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ABSTRACT

ARBITRARY LAGRANGIAN EULERIAN (ALE) DESCRIPTION FOR LARGE-
DEFORMATION, METAL-FORMING PROBLEMS
By

Muhammad Mukarrum Raheel

Arbitrary Lagrangian Eulerian (ALE) description has been used to simulate large-
deformation, metal-forming problems. Certain mesh governing algorithms are
implemented in ALE formulations to control mesh convection. A punch problem is
simulated and advantages of ALE simulations over pure Lagrangian simulations are
shown.

Traditionally, Lagrangian and Eulerian kinematic descriptions are used for finite-element
analysis of large-deformation problems. In the Lagrangian description, the grid points
adhere to the material points throughout the course of deformation. Lagrangian
description has certain limitations in large-deformation problems. In the Eulerian
description the reference system is kept fixed in space, and every spatial point is
identified by an invariable set of three independent co-ordinates. Because of excessive
movement of interfaces and boundaries, it is arduous to take material associated
boundary conditions into account. This research pursues Arbitrary Lagrangian Eulerian
(ALE) description which combines the advantages of both Lagrangian and Eulerian
descriptions. ALE introduces an additional (reference) mapping, which brings additional
flexibility in the formulation so that mesh neither adheres to the material nor the space;
rather the mesh is in relative motion with the material and it rearranges itself during the

deformation process.
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Chapter 1

INTRODUCTION

The finite element method is a widely used technique to simulate large deformation metal
forming processes like forging, extrusion, drawing, rolling, upsetting etc. In this
technique, the domain defining the continuum is discretized into a number of geometric
elements on which the solution is approximated by simple basic functions. The material
properties and constitutive relationships are expressed over these finite elements in terms
of unknown values at element nodes. A set of equation results after assembling all the
elements of the domain. The equations are then solved to obtain the approximate
behavior of the continuum. The ability of the finite element method to solve problems
with complex geometries makes it popular.

The domain over which the finite element problem is formulated can vary and this leads
to a variety of kinematic descriptions. Initially, Lagrangian kinematic description for
finite element meshes dominated the field of large deformation analysis. In a Lagrangian
description, a set of material points are identified with the same set of grid points
throughout the course of deformation, thus allowing no material motion relative to the
convected mesh [1]. Another popular description which has been extensively used over
the years to simulate various manufacturing processes is the Eulerian description. In the
Eulerian description, there is a material motion relative to the stationary mesh. We keep
the reference system fixed in space and each point in space is unambiguously identified
by an invariable set of three independent co-ordinates. In other words, in this description

the material associated with a given reference volume changes during a deformation,



which implies a material motion relative to the stationary mesh. The particles can
translate across element boundaries and the particle associated with a node can change at
each stage of deformation [2]. A more recently developed kinematic description is the
Arbitrary Lagrangian Eulerian (ALE) description, which combines the above mentioned
descriptions. As opposed to Lagrangian and Eulerian description, the ALE description
introduces an additional (reference) mapping, which brings flexibility in the formulation.
In particular, the ALE finite element mesh neither adheres to the material nor the space;
rather the mesh is in relative motion with the material and it rearranges itself during the
deformation process [3]. This brings more flexibility than the pure Lagrangian and
Eulerian formulations. One of the far reaching results obtained by ALE is that it has
effectively reduced mesh distortion in the interior of the deforming body. Thus, we can
monitor the grid motion at sharp edges and comers of the work piece using ALE,

resulting in computationally efficient and accurate results.

1.1  Numerical simulations

The significant development in computational capacity has made it possible for us to
analyze any physical process through the use of numerical simulations. Traditionally,
engineers tend to use experimental techniques more than any other analysis tool; but they
are time consuming and expensive. The acceptance of computational methods in industry
is now increasing due to improved awareness, availability of appropriate software and
reduced computational cost. The simulations in contrast to traditional analysis tools are
more extensive and fast, they give more insight within a relatively short computer time.

They allow much more inexpensive parameter studies than experimental procedures used



previously. A numerical simulation usually consists of three steps: the first being the
description of the effects that occur during the process (for example material behavior
and frictional behavior etc) in a mathematical model. One must know the effects that
occur in the process in order to construct a mathematical model that describes the real
process accurately. The second step is to solve the mathematical model with a numerical
method, which requires a good understanding of numerical mathematics. One should
know the limitations of the numerical method, too. The last step is the interpretation of
the results, and here it is important to have a good understanding of both numerical
mathematics and the mechanics of the process. For example, effects that are due to
numerical algorithm should not be interpreted as physical gffects of the process and vice
versa. Although research in computational methods has had numerous successes,
considerable work still needs to be done. For example, there is a need to develop models
which better represent material behavior and friction phenomenon. Work also needs to be
done to improve existing computational tools. For instance, in the finite element method
new computational procedures for reducing computational expense have to be developed.
As such, issues regarding implicit versus explicit time integration schemes, mesh
distortion and adaptivity must be researched. In this thesis, emphasis is on reducing the

mesh distortion so that we get computational efficiency.

1.2  Scope of the thesis
In this thesis the Arbitrary Lagrangian Eulerian description is investigated with the
intention of making improvements. The merits and demerits of Lagrangian and Eulerian

descriptions are discussed. Based on various shortcomings of these descriptions, ALE is



implemented to solve large deformation metal forming processes. A comparison of pure
Lagrangian based simulation and ALE based simulation is shown in a punching problem,
with the results showing the fact that certain limitations of Lagrangian formulations can
be overcome by using the ALE formulations. Two mesh governing algorithms are
suggested, which can control the convection of mesh during the large deformation
process. The focus is to improve the geometry of distorted mesh. When we use the
Lagrangian description, the elements start losing their symmetry and thus affect the
precision of the results. After formulating the punch problem using ALE description, the
element formulation was coded in an existing FEM code written in FORTRAN 77 and
the boundary value problem was solved. Appropriate material properties and integration

schemes based on Newton Raphson method are used to get computational accuracies.

1.3  Outline of thesis

The outline of thesis is as follows. In Chapter 2, various advantages and disadvantages of
Lagrangian and Eulerian description are analyzed. It is emphasized, how ALE
circumvents the limitations of the two descriptions and results in an improved
formulation. Chapter 3 discusses the co-ordinate systems used in Lagrangian, Eulerian
and ALE descriptions. The transformation equations are developed, and it is shown how
the conservation of mass and momentum equations are expressed in reference frame. In
Chapter 4, two different ALE mesh governing algorithms are presented along with
iterative equations and finite element discretization. In Chapter 5, the two proposed ALE
mesh governing algorithms are used to simulate a punch problem. The extent to which

each mesh governing algorithm is successful in controlling convection of mesh is



qualitatively analyzed and discussed. A comparison of the Lagrangian and ALE
formulations is shown in the punch problem. The Lagrangian mesh suffers from
excessive mesh distortion while ALE mesh rearranges itself during the course of
deformation and results in a better geometry of final mesh. In Chapter 6, various
conclusions are drawn about ALE formulations and future research directions are
suggested. Appendices that are pertinent to the thesis are provided at the end. Appendix
A discusses the matrix definitions and Appendix B gives some of the mathematical

results that were used in finite element formulations.



Chapter 2

KINEMATIC DESCRIPTIONS

2.1  Lagrangian and Eulerian descriptions

In the last two decades, tremendous progress has been made in the area of numerical
methods like the finite element and boundary element methods to analyze complicated
large deformation problems involving a wide variety of non-linear materials. Significant
contributions in this area are made by Hibbit, Marcal, and Rice [4]; McMeeking and Rice
[5]; and Kikuchi and Cheng [6]. One of the most challenging aspects of finite element
methods for non-linear problems is the determination of the proper kinematic description
for the specific problem at hand. Most of these computational methods use a pure
Lagrangian (total or updated) kinematic description for the finite element mesh. The

Lagrangian description has enjoyed popularity because df the following advantages [7]

1. Pure Lagrangian approach has the advantage of having to satisfy less complex
governing equations because of the absence of convection terms in the
formulation.

