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ABSTRACT

An Investigation of Methods
for Mixed-Model Meta-Analyses in the
Presence of Missing Data

By

Kyle R. Fahrbach

Meta-analysts often find that the data sets they are planning to synthesize have
missing data on potentially important study characteristics. When the data are complete,
these study characteristics may be controlled for and their effects estimated through
techniques similar to weighted-least squares multiple regression analysis (Hedges & Olkin,
1985; Raudenbush, 1994), where the study characteristics are treated as predictors and the
effect-size magnitude is the outcome. When data are missing, however, new analysis
techniques must be employed if the meta-analyst does not want to resort to either
dropping potentially important study characteristics from the analysis, or dropping studies
that are missing data on those characteristics.

In the present study I investigate the estimation of parameters in a mixed-model
meta-analysis under the conditions that there is missing data on the predictors. To date
only Pigott (1992) has investigated estimation in meta-analytic models where data are
missing, and she did not model the presence of random effects. The estimation procedures
compared here include complete-case analysis (the default in meta-analysis today),
available-case analysis, and maximum-likelihood estimation through the Expectation-
Maximization (EM) algorithm. Each procedure is compared with regard to the bias and

efficiency of its estimators for three different types of missing data: missing completely at






random (MCAR), missing at random (MAR), and not missing at random (NMAR).
Bootstrapped standard errors for the MLE method (using the method outlined in Su,
1988) are generated and examined for accuracy, and a real meta-analytic dataset of
juvenile delinquency reduction studies is examined using the methods mentioned above.

The findings show that on average, the EM maximum-likelihood estimation
procédure produced substantively important gains in efficiency over both CC and AC
estimation, though there were a few subsets of simulation parameters for which the
improvement was either small or nonexistent.

The bootstrapped standard errors for the slopes were, on average, very accurate
and had acceptable non-coverage rates. However, the bootstrapped standard errors for the
estimation of T proved to be too conservative. The estimation of multiple models for the
juvenile delinquency dataset showed that the program that employs the EM estimation
procedure can handle models with many variables and switch between models easily. With
this program in hand, the added inconvenience of maximum-likelihood estimation in meta-

analyst becomes minimal.
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CHAPTER I

INTRODUCTION

Researchers conducting meta-analysis often find themselves the victim of problems
for which they have little recourse. Many of these problems center around an absence of
data that theoretically should be reported in the studies of the field being investigated. For
instance, the problem of publication bias, otherwise known as the “file-drawer problem,”
concerns whether studies have gone unpublished because they failed to find significant
results for whatever treatment or relationship was being studied. While methods exist to
correct for this bias (see, e.g., Begg, 1994), it is a problem that is difficult to handle -- or
to know the full extent of in any given field. Another common problem, and the problem
that is the focus of this study, is missing data that occurs within studies. Missing data
within studies occurs when variables that the meta-analyst believes may moderate or
mediate the effect magnitude under investigation (such as a correlation or effect size) are
not reported.

Missing data of this sort are uncomfortably common in primary studies. A good
example is the set of studies in Lipsey’s 1992 meta-analysis of juvenile-delinquency
treatments. Lipsey collected 443 studies of youth delinquency interventions that had both
a treatment and a control group. Fully 12% of these studies failed to report a variable as
important as the average age of the juveniles during treatment, and over 25% failed to
report the mean total number of hours of contact between the intervention staff and the

juveniles under treatment. Missing data on important study characteristics occur

1






throughout the social sciences, and it is the meta-analyst’s continuous burden to handle
such deficiencies.

When confronted by missing data, researchers are generally advised to take one (or
both) of two routes. They may either drop studies that have missing data on the variables
they think may be important, or, to avoid lowering their sample size, they may instead
drop those variables from the analysis. The first option shrinks the sample size of the
meta-analysis; the second is theoretically unsound. While researchers can try to combine
both routes, the effect is piecemeal at best, as the different sub-analyses work with
different numbers of studies and different parts of the population of studies. A third route
is sometimes taken, though it is heavily advised against in the literature: some researchers
impute overall means for missing values in order that neither their overall sample size nor
their variable pool is compromised. As I will show in the review of literature, this practice
can lead to strongly biased estimators of meta-analytic parameters.

The problem of missing data in meta-analysis is made worse in that meta-analytic
datasets are often perceived to be very diverse -- moreso than many other datasets
analyzed through multiple regression. This perception has led to the “comparing apples
and oranges” debate that has taken place within the meta-analysis community for the last
twenty years (e.g., Green & Hall, 1984, Slavin, 1984). Given this perceived diversity and
the fact that the average meta-analysis has fewer cases (i.e., studies) than the average
social-science study (see, e.g., Harris & Rosenthal, 1985; Hunter & Schmidt, 1990; Lent,
Auerbach, & Levin, 1971), it should be anathema to delete studies from one’s analysis

simply because they do not report complete data on all variables of interest.







As of this writing, the only researcher to examine the problem of missing data
within meta-analytic studies in a statistically rigorous way has been Pigott (1992). Pigott
derived maximum-likelihood (ML) estimators of regression slopes within a meta-analytic
model. In this model, the outcome is some asymptotically normally distributed parameter,
such as an effect size or a correlation, and the predictors are study characteristics, such as
type of treatment or mean number of contact hours between juvenile and intervener. Her
model was not a full model, however, in that it did not allow for the presence of a random
effect for the intercept. In other words, her model assumes that after accounting for
sampling error and variation in the observed predictors, all variation has been accounted
for and all studies have the same population correlation or effect size. This assumption is
restrictive and may be unrealistic in many fields, especially if not all important study
characteristics were measured. Also, Pigott assumed that study characteristics are
measured with a precision proportional to their study’s sample size. Obviously, for many
conceivable study characteristics (i.e., sex of author, length of treatment) this assumption
is an unreasonable one; there is no reason to think that a more precise estimate of the sex
of a study’s author comes from a study with 20 participants than from a study with 200 or
2000. An estimation procedure that estimates a random effect, and does not make the
above assumption, is the natural next step.

