—+;—’112+ K (3.79)
ME(R) = (2 + iy 11238h4 T ) , (3.80)
Ta(h1) = |2+ (381)
and
Ne,(h,1) = \/glnh +e (3.82)
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ng(ho, 0)
Mg (ho)

Bg(ho, 0 ad
AG(c, po) = V8T By O(e ,0) +Very
MO (ho) p=1

/2
=4/—Bp+--- .
us

(Aspsin(2ppo) + Bap cos(2peo))

(3.83)
Thus, by eqs(3.65),(3.76),(3.78),(3.79),(3.81),(3.82),(3.83),
AU, (¢, oVi(¢,
f, (Zenypie,n) - D)
= AS(c, 00)CE(c, 0o) ME(ho) + -+
— B27T2 il(ZN:) BO(ij) f Y(K r)aUN,j(r,o) ds 1 + .-
o e S (K -K)UnsIP s O on [Inc|?
(3.84)
Eqs(3.19),(3.45),(3.58),(3.79),(3.81),(3.82),(3.83) give
aUs(€,7)
§ 2o yiie ) a
= TRy a Jexg(ho 1)
IR > {AZQ(c, o
LX:% B;,.(ho, 2q) fS‘o rY,, (Kor) cos (2n(8 — o)) 8U_o;nr,i) ds]
Jezgs (hoy 1
LA w)-N—((T“%
[ Bt 1) f, i o con(zn + 106 - o) P50 s
n=0 So n

51



KO/U£T’ ADC J—Inc So n

ﬂng}{ rYo'(Kor)aUO(r’o) ds
_ So an 1
e (3.85)
2k, [ Up(emyda | IIncl
Ro

Thus, by eqs(2.43),(3.45),(3.84),(3.85),

__F
2= 9k,
6U0(1”, 0) i an(T, 0) h a‘/2 (7‘, 0)
f{gﬂ - V;(r,0) ds+fg5( n Vy'(r,6) — o Up(r,0) | d
2K, /Ro U(r,0) dA 2K, /Ro U2(r,6) dA
, oUy(r, 0
2B nngf% rY, (Kor) Oa(n )ds

-2k ([ Us(em) dA)2+ 453 ([ vatem da)

> ™) By(N,j O i(r, 6
2 o( N, j) n,j ()
Yo(Kor) ——2—"~ ds
NZIJE:I (K% — K3)|Un,;lI? fs‘o o(Kor) on 1 N
2K, [ UZ(r,6) dA o cp?
O/Ro 0(7" )
(3.86)

Thus, eqs(1.19),(3.45),(3.86) give

K:K0+F1+F2+"'

P n B2 1 N 7 (In Ko + v — In4) B¢
= o
2 |Inc| 2
Ko [ U3(€m) dA Ko [ U3(€m) dA
dUy(r, )
Y "B} fs Y (Kar) =g d

o ([ vemad)  aid ([ vden aa)
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x i) Bo(N, 5) OUn ;(r,0) |
B2r? UMY Yo(Kor) A0 2 g
7 3 3 KU ) 3

N=1j=1 So

+

where v = 0.5772 .

2K, /Ro UZ(r,8) dA |Incf?

(3.87)

3.2 Circular Membrane With a Centered Strip of

Length 2c

The geometry of the concerned region is with the outer boundary where Sy is r =

' = 1 and the inner boundary where Sg is { = ¢’ = 0.

Eqs(2.51),(2.111),(3.87) give

1 1
K=For (KoJf(Ko)) g

(In Ko +v — In4) N 1 __mY1(Ko) 1
KoJ?(Ko) 2K3J{(Ko) 2KoJi(Ko)| |Inc|?

where Ky = Ko ~ 2.4048 and v =~ 0.5772.
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CHAPTER 4

Conclusions

The main contribution of the dissertation is two-fold. First, from the computational
point of view, a general formula to the asymptotic approximations of the fundamental
frequencies K of membranes with an internal core of maximum dimension 2¢, ¢ < 1,
is derived. It is convergent in asymptotic sense. Moreover, the first three order terms
of the asymptotic approximations are carried out explicitly. Second, from the point
of view of the inverse problem, relations between the first three order terms of the
asymptotic approximations and geometric properties of the regions are investigated
from the explicit formula. These are summarized in Theorem 4.1 and Corollary 4.2

respectively.

