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ABSTRACT
RIGOROUS NUMERICAL ANALYSIS WITH HIGH-ORDER TAYLOR MODELS
By

Jens Hoefkens

Interval techniques have been utilized for rigorous numerical analysis since the
1960s. However, their use has been limited by the dimensionality curse and the
dependency problem. The recently developed Taylor model approach alleviates these
problems and allows the use of validated numerics in a wide range of applications. To
broaden the applicability of the Taylor model method, we introduce new algorithms
for the inversion of functional relations and the integration of differential algebraic

equations.

First we present a new method for computing verified enclosures of the inverses
of given functions over large domains. The approach utilizes Taylor models and the
sharpness of the enclosures scales with a high order of the domain. An integral part
of the new method is the rigorous determination of invertibility of high dimensional
functions over large domains, which is reduced to a verified linear algebra problem in-
volving only first derivatives of the function of interest. Several examples highlighting

various aspects of the methods are discussed.

Differential algebraic equations (DAEs) describe important problems in mechani-
cal and chemical engineering. Existing algorithms for the integration of DAE initial
value problems have traditionally been restricted to low-index systems and until re-

cently, no practical scheme for the verified integration of DAEs existed. Recognizing



the antiderivation as a natural operation on Taylor models yields a method that treats
DAEs within a fully differential algebraic context as implicit equations made of con-
ventional functions and the antiderivation. The resulting integration scheme can be
applied to high-index problems and allows the computation of guaranteed enclosures

of final coordinates from large initial regions.

To demonstrate the general applicability of the Taylor model approach, we present
results from verified asteroid orbit integrations and the theory of Hamiltonian systems.
We show that the newly developed methods are practical and can indeed outperform
conventional interval methods in a wide class of problems. Finally, we discuss some
details of implementing interval libraries on general purpose computers and present
the concept of language independent software development, which has been used
for the design and implementation of the C++ and Fortran 90 interfaces to COSY

Infinity.
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Chapter 1

Introduction

Over the last four decades, the use of computer programs has gained widespread
acceptance in almost all scientific and engineering disciplines. An implicit trust in
the computed results is based on the assumptions that computer programs are imple-
mented correctly and perform as intended. However, the validity of these assumptions

is questionable, to say the least.

Considering the fallibility of humans, it is presumptuous to believe that software
could be produced free of errors. Moreover, since verifying the correctness of imple-
mentations is equivalent to the halting problem; it is generally impossible to prove
that a given computer program does not contain bugs {117]. While elaborate testing
procedures can reduce the number of errors, even the most important and extensively
tested software systems can fail. As an example, consider the explosion of an Ariane

5 rocket in 1996 which has been traced to a very simple programming error [77].

However, even assuming that software could be written free of bugs, other sources
of errors still exist. Most of these errors are caused by the transition from the perfect
world of numerical analysis to the limited world of finite state machines. While
numerical analysis often assumes the existence of infinitely many real numbers and

infinitely precise computations, computers have only finite memory and floating point



numbers are stored with only finitely many digits, resulting in computations that are

only approximations to the mathematically correct results.

Most modern computers implement double precision floating point numbers with
approximately 16 significant digits. While this is sufficiently accurate in most ap-
plications, the resulting rounding and truncation errors can accumulate and lead to
arbitrary large deviations from the mathematically correct results. Moreover, while
humans prefer decimal numbers, computers usually store information in binary repre-
sentations [48]. The conversion from decimal numbers to binary numbers, combined
with the limited accuracy of the number representations, can be a significant source
of truncation errors. To illustrate this, consider the infinite binary representation of
0.1:

0.1;0 = 0.001 1001,. (1.1)

On a computer with 24 bit floating point numbers, the error caused by the truncation
amounts to an absolute error of approximately 9.5 - 1078, While this seems insignifi-
cant, the high failure rates of the Patriot missile system during the Gulf War in 1991

have been traced to exactly this truncation error [141].

It is important to note that the problem of roundoff and truncation errors is a
fundamental characteristic of finite state computers. While intimate knowledge about
the underlying architecture and significant efforts in the implementation of computer
programs could reduce the effects of these errors, such errors can never be completely
eliminated. Moreover, the extra effort necessary would require a software development
model contradicting the idea of using portable high-level programming languages that

help the programmer focus on the correctness of the implementation.

