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ABSTRACT

Multigrid methods for solving reaction-diffusion systems
By

Hsiu-Chuan Wei

A Multigrid method as an iterative method is proposed to solve a reaction-diffusion
system. The model we are concerned in this thesis is a system of parabolic partial
differential questions for two chemical species. A fully implicit finite difference scheme
is used to discretize the differential equations. A V-cycle scheme with one smoothing
step per grid is then applied to the Helmholtz equations [54] arising at each time step.
The convergence of the V-cycle scheme for solving the linear system at each time step
is obtained. The stability and convergence of the fully implicit scheme along with
V-cycle as the iterative solver are proved. Numerical results for a reaction-diffusion

system are presented.
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Introduction

Reaction-diffusion systems are systems of parabolic partial differential equations.
They have been used successfully to model chemical and biological processes which
involve pattern formation in morphogenesis. Since all models for spatial pattern
generation are necessarily nonlinear, analytical solutions are generally not available.
Numerical solutions of such equations are thus important for computer simulation of
patterns and data analysis. In this thesis, general two-dimensional reaction diffusion
systems are considered. A multigrid method is proposed for solving the system.
Analysis and applications will be discussed.

Fascinating spatial patterns, such as animal coat patterns and butterfly wing pat-
terns, are exhibited on living creatures. The development of pattern and form in
embryology is known as morphogenesis. It begins from a more or less homogeneous
egg. The final complexity of pattern and form are generated during its development.
How the patterns are established is still unknown. Although the process of the devel-
opment is genetically determined, the genes themselves cannot generate the pattern
since the genetic material in most cells of an organism can be assumed the same 39].
Much research has tried to determine the mechanisms that can explain the gener-
ation of patterns developed from less structured tissues. Therefore any mechanism
assumed to explain this development must be capable of generating spatial patterns
from almost homogeneous initial conditions. Several mechanisms have been proposed

as possible pattern formation mechanisms in morphogenetic situations. Among these,



the most powerful mechanism for forming coat patterns is a reaction diffusion mecha-
nism proposed by Turing [3]. A. M. Turing first suggested in 1952 that some patterns
that occur in chemistry result from interaction between chemical reaction and diffu-
sion. Since then a substantial amount of research has been done on this subject. See
[41] for a survey of related developments.

According to Turing’s chemical prepattern approach, the first step of development
in the morphogenetic process is the creation of a morphogen concentration spatial
pattern. The underlying prepattern is believed to be laid down in the very early
stages of the embryogenesis. Consider the case of the zebra. The gestation is about
360 days with the prepattern laid down about 3-5 weeks. After the prepattern is once
established, the cells differentiate accordingly to produce melanin to reflect the spatial
pattern of morphogen concentration. For example, the pattern of the giraffe could
be generated when the morphogen concentration level is greater than some threshold
level.

When applying Turing’s theory of morphogenesis, an important step is to identify
the chemical elements for the morphogens. For example, calcium has been identified
as a morphogen for hair initiation in Acetabularia. In this thesis, we will assume that
the pattern is generated when one of the morphogen concentrations is above some
threshold level. Now let us consider the following two-dimensional reaction-diffusion

system:

uy = D,Au+ f(u,v)

(0.1)
vy, = D,Av +g(U,U),
o _ o] _,
onl,, Only,

where u(z,0) and v(z,0) are given.

Here we take the rectangular domain : Q = [0, L,] x [0, Ly] C R?, 89 is the boundary

of Q, and u and v are considered as two morphogen concentrations; f(u,v) and
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g(u, v) are reaction kinetics which describe the interrelation between morphogens.
The diffusion terms, D,Au and D,Av, reflect that each molecule can move around
randomly with diffusivities D, > 0 and D, > 0.

Reaction-diffusion mechanisms suggest that spatial patterns are evolved from
diffusion-driven instability. Turing also demonstrated that, under certain conditions,
two interactive morphogens could form a stable inhomogeneous concentration pat-
tern. He suggested that without diffusion, v and v tend to a uniform steady state
— no pattern will form. In the presence of diffusion, the system is unstable to small
disturbances but the instability will be bounded by nonlinear reaction terms. Thus
the inhomogeneous steady state is obtained and spatial patterns are generated [52].
All that is required for the creation of pattern is some sort of nonlinear activator-
inhibitor mechanism [26]. The analysis of whether or not the systems are able to
generate spatial patterns and how the pattern and mode is selected can be found in
[41].

To formulate the mathematical model, we need initial and boundary conditions.
Since the formation of the underlying prepattern could arise from instability to small
perturbations in the featureless tissue, a natural way to simulate this situation in
numerical computations is by introducing a small random perturbation about the
uniform steady state. In the system given above, we assume initial conditions are
given. As for the choice of boundary conditions, we take zero flux boundary conditions
because it implies no external forces.

Under certain conditions, the reaction-diffusion system described above has a
unique solution. The proof of the existence and uniqueness of the solution can be
found in [11]. The system is useful for modeling patterns in chemistry and biology. A
few examples can be found in [13]. In these examples, the concentration of nutrient
and the concentration of buffer satisfy a reaction-diffusion system as given in (0.1).

Since the reaction term, f and g, in (0.1) is nonlinear, one can not hope in general
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to obtain analytical solutions. Numerical solutions with preliminary linear analyses
are required in studying the patterns generated by a given reaction-diffusion system.
Attempts have been made to demonstrate the patterns formed by such mechanisms
and compare them with the mammalian coat patterns [3] [41]. Since the spatial
patterns are generated by diffusion-driven instability, the system has to be unstable.
Because of this nature, highly stable numerical methods are necessary for computer
simulations of these patterns to ensure that the patterns obtained by computer simula-
tions are formed by the instability of the original system, not by numerical instability.

One approach is an ADI (alternating direction implicit) type of scheme [13] [14].
Other numerical methods that have been used to solve reaction-diffusion systems are
finite element techniques, monotone iterative methods and explicit finite difference
schemes [21] [27] [40] [46] [56]. Finite difference schemes have been used due to
their simplicity. Explicit finite difference schemes are especially easy to implement
but the conditional stability forces small step size in time in numerical experiments.
Consequently, the explicit schemes require long runtime. Another intuitive approach
is using a fully implicit scheme which is unconditionally stable. The discrete problem
arising from a fully implicit finite difference scheme is a large sparse system of linear
equations. Existing methods for solving linear systems can be grouped into two
branches: direct methods and iterative methods. Although direct methods produce
exact solutions in a finite number of steps (regardless of roundoff errors), they can not
be applied here because the complexity needed to invert the matrix is of cubic order,
and because the inverse of a sparse matrix may not be sparse. The computation time
and computer memory for a solution obtained by direct methods are much too great.
We therefore consider using iterative methods.

Our concern about the numerical scheme now turns to its convergence rate in
practice. In order to obtain the inhomogeneous solutions, the computations have to

be carried on until equilibrium is reached. Even though the unconditional stability



of fully implicit finite difference schemes enable us to take a much greater step size
in t, it still requires thousands of steps in t to reach the steady state. Thus in these
numerical computations, we need to solve a pair of large linear systems at each time
step for at least thousands of time steps. Therefore, the running time mainly depends
on the efficiency of the iterative method used for solving the linear system at each time
step. Unfortunately, the classic iterative methods, namely Jacobi, weighted Jacobi
and Gauss-Seidel methods, have unsatisfactory convergence rates. They have been
known to be able to remove the high frequency modes in an error efficiently, but are
unable to damp the low frequency modes. Finding a fast solver for a large linear
system becomes an important issue. In this thesis, a multigrid method is proposed
for solving this problem. Consider that the smooth components which are efficiently
approximated on coarse grids and the oscilatory components are fast to converge on
fine grids. Multigrid techniques could eliminate all frequency components.

Multigrid methods as iterative methods have been known to be a fast solver for
linear systems arising from the discretization of partial differential boundary-value
problems [4] [35]. Numerous works about numerical experiments and theoretical
understanding of the convergence properties of these methods have appeared in the
past three decades [2] [4]-[8] [20] [29]-[38]. Reported numerical experiments suggest
that these methods are very efficient for a wide range of practical problems [10] [54].