2. When the Lagrangian description is used, the material points coincide with finite
element mesh and quadrature points throughout the deformation; thus it enables to
accurately define the material properties, boundary conditions, and stress and
strain rates.

Although, these merits of Lagrangian description seem attractive initially, however

serious limitations are encountered when metal forming operations are simulated with



Lagrangian approach. A few of these limitations are discussed by Liu [7], and Ghosh

and Kikuchi [3]:

1. Lagrangian description neglects to take care of the convection effects, which is a
serious limitation in using it with large deformation problems. Lack of control
over mesh movement results in distorted and entangled mesh with large changes
in element dimensions. Sometimes the entanglement and element distortion
becomes so bad that even negative volumes are observed. Because of elements
moving with deforming body, excessively distorted elements occur, which causes
numerical problems and adversely affects the accuracies of solution.

2. Another drawback of using Lagrangian description comes when the boundary
condition has to be specified on a material point, which might move itself.
Situations in which we have contact boundaries, sharp edges or corners, complex
shapes or abrupt surface discontinuities; the pure Lagrangian description is
incapable of accurately representing the contact boundary condition. Moreover,
using the Lagrangian description effectively alters the dimension and shape of the
work piece, which is highly undesirable.

3. Moreover, Balagangadhar [8] pointed out that Lagrangian methods are
computationally inefficient since they require large meshes, transient analyses,
complicated contact algorithms and transient adaptive meshing strategies.

Despite the popularity of the Lagrangian description, there are certain problems in

solid mechanics that are described most naturally by an Eulerian description. For

example, in modeling an extrusion process, it may be more convenient to monitor the



flow of material through a fixed region of space in the vicinity of a forming die,

rather than to describe the motion of a fixed set of material particles as they pass the

die. In effect, the current configuration is discretized and the initial configuration is

treated as unknown [2]. Because of the idea of relative motion of material to

convected mesh in Eulerian description, we get some advantages which make it

preferable in some situations, e.g.,

The Eulerian description is preferred when it is convenient to model a fixed
region in space for situations that may involve large flows, large distortions, and
mixing of materials. It has enjoyed great popularity to solve fluid flow problems
[71.

The Eulerian description is preferred when we have to obtain the internal
deformation accurately, a common situation in most fluid flow problems.
Moreover, Eulerian methods have been widely used for free surface flow

simulations.

The pure Eulerian approach with its characteristic of keeping the mesh stationary has

some difficulties as well, few of them are indicated in [7] and [9], e.g.:

1.

Numerical difficulties due to convective effects arise because of the relative
motion between the flow of material and fixed mesh.

In the Eulerian description, the boundary of the deforming body does not coincide
everywhere and always with an element side, thus making it arduous to take

material associated boundary conditions into account. Therefore, special



accommodation is needed in Eulerian description because material interfaces and
boundaries may move through the mesh. Thus, in such situations where
boundaries or interfaces move substantially, the Eulerian description is not really
suited.

3. Another issue in Eulerian formulations comes in the treatment of free surfaces.
The governing equations are expressed on the deformed configuration; however
the free surface locations are not known a priori. To determine their location, time

consuming iterative updating or successive recalculation are used [10].

2.2  Arbitrary Lagrangian Eulerian descriptions

In view of the above discussion of Lagrangian and Eulerian descriptions, the
shortcomings of each one of these call for a kinematic description that should combine
the advantages of both the above approaches into a single description. Thus, in recent
years an alternative description called Arbitrary Lagrangian Eulerian (ALE) has been
suggested to overcome these shortcomings. In ALE, the finite element mesh is neither
constrained to move with the associated material nor is required to remain stationary in
space. Thus in ALE, the finite element mesh need not adhere to the material but may be
in general motion relative to the material. We get a totally flexible mesh, which can
move with pointwise arbitrary velocity while reserving the potential to represent a
Lagrangian or Eulerian description as limiting cases at points where such descriptions are
desired [1]. ALE formulations can thus be effectively used on contact problems in solid
mechanics (e.g. punching) to achieve computationally efficient and accurate results. This

description has been employed by Haber [2], Liu [7] and by Ghosh and Kikuchi [3] to



execute large deformation analysis of elastic-plastic solids. One of the far reaching results
obtained by ALE is that it circumvents major difficulties associated with Lagrangian and
Eulerian descriptions and it reduces the mesh distortion in the interior of the deforming
body. Therefore, we can monitor the grid motion at sharp edges and corners of the work
piece in an effective manner using ALE. The potential of the ALE description remains to
be explored and is the aim of this thesis. A large volume of literature exists for the finite
element solution of large deformation problems involving contact. Among the various
methods for incorporating the constraint conditions are the introduction of contact forces
through equilibrium conditions by Chan and Tuba [11], through the use of Lagrange
multiplier techniques by Hughes [12], through mixed elements by Tseng and Olsen [13],
and through penalty functions by Kikuchi and Oden [14]. In this thesis, two new
approaches are introduced to govern the convection of mesh. One of the approaches is to
introduce a constraint in the formulation that refers to the minimization of distortion
energy. The other approach puts a constraint on the geometry of the deforming element
so that elements preserve their geometry. The two approaches for ALE formulations are
qualitatively compared to each other by implementing the proposed formulations in a
punch problem. Moreover, another comparison is shown to highlight the considerable

improvements brought by ALE formulations compared to the pure Lagrangian approach.
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Chapter 3

CONTINUUM MECHANICS FOR ALE KINEMATIC
DESCRIPTION

In this chapter, continuum mechanics for the ALE description in general has been
developed. Large displacements and deformations can occur in the simulations of
forming processes. In simulating any solid mechanics problem with FEM, we have to
formulate a mathematical model, using a set of independent variables and co-ordinates
within a reference frame in order to identify material points of the body or points in

space.

3.1 Co-ordinate systems
In the analysis of processes with large deformations, the motion and deformation can be
specified with respect to several co-ordinate systems. Depending on the choice of the co-
ordinate system used in the formulation we can have three descriptions.
1. Lagrangian description where state variables are functions of material co-
ordinates.
2. Eulerian description where state variables are function of spatial co-ordinates.
3. Referential or ALE description where state variables are a function of reference
co-ordinates.
In Figure 3.1 the relations between the three domains in the referential description are
sketched. Since it represents the referential description, the referential co-ordinate 7 is the

independent variable. As a result the mappings onto the spatial domain and the material

11



domain are functions of time, which means that a referential point corresponds at each
time to a different spatial point and a different material point. The mappings ® and ¥
are one-to-one mappings between three domains [15]. This means that every point in one
of the domains corresponds to one point in the other two domains. Note that the
Lagrangian and Eulerian descriptions can be seen as special cases of the referential

description. The Lagrangian and Eulerian descriptions are obtained when y equals X

and x respectively. Thus, in the Lagrangian description the mapping ‘¥ is the identity

function and in the Eulerian description the mapping @ equals the identity function.