There is a potential problem in deriving a more complicated maximum-likelihood
method, however. There is the danger that it will be too complicated or intimidating for
those who generally conduct meta-analyses, i.e., subject-matter experts who may be

uncomfortable or unfamiliar with complex statistical procedures. There are two possible






solutions to this problem: find an easier method of handling missing data, or write
software that is general enough and simple enough to be used by someone whose
statistical expertise is limited to moderate exposure to multiple regression and facility with
one of the simpler statistical packages (e.g., SPSS for Windows).

The purpose of this study is to present, and test, a method for the estimation of
meta-analytic parameters while addressing each of the above issues. A statistically
rigorous maximum-likelihood estimation procedure is derived that accounts for the
possible presence of a study random effect, and is written into software that can handle
most meta-analytic datasets. A less statistically rigorous, but intuitively promising method
for handling missing data (available-case analysis, also known as pairwise deletion) is also
derived and tested against the maximum-likelihood procedure. It is expected that the
maximum-likelihood procedure will perform better in terms of bias and mean-squared
error (MSE) of its estimators; however, it is an open question as to whether it will
perform substantively better. If the only difference between maximum-likelihood (ML)
analysis and available-case (AC) analysis is that the MSEs of the ML estimators are only
one or two percent smaller than the MSEs of the AC estimators, then practically speaking,
the two techniques are performing equally. The two techniques are tested against each
other and against standard complete-case analysis while varying a variety of study
parameters, including study sample size, size of random effect, population correlation
matrix between the predictors and outcome, number of studies, and type of missing data.

Thus, this investigation offers several important additions to the field. Meta-

analytic methods have fallen behind those of related fields, such as Hierarchical Linear






Modeling (HLM) in regard to their statistical sophistication. The derivation of a
maxiﬁnml-likelihood estimation procedure to estimate all important meta-analytic
parameters, even in the presence of missing data, brings meta-analysis back to state-of-
the-art. Yet, it is not taken on faith that the new methods, which are admittedly complex,
give substantively different results than less statistically rigorous methods that are easier to
understand. This study quantifies both the accuracy of all the methods studied and their
accuracies relative to each other, in order to determine whether the “payoff” from the use
of the more complicated method is worthwhile. Finally, the development of easy to use
software will allow complicated meta-analytic models to be investigated by those who are
subject-matter experts and not statisticians.

Chapter 2 presents a review of the literature that defines the different types of
missing data and summarizes research regarding different methods of handling different
types of missing data.

Chapter 3 begins with a statement of the meta-analytic model under investigation.
It then describes how complete-case analysis estimates are calculated, followed by a
derivation of the available-case estimation procedure as well as the maximum-likelihood
estimation method. These are followed by a summary of the simulations used to test both
of these estimation procedures, as well as test the “default” estimation procedure,
complete-case analysis..

Chapter 4 provides a summary of the parameters to be varied in the simulations, as
well as rationales for their ranges of values.

Chapter 5 describes the criteria for investigating the different estimators of the







meta-analytic model and summarizes the results of the simulation work with regard to
how biased and precise the estimators are for the different methods.

Chapter 6 presents the analysis of a real meta-analytic dataset, provided by Dr.
Mark Lipsey, concerning interventions to prevent juvenile delinquency. This data set has
been the source of multiple papers (e.g., Lipsey, 1999a, 1999b).

Finally, Chapter 7 summarizes the results of the simulation work and the meta-
analysis of the Lipsey data set, and examines the possible substantive benefits of using the

more statistically rigorous maximum-likelihood method.







CHAPTER II

REVIEW OF THE LITERATURE

Different types of missing data for the typical general linear model are introduced,
followed by a description of the estimation procedures used to handle these different types
of missing data. Literature (mostly simulation work) regarding the bias and efficiency of
the estimators from the different procedures is summarized. While almost none of the
literature that compares and contrasts the different procedures looks at a general linear
model (GLM) with both a fixed error term and a random effects component, or has any
sort of meta-analytic context, it helps inform us as to what procedures would be best

applied to the problem.

1. Types of Missing Data

Define Y = (Ypasakx(ptl) matrix of k£ observations measured for (p+1)
variables, where the first variable measured is the dependent variable and the next p
variables are the independent variables.

Define the response indicator R=(R;)), such that R;=1 if Y;; is observed, and R;=0
if Y;; is missing. This model treats R as a random variable; the type of missing data present

will depend on the specification of Y and the distribution of R, given Y, which is

YR, ) = AYIDRRY, ). (22)







The parameter P represents the parameters concerning the Y; and their
interrelationships. Parameter |/ represents an unknown variable or group of variables that
affect the distribution of the missing-data mechanism.

We can separate the values of the Y into two groups: Y, and Y, .., where Y ;.
denotes the observed values and Y, ;. denotes the missing values. The observed data, then,
consist of the values of the Y, as well as R. Data are considered to be missing at random

(MAR) when the equality in 2.2 holds true for Y, (as opposed to Y); that is,

(Y 5 RID, ) = KY o DITRY 5, )- (MAR data) (2.3)

To say that data are MAR is to say that the missing-data mechanism is ignorable,
iLe., whether or not there is data missing for some observation is completely dependent on
a combination of random error and the observed values of other variables within that
observation. If there is missing data on variables Y;,, Y;3, and Y;,, then the mechanism for
their missingness must be dependent solely on random error and Y;; for the missing-data
mechanism to be MAR. MAR data might be thought of as “conditionally missing
completely at random”; the missing-data mechanism is nothing but noise after observed
values of the predictors are controlled for.

