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ABSTRACT
MULTIPLE PARTON RADIATION IN

HADROPRODUCTION
AT LEPTON-HADRON COLLIDERS

Pavel M. Nadolsky

Factorization of long- and short-distance hadronic dynamics in perturbative Quan-
tum Chromodynamics (QCD) is often obstructed by the coherent partonic radiation,
which leads to the appearance of large logarithmic terms in coefficients of the pertur-
bative QCD series. In particular, large remainders from the cancellation of infrared
singularities distort theoretical predictions for angular distributions of observed prod-
ucts of hadronic reactions. In several important cases, the predictive power of QCD
can be restored through summation of large logarithmic terms to all orders of the per-
turbative expansion. Here I discuss the impact of the the coherent parton radiation
on semi-inclusive production of hadrons in deep inelastic scattering at lepton-proton
colliders. Such radiation can be consistently described in the b-space resummation
formalism, which was originally developed to improve theoretical description of pro-
duction of hadrons at e*e™ colliders and electroweak vector bosons at hadron-hadron
colliders. I present the detailed derivation of the resummed cross section and the
energy flow at the next-to-leading order of perturbative QCD. The theoretical results
are compared to the experimental data measured at the ep collider HERA. A good

agreement is found between the theory and experiment in the region of validity of the



resummation formalism. I argue that semi-inclusive deep inelastic scattering (SIDIS)
at lepton-hadron colliders offers exceptional opportunities to study coherent parton
radiation, which are not available yet at colliders of other types. Specifically, SIDIS
can be used to test the factorization of hard scattering and collinear contributions at
small values of z and to search for potential crossing symmetry relationships between
the properties of the coherent radiation in SIDIS, e*e~ hadroproduction and Drell-

Yan processes.
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Chapter 1

Introduction

Since its foundation in 1970’s, perturbative Quantum Chromodynamics (PQCD) has
evolved into a precise theory of energetic hadronic interactions. The success of the
QCD theory in the quantitative description of hadronic experimental data originates

from the following fundamental ideas:

1. Hadrons are not elementary particles. As it was first shown by the quark model
of Gell-Mann and Zweig [1], basic properties of the observed low-energy hadronic
states are explained if hadrons are composed of a few “constituent quarks” with
spin 1/2, fractional electric charges and new quantum numbers of flavor and
color [2]. If the hadron constituents (partons) are bound weakly at some energy,
they can possibly be detected in scattering experiments. The parton model of
Feynman and Bjorken suggested that the pointlike hadronic constituents may
reveal themselves in the wide-angle scattering of leptons off hadronic targets [3].
The first direct experimental proof of the hadronic substructure came from
the observation of the Bjorken scaling [4] in the electron-proton deep-inelastic
scattering [5]; subsequently the quantum numbers of partons were tested in a

variety of experiments [6)].



2. The elementary partons of QCD are “current” quarks, which interact with one
another through mediation of non-Abelian gauge fields (gluons) [7]. These gauge
fields are introduced to preserve the local SU(3) symmetry of the quark color
charges, in accordance with the pioneering work on non-Abelian gauge sym-
metries by C. N. Yang and R. L. Mills [8]. Remarkably, the QCD interactions
weaken at small distances because of the anti-screening of color charges by
self-interacting gluons [9]. Due to this feature (asymptotic freedom) of QCD,
probabilities for parton interactions at distance scales smaller than 1 GeV~! can
be calculated as a series in the small QCD running coupling as. In the opposite
limit of large distances, as grows rapidly, so that the QCD interactions be-
come nonperturbative at the scale of about 0.2 GeV~'. Such scale dependence
of the QCD coupling explains why the partons behave as quasi-free particles
when probed in the energetic collision, but eventually are confined in colorless

hadrons at the later stages of the scattering.

3. Because of the parton confinement, quantitative calculations within QCD re-
quire systematic separation of dynamics associated with short and long distance
scales. The possibility for such separation is proven by factorization theorems
[10-15]. With time, the factorization was proven for observables of increas-
ing complexity. In 1977, G. Sterman and S. Weinberg introduced a notion of
infrared-safe observables, which are not sensitive to the details of long-distance
dynamics [16]. A typical example of an infrared-safe observable is the cross-
section for the production of well-separated hadronic jets at an ete™ collider.
It was shown that infrared-safe observables can be systematically described by
means of PQCD. As a next step, factorization was proven for inclusive observ-
ables depending on one large momentum scale Q2. In the limit Q2 — oo,

such observables can be factorized into a perturbatively calculable hard part,

2



describing energetic short-range interactions of hadronic constituents, and sev-
eral process-independent nonperturbative functions, relevant to the complicated

strong dynamics at large distances.

The proof of factorization is more involved for hadronic observables that depend
on several momentum scales (e.g., differential cross sections). The complications
stem not so much from the complex dependence of the cross sections on kinematical
variables, but from the presence of logarithms Inr, where r is some dimensionless
function of the kinematical parameters of the system. For instance, r may be a ratio
of two momentum scales P, and P, of the system, r = P,/P,. Near the boundaries
of the phase space, the ratio r can be very large or very small, in which case the
convergence of the series in the QCD coupling as can be spoiled by the largeness of
terms proportional to powers of In7. Hence the factorization cannot be proven as
straightforwardly as in the case of the inclusive observables, because its most obvious
requirement — sufficiently rapid convergence of the perturbative series — is violated.

To restore the convergence of PQCD, one may have to sum the large logarithmic
terms through all orders of as. This procedure is commonly called resummation.
Logarithmic terms of one rather general class appear due to the QCD radiation along
the directions of the observed initial- or final-state hadrons (collinear radiation) or
the emission of low-energy gluons (soft radiation). Such logarithms commonly affect
observables sensitive to the angular distribution of the hadrons. In several important
processes, the soft and collinear logarithms can be consistently resummed through
the use of the formalism developed by J. Collins, D. Soper and G. Sterman (CSS).

The original resummation technique was proposed in Ref. [17] to describe angular
distributions of back-to-back jets produced at e*e~ colliders (Fig.1.1a). Subsequent
developments of this technique and its comparison to the data on the e*e~ hadropro-

duction were presented in Refs. [18-20]. In Ref.[21] the resummation formalism was

3



Jet A

Jet B

(a)

Hadron A

Hadron B

(b)

Figure 1.1: (a) Production of hadronic jets at e*e~colliders; (b) Production of lepton

pairs at hadron-hadron colliders



extended to describe transverse momentum distributions of lepton pairs produced
at hadron-hadron colliders (Fig.1.1b). In the subsequent publications [22-27], this
technique was developed to a high degree of numerical accuracy. Currently the re-
summation analysis of this type is employed in the measurements of the mass [28] and
the width [29] of the W-bosons produced at the pp collider TEVATRON. With some
modifications, this resummation formalism is also used to improve PQCD predictions
for the production of Higgs bosons [30] and photon pairs [31] at the Large Hadron
Collider (LHC).

The hadroproduction at e*e~colliders and the lepton pair production at hadron-
hadron colliders (Drell-Yan process) are the simplest reactions that require resumma-
tion of the soft and collinear logarithms. In both reactions, the interaction between
the leptons and two initial- or final-state hadronic systems is mediated by an elec-
troweak boson V with a timelike momentum. The CSS resummation formalism can
also be formulated for reactions with the exchange of a spacelike electroweak vector
boson [32,33]. In this work, I discuss resummation in the semi-inclusive production
of hadrons in electron-hadron deep-inelastic scattering, which is the natural analog of
e*e” hadroproduction and Drell-Yan process in the spacelike channel. The reaction
of semi-inclusive deep-inelastic scattering (SIDIS) e + A — e + B + X, where A and
B are the initial- and final-state hadrons, respectively, is shown in Figure 1.2.

As in the other two reactions, in SIDIS the multiple parton radiation affects an-
gular distributions of the observed hadrons. The study of the resummation in SIDIS
has several advantages in comparison to the reactions in the timelike channels. First,
SIDIS is characterized by an obvious asymmetry between the initial and final hadronic
states, so that the dependence of the multiple parton radiation on the properties of
the initial state can be distinguished clearly from the dependence on the properties of

the final state. In contrast, in ete~ hadroproduction or the Drell-Yan process some



Figure 1.2: Semi-inclusive deep inelastic scattering

details of the dynamics may be hidden due to the symmetry between two external
hadronic systems. Notably, I will discuss the dependence of the resummed observables
on the longitudinal variables z and z, which can be tested in SIDIS more directly than
in e*e~ hadroproduction or Drell-Yan process.

Second, SIDIS can be studied in the kinematical region covered by the measure-
ments of the hadronic structure functions F;(z,Q?) in completely inclusive DIS. The
ongoing DIS experiments at the ep collider HERA probe F;(z, Q?) at z down to 1075,
which are much smaller than lower values of z reached at the existing hadron-hadron
colliders. The region of low z, which is currently studied at HERA, will also be
probed routinely in the production of W*, Z° and Higgs bosons at the LHC. At such
low values of z, other dynamical mechanisms may compete with the contributions

from the soft and collinear radiation described by the CSS formalism. The study of



the existing SIDIS data provides a unique opportunity to learn about the applicabil-
ity of the CSS formalism in the low-z region and estimate robustness of theoretical
predictions for the electroweak boson production at the LHC.

Last, but not the least, is the issue of potential symmetry relations between the
resummed observables in SIDIS, ete~ hadroproduction and Drell-Yan process. In
SIDIS, the dynamics associated with the initial-state radiation may be similar to the
initial-state dynamics in the Drell-Yan process, while the final-state dynamics may
be similar to the final-state dynamics in e*e~hadroproduction. It is interesting to
find out if the data support the existence of such crossing symmetry.

The results presented here were published or accepted for publication in Ref.[35-
37). The remainder of the thesis is organized as follows. In Chapter2, I discuss
the basics of factorization of mass singularities in hadronic cross sections. Then I
review the general properties of the Collins-Soper-Sterman resummation formalism
and illustrate some of its features with the example of hadroproduction at ete~
colliders.

In Chapter 3, I apply the resummation formalism to semi-inclusive deep inelastic
scattering. Guided by the similarities between SIDIS, e*e~ hadroproduction and
Drell-Yan process, I introduce a set of kinematical variables that are particularly
convenient for the identification and subsequent summation of the soft and collinear
logarithms. I also identify observables that are directly sensitive to the multiple
parton radiation. In particular, I argue that such radiation affects the dependence of
SIDIS cross sections and hadronic energy flow on the polar angle in the photon-proton
center-of-mass frame. Next I derive the O(as) cross section and obtain the O(as)
coefficients for the resummed cross sections and the hadronic energy flow.

In Chapter 4, I compare the results of the CSS resummation formalism and O(as)

fixed-order calculation with the data from the ep collider HERA. I show that the CSS



resummation improves theoretical description of various aspects of these data. I also
discuss the dependence of the resummed observables on the longitudinal variables
z and 2. I show that the HERA data are consistent with the rapid increase of
nonperturbative contributions to the resummed cross section at z < 0.01. I discuss
the potential dynamical origin of such low-z behavior of the CSS formula.

Finally, in Chapter 5 I discuss the impact of the multiple parton radiation on az-
imuthal asymmetries of the SIDIS cross sections. I show that the CSS resummation
formalism can be used to distinguish reliably between perturbative and nonperturba-
tive contributions to the azimuthal asymmetries. I also suggest to measure azimuthal

asymmetries of the transverse energy flow, which provide a clean test of PQCD.



Chapter 2

Overview of the QCD factorization

Perturbative calculations in Quantum Chromodynamics rely on a systematic proce-
dure for separation of short- and long-distance dynamics in hadronic observables. The
proof of feasibility of such procedure naturally leads to the methods for improvement
of the convergence of the perturbative series when this convergence is degraded by
infrared singularities of contributing subprocesses. Here I present the basics of the
factorization procedure. The omitted details can be found in standard textbooks on

the theory of strong interactions, e.g., Refs. [38-41].

2.1 QCD Lagrangian and renormalization

Low-energy hadronic states have internal substructure. They are composed of more
fundamental fermions (quarks) that are bound together by non-Abelian gauge forces.
The quanta of the QCD gauge fields are called gluons. Quantum ChromoDynamics

(QCD) is the theory that describes strong interactions between the quarks. In the



classical field theory, the QCD Lagrangian density in the coordinate space is

‘CQCD(:E) = Z'd—)f (za - g‘AaTa - mf) 1/)f
f

1 A
- ZF;’f’Fmg - -2-(770,A,;‘)2 + Ca (8aan - 0 — gCaban + As) ca, (2.1)

where ¢y (z), A2(z) and c,(z) are the quark, gluon and ghost fields, respectively;
FoP(z) = 0% AP — 8° A% — gCpp AL AP (2.2)

is the gauge field tensor; —A(7, - A%)?/2 is the term that fixes the gauge n- A = 0.
The vector n° is equal to the gradient vector 3* in covariant gauges (0, A2 = 0) or an
arbitrary vector n® in axial gauges (n,A% = 0). The color indices [, m vary between
1 to N, (where N, = 3 is the number of colors), while the color indices a, b, ¢, d vary
between 1 and N? — 1. The index f denotes the flavor (i.e., the type) of the quarks,
which is conserved in the strong interactions. The remaining parameters in Locp(z)
are the QCD charge g and the masses of the quarks my.

The QCD Lagrangian is invariant under the gauge transformations of the SU(N,)

color group:

¥i(e) = U@ () (2.3)

T.A(z) — U((2)TAg(x)U™'(8(2)) + é (@°UO(x))) U™ (0(=)),  (2.4)
where the z—dependent unitary operator U(6(z)) is

U(f(z)) = e 'Tebal®), (2.5)

(Ta),,, and Casq are generator matrices and structure constants of the color group.

10



The commutators of the matrices (T,);, are

[Tay Tb] = z.Cabcjwc- (26)

The quark fields 15 and gauge fields Aj are vectors in the fundamental and adjoint
representations of SU(N,), respectively.

In the quantum theory, vy, A%, c, are interpreted as “bare” (unrenormalized) op-
erators of the corresponding fields; g and m; are interpreted as the “bare” charge
and masses. The perturbative calculation introduces infinite ultraviolet corrections
to these quantities. In order to obtain finite theoretical predictions, Locp has to be
expressed in terms of the renormalized parameters, which are related to the “bare”
parameters through infinite multiplicative renormalizations.

If the ultraviolet singularities are regularized by the continuation to n = 4 — 2,
¢ > 0 dimensions [42], the renormalized parameters (marked by the subscript “R")

are related to the bare parameters as

Yrr(p) = Z5'(w)vy, (2.7)
sr(n) = Z3' (WAL, (2.8)
car(t) = Z7'(n)ca, (2.9)
gr() = Z;'(m)p"*g, (2.10)
mpr(p) = Zg'(n)my, (2.11)

where Zy, Z4, Z, Z4, and Z,, are perturbatively calculable renormalization constants.
In the dimensional regularization, the renormalized parameters depend on an auxil-
iary momentum scale y,, which is introduced to keep the charge g dimensionless in

n # 4 dimensions. In Eqgs. (2.7-2.11) the renormalized parameters and the constants
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Z are expressed in terms of another scale y, which is related to y, as
p? = dme L2, (2.12)

Here vg = 0.577215... is the Euler constant.

2.2 Asymptotic freedom

The further improvement of the theory predictions for physical observables is achieved
by enforcing their invariance under variations of the scale p, i.e., by solving renormal-
ization group (RG) equations. Consider an observable S that depends on N external

momenta p!', i=1,...,N. If the renormalized expression for S is

S (9r(n), {msr(1)}, {pi}, 1)

(where “{...}” denotes a set of parameters), then the RG-improved expression for S

is
S (.(-](ﬂ)’ {mf(l‘)}’ {pi}’ ,u') ) (213)

where g(u) and my(p) are the running QCD charge and quark masses. By solving

the equation for the independence of S from g,

ufﬁs @), (s}, {pid ) = O, (2.14)

we find the following differential equations for () and ms(w):
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0g(u)

el B(g(w)), (2.15)
LB~y (0 ) (216)

The approzimate expressions for the functions 3(g9) and v,,(g) on the r.h.s. of
Egs. (2.15) and (2.16) are found from the p—dependence of the fized-order renor-

malized charges and masses:

Bar(1)) uagg;“ ) (2.17)

1 'uanl?'R(ﬂ)
2m7 p(1) o

Yms(gr(1)) (2.18)

The renormalization group analysis of the QCD Lagrangian suggests that the
interactions between the quarks weaken at high energies, i.e., that Quantum Chro-
modynamics is asymptotically free in this limit. Indeed, the perturbative series for

the function 3(g) is

Blg)=-g9) (Z—fr)k Br, (2.19)
k=1

where as = g?/4r is the QCD coupling. In the modified minimal subtraction (MS)

regularization scheme [43], the lowest-order coefficient §; in Eq. (2.19) is given by

11 4
B = '_3‘CA_§TRN], (2.20)

where Ny is the number of active quark flavors, C4 = N. = 3, and Ty = 1/2. By
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solving Eq. (2.15), we find that
as(p) = —————. (2.21)

This equation proves the asymptotic freedom of QCD interactions: for six known
quark generations, #; > 0 and

lim ag(u) = 0.

n—00

Higher-order corrections to the beta-function do not change this asymptotic behavior.
Eq. (2.21) also shows that @s(u) has a pole at some small value of u. The position of

this pole can be easily found from the alternative form of Eq. (2.21),

_ _ 47
W) = B2 A yp)

1+...]. (2.22)

In Eq. (2.22), Agcp is a phenomenological parameter, which is found from the analysis
of the experimental data. The most recent world average value of Agcp for Ny =5
and O(at) expression for the S-function is 208723 MeV [44]. According to Eq. (2.22),
as(u) becomes infinite when p = Agep. This feature of the QCD running coupling

obstructs theoretical calculations for hadronic interactions at low energies.

2.3 Infrared safety

Due to the asymptotic freedom, the calculation of QCD observables at large p can
be organized as a series in powers of the small parameter g(u). To find out when the

perturbative calculation may converge rapidly, consider the formal expansion of the
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RG-improved expression (2.13) for the observable S in the series of g(u):

5 = ({p), frsho) 3 59 ({2} {m’("’2 T (2.23)

2 2
k=0 K K

In this expression, the function ®({p;}, {m,}, 1) includes all coefficients that do not
depend on the order of the perturbative calculation (for instance, the phase space
factors). The mass dimension of ®({p:}, {ms}, 1) is equal to the mass dimension of
S. The sum over k on the right-hand side is dimensionless. The coefficients of the
perturbative expansion S*) depend on dimensionless Lorentz-invariant combinations
of the external momenta p!, the mass parameter u, and the running quark masses
my(p). There are indications that the perturbative series in Eq. (2.23) are asymptotic
[45], so that it diverges at sufficiently large k. However, the lowest few terms of this
series may approximate S sufficiently well if they do not grow rapidly when k increases.

The factors that control the convergence of Eq.(2.23) can be understood in a
simpler case, when all Lorentz scalars p; - p; in Eq. (2.23) are of the same order Q.

Then Eq. (2.23) simplifies to

- k Q? my (H)2 k

s =2 mih) 35 ({20 ) 4o, (2.24)
k=0 K K

When Q% > A2QC p» We can choose p ~ @ to make g(u) small. This choice also elim-

inates potentially large terms like In(Q?/u?) from the coefficients S*). In addition,

let’s assume that @ is much larger than any quark mass m(u) on which S depends.

For instance, S may be dominated by contributions from the u, d, s quarks, whose

running masses are lighter than 200 MeV at p = 2 GeV [44]. At p' > 2 GeV, the
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quarks become even lighter due to the running of m;:

g (W) = g (1) exp {— / ’ %ﬁvmf(m} <y (u), (2.25)
since in QCD

Yms (1) = ‘%“—’%QCF +0(a%) > 0. (2.26)

Here Cr = (N2 — 1)/(2N,) = 4/3.

