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ABSTRACT
MINIMALITY OF FLOWS AND ALMOST PERIODICITY OF POINTS UNDER
VARIOUS CONSTRUCTIONS IN TOPOLOGICAL DYNAMICS
By

Alica Miller

In Chapter 1 we deal with the minimality of the flows obtained by various con-
structions from compact minimal abelian flows. We first find a criterion for minimality
of “syndetic” restrictions of compact minimal abelian flows in terms of eigenvalues
(and a criterion for total minimality of compact minimal abelian flows). Using the
criterion for minimality of restrictions we give a new proof of a classical theorem of
W. Parry about minimality of group-extensions of compact minimal abelian flows.
Then we prove a criterion for minimality of products of two compact minimal abelian
flows, one of which is almost periodic, in terms of eigenvalues. For each of the cri-
teria we give several applications. We also introduce the notion of SK groups, and
use it to generalize some statements which relate total minimality, weak mixing and
triviality of the structure group, as well as to improve various conditions which imply
non-total-minimality of compact minimal abelian flows.

In Chapter 2 we deal with the question whether almost periodicity of a point in a

flow transfers to the appropriate points in the flows obtained by various constructions



Alica Miller

applied to the original flow, like restrictions, subflows, factors, extensions, products,
etc. The most difficult is the case when we have a morphism f : X — ), an almost
periodic point y in ), and a point z € f~!(y). In general z is not necessarily almost
periodic, but several conditions are known under which that happens. They fall into
either “compact” or “noncompact” conditions, depending on whether X and ) are
assumed to be compact or not. In “noncompact” conditions other assumptions are
restrictive. We find a criterion for lifting of almost periodicity of y, which generalizes

both “compact” and “noncompact” statements at the same time.
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0.1 Introduction

The thesis consists of two chapters. We will first roughly describe the content of each
of the two chapters; then we will give a more precise description of each section of
each of the chapters.

In Chapter 1 we deal with the minimality of the flows obtained by various con-
structions from compact minimal abelian flows. We first find a criterion for minimality
of “syndetic” restrictions of compact minimal abelian flows in terms of eigenvalues
(and a criterion for total minimality of compact minimal abelian flows). Using the
criterion for minimality of restrictions we give a new proof of a classical theorem of
W. Parry about minimality of group-extensions of compact minimal abelian flows.
Using Parry’s theorem we prove a criterion for minimality of a product of two com-
pact minimal abelian flows, one of which is almost periodic, in terms of eigenvalues.
For each of the criteria we give several applications. Among other things, we intro-
duce the notion of SK groups, well adjusted to work with the criteria, prove some
properties of this notion, and then use it to generalize some statements which re-
late total minimality, weak mixing and triviality of the structure group, as well as
to improve various conditions which imply non-total-minimality of compact minimal
abelian flows.

In Chapter 2 we deal with the question whether almost periodicity of a point in a
flow transfers to the appropriate points in the flows obtained by various constructions
applied to the original flow, like restrictions, subflows, factors, extensions, products,

etc. The most difficult is the case when we have a morphism f : X — ), an almost



periodic point y in ), and a point z € f~!(y). In general z is not necessarily almost
periodic, but several conditions are known under which that happens. They fall into
either “compact” or “noncompact” conditions, depending on whether X and )Y are
assumed to be compact or not. In “noncompact” conditions other assumptions are
restrictive. We find a criterion for almost periodicity of z, which generalizes both
“compact” and “noncompact” statements at the same time.

The questions investigated in Chapter 1 and Chapter 2 are naturally related to
each other since, in the case of compact flows, almost periodicity of a point can be
expressed via minimality. In particular, in a compact minimal flow every point is
almost periodic.

We now give a more precise description of each section of each chapter. First
let us mention that in Section 0.2 we give the notation and the terminology we use
throughout the thesis, as well as some relevant basic facts.

We first give a description of each section of Chapter 1.

In Section 1.1 we introduce the notions of the X-envelope of a syndetic subgroup
S of T and of an X-enveloped subgroup of T. We prove some properties related to
these notions and give some examples which illustrate them.

Using these notions, in Section 1.2 we formulate and prove two results, which
we name as a criterion for minimality of restrictions and a criterion for total mini-
mality. The first criterion gives necessary and sufficient conditions for a restriction
Xs = (5,X), S syndetic, of a compact minimal abelian flow X = (T,X) to be
minimal. One of the conditions is in terms of eigenvalues, the other one in terms

of X-envelopes. The second criterion gives necessary and sufficient conditions for a
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compact minimal abelian flow X = (T, X) to be totally minimal. We apply these
criteria to the cases T = Z and T = R. The statement we deduce in the case T = R
is a result of J. Egawa.

In Section 1.3 we investigate skew-extensions of compact minimal Z-flows. In
the context of a classical theorem of Parry we apply the criterion for minimality of
restrictions to an appropriately defined flow and conclude that the condition coming
from the criterion is equivalent to the well-known Parry’s condition. In that way we
get a new proof of this theorem.

In Section 1.4 we give a new proof of a more general theorem of Parry about
minimality of group-extensions. In the proof we use the criterion for minimality of
restrictions.

In Section 1.5 we formulate a criterion for minimality of a product of two com-
pact minimal abelian flows X and Y, one of which is almost periodic, in terms of
eigenvalues, and prove it using Parry’s theorem. Applying this criterion we deduce a
new proof of a characterization of minimality of X X ) in terms of common factors.

In Section 1.6 we introduce the notion of SK groups, give examples and prove
some properties of this notion. These properties will then be used in Sections 1.7
and 1.8.

In Section 1.7 we investigate the relation between weak mixing and total minimal-
ity in the context of SK acting groups (using the criteria developed in Section 1.2).
We generalize a statement of N. Markley (about the equivalence of weak mixing and
total minimality) and a statement of W. Gottschalk (about total minimality of X in

terms of the structure group I'(X")) by extending the class of acting groups for which
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their statements remain valid.

In Section 1.8 we use the criteria developed in Section 1.2 to investigate some
conditions which, when imposed on compact minimal abelian flows, necessarily imply
non-total-minimality. In that way we generalize and give a shorter proof of a result
of H. Chu (in which for example we avoid the use of Pontryagin’s duality theory), as
well as several other results.

Now we give a description of each section of Chapter 2.

Morphisms of flows with not necessarily the same acting group were not seriously
considered in the literature since it seems that they don’t give anything more than
“standard” morphisms of flows with the same acting group. In fact there is only one
paper in which these “new” morphisms of flows were considered; namely [26]. There
in total three propositions involving this notion were proved and no example was
given. In Section 2.1 we call these morphisms “skew-morphisms” and give several
natural situations where they appear. We use them in a systematic manner in the
rest of this chapter.

In Section 2.2 we give facts about almost-periodicity of a point in various con-
structions. Some facts are stated for skew-morphisms instead of morphisms and, in
some instances, it is illustrated that, using skew-morphisms, we sometimes get sim-
pler and more natural proofs, as well as new statements. Some statements show that
it is much easier to deal with almost periodicity of a point in the case of compact
flows (since in that case there is a natural connection between almost periodicity of
a point and minimality of flows).

Our goal is a theorem which unifies various known statements about lifting of
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almost periodicity of a point in both the compact, as well as not necessarily compact,
case. The first important statement about lifting was given by R. Ellis in [12] for
compact flows. (Applications of this statement to free abelian topological groups are
given in [11].) Later Markley and others obtained some statements for not necessarily
compact flows. In [27] Markley said that his results “differ from other results of this
genre in that we do not assume that either space is compact.” But his other assump-
tions were quite restrictive and were later relaxed a little bit by S. H. A. Kutaibi,
F. Rhodes and others. Some other related results appeared later, like for instance
a theorem of V. Pestov [30]. In order to extract what is essential in all these state-
ments, in Section 2.3 we introduce the notion of a skew-morphism good over a point
with respect to orbit-closures and give some natural examples.

In Section 2.4 we give several more complicated examples of skew-morphisms good
over a point with respect to orbit closures.

In Section 2.5 we formulate and prove a criterion for lifting of almost periodicity
of a point, which works for not necessarily compact flows.

In Section 2.6 we show that various other statements about lifting of almost peri-
odicity of a point (both “compact” and “non-compact”) are corollaries of our criterion.

As corollaries we get results of Ellis, Markley, Kutaibi-Rhodes, Pestov.



0.2 Notations and preliminaries

0.2.1 General topology; topological groups

0.2.1. If X is a set, we denote its cardinality by |X|. All topological spaces are
assumed to be Hausdorff. If X, Y are topological spaces, then Homeo(X) denotes the
group of homeomorphisms of X, and C(X,Y) denotes the set of continuous maps
from X to Y. The map (z,y) — z (resp. (z,y) — y) from X x Y to X is denoted
by pry (resp. pr2). If T is a topological group, Ty denotes the group T equipped with

the discrete topology.

0.2.2. Let X,Y be topological spaces, f : X — Y a continuous map. Then the
map g : X — Gr(f), defined by g(zr) = (z, f(z)), is a homeomorphism. (Here

Gr(f) = {(z, f(z))|z € X} is considered as a subspace of X x Y.)

0.2.3. T will denote the topological group of complex numbers of module 1. If T is
an abelian group, the continuous homomorphisms x : T — T, are called continuous

characters of T. The set of all continuous characters of T' will be denoted by T.

0.2.4. Let Ty and T, be topological groups and let x € Tl/ﬁ‘z. Then for all t;, € T,
and t; € Tz, x(t1,t2) = x(t1,1) - x(1,¢;). If we denote by x; the continuous character
ti, — x(t1,1) of T} and by x. the continuous character t; — x(1,%;) of T,, we
have x(¢1,t2) = x1(t1)x2(¢2). Whenever no confusion can arise, we will simply write

X = X1Xz2- Similarly for products of any finite number of factors.

0.2.5. We use the theory of uniform spaces as it is presented in [40]. We call an en-
tourage what is called a connector in [40], or an indez in (2], [13],[22],[38]. Entourages
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are denoted by small greek letters: a, 3, etc. If X is a uniform space, a an entourage
of X and z € X, then ofz] denotes the set of all y € X such that (z,y) € a.
On a compact topological space X there is exactly one uniform structure com-

patible with the topology of X. The entourages of this uniform structure are all

neighborhoods of the diagonal A in X x X.

0.2.6. Let T be a topological group. A subset A of T is syndetic if there exists a
compact subset K of T such that T = KA. If § is a syndetic subgroup of T, the
quotient space T'/S is compact. A subset A of T is discretely syndetic if it is a syndetic

subset of Tjy.

Lemma 0.2.7. Let h: T — T’ be a surjective group homomorphism. Then for every

discretely syndetic subset S’ of T, h=1(S") is discretely syndetic in T.

Proof. There is a finite subset F' = {b,,--- ,b.} of T’ such that T’ = F'S’. For
every b; € F' let b; € T be such that h(b;) = b.. Let F = {b;,---,b,}. We claim
that T = Fh~'(S’). Indeed, for t € T, let h(t) = b's’. Put s = b~'t. Then

h(s) = h(b)~1h(t) = b '¥'s' = s',50 5 € h~1(S"). Wehavet = b-b"'t € F-h-(S"). O

Remark 0.2.8. Let h : T — T’ be a surjective group homomorphism having the
compact-covering property (i.e. for every compact K’ in T’ there is a compact K in
T such that h(K) = K'). Then if §’ is a syndetic subset of T', h=!(S’) is a syndetic
subset of T.

This statement is from [26]. The proof is analogous to the proof of Lemma 0.2.7.

Lemma 0.2.9 ([27]). Let T be a topological group, S a syndetic subset of T, S,,--- , S,



subsets of S such that § = J_, Si, t1,-- ,tn elements of T. Then the set |J_, t:S;

s syndetic.

Proof. Let K be a compact subset of T such that T = K'S. We have: (J, Kt;') -
(U?=1 t,'S.') D) U?:l Kt,-“‘t.-S,- = U?:] KS;, = K(U?:] S,) = KS = T, and the set

U~, Kt;! is compact. So the set |J_, ¢;S; is syndetic. O

0.2.10 ([4]). Let X and Y be topological spaces, f : X — Y a continuous map.
We say that (X, f) is a covering of Y if for each point y € Y there is an open
neighborhood V' of y such that f~'(V) is a nonempty disjoint union of open subsets
Ui, 1 € I, of X, on which the restrictions f; : U; & V of f are homeomorphisms.