Thus, on the one hand we desire the portable programming of general purpose,

limited precision binary architectures, on the other hand we know from theory and



o0 ‘
-

N




practice that this combination can lead to significant computational errors. Nev-
ertheless, computers are here to stay and their use is likely to increase. Moreover,
computational results are increasingly used as the basis of important decisions, rang-
ing from the operation of nuclear power plants to the world financial markets. In other

words, potentially erroneous results are used to control systems of global importance.

Somewhat contrary to naive intuition, the main problem with these numerical
inaccuracies is that most computed results are actually sufficiently good approxima-
tions of the mathematically correct results and only a very small number of cases
exhibit significant errors that require further investigation. It is the goal of validated
methods to solve this dilemma by providing the users with bounds that are guaran-
teed to contain the mathematically correct result. While validated methods do not
magically increase the accuracy of computations, they provide a self-validating ap-
proach that computes both an approximation to the mathematically correct result
and a rigorous upper bound on the error of the approximation. In most situations
these are relatively tight bounds and only in a few cases will they be large, indicating

that the computed results may be rather bad approximations of the correct results.

While the fundamental ideas behind validated methods have already been intro-
duced in the dissertation of R. Moore in 1962 [91], early methods have often computed
overly large bounds. Only recently, starting with work by R. Lohner in 1987 (78], have
validated methods been able to produce sharper and more usable bounds. In this dis-
sertation we present new results from the field of interval methods [92], which lie at
the core of the validated approach. The results are based on the theory and the ap-
plication of the recently developed Taylor models [83, 82], which combine high order
Taylor polynomials with intervals for validation. Taylor models can in some situations
increase the sharpness of the computed bounds by several orders of magnitude over

conventional methods, thereby improving the applicability of validated methods.



Chapter 2

Background Information

In this chapter we introduce the notational conventions that will be used throughout
this dissertation. We also summarize the mathematical and computational theories
that form the backbone of the material developed in this dissertation: the differential

algebra ,,D,, interval analysis, and Taylor models.

Throughout this dissertations N denotes the set of positive integers, Q is the
set of rational numbers, R stands for the set of real numbers, and C is the set of
complex numbers. For notational convenience, we will always assume that n, v, w € N.
Following the usual conventions, R” denotes the set of v-dimensional vectors with real

entries; elements of R” are written as

z=(z1,...,%y), (2.1)

with real numbers z; € R for ¢ = 1,...,v. If necessary, we denote vectors by 7 to
distinguish them from real numbers z. However, in most cases, such a distinction will
not be necessary. Finally, unless stated otherwise, all functions are assumed to be at

least (n + 1)-times continuously differentiable over their domain.
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2.1 The Differential Algebra ,D,

Many of the results presented in the following chapters rest on the availability of
accurate descriptions of high-order Taylor polynomials of sufficiently smooth functions
on computers. To avoid the need for storing an infinite number of Taylor coefficients,
it is convenient to consider the equivalence classes of functions with the same n-th
order Taylor polynomials. Since these are finite objects, the resulting structures can
be implemented on computers, and they can be used for the efficient and accurate

modeling and representation of complicated functions.

Let U C R® be an open set containing the origin and consider the space C"*! (U, R¥)
of (n + 1)-times continuously differentiable functions that map U into R*. We define

the relation of equality up to order n as follows.

Definition 2.1. For f,g € C"*'(U,R¥) we say that f equals g up to order n if
f(0) = g(0), and all partial derivatives of orders up to n agree at the origin. If f

equals g up to order n, we denote that by f =, g.

It is easy to see that equality up to order n establishes an equivalence relation on
the space C"+!(U,R¥) [17]. The resulting equivalence classes are called DA vectors,
and the class containing the function f € C"*!(U,R") is denoted by [f],. The
collection of these equivalence classes is called ,D,. More details on this structure

are given in [12, 17).

Proposition 2.1. For f € C"*'(U,RY), the n-th order Taylor polynomial T,(f) of

f is contained in [f],.

This assertion follows easily from the basic definition of the equivalence classes.

However, the fact that the n-th order Taylor polynomial of f can be used as a rep-






resentative for the class [f], opens the door for a computer implementation of the

structure ,D, by storing and manipulating the coefficients of Taylor polynomials.

2.1.1 Elementary Operations

Elementary operations like “+” and “x” can be lifted from C"*!(U, R*) in the usual

way, and extend to the corresponding operations “@®” and “®” on ,,D, [12, 13].

