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ABSTRACT

MATHEMATICAL ANALYSIS OF MAXWELL’S EQUATIONS

By

Aurelia Minut

The goal of this dissertation is to establish interior LP-type estimates for the solu-

tions of Maxwell’s equations with source term in a domain with two different materials

separated by a 62 interface. Such an estimate is employed to solve a nonlinear optics

problem. The usual elliptic estimates cannot be applied directly, due to the singu-

larity of the dielectric permittivity. A special curl-div decomposition is introduced

for the electric field to reduce the problem to an elliptic equation in divergence form

with jump coefficients. The potential analysis and the jump condition lead to the

LP estimates which are superior to the straightforward Nash-Moser estimates. The

reduction procedure is expected to be useful for future numerical simulation. The

problem arises in the modeling of surface enhanced second-harmonic generation of

nonlinear diffractive optics in periodic structures (gratings).
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Chapter 1

Introduction

The invention of the laser, a quarter of a century ago, created many fascinating new

fields. Among them nonliner optics has the broadest scope. The field started with

the experimental work of P. A. Franken on optical second-harmonic generation (SHG)

in 1961 and the theoretical work of N. Bloembergen on optical wave mixing in 1962.

Since that time the field has grown at such an explosive rate that today it has already

found exciting applications in many areas of science.

Nonlinear optical phenomena have many important applications, for instance find-

ing a method, through SHG, to obtain coherent radiation at a wavelength Shorter than

that of available lasers. Ordinary light consists of the resultant of uncorrelated con-

tributions to the wave field from an enormous number of independentely radiating

atomic systems. Because of this, ordinary light is not coherent; i.e., well-defined

phase relationships do not persist among the wave fields Observed at different points

of time or space. Laser radiation, on the other hand, is highly coherent, because the

Simulated emisions of different radiating atoms are syncronized. This high degree
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of coherence of the laser beam is essential to nonlinear optics. Coherence enables

the concentration of the radiation by focusing a laser beam onto a small area, the

minimum Size of which is limited only by diffraction and by the optical quality of the

laser and the focusing system. In this way, it is possible to Obtain extremely intense

local radiation fields, but in small volumes. Coherence also enables the combination

of the weak contributions of nonlinear interactions from widely separated parts Of an

extended medium so as to obtain an appreciable resultant. With ordinary, incoher-

ent light, both approaches are limited, and it is possible to observe many interesting

nonlinear optical phenomena only with the aid of laser sources. However, nonlinear

optical effects are in general so weak that the observation of nonlinear phenomena in

the optical region can only be made using high intensity laser beams.

Enhancement Of nonlinear optical effects presents a great challenge to the optical

science community. Recently, a partial differential equation (PDE) was introduced in

[20], [21] and [17] to model nonlinear SHG in periodic structures. Moreover, Reinisch

and Neviere [20] and [21] showed that using diffraction gratings or periodic structures

can greatly enhance SHG and that the PDE model can accurately predict the field

propagation.

The existence and regularity of solutions of a system of Maxwell’s equations in

periodic structures is currently the subject of experimental and theoretical research

with a goal to model the surface-enhanced second harmonic generation of nonlinear

Optics. The research on Maxwell’s equations is of great interest because of its applica-

tions in plasma-physics, semiconductor-superconductor modeling and other industrial

problems. Results on existence and uniqueness for Maxwell’s equations in linear me—
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dia with periodic structures were obtained by Chen and Friedman [7] by assuming a

piecewise constant dielectric coefficient. Little is known concerning the questions of

existence and uniqueness for nonlinear Maxwell equations. Bao and Dobson [3] and

[4] have recently obtained results on existence and uniqueness in two simpler cases

where the Maxwell equations can be reduced to a system of nonlinear Helmholtz

equations. By an integral-equation approach Dobson and Friedman [8] showed the

existence and uniqueness of the solutions of linear Maxwell’s equations in a periodic

structure that separates two homogeneous materials and is piecewise C2. Computa-

tional results have also been Obtained using a combination of finite element method

and the fixed-point iteration algorithm.

In this dissertation we investigate the regularity of the solutions of the PDE that

governs SHG. We present interior and global L” type estimates for the solutions of

Maxwell equations with source term in a domain filled with two different materials

that are separated by a C2 interface. Such an estimate is crucial in the regularity study

Of nonlinear Maxwell’s equations that arise for instance in the modeling of nonlinear

Optics. This work is motivated by recent research on gratings (periodic structures)

enhanced nonlinear optical effects of nonlinear optics.

We focus on the problem

VXE : —iwuH,

VXH = iw€E+g,

where E is the electric field, H is the magnetic field, 9 is the source term, 6 is the
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dielectric permittivity, u is the magnetic permeability and w is the frequency.

Consider a surface S defined by 2: = ¢(:1:,y), S 6 C2. Above S the dielectric

coefficient is a constant 6+ and below it, the dielectric coefficient is another constant

6—, 6+ 7S 6‘. Hence 6 is defined by

6+ in B+

6— in B‘.

The magnetic permeability ,u is assumed to be constant throughout R3 . The presence

of the source term 9 is motivated by the SHG effects.

The main result of this dissertation may be stated as follows.

Theorem 1.1 Let 1 < p < 00, let B be a ball in R3 and let 9 E LP(B). Suppose

E E LP(B) and H E WI'P(B) are the solution of Maxwell’s equations with source

term 9; specifically

Vsz—iwuH,

VtziweE+g.

Then we have the following interior apriori estimate.

II E Home» + II H llwww') S C (H H ”was + II 9 ”mm + II E llw—mm),

where C is a constant depending only on p and B’ C B.

The proof is based on a combination of potential theory, compact operator theory,
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elliptic regularity results and a special curl-div decomposition of the electric field.

To prove the boundary estimates, we need to impose a transparent boundary con-

ditions for the problem. The usual Sommerfeld or Silver-Muller radiation condition

is no longer valid due to the infinite property of the periodic structure. We use the

boundary condition introduced in [5], which is not a Dirichlet or Neumann condition.

The proof of these estimates is based on a nonstandard extention of the solution

to the boundary, maximum principle for elliptic equations and the Riesz Convexity

Theorem.

Our work is organized as follows. In Chapter 2 we review the physiscs of Maxwell’s

equations and nonlinear Optics. We also introduce SHG and its mathematical model.

In Chapter 3 we state without proof some elliptic theory results that we will use in our

study of Maxwell’s equations. Finally, in Chapter 4, we start with the study of the

regularity of the fields E and H on the interface S. This study is bassed on potential

theory and integral equation approaches. Once the regularity on S is established, the

regularity above and below the surface S is obtained. We then derive interior and

global L” estimates for the two fields E and H. Our main results are the interior

and global estimates of Theorem 4.1 and Theorem 4.2. Using these theorems, we

establish existence theory for our model problem (1.1). Our theorems indicate that

the magnetic field H is continuous throughout the entire domain, whereas the electric

field E has discontinuities across the interface S.