An open neighborhood V of a point y € Y is called elementary if it satisfies the
above condition. An open neighborhood U of a point z € X is called elementary if
there is an elementary neighborhood V' of the point y = f(z) such that U is one of
the disjoint open subsets U;, ¢ € I, of X, whose union is equal to f~1(V).

A homeomorphism g : X = X, z — gz, is called a deck-transformation of the
covering (X, f) if f(gz) = f(z) for all z € X. The deck-transformations form a group
A under composition (written as (g,g') — gg'). We say that A is transitive on the
fiber f~!(y) of a point y € Y if for any two elements z,z’ € f~!(y) there is an element
g € A such that z’ = gr.

If (X, f) is a covering of Y, the fibers of f are discrete. Also f is a surjective local
homeomorphism. In particular, f is open. (A continuous map f : X — Y is a local
homeomorphism if for each x € X there is a neighborhood U of = such that f(U) is

a neighborhood of f(z) in Y and the map U — f(U) which coincides with f on U is



a homeomorphism.)

0.2.2 Flows

0.2.11. A triple X = (T, X, ) consisting of a topological group T, a topological
space X and a continuous action 7 : T X X — X of T on X is called a flow on X.
We write t.z or tz for 7(t,z). We say that X' is compact (respectively abelian), if X
is compact (respectively if T is abelian). We say that X is trivial if |X| = 1. For
z € X we denote by 7* : T — X the orbital map t — t.z. For t € T we denote by

7y € Homeo(X) the transition homeomorphism z — t.z.

0.2.12. When we have a Z-flow on X, X = (Z, X, 7), then the transition homeomor-
phism h := m, completely defines the action: 7(n,z) = h"(z). In that case we simply

write X = (X, h) when no confusion can arise.

0.2.13. Every flow Xs = (S, X, 7 |xxs), where S is a subgroup of T, will be called a
restriction of the flow X = (T, X, 7). Usually it is denoted simply by Xs = (S, X). If
a subset Y of X is invariant under the action of T, then the canonical flow (T,Y") is
a subflow of X. f X = (T, X), Y = (T,Y) are two flows with the same acting group
T, then we define a T-flow on X x Y by t.(z,y) = (tz,ty),fort e T,z € X,y €Y.

This flow is called the product of the flows X and ) and denoted by X x ).

0.2.14. Let X = (T, X) and Y = (T,Y) be flows. A map f: X — Y is a morphism
of flows if it is continuous and f(tz) = tf(z) for allt € T and = € X. If f is surjective,
Y is a factor of X, and X is an eztension of Y. Endomorphisms, isomorphisms and

automorphisms of flows are defined in a standard way.

9



0.2.15. Let X = (T, X) be a flow. A continuous function n : X — T is an eigen-
function of X if there is a continuous character x € T such that n(t.z) = x(t)n(z) for
(t,z) € T x X. In that case x is an eigenvalue of X (the eigenvalue which corresponds
to 1) and 7 is an eigenfunction which corresponds to x. The following are equivalent:

(1) x is trivial;

(i1) n is constant on some T.z (z € X);

(iii)  is constant on every T.z (z € X).

If X contains a point with dense orbit, then x is trivial iff 5 is constant.

0.2.16. A flow X = (T, X) is minimal if the orbit T.z of every point z € X is dense
in X. It is totally minimal if the flow X5 is minimal for every syndetic (equivalently,
closed syndetic) subgroup of T. If f : X — Y is a surjective morphism of flows, then
if X is minimal (respectively totally minimal), ) is minimal (respectively totally
minimal). Two compact minimal abelian flows X = (T,X) and Y = (T,Y) are
disjoint if the product X x ) is minimal. They are weakly disjoint if the product

X x Y has a point with dense orbit.

0.2.17. Every compact flow contains a minimal set. (The proof uses Zorn’s lemma

(2], [13], [22], [38]).)

0.2.18. For r € X and U,V C X, the dwelling set D(U,V) (resp. D(z,V)) is the

set of all t € T such that t.UV # @ (resp. t.z € V).

Lemma 0.2.19. Let X = (T, X, 7) be a flow, x € X. Then for every neighborhood
V of z there are a neighborhood W of r and a neighborhood O of the unit element

e € T such that OD(z,W) C D(z,V).
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Proof. Fix a neighborhood V of z. Since 7 : T x X — X is continuous at (e, ),
there is a neighborhood W of = and a neighborhood O of e such that OW C V. We
claim that then OD(z, W) C D(z,V). Indeed, let 0 € O and let t € D(z,W). Then

tr € W, hence o(tz) € OW, hence (ot)z € V, i.e. ot € D(z,V). O

0.2.20. The Ellis semigroup E(X) of a flow X = (T, X,w) is Cl{m|t € T} in XX
(i.e. in Fp(X, X)) with the operation of composition. (Here F,(X, X) denotes the set
of all maps from X to itself, equipped with the topology of pointwise convergence.)

If X is a compact flow, E(X') is a compact Hausdorff right semitopological semigroup

([38, p-301]).

0.2.3 x-envelopes; orbit-closures

0.2.21. Let X = (T, X) be a flow. For z € X and S C T, the z-envelope of S ,
denoted by S7, is the set {t € T | t.z € S.z}. S% is a closed subset of T, it contains

S, and S*.x = S.z. If S is a syndetic normal subgroup of T, then S* is a closed

subgroup of T. ([22, 2.08-2.10])

0.2.22. If S is a normal subgroup of T the following properties are easy to verify:

(i)t.Sx=StzforallteT, z € X;
(ii) If S.z is a minimal subset of X under S, then:
(1) t.S.z = S.z if and only if ¢t € S7;

(2) (Vy € X) tye S.xif and only if t.S.y = S.z.

0.2.23. Let X = (T, X) be a flow. It is easy to see ([22, 2.23]) that the following are

equivalent:
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(1) the set of orbit closures under T is a partition of X;
(i) (Ve X)(Vye X)y€eTxr o Ty=T.uz;

(iii) every orbit closure under T is minimal under T.

0.2.24. Let X = (T, X) be a flow and S a syndetic normal subgroup of T. Then the
set of orbit closures under S is a partition of X iff the set of orbit closures under T
is a partition of X. In particular, if X’ is minimal, the set of orbit closures under S is
a partition of X. ([22, 2.24])

We denote by Og the set {Sz|z € X} and by R(Os) the relation (z,y) € R(Os) &
Sz = Sy on X. If X is compact minimal, R(Os) is an equivalence relation which is

open ([22, 2.30]) and closed ([22, 2.32]).

0.2.25. Let X = (T, X) be a minimal flow, S a syndetic normal subgroup of T, and
K a compact subset of T such that T = KS. The following are easy to verify:

(i) K.S.x = X for every z € X;

(i) in particular, for every z,y € X there is a k € K such that k.S5.z = S.y (and

consequently k.z € Sy).

0.2.4 Almost periodicity, proximality, distality, weak mixing

0.2.26. Let X = (T, X) be a flow.

(1) A point z € X is almost periodic (in X) if for every neighborhood U of  there
is a syndetic subset A of T such that Az C U, i.e. the dwelling set D(z,U) is syndetic
in T. A point z € X is discretely almost periodic if it is almost periodic in the flow

Xyq = (T4, X), where Ty is the group T equipped with the discrete topology. Every

12



discretely almost periodic point is almost periodic.

(ii) A point ¢ € X is regularly almost periodic if for every neighborhood U of
r there is a syndetic subgroup S of T such that Sz C U. Every regularly almost
periodic point is almost periodic.

(iii) A point z € X is locally almost periodic if for every neighborhood U of x
there is a neighborhood V of z and a syndetic subset A of T such that AV C U.
Every locally almost periodic point is almost periodic.

A flow X is pointwise almost periodic (resp. pointwise regularly almost periodic;
pointwise locally almost periodic) if every point € X is almost periodic (resp. regu-
larly almost periodic; locally almost periodic). (The adjective “pointwise” is omitted
in the case of regularly and locally almost periodic flows.)

A flow X = (T, X,7) on a uniform space (X,Ux) is uniformly almost periodic
(resp. equicontinuous) if for every a € Ux there exists a syndetic A C T such that
A.z C afz] for every z € X (resp. if the family {m, | t € T} of transition homeomor-
phisms is equicontinuous). In case of compact flows, uniformly almost periodic flows

are the same as equicontinuous ones, and are simply called almost pertodic flows.

0.2.27. Let X = (T, X) be a flow, £ € X. The following are equivalent:

(1) z is almost periodic in X;

(ii) for every neighborhood U of z there is a compact subset K of T such that for
everyt € T, Ktz NU # 0;

(iii) for every neighborhood U of z there is a compact subset K of T such that

Tz C KU ([2),[13),(22],(38)).
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0.2.28. Let X = (T, X) be a flow, z € X. If z has a compact neighborhood, then r is
almost periodic iff Tz is compact minimal. In particular, a point z in a compact flow

X is almost periodic if and only if Tz is minimal. ([2, p.11], [13, p.10], [38, IV(1.2)])

0.2.29. Let X = (T, X) be a compact flow. The following are equivalent:

(i) X is almost periodic;

(ii) E(X) is a compact topological group and the canonical map E(X) x X = X
is a continuous action of E(X') on X;

(iii) E(X) is a group and its elements are homeomorphisms of X.

If in addition X is minimal, these conditions are equivalent to

(iv) E(X) is a topological group. ([2, p.60], [13, p.25], [38, IV(3.34)])

0.2.30. Let X = (T, X) be a compact minimal abelian flow. The following are equiv-
alent:

(i) X is almost periodic;

(i1) for every z € X there is an abelian group structure on X with the unit element
z, such that the orbital map 7*: T — X is a continuous group homomorphism;

(iii) there is an element e € X such that there is an abelian group structure on X
with the unit element e, such that the orbital map 7¢: T — X is a continuous group
homomorphism. ([36, Corollary 2.10], [38, IV(3.42)])

In particular, every nontrivial compact minimal abelian flow has a nontrivial eigen-

value ([38, p.409]).

0.2.31. Let X be a compact flow. There is a smallest closed invariant equivalence
relation on X, denoted S%, such that the quotient flow X' /S = (T, X/S%) is almost

14



periodic ([2, p.125], [13, p.32] or [38, p.398]). The equivalence relation S% is called
the equicontinuous structure relation of X. Then the Ellis semigroup E(X/S%) is a

compact topological group, called the structure group of X and denoted by I'(X').

0.2.32. Let X = (T, X, 7) be a flow on a uniform space (X,Ux).

(i) A pair (z,y) of points in X is prozimal (and the points z,y are prozimal to
each other) if for every a € Uy there is a t € T such that (tz,ty) € a. The flow X is
prozimal if every pair of points in X is proximal.

(ii) A pair (z,y) of points in X is regionally prozimal (and the points z,y are
regionally prozimal to each other) if there is a point z € X such that for every neigh-
borhood V of 2z and every neighborhood U, of z and U; of y, D(U,,V)ND(U2, V) # 0.
The flow X is regionally prozimal if every pair of points in X is regionally proximal.

(iii) A pair (z,y) of points in X is distal (and the points z,y are distal to each
other) if either z = y or (z,y) is not proximal. The flow X is distal if every pair of
points in X is distal. A point z € X is distal if every pair (z,y), y € X, is distal. If

X is compact, X is point-distal if there is a distal point z € X with dense orbit.

0.2.33. Let X be a compact flow. Then if X is almost periodic, it is distal ([2, p.65],

13, p.36], [38, IV(2.21))).

0.2.34. If X = (T, X)) is compact minimal abelian and z € X, then every pair (z,tz),

teT,is distal ([22, 10.07]).

0.2.35. Every nontrivial distal compact minimal flow has a nontrivial almost peri-
odic factor ([2, p.104], [38, V(3.33)]). In particular, every nontrivial distal compact
minimal abelian flow has a nontrivial eigenvalue ([2, p.105]).
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0.2.36. Let X, Y be distal compact minimal flows, f : X — )Y a morphism of flows.

Then f is an open map ([2, p.98], [38, V(2.3)]).

0.2.37. Let X = (T, X,n) be a flow on a uniform space (X,Ux). A pair (z,y) of

points in X is proximal iff it belongs to the subset

Px= n Ta

a€lx

of X x X, which is called the prozimal relation in X. This relation is reflexive,
symmetric, invariant, but is not transitive nor closed in general ([2, p.66]). In case of
compact flows, if Py is closed, it is an equivalence relation (]2, p.88]).