Definition 2.2. Let f,g € C"*}(U,R") be two functions. Then the sum of the DA

vectors [f]n and [g], is given by

[f1n ® [9)n = [f + gln- (2.2)

The product of the two DA vectors is defined by

[f]n ® [g]n = [f X gln- (2.3)

Together with the scalar multiplication r - [f], = [r - f]n, this definition of the
elementary operations makes , D, an algebra [17]. Moreover, the diagram in Fig. 2.1
is closed and commuting. In other words, the extension of the elementary operations
to ,D, is transparent to the equivalent classes of DA vectors; i.e., knowledge of the
values and derivatives of f and g at the origin is sufficient to obtain Taylor polynomials
of their sums and products. Moreover, in [12, 13] the available operations on ,D,
have been extended to include subtraction and, for a limited class of DA vectors,
even the multiplicative inversion. From now on we omit the distinction between the
operations on C"*!(U,R*) and ,D, and will always use the same symbols “+” and

“x” for operations between numbers, functions, and DA vectors.

It has been shown that the derivative operation (derivation) can be extended
from C"*!(U, R¥) to the algebra ,D, in such a way that ,D, becomes a differential
algebra [12, 17]. While we will not use this intrinsic structure of ,D,, we will make

frequent use of the antiderivation of DA vectors to be presented later.
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(+’ ) (697 Q)

1
f(+,)g — [fln(®, ©)[g]n

Figure 2.1: Commuting diagram for the elementary operations on ,D,.

2.1.2 Contracting Operators and Fixed Points

In the previous section we have shown how elementary operations on the function
space C"*1(U, R*) can be extended to the differential algebra , D,. Here we take a look
at the more general concept of operators on ,D, and summarize an important fixed
point theorem. The availability of this powerful fixed point theorem for operators
on ,D, allows the use of the differential algebra ,D, in a large class of numerical
applications, ranging from the analysis of dynamical systems [15, 23, 27, 18] to global

optimization [68, 88).

Definition 2.3. For [f], € ,D,, the depth X ([f]s) is defined to be the order of the

first non-vanishing derivative of f if [f]n # 0, and n + 1 otherwise.

By definition of the equivalence classes, this definition is independent of the choice
of f € [f]. We note that any a € ,D, with A\(a) > 1 satisfies the condition a"*! = 0
and is therefore called nilpotent. Using the straightforward definition of the depth,

contracting operators on ,,D, are defined as follows.

Definition 2.4. Let O be an operator defined on M C ,D,. O is contracting on M,
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if for any two [fln, [gln € M,
MO([f]s) = O(lgln)) = M[f]n — [g]n) (2.4)

with equality if and only if f =, ¢.

This definition has a striking similarity to the corresponding definitions on stan-
dard function spaces. Even more so, a theorem that resembles the Banach Fixed
Point Theorem can be established on ,,D,. However, unlike in the case of the Banach
Fixed Point Theorem, in , D, the sequence of iterates is guaranteed to converge in at

most n + 1 steps [17].

Theorem 2.1 (DA Fixed Point Theorem). Let O be a contracting operator and
self-map defined on M C ,D,. Then O has a unique fized point a € M. Moreover,

for any ag € M it is O™+D) (g) = a.

A proof and further discussion of the DA Fixed Point Theorem can be found
in [17]. Here we just mention that, since A(a + b) > min(A(a), A(b)), it follows easily
that the sum and composition of two contracting operators O; and O, defined on M

is also a contracting operator.

2.1.3 Functions and Antiderivation

To fully utilize the differential algebra ,, D,, especially in numerical analysis and com-
puter environments, it is necessary to not only define the elementary operations on
nDj but also the standard mathematical functions commonly available on computers:

square root, exponential, logarithm, trigonometric and hyperbolic functions.

At a fundamental level, the basic functions on , D, are simply defined in terms of

the corresponding operations on the function space [17].

Definition 2.5. For f, g € C"1(U,R*) we define g([f]n) = [9(f)]n.
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While this definition is straightforward and of great theoretical value, the actual
computation of functions on ,D, is based on addition theorems and the Taylor series
of these functions. Although the full details of this procedure are beyond the scope of
this summary, the following example illustrates the general approach. Let [f], € nD,

be a DA vector and write f], = ao + b with ay = f(0). Then it is

exp ([f]n) = exp(ao + b) = exp(ao) exp(b). (2.5)

Using the definition of the exponential function as a power series and the fact that b
is nilpotent, in fact

(/2] 4
exp ([fln) = exp(ao) - ) L (2.6)
k=0

Further details on the implementation of functions of DA vectors can be found in [12,

13,17).