There are many convergence proofs to multigrid algorithms. One approach to
these methods is local Fourier analysis [22] [28] [54]. It is not generally rigorous. Local
Fourier analysis gives realistic quantitative results on the convergence behavior yet
assumes an unbounded domain in space. Thus it can be regarded as an analysis only
for problems with periodic boundary conditions. With Neumann boundary condition
in our model problem (0.1), we can view the multigrid as a single operator and study
the norm of the operator. Some of the proofs have been given in [16]-[18] yet these

proofs require a sufficiently large number of relaxation sweeps. In practice, multigrid



is used only with one or a few relaxation sweeps. In our numerical computations
(Chapter 5), only one presmoothing and one postsmoothing are needed in almost
every example.

Other proofs are based on the approach for variational formulation. Intensive re-
search into the convergence of multigrid methods for variational problems can be seen
in [4] [7]-[9] [29]-[38]. These proofs usually require a ‘regularity and approximation’
assumption. Convergence rates have been guaranteed with any amount of smoothing
for solving linear systems Az = b, with A symmetric positive definite. The linear
system arising from discretization of (0.1) is unfortunately nonsymmetric. Then re-
defining an inner product and its corresponding norm by the midpoint rule [13] is
proposed to formulate a variational-like problem and construct the proof of the V-
cycle algorithm. Variational framework is a natural formulation when finite element
discretization is used. In this thesis, since finite difference discretization is used and
a new inner product is defined, more attention needs to be paid to the constructions
of the transformations between grids. For the choice of the smoother, a red-black
Gauss-Seidel method is applied because it has been used extensively as a smoother in
multigrid methods [54] [60]. The convergence of this smoother under the norm used
in this thesis is discussed in Chapter 3. The rigorous proof of the convergence of a
V-cycle algorithm is also given with any amount of smoothing.

This thesis focuses on the construction of the multigrid algorithm that can be ap-
plied to our model problem and the proof of the convergence of the algorithm followed
by the demonstration of the efficiency of the algorithm. In the numerical computa-
tions, two reaction systems have been used to demonstrate the V-cycle algorithm.
They are able to generate spots and stripes on rectangular domains. We should note
that even the analysis has been discussed on a general rectangular domain due to its
simplicity. We believe the V-cycle algorithm constructed in this thesis is also valid

for domains in other shapes. Thus the pattern on the surface of a cone has been



simulated in numerical experiments. Finally, we compare the running time of the
V-cycle algorithm with that of the computations carried out only on the fine grid to
demonstrate the high efficiency of the former.

The outline of this thesis is as follows. In Chapter 1, the finite difference scheme
is constructed. In Chapter 2, the two-grid algorithm is developed and its convergence
is proved. In Chapter 3, we extend the two-grid algorithm to a V-cycle algorithm and
its convergence is obtained. In Chapter 4, we discuss the stability and convergence of
the fully implicit finite difference scheme along with the V-cycle algorithm described
in Chapter 1 and 3. Finally in Chapter 5, the experimental results for the numerical

solutions to two reaction-diffusion systems are presented.



CHAPTER 1
Fully implicit discretization

In this section we begin our study of the fully implicit finite difference dis-
cretization of the reaction-diffusion system (0.1). For simplicity, consider a uni-
form rectangular mesh on a rectangular domain Q = [0, L] x [0, L,] with mesh size
h = Ly/Ny = Ly/N,. Let (z;,y;) € Q2 be a grid point then z;1; = z; + h and
Yj+1 = yj + h. The increment in ¢, t"*! — ¢, will be denoted by At, and we adopt
the standard notation uj; ~ u(z;, y;,t").

The basic idea of the finite difference discretization is to approximate the deriva-

tives in a differential equation by the difference quotients. For example,

_(xiv y]’ tn) = — 1
ot At
can be seen from the derivative formula
Ou £) = li u(z,y,t +¢€) — u(z,y,t)
a(za yv - el_l;f(l) € .

Similarly, the second order derivative %(ri, y;,t") can be approximated as follows:

0%u

ny ~, ,n _ n n
922 (i, yjp t") =~ Uiy — 2uj; + Uy

Here we propose to use a fully implicit scheme. We approximate (0.1) by the



backward-time central-space scheme [53]. We have

n’+l_ n A:r n‘+l A

. At = = D“( hht;‘J + yhl:;u ) + f( z]’ )

Un»+l—v" Axhvnfl Ayh n+l (11)
—"LT!L = D‘U( h2u + h?u ) + g( gJ’ )

where A, and Ay, are the centered second order difference operators such that
(Agn + Ayp)ufy = (uiyy; — 2uf +uityj) + (ufy — 2w +ufy).

The zero flux boundary condition is approximated by

UiNg+1 = UiNg—10 Uiy = Ujp, for all 7, n,
u’ll\’1+lj = urll\’l—lja u?—l)j = u?j’ for all j, n
The boundary treatment for v can be defined in the same way. Let u" = [u}}] and

= [v}}] be the vectors obtained by the usual ordering. Then (1.1) can be written

in the following matrix forms:
(I + 1A = o™+ Atf" (1.2)
(I + 7 A)™! = o™ + Atgh, (1.3)
where 7 = D,At/h? 7' = D,At/h? A is the standard matrix resulting from the
discretization operator —Agzp — Ay, f* = [f(uf},v])], and g" = [g(ul},v]})]. Let
A=TI+71Aand A' =T+ 7'A. Then (1.2) and (1.3) become
Au™tt =yt 4+ AtfT (1.4)

A = " 4 Atg™ (1.5)



A can be represented by the matrix

[ w =27
-1 W
-7l

-7

—71

-7 W -7l

=211 W
with I the (N; + 1) x (N; + 1) identity matrix and
1+47 =271
-7 1441 -7
-7 14417 -7
W = ,
-7 1+47 -7

=27 1447

a (N, +1) x (N, +1) matrix. Note that the operators A and A’ are five-point stencils.

The following lemma establishes the consistency of this fully implicit finite differ-

ence discretization.

Lemma 1.1 Let 4(z;,y;,t"*') and 0(z;,y;,t"*") be the ezact solutions of (0.1). As-
sume that @ and ¥ are of class C*. If the partial derivatives f,, f,, gu, and g, are

continuous and uniformly bounded, then

antl_gn Apa™tt At
) 1 — iJ y 17 N ~n n+1
it = Du(—5t— + ) + faf, of) + 1
t-l?'<+l-—‘l-)'v'. Azh‘-’n'+l A ht-]"“+l
i i _ 1] yhtig ~n ~n n+1
At - Dv( h2 h2 ) + g(uij’ vij) + Sij )

10



where

n+l .+l _ O(At + h*) if ij is an interior index,
Tij ’Sij =

O(At+ h)  ifij is a boundary indez.

Proof:  Use the Taylor series expansion

afy = aptt — At(a,)F + O(Ar)

to obtain

artl — gn

7 ) _ (~ \n+l )17
—J—TJ = (ut)ij+ + O(At) for all 75 .

Consider the Taylor series expansions

. . h? . h3 .

u::fllj _ un+l + h( )n+1 + 7(uu);;+l 4 — 5 (uzm):;+1 + O(h4)
and

~n+1 ~n+1 — h(i n+1 h2 ~ n+1 h‘3 ~ n+1 0 h4

Uiy = Uy (ux)ij +?(u1‘1)ij - G(Ux:n)q + O(h%).

Add the equations above and use the approximation for the zero flux boundary con-
dition to obtain

(tzz)iy" + O(h?) if i is an interior index,

~n+l _
A huu

(tizz)fy"'n + O(h) if i is a boundary index.

Similar expansions also hold for Ay,af;"" as well as the other concentration func-

tion v. Also,
f(u:;"'l,f):?l) f(~ )+fu( n+l,7’z+l)(Cinj+l ~;])+fv( "“,TIZ“)(U,'}H z
where (¢, 7ii*!) is between (afyt!, 97') and (@}, 3). Since afjt! — 4} = O(At), we
have (3! — 4}y = O(At) and 7' — 0% = O(At) . Thus f(aj*, o5") = f(ay, o3) +
O(At). We have

artt —an At Agpatt!