When the quark masses vanish, many observables, which are finite if my; # 0,
acquire infrared singularities. These singularities are generated from the terms in
the perturbative coefficients that are proportional to the logarithms In(m%/u?). The
expansion in the perturbative series (2.24) makes sense only for those observables S
that remain finite when my(u)?/u® — 0.

There are two categories of observables for which the perturbative expansion (2.24)
is useful. In the first case, the coefficients S*) are finite and analytically calculable

when p — o0

o0 (& (27) 30 (9) o ({242 ). - 0

Such observables are called infrared-safe [16]. For instance, the total and jet pro-
duction cross sections in ete~ hadroproduction are infrared-safe. In this exam-
ple, hadrons appear only in the completely inclusive final state. According to the
Kinoshita-Lee-Nauenberg (KLN) theorem [46], such inclusive states are free of in-
frared singularities, so that the finite expressions for the total and jet cross sections

can be found from the massless perturbative calculation.
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Figure 2.1: Factorization of collinear singularities in completely inclusive electron-

hadron DIS

In the second case, S*) are not infrared-safe, but all mass singularities of S*) can
be absorbed (factorized) into one or several process-independent functions. These
functions can be measured in one set of experiments and then used to make predictions
for other experiments.

To understand which singularities should be factorized, notice that there are two
classes of the infrared singularities in a massless gauge theory: soft singularities and
collinear singularities. The soft singularities occur in individual Feynman diagrams
when the momentum k* carried by some gluon line vanishes (k* ~ Ak*, where A — 0
and «* are fixed). The soft singularities cancel at each order of &g (x) once all Feynman
diagrams of this order are summed over.

In contrast, the collinear singularities occur when the momenta p} and p4 of two
massless particles are collinear to one another , i.e., when p; - p, = 0. Since one or

both collinear particles can be simultaneously soft, the class of the collinear singu-
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larities partially overlaps with the class of the soft singularities. The soft collinear
singularities cancel in the complete fixed-order result just as all soft singularities
do. On the contrary, the singularities due to the collinearity of the particles with
non-vanishing momenta do not cancel and should be absorbed in the long-distance
phenomenological functions.

As an illustration of the factorization of the purely collinear singularities, consider
the factorized form for the cross section of inclusive deep inelastic scattering e+ A X,

e + X (where A is a hadron) in the limit Q? — oo:

Ahard

ddez Zf 7] ng< s(@), & f) a/A(éa,up)+o<Q2). (2.28)

This representation and notations for the particle momenta are illustrated in Fig. 2.1.

In Eq.(2.28), Q* = —q¢? is the large invariant mass of the virtual photon v*,
Tz = Q?/(2(pa - q)). These variables are discussed in more detail in Subsection3.1.1.
doherd [ (dx dQ?) is the infrared-safe (“hard”) part of the cross-section for the scattering
e+ a — e+ X of the electron on a parton a. F,/4(&, ptr) is the parton distribution
function (PDF), which absorbs the collinear singularities subtracted from the full
parton-level cross section to obtain dg"*"¢/(dz d@?). In the inclusive DIS, all collinear
singularities appear due to the radiation of massless partons along the direction of
the initial-state hadron A. The final state is completely inclusive; hence, by the KLN
theorem, it is finite.

The collinear radiation in the initial state depends only on the types of a and A
and does not depend on the type of the particle reaction. Therefore, F, 4 (&, pir)
is process-independent. It can be interpreted as a probability of finding a massless
parton a with the momentum &,p in the initial hadron with the momentum p%. To

obtain the complete hadron-level cross section, we sum over all possible types of a
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(a = g,u,1,d, d,.. .) and integrate over the allowed range of the momentum fractions
£ (0<z<E <),

In Eq. (2.28), both the “hard” cross sections do"*"/(dz d@?) and the parton dis-
tribution functions F,/4(&,, pr) depend on an arbitrary factorization scale pp, which
appears due to some freedom in the separation of the collinear contributions included
in Fy/a(&s, ) from the “hard” contributions included in dg*m¢/(dz d@?). Of course,
the complete hadron-level cross section on the Lh.s. of Eq. (2.28) should not depend
on pp. Hence the pp-dependence of F,/4(&,, 1r) should cancel the pp-dependence of
the hard cross section. This requirement is used to find Dokshitser-Gribov-Lipatov-

Altarelli-Parisi (DGLAP) differential equations [47], which describe the dependence

of Foya(&a, ) on pug:

dF, 5a,
KF /A pr) =Y (P35 ® Fyya) (&ar F)- (2.29)
b

Here P3,(€, 1) are “spacelike” splitting functions that are currently known up to
O(a?) [48]. They describe evolution of partons with spacelike momenta. The convo-
lution in Eq. (2.29) is defined as

d¢

(f ®9)(z 1) = / e/t a6, G-

(2.30)

A similar approach can be used to derive factorized cross sections for reactions with
observed outgoing hadrons. Such cross sections depend on fragmentation functions
(FFs) Dps(&, pp), which absorb the singularities due to the collinear radiation in
the final state. The fragmentation function can be interpreted as the probability of

finding the hadron B among the products of fragmentation of the parton b. The

variable £ is the fraction of the momentum of b that is carried by B. In the presence
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of FFs, the hadron-level cross section becomes dependent on yet another factorization
scale up. Similarly to the PDFs, the dependence of the FFs on up is described by

the DGLAP evolution equations:

dDpy (&b, ip)
pp——— s =

diip E (Do ® Pyy) (€6 10), (2.31)

a

where PZ, (&, u) are the “timelike” splitting functions.

As in the case of the renormalization scale u, it is natural to choose the factor-
ization scales pur and pp of order @ to avoid the appearance of the potentially large
logarithms In (Q/ur) and In (Q/up) in the “hard” cross section. I should emphasize
that the factorized cross sections are derived under the assumption that all Lorentz
scalars p; - p; are of order Q?, so that z in Egs. (2.28) is sufficiently close to unity.
When some scalar product p; - p; is much larger or smaller than Q?, the convergence
of the perturbative series for the hard cross section is worsened due to the large loga-
rithms of the ratio p; - p;/Q?. This is a general observation that applies to any PQCD
calculation. In some cases, the predictive power of the theory can be restored by the
summation of the large logarithms through all orders of the perturbative expansion.
In particular, the resummation of the large logarithms is required for the accurate
description of the angular distributions of the final-state particles, including angular
distributions of the final-state hadrons in SIDIS. In the next Section, I discuss general
features of such resummation on the example of angular distributions of the jets in

ete™ hadroproduction.
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Production of hadrons in Z0 decays

a) No QCD radiation
q

;
/

q
b) QCD radiation

Figure 2.2: The space-time picture of hadroproduction at ete™ colliders
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2.4 Two-scale problems

2.4.1 Resummation of soft and collinear logarithms

To understand the nature of the problem, consider the process ete™ — Z° — jets
(Fig.1.1a). The space-time picture of this process is shown in Figure 2.2. Let us
assume that the Z%-bosons are produced at the resonance (Eq+ + E.- = M) at rest
in the laboratory frame. In e*e~ hadroproduction, the hadronic decays are initiated
predominantly by the direct decay of the Z%boson into a quark-antiquark pair. The
QCD radiation off the quarks produces hadronic jets, which are registered in the
detector.

If no additional hard QCD radiation is present (Fig.2.2a), the decay of the Z°
boson produces two narrow jets escaping in the opposite directions in the lab frame.
The typical angular width of each jet is of the order Agcp/Ea, 8 < 1, where E4 p =
Mz/2 are the energies of the jets. The quarks may also emit energetic gluons, in
which case the angle between the jets is not equal to 7 (Fig.2.2b). If the angle 8
in Fig.2.2b is large, the additional QCD radiation is described well by the rapidly
converging series in the small perturbative parameter* as(Mz)/m. But when 8 — 0,
the higher-order radiation is no longer suppressed, because the smallness of ag(Mz) /7
is compensated by large terms In?(6%/4)/6%, p > 0 in the hard part of the hadronic
cross section. Therefore, the calculation at any fized order does not describe reliably
the shape of the hadronic cross section when 8 — 0.

To illustrate this point, consider the hadronic energy-energy correlation [49], de-

fined as

dx 1 (Ml Mz/2 do
= . 2.32
dcosd M%/0 4Ea /0 4B EaLe g B pdcost (2:32)

*From here on, I drop the “bar” in the notation of the running ag.
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In the limit 8 — 0, but 8 # 0 ,d¥/d cos 6 behaves as

dx 1 > ags A{Z 02)
— mIn™ [ — ], 2.
Teostl, .~ T2 () S (G (23

where ci,, are calculable dimensionless coefficients. Additionally there are virtual
corrections to the lowest order cross section, which contribute at # = 0. Suppose we
truncate the perturbative series in Eq.(2.33) at £k = N. If N increases by 1 (that
is, if we go to one higher order in the series of ag), the highest possible power of
the logarithms In™(6?/4) on the r.h.s. of Eq.(2.33) increases by 2. Therefore, the
theoretical prediction does not become more accurate if the order of the perturbative
calculation increases. Equivalently, the energy-energy correlation receives sizeable
contributions from arbitrarily high orders of ag.

To expose the two-scale nature of this problem, let us introduce a spacelike four-

vector ¢} and a momentum scale qr as

L uw 9°PB u 9°PA

b=

q = ¢"-ph———0p , 2.34
! APA *PB BPA *PB ( )

@& = —q'qu >0, (2.35)

where ¢*, py, ply are the momenta of the Z°-boson and two jets, respectively. The
vector g’ is interpreted as the component of the four-momentum ¢* of the Z%boson

that is transverse to the four-momenta of the jets; that is,

9 pa=¢q pp=0. (2.36)

The orthogonality of g;' to both p!, and p% follows immediately from its defini-
tion (2.34).
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In the laboratory frame,

¢" = (Mg, 0); (2.37)
P = Ea(l, fia); (2.38)
p‘I‘? = EB(I’ _ﬁB)’ (239)

where F4,7,4 and FEg,—7ip are the energies of the jets and the unity vectors in the
directions of the jets, respectively. The large invariant mass ¢?> = M% of the Z%boson
can be associated with the QCD renormalization scale Q2. Let the z-axis be directed

along 7i4. Then gr coincides with the length of the transverse component ¢r of ¢.":

0 0
g = (—MZ tan 2041 0, —AMztan 5) .

At the same time

¢% 1-—cosf

i _ -7 2.
Q? 1+cosf’ (2.40)

and

2 2 2

mdr (1,0

})1_r)r(1)Q2—4(1+6+...>. (2.41)
We see that the problems at § — 0 arise due to the large logarithmic terms

In™(g3/Q%)/¢% when ¢}/Q* <« 1:

dx
dcosé

9—0 2 dq’%’

oo k 2k-1
= L3 (=) S g (L), (2.42)
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Figure 2.3: The structure of infrared singularities in a cut diagram D for the energy-
energy correlation in the axial gauge

where

2
Chm = Tckm' (2.43)

The origin of these logarithms can be traced back to the presence of infrared
singularities in the QCD theory. Before considering these singularities, notice that
the energy-energy correlation is sufficiently inclusive to be infrared-safe. Therefore,
the complete expression for the energy-energy correlation is finite at each order of
as(p). On the other hand, the infrared singularities do appear in individual Feynman
diagrams. According to the discussion in Section 2.3, these singularities are due to
the emission of soft gluons.! Although the soft singularities cancel in the sum of all
Feynman diagrams at the given order of ag, this cancellation leaves large remainders

In™(g%/Q%) /g% if gr is small.

tThe purely collinear singularities do not appear because of the overall infrared safety of the
energy-energy correlation.
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Fortunately, not all coefficients c},, in Eq.(2.42) are independent. Refs.[50,51]
suggested that the leading logarithmic subseries in Eq. (2.42) and in analogous ex-
pressions in SIDIS and Drell-Yan process can be summed through all orders of as.
The possibility to sum all logarithmic subseries in Eq. (2.42) and restore the conver-

gence of the series in ag was proven by J. Collins and D. Soper [17]. Schematically,

Eq. (2.42) can be written as [23]

s

Qg (L+ 1)

ax
dg2

qr—0
+ a5 (P+L*+L+1)

+ o (LP+ L+ L+ L2+ L+1)

+ } (2.44)

where L = In(¢%/Q?), and the coefficients 2c,,/(7*Q?) are not shown. This series

can be reorganized as

d¥ 1
= ~—={asZi+02Z,+ ...},
gz |, o gloshiraslit...}

where
Clle ~ Gs(L+1)+Q§(L3+L2)+O%(L5+L4)+... |A1,Bl,CO ;
01_2922 ~ a?g(L + ].) + aé(La + L2) + ... |A2,BQ,C1 ;
O’%Z;; ~ ag(L+1)+ lA3,B3,Cg;

(2.45)

In Eq.(2.45), the right-hand side shows the new coefficients Ay, B¢ Ci—; that are

required to calculate each new subseries o Z;. The complete subseries % Z; can be
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reconstructed as soon as the coefficients Ay, B Cr—; are known from the calculation
of the term o%(L + 1). Each successive subseries a%Z; in Eq.(2.45) is smaller by
as than its predecessor, so that ag regains its role of the small parameter of the
perturbative expansion.

The rule that makes the resummation of the subseries a Z; possible follows from
(a) the analysis of the structure of the infrared singularities in the contributing Feyn-
man diagrams at any order of as(u) and (b) the requirement that the full energy-
energy correlation is infrared-safe and gauge- and renormalization-group invariant.

The structure of the infrared singularities can be identified from the analysis of
analytic properties of the Feynman diagrams with the help of the Landau equations
[52-54] and the infrared power counting [14,38,55]. This structure for some con-
tributing cut diagram D is illustrated by Figure2.3. Throughout this discussion the
axial gauge ( - A = 0 is used.} In D we can identify two jet parts J4, Jp, the hard
vertex H, and possibly the soft subdiagram S,. By their definition, the jet parts J,
or Jg are the connected subdiagrams of D that describe the propagation of nearly
on-shell massless particles inside the observed jets. Each of the particles in the jet

part J4 has a four-momentum p! that is proportional to the momentum of the jet A:
P = Biply, (2.46)
where

0<B<1, and ) Bi=1 (2.47)

Similar relations hold for the momenta of the particles in the jet part Jp.

tThe discussion of the infrared singularities in covariant gauges can be found, for instance, in
Ref. [38].
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a) b)

Figure 2.4: Examples of the finite soft subdiagrams: (a) the subdiagrams that are
connected to J4, Jp by one or several quark lines; (b) the subdiagrams that are

connected to H

Both jets originate from the hard vertex H that contains contributions from the
highly off-shell particles. In the axial gauge the jet parts are connected to H only
through the single quark lines. Since the hard scattering happens practically at one
point, H depends only on @? and not on g¢2.

After the jets are created, they propagate in different directions with the speed
of light. Due to the Heisenberg uncertainty principle, these jets, which are separated
by large distances, do not interact with one another except by the exchange of low
momentum (soft) particles. The infrared singularities, which are associated with the
long-distance dynamics, can occur only in the jet parts or the soft subdiagram. This
observation can be refined by the dimensional analysis of the Feynman integrals in
the infrared limit [14, 38, 55], which shows that the infrared singularities are at most

logarithmic. Also, those soft subdiagrams that are attached to the jet parts J4 and

28



Jp with one or more quark propagators (Fig.2.4a) or are connected to H (Fig. 2.4b)
are finite.

To summarize, the infrared singularities of any individual Feynman diagram reside
in the soft parts of the jets J4, Jp and in subdiagrams S, that are connected to J4, Jp
by soft gluon lines (cf. Fig.2.3). Both types of singularities contribute at gr = 0 (i.e.,
¢* = p4 + p’s), in agreement with the expectation that the small-gr logarithms are
remainders from the cancellation of such singularities. Therefore, at small ¢r the

distribution d¥/dg% naturally factorizes as

=

qu qT—)O

(Q?) Cout out S((IT, Q2) (2.48)

where H(Q?) is the contribution from the pointlike hard part, S(¢%, @?) is the all-
order sum of the large logarithms, and C"“‘ collect finite contributions from the jet
parts. Clearly, C3** = C%* due to the symmetry between the jets.

The factorized formula is proven by considering the Fourier-Bessel transform of

d¥/dg% to the space of the impact parameter b, which is conjugate to gr. Explicitly,

2 _— oy | ém; T IW(0,Q) (2.49)
where
Z“?cm“(cl,c2 C3(Cy, Cp)e~SBQL1C) (2.50)
In Egs. (2.49,2.50),
Sete- = QF (2.51)
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is the square of the center-of-mass energy of the initial-state electron and positron;
Zj denotes the summation over the active quark flavors (i.e., j = u,4,d,d,...);
€, are the couplings of the quarks to the Z°-bosons; (do/Se+.-) 2, €2 is the Born
approximation for the hard part H(Q?). The Fourier-Bessel transform of the shape
factor S(¢%, @?) is given by e~ 5(:Q:C1.C2) where S(b,Q, Cy, C,) is called the Sudakov
function. At b? < AE??CD (i.e., in the region of applicability of perturbative QCD),
the Sudakov function is given by the integral between two momentum scales of the
order @ and 1/b, respectively:

Cc3Q? 22

2
r (4tas(m, € n S + Blas(m, €1.n).

(2.52)

lim S(b,Q,C1, Ca) = /
b—0

Cci/v?

where A and B can be calculated in PQCD. C) and C; are arbitrary constants of the
order 1 that determine the range of the integration in S(b,Q). The undetermined
values of these constants reflect certain freedom in separation of the collinear-soft
contributions included in S¥(b, Q) from the purely collinear contributions included in
C-functions. At each order of o, changes in S¥(b, Q) due to the variation of C;, C,
are compensated by the opposite changes in the C-functions. Hence the perturba-
tive expansion of Wg does not depend on these constants. However, the complete
form-factor Wg in Eq. (2.50) does have residual dependence on C;, C; because of the
exponentiation of the terms depending on C; and C; in exp (-S(b, Q, C1,C?)). The

variation of C}, C, allows us to test the scale invariance of the separation of soft and

$For the up quarks,

&= —— 1—:;-sin20
77 sin20w \2 3 W

where e is the charge of the positron and 6y is the weak mixing angle. For the down quarks,

g =— (-1 42520
I7 Sin2fw \ 2 T3 OW -

30



collinear contributions in the Wg-term.

At b > A52CD, the behavior of S is determined by complicated nonperturbative
dynamics, which remains intractable at the current level of the development of the
theory. At large b the Sudakov function S is parametrized by a phenomenological
function SNP(b, Q), which has to be found from the comparison with the experimental
data. When Q — oo, the sensitivity of the resummation formula to the nonpertur-
bative part of S(b, Q) is expected to decrease.

Now suppose that the experiment identifies a hadron H,4 in the jet J4 and a hadron
B in the jet Jg. Let 24 g be the fractions of the energies of the jets J4 and Jpg carried
by H, and Hp, respectively. The cross section of the process ete™ iO) H,HgX is
no longer infrared-safe because of the collinear singularities due to the fragmentation
into the hadrons H4 and Hg. Nonetheless, in the limit ¢ — 0 the cross section
do /(dzadzpdg?) factorizes similarly to Egs. (2.49,2.50):

_ (o) dzl-;
" Sete- J (2m)2

daHAHB
dZAdZqu%

ei‘TT";WHAHB(b, 24,2B), (2.53)

qr—0

where at b = 0

WHAHB(b, ZA,ZB) = Zef X

J

(Z Du,sa ®C3;t> (24,b, D) (Z Dugo ®C§}‘t) (28, b, pp)e™;
a b

-) (=)
a,b:g,(u), dav

. (=) )
i=v,d,.... (2.54)

The only major difference between the form-factor WH AHp for the hadron pair pro-

duction cross section do/(dzsdzpdg?) and the form-factor Wi for the energy-energy
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correlation d¥/dg? is the presence of the fragmentation functions Dy/q(€, 1), which
absorb the collinear singularities due to the final-state fragmentation into the observed
hadrons Hy, Hp. The FFs are convolved with the coefficient functions
Cot(€,Ch, Ca, up, b), which absorb finite contributions due to the perturbative collinear
radiation.

