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ABSTRACT

COUPLING BETWEEN CAVITY-BACKED ANTENNAS ON AN
ELLIPTIC CYLINDER

By

Chi-Wei Wu

Radiation by conformal antennas, flush-mounted to surfaces with varying
curvature, is of considerable importance to design engineers. Applications of such
antennas are found in the aerospace, automobile, and watercraft industries. Conformal
antennas are important in these areas due to their relatively low cost, low profile, and
consumer appeal. However, accurate and flexible design methods for such antennas have
not been offered in the literature to date.

In this research, the highly versatile finite element method is combined in a hybrid
formulation with a boundary integral mesh closure scheme to accurately model the fields
within, and in the aperture of, a cavity-backed antenna flush-mounted in a perfectly
conducting infinite elliptic cylinder. For the sake of efficiency, an asymptotically valid
dyadic Green’s function based on the Uniform Theory of Diffraction (UTD) for surface
fields due to a source on a smooth perfectly conducting surface with arbitrary curvature is
used in the boundary integral. This development represents a significant advancement
over prior techniques since surface curvature variation, either across a single element or
across an array of elements, is now accurately included into the antenna model. An

advantage of this approach is the ability to model cavities with curvature varying from



planar to the constant curvature of a circular cylinder. Eigenmodes will be given for
planar-rectangular, circular-rectangular, and elliptic-rectangular cavities recessed in the
cylinder. Furthermore, the input impedance of a conformal cavity-backed patch antenna
will be given. Also, The mutual coupling between microstrip antennas mounted in a

ground plane, a circular and an elliptic cylinder is investigated in this research.
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CHAPTER 1
INTRODUCTION

Conformal antennas are increasingly being mounted on the surfaces of air vehicles
primarily due to their low volume consumption, low drag, and low cost array properties.
An antenna that has received considerable attention in the literature is the microstrip
patch. This antenna consists of a radiating metallic patch printed on a grounded dielectric
substrate. Typically these antennas are designed using analysis methods developed for
planar apertures. Often such an approach is sufficient for design purposes; however, there
are significant applications where explicit inclusion of surface curvature is necessary. For
example, a characteristic phenomenon of patch antennas conformal to curved platforms is
the dependence of resonant input impedance on surface curvature [1]. During the
previous development of these antennas, due to a lack of rigorous analysis techniques,
antenna designers have had to resort to expensive measurements in order to develop a
conformal array design. This process is very time-consuming since any change in the
antenna geometry will necessitate re-measurement, especially at the resonant frequency,
of the input impedance and mutual coupling properties of the antenna. Due to the narrow
bandwidth of patch antennas, it is important to include variations in the input impedance
attributed to curvature so that the number of prototypes required during the design cycle
can be minimized.

Various theoretical techniques have been employed in the past for the analysis and
design of conformal antennas such as the cavity model [2], integral equation based
methods [3-5], and mode-matching techniques [6]. Many of these techniques were

originally developed for planar surfaces; however, they have also been extended to
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incorporate surface curvature [2]. Each of these methods has advantages and
disadvantages.

The cavity model is computationally inexpensive and offers considerable insight into
the behavior of the antenna. However, it is not amenable to large array simulation since it
ignores mutual interactions amongst array elements. The integral equation-based methods
offer high accuracy through the rigorous inclusion of mutual coupling effects. However,
these are not particularly efficient due to the fully-populated matrix associated with the
formulation. Highly efficient methods can be developed, particularly for cavity-backed
antennas; however, in doing so the antenna element shape and cavity shape are typically
limited [7].

The finite element-boundary integral (FE-BI) method is successfully employed for
the analysis of large planar arrays of arbitrary composition [8], and this approach has
been extended for aperture antennas conformal to a circular cylinder metallic surface [9].
Both the radiation and scattering problems have been developed in the context of the FE-
BI method. In contrast to the planar aperture array, the implementation of the
cylindrically conformal array requires cylindrical shell elements rather than bricks, and
the required external Green’s function is that of the circular perfectly conducting
cylinder. In its exact form, this Green’s function is an infinite series that imposes
unacceptable computational burden on the method. However, for large radius cylinders,
suitable asymptotic formulas developed from Uniform Theory of Diffraction (UTD) are
available and used for an efficient evaluation of the Green’s function. The finite element-
boundary integral (FE-BI) method provides an alternative approach to modeling

conformal antennas for both planar [8] and curved platforms [9-10].
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The FE-BI approach is a hybrid method combining the finite element method with a
boundary integral. The finite element method is used to model the volumetric total
electric fields in the cavity as well as the tangential electric fields in the aperture. With
the FE-BI method, the constitutive material parameters are assumed to be constant within
a finite element but are allowed to vary across elements; consequently, this method is
capable of modeling cavity-backed antennas with inhomogeneous loading. Hence, a finite -
element based model is capable of being used to design both geometrically complex L
apertures and apertures with complex material loading. However, as with all second-
order partial differential equation based representations of the wave equation, the finite
element method requires specification of both the tangential electric and magnetic fields
on the boundary of the computational volume. This is accomplished via the introduction
of a boundary integral that includes a dyadic Green’s function to describe the coupling
amongst various portions of the aperture.

In this research, the FE-BI method is extended to model cavity-backed antennas
conformal to a perfectly conducting elliptic cylinder that has a surface with varying
curvature along one principal plane. This hybrid FE-BI method will be used to model the
resonant behavior of cavities recessed in an elliptic cylinder and its validity will be
established by reduction to known results for planar-rectangular and cylindrical-
rectangular cavities. In addition, new results will be presented for the resonance
associated with an elliptic-rectangular cavity and for the input impedance associated with
a cavity-backed patch antenna flush-mounted on an elliptic cylinder.

Vector wave equations in an elliptic cylinder coordinate system are generated when

the elliptic cylinder scalar wave functions are used. Once the orthogonal properties of
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these functions are known, we can find the eigenfunction expansion of the free-space
dyadic Green function [11].

In Chapter 2, the FE-BI formulation will be introduced first using the vector wave
equation in elliptic cylinder coordinates and be extended to cavities that are embedded on
the surface of a metallic elliptic cylinder of infinite extent. Since the elliptic shell element
possess both geometrical fidelity and simplicity for the elliptic-rectangular cavity, it is

used to mesh the elliptic cavity-backed conformal antenna volume. New vector weight

H.ﬂ. —~—
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functions for the each edge of the elliptic shell element are presented in this dissertation.
With these vector weight functions, the FE-BI can be written as a matrix equation and the
formulations for each matrix entry are shown in Chapter 2. For validation of the finite
element formulation, a comparison between computed eigenvalues using the finite
element method and analytical values for a closed rectangular cavity and a closed circular
shell cavity is made.

In Chapter 3, the free space dyadic Green function in terms of eigenfunction
expansion is developed. The angular functions, or Mathieu functions, are represented by
a cosine series in the case of even functions and a sine series in the case of odd functions
while the radial functions, or modified Mathieu functions, are expressed in the form of a
series of Bessel functions. Each dyadic component of the dyadic Green function has been
successfully developed in terms of Mathieu functions or modified Mathieu functions in
this chapter; however, the convergence performance of the modified Mathieu functions is
very slow. Hence an asymptotic dyadic Green function that has a good convergence

performance is developed and used.
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Base on the development of an approximate asymptotic solution using the Uniform
Theory of Diffraction (UTD) for surface fields by Pathak and Wang [12], the dyadic
Green function is derived for both a source point and an observation point located on the
same surface of the elliptic cylinder, and thus an approximate asymptotic solution for the
electromagnetic fields that are induced by an infinitesimal magnetic current moment on
the same elliptic surface is generated. In this approach the contributions to the dyadic

Green function for the short path and long path are developed. The reduction of this

g g )~
3 -

formulation for the special case of a circular cylinder will be shown to have the same
form as previous results [9]. The numerical results for the magnitude of the dyadic Green
function with respect to the geodesic path will be discussed in Chapter 3. The numerical
comparison will be demonstrated there for a wave traveling on an elliptic cylinder and a
pseudo-circular cylinder.

In Chapter 4, the calculation model for the input impedance of a cavity-backed,
printed antenna is introduced. The input impedance and resonant frequency for an empty
cavity, a slot antenna and a conformal patch antenna embedded on a ground plane are
presented as well as antennas recessed in an elliptic cylinder and a circular cylinder.
From those numerical results, the relationship between the input impedance of different
antennas and the local surface curvature in the vicinity of the antenna mount is found and
discussed. Also, the probe feed for the patch antennas will be located in different
locations to observe effects of the surface curvature with different excited modes.

In Chapter 4, the computation results using FE-BI for antennas mounted in a ground

plane is verified with planar FE-BI results [10] by setting the radius of curvature to be



large. Also, for the empty cavity mounted in a ground plane, the calculated resonant
frequency will be compared with the theoretical value.

In Chapter 5, the mutual coupling between microstrip antennas mounted in a ground
plane, and in a circular and an elliptic cylinder is investigated. A moment method
solution to the microstrip antenna problem was proposed [13] in 1981 and the mutual
coupling between patch antennas embedded on an infinite coated ground plane was
calculated and measured in [14] and [15], respectively. The numerical results using the
FE-BI method are compared to these moment method results.

The mutual coupling between patch antennas embedded in different circular cylinders
with different radii are calculated. The mutual resistance, reactance and coupling
coefficient, S,,, are graphed with respect to frequency to assess the effects of curvature
on coupling. Also the same antenna is mounted in the different portions of the elliptic
cylinder and the computed results are discussed. The field structure with the cavity is
mainly dependent on the position of the probe feed this affects the mutual coupling.
Therefore, the probe feed is relocated and numerical results for coupling are inspected to
determine the influences of the location of the probe feed.

In addition to curvature, the position of the probe feed, the size of the patches and the
separation between the two rectangular patches play an important role in mutual
coupling. In Chapter 5, the different patch sizes are used to analyze mutual coupling.
Also, numerical results are computed for the antenna mounted in circular cylinders with

different radii. For convenience, symmetric patches are used for computation.
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In Chapter 5, a two-port network model is used to determine mutual coupling. Also,
the coupling parameter, S),. is determined from the input impedance and mutual

impedance using conversion between two-port network parameters.
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CHAPTER 2
FINITE ELEMENT-BOUNDARY INTEGRAL METHOD

2.1 Introduction

The Finite Element (FE) Method is a computational technique that has been used in
mathematical physics since the 1940’s. It was first coupled with an exact Boundary
Integral (BI) termination condition in an electromagnetics application by Silvester and
Hsieh [16] and McDonal and Wexler [17] in 1971 and 1972, respectively. In the 1990’s,
there has been renewed interest in the Finite Element-Boundary Integral (FE-BI) method
of electromagnetics principally due to the work of Jin and Volakis [18-20]. Their major
contribution was coupling the FE-BI approach with the Biconjugate Gradient-Fast
Fourier Transform (BiCG-FFT) technique, thus allowing high fidelity simulations with
low O(N) memory and computational demand. In 1994, the FE-BI method was extended
to cavities that are recessed in a metallic circular cylinder of infinite extent [1] and [9], In
that work, the boundary integral utilized uniform zoning and hence the Bi-CG-FFT solver
may be employed to retain low memory and computational burden.

In this chapter the FE-BI method will be extended to cavities that are embedded on
the surface of a metallic elliptic cylinder of infinite extent. The derivation of the FE
method starting with the vector wave equation will be presented first, followed by the
introduction of the boundary integral in the next Chapter.

2.2. FE-BI formulation
Before the scalar wave equation in elliptic cylinder coordinates is discussed, the

parameters of elliptic cylinder coordinate system are described. As shown in Figure 2.1,
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the relations between the rectangular coordinate and elliptic cylinder coordinate systems
are given by

x=ccoshucosv

y=csinhusinvy for 0<v<2m, O0Su<e @1
2=z .
)
where 2c is the distance between the foci of the ellipse. F
Consider a cavity recessed in an infinite metallic elliptic cylinder, shown in Figure "
|
"

2.2. The cavity walls are assumed to coincide with constant u-, v-, and z-surfaces and
the cavity is filled with an inhomogeneous, isotropic material.

The FE-BI formulation is developed by considering the coupled first-order partial
differential equations, the time harmonic Maxwell’s Equations, and performing some
manipulations, to give the vector wave equation,

VXVXE—-k’E = - joud -VxM 22)

VxVxH-k?H = - joeM +Vx]J

where J and M represent, respectively, the electric and magnetic source current.
A unique solution of the wave equation requires the specification of sufficient

boundary conditions. To generate a system of equations from (2.2), the method of

weighted residuals is applied, which results in the symmetric inner product of a vector-

valued weight function and the vector wave equation. The integro-differential equation is

given by
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VxE(u,v,?2)

J‘V.[Wi(u,v,z)-Vx( )—kgw,-(u,v, z)-erE} av =

r

Mi(u,v, 7)

~[, WiGu,v,2)-Vx( KV (2.3)

r

—jkozofv. W,- (u, v, Z) . Ji(us v, Z) dav
I
where W, (u,v, z) is a subdomain vector-valued weight function to be defined later and
V; is the i volume element resulting from a discretization of the cavity. The impressed

sources (J i Mi) enclosed by the volume V; give rise to the right-hand side of (2.3) and

this interior excitation function is defined by

i Mi sV
fint =_J‘Viwe(u,v'z).vx[-(z—v2).

MV = jkozof,, Wiluv,2)-J'w,v, 210V (2.4)

r

Upon application of the first vector Green’s theorem [11],
J'V W.Vx(VXE)dV =j'v (VXE)-(VxW)dV -js Wx(VxE)-ndS (2.5)
the time Harmonic Faraday’s Law for a source free region and the vector identity,
VXE = - jouH (2.6)

A-BxC=C-AxB 2.7)

(2.3) can be recognized as the weak form of the wave equation

I VXE(u,V,Z)'VXWi(u,v,z)

Vi Hy

—-]kOZOJ‘s n(u’v7 Z)x H(u’ V, Z) ¢ w’ (u,v, Z)ds = f;.int
]

dV -k} jV. &,E-W,(u,v,2)dV -
: (2.8)

where n(u,v, z) indicates the outward pointing normal of the element surface associated

with the i unknown, §;is the surface area of that element, and H(u, v, z) is the total

magnetic field, evaluated at the test point denoted by the triplet (u,v,2). It can be shown
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that the surface integral of (2.8) vanishes for all elements that do not border the cavity
aperture due to the fact that the test function, W;(u,v, z), is in fact a tangential electric
field. For this formulation, all metal is assumed to be a perfect electrical conductor and

the only portion of the cavity boundary that is not metal is the aperture. Hence, the non-

zero contribution is limited to the portion of the surface that coincides with the aperture.