# = Du( hQJ yh2] )+f( 1]’1}1])

O(At + h?) if ij is an interior index,

O(At + h) if ij is a boundary index.

11



This proves the consistency of this discretization. m)

Normally (1.4) and (1.5) are large systems of linear equations and the matrices A
and A’ are banded and sparse. Then direct methods are often impractical because the
cost for inverting these two matrices is too expensive. Therefore we propose to use
an iterative method to solve (1.4) and (1.5). However the classical iterative methods
seem to have unsatisfactory convergence properties. Typically the high frequency
components of the error damp out quickly while there is a very slow decay of the
error on low frequency components. Then a multigrid technique becomes a natural

way to accelerate the convergence.
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CHAPTER 2

Two-grid algorithm and its

convergence

In this chapter, we describe the fundamental multigrid idea. To this end, we
construct a two-grid algorithm which is the basis of the multigrid method. There are
many iterative methods that are directly relevant to the multigrid method. Within

the two-grid method we will use the Gauss-Jacobi iteration as the smoother.

Let {Qk}::: be a nested sequence of vector spaces :
QC C...CQy.

The vector space € corresponds to the spatial discretization size, hy = hi_;/2. Let
myk = Ly/hy and mo, = La/hx. Then €4 is a mesh containing (m; + 1) X (mox + 1)
points.

To define a multigrid algorithm, we need to define the linear projectors transferring

vectors between vector spaces. There are various choices of such projectors [54]. Here
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Qx

Qx1

Figure 2.1: Grids for €, and £4_;.

we use the full weighting restriction P,f‘l : Q —> Q_, whose stencil is

1
6| 2

and

0

&

0

4
0

1
2

4
0

for an interior point,

for a boundary point with index j =0,

for the corner point with index 7, = 0.

This restriction takes fine grid vectors and produces the coarse grid vectors according

to the rule Pf~'u = v for u € Q4 and v € Q;_;, where

1

vi; = 1_6[U2i+1,2j+1 + Ugit1,2j-1 F U2i—1,2j41 + U2i—1,2j—1 + 2(U2i2j41 + U2i2j—1

+  Uip12j + Uic1,2) + duoigj),

1<i< (mpy-1—1)and 1 <j < (M- — 1),

1
‘Uoj = 1—6[2u1,2j+1 + 2u1‘2]~_1 + 211.0,2]4.1 + 2UO,2]'_1 + 4u1,2j + 4u0,2]-],

14



1 <5< (mgg-1— 1),
and

1
Voo = E[4uoo + 4ug) + 4uyo + 4uy ).

The values vio, Vm,,_,.js Vimae_1» Umix_1,05 V0,mae_y» @0A U, | m,._, are defined analo-
gously.

This operator is represented by the (mx/2 + 1)(mox/2 + 1) X (Mg + 1)(mox + 1)

matrix . .
2fy 21
Plc—l _ l I.k 2ik ik
g 16 ’
2Iy 2l |
where I is the (mx/2 + 1) x (my, + 1) matrix
2 2
- 1 2 1
I =
2 2

For the prolongation, we use the bilinear prolongation Qf_, : Q4_; — Q. Its

15



stencil notation is given by

“ 1 2 1 [
2 4 2 for an interior point,
J1r 2 1 i
- 1 2 1 [
% 2 4 2 for a boundary point with index j = 0,
J 0 0 0]
and
0o 2 1 [
ilo 4 2 for the corner point with index i, j = 0.
jo 0 0]

If u e Q and v € Q4_,, then Q¥_,v = u with the components of u given by

U2i; = Uij, 0<i<m- and 0 < j < mgky,

1 ) .

Ugiy1,2j = i(vij + Vit1,5)s 0<i<my_1—1and 0 <j < my,
1 } .

Ugije1 = 5('0;'1 + Vij+1), 0<i<mu-1and 0 < j <mg-y — 1,

and
1 )
U2i41,2j41 = Z(vij + Vig1j + Vij+1 + Vigj+1), 0<i<my_;—1

and 0<j<mg_ -1

16



The operator is represented by the (mx +1)(mor+1) X (m1x/2+1)(mox/2+ 1) matrix

r -

2Jk
Je  Ji
2J,
k 1 -~ -~
k-1~= 1 Je  Jx )

Je  Jk
! 2J |
where Ji is the (mx + 1) x (m1x/2 + 1) matrix
- 1
2
11
2
Je=| 11
11
L 2 J

From the matrix forms of [, and Pf~!, we see that the rank of Pf~! is (my/2 +
1)(mgx/2 + 1) and so is that of QF_,.
Next define the coarse grid operator Ax_;: Q-1 — Qg_1, by Ak =

PEAQE .

17



If

Sk =

and

then Ax_; has the same form as that of A, with dimension the number of points on

(877

B

2T,
Sk

20

273

B

2k
B

Yk

Sk

B

(073

Yk
Bk

Tx
Tk Sk
2T}
B
Bk ok
206
Yk
Yk Bk
2

18

B

873

Yk
Bk




the grid ;_, and with components

Qp_1 = (36(1/¢ + 965 + 647/;)/64,
Br_1 = (Gak + 3206, + 32’7k)/64,

Ye-1 = (Ok + S,Bk + 16’)’k)/64

Recall that the fine grid operator A; = A is five-point. The transformation leads
to a nine-point stencil for A;_,. Fortunately, the coarser grids continue to have the
nine-point stencils as shown above. This increases the computation cost somewhat.
However the choices of the operators defined previously lead to nice properties by
which the convergence of the multigrid process is guaranteed.

Now A in (1.4) is symmetric and nonnegative definite with respect to the discrete

L? inner product (-,-), on L?(Q2;) determined by the midpoint rule [12]

k=N

(lL,'U)J = h_2,717] Z uuvklv
k=0

where v; = 1/2if t =0 or ¢ = N, and ; = 1 otherwise, and h, = h. The correspond-
ing norm is || u ||,= /(u,u),.

We also define the inner product on each €2, in the same way. The matrix A =
I +7A is SPD (symmetric positive definite) with respect to (-,-),. Furthermore we
have (Pf~'u,v)x_1 = (u, Qf_,v)x for every u € Q4 and v € Q;_;. It will be shown in

the following lemma that each Ay is also SPD with respect to (-, ).

Lemma 2.1 If Ay is SPD with respect to (-,-)k, then Ax_, is SPD with respect to

(-,)k—1. Therefore (Ax_1)~! emists.
Proof: Let x € Q,_, and z # 0. Then
(Aka1z, 2k = (P ' AkQi_12, Tkt
= (ApQi_17, Q5 1Tk ( positive )
= (Q'i_lx, Asz_lI)k

19



= (z, B AeQF_12)k1
(z, Ag—1T)k-1- (symmetric)
Now Aj_, is SPD with respect to (-, -)x_1. Consider the linear system Ax_;z = 0 with
z € Q_1. Note (Ap_12,2)k-1 = (0,2)k_y = 0. But (Ax_12,2)k—1 > 0 unless z = 0.

But z = 0 is the only solution to Ax_,z = 0. Thus (Ax_;)"! exists. O

Since A, is SPD, from Lemma 2.1, 4; is SPD for 1 < k < J and (A4)™! exists.
Now we can define an inner product by A(u,v) = (Axu,v)x, with corresponding
norm |||u||| = /A(u, u) for u, v € Q.
We recall the following well known properties of real symmetric matrices. The

proof can be obtained by following the same procedure as for the standard 2-norm

[1].

Lemma 2.2 (a) Let B be a (mx+1)(max+1) X (Mg +1)(maox+ 1) matriz, symmetric

with respect to (-, -)x. Then || B ||x= p(B), where p(B) is the spectral radius of B.
(b) Let C be a (my + 1)(mox + 1) X (myx + 1)(mox + 1) matriz, symmetric with

respect to A(-,-). Then |||C||| = p(C).