The approach outlined above allows us for any function f, for which we have a
code list or algorithm consisting of finitely many intrinsic functions and elementary
operations, to obtain the n-th order Taylor polynomial of f around the origin. By
starting the evaluation with the identity DA vectors [id],, we obtain T, (f) by evalu-
ating the code list of f with the argument [¢d],,. This gives a convenient and powerful
method of computing derivatives of functions described by computer programs. Un-
like conventional automatic differentiation [111, 52], which is often limited to first
and second order, the Taylor series approach does not pose any arbitrary limits on

the maximum order of derivatives that can be computed.

We conclude this section on functions on ,D, with an example of an operator
that is unusual but, considering the structure of the differential algebra ,D,, actually
quite natural. The antiderivation; i.e., the integration with respect to any of the v

variables, turns out to be a contracting operation on ,D,.






Proposition 2.2 (Antiderivation is Contracting). For k € {1,...,v}, the an-

tiderivation 8;' : ,Dy—,D, is a contracting operator on ,D,.

The proof of this important result is based on the fact that if a,b € ,D, agree
up to order [, the first non-vanishing derivative of d;'(a — b) is of order I + 1 [17,
59, 60). It is important to realize that in the DA framework of ,D, there is no
fundamental difference between any of the standard mathematical functions like the
sine and exponential functions on ,D, and antiderivation. In fact, fully embracing
antiderivation as a normal operation on DA vectors will enable us to develop a new
and powerful method for the verified integration of ordinary differential equations

(ODEs) and differential algebraic equations (DAEs) in Chap. 4.

2.1.4 Summary

For functions that are given by finitely many intrinsic functions and elementary op-
erations, the DA approach is equivalent to evaluating the code list with an n-th order
automatic differentiation tool. However, the ease with which the DA approach com-
putes Taylor polynomials, and therefore derivatives, of any given algorithm up to
machine precision and virtually arbitrary order makes the differential algebra ,, D, an
important computational tool for numerical analysis. Together with the powerful DA
Fixed Point Theorem that guarantees convergence in at most n+ 1 steps, the method
lies at the core of the map approach that has been used successfully in the analysis
and the design of particle accelerators [10, 12, 14, 15, 17]. The differential algebra
nDy has been implemented in the arbitrary order code COSY Infinity [13, 23, 84].
And by storing only non-vanishing coefficients, the implementation can handle even

high-dimensional problems to very high orders.

By combining the symbolic nature of operations on truncated polynomials with the

10
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numerical operations on floating point coefficients, differential algebra based methods
offer a unique combination of exact symbolic operations with the efficiency of floating
point computations. Moreover, the DA approach avoids the pitfalls of conventional
computer algebra, since it does not suffer from the dramatic increase in storage that
often plagues symbolic computer algebra tools in high-order applications. At the
same time, propagating high order descriptions of computer code avoids many of
the problems associated with traditional numerical methods and opens the door for

rigorous high-order sensitivity analysis of dynamical systems [104].
2.2 Interval Arithmetic

The use of interval methods in computational sciences was started by R. Moore [91],

who observed that,

“Computers carry only a limited number of significant digits. Repeating
a computer calculation with more significant digits does not necessarily

increase the number of significant digits in the result.”

To illustrate this problem, consider the sequence of numbers defined recursively by
To=1-10"%" and 7,4 =z,% (2.7)

If we compute this sequence on a computer with 10, 16, or even 20 digit accuracy, it

is

Tp=z1=...=2Zp5=1, (2.8)

while in fact z;5 < 1019, Since the question in numerical computations is often
how the result compares to some fixed number, this is actually an important problem
and computational errors like the above are relatively frequent. These computational

errors have many sources: floating point errors, rounding errors, truncation, and

11
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initial errors. And since they are hard to identify at the time of actual computation,

they are often undetected and can have dire consequences.

The previous example illustrates the main problem of naively using computers
to implement results of numerical analysis. Due to the fact the computers can only
represent a small subset of the rational numbers Q accurately, the results obtained by
computer operations are generally only approximations of the mathematically correct
results. While traditional methods of numerical analysis are very powerful and provide
rigorous results in an ideal world, their transformations to computer systems suffer

from the intrinsic limitations of finite state machines.