—

The weak form of the wave equation, (2.8), contains unknown electric and magnetic

fields on the surface of the elliptic cylinder. To determine H in (2.8), the surface

F.—m-f -ﬂ .

equivalence theorem will be introduced with a dyadic Green’s function of the second
kind (e.g. a dyadic Green’s function that satisfies the Neumann boundary condition) such

that the radiated fields due to the equivalent currents can be reduced from [21].
H(r)= ILan-VxE(R)dS+jkYﬂ;andS 2.9)
to

H(r)= jkY [ LanEz(R)ds (2.10)

where G, G2 represent the dyadic Green’s function and its second kind, R=Ir-r'l, r

denotes the observation point and r' is the integration point, while the surface on which
the equivalence theorem is applied is denoted by S. Also, Y is the wave admittance in the
medium.
By expanding the unknown electric field in terms of subdomain basis functions as
N,

E= Ejo(u,v,z) (2.11)
j

<

]
—

and substituting (2.11) and (2.10) into (2.8), the resulting system of equations is obtained

11
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VxW;(u,v, 2)-VxW;(u,v,2)
M,
—kgs,wj(u,v,z)-wg(u,v, 2) 1dv (2.12)
+ k38, ()8, (j) L,- [ Witw.v.2)-u,v,2)%

Xy

[u(u,v,2)xW;(u,v,2) .Gez(v, v, 2)dSdS’ }= £

In (2.11), the subscript indicates the j"' unknown and W j(u,v,2) is the same edge-based
expansion function as that used for testing in (2.3); e.g. Galerkin’s procedure is used. The
function ,(i)d,(j) is a product of two Kronecker functions and simply indicates that
the boundary integral only contributes when both the test and source unknowns are on the
aperture. The symbol N, in (2.11) denotes the total number of unknowns or the free-
edges space in the mesh.

Expressed in elliptic cylinder coordinates, (2.12) becomes the system of linear

equations given by

N VXW.(u,v,z)-VXW;(u,v,z)
> L : ’
j=l ! ﬂr

— k&, W, (u,v,2)- W;(u,v,2) 1S dudvdz (2.13)

+k§8, D8N [ [ Witw',v',2)-u,zv',2)%
S j oSi

[u(u,v,2)XW;(u,v,2) Gea (v, z;v',2))B" Bv' dz " dvdz }= £

where
Pu,v,z)= c(cosh? u—cos? v)!/? 2.14)
,B'(u‘,v',z')=c(cosh2u'—cos2v')”2 .
The FE-BI formulation can be written as a matrix equation
[A}{E} - k2[B){E} + k[C]{E} = {f). (2.15)

12
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Here A; =13V and B; =17,

where
My _
107 = [, [V*Wi - VxW, Jav 016
7 =] [Wi-W,;]av

Also

where i and j represent the global test and source unknown numbers, respectively.

Also, V; denotes the element volume associated with the test function i, while

th .th
»J

SpS Aj represent the surface that coincides with the aperture, of the i element,

respectively. The FEM matrix was formed by the matrix sum of [A] and [B], while the
boundary integral matrix was formed by the sub-matrix [C]. The entries in the FEM
matrix are identically zero unless both the test and source edges are within the same
element and hence the FEM matrix is sparely populated. However, the boundary integral
matrix has entries that are nonzero even if the source and test edges are located in

different elements. Hence, the boundary integral sub-matrix, [C], is fully populated.

2.3. Vector Weight Functions

An important factor in choosing the finite elements for gridding the cavity is the
elements’ suitability for satisfying both the mathematical requirements of the formulation
and the physical features of the antenna system. Traditional node-based finite elements

associate the degrees of freedom with the nodal fields. However, these functions have

13
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proven unsatisfactory for three-dimensional electromagnetics applications since they do
not correctly represent the null space of the curl operator and hence spurious modes are
generated [22-23]. Edge-based finite elements, whose degrees of freedom are associated
with the edges of the finite element mesh, have been shown to be free of the above
shortcomings. In the source-free solution region, edge-based finite elements can be
designed to satisfy the divergence-free condition such that the spurious mode can be
removed from the solutions. In addition, edge-based elements avoid explicit specification
of the fields at corners where edge conditions may require a singularity. Jin and Volakis
[20] presented edge-based brick elements that are convenient for rectangular-type
structures and cavities. Later, Kempel and Volakis [9] designed the cylinder shell element
for cavities embedded in a circular cylinder. For cavities recessed in an elliptic cylinder,
elliptical shell elements are the natural choice.

Elliptical shell finite elements possess both geometrical fidelity and simplicity for
elliptical-rectangular cavities. Figure 2.3 illustrates a typical shell element, which has
eight nodes connected by twelve edges: four edges aligned along each of the three
orthogonal directions of the elliptic cylinder coordinate system. Each element is

associated with twelve vector shape functions given by

14



where

_ Av[ (P — pub Nz—2,)

WI4—v Ath =wv(puavyz;pub"sz"+l)
A, (P —Pu N z—2)
W23 ==V . Pu ftl;lg d =wv(pu,V,Z;pua,',Z,,—1)
A, (P, — Py, NZ2—2) ‘
“158=__v 1 Atl;‘f = v(pu’v’z;pub"’zt’_l)
Ay, (Py—Pu, N2—2p)
Wer =v L ATE}% =wv(pu’vvz;pua"’zb’+1)
Ay, (v=v)z-2,)
W12=u “b Aah d =wu(pu,V,Z§',V[,Z,,+1)
A, (v-v,)(z-2)
Wy =u—t— e = W, (0, 5 Vr0 210 1)
A, v=v)z—-2)
WSG =-u “b Aah = u(pu9v, 25 VI,Zb,—l)
A, (v=v,)(z—-2)
Wirg =u—= Acrrh =W, (Py:v: T, Vp 2, +])
(Pu = Puy V=)
Wis=2 z :’a’! =Wz(pu,v,z;pub,v,,-,+l)
Pu—Pu))v—Vp)
Wy =—2 u ‘;aa =Wz(pu,v,z;pua,v,,',—1)
(Pu = Puy))V—V,)
W48——Z - :l; =wz(pu’v’z;pub’vr"’-l)
( - )(V—Vr)
W37—Z pu p“a = z(pu,v92;puaavr1'1+1)
ta
Pu=%5e"
a=V1—Vr
h=Z,—Zb

C
t =pub _pua =E(e“b _e“a)

A= (cosh2 u—cos> v)”2

Av, = (cosh2 U —cos> v,)”2

Aub = (cosh2 uy, —cos? v)”2
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Also, Wj; is associated with the edge defined by local nodes i and j as shown in Figure

2.3. As seen from (2.18), three fundamental vector weight functions, one associated with
each coordinate axis, are required for the complete representation of the elliptical shell
finite element. They are

54, (v=)z-2)

wu(puast;',G,Z,§)=u

Aah
o 58y (P~ pa)z—2)
: .7 — V] u a
T Ath (2.20)
wz(/?u,v,z;p,;,ii,-,i)=zs(pu-f’;)(v—v)

where the element parameters (u,,u,,v,,v,,2,,z, ) are shown Figure 2.3. Each local edge
is distinguished by the parameters 5,4,V and Z as given in (2.20). The circular cylinder is
a special case of the elliptic cylinder, thus the elliptic cylinder can be reduced to the

circular cylinder and then

p=v
_C
P 2

N |—

u
A = (cosh? u—cos? v) ="’7 .21

t=pub _pua =Py~ Pa
a=v, -y =~~"¢r_¢l

Rewriting (2.20) with (2.21), the vector weight function for the circular cylinder [10] can

be written as
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Wi2(p.0.2) =Wy, (0.0,2:.9,.2,+D), Wi3(0.0,2) =W, (p.0,2;.81,2,,-1)
Wss(0.0.2) = W, (0,0.2:.0,.25,=1), We1(0.0,2) =W, (0.0, 2,81, 2, +1)
Wia(0,0,.2) = Wy (0.8.2, P, 21, %)), Wa3(p.9,2) = Wy (0.8, 2; 05,2, 1)
Wss(0.0,2)=Wy(0.,0.2, 04, 2,—1), We7(0.0,2) = W5(0,0.2; P57 2, 1)
Wis(p.¢.2) =W, (0.0.2, 9.9, +1), Wos(p,0.2) = W, (p.0,2,04.0,.-,-1)
Wis(0,0,2) =W, (0,0.2, pp. #y,,=1), W37(0,0,2) =W, (0,0,2, 0.8, +1)

(2.22)

The three fundamental vector weight functions are

; 5p, (9-9)z-2)
P ahp
e S(p=P)z-2)
W(p.0.2.0.0,.2,5)=9 h (2.23)
,S(p=P)8-9)
ta

Where the element parameters ( g,, py.9,,9;, 2,2, ) are shown in Figure 2.4. It is noted

that as the radius of the cylinder becomes larger, the curvature of these elements
decreases, resulting in weight functions that are functionally similar to the bricks

presented by Jin and Volakis [20].

2.4. Finite Element Matrix

The volumetric mesh of the cavity is formed using the elliptic shell element
shown in Figure 2.3 by meshing the cavity such that all the radius-dividing layers have
the same foci as the surface ellipse, while the meshing along the z and v direction is
subdivided uniformly by the fixed length of the geodesic path, which can be obtained
from the perimeter divided by the total number of nodes in that direction. These elements
are shell elements conformal to the surface of the elliptic cylinder. The exterior functions

used to expand the aperture fields are similar to the volume elements. Applying the
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vector weight function defined by (2.18)-(2.20) in (2.13), the FE-BI formulation can be
written as a matrix equation as shown in (2.15). The FEM matrix is composed by adding
the matrices [A] and [B] while the boundary integral matrix is formed by the sub-matrix

[C]. Carrying out the required vector operations and organizing each integral in separable
form, as shown in (2.16), six combinations for / f})" and three combinations

for I_S,z)"j remain. The two auxiliary functions are defined in (2.16). These elliptic auxiliary

functions are

(1) C SS Eb fl (V v )v— v)dudv+ 2 fb : A“zb dudyv - f(Z—Zj)(Z“Zi)dZ

A

Vi

A“b

(1) =

f:b ,A2 —[(v- v )sinv-cosv-p,

(pu —pﬁ,-)

ubAv[

+(v—v;)sinvcosvcoshusinhu-

(pu _pﬂ,' )Aub

+A, bAVI Put coshusin vsinh u Jdvdu

v
-f”(z—z,)(z—z,.)dz

c as S
I = ["’ o (Pu= PP = i, du

2h2 fb V[pu "‘Pu(p,, -p,;i)coshusinhu

P, - Pi; )X P, —p,;j )cosh2 usinh? u
2
Av,

+pu(p“—paj)coshusinhu+
b - =
J:‘ (z-Z;)(z-Z)dz
10 =S50 A (2= pa Y pa - pa )
vz t2 fa VI(pu pu,)(pu puj) u

hgi:f- i b vl ~ ~
19 = [L [ Lo 0=9)0 =30+ 2 = pulpi + i)+ iy Jauay
(2.24)
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5, 10 13 =505, e [* -3, - 20
t

2
(2)_C 2;: f:b v Pu=Pa NPy~ ps;)du- fb(z Z;)(z-Z)de (2.25)

c hi&"
12 = f”A%pu Pi)Pu = padu [ (v=7,)v =7 v

It should be noted that 1‘(]',‘,) =1 lgz) , and therefore the FEM matrix is symmetric,

and only the upper or lower triangle of the FEM matrix needs to be stored. The
cylindrical auxiliary function, which was developed from the FEM method for the
circular cylinder [24], also can be obtained by reducing the elliptical auxiliary function in
circular cylinder coordinates with the relations in (2.21). The auxiliary functions for the
circular cylinder system are given by
55 2
S;S; ~ ~ a. p t - .
10 =200 zhlﬂj:’ —3.)@0-8)do+E L 1y [ (2-7)(z -3
oo =z PbRInC) [ (9=0.000-)dg+3 D [, = 2)a-2,)dz]
5;S;
10 == 125, In(2e)+ p, 1= L2 [* (2= 2,02 - 2, )z
e g, pafb e
55 iPb ~ ~
I =-"0 [ @-8x0-0)d0
oy = G ,:)’ [ (—(pb ~p)+ (ps +P) (P2 =P+ psp,(pb pD)
+(203 =P~ 2Py + P+ Db EEN [} 2,z 2 2)
55 b, - ~
I5) =—-’—2—’- I (P- D)o -P)dp
hs;s

19 = 2"[a( AR r(ps+p,)+pxp,ln( )

Z(p2—p2 —a -4 2.26
+2(pb P ﬂ{ @-3,)(@-)do] (2.26)
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12 = ( ) [ ©-6)©0 048 (2~ )z )z

5;8; ) | QR
1 =7'2hl_2[z(pg =P2)+5 (B + PP~ P+ Bib (0] - PO

X[ (@=Z) -4 Xe

) _ ssh 1
12 = [ (05 —P3)+~ (p,+p,)(pa Pp)+= psp,(pb -p)] @27

x j:l’ @~ ~5)do

where each of the unevaluated integrals is of the form

J, €-E)E-ExE =2 -UNE +E)+1 U -D1+EEW-1)  228)

2.5. Validation of Finite Element Formulation: The Closed Cavity

Finite elements for closed domains can be used for analyzing cavity resonances.
Identification of these resonances is important for understanding and controlling the
operation of many devices including microwave ovens. The eigenvalues for each empty
cavity are computed by solving the generalized eigenvalue problem. The eigenvalues
computed by the finite element method, as well as analytical results for the cylindrical-
rectangular and planar-rectangular cavities, will be discussed in this section. A new result
for an elliptical-rectangle cavity will be presented.

The rectangular cavity is a geometrically simple structure, but is widely used in
complex microwave devices. A comparison between computed eigenvalues using the
finite element method and analytical values is shown in Table 2.1. For a 2cm x lcm x

lcm rectangular cavity, the average error percentage is less than 1.0% with 520
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unknowns. Particularly, for the first two most important modes, the numerical results are
very accurate.
In Table 2.2, the total unknowns for a 3cm x 3cm x 3cm quasi-circular shell

cavity mounted on a cylinder of p =20 cm are 450 and the average error percentage is

2.2%. To have more accurate results, the cavity was subdivided into finer finite elements
such that the variation of electrical field inside the cavity can be represented by more
unknown edges (e.g. degrees of freedom.) In Table 2.3, the error was improved to 1.3%
with 1176 unknowns. It can be concluded that the eigenvalues can be computed with
good accuracy and the accuracy is expected to increase with higher mesh density.
However, the computational cost will rise and several negative trivial eigenvalues may
result. Significantly, these results illustrate the fact that the FE method can be used to
determine the resonance frequency of arbitrary shaped cavities.