Theorem 4.1 A general formula to the asymptotic approximations of the funda-
mental frequencies K of membranes with an internal core of maximum dimension 2c,
¢ < 1, is formed as in eqs(1.19),(1.37),(1.38),(1.39). Moreover, the asymptotic ex-
pansion of K for membrane with an internal core of maximum dimension 2c, derived

from eq(2.51), eq(3.87) and the minimax principle [8], is

K Kb
[lnc|] |Inc|? ’
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where Kj is the fundamental frequency of the membrane without an internal core,

2
7B

Kl = )
K, UZ(r,6) dA
O/RO o(r,8)

and

n(ln Ko + v —In4)B?
Ko [ U2(r,6) dA
o [ Us(r.0)

0Uy(r, )
2 p3 o\" ]
2B 2B fs Ty (Kor) ds

2K} ( /Ro U2 (r,6) dA)2 4K? ( /Ro U2(r, ) dA)2

> ‘W 72BEBy(N,j U ;(r,
00 "7) f N»J(r’ )Y K
r) ds
+NZ=IJ'_ZI (K% — K3)Un ;1% Jso on o(Kor)

2K, /Ro U(r,8) dA

< K, <
n(ln Ko +v —In2)B2
Ko [ UZ(r,6) dA
o [ U3(r0)
oUy(r,0) _,
) (252 "B} fs Ty (Kor) d

2K ( /Ro U2(r,9) dA)2 4K? ( /Ro U2(r,8) dA)2

i’%’ 72B2B,(N, j) }{ OUn;(r,0)
(K% — K3)|[Un;l2 Jse  on

N=1 j=1
2K, [J2 ,0 dA
0/ 0(7‘ )

Yo(Kor) ds

(4.2)

(4.3)

Corollary 4.2 Eqs(4.1),(4.2),(4.3) show that the geometry of internal core starts to

affect K at K, while the position of internal core starting to affect K at K; and the

geometry of membrane without an internal core starting to affect K at K.
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The asymptotic expansion formula of K obtained by the modified perturbation

method is highly accurate and is valid for small ¢. This is summarized in Lemma 4.3.

Lemma 4.3 (la) Egs(2.111),(C.13) show that the first three order terms in the
asymptotic expansion of K, the fundamental frequency of the annular circular mem-
brane, obtained by the modified perturbation method agree with those in the ezact
series.

(1b) Eqs(3.88),(C.18) show that the first three order terms in the asymptotic
expansion of K, the fundamental frequency of the circular membrane with a centered
strip, obtained by the modified perturbation method agree with those in the eract
series of K., the fundamental frequency of the elliptic membrane with an internal
confocal strip, i.e. Ky~ 2.4048, K, =~ 1.5429, K, ~ 0.1208.

(1c) The asymptotic expansion [9] of K,,, the fundamental frequency of the circu-
lar membrane with a centered strip, computed by the eigenfunction matching method

is of the form

K, K, +
|Inc| |Inc|? ’

Knu - Ko + (44)

where Ky = 2.4048, K; = 1.55, and K, = —0.012 are computed by a least squares fit
on our numerical results for the range ¢ = 1072 to ¢ = 107%. (Numerical instability
occurs for ¢ < 1076).

(2) The comparison between the first three order terms in the asymptotic expan-
sion of K (eq(2.111)), the fundamental frequency of the annular circular membrane,
obtained by the modified perturbation method and the ezact solution is shown in
Figure 4.1. The error is less than 1 % as c is less than 0.25 and less than 5 % as c is

less than 0.4.
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Figure 4.1: The comparison of the asymptotic approximation and the exact solution

8

-: the exact solution of K solved from Eq(C.1)

--: the asymptotic approximation of K, Eq(2.111), S
obtained by the modified perturbation method al

0.5 1
1/in ¢
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Propositon 4.4 Eqs(2.77),(2.111) show that

= -Zvy(Ky) , (4.5)

where Ky = Kj,; ~ 2.4048 and K, is the p* zero of Jy, p=1,2,3,....

remark: The series in eq(4.5) converge slowly.