Data are considered to be missing completely at random (MCAR) when the
missing-data mechanism does not depend on the values of the observed values; that is,

when







Y s RID, W) = KY 3, DIRRIY). (MCAR data) 2.9)

If neither of these conditions holds, then the observed values depend on Y ,,,; this
kind of data is referred to as NMAR (not missing at random).

No literature exists on whether meta-analytic data are generally MCAR, MAR, or
NMAR in nature. However, it is easy to see how any of these types of missing data might
arise in a group of studies. Suppose a sub-field in an area tends to find stronger
correlations between two variables of interest than another sub-field that studies the same
relationship in a different context. Because they are two different sub-fields, one will likely
report variables the other does not, and vice-versa. The pattern of missingness on the
predictors will be related to the outcome (the correlations), i.e., it will be MAR. MAR
data will also arise if the missingness of any predictor (e.g., treatment length) is a function
of the value of another predictor that is always observed (e.g., whether the program was
private or public, or whether the paper the data was taken from was published in a peer-
reviewed journal).

Alternatively, assume that the missingness of any one predictor is in part related to
the values of any of the other predictors for which there is missing data. Or, assume that
the outcome (e.g., correlations) is unreliably measured and there is a relationship between
the outcome and the missing data pattern. In such a case, the missing data pattern will be

NMAR.






2. Estimation Techniques for Datasets with Missing Data

There are numerous procedures one can use to estimate parameters in a general
linear model (including a meta-analytic model) with missing data. By far the most common
method is complete-case analysis, in which only those studies that have complete data are
used, usually in an OLS or WLS regression. Other methods to be considered for
application to a meta-analytic model are available-case analysis, unconditional-mean
imputation, conditional-mean imputation (Buck’s method), and maximum-likelihood
estimation (MLE). I consider each of these in turn with regard to evidence of their
estimators’ bias in the face of data that are MCAR, MAR, and NMAR. Finally, I discuss
the ramifications of this literature with regard to the specific nature of meta-analytic data

and models.

Complete-Case is

Complete-case (CC) analysis, also known as /istwise deletion, is the simplest
estimation technique, and the most common. As with most of the other estimation
techniques discussed below, complete-case analyses give unbiased estimators of
population correlation matrices, slopes, and random-effects variance terms when the data
are MCAR. When the data are MAR, and the missing data are confined to the predictors
(the latter is common in meta-analysis, though perhaps only because no methods have
been developed to handle missing data on the outcomes), CC analyses give unbiased
estimators of the slopes in the underlying regression model, but biased estimators of the

population correlation matrix and means of the predictors (Glynn et. al., 1986; Little &
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Rubin, 1987). This somewhat counterintuitive fact stems from the same statistical
argument that restriction of range on a predictor in a multiple regression causes a biased
(i.e., lower) estimate of the population correlation between predictor and outcome, but
does not affect the estimate of the slope for that predictor-outcome relationship.

While CC analyses give unbiased estimators of slopes even when the data are
MAR, their estimators are inefficient compared to alternative estimators. CC analyses risk
the loss of a significant fraction of one’s sample of cases (or, in the meta-analytical
context, studies). This loss of information can cause a large drop in efficiency compared to
estimators from other estimation procedures (Kim & Curry, 1977; Little & Rubin, 1987;
Little & Raghunathan, 1999). Also, while CC estimators are unbiased when the data are
MAR, the same cannot be said when the data are not missing at random. Few studies have
investigated robustness of procedures with regard to data that are NMAR, however, so
the evidence cannot be considered to be strong in any direction. The little research that has
been done simulating NMAR data (e.g., Little, 1992; Little & Raghunathan, 1999)
suggests that CC analyses can lead to large biases relative to other estimation procedures,
as well as poorer confidence interval coverage. Any procedure gives biased results when
the data are NMAR if the estimation procedure is not specifically modeled to handle the
missing-data mechanism that is causing the data to be NMAR (Little & Rubin, 1992, Ch.
12); however, the research suggests CC estimators have noticeably worse biases than

estimators from other procedures.
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Available-Case Analysis

There is good reason for distaste for the idea of throwing out otherwise good data,
merely because it is incomplete. A natural idea is to try pairwise deletion of the data (as
opposed to listwise). This kind of deletion leads to what is known as available-case (AC)
analysis. However, AC analysis has a potential problem in that different sets of cases are
used to estimate different means and covariances among a group of variables. Depending
on how the means and covariances are estimated, the covariance matrix has the chance of
not being positive definite. A lack of a positive definite covariance matrix makes multiple
regression analysis difficult.

However, low correlations among variables minimize the risk of finding a positive
indefinite matrix. Simulation studies have shown that when multiple regressions are based
on population correlation matrices that have low to moderate values for the correlations,
AC performs well compared to CC methods (Kim & Curry, 1977; Little, 1992). In fact, in
Little’s paper the AC analysis performs comparably to the maximum likelihood analysis.
There is no evident bias for the AC estimators when the data are MCAR, a small bias for
one predictor when the data are MAR, and the bias that arises when the data are NMAR is
no greater than it is for the ML estimation. While the bias for the one predictor (the one
that had missing values) cannot be ignored, it was not that much greater than the
difference between the ML estimate and the correct value (.154 vs .113, with the AC
analysis having a standard error of .364 and the ML analysis a standard error of .471). For
the other predictors, AC analysis performed equally well or better than MLE, and

considerably better than CC.
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In Little’s 1992 study, standard errors for the estimates of the AC slopes are 6-8%
larger than the standard errors for the ML slopes. Little points out that the standard errors
he reports, taken from a BMDP algorithm (Dixon, 1988) seem to have “no theoretical
basis” and “appear too small”. He suggests that correct estimators of standard errors

require more complex formulas (e.g., see Van Praag, Dijkstra, & Van Veltzen, 1985).