The eigenvalues of an elliptic shell cavity mounted in three different locations of
an elliptic cylinder with a major axis of a=50cm and a minor axis of b=20cm were
computed and tabulated in Table 2.4. The eigenvalue for the lowest mode, TEo11, has less
variation compared to other modes in those cases as one would expect. For the conformal
antenna mounted in the elliptic cylinder starting from the elliptic angle of v=0.02 by
setting the value of the initial angular parameter v, to 0.02 in computation, it also can be
easily observed that the eigenvalues have larger deviation from the other two cases.
Physically, the cavity embedded in a region of rapidly changing curvature results in
greater variation of field distribution inside the cavity while the field exhibits less change

when the cavity is mounted in a region of surface with little curvature change.
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The comparison of eigenvalues for a cavity mounted in different portions of an
elliptic cylinder and the approximately equivalent circular cylinder is of course a major
concern for the design of conformal antenna embedded on a curvature-varying surface.

For a cavity (3cm x 3cm x 3cm) mounted in different positions, vy=0.02, and n/2, of an

elliptic cylinder with a=50cm, b=20cm and the equivalent circular cylinder with radius of
p=20om and p=50cm, the computational results are tabulated in Table 2.5 and 2.6,
respectively. The average deviation of eigenvalues between the elliptic cavity and its
equivalent circular shell cavity is 10.8% in Table 2.5 while it is 1.3% in Table 2.6.
Therefore, the eigenvalues for the elliptic shell cavity mounted in the less curved elliptic
surface can be approximately determined using its equivalent circular shell cavity.
However, it is necessary to accurately model the elliptic shell cavity when it is embedded
on the highly curved area.

From the discussion above it has been verified that the FE method using the new
elliptic shell elements and its vector weight functions successfully compute the
eigenvalues of the rectangular and shell cavities. It remains to develop the boundary

integral and the dyadic Green’s functions so that open problems may be examined.
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Table 2.1 The eigenvalues for a rectangular cavity (2cm x lcm x lcm) represented in
elliptic cylinder coordinates as u=2, v=1, z=1(cm), utilizing 520 unknowns.

Eigenmod | Analytical FEM Error (%)
TEo11 3.561 3.561 <0.01
TE1o01 3.561 3.561 <0.01
TMi110 4.488 4.521 0.8

TEo12 4.487 4.522 0.8
TMi112 5.520 5.555 0.6
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Table 2.2 The eigenvalues for a circular shell cavity (3cm x 3cm x 3cm) represented in
elliptic cylinder coordinates as u= v=z=3(cm), utilizing 520 unknowns.

Eigenmode Analytical FEM Error (%)
TEon 2.195 2.244 22
TE111 2.369 2424 23
TMii0 2.377 2.433 23
T 3.474 3.553 22
TE121 3.520 3.585 23

24



Table 2.3 The eigenvalues for a circular shell cavity (3cm x 3cm x 3cm) represented in
elliptic cylinder coordinates as u= v=z=3(cm), utilizing 1176 unknowns.

Eigenmode Analytical FEM Error (%)
TEon 2.195 2224 1.3
TE1 2.369 2.399 1.2
TMi10 2.377 2.409 13
TMi11 3.474 3.520 1.3
TE121 3.520 3.546 1.2
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Table 2.4 The eigenvalues for an elliptic shell cavity (3cm x 3cm x 3cm) mounted in an
elliptic cylinder with a=50cm, b=20cm, starting from three different angles of v;,=0.02,

Vp=1/4 and vy=n/2 and utilizing 450 unknowns.

Eigenmode vp=0.02, vo=/4 Vo=1/2
TEo11 2.224 2.223 2.244
TEin 2.725 2.280 2.270
TMi110 2.817 2.299 2.271
TMin 3.942 3.400 3.393
TE121 4.409 3.409 3.393
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Table 2.5 Comparison of eigenvalues between a cavity (3cm x 3cm x 3cm) mounted in
an elliptic cylinder with a=50cm, b=20cm, starting from the angle of v;=0.02, and its

approximate equivalent circular cylinder with radius of p=20 cm, utilizing 450

unknowns.
Eigenmode Elliptic shell cavity, | Circular shell cavity, Deviation (%)
vp=0.02, p=20 cm

TEo1 2.224 2.244 0.90

TEm 2.725 2.424 11.0

TMii10 2.817 2433 13.6

TMi111 3.942 3.553 9.9

TE121 4.409 3.585 18.7
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Table 2.6 Comparison of eigenvalues between a cavity (3cm x 3cm x 3cm) mounted in
an elliptic cylinder with a=50cm, b=20cm, starting from the angle of v,=w/2, and its

approximate equivalent circular cylinder with radius of p=50 cm, utilizing 450
unknowns.

Eigenmode | Elliptic shell Circular shell cavity, | peviation (%)
cavity, vo=m/2 p=50 cm

TEo11 2.244 2.245 <0.05

TE11 2.270 2312 1.85

TMi1o 2.271 2.313 1.85

TMi1 3.393 3.437 1.30

TE121 3.393 3.438 1.32
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Figure 2.1 A cross-sectional view of the elliptic coordinate system
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Figure 2.2 The geometry of the cavity-backed antenna embedded in a metallic elliptic

cylinder.
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Figure 2.3 Geometry of an elliptic shell element. The numbers denote the local node

numbering scheme for these elements.
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CHAPTER 3
DYADIC GREEN’S FUNCTION FOR ELLIPTIC CYLINDER

3.1 Introduction

In this chapter the surface dyadic Green’s function for an infinitely long, perfectly
conducting elliptic cylinder is derived [11]. In this approach, vector wave functions
approximate for representing electromagnetic fields in the elliptic cylinder coordinate
system are generated based on the elliptic cylinder scalar wave functions.

Eigenfunction expansion of the required field quantities is the first approach applied
to find the dyadic Green’s function necessary to describe on-surface interactions. In this
chapter, the scalar wave equation is used and its eigenfunctions can be written in terms of
separated angular and radial functions. The radial functions, which are the solution of the
modified Mathieu’s equation and finite at the origin, can be written as a series of Bessel
functions. The angular functions, which are solutions of Mathieu’s equation, are required
to be periodic with respect to the angle of the elliptic cylinder so that the field represented
by these functions is a single-valued function of position.

Since the dyadic Green’s function developed by eigenfunction expansion is very
difficult to evaluate numerically, an approximate asymptotic solution based on the
Uniform Theory of Diffraction (UTD) has also been developed. In this, the surface fields
attributed to a source on a smooth, perfectly conducting surface with arbitrary curvature
are computed using a representation developed by Pathak and Wang [25]. Base on this
development, an approximate asymptotic solution for the electromagnetic fields is found.
These fields are induced by an infinitesimal magnetic current moment on the same

surface. Hence, this solution of the surface magnetic field attributed to the aperture field
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located on the same surface represents the dyadic Green’s function. The superposition of
such aperture field elements represents the total electric field in the aperture of a
conformal antenna. This solution can be employed to calculate mutual coupling between
two or more antenna elements. The volumetric cavity region behind the aperture is
modeled using the finite element method. This hybrid approach allows the simulation of
complex antennas with minimal computational effort. Such information is essential for
designing conformal antenna arrays and for studying the electromagnetic compatibility of
multiple antennas. In this UTD solution, the surface fields that propagate along each ray’s
geodesic path remain uniformly valid within the shadow boundary transition region

including the immediate vicinity of the source. Again, it is noted that time convention

e’ isused through the whole dissertation.

3.2 Eigenfunction expansion method
3.2.1 Mathieu’s Equation

Before the scalar wave equation in elliptic cylinder coordinates is introduced, the
solutions for both Mathieu’s and the modified Mathieu’s equation must be developed. In
the elliptic cylinder coordinate system, the set of coordinates used in this dissertation is
designated by (,v,z). A cross-sectional view of a plane perpendicular to the z-axis is
shown in Figure 2.1. The relations between rectangular coordinates and elliptic cylinder
coordinates are given in (2.1).

Mathieu’s equation can be writien in the form

2
i1;f§2+(a—2qc052v)f(v)=0 3.1

4
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where a and g are parameters that are usually real number. Also, a is the eigenvalue of

the system and it forms a denumerable set such that the corresponding angular functions
is periodic functions of v

Since the angular solution for Mathieu’s equation should be periodic over the elliptic
cylinder, viz. a = g =0, then the periodic solution of Mathieu’s equation is constant, i.e.,
f(v)=c, where c is constant. This is the Mathieu function of order zero, associated with

the eigenvalue a=0. If a #0 and ¢=0, then

2
L) deEV) +af(v)=0 (3.2)

The solution of (3.2) can be represented as
filv)=cosmv or f,(v)=sinmv 3.3)
where m=1,2,3....
For the general solution of (3.1), wherea # 0 and g # 0, the eigenfunction can be

represented in series form as

fv)= i Ajcos(jv)+B; sin( jv) 3.4)
j=0

where A j and B ; are the expansion coefficients to be determined. Substituting (3.4) into

(3.1), four different types of corresponding eigenfunctions are obtained:
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fa eve,,(V)—Z mcos2kv), m=0,1,2,3...

= Z Al cos2kv),  m=0,1,2,3...
(3.5)
A = Z BX"sinRkv), m=0,1,2,3...

Al = Z BX™!sin2kw). m=0,1,2,3...

Here the subscripts even and odd represent the associated eigenfunction expanded in the
base of cosine and sine functions, respectively. The equations above are four different
types of Mathieu function, which are the solutions of Mathieu’s equation associated with
four different eigenvalues: a =a,,,(q), a=a,,,,1(q), a=b,,,(q) and a=b,,,,,(q).
These four types of solutions are isolated by odd and even functions and by their cyclic
period of & or 27.

For simplicity, the four solutions in (3.5) are combined as even and odd Mathieu

functions. They are

Sem)=2 Dyicosnv). m=0,1,2,3.. (3.6)
n=0

Som) = F'sinmv),  m=0,1,2,3... (3.7)
n=0

where the summation is to be extended over even values of n if m is even and odd values

of nif mis odd. S,,(v) and S,, (v) are also called the even and odd solutions of

Mathieu’s equation, respectively. The coefficients D] and F," are normalized, i.e.,

S Dr=1, 3 E =1 (3.8)
n=0 n=0

36




such that the following relationship between the even and odd solutions of Mathieu’s

equation is established
1 2r 1 2r
= [ 82, dv== [ 2, (v =1 (3.9)
7o T o

Using (3.9), it can be shown that §,,,(v) and S,,(v) form a complete orthogonal set. The

orthogonality relationships are

2%
[$.8,;wdv=2Y (D> -(1+8),  for  i=j
0 n

yx 1
ISe,-(v)Sej(v)dv=0 for i#j
0
o ‘ (3.10)
Isoi(")soj(v)d\’:’l'z (Fy)?, for i=j
0 n
2
I Soi(V)S,5(V)dv =0 for i#j
0
where 8=1 if n=0 and 8=0 if n=0.
3.2.2 Modified Mathieu’s Equation
For convenience, Mathieu’s equation can be rewritten as follows
2
ddfgv)+(a—2qc052v)f(v)=0 3.11)
v

The modified Mathieu’s Equation can be obtained by replacing the variable v by the

complex form jv[26]. Then (3.11) becomes

2.,
%i]—v)-—(a—choshZV)f(jv) =0 (3.12)
v
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which is the modified Mathieu’s equation. The solutions of the modified Mathieu’s
equation are found by replacing the variable v with jv in the eigenfunction expressions

(3.5). The resulting expressions for the modified Mathieu functions are
P yentV) = Z 7 cosh(2kv), m=0,1,2,3..

il v = Z A2l cosh(2k+1)v, m=0,1,2,3...

(3.13)
A v = Z BXlsinh(k+1)v,  m=0,1,2,3...
2m+2 2m+2 . _
fiast g (V) = Z By sinh(2k+2)v, m=0,1,2,3...
cgk2
Replacing the parameter g and v in (3.12) with —4£ and u, respectively, then the
c2i?
quantity 2qcosh2v becomes by (cgk, cosh u)? __02_p , giving
ddf W L cdk2coh®u—b) f (u) =0 (3.14)
cgk,z,

where b=a+

. The solutions of (3.14), which are equivalent to (3.13), now can be

written and expanded in terms of a series of Bessel functions as [27]
emkp (w)= Z( )" Ay T, (cok , coshu)
emkp (w)= Z (N Ag'Y, (cok , coshu)
(3.15)

omkp(u) \/'-tanhuz:(_l) “"nBy'J ,(cok,, coshu)

omkp (u)= \/- tanhu Z (N nB, Y, (cok, coshu)
n=0
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where superscript 1 represent function J,(z), which is the n'® order Bessel function of

first type, while 2 denotes function Yn, which is the n' order Bessel function of second
type. Also, the summation is to be extended over even values of » if m is even and odd
values of n if m is odd. It is noted that for these four eigenfunctions, each is associated
with its own eigenvalue in the modified Mathieu’s equation. For simplicity these four
radial eigenfunctions are combined as follows
Rom , (4) = %i ()™ ™ D" (cok , cosh u)
n=0

(3.16)

R om  (4) = %tanhuz ()" ™ F"J ,(cok , coshu)
n=0

3.2.3 Vector Wave Functions In An Elliptic Cylinder Coordinate System
The scalar wave equation in an elliptic cylinder coordinate system can be written in

the form

oy
oz2

1 %y o
— + +
ﬂ(au2 ov? )

+(kp +k})y =0 (3.17)

1
where f = c(cosh? u—cos? v)2

The variables u, v and z are the radial, angular and axial coordinates in the elliptic
cylinder coordinate system, respectively. The parameter c is again the distance between
the foci of the ellipse. Assuming that f = f|(coshu) f,(cosv) is the solution of (3.17) and

using it in (3.17), then the following two equations result

2
%chk; cosh® u—b) f,(u) =0 (3.18)
u
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d? fz(V)