However, modern interval techniques use knowledge of these limitations to com-
pute results that are both accurate and reliable. In this section we summarize the
fundamentals of conventional interval methods. The development of powerful new

interval techniques is the main focus of this dissertation.
Interval Notations

Before presenting details of interval analysis, we introduce notation and conventions
that will be used in connection with intervals throughout the text. For two numbers

a,b € R, the interval [a, b] is defined by
[a,b] = {z € Rla <z < b}. (2.9)

Unless explicitly stated otherwise, intervals will always be assumed to be closed and
bounded and therefore compact. Whenever we talk about intervals in general, we use
boldface to distinguish them from regular numbers: X is a point, while X denotes a

compact interval.

To express containment of points and intervals within intervals, we use the stan-

12






dard notation

r€fa,ba<z<b (2.10)

[@,b]Cle,d| &c<a<b<d (2.11)
The union and intersection of two intervals are defined by

[a,bjUlc,d] = {z€R|z €a,b] or z € [c,d]} (2.12)

[a,b]N[c,d] = {z€R|z € [a,b] and z € [c,d]} (2.13)

The union of two intervals will generally not be an interval. The intersection of two
intervals on the other hand is either an interval or empty. Lastly, we denote the

midpoint and the width of an interval by m ([a, b]) and w ([a, b]), respectively.

In the case of R” with v > 1, we define interval boxes to be vectors of intervals and
all previously mentioned operations and relations are defined componentwise. The
width w of an interval box is called the magnitude and is defined as the maximum of

the widths of its components.

2.2.1 Elementary Operations and Functions

We define elementary operations on intervals set-wise such that they satisfy the fun-

damental inclusion requirement: for * € {+, —, x, /} we demand that
[a,b] ¥ [c,d] = {z*yla<z<bc<y<d} (2.14)

In other words, the sum, difference, product, or quotient of two intervals is the set of
sums, differences, products, or quotients of pairs of real numbers, one from each of

the two intervals. All elementary operations can be defined in such a way that the

13
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z(+, X,...)y < L®®,..)I,

Figure 2.2: Commuting diagram for the elementary operations on intervals.

results of operations between intervals are again intervals:

oI, = [1 + y1, T2 + ¥2) (2.15)
ILol, = [z,—ysz,—y) (2.16)

I I, = [min{z\y1, 212, T2y1, T2Y2}, max{z1y1, T1Y2, Tat1, T2y2}] (2.17)

If the interval I,, does not contain 0, the multiplicative inverse is given by

I, = (1/y2,1/y)] (2.18)

and the quotient of two intervals is defined in terms of the multiplicative inverse and
multiplication:

Lol,=I,®I, " (2.19)

With these definitions, the diagram in Fig. 2.2 closes and commutes under the inclu-
sion relationship. From now on, we will denote the elementary operations on intervals

and real numbers by the same symbols.

One problem of interval arithmetic is the dependency problem. It is best illustrated

with the interval I = [-1,1] and the computation
I-I=[-22 (2.20)
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Thus, the width of I — I is twice as large as the width of the original interval I.
This problem, known as the cancellation effect, is a manifestation of the more general
problem that conventional interval arithmetic has no provision to distinguish between
independent and dependent variables. As far as interval analysis is concerned, the
two intervals on the left hand side of Eqn. (2.20) are two different entities with no
relation between them, and the fact that they have the same endpoints is seen as
a mere coincidence. The dependency problem especially affects large computations,
since not all occurrences of the dependency problem are as easy to spot as in this
example. We note that work is under way to include techniques for resolving the
dependency problem within Fortran and C++ compilers [136, 137], where the opti-
mizers already perform a dependency analysis that is capable of also reducing the
dependency problem. We mention that even conventional floating point arithmetic is

beset by cancellation effects: on a computer with less than twenty digits of accuracy
(107 + 1) — 10* = 0. (2.21)

This exemplifies a general problem of floating point arithmetic: computing the dif-
ference of two similar numbers often results in large relative errors. And although
interval computations always enclose the correct results, the cancellation effect can

lead to significant overestimations.