The same resummation technique can also be applied to the production of vector
bosons (e.g., virtual photons v*, which decay into lepton-antilepton pairs) at hadron-
hadron colliders (Fig.1.1b). In this process, the four-vector g} is introduced using
the same definition (2.34), where now p4 and pp denote the momenta of the initial
hadrons A and B. The scale ¢r is just the magnitude of the transverse momentum pr

of v* in the center-of-mass frame of the hadron beams (Fig. 2.5), since in this frame

q; = (0,pr,0,0).

Therefore, the b-space resummation formalism [21] applies to the production of vector
bosons with small transverse momenta. The cross section for the production of the
virtual photon 4* at ¢r — 0 can be factorized as

!
)

d25 i(i'r-l;’\; 4~
= S, (27)26 W,(b,xa,z8), (2.55)

do,
dQ?dydg}.

qT—)O

where Q? and y are the virtuality and rapidity of 4* in the lab frame, z4 p = Qieiy,

— Sas
and
W»,(b,x,,,xg)lb_’o = Z‘ﬁ (Cin ® Faja) (za,b, 1) (Cih ® Fyp) (zB, b, pe S,
ab,j
(2.56)

In W.,, e; are fractional electric charges of the quarks (e; = 2/3 for up quarks and
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—1/3 for the down quarks). (Ciz ® Fy/4) (24,b, ) and (Ciy ® Fy/B) (zB,b, u) are the
jet parts corresponding to the incoming hadrons A and B. They are constructed from
the perturbatively calculable coefficient functions C:7 (&, b, 1) convolved with the PDFs
for the relevant partons. The perturbative part of the Sudakov function in Eq. (2.56)
has the same functional dependence as in Eq. (2.52) for e*e~-hadroproduction. As in
the case of Wy and Wy AHg, the large-b behavior of W,, should be parametrized by a
phenomenological function.

To conclude, the b—space resummation formalism was originally derived to de-
scribe the production of hadrons at e*e™ colliders [17] and production of electroweak
vector bosons at hadron-hadron colliders [21]. The possibility to apply the same
formalism to SIDIS relies on close similarities between the three processes. First,
hadronic interactions in all three processes are described by the same set of Feynman
diagrams in different crossing channels. Second, multiple parton radiation dominates
each of the three processes when the final-state particle escapes closely to the direc-
tion predicted by the leading-order kinematics. The formalism for the resummation
of such radiation can be formulated in Lorentz-invariant notations, so that it can be

continued from one process to another.
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Vector boson production at
hadron-hadron colliders

%4

—

P _P

a) No QCD radiation

q q
——»%4— v

b) QCD radiation

Figure 2.5: The space-time picture of Drell-Yan process
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Figure 2.6: The ladder structure of the DIS cut diagrams

2.4.2 QCD at small z

According to the discussion in Section 2.3, the convergence of the series in ag(u)
depends on the absence of very large or small dimensionless quantities in the pertur-
bative coefficients. In particular, the dimensionless variable z in the inclusive DIS
cross section should not be too close to zero: otherwise the hard part of the DIS cross
section contains large logarithms In™(1/z), which compensate for the smallness of
as(Q). These logarithms are different from the logarithms In™ ;2 resummed by the
DGLAP evolution equations. As a result, the factorization of the DIS cross section in
the hard cross section and PDFs (cf. Eq. (2.28)) may experience difficulties at small z.

The large logarithms In™(1/z) are resummed in the formalism of Balitsky, Fadin,
Kuraev and Lipatov (BFKL) [56]. The BFKL and DGLAP pictures for the history of
the parton probed in the hard scattering are quite different. Both types of formalisms

resum contributions from the cut ladder diagrams shown in Figure2.6. In this Fig-
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ure, each “rung” Ry is a two-particle irreducible subdiagram that corresponds to the
radiation off the probed parton line (see Refs.[38,57] for more details). The vertical
propagators correspond to the quarks or the gluons that are parents to the probed
quark. The momenta P‘f,z,...,n flow from the parent hadron to the probed quark. The
momenta k', , flow through the rungs and are sums of the momenta of the radiated

particles. The conservation of the momentum in each rung implies that

pr=pt -k, i=1,...,n, (2.57)

where pf, ., = pY4. In the reference frame where the hadron A moves at the speed of

light along the z-axis, = coincides with the ratio of the plus components of pj and p’;:

+
7= %, (2.58)
A
where
kt = k0 4+ &3, (2.59)

The DGLAP equation arises from the resummation of the ladder diagrams corre-
sponding to the collinear radiation along the direction of the hadron A. The radiating
parton remains highly boosted at each rung of the ladder. At the same time, the trans-
verse momentum carried away by the radiation grows rapidly from the bottom to the
top of the ladder. The DGLAP equation corresponds to the strong ordering of the

transverse momenta flowing through the rungs R;: that is,

Q%> ki > kI > - > kj, > A)ep, (2.60)
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while

pY ~py ~ e~ py ~ph >0 (2.61)
and

py ~ Py~ py ~py~ 0. (2.62)

On the other hand, the BFKL formalism describes the situation in which the QCD

radiation carries away practically all energy of the probed parton. In this case,

pi < pj <+ L py L pj, (2.63)
and

Py >py > > py > Py (2.64)

In addition, the BFKL picture imposes no ordering on the transverse components

of k¥:
Ky~ kdy ~ e~ kR > A (2.65)

As a result, the probed quark is likely to have a significant transverse momentum
throughout the whole process of evolution, which is impossible in the DGLAP picture.
Due to its large k7, the radiating parton is off its mass shell at any moment of its
evolution history, so that the BFKL radiation cannot be factorized from the hard
scattering. As another consequence of the kp-unordered radiation, the BFKL picture

implies broad angular distributions of the final-state hadrons, while in the DGLAP
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picture the hadrons are more likely to belong to the initial- and final-state jets.

Since the BFKL approach applies to the limit z — 0 and k% 3> A%, it corre-
sponds to asymptotically high energies of hadronic collisions. So far, the experiments
have produced no data that would definitely require the BFKL formalism to explain
them. In particular, the behavior of the inclusive DIS structure functions in the
low z region at HERA agrees well with the O(a%) predictions of the traditional fac-
torized formalism and disagrees with the steep power-law growth predicted by the
leading-order solution of the BFKL equation [56].

The situation is not so clear for some less inclusive observables, which deviate
from the low-order predictions of PQCD. Specifically, SIDIS in the small-z region
is characterized by large higher-order corrections. Some of these corrections can be
potentially attributed to the enhanced kr-unordered radiation at z — 0. If this is
indeed the case, the effects of the kr-unordered radiation may be identified by observ-
ing the changes in the angular distributions of the final-state hadrons or “intrinsic k7"
of the partons. In order to pinpoint these effects, good understanding of the angular
dynamics in the traditional DGLAP picture is needed. Such understanding can be
achieved in the framework of the small-gr resummation formalism, which systemati-
cally describes angular distributions of the hard, soft and collinear radiation. Hence
it can be naturally used to organize our knowledge about the angular patterns of the

DGLAP radiation and search for the effects from new low-z QCD dynamics.
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Chapter 3

Resummation in semi-inclusive DIS:

theoretical formalism

Deep-inelastic lepton-hadron scattering (DIS) is one of the cornerstone processes to
test PQCD. Traditionally, the experimental study of the fully inclusive DIS process
e+ A — e+ X, where A is usually a nucleon, and X is any final state, is used to
measure the parton distribution functions (PDFs) for A. These functions describe the
long-range dynamics of hadron interactions and are required by many PQCD calcula-
tions. During the 1990’s, significant attention has been also paid to various aspects of
semi-inclusive deep inelastic scattering (SIDIS), for instance, the semi-inclusive pro-
duction of hadrons and jets, e+ A — e+B+X and e+ A — e+jets+X. In particular,
the H1 and ZEUS collaborations at HERA, European Muon Collaboration at CERN,
and the E665 experiment at Fermi National Accelerator Laboratory performed ex-
tensive experimental studies of the charged particle multiplicity [58-63] and hadronic
transverse energy flows [64,65] at large momentum transfer Q. It was found that
some aspects of the data, e.g., the Feynman z distributions, can be successfully ex-

plained in the framework of PQCD analysis [66,67]. On the other hand, applicability
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of PQCD to the description of other features of the process is limited. For example,
the perturbative calculation in lowest orders fails to describe the pseudorapidity or
transverse momentum distributions of the final hadrons. Under certain kinematical
conditions the whole perturbative expansion as a series in the QCD coupling may fail
due to the large logarithms discussed in Section 2.4.

To be more specific, consider semi-inclusive DIS production of hadrons of a type B.
At large energies, one can neglect the masses of the participating particles. In semi-
inclusive DIS at given energies of the beams, any event can be characterized by two
energy scales: the virtuality of the exchanged vector boson @ and the scale gr intro-
duced analogously to ete™ hadroproduction and Drell-Yan process (cf. Section 2.4).
The scale gr is also related to the transverse momentum of B. The expansion in
the series of ay is justified if at least one of these scales is much larger than Agcp.
However, the above necessary condition does not guarantee fast convergence of per-
turbative series in the presence of large logarithmic terms. If A2QCD < Q% & < Q?,
the cross sections are dominated by the soft and collinear logarithms log™ (¢2/Q?),
which can be resummed in the framework of the small-¢r resummation formalism
(Subsection2.4.1). In the limit A., < ¢4, @* < ¢} (photoproduction region)
PQCD may fail due to the large terms log™ (Q?/¢%), which should be resummed into
the parton distribution function of the virtual photon [68]. Finally, even in the region
A4cp < ¢} ~ Q* one may encounter another type of large logarithms corresponding
to events with large rapidity separation between the partons and/or the hadrons.
This type of large logarithms can be resummed with the help of the Balitsky-Fadin-
Kuraev-Lipatov (BFKL) formalism (Subsection 2.4.2).

In this Chapter I discuss resummation of soft and collinear logarithms in SIDIS
hadroproduction e + A = e + B + X in the limit Abcp < Q% ¢3 < Q% The

calculations are based on the works by Meng, Olness, and Soper [33, 34], who analyzed
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the resummation technique for a particular energy distribution function of the SIDIS
process.* This energy distribution function receives contributions from all possible
final-state hadrons and does not depend on the specifics of fragmentation.

Here the resummation is discussed in a more general context compared to [33, 34]:
namely, I also consider the final-state fragmentation of the partons. Using this for-
malism, I discuss the impact of soft and collinear PQCD radiation on a wide class of
physical observables including particle multiplicities. The calculations will be done
in the next-to-leading order of PQCD. In the next Chapter, I compare the resumma-
tion formalism with the H1 data on the pseudorapidity distributions of the transverse
energy flow [64,65] and ZEUS data on multiplicity of charged particles [60] in the
~v*p center-of-mass frame. Another goal of this study is to find in which regions of
kinematical parameters the CSS resummation formalism is sufficient to describe the
existing data, and in which regions significant contributions from other hadroproduc-
tion mechanisms, such as the BFKL radiation [56], higher-order corrections including
multijet production with [68] or without [69,70] resolved photon contributions, or

photoproduction showering {71], cannot be ignored.

3.1 Kinematical Variables

I follow notations which are similar to the ones used in [33,34]. In this Section I
summarize them.

I consider the process

e+A—e+B+X, (3.1)

*The general features of the resummation formalism in semi-inclusive DIS were first discussed by
J. Collins [32].
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where e is an electron or positron, A is a proton (or other hadron in the initial state),
B is a hadron observed in the final state, and X represents any other particles in the
final state in the sense of inclusive scattering (Fig. 1.2). I denote the momenta of A
and B by p/; and p/y, and the momenta of the electron in the initial and final states
by {# and I'*. Also, ¢* is the momentum transfer to the hadron system, ¢* = [* — I'*.
Throughout all discussion, I neglect particle masses.

I assume that the initial electron and hadron interact only through a single photon
exchange. Contributions due to the exchange of Z-bosons or higher-order electroweak
radiative corrections will be neglected. Therefore, ¢g# also has the meaning of the 4-
momentum of the exchanged virtual photon v*; ¢* is completely determined by the
momenta of the initial- and final-state electrons. In many respects, DIS behaves as
scattering of virtual photons on hadrons, so that the theoretical discussion of hadronic

interactions can often be simplified by considering only the photon-proton system.

3.1.1 Lorentz scalars

For further discussion, I define five Lorentz scalars relevant to the process (3.1). The

first is the center-of-mass energy of the initial hadron and electron \/S.4 where

Sea = (pa+1)2=2pa-l. (3.2)

I also use the conventional DIS variables z and Q? which are defined from the mo-

mentum transfer g# by

Q*=—q2=20-7, (3.3)
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QZ

T .
2pa-q

(3.4)

In principle, z and @Q? can be completely determined in an experimental event by
measuring the momentum of the outgoing electron.

Next I define a scalar 2 related to the momentum of the final hadron state B by

_PB-PA _ 2zpp - pa

VA
q-pa Q?

(3.5)

The variable z plays an important role in the description of fragmentation in the final
state. In particular, in the quark-parton model (or in the leading order perturbative
calculation) it is equal to the fraction of the fragmenting parton’s momentum carried
away by the observed hadron.

The next relativistic invariant ¢Z is the square of the component of the virtual

photon’s 4-momentum ¢* that is transverse to the 4-momenta of the initial and final

hadrons:

9 = =4t G, (3.6)
where

=g —ph BB L P4 (3.7)

APA'pB BPA'pB.

As discussed in Subsection 2.4.1, the momentum ¢}’ plays the crucial role in the re-
summation of the soft and collinear logarithms. In particular, a fixed-order PQCD
cross-section is divergent when gr — 0, so that all-order resummation is needed to
make the theory predictions finite in this limit. According to Egs. (3.5,3.7) q' = 0 if

and only if ply = 2z (zp}; + ¢*) . Hence the resummation is required when the final-state
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hadron B approximately follows the direction of zpy4 + ¢.

In the analysis of kinematics, I will use three reference frames. The most obvious
frame is the laboratory frame, or the rest frame of the experimental detector. The
observables in this frame are measured directly, but the theoretical analysis is com-
plicated due to the varying momentum of the photon-proton system. Hence I will
mostly use two other reference frames, the center-of-mass frame of the initial hadron
and the virtual photon (hadronic c.m., or hCM frame), and a special type of Breit
frame which I will call, depending on whether the initial state is a hadron or a parton,
the hadron or parton frame. As was shown in Ref. [33], the resummed cross section
can be derived naturally in the hadron frame. On the other hand, many experimental
results are presented for observables in the hCM frame. These observables are not
measured directly; rather they are reconstructed from directly measured observables
in the laboratory frame. I will use subscripts h, ¢cm and lab to denote kinemati-
cal variables in the hadron, hCM or laboratory frame. Below I discuss kinematical

variables in all three frames.

3.1.2 Hadron frame

Following Meng et al. [33,34] the hadron frame is defined by two conditions: (a)
the energy component of the 4-momentum of the virtual photon is zero, and (b) the
momentum of the outgoing hadron B lies in the zz plane. The directions of particle
momenta in this frame are shown in Fig. 3.1.

In this frame the proton A moves in the +2z direction, while the momentum transfer

d is in the —2z direction, and ¢° is O:

Q;: = (0,0)0,_Q), (38)
Pin = 2 (1,0,0,1). 3.9
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Figure 3.1: Geometry of the particle momenta in the hadron frame

The momentum of the final-state hadron B is

2 2
uo 2Q qr 2q9r r
Pha= o (1+ o 00 1). (3.10)

The incoming and outgoing electron momenta in the hadron frame are defined in

terms of variables ¥ and ¢ as follows [83):

= %(coshw,sinhz/)cosw,sinhwsin(p,—1),

Q

¥ = = (cosh,sinh cos,sinhisinp, +1). (3.11)
h 2

Note that ¢ is the azimuthal angle of ¢, or ZZ around the Oz-axis. ¢ is a parameter
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of a boost which relates the hadron frame to an electron Breit frame in which ¢* =

(Q/2,0,0,-Q/2). By (3.2) and (3.11)

. 2
2254 _ 1.2 (3.12)

coshy = 02 ”

where the conventional DIS variable y is defined as

Q2

:ESeA '

y (3.13)

The allowed range of the variable y in deep-inelastic scattering is 0 < y < 1 (see
Subsection 3.1.4); therefore 3 > 0.
The transverse part of the virtual photon momentum g}' has a simple form in the

hadron frame; it can be shown that

a7 aF
Qf‘,h = (_—6_2—’ —qr, Y, —5) (3.14)

In other words, gr is the magnitude of the transverse component of g; ,. The trans-
verse momentum pr of the final-state hadron B in this frame is simply related to ¢r,

by
pr = 2qr. (3.15)

Also, the pseudorapidity of B in the hadron frame is

6
mh = — log(tan —;—h) = log % (3.16)

The resummed cross-section will be derived using the hadron frame. To transform

the result to other frames, it is useful to express the basis vectors of the hadron frame
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(T, X*, Y* Z*) in terms of the particle momenta [34]. For an arbitrary coordinate

frame,

q* + 2zp!,
Q )

1 [ G
Xt = 8B _gr_ (141
( # = [+ B
Y* = ¢Z,T,X,,

TIJ

o T 7
Z o (3.17)

If these relations are evaluated in the hadron frame, the basis vectors T#, X#, Y#* Z#

are (1,0,0,0), (0,1,0,0),(0,0,1,0),(0,0,0,1), respectively.

a) Fragmentation of the quark current b) Fragmentation of the target hadron

Figure 3.2: (a) In the current fragmentation region, the hadron-level cross section
can be factorized into hard partonic cross sections ., parton distribution functions
Fa/a(&, pr), and fragmentation functions Dy (&, 1tr). (b) In the target fragmenta-
tion region, the hadrons are produced through the mechanism of diffractive scattering

that depends on “diffractive parton distributions” M, g/a(&., (B, LiF).
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The limit of small g7, which is the most relevant for our resummation calculation,
corresponds to the region of large negative pseudorapidities in the hadron frame.
Hence the resummation affects the rate of the production of the hadrons that follow
closely the direction of the virtual photon. The region of negative 7, is often called the
current fragmentation region, since the final-state hadrons are produced due to the
interaction of the virtual photon with the quark current. In the current fragmentation
region, hadroproduction proceeds through independent scattering and subsequent
fragmentation of partons. Therefore, in this region the hadron-level cross section
opa can be factorized in the cross sections Gy, for the electron-parton scattering
e+a — e+b+ X, the PDFs Fy 4(&, pr), and the FFs Dp/y(&, pup) (cf. Figure 3.2a).
The formal proof of the factorization in the current region of SIDIS can be found in
[32,72].

In the opposite direction 7, > 0 (gr = +0o0) contributions from the current frag-
mentation vanish. Rather the produced hadron is likely to be a product of fragmenta-
tion of the target proton, which moves in the +z-direction (cf. Eq. (3.9)). According
to Eq. (3.5), such hadrons have z = 0. The target fragmentation hadroproduction is
described by a different approach, which relies on factorization of the hadron-level
cross section into cross sections of parton subprocesses and diffractive parton distri-
butions Mo p/a(&a, (B, 1r) (cf. Figure3.2b). These distributions can be interpreted
as probabilities for the initial hadron A to fragment into the parton a, the hadron B,
and anything else. £, and (g denote fractions of the momentum of A that are carried
by the parton a and the hadron B, respectively. The distributions M, g/a(&s,CBy 1iF)
(also called fracture functions) were introduced in Refs. [73, 74] and used in [67, 75-77]
to describe various aspects of SIDIS with unpolarized and polarized beams. The fac-
torization of cross sections in the target fragmentation region was formally proven in

the scalar field theory 78] and in full QCD [79,80]. The recent experimental studies
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of the diffractive scattering at HERA are reviewed in [81]. The detailed discussion
of diffractive scattering and interesting models [82] that are applied for its analysis is

beyond the scope of this work.