—at (b—c’k} cos’v) fo(v) =0 (3.19)
Here (3.18) is the modified Mathieu’s equation, while (3.19) is Mathieu’s equation. The
eigenvalues b form a denumerable set such that the corresponding angular functions is
periodic functions of v, and thus a single-valued function of position for the

electromagnetic fields can be described. Because the wave functions of the elliptic

cylinder can be written as

= e = fiw) f(ne (3.20)
Thus, by applying the solutions of Mathieu’s and the modified Mathieu’s equation, which
have been derived in sections 3.2.1 and 3.2.2, into (3.20), the resulting wave function is

given by

y= MR, . (we "z (3.21)

e
omkp p

where
T, .pn-
Re,,,kp (u)Se,,,kp (v)= EZ (/)" Dy’ cos(nv)J , (ck, coshu)
n=0

- (3.22)
Y4 \n—m .
Romkp (“)Somkp (v)= ;EO(])" F,;" sin(nv)J, (ck, coshu)

Equation (3.22) is given by Stratton [28] and can be used to represent the standing wave
function inside the elliptic cylinder, while the outgoing wave which is traveling outward
from the cylinder can be represented in the form of Hankel functions of the second kind

as follows
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R, 5 S, (V)= 2( /)DL cosnvH P (ck , cosh u)

2 n=0 (3.23)

R(z,)k (u)Somkp )= go(])" i sman( )(ck coshu)
n

Since v is the solution of the scalar wave equation in elliptic cylindrical coordinates, the
corresponding vector wave functions are defined by

M, | (-k,)=Vxy

omkp
(3.24)
emkp( -k )——Vxqu/
where k% = kg + kzz. Then these two vector wave functions are
1 asemk aRemk
M, (-k)==[R —Lu-s 2P y]em e 3.25
SMkp( 2 ﬁ[ omkp Qv omkp  Qu ] ¢ )
i aRemk as,_,mk
N, (-k,)=—[-jkS > u- jk,R =—Lv
gk ) kﬂ[ Pmo "aw T omky gy (3.26)
+Bk2R, S,  z]e e

P omkp~ Gmkp
The orthogonal properties of these functions are stated by the following equation [11]

I M, (k)N o (V=0 (3.27)

-UJ.MSmkp (_kz)'Mgm,k'p (k; v

0 m#m' (3.28)
nka 5(k —k; )8 (kp—kp) m=m'
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J]J-Ngmkp (—kz)'Nsm.k'p (k;)dV

0 m#m

(3.29)

where

Iemkp =”’§0(1+60)(D,T)2, ) -t ='§0(an)2

3.2.4. The Free-Space Dyadic Green’s function
The free-space magnetic dyadic Green'’s function satisfies the dyadic differential

equation [11]
VXVXGmo(R,R)=k2Gmo(R,R") = VX[IS(R,R")] (3.30)

and the radiation condition at infinity. Here 1 is called an idem factor, and its explicit

expression is
1=y xx; (3.31)

By using the eigenfunction expansion, the right hand side of (3.30) can be written as

| dksz:,l[Asmkp(-kz)NSmkp(-kZHBsmkp -k, )M

—oo

(k)]

VX[I6(R-R)) = [ dk,
0

(3.32)

By taking the anterior scalar product of (3.32) with N"mk (k,) and integrating the
omkp

equation over all space, as a result of the orthogonal relationships given in (3.27),(3.28)

and (3.29), the following relationships are obtained
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K

Homy C et ok
o"l"p
'y
Bg (k)=— e (kz)
omkp "¢ ”zkl’lf,mk omkp

p

(3.33)

(3.34)

where x?2 =kf, +kz2 and the superscript in M;mk (k,) and N'emk (k,) represents the
oMXp oMmXp

source field point. Hence the continuous eigenfunction expansion of VX[TJ(R, R"] is

given by

VX[IS(R.R)]= jdk jdk ZT{N,M
m=17 omk °
p

-k, )Momkp(kz)

+M

Now, EMO(R, R") in the left hand side of (3.30) may be expanded in terms of

eigenfunction as

Gmo(R,R) = jdkp jdk Z[a(k Ne,, -k )M, (ko)
Om p

bk M, kN, (k)]

—oo m=1

Substituting (3.35) and (3.36) into (3.30), the coefficients are determined as

K

2k k, emk,,(x -k?)

a(k,)=b(k,) =

Thus the expression for Emo(R,R') can be written in the form
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—_ oo oo ) X ,
Gmo(R,R") = |dk, | dk [N (-k,)M (k,)
" J p_l[ Znéﬂz"p’znzkp“z-kz) omkp” " omkp
+Mgmkp(_kZ)N5mkp(kz)]
(3.38)
To simplify the expression in (3.38), Let
©0 x . . . \
I=\ k N —k,)M k,)+M —k,)N k
E p,,élzrzkple (xz—kz)[ 5'"";7( ) 5mk',,( 2 5'"“p( ) 5"'*p( )
omkp
(3.39)
and
N,  (k)M, (k) =TO[J,(ck,coshu)J,(ck,coshu’)]
omkp omk
, . (3.40)
M, (-k,)N, (k,)=T [J,,(ckpcoshu).l,,(ckpcoshu')]
omkp omkp
Then (3.39) becomes
©o x - —
I=["dk,y. (T +T?]
P 2 2,2
E w1 kplgmkp(x' -k*) (3.41)
— 4@
where
1= [k 3 ul TO
Pmikyl, (k2 —k%)
omkp
- (3.42)
1= [Cdk, Y ul 7@
P 2 2
m=17t.kp15mkp(x2—k )

\

.f.-ﬁ..*






For field solutions satisfying the vector wave equation in the elliptic cylinder coordinate
system and for observation within the elliptic cylinder, i.e., u <u’, the first part of (3.39)

can be rewritten as

K ~
1=k, > — — {T®LJ, (ck, coshu)H " (ck , coshu)]}
m r kplemk ( -k )
. g (3.43)
(1) (2)
+fkp2”2k p (xz-kZ){T [/, (ck,, coshu)H P (ck , coshu)]}

Here the Bessel function in (3.40) for the source point has been replaced by the
combination of a Hankel function of first kind and second kind, while the Bessel function
for the field point was retained to represent the standing wave inside the elliptic cylinder.

Replacing the variable k, with —k, in the first term of (3.43) and using the
following relationships

H (ck e /" coshu’) =—e "™ H\P (ck,, coshu’)

, : (3.44)
J(ck pe™ /" coshu) = /™" J, (ck, coshu)
then (3.43) becomes a principal-value integral as follows
xTP(J, (ck, coshu)H'® (ck , coshu’
1(1) = [;dkp 2 [ 'l( A 2 )2 1’:2 ~ 5 2u )]2 172 (3.45)
2z kplgmkp(kp+(k k) Wy — (k" —k;)"%)

where J, (ck, coshu) represents standing wave inside the elliptic cylinder.
The principal-value integral in (3.45) now can be converted to a contour integral along
the contour shown in Figure 3.1. Here e_jkp " is used to represent outward propagating

plane wave in the e’ time convention. Initially the medium is assumed to have a small

loss so that the pole at k, = —(k? —k7)"'? = xy - jyg. yo >0, lies above the contour and
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the pole at k,, = (k% —k2?)""%2 = —x, + jy, lies below the contour as shown in Figure. 3.1.
po p z ot o g

When & ,r is very large the Bessel functions have the following asymptotic behavior

1
P —jkor
j 2o P

2
H2(k,r) =

k r
P (3.46)

Jo(kpr) = \/—% cos(kpr—%——"z’i)
Consequently, in the lower half of the complex k, plane the product inside the integral
of (3.45) becomes exponentially small for large k ,r . The contour can be closed by a
semicircle in the lower half plane, and, when the radius of this circle approaches infinity,
the contribution from this part of the contour is negligible. By applying residue theory to
evaluate the contribution from pole at k , = —(k? - k2)"?, (3.45) becomes

O KTV, (ck, coshu)H? (ck , coshu?)]
4 ',[:‘ﬂ‘p 2 T3
20k,l, | (kp+(k*=KD) P Whp=(k? =k)")
omp

=-27zj.Residue|kp 02D i 2 2k
_ —jkT1J,(ccoshu)H? (crpcoshu)] (3.47)

2mPl
_ ]k

=W_N(-kz M (k)

o

&mn

1
where 7= (k2 —kzz)2 )

Using the same procedure as above for / 2 in (3.41), gives
1(2) — —Jjk M(—k 2)
=————M(=k,)N“ (k,) (3.48)
2rn°l,
omi]

Combining (3.47) and (3.48), then I is expressed as
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X kM@ N
" '[;dkp kI (xz—kz)[N( ke M (k) + M=k N (k)
. ? (3.49)
=——2m;211k [N(-kz)M(z)'(kz)+M(-—kz)N(2)'(kz)] for u<u'

e
o

For simplicity, the subscripts attached to M and N are omitted here. Consequently,
(3.36) becomes

Gmo(R,R") = J’dk EI_[N( kM@ (k) + M-k )NP k)] for u<u’

e
o

(3.50)
For u >u', a Hankel function of the first and second kind are used to represent the

traveling waves. Then the first part of (3.39) can be written as

'y =, 1

70 = Ekpz T {T(l)[EH'l'(Ckp coshu)J ,(ck , coshu )]}
_17[ o"”‘p(x —-k%)

(3.51)

oo K =(1) 1.5
) kpz 25l 2_k2){T [EH" (ck, coshu)J, (ck, coshu")]}
m=] P e kp

Likewise, (3.51) can be transferred to a principal integral by a change of variables, and
then assuming the medium the wave is traveling has a small loss. The evaluation of the

principal integral can proceed as before using the residue theorem to give a closed form
for that integral with respect to k,. The same procedure is applied to / ? in (3.41) and

then combined. Hence (3.39) for u > u' becomes

1= k”z_lnzk - "(Kz_kz)[N‘Z’(—kZ)M'(kz)+M‘z)(-kz)N“’(kZ)]
7 omkp (3.52)
—[N‘”( k)M (k) +M® (=, N (k,)]

2
'l &mn
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Thus,

Gmo(R,R) = jdk Z%—[N(z)( ~k )M (k) +MP (k)N (k)] for u>u’

m=l1
[

(3.53)
Consequently, the free-space magnetic dyadic Green’s function, which satisfies the

vector wave equation in an elliptic cylinder coordinate system, can be expressed as

i - Q@ _ Q@ \

GmO(R R)= jdk ZL [N(2 kM '(kZ)+M(z k,)N .(kz)] for u<u
T2l CING COM k) +MPCRON )] for uu

(3.54)

where the superscript (2) attached to N and M® means that these functions are now
defined with respect to the Hankel function of the second kind. The function Emo is

discontinuous at u =u'. The expression for Geo can be obtained from Gmo as

G.o(R,R") =-l-:7[—uu5(R—R')+(VXE;O)U(u—u')+(VxE;.o)U(u “u)] (3.55)

where U is the unit step function and the superscript + and — attached to Gmo denote the

field outside and inside the elliptic cylinder, respectively. Inserting (3.54) into (3.55), the
following expression for E,o is obtained

GeoRR) =5 {-m5R-R)

,J. $_1 {M—kz)M(z)'(kz)+N(—kz)N(2)'(kz)] for u<uw 339
: 7721 M ()M (k) +NAND ()] for usu’
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3.2.5 The Electric Dyadic Green’s function Of The First Kind
For a perfectly conducting elliptic cylinder as shown in Figure.3.2, the electric
dyadic Green’s function of the first kind must satisfies both the vector wave equation and

Dirichlet boundary condition at the cylinder surface, u =u.

The dyadic Green’s function of the first kind for a perfectly conducting elliptic
cylinder can be written in terms of the free space dyadic Green’s function that represents
the incident field from source, and a scattering dyadic Green’s function that represents
the scattered field produced by the induced current on the surface of the elliptic cylinder.
To satisfy the Dirichlet boundary condition on the surface of the elliptic cylinder, the
following scattered field dyadic is assumed
Gs1(R,R) = -é ]’ dk, il;[a,,M‘z’(—kz)M‘z"(kz )+ B,NP =k, )N?'(k,)]

2
m=171 ISmn

(3.57)
and then the total dyadic Green’s function can be represented as the superposition of

(3.56) and (3.57)
Eel(R,R') =ao(R,R')+a1 (R,R)

_ 1 Mo e 1
_?[—ou(R—R)]—5;_“]6‘11(2;:;T
omn

. [M(~k,) +a,MP (=k )IMP (k) +[N(=k,) + BNP (~k)INP'(k,)  for u<u’

M (k) +a,MP (k)IMP (~k,) +[BNP (k) + N (k)INP(=k,)  for u>u’
(3.58)

By the Dirichlet boundary condition,

uxGa(R,R)=0 for u=u, (3.59)
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The two unknown variables, @, and f, in (3.58), are determined by enforcing the

Dirichlet boundary condition. From (3.27) to (3.29), it is observed that N‘®" and M‘®"
are orthogonal. By this orthogonal property, the following relationships are obtained

ux[M(=k,)+ MP (<k, )],z =

(3.60)
ux[N(-k,) + BENP (=k))ymyy =
From (3.25) and (3.26), the vector wave functions are found to be
aRﬂ -Jjkz2
N(-k,)= ﬂ( Jk Sy —— ™ u- JkZR’I$V+'Bk R,Spz)e %
oR, .
M(-k,)=-L(r 351 -8, —Lv)e ke
(-k;) ,B(R”av" "3 V)e
| R,(f) as, | (3.61)
N(”(-kz):ﬁ(- JkiSp——u - jk, <2’ v+ﬂk DS, z)e e
1 3s, R
M(z) —k.)=— (2) S - Jjkzz
(k) =5 Ry Slu-S;—-Ve
Inserting (3.61) into (3.60), the unknown coefficients are given by
oR, (u)
Y Ry
a,, —-—a)—— ﬂ,, ——-(T (362)
AR (u/ R )] _
au u=u( “0
and (3.58) becomes
foru>u'
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Gel(RR)———[ou(R R)]——ZJ; jdkzi —{[M*,)

—oo m=] e

omn

MP (—k,)IMP (k)

Outly=ygy

+[ Q) N®'(k,)+N (k) IN? -k, }

(2)
RP W),
foru<u'
Ge R,R H—— O(R-R))-— | dk,
1(R,R) [uu (R-R] ”l ,,Z.mzl
3R, (u)
{ ™Mk, A‘ MP (~k, )IMP (k,)