For the purpose of analysis, we define an auxiliary operator SF~! : @, — Q;_;

by SF~! = (Ax_1)"'Pf ! Ar. So, we have
Ak_IS,’:—l = P:_lAk.
Next, we shall construct a two-grid scheme for the linear system in (1.4). Let

D, be the diagonal matrix which consists of the diagonal elements of A = A, f} =

u™ + Atf", and z"*! be the exact solution of (1.4). So (1.4) becomes
Azt = T (2.1)
The Gauss-Jacobi method can be expressed as follows. Let A; = B; + Dy,
Dl = —Bul + f},

20



DY = (D; — Aj)u + f7,
wY = (D)"Y Dy - A))u + (D)7 fT,
u™D = 4O (D) AD + (D))

WD = oy 4 (D)) - Au).

The two-grid algorithm for solving (2.1) is given below.

Algorithm 2.1

(0)

Stepl. u = u"+ (Dy)7NfT - Asun).
Step?2. W= u”+ QI
Aj1g=Pi7V (7 - Ap®).

Step3. o= oy (D))~NfT - Ayu).

Where Stepl is a pre-relaxation sweep using the Gauss-Jacobi iteration on the fine
grid. Step2 is coarse grid correction which solves the coarse grid problem exactly.
Step3 is a post-relaxation sweep on the fine grid.

To establish the convergence of the two-grid algorithm, we need the following

lemma.

Lemma 2.3 (a) S, Qf*! = Ii.

(b) Qk_,SE' is symmetric with respect to A(-,-), i.e. for u,v € ,
A(QF_1S¢ ™ u,v) = Au, QF_, 55 'v).

(c) QF_SE™! is idempotent, i.e. (QF_,SF™1)% = Q%_ S5, so its eigenvalues are

Oand 1.

Proof:  (a) The result follows directly from the definitions of Ax and Sf,,.

SkaQF! = (Ap) T PEL A QYT = (A) N (Ak) = Ik
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(b) Let u,v € €, we have

A(Q:—-ls{:-lv’ U)

(AkQk_1 Sk v, u)k

= (S§7', PF ' Agu)i—
= (SF v, Ak_1SF  u)koy
C (AeaSE e, SE )
= (PF'Agv, S,’f_lu)k—l
= (A, Q¢ St 'u)k

= A(v,Qi_xSf“U)-

(c) It follows from part (a) that (Qf_,St™%)? = QF_,SF'Qk_,Sf! =
(QF_I_1SF™Y) = (QF_,SF"!). An idempotent matrix is similar to a diagonal
matrix of the form diag(1, ....., 1,0, .....0) [59]. m]

Let z"*! be the exact solution of the linear system (2.1) and u™*! be the numerical
solution obtained by the two-grid algorithm described above. Let the initial error be

eo = "1 — u™ and the error after the two-grid scheme be e; = z"*! — y™+!,

Theorem 2.1 The error e; = Key, and |||e;||| < |||K]|||-|||eo]|| where K is the error

operator with |||K||| < 1. The two-grid scheme is convergent.
Proof: Since

e = I —u
= 2" = — (D)7 (ST - An)
= 2" —u” — (D)) Ay (@™ —u”)
= (I-(D)7'A)™ —u")
= (I—(D)7'A) ™ —u® = QJ_ (A,) ' PI Ay (z"! = u™))
= (I- (D)™ A)I - Q) _1(As) ' PI A (@™ — )
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= (I— (D))" AN = Q)_(As_1) 1 Ay1S7H) (@™ — u™)
= (1= (D)) 'ANT - Q1S3 (=" —u")
= (I- (D) 'A)(I - QJ_,SI™(I - D7'As)(a™+! — u™)

= (I - (D) 'ANUT - Q7SI ) — (D) Ay)e,

We have K = (I — (D;)"'A;)(I — QJ_,S77")(I — (D;)~*Ay). Next we shall verify
that ||| K]|| < 1.

Since A is strictly diagonally dominant, p(I — (D;)"'A;) < 1. Also from
Lemma 2.3(c), p(I — @J_,S77!) = 1. Since D, is symmetric with respect to (-,-),,
I—(D;)"'A, is symmetric with respect to A(-,-). From Lemma 2.3(b), I -Q7J_,S77!
is also symmetric with respect to A(:,-), so we have |||[I-D;'A;||| = p(I-D;'A,) < 1
and ||| - QJ_, Syl =p(I -Q7_,S77") = 1.

Thus |[|K|l| < Il = (Do) Aslll - 11T = Q31 Sy Ml - 11T = (Ds) ' Aglll < 1. This

completes the convergence of two-grid algorithm. m]

To see that the coarse grid correction Step2 in the two-grid algorithm reduces
the norm of the error, assume that after Stepl, the initial error e; becomes e(!). Let
=QJ_,57 e andy = (I-QJ_,S7 " eV, s0 e) = z+y. From Lemma 2.3, parts
(b) and (c), we have that A(z,y) = 0 and QJ_,S7 ! is an A-orthogonal projector. We
have |||eM]||2 = |||z]||* + |||y|||>. After Step2, the norm of error |||e(!)||| is altered to
(I = Q3_1S77HeM ||| = ||ly]l], i-e. the coarse grid correction eliminates component
errors in Range(Q7J_,S77").

Two-grid methods, however, usually are not used in practice. Note that (1.4) and
(1.5) are large systems. Even if we reduce the number of grid points by 1/2 in each
direction in coarse grid correction, the resulting system in the next coarser grid is
still large. Consequently, in the coarse grid correction step, we still need to invert a

matrix of large size. To solve this problem, as we have pointed out, two-grid scheme
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serves only as the basis of the multigrid methods. Thus instead of solving the grid
J — 1 problem exactly as in Step2 in the two-grid algorithm, we can modify Step2
as a recursive procedure which suggests a V-cycle algorithm. In the next chapter, we
will further discuss the V-cycle algorithm which is used to solve (1.4) and (1.5) for

the examples given in Chapter 5.
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CHAPTER 3

V-cycle and its convergence

In this chapter, we shall construct a V-cycle algorithm to solve (2.1) and prove
its convergence. Let (Ryx)~! be the smoothing matrix for solving the linear system

Agug = gi:

(Re) "'’ = ((Re)™' = A)ul™ + gs,
(Rk)—]ug) = (Rk)—luff—l)+gk—Akug_l),

uf:) = ug_” + Ry(gx — Akug_l)).

The V-cycle algorithm is given below.

Algorithm 3.1 If £k = 1, solve Ayu, = ¢, exactly. We may assume that B, =
(A~
For k > 1, solve Axur = gi by the algorithm described below with g; = f;and

By is defined in terms of Bx_,.
Stepl. uil) = uio) + Ri(gr — Akuio)),
with ul® =0 ifk < J and u¥ =u" if k= J.
Step2. ug‘)) = ufcl) +QFf_Bx_19k_1,
where  ge_y = PE7M(gk — Aruy”).
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Step3. Bygr = uff) + Ri(gx — Au?).

For the smoother Ry, it is sufficient to choose a convergent iterative method. Here
we will use the red-black Gauss-Seidel method because of its good smoothing rate
for elliptic problems [54] [60]. Let ((Rx)~!)! be the adjoint of (Rx)~! with respect to
(+,)k- It can be verified that ((Rx)™!)! = Ax + Dy — (Ri)™!, where Dy is the diagonal
matrix which consists of the diagonal elements of Ax. In the following lemma, we
will show that (R)~! + ((Rx)™!)! — Ay = Dy is positive definite. Thus red-black

Gauss-Seidel method is convergent with respect to ||| - |||.

Lemma 3.1 (a) The diagonal elements of Ay are positive for 1 < k < J, so Dy is
positive definite.

(b) Il — ReAklll < 1.

Proof: (a) Since Ay is SPD, (Axe;, €;)x is positive and so is the ith diagonal element
of Ai for 0 < i < my, where e; is the vector with ‘1’ on the ith position and ‘0’ at all
other entries. Thus Dj is also positive definite.
(b) For u, v € 4, we need first to show that A(RyAxu,v) = A(u, (Rx)'Arv) and
(Re))™! = ((Re)™h)". Now
A(RrAru,v) = (RpAku, Apv)i
= (Axu, (Re)* Agv)i

= A(u, (Rk)tAk’U).
But

(w,v) = (Ri(R)™'u,v)k
= ((Re)™'u, (Ri)'v)x
= (u, ((R) ™)' (R) ).
Since ((R)~")!(Re)! = Ix, we have ((Re)™")! = ((Rx))~".
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Next we will prove the inequality in part (b).