There is one other perceived problem with AC analysis, and that is that it only
performs this well when the intercorrelations among the variables are “low”, as they were
in Little’s 1992 study. When intercorrelations are high, AC analyses decline in
performance to where CC analyses are superior (Azen & Van Guilder, 1971; Haitovsky,
1968).The natural question to ask is, how low is “low” and how high is “high™? As it turns
out, the correlations need not be very low at all for AC analyses to provide more efficient
estimators than CC analyses. Kim and Curry (1977) point out that Haitovsky’s 1968 paper
compared AC and CC analyses using parameter values rarely found in social science data;
all but two of the simulated multiple regressions had population multiple R?s of greater
than .7, and half had multiple R?s of greater than .9! The two models that had lower R%s
(.596 and .158) were still unrepresentative of social science regression models as even
these models had some correlations between the predictors that were greater than .8 and
.9. Thus, the generalizability of Haitovsky’s paper (and rarely is any other work cited
regarding the weakness of AC estimation when intercorrelations are high) is limited at
best.

A similar problem is found in Azen and Van Guilder (1971), in that most of the

Parameter values examined would rarely be found in a meta-analysis. Four conditions were
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investigated with regard to the correlation structure of the predictors and outcome. Only
the first, where R% = .5 and P (the correlation between the predictors) =.25 resembles
anything that might be found in a meta-analysis; many would argue that an R? of .5,
corresponding to a multiple R of .71, is unrealistically high. The other conditions were
R%=5, p=.75, R?=.9, p=25, and R?=.9, p=.75. Rarely do we see R?s this high or
correlations between predictors in a multiple regression this high anywhere in the social
sciences.

Not surprisingly, Azen and Guilder found that when R?is high, available-case
analysis should not be used. Similarly, they found that when the correlation structure
among the predictors is strong (i.e., p is high), available-case analysis should not be used.
They did find that in a case we are interested in, where R2=5 and p=.25, that “[Available
case analysis] performs adequately when the . . . data is missing at random [MCAR] or in
a related pattern [MAR]” (p. 54). When the data were NMAR (“truncated” in their
language), they found that when R?=.5 and p=.25, complete-case analysis performed
somewhat better than did the maximum-likelihood estimation through the EM algorithm,
which in turn performed slightly better than available-case analysis. This is a curious
finding, as no where else in the literature has anyone found complete-case analysis to be
superior to EM (or to available-case analysis when the correlations are low). Given that
their study was based on only 50 replications, and given the differences between the three
methods were slight for the condition of interest, these results must be interpreted with
caution.

Kim and Curry’s study simulated correlation matrices of five variables; the
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intercorrelations varied between .322 and .596; they then investigated how well
CC methods estimated the population correlation and covariance matrices. AC

were superior in all cases, though sometimes the improvement was only modest
trivariate regression case where the proportion of missing values was uniform, ¢
(1964) found that AC analyses give more efficient estimators than CC analyses

the correlation between the two independent variables is less than .58 -- and the
correlation between two independent variables is almost always less than .58 in
sciences, including study characteristics in a meta-analysis. Thus, while Kim anc
(1977) are often cited as finding evidence that AC dominates CC analyses wher
correlations are “modest” (Little & Rubin, 1987) or “small” (Rubin & Schafer,

fact is that the correlations need not be “small” or “modest” at all.

Unconditional Mean Imputation and Conditional Mean Imputation

Reports of the poor performance of unconditional mean imputation are
commonplace in the literature on missing data (e.g., Anderson et al., 1983; Litt]
1992; Pigott, 1994). Variances and covariances are usually severely underestim:
because one is imputing the mean for all missing cases. If the estimators are not
to take into account this underestimation, they will be both biased and inefficien
Adjustments for this underestimation lead to equations for the variances and co
equivalent to those in available-case analysis.

Imputation of conditional means, also known as Buck’s method (Buck,

Superior to imputation of unconditional means. It involves regressing the missin
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onto the observed variables, and treating estimates of the missing data as “real” in the
follow-up multiple regression analysis. This procedure tends to lead to underestimation of
variances and covariances, just as unconditional mean imputation does, but the problem is
less serious due to the regressions. In the simulations in Little (1992), Buck’s method
performed similarly to the AC analyses: it was less efficient than ML estimation, but about
as biased. However, problems exist with the estimation of standard errors when the data
have anything but a monotone pattern of missingness. Also, this procedure so closely
resembles in operation ML estimation (which is essentially an iterative Buck’s method)
that it seems unreasonable to implement something as complicated as Buck’s method

without going one step further, i.e., maximum-likelihood estimation.

Maximum-Likelihood Estimation
The method of maximum-likelihood is, generally speaking, to choose as estimates

of parameters those values of the parameters that maximize the likelihood of observing
whatever data has been collected. Often, when the data are complete, ML estimators can
be achieved by a straightforward derivation. Unfortunately, when data are missing, ML
estimation is not so easy, as no closed form solutions of the log-likelihood equations exist.
Many iterative methods have been proposed to obtain ML estimators even though no
closed form solution exists, such as Fisher-scoring and the Newton-Raphson algorithm.
However, as Little and Rubin (1987) point out, both of these methods require calculating
the matrix of 22 derivatives of the log-likelihood, which can be mathematically quite

challenging. Two maximum-likelihood methods do not require this: multiple imputation
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(Schafer, 1997a) and the Expectation-Maximization (EM) algorithm (Dempster, Laird, &
Rubin, 1977; Little & Rubin, 1992). The formulas for these methods are similar (Schafer,
1997a); the chief advantage of multiple imputation over EM is that it allows for the
calculation of standard errors. Most simulation research investigating the bias and
efficiency of maximumr-likelihood estimators that account for missing data has been done
using the EM algorithm, however; the strongest multiple imputation work is very recent.
To some extent, the method used to conduct a maximume-likelihood estimation is moot, as
they are all based on the same maximum-likelihood equations and asymptotically should
give the same results.