—aRT(IZ)(u/

7 W

Nk =T NN (k) )
B2,

3.2.6 The Electric Dyadic Green’s function Of The Second Kind

The electric dyadic Green’s function of the second kind can be determined by

(3.63)

(3.64)

applying the same procedures used for the derivation of the first kind dyadic Green’s

function except that the Neumann condition is enforced on the surface instead of the

Dirichlet condition. The final expression for the electric Dyadic Green’s function is given

by

for u>u'
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Eez(R, R)= —-k—lz—[uué‘(R -RY]

P (®) -
g LWy %‘ M5 (k) M (k)
—  m=17 € mn R17 (u) u=ug
(3.65)
Oy (u)
' 2y @ _
+[N'k,) aR,(f)(uy N®'(k,) IN®(-k,) }
Outly=yy

for u<u'

E,z(R,R')=—l2[uu6(R—R31

:@f:) M5 (k)M (k)
u=ug

(3.66)

aRﬂ(uy

Ju () )

N(-k,) - ————F=% N*“(-k,)IN k

+[N(=k,) aR,<,2>(u/ (~k)IN® (k) }
u

u=uQ

For u =u'=uy, each component of the dyadic Green’s function of second kind can be

simplified as

. 17, & 1 Ryup)
G, (ug,v',z'lugy,v,z)=— | dk [—2 S,(V)S,(v)
€2 2”.—;[ zgﬂzlemﬂﬂ' R,(IZ)(“o) n n

2 R(z) u ' ' .
—%;’2—)(01517(")‘90("')]8_”‘2(1—2')
k* Ry™ (uo)

o0 K, (2)( ) (3.67)
G"Z (g, v, 2'lug,v, z)——]- dk o S-S, (vye k(2D
T 272[ ‘Eﬂ ﬂk’ RP o)
' -1 (up) . e am
GZ (uy,v',z'\ug,v,2)=— | dk ’7 S (v)S,(v)e’ 2(z=2)
om
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where

Y. D' cosnv, m=1,23,...
n=0
S,v=S, ()= (3.68)
mA hnid
0 Y Filtsinnv, m=1.23,...
n=0

and the prime attached to S and R denotes the first derivate with respect with v and u,
respectively, while it represents the source point for the others. Since (3.67) is
computationally prohibitive for m>12 or for a large argument in the Hankel functions, an

asymptotic dyadic Green’s function is developed for practical implementation.

3.3 The Asymptotic Dyadic Green’s Function
The general expression for the magnetic field due to the magnetic source on a
convex surface, shown in Figure 3.3, has been developed by Pathak and Wang [25]. For

convenience, this general expression is given as follows,

_ kGoYp R YN =2 J
dH,(Q10) = T dpP, (Q){ b'b[(1 PR Ty kt)V(f)"'To ktU(f)]

. . ) (3.69)
st V@ + Lo@n+ v vl 0O-VOT) )
where the U(£) and V(&) are related to the soft and hard Fock functions, respectively.
They are characteristic of on-surface creeping wave interactions and have been
extensively investigated by Logan [29]. The unit vectors in (3.69) associated with surface
coordinates are shown in Figure 3.3. The quantities G, and Y, are the free-space Green’s
function and admittance, respectively. The quantities k and ¢ refer to the free-space

wavenumber and the surface ray geodesic path from source point Q' to test point Q. The
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factor Tyis identified as a ratio of the surface ray torsion and the surface curvature along
the ray direction. It is expressed as

1 1

72 = [sin2(2§) 1 1 _
0 Ry(Q) R(Q)

s ®R@) R@

)P (@] )P, @] (3.70)

where R, and R, are the principal surface radii of curvature in the band t direction,
respectively. Also p, denotes the surface radius of curvature and § is the angle between

the axial axis and the direction of the geodesic trajectory. For the elliptic cylinder, since
the principal surface radius of curvature in the axial direction, R,, approaches infinity,

(3.70) can be reduced to

.2
- 20)
2= C) _, 010,00 @3.71)
AR QRy () T TE
The asymptotic dyadic Green’s function for the surface interactions on an elliptic
cylinder, as shown in Figure 3.5, can be developed based on the general expression in

(3.69) by using the following relationship between surface and elliptic coordinate systems

u=n, u'=n'
v=tsind+bcosd, vi=t'sind+b’cosd (3.72)
z=tcosd —-bsind, z'=t'cosd-b’'sind

Hence, the components of the asymptotic dyadic Green’s function of the second kind for

the surface of the elliptic cylinder can be expressed as
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G, (QIQ)==—= °{V(:)[cos s+L ( (1+T#)cos? &+sin® 5Ty sin 26 )

"’k_zlt? —cos® & +2sin’ ®]+U(§)[E(To cos? 8 +sin? 8 +Tysin28)] }

Gy (3 1. j . 1, . . ~
G,(Q10"= ~2—:_{V(.f)[—5 sin 25+é(sm 25+5T02 sin 28 —(cos? & - sin? T,)

3.73
} (3.73)

3 . ~ j, 1= 1. 2 . 2 o
+ sin 28]+ U(&)[==(—=T;* sin 28 +—sin 28 + (cos> & —sin? §)T;)]

G,,(QlQ'):ﬂ{V(.f)[sinz5+i(—(1+T'02)sin2 & +cos? 8 +Tysin20)

k22( sin? & +2cos? ®]+U(§)[ (Tb sin & +cos & - Ty sin26)] }
t

where

3/2l/ , 1/2‘,
u6)= [2 m(Q' )m(Q)] ©) Q)= [2m(Q )m(Q)fl ©

m(t) kp, (1 (3.74)
- 3 1/3
and &= ﬁ'—pg o dt, m(t)=[——-7]

Here ¢ is the Fock parameter and p, () denotes the surface radius of curvature. Also in

(3.74), t is the geodesic path length ¢ = J( fQ pdv)2 + 22 . From (3.73) and (3.74), it is
0"

observed that the variation of surface field between the source and test points is primarily

governed by the Fock-type functions, U (£) and V(£). Since reciprocity applies, the

expression for G,, is exactly the same as G,, . For the special case of the circular

cylinder, the various parameters simplify to To=cotd,0,(Q)=p,(Q) = s_'ma_%: , and

therefore U (&) =U (¢), V(&) =V(£). Accordingly, (3.73) reduces to the dyadic Green’s

function for the circular cylinder as follows,
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— je_j’“

G (Q10)= - ka{V(O)[sin® 8+4(1-g)(2—3sin® §) +g{(U (&) -V (&) sec? 6] }
.—jlq

sz(QlQ')=JeM kgsin 6cos 8 [1-3g(1- @)V (&)} (3.75)
—je 2 2

GL(Q1Q)= > kq{ [cos” 8+ q(1-g)(2—3cos” V() }

where 6=% -5 and q=i.
2 kt

The electric dyadic Green’s function in the surface integral above is expressed in
terms of a rapidly convergent creeping wave series [24] expressed in terms of Fock
functions. As an example, consider an ellipse with major and minor axis of 4 cm and 2

cm, respectively, an angle between axial axis and the direction of creeping wave trace

& =80°, and a frequency of 30 GHz. The magnitude of each component of the electric
dyadic Green’s function versus the geodesic path length is shown in Figure 3.5. For
comparison, the dyadic Green’s function on the surface of the circular cylinder with a
radius of 4 cm is shown in Figure 3.6.

In figure 3.5 the creeping waves on the surface of the cylinder are found to have
greater attenuation in regions with larger curvature than those with less curvature. This
can be explained by the fact that the creeping wave energy will rapidly shed away from
the surface as it travels in regions with greater curvature. It also can be observed in
Figure 3.6 that the rate of energy loss for the creeping wave on the surface of a circular
cylinder almost remains constant after traveling three wavelengths along the geodesic
path. This is due to the fact that the curvature c;f the surface over which the wave travels

does not vary along the geodesic path.
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3.4 Boundary Integral Matrix
In the FE-BI formulation developed in Chapter 2, the entries of the boundary integral

sub-matrix are given by

Gh'=kg [[ Wr@v,2)-uw,v,2)x

5 jsi

[u(u,v,2)xW;(u,v,2) 'EeZ (u,v,2)18' Bdv'dz' dvdz (3.76)

Substituting the vector weight functions given in Chapter 2 into (3.76), the following
components of (3.76) are obtained

BI tJ 'dv ‘dvd
G, = a H(v V)(v'-V;)G, ,Blﬂl v'dz'dvdz

%) 535,
§iS jcA
Gpr =k ——L H (v-vi)z-Z;)G;) ‘Bdv'dz'dvdz
a;h;
S-ingA i
Go =kg-—l H (z2-Z)(v=v; )GZ Y Bdv'dz' dvdz 3.77)
haj s,
Joi
S-ingZAvjAv,- '
G =kghi—hjlls'[:g[ (2-Z)(2'-2;)G5 dv' dz " dvdz

where the components of the dyadic Green’s function of the second kind are given in

(3.73) and

b= c(cosh2 —cos? v')”2
1/2

112 (3.78)

B, = c(cosh? u; —cos? v)

A; —(coshzu,-cos v,)
V
!

1)1/2

j=(cosh2u, —cos?v
14
i
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When the elliptic cylinder is reduced to a circular cylinder by the transformation

v=@, p= %e" , the boundary integral contributions for the circular cylinder are given by

] ﬂ (9-6:)(9'-$,)G2 d¢'dz'dgd
i Js,s,
BI 2 l 2
Go =k jsq (@-¢)z-2)GYd¢'dz'dgdz 579
Joi
53
oot g 358 [ - 2)z-2))G5 ¢ dz dpdz
mhi s

where the components of the dyadic Green’s functions of the second kind are given in
(3.75) and
4i,j = Pb~Pa
b;=9" -9 (3.80)
hj=z7 - 2’
The subscript i and j represent the test and source unknown numbers, respectively, and
the surface integrals have support over the area of test and source elements containing the
test and source edges.
For the non-self-cell contribution, mid-point integration may be used for
computation of (3.76) and the asymptotical dyadic Green’s functions in (3.73) are
applied. Since for the self-cell contribution the source element will coincide with the test

element in evaluating (3.76), the planar Green’s function is used to overcome the singular

integrals in (3.77). The contribution of the planar Green’s function is given by

G,-;’ =2(k0a)2 H W, -[uxEo xu]-wds'ds (3.81)

5iSj
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function is applied. Otherwise, the planar dyadic Green’s function is used in the

calculation.

3.5 Excitation: FE-BI

Conformal antenna patches are typically fed by a microstrip line printed along with
the radiator on the surface of the substrate or by a probe from below the patch. The
microstrip lines are in turn fed by a coaxial probe that originates behind the cavity as

shown in Figure 3.7. For convenience, the internal source is located on one of the

unknown edges. The source term fiint in the FE-BI formulation can be expressed for three

probe orientations as follows. For radial probe,

W S -v)o(z-2,)lo

J =
ro ) (3.86)
f_int =  iknZnl Si(vs — V,')(Z, - Zi)(ub - ua)ﬂ“b-"s
i JkoZolo 2 h
For azimuthal probe,
J=v§(u—us)5(z--zs)lo
’ (Pu, = Pi N2 = 5 By @ e
. 5; - Pa: Nz =7
Nt = jkgZolg A T s
fi JkoZoly h
For axial probe,
J=zc5‘(u—145)5(v—vs)lo
B (3.88)

Ei(pu_,- —pﬁ,' )(vs =V )ﬂus,vsh
t-a

™ == jkoZoly

1/2

where §, ,, = c(cosh? u, —cos® v;)!/? and the Diac delta functions serve to specify the

location of the infinitesimally thin probe.
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It should be remembered that even though the source edge is shared by four
elements, only one of them is used for computation [10]. Also, it is observed that the
number of non-zero entries in the right hand side of the linear system is equal to the

number of sources.
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Figure 3.1 Contour for converting the eigenfunction expansion into a mode expansion.

62




U=uy

Gls

—

-
<

X

> Y

Figure 3.2 The scattering wave and incident wave for an elliptic cylinder.
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Geodesic surface ray path
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QQ'": Source Point Q: Field Point

Figure 3.3 Illustration of unit vectors for a convex surface.



~ Geodesic path

Figure 3.4 Geodesic path for the creeping wave on an elliptic cylinder.
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Dyadic Green Function vs. Geodesic Path Length
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Figure 3.5 Magnitude of the three components of asymptotic dyadic Green’s function
for an elliptic cylinder.

66

P;_-.?_I R



Dyadic Green Function vs. Geodesic Path Length
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Figure 3.6 Magnitude of the three components of asymptotic dyadic Green’s function
for a circular cylinder.
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Patch or microstrip line

Cavity

Metallic elliptical cylinder

Figure 3.7 Cavity-backed probe-fed conformal patch antenna recessed in an infinite,
perfectly conducting elliptic cylinder.
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CHAPTER 4
DRIVING POINT IMPEDANCE RESULTS

4.1 Introduction

The increasing use of microstrip antenna technology requires analysis methods
capable of accurately predicting the input impedance and mutual coupling between these
antennas. The information generated will provide a useful reference for practicing
engineers and scientists in the design of microstrip antennas and circuits for installation
on curved surfaces and for studying the electromagnetic compatibility of multiple
antennas. There are several methods that have been somewhat successful for calculating
the input impedance and radiation from microstrip antennas such as the transmission line
model, cavity model [2], and moment method. However, those analysis methods only
focus on simple planar or non-planar structures such as cylindrical, spherical and conical
coated surfaces.

The hybrid finite element — boundary integral (FE-BI) method allows the simulation
of complex, cavity-backed antennas with minimal computational effort. The effects of
resonant frequency and input impedance due to the variation of curvature for an elliptic
cylinder can be examined by this approach. In this solution, the surface fields that
propagate along each ray's geodesic path remain uniformly valid within the shadow
boundary transition region, including in the immediate vicinity of the source.

In this chapter the calculation model for the input impedance of a cavity-backed,
printed antenna is introduced. The input impedance for an empty cavity, a slot antenna
and a conformal patch antenna embedded on the surface of an elliptic cylinder are
discussed separately. Of course, the elliptic cylinder can be reduced to a circular cylinder.

Results from a previous method appropriate for a circular cylinder structure are compared
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with the results using this new method. When the radius of curvature of a cylinder
becomes large, the conformal antenna model reduces to a similar method for planar

antennas.