A pair (z,y) of points in X is regionally proximal iff it belongs to the subset

9= () Ta

a€lyx

of X x X, which is called the regionally prorimal relation in X ([38, p.283]). Every
proximal pair in a compact flow is regionally proximal. The relation @y is reflexive,
symmetric, invariant and closed, but not necessarily an equivalence relation ([38,
p-401]). If X is compact, S% is the smallest closed invariant equivalence relation on
X which contains Qx ([38, p.399]). In case of compact minimal abelian flows, Qx is

an equivalence relation, and hence in that case Qx = S%([2, p.130] or [38, p.404]).

0.2.38. A compact flow X is prozimally equicontinuous if Px = Qx ([38, V(1.7)2]). In
that case Py is closed, hence Py (i.e. Qx) is an equivalence relation. So Py = Qx =
S%- All compact equicontinuous (i.e. almost periodic) and all compact proximal flows
are proximally equicontinuous. Also all compact (pointwise) locally almost periodic
flows are proximally equicontinuous ([38, p.364]).
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0.2.39. A flow X = (T, X) is weakly mizing if for any open subsets U,U’,V,V’ of
X there is a t € T such that at the same time tUNV # @ and tU' NV’ # 0, ie.
DU, V)N DU, V') # @ ([38, p-273]). If X is compact minimal abelian, then X is
weakly mixing iff §§ = X x X ([33, p.279], [2, p.133] or [38, V(1.19)]). Intuitively
speaking, this says that weakly mixing compact minimal abelian flows are opposite to
the almost periodic flows: the equicontinuous structure relation is the whole X x X,
i.e. maximal possible, which is opposite to the case of almost periodic flows where the
equicontinuous structure relation is equal to the diagonal Ax, i.e. minimal possible.
The only almost periodic factor of a weakly mixing compact minimal abelian flow is

the trivial flow.

0.2.40. If X is a weakly mixing compact flow, every eigenfunction of X’ is constant.
If X is a compact minimal abelian flow, then if every eigenfunction of A" is constant,

X is weakly mixing ([38, p.409]).

0.2.41. If X is a nontrivial compact minimal abelian flow on a metric space X, then

if X is weakly mixing, it is not point-distal ([38, p.408]).
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Chapter 1

Minimality of restrictions,
group-extensions and products of

compact minimal abelian flows

1.1 The notion of an X-enveloped subgroup

Proposition 1.1.1. Let X = (T, X) be a minimal abelian flow, and let S be a syndetic

subgroup of T. Then S* = S§Y for every z,y from X.

Proof. Let K be a compact subset of T such that T = K + S. Fix any z,y from X.
There is a k in K such that —k.x =y € S.y. Then z = k.y/, y' € S.y. Let s € S°.

We have:

sy€sSy=s8y =s5—kzx=s —kSz=—-ksSz=-kSsz=-kSz=

S.—k.z =S5y =S.y. Hencese SY. Thus S* C §¥. By symmetry S¥ C S*. Hence
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S5* = Sv. O

Definition 1.1.2. Let X = (T, X) be a minimal abelian flow, and let S be a syndetic
subgroup of T. The X-envelope (or simply envelope) of S, denoted by S*, is the subset

of T which is equal to S*, where r is any element of X.

By the previous proposition the notion of the X-envelope of S is well defined.

Definition 1.1.3. Let X’ be a minimal abelian flow. A syndetic subgroup S of T is

called an X-enveloped (or simply enveloped) subgroup of T if § = §~.

Note that a subgroup S of T may be enveloped with respect to some flow X' =
(T, X), and at the same time not enveloped with respect to some other flow } =

(T,Y).

Proposition 1.1.4. Let X = (T, X)) be a minimal abelian flow and let S be a syndetic
subgroup of T. Then S* is an enveloped subgroup of T and it is the smallest enveloped

subgroup of T containing S.

Proof. S* is syndetic and (S*)" = §*. So S* is an enveloped subgroup of T. Let E

be an enveloped subgroup of T containing S. Then:

E=FE"={teT|teEz}D>{teT|teSz}=S5".

Thus an enveloped subgroup of T, containing S, contains S*. O
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Example 1.1.5. Let § # 0 be a real number. Consider the compact minimal abelian
flow X = (R, T,n), defined by m(t,z) = e*™®z, t € R, 2 € T. Let a € R, a # 0.
Consider the action of the subgroup Za of R on T, induced by 7. The orbit in this

action of an element 2z € T has the form

Za.z = {na.z | n € Z} = {2 | n € Z}.

2mink

Ist case: af € Q. Suppose af = %, (k,1) = 1. Then every e*™"*% = €2™"7 is one of

2mik e2miligtE
yeeeny

the elements 1, ¢ 7 Hence

2m L)—‘—‘l k

-k
2mig

Za.z = {z,e™iz,....e z}.

So Za.z = Za.z. To calculate (Za)” it is enough to calculate (Za)® for any z € T,
for example (Za)'. We have:
B € (Za)' & €201 = ¢*™ned for somen € Z & e2™0F-m) =1 & §(f—na) =q

forsomquZ@ﬂz5q+na®ﬁ€Za+Z%=Z5+Z

—71
6 = Zka.

D=

Thus we have Za" = Z;a, where af = %, (k, 1) = 1.
2nd case: af ¢ Q. Then {e?™"*®; | n € Z} is dense in T for every z € T, so

Za.z = T. Then (Za)" = (Za)' = {B € R | " € T} = R.

More concretely, let § = 1. Then for example: (Z%)" = Z1 = (Z1), (ZV2)" =R,

etc. There are many subgroups of R that are enveloped, and many that are not.

Example 1.1.6. Let X be an almost periodic compact minimal abelian flow with X
non-connected. X can be written as a disjoint union X = Y U Z of two nonempty

clopen sets Y and Z. Let a = (Y x Y)U (Z x Z). Since X is compact and a is
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an open neighborhood of the diagonal Ay, a is an entourage of the unique uniform
structure on X.

Claim:

S:= () D(z,alz))

reX

13 a proper enveloped subgroup of T'.

Since X is almost periodic, S is a syndetic subset of T. Note that for y € Y,
aly =Y, and for z € Z,afz] = Z. So S ={t e T | (Vy € Y)ty € Yand
(Vze Z)tze Z}={teT|tY CYandtZC Z}={teT|tY =Yand
t.Z = Z}. It follows that ¢;,t; € T implies ¢, + t; € S, and t € S implies —t € S.
Thus S is a syndetic subgroup of T. Now consider any element of X, for example some
y € Y. Since X is a compact minimal abelian flow, S* =S¥ ={t € T |t.y€ Sy} C
{t e T |t.y € Y}. (Theinclusion holds because S.y C Y and Y is closed.) Since this is
true for any y € Y, we have S* C ﬂy{tETlt.yGY} ={teT|(VWyeY)tyeY}

ve
If we do the same thing for every z € Z and combine the results, we get S* C S.
Thus §* = S.
To prove that S is proper, consider any y € Y. Since X" is minimal and Z is open,

there is a ¢ € T such that t.y € Z. This t does not belong to S. The claim is proved.
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1.2 A criterion for minimality of restrictions and

a criterion for total minimality

Proposition 1.2.1. Let X = (T, X) be a flow and S a normal syndetic subgroup of
T. Let x € T be an eigenvalue of X. The following are equivalent:

(1) ker (x) D S;

(i) ker (x) D S* for every z € X;

(1) ker (x) D S* for some z € X.

Proof. (111) = (1): clear, since $* D S.
(12) = (127): clear.
(1) = (#1): Fix any z € X. Let n be an eigenfunction of X which corresponds to x.

We have:

n(tz) = x(t)n(z) (*)

for all ¢t € T, and, in particular, n(sz) = n(z) for all s € S. If we let z = n(z), we
have n(S.z) = {z}. By continuity n(S.z) = {z} and consequently 5(5%.z) = {z}.

Hence from (%), x(s) = 1 for all s € 5§, i.e. ker(x) D S°. O

Corollary 1.2.2. Let X = (T, X) be a minimal abelian flow and S a syndetic sub-
group of T. Let x € T be an etigenvalue of X. Then ker(x) D S if and only if

ker(x) D S*. O

Theorem 1.2.3 (criterion for minimality of restrictions). Let X = (T, X, )
be a compact minimal abelian flow. Let S be a syndetic subgroup of T and let Xs =
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(S,X). The following statements are equivalent:
(i) Xs is a minimal flow;
(1) X has no nontrivial eigenvalue whose kernel contains S;

(iii) S* =T.

Proof. By Proposition 1.2.1, (i2) is equivalent with
(1i’) X has no nontrivial eigenvalue whose kernel contains S*.
So we will prove the above theorem with (:z) replaced by (:¢). First we make some

observations.

Note that Os = {S.z | £ € X} is the same as Os. since S.x = S*.z. The

equivalence relation R = R(Os.), ((z,y) € R & S*.z = S*.y) is open and closed
by 0.2.24. Hence X/R is compact Hausdorff. We denote by px : X — X/R = X the
quotient map and by pr : T — T/S* the canonical homomorphism. The elements of
X will be denoted by & = px (S*.z). The map 7 : T x X — X is compatible with the
relations (mod S*) x Ron T x X and R on X. Hence it induces a continuous map
7:T x X/(mod $*) x R — X. Since mod $* and R are both open, we may identify
T x X/(mod S*) x R with T/S* x X/R = T/S* x X. With this identification we

have

wo(pr X px)=pxom. (1)

P

It follows that Y = (T/S*, X,#), with ((¢t + S*).& = t.z), is a flow.
Fix a point a € X. Denote 7 |7y (4} by ¢, and 7 |1/s+x(a} by ». We have

—~

(t+S)a=aeota=ae Sta=SastSa=SastesS .
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Hence the stabilizer of a@ in the flow Y is the identity subgroup of T'/S*, hence ¢ is
injective. Also @ is surjective, by 0.2.25(ii) and the equality (1). Now since T'/S* x {a}
is compact, ¢ is a homeomorphism.

Now using these observations we show the equivalence of the statements (i),(ii’)
and (iii).

() & (122) : Xs is minimal iff X consists of one element iff T = S* (since @ is
bijective).

(z22) = (27') : clear.

(22") = (e#12) : Suppose S* # T. Define a continuous map f : X — T/S* by
f =priog~lopx. Fort € T let transl, ) : T/S* — T/S* be defined by transl,, () (t'+

S*) =pr(t)+t'+ S*. Then for every t € T
fom = transl, ) of. (2)

To prove (2), put f=priop~!. Fort, € T we have

~ —_— ~

fltz) =t + S* & f(fz) = t; + S* & G(t, + §*,&) = iz & tia = fz & Sta =

Stz th1iSa=tSz o (—t+t)Sa=Sz e ((~t+t)a)~ =% & @(—t+t,+ 5%,a) =
Pofi)=-t+ti+5 o f(z) = (—t+5)+ (L +5) & (t+85") + f(z) =t, + 5™

Thus (2) holds. Now let x : T/S* — T be any nontrivial character of T/S*. For
t € T let transl,(,) : T — T be defined by transl,)(z) = x(t)z. It is easy to see that

for everyt € T

X © translpT(,) = transl(xopr)(,) ox. (3)
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Let n = x o f : X — T. Then 5 is a continuous function which satisfies

nom = tra.nsl(xop.,)(t) on

for all ¢ € T. (This follows from (2) and (3).) So 7 is an eigenfunction of X whose

eigenvalue x o pr is nontrivial and whose kernel contains S*. O

Corollary 1.2.4 (criterion for total minimality). Let X = (T, X) be a compact
minimal abelian flow. The following statements are equivalent:

(i) X is a totally minimal flow;

(1) X has no nontrivial eigenvalue whose kernel is syndetic;

(iit) T has no proper X -enveloped subgroup.

Proof. By Corollary 1.2.2, (11) is equivalent to

(1i’) X has no nontrivial eigenvalue whose kernel contains an enveloped subgroup
of T.
So we will prove this corollary with (:z) replaced by (z¢).

(2) = (22') : clear from Theorem 1.2.3.

(z2") = (222) : clear from Theorem 1.2.3.

(222) = () : Suppose (iii) holds. Let S be a syndetic subgroup of T'. By assumption

(iii), S* = T (since S* is enveloped). By Theorem 1.2.3, X’s is minimal. O

As the first applications of these criteria, we investigate Z and R—flows.