Figure 3.3: Particle momenta in the hadronic center-of-mass (hCM) frame

3.1.3 Photon-hadron center-of-mass frame

The center-of-mass frame of the proton A and virtual photon v* is defined by the
condition §4 cm + §em = 0. The relationship between particle momenta in this frame

is illustrated in Fig. 3.3. As in the hadron frame, the momenta ¢, and p4 o in the
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hCM frame are directed along the Oz axis. The coordinate transformation from the
hadron frame into the hCM frame consists of (a) a boost in the direction of the virtual
photon and (b) inversion of the direction of the Oz axis, which is needed to make the
definition of the hCM frame consistent with the one adopted in HERA experimental
publications. In the hCM frame the momentum of v* is

W2 _ QZ W2 + Q2
ho— = _
Qem ( o 00— ) (3.18)

where W is the hCM energy of the v*p collisions,

W? = (pa+q)?=@Q? (-315 - 1) > 0. (3.19)

Since all energy of the v*p system is transformed into the energy of the final-state
hadrons, W coincides with the invariant mass of the B + X system.

The momenta of the initial and final hadrons A and B are given by

W? + Q? W2 +Q?
1 — % AL 2
Aem — ( oW ) Oa 01 oW ) (320)
Phem = (EB, Egsinfpcm,0, Ep cos Ha,cm) , (3.21)
where
W? + ¢2
Ep = z——"T 3.22
B < oW ) ( )
W? - ¢
cos 0B ¢m e 3.23
B W2+ g2 (3.23)

The hadron and hCM frames are related by a boost along the z-direction, so that
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the expression for the transverse momentum of the final hadron B in the hCM frame

is the same as the one in the hadron frame,

pr = zqr- (3.24)

Also, similar to the case of the hadron frame, the relationship between g; and the

pseudorapidity of B in the hCM frame is simple,
gr = We ™. (3.25)

Since the directions of the z-axis are opposite in the hadron frame and the hCM
frame, large negative pseudorapidities in the hadron frame (¢gr — 0) correspond to
large positive pseudorapidities in the hCM frame. Hence multiple parton radiation

effects should be looked for in SIDIS data at gr/Q < 1, or

1-
Nem 2 10 ( x) > 2. (3.26)

T

The boost from the hadron to the hCM frame also preserves the angle ¢ between
the planes of the hadronic and leptonic momenta, so that the momenta [*,!'* of the

electrons in the hCM frame are

" = {4;‘/ ((W2 + Q%) coshyy + W2 — Q2> @ sinh 1 cos ¢,
Q 1 2, 2 2 _ 2 :
—3 sinh ¥ sin p, — W ((W +Q°) + (W* — Q%) cosh 1,!1) }, (3.27)
u 1 2 2 2 2 Q
lcm={4w((W + Q%) coshyp — W +Q) — sinh 9 cos o,
_Q sinh v sin ! ( W2 - Q? 4+ (W? — Q?) cosh 1,[:) (3.28)
2 v aw ‘ '
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Finally I would like to mention two more variables, which are commonly used in
the experimental analysis. The first variable is the flow of the transverse hadronic

energy

ET = Etot sin gcmy (329)

where Ey, is the total energy of the final-state hadrons registered in the direction of
the polar angle 6.,,. The measurement of E7 does not require identification of indi-
vidual final-state hadrons; hence E7 is less sensitive to the final-state fragmentation.

The second variable is Feynman z, defined as

9 2
Tp = Poem _ (1 - q—T) : (3.30)

In (3.30) p%,, is the longitudinal component of the momentum of the final-state
hadron in some frame. For small values of gr, i.e., in the region with the highest

rate,

TF % 2. (3.31)
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Figure 3.4: Particle momenta in the laboratory frame

3.1.4 Laboratory frame

In the laboratory frame, the electron and proton beams are collinear to the Oz axis.
The definition of the HERA lab frame is that the proton (A) moves in the +2 direction
with energy E4, and the incoming electron moves in the —z direction with energy E.

The momenta of the incident particles are

pl,fi,lab = (EA’ Oa O, EA) ) (332)
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I, = (E,0,0,—E). (3.33)

We can use (3.2,3.32) and (3.33) to express the Mandelstam variable S, in terms of

the energies E4, E in the lab frame:
Sea = 4E4E. (3.34)

The outgoing electron has energy E' and scattering angle 6 relative to the —z
direction. I define the Oz-axis of the HERA frame in such a way that the outgoing

electron is in the Ozxz-plane; that is,
Lk = (E',—E'sin 6,0, —E' cos 6) . (3.35)

The four-momentum g# = [* — I'* of the virtual photon that probes the structure of

the hadron is correspondingly
gy = (E— E' E'sing,0,—E + E'cos¥). (3.36)

The scalars z and Q? are completely determined by measuring the energy and the

scattering angle of the outgoing electron:

Q* = 2FE’'(1 — cos¥), (3.37)

EE'(1 — cosf)

T T EARE—E'(1+cosh)

(3.38)

Rather than working directly with E’ and 6 (or Q% and ), it is convenient to introduce
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another pair of variables y and §:

Q* 2E - E'(1+cosf)

Y= 254 2E , (3.39)
and
2EE'(1 — cosf
5= 22E4 _ V' (1 — cos ). (3.40)
Q 2E — E'(1 + cos6)
The variable y satisfies the constraints
2
i <y<l (3.41)
SeA

where W is defined in the previous subsection. The relationship (3.41) can be derived

easily by rewriting y as

2(pA * l,) TeA
=122 "/ 1422 .42
y SeA * SeA, (3 )
where
Tea= (pa—1)> (3.43)

Eq. (3.41) follows from the geometrical constraints on T, 4 for the fixed invariant mass

W2 of the final-state hadrons:
W? - S0 <T.s <0. (3.44)

The observed hadron (B) has energy Fg and scattering angle 8 with respect to
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the +2z direction, and azimuthal angle ¢pg; thus its momentum is

p‘,;,,ab = (Ep, Epsinfpgcos pp, Egsinfgsin g, Egcosfp). (3.45)

The scalars z and g2 depend on the momentum of the outgoing hadron:

. BEgB(1 — cosfp)

) 3.46
- (3.46)
¢ = QEEEO 1 —cos 'y} . (3.47)
In Eq. (3.47) v is the angle between pg and zp4 + ¢ (cf. Fig.3.4);
1 1- 2

20

is the energy component of zp’; + ¢*. Define 6, to be the polar angle of zp/; + ¢* :
TP'% 1ap + Giap = Eo (1,5in8,,0,cos.), (3.49)
where
f.
cot; = [1-y. (3.50)

The angle v in Eq. (3.47) can be easily expressed in terms of the angles 6,, 65, and

¥B, as

cosy = cos 8, cos g + sin 6, sin fp cos pp. (3.51)
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Finally, the azimuthal angle ¢ of the lepton plane in the hadron frame (cf.

Egs. (3.11)) is related to the lab frame variables as

Q 1 [ 9 1 205
cosp = ———=|1—y+ =5 — = coth® —|. 3.52
4 2qrv1—-y y Q B 2 (3.52)
Figure 3.5 shows contours of constant ¢gr and ¢ in the plane of the angles 8 and ¢p.
The point g7 = 0 corresponds to 85 = 6., v = 0, in agreement with Egs. (3.47,3.51).
According to these equations, ¢r depends on ¢p through cos ¢, which is a sign-even

function of ¢g. Thus each pair of ¢r, ¢ determines pp up to the sign, so that the

contours in Figure 3.5 are symmetric with respect to the replacement g — —¢p.
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100 |

x=0.001
6, = 156°

Figure 3.5: The variables ¢r and ¢ as functions of the angles g, g. Solid lines
are contours of constant gr for ¢r/Q ranging from 0.1 (the innermost contour) to
3.0. Dashed lines are contours of constant ¢ for ¢ ranging from 7/10 to 3w/4. The
contour ¢ = 7 coincides with the fg-axis. The plots correspond to E4 = 820 GeV,

E =27 GeV, Q =6 GeV, z = 0.01 (upper plot) and z = 0.001 (lower plot).

58



3.1.5 Parton kinematics

The kinematical variables and momenta discussed so far are all hadron-level variables.
Next, I relate these to parton variables.
Let a denote the parton in A that participates in the hard scattering, with mo-

mentum

Py = &ply. (3.53)

Let b denote the parton of which B is a fragment, with momentum

Py = P/ (3.54)

The momentum fractions &, and &, range from 0 to 1. At the parton level, I introduce

the Lorentz scalars T, Z, gr analogous to the ones at the hadron level

. Q? T

T = = —, 3.55
2P0 q & (3:55)

~ Db * Pa 4

z = =2 3.56
q * Da Eb ( )

I = ~ @ Qo (3.57)

Here @ is the component of ¢* which is orthogonal to the parton 4-momenta p% and

Ph»

@ pa=7q-pp=0.
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Therefore,

q pyq Py uQ'pa
“DaPo Do Do

= (3.58)

In the case of massless initial and final hadrons the hadronic and partonic vectors g}’

coincide,

@ =q- (3.59)

3.2 The structure of the SIDIS cross-section

The knowledge of five Lorentz scalars S.ax, @, ¢r, z, z and the lepton azimuthal
angle ¢ in the hadron frame is sufficient to specify unambiguously the kinematics of
the semi-inclusive scattering event e+ A — e+ B+ X. In the following, I will discuss

the hadron cross-section dopg,, which is related to the parton cross-section do,, by

dopa / d&o dfa dGya(1F; 14D)
dl’dZdQ2dq d(ﬂ Z DB/b 6’)3”0) . fu a/A(ga? )dfd'z\dQqu%d(p
(3.60)

Here F,/1 (&, 1tr) denotes the distribution function (PDF) of the parton of a type a in
the hadron A, and Dg/y(&, pup) is the fragmentation function (FF) for a parton type
b and the final hadron B. The sum over the labels a, b includes contributions from all
parton types, i.e., g,u,%,d,d,.... In the following, a sum over the indices i,j will
include contributions from active flavors of quarks and antiquarks only, i.e., it will
not include a gluonic contribution. The parameters ur and pp are the factorization
scales for the PDFs and FFs. To simplify the following discussion and calculations, I

assume that the factorization scales ur, up and the renormalization scale u are the
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same:

HF = UKD = M. (3.61)

The analysis of semi-inclusive DIS can be conveniently organized by separating
the dependence of the parton and hadron cross-sections on the leptonic angle ¢ and
the boost parameter 1 from the other kinematical variables z, z, @ and ¢ [83].
This separation does not depend on the details of the hadronic dynamics. Following
[34], T express the hadron (or parton) cross-section as a sum over products of func-
tions of these lepton angles in the hadron frame A,(¢, ), and structure functions

p‘/BA(xv 2, Q27 q’%) (Ol' pi}ba (Ev Ev QQ, (]%, ll')r reSPCCtively):

4

dUBA PY/ 2 2
L 62
drdzdQPdgidy Z; Vea(z,2, Q% 1) A, 9), (3.62)
dGpa (1) :
] =Y V@5 Q% A, (¥, ). 3.63
dZdzdQ2d¢}dy ; b (T, 2, Q% a1, 1) A, (¥, ) (3.63)

The coefficients Vg4 (or ”f’b,,) of the angular functions A,(, ¢) are independent of
one another.

At the energy of HERA, hadroproduction via parity-violating Z-boson exchanges
can be neglected, and only four out of the nine angular functions listed in [34] con-

tribute to the cross-sections (3.62-3.63). They are

A, = 1+4cosh®y, A3 = — cospsinh2y,

A, = -2, A4 = cos2ypsinh? . (3.64)
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d) e) f)

Figure 3.6: Feynman diagrams for semi-inclusive DIS: (a) LO; (b-d) NLO virtual

diagrams; (e-f) NLO real emission diagrams

Out of the four structure functions, 1\7,,0 for the angular function A; = 1+ cosh® ¢
has a special status, since only 1?’,,,, receives contributions from the lowest order of
PQCD (Figure 3.6a). At O(as), only the contribution to the lrfba structure function

diverges in the limit ¢ — 0.

3.3 Leading-order cross section

Consider first the O(a2) process of the quark-photon scattering (Fig.3.6a). This
process contributes to the total rate of SIDIS at the leading order (LO). There is no

LO contribution from gluons. Due to the conservation of the 4-momentum in the
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parton-level diagram, at this order

o= pt g (3.65)
This condition and Egs. (3.58,3.59) imply that
¢ =—q-q=0. (3.66)
Also the longitudinal variables are!
o = T, & = z,
r= 7z =1, (3.67)
so that the momentum of the final-state hadron B is
pp =z (aply +¢"). (3.68)

Since both quarks and electrons are spin-1/2 particles, the LO cross section is

proportional to 1 4 cosh®1) = A,(v, p) (Callan-Gross relation [84]). Hence the LO
cross section is

daj
dzdzdQ?*dgidy

F /
= 0By AR5 a5 _ 36501 - 3), (3.69)
LO Sea 2 ’

tTo obtain Eqgs. (3.67), consider, for instance, Eq. (3.65) in the Breit frame for » = 0 and 3. By
using explicit expressions (3.8-3.10,3.53,3.54) for the parton and hadron momenta at gr = 0, we find

Q1 .

2(3 z) 0,
(-24d) = o
T

) are solutions for this system of equations.

Q
2
Egs. (3.67
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where ¢r = (0,¢r,0,0) in the hadron frame. In Eq. (3.69) the parameter o, collects

various constant factors coming from the hadronic side of the matrix element,

2

o —i—(i) (3.70)

= 4mSepz? \ 2

The factor F; that comes from the leptonic side is defined by
F=——. (3.71)

e; denotes the fractional electric charge of a participating quark or antiquark of the
flavor j; e; = 2/3 for up quarks and —1/3 for down quarks.

The LO cross section (3.69) does not explicitly depend on @?, but rather on z
and z. This phenomenon is completely analogous to the Bjorken scaling in completely
inclusive DIS [4], i.e., independence of DIS structure functions from the photon’s vir-
tuality Q2. Just as in the case of inclusive DIS, the scaling of the LO SIDIS cross
section is approximate due to the dependence of PDFs and FFs on the factorization
scale p. This scale is naturally chosen of order @, the only momentum scale in the LO
kinematics. When u = @ varies, the PDFs and FFs change according to Dokshitser-
Gribov-Lipatov-Altarelli-Parisi (DGLAP) differential equations (2.29,2.31). By solv-
ing the DGLAP equations, one sums dominant contributions from the collinear ra-
diation along the directions of the hadrons A and B through all orders of PQCD.
Formally, the scale dependence of the PDFs and FFs is an O(ag) effect, so that it is on
the same footing in the LO calculation as other neglected higher-order QCD correc-
tions. By observing the dependence of the LO cross section on y, we can qualitatively
test the importance of such neglected corrections. One finds that this dependence is
substantial, so that a calculation of O(as) corrections is needed to reduce theoretical

uncertainties. Let us now turn to this more elaborate calculation.
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3.4 The higher-order radiative corrections

The complete set of O(ag) corrections to the SIDIS cross section is shown in
Figs.3.6b-f. These corrections contribute to the total rate at the next-to-leading
order (NLO).

At this order, one has to account for the virtual corrections to the LO subprocess
(t}) 7 —+(¢}) (Figs. 3.6b-d), as well as for the diagrams describing the real emission
subprocesses q vt = q g and gv* — ¢, with the subsequent fragmentation of the
final-state quark, antiquark or gluon (Figs. 3.6e-f). The explicit expression for the
O(as) cross section is given in Appendix A.

Due to the momentum conservation, the momentum of the unobserved final-state

partons (e.g. the gluon in Fig. 3.6e) can be expressed in terms of ¢g*, p&, pl:
Pr=¢"+p, -y (3.72)

When there is no QCD radiation (p# = 0), the momentum of b satisfies the leading-
order relationship pj = p#+¢*, so that gr = 0. If ¢r/Q < 1, the perturbative parton-
level cross section is dominated by the term with p = 1. In the limit ¢2/Q? — 0, but

gr # 0, 'V, behaves as 1/¢2 times a series in powers of as and logarithms In(g2/Q?),

ooF; 1 <[ as ka_lA(k ) 3
Wi = S5 ™ (z,2) In" | 2L 3.73
o 35(%) Satmeoue (&) 679

35m)(Z,2) are generalized functions of the variables Z and .

where the coefficients
Obviously, the coefficient of the order o in Eq. (3.73) coincides with the most diver-
gent part of the O(ak) correction to the SIDIS cross section from the real emission
subprocesses. This coefficient will be called the asymptotic part of the real emission

correction to 'V, at O(ak).
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Convergence of the series in (3.73) deteriorates rapidly as ¢r/Q — 0 because of
the growth of the terms (¢72) In™(¢2/Q?). Ultimately the structure function 'V}, has
a non-integrable singularity at gr = 0. Its asymptotic behavior is very different from
that of the structure functions 234V}, which are less singular and, in fact, integrable
at gr = 0. This singular behavior of 117,,,, is generated by infrared singularities of
the perturbative cross section that are located at ¢r = 0. Indeed, according to the
discussion in Section 2.3, the diagrams with the emission of massless particles generate
singularities when the momentum p? of one of the particles is soft ® — 0) or
collinear to the momentum pg of another participating particle (pwpg = 0). The soft
singularities in the real emission corrections cancel with the soft singularities in the
virtual corrections. For instance, at O(as) the soft singularities of the diagrams shown
in Fig. 3.6e-f cancel with the soft singularities of the diagrams shown in Fig. 3.6b-d.
The remaining collinear singularities are included in the PDFs and FFs, so that they
should be subtracted from !,.

There exist two qualitatively different approaches for handling such singularities.
The first approach deals with the singularities order by order in perturbation theory;
the second approach identifies and sums the most singular terms in all orders of
the perturbative expansion. In the next two Subsections, I discuss regularization of

infrared singularities in each of these two approaches.

3.4.1 Factorization of collinear singularities at O(as)

Let us begin by considering the first approach, in which singularities are regularized
independently at each order of the series in as. The singularity in the O(as) part of
the asymptotic expansion (3.73) can be regularized by introducing a “separation scale”
g3 and considering the fixed-order cross section separately in the regions 0 < ¢r < ¢35

and gr > g5. The value of g5 should be small enough for the approximation (3.73)
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to be valid over the whole range ¢r < ¢3.

The quantity g3 plays the role of a phase space slicing parameter. In the region
0 < gr < g3, we can apply the modified minimal subtraction (MS) factorization
scheme [43] to take care of the singularities at gr = 0. In the MS scheme, the
regularization is done through continuation of the parton-level cross section to n =
4 — 2¢, € > 0 dimensions [42]. The n-dimensional expression for the O(as) part of

the asymptotic expansion (3.73) of 1‘7,,,1(25‘, z,Q% ¢%) is
21 \ " 0o F as 1
= — Op;0iq€5 X
7 O(as) ( z > 27Sen T 2¢3 Z 019505

[51—2 ) {PD(@) + PR(@)} + {PD(E) + PJ(2)} 6(1 - 7)

! ",ba

2

+ 20(1-2)6(1 - 7) [Cp logQ— - —cp] + o( g T)] (3.74)

Here the color factor Cr = (N? — 1)/(2N,) = 4/3, N, = 3 is the number of quark
colors in QCD. The functions P( (€) entering the convolution integrals in (3.74) are

the unpolarized O(as) splitting kernels [47]:

PP = Cr llfﬂ , (3.75)
P& = %(1—2g+2§) (3.76)
P& = Cr ——(—%ii (3.77)

The “+”-prescription in P ({) regularizes Pq(;)(f) at £ = 1; it is defined as

/df[f ), 9(€) /dff ~ g(1).