0 < A((k — ReAd)u, (I — ReAr)u)
= A((k — (R)'AR) Ik — ReA)u, u)
= A([Ix - (Re)' A — ReAx + (Re)' AxReAe]u, u)
= A(u,u) — A([(Re)'Ae + ReAx — (Ri) A ReAglu, v)
= A(u,u) — A([(Re)'(Re) ' ReAx + (Re)'((Ri)") "' Re Ak — (Ri)' Ak R Ax]u, u)
= A(w,u) = A((Re)'[(Be) ™" + ((Rx)") ™! = Akl Rk Axu, u)
= A(u,u) = (B [(Re) ™" + ((Re)") ™" = Ax]RiAu, Agu)i
= A(u,u) — ([(Re)™"' + ((Re)") ™! — Ax]Ri Axu, R Agu)i
= A(u,u) — (DeReAxu, ReAsu)s

< A(u,u).

Since Dy is positive definite, (DyRyAju,RxAxu)ry > 0 if u is not zero. So
[||Ix — RiAkl|| < 1 and the red-black Gauss-Seidel smoother is convergent for each

k. O

For analysis purposes we will define the following operators:
S5 = SknSkiz- - S17h

k __ k k+1 J-1
P.I —Pk+1Pk+2"'PJ ’

and
J J J- k+1
Qk = QJ—lQJ-é T k+ .

Then we have the following lemma.

Lemma 3.2 (a) (Pv,w)i = (v, Q{w), if veQy and w € Q.

(b) A, = P¥A,Qj.
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(C) Ak55 = P';AJ

(d) S5Q{ = I.

Proof: To prove part (a),

(Piv,wl = (PéuPely Py v, wh
= (P,fi.; T PJJ-lv, Qi“w)m
= (v,Q]_,QJ7% - QFw),

(vv in).l

For part (b),

k J _ k k+1 J-1 J J-1 k+1
PJAJQk - Pk+lPk+2 e PJ AJQJ—IQJ—2 g

_ pk J-2 J-1 k+1

- Pk+1"‘PJ—1AJ—1QJ—2"' k

- k k+1

= P Aen1Qk

= Ay

For part (c),
ko _ k  gk+l J-1
AxSy = ArSipSki2 0 S)

— -1 pk k+1 J-1
= AA; PiAknSiia 5

= PhoAk+ 15t o5y
= Fh.PiiAR+ 157

= PEPEh - P{TAT

= PfAJ.
For part (d),
kJ k J-2aJ-1NJ J-1 k+1
SJQk = Sk+1"'SJ—1SJ QJ—lQJ—z‘“ k+
k J=2 J-1 k+1
= Slc+l"'SJ—lIJ—lQJ—2°" k+
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_ k J-2J-1 k+1
- Sk+1"'SJ—1QJ—2"' k

— ck k+1
= Sk Iy QF
_ k k+1

= 5@k

= I

O
Next we want to find the relation between the errors before and after the V-cycle.
Let z; be the solution of Ayry = g and u; be the numerical solution obtained at

Step3 in the V-cycle algorithm. Then

(Ix — BrAx)z
= zx — Bigk
= Ty — U
= Iy — u;:) — Ry Ap(zk — u;:))
= (It — ReAy) (zx —u"”)
= (I — ReAx) Ik — QF_\ Beor PE A (e — )
= (I — ReA) Tk — QF_  Bioy A1 SF1) (i — i)

= (Ix — ReAx)(Ix — QF_ Bx1Ax1 SE ™) (Ix — ReAx) (ke — uf))- (3.1)
Fork < J,u’ =0,
(I — BeAp)zi = (Iy — ReAr) (I — Q% Be1 Ak1SE ) (Ik — RiAx)zi.

Thus
Iy — BeAp = (It — ReAp) Ik — QF_  Bioy Ak—1SF 1) (I — RiAy). (3.2)

For k = J , let z"*! = z;. Then A;z"*' = f} = u" + Atf". Let u"*! = u,, where

uy is obtained by the V-cycle algorithm. Then
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= Try—uy

= (I;— RjA;))I; — QJ_\Byj_1A;1S77 ) (I; = RyA ) (2™ — ™). (3.3)

Next, we will show that z"*! — u™*! can be witten as a product of operators. We

have

I; — Qi BrAcS)
= I, - QlS5+ Q]S — QIBLAS"
= I, - QJIS% + QI - BeAy)Sk
= I, -Q{S}

+QJ(Ix — ReAx) Ik — QF_ Bx_1Ax1SF ) (I — Ry Ax)S%E. (3.4)

Here we used (3.2) to rewrite (I, — BpAy) .

Next, using S¥Q{ = I, we have

Qi(Ix — RAr) = Qi — Q{RiAx
= Qi — QiRAS5Q]

= (I, — Q] RxA:SH)QJ.
Similarly
(Iy — Ry Ax)SY = S% — R ASk

= S5 - SIQ{RLALS)

= S5(I; — Q{RcALSY).
Rewrite the last term of (3.4) to obtain
Qi (Ie = RiA) Ik = Q¢_1 Br-1 A1 S5 71) (Ix — R Ax) S5
= (I; — Qi ReAcS5) Qi (Ik — Q- Bi-1Ak-1 S5 7")S5(1; — Qi Rk AxS5)
= (I — Q{RxAcS5) QLS5 — Q1 Be1 Ak 1 S571) (1) — QY ReALSY).
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Thus we have

I; — Q] By AcS%
= (I, - QisY)

+(Iy — Qi ReAxSS)(Qi ST — Qi_y Bi-1Ak-185 ") Iy — Q{ Rk ASS). (3.5)
Again, since S¥QJ = I,

(I; — QLSHQIRLASS = 0

and
Qi ReA:SS (1, — QiS5 =0,
with
(I, — Q{S5)(I; — QLR ASS) = (I, — QiS5)
and
(Is — Qi ReAS)) (s — Qi S) = (Ir - Qi'SY).
Thus

(1) — QL Rk A:SH) (1) — QLS5 1y — QL RcA:SS) = (1) — QL S5). (3.6)

Then from (3.4), (3.5), and (3.6),

Iy — Qi By ArS% = (1) — QIR AcSY) (1) — Qi Br-1Ac-1 S5 (I, — QL Ry ALSY).

Let
T; = I,-R,A,,
T, = (15— Q{RyA:S%) for2<k<J-1,
T, = I,-QIS).

Then

I; — QI By ASY = Tu(1; — Q| Be1 A1 ST, 2<k<J (3.7)
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n+l n+1

Now we can write z"*' — u™*! as a product of operators. From (3.3) and (3.7),

"t — ™t = (I; - RjA)(I; — Q) _\By_1A;1ST (I — RjAy) (™! — u™)
= T;(I; - Q)_ R;_1A;187 HTy(z™+! — u™)
= TyT;1(I; — Q) _yRy_24; 287 )Ty Ty(z™* — u™)
= TyTyoy - LTTy Ty Ty — u™)

— K(.’Cn+l _ un)’

where K = TJT_]_l cre T2T1T2 cee TJ_lTJ.
Since Ty = I; — R;A; and since we have shown that |||T)]|| < 1 in Lemma 3.1,

the convergence will be obtained if we can show |||T||| = |||I; — Q¢ RxAxSk||| < 1.

Lemma 3.3 (a) For 1 <k < J, Q{S% is symmetric with respect to A(-,-).

(b) The eigenvalues of QL S% are 0’s and 1’s, for 1 <k < J.

(c) For u, v € U, A(u,v) = A(Q{u, Q]v).

(d) If [IlZe — ReAklll < 1, then |||1; — Q{ ReAkSS|] < 1.
Proof: The proofs of (a) and (b) and are similar to those of Lemma 2.3, parts (b)
and (c).

To prove part (c), let u, v € Q. Then
AQu,Qlv) = (Qfu, A;Qiv),

= (u, PfASQiv)k
= (u, Axv)k
= A(u,v).