Corollary 1.2.5. Let X = (Z, X) be a compact minimal Z-flow. Then the following
statements are equivalent:
(i) X is totally minimal;
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(ii) X has no eigenvalue x» = €*™*) such that A € Q\ Z;

(111) X has no eigenvalue x(n) = z" with z # 1 of finite order in T.

Proof. (ii) and (iii) are clearly equivalent. We will show (z) < (:z). Every character
of Z has the form y) = ™). We have ker(x») ={rn€Z| e =1} ={n€ Z|
An = k € Z}. Now by the criterion for total minimality, X’ is totally minimal iff X
has no nontrivial eigenvalue x such that {n € Z | \n = k € Z} is syndetic in Z, iff

X has no eigenvalue x) with A € Q \ Z. O

Remark 1.2.6. The direction (z) = (iz),i.e. (z) = (212), of the Corollary 1.2.5 is well
known; see for example [5], p.108. The opposite direction is probably also known,

but the author could not find a reference.

Corollary 1.2.7 ([9, Theorem 1]). Let X = (R, X) be a compact minimal R- flow.

Let
AX)={X e R | xx = e*™*0) is an eigenvalue of X}

and let

Mkj:{%lAeAUU,neZ\UH}

Let S = Za, where a > 0 is a real number, and let Xs = (S, X). Then Xs is minimal

if and only if 1 ¢ A(X).

Proof. By the criterion for minimality of reduced flows, X’s is not minimal iff X’ has
an eigenvalue x, A # 0, such that {t € R | A\t € Z} D Za, iff X has an eigenvalue x,,
A # 0, such that Z3 D Za, iff X has an eigenvalue x such that 1= %, n € Z\ {0},
iff L e A(X).
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1.3 A new proof of a theorem of Parry

We will now investigate skew-extensions of compact minimal Z-flows. We will show
that, in the special situation described in Theorem 1.3.1, the criterion for minimality
of restrictions is equivalent to the well known Parry’s condition. The proof illustrates
the way in which one can end-up with Parry’s condition after a sequence of natural

steps, starting with the condition from the criterion.

Theorem 1.3.1 ([2, p.72], [28, p.98)], [38, I1(8.22)]). Let G be a compact abelian
topological group. Let Y = (Y,7) be a compact minimal Z-flow, ¢ : ¥ — G a

continuous map, X =Y x G and let 0 € Homeo(X ) be defined by

o(y,9) = (7(y), »(y)g)- (1)

Then the compact Z-flow X = (X, o) is minimal iff

has no solution f € C(Y,T), v € G, with v # 1.

Proof. Define a (compact abelian) flow Z = (Z x G, X) by

(n,9)-z = (pr1(a"(z)), pra(a”(z))9g), (2)

forne Z, g€ G, z € X. Writting z = (y, ¢'), we get from (1) and (2)

n

(n,9)-(v,9) = (7" (), [[ e (="~ ()) - ¢'9),

1=1
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(-1,9)-(y:9) = ("W). [[ ()" - d'9),

=1

for n > 0. From these formulas we can see (using minimality of J) that Z is minimal
(the orbit (Z x G).(y,¢') of (y,g') has the form D x G, where D is a dense subset of
Y).

Let S = Z x {1}. Since (n,1).(y,g') = ¢"(y,g'), which is n.(y,¢’) in X, we may

identify flows Zg and X'. So we have
X is not minimal & Zg is not minimal. (%)

Now consider the following sequence of conditions:

(COND1) n((n,g)-(v,9") = x(n,9)n(y,g'), n € Z, g, ¢’ € G, y € Y, has a solution
n€C(X,T), x €Z x G, with x # 1 and ker(x) D Z x {1};

(COND2) n((n,9)-(v,9')) = v(9)n(y.9"), n € Z, g, ¢’ € G, y €Y, has a solution
n€ C(X,T), v € G, with v # 1;

(COND3) n((1,9)-(y.9") = v(g)n(y,g"), 9, ¢ € G, y € Y, has a solution n €
C(X,T), v € G, with vy # 1;

(COND4) 7((1,9)-(y,1)) = v(g9)n(y,1), g € G, y € Y, has a solution n € C(X,T),
v € G, with v # 1;

(COND4’) n(7(y),¢(y)g9) = v(9)n(y,1), g € G, y € Y, has a solution n € C(X,T),
v € G, with v # 1;

(CONDS5) n(r(y),1) = v(¢(y)) 'n(y,1), g € G, y € Y, has a solution n € C(X,T),
v € G, with y # 1;

(CONDS6) f(7(y)) = 7(¢(y)) " f(y), y € Y, has a solution f € C(Y,T), v € G, with
v # 1
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We have (COND1) < (COND2) by 0.2.4. Let’s see that (COND3) = (COND2). If

we put ¢ = 1 in (COND3), we get

n(o(y,9)) =n(y,9'), yeY, ¢ €G.

Hence

n(c™(y,9")) =n(y,9), n€Z,yeY, g €G. (3)

Then we replace (y, g') by "~ !(y, ¢') = (n—1,1).(y,¢') in (COND3) and get (COND2)
using (3). So (COND2) < (COND3). Also (COND3) = (COND4) < (COND4’) =
(CONDS5). Now if we put

fy) =n(y,1)

we get (CONDS5) = (CONDG6). Also (COND6) < the negation of the condition from
the statement of the proposition.

Conversely, suppose that (CONDG6) holds and define

n(y,9') = 7(g") f(y). (4)

We will show that these n, v satisfy (COND3). We have

7((1,9)-(v,9)) = n(t(v),¢(v)g'9) = (¥ )(g)¥(9)f(7(y)) = (from
(CONDS6)) v(e(y')7(g")v(9)¥(e(¥)™ f(y) = (by (4)) v(g)v(9)7(g") 'n(y, 9"
= v(9)n(y,d")

Thus (COND6) = (COND3) « (COND1).
Now since S is a syndetic subgroup of Z x G, by the criterion for total minimality

of reduced flows and (*), X is not minimal iff the condition (COND1) holds. But, as
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we have just shown, (COND1) is equivalent to the negation of Parry’s condition from

the statement of the proposition. This completes the proof. a

Remark 1.3.2. We could omit the proof of this version of Parry’s theorem since we
are giving in Section 1.4 a proof of a more general theorem of Parry (from which this
one can be deduced), also by applying the criterion for minimality of restrictions.
But we decided to keep this proof as well, since it illustrates how the (“natural”)
condition from the criterion for minimality of restrictions can be transformed, in a
complicated concrete situation, to a condition which looks misterious and for which it
is not clear where it is coming from. So we may say that the criterion for minimality

of restrictions also sheds some light on Parry’s theorem.

Remark 1.3.3. Some related types of skew-extensions are discussed in [19] and [17].

1.4 Minimality of group-extensions

In this section we give a new proof of a more general theorem of Parry about mini-

mality of group-extensions, using the criterion for minimality of restrictions.

Definition 1.4.1 ([2], [28], [38]). Let X = (T, X) and Y = (T, Y) be compact flows,
K a compact topological group. An extension p: X — ) is called a K -eztension if
the following conditions are satisfied:

(i) there is a continuous action K on X which commutes with the action of T on
X;

(i1) the fibers of p are precisely the K-orbits in X.
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If in addition {K acts effectively} { K acts freely} {every character of K is an eigen-

value of (K, X)}, we say that p is an {effective} {free} {simple} K-extension.

If we don’t want to specify the group, we say group-eztension instead of K-

extension.

Example 1.4.2. Let Y = (T,Y) be a compact flow, K a compact topological group.
Put X =Y x K. Let t.(y,k) = (ty,k) and k.(y,k') = (y,kk’). Let p: X = Y be
defined by p(z,y) = y. Clearly (X,p) is a free K-extension of ). Let x € K. Put

fx(y,k) = x(k). Then we have

Sk (y, k) = fily, k') = x(kK") = x(k)x(K') = x (k) fx(y, K.

So (X, p) is a simple free K-extension of ).

In what follows, if v is an eigenvalue of some flow, we denote by f, an eigenfunction

of 4.

Theorem 1.4.3 ([28]). Let X = (T, X) and Y = (T,Y) be compact Abelian flows,
Y minimal, K a compact Abelian topological group. Suppose that (X,p) is a simple

free K-extension of Y. Then X is minimal iff the functional equation

f(t.p(z) _ frlt.2)
(=) ~ A@

has no solution f, f,, with f € C(Y,T) and v € I?\{l}
Proof. Define a (compact Abelian) flow Z = (T x K, X) by
(t,k).z = t(kz) = k(tz),

31



forte T,k € K, z € X. This flow is minimal. ( Indeed, let £ € X and let U be an
open subset of X. Since p(U) is open in Y and Y is minimal, there is a t € T such
that tp(x) € p(U), i.e. p(tx) € p(U). Then tz € p~'(p(V)) = ,LEJU Kz'. Hence there
is a k € K such that k(tzx) € U.)

Let S = T x {1}. Since (t,1).z = tz, we may identify flows Zg and X. So X is
not minimal iff Zs is not minimal. By the criterion for minimality of restrictions of
compact minimal Abelian flows and 0.2.4, Zg is not minimal iff the following condition
holds:

() n((¢,k).z) = y(k)n(z) , t € T, k € K, z € X, has a solution n € C(X,T), y € K,
with v # 1.

It remains to show that the condition (%) is equivalent with the negation of the

condition (1). Suppose that (*) holds. Define f € C(Y,T) by

f(p(z)) = fo(z)/n(z), z € X

L . Srlkx) _ v(k)fy(x) _ fy(2)
(This is well defined since by (*) nkz) — ,,(k),;'(x) ) )

Since n(t.z) = n(z), for t € T, £ € X (which follows from (*) for £ = 0), we easily
get (1).
Conversely, suppose that the negation of the condition (1) holds. Define n €

C(X,T) by

Then we have:

fy(ktz) _ v(k) f5(tz)) _

1t k).e) =nlkte) = < = Flin(2))




forteT,z€e X,k€ K. O

Remark 1.4.4 ([28]). Fix y € K\{1}. In the context of Theorem 1.4.3 the following
are equivalent:
(i) there is an eigenfunction f, of 4 such that the equation (1) has a solution f, f.,
with f € C(Y,T);
(ii) for every eigenfunction f! of -, the equation (1) has a solution f’, 7, with f' €
C(Y,T).

(Indeed, (ii) = (i) is clear. Conversely, suppose that (i) holds. If f} is any other
eigenfunction of v, then (%)(g:c) = (;—z)(x) forallge G,z € X, so % can be written

as h o p for some h € C(Y, K). Therefore

f(t.p(z)) _ f(tx)h(p(tz)) _ fi(tz)h(tp(z))
fle(z))  fi(@)h(p(z))  fi(z)h(p(z)) ’

so the equation (1) has a solution f' = f, £5)

Remark 1.4.5. Let X = (T, X) be a simple free K-extension of Y = (T,Y’), where
X, Y are compact Abelian flows, and ) minimal. For every vy € K fix an eigenfunction
f;, of v (for the flow (K, X)). Then the flow X is minimal iff the equation (1) has a
solution f, f! with f € C(Y,T) and v € K \ {1}.

(Indeed, the direction < is clear. The direction = follows from Remark 1.4.4.)
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1.5 Minimality of a product of two compact min-
imal abelian flows, one of which is almost pe-
riodic

In this section we use Parry’s theorem to prove a criterion for minimality of a product
of two compact minimal abelian flows X and ), one of which is almost periodic, in

terms of eigenvalues. We also give some applications of this criterion.

Theorem 1.5.1 (criterion for minimality of products). Let X = (T, X,r),
Y = (T,Y,p) be compact minimal abelian flows and suppose that Y is almost periodic.
Then the product X x Y is minimal if and only if X and Y have no nontrivial common

eigenvalue.

Proof. Fix any e € Y. Since ) is almost periodic, there is a compact abelian group
structure on Y such that e is the identity element and the orbital map p¢ : T — Y,
t — te, is a continuous group homomorphism (0.2.30). Denote the group operation
on Y by x. We have t(yxy’) =tyxy',fort € T, y,y’ € Y. Define an action of the
group Y on X xY by y.(z,y') = (z,y*y’) and amapp: X xY = X by p(z,y) = z.
In this way (X x )V, p) becomes an Y-extension of X'. If for every v € Y we define
£y XxY = Tby f!(z,y) = 7(y), we can conclude (as in Example 1.4.2) that X' x Y
is a simple free Y-extension of X. Now by Remark 1.4.5, X x Y is minimal iff the

functional equation

f(tz) _ ~(ty)
flz)  ~(y)
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has no solution f € C(X,T) with vy € ?, v # 1. Sincetexy =tyforte T,y €Y,

X x Y is not minimal iff the functional equation

f(tz) = 1(te)f(=) (2)

has a solution f € C(X,T) with y € ¥, v # 1. We show that this condition is
equivalent with X'; ) having a nontrivial common eigenvalue.