X2

X1

A
X, x=®(y,t) Eulerian Co-ordinate

Z, (@)

Reference Co-ordinate

Lagrangian Co-ordinate

Figure 3.1. Reference, Lagrangian and Eulerian configurations
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3.2 Displacement, velocity and acceleration fields

In this section, a general case is considered and displacement, velocity and acceleration
fields are expressed in three co-ordinate systems described above. In the Lagrangian
description the material particles X are marked with the initial position that will also be

referred to as X = x(X,0). The current position is expressed as a function of the initial
position X and time ¢ as x(X,t). The displacement field can be written as
x=®(g,1) (3.1
X=¥(.1) (3.2)
The Lagrangian description is especially attractive for describing physical variables that

are associated to material points. The velocity field in three co-ordinate systems can be

given as
v(X,t) = EE%:Q
oD ‘tI‘" X,10),t G-
VX = 22 XD,0)
ot
In the Eulerian configuration
v(x,t)=v(X,1) 3.4)
f(x,t) = V(‘I’(z,_ tl),t) or 35)
V(x,t) = v(¥(D® (x,1),1),1)
Similarly in the referential configuration
V(r.t) =V(x,1) (3.6)
V() = Y(@(g. 0. 1) (3.7)

Defining the acceleration field in the three configurations in the same way

13



ov(¥'(X,1),1))

a(X,n= > (3.8)
a(x,t)=a(X,r (3.9)
a(x,t) =a(P (@ '(x,1),1),1) (3.10)
a(y,t)=4a(x,t) @3.11)
a(x.0) =4((P(z.0.1) (3.12)

3.3  Transformation equations
The deformation gradient is defined as the transformation of the initial differential
line element dX to the deformed differential line element dx.
dx = FdX (3.13)
where, F'is given as

F=I+Vu (3.14)
The relative change in volume between the undeformed and deformed state is equal to J.

J=detF (3.15)
For a scalar, vector and tensor fields (&,a, and A) respectively, we have the

transformation equations

Vya=F'V o (3.16)
Vya=V ,aFy @3.17
VyA=V AFy (3.18)

34 Conservation of mass and momentum in reference frame
The conservation of mass in referential form is of particular interest to solve any

continuum problem. A detailed derivation of conservation laws in referential form can be

14



The conservation of mass in referential form is of particular interest to solve any
continuum problem. A detailed derivation of conservation laws in referential form can be

found in [16]. Consider an arbitrary volume Qz fixed in the referential domain,
R, bounded by a surface T, and a continuous medium with a density p(x.t). We can
write the volume(Q, with respect to Q, and Q, representation of co-ordinates. The

total mass in €2, at time ¢ is given as

M= [pdQ,= [pdQ, = [ p'dQ, (3.19)

Qy Q; Qy

where
p (X,t,)=Jp(xt) (3.20)
P =Jp(x,1) (3.21)
J =detf i) (3.22)
oF;
-

7 =detl=—t] (3.23)

j
Similarly, the principle of conservation of momentum can also be derived [16]. The total
rate of change of momentum of the medium occupying at time ¢ in the referential domain

is given as

j PLOV(ENAQ, = [idS, + [ pgdQ, (3.24)
X Qy Iy Qy

9
ot
wheref is the force per unit area acting on the surface T’ ,and g is the body force per unit

mass acting in €2, . The force on the deformed spatial surface per unit of referential area

15



f may be written as a function of the first Piola-Kirchoff stress tensor T° and the outward

unit normal 7 to the referential surface as

f,=T.A;

i (3.25)

It should be noted that the first Piola-Kirchoff stress tensor T is defined here in the
referential sense, i.e., it is defined with respect to the fixed referential domain. Moreover,
T is related to the Cauchy stress tensor o and to the first Piola-Kirchoff stress tensor in
its classical sense T°(i.e., defined with respect to the material surface atz,) by the fact
that all of them give the same force on the deformed surface, dS,, but use different

exterior unit normals and unit surfaces [16], namely

(iT)dS, = (n.0)dS, = (n"T°)dSy (3.26)
or
)¢
T;=J . O (3.27)
A 0
T; = J-a;ja,q. (3.28)

where n and n° are the exterior unit normals to the deformed surface 4S, and to the
material surface dS, at time t, respectively. Substituting equation (3.25) into equation

(3.24) and using the divergence theorem to transform the surface integral to volume

integral, one obtains

A

oT;
3| [ ovide, = [ | =L+ pg, |dQ, (3.29)
atxgz QZ aZ,

16



The right hand side of above equation is transformed using Reynolds transport theorem

and the divergence theorem into

v 0w PV, oT;
I apV.| + Jpl sz=I _J_'+ﬁg', sz (3.30)
g, o |z % a,| 9%
where
7.
w,;= Zj (3.31)
o |,

and wis defined as the particle velocity with respect to the referential co-ordinates.
Equation (3.30) is reduced to

apv;| +aw,ﬁvi _9T; + P,
a |, o oz

J

inR

; (3.32)

After noticing that Q, is arbitrarily chosen, we can simplify the above equation by using

continuity, thus the final form of the equilibrium equation in the referential form may be

written in Rx as

Jov,| . v, | 9T

i A Y B [ ) 3.33
P tPin [a,.’”ag'] (333)
Y4

If the Lagrangian description is used, the preceding equation is transformed using

=X (3.34)

w=0 (3.35)
. ox.

= J =det| Zi 3.36
j=J det[axj] (3.36)

17



p=p (3.37)
The corresponding momentum equation for equation (3.33) in R, in the Lagrangian

description is given as

p° % y = [g—;’-j—+ p°g,-] in R, (3.38)
where we have used the fact

T=T° (3.39)

If the Eulerian description is taken
X=X (3.40)
W=V (3.41)
J=1 (3.42)
p=p (3.43)

ov; ov; aO',-j )
! b = —L , R 3.44
pax|,+pvfax,. [axng‘] o 49
T=0 (3.45)

For more details the reader is referred to Appendix A of [16].
Based on the basic concepts developed in this chapter for ALE description, large

deformation formulations are developed in the next chapter.
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Chapter 4
KINEMATIC FORMULATION FOR LARGE DEFORMATION PROBLEMS

In this chapter, a rigorous development of pure Lagrangian and Arbitrary Lagrangian
Eulerian kinematic formulations for large deformation problems is presented. We seek to
formulate the constitutive relations and the finite element matrices for large deformation
problems. Figure 4.1 shows the reference configuration used in the ALE kinematic
formulations. It can be seen that the ALE formulation introduces a reference

configuration, which consists of a set of grid points in arbitrary motion in space.

//5/\\\ x=X+u

TM'
X=r+g

(a). Lagrangian kinematic formulations x=X+u

N T

AR

(b). ALE kinematic formulations

x=r+g+u

Figure 4.1. Mappings for Lagrangian and ALE formulations

'It should be noted that a different notation is chosen in figure (4.1) compared to notation in figure (3.1).
All formulations in the subsequent chapters are based on figure (4.1).

19



The relationship between current and initial co-ordinates for any central point in pure
Lagrangian description is given as
x=X+u 4.1

The same relationship is given in the ALE description as

X=r+g 4.2)
x=X+u
x=r+g+u 4.3)

4.1  Constitutive relations for large deformation Hyperelasticity
In this section, various constitutive relations to be used in the formulations are presented.
A hyperelastic material model is used in all formulations. The strain energy density

function e for large deformation hyperelasticity is given as
B = e(F) = S (B) + iy (V) + g iy () (4.4)
where
Aand u are the Lame’s constants.
§(E)=Tr(E)
i (E*)=Tr(E?)
g(i;(F)) is assumed to be zero in the formulation.
The second Piola-Kirchoff stress tensor is symmetric and it can be computed using

$= 4.5)

QU
z['qng

' (i3 (F)) can be chosen based on problem at hand, e.g. g(i;(F)) = K (log(det F ))2 with K been an
arbitrary constant.