As with CC and AC estimation, ML estimation gives unbiased estimators of slopes
when the data are either MCAR or MAR. There are some important distinctions between
ML estimation and CC or AC estimation, however. When there is any non-trivial degree
of missingness in the data, ML estimators dominate CC estimators with regard to
efficiency, and this margin grows larger when the data are NMAR (Little, 1992; Little &
Raghunathan, 1999). The difference between AC and ML estimation is less stark; it seems
that when the intercorrelations among the predictors are low to moderate, AC estimators
perform similarly to ML estimators (Little, 1992), though as mentioned above the AC
estimators may be more biased and questions remain as to the correct standard errors for
AC estimators. Unfortunately, all the evidence we have with regard to this comparison is
from Little (1992), and it is dangerous to generalize from one study.

Besides Little (1992), only two studies (Little, 1988; Little & Raghunathan, 1999)

contain findings from simulation research regarding how robust maximum likelihood
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estimation is when the data are NMAR. In the first, Little tested through simulation how
well two estimation techniques — one which assumed the errors were distributed as a
multivariate ¢, and one which assumed normal errors — performed when the data were
MCAR, MAR, and NMAR. His results indicate that when the data were NMAR, the ML
estimation was about as good (i.e., very good) as when the data were MAR.

It is doubtful, however, that these results generalize to the meta-analysis case. In

Little’s simulations, the population correlation matrix was

1.95 45 -.77
1 52 -58
1 .08

1

Variable 1 was always observed; variables 2, 3, and 4 were missing individually
and in combinations across the data set. When the data were generated to be NMAR, the
missing-data mechanism R was taken to be a function of the value of the 4% variable.
Notice the weak relationship of variable 4 with variable 3 (only .0763) and the very, very
strong correlation between variable 1 and variables 2 and 3 (respectively, .948 and .447).
Variable 1 was never missing, meaning it could be used as a predictor of variables 2 and 3
in all cases within the EM algorithm. Unfortunately, the results of this study do little to
answer the question of whether maximum likelihood methods are robust to NMAR.

In the study by Little and Raghunathan (1999), the authors investigate how well

different types of EM estimation estimated slopes and a random effects term in a multi-

level model with varying types of missing data. When their data were NMAR, confidence
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interval coverages were generally very poor and the estimators had large biases.

3. Summary

Of the estimation techniques discussed, only two seem likely to give viable
estimators for the meta-analysis model when significant amounts of data are missing:
available-case estimation, and maximum-likelihood estimation. The differences between
the two are twofold: AC analysis is methodologically simpler than MLE analysis, but the
MLE analysis is more statistically rigorous. An AC analysis could theoretically be
conducted on a spreadsheet, or through SPSS or SAS generated pairwise correlations
combined with some pencil-and-paper work. A MLE analysis, on the other hand, would
require specialized software. This distinction is an important one in that most meta-
analyses are conducted by subject-matter specialists, who may or may not be statistically
adept or expert at programming. Thus, while statistically the MLE analysis is likely to be
superior in terms of bias and MSE, it is an open question as to whether it would give

substantively different results from AC analysis.
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CHAPTER III

MODELS AND ESTIMATION THEORY

1. The Meta-Analytic Model

Consider a meta-analysis of k independent effect magnitudes, T; (i = 1 to k).
Typically,

T;=PBo+ Py Xy +BXpi+ . - -+ BpXy;+ u;+ ¢ (fromi=1to k), where X; . . .
X,; are k x 1 matrices of data on the p predictors. If X; = {Xy;|X;|...| Xy} and p =
{Bo|By1...1Bp.}', this may be restated as

T; = X;p + u+ e;, where 3.1

e; ~ N(O, 0%), and o% is considered known!,

u; ~ N(0, ), and

X;~N(y Zp.

Furthermore, assume that for any given study i, data may be missing on any of the
predictors in X;. Estimators of  and T, and standard errors for these estimators, are
straightforward for the this model when no data are missing (see, e.g., Hedges & Olkin,
1985; Raudenbush, 1994). However, the presence of missing data makes matters complex.

A search of the literature found no available-case estimation procedure that would

be directly applicable to the meta-analysis equation in 3.1 (i.e., estimation with a fixed

1 0% is the fixed-effects variance of the errors. 0% = V(e;) = 1/(n;-3) in the case of
Fisher’s-zs, and V(e)= 1/niE + l/niC +0,~2/2(n,-E+n,-C) for standardized mean differences
(ds).
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variance term for one variable and random-effects terms for all variables). Similarly, no
maximum-likelihood procedure was found that, without some modification, could be used
to estimate the model in 3.1. Some models are very similar; Bryk and Raudenbush (1992)
give a model with both a known variance term and a random-effects variance to be used
for meta-analysis. However, their estimation procedure does not take into account missing
data on the predictors. Schafer (1997b) outlines a general multivariate model into which
the meta-analysis model falls. It would treat all of the study characteristics as outcomes,
and estimate both fixed-effects and random-effects variance-covariance matrices.
However, Schafer’s model assumes that the fixed-effects variance-covariance matrix needs
to be estimated. This matrix is considered to be known in meta-analysis: the variance of
the outcome is 0%, and the variances of the predictors, and covariances between the Xs
and the outcome are zero (as the covariances between the Xs and the outcome are best
represented in the random-effects covariance matrix, not the fixed-effects covariance
matrix). This makes Schafer’s EM formulas impossible to use as they require an invertible
fixed variance term. Finally, as already mentioned, the method given in Pigott (1992)
accounts for missing data and was developed with the meta-analytic context in mind.
However, it does not account for the presence of random-effects variation. Also, her
model assumes that the variation in the predictors is proportional to the sample size of the
study in question, which often will not be the case. For instance, if one study characteristic
under investigation is the length of a treatment program, it would probably be wrong to
expect variation in that characteristic to be smaller for studies with large numbers of

subjects than with small numbers of subjects.