Chapter 2

Physics Background

2.1 Electromagnetic Theory of Light

Over the last century, there have been several attempts to explain the nature of

light. Some scientists tried to explain it using Newtonian mechanics and making

the assumption that the space was filled with an obscure material called ether. To

Newton, the lack Of any evidence of diffraction was proof that light can not be a wave.

The Opponents of his corpuscular hypothesis, lead by Huyghens, were impressed with

the properties of light, such as the transparency of many dense media and the lack

of evidence for interaction between two light beams traversing the same portion of a

medium Simultaneously; properties that are characteristic of waves.

In the end, when the dust settled, it turned out that indeed, light had a dual wave-

corpuscular nature. Its wave properties are fully described by a set of four coupled

partial differential equations (PDE) called Maxwell’s equations. It was Maxwell that

conceived the possibility of electromagnetic waves and showed that their velocity in
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vacuum Should be equal to the measured velocity Of light. For a better understanding

of Maxwell’s equations, some basic laws of physics will be presented briefly in the next

sections.

2.1.1 Electric and Magnetic Fields

The understanding of the electric and magnetic fields is very important because, as

we will see in the next sections, they enter the theory of light. Given two separated

Objects in space, electromagnetism deals with the interaction between them in the

sense that it pays attention to what is happening in the space between the two

objects, rather than to the two Objects and the effect of one body on the other. We

can think that this space is filled with a ’field’ whose properties determine how the

objects interact. Consider an electric charge ql. This charge is obviously affecting its

surroundings. If another electric charge qg is added, the repulsion or attraction of q2

reveals this influence, but it would still be there even if (12 were taken away. We say

that ql produces an electric field E in the Space around it, and we define it as the

force acting on electric charges.

The magnetic induction B is defined as the force exerted on a unit test charge,

in the absence Of an electric field, as it traverses the field point at unit velocity. We

define both electric (E) and magnetic (H) quantities in terms of the force F on a

unit test charge, using the single equation

F=e(E+va),
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where v is the velocity of the test charge, B is the magnetic induction, and

e = —1.602e‘19C'. The electric field E is measured by a stationary test charge; the

magnetic induction B contributes an additional, velocity-dependent force on moving

charges.

These fields have two properties: direction and magnitude (usually called inten-

sity). The direction of E at any point corresponds to the direction of the line of force

passing through that point. The intensity D of the field is defined as the number of

lines of force passing through a unit area at right angles to the direction of the lines.

In empty space, the electric field intensity E is directly proportional to the electric

induction. This fact is usually written as

D = 60E.

To complete the description of an electromagnetic field, it is necessary to relate

B to its sources. The magnetic quantity analogous to D is the field intensity H and

the proportionality corresponding to (2.1.1) for magnetic fields in vacuum is

B = “OH-

2.1.2 Maxwell’s Equations

James Clerk Maxwell, a Scottish scientist of the last century, brought together and for-

mulated mathematically four laws dealing with electricity and magnetism — Maxwell
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theory. These laws are the basis of electromagnetic theory and they give a complete

description of electromagnetism. They deal with the interaction of electric or mag-

netic or both charged bodies. The bodies and their charges may be stationary or in

motion and they may be situated in a vacuum or in any other media. Unfortunately,

there exists a fundamental difference between electricity and magnetism, that doesn’t

make electromagnetism a unified whole. Isolated electrical charges can be easily pro-

duced, and experimented on, in the laboratory, whereas isolated magnetic poles have

so far never been identified. However, in theory, for symmetry reasons, it has been

assumed that both electricity and magnetism can be represented by poles.

Maxwell’s equations originated from the following experimental laws of electricity

and magnetism discovered in the nineteenth century. The first two equations

1

V~E = —p,

Eo

V-B :2 O

are differential forms of Gauss’ law and connect the stationary electric and magnetic

fields. The first equation expresses the inverse-square law for the field Of a point

charge; the second equation contains the assertion that free magnetic poles do not

exist.

Ampere’s law, gives the dependence of the magnetic field on the density J of the

moving current (the source):

v x B 2 LJ. (2.1)
sec2



The equations introduced so far were concerned with stationary charges. The first

law that took into account time dependent effects, called Faraday’s law, addresses

the case of time dependent magnetic fields, namely

OB

E: ——.V x (it

Maxwell Observed that these laws are interrelated and that time dependent electric

fields generate magnetic fields. The result consists of the above mentioned four PDE’S

which, taken together, are called Maxwell’s equations:

VD:_p7

60

V-BzO,

(2.3)

GB

E=——Vx Bt’

VXH: 18D _1_

c2 at 6002 .

These equations form the basis of all electromagnetic phenomena. They are written

for fields in a vacuum, where there exist an electrical charge of density p and an

electrical current; that is, a moving charge of density J. Note that these equations

are not symmetric in H and E which is due to the presence of the electric charge

and of the moving current. The constant 60 was introduced into Maxwell’s equations

to be consistent with the SI (’International System’) units used in electromagnetic
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calculations. In numerical terms,

110—9
:———F -1

60 47r 9 m,

and

[to = 47r X 10—7Hm_’,

It is customary to write

The last Maxwell equation contains Ampere’s law (2.1), but with the important

additional statement that magnetic fields arise, not only from circulating electric

charges, of density J, but also from time variations in the electric displacement D.

It is this phenomenon of displacement currents, as Maxwell called it, that give rise to

electromagnetic waves, and SO, to light.

Every experiment performed so far confirmed the exactness Of Maxwell’s theory

and today, Maxwell’s equations are accepted as the correct theory describing light.

They imply that light is nothing else but electromagnetic wave. For more details, see

[12].

2.2 Nonlinear Optics

Optics is the branch of physics that describes the generation, composition, transmis-

sion and interaction of light and relates these to other physical phenomena. More
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precisely, it deals with the propagation and interaction of the electric and magnetic

fields composing light, with matter. Much of the subject matter of optics concerns the

changes which occur in electromagnetic waves at interfaces between distinct media.

Optical nonlinearity is obtained by changes in the optical properties of a medium

as the intensity of the light is increased, or by introducing one or more other light

waves. The electric and magnetic properties of the media are characterized by two

functions: 6. called dielectric permittivity (coefficient) and u called magnetic perme-

ability. In linear, isotropic media, these quantities are simple scalar constants, inde—

pendent of the direction and magnitude of the electric field, but not of its frequency.

If e or ,a, or both are nonlinear functions of the electric field, then the corresponding

subfield of optics is called nonlinear optics.

The constitutive relations

B = [LOH + 47TM,

D = 60E + 47rP, (2-4)

JzoE,

connect the various fields which enter Maxwell’s equations and the media.