The scale parameter p, in (3.74) is introduced to restore the correct dimensionality
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of the parton-level cross section dGy,/(dzdzdQ%dgy 2dy) for n # 4. The soft and
collinear singularities appear as terms proportional to 1/e? and 1/e¢ when n — 4. The
soft singularity in the real emission corrections cancels with the soft singularity in the

virtual corrections. At O(as), the virtual corrections (Fig. 3.6b-d) evaluate to

dGy, _ as 4rp?\© 1 2 3
drdzdQ?*dgidy virt, O(as) N 27rCF ( Q? [(1—¢) \ e + € +8)x
daba
* drdzdQdg2dy|,,’ (3.78)

where the LO cross section is given in Eq. (3.69).

The remaining collinear singularities are absorbed into the partonic PDFs and FFs.
When the partonic PDFs and FFs are subtracted from the partonic cross section
do, the remainder is finite and independent of the types of the external hadrons.
We denote this finite remainder as (dd)perg- The convolution of (do)pera With the
hadronic PDFs and FFs yields a cross section for the external hadronic states A and
B. The “hard” part depends on an arbitrary factorization scale p through terms like
P(f;) In(/K), where P)(€) are splitting functions, and K is some momentum scale

in the process. The scales u and pu, are related as
p? = 4dmweE L2,

The dependence on the factorization scale in the hard part is compensated, up to
higher-order terms in ag, by scale dependence of the long-distance hadronic functions.

After the cancellation of soft singularities and factorization of collinear singulari-
ties, one can calculate analytically the integral of (117,,,,),,0,4 over the region

0 < gr < ¢3. At O(as) this integral is given by
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5)2

/‘(QT
0

The LO and NLO structure functions are

2 (1{; _ UOF‘I 2) 15LO QS | SNLO
qu( ‘/ba)hard - 27rSeA zej{ Vba’j + -71'— fba,j } (379)

J

W9 = 6(1-2)5(1 - B)by6ja, (3.80)
o = M (o @ a0, L (1 — 2)5(1 — 7)6,6;
] L N C R CHE v
2 N - . .
+ o (5(1 — 96, PO(@) + PV (21 - x)aja)
(Zaz)
+ 8(1 = D)8y (@) + M (2)8(1 - 7). (3.81)
The coefficient functions cf)';'o"t(l)(f) that appear in 19,,2’ L0 are given by
in ou 1
"€ =€) = 8,Cr {5(1—9—26(1—5)], (382)
in 1
¢y () = 8(1-9), (3:83)
ou C
e = e (3.84)

Now consider the kinematical region gr > ¢, where the approximation (3.74) no
longer holds. In this region, ( 1‘7,,,1) hard Should be obtained from the exact NLO result.

With this prescription, the integral over ¢ can be calculated as

/max aF d 2 daba _
; T ZdzdQdg2dy

(¢7)? ~ max g7 N
Al(w,so){ /0 dg} (") +/( dq%(l‘/'m)hard}

a3)?

4 max g% R
+ S ae) [ dak () (3.85)

p=2

where max ¢2 is the maximal value of ¢% allowed by kinematics. The first integral
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on the right-hand side is calculated analytically, using the approximation (3.79); the
second and third integrals are calculated numerically, using the complete perturbative
result of the order O(as). The numerical calculation is done with the help of a Monte
Carlo integration package written in the style of the programs Legacy and ResBos
used earlier for resummation in vector boson production at hadron-hadron colliders

[25].

3.4.2 All-order resummation of large logarithmic terms

A significant failure of the computational procedure in (3.85) is that it cannot be
applied to the description of the gr-dependent differential cross sections. Indeed,
the cancellation of the infrared singularities is achieved by integration of the cross
section over the region 0 < ¢gr < qﬁ. However the shape of the ¢ distribution is
arbitrary and depends on the choice of the parameter g5 that specifies the lowest g
bin 0 < ¢r < ¢5. The fundamental problem is that the terms in (3.73) with small
powers of as do not reliably approximate the complete sum in the region ¢r < Q.
This problem justifies the second approach to the regularization of the singularities
at gr = 0, in which large logarithms in (3.73) and virtual corrections at gr = 0 are
summed to all orders. A better approximation for lﬁ,a at /@ < 1is provided by the
Fourier transform of a g-space function :W:ba(b,Q,i, z, p), which sums the dominant

terms in (3.73) and virtual corrections through all orders of as:

e IW 0 (b, Q, 7, 2, ). (3.86)

~ ooF d?b
l‘/ba(zaz)szq%au)IW = ng—A (27!')2

Here b is a vector conjugate to ¢r, and b denotes the magnitude of b. Hence 'V}, at
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all values of gr can be approximated by
(2,2, Q% 67, 1) = WVia(Z, 2, Q% 67, 1) =t Y4 (Z, 2, Q% 67), (3.87)

where 1}7,,‘, is the difference between the O(as) expression for ‘Vba (cf. Appendix A)
and O(ag) asymptotic part (3.74), taken at n = 4. This difference is finite in the
limit gr — 0.

The complete hadron-level resummed cross section can be obtained by including
the finite parton structure functions for p = 2,3,4 and convolving the parton-level

structure functions with PDFs and FFs (cf. Egs. (3.60-3.63)):

e Wpa(h,Q,z,2) + Yaa.

dopa _ aoF1 Ay (3, ) / d?b
dzdzdQ?dg?dy Sea 2 (2m)?

resum

(3.88)

In this equation, the hadron-level b-dependent form-factor WB A(b, Q, z, 2) is the sum

of convolutions of parton-level form-factors W/,,a(b, Q,7,z) with the PDFs and FFs:

Wpa = > Dpp® Wi ® Fu/a. (3.89)
a,b

"sa denotes the complete finite piece,

4
Yoa= "Yoa+ ) "Vaad,(¥,0), (3.90)
p=2
where
'Ypa = ZDB/b ® Wi ® Fy/a. (3.91)
ab
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The explicit expression for Yz, is presented in Appendix A.
At small b and large @ (i.e., in the region where perturbative dynamics is ex-
pected to dominate) the general structure of Ws 4(b, @, x, z) can be found from first

principles [17,21]:
Wpa(b,Q,,2) = Y €2(Dpp ® Cor')(2,5)(Cin @ Faya)(,b)e~5244Q) (3.92)
J

According to the discussion in Section 2.4, the form-factor WB a is the all-order sum
of the large logarithms, which remain after the cancellation of soft singularities and
factorization of collinear singularities. The soft contributions are included in the
Sudakov function Sga(b,@). At small b, Spa(b, Q) does not depend on the types of

the external hadrons and looks like

C3Q* g 22
Spa(b,Q) = /(;/bz (i_i—2 (.A(as(ﬁ),Cl)ln Cz_? +B(a5(ﬁ),Cl,Cg)) = SP(b,Q),
(3.93)
with
0 (7 k
Alas(m), C1) = ZAA.(CI)("“‘W“)), (3.94)
k=1

I
NE
S

B(as(n), C1,C»)

(C1.C) (Otsﬂ(’ﬁ)

k
) : (3.95)

Contributions from the collinear partons are included in the functions C*"(Z, b, u1)

and C°*(Z, b, ). These functions can also be expanded in series of ag/m, as

k
m m(k) 05(/.1.)\
CME,b,p) = Zc (Z,C1,C,, b)( sy (3.96)

)
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k
out OUl(k Qg (,LL)
CoM (b, ) Zc (2,C1,Co, )('T ) . (3.97)

According to Eq.(3.93), the integration in SP(b,Q) is performed between two
scales C;/b and C,Q, where C; and C, are constants of order 1. These constants
also appear in terms proportional to §(1 — z) or §(1 — 2) in the C-functions. The
complete factor W(b, Q) is approximately independent from C; and C,. In addition,
the C-functions depend on the factorization scale p that separates singular collinear
contributions included in the PDFs and FFs from the finite collinear contributions
included in the C-functions. To suppress certain logarithms in O(as) parts of the C™

and C°* functions, it is convenient to choose

Cl = 26-‘"“5[)0, (398)
C, = 1, (3.99)
uo= by/b, (3.100)

where vg = 0.577215... is the Euler constant.
Using our NLO results, I find the following expressions for the coefficients A, (C}),
B, (C,,C5) and the C-functions:

.Al e Cp, (3.101)

~3/4
20Ck log(e Gy ) (3.102)

By boCs

To the same order, the expressions for the C-functions are
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e LO:

CRO@,ub) = 6xb(1-17), (3.103)
CrOGm) = 6us(1-2), (3.104)
@ = @ =y (3.105)
e NLO:
m C —~ —~ b
Cn(F, ub) = 7‘“(1-x)—1>;;>(a;)1og(f‘b;)

. de(l—z)(Té+log( e )) (3.106)
in 1/\ _~ ~ [Lb -
Cn (3, ub) = ix(l—x)—Pq(;)(:zr)log(E), (3.107)

Cr b
out(1) _ YFq 5 _ pz L
Cjk (Z, ub) 5 (1-2) - P, (z)log(gbo)
—~ 23 2 6_3/401
- Cpé(l—p)(ﬁ—i-log( e ) , (3.108)
Cr b
out(1) _ FA (1) /_
() = —fE- PY(E)o (Ebo) (3.109)

In these formulas, the indices j and k correspond to quarks and antiquarks, and
g to gluons. In Appendix B I show that the expansion of the integral over b in
Eq. (3.88) up to the order O(as), with perturbative coefficients given in Egs. (3.101-
3.109), reproduces the small-gr limit of the fixed-order O(ay) cross section discussed
in Subsection 3.4.1.

Due to the crossing relations between parton-level SIDIS, vector boson production,
and e*e~ hadroproduction, the C*"-functions are essentially the same in SIDIS and

the Drell-Yan process; and the C°“‘-functions are essentially the same in SIDIS and
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ete™ hadroproduction. At NLO the only difference stems from the fact that the
momentum transfer ¢? is spacelike in DIS and timelike in the other two processes.
Hence the virtual diagrams Figs. 3.6b-d differ by 72 for spacelike and timelike g°.

Correspondingly, ™" for SIDIS does not contain the term (72/3)8(1 — %), which is
jk

present in the C;Z(l)-function for the Drell-Yan process. Similarly, C;}c‘t(l) for SIDIS
does not contain the term (72/3)d(1 — Z), which is present in the C]'.’L.‘tm-function for
ete” hadroproduction.

Up to now, I was discussing the behavior of the resummed cross-section at short
distances. The representation (3.92) should be modified at large values of the variable

b to account for nonperturbative long-distance dynamics. The authors of Ref.[21]

suggested the following ansatz for Ws 4 which is valid at all values of b:
Wea(b,Q,z,2) = > " e2(Dpjp ® Cot)(2,b,) (Cin ® Fuya)(z,ba)e™524.  (3.110)
J

Here the variable

o= (3.111)

2
1+ (52:)

serves to reproduce the perturbative solution (3.92) at b < bpnez, With bpee =~

0.5 GeV~!, and turn off the perturbative dynamics for b > bpq.. Furthermore, the
Sudakov factor is modified, being written as the sum of the perturbatively calculable
part SP(b,, Q) given by Eq. (3.93), and a nonperturbative part, which is only partially

constrained by the theory:

Spa(b,Q,x,2) = SP(b.,Q,z,2) + S§L(b,Q, z, 2). (3.112)
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An explicit solution for the function S§¥(b,Q,r,z) has not been found yet.
Nonetheless, the renormalization properties of the theory require that the @} depen-
dence in the nonperturbative Sudakov term be separated from the dependence on the

other kinematical variables, i.e.,

SEE(,Q,x,2) = ghh(b,7,2) + gha (b, 7, 2) log %, (3.113)

with Qo = 1 GeV. The theory does not predict the functional forms of ggzl(b,x, z)
and gg,),(b,x,z), so these must be determined by fitting experimental data. In ad-
dition, if S§¥(b,Q,, z) indeed describes long-distance dynamics, it should vanish
or be much smaller than S”(b,Q,z,2) in the perturbative region b < b,.;. In the
analysis of the experimental results, we may find that the fit to the data prefers a
parametrization of SNF(b) that is not small in comparison to the perturbative part
of WBA at b < b:. Such observation will be an evidence in favor of important
dynamics that is not included in the b-space resummation formula with coefficients
calculated at the given order of PQCD. Therefore, this work uses an interpretation
of S¥P that is broader than its original definition in [21]. S¥F will parametrize not
only large-b physics, but additional contributions to WB 4 at all values of b that are
not included in the perturbative part of WBA. In the following parts of the thesis I
will test whether the data are consistent with the assumption that these additional
contributions are small in comparison to the perturbative part of WB A when b < bp.z.

Before ending this section, I would like to comment on a subtle difference be-
tween C'" and C°*. While the initial-state coefficient functions C;Z(l)(ff, Cy,Ca,b, 1)
given in Eqgs. (3.106) and (3.107) depend on the factorization scale u through a fac-
tor In [ub/bo], the final-state functions C,, ‘Mz, Cy, Ca, b, 1) given in Egs. (3.108) and

(3.109) depend instead on In[ub/(byz)]. The additional term o InZ in the func-
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tions Cp, ‘(3. Cy, Ca, b, 1) becomes large and negative when z — 0, so that it can

significantly influence the O(as) contribution at small values of Z. As a result, the re-
summed total rate tends to be lower than its fixed-order counterpart for z < 0.1. This
issue is discussed in more detail in Section4.2. Similarly, the O(as) part of the NLO

1{7NLO

structure function 'V;*? in (3.81) depends on y through a logarithm In [12/(Z¢7)?].

The appearance of the additional terms o In Z in the functions C;r“") and VN0
reflects the specifics of separation of the O(as) “hard” cross section (d)perg from the
collinear contributions to the FFs in the M S factorization scheme. The easiest way to
see the specific origin of the In Z terms is to notice that the dependence on the param-
eter g, in the n-dimensional expression (3.74) for V,u(Z, 7, Q2, ¢2) comes through a
factor (2mp,/Z)* ", rather than through a more conventional (2wu,)*=™". In its turn,
Z appears in (27p,/Z)'™", because the MS-scheme prescribes to continue to n — 2 di-
mensions the transverse momentum E'T of the outgoing parton, rather than the vector
qr = 5}/? relevant to the resummation calculation. It is this factor that generates
the y-dependent logarithmic terms In [ub/(boZ)] in the functions Cy;' ‘W (z,Cy, Ca, b, 1)
and V¥ L0, The C;Z(l)-functions do not include In Z because they are evaluated along
the direction Z = 1 in the phase space. In contrast, nothing forbids such a term in
the functions Cy; ‘D in which 7 can be anything between z and 1. Moreover, the

In z terms are needed to reproduce M S expressions for O(ag) coefficient functions in

completely inclusive DIS [85] by integration of dG,,/(dQ?dTdzdq?) over gr and Z.
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3.5 Hadronic multiplicities and energy flows

Knowing the hadronic cross-section, it is possible to calculate the multiplicity of the
process, which is defined as the ratio of this cross-section and the total inclusive DIS

cross-section for the given leptonic cuts:

1 do
door/dzdQ? dzd2dQ?dgidy’

Multiplicity = (3.114)

Both the cross-section and the multiplicity depend on the properties of the final-state
fragmentation. The analysis can be simplified by considering energy flows which do
not have such dependence. A traditional variable used in the experimental literature

is a transverse energy flow (Er) in one of the coordinate frames, defined as

_ 1 do(e+ A — e+ B+ X)
(Er)ep = oo EB:LB d®p Er %5 : (3.115)

This definition involves an integration over the available phase space ®p and a sum-
mation over all possible species of the final hadrons B. Since the integration over 5
includes integration over the longitudinal component of the momentum of B, the de-
pendence of (Er) on the fragmentation functions drops out due to the normalization

condition

z/ zDpp(2)dz = 1. (3.116)
B

Instead of (Er), I will analyze the flow of the variable z. This flow is defined
as [86]

/1 s do(e+ A— e+ B+ X)

. 117
iz 4z dQ7 d@dy & (3:.117)

min

dz,
dz dQ? dg2dp EB:
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I prefer to use ¥, rather than (Er) because (Er) is not Lorentz invariant, which
complicates its usage in the theoretical analysis. Since gr is related to the pseudora-
pidity in the hCM frame via Eq. (3.25), and the transverse energy of a nearly massless

particle in this frame is given by
Er = pr = 2qr, (3.118)

the experimental information on d%,/(dz dQ? dg3) can be derived from the hCM
frame pseudorapidity (1.y) distributions of (E7) in bins of z and Q2. If mass effects
are neglected, we have

d(Er) _ o ds,
dzdQ2dn.mdy T dzdQ?dg2dy’

(3.119)

By the factorization theorems of QCD, the hadron-level z-flow ¥, can be written

as the convolution of a parton-level z-flow f)z with the PDFs,

dfa ds, (1)
dde?dqzdp Z/ A Foja(€arpt F‘)W (3.120)

Similarly to the SIDIS cross section, the z-flow can be expanded in a sum over the

leptonic angular functions A,(3, ¢):

4
dde"’dqu Z Va(Z, Q% a1, 1) Ap (¥, 9), (3.121)
T =

where the structure functions *V,4(Z, Q2, ¢, ) for the 2-flow are related to the struc-

ture functions *Vj,(Z, 7, Q2, ¢%, u) for the SIDIS cross section by

'The z-flow X, is related to the energy distribution function ¥ calculated in [33] as £, =
(2zEA/Q*)X. Here E4 is the energy of the initial hadron in the HERA lab frame.
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1
Pua@ @) = 3 [ 22 Tin(2.2, @2, ). (3.122)
b 0

The resummed z-flow is calculated as

dS, _ ooFi A, 0) [ d?

- irbyy (b Y, 3.123
drdQZd@dy  Sen 2 2n)z¢ (5@ 2) + Y., (3.123)
where
W.(b,Q,2) = Y el em5:0R3 (Cin @ Fyya)(x, b, 11). (3.124)
j

As in the case of the resummation of hadronic cross sections, only the structure
function 'V, 4 for the angular function 4; =1 + cosh? ¢ has to be resummed.

The functions Cj’; in (3.124) are the same as in (3.92). The coefficient Co** is

2 -3/4
T T 2t C‘). (3.125)

out:1 % ——-———-—l
Cz + TTCF( 16 3 o Czb()

The parameter b,, given by (3.111) with by, = 0.5 GeV™!, is introduced in (3.124)
to smoothly turn off the perturbative dynamics when b exceeds b,,,;. The term Y,
in (3.123) is the difference between the complete fixed-order expression at O(ag) for

d¥,/(dzdQ*dq2dp) and its most singular part in the limit gr — 0; that is,

ds, ds,
Y:= dzdQ?dg2dp (dmdQMq%dgo) ' (3.126)
asym

The asymptotic part calculated to O(ag) is
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dx, _ofias 1 Ai(¥,9)
drdQ?dg2dy Sea ™ 2¢% 2w

x D€ [{(P;y ® Fy/a)(x, 1) + (PY) ® Fyya)(z. 1) }

J

2 2
+ 2f7j/A(IE,[t){Cp ln% - gCF} + 0((%) ,q%)} . (3.127)

Similar to (3.112), the z-flow Sudakov factor S, is a sum of perturbative and

nonperturbative parts,
S.(b,Q,z) = SP(b.,Q,2) + SNP(b,Q, 2). (3.128)

The NLO perturbative Sudakov factor S is given by the universal z-independent
expression (3.93). As in the case of SIDIS multiplicities, the renormalization group
invariance requires that the dependence of S¥”on In Q be separated from the depen-

dence on other variables:

SNP(bh,Q,z) = gV (b,z) + g@ (b, z) log Qg (3.129)

0
In principle, the 2-flow Sudakov factor S, (b, @, z) is related to the Sudakov factors
Spa(b, @, z,z) of the contributing hadroproduction processes e + A — e + B + X

through the relationship

1
e_s‘(b") = m Z / ZdZG_SBA(b'Q’I’Z)(DB/b ® C,‘,"’;‘)(z, b., ll') (3130)
z *) B

In practice, the efficient usage of this relationship to constrain the Sudakov factors
is only possible if the fragmentation functions and the hadronic contents of the final

state are accurately known. I do not use the relationship (3.130) in my calculations.