20



or S = ATr(E)I +24E (4.6)

The first Piola-Kirchoff stress tensor is unsymmetrical, and it is given as

P=F— 4.7)

where F is the deformation gradient defined as

dx

F= = (4.8)
or

F=1+Vu (4.9)
The Cauchy stress tensor is given as

g=—FsFT (4.10)

ZET R
where J is the Jacobian given as

J =det(F) 4.11)

The Strain tensor can be given in terms of the deformation gradient as

(FTF-I1) (4.12)

~

E=

N |-

or
E =-;—(Vu+VTu+VTuVu) (4.13)

4.2  Variational description for large deformation

In order to construct finite element approximations for the solution of large deformation

problems it is necessary to write the formulation in a variational form. The integral forms

can be written either in the initial configuration or in the current configuration. The
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simplest approach is to start from an initial configuration because integrals here are all
expressed over domains, which do not change during the deformation process. The

potential energy can be written in the initial configuration as

M= [e(B)dQ-w (4.14)
Q

where e(E)is the strain energy density function for large deformation hyperelasticity
given in equation (4.4).
Let V be the set of all kinematically admissible solutions
V={ue H(Q):u=00nT,}
where T, is the position of the boundary where displacements are prescribed. If u is a

kinematically admissible equilibrium solution, then « is a stationary point of the potential
energy. This implies that at u

STI=0V SueV (4.15)

The potential of the external work is given as

W= [ubdQ+ [updr, (4.16)
Q r,

where t; denotes specified tractions in the initial configuration and T, is the traction
boundary surface in the initial configuration. Thus, we can write equation (4.14) as

M= [e(E)dQ- [ubdQ- [utdl, 4.17)
Q Q I,

Taking the variation of equation (4.17), we obtain

ST12 [SE;S;dQ- [6ubdQ- [SusdT, =0V SueV (4.18)
Q Q r,

22



where Ju; is a variation of the initial configuration displacement (i.e. a virtual

displacement), which is arbitrary except at the kinematic boundary condition locations

I', where it vanishes. We note that by using equation (4.5) and constructing the variation

of OE,

,» the first term in the integrand of equation (4.18) can be expressed in alternate

forms as
where symmetry of S; has been used. The variation of deformation gradient may be

expressed directly in terms of the current configuration displacement as

odu
OF, = JX: or, (4.20)
OF,=Véu 4.21)

Using the above results, after integration by parts using Green’s theorem, the variational

equation (4.18) can be written as

V)

STl == [6u,[(F,;S;),; +6,5,1dQ+ [Ou,[F;S;n, - 8,4,1dT, =0V SueV (4.22)
Q 1

This gives the equations of equilibrium in initial configuration as
(FS;) i +(8,;)b; =0 (4.23)
Fii+b =0 (4.24)
The initial configuration traction boundary condition is obtained as
SiiFiini -0, =0V ueV or, (4.25)
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4.3 Lagrangian formulation

The Lagrangian formulations are obtained by considering the equilibrium equations
derived above based on variational principles. The weak form and finite element
formulations for pure Lagrangian description are derived by considering

SI1=0V dueV 4.27)

Equation (4.22) can be written as

[6u-(DivP+b)dQ- [Su-(Pn-1dT, =0V SueV (4.28)
Q r,

From vector algebra we know the relation
Div(PTu) = P:Vu+u.DivP (4.29)
Using the above relation in equation (4.28), we obtain

[Div(P"6u)dQ - [P:V5udQ+ [SubdQ- [Su-(Pn-ndT, =0V SueV  (4.30)
Q Q Q r,

The divergence theorem

j DivvdQ= J‘v.ndr (4.31)
Q r

yields

[PT6undr - [P:V6udQ+ [SubdQ- 6uPndl,+ [Sutdl, =0V SueV
r Q Q T, r,

(4.32)
or
[6u.PndT~ [P:V5udQ+ [SubdQ- [Su.PndT,+ [SutdT, =0V SueV
r Q Q r, I,
(4.33)
Canceling out terms and using the fact that du =0on I, we obtain
[P:V6udQ- [6ubdQ+ [Sutdl, =0V SueV (4.34)
Q Q r,

Assuming there are no body forces and tractions, we get rid of second and third terms.
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Thus, the equilibrium equation in its weak form is written as

5H=IV§u:Ij’dQ=OV§ueV or
Q

de (4.35)
e IFTVJu:a—EdQ=O V SueV
Q
4.3.1 Iterative equations for Lagrangian description
Let u be the equilibrium solution and «°be a neighboring solution then, defining
r=0[I(u,du)
then
r(u,0u)=0V dueV (4.36)
we can write
r(u,0u)=r(u’,o0u)+ (-g—; )(u -u’ ) + O(Hu —u°||) =0V dueV 4.37)
As r is a linear function of du, ignoring higher order terms, there is a linear
operator L and a bilinear operator a such that
L(éu)+a(0u,Au)=0V dueV (4.38)
where Au=(u—-u’), indeed
a(Su, Auy = r!VT(Au)vau:ai;-dm JETVJu:aa;Z (ETV(A“);VT(A“)E ) aq (4.39)

2
Invoking the symmetry of 88—2" the major and minor symmetries of -éaE—Z, and rearranging

~ ~

the terms in the above equation yields

_ (oT _de Toe 0%€
a(é'u,Au)-é[V (Au)V S .—a—EdQ+JIj Vau.a?E’V(Au)dQ (4.40)
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2
where STZ =AU ®I)+2ull isa 4™ order tensor.

Upon discretization by finite element method we can express

T

a(éu,Au) =(¢T5u) [K]Au a0

L(6u)=(du) R
where du and Au are vectors containing finite element degrees of freedom and K is the
tangent stiffness matrix evaluated at u,and Ris the residual vector atu, . The equation
(4.38) results in the (incremental) finite element equations

{R}+[K]{Au}=0 (4.42)
4.4  Arbitrary Lagrangian Eulerian formulation
In addition to the equilibrium equation, ALE formulations require equations to govern the
convection of mesh. Various constraints can be imposed to achieve control over the mesh
distortion. ALE augments the equilibrium equation by a functional, which helps to
control the convection of mesh. This thesis presents two mesh governing algorithms to be
used with ALE formulations and discuss about the ability of each algorithm in controlling
mesh convection.

Therefore, for ALE formulations

= j e(E)dQ-W +11,,,., (4.43)
Q

STI+6Tl,,, =0 V ducV (4.44)

Thus, the difference in Lagrangian and Eulerian formulation comes from the augmented

mesh governing functional [],,,, as indicated in equation (4.43). The choice of the mesh

governing algorithm depends on problem at hand.
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The deformation gradients and Jacobians for the ALE mappings shown in figure (4.1) are

given as
F = % (4.45)
F, = % (4.46)
J, =det(F)) (4.47)
J, =det(F,) (4.48)

Moreover, the total deformation gradient can be expressed as

E =[F, (4.49)

The residual corresponding to equilibrium equation (4.35) can be expressed in ALE in the

following way. Starting from

8T1= [V6u:PdQ=0V SueV
Q

Using, P=FS and F=EF; ' in above equation we get
6T1= [Vou:(EE;'$)dQ (4.50)
Q
Now from the transformation equations, we know that
Véu=V, éuF,;'
dQ=1J,dQ,
we get the weak form of equilibrium equation in ALE description given as

M= I (V,6uF;'):(F,E;'S)J ,dQ, =0V Su,5geV (4.51)
d,
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In the following section we discuss the variational formulation and finite element

discretization for the two mesh governing algorithms.

4.4.1 Minimize distortion measure
In addition to the equilibrium equation, we introduce a functional developed by

minimizing the distortion energy measure given as

1
My = IE(J' -1)’dQ, (4.52)
o

The variation of the above equation yields the weak form to be used in the finite element

formulations. The details of this can be found in Appendix B.