Here P and M denote the electric and magnetic dipole per unit volume. An

applied electric field E displaces the bound charges of a dielectric medium against

restoring forces, thereby creating internal dipole moments which give rise to additional

lines of electric induction. The sum of the internal dipole moments induced per

unit volume is called the polarization P. The laboratory fields of interest are small

12



compared to the electric fields experienced by the electrons in the atoms and molecules

from which dense matter is constructed. In this circumstance, we can expand the

dipole moment per unit volume P in a Taylor series in powers of the macroscopic

field E. We can write

1 2

j 3*

where X3) is the susceptibility tensor of ordinary dielectric theory, xii): is referred to

as the second order susceptibility and there is a summation over the repeating indices.

Alternatively, the dielectric constant e is defined as

e = 60 + my». (2.6)

In the optical frequency range, it iS almost always true that u = #0- However, 6

or o, and occasionally both, have values distinctively different from the vacuum case.

In vacuum, 6 is denoted by 60. Throughout this dissertation, we Shall confine our

attention entirely to non-magnetic media; i.e., M = O and to spaces containing no

free charges; i.e., J = 0.

Recent research in optics has shown that the linearity of the wave equations in

optical media is only an approximation, but a very good one. However, the coefficients

of the nonlinear terms, though extremely small, lead to striking effects under proper

circumstances. The existence, character and magnitude of these nonlinearities provide

detailed information about the structure of matter.

13



2.2.1 Second Harmonic Generation

The theory of harmonic generation provides the Simplest example Of the light wave

propagation problem in nonlinear media.

The physics of SHG may be described as follows. Given an incident plane wave

of frequency w on a nonlinear medium, the interaction of the incident wave with

the nonlinear medium generates diffracted waves of frequencies w and 2w. The fact

that new frequency components are present is the most striking difference between

nonlinear and linear optics. An intuitive picture follows.

 

/ / / / / / N........m......1

The essential feature of SHG is the existence of a perceptible dependence of the

electronic polarization on the square of the electric field intensity at optical frequen-

cies, in addition to the usual direct dependence. When SHG is considered, the i-th

component of the total charge polarization P in a medium contains two contributions

p, = pf“) + 13,9“),1 = 1,2,3,
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where

Pf“) = X<W>E]“’), m‘ = 1,2,3, (2.7)

and

1
12‘2“” = X(2w)E§“)E,£“’, i, j, k = 1,2,3. (2.8)

The first contribution Pf”), accounts for the linear part of the medium’s response.

It is assumed in (2.7) that the intensity of the second harmonic radiation is very

weak and the depletion of the primary wave due to a conversion of a portion of its

energy into second harmonic iS ignored, which in literature [20], [21], is known as the

undepleted-pump approximation. The second part, Pia“), is quadratic in the electric

field, and introduces the third—rank tensor lef)- The superscripts (w) and (2w)

have now become necessary for distinguishing the frequencies at which the respective

quantities must be evaluated. Equation (2.8) is often written in the following more

condensed form.

Pia“) : X(2w) : E(w)E(w).

Note that the first-order linear susceptibility x)?” is a dimensionless ratio, indepen-

dent Of the system of units in which E and P are measured. It contains the essential

optical properties of the dielectrics. The values of the coefficients in the second-order

susceptibility tensor X5123, which describe the nonlinearity, are not independent Of the

system of units; they have dimensions inverse to those Of the electric field intensity.
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2.2.2 Modeling of the Problem

Consider a plane, polarized, monochromatic wave, denoted by the subscript i, incident

on an medium and that SHG effects are present. Assume that the medium is non-

magnetic, .M = O, with constant magnetic permeability u and that there are no

free charges; i.e., J = 0. The dielectric coefficient is denoted by e and it is piecewise

constant. Then the time harmonic (time dependence 6““) Maxwell’s equations (2.3),

(2.4) that govern SHG take the form.

—atB = V X E,

(2.9)

81D 2 V x H,

along with the constitutive equations

B = ,u H,

(2.10)

D = 60 E + 47rP,

where E is the electric field, H is the magnetic field, B is the magnetic induction, D

is the electric displacement, e is the dielectric coefficient, u is the magnetic perme-

ability, w is the frequency and P is the nonlinear polarization vector. The nonlinear

polarization vector P can be expressed through the electric-field vector components,

as in (2.5) by

1) 2)

P.- = Ext- E.- + Exits-El. + - ~. (2.11)
J' 3*
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We write the total electric field as the sum of the two fields, one term for each of the

two frequencies by

E=EW+EM, an)

where

E(w) : Eéwle-iwt + Eéwleiwt (2.13)

is the incident wave and E denotes the complex conjugate Of E. Similarly, we can

write

H=HM+MM On)

with

HWN=H¥kdw+ifiwai aim

Then

EjEk : Eé:)E(():)e—2iwt + E530)E(():) e2iwt + Eé2le0k“)8—iwt + E02-w)E(:)€iwt

and the polarization P defined in (2.11) becomes

H :ZX[;)(E(();1)e—iwt + Eézleiwt + Eé‘jwle—flwt + Eéiwleflwt)

+ 22(53):”?E(w)E0kwe—2iwt +E332)E(():)e2iwt (2.17)

+ E32W)E0:)e—th + EémdlEUd) eiwt)

l7



where we used that fact that the combination of two fields of frequencies w produces

a field with their sum frequency 2w and the difference frequency of harmonic and

fundamental is equal to the fundamental frequency. Note that the difference arises

from the product of one of the wave factors with the conjugate of the other. We are

not interested in the sum, which is a third harmonic.

Substituting the polarization (2.17), the decompositions of E (2.12), (2.13) and H

(2.14), (2.15) into Maxwell’s equations (2.9), (2.10) and (2.6) and separating the com-

ponents with frequency w and the components with frequency 2w, we get the following

two different forms of Maxwell’s equations written at each of the two frequencies.

For frequency w,

v x EM = —z' w )1 HM,

(2.18)

w__' w (w) ”0.: 2w

VXH( )—zweE( )+)(j,.c széj)E£k)

and for frequency 2w,

V X E0“) = —2' 2w ,u HQ“),

(2.19)

v x Hm) :1 2w 6 EW) + Xfiw’ 2' 2w Egg) Ex).

Note that the undepleted-pump approximation is not used to get the equation (2.18).

If the undepleted-pump approximation is assumed, then (2.18) becomes

V x EM 2 -—i w p H(“’),

(2.20)

VXHM=iweEM

18



but the equation (2.19) remains unchanged.

The nonlinear polarization present at the frequency to can be viewed as a source

of electromagnetic radiation at that frequency in (2.19) .

We shall take equation (2.19) as the subject of our investigation in the next chap—

ters and (2.20) and (2.19) when we establish the existence theory in the last section

of Chapter 4.
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Chapter 3

Mathematical Background

3. 1 Sobolev Spaces

Throughout this section 9 will denote a bounded domain in R". For p Z 1, we let

LP(Q) denote the classical Banach space consisting of measurable functions on (2 that

are p-integrable. The norm in LP(Q) is defined by

1/p

Hallmm) = (/ lul” dz) .
9

For p = oo,L°°(Q) denotes the Banach space of bounded functions on Q with the

norm

||U||L°°(n) = Sgplul-

In the following we shall use ||u||p for |IU||LP(Q) when there is no ambiguity.