21

__.



2. Estimation Procedures

Below I describe how I will estimate the model in 3.1 employing three different
methods: complete-case estimation, available-case estimation, and maximum-likelihood

estimation.

Complete-Case Estimation

The complete-case estimation follows the procedure described in Raudenbush
(1994). The estimator of ﬁ is the standard WLS estimator (X'V™!X)"1X'V"IT, where V is
the diagonal k x k matrix of fixed effects variances. The WLS estimator of the population
random-effects variance, T, is found using the formulas given in Appendix A of

Raudenbush (1994).

Available-Case Estimation
Little and Rubin (1992) outline three different methods to get pairwise covariance
matrices from datasets with missing data. Simulation work led to the conclusion that in the
majority of cases, the estimation procedure used to constrain correlations between the
estimates to between -1 and 1 (Matthai, 1951) led to estimators with the greatest precision
and fewest outliers. This method does not constrain the covariance matrix to be positive
definite, however.
Define Y =(Y ;‘i) as an k x (p+1) matrix of k£ observations incompletely measured
for (p+1) variables (i = 1 to k, j = 1 to p+1). The matrix Y consists of one column for the

outcome, T;, and p columns for the p predictors. Introduce variable indexes v and w,
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where v and w vary from 1 to (p+1). Let a statistic’s superscript (e.g., %) or ) )
represent the variable(s) for which complete observations are necessary to calculate that

statistic. The estimator of the covariance between two variables v and w (s‘vw) is

§ O S Sy (3.2)
W b
NESE g

where

—(vw) —(w)
s = 3= Yy W= Vo 2 EE -1,

& (3.3)

To estimate the slopes and the intercept after the covariance matrix is estimated, I
use the sweep operator defined in Beaton (1964). An excellent explanation of its use with
regard to handling missing data appears in Chapter 6 of Little and Rubin (1992). It is
straightforward to use each of the estimation procedures above to calculate pairwise
covariance matrices. Weighted pairwise covariances might also be found; the formulas
would change only in that each term in the equations is multiplied by the relative weight
wi/ij , where w; is based on the inverse of the sampling error for study i. The weight w;
can be equal to zero based on the missingness of y;,, y;,,» or both (depending on the
formula). However, this addition severely complicates the procedure, especially for the
non-statistician, given the many different weights that must be calculated for each variance

and covariance. Thus, unweighted pairwise covariance matrices are estimated in the
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method proposedz. Insofar as we are interested in estimating slopes, this procedure is a
pairwise equivalent of OLS meta-analysis. There are two other key elements of a meta-
analysis, however: an estimator of the random-effects variance (7), and estimators of
standard errors for the slopes.

The estimation of T when data are complete is straightforward: we calculate the
residual sums of squares, Z(T ;- Xiﬁ)z, divide by (k-p-1), and subtract from that the
average study sampling error. While this method does not take into account the study
weights, Raudenbush (1994) states that it yields an approximation that tends to be quite
accurate. However, the residual sums of squares (RSS) cannot be directly calculated
because of the missing Xs. We can bypass this difficulty by calculating the variance of the
T; and subtracting from it the variance explained by the model, ﬁ'zﬁ. After a degrees-of-
freedom adjustment which corresponds exactly to use of an adjusted R?in place of a

normal R? to explain the variance explained in the sample, we arrive at

0'% =ﬁ§ﬁ+53+r,so(a%—ﬂA’Eﬁ)*k/(k—4)E;§+r. 3.4

The estimator of T is found by subtracting the average study sampling error from
the residual variance. A straightforward procedure to test Hy: T = 0 is to calculate what
the value of the heterogeneity statistic, Qz, would be given the estimator of T. From

Raudenbush (1994), we get Qf = ([(%"‘Ew,.) / k] + 1)*(k-p-2). If we were working with

2 This begs the question of whether a weighted pairwise procedure might perform
substantially better than an unweighted procedure. Both were used in the simulation study
described in Chapter IV; while the weighted procedure occasionally gave more precise and
less biased estimators than the unweighted procedure, the reverse was also true. In
general, the difference between the two procedures in overall bias and MSE was slight.
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complete data, Qg would be distributed as a chi-square with k-p-2 degrees of freedom
when the null hypothesis T = 0 is true. However, there is not complete data on the p
predictors. An intuitive adjustment to the degrees of freedom, used in a related context by

Su (1988), is to multiply p by the fraction of missing data across the p predictors.

Maximum-Likelihood Estimation

Pigott (1992) showed that through a weighted EM estimation one could conduct a
fixed-effects meta-analysis with missing data on the predictors. However, she noted that
her algorithm treats all variables in the model, both predictors and outcome, as if the
precision with which they are measured is proportional to the sample size of the study. As
she points out (p.53), this assumption may not be a valid one for data from a research
synthesis. Below, I present a method for doing a weighted EM estimation that assumes
that only the outcome is measured with a precision proportional to the size of the study.
The predictors are assumed to be measured with equal precision across all studies and
with no measurement error, regardless of the size of the study. My method also allows for
the presence of a random-effects error term.

The goal of this section is to obtain estimators ofXM,- , B, EX, My,u;,and T
through the EM algorithm. After finding sufficient statistics for the parameters that are to
be treated as fixed, the distributions of the parameters to be treated as random
(conditioning on the fixed parameters and the observed data) are derived, and estimators
of the parameters treated as random are found. This is the “E-step”. During the “M-step”,

these estimates are used in the sufficient statistics to obtain new estimates of the fixed
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parameters. The new estimates of the fixed parameters lead to new estimates of the

random parameters, and the process iterates until convergence.