For part (d), let u € Q;. Then

0 < A((Iy — Qi ReAkS)u, (I; — Qi Rk ArS5)u)
= A(u,u) — A(u, Q] ReAxS5u) — A(Q] R AxShu, w)
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+A(Q{ R AxShu, QY Ry ApSku)
= A(u,u) — (Asu, Q] R AxS*u); — (Q] Re AxSku, Aju),
+A(RkAkS§u, RkAk.S'fu)
= A(u,u) — (P*Aju, R A S5u) — (ReArS5u, PXA ju)i
+A(Rx AxShu, Ry ApSKu)
= A(u,u) — (Ak55u, RkAk55u)k - (RkAkau,AkS§u)k
+A(Ry ArShu, Ry ApShu)
= A(u,u) — A(S¥u, Ry ApSku) — A(RcArS5u, Sku)
+A(Rx ArShu, R ApShu)
= A(u,u) — A(SKu, Sku) + A(Sku, Shu)
—A(Sku, RkAk55u) - A(RkAk5'5u, Sfu) + A(RkAkS§u, Ry A Shu)
= A(u,u) — A(Sku, Sku) + A((Ix — ReAr)Shu, (I — Ry Ax)Sku)
< A(u,u) — A(S5u, Sku) + A(Sku, Sku)
= A(u,u).
Since 0 < A((I; - QIRASHu,(I; — QIRLASH)u) < A(w,u),
II(I; — Q{Re ARSI < 1. m

Theorem 3.1 Let ey = z™*! — u™ be the initial error and e; = ™! — u™*! be the
error after the V-cycle algorithm. Then e; = Key with |||K||| < 1. Therefore the

V-cycle scheme is convergent.

Proof: Since |||[I — RiAkl|| <1for 1 <k < J, |[|Tklll = ||l — QIR ALSE]]| < 1
by Lemma 3.3 (d). We also have |||Ty||| = || — R;AJ|]|] < 1 and
Tl = o(Th) = p(I — Q{S}) = 1. Thus we have |||K||| < 1. The V-cycle
scheme is convergent. a
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CHAPTER 4

Stability and Convergence

Consider the linear systems (1.4) and (1.5). For each time step n, we solve each

of (1.4) and (1.5) with m V-cycles. Let |||u|||4 = 1/A(u,u) and |||u]||a = /A" (u, u).
For a V-cycle applied to (1.4) and (1.5), we have the convergent rates |||K|||a < 1

and |||K’||]as < 1 respectively. Consider w = (u) on the vector space 2 x Q2 with
v

u € Q and v € Q. We can define a norm for w € Q x Q by |||w]||| = |||u||la + |||v]|| 4
It can be verified that ||| - ||| satisfies the following properties:
[[[wl]] >0 if w#0,
[[[wl]| =0 if w=0,
[llew||| = |e| - |||w]]] for any compler mnumber c,

[[wy + wal[| < [[fwr][] + [[[wa] ]l
To show the stability and convergence of the scheme we need the following lemma.

B
Lemma 4.1 Let B = ' , where B, and By have the same size as that of

0 B,
A. Then|||B]||=max{ iBillla, ||| Blllar }

Proof: Note that

B B + 11 By
1Bl = ma MBwll _ o MlByedlla + 111 Bzl
w0 |[|w]] w0 ||[ul|[a + |[|v]]].a
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But

1Brullla + [[|Bavl]]. ax { [1Biullla [l Bavl]a )
[ellla + [l o lullla ™ Hlollla

max{ [IBlla lIBellle }.

IA

Therefore

1Bl < max{ [|Billla, [I|Ballla }.

We want to study the stability of the fully implicit discretization with V-cycle
scheme as a solver. The following theorem shows that the scheme is unconditionally
stable. Then any instability exhibited in computation should come from the original

reaction-diffusion system.

Theorem 4.1 Let u™ and v" be the numerical solution of (1.4) and (1.5) with the
initial values u?j = ug(zi;) and v?j = vg(zi;). Let 4™ and O™ be the numerical solution
of (1.4) and (1.5) with the initial values @); and o);. Let w = (:) and W = (1;) If

the partial derivatives f,, f,, 9., and g, are continuous and uniformly bounded, then
llw" = @[] < (1 +CA)™||w® - 2],

where C > 0 is a constant independent of h and At .

Remark: The general definition of stability for finite difference schemes can be found
in [51].
Proof: Let K and K’ be the error operator for a V-cycle (see Chapter 3) performed

on (1.4) and (1.5) respectively. For each n, let ", ", y", and §" satisfy
Az™ = u M4 At
A" = A"l 4 Atfr
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Alyn — vn—1+Atgn—l’

At = 9"+ At

and u", 4", v", and ¢" be the numerical solutions after m V-cycles are applied to the

above linear systems respectively. So

yn_vn — (Kl)m(yn_vn—l),

gn _ ’t.)n — (Kl)m(gn _ ,l-)n—l).

In Chapter 3, we have shown that |||K|||a < 1. So |||K’|||a» < 1 as well.

Since
and
we have
(z" —z™)
u" - "
u" — "
u" —a"
Since
n
fluy o

In — A—lun—l +AtA_lfn_l

" = A—l,&n——l + AtA-—lf-n-—l,

(u” —a") = K™(Z" —z" +u" ' — a7,

(I - K™)(z" — ") + K™(u"™" — a1,

(I - K™A™ (u! —a"") + At — K™ AT (7 = )
+K™(u” — @),

(A'+ K™ = A7) (' —a)

+At(I = K™ ATY(f = frh). (4.1)

= flagy, o) = fu(CGmiy) (W — @) + fuo(C 1) (vl — 255),
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n

where ((},n;;) is between (uf}, vj;) and (af}, 9f;), (4.1) can be expressed as

[Vl

ut -t = (AT'V+ KT - ATY)) W - amh) + At(I - K™ ATIBY (uh — 4t
+ At(I - K™A'BL (v - "Y), (4.2)

where BT, and B}, are diagonal matrices depending on the values of f, and f,.

Similarly,
Vo = ()7 () - (A) ) - )
+ AT - (K)™)(A) 7 Bl - i)
+ At(I - (K")™)(A) By (vt — ™7, (4.3)

where BJ, and Bj, are diagonal matrices depending on the values of g, and g,.

Combining (4.2) and (4.3), we have

AU+ K™ — A7) 0
w" — ’lI)n — (wn—l _ ’Lbn_l)
0 (A)H+ (K™ = (A7)
I-Km™A'B? I -Km™A'B"
+ At ( ) 11 ( ) 12 (wn_l ~n—l)

(I = (K)™)(A)'By, (I — (K')™)(A")™'B,
Because of the properties of f,, f,, g., and g,,
(I-K™A™By (- K™)A™'B},
(I - (K)™)(A)'By, (I - (K')")(A)™'Bp,

<,

where C' > 0 is a constant independent of h and At. But A~! is symmetric with
respect to ||| - ||]|4a and |||A7!|]|a < 1, and moreover |||K]|||a < 1 and |||K’|||4 < 1.

Thus if m is large enough, (]||K|||a)™ < C'At and |||(K'|||a)™ < C'At. Thus

AT '+ K™= A D4 < A+ 1K™ = A7)]|a
< (A7 + QUKND™IE — A7H]la
< 1+ C'At.
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Similarly,

(A + K™ = (A) Il <1+ C'AL
Using lemma 4.1, we have

Al Km(I — A7) 0
0 (AN~ + K™(I — (A4)7)

<1+ C'At.

Set C = 2C'. Then

llw™ =™l < (1+C AWt = @™ || + C"Atf[Jw" ™! — 2" ]]
= (1+CAY||lw" =@ ]]

< (1+cantw’ - 2.

There is the well known Lax’s equivalence theorem that guarantees that for a
consistent finite difference scheme, stability is equivalent to convergence [51]. This
theorem is only valid for linear equations. So, for our problem, we have to investigate

the convergence of the scheme separately.