The WW6?) spaces are Banach spaces where continuous differentiability is re-
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placed by weak differentiability. For p Z 1 and k a non—negative integer, we let

W’epm) = {u 6 WHO); Dan E we) for all [0| 5 k}.

The space Wk’p(Q) is clearly linear. A norm is introduced by defining

l/p

llullwkmm) = /{2 Z IDOuI” dz

IOISk

An equivalent norm would be

Hullwwm) = Z ||D"||,,.

IOISk

We denote by W‘l’qm) the dual space of Wl’pm), where i + i = 1 and we use

<, > to denote the pairing between the two spaces.

If u E W‘I’P(Q), we define the norm

H’Ullw—l.p(Q) = 8111)“ < f,” > H ’U. E Wl’p(Q), H’lLle.p(Q) S 1}.

We shall need the following inequalities in dealing with integral estimates. Young ’3

Inequality.

a? bq

abS—+—.

p ‘1

This holds for positive real numbers a, b, p, q satisfying % + i = 1.
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Holder ’3 inequality.

[0 av dz .<. llullpllvllq-

This holds for functions u E LP(Q),'U E Lq(Q),1/p +1/q =1.

Interpolation inequality in LP spaces.

IIUIIq S €||U|lr + €“‘IIUI|p,

wherep<q<rand

(1 ll/(l 1)
#2 ——— ---.

P q q 7"

Theorem 3.1 Interpolation inequality in Wk"D spaces. Let Q be a (31'1 domain in IR"

and u E VVk’P(Q). Then for any 5 > 0,0 < lfil < k,

_lflL

IIDBUIILvm) S Ellullw'cmm) + 06‘5"" IIUIILvm) (3-1)

where C = C(k, (2).

Theorem 3.2 If 9 C R” has the uniform cone property or if it is bounded and has

the cone property, and ifl g p 3 00, then there exists a constant K = K(m,p,f2)

such that for 1 _<_ j S m and any u E Wm’p(f2),

7n— '1'.

llullww S Kllulll’f/m.pllult1;5.p- 

Theorem 3.3 General embedding theorem for WWW).
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Let Q be a CO’1 domain in R".

 1. If hp < n, then kam) is continuously embedded in Lp°(Q),p* 2 "Zip, and

compactly embedded in Lq(§2) for any q < p*.

2. If 0 g m < k — I; < m + 1, then Wk’p(Q) is continuously embedded in

Cm’“(Q), a = k — — m, and compactly embedded in Cm’BK—l) for any fl < a.
E

P

Theorem 3.4 Trace theorem. Ifu E Wm’P(Q), then the trace 1) = also belongs to

Wm’i’pwfl) and

liviim—%,p,80 S Kllullm,p,fl°

3.2 Regularity Theory for Second Order Elliptic

Equations

Definition 3.1 An operator L of the form

Lu 2 aij(a:)Diju + bi($)D,-u + c(:z:)u

with coefiicients a‘j,b‘,c, where i,j = 1,-~- ,n, defined on a domain 9 C IR", is

elliptic in the domain 52 if the coeflicient matrix: A = [ail] is positive everywhere in

52.

Theorem 3.5 Maximum principle. Let L be elliptic in the bounded domain 9 with
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c g 0. Suppose that in 9, Lu 2 O, for u 6 C062). Then

supu _<_ sup lul.

a on

If Lu 2 0 in Q, then

sup |u| = sup |u|.

Q on

Theorem 3.6 Let 1 < p < 00, let 0 be an open set in R" and let f E LP(Q).

Suppose u E Wli’flfl) fl LP(Q) is a strong solution of the equation Lu 2 f in Q where

the coefficients of L satisfy, for positive constants A, A,

a” e 60(9),b‘,c e L°°(Q);

cries.- 2 AW Vt e R";

Ia‘jl, Ib‘l, lcl S A,

where i,j = 1,... ,n. Therefore for any domain 0' CC 52,

  llullwmn') _<_ C(IIUHLPm) + Hf mm),

where C depends on n,p,)\,A,Q’, Q and the moduli of continuity of the coefficients

ail on (2’.
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3.3 Potential Theory

Let D_ C Rm be a bounded domain of class C2. By I‘ :2 6D_ we denote its boundary

and by D+ :2 R"'\D_ its open complement. We assume the unit normal n to the

boundary to be directed into the exterior D+.

Let

(I)( 1) l 1

:13, :=—

J 4n Ix—yl

 

denote the fundamental solution of Laplace’s equation.

Definition 3.2 Given a function «,0 E C(I‘) the function

air) := / my) May) also). a: 6 Run

is called single-layer potential with density (,0.

Definition 3.3 Given a function (,0 E C (I‘) the function

an
M) := f and) may), zemr,

is called double-layer potential with density (p.

For a proof of the next theorem, see [14].

(3.2)

(3.3)

Theorem 3.7 Let I‘ be of class C2 and (p E C(P). Then the single-layer potential u

with density 90 is continuous throughout Rm. For :0 E I‘

air) = f we we arse).
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The double-layer potential v with density Lp can be continuously extended from D+

to D+ and from D- to D- with limiting values

 via) = f we 31:0 dse) i ; 90(1“), a: e r,

where vi(x) :2 In};+ v (xi’y n(x)) and where the integrals exist as improper integrals.

1—+

A proof of the following theorem may be found in [18].

Theorem 3.8 The operators S, D defined for x E l‘ by

(Su)(x) = f we we we

and

(nix...) = f me ”($26) dsa) 

are continuous from Wm’P(I‘) into Wm+1’p(1") for all p such that 1 < p < 00, m

positive integer.
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Chapter 4

LP Estimates for Maxwell’s

Equations with Source Term

4. 1 Surface Estimates

To obtain the desired estimates, we need some basic facts on potential theory and

jump conditions of solutions. In this section, we develop these necessary facts that

we shall use later to prove the estimates. Throughout this section, 8 denotes a ball

in R3 and S denotes a C2 surface embedded in R3 given by z = q5(x, y) such that S

divides B into two connected components, B+ and B‘. Also 6 is defined by

6+ in B+,

6‘ in B‘,

Where 6+ and 6‘ are constants, 6+ 75 e‘.
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Lemma 4.1 Let 1 < p < 00, let h E Wl'p(B) and let f E L”(B). Suppose

V - (e Vh — f) = 0

with 6 defined as in {4.1). Then

[[e—afl—f-nJ]=00nS,

8n

where [H] is defined by [M] = u+ — u‘ for any u defined on B. Note that u+ and u"

denote ui(x) :2 lim u(y),x E S.

y—MceBi

Proof. Let (,0 6 C80 (B). Let (-,cp) denote the linear functional on the distribution

space determined by 4;). Then

<v(6Vh—f)) 90> :0in Ba

which implies that

0=<th—f, V-¢)=/B(6Vh(€)-f(€)) V-se(€)d€

: f3 (6+ vh(€) — f(£)) veg) 615+] (e- Vh(g) _ “0) v . M6) d5.