The future research related to the dissertation would be studies in the convergence
of the modified perturbation method, extensions of the method to higher frequencies,

and extensions of the method to membranes with arbitrary many internal cores.
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APPENDIX A

The Pin-point Phenomenon of
Simply Connected

Membranes

Proposition A.1
P’_%K =Ky . (A.1)

Proof:
First, consider the case where Sp is the circle of radius c centered at (zo,yo) -

Green’s 2™ identity [4, 11] gives

[ Wv) & Uslz,3) - Un(as) AU(=,v)) dA

= SaUSs (U(I; y).a_UB_a(_nz.’_yl - Uo(z,y).a_tf_é?l) ds , (A.2)

where the normal derivative on Sy is with réspect to the outer normal direction

and the normal derivative on Sp is with respect to the inner normal direction.

Eqs(1.2),(1.3),(1.4),(1.5),(A.2) give
(2~ ) [ Uiz dd= - § ve TP as.  (a9)
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Let zero'® order approximation of U(z, y) be U(z,y). Consider U(z,) on the annular

circle with the inner boundary, Sg, and the outer boundary, r = O(c), then U(z,y)

is independent on 6, so

8*U(r)  18U(r) _

Or? + r or 0. (A-4)
Thus,
U(r) = C, + Calnr | (A.5)
where C; and C, are constants.
where C; and C, are constants.
The boundary condition , U(c) = 0, yields
-C
Co=— , C;1=0(1). (A.6)
Inc
Thus,
oU (z,y) 2 oU(r,6) Cy [
= — = — 6) dé
§ Vol n) =52 ds = = [ Un(e,6) =57 |, d8 Uo(c,6) df
(A.7)
so eq(A.3) becomes
2 2 2 —Cy [
(K-—KQ/ U(z,y) dA = ‘/ Uo(c,8) df + l.ot. . (A.8)
Ro Inc Jo
The proposition is proved by the minimax principle [8] and eq(A.8). O
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APPENDIX B

The Generalized Green’s Functions

A generalized Green’s function [4, 12] is needed for problems of the type

AW (z,y) + KW (z,y) = —f(z,y) in Ry , (B.1)

W(z,y) = h(z,y) on So , (B.2)

where K? is an eigenvalue of Eqs(1.4),(1.5).
For the case where the eigenvalue K2 is simple, the generalized Green’s function

G(z,y;Z,9) is a solution [4, 12] of

oo . o . Uo(z,y)Uo(Z,9) .
Dey)G(z,y: 1, §) + KeG(z, 43 £, §) = —6(z,3:%,7) + of IIyl;olrz( 9 in Ry,

(B.3)

G(z)y;i)g) =0on SO ) (B4)

where Uy is an eigenfunction corresponding to the eigenvalue KZ .
The generalized Green’s function G(z,y;Z,y) can be expressed as an expansion in
eigenfunctions with terms associated with the eigenvalue K2 omitted; [4, 12]

oo IN)

- - UN '(SB, y)UN (573})
G x, ;.’E, = +J v , B.5
(@i2.9) = 3 2 T~ K3) Uy (B-5)
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where K% , [(N), Un; are the eigenvalues to egqs(1.4),(1.5), the multiplicities of
K%, and the corresponding orthogonal eigenfunctions to K?% respectively, N =
1,2,3,4,... .

An alternative [4, 12] is to derive more compact series expressions directly from the
differential equation. The solution G(z,y;Z,y) to eqs(B.3),(B.4) can be obtained

from the usual Green’s function G(z,y; Z,7) by using

R
G(a:,y,x,y) = l.(lgr[i’o ﬂ'z—) [(K - KO)G(ma y)xay)] ) (B6)
A(z,y)é(ziy;jag) + I~(2G~7(:c,y;5:,37) = —J(I,y;i, ?,-/) in RO ) (B7)
G(z,y;%,5) =00n Sy , (B.8)

where K? is not an eigenvalue to eqs(1.4),(1.5).
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APPENDIX C

The Exact Series Expansion of K

C.1 Annular Circular Membrane With Outer Ra-

dius 1 and Inner Radius c
The characteristic equation [14] is
Yo(K)Jo(Kc) — Jo(K)Yo(Kc) =0 .
We assume that (2]
1
K =K, + Klm + K36(c) + o(é(c)) ,

where

Ky = Ko ~ 2.4048 : the first zero of Jy ,

_ 7 Yo(Ko)
1T 2(K) !