4.2. System Solution

Since the FE-BI method produces a large, sparse linear matrix system, the
biconjugate gradient (BiCG) solver has been chosen as it requires significantly less
memory than is required for a direct method. The BiCG method is also computationally

efficient, since it utilizes only one matrix-vector product per iteration. This operation

represents the bulk of the computational demand of the method and requires O( N, 3 )

complex operations per iteration for the fully populated boundary integral matrix, where
N, is the number of aperture unknowns. if the matnx is not fully populated, i.e. it is a
sparse matrix, the Compressed Sparse Row (CSR) format may be used to reduce the
memory demand, since only non-zero entries aie stored. The FE matrix [A] in (2.14) is
such a sparse matrix. The CSR retains only the non-zero entries of the matrix in one long
data vector with another data vector, the offset vector, which contains the number of non-
zero elements per row of the matrix. An additional long vector, the pointer vector, is
required to indicate the matrix column associated with each matrix entry. Thus the
position of each element in the sparse matrix is uniquely defined. The matrix-vector
product using CSR scheme is carried out by executing the sum

r(n})
y[n)=[4]{x} = i Ale(n,n))x[n'] n=12,3,..N 4.1

n'=1
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where r[n] is the number of non-zero entries per row of the matrix and e(n,n") indicates

which entry of the long data vector is associated with the matrix entry A[e(n,n")]. The

boundary integral matrix-vector product involves the fully populated matrix.

4.3. Input Impedance

To accomplish feedline matching, designers are concerned with the input impedance
of the conformal antenna. The FE approach allows the calculation of the input impedance
of a radiating structure in a rather elegant manner. The input impedance is composed of
two contributions [24]

m=Z,+Zp 4.2)
where the first term is the self-impedance associated with a finite thickness probe in the
absence of the patch and the second term is the contribution of the patch current to the
total input impedance. In this dissertaticn, the second term will be the focus of the
computation, since for very thin substrates and thin probe wires, the contribution from the
self-impedance is negligible. To determine the input impedance of a probe feed cavity-
backed conformal antenna, the impressed model is applied to determine the formulation
of the input impedance. The geometry of the impressed model is given in Figure 4.1. In

Figure 4.1 the impressed field maintained by a magnetic surface current K, = (n ;;)V

is represented by E', which is a non-conservative field. The scattered “ coulomb field ”
is expressed as E*, which also is called the secondary field. For the source generator to

drive current J against the action of E* through the terminal source region, the following

condition should be satisfied,
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IE“ > |E* 4.3)
Since the material is assumed to be a perfect conductor, then
lim J= lim o,(E +E°)= finite
0150  03—® 4.4)
=>E =-E°
Therefore, the total field inside the source generator is zero.
The total field at the conductor surface within the ring in Figure 4.1can be
determined using the integral form of Faraday’s Law,
s i 4
E=E +E' =-u— 4.5)
26
thus
—£'°+5u-Mu—-£‘°+5u-(F‘+E~‘)du—V (4.6)
0-6 T s ‘ - ’
with (4.6), gives
VIu =up) = Zj,15 =~ (u-E)I(u)du
r @7

=27 = ——15 u-E(u)I(u)du
Iy

where E is also the field associated with the feed edge and 7(u) is the current at any point
u while Ijis the current at %, on the probe. The integration contour I" represents the
path that impressed current flows through.

For a radial post, the impressed current density J int i represented as

O(v=v,)0(z-2z,)1,

4.8
; (4.8)

J™(u,v,z)=u
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where S = c(cosh2 u —cos> v)” Z Inserting (4.8) into (4.7), the input impedance for the

radial post can be determined by the formula

Z __E®
0

¢(cosh? Uy — cos? v,)” 2(u,, -u,) 4.9

where E(i) is the expansion coefficient of the electric field for the edge associated with
the radial post. This coefficient is numerically determined by the FE-BI program.

Likewise, the impressed current for azimuthal and axial posts can be represented as

o(u—-u,)o(z—zy)I,

J™u,v,z)=v ; for azimuthal posts
5 5 ; (4.10)
J™u,v,z)=2 (u—u )ﬂ(v— vs) o for axial posts
The formulations of the input impedance are
Z, =- EG )c(cosh2 uy, —Ccos v,)”z(v v,)  for azimuthal probes
Iy
4.11)
Zl =— Ed )c(cosh2 Uy, —cos v,)” 2p for axial probes

0
Utilizing the same technique that has been used in a previous chapter for reducing
elliptic cylinder coordinate to equivalent circular cylinder coordinate, the input

impedance for a conformal antenna mounted in circular cylinder are given by

zi =_E (’) =2 pyIn(2%)  for radil probes

Z = —E}Q Ppa for azimuthal probes 4.12)
0

AR £@) —= pph for axial probes
Iy
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where a=¢ -¢ and h=z -z, ,and ¢,,¢,2,2, are defined in Figure 2.4.

4.4. Numerical Results and Discussions
After the lengthy theoretical development in the previous chapter, the simulation
using this FE-BI model will be applied for the empty cavity, slot and patch conformal

antennas and the numerical results will be discussed later.

4.4.1. The Empty Cavity

For simplification, the empty cavity enclosed on all sides by conducting walls having
infinite conductivity will be discussed first. It involves the computation of finite elements
and the source matrix without the need for the boundary integral matrix. In this case the
empty cavity is embedded in a circular cylinder with a radius of 100 cm, shown in Figure
4.2. The size of the cavity is 6 cm x 3.75 cm x 1.5 cm and it was meshed into 576
elements with 1223 unknowns. Its unit cell is also shown in Figure 4.2. The radial probe
feed is 0.5 cm long and is located at the point 0.9375 cm above the center of the front
surface of cavity. The radial probe feed penetrates the back wall of the cavity and
protrudes into the cavity. The computed result of the input impedance vs. frequency is
shown in Figure 4.3. Since the radius of cylinder is large compared to the arc length of
cavity, the circular shell cavity can be considered a pseudo-rectangular cavity, and thus
the input impedance can be compared with the data computed using the program
LMBRICK(a.k.a. Low Memory Brick) [10]. That program utilizes the optimization for
brick element implementations of the FE-BI method. From the results shown, there is

very good agreement between the results calculated by the FE-BI program and
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LMBRICK. Since the walls of the cavity are assumed to be a perfect electrical conductor,
there is no loss mechanism associated with the cavity and hence its input impedance is
purely reactive. The computed resonant frequency is 4.725 GHz for the lowest excited

mode. This frequency can be theoretically calculated by the following formulation [30]

eI - =

1 mr.2 NT2 PT241/2
mnp —2”\/5[((1)"'( )+(C)]

(4.13)
where m=1,2,3,..., n=1,2,3,..., p=0,1,2,... for TM modes and
m=0,1,2,3,..., n=0,1,2,3,..., p=1,2,..m# n=0 for TE modes.

The lowest excited mode for this cavity is TE, and its theoretical resonant
frequency is 4.717 GHz. The deviation between theoretical and computed results is
approximately 0.17%. Agreement can be improved if the sampling frequency step is set
to 0.025 GHz or to a smaller value. If the same conformal antenna is embedded in a
cylinder with a radius of 5 cm, the computation result shown in Figure 4.4 is obtained.
Compared to the previous case it can be observed that the resonant frequency shifts to
4.975 GHz.

From this case the solution involving the computation of the finite element and source
matrices agrees with the theoretical solution when an empty cavity is used. It is noted that
the resonant frequency will be changed with the variation of the geometry of cavity, since

the field distribution inside the cavity is influenced by the boundaries of cavity.

4.4.2 The Slot Antenna
The geometry of a slot conformal antenna and its unit cell are shown in Figure 4.5.

The cavity-backed slot antenna was subdivided into 576 elliptic-shell elements with 1261
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unknowns. This cavity-backed antenna was embedded in the circular cylinder with very
large radius such that it can be considered to be a rectangular cavity-backed slot antenna.
Figure 4.6 shows the input impedance vs. frequency for the antenna mounted in a circular
cylinder with a radius of 100 cm. Ideally, both the resistance and reactance should exhibit
symmetry about the resonant frequency, and the reactance at resonance should equal zero
[31]. Thus the resonance associated with zero reactance can be determined from the
computed results. In Figure 4.6 it can be observed that the magnitude of the resistance
increases as resonance is approached and it reaches peak value at a frequency slightly
prior to resonance. Physically the energy radiating out of a slot antenna reaches its
maximum at resonance. The reactance is negative across the frequency band, which
implies that this cavity-backed slot antenna can be viewed as an energy-stored antenna,
like a capacitor. To observe the influence of curvature variance on the input impedance,
the slot antenna was mounted in different circular cylinders with radii of 5 cm, 10 cm and
30 cm. Figures 4.7 and 4.8 show that both the resonant frequency and the peak values of
input resistance and reactance increase as the radius of the cylinder is decreased.
Therefore, the resonant input impedance and resonant frequency is curvature-dependent.
For the slot antenna mounted on an elliptic cylinder with major axis a=50 cm and
minor axis b=25 cm, computation results associated with different locations on the

elliptic cylinder are shown in Figures 4.9 and 4.10. From these results, when the antenna
is embedded in the elliptic cylinder starting from v, = 0, which is a highly curved region,

the resonant frequency is 4.875 GHz and its resonant input resistance is 584 Q2. When the

antenna is moved to a region with little curvature change (i.e. v, = % ,) f, shifts to 4.825
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. . . n .
GHz, and the resonant input resistance remains almost unchanged. At v, = 5 the quasi-

planar portion of surface, the resonant frequency is 4.80 GHz and the resonant input
resistance decreased to 505Q2. From the analysis above, it can be observed that the

resonant frequency and input impedance vary in regions of highly changing curvature.

4.4.3. The Conformal Patch Antenna

Cavity model has been used to analyze field structure inside a rectangular patch
antenna with very thin substrate layer very well. Since the height of the substrate is very
small, the fields remain constant along the height. In addition, because of the very small
substrate height, the fringing of the fields along the edges of the patch are also very small
whereby the electric fields is nearly normal to the surface of the patch. Therefore, only
TM mode will be concerned within cavity. In this cavity model the top and bottom walls

of the cavity are perfectly electric conducting, the four-side walls will be modeled as

perfectly conducting magnetic walls. The two most important field modes are TM),¢
and TM ), associated with the azimuthal and axial polarization for the rectangular
microstrip patch antennas. The field structure for TM(o and TM(,; is shown in Figure

4.11. For TMy) ¢, the equivalent magnet current due to the electric fields will exist on all

four slot-like walls; however only two walls, referred as radiating slots, that are separated
by the length, L, will radiate power outward. The radiation from the other two side walls
separated by width, W, is small compared to the other two side walls. Therefore, these

two slots are usually referred to as non-radiating slots.
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Figure 4.12 to Figure 4.15 show the input impedance vs. frequency for the patch
antenna with the azimuthal polarization when the probe feed is removed from the center
of the patch to the edge. Figure 4.12, which corresponds to the probe feed located at the
center of the patch, shows that TMy;¢ is not excited. The input impedance increases as
the probe feed moving along the azimuthal central line and away from the center of the
patch. Figure 4.15 shows the input impedance reaches maximum when the probe feed is
placed right on the edge of the patch.

Figure 4.16 shows the geometry of the patch antenna and its unit cell that are used
for computation using the elliptic cylinder FE-BI and LMBRICK codes. The cavity-
backed patch antenna was meshed into 192 elements with 411 unknowns. For the probe
feed located 0.5 cm left of center, referred as azimuthal polarization, a quasi-planar
surface is considered here. The input impedance vs. frequency is shown in Figure 4.17.
Figure 4.17 exhibits very good agreement between the computed results using the elliptic
cylinder FE-BI method and the planar LMBRICK codes.

For the same patch antenna with the different cavity size of 0.0795 cm x 6.5 cm x
5.5 cm, the cavity-backed patch antenna was mesh into 572 elements with the total
unknowns of 1209 and the unit length of about 1/40A in axial and azimuthal direction
for each cell. For the axial polarization, which probe feed is placed at 1.0 cm below the
center of the patch, the input resistance and reactance vs. frequency is plotted as Figure
4.18 and 4.19, respectively. Here the dielectric constant &, =(2.32, 0.0) was used. In
Figure 4.18 and 4.19, it is observed that the input impedance and resonant frequency are
almost independent of curvature while the magnitude of the input impedance very

slightly decreases as the radius of circular decreases. For the axial polarization the
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TMy; is excited here, and because the field remains constant along length or the
azimuthal direction, shown in Figure 4.11, it can be observed that the field structure is not
disturbed due to the surface curvature along azimuthal direction. Therefore, for the axial
polarization the input impedance and resonant frequency are almost independent of
curvature. The threshold chosen for using curved dyadic Green’s function or planar
dyadic Green’s function in boundary integral computation is based on the geodesic path
that the wave travels. For a curved surface, the curved dyadic Green’s function is applied
to computation when the wave travels more than half wavelength, while the planar dyadic
Green’s function is used when the distance between the source and test point is less than
half wavelength.

The results for the azimuthal polarization, which the probe feed is placed 1.25 cm to
the left of the center of the patch are shown in Figure 4.20 and 4.21. In Figure 4.20 and
4.21, it can be observed that for the patch antenna with azimuthal polarization, the
resonant frequency is sensitive to the variation of curvature. The input impedance almost
remains unchanged while the resonant frequency shifts to right when the radius of the
cylinder decreased from 500.0 cm to 15.0 cm and 10.0 cm. Since the TM, is excited
here, and because the field is varying sinusoidaly along length or along the azimuthal
direction as shown in Figure 4.11, it can be observed that the field structure is easier
disturbed due to the surface curvature along azimuthal direction. Therefore, for the
azimuthal polarization, the resonant frequency is more dependent on curvature compared
to axial polarization. It is also noted that the bandwidth of the patch antenna remained

unchanged no matter axial or azimuthal polarization is applied. Also, the resonant input
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reactance is approximately zero for both cases, which implies that this cavity-backed
patch antenna is not an energy-stored antenna like the slot antenna.

To ensure that the curvature dependence of the resonant frequency for patch antenna
with azimuthal polarization is dependant of the field mode excited beneath the patch
rather than the geometry of the patch size, now a square patch of 3.0 cm X 3.0 cm with
azimuthal polarization is examined The input resistance and reactance vs. frequency are
shown in Figure 4.22 and 4.23. In Figure 4.22 and 4.23, the similar results of the input
impedance vs. frequency are observed. Therefore, it can be concluded that the field mode
that was excited inside the cavity decides whether the resonant frequency is curvature
dependent or not.