First note that for every v € Y, v o p° is an eigenvalue of ) (since y(ty) =
y(texy) = v(te)y(y)). Now if (2) has a solution f € C(X, T) with y € ¥, v # 1, then
v o p° is a common eigenvalue of X’ and ), which is # 1 (since (y o p¢)(T) is dense
in Y). Conversely, suppose that § € T, § # 1, is a common eigenvalue of X and .
Then there is a ¥ € C(Y,T) such that y(ty) = é(¢)y(y) and we can choose v so that
v(e) = 1. Then ~y(te) = 6(t) and y(te x t'e) = y((t + t')e) = &(t + t') = y(te)y(te). It
follows that y € ¥, v # 1. Also there is a f € C(X,T) such that f(tz) = é(t)f(x).

Hence f(tz) = y(te)f(z), i.e. (2) has a solution f € C(X,T) withy €Y, y#1. O

Remark 1.5.2. A measure-theoretic analogue of Theorem 4.1 was proved in [29]:
let X and Y be metric compact abelian flows which support closed ergodic invariant
measures. Then X and ) are weakly disjoint iff they have no nontrivial common

eigenvalue.

Remark 1.5.3. (a) The above theorem can also be proved using the criterion for
minimality of restrictions instead of Parry’s theorem. We would consider the flow
Z =(TxY,X xY), defined by (t,y).(z,y') = (tz,ty’ * y) and its restriction Zs,
where S =T x {e}. (Here * and e would be the same as in the above proof.)

(b) Here is one more way to prove the easy direction (=) of Theorem 1.5.1.
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Suppose that X and ) have a nontrivial common eigenvalue x. Let f : X — T,
g:Y — T be the corresponding eigenfunctions. Then the function fg: X xY — T,
defined by fg(z,y) = f(z)g(y), is nonconstant and invariant. Hence X x ) is not

minimal.

Example 1.5.4. Consider almost periodic compact minimal flows X = (R, T, 7) and
Y = (R, T, p), defined by 7(t,z) = e*™*tz and p(t, z) = €*"#*z, where a, 3 € R. The
eigenvalues of X (resp. V) are all xpq : t > €™ (resp. xnp : t — €2™"P!) n € Z.
Hence, by Theorem 1.5.1, X x Y is minimal iff & and 3 are linearly independent over
Q.

Similarly the eigenvalues of the restriction Xz (resp. )z) of X' (resp. )) are all
Xna : k> €2™"k (resp. x5 : k > €2™"F) n € Z. Hence, by Theorem 1.5.1, Xz x Vz

is minimal iff a, 8 and 1 are linearly independent over Z.

Corollary 1.5.5 ([2, p.161]). Let X, YV be compact minimal abelian flows, and
suppose that X s almost periodic. Then the product X x Y is minimal if and only if

X and Y have no nontrivial common factor.

Proof. (=) Let Z be a nontrivial common factor. Then Z x Z is minimal, as a factor
of a minimal flow X x ). Hence Z is trivial, a contradiction.

(«<) Let X and Y have no nontrivial common factor. Suppose that X and ) are
not disjoint. Then by Theorem 1.5.1, they have a nontrivial common eigenvalue .
Let f: X = T and g: Y — T be the corresponding eigenfunctions. We may assume
that there are points zo € X and yo € Y such that f(zo) = 1, g(yo) = 1. Then
f(Tzo) = g(Tyo) = x(T). If x(T) is finite, then by continuity of f, f(Tzo) = x(T)
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and similarly g(Tyo) = x(T). If x(T) is infinite (so dense in T), then f(Txzo) =
9(Tyo) = T, since the sets f(Tzo) and g(Txo) are compact and contain a dense
subset of T. In both cases, minimality of X and ) implies f(X) = ¢g(Y'). Hence the
subflow on f(X) = g(Y) of the flow (T, T), (¢.z) — x(t)z, is a nontrivial common

factor of X and ), a contradiction. O

Remark 1.5.6. A different proof of the statement of this corollary is given in [2],

p.161. Also note that, conversely, Theorem 1.5.1 can be deduced from this corollary.

Remark 1.5.7. If we don’t assume that either of the flows X', J is almost periodic,
it is possible to construct two nondisjoint compact minimal abelian flows with no
nontrivial common factor. A complicated example was given in [20]. The analogous
problem with eigenvalues is trivial: take any weakly mixing low X’ and put Y = X.
They are nondisjoint, but have no nontrivial common eigenvalue. Ergodic analogues

of these questions are discussed in [39].

Remark 1.5.8. Let X and Y be compact minimal abelian flows. It is known that if
X is distal and Y is weakly mixing, the product X’ x ) is minimal; i.e. X’ and ) are
disjoint ([2, p.163], [15, Theorem IL.3], [38, IV(2.39)1], [41, VI.2.18]). The first proof
of this fact was given by Furstenberg ([15]) who showed that a group extension of a
flow disjoint from all weakly mixing compact minimal flows is itself disjoint from all
weakly mixing compact minimal flows if it is minimal.

Recall that a compact minimal abelian flow ) is weakly mixing iff } has no
nontrivial eigenvalue ([33]). So it is natural to ask whether, more generally, X and Y
are necessarily disjoint if we assume that X is distal and X and ) have no nontrivial
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common eigenvalue. If we want to construct a counterexample, ) must be non-
weakly-mixing (the statement above) and also at least one of the spaces X, Y must be
non-metric (this can be deduced from [2], p.161). We know of no such counterexample;
i.e. we know of no example of two non-disjoint compact minimal abelian flows X" and

Y, with X distal, and X and ) having no nontrivial common eigenvalue.

1.6 SK groups

In this section we introduce the notion of SK groups, which will be used in Sec-
tions 1.7 and 1.8. For example, Proposition 1.6.6 below will play a role in the proof
of Proposition 1.8.5(ii). The motivation for introducing SK groups comes from the

criterion for minimality of restrictions and the criterion for total minimality.

Definition 1.6.1. A topological group T is said to be SK, if the kernel of every

continuous character x € Tisa syndetic subgroup of T'.
Remark 1.6.2. The name “SK” means “syndetic kernels.”

Example 1.6.3. (i) R. (ii) Every compact group. (iii) Every abelian minimally
almost periodic group; in particular, every abelian extremely amenable group, see
(23, 23.32] for examples of such groups.

(Recall that an abelian topological group T is called minimally almost periodic if
it has no nontrivial continuous characters. A topological group T is called eztremely
amenable if every T-flow on a compact space has a fixed point. It is easy to see that

every abelian extremely amenable group is minimally almost periodic.)
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Example 1.6.3(iii) shows that there are non-LCA SK groups. Also, not all LCA

groups are SK, for example Z, Ry, Tq, R X Ry, etc.
Proposition 1.6.4. A finite product of SK groups is an SK group.

Proof. Let Ti,...,Ta be SK groups and let T = T, x ... x T,. Let x € T. For
each (zy,...,z,) € T we have x(zi,...,z,) = x(21,0,...,0)... x(0,0,...,z,). For: =
1,2,...,n denote by x; the continuous character z; — x(0,...,z;,...,0) of T;. So we
have x(z1,...,Zn) = X1(Z1)..-Xn(Zn), where x; € T. (:=1,2,...,n). Let S; = ker(x,),
and T; = S; + K;, where K is a compact subset of T; (: = 1,2,...,n). Since ker (x) D
S1 X ...x S,, and S; X ... x S, is syndetic (K = K; X ... x K,, is compact and

S1 X ...x Sy + K =T), ker(x) is also syndetic.

Corollary 1.6.5. Every connected LCA group is SK.

Proof. By (23, 9.14], connected LCA groups have the form R" x C, where n > 0 and
C is a compact connected abelian group. Since R and C are SK, the corollary follows

from Proposition 1.6.4. )

Proposition 1.6.6. Let T be a topological group, S a subgroup of T. Let x € T be
such that: (i) x(S) = T, and (11) ker(x|s) is syndetic in S. Then ker(x) is syndetic

mT.

Proof. Let S’ = ker(x |s). We have § = S’ + K for some compact subset K of
S. For each t € T, let s; be an element of S such that x(s;) = x(¢)~!. Then
t+s:+5' C ker(x). (Indeed, x(t+s¢+5") = x(t) - x(s¢) - x(S") = x(¢) - x(¢) ' - {1} =
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{1}.) Thus ker(x) D U (t+s+S5'). Nowker(x)+ K D U (t+s+5)+ K =

teT teT
U@+se+S"+K)= U (t+S)=T. So ker(x) is syndetic in T. O
teT teT

Corollary 1.6.7. Let T be a topological group which contains a connected SK sub-

group S. Let x € T be such that S ¢ ker(x). Then ker (x) is syndetic in T'.
Proof. Conditions (i) and (ii) of the previous proposition are satisfied. a

Corollary 1.6.8. Let T be an LCA group, T, its connected component of identity.

Let x € T be such that T, ¢ ker (x). Then ker(x) s syndetic in T'.

Proof. Ty is connected and it is SK by Corollary 1.6.5. So the statement follows from

Corollary 1.6.7. O

Example 1.6.9. Let T = R x Ty. Then To = R x {0}. If ¢ is the trivial character
of R, then ker(c-idt) = R x {0} and this is not a syndetic subgroup of T. For any
other character x € Iﬁ, ker (x - idt) is a syndetic subgroup of T by Corollary 1.6.8.

(For notation x; - x2 see 0.2.4.)

Remark 1.6.10. Abelian SK groups in a natural way generalize minimally almost
periodic groups (which are never LCA unless trivial), but also contain connected LCA
groups. The fact that in recent years it has become clear that extremely amenable
(and minimally almost periodic) groups are not “exotic” ([32]), can give some impor-
tance to SK groups. In connection with this, let us mention that it is not known if
minimally almost periodic groups are extremely amenable ([31]) even in the case of
monothetic groups. It is proved in [18, Theorem 3.3], that an example of a polish
minimally almost periodic group, which is not extremely amenable, would solve in
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the negative the old problem from combinatorial number theory and harmonic anal-
ysis, asking if the set § — S, where S is a syndetic subset of Z, is big enough to be
a neighborhood of 0 in the Bohr topology on Z. (Recall that the Bohr topology on
an abelian topological group T is the weakest topology on T in which all originally
continuous characters of T remain continuous.)

Let us also mention that an abelian topological group T is extremely amenable
iff every compact minimal T-flow is trivial, iff the universal compact minimal T-flow
Mt = (T, M7) is trivial. (Recall that for every topological group T, the universal
compact minimal T-flow is defined as a compact minimal T-flow M7 = (T, M7) such
that for every compact minimal T-flow X = (T, X) there exists a morphism of flows
of M7 onto X. It is well-known that Mr exists and is unique, see [2, p.115-117],
(13, p.61-62], [38, IV(3.27)], and also [37, Appendix|. It is shown in [37] that Mt
is not 3-transitive.) Obviously, if a topological group T admits at least one compact

minimal non-totally-minimal flow, then M7 is not totally minimal.

1.7 Total minimality of X in terms of the structure
group ['(X)

Remark 1.7.1. Combining 0.2.40 and 0.2.15, for compact minimal abelian flows we
have: X is weakly mixing iff every eigenvalue of X is trivial. (Another characterization

of weakly mixing compact minimal abelian flows was recently given in [3].)

Proposition 1.7.2. Let X = (T, X) be a compact minimal abelian flow and suppose
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that T is an SK group. Then X is totally minimal iff X is weakly mizing.

Proof. From 1.7.1 and the criterion for total minimality we conclude that if a compact
minimal abelian flow is weakly mixing, it is totally minimal. Suppose now that X’
is totally minimal. By the criterion for total minimality, X has no nontrivial eigen-
value whose kernel is syndetic. Since T is SK, this implies that X’ has no nontrivial

eigenvalue at all. By Remark 1.7.1 X is weakly mixing. O

Remark 1.7.3. Let X be a compact minimal abelian flow. The direction “X weakly
mixing implies X totally minimal” is true without T being SK (see [24, p.480] for
another proof). According to [24, p.480], the equivalence “X is weakly mixing iff X is
totally minimal” was first proved by N. Markley for T' = R. Proposition 1.7.2 extends

this result since R is SK.