Addition theorems for bessel functions [10] give

Yo(K) = Yo(Ko) — KIYI(KO)“;—CI — Yi(Ko)K26(c) + - - -
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2.2
K;c

Jo(Ke) =1 - T . (C4)

2
JiK) = ~Ki(Ko) o+ A KK 4+, (C)

2 2
Yo(Kc)z;lnc+;(an0-+-’y—ln2)+--- , (C.6)
where v =~ 0.5772 . Eq(C.1) becomes

[YO(KO) - KIYI(KO)“%C' ~ Yi(Ko)Kab(c) + - ]

1 KiJ,(K,) 1
[ KIJ](K0)|lnc| * 4 |1In c|?

— K2J1(K0)6(c) + - ]

2 2
[;lnc+;(ano+'y—ln2)+---]=0. (C.7)

Balancing the leading orders, one finds

1
and
K?J,(K,
—EKI},I(KO) + K\ Ja(Ka) + (In Ko + v — In2) K Ji(Ko)
K,=—2 4 . (C.9)
J1(Ko)
Eqs(C.2),(C.9) give
mYo(Ko) 1
K=Ky+ —
°" 2 J1(Ko) [Inc]|
K2J,(K
—gKIYI(KO) + ;Z(—O—) + (In Ko + v — In2) K1Ji(Ko) 4
* 51(Ko) [mep *
(C.10)
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T 1
5 Yo(Ko) = o= - C.11
3 YolKo) = g ) (C.11)
2
70 J1(Ko) = Ja(Ko) - (C.12)
0
Thus,
1 1
K=K
ot (KoJf(Ko)) T c|
(IDKO+’Y—1D2) n 1 _ 7I’Y1(Ko) 1 n
KoJi(Ko) 2K3JH(Ko) 2KoJ3(Kop)| |Inc|? ’

(C.13)

where Ky = Ky ~ 2.4048 and v ~ 0.5772.

C.2 Elliptic Membrane of Area m# With an Internal

Confocal Strip of Length 2c

The characteristic equation [13] is
Ney(hy1)Jey(h,coshc) — Jeo(h, 1) Ny (h,coshe) =0, (C.14)

where h = Kc. The asymptotic expansion [9] of K is

1 1
=Ko+ K .15
K ot l|lnc|+K2|lnc|2+ ’ (C.15)
where

Ko = Ko ~ 2.4048 : the first zero of Jy ,

7 Yo(Ko)

K, =— ~ 1.5429
' 2 Ji(K) ’
™ K12J2(K0)
- KiY1(Ko) + —— + Ji(Ko)K1(In Ko — In4 + 7)
K, = —2 4 ~ 0.1208 .

J1(Ko)
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Eqs(C.11),(C.12) give

™ Yo(Ko) 1
K| =— = ~ 1.5429 , C.16
Y7 2 0(Ko)  KoJ2(Ko) (C.16)
K2*J,(K
—g‘KI}/l(KO) + %0)' + Jl(Ko)Kl(ano —In4 + ’7)
Ko, =
2 J1(Ko)
_ (InKp+v—1n4) 4 1 __m¥i(Ko)
KoJ}(Ko) 2K3J{(Ko) 2KoJi(Ko)
~ 0.1208 . (C.17)
Thus,
1 1
= K,
K =Ko+ (KoJf(KO)) Toc|
(mKo+y-ln4) 1 ah(K) ] 1
KoJ}(Kq) 2K3J4(Ko) 2KoJ3(Ko)| |Inc|? ’

(C.18)

where Ky = Ko ~ 2.4048 and vy =~ 0.5772.
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