Theorem 4.2 Assume that a solution (@,7) of (0.1) is of class C*, and let (u,v)
denote the numerical solution for (0.1). Define the errors E} = 4" — u™ and E} =
o™ — v™. Then for T > 0 fized and any n such that nAt < T, we have
NEM 4 < B4+ At Y (IIF7 = f]l]a+ €
=0
and

n
E e < Bl + At SN = @1l + €4,
7=0

where ¢ = O(At + h¥/?).
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Proof: Again, we only establish the estimates for u, since the estimates for v follow

similarly. Lemma 1.1 shows that

Aa™! = 4" + Atf" + AtR™!,

n+1

where R"*! is a vector whose components are r;;7 as in Lemma 1.1. Thus

@t = AT+ AtAT 7 4+ AtATIRM

Set Az"*! = u™ + Atf". Then z"*! = A~'u" + AtA"'A~!f". Let K be the error
operator defined in Chapter 3 and assume m V-cycles are performed at each time
step. Then z"*! — ¢! = K™(z"*! — u™). Moreover
u"t' = (I - K™)z"t! + K™u"
= (I-K™(A W+ AtA™ f") + K™u"
= K™"I-AYu"+ A"+ (I - K™)AA™! "

and
- uttt = AT @M - ut) - KM - ATt + AtAT(f" - fY) + KTALAT T
+AtAT R
= ATV —u") + K™ [AtAT = (T = A7 Yut] + AtATH(f - f7)
+AtATI R

Recall that ||[|JA7Y||a < 1, |||I — A7Y||a <1, and |||K]||4a < 1. Thus we may assume

(IIKlLa)™ < (At)%. But then

@™+t —um*)]a < [l = w?lla+ At = fla+ (LD ™ 1 u™]]]a
+(IIK ™ALl + AR ] ]a
< llam = u™llla + AL = £+ A1 + (A1
+At||R™ |4

= |lla" = u"l[la+ At = Follla + Atl][ut]la + €, (4.4)
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where €"*1 = (At)?|[|f"][[a + [[|R™*!||l4 + At||[u[||4. We have

N A(R"'“u, Rn+lu)
IR lla = max A(ww)
(AR"+IU, Rn+1u)J
u#0 (Au,u)y
— max (AR"“u, Rn+lu)J (R"“u, Rn+lu)J
u#0  (Rntly, Rrtlu), (Au,u)y

Since A = A, are SPD with respect to (-,),, (Au,u); > Apnin(A)(u,u); and

(AR"+lu,R"+lu)J
< .
(R"+ly, Rn+ly), <l Alls

Therefore |||R™*!|||a < /|| A |ls || R**! ||s and

IR IF= ¥ K5+ Y wph?(r)? = (0at + 1¥2)),

T;EN z;;E0N
since there are only O(1/h) boundary points where rj; = O(At + h). Thus ¢"*! =
At[1fM1)a + |[|R™Y||4 + At]||u™|]| 4 = O(At + h3/2). This together with (4.4) gives
@t = w™* [ < [[12° = «¥lla + At Y (11 = fllla+ €T
j=0
and

n
NES a < HENa+ At 3 (17 = fHlla+ ).
§=0

n

Corollary 4.1 Let E" = (g:) with E7 and E? defined in Theorem 4.2. If the

v
partial derivatives f,, f,, gu, and g, are continuous and uniformly bounded, then for

T > 0 such that nAt =T, we have
NE™II < e“T(IIE°]]] + €™,

where e® = TO(At + h3/?),
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Proof: From the properties of f,, f,, g., and g, and the proof in Theorem 4.1, we

obtain
£5 _ fj J J
I B R ()
g -q B%l B§2
with
B!, B
1.1 1’2 <c.
B}, B,

Here By,, Bj2, Bs1, and By, are defined in Theorem 4.1 and the constant C is inde-

pendent of h and At. Therefore

PP < - wi = cnien
g]..gJ
and
17 = Pllla+ 117 = ¢llla < CHEI
Hence

n-1 n-1
HE™M < NE°|| + CAt Y [I|E7|l| + At Y e+
7=0 Jj=0
Let e" = AtY7. ) = TO(At + h*?). Then e’ < " for 0 < j < n and
n-1 )
WE™MI < [IE°l| + €™+ CAt Y |IIE]||
j=0
n-2 )
= [IE°l| + €™ + CAH||E*'|]| + CAt Y ||| E’]]|
j=0
n-2 ) n-2 .
< B+ e + CAL(J|IE°|l| + et + CAt Y |IE’|l]) + CAt Y |||E’]]|
=0 =0

J

n-2 n-2
< IEC(| + e + CAL(|[|E°|l| + €™ + CAt Y |[|E”]]]) + CAt Y ||| E]]]
=0

J=0 J

n—2
= (1+CAY([IE]]| +€") + (1 + CAt)(CAt Y |IIE|I)

7j=0
n—2
= (L+CAO(IE°(I + €™+ X IE|I

7=0

< @+ CAYH(IIE| + €™ + CAL|IE)
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< 1+ CAa)(IIE% +e)
< exp®A(|IIE°|| + €m)

= expT([[|E°||| +€").

O
Remark: The number m of V-cycles applied to (2.1) is assumed to be large in
the proof above in order to obtain the stability and convergence theory. However,
in the practical computations, one or two V-cycles performed at each time step are
sufficient for the desired accuracy. This efficient scheme will be demonstrated in the

next chapter.
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CHAPTER 5

Experimental Results

In this chapter, two reaction-diffusion systems are used to demonstrate the ef-
ficiency of the fully implicit finite difference discretization with V-cycle as a solver.
The first example is a substrate-inhibition reaction-diffusion mechanism experimen-
tally studied by Thomas(1976). It has been shown to be able to form patterns on
animal coats [42]. First, we do a linear stability analysis on a rectangular domain to
predict the possible pattern on this domain. Then a numerical simulation is carried
out to verify this estimated pattern. Finally, we use this system to generate spots
and stripes by numerical simulations. To demonstrate that this numerical scheme is
valid for other shapes of domains in practice, the pattern on a cone surface is also
carried out.

There are many other systems which has been used to study spatial patterns [3]
[26] [42]. All these systems are capable of generating animal coat markings. The
second example we use is the Schnakenberg(1979) reaction [41]. It is used to generate
spots, horizontal and vertical stripes in our numerical computations.

For each numerical simulation, the computer program terminates when the nu-
merical solutions u and v reach their equilibrium. In the simulation of the pattern
on a tail, it requires two V-cycles at each time step for the numerical solution to con-

verge to the equilibrium. Each of other simulations requires only one V-cycle at each
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time step for the numerical solution to converge. Thus at the end of this chapter, we
compare the running time needed in using the multigrid technique with that needed
in using a classical iterative method on the fine grid alone. The results show that

multigrid technique is much more efficient.

5.1 The Thomas System

The example we consider here is taken from [41], the Thomas system. It is a
substrate inhibition system:
U, = D,AU + F(U,V)
Vi = D,AV+G(U,V),

where
ksUV
FUV) =k — kU - ke + k7U + kU2
and
ksUV
GUV) =k = k¥ = ke + k:U + kgU?’

Here U and V are the concentrations of two chemical species with U a substrate and V'
an inhibitor. The constants D, and D,, are positive diffusion coefficients and F (U, V)
and G(U, V) are the kinetics with the positive rate constants ks. The nondimensional

system is given by

ue = Au+7f(y,v)

v = dAv+vg(u,v),

where
f(u’ 'U) = a-u- ﬁi%
and (5.1)
9(u,v) = alb-v) - ik
: ... Ou ov s .\
with zero flux boundary condition —| = —| = 0 and initial condition u(z, y, 0)
on|y,, 0On|y,

and v(z,y,0) given on Q.
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Let us choose § as [0,2.1] x [0, 1.2] and parameter values d = 10, y = 20, a = 1.5,
K =0.1, p =18.5, a = 92, and b = 64. The parameter values determine a steady
state u, = 9.934 and v; = 9.289. To form inhomogeneous spatial patterns, a reaction
diffusion system must undergo diffusion driven instability or Turing instability. The
uniform steady state is stable to small disturbance when the diffusion terms are absent
but unstable to small spatial disturbance in the presence of diffusion. With the above

parameter values, linear theory gives the range of modes k? that are driven unstable:

<k =r( 4+ 1<
105 < k 7r(2‘12+1'22) 10.25,
which means
m? n?
1. < — 4+ — < 1.
0637 < 512 + 192 < 9507,

where m and n are integers. Details in deriving the range of unstable modes can be
found in [41]. The above range of unstable wavenumbers admits only the wavenumber
m = 2, n = 1. The solution which involves exponentially growing modes about the

uniform steady state uy; and v, is given as

AR oo 2T Y 9
C,1e cos 5 €08 -, (5.2)

where C;,, is determined by initial conditions. Figure 5.1 is the pattern obtained from
( 5.2) to predict the pattern that could be formed. The values on the dark regions
are greater than zero. The top graph is obtained with C;; < 0 and the bottom with
Cz,1 > 0. Which of these two solutions is obtained thus depends on the bias in the
initial conditions.