The E-Step
Dropping subscripts, for each study 7, the joint distribution of T, X, X;4, and u is

as follows:
T Bux
X,
o N Ho ,
Xnm UM
u Bo
r 2 1 r [ [ (3.5)
BExp+oi+t Polo+PmEimo PMEm+Polom T
LoBo+ZomBPum o oM 0
L mMPm+EmoPo IMmo Im 0
T 0 0 T
where
Xo z h>
X= , Ty=| 0 fom| 5 _|Fo (3.6)
XM EM,O M ﬂM

For study i, X) consists of the observed Xs and X, consists of the unobserved
Xs. Similarly, B consists of the population slopes for the observed Xs and [, consists of
the population slopes for the missing Xs. The column of 1's typically included in the matrix
of predictor variables is excluded, as 3, the intercept, is defined as the mean of the

random effects.
In this multivariate representation of the model for the ith study, only X,,and u
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are treated as random. All other parameters, such as 2 ix » Ly and the slopes for the study
characteristics, B, are treated as fixed. It is standard when doing MLE/EM estimation to
assume that the variance-covariance matrices are fixed (Bryk & Raudenbush, 1992; Little
& Rubin, 1987; Pigott, 1992). This assumption is what differentiates the empirical Bayes

solution from an exact Bayes solution, which can be ext ily computationally

lex (Bryk & Raudenbush, 1992). When the assumption that P is fixed is made, the

type of estimation being done is often referred to as full maximum likelihood (MLF)
estimation. When the assumption is not made, and a non-informative prior is specified for
P instead, it is referred to as restricted maximum likelihood (MLR) estimation. The
difference between these two, derivation-wise, is not trivial. MLF estimation is easier than
MLR, as fewer parameters are treated as random. Common wisdom is that in the end, the
two usually give similar results except that MLR gives a degrees-of-freedom correction
for the estimators.

There is more to the difference between MLF and MLR than a degrees-of-freedom
correction, however. In a meta-analysis working with complete data, MLR estimation of 3
weights studies by 1/(1.'+0%); see, for instance, the V-known model in Bryk and
Raudenbush (1992) or Shadish and Haddock (1994). However, MLF estimation of
weights studies by 1/0%‘ The reason for this stems from the lack of a non-informative prior
for B in 3.5. Equation 3.5 treats P as a fixed effect; were we able to treat it as a random
effect (and thus use the non-informative prior to describe its variance), the weighting
would be different. The derivation would be made much more complicated with this step,

however, as it would mean both the Xs and [} are being treated as random.
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Another difference is mentioned in Bryk and Raudenbush (1992); when the
number of level-2 units (here, studies) is small, MLF estimators of T can also be too small.
This problem is exacerbated the more fixed effects the model contains.

In Equation 3.5, we assume that for study i, T and X, are fully observed random
variables, while X, and u are unobserved random variables, and that we have estimates of
the fixed parameters T, Xy, B, and . Standard multivariate normal distribution theory
(e.g., Morrison, 1967, p.88) is used to get E(X;,, u | T, Ly, B, Jy); the estimators of X,

and u conditioned on T and X,. Call these estimators X;{ and u*, specifically,

(XR{]_(/IM)+
L’ bo
-1
(2 mBu+ 2 m0PM.0 ZM,OJ BLxf+of+1 Polo+ At Mo (T'ﬁé-ﬂ'ﬂx)
r 0 Xo-no

(3.7)

Lobo+iomPu Lo

We also need Var(X,,, u | T, Zy, B, hy). We call this matrix D’, which is

D*— D‘X D},u _(EM 0
“\osy D)\ 0 -
3.8

-l 1 !
(E MPm+ L M0PM0 LMo ( BT xf+ o+ fbE o] (ﬂME Mt PO o,m f)
r 0 2 0fo Lo Lo,M 0)

These expressions become necessary in the M-step, where the sufficient statistics

for the fixed parameters are used to estimate the fixed parameters.
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Sufficient Statistics for B, T. Xy, Py

Maximum-likelihood estimation in EM proceeds by assuming that we have
complete data for all of the parameters that we are treating as random. As we are treating
T, Xo» Xjp and u as random, we need the complete-data joint maximum likelihood of
these four parameters, given all other parameters. Although, for any given study, there is
an X and X, if we are assuming we have complete data we can (temporarily)
unpartition them and refer to the predictors collectively as X.

The key to the derivation is to take advantage of the identity fim,n) = g(n)h(m|n).

Thus, we have
AT, X, ul T, By By k) =g/(T X, v, T, Ty B, X, u| T, Ty B, pp)

=g/(T|X,u, T, Ty, B, kX | u, T, By, B, kpgsu| T, Ty, B, ky)
=g/(T1X,u, T, Ty, B, kogaX | 7, Zy: B, ppgs(u| T, Ty, By Ly
given the independence of X and u; across the £ studies, the values of the
predictors and the values of the random-effects error terms are unrelated.

This allows us to break the likelihood into three tractable pieces:

LIAT, X, u| T, By, B, p)l= LIAT | X, u, T, 2y, B, py)]

* Lg(X | 7, Ty, B, ppl * LlA(u| T, Zy, B, up)ls
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k
L= .l'Ilf(TlX,,B,r,E X,,,X).ng(Xlﬂ,r,z X,,,X),th(ulﬂ,r,z X,ux)
1= 1= I=

1 '
k 1 ‘E(I;—Xiﬂ'ui) (];"Xiﬂ"ui)
= II > expr > *
i=1 (2”)01, Lo
) 3.9)
k 1 1 ' _1 (
bl 2050
1 ., ]
k 1 THU U;
[1 ————ex
i=1,/(27t)1 H T
This leads to the log-likelihood

k
1
log L = - -’%(p+ 2)log 27) - EZlog o-,~2 - %loglz x - glog T -

i=1

-1 [
ST - Xip-w) (T - Xip - ;)

k
- Z 2 - (3.10)

-

A0 ) 5306 - )] 3]

i=1

[y

All that remains is to differentiate with respect to the fixed parameters T, Zy, f3,
and By and find the sufficient statistics for these parameters. After the sufficient statistics
have been derived, the formulas for the expected values and variance-covariance matrix of