O M pesh = I(J: -D)J,(ET: 6F)dQ, =0V bu,6geV (4.53)
Qr

By noting that in the ALE formulations

F=1+V,g+V,u (4.54)
F,=1+V,g (4.55)
O0F, =V, 6g+V bu (4.56)
0F, =V, g 4.57)

Equation (4.53) can be rewritten as

JnMesh = I(‘lr _I)Jt(Er_T : Vr‘gg)er +
Q,

(4.58)
[, =DIET V,60)dQ, = 0V Su,6geV
Q,

Replacing the values from equations (4.51) and (4.58) in equation (4.44) we get
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8Tl= [(V,0uF;"):(EE;'$)J,dQ,+ [(J,-DJET :V,58)dQ,
Q, Q,

(4.59)
+ [, -DIETV,60dQ, =0V u,5geV
Q

4.4.1.1 Iterative equations for ALE formulation

Let u, g be the equilibrium solution andu®, g°be a neighboring solution then, defining
r=01I1(u,du,g,dg) (4.60)

with dg=0onT, 4.61)

we can write,

o o 0 o 0 o
r(u,0u,g,0g)=ru’,0u,g ,5g)+(-a£).(u—u )+(5;-).(g—g )

+0("u—u°")+0(||g—g°") =0V du,dgeV

(4.62)

As r is a linear function of duand Jdg, there is a linear operator L and a bilinear
operator a such that
L(6u)+L(dg)+a(du,Au,6g)+a(6g,Ag,0u)=0V Su,dgeV (4.63)

Indeed

(Ou,Au,dg) = j(v SuF;"): ( {Au}F 1$)J,dQ,

+ [(V,8uF;"): (FF“ o3 5 {8uhJdQ, + j(v Su): ( {A uh(J, =1)J,dQ,
d,
A((J, 1), F'T @od
+ j (V,0u: F‘T)i——)——){Au}dQ + j(V dg): ( {Au})(J -1)J,dQ,
-T2 9, =D J))
+ er (V,8g: FT)=-—"{Au}dQ,

and
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Fo!
a(déu,8g,Ag) = I(V,5u aag {Ag): (F}Fg'IS)Jng,
g

JF,

+ [(V,6uF;"): G {Ag}F

a,

+ j (V,Jqu"):(FF" oS {Ag}F ‘S)J dQ,
S (4.65)

+ J' (V,0uF,"): (FF"S) {Ag}dQ + j (V,0u): (aF {agh(, -1)J,4Q,
-T

+ I(V,uJ:F;'T)M{Ag}dQ + j (V,58): (= oF, {Ag})(] -1)J,dQ,

Q

3, =1DJ)
+ [(V,8g: FT)y—=——2{Ag}dQ,
Q'[ § og { g}

Upon discretization by finite element method we can express

a(5u,Au,58) = (8u) [ K, {Au}+(68)" [K, {Au}

a(é’u,Ag,5g)=(5“)T [Ks]{Ag}+(53)T[K4]{Ag} (4.66)
L(6u)=(Su)" R,
L(dg)=(0g)"R,

where du ,dg ,Auand Ag are vectors containing finite element degrees of freedom and
K, K,,K; and K, are the tangent stiffness matrices evaluated at u,and g,, and R, and
R, are the residual vectors at u, and g,. The equation (4.66) results in the (incremental)
finite element equations

{R}+[ K K au}+[ K, {Au} +{R,}+[ K5 [{Ag} +[ K, K Ag} =0
4.4.1.2 Finite element discretization
In order to get the element stiffness matrix we need to manipulate the above equations in

such a way so that they can be easily implemented in a FORTRAN code. The

transformed equations are given below. For more details refer to Appendix B.
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4.4.1.2.1 Residual terms

[,8uF;"y: (FF;'$)7,dQ, = (6u)T [[B] U@ FTTIF, 0 S)F;'},de,
Q, Q,

[, ~01,(FT:V,89)d, =(88°Y [[B] {FT)J,-1Jde,
Q, Q,

[, =03, F T :,60dQ, =(6u)T [[B] (FTVJ,-1J,dQ,
g g,

4.4.1.2.2 Stiffness terms

j(v OuF,"y: ( ‘{Au}(F '$))J,dQ =

(ou\ [(BI' I OF, U1 O{F; 'S\ (B ,dQ, (Au)
Q,

'aS{Au})J dQ=

j (V,0uF]"y: (FF;
Q,
(ouy" j (B IO F, TV [FF,' o 1NICIF" ©1[QI[BV ,dQ, {Au)

F—T

j v, 6u)( (Au))J, ~1)J,dQ, =

—{ouc)" I[B] [FT oF ITIBIJ, -1)J,dQ, {Au)

(Au}dQ, =

I(V g F-r)a((-’ ul)J)

(6uc)’ j (BI (F,TV(F, TV [B)2J, ~1)J, AL, {Au)

aF'T

j (V,88): (S—{AuN(J, ~DJ,dQ, =

(68" j[B] [FT © F ' ITIBI, - 1)J,dQ, {Au)

8((] -1)J,)
ou

(8g°) [1BY (FTHF TV (BI2J, -1)J dQ, (Au)
Qr

j (V,6g:FT) {Au}dQ, =
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4.72)
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oF;! .
j (V,0u—5—{Ag)): (F,F;'$)] dQ, =
Q, og

—{ou)" [IBYIF,F;'S O NITIIF;' © F;"1(B),dQ, (Ag)
Qr
[ (v, 6uF;"): (E{Ag}Fg"S))Jng, =
Q, og
(ouY" [(BY IO F;TV 1 0{F; 'S\ 1(BV,dQ, {Ag)
Q,

-1
-

J

r

~{ou)" [(BY IO F;TI'(F, 0SIF;' O F;T1[B1J,dQ,{Ag})
Q

198

| (V,auF;‘):(f;F' {Ag})J dQ, =
o

(ou)" [(BY IO F;Tl [F,F;' OI[CIFT OI[P)[B),dQ,{Ag)

Q,

j (V,0uF,"): (FF"S) I {Ag}dQ

Qr

(ouc) j [B] [1ng’1 [F, 0 SI{F; ' F,;T Y [BW,dQ,{Ag)

T
J@.o0: (aF

{AghH(J,-1J,dQ, =

—{ouy’ I [BY [F, T © F,'IITIBIUJ, - 1)J,dQ, {Ag)
Qr

I(V,Ju FT)y

Qr

AW, =DJ) x v
S (g1,

(ouy’ j (BY {F, T HE TV [B)2J, -1)J,dQ,{Ag)

aF'T

[(V,68:=—{AghU, -] dQ, =
Q,

~(og°) j [BIT(F,T © F ' TIBI2J, -1)J,dQ, (Ag)
Qr

I(VragF;—T)a((J: _1)‘]1)
Q, og

(Ag}dQ, =

(6e°)" [1BY{F T HF Y [BI2J,-1)J,dQ,{Ag)
Qr

32

(4.76)

4.77)

(4.78)

(4.79)

(4.80)

4.81)

(4.82)

(4.83)

(4.84)



4.4.2 Constraint on element geometry
The second approach used to control the convection of mesh during large deformation
problems was to preserve the element geometry during the course of deformation. For

this constraint

Oy = [102)1(VJ,)dQ, =0 VogeV o (4.85)
d,
5HM”,, = IJg,-J,_,-dQ, =0 V5g€ V
d,
My = [(58,9),d4Q, - [ 58,1, dQ2=0V5geV
0, Q,

O M ppesn = IJgiJ:"idrr - I(V.é’g)],er =0VdgeV
Iy Q

The first term on left hand side of above equation is 0, so we get

6Ty = [(V.08)1,dQ, =0VEgeV (4.86)
Q,

Combining the equilibrium and mesh governing equations, we get

ST= [(V,0uF;"):(EF;'$),dQ, + [(V,58)],dQ, =0V6ubgeV  (487)
Q, Q

Indeed

a(Su,Au,8g) = j(v SuF;"): ( '{Au}F"S)J dQ, +

4.
1 08 (4-58)

| (V,Jqu"):(F,F‘ (AU dQ, + j (V,8g. I)aj' (Au}dQ,
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Fl
a(6g,Ag,0u) = I(V,Jua & {Ag}):(F}F;lS).Ing,+
og

j(v SuF;") ( '{ag}F

j (V,8uF;"): (aF' (Ag)F,'$)J ,dQ, + j(v OuF," FF"S) /s {Ag}dQ +

[@,8gn% - (4g)
Q

The above equations are transformed in the following way for easy implementation

in FORTRAN code. For more details refer to Appendix B.