81



3.6 Relationship between the perturbative and re-
summed cross-sections. Uncertainties of the cal-
culation

In the numerical calculations, some care is needed to treat the uncertainties in the
definitions of the asymptotic and resummed cross sections, although formally these

uncertainties are of order O((as/m)?%, q7').

3.6.1 Matching

The generic structure of the resummed cross-section (3.88), calculated up to the order

O((as/m)"), is

o) =om + YW, (3.131)

resum

In (3.131), the W—piece receives all-order contributions from large logarithmic terms

(e k2k—l

= > (075) > v log™ (¢7./Q). (3.132)

dr k=1 m=0

The Y-piece is the difference of the fixed-order perturbative and asymptotic cross-

sections:

(N) _ (N) _ _(N)
- ert .
Y o, o (3.133)

asym*

In the small-gr region, we expect cancellation up to terms of order O(a} *!/xN+1)
between the perturbative and asymptotic pieces in (3.133), so that the W—piece dom-

inates the resummed cross-section (3.131). On the other hand, the expression for
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the asymptotic piece coincides with the expansion of the W—piece up to the order
O(a¥ /M), so that at large g the resummed cross-section (3.131) is formally equal
to the perturbative cross-section up to corrections of order O(aj *'/aV+1),

In principle, due to the cancellation between the perturbative and asymptotic
pieces at small ¢r, and between the resummed and asymptotic piece at large gr, the
resummed formula o,es,,, is at least as good an approximation of the physical cross-
section as the perturbative cross-section oy, of the same order. However, in the NLO
calculation at ¢r > @ it is safer to use the fixed order cross-section instead of the
resummed expression. At the NLO order of ag, the difference between the W-piece
and the asymptotic piece at large gr may still be non-negligible in comparison to the
perturbative piece. In particular, due to the fast rise of the PDFs at small z, the
resummed and asymptotic pieces receive large contributions from the small-z region,
while the perturbative piece does not (see the next Subsection for details). Therefore,
the resummed cross-section Oresym may differ significantly from the NLO cross-section
Opert- This difference does not mean that the resummed cross-section agrees with the
data better than the fixed-order one. At g7 > @, the NLO cross-section is no longer
dominated by the logarithms that are resummed in Eq. (3.131). In other words, the
resummed cross-section (3.131) does not include some terms in the NLO cross-section
that become important at gr = Q. For this reason, at ¢r > @ the resummed cross-
section may show unphysical behavior; for example, it can be significantly higher the
NLO cross section or even oscillate if the W-term changes rapidly near the boundary
between the perturbative and nonperturbative regions.

As the order of the perturbative calculation increases, the agreement between the
resummed and the fixed-order perturbative cross-sections is expected to improve. In-
deed, such improvement was shown in the case of vector boson production [25], where

one observes a smoother transition from the resummed to the fixed-order perturbative
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cross-section if the calculation is done at the next-to-next-to-leading order. Also, at
the NNLO the switching occurs at larger values of the transverse momentum of the
vector boson than in the case of the NLO.

Since the fixed-order result is more reliable at ¢r 2 Q, the switching from the
resummed to the fixed-order perturbative cross-section should occur at gr =~ Q. How-
ever, there is no unique point at which this switching happens. Similarly, it is not
possible to say beforehand which of the two cross sections agrees better with the data
in the region gr = Q. In SIDIS at small z, the NLO 2-flow underestimates the data at
gr 2 @, while the resummed z-flow is in better agreement. Therefore, it makes more
sense to use the resummed z-flow in this region, without switching to the fixed-order
piece. On the other hand, in the charged particle production one has to switch to the

NLO cross section at gr = @ in order to reproduce the measured pr-distributions.

3.6.2 Kinematical corrections at gr ~ Q

In this Subsection I discuss the differences between the kinematics implemented in
the definitions of the asymptotic and resummed cross-sections, and the kinematics of
the perturbative piece at non-zero values of qr.

Let us first discuss the NLO approximation to the hadronic cross section (3.60).

The integrand of the NLO cross section contains the delta-function

|- (3-1)(3-1)| - - 96 -0 -], e

which comes from the parton-level cross-section (A.2). Depending on the values of
z,2,Q%, g%, the contour of the integration over &, and &, determined by (3.134) can
have one of three shapes shown in Fig. 3.7a,b,c. For g7 < @ the integration proceeds

along the contour in Fig. 3.7a, and the integral in (3.60) can be written in either of
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two alternative forms

dopa _ /1 de, DU
dzdzdQ%dgZdp ( Mpa(€a, &, 7,2, Q% g7, ©)

ga)min 60 =T
1
d ~ ~
= / &7 MBA(&hfb;ma 2, Q2’q§‘i90)) (3135)
(fb)min fb -z

where

MBA(fméb; aa Ea Q27 qg“’ (P) =

ooF1 as._.

4
=22 Dpp(&)Fual€a) Y *fua(2,2,Q% a1 Ap(1h,0).  (3.136)
a,b p=1

AT Seq ™

The lower bounds of the integrals are

w
(fa)min = 1 -2 + T, (3137)
2
(€b)min lli —+z (3.138)
with
w = %\/z_z - (3.139)

Alternatively, the cross-section can be written in a form symmetric with respect

to r and z,

dO’BA ! dfa /1 dfb
= 3.140
124240y~ )., B xMBA + o Ee ZMBA, ( )

where the integrals are calculated along the branches RP and RQ in Fig. 3.7a, re-
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spectively. As gr — 0,

(fa)min — I, (fb)min -z,

and the contour PR(Q) approaches the contour of integration of the asymptotic cross-
section shown in Fig. 3.7d. The horizontal (or vertical) branch contributes to the
convolutions with splitting functions in Eq.(3.74) arising from the initial (or final)
state collinear singularities, while the soft singularities of Eq. (3.74) are located at the
point &, =z, & = 2.

On the other hand, as g increases up to values around @, the difference between
the contours of integration of the perturbative and asymptotic cross-sections may
become significant. First, as can be seen from (3.140), in the perturbative piece &,
and &, are always higher than z + w or z + w , while in the asymptotic piece they
vary between z or z and unity. At small z (or small 2) the difference between the
phase spaces of the perturbative and asymptotic pieces may become important due
to the steep rise of the PDFs (or FFs) in this region. Indeed, for illustration consider
a semi-inclusive DIS experiment at small z. Let gr/Q = 0.5, 2 = 0.5, and z = 107%;
then z +w = 3.2-1073 > z = 10~*. In combination with the fast rise of the PDFs
at small z, this will enhance the difference between the perturbative and resummed
cross-sections.

Second, for x or z near unity, it could happen that z+w > 1 or 2+ w > 1, which
would lead to the disappearance of one or two branches of the integration of the
perturbative piece (Fig. 3.7b,c). In this situation the phase space for nearly collinear
radiation along the direction of the initial or final parton is suppressed. Again, this
may degrade the consistency between the perturbative and asymptotic piece, since

the latter includes contributions from both branches of the collinear radiation. For-
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tunately, the £ — z asymmetry of the phase space in SIDIS is not important in the
analysis of the existing data from HERA, since it covers the small-z region and is less
sensitive to the contributions from the large z region, where the rate of the hadropro-
duction is small.

The numerical analysis below includes a correction that imitates the phase space
contraction in the low-z region. This correction is incorporated by replacing z in
Egs. (3.74, 3.88) by the rescaled variable

= Qigé—q—%—x. (3.141)
This substitution simulates the phase space contraction of the perturbative piece. At
small ¢r, the rescaling reproduces the exact asymptotic and resummed pieces, but at

larger gqr it excludes the unphysical integration region of ¢, ~ z.
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Figure 3.7: The contours of the integration over &,, & for (a,b,c) the perturbative

cross-section; (d) the asymptotic and resummed cross-sections
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Chapter 4

Resummation in semi-inclusive DIS:

numerical results

Despite the abundance of experimental publications on SIDIS, none of them presents
dependence of SIDIS observables on the variable gr. Hence ¢r-distributions, which
are sensitive to the multiple parton radiation, have to be derived from the published
data on less direct distributions. The gr-distributions for some of the HERA data
were reconstructed for the first time in [35,36]. In this Chapter, I concentrate on the

analysis of the gr-distributions for the z—flow (3.117)

1,
Otot dzdQ?dg2’

which can be derived from published pseudorapidity distributions for the transverse
energy flow in the hCM frame [64, 65]. I will also discuss several observables, including
the average value of g%, that were measured in the production of light charged hadrons
[60, 63].

Reconstruction of the gr-dependence reveals an interesting trend in the data:
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namely, the average gr (or average ¢2) increases rapidly when either  or z decreases.
This trend is illustrated in Figs.4.1 and 4.2. Figure 4.1 shows the average ¢Z in the
charged particle production for several bins of z and z at 28 < Q? < 38 GeV?. The
procedure of reconstruction of (g2) is described in detail in Section4.2. As can be
seen from Figure 4.1, (¢2) in the ZEUS data sample ({z) = 1.94-1073) is several times
higher than (g2) at the same value of (z) and larger values of (z) in the E665 data
sample ({z) = 0.07 — 0.29). (¢2) increases even faster when (z) decreases and (z) is
fixed. For instance, at (z) = 1.94-1073 (¢2) increases from 3 GeV? at (z) = 0.775 to
82 GeV? at (z) = 0.075.

A similar trend is apparently present in the behavior of the quantity \/(q%—Ez)m ,
which was derived from the data for the distributions d (E7) /dnem published in [65].
This quantity is shown in Figure 4.2 as a function of Q% and z.* At each value
of @2, /(g2Z.)/(Z.) becomes larger when z decreases. Also, \/{(¢2%,)/(Z,) is
roughly constant along the lines of constant y = Q?/zS.4 (i.e., the lines parallel to
the kinematical boundary y = 1). Larger values of \/m at smaller = are
the evidence of “broader” distributions d¥,/dgr. In the subsequent Sections, I discuss
this phenomenon in the context of the gr-resummation formalism.

In this Chapter I assume that the angle ¢ is not monitored in the experiment,
so that it will be integrated out in the following discussion. Correspondingly, the
numerical results for dops/(dzdzdQ*dg%) will not depend on terms in Egs. (3.62-
3.63) proportional to the angular functions A3 and A4, which integrate to zero. The

dependence on the azimuthal angle ¢ is discussed in more detail in Chapter 5.

*The distributions /{g2.X,) /(E,) were derived by converting distributions d (Er) /dncm in
dX./dg% with the help of Eq. (3.119) and then averaging (¢%X.) and (.) over the experimen-
tal bins of gr. In each bin of qr, central values of £, and ¢ were used. This procedure provides a
reasonable estimate for \/(¢g3.X.) / (X,) if the experimental gr-bins cover all available range of gr.
Figure 4.2 shows 1/(¢3X.) / (Z.) for the “low-Q” data set of from [65], which satisfies this criterion.
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Figure 4.1: The average g2 as a function of z and z in the charged particle production
at Q2 = 28 — 38 GeV?. The data points are extracted from published distributions

(p%) vs. zf |60,63] using the method described in Section4.2.
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Figure 4.2: /(¢3%.) /(X.) reconstructed from distributions d (Er) /dn., in bins of
z and Q? [65].
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4.1 Energy flows

4.1.1 General remarks

As was discussed at length in Subsection 3.4.2, knowledge of the resummed SIDIS
cross section can be used to predict the pseudorapidity spectrum of the transverse
energy flow in the hadron Breit frame or the hCM frame. It is advantageous to study
the energy flows, because they are less dependent on the specifics of the final-state
fragmentation of the scattered partons into the observed hadrons. I therefore start the
presentation of the numerical results with the comparison of the resummation formal-
ism to the experimentally measured pseudorapidity distributions for the transverse
energy flow in the hCM frame.

I consider the data on d (Er) /dn.m which has been published in [64, 65]. I consider
seven bins of z and @ from [64] (10 < (Q?) < 50 GeV?, 3.7-107* < (z) < 4.9-1079)
and two sets of bins of z and Q from [65] (“low-Q%” set covering 13.1 < (Q?) <
70.2 GeV?, 8 x 107° < () < 7 x 10~% and “high-Q?" set covering 175 < (Q?) <
2200 GeV? and 0.0043 < (z) < 0.11).

The experimental distributions d (Er) /dnem at a fixed value of W2 = Q*(1—z)/z

can be converted into the distributions dX,/dgr using Egs. (3.25,3.119):
qr = We™m (41)

and

d¥, 1 d(ET)
drdQ%dqr ~ ¢Z dzdQ%dnen

(4.2)

The “derived” data for dZ,/(dzdQ?d¢?) can be compared with the resummed z-flow
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(3.123), which is calculated as

dy, s ) d2b i 57
dzdQ2dg? = 5.0k (1 + cosh® ) @2 W:(b,Q,z) + Yz, (4.3)
where
L(0,Q,z) = Ze2cout -S5:(b,Q,z) (Cm ® Fa/A)(I,b.,/L). (4.4)

The Sudakov factor S, in Eq. (4.4) is

S:(0,Q,z) = S"(b.,Q,2) + 577 (b,Q, 2),

where the perturbative part S” is given by Eq.(3.93), and a realistic parametriza-
tion of the nonperturbative part S¥(b,Q,z) can be obtained by comparison with
experimental data at low and intermediate values of @, especially with the measured
pseudorapidity distributions at @ =~ 3 — 20 GeV. At high @, we expect the data to
be dominated by the perturbatively calculable parton radiation and be less sensitive
to the nonperturbative effects incorporated in S¥?(b, @, z). According to the renor-

malization group invariance argument, SNP includes a part that is proportional to

InQ:
SP7(0,Q,3) = (0, 2) + 9(b,3)log . (45)
0

where the parameter Qy ~ 1 GeV™' prevents InQ/Qo from being negative in the
region of validity of PQCD. In the following analysis, I use two parametrizations of
SNP(b,Q, ), which I will call parametrizations 1 and 2.

e Parametrization 1 was proposed in our paper [35] with D. Stump and
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C.-P. Yuan based on the analysis of the data in Ref. [64]:

SNP(b,Q,z) = b? {g“)(x) + %(9‘2’ 6, Q)| py + 9?4, (O, Q))} , (4.6)

where ¢ (b,Q)|,,, and ¢®(b,Q)|,,, - are Q-dependent terms in the nonper-
turbative Sudakov factors in Drell-Yan process and e*e~ hadroproduction. The
parametrization of the function g‘®(b, Q) in Eq. (4.6) is suggested by the cross-
ing symmetry between SIDIS, the Drell-Yan process and e*e~ hadroproduction.

Due to this symmetry, the functions g(® (b, Q) in these processes may be related

as [33]

9206, s1015 = 5 (976, Q) py + 826, Q)]....-)- (4.7)

1
2
If the relationship (4.7) is true, then the function ¢ (b,Q) in SIDIS is com-
pletely known once parametrizations for the functions g(® (b, Q) in the Drell-Yan
and ¢ (b, Q) in e*e~ hadroproduction processes are available. In practice, the
only known parametrization of the nonperturbative Sudakov factor in the ete~
hadroproduction was obtained in Ref.[19] by fitting the resummation formula
to the data at Q = 27 GeV. Most of the (Er) data from HERA correspond to
significantly smaller values of @, where the usage of the parametrization [19] is
questionable. In addition, the known parametrizations of the nonperturbative
Sudakov factors for the Drell-Yan [22,24-27] and ete~ hadroproduction [19]

processes correspond to slightly different scale choices:

Ci=by, Cp=1 (4.8)
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and
Cl = bo, Cz = 6_3/4, (49)

respectively. Therefore, the known functions g(®| py (b) and 9(2)le +o- (b) are
not 100% compatible and in principle should not be combined to obtain g(® (b)
for SIDIS. In the numerical calculation, I have used the functions g®(b)|,,
from [22] and g®(b)| , . from [17], despite the fact that g (b)|,, was fitted
to Drell-Yan data using a different C; value than in g(Q)(b)le +o-+ Explicitly, the
Q-dependent part g‘® (b, Q) in Eq. (4.6) is

1 Q b CQ
g?(,Q) = §b2 (0.4810g(§6;) + 5.32CF log(i;) log(ClQo)). (4.10)

In Eq. (4.10), the constants are C; = 2¢™%, Cy = e7%/4,Qy = 1 GeV. The
variable b, is given by Eq. (3.111), with b, = 0.5 GeV™!.

The functional form of ¢! (b, r) in terms of b and x was parametrized as

0.58

W (p. 1) = (—4.
9V (b, ) (458+ﬁ

)b, (4.11)

where the numerical coefficients were determined by fitting the experimental
data. These data cover a limited region of £ and Q% (10 < Q% < 50 GeV?,
3.7-107%* < £ < 49-107%), so that the parametrization 1 should not be
used away from this region. Also, the dependence of SN¥(b,Q,z) on Q can-
not be determined reliably using exclusively the data from Ref.[64], since all
pseudorapidity distributions in this publication are presented in a small range
of @ = 2 — 6 GeV. This circumstance motivated us to model the )-dependent

terms in the parametrization 1 by using the crossing relationship (4.7) instead
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of trying to find these terms from the comparison with the data.

Parametrization 2 overcomes several shortcomings of the parametrization 1.
The parametrization 2 was proposed in [36], where the analysis of Ref. [35] was
repeated using the latest and more comprehensive data on the transverse energy
flow [65]. From our analysis, we found that the data from Refs. [64, 65] are con-
sistent with the following representative parametrization of the nonperturbative

Sudakov factor:

1-2)°

SNP(b,Q,z) = V? (0.013 +0.191n 2 + c) , (4.12)

0

where the parameter Q) is fixed to be 2 GeV to prevent InQ/Qo from being
negative in the region of validity of PQCD, and where we set C = 0 for reasons

explained later.

The H1 Collaboration presented pseudorapidity distributions of the transverse
energy flow for Q% up to 2200 GeV2. However, the data at such high Q? is
rather insensitive to the nonperturbative dynamics because of the poor resolu-
tion of the H1 detector in the region of large Q? and 7n,,,. Thus the H1 data at
very high @? is not informative about the Q2-dependence of SN (b, Q, x) either.
Fortunately, the H1 Collaboration presented distributions in two bins at inter-
mediate values of (Q?), namely (Q?) = 59.4 GeV? and (Q?) = 70.2 GeV2. To-
gether with the data from Refs. [64, 65] at lower values of @, these distributions
provide the first direct tests of the Q?-dependence of S¥P(b,Q, z). Therefore
the parametrization 2 of SV (b,Q, z) includes a numerical value for the coef-
ficient of In Q/Qo, which yields reasonable agreement with all of the analyzed
data. The resulting value for this coefficient differs noticeably from its model

expression in the parametrization 1. However, we should not draw too strong a
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conclusion from this difference, because it might be caused by ambiguities in the
separation of Q2 dependence and z dependence in the existing data. To draw a
strong conclusion about the crossing symmetry model, experimental pseudora-
pidity distributions in a larger range of z at intermediate values of Q?, as well
as improvements in the knowledge of the nonperturbative Sudakov factor in the

e*te-hadroproduction will be needed.

4.1.2 Comparison with the data

The numerical results below were obtained using the parameters of the HERA electron-
proton collider. The energies of the proton and electron beams are taken to be
equal to 820 and 27.5 GeV, respectively. All calculations were performed using
CTEQ5M1 parton distribution functions [90] and the parametrization 2 of the non-
perturbative Sudakov function S¥? (Eq. (4.12)), unless stated otherwise. The theo-
retical results in Figs.4.3-4.5 were obtained using the kinematical correction to the
asymptotic and resummed cross-sections at non-zero gy, which was discussed in Sub-
section 3.6.2. The factorization and renormalization scales of the perturbative and
asymptotic pieces are all set equal to u = Q. The resummed piece was calculated
using C = by, C3 = 1, pu = by/b, where by = 2e77E.