If the patch antenna is flush-mounted on different portions of an elliptic cylinder
with a=30.0 cm and b=15.0 cm and the probe feed is placed 1.0 cm to the left of the
center point of patch, similar results are obtained as the previous paragraph. The
numerical results are shown in Figure 4.24 and 4.25. Based on the variation of the surface
curvature for a conformal antenna embedded in an elliptic cylinder, an approximate
equivalent circular cylinder can be determined. It can be concluded that for the conformal
patch antenna mounted on a surface with a high curvature, the input impedance is much
more sensitive to the variation of curvature than in a region of low curvature. That can be
used to explain why the performance of the conformal antenna embedded in a region with
little curvature variation can be approximated by its equivalent circular cylinder, but such
an approximation fails for the case of an antenna embedded in a surface with significant

curvature variation.
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4.5. Conclusion

In this chapter, from the numerical results and discussion above, it is demonstrated
that the exterior and interior portions of a hybrid finite element-boundary integral
computer program have been validated for an empty cavity, conformal slot antenna, and
conformal patch antenna. In the next chapter, multiple patch antennas embedded on an
elliptic cylinder will be studied to assess the effects of mutual coupling between patch

antennas mounted on surfaces with varying curvature.
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Figure 4.1 .The geometry of model of source generator.
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Figure 4.2 An empty cavity: 1.5 cm x 6.0 cm x 3.75 cm and its unit cell.
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Impedance [Ohms])

Impedance vs. Frequency (cavity dimensions: 1.5 cm x 6 cm x 3.75 cm )
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Figure 4.3 Input impedance for an empty cavity mounted in the ground.
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Impedance [Ohms]

Impedance vs. Frequency (cavity dimensions: 1.5 cm x 6 cm x 3.75 cm)
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Figure 4.4 Input impedance for an empty cavity mounted in two circular
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Slot Antenna
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Figure 4.5 Slot antenna: 1.5 cm x 6.0 cm x 3.75 cm and its unit cell.
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Impedance vs. Frequency (cavity dimensions: 1.5 cm x 6 cm x 3.75 cm)
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Figure 4.6 Input impedance for slot antenna embedded in a ground plane;
g, =1-,0.01, u, =10
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Impedance [Ohms]

vs. Fi ( cavity 1.5cmx6cmx3.75¢cm )
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Figure 4.7 Input resistance for slot antenna on cylinders; & = 1-50.01, u, =1.0,
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Impedance vs. Frequency ( cavity dimensions: 1.5 cm x 6 cm x 3.75 cm with slot)
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Figure 4.8 Input reactance for slot antenna on cylinders; & =1-/0.01, u, =1.0,
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Impedance [Ohms]

Impedance vs. Frequency ( cavity dimensions:

: 1.5 cmx 6 cm x3.75 cm with slot)
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Figure 4.9 Input resistance for slot antenna on cylinder and elliptic cylinder with
a=50 cm, b=25 cm; &, =1-0.01, u, =1.0.
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Impedance vs. Frequency ( cavity dimensions: 1.5 cm x 6 cm x 3.75 cm with slot)
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Figure 4.10 Input reactance for slot antenna on cylinder and elliptic cylinder with
a=50 cm, b=25 cm, & =1-j0.01, u, =1.0,
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TM o10

Impedance vs. Frequency for patch antenna
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Figure 4.13 Input imped for the lar patch bedded in a ground

plane; & =329~ j0.01316, u, =10

94



TM o10

Impedance vs. Frequency for patch antenna
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Figure 4.14 Input imped for the I tch bedded in a ground
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plane; & =3.29-j0.01316, u, =1.0
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Figure 4.15 Input imped: for the lar patch bedded in a ground
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Cavity: 0.1 cm x 6.0 cm x 8.0 cm
Patch: 3.0 cm x 4.0 cm

Unit Cell

wy¢ -0

0.5 cm

Figure 4.16 Patch antenna: 1.5 cm x 6.0 cm x 3.75 cm.
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Impedance vs. Frequency ( cavity dimensions: 0.1 cm x 6 cm x 8 cm)
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Figure 4.17 Input impedance for a patch antenna in a ground plane; & =2.0, 4, =1.0,
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Impedance vs. Frequency for patch antenna
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Figure 4.18 Resistance for a patch antenna on cylinders; & =2.32-0.0, u, =1.0
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Impedance vs. Frequency for patch antenna

100 T L ¥ T | 1 ) 1
— Reactance p=500 cm
sl --- Reactance p= 15cm |
© Reactance p= 10 cm
60 4
40+ 4
M
E
L
S 20t 1
Q
(%}
S
'§ o A
E
-20} .
-40 | g
-60| .
—80 1 1 1 1 1 1 1 1
3.02 3.04 3.06 3.08 31 3.12 3.14 3.16 3.18 3.2

Frequency [GHz]

Figure 4.19 Reactance for a patch antenna; &, =2.32- /0.0, u, =1.0
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Impedance vs. Frequency for patch antenna
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Figure 4.20 Resistance for a patch antenna with probe feed located at (-1.25,0.0)
and patch size of 4.0 cm x 3.0 cm; & =2.32-0.00, u, =1.0,
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Impedance vs. Frequency for patch antenna
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Figure 4.21 Reactance for a patch antenna with probe feed located at (-1.25,0.0)
and patch size of 4.0 cm x 3.0 cm, &, = 2.32-0.00, u, =1.0
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Impedance vs. Frequency for patch antenna
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Figure 4.22 Resistance for a patch antenna with probe feed located at (-1.0, 0.0)
and patch size of 3.0 cm x 3.0 cm; & =2.32-0.00, u, =1.0,
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Impedance vs. Frequency for patch antenna
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Figure 4.23 Reactance for a patch antenna with probe feed located at (-1.0, 0.0)
and patch size of 3.0 cm x 3.0 cm; & =2.32-50.00, u, =1.0
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Impedance vs. Frequency for patch antenna
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Figure 4.24 Resi for a patch with patch size of 3.0 cm x 3.0 cm
mounted in an elliptic cylinder; & =2.32- /0.0, 4, =1.0,
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Impedance vs. Frequency for patch antenna
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Figure 4.25 Reactance for a patch antenna with patch size of 3.0 cm x 3.0 cm
mounted in an elliptic cylinder; & =2.32-/0.0, 4, =1.0
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CHAPTER S
MUTUAL COUPLING BETWEEN MICROSTRIP ANTENNA

5.1 Introduction

The mutual coupling between microstrip antennas mounted in a ground plane and in
circular and elliptic cylinders is investigated in this chapter. A moment method solution
to the microstrip antenna problem was proposed [13] in 1981 and the mutual coupling
between patch antennas embedded on the ground plane with infinite extended substrate
was calculated and measured by Pozar [14] and Carver [15], respectively. In this chapter,
the numerical results using FE-BI method are compared with these moment method
results.

The mutual coupling between patch antennas embedded in circular cylinders with
different radii is calculated in this chapter. The mutual resistance, reactance and coupling
coefficient, S, , are plotted with respect to frequency to analyze the effects of curvature
on coupling. Also, the same antenna is mounted on different portions of the elliptic
cylinder, corresponding to different local curvature, and the computed results are
discussed. The field structure is primarily determined by the position of the probe feed,
and the feed location is found to impact the mutual coupling. Therefore, the probe feed is
relocated and numerical results for coupling for various feed configurations are inspected
to assess the influences of the location of the probe feed on mutual coupling.

In addition to curvature, the position of the probe feed, the size of patches and the
distance between the two rectangular patches play an important role in mutual coupling.
In this chapter, the various patch dimensions are used to analyze the effects of patch size

on mutual coupling. Also, the numerical results are computed for the antenna mounted in
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circular cylinders with different radii. For convenience, symmetric patches are used in the
examples.

In this chapter, a two-port network model is used to determine mutual coupling. The
coupling parameter S;, is determined from the input impedance and coupled impedance

using conversion between S-parameters and Z-parameters.

5.2. Mutual Coupling
To analyze coupling between the two probe fed microstrip antennas, a two-port

network representation is used. The relation between the port voltages and currents are

ni_|2u le] [11] 51
[Vz} [Zzl Zp| L ©-D

The self-input impedance Z;, and Z,, can be determined using (4.7), giving

defined as

ED.JDay
VAT
11 Ig
(5.2)
E?.JPay
Ip= 7

where EV are the electric fields due to the source current J El) at port one when the
source at port two J 52) is turned off, and E@ is the electric field due to the source

current sz) at port two when the source at port one is turned off. The coupling

impedance Z,; can be determined by the following relationship,
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Zy = -1‘3' [E®.3Pay = 521 [ (B -ED).30av
0 0

_lp e o OO
_I—g-LE -J dV—ELE IVay (5.3)

=Z1-2y
where E' is the total electric field due to both J f') and J§2) . Also, Z; is the impedance

when both Jf') and sz) are used. Generally, Z;, = Z,,. For simplicity, a unit current is
used for I here. It is noted that the self-input impedance of port one is equal to that of
port two ( Z;; = Z,,) when the two patches are symmetrically located. For microstrip
antennas mounted on an elliptic cylinder, if the two patches are placed in regions with
different surface curvature, then Z,, # Z,, even if the two patches have the same area.
The coupling parameter S, is determined from the following formulation [32]

_ 22,2,
(Z11+ 223+ Zy) - 24325,

Sy (5.4)

where Z;, is 50 Q here.

5.3. Numerical Results and Discussions

The calculation results of the mutual impedance between two coax-fed microstrip
antennas are shown in this section. Several characteristics of the microstrip antenna are
observed from the presented calculations. The E-plane and H-plane are associated with
the arrangement of the patches and the location of the probe feed and are used here to
facilitate comparison with reference data. The distance between patches is varied to
observe the influence of separation on mutual coupling and resonant frequency. Also, the

effects on coupling due to the surface curvature are checked by applying several
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scenarios of antennas mounted on differing circular cylinders and on different portions of
the elliptic cylinder.

Since the patch size of the microstrip antenna plays an important role not only on the
strength of the surface wave being excited, but also on the resonant frequency of the
antenna, the computations presented also include several scenarios for observing the

influence due to the patch size.

5.3.1 Comparisons between FE-BI and Moment Method for H-Plane Coupling

For a microstrip antenna embedded on a plane ground coated with substrate, the
mutual coupling between patch antennas has been presented by Pozar [14] in 1982. In
that paper, a moment method solution using the rigorous dielectric slab Green’s function
is presented. Also, the measured results were published in 1981 by Carver [15]. The

geometry of two rectangular microstrip patches is shown in Figure 5.1 and the results for

. s - . .
mutual coupling vs. — are shown in Figure 5.2, where s is the distance between the

patches. Figure5.2 presents good agreement for mutual coupling (.S, ) data comparing
measurements and computed results using a moment method solution for two coax-fed
microstrip antennas.

To verify the FE-BI method presented in this dissertation, comparisons are made
with the results shown in Figure 5.2. The microstrip antenna was mounted on a circular
cylinder with a very large radius so that the antenna can be considered mounted on a
ground plane. For H-plane coupling, the geometry in Figure 5.3 is used. The size of
cavity is 0.1588 cm x 35 cm x 24 cm. The size of each rectangular patch is W=10.0 cm

and L=6.0 cm. The cavity—backed antenna was meshed into 420 elements with 1021
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unknowns using a unit cell with dimensions 0.1588 cm x 1 cm x 2 cm. The dielectric
constant of the cavity was ¢, =2.55. The mutual coupling, S;,, vs. % is shown in Figure

5.4. In Figure 5.4 the coupling computed using FE-BI is greater than that using a moment
method solution. Physically since the aperture in FE-BI is not electrically large, there are
interactions between the fields and the cavity walls that impact the mutual coupling. Such
boundary conditions are not present in the moment method model. The size of the cavity
is not sufficiently large so that the antenna fields damp out enough before hitting the
walls of the cavity. The other reason for this deviation may be coming from the position
of the probe feed. If the center point of each patch on the aperture is considered as origin,
then the position of the probe feed in Pozar’s computation is on the central axial line and
probably slightly above the lower edge of the patch. In comparison, the location of the
probe feed for the FE-BI method is on the central line but 1 cm above the lower edge of
the patch.

To improve the agreement illustrated in Figure 5.4, the dimensions of the cavity are
extended to 0.1588 cm x 53 cm x 30 cm while the patch size remains the same. The total
elements and unknowns are increased to 795 and 2104, respectively and each unit cell
remains the same size of 0.1588 cm x 1 cm x 2 cm. The comparison for mutual coupling
using FE-BI with a moment method solution and measured data is shown in Figure 5.5.
In this figure, it is observed that the agreement between the measured data and the FE-BI
computed results have improved.

For convenience, the FE-BI results in Figure 5.5 and 5.4 are presented together in
Figure 5.6. In Figure 5.6, it is observed that mutual coupling contributed from the

standing wave becomes important when the separated distance, s, increases. This
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indicates that the reflective fields become the dominant coupling mechanism for coupling
when the antenna separation increases. Meanwhile, the direct fields attributed to coupling
become weaker. On the other hand, when the separation becomes smaller, the deviation
between these two computed results reduces. At that time the direct fields are dominant
for the mutual coupling.

Next, the position of the probe feed is relocated to the central axial line on the lower
edge. An illustration of this geometry is shown in Figure 5.7. The numerical results are
shown in Figure 5.8. Figure 5.8 illustrates the good agreement between the FE-BI
solution, moment method solution, and measured data.