4.4.2.1 Residual terms

[(v,88)1,dQ, =(5g°Y [(BY {1}),dQ,
Q, Q,

[V, 0uF;"): (FF;'$)),dQ, =(6uY | [B] UG F, T (F, 0 SIF;'}J,dQ,
Q, Q,

4.4.2.2 Stiffness terms

j(v OuF;"): ( ‘{Au}(F"]S)J dQ =

(0uy" [(BIUIOF; Y 1 O{F; S\ 1BI,dQ, {Au)
Q,

F" a5 [Au})J dQ =

[ (v, 6uF;"):(F,
o
{oucy’ I[B]T[IOF;T] [FF;' @ NICIF" o 1[QI[B),dQ,{Au}

BF'T

j (V,u): ( (Au})(J, - 1), dQ, =

—{ou)” j [BI'IF," OF ' ITIBI(J, - )J,dQ, {Au)
Q,
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(A AT
ou

[(,68:FT)
Q,
(6uy I (BY {F T HF TV [BI2J, - 1)J,dQ, {Au)

F-—T

[, ag)(

Qr

{Auh)(J, -1)J,dQ, =

~(6g°Y" j[B] [FT © F ' ITIBYUY, ~1)J,dQ, {Au)

j(V 6g:FT)

a((J, - ])J'){Au}dQ, _
du

(6g°) [(BI(FTHE TV [BI2J, -1)J,dQ, {Au)
Q
oF; "
V, 6u—E
QJ;( “ Jg

—(ouy" [(BI(F,F;'S O INTIF;" ©F;T1[BV,dQ, {Ag)
d,

{Ag)):(F,F;'S)],dQ, =

j (V,0uF]"y: (E{Ag }F['8)J,dQ, =
Q, og

(ouy" [1BY U OF; T 10{F;'SY I[BW,dQ,{Ag})
Q,

-1

—(ou)" [(BY O F;TV[F, 081F;' O F;T1[BV,dQ,{Ag)
Q,

198 {Ag}).l dQ, =

[(v,6uF;"): (FF;'S
Q
(ouy" | [B]’UOF;T] [FE; O 1[CIFT O 1[PI[BV,dQ,{Ag)
Q,
-1 -1 a"e
[ (v, 6uF;): (FF;'S)=%{Ag}dQ, =
Q, og
(6uc)’ j (B U O F, TV [F, 0 SHF; ' W{F; Y [B)],dQ,{Ag)

j v, 6g1)a" (Ag}dQ, =(dg°) j[B] (N {F;" V' [Bl4Q, {Ag)
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4.5  Numerical implementation

A wide variety of numerical details have to be considered in the construction of a global
solution strategy for solving large deformation problems using the formulations discussed
above. The physical grid point domain is discretized into isoparametric nine-node
elements with variables interpolated by the Lagrangian shape functions. It is to be
remembered that the elements are essentially made up of grid points rather than of
material points. A schematic of the nine node element is shown in figure (4.2). The node
numbering scheme is also shown in the figure. Each node has four degree of freedom,

namely ,,u,, g and g, . The degrees of freedom for node 1 are shown for illustration.

t I t
14 _7 3 >
A A A
s, Lo, 6,
A A +
Uy, 8,

1 > 5 > 2 >
u,8

Figure 4.2. Nine node finite element

A FORTRAN 77 computer code named FEADSA has been developed for the
implementation of the aforementioned algorithm. The mesh generation, shape functions,
derivatives of shape functions, deformation gradients, residuals and stiffness terms are
coded up as an element in FEADSA and then a frontal solver is used to do the

computations. A flow chart describing the overall structure of the code is shown in figure

4.3).
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i No [ Solve for sensitivities ]

No I

Yes

Stop

Figure 4.3. Flow chart of FEADSA

The above figure depicts how the code can be used for a transient, nonlinear problem to
perform both the analysis and the design sensitivity analysis. For steady problems, the
transient part of the code (the outer loop on the left hand side of figure (4.3)) will not be
active. For linear problems, Newton Raphson iterations (the inner loop .on the left hand
side of figure (4.3)) will not be invoked during the solution procedure. If the design
sensitivity analysis is not required, the evaluation of the pseudo-loads and the solution of

sensitivities (the loop on the right hand side of figure (4.3)) will be eliminated.



An element “LRGDEF2D” was written in this code based on the ALE formulations
discussed in previous section. An input file is generated and boundary conditions are
specified to solve the Boundary value problem. The element is capable of doing the
calculations based on Lagrangian description and ALE description at the same time. If a

boundary condition is specified at all nodes imposing g, andg,to be zero, the

formulation becomes a pure Lagrangian description without any control over mesh
convection. This facilitates the comparison between the Lagrangian and ALE
simulations. The element “LRGDEF2D” is capable of solving any large deformation
metal forming problem using ALE description. In the next chapter a simple academic test
case is performed. A comparison of Lagrangian based simulation and ALE simulation is

shown in a simple 2D unsteady punching problem.
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Chapter 5

PUNCH INDENTATION PROBLEM-A NUMERICAL EXAMPLE

In the previous chapter the Lagrangian and ALE methods were described in detail. The
numerical simulation of large deformation problems can be performed using the
relatively Simpler Lagrangian method. However, generally in the case of large
deformation, distortion of mesh occurs. As a result the calculation becomes inaccurate or
it may even crash. The ALE method can be used to reduce mesh distortion. Several large
deformation problems including upsetting, punching, extrusion, ring rolling, etc, can be
simulated using ALE based formulation discussed in chapter 4. In this chapter the
applicability of ALE method in simulation of a punch indentation problem is shown. The
punch problem has been widely used by many authors to validate their results of ALE
formulations before. Some of the noteworthy contributions in this area are Haber [2], and
Brekelmans, Veldpaus, Schreurs [9]. The simulation of punching problem is carried out
using both the Lagrangian and ALE descriptions and results are compared to validate the
concept of ALE formulations. The figure (5.1) shows the work piece represented by a
discretized domain. The nine node finite elements with node numbers can be seen in

figure (5.1).
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Figure 5.1. Discretized finite element domain

The Table (5.1) below shows different nodes of the dicretized domain comprising the
various nodesets. This facilitates the enforcement of boundary conditions on the work
piece.

Table 5.1. Nodesets of the work piece

NODESET NODES
LEFT 1,12,23,34,45,56,67
RIGHT 11,22,33,44,55,66,77

TOP 67,68,69,70,71,72,73,74,75,76,77

BOTTOM 1,2,3,4,5,6,7,8,9,10,11

PUNCH 67,68,69
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S.1  Boundary conditions

The boundary conditions that were enforced on the domain while performing the
Lagrangian simulation are shown in Table (5.2). It must be noted that in Table (5.2), all
nodes have 3™ and 4™ degrees of freedom equal to 0. In other words, the effect of ALE
mesh goveming equations is cancelled out. Thus, there is no reference frame to be used
in the simulation; making it pure Lagrangian based simulation. The displacement
boundary condition enforced on the punch nodes make the domain move in the same way
as the work piece moves during the forging process. The punch displacement is carried
out in 20 time steps. A displacement of —2.0 means a 33% reduction in height of the

original work piece.

Table 5.2. Boundary conditions for Lagrangian based simulation

NODESET | DOF1 | DOF2 | DOF3 | DOF4
LEFT 0.0 FREE 0.0 0.0
RIGHT FREE | FREE 0.0 0.0
TOP FREE FREE 0.0 0.0
BOTTOM | FREE 0.0 0.0 0.0
PUNCH 0.0 -2.0 0.0 0.0

41



The Table (5.3) gives the boundary conditions to be associated with the ALE based
simulation. It must be noted that the 3™ and 4™ degrees of freedom are able to move in

this case and this enables mesh rearrangement during the course of deformation.