Remark 1.7.4. If T is not SK, Proposition 1.7.2 is not true in general. Consider
for example a compact minimal (almost periodic) Z-flow X = (Z, T, ), defined by
m(n,z) = e¥™% 2 for n € Z and z € T, where 6 € R is irrational. This flow is totally
minimal. (Follows from 1.8.1 below, but it is also easy to check directly.) However
this flow is not weakly mixing. (Follows easily from the definition of weak mixing.)
More generally, any nontrivial compact minimal Z-flow X’ on a connected space
X, which satisfies S # X x X, is totally minimal but not weakly mixing. (Total

minimality follows from 1.8.1 below. Weak mixing follows from 0.2.39.)

Corollary 1.7.5. Let X = (T, X) be a compact minimal abelian flow and suppose
that T is SK. Then X is totally minimal if and only if the structure group ['(X) is
trivial.
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Proof. For compact minimal abelian flows, X’ is weakly mixing if and only if S% =
X x X (0.2.39). Hence (by Proposition 1.7.2) X is totally minimal iff S, = X x X.
Finally, since X' is minimal, S§ = X x X iff ['(X) is trivial. (Indeed, if S% = X x X,
then clearly I'(X') is trivial. Conversely, if ['(X) is trivial, E(X/S%) = {idx/ss,}. So
all elements of T fix every element of X/S%. This means that for every equivalence
class C C X of the relation S5, t.C C C for all t € T. Thus C is a (closed) invariant

subset of X under T. Since X is minimal, there is only one equivalence class; i.e.

['(X) is trivial.) a

Remark 1.7.6. Thus the class of abelian topological groups for which the total
minimality of every compact minimal abelian flow X’ is equivalent with the triviality
of I'(X), includes abelian SK groups. (It would be interesting to characterize this
class.) In the case that T is a connected LCA group, the previous corollary was
stated by Gottschalk ([21, p.56]). Since, by Corollary 1.6.5, connected LCA groups

are SK, we have a larger class of acting groups for which the statement holds.

1.8 Compact minimal abelian flows that are not

totally minimal

1.8.1. Although total minimality is a strong condition, there are many examples of
totally minimal flows. For example, the following statement holds ([22, 2.28]): every
minimal flow X = (T, X), with T discrete and X connected, is totally minimal.

Indeed, if S is a syndetic normal subgroup of T, then T' = F'S = SF for some
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finite set F C T. Let z € X. Then (using 0.2.21, 0.2.23 and 0.2.24) X = T.x =

FSz=FSz= |J t.Sz, where F, is some subset of F and the union is disjoint.
teF
Since X is connected, it cannot be a finite union of > 1 disjoint closed sets. So

X = S.z. Since this holds for any r € X, X is totally minimal.

1.8.2. In (16, p.36] a family of examples of minimal Z-flows on T" (n > 1 any integer)
is given. By 1.8.1, these flows are necessarily totally minimal. (See also [38, ITII(1.18)-

I11(1.20)] and [14].)

1.8.3. There exists a minimal continuous R-flow on T?, with no nontrivial continuous

eigenvalue ([25]). By 1.7.1(ii) and (iv), this flow is necessarily totally minimal.

1.8.4. Note that by 1.8.1 and Corollary 1.2.5, every nontrivial eigenvalue x = e2™*()
of a compact minimal Z-flow on a connected space X, satisfies A ¢ Q. (But not every
such flow has a nontrivial eigenvalue. However, it is proved in [14, Theorem 5.1] that
every minimal Z-flow on T?, X = (T? k), such that the homeomorphism h is not

homotopic to the identity transformation, has a nontrivial eigenvalue.)

We will now give some conditions on compact minimal abelian flows which necessarily

imply non-total-minimality.

Proposition 1.8.5. Let X = (T, X, n) be a compact minimal abelian flow. Then in
each of the following situations X 1is not totally minimal:
(i) X almost periodic, X non-connected;

(11) X almost periodic, T contains a connected SK subgroup which acts nontrivially

on X;
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(1i1) X prozimally equicontinuous, T contains a connected SK subgroup which acts
nontrivially on X;

() X/S% non-connected,

(v) X distal, X totally disconnected, |X| > 1;

(vi) X point-distal, T SK, X metric, | X| > 1;

(vii) X regularly almost perodic at at least one point, T contains a connected SK

subgroup which acts nontrivially on X, X metric.

Proof. (i) Follows from Example 1.1.6 and the criterion for total minimality.

(ii) Let S be a connected SK subgroup of T and a € X, and suppose that |S.a| > 1.
By 0.2.30, X has a compact abelian group structure such that a is the identity

element and the orbital map 7® : T — X is a continuous group homomorphism and

m3(T) = T.a = X. Since S.a is a nontrivial closed connected subgroup of X, there is a
surjective continuous character of S.a, fo : S.a = T. Let f be a continuous character
of X which extends fo.

Define x € T by x = fon® Since 7%(S) = S.a is a nontrivial connected subgroup
of X, which is dense in S.a, x(S) = f(7%(S)) is a nontrivial connected subgroup of

T. Hence x(S) = T. By Corollary 1.6.7, ker (x) is a syndetic subgroup of T. Since

f(ker (x).a) = (f o7®)(ker(x)) = {1}, we have f(ker(x).a) = {1}. If t € ker(x)*,

then x(t) = f(t.a) € f(ker(x).a) = {1}. Hence t € ker(x). Thus ker (x)* C ker(x).

Hence ker (x)" = ker (x)* = ker(x). So ker(x) is a proper enveloped subgroup of T

Now by the criterion for total minimality ((i) < (i27)) X is not totally minimal.

(iii) Let S be a connected SK subgroup of T and a € X, and suppose that
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|S.a| > 1. Since X is proximally equicontinuous, Py = S% (0.2.38). Consider the
almost periodic flow (T, X/S%). This flow satisfies the conditions of (ii). Indeed, if
b # a is an element of S.a, then a and b are distal (0.2.34). Hence the images a and
b of a and b in X/S% are distinct points, and b € S.d. Now by (ii), (T, X/S%) is not
totally minimal. Consequently X is not totally minimal.

(iv) The flow (T, X/S%) is almost periodic with a non-connected phase space. By

(i), (T, X/S%) is not totally minimal. Consequently X is not totally minimal.

(v) Since X is distal and |X| > 1, §% # X x X (0.2.35). The canonical map ¢ :
X — X/S% is not only closed, but also open (0.2.36). Since X is totally disconnected,
its image X/S% under a continuous clopen map is totally disconnected. In particular,
X/S% (having more than one element) is not connected. By (iv), X is not totally

minimal.
(vi) Follows from Proposition 1.7.2 and 0.2.41.

(vii) By [22, 5.24] X is locally almost periodic. Hence it is proximally equicontin-
uous. Now by (iii) X is not totally minimal.

a

Remark 1.8.6. (i) The statement 1.8.5(ii) was first proved in the case T = R by
E. E. Floyd (see [22, 4.55 and 4.87]). It was generalized by H. Chu to non-totally-
disconnected LCA groups with the connected component of the identity acting non-
trivially on X ([6]). We extend the class of acting groups for which the statement
is true. Also our proof is simpler than that in [6] (no need for Pontryagin’s duality

theory).
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(ii) We could finish the proof of 1.8.5(ii) in a different way, by showing that x is a
nontrivial eigenvalue of X whose kernel is a syndetic subgroup of T. For this purpose
it remains to show that f(t.z) = x(t)f(z) for all (¢,z) € T x X. Denote the operation
in X by * . We have (t; + t2).a = 7%(t, + t2) = 7%(t1) * 7*(¢2) = t1.a * t.a for any
ti,t € T. For any ¢ € X there is a net ty.a — z. Hence for any t € T, t.a*xz =
t.ax (limty.a) = lim(t.a * tx.a) = lim (¢ + ¢).a = limt.(¢y.a) = t.(lim¢y.a) = t.z. So
f(t.z) = f(t.axz) = f(t.a)f(z) = x(t)f(z) for any (¢,z) € T x X. Now we use the

criterion for total minimality ((z) & (27)).

(iii) The statement 1.8.5(iii) for X locally almost periodic (hence proximally
equicontinuous) and T non-totally-disconnected LCA group with the connected com-
ponent of identity acting nontrivially on X, was proved in ([7, p.380]). We extend
the class of acting groups and replace "locally almost periodic” by a weaker condition
"proximally equicontinuous”. The part of the proof in which the statement (iii) is

reduced to the statement (ii) follows [7]. The proofs of (ii) are different.

(iv) The statement 1.8.5(v) was proved in [24, 3.2] as an application of a cri-
terion for weak mixing that was formulated and proved there. Although 1.8.5(v)
implies 1.8.5(iv), we stated both of them since the proof of 1.8.5(v) reduces to the

proof of 1.8.5(iv).

(v) A complete characterization of flows which satisfy 1.8.5(vii), with 7= R, in

terms of their eigenvalues, is given in {10, Theorem 2].

Remark 1.8.7. Note that proximal compact minimal abelian flows are trivial [38,

IV(2.18)], in particular totally minimal.
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Chapter 2

Almost periodicity of a point

under various constructions

2.1 The notion of a skew-morphism of flows

Definition 2.1.1. Let X = (T, X), Y = (T",Y) be two flows. A pair of maps
(h, f), where h : T — T’ is a continuous group homomorphism and f : X — Y is a
continuous map, is called a skew-morphism of flows if
f(tz) = h(t)f(z)
for allt € T and all z € X. We write (h, f): X = ).
A skew-morphism (h, f) is called a skew-isomorphism if h is an isomorphism of

topological groups and f is a homeomorphism.

Example 2.1.2. Let X = (T, X), Y = (T,Y) be two flows with the same acting

group T and let f : X — Y be a morphism of flows. Then (idr,f) : X = Vis a
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skew-morphism. Also if Xy = (T4, X), then (idr,idx) : X4 = X is a skew-morphism

(but not necessarily a skew-isomorphism).

Example 2.1.3. Let X = (T, X) be a flow, f : X — T be an eigenfunction of X
and x € T the corresponding eigenvalue. Let 7 = (T, T) be the flow defined by the
action of the unit circle T on itself by multiplication. Then (f,x) : & = 7T is a

skew-morphism.

Example 2.1.4. Let X = (T, X), Y = (T",Y) be two flows, (h,f) : X = Y a
skew-morphism, y € Y, z € f~!(y). Since f(Tz) C T'y, we have f(Tz) C T'y.
Let f, : Tx — T'y be the restriction of f to these sets. Let X' = (T, Tz_) and
Y' = (T",T'y) be the canonical flows. Then (h, f;) : X' = )" is a skew-morphism of

flows.

Example 2.1.5. Let X = (T, X, n) be a flow, S a normal subgroup of T, z € X,
t € T. Consider the canonical flows Y = (S,5z) and Z = (S, Stz). Notice that
Str =tSz. Let h=1Int,: S - S, h(s) =tst™',and let f = m : X = X, m(z) = tz.
Then (h, f) = (Int,,m) : Y = Z is a skew-isomorphism of flows. In T is abelian,

Int, = ids, so we have a skew-isomorphism (idg, m;) : Sz — Str.

Example 2.1.6. Let X = (T, X, 7) be a compact minimal abelian flow, S a syndetic
subgroup of T. The orbit-closures under S form a partition of X. Let R be the
equivalence relation on X defined in that way, X = X/R, px : X = X/R the
canonical map. For r € X denote by Z the element px(z) of X. Let S* be the X-
envelope of S, pr : T — T'/S* the canonical homomorphism. The function 7 : T'/S* x
X/R — X/R, given by #(t + S*,i) = fz, defines a flow X = (T/S*, X/R, %) (follows
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from the proof of the criterion for minimality of restrictions). Then (pr,px): & - &

is a skew-morphism of flows.

Proposition 2.1.7. Let X = (T, X), Y = (T",Y) be two flows, (h,f): X = YV a
skew-morphism.

(i) If b is surjective, then f(X) is an invariant subset of Y (and hence (T', f(X))
s a subflow of V).

(1) If X is minimal and f is surjective, then ) is minimal.

(iit) If X is totally minimal, h,f are both surjective and h has the compact-covering

property, then Y is totally minimal.