Applying Green’s first identity and using the fact that “Plan = 0, we get

0 = (v - (6+ we — no), we»... + <<€+ W9 ‘ “i” ' ”J" “m5 (4 2)

+ (v . (.— vme — no), we»- + <(.— we — no) - n: we».
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Here n+ and n" denote the normals on S directed into the exterior of B+ and B’,

respectively.

We know that the equation

V-(e+ Vh—f) =0,

is satisfied in B+ and in B". Hence (4.2) becomes

0 = <e+§§<e — f(€) . 72+, we>s — (Kg—Jo — f(€) - n". we) ,
S

which proves the jump condition for h across the interface S and hence Lemma 4.1.

[:1

Next, we study the regularity of h introduced in Lemma 4.1 with the additional

assumption that h lag: 0.

Lemma 4.2 Let h E W1’1’(B), h '33: 0 and let f E W‘I'P(B) satisfy the equation

V - (e Vh) = f, (4.4)

in B. Then, on the interface S, h is given by

e++e‘

<G,f>= 2 h<xo>—(e+—e->/mafia—dag), (4.5) 

where G is the Green’s function for A on B (AG 2 5 and C(51), ) '88: 0).

Before proving this lemma, we make the following remarks.

29



Remark 4.1 Ife is a constant or a C1 function, then Lemma 4.2 is a standard elliptic

regularity result [10]. For the model problem in this dissertation, e is only piecewise

constant. For general 6 E L°°, the Nash-Moser technique implies only h E C“ for

some small a and for f = 0. The 1471’? regularity established in Lemma 4.2 implies

that h E C“ for any a E (0, 1) and for any right hand side f.

Remark 4.2 In the case h E LP(B+) or h E LP(B_), the standard elliptic regularity

results [10] indicate the WM” regularity of h away from a tubular neighborhood of the

interface S due to the definition of 6. Thus it suffices to prove the regularity result

near the interface S. Note that Lemma 4.2 gives an explicit formula for h on S.

Using this formula, the behavior of h near the interface S can be easily obtained.

Proof. We now present our proof of Lemma 4.2. Using the definition of the weak

derivative, we get

(G, f) = (G, v-(th)) = —(VG, th)

: _ [3+ voyager Vh({) dg — vo(x,g)e- Vh(g) dg.
8-

Using Green’s first identity, we get

<0, f) = .+ / momma) dg — .+ / he) %9 dS
3+ (98+ 80 (4.6)

+ e“ /_ h(§)AG(x,§) df — 6—198“ h({) 1%}: d5.
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where n+ and n“ denote the normals to S directed into the exterior of B”r and B“,

respectively. Using G lag—_— 0 and denoting n = n+, (4.6) becomes

8G(x,§)

(G, f) = .+ /B+ h(€)AG(x,€) d6 — .+ [312(6)7d5

+e_/_ h(€)AG(x,€) d€+e”/h(§) 80(33’0s an dS. 

Assume x E B+. Then

/B+ momma dé = he)

and

/ __ meme, 0 d€ = 0.

Hence

(G, f) = 6+l2.(.1‘)— e+/Sh(£) 2%) d3 + e- /3h(§) 9%3i) dS.

Now let x ——> x0 E S, x E B+. Theorem 3.7 implies,

(0» f) :- €+ h(3130)

— 6+ Us mg)WdS + $- has)

+6— ([9h(€) a—Ggg—é) dS+ % h(x0)),
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OI‘

 

—e+ /S mg) —————BG(‘”°’€) dS+e‘ [5 mg) “bogeyo dS.

Hence

€++€_

(G, f) 2 hm) — (e+ — .—) / he)Td3, 

and the lemma is proved.

Note that a similar argument yields the same formula in the case x E B‘. C]

Remark 4.3 Set

1 = (6+ — 61/311“) was

From Theorem 3.8, I is a continuous operator from Wl"’(S) into W249(S) Note that

Theorem 3.3 gives that W2’P(S) is compactly embedded in WI’P(S). Hence I is a

compact operator from WI’P(S) into Wl’p(S).

Corollary 4.1 If h satisfies the conditions in Lemma 4.2, then

H h llwwwné C (llhllLv(B)+ ll f Ilw—wwfl,

for any B' CC B.
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Corollary 4.2 For any f E LP(B), there exists h E Wol’p(B) that solves

V-(th)=V-finB,

hbgza

Proof. For any f E LP(B), we can find h E W149 IS solution of (4.5).

Fredholm alternative, we can solve

eAhzv-finBi',

h laBi\S: 0)

h '52 it IS)

to get W'l’p(Bi) solutions h+ and h‘. Then,

h+ in B+,

h: h-inB:

h on S,

is the Wl’p(B) solution of (4.8).

4.1 . 1 Cutoff Argument

By the

In the previous section, we proved Lemma 4.2 with the assumption that h [33 = 0.

However, to prove the main results of this dissertation, we need its conclusion to hold

for arbitary h E WI’P(B). This can be achieved by introducing the following cutoff
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argument.

Let h = xh, where

1 in B5,

0 outside B25,

where (5 > 0 and B5 denotes a ball of radius (5. Then

V-(th) = V-(evmm

= V-(eXVh)+V-(thx)

= Xv-(th)+th-Vx+V-(thX)

= xf+th~Vx+V-(ehvx)

It is easy to see that the first and the third terms of f are in W‘I’P. For the second

term,

thVX = V(eh)Vx—hVe-Vx

= V(e h)VX — h 0,6 dtx — h (9,,6 anx.

Note that e is piecewise constant separated by the interface S. Hence 8,6 = 0 for any

tangential direction t. If we have aux I 5: 0, then

6 Vh VX = V(e h)Vx.
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Now 6 h E LP(B) so V(e h)Vx E W‘I’P(B), which proves that the second term in f

(and thus f itself) is in W’l’P(B). Therefore,

H h llWl'P(B’) : H h lemuy) S C H f  

 

w-lmm)

: C(llv'fllw—1.p(3)+llh|l1,p(3)),

since h [03: 0.

Next, we only need to construct X E C8°(B) such that aux I5: 0.

Without loss of generality, we may assume that (0,0,0) E S H B.

Note that when S = {z = 0}, the construction of X is very easy. For example,

Mayxi=nwh+f+¢0

with any 77 E C3°(R+) and

1 for t < 6,

me:

0 for t > 26.

For general S, we introduce a new variable (5:, 10,2) such that

93 = Misti),

y=Kiafl, (4%

z=£+¢®el



for some functions It and I. This will make S = {2 = 0}. We introduce

X0315) = x($(a=,y, i),y(5r,i7.i), z($,v,2))-

Then

622=xz xz+xy 312 +90: 22.