Table 5.3. Boundary conditions for ALE based simulation

NODESET | DOF1 DOF 2 DOF 3 DOF4

LEFT 0.0 FREE 0.0 FREE

RIGHT FREE FREE 0.0 FREE
TOP FREE FREE FREE 0.0
BOTTOM FREE 0.0 FREE 0.0
PUNCH 0.0 -2.0 0.0 0.0

5.2  Results and discussion

The punch indentation problem is solved using Lagrangian and ALE based formulations.
When ALE formulation is used, both mesh governing algorithms discussed in chapter 4
are implemented to see which one behaves better in controlling convection of mesh. In
the next section, first a comparison of the two mesh governing algorithms used in ALE
formulations is presented and then a comparison of Largrangian and ALE simulation is
shown to see mesh distortion in both kinematic descriptions.

5.2.1 Comparison of mesh governing algorithms

Figure (5.2) is the resu]t obtained by using the distortion energy algorithm in ALE

formulation. It shows the initial configuration, reference configuration, and deformed
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configuration of the work piece at 20™ time step. The mesh governing algorithm based on
minimization of distortion energy is successful in controlling the mesh movement to
some extent, however it can be seen from the deformed configuration of figure (5.2) that
there can be certain improvement made in the quality of mesh beneath the punch. The
reference frame moves during the course of deformation and helps the mesh to adjust and
avoid excessive distortion. However, the rearrangement process is still not enough. There
is certainly more room for rearrangement. This approach may have serious limitations
because when plasticity is added to the problem, the constraint will struggle to maintain
the mesh quality. Instead we might end up in getting shear distortion and entanglement.
This motivated the use of another algorithm based on putting a constraint on the

geometry of the element.
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Figure 5.2. Initial, reference and deformed configuration for distortion energy constraint

The problem was also solved using the element geometry constraint discussed in chapter
4. Figure (5.3) is the result of the implementation of this constraint in ALE formulation. It
only shows the deformed configuration at 20th time step. A detailed discussion of mesh
rearrangement and reference frame motion is discussed in the next section. However, it
can be easily seen that the mesh distortion i§ much less than what we had with the
distortion energy constraint. The elements preserve their geometry even after significant

33 % reduction in height of the work piece.



A m
b [ \ﬂ
V1
| S L
I HER

Figure 5.3. Deformed configuration for element geometry constraint

The reference frame shows lot more rearrangement in this case, so the final mesh quality
is improved. This constraint gives us much better results as compared to the minimization
of distortion energy constraint, so ALE formulation based on this constraint will be used
while making comparison with Lagrangian description.

5.2.2 Comparison of ALE and Lagrangian simulations

The next important comparison is between the two kinematic descriptions discussed in
the thesis. In this section, ALE simulation of the punch problem based on element
geometry constraint is compared to the results of simulation of exactly same problem
simulated with Lagrangian description. Figure (5.4) shows a comparison of the two

simulations at 1%, 6, 11*, 16™, and 20™ time step.
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Figure 5.4. Comparison of Lagrangian and ALE based simulation at various time steps

Clearly, the results of the Lagrangian description differ strongly from the results of the
ALE calculations in the above simulation. It can be easily seen that the Lagrangian
description captures the displacement for first 10 time steps almost comparable to ALE
description. However, when the punch really gets deep, it starts losing precision and
severe mesh distortion can be seen at 16" time step. When it gets to 17" time step, which
is about 25% reduction in height, we can see that the Lagrangian mesh crashes. Severe

entanglement can be seen in the final time step.
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In the Lagrangian method the elements become severely distorted in the region with large
strains. This is a general characteristic of the Lagrangian method, i.e., the elements
become distorted or stretched in regions with large strains. Especially in these regions,
one would like to describe the solution more accurately. In the ALE calculations the
elements are made to preserve their geometry in the high strain region. The effect of
geometry can be clearly seen when the Lagrangian based simulation crashes in 17" time
step, whereas the constraint of element geometry helps the mesh to convect smoothly
during the course of motion. Even at the end of 20" time step, the elements are still in
good shape in the case of the ALE formulation; whereas they can be seen totally
collapsed for the Lagrangian simulation. This mesh quality improvement in ALE
formulations is attributed to the introduction of the reference frame. The mesh
rearrangement during the course of deformation is shown in figure (5.5). The reference
configuration is shown at corresponding time steps. It can be seen that the rearrangement
in case of element geometry constraint is lot more effective than the one seen for
distortion energy constraint. The comparison of reference configuration for the element
geometry constraint and distortion energy constraint at 20™ time step reveals that there is
more rearrangement in case of element geometry constraint. This helps to reduce mesh

distortion in large deformation analysis.
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Figure 5.5. Reference frame configuration at various time steps

5.3  Energy modes
The above formulation is successful in terms of controlling mesh movement. However,
before doing actual forming problems; it is useful to do the modal analysis of the

problem. The eigenvalues and eigenvectors of the global stiffness matrix were plotted to
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study the zero and non-zero energy modes. Figure (5.6) gives the zero energy modes and

figure (5.7) gives non-zero energy modes of the system.
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Figure 5.6. Zero energy modes
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Figure 5.7. Non-zero energy modes
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The study of zero and non-zero energy modes gives an insight into the study of element
deformation. It is essential to make a few changes in the element formulation to remove
zero energy modes. The reason being that when those modes come into play, they can
cause undesired behavior, which affects the convection of the mesh. It remains one of the
future explorations to come up with a even better constraint condition that would remove

zero energy modes and give a better mesh quality.

5.4  Applications

In the above section, we simulated an example of academic interest. It was a simple case
illustrating the use of Arbitrary Lagrangian Eulerian description in numerical simulations
and its advantages over pure Lagrangian based simulations. There are various industrial
manufacturing processes that can be modeled and simulated using ALE methodology.
The analysis and optimization of various forming processes like extrusion, forging, and
rolling are facilitated by the use of ALE based numerical simulations. For instance, the
simulation of the extrusion process with a sharp angle at the die exit can be simulated
with ALE simulations. The elements at the die exit are locally distorted, so it becomes
necessary to use ALE to capture the behavior close to the sharp edge. This situation is
shown in figure (5.8) taken from Stoker [15], where an extrusion process is simulated
based on Lagrangian formulations. The elements at the die exit are locally distorted
because of the sharp angle at the die exit. Such a situation can be effectively handled by

ALE formulations.
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.

Fig 5.8 Lagrangian based simulation of extrusion process

Another problem is that it is difficult to obtain an accurate description of the free surface
during various manufacturing processes. The ALE method is found very useful to capture
free surface motion during processes like injection molding of a polymer. The free
surface motion in the Eulerian simulation of mould-filling process is shown in figure

(5.9) taken from Stoker [15], where the shaded portion is the material.

(a) (b) (c)

Fig 5.9.Eulerian simulation of mould filling process
Significant improvement is made in this area of research by Stoker [15]. The proposed
algorithms in this thesis can be used to model the extrusion and mould filling process

described above.
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The ring rolling process has been investigated using ALE by Liu and Hu [17], there is
certainly a lot of work to be done in simulations of plane strain ring rolling process based
on ALE formulations. Typically, complex contact conditions, and variation in frictional

conditions on an interface for ring rolling process can be analyzed using ALE description.
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Chapter 6

CONCLUSIONS AND RECOMMENDATIONS

This thesis elucidates the power of the Arbitrary Lagrangian Eulerian finite element
method to solve large deformation problems. The algorithms described in this thesis may
find direct application in metal forming analysis and fracture mechanics problems where
many compromises are often made in accordance with the limitations of the conventional
method. The overall algorithm proved to be numerically stable and reasonable in the
sense that the results obtained are in very good accordance with physical experience.