In Fig.4.3, I present the comparison of the existing data from [64] in one of the
bins of z and Q? ((z) = 0.0049, (Q?) = 32.6 GeV?) with the NLO perturbative and
resummed z-flows. Figure 4.3 demonstrates two important aspects of the NLO g7
distribution (dashed curve): namely, the NLO z-flow exceeds the data at small gr and
is below the data at ¢r > @. In fact, the deficit of the NLO prediction in comparison
with the data at medium and large ¢r (gr > 5 GeV) is present in the entire region
of z and @Q? that was studied.

As I discussed in Section 3.6, one can trust the resummed calculation only for
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reasonably small values of ¢gr/Q. For large values of gr, the fixed-order perturbative
result is more reliable. This means that the NLO resummation formalism will not
give an accurate description of the data for ¢r > @ due to the small magnitude of

the NLO perturbative z-flow in this region.

- 0.3 v
> | } NLO
o | : CTEQ4M
St ; x = 0.0049
30.25 = ' Q = 5.7 GeV
N~
©
k]
O 0.2 |
~N
0.15
[ resummed
0.1
0.05
4
........ \
Py I T B I | ! I LTI

0 1 2 3 4 5 6 7 8 9 10
grn GeV

Figure 4.3: Comparison of the NLO perturbative and resummed expressions for the
z-flow distribution with the existing experimental data from HERA [64]. The data
is for (z) = 0.0049, (Q?) = 32.6 GeV2. The resummed curve is calculated using the
parametrization 1 of SNP. CTEQ4M PDFs [91] were used.
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Figure 4.4: Comparison of the resummed z-flow (solid curve) in the current region of
the hCM frame with the data in the low-Q? bins from Refs. [65] (filled circles) and [64]
(empty circles). For the bin with (Q?) = 33.2 GeV? and (z) = 0.0047, the fixed-order

O(as) contribution for the factorization scale u = @ is shown as the dashed curve.
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curve.
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The excess of the data over the NLO calculation at large gr (cf. Figs.4.3-4.5) can
be interpreted as a signature of other intensive hadroproduction mechanisms at hCM
pseudorapidities 7., < 2. A discussion of the cross-sections in this pseudorapidity
region is beyond the scope of this thesis. There exist several possible explanations
of the data in this region, for instance, the enhancement of the cross-section due to
BFKL showering [56] or resolved photon contributions [68,71]. It is clear, however,
that better agreement between the data and the theory, in a wider range of 7,,,, will be
achieved when next-to-next-to-leading order contributions, like the ones contributing
to (2+1) jet production [69)], are taken into account.

On the other hand, Figs.4.3-4.5 illustrate that the resummed z-flow is in better
agreement with the data, over a wide range of gr/Q, but also lies below the data
if gr/Q significantly exceeds unity. The better consistency between the resummed
z-flow and the data suggests that the resummed 2-flow should be used up to values of
gr/Q ~ 1 — 4, i.e., without switching to the fixed-order expression. This procedure
was followed in the derivation of our numerical results.

Let us discuss the features of the data presented in Figs. 4.4 and 4.5. First, the data
in the low-Q? bins is significantly influenced by nonperturbative effects and therefore
is sensitive to the details of the parametrization of S¥P(b,Q, z). This feature can be
seen from the abundance of data points around the maximum of the gr-distribution,
where the shape is mainly determined by S¥P(b,Q, z). Also, the low-Q? data from
HERA is characterized by small values of z, between 10~* and 10~2. For the theory
to be consistent with the data from Ref.[64] in this range of z, the nonperturbative
Sudakov factor must increase rapidly as z — 0, at least as 1/y/z. Such z-dependence
is implemented in the parametrization 1 of S¥”. In our newer analysis, we found that
growth of S¥P(b,Q, ) as 1/z at small z is in better agreement with the more recent

data from [65].
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Second, the data in the high-Q? bins of Fig. 4.5 shows a behavior that is qualita-
tively different from Fig.4.4. In the region covered by the experimental data points,
the ¢gr distribution is a monotonically decreasing function of gr, which shows good
agreement with the resummed z-flow over a significant range! of ¢r. In the region
gr < 10 GeV, i.e., where the maximum of the g distribution is located and where
nonperturbative effects are important, the experimental gr-bins are too large to pro-
vide any information about the shape of d¥,/dgr. Thus, as mentioned earlier, the
published high-Q? z-flow data from Ref. [65] is not sensitive to the dynamics described
by the nonperturbative Sudakov factor SN (b, Q, ).

A third comment is that most of the high-Q? data points in Fig. 4.5 correspond to
(z) > 1072. If the resolution of the H1 measurements at high Q2 were better in the
small-gr region, then the high-Q? data would also reveal the behavior of SN* (b, Q, z)
at large z. But, as mentioned before, the published data in the high-Q? bins are not
very sensitive to the shape of the z-flow at small gr. Therefore it is not possible to
impose any constraints on S¥P(b,Q, z) at large values of z, except that it should be
positive, S¥P(b,Q,z) > 0. For this reason we have chosen the z-dependent part of
SNP(b,Q, ) in the parametrization 2 such that SN (b, Q, ) grows approximately as
1/z as £ — 0 and is positive for all z. For the same reason, we chose C = 0 in the
parametrization 2. Although the most general parametrization of SN¥(b,Q,z) can
have C # 0, the current data cannot distinguish between the parametrization 2 with
C =0 and C # 0, as long as the value of C is not very large.

Finally, Fig. 4.6 shows the results of our calculation presented as the hCM pseudo-
rapidity distributions of the transverse energy flow (Er). This quantity is obtained by

the transformation (3.119). The small-gr region, where the resummation formalism

tI point out once again that both the O(as) and resummed z-flow lie below the data at very
large g, in all bins of z and Q? in Figures4.4 and 4.5.
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is valid, corresponds to large pseudorapidities. In this region, the agreement between
our calculation and the data is good. At smaller pseudorapidities (larger gr), one
sees the above-mentioned excess of the data over the perturbative NLO calculation.
In the (Er) vs. 7)om plot, this excess is magnified because of the factor g2 in the

transformation (4.2).

4.1.3 How trustworthy is the resummed z-flow at large ¢r?

As noted earlier, the O(as) fixed-order z-flow is much larger than the data in the
region ¢r/Q < 1 and smaller than the data in the region ¢r/Q 2 1. In the small-gr
region, the resummed z-flow is, by its construction, more reliable than the fixed-order
result. In the large-gr region, the resummed z-flow, with the kinematical correc-
tion (3.141) included, is also in better agreement with the data than the fixed-order
calculation. But theoretically, the resummed 2-flow at large ¢r/@ is not absolutely
trustworthy, because it does not include those parts of the fixed-order z-flow that are
subleading in the limit g7 — 0, but which might be important at large ¢r. If the
NLO result were in a good agreement with the data at large gr, it would be justified
to consider it a more reliable prediction in this region. But since the O(as) contribu-
tion is systematically smaller than the data, higher-order corrections are presumably
necessary in order to describe the region g 2 @ reliably.

A systematic approach for improving the theoretical description of the large-gr
region would require inclusion of the complete O(a?%) terms in both the fixed-order
and resummed 2-flows. But because such a calculation is not available, it might be
beneficial to use the resummed z-flow as a better theoretical prediction both in the
region qr/Q < 1, where application of the resummation formalism is fully justified,
and for g7 up to several units of @, where the resummed z-flow agrees with the data

better than the fixed-order one. Then the use of the resummed gr-distributions of
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the z-flow will provide more reliable predictions for other observables relevant to the
SIDIS process.

As an example, resummation can improve the reliability of the theoretical predic-
tion for the azimuthal asymmetry of the z-flow. The b-space resummation formalism
affects only the coefficient 'V,4 of the angular function A;(v, ). This coefficient
is the one that dominates the ¢-integrated z-flow in the small-g7 region, where the
energy flow is the most intense. On the other hand, the main goal of the mea-
surement of angular asymmetries is to study structure functions other than 'V,4,
e.g., those corresponding to the angular functions A3(y,y) = — cospsinh2y and
A4(¢, @) = cos2¢sinh®+. By using a better approximation for the coefficient 'V, 4,
it is possible to measure the coefficients 4V, 4 more reliably. Conversely, by knowing
that the all-order resummation effects are important in the region of small ¢gr and by
concentrating on the region where gr is of the order @ or larger, one may find angular
asymmetries that are well approximated in the lowest orders of PQCD. The impact

of resummation on the angular asymmetries is discussed in more detail in Chapter 5.
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Figure 4.6: The hCM pseudorapidity distributions of the transverse energy flow in
the current fragmentation region. The data are from [64]. CTEQ4M PDFs and the

parametrization 1 of S¥P were used.
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4.2 Normalized distributions of charged particle pro-
duction

Let us now turn to the discussion of particle multiplicities. Although the resummation
formalism, as outlined in Chapter 3, can describe the cross section for any massless
final-state particle (provided that the fragmentation functions for this particle are
known), in this Section I will concentrate on distributions of the charged particle

multiplicity, defined as

1 do(A+e— ht+e+ X)
Otot do

: (4.13)

Here © is some kinematical variable, such as the variable g2 in Eq. (3.6), the transverse
momentum pr of the final-state charged particle in the hCM frame, or the Feynman

variable zf,

2p2 2
rp = —PBem _ z( - iT—) (4.14)

Our calculation assumes that the charged particles registered in the detector are
mostly charged pions, kaons and protons. Therefore the cross section for charged
particle production can be calculated using (3.60) with the replacement of the frag-

mentation functions Dpg/,(&, 1) by

Drsp(&m)= > Daplée,n). (4.15)

B=n% 1I"i’paﬁ

The fragmentation functions Dg/; (€, 1) are known reasonably well only for & 2
0.05—0.1 [87-89]. Thus, the formalism presented here is applicable to the production

of charged particles with sufficiently large energies, i.e., for z 2 0.05.
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Certain experimental distributions are readily available from the literature [59, 60,
62,63], such as do/dpr, do/dzFr, as well as distributions for the average transverse
momentum (p%). However, the “experimental” gr distributions must currently be
derived from pseudorapidity distributions by using Eq. (3.25). Although the distri-
butions do/dpr and (p2) are quite sensitive to resummation effects, they cannot be
interpreted as easily as the distributions do/dgr, primarily because the distributions
do/dpr and (p%) mix resummation effects at small values of gr with perturbative
contributions from the region ¢r/Q 2 1. The most straightforward way to study the
effects of multiple parton radiation would be to consider the gr (or pseudorapidity)
distributions that satisfy the additional requirement z > 0.05 — 0.1 and that are or-
ganized in small bins of Q? and z. Unfortunately, such distributions have not been
published yet. Although Ref. [59] presents distributions do(p+e — h* +e+ X)/dnem
for some values of z and Q?, these distributions are integrated over the full range of
z. Therefore, they are sensitive to the uncertainties in fragmentation functions, mass
effects,! and contributions from diffractive scattering.

Because the experimental g7 distributions are unavailable, we have decided to
undertake a simpler analysis than the one presented for the energy flow. Our goal

here is to understand how the multiple parton radiation could affect various aspects

tOur calculation assumes that all participating particles, including the final-state hadrons, are
massless. Because of this assumption, the production of final-state hadrons with z = 0 is allowed.
However, in realistic SIDIS experiments there is a non-zero minimal value of z determined by the
finite mass of the observed hadron. It follows from the definition (3.5) of z and Egs. (3.20, 3.21) for
the initial and final hadron momenta in the 4*p c.m. frame, that

+
PB.em . MB

3 > .
w = w’ (4.16)

z=
where

-+ — z
pB,cm - EB.Cm + pB.cm'

According to Eq.(4.16), the mass of the final-state hadron should be included if z ~ mg/W ~
Agcp/W. Hence, our massless calculation is not suited for the analysis of the distributions do (A +
e & h* + e+ X)/dncm from [59], which are sensitive to such small values of z.
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of charged particle production. For this purpose we focused our attention on data
from the ZEUS Collaboration [60], which presents the charged particle multiplicity
in a phase-space region characterized by the mean values (W) = 120 GeV, (Q?) =
28 GeV?, and the additional constraint z > 0.05. These values of (W) and (Q?)
translate into an average value of z = 1.94x1073. A simple model for nonperturbative
effects at small gr will demonstrate that resummation describes qualitative features
of this set of experimental data better than the fixed-order calculation.

In all of the cases presented, the strategy is to compare the resummed multiplicity
to that from the next-to-leading order calculation. In the numerical analysis, the
multiplicity was calculated using the CTEQ5M1 PDFs [90] and the FFs from [88]. For
the resummed multiplicity, the “canonical” combination C; = by, Co = 1, u = by/b
was used. The NLO cross section was calculated according to Eq. (3.85), for the
factorization scale u = Q). As explained in detail in Section 3.4.1, the integration
of the NLO term over gr is done separately over the regions 0 < ¢r < ¢35 and
qr > ¢4, where g3 is a particular type of a phase space slicing parameter. The
final results should not depend on the exact value of ¢; provided that it is chosen in
the region where the O(as) part of the next-to-leading-logarithmic expansion (3.73)
approximates well the exact NLO cross section. In practical calculations, ¢5 cannot
be chosen to be too small, because the numerical calculation becomes unstable due
to large cancellations between the integrals over the regions 0 < gr < q75~ and gr >
¢s. The NLO prediction for the integrated charged particle multiplicity Ochgd/ Otot
at (W) = 120 GeV, (Q?) = 28 GeV? is practically independent of ¢5 in the region
1 < ¢35 <£2.5GeV (cf. Figure4.7). The NLO distributions shown in the subsequent
Figures were calculated for ¢5 = 1.2 GeV, which lies within the range of stability of
0™ /g,. As in the case of the z-flow, the resummed charged particle multiplicity

may suffer from matching ambiguities at gr/Q ~ 1.
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Figure 4.7: The dependence of the O(as) prediction for the total charged particle

multiplicity on the value of the separation scale ¢7. The calculation is done for

(W) =120 GeV, (Q?) = 28 GeV2.

In Section 4.1, we found that the resummed 2-flow is in better agreement with the
experimental distributions than the NLO z-flow, for the whole range ¢r/Q < 2 — 4.
That result suggests that it might be preferable to use the resummed z-flow in the
whole range ¢r/Q < 2—4 as a better theoretical prediction, until the O(a?) prediction
for the 2-flow in the region ¢r/Q 2 1 becomes available. In the case of the charged
particle multiplicity, the resummed cross section, which is calculated according to the

formula

26i‘7T'5WBA(b,$,Z,Q) + Ypa, (4.17)

dO’BA _ 0’0]‘11/ d2b
dzdzdQ%dg2  mS.s ) (27)
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Figure 4.8: The distributions (a) (p%) vs. zr and (b) (¢?) vs. zp for the charged
particle multiplicity at (W) = 120 GeV, (Q?) = 28 GeV2. The experimental points
for the distribution (p%) vs. zr are from Fig. 3c of Ref. [60]. The “experimental” points
for the distribution {g2) vs. zr are derived using Eq. (4.19). The solid and dashed
curves correspond to the resummed and NLO (u = Q) multiplicity, respectively.

overestimates the experimentally measured rate for the production of charged parti-
cles with pr > 2 GeV. This discrepancy indicates that the resummed cross section in
the region gr/Q 2 1 is too high, so that switching to the perturbative cross section
in this region is in fact required. Therefore, we have chosen to use the resummed
cross section for gr < 5 GeV and switch to the next-to-leading order cross section for
gr > 5 GeV.

As in the case of the 2-flow, the shape of the g distribution for the charged particle
multiplicity at small values of g depends strongly on the unknown nonperturbative
Sudakov factor SNP(b,Q, z,z). For the purposes of this study, we introduced a pre-
liminary representative parametrization of the nonperturbative Sudakov factor for

the fized values of z = 1.94 x 103 and Q? = 28 GeV?, i.e., the values that coincide
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with the average values of z and @? in [60]. This z-dependent parametrization is

_.)\3
SNP (b,Q% =28 GeV?,z =194 x 1073, 2) = b7 (0.18 + o.sg—z)> . (4.18)

214

Since the ZEUS Collaboration did not publish pseudorapidity distributions for the
charged particle multiplicity (1/0¢)do/dnem in bins of varying 2z, we had to deduce
information about the z-dependence of SNF from the less direct distribution of (p2.)
vs. o presented in Fig. 3c of [60]. This distribution, known as a “seagull” for its char-
acteristic shape (Fig. 4.8a), can be converted into the more illustrative distribution of
(¢%) vs. zr (Fig.4.8b). Since the major portion of the registered events comes from
the region ¢2/W? < 1, or zr = z, a first estimate of the experimental data points
for the distribution of (¢%) vs. z can be obtained by assuming that

0o 03 )
(g7) = @7~ ) (4.19)

where (zr) denotes central values of zr in each bin in Fig.4.8a.% We refer to the
resulting values as “derived data”.

Note that the shapes of (p%) vs. zp and (¢2) vs. zp are quite different. The
transformation from Fig. 4.8a to Fig. 4.8b shows immediately that the wing-like shape
of the distribution of (p2) vs. zr should be attributed to a purely kinematical effect,
namely an extra factor 1/22 which is absent in the distribution of (¢2) vs. zp. Once
this extra factor is removed, we see from Fig.4.8b that (¢2) increases monotonically
and rapidly as z approaches zero. In other words, the g distribution broadens rapidly
when 2z decreases. This behavior is approximately realized by the simple z-dependent

nonperturbative Sudakov factor S¥? (b, Q, z, 2) given in Eq. (4.18).

$In principle, a more accurate experimental distribution (q2) vs. zr can be determined by its
direct measurement.
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Figure 4.9: The dependence of the charged particle multiplicity on the transverse
momentum pr of the observed particles in the hCM frame. The data points are from
[60]. The solid and dashed curves correspond to the resummed and NLO multiplici-

ties, respectively.

The parametrization of SNP(b, Q, r, z) was chosen to maximize the agreement be-
tween the resummed distribution of (¢2) vs. zr and the “derived data” (cf. Fig.4.8b).
Figure 4.8b shows that the resummed calculation is in better agreement with the data

points than the NLO expression. We have found it difficult to reproduce the rapid
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growth of (g2) as zr — 0 in either approach. In the future, it will be interesting to
see how a more precise theoretical study will be able to explain adequately this rapid
growth of (g2) in the region zr — 0, assuming that the actual experimental data for
the (g2) vs. zr distribution resemble the “derived data” discussed above.

The resummation also significantly affects the pr dependence of the charged par-
ticle multiplicity. In Fig.4.9 we present the distribution (1/0)do/dpr. We see
that resummation effects must be included to describe the shape of this distribution
at pr < 1 GeV. Furthermore, resummation also improves the agreement between
the theory and the experiment in the whole range of pr. Through Eq. (3.24), the
improved description of the gr distribution in the small-gr region translates into a
better agreement with the pr distribution in the whole range of pr. Just as in the
case of the z-flow, the fixed-order calculation gives a rate that is too small compared
to the data, which implies that higher-order corrections are important. Until the
complete O(a%) corrections are available, the resummation formalism, which already
accounts for the most important contributions in the region of the phase space with
the highest rate (i.e., at small gr), serves as a better theoretical prediction in the
whole range of pr.