In order to find X such that anxlS = 0, with the new set of variables (4.9), we find

)2(:i:, y, 5) such that 85)} = 0 and flux = —C' 65)} Where C = C(x, 37, 2). We find ems:

anX IS: VX ° n : VX (xiy7z) ° (¢$7¢ya —1) : X1: ¢x + Xy (by _ Xz-

Now 8,, X = —C (92-2 implies

$5 = —C $9),

7.12 = —C ¢ya (410)

Z2 : Ca

Also, from (4.9),

$2 2 k5)

yi : [2,

N

N
I ||

1+¢x ks+¢ylz,

36



and using (4.10), we get

C = 1+¢xki+¢yliy

ks = —¢x(1+¢xks+¢ylz),

l2 : fi¢y(1+¢xki+¢yli)y

OI‘

(Id—(bi) ki+¢x $3112 2 —¢xa

¢.¢,,k.+(1+¢§)z. = —¢y.

Set

_ 1+¢i may

he, 1+¢§

Then, det(A) = 1 + (bi + d): # 0 gives the existence of h; and Z5, say

for some F, G.

(4.11)

We need to find a solution It and l of (4.11) having prescribed data on the surface

.2 = (b(x, y) or 2 = 0. To show the local existence of k and l satisfying (4.11), we need

to show that the surface d5 : {2 = 0} is a noncharacteristic surface. Let B denote the
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matrices of the coefficients of the system (4.11). Then

det( Z 3413(5)“) = det(I) 75 0,

lull:1

where ng = (0,0,1) and I is the the 2 x 2 identity matrix. Therefore, we get local

existence for k: and l for any initial values on the surface 2 = 0 and hence for X and

the cutoff argument is proved.

4.2 Interior Estimates

In this section, we start our regularity study by proving the interior estimates.

Theorem 4.1 Let 1 < p < 00, let B be an open ball in R3 and let 9 E 129(8). Let

E E LP(B) and H E Wl'p(B) be a solution of Maxwell’s equations with source term g

V x Ez—iwuH,

(4.12)

VXH=iw6E+g.

Let S be a C2 surface embedded in R3 such that S divides B into two connected com-

ponents B+ and B". Assume that the magnetic permeability u is constant throughout

B and the electric permittivity e is defined by

6+ in B+,

6— in B”.
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Then for any B’ with B’ C B,

H E “mm + H H HWWB') S C (H H “mm + H 9|  1.9(3) + II E Hw-1m(B)),

where C is a constant depending only on p.

Proof. We prove this theorem in two steps. In the first step we prove that

H H HWWB') S C (H H HLP(B) + H E lle(B) + H 9 llLP(B)) (4-14)

and in the second step we prove that

H E Hirer) S C (H H ”mm + H 9 ||LP(B) + H E Ilw-I.P(B))- (4-15)

Proof of step 1.

Taking VX in the second equation of (4.12), we get

VXVXH=V><(iweE+g). (4.16)

Let g = i w e E + g. Since E,g E LP(B) and e E L°°, it follows that g E U’(B).

Using the vector identity

Vxquz—Au+V(V-u), (4.17)
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(4.16) becomes

—AH+V(V.H)=ng.

Now taking V. in the first equation of (4.12) and using the vector identity

V(vXuy=a (4m)

we get that

v H=a (in)

With the above equation, (4.16) becomes

AH = —v x g. (4.20)

From the standard interior elliptic estimates Theorem 3.6,

||H||w1.v(3') S C(llHllLv(B>+||VXéllw—wam

|
/
\

C(IIHIILPw) + llgllmm)

|
/
\

C(HHHLPw) + HEHLP(B) + llglle(B)).

which completes the proof of the first step.

Proof of step 2.
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To prove the second step, we introduce the following curl-div decomposition for

the field E.

E=iwqu(G(x,§)*H)+F (4.21)

where G(x,§) is the Green’s function for A on B (i.e., AG 2 6, and G|33___0) and F

is determined from the Maxwell’s equations (4.12) as follows. Substituting the above

decomposition of E in the first equation of (4.12), we get

VXE=Vx(iw/2VX(G*H)+F)

(4.22)

=iwquVX(G*H)+VXF.

Using (4.17),

VXE = iwu(—A(G*H)+V(V'(G*H)))+V><F

= —iw,uAG*H+V(V-(G*H))+VXF

_—_ —iwuH+V(V'(G*H))+VxF

since AG*H = 6*H = H. Using Green’s identity, the symmetry of G(x, é), Glee = 0

and (4.19), we get

V-(G*H) ll <1 9
.

f
3

3 e
:

.1
9.

:

ll

0
% <1

8 £
2

9
8 E e
:

9
.
.
m
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Hence (4.22) becomes

Vsz—iwuH+VxF.

Therefore equations (4.12) and (4.23) give

VxF=0

Hence F = Vh for some h.

Substituting E in the second equation of (4.12), we get

VXH=iw6(iwqu(G*H)+Vh)+g.

Taking V- in the above equation and using (4.18), yields

Oz—wqu'fieVX(G*H))+iwv'(€Vh)+V'9’

OI‘

in.(th)=w2uV-(6V><(G*H))-V°9,

01'

(.4)

V-(th)=—,fi-V-(eVX(G*H))—iV-g=V-(Edi—#€VX(G*H)
Z

42
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If we denote 3% e V x (G * H) — i g = f, the above equation becomes

V-(th)=V-f.

From the above definition of f, we get that f E LP(B) since 9 E L”(B),e E L°°(B)

and H e WI’P(B).

From Lemma 4.2, h E Wl'p(B) and hence F = Vh E LP(B). Then E E LP(B)

since V x (G * H) E W2'P(B) and F E LP(B). Furthermore, from the decomposition

(4.21) of E, we get

II E ||LP(B') S C (H V X (C * H) HLP(B') + H Vh Human). (4-24)

We start by estimating the first term of (4.24).

H V X (C * H) ”LP(B’) S C H C * H HWWB’) _<_ C H H ||LP(B) - (425)

To estimate the second term of (4.24), we use Corollary (4.1), the definition of f,

(4.25) and we get

  ll Vh Hme') S C (H V ' f llw—WB) + H h 1.143))

S C (H I H1143) + H h Hanan) ( )

4.26

S C (H V X (C * H) HmB) + H 9 ”LP(B) + H h   149(3)),

3 C (II H HLP(B) + H 9 “mm + H h   14(8))-
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We used ||G * H||w1.p S IIH I ILP Which follows from standard elliptic regularity results

[10] given that

A(G*H)=AG*H=6*H=H.

From the decomposition (4.21) of E, from

Vh = E— iwuV(G * H),

from Corollary 4.1 and from

thlmm S ithHLP(B) S thlwws),

we get

thlmB) S C(HEHw-ww) + ||V(C * H)|lw-1.p(3))-

Hence

H h HWB) _<_ C(H E Hw-l-ma) + II V X (G * H) ||W_1,,,(B))

3 CW E ”W‘WB) + H G * H ”LP(B)) (4-27)

3 C(ll E||W—1.p(3)+ H H llmm)

using the estimate

llf * glltv S llflltl IlgllLv-
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With the above estimate (4.27), (4.26) becomes

ll Vh llmB') S C (H H “mm + II 9 Hum) + II E Hwy—14(3)). (4-29)

Therefore, from (4.25) and (4.29),

H Ell1.p(3')_<_ C(H H ”LP(B) + H 9 ”LP(B) + H E “iv-Wm),

which completes the proof of the second step.