The ALE approach is implemented for the analysis of nonlinear solid mechanics
problems, and it has been shown that this approach is useful for problems where severe
mesh distortion is anticipated. The limitations of the Lagrangian description, when it
comes to large deformation solid mechanics problems are presented. The Lagrangian
description lacks control over the mesh movement resulting in distorted (sometimes
entangled) meshes with large changes in element dimensions, adversely affecting the
accuracy of solutions. Moreover, problems involving certain contact boundaries,
especially those with sharp edges or corners, may not be represented precisely in this
description. This is due to the fact that the boundary condition has to be specified on a
material point that might itself move. Situations of this kind are frequently encountered in
the numerical simulation of metal forming processes, €.g., extrusion, drawing, etc., where
the punch or die faces may have acute edges or abrupt surface discontinuities. The
suggested algorithms based on ALE formulations are successful in circumventing these

problems. A punch problem is simulated based on Lagrangian and ALE formulations
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with the result suggesting that an ALE based simulation is computationally more stable
and gives better results. The Lagrangian description is unable to sustain large
deformation and ends up in severe entanglement.

A major objective in metal forming is the determination of the initial shape of the work
piece (preform) and of the process parameters (e.g. the die shape) that lead to a final
product with desired geometry and material properties. The solutions to these inverse
problems are usually obtained by trial and error methods, using the results of analysis for
each set of preforms and process parameters. The ALE based finite element formulation
presented in the thesis can be very useful for preform design problems in metal forming.
For example, an ALE formulation is better suited to be used in design of preform in open
die forging of a work piece, where we want to achieve a final product without barreling.
Such preform design problems have been solved by Zabaras and Badrinarayanan [18],
Grandhi and Gao [19], Zabaras and Srikanth [20]. The preform design and the die design
problems can be formulated under a rigorous mathematical basis by posing them as
optimization problems. The objective function for these optimization problems can be
defined as an appropriate measure of the error between the desired final state and the
numerically calculated state for a given set of design variables. A sensitivity analysis can
be performed to evaluate the gradients of the objective function.

The present work can be extended to develop a finite element method for large
deformation analysis of elastic-viscoplastic (time dependent plastic) material behavior.
The ALE finite element model for large deformation analysis of rate sensitive materials
can be very useful for industrial applications. The response of materials subjected to

loading at elevated temperatures (~0.5 melting point) is best represented by rate
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dependent plastic models exhibiting the characteristic of combined creep and plasticity.
ALE based simulations can be made to model various sheet metal forming operations,
where grain orientation due to pre-rolling gives rise to structure anisotropy. The
presented models can be modified in future to include temperature dependence, rate
dependent yield strength and plastic anisotropy. Moreover, it will be interesting to
develop the conservation laws, constitutive equations, and the equation of state for path-

dependent materials using ALE finite element method.
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APPENDIX A

MATRIX DEFINITIONS

Any tensor is represented in a vector form with

All
A

A
Ay

vec(A)={A} =

For any two tensors, A and B, with components

A=[All Al2:|B=|:BlI BIZ:I
A2l A22 BZI B22

The tensor multiplication AB

AB = [ A\By + 438y 4By + Ay By ]
AnBi + 4By Ay By + ApBy

can be expressed as

—An 0 4, 0 ]
A
{AB}= 0 h 0 4, {B}
A4y 0 Ay 0
i 0 4 O Azz_
(B, B,, 0 0]
B B, By, 0 0
{AB}— 0 0 B“ le {A}
i 0 0 B, Bzz_

or

{AB}:[AQI]{B}=[IOBT]{A}
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where the Kronecker product © is defined as

[AOB]=[

The Kronecker product © has the property

Similarly we can also define

and

{BxA}={B

A\B  A4,B
4B AnB

o4’ }{x}

[4®B]C=(BC)4

[4®B], = 48,

Two matrices [B] and [B]T are defined such that

(9} = (81}

Moreover the double dot product of two tensors A and B is defined as

We can write the double dot product of two tensors A and B in terms of two

vectors A and B. Let

{Vru} = [B

I}

A:B=A4,B;

and B =
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(A7)

(A.8)

(A.9)

(A.10)

(A.11)

(A.12)

(A.13)

(A.14)



BII

B
A:B={4, 4, A, A,) B" (A.15)
21
BZ2
or
A:B=A\B, + Ay B, + A,B) + Ay,B,, = 4, B; (A.16)

which is the same result as in equation (A.13). Thus the 2™ order tensors
in the formulations are considered as vectors and the double dot product
is taken in the same way as shown above.

Thus,

[):(B)aQ, = [ A"Baq, (A.17)
Q, q,

The Transpose matrix [T'] is defined to obtain the transpose of any vector.

Fy F,
F, r |F
If {F}=4 and F} ={ %
{F} F, {F} F,
Fy Fy
then
Fy) 1 0 o 0](R,
F. 0 01 Of|lF
2= 12 (A.18)
Fp) 10 0 0 1](Fy,
1 0 0 0]
0010
where [T]= is called the Transpose matrix.
0100
(0 0 0 1}
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APPENDIX B

IMPORTANT RESULTS USED IN FINITE ELEMENT DISCRETIZATION

In Appendix B, few of the terms used in finite element formulations are derived. These
equations are based on matrix definitions given in Appendix A.

1

E=5[F’F—11 (B.1)
s =[C][E] (B.2)
F=1+V.u (B.3)
F,=1+V,g (B.4)
F=1+V,g+V,u (B.5)
OF, { au}=[B](u) (B.6)
ou
oF,
Q{Ag}—[B]{Ag} (B.7)
% (ag)=[B]{g} B.3)
dg
oF~! -1 T
S5 =-[FoF7] (B.9)
oF T =_[F_T CDF—l][T] (B.10)
oF
-1
aII?—‘{Au}=—[I"," o F T ][T][B]{Au) (B.11)
ou
aFS_l -1 -T
» (ag)=-[F;' o F;7 |[T][B]iAg) (B.12)
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oF™!

=gt =-[F o F T JIT][Bl(ag) (B.13)
oF " T -l
™ (au}=-[F T o F'|[T][B]{Au) (B.14)
oF " T -l
-~ (ag)=-[F T oF][T][Bliag) (B.15)
aF8-T -T -1
S-(8)=-[F;T o F |IT][B){Ag} (B.16)
g—Z{Au}z[loFg'T][B]{Au} (B.17)
where o=[10F;] (B.18)
%—{Ag}=[[1OFg"’]—[FoFg‘T]][B]{Ag} (B.19)
where p=[[10F;"]-[FoF"]] (B.20)
%‘E{Au} =[C][F" o1][Q][B]{Au} (B.21)
A T
g{Ag}=[c][F o!][P][B]{Ag} (B.22)
a"g -T
g{Ag}ﬂg(Fg :[B]{Ag)) (B.23)
SLi08)=1,(F 7 :[Boe)) (B.24)

Based on above relationships, the finite element discretization of the residual and
stiffness terms can be obtained. To illustrate the general procedure, one residual term is

transformed into finite element form below.



Consider
L(du) = j (V,0uF;"): (F,F;'S)J] ,dQ, or
& (B.25)

L(6u) = j (V,0uF; Y (FF;'$)],dQ, see (A.17)
q,

Since
V,8uF;' = 1(V,6u)F;" = [loF'T][B]{au} see (A.8) and (A.12)  (B.26)
FF;'S=[F,08){F;'] see(A8) (B.27)

Combining the above two equations and substituting in equation (B.25), we get the finite

element discretization for the given residual.
enT
Lo ={s:) [[B] [10FT] [Fos|F;'}),de, (B.28)
q,

where we have used the identity

(AIBICY)" =[CI [BY (AT
Similarly, an example of discretization of a stiffness term is given below.

Consider one of the stiffness terms of the above residual

(Ou, Au) = j (V,8uF;"): ( '{Au}(F '$))J,dQ or

(B.29)
a(Su,Au) = j (V,8uF "y ( '{Au}(F '$))J,dQ
Since
V,6uf;' =[10F;T |[B]{6u} (B.30)
F {Au}F"S [1 O{Fg"S}T][B]{Au} see (A.8) and (B.6) (B.31)
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Combining the above two equations and substituting in equation (B.29), we get the finite

element discretization for the given residual.

a(u.au)= (Y [[B] [10F;T] [10(F;'s)" ][B)J,dQ, {Au} B32)
Q,
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