Finally, Fig.4.10 shows the zpg-distribution for the charged particle multiplicity
(1/01ot)do/dzp. We see that both the resummed and fixed-order distributions are
in reasonable agreement with the data and with earlier published theoretical results
for the O(as) zp-distributions [66]. For the fixed-order multiplicity, we present two
additional curves corresponding to different choices of the factorization scale p in
(3.60); the lower and upper dotted curves correspond to p = 0.5Q and 2@, respec-
tively. Note that the scale dependence of the NLO multiplicity increases when z — 0.
Also note that the resummed multiplicity is significantly lower than the data in the

two lowest bins of zr ((zr) = 0.075 and 0.125), but consistent with the NLO mul-
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tiplicity within the uncertainty due to the scale dependence. Such behavior of the
resummed multiplicity results from the dependence of the O(as) coefficient functions
Corl ‘13, Cy, Cy, by, 1) on the additional term InZ which was given in Egs. (3.108) and
(3.109) and discussed at the end of Subsection 3.4.2. This negative logarithm domi-
nates the C°*(!)-functions at very small values of Z. Similarly, the integral (3.79) of

the NLO cross section over the lowest bin 0 < g2 < (¢3)? depends on InZ through

the terms
2
Qg 5 - ~ ~ ~
——In—%=190(1 = 2)04; P;a(T) + Py;(2)0(1 — T)b;4 |,
o (gq¥)2( ( z) bjL7j (T) + bJ(Z) ( T) j )

as given in (3.81). Numerically, this dependence is less pronounced than in the re-
summed cross section. For z < 0.1, the growing scale dependence of the multiplicity
in the O(as) calculation indicates that unaccounted higher-order effects become im-
portant and are needed to improve the theory predictions. For example, including
the O(a?) coefficient C,E:) in the resummed calculation will be necessary to improve

the description of the charged particle multiplicity in the small-z region.
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Figure 4.10: The dependence of the charged particle multiplicity on the Feynman
variable zr in the hCM frame. The solid curve corresponds to the resummed mul-
tiplicity. The dashed, lower dotted and upper dotted curves correspond to the NLO

multiplicity calculated for p = @, 0.5Q and 2Q), respectively.
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4.3 Discussion and conclusions

The results in this Chapter demonstrate that multiple radiation of soft and collinear
partons influence a large class of observables and can be described with the help of
the CSS resummation formalism [32,33]. Multiple parton radiation affects hadropro-
duction in the current region of deep-inelastic scattering, i.e., for large pseudorapidity
of the final-state hadrons in the photon-proton c.m. frame.

Although the resummation formalism needs further development, in particular in
the procedure for matching the resummed curve to the perturbative result in the
transition region, it already improves the agreement between the theory and the data
and provides interesting insights about qualitative features of SIDIS. The formalism
describes well the behavior of the transverse energy flows measured at HERA [64, 65]
in the region of large hCM pseudorapidity 7., > 3.0. At smaller pseudorapidities
the NLO rate falls below the existing data. Evidently, this is a signature of the
importance of the NNLO corrections, which were not studied in this paper. The
resummation formalism describes the pseudorapidity distributions of the transverse
energy flow more accurately than the NLO calculation; this formalism also has good
potential to improve the description of various distributions of particle multiplicity.

The presented analysis shows that the experimentally measured gr distributions
for the energy flow broaden rapidly as £ — 0. This rapid broadening of the ¢r dis-
tributions can be realized if the nonperturbative Sudakov factor in the resummed
energy flow increases as 1/z. Similarly, the ¢r distribution for the charged particle
multiplicity broadens rapidly when z — 0, which is consistent with the nonperturba-
tive Sudakov factor increasing as z~14. The SIDIS nonperturbative Sudakov factors
at small values of z and z are therefore qualitatively different from the known non-

perturbative Sudakov factors for vector boson production and e*e~ hadroproduction,
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which do not depend on the longitudinal variables at all. The rapid growth of the
nonperturbative Sudakov factor in SIDIS might indicate that the ep collider HERA
tests the resummation formalism in a new dynamical regime, which was not yet stud-
ied at colliders of other types. In particular, the CSS formula adopted here assumes
the usual DGLAP physics for the evolution of initial and final state partons [47], in
which the radiation of unobserved collinear partons is kr-ordered. The broadening
of the gr distributions may be a result of the increasing importance of kr-unordered
radiation in the limit z — 0. The growth of the nonperturbative Sudakov factor SV?
as z decreases may be caused by the increase of the intrinsic transverse momentum
of the probed partons due to such radiation.

There are several theoretical aspects of the resummation formalism that can be
clarified when more experimental data are published. Perhaps the largest uncertainty
in the predictions of the resummation formalism comes from the unknown nonpertur-
bative contributions, which in the b-space formalism are included in the nonpertur-
bative Sudakov factor S¥¥(b). I have presented simple parametrizations of SV¥(b)
for the transverse energy flow (cf. Eqgs.(4.6,4.12)) and charged particle multiplicity
(cf. Eq.(4.18)). These parametrizations were found by fitting the resummed energy
flow and charged particle multiplicity to the data from Refs.[64,65] and Ref.[60],
respectively. Experimental measurements outside the range of those data will make
it possible to further improve these parametrizations and, hence, the accuracy of the
resummation formalism.

The most straightforward way to study S¥F(b) is by measuring the variation of
the qr spectra of physical quantities due to variations of one kinematical variable,
with other variables fixed or varying only in a small range. For the energy flow, it
would be beneficial to obtain more data at x > 1072, where the predictions of the

resummation formalism can be tested more reliably, without potential uncertainties
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due to the small-z physics. Another interesting question is the dependence of the
nonperturbative Sudakov factor on the virtuality @ of the vector boson. This de-
pendence can be tested by studying the ¢r spectra in a range of @@ with sufficient
experimental resolution in the current fragmentation region. Finally, to study effects
of multiple parton radiation on semi-inclusive production of individual hadrons, it
will be interesting to see the gr spectra for particle production multiplicities with
the additional constraint z > 0.05 ~ 0.1, i.e., in the kinematical region where the

parametrizations of the fragmentation functions are known reasonably well.
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Chapter 5

Azimuthal asymmetries of SIDIS

observables

In a recent publication [61] the ZEUS Collaboration at DESY-HERA has presented
data on asymmetries of charged particle (h*) production in the process e + p AN
e + h* + X, with respect to the angle ¢ defined as the angle between the lepton
scattering plane and the hadron production plane (of h* and the exchanged virtual
photon). This angle is shown in Figure 3.3. The azimuthal asymmetries, (cos ¢) and
(cos 2¢), as functions of the minimal transverse momentum p, of the observed charged

hadron h* in the hadron-photon center-of-mass (hCM) frame, are defined as

2r d
( V(pe) = [ d® [y docosno gt
cosny)(pe) = Tde f% y —
0 %P izdzd0%dprds

, (5.1)

with n = 1,2. In terms of the momenta of the initial proton p’,, the final-state
hadron pf, and the exchanged photon ¢*, the variables in (5.1) are Q> = —q.q*,

T =Q%/2(pa-q), and z = (pa-ps)/(pa-q). [ d® denotes the integral over z, z, Q%, pr
within the region defined by 0.01 < z < 0.1, 180 GeV? < Q? < 7220 GeV?, 0.2 <
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z < 1, and pr > p.. Nonzero (cos2¢) comes from interference of the helicity +1 and
—1 amplitudes of the transverse photon polarization; and nonzero (cos ¢) comes from
interference of transverse and longitudinal photon polarization.

More than 20 years ago it was proposed to test QCD by comparing measured
azimuthal asymmetries to the perturbative predictions [92]. However, it was also
realized that nonperturbative contributions and higher-twist effects may affect the
comparison [72,93-95]. For example, intrinsic k7 might be used to parametrize the
nonperturbative effects [93], and indeed ZEUS did apply this idea to their analysis
of the data. The relative importance of the nonperturbative effects is expected to
decrease as pr increases. Thus, the azimuthal asymmetries in semi-inclusive deep-
inelastic scattering (SIDIS) events with large pr should be dominated by perturbative
dynamics.

By comparing their data to the PQCD calculation at the leading order in ag [96-
98], the ZEUS Collaboration concluded that the magnitude of the measured asymme-
try (cos ) exceeds the theoretical prediction for p. < 1 GeV, and (cos2y) is system-
atically above the theoretical prediction for p, > 1.25 GeV. ZEUS also estimated the
possible nonperturbative contribution, by introducing a transverse momentum kr of
the initial-state parton in the proton, and similarly of the final-state hadron due to
nonperturbative fragmentation. It was found that this nonperturbative contribution
is negligible for (cos 2yp). For (cos ¢}, the nonperturbative contribution can be sizable
(up to 20%), but it is not large enough to account for the difference between the data
and the O(ag) calculation at low p.. Hence, it was suggested that the discrepancy in
(cos ) may be caused by large higher-order corrections.

From the comparison to the PQCD calculation at the leading order in as [96, 97],
the ZEUS Collaboration concluded that the data on the azimuthal asymmetries at

large values of p., although not well described by the QCD predictions, do provide

121



clear evidence for a PQCD contribution to the azimuthal asymmetries. In this Chap-
ter, the ZEUS data is discussed in a framework of QCD resummation formalism
[17,21,32,33,35-37] that takes into account the effects of multiple soft parton emis-
sion. The discussion targets two objectives. First, it is shown that the analysis of
(cos ) and (cos2yp) based on fixed-order QCD is unsatisfactory because it ignores
large logarithmic corrections due to soft parton emission. In addition, perturbative
and nonperturbative contributions are mixed in the transverse momentum distri-
butions, so that the presented data does not clarify the dynamical mechanism that
generates the observed asymmetries. Second, I make two suggestions for improvement
of the analysis of the ZEUS data. I show that perturbative and nonperturbative con-
tributions can be separated more clearly in asymmetries depending on a variable gr
related to the pseudorapidity of the final hadron in the hCM frame. I also suggest to
measure the asymmetries of the transverse energy flow that are simpler and may be
calculated reliably. I present numerical predictions for the asymmetries of transverse

energy flow. These predictions are the most important result in this Chapter.

5.1 Large logarithmic corrections and resummation

The resummation formalism applied here was discussed in Chapter 3. It describes
production of nearly massless hadrons in the current fragmentation region, where the
production rate is the highest. In this region, transverse momentum distributions are
affected by large logarithmic QCD corrections due to radiation of soft and collinear
partons. The leading logarithmic contributions can be summed through all orders of
PQCD |32, 33, 35, 36] by applying a method originally proposed for jet production in
e*e™ annihilation [17] and vector boson production at hadron-hadron colliders [21].

According to Eq.(3.62), the spin-averaged cross section for SIDIS in a parity-
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conserving channel, e.g., v* exchange, can be decomposed into a sum of independent

contributions from four basis functions A,(v, ¢) of the leptonic angular parameters
Y, o [34]:

4

Z PV(:L.‘ Z, Qz, ‘I%)Ap(ﬁb, ‘p)

p=1

do _
dzdzdQ%deidp

Here ¢ is the angle of a hyperbolic rotation (a boost) in Minkowski space; it is
related to the conventional DIS variable y, by y = Q?/zSe4 = 2/(1 + cosh)). The
angular basis functions are A; = 1+ cosh?¢, A, = —2, A3 = —cospsinh 2y, Ay =
cos 2¢sinh? . Of the four structure functions ?V, only 'V and 2V contribute to the
denominator of (5.1), i.e., the -integrated cross section. Of these two terms, !V is
more singular, and it dominates the rate. According to the discussion in Chapter 3,
the singular contributions in 'V can be conveniently explored by introducing a scale
gr related to the polar angle (6p m) of the direction of the final hadron (B) in the
hCM frame:

qr = Q V l/.’L‘ -1 €xp (_ncm)y (52)

where 7., is the pseudorapidity of the charged hadron in the hCM frame. In the
limit g7 — 0, the structure function !V is dominated by large logarithmic terms; it
has the form ¢72 Y "2, (as/m)k Zif;ol v*m) In™(¢2./Q?), where v*™) are some gener-
alized functions. To obtain a stable theoretical prediction, these large terms must be
resummed through all orders of PQCD. The other structure functions 234V are finite
at this order; they will be approximated by fixed-order O(as) expressions.

In Eq. (5.1), the numerator of (cos ) or (cos2y) depends only on the structure

function 3V or *V, respectively. The measurement of {(cos¢) or (cos2¢) must be
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combined with good knowledge of the p-integrated cross section, i.e., the denominator
of (5.1), to provide experimental information on the structure function 3V or V.
Thus it is crucial to check whether the theory can reproduce the ¢-integrated cross
section as a function of pr before comparing the prediction for (5.1) to the data. But
Figure 4.9 shows that the O(as) fixed-order cross section is significantly lower than the
data from [60] in the range of pr relevant to the ZEUS measurements. This difference
signals the importance of higher-order corrections and undermines the validity of the
O(as) result as a reliable approximation for the numerator of Eq. (5.1).

On the other hand, the resummation calculation with a proper choice of the non-
perturbative function yields a much better agreement with the experimental data for
the pr-distribution from [60]. One might try to improve the theoretical description
of the ZEUS data using resummation for the denominator of Eq. (5.1). However, the
resummation calculation for do/(dzdzdQ?dg2dy) in the phase space region relevant
to the ZEUS data is currently not possible, largely because of the uncertainty in the
parametrization of the nonperturbative contributions in this region. The impact pa-
rameter (b-space) resummation formalism [32, 33] includes a nonperturbative Sudakov
factor , which contains the effects of the intrinsic transverse momentum of the initial-
state parton and the nonperturbative fragmentation contributions to the transverse
momentum of the final-state hadron (cf. Eq.(3.112)). Without first determining this
nonperturbative factor, e.g., from other measurements, it is not possible to make a
trustworthy theoretical prediction for the denominator of Eq. (5.1) and, hence, these

azimuthal asymmetries.
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Figure 5.1: Comparison of the O(as) prediction for the ratio (cos ¢)/{cos2¢p) with
the ratio of experimentally measured values of (cos ) and (cos2y) from [61]. The
error bars are calculated by adding the statistical errors of (cos ) and (cos2¢p) in
quadrature. Systematic errors are not included. The theoretical curve is calculated
for (z) = 0.022, (Q?) = 750 GeV?, using the CTEQ5M1 parton distribution functions

[90] and fragmentation functions by S. Kretzer from [88].

The azimuthal asymmetries measured by ZEUS may also be sensitive to uncertain-
ties in the fragmentation to A% in the final state. Indeed, the cross section in Eq. (5.1)
includes convolutions of hard scattering cross sections with fragmentation functions
(FFs), integrated over the range 0.2 < z < 1. Although the knowledge of FFs is
steadily improving [87-89], there is still some uncertainty about their z-dependence
and flavor structure for the range of @ relevant to the ZEUS measurement. Therefore
the most reliable tests of the theory would use observables that are not sensitive to

the final-state fragmentation. The asymmetries (cos ny) would be insensitive to FFs
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if the dependence on the partonic variable z were similar in the hard parts of the
numerator and denominator of Eq. (5.1), so that the dependence on the FFs would
approximately cancel. It is shown in Appendix A that the partonic structure function
1¥, which dominates the denominator of (5.1), contains terms proportional to 1/z*
that increase rapidly as z decreases. However, the most singular terms in the partonic
structure functions 34V are proportional to 1/7. Therefore, the dependence on the
FFs does not cancel in the azimuthal asymmetries.

A curious fact appears to support the suggestion that the theoretical predictions
for (cosny) depend significantly on the fragmentation functions. While each of the
measured asymmetries, (cos ) and (cos 2p), deviates from the O(as) prediction, the
data actually agree well with the O(as) prediction for the ratio (cos p)/(cos2y), as
shown in Fig.5.1. The error bars are the statistical errors on (cos ) and (cos2y)
combined in quadrature; this may overestimate the experimental uncertainty if the
two errors are correlated. Since this ratio depends only on the numerators in Eq. (5.1),
which are less singular with respect to z than the denominator, the dependence on
the fragmentation functions may be nearly canceled in the ratio. The good agreement
between the O(as) prediction and the experimental data for this ratio supports our
conjecture that the fragmentation dynamics has a significant impact on the individual
asymmetries defined in Eq. (5.1).

The final remark about the azimuthal asymmetries in Eq. (5.1) is that the pr (or
p.) distributions are not the best observables to separate the perturbative and non-
perturbative effects. The region where multiple parton radiation effects are important
is specified by the condition ¢2/Q? < 1. But the pr distributions are smeared with
respect to the gr distributions by an additional factor of 2, because pr = z gr. Thus
the whole observable range of pr is sensitive to the resummation effects in the region

of gr of the order of several GeV. A better way to compare the data to the PQCD
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prediction is to express the azimuthal asymmetries as a function of g7, not pr. Then
the comparison should be made in the region where the multiple parton radiation is

unimportant, i.e., for ¢r/Q 2 1.

5.2 Asymmetry of energy flow

Next, I describe an alternative test of PQCD, which is less sensitive to the above
theoretical uncertainties: measurement of the azimuthal asymmetries of the trans-

verse energy flow. In the hCM frame, the transverse energy flow can be written as

[33-36, 86]

dEr : p 2 2
- = E e (1 A (Y ) 5
d:EdQ2dq%.dcp Ver (2, Q% (IT) Ap(Va ©) (5.3)

p=1

Unlike the charged particle multiplicity, the energy flow does not depend on the
final-state fragmentation. According to the results in Chapter 4, a resummation cal-
culation can provide a good description for the experimental data on the ¢-integrated

Er-flow. A new class of azimuthal asymmetries may be defined as

2
f dd fO i cos ny dxdszEqudqp d(p
2n dE :
[d2 [ dzdQ2dgkdp dp

(Er cosno)(qr) = (5.4)

The structure functions ?Vg, for the Ep-flow can be derived from the structure func-
tions PV for the SIDIS cross section using Eq. (3.122). Similar to the case of the par-
ticle multiplicities, the asymmetries (Er cos ¢) and (ET cos 2p) receive contributions
from 3Vg, and *Vg,, respectively. But, unlike the previous case, the denominator
in Eq. (5.4) is approximated well by the resummed Ep-flow. Thus these asymmetries
can be calculated with greater confidence.

Figure 5.2 shows the prediction for the azimuthal asymmetries (Ercos ) and
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(Ercos2¢) as functions of gr for (a) z = 0.0047, @* = 33.2 GeV? in the left plots
and (b) z = 0.026, Q> = 617 GeV? in the right plots. The asymmetries are shown
in gp-bins that are obtained from the experimental pseudorapidity bins for the (-
integrated Er-flow data from Ref. [65]. The upper z-axis shows values of the hCM
pseudorapidity 7., that correspond to the values of ¢r on the lower z-axis. For each
of the distributions in Fig. 5.2, the structure functions 3V, and *Vg, were calculated
at leading order in QCD, i.e., O(as). The solid and dashed curves, which correspond
to the resummed and O(as) results respectively, differ because the structure function
Vg, in the denominator of (5.4) differs for the two calculations. The resummed
p-integrated Er-flow is closer to the data than the fixed-order result, so that the
predictions made by PQCD for the subleading structure functions 3Vg, and *Vg,
will be confirmed if the experimental azimuthal asymmetries agree with the resummed
distributions.

The discussion in Section4.1 shows that in the region ¢r ~ @ the resummed
p-integrated Ep-flow is larger than the O(as) prediction. This explains why the
asymmetries for gr ~ @ are smaller for the resummed denominator than for the
O(as) denominator. In the region gr/Q < 1, the asymmetries are determined by
the asymptotic behavior of the fixed-order and resummed partonic structure functions
"VET. As gr — 0, the O(as) structure functions ( ‘VET)O(QS), 3VET, and “VET behave
as 1/¢%, 1/qr and 1, respectively. Thus, asymptotically, the ratios 3'4‘737 /( IVET)O(QS)
go to zero, although the gr distribution for the asymmetry (Er cos ) is quite large
and negative for small, but non-vanishing ¢r (cf. Fig.5.2). Resummation of IVET
changes the gr-dependence of the denominator, which becomes nonsingular in the
limit gr — 0. Consequently, the asymmetry (Er cos ¢) with the resummed denomi-
nator asymptotically grows as 1/¢r (i.e., in accordance with the asymptotic behavior

of 3VET). Hence neither the fixed-order nor the resummed calculation for (E7 cos ¢)
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is reliable in the low-qr region, so that higher-order or additional nonperturbative
contributions must be important at gz — 0. The asymp<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>