Finally, (4.14) and (4.15) give

II E “mm + H H llwww') S C(ll H “mm + II 9 “mm + H Ellw—1m(3))

and the proof of the theorem is complete. C]

4.3 Boundary Estimates

In this section, we extend Theorem (4.1) to the boundary 09 in order to establish

the existence theory for scattering problems later. We start by outlying the basic

setup for the scattering problem. Consider the scattering of electromagnetic waves

by a nonmagnetic periodic structure. The structure, a C2 interface S, separates the

medium into two connected components. Above the interface, the medium has a

constant dielectric coefficient 6+, and below another constant dielectric coefficient

6‘, with 6+ 75 6—. The medium is assumed nonmagnetic with a constant magnetic
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permeability throughtout and no free charges are present.

There are two constants A] and A2, such that for any n1, 712 E Z and for almost

all x = (x1,x2, x3) E R3, the dielectric coefficients 6i satisfy

(SH-731 + n1A1,x2 + 7121\2, 5133) = C1171, 332,333)- (4-30)

In order to solve the system of differential equations, we need boundary conditions

in the .233 direction. These conditions may be derived from the radiation condition,

the periodicity of the structure and Green’s functions. If we denote the top boundary

of the structure by I} and the bottom by I}, we write the boundary conditions as in

[5]-

Lemma 4.3 There exist boundary pseudo-diflerential operators B of order one, such

that

x (V x H) = B(P(H)) on Fb,

where 1/ is the unit vector 1/ = (0,0, i1) and the operator B is defined by

 zv=v4§jygus”>(Wiim,) (M.r)asarm use
nEA

where P is the projection onto the plane orthogonal to V,’ i. e.,

Pf=—vxvxfi

A1 A2 ,

f(") : AflAgl/ f(x)e"°‘""‘ dxl dxg,

0 0
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an 2 (AX—’13, 2—XZJ,0), and x = (x1,x2,x3).

A similar boundary condition may be written for I}, by replacing the field H with

H — H1, where H, denotes the incident field. Without loss of generality, we shall

consider here the case of Pb, for simplicity denoted by I‘ with F = {x3 = 0}. Note

that we don’t need boundary conditions in the x1, x2 directions since the structure is

periodic in these two directions.

We are trying to extend the apriori estimates of Theorem 4.1 to the boundary I‘.

Recall (4.20),

AHz—ng,

where g = i w e E + g. Note that above (or below) the interface S, the dielectric

coefficient 6 is constant and the above equation becomes

AH=—iwerE—ng

=—iwe(—iwuH)—VXg

=—w2euH—V><g

=—k2H—VXg

where we used Maxwell’s equations (4.12) and k2 = (.02 e u.

Hence, in the regions above and below the interface S, H satisfies

AH+k2H=—VXg.

We may formulate the global boundary estimate problem as follows.
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Theorem 4.2 Let T > 0 and let

9 = {($1,$2,$3) I 0 S 5131_<_A1,0 S 5132 S A2,—T S 333 <71},

with a boundary portion F C F, U D, and let 1 < p < oo. Assume g E LP(Q). Let

H E Wl’p(f2) be a solution of the equation

AH+k2H=—nginf2

1/ x (V x H) = B(P(H)) on P,

where B is defined in (4.31). Then for any domain 9’ with Q’ CC Q U I‘,

H H llwwm') S C (H H “mm + ll 9 Hmm),

where C is a constant depending on p, I‘, Q, 0’.

Proof.

Note that in the region 9', between the interface S and I" = {x3 = 0}, we have

AH+k2H=—V><ginfl

1/ x (v x H) = B(P(H)) on r,

where B is the pseudo-differential operator of order one defined above in (4.31).
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Since H is A periodic, we can expand H in a Fourier series and write

H(x) = Z Un(x3)e“'"'“’

n:—oo

where x = (x1,x2,x3), on = (2%:14,%T:2,0) and

1

Un(x3) : A1A2

 

A1 A2 .

/ H(x)e_'°‘"'x d$1d$2

o 0

We extend H to 9+ = {x | 0 3 x3 3 T}, for some T > 0, by

where

fin : k2 — lanIZ,

and Un = Un(0) for notational simplicity.

Define

H in 9‘,

He in 9+.

Then H satisfies the boundary condition on F from the derivation of the operator B,

and



where

G in S2“,

C
)
:

II

0 in 9+,

andG=—V><g.

From the elliptic regularity result, Theorem 3.6,

llHllwwn.) S C(llHllmnz) + llGllw—lmmn),

where

Qi={$IOS$1SAI,OS$2SA2,*T15$3<T1},

92={x|03x13A1,0§x2§A2,—T2_<_x3<T2} ’

such that 0 < T1 < T2 < T and 91,02 C (2+ U {2‘ (see Figure 4.1).

Using the definition of G, we get

||H||w1.p(n.) s C(llHllipm.) + Helm—1.2.2,.)

Since St,- = (21 fl (2‘ C 01 and from the definition of H,

||H||w1.p(n,—) s C||H||w1~v(m)-

Hence

”Hunt...” : C(IIHIILPm.) + Helm—1.4.2,»
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and

”Hunts” s C(llHllemg)+||Hel|Lp(n;,+)+ll9||1.pm,—))-

CLAIM 1: For 2 _<_ p g 00, we have

”Halitpmg) S CHHHLNIH),

where F1 2 {xll0gx1 3A1,03x2 3A2,x3 =0}

Assuming this claim for the moment, we obtain

||H||wx.pm,—) S C(HHHLP(Q;)+|lHi|L”(I’1)+iigilLP(Q;))-

By the trace theorem, Theorem 3.4, Sobolev inequality, Theorem 3.3 and the

interpolation inequality, Theorem 3.2, for p : 331—] we get

”Hill/”(I‘ll S CilHliW1—%,q(nl_) S CH
HHWLqu

S CIIHHivmmf)“Hllijnfl S 6 “HHWLPWD + 0‘ HHHLPWT)’

where a is a positve constant less than 1, e is any positive constant, G,E is a constant

depending on the choice of e. Young’s inequality (3.1) was used in the last estimate.

Combining these estimates and choosing a suitably small 6, we have

liHliw1,p(o,—)S C(HHllemg) + Ilglltvmal»

which is the boundary estimate we required.
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Next let us turn our attention to the proof of Claim 1.