Proof. (i) and (ii) are easy.
(iii) Fix a syndetic subset S’ of T’ and an element y € Y. By Remark 0.2.8, § =

h=1(S') is a syndetic subset of T. Let z € f~!(y). Then Sz = X. Hence: S’y =

h(S)y = h(S)f(z) = f(Sz) O f(Sz) = f(X) = Y. So Y is totally minimal. O

2.2 Almost periodicity of a point under various

constructions

Proposition 2.2.1. Let X = (T, X) be a flow, z € X. Let Y be an invariant subset
of X which contains x and let Y = (T,Y) be the subflow of X onY. Then z is almost

periodic in X if and only if x is almost periodic in ).

Proof. Follows from the definition. d
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Remark 2.2.2. Let X = (T, X), Y = (T",Y) be two flows, (k,f) : X = Y a skew-
isomorphism, z € X, y = f(z). Then z is almost periodic in X if and only if y is

almost periodic in ).

Proposition 2.2.3 ([2],[13],[22],[38](for morphisms)). Let X = (T, X), Y =
(T",Y) be two flows, (h,f): X = Y a skew-morphism with h surjective. Let z € X,

y = f(x). Then if z is almost periodic in X, y is almost periodic in ).

Proof. Let V be a neighborhood of y and let U be a neighborhood of = such that
f(U) C V. Let S be a syndetic subset of T such that Sz C U. Then, from f(Sz) C V,
h(S)y C V. Also T' = h(T') = h(KS) = h(K)h(S). Since h(K) is compact, h(S) is

syndetic. Thus y is almost periodic. a

Remark 2.2.4. The above proof is the same as the proof in case of morphisms. The
next three propositions however illustrate how sometimes, using skew-morphisms, we
can easily get simpler and more natural proofs of known statements, as well as new

statements.

Proposition 2.2.5 ([2, page 13]). Let X = (T, X, r) be a flow, S a normal subgroup
of T, Xs = (S,X) a restriction of X, z € X. Then if x is almost periodic in Xs,
every tx, t € T, s almost periodic in Xs. (In particular, if z is almost periodic in X,

every point tx, t € T, is almost periodic in X.)

Proof. Fix t € T. Consider the canonical flows Y = (S, Sz) and Z = (S, Stz). By
Example 2.1.5 and Proposition 2.2.1 we have: z is almost periodic in X5 < z is

almost periodic in Y & tz is almost periodic in Z & tz is almost periodic in Xs. O
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Proposition 2.2.6. Let X = (T, X,n), Y = (T,Y,p) be two flows with the same
acting group T, r,s € T. Consider a continuous group homomorphismh : T — T xT,
gwen by h(t) = (rtr=!,sts™!) = (Int,(¢), Int,(t)). Suppose that the subgroup h(T) of
T x T has the topology induced from T x T and consider the flow Z = (h(T),X x Y),
defined by

(t1, t2) (2, y) = (7(t1, 2)p(t2, ) = (hiz, t2y),
where (t1,t2) € h(T) and (z,y) € X x Y. Then a point (z,y) s almost periodic in

X x Y if and only if (rz, sy) is almost periodic in Z.

Proof. (h,m X p,) : X x Y — 2 is a skew-isomorphism (by 0.2.2 and a routine

checking) and (7 x p,)(z,y) = (rz, sy). a

Corollary 2.2.7. Let X = (T, X), Y = (T,Y) be two abelian flows with the same
acting group T.

(i) If a point (z,y) is almost periodic in X x ), then every point (rz,sy), r,s € T,
18 almost periodic in X x ).

(ii) If a point x is almost periodic in X, then every point (rz,sz), r,s € T, is

almost periodic in X x X.

Proof. (i) The diagonal of T x T can be identified with T'.
(ii) « is almost periodic in X if and only if (z, ) is almost periodic in X x X, so (ii)

follows from (1). d

Remark 2.2.8. The statement (i) is used in [1]. The statement (ii) is Lemma 8

from [8].
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Proposition 2.2.9. Let X = (T, X) be a flow, f : X — X an endomorphism of X'.

Then if = is almost periodic in X, (z, f(z)) is almost periodic in X x X.

Proof. Consider the subflow Y = (T, Gr(f)) of X x X. Let g : X — Gr(f) be given by
g(z) = (z, f(z)). Then (idr,g) : X — )Y is a skew-isomorphism (using 0.2.2 and the
assumption that f is a morphism). Hence, since z is almost periodic in X, (z, f(z)) is

almost periodic in Y. By Proposition 2.2.1, (z, f(z)) is almost periodicin X x X. O

Remark 2.2.10. Note that, using Proposition 2.2.9, we can again deduce (ii) from
Corollary 2.2.7, if we observe that in the case of an abelian flow X all transition

homeomorphisms z + tr are endomorphisms of X.

Proposition 2.2.11 ([2],{13],[22],[38]). Let X = (T, X) be a compact flow. Then:
(i) a point x € X is almost periodic if and only if it is discretely almost periodic,
(11) X s pointwise almost periodic if and only if every orbit closure in X is min-

imal;

(132) of X is minimal, every point z € X is almost periodic;
(iv) there is at least one almost periodic point of X;
(v) let S be a syndetic normal subgroup of T, Xs = (S,X) a restriction of X,

r € X; then z is almost periodic in X if and only if z is almost periodic in Xs.
Remark 2.2.12. All statements from Proposition 2.2.11 can be easily proved us-

ing 0.2.17 and the natural connection 0.2.28 between almost periodicity of a point

and minimality in the case of compact flows.
Proposition 2.2.13 ([12], [38, II(7.10)] (for morphisms)). Let X = (T, X),
Y =(T",Y) be two compact flows, (h, f) : X = Y a skew-morphism with h surjective.
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Let y € Y be an almost periodic point of Y. Then the set f~'(y) contains an almost

periodic point of X.

Proof. Let N = T'y. This is a minimal subset of Y by Proposition 2.2.11. The
set f~1(N) is a nonempty closed invariant subset of X. Also f~'(N) is compact.
Hence (by 0.2.17) f~!(N) contains a minimal subset M. Then f(M) is a closed
nonempty invariant subset of N. Hence f(M) = N. In particular, there is a point
r € M such that f(z) = y. Since we must have Tz = M, r is almost periodic by

Proposition 2.2.11. O

Remark 2.2.14. The above proof is the same as the proof in the case of morphisms.

2.3 The notion of a skew-morphism good over a

point with respect to orbit-closures

Definition 2.3.1. Let X and Y be topological spaces, y € Y. A continuous map
f:X =Y, is said to be good over y if the fiber f~!(y) = {z; | ¢ € I} is nonempty
finite and if given neighborhoods U; of z;, i € I, there exist neighborhoods W; of z;,
: € I,and V of Y, such that:

(Gly Wy Cc U;,i€ I

(G2) if i # j then W,\W; =0, 1,5 € I;

(G3) f(Uies Wi) = V;

(G4) f71(V) = Uies Wi

Example 2.3.2. Any homeomorphism f : X — Y is good over any y € Y. More
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generally, if X is a topological space and F a finite (discrete) space, then pr, : XxF —

X is good over any r € X.

Remark 2.3.3. Let f~'(y) = {z1, -+ ,z,} and suppose that there exist neighbor-
hoods U; of z;,1 =1,--- ,n,and V of y,so that each f: U; > V,1=1,--- ,n,is a
homeomorphism. Still f is not necessarily good over y. (Consider the subsets of R%:
X ={(a,b)| -1<a<1,be{0,1}}\{(0,1)}, Y = {(a,0)] =1 < a <1}, the map

f = pr,, and the point y = (0,0).)

Proposition 2.3.4. Let X and Y be compact spaces, f : X — Y a surjective con-

tinuous map, y € Y. Then if the fiber f~!(y) is finite, f is good over y.

Proof. Let f~'(y) = {z1, -+ ,z,} and let U; be an open neighborhood of z;, i =
1,--- ,n. We may asssume that the U; are pairwise disjoint. The set X' = X\, Ui
i1s compact. For any point z € X’ choose disjoint open neighborhoods O, of y and
O of f(z). Then A, = f~1(0) and B, = f~!(0,) are disjoint open neighborhoods of
f7'(f(2)) and f~'(y) respectively. The set X' is covered by |J, s A:, so there are
finitely many points z;,--- ,zx € X' such that X' C U_’;:l A.;. Consider nle B.,.
That’s a saturated (with respect to f) open neighborhood of f~!(y) (as an intersection
of saturated neighborhoods). Also (ﬂ";=l B,J.)ﬂ(Uf=1 A;) = 0. Since Ule A D
X\ U, Ui, we have N, B;; C U, Ui. Put Wi = (N5, B.,)NUi, i = 1,--- ,n.
Now JL, W; = ﬂle B, = n;;l f~10;) = f“‘(ﬂ;;l O.,). Since f is surjective,
FIUZ W) = f(N=1 B;;) = N5, Os;. Put V = (Y;_, O,;. The neighborhoods W;,

t=1,---,n, and V satisfy the conditions (G1)-(G4). O

Remark 2.3.5. If the condition (G3) from the previous definition is replaced by
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(G3) f(W;)=V foralli €I,
(and if the fiber f~!(y) is not necessarily finite), f is said to be locally surjective
over y. This notion was considered in [35]. Other than this definition, the line of
investigation we pursue has no connections with this paper. The map f from the
previous proposition is not necessarily locally surjective over y. (Consider the subsets
of R% X = {(a,0)] -1 <a <1}U{(0,1)}, Y = {(a,0)] — 1 < @ < 1}, the map

f = pr;, and the point y = (0,0).)

Definition 2.3.6. Let X = (T, X), Y = (T',Y) be two flows. A skew-morphism
(h,f) : X = Y is said to be good over y with respect to orbit closures if the following
two conditions hold:

(GR) for any z € f~!(y), the restriction f; : Tx — T'y of f is good over y;

(OC) for any z,2’' € f~'(y), ' € Tz implies z € Tz’
A morphism f: X — Y of flows X = (T, X) and Y = (T,Y) is said to be good over
a point y € Y with respect to orbit closures if the skew-morphism (idr, f) : X = YV is

good over y with respect to orbit closures.

Example 2.3.7. If (h, f) : X — YV is a skew-isomorphism of flows X = (T, X) and

Y =(T",Y), then for any y € Y, (h, f) is good over y with respect to orbit closures.

Example 2.3.8. Let X = (T, X) be a flow and let X3 = (T4, X). Let (idr, f) : X4 —
X be a skew-morphism with f a homeomorphism. Then for any y € Y, (h, f) is good

over y with respect to orbit closures.

Example 2.3.9. More generally than in the previous example, let X = (T, X) and
Y = (T',Y) be two flows, (h,f) : X — Y a skew-morphism with h surjective and
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f a homeomorphism. Then for every y € Y, (h, f) is good over y with respect to
orbit-closures.

(Indeed, let f~!(y) = {z}. Since f is a homeomorphism, f(Tr) is a closed subset
of Y, hence of T"y. Since it contains a dense subset T"y of T'y, we have f(Tx) = T'y.

So f, : Tx = T'y is a homeomorphism. Hence (GR) holds. Also (OC) holds since

each fiber has exactly one element.)

2.4 Examples of skew-morphisms good over a point

with respect to orbit-closures

Proposition 2.4.1. Let X = (T, X), Y = (T",Y) be two flows, (h,f) : X = YV a
skew-morphism with h surjective. Suppose that (X, f) is a covering of Y whose all
fibers are finite. Let y € Y. Suppose that each deck-transformation of (X, f) is an
automorphism of the flow X and that the group of deck-transformations of (X, f) is

transitive on f~'(y). Then (h, f) is good over y with respect to orbit closures.

Proof. Fix any z € f~!(y). Consider the restriction f, : Tz — T’y of f. Let’s
check that f, is surjective. Indeed, let y' € T'y. Suppose to the contrary, i.e.
fYUy')NTz = 0. Let f~'(y') = {z! | i € I}. Take an elementary neighborhood
U/ of each of the elements zi(: € I). We may assume that all of them are disjoint
from Tz. Let V' be the corresponding elementary neighborhood of y'. There is an
element t'y € V' (since y' € T'y). Let t € T be such that h(t) = ¢’ and consider t..