Turing(1952) suggested that, under certain conditions, the homogeneous steady
state was unstable to small spatial perturbations and the stable nonuniform spatial
patterns could evolve by diffusion driven instability. In the numerical experiments,
the initial conditions are taken as random perturbations confined to a small region

about the steady state. Figure 5.2 shows the concentrations in the morphogen u.
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Figure 5.1: Possible patterns estimated by linear stability analysis.

The dark regions represent u < u,. There are two patterns formed by using different
seeds in the function calls of random number generator. They agree with the patterns
suggested by linear stability analysis.

The next three figures are obtained by numerical simulations of different patterns
generated with different parameter values of v and different geometry. Each example
is computed until the equilibrium is reached.

The computing details of the simulation are as follows. In Figure 5.3, the pattern
(top) of morphogen concentration u < ug = 10 in system ( 5.1) is computed on a
grid of 65 x 257 points with v = 8. The graph of the residual (bottom) shows that
morphogen u reaches the equilibrium at ¢ = 400.

In Figure 5.4, the pattern of morphogen concentration u < up = 10 in system
(/5.1) is computed on a grid of 65 x 225 points with v = 48. The graph of the residual
shows that morphogen u reaches the equilibrium at t = 60.

In Figure 5.5, the pattern of morphogen concentration v < uy = 10 in system
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Figure 5.2: Turing’s patterns obtained by numerical simulation.

i
08|
06|
04
02|
3

(] 05

10g10()

ARy A

TR W T 35 4 45

h=001875
k=000

1V-cycle at each time step
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Figure 5.3: Numerical simulation of Turing pattern of ( 5.1) and residual plot with

v =8
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h=0.01875
k=0.005

-5 1 V-cycle at each time step

12000 time steps

log10(n)
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Figure 5.4: Numerical simulation of Turing pattern of ( 5.1) and residual plot with
v = 48.

h=0.05

k=0.01

2 V-cycles at each time step
12000 time steps

20 40 60 80 100 120 140

Figure 5.5: Numerical simulation of Turing pattern of ( 5.1) and residual plot on a
cone surface.
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( 5.1) is computed on a grid of 65 x 225 points with v = 35. The graph of the residual

shows that morphogen u reaches the equilibrium at ¢ =~ 120.

Rings of pattern typical of many spotted animal tails are generated when the
reaction diffusion domains are tapering cylinders. Rings are at the tip and spots are
obtained as the circumference increases. Although the domain is not rectangular,

V-cycle algorithm could still be applied analogously.

5.2 The Schnakenberg System

The main forms of patterns generated by a reaction-diffusion system are spots
(Figure 5.4 and Figure 5.7), rings (Figure 5.5), horizontal stripes (Figure 5.8), and
vertical stripes(Figure 5.3 and Figure 5.6). In this section, we choose another reac-
tion kinetics. It is the simplest class of two-species reaction mechanism studied by
Schnakenberg(1979) in limit cycle solutions of two-species reaction systems. It has
also been shown to be able to generate animal coat markings [41]. Its nondimension-

alization gives

u = Au+ 7f(u1 U)
v = dAv+yg(u,v),

where

flu,v) = a—u+u?

and (5.3)

g(u,v) = b—u?v,

with parameter values d = 50, a = 0.2, and b = 2. Thus the uniform steady state is
up = 2.2 and vy = 0.413.

Next we demonstrate the V-cycle algorithm with this reaction-diffusion system.
We change the scale factor v and the domain to obtain different forms of pattern.

The computing details follow.
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h=0.01875
k=0.005
1 V—cycle at each time step

12000 time steps

Figure 5.6: Numerical simulation of Turing pattern of ( 5.3) and residual plot of with
v =15.

In Figure 5.6, the pattern of morphogen concentration u < up = 2.2 in system
( 5.3) is computed on a grid of 65 x 225 points with v = 15. The graph of the residual
shows that morphogen u reaches the equilibrium at ¢ =~ 54.

In Figure 5.7, the pattern of morphogen concentration u < uy = 2.2 in system
( 5.3) is computed on a grid of 65 x 217 points with v = 30. The graph of the residual
shows that morphogen u reaches the equilibrium at ¢t =~ 100.

In Figure 5.8, the pattern (top) of morphogen concentration v < ug = 2.2 in
system ( 5.3) is computed on a grid of 65 x 225 points with v = 50. The graph of the

residual (bottom) also shows that morphogen u reaches the equilibrium at ¢ ~ 26.
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h=0.03750

k=0.005

1 V-cycle at each time step
20000 time steps

Figure 5.7: Numerical simulation of Turing pattern of ( 5.3) and residual plot with
v = 30.

h=0 03750
k=0.005

1 V-cycle at each time step
5400 time steps

Figure 5.8: Numerical simulation of Turing pattern of ( 5.3) and residual plot with
v = 50.
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5.3 Comparison

T

We end this thesis by demonstrating the robustness of the V-cycle algorithm. We
compute the solution of system ( 5.1) with v = 25 on the domain [0, 1.6] x [0, 1.6]. We
discretize ( 5.1) with different spatial and time step sizes. Both the V-cycle algorithm
and direct iterative method using red-black Gauss-Seidel iteration are applied to each
case. In each case, the solution is obtained when the morphogen concentrations u
and v reach their equilibrium. The number of iterations at each step, the number
of time steps needed for the morphogen concentration to reach its inhomogeneous
steady state, and the running time for each case are recorded in the following tables.
Notice that when the spatial step size in each direction is refined by half (see Table
1 and Table 2) in order to keep the same ratio of %,‘-, time step size is changed into a
factor of } Comparing the running time between these two cases it does not show the
power of the V-cycle algorithm. Since the fully implicit finite difference discretization
is unconditionally stable, we could exploit this advantage by increasing the step size
in time to reduce the running time. Thus in Table 3, we double the time step size.
Then only one V-cycle is needed, so the running time for V-cycle algorithm is reduced
by about half. But the direct iterative method suffers from its limitations because
of the change of the ratio %. Thus the number of iterations at each time step must
be increased in order to have convergence. Even if the fully implicit finite difference
scheme is unconditionally stable, the direct iterative method seems to be unable to
take advantage of it. In Table 4, we can see when the spatial grid size is even finer
— the running time for direct iterative method is almost 10 times that needed for

V-cycle algorithm.
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Figure 5.9: Numerical simulation of Turing pattern on a square.

h =0.05 number of iterations | number of CPU
At =0.01 at each time step | time steps time
Red-black Gauss-Seidel iteration 25 3000 39.78 seconds
V-cycle 1 3000 10.8 seconds
Table 5.1: Comparison between single grid and multigrid with A = 0.05 and At =
0.01.
h =0.025 number of iterations | number of CPU
At = 0.0025 at each time step | time steps time
Red-black Gauss-Seidel iteration 22 12000 607.54 seconds
V-cycle 1 15000 219.18 seconds
Table 5.2: Comparison between single grid and multigrid with h = 0.025 and At =
0.0025.
h =0.025 number of iterations | number of CPU
At = 0.005 at each time step | time steps time
Red-black Gauss-Seidel iteration 45 5600 569.86 seconds
V-cycle 1 7000 103.43 seconds

Table 5.3: Comparison between single grid and multigrid with A = 0.025 and At =

0.005.
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h =0.0125 number of iterations | number of CPU

At = 0.0025 at each time step | time steps time
Red-black Gauss-Seidel iteration 85 11000 8205.23 seconds
V-cycle 1 14000 857.52 seconds

Table 5.4: Comparison between single grid and multigrid with h = 0.0125 and At =

0.0025.
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