Case 1: For p = 2, it is easy to see, by using the orthogonality of em”, that

00 T2 . oo

”Hating: Z llUnII2/ le'fi""3|2dszC Z llUn||2=|lHlliz(r,)-
nz—oo n=-—oo

Case 2: p = 00. Let He 2 H(1)+ Hm, where

H(1) : Z Uneifinxgeian-x, H(2) ___ H _ H(l) = Z Uneifinxaeian-x,

12651 "€51

where 51 = {n | k2 — loinl2 2 ——k2}. Note that 51 is a finite set, and

1

lUnl : A1A2

 If/e‘i°"'“H(x1,x2,O)dx1dx2 SCHHHLOOU‘I).

For any n, we obviously have

IIH‘I’HLoomg) s Z W s ClSll “Hum”.

nES1

Next we want to show that ||H(2)||Loom;.) S C||H||Loo(p,). To do this, we use the

maximum principle for elliptic equations. But we can not use it directly because of

the wrong sign before the term He in the equation AH,3 + k2He = 0. To overcome

this technical difficulty, let us consider a new function V = [1(2) f (x3)

CLAIM 2: There exists a function f defined on [0,T] for a suitable T > 0 such
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that 1 S f (x3) S 2 for all x3 E [0,T] and the equation for V becomes

AV + A(x3)V,,3 = 0, 223 e [0,T].

Again, let us use the claim first. From the maximum principle for elliptic equa-

tions, Theorem 3.5, for x E Q; , V will attain its maximum on the boundary of (22+ .

Since H is A periodic in the x = (x1,x2) direction, V can only have a maximum

ion the bottom or top parts of the boundary unless V is constant, in which case the

estimate is trivial.

If V has a maximum on the bottom part,

||H(2)||Loo(o;) S liVliL°°(02+) = f(0)HH(2)HL°°(I‘1) S CIIHHLOO(F1)'

If V has a maximum on the top part, we see that

liH(2)l|L°°(02+) _<- HVHLoo(n;) S 2 ||H(2)(',T2)HL°°

:2“ Z Uneian-xeiBnTzllLoosz Z lUnleiBnTg

iBnS—kz iBnS-kz

g 2 sup{|Un|} Z eifinTz S C IIHHL°°(I‘1)’

1.371 S —k2

where we have used the facts 2 eff?”2 is bounded, and [Unl S C IIHHLooa‘l) for

11451

each n.

To finish the argument of this case, we need a proof of Claim 2. Since V =
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Hef (1123), a direct computation shows that

AV = AH.3f(1133) + f"(173)He + 2(He)a:3f’($3)

= —k2Hef($3) + fillxslHe + 2(He)x3f’($3)

2._vv+fuant+amwean—2Ha%n>

   

    
_ _.2 _f”($3) fh3)! f($3)

“ ‘I/ (a? (5%)]V::fl:W)V

__ _.2_fl£§_ f, ( l

’ [l flm)+mf(m”V+'f(U)V

To prove Claim 2, we need to solve the ordinary differential equation

  

it: —2 (45:3) = .,

which is the same as

fllf _ 2(fl)2 : k2f2.

Let u = f’/f . We should have

u”: fl!f___f—I2

=k2 + u2.
_f——2

We know that u(x3) = k tan(kx3) is a solution. Consequently,

 

f(£133) = CXp (k/ tanksds) = 1

0 cos kxg

is a solution, which is also our candidate in Claim 2.
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From the Riesz Convexity Theorem [19], we get

llHelle(n;-) S CIIHIIMFI)

for 2 S p g 00, which concludes the proof of Claim 1.

We only need to prove that

llHeIIme-g) S CllHllmrl)

for 1 < p < 2, since the case 2 g p < 00 is covered by Claim 1.

 

For any 9 E 0162;), with i + i = 1, let L = \/—(931 — (932 — k2. Then

T2

Hegdflll (1:132 (11173 = f / 6—I3LHlx320 g($1,$2,$3)d.’133d$1 C1332

a; r1 0

T2

: / Hlx3:06_x3Lg(-,x3)d$3d$1(1:132
F1 0

% T2 %
S ( |H($1,£E2,0)IP) (/ l/ 6_I3Lg(',$3)d$3lqd$1 £11122) .

F1 F1 0

Note that for q > 2, the previous estimate implies that

T2

/ e-x3L9(',$3)d$3

0    

T2

s/Iwewemmmt
q 0

T2

30/ WhaMflmsCmmmw
0

Therefore,

/Q+(He 9) (1.731 C1132 d$3 S C||H($l)x2,0)lle(l"1)||gl|L
q(n_2+_).
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Hence for 1 < p < oo

HHCHLP(92+) S C HHHLPU‘I)’

and the theorem is proved.

4.4 Existence Theory

In this section we establish the existence of solutions for Maxwell’s equations with

source term (2.20) and (2.19).

We will show that the linearized SHG problem has a W10 U L” solution (H, E).

Theorem 4.3 For T > 0, let

9 = {($1,$2,$3) I 0 S 5313 Aho 3532 S A2,—TS $3 <T}-

Let I} = {333 = T} and I], = {$3 = —T} denote the top and bottom boundaries of 9.

Assume that H and E are periodic, with period A1 in the $1 direction, and period A2

in the 1:2 direction.

Let S denote a C2 surface embedded in R3 given by :133 = ¢(:cl,a:2) such that S

divides 9 into two connected components, {2+ and Q‘, and let 6 be piecewise constant;

i.e.,

6+ in 9+,

6“ in 9‘.

Assume a is constant throughtout Q and let B be the first order pseudo-differential
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operator defined in (4.31). Then the SHG model problem

V x EM = —i w u H(“’),

V x HM = i w 6 E”,

z/ x (V x (HM — HM) = B(P(HM — H}‘*”)) on n,

u x (v x HM) = B(P(H(“’))) on r,,

and

v x E9“) = —i 2w ,u H9“),

v x H‘Z‘”) = i 2w e E0“) + x5?” i 2w Egg?) Egg),

u x (V x HW) = B(P(H<2w>)) on I},

1/ x (v x H‘M) = B(P(H(2“’))) on 1“,,

has a solution (H(“’),H(2“’)) 6 WW and (E(“’),E(2“’)) E L”, for any 1 < p < 00 and

all frequencies w except a countable set.

Proof.

In order to study our problem (4.34), we need to know the regularity of the field

EM which appears in the right hand side of the second equation.

From Theorem 4.3 in [5] we know that for all but possibly a discrete set of w,
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there is a unique weak solution H(w) E W1'2(Q) for

V x EM 2 —i w u HM,

V x HM :iweE(“’),

u x (v x (HM -— H}“’))) = B(P(H(“’) — H}“”)) on I“,

u x (v x H(“’)) = B(P(H‘“))) on I},

where HE“) denotes the incident field.

From the regularity result, we see that H(w) E WING) for any 1 < p < 00. Hence

EM 6 LP(Q), for 1 < p < 00. Therefore, 9 2 X5?) i 2w E55) E53?) 6 [19(9), for any

1 < p < 00.

An argument similar to the one in [5] yields a W1’2(Q) solution H(2“) since 9 E

L2(Q). The regularity theorem we established implies that H(2”) E WING) and

EC”) 6 LP(Q) and the theorem is proved.
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