We have f(tr) = t'y. Hence tz € U! for some 7, a contradiction. Thus f; is surjective.
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Let fi'(y) = {z = z,,3, -+ , o} and let U; be a neighborhood of z; in Tz (i =
1,---,n). There are elementary neighborhoods W of these points which all corre-
spond to the same elementary neighborhood V"’ of y and are such that W; = W/NTx C
U;. [Here we use finiteness of the fiber f~!(y).] Let V = V' N T'y. We want to show
that these W, and V satisfy (G1)-(G4) (in that way the condition (GR) for (k, f)
will be checked). Let ' € W;. Then f(z') € f(W;) C f(W]) = V'. Also there is a
net t,x — z'. Hence f(tax) = f(z'), i.e. h(ta)y = f(z'). Hence f(z') € T'y. Thus
fz)eV'NTly =V. So f(W;) CV fori=1,--- ,n. Let now b € V. Since f is
surjective, there is an a € Tz such that fi(a) = b. This a must belong to f~!(V’),
hence to the one of W/, hence to the one of W;.

Let’s check (OC). Observe that for every g € A and 2',z" € X, " € Tz' im-
plies gz” € Tgz' since g is an automorphism of X. Consider z; € f~'(y) N Txz.
Let g € A be such that gz = z;. From gz € Tz we have (using the observation)
g’z € Tgz C Tz. Then g°z € Tg’z C Tgz, etc. Since all elements z, gz, g%z, -

are in the finite set f~!(y), there is a smallest n > 1 such that g"z = z. We have

z=Tg"t CTg" 'z C--- C Tgr C Tz. Hence Tz = Tgr = Tz;. Hence (OC)

holds. a

Lemma 2.4.2. Let X = (T, X), Y = (T',Y) be two flows, let z € X, y € Y and
suppose that X = Tz, Y = T'y. Let (h,f) : X — Y be a skew-morphism with h
surjective and f(z) = y. Suppose that y has a neighborhood V such that K := f~' (V)
is compact. Then the restriction f' : K — V of f is surjective. In particular, V is

compact.
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Proof. Let z € V. Since T'y NInt(V) is dense in V, there is a net t,y — z in Int(V).
For each t! let t, be an element of T such that h(t,) =t,. Since f(toz) =t,y €V,

tax € K. Since K is compact, there is a convergent subnet tsz. Let tgz - w € K.

Then f(tgz) = f(w), i.e. thy = f(w). Hence f(w) = 2. O

Proposition 2.4.3. Let X = (T, X), Y = (T",Y) be two flows, (h,f) : X = YV a
skew-morphism with h surjective. Suppose that whenever z1,z2 € X are in the same
fiber, their orbit-closures are either equal to each other or disjoint. Let y be a point
of Y which has a neighborhood V such that f~'(V) is compact and let z € f~'(y)
be such that Tx N f~'(y) is finite. Let f' : Tx — T'y be the restriction of f and let
X' = (T,Tz) and V' = (T",T'y) be the canonical flows. Then (h,f'): X' —» Y is

good over y with respect to orbit closures.

Proof. Let f~'(y)N Tz = {z = x,,z3, -+ ,Zn}. Since, by assumption, Tx; = Tz for
1=1,2,--- ,n, (h, f') is good over y with respect to orbit closures iff f’ is good over
y. The set V' = V N T'y is a neighborhood of y in T'y. Note that for every subset
of T’y its closures with respect to T’y and with respect to Y are the same. Since
VicVnTy, f~Y(V)c fY(V). Since f~'(V7) is closed in Tz, it is closed in X.
Hence it is compact.

Let U; be a neighborhood of z; in Tz (i = 1,2,--- ,n). Denote K = f'~' (V7).
We may assume that U; C K for all : since K is a neighborhood of f”~!(y) in
Tx. The restriction f” : K — V' of f' is surjective by Lemma 2.4.2. Hence, by
Proposition 2.3.4, f” is good over y. So there are open neighborhoods W; C U; of

z; in K and V” of y in V’, which satisfy (G1)-(G4). They are at the same time
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neighborhoods in Tz and in T"y. So f’ is good over y and consequently (h, f’) is good

over y with respect to orbit closures. O

Proposition 2.4.4. Let X = (T, X) be a flow all of whose orbit closures are compact
(for ezample a compact flow) and let Y = (T",Y) be a compact flow. Let (h,f) : X —
Y be a skew-morphism with h surjective and f locally injective. Let y € Y be a point
with a nonempty fiber. Then if y is almost periodic in Y, (h, f) is good over y wath

respect to orbit-closures.

Proof. Suppose that y is almost-periodic in ). Let £ € f~!(y). Since ) is a compact
flow, T’y is minimal. Hence the restriction f, : Tx — T’y of f is surjective. For
each point z € Tx we can choose an open neighborhood O, of z in Tz such that f, is
injective on O,. Since Tz is compact there are finitely many points zy, z2, -+ , z,, such
that O,, U---U O,, covers Tz. Each of these sets can contain at most one element
from f7'(y). Hence f{'(y) is finite. By Proposition 2.3.4, f; is good over y. So the
condition (GR) is satisfied.

Let ' be another point from f~!(y) and suppose =’ € Tz. Suppose that = ¢ Tx'.
Let f7'(y) = {x = 21,22, ,Z' = Tyn, Tms1," "+, Zn}.Without loss of generality we
may assume that T2’ N f7'(y) = {Zm, Tm41, -+ ,Zn}. Using compactness of Tz and
the fact that f, is good over y, we can find open pairwise disjoint neighborhoods W; of
ri,1=1,2,--- ,n,and V of y, so that at the same time the conditions (G1)-(G4) are
satisfied, f; is injective on each of W;, i = 1,2,--- ,n, and Tz’ is disjoint from every
Wi, i=1,2---,m—1. Let § = D(y,V). Then by Proposition 2.2.11 T’ = F'S’,

where F” is a finite subset of T’. Hence by Lemma 0.2.7, T = Fh~!(S’), where F is a
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finite and S = h~1(S’) a syndetic subset of T. There is a net t45,21 = T, wWitht, € F
and s, € S. The net (t,) in F has a convergent subnet t53 — ¢. Since tgsgz) — Tpm,
we have tsgr; — r,,. Hence szz, — t~'z,,. Since f(sgz1) = h(sg)y € V, sgx; €
Ur, Wi = f71(V). At the same time ¢t~'z,, € Ta’. Since Tz’ is disjoint from each
W, for i = 1,2,--- ,m — 1, we have that for § > By (for some f,) all sgz; are in
UL, W.. Fix some sgz; € W, j € {m,m+1,--- ,n}. Foreachi =m,m+1,--- ,n,
sa%i € Up_,, W (must be in Tz and in |JI_, W; at the same time). So there are two
of the points sgz1, SaTm, SaTm+1,"** , S3Tx in one of the sets W,,--- | W,,. The image
under f; of each of them is h(sg)y. Since f; is injective on each of W,,, - - , W, these
two points should be equal to each other, a contradiction. Hence r € Tz, i.e. the

condition (OC) is satisfied. O

2.5 A criterion for lifting of almost periodicity of
a point

Theorem 2.5.1 (criterion for lifting of almost periodicity of a point). Let
X =(T,X), Y = (T,Y) be two flows, (h,f) : X = Y a skew-morphism with h
surjectve. Let y € Y be a point such that (h, f) is good over y with respect to orbit-
closures and let z € f~'(y). Then y is almost periodic in Y if and only if = is almost

periodic in X .

Proof. (=) : Suppose y is almost periodic in . The restriction f; : Tz — T'y

of f is good over y. In particular the fiber f;!(y) is finite. Let f7'(y) = {z =
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Z1,T2, - ,Zn}. Fix any neighborhood U of z; in Tz. Put U; = U and t; = e. For
each i € {2,3,--- ,n} we have z; € Tz, (since (h, f) is good over y with respect to
orbit-closures). Hence for each : € {2,3,--- ,n} there is an open neighborhood U;
of z; in Tz and t; € T such that t,U; C U. Choose open neighborhoods W; C U;,
i =1,2,--- ,n, of the points z; in Tz and an open neighborhood V of y in T’y so that
the conditions (G1)-(G4) are satisfied. By Lemma 0.2.19, there is a neighborhood V’
of y in T’y and a neighborhood O of the unit element ez in T’, such that OD(y, V') C
D(y,V). Also there is a compact K’ C T’ such that 7' = K'D(y,V’). We have
K' C F'O for some finite subset F' of T'. Thus T C F'OD(y,V') C F'D(y,V) C T',
so T = F'D(y,V). By Lemma 0.2.7, there is a finite subset F of T such that
T = Fh~'(D(y,V)) = FS,so S = h™(D(y,V)) is syndetic in T. We have Sz, C
UL, W, (since for every s € S, f(sz;) = h(s)y € V). Let S; = {s € S|sz; e W;}, 1 =
1,2,--- ,n. Iffors € S, sz; € W, forsomei =1,2,--- ,n, then t;sz, € t;W; C t;U; C
U, hence for every s € S, s € S; implies t;s € D(z,,U). Cosequently D(z,,U) D
Ui, tiSi. Since § = |JI, Si, the set |J_, :S; is syndetic in T by Lemma 0.2.9. Hence
D(z,,U) is syndetic and so z = z, is almost periodic.

(=) : Follows from Proposition 2.2.3. U
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2.6 Applications of the criterion for lifting of al-
most periodicity of a point

Corollary 2.6.1. Let X = (T, X) be a flow whose all orbit-closures are compact and
let Y = (T"Y) be a compact flow. Let (h,f): X — Y be a skew-morphism with h
surjective and with f locally injective. Let y € Y be an almost periodic point in Y

with a nonempty fiber. Then every x € f~'(y) is an almost periodic point of X.

Proof. By Proposition 2.4.4, (h, f) is good over y with respect to orbit-closures. Hence

by Theorem 2.5.1, every = € f~!(y) is an almost periodic point of X. a

Corollary 2.6.2 ([12, Proposition 3]). Let X = (T, X), Y = (T,Y) be two com-
pact flows and f : X — Y a surjective locally injective morphism. Let y be an almost

periodic point of Y. Then every x € f~1(y) is an almost periodic point of X.
Proof. Follows from Corollary 2.6.1. a

Corollary 2.6.3. Let X = (T, X), Y = (T",Y) be two flows, (h,f) : X = Y a skew-
morphism with h surjective and f a homeomorphism. Let y € Y and let z € f~'(y).

Then y is almost periodic in Y if and only if = is almost periodic in X.

Proof. By Example 2.3.9, (h, f) is good over y with respect to orbit closures. So the

statement follows from Theorem 2.5.1. O

Corollary 2.6.4 ([30, Theorem])). Let X = (T, X) be a flow and = a point of X.

Then x is almost periodic if and only if it is discretely almost periodic.
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Proof. Consider a skew-morphism (idr,idx) : Xy — X, where Xy = (T4, X) and

apply Corollary 2.6.3. a

Corollary 2.6.5 ([26, Proposition 4.3] (with T =T’ and h = idr)). Let X =
(T,X), Y =(T"Y) be two flows, (h,f): X = Y a skew-morphism with h surjective.
Suppose that whenever 1,z € X are in the same fiber, their orbit-closures are either
equal to each other or disjoint. Let y be a point of Y which has a neighborhood V
such that f~'(V) is compact and let z € f~'(y) be such that Tz N f~'(y) is finite.

Then y s almost periodic in Y if and only if  is almost periodic in X.

Proof. Let f' : Tx — T'y be the restriction of f, X' = (T,Tx), Y = (T",T'y) the
canonical flows. Then, by Proposition 2.4.3, (h, f') : X' — )’ is good over y with
respect to orbit-closures. Hence, by Theorem 2.5.1, y is almost periodic in )’ iff z is
almost periodic in X’. Also, by Lemma 2.4.2, y is almost periodic in Y iff y is almost
periodic in )’ and z is almost periodic in X’ iff z is almost periodic in X’. Thus y is

almost periodic in Y iff z is almost periodic in X. a

Corollary 2.6.6 ([27, Theorem 2.1] (with T =T' and h = idr)). Let X =

(T,X), Y =(T"Y) be two flows, (h,f): X = Y a skew-morphism with h surjective.
Suppose that (X, f) is a covering of Y all of whose fibers are finite. Let y € Y and
let z € f~'(y). Suppose that each deck-transformation of (X, f) is an automorphism
of the flow X and that the group of deck-transformations of (X, f) is transitive on

f~'(y). Then y is almost periodic in Y if and only if = is almost periodic in X.

Proof. By Proposition 2.4.1, (h, f) is good over y with respect to orbit-closures. So

the statement follows from Theorem 2.5.1. O
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