Similar to the way the elementary operations are defined on intervals to satisfy
Eqn. (2.14), the standard mathematical functions for intervals are defined such that
the basic requirement

f(a,0]) = {f(z)|a <z < b} (2.22)

is always satisfied. In many cases the computation of interval extensions of mathe-

matical functions is straightforward and details will be discussed in Sec. 6.1.

15
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2.2.2 Interval Arithmetic and Set Theory

Since interval arithmetic has its roots in the desire to compute rigorous results with
limited precision floating point hardware, it has originally been used to model small
intervals. However, by realizing that the interval [a, b] is actually the set of real num-
bers between a and b, where a and b can be rational numbers with exact floating point
representations, computer programs become able to accurately handle real numbers.
Thus, by using intervals to represent sets of real numbers, intervals bring set theory

and the ability to represent any real number to computers.

Utilizing the elementary operations and functions defined in the previous section,

we can obtain the Fundamental Theorem of Interval Analysis [94].

Theorem 2.2 (Fundamental Theorem of Interval Analysis). Let I = [a,b] be
a compact real interval. If f : I — R is a continuous function and f is its inclusion

monotone interval extension, then
z € [a,b] = f(z) € F(I). (2.23)

The Fundamental Theorem of Interval Analysis allows the use of computers, de-

spite their limitation, to rigorously answer the question:

Given a function f described by a computer program, consisting of finitely
many elementary operations and intrinsic functions, and an interval I, find
a set of real numbers that is guaranteed to contain the image of I under

the function f.

By allowing the computation of intervals that are guaranteed to contain the range
f(I) of f over I, the use of interval analysis allows the use of computers with finite

precision to obtain rigorous and trustworthy results.

16






Some of the most powerful aspects of interval computations are tied to the Brouwer
Fixed Point Theorem, which is the finite-dimensional version of the Schauder Fixed

Point Theorem:

Theorem 2.3 (Brouwer Fixed Point Theorem). Let D be a non-empty compact
conver subset of R* and suppose f is a continuous mapping such that the range

f(D) C D. Then f has a fized point in D, i.e. there is x € D such that f(z) = z.

Since interval boxes satisfy the requirements on D, the Brouwer Fixed Point
Theorem can be combined with the Fundamental Theorem of Interval Analysis to
allow computer based proofs of the existence of solutions to linear and non-linear
systems. One particular important application of this, the basic interval Newton

method, will be discussed in Sec. 2.2.3.

The Wrapping Effect

Much like the dependency problem, the wrapping effect can lead to substantial over-
estimations in interval computations. It is caused by the need to wrap the results of
interval computations in interval boxes that are parallel to the axes. The effect is
demonstrated in Fig. 2.3: a rotation by 45 degrees leads to an overestimation of the

magnitude of the result by a factor of /2.

Figure 2.3: Illustration of the wrapping effect caused by a rotation of 45 degrees in
the plane.

While efforts have been made to fight the wrapping effect by allowing rotated and

even skewed interval boxes [78, 79], the fundamental problem remains and Fig. 2.4
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illustrates how the fact that the edges of interval boxes are always given by straight

lines can lead to arbitrary large overestimations of the image sets.

Figure 2.4: Illustration of how the wrapping effect can lead to arbitrary large overes-
timations.

2.2.3 Applications of Interval Arithmetic

By utilizing numerical analysis tools that have been developed specifically for interval
analysis, interval methods have been used successfully in a variety of applications over
the last decades. In this section we take a closer look at some of the most important
of these algorithms and applications: interval Newton methods, optimization, and

integration of ODEs.

Interval Newton Method

Interval Newton methods are among the most fundamental and important interval
algorithms. They are, in one form or another, part of almost any other interval
algorithm. Since they utilize most of the concepts of other interval methods, e.g.
fixed point formulations, iteration, and intersections, they are outstanding examples

of the more general interval analysis tools.

Let f: [a,b] = R be a C! function such that either f' > 0 or f' < 0 on [a,b] and
assume that 3z € [a, b] such that f(z) = 0. The goal of an interval Newton method
is to compute a small interval enclosure of z. According to the Mean Value Theorem,

for any y € [a, b] there is some £ € [a, b] such that
0=f(z) = fly) + )= - ) (2.24)
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After choosing y = m([a, b]) and solving for , it is

I [ ()
= m([a, b]) e (2.25)

with some unknown £ € [a,b]. However, if we use intervals to evaluate the interval
extension of the <ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>