Xjsand u” are used to complete the EM process. The formulas are
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legL_ 5 1 T ,
dr 2 Ty LM
i=1 31
1o >
fz;;“fux
k
dlogL 1 1= 1=
=52, |CXiZx )-CuxZx D}
i x 22[ ’ a ] 3.1
where 1 is a px1 vector of 1's,
R -
ﬂx=‘;ZXi.
i=1
k
. 1 X A
Lx-= ;Z(Xi - 4x ) (X;-px). 3.1
i=1
dlogL <~ 1 |
ap =Z_;(7}‘Xiﬂ‘ui)('Xi),
(3.1
Z—XX,,B Z——X(T u),
i=19i
k ‘lk
g = XiX — X{(T; - ;)
2o | 2

The log-likelihood allows us to use results from Tatsuoka (1988, p. 410) to g
estimator of 2y. The estimator of [ has weights that do not involve T because the y;

have been partialled out, as shown in Searle et al. (1992), on page 297.
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The sufficient statistics for the maximum likelihood estimators are

k k
ZXi, ZX}XiaZizXz‘Xi,Z

k
1 1 '
, —2X{E,27X;ui,z Ui 4i.  (3.15)
i=1 =1 i=191 i=19i i=19i i=1

Note that we need both weighted and unweighted estimators of the sums of cross-

products of the X;.

The M-Step

The next stage of the EM algorithm is to calculate the expected value of the
sufficient statistics after conditioning on the observed data. Doing so will allow us to
estimate the parameters that we are treating as fixed, thus updating their estimates from
whatever was used at the previous iteration. Below I index the p columns of X; by
subscripts » and s, and P represents the estimates of the parameters that we are treating
as random, i.e., X;l’ ;jand u,' , at iteration 7. These parameters are shown in equation 3.7.

The expected value of X;, (i.e., the expected value of predictor r,r=1...p, in

study i), given the observed data and our estimates is straightforward, specifically

Xy if X is observed

E(Xy|T;, X0,i, PO) = XD i X, is missing [ (3.16)
w’r

The same is true for the expected value of X, T;, which is
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Xy T; if X, is observed

X :r(t)]} if X is missing 3.17)

E(XyT| Ty, X0, PO) = {
The expressions for the others are more complex because they include cross-

products between “real” data and imputed data; that is,

E(Xy X5l Ty X0, PP) =

Xir Xis if X;,X; are observed
*
Xy X ,-s(t) if X, isobserved, X, is missing;. (3.18)
X,:.(t) X;(t) + Cov( X;,(t), X;(t) if both X; and X are missing

The last expression arises from the identity E(X: X;) = E(X:)E(X_:) + Cov(X:X;).

Here,

*(t *
Cov(X,-,.( )’Xis(t)) = D:Y irs 3.19)

Thus, we can find the necessary covariance by consulting the »’th row and s’th
column of our solution for Dy in (3.8).

The solution for the weighted estimator of the sums of cross-products of the Xs is
similar to the unweighted version; all that is added in are the weights, which are

proportional to the inverse of the (known) values of O%. We have
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Ew; X Xis| T3, X0,i5 Py =

w; Xip Xis if X, ,X; are observed (3:20)

w; X X ;(t) if X, is observed, X ;s is missing ;.
X0 %0 4 wicon x; 0, X0 if both X;, and X, s
w; X Xy +wiCow(Xy ", Xy ) if both X, a is are missing

A similar argument gives the best estimator of the sum of squares of the #;’s that is

required in order to estimate T:

Euiui|T;, X0,i, PM) = uzmuz(t) + Va’(“xm) = uju; + Dj;. (3.21)

The estimator of the covariance between our estimate of X; and ; is in D;, xin
(3.8). If the data were complete, the expected value of the product of X;, and u; would be
zero. Because some X;, must be estimated from the same data that is leading to estimates
of the u,, the product does not need to be exactly zero, especially in early iterations.
Finally, we have

E(w; Xpui|T;, Xo,is P®) =

3.22
w; Xy uf’) if X, is observed (3:22)

w; X, ,-:(t)u; ®, w;Cov(X, ,-:(’),u; ®y if X; is missing |’
From the above expected values we can get updated estimates of each of the
parameters that are considered fixed: T, Zy, B, and Jy. These updated estimates allow us

to calculate estimates XA}(M), DD, and 5" (*1), and the process continues until

convergence. Following Dempster et al. (1981), the likelihood function to be monitored
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for convergence is Y, Xy | T, Zy, B, 1 y)> and we can derive the likelihood function as

follows:

8T, X0, X 04| B% x4 x57) (3.23)

(TaX 32 2 T)= ’
F(T,X0|B.% x>1x,7) (X 31,4\ T, X0, 5% x> pix>T)

where g(. . . ) was derived as in (3.9), and /(. . . ) is the conditional distribution of the
missing parameters treated as random given the observed random variables and the fixed
parameters. The conditional distribution /(. . . ) is normal with the mean given in (3.7) and
variance-covariance matrix given in (3.8).

Simplification of the likelihood function relies on recognizing that the likelihood is
true regardless of the values of X, and u. Thus, suppose X;, =X;4 and u=u". This
simplifies the denominator to a great extent as the terms in the exponent equal 0. After
taking the log we are left with an expression similar to that in (3.10) but with a term

representing the conditional variance-covariance matrix of X;, and u’ (namely, & log |D‘|).

log L(convergence) « - gloglf x- %log T+ -’2510g|D*| -

1 . W . (3.29)
k E(Z}“Xiﬂ_ui)(];"‘Xiﬂ'ui)
2. ; -
i=1 gi

i=1-

1

al

2

1
*

k- !
X; - px) $3(x - /;X)]_ | 2u e |

i=1
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