The resonant frequency found using the FE-BI method is 1.34 GHz, which is less
than the 1.410 GHz computed by a moment method solution. Theoretically, for H-plane
coupling, since the patch length L=6 cm used for FE-BI computation is shorter than
L=6.55 used in a moment method solution, the resonant frequency should be higher than
1.410 GHz. Therefore, there is some accuracy problem arising from cavity meshing for
the FE-BI model. To improve accuracy, a new cavity of 0.1588 cm x 51 cm x 16 cm is
created and meshed finer into 832 elements with 2101 unknowns and with unit cell
dimensions of 0.1588 cm x 1 cm x 1 cm. The computed results are shown in Figure 5.9
and the resonant frequency is 1.430 GHz, which is slightly higher than 1.410 GHz
computed by a moment method solution. For convenience, the results for both cases, in
which the probe feed is placed in the axial central line of the patch and 1 cm above the

lower edge and right on the lower edge, are shown in Figure 5.9. Figure 5.9 shows a good

agreement between the computation results and measured data.
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5.3.2 Comparisons between FE-BI and Moment Method for E-Plane Coupling

For E-plane coupling, the cavity-backed antenna with a 0.1588 cm x 35 cm x 30 cm
cavity was used as shown in Figure 5.10.It was meshed into 1050 elements with 2749
unknowns with unit cell dimensions of 0.1588 cm x 1 cm x 1 cm. The position of the
probe feed was placed in two different locations. One was on the horizontal central line
of the patch and along the right edge of the patch (i.e. FE-BI case (1) in Figure 5.11)
while the other was on the horizontal central line of the patch and 1 cm left of the right
edge (i.e. FE-BI case (2) in Figure 5.11). The computed results are shown in Figure 5.11.
Good agreement between computed results using the FE-BI model, a moment method

solution, and measured data is achieved except for the case with a very small separation

between the two rectangular patches, i.e. —;; <0.2. Here the resonant frequency is the

same as H-plane coupling, i.e. f,=1.430 GHz. Also, the resonant frequency is
independent of the position of the probe feed as long as the probe feed is located on the

central line of the patch, since such a feed location excites a single mode. For the case

with s <0.2, the patch antennas is so close to each other such that the fields

dramatically vary with respect to position in the cavity. Hence the finer meshing of the
antenna geometry is required for the FE-BI method to accurately compute the fields
inside the cavity and upon the aperture. A cavity-backed antenna with a 0.1588 cm x 20
cm x 14 cm cavity was meshed into 1120 elements with 2201 unknowns with unit cell
dimensions of 0.1588 ¢cm x 0.5 cm x 0.5 cm. A probe feed was placed on the horizontal

central line of the patch and along the right edge of the patch (i.e. FE-BI case (1) in
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Figure 5.12) while the other was on the horizontal central line of the patch and 1 cm left
of the right edge (i.e. FE-BI case (2) in Figure 5.12). The computed results are shown in
Figure 5.12. Good agreement between computed results using the FE-BI model, a
moment method solution, and measured data is achieved even for the case with a very
small separation between antennas.

In Figure 5.9 for the H-plane coupling and Figure 5.12 for the E-plane coupling, it is
concluded that the mutual coupling level decreases monotonically with increasing
separation between patches. The difference in the mutual coupling between the E-plane

and H-plane coupling increases as separation increases. This difference in mutual

coupling increases from 3 dB for i =0.125to 11 dB for -I“:)- =0.75. For E-plane coupling

the mutual coupling is higher than that for the H-plane coupling. Physically, this is
because the surface waves and creeping waves are stronger in the E-plane case.

From the numerical results and discussions above, it is concluded that the cavity size
should be made large enough to ensure that there is no interaction between fields and
wall boundary to contribute to increase mutual coupling. Then the case of a patch on the
top of the infinite extended substrate could be approximated. However, in practice
operational concerns dictate the smallest cavity possible and hence the need for an FE-BI

model to assess the design trade-offs inherent in such designs. Also, the cavity should be

subdivided into finer elements with an edge length of 2iO to achieve greater accuracy.

For E-plane coupling case with i <0.2, the length of unit cell should be less than z'% to

hawve a reliable computed results.
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The numerical results from the FE-BI method have shown a very good agreement
with a moment method solution and measured data for E-plane and H-plane coupling
between the microstrip antennas mounted on the ground plane. In the next section a

microstrip antenna will be embedded in a surface with curvature to see the effects on

mutual coupling by the surface curvature.

5.3.3 Numerical Results and Discussions for H-Plane Coupling on a Curved Surface

In section 5.3.2 and 5.3.3 the computed results of E-plane and H-plane coupling for
two microstrip antennas mounted in a ground plane were presented. In this section,
microstrip antennas mounted on surfaces with different curvatures are used to analyze the
variation of the mutual coupling with respect to the surface curvature.

The geometry of a microstrip antenna mounted in a curved surface with two
identical 3 cm x 3 cm patches is shown in Figure 5.13. For this case the two probe feeds
are placed in the locations corresponding to 0.5 cm below the center point of each patch
and along the central line. This cavity-backed patch antenna was meshed with 200
elements consisting of 373 unknowns and with unit cell dimensions of 0.1 cm x 0.5 cm x
0.5 cm. The mutual resistance and reactance versus frequency for an antenna mounted in
different circular cylinders with radii of 25 cm, 50 cm and 100 cm are shown in Figure
5.14 and 5.15, respectively. The mutual coupling (S;,) vs. frequency is shown in Figure
5.16. From Figure 5.14 and 5.15, the mutual resistance and reactance have greater
variation around the resonance when the antenna is mounted on the cylinder with less

curvature. This is because the surface wave being excited on a surface with less curvature

has little energy shedding away from the surface and more energy can reach the other
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patch, resulting in greater mutual coupling. In Figure 5.16 it can be observed that the
peak value of mutual coupling occurs at resonance since at this frequency the maximum
energy is radiated from the patch antenna. Also, the difference in the magnitude of
mutual coupling for the antenna mounted in the cylinder with p=100cm and p =25 cm
is about 10 dB. For an antenna mounted in a region with high curvature, the surface wave
has greater energy loss due to the fields shedding away from the surface, thus H-plane
coupling demonstrates lower mutual coupling for the case with o =25 cm.

For the same microstrip antenna mounted in an elliptic cylinder with major axis
a=50 cm and minor axis b=25 cm, computed results for mutual resistance, reactance and
coupling associated with different locations on the elliptic cylinder are shown in Figure
5.17, 5.18 and 5.19. From these results, when the antenna is embedded in the elliptic
cylinder starting from v, = 0.02, which is a highly curved region, the magnitude of the
mutual resistance and reactance are much smaller compared to values for the antenna

/4 T
— or —

mounted in the elliptic cylinder starting from v, = S (e.g., regions with less

curvature). There is little difference in the mutual coupling for the antenna mounted in
. . /4 T . -
the elliptic starting from v, = r compared to v, = R Therefore, the main variation for

the coupling happens when the antenna is in a region with high curvature. For antennas
mounted on both a circular cylinder and an elliptic cylinder, it can be concluded that
coupling decreases with decreasing radius of curvature for H-plane coupling.
For the H-plane coupling the field in the space between the patches is primarily a TE
mode and there is not as strong a dominant mode surface wave excitation; therefore there

is 1ess coupling between the patches.
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5.3.4 Numerical Results and Discussions for E-Plane Coupling on a Curved Surface

The geometry of a patch antenna mounted on a curved surface with E-plane coupling
between patches is shown in Figure 5.20. Here two coaxial probe feeds are located 0.5
cm to the left of the center point of each patch and along the central line of the patch. The
cavity-backed patch antenna was subdivided into 200 elements with 373 unknowns and
with unit cell dimensions of 0.1 cm x 0.5 cm x 0.5 cm. The mutual resistance and
reactance as a function of frequency for an antenna mounted on different circular
cylinders with radii of 25 cm, 50 cm and 100 cm are shown in Figure 5.21 and 5.22. The
mutual coupling vs. frequency for these cases is shown in Figure 5.23.

From Figure 5.21 and 5.22, the absolute value of the mutual resistance and reactance
at resonance have increased with increasing radius from p =25 cm to 50 cm, then
decreased with increasing radius from o =50 cm to 100 cm. In Figure 5.23, it is observed
that the difference of the magnitude of mutual coupling for the antenna mounted in a

cylinder is 7.42 dB from p=25cmto p=50cm and 4.52 dB from p =50 cm to

P =100 cm. The total difference is 11.94 dB from p =25 cmto p =100.0 cm. This is
compared with H-plane coupling in Figure 5.16 that only has a 9.72 dB difference from

L =25cmto p =100 cm. Hence E-plane coupling exhibits greater curvature-
dependency. Since for the E-plane arrangement the fields in the space between the
patches are primarily TM, there is a stronger surface wave excitation between the
patches, and the coupling is larger and demonstrates greater curvature-dependency. Also,
the theoretical explanation for the effects of mutual coupling as simply due to the surface

curvature for H-plane coupling is no longer completely satisfied for E-plane coupling.
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This is because the field structure between the edges of the patches for E-plane coupling
is different from the H-plane coupling and that fields have the least energy loss traveling
at a specific curvature. It can be observed that for the E-plane coupling when the surface
is curved to a specific curvature, the creeping wave travels to the other patch along the
interface has lower loss, resulting in higher coupling.

For the same microstrip antenna mounted in an elliptic cylinder with major axis
a=50 cm and minor axis b=25 cm, computed results for mutual resistance, reactance and
coupling associated with different locations on the elliptic cylinder are shown in Figure
5.24, 5.25 and 5.26, respectively. From these results, when the antenna is embedded in

the elliptic cylinder starting from v, = 0.02, which is a surface with significant curvature

variation, the magnitude of mutual resistance and reactance are much smaller compared

to values for the antenna mounted in the elliptic cylinder starting from v, = % or 12{ Jtis

also observed that the mutual coupling has little difference between v, = % and %in an

elliptic cylinder. So the main variation for the coupling is observed when the antenna is
located in the region with high curvature. For a patch antenna mounted in a circular
cylinder, the maximum mutual coupling was observed when the radius of the surface
curvature is around 50 cm, and not for the planar case. Comparing the E-plane coupling
with H-plane coupling at the resonant frequency for the patch antenna mounted in the

elliptic cylinder, it can be observed in Figure 5.19 and 5.26 that the coupling increased

1 1.1 dB for the patch antenna moving from v, =0.02 to % in H-plane coupling case

Whiile the coupling increased 8.9 dB for the same antenna moving from v, = 0.02 to %
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and decreased 1.52 dB from v, = % to % in E-plane coupling. The total change of
coupling is 10.45 dB for the patch antenna located at vy =0.02 as compared to the case

. z . . . .
when the antenna is located at v, = 3 It is not obvious which type of coupling is more

dependent on curvature for this antenna mounted on an elliptic cylinder with a=50 cm,
b=25 cm. However, it is expected that if an elliptic cylinder with a=100 cm, b=25 cm, is
used, the E-plane coupling will have a still greater dependence.

Next consider the case where the second probe feed is located 0.5 cm to the right of
the center point of the patch while the first probe feed remains as before. This case is
shown in Figure 5.27. The mutual resistance and reactance versus frequency for the
antenna mounted cn circular cylinders with radii of 25 cm, 50 cm and 100 cm is shown in
Figure 5.28 and 5.29, and mutual coupling ( S;,) vs. frequency is shown in Figure 5.30.
In Figure 5.28, 5.29 and 5.30, the results are generally similar to the previous E-plane
coupling case except that the reactance and resistance now is opposite to the associated
value in the previous E-plane coupling case. Here the mutual coupling has reached its
maximum value at p =50 cm and decreases as the radius of curvature increases or
decreases. Comparing the mutual coupling with the value for the E-plane case shown in
Figure 5.23, here the magnitude of the mutual coupling is much higher when the
frequency is less than the resonant frequency, but is of the same order for frequency

greater than the resonant frequency.
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5.3.5 Numerical Results for Various Sizes of Patch Antennas

In this section the microstrip antenna with patch size of 2cm x 2 cm, 3 cm x 3 cm
and 4 cm x 4 cm are mounted in cylinders with radii of 25 cm, 50 cm and 100 ¢cm, and
the H-plane mutual coupling is calculated to assess the performance of this antenna with
respect to the surface curvature. The geometry of these microstrip antennas is shown in
Figure 5.31. For these cases, the two probe feeds are placed in the locations
corresponding to 0.5 cm below the center point of each patch. These cavity-backed patch
antennas were meshed into 200 elements with 373 unknowns and with unit cell

dimensions of 0.1 cm x 0.5 cm x 0.5 cm.

For the microstrip antenna with the patch size of 4 cm x 4 cm and a separation of
only 1 cm, the mutual coupling vs. frequency is shown in Figure 5.32. In Figure 5.32,
compared with others, the antenna mounted in the cylinder with radius of 25 cm has the
highest coupling at the resonant frequency and the coupling decreases from 13.08 dB for

P =25cmto 16.48 dB for p =100 cm. In this case, since the separation between two
patch antennas is so small compared to the surface wavelength (ES; =0.11), the creeping

wave traveling the region between the patches behaves similar to the case of a ground

Plane even though the antenna is mounted in the cylinder with the smallest radius of

L =25 cm. Therefore, the loss of energy of the creeping wave due to the curvature of
cylinder can be neglected here, and the only factor that causes the decreasing of the
mutual coupling is the wavelength at resonance. For p =25 cm the resonant frequency is
3 .32 GHz with a resonant wavelength of 9.06 cm while the resonant frequency is 3.38

G Hz with a resonant wavelength of 8.87 cm for p =100 cm. Thus the creeping wave
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with the higher frequency and shorter wavelength has larger energy loss during traveling.
That is the reason for the slightly decreased coupling when the radius of the cylinder is
increased from p =25 cm to 100 cm.

For the microstrip antenna with the patch size of 3 cm x 3 cm and the edge space of
2.0 cm, the mutual coupling vs. frequency is shown in Figure 5.33. In Figure 5.33,
compared with others, the antenna mounted on a cylinder with radius of 100 cm has the
highest coupling value at the resonant frequency and the coupling value decreases from
16.98 dB for p =100 cm to 26.70 dB for p =25 cm. In this case, since the separation
between the patch antennas has increased, the wave traveling in this region cannot be
treated as if traveling on a ground plane. Therefore, the energy loss of the creeping wave
due to the curvature plays an important role for the mutual coupling of the microstrip
antennas. For an antenna mounted in the cylinder with p =25 cm, the two patches on the
cylinder body are subtended by a larger angle, which results in attenuation of the space

wave and thus weakens the coupling. The difference of coupling value between p =25

cmand p =100 cm is 9.75 dB in this case while it is just 3.55 dB for previous case. In
this case the primary change of the coupling happens when the patch antennas are moved
from a curved area to a less curved region.

For the microstrip antenna with the patch size of 2 cm x 2 cm and a separation of 3
<m, the mutual coupling vs. frequency is shown in Figure 5.34. In Figure 5.34, compared
‘with others, the antenna mounted in the cylinder with radius of 100 cm has the highest
coupling value at the resonant frequency and the coupling value decreases from 19.3 dB
for p=100 cm to 29.90 dB for p =25 cm. In this case, the separation between the patch

Antennas is large enough so that the energy loss of the creeping wave due to the curvature
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plays an important role for the mutual coupling of the microstrip antennas. The difference
of coupling value between p =25cmand p =100 cm is 10.6 dB in this case, which is
slightly higher than the case with the patch size of 3 cm x 3 cm. Also, in this case the
primary variation of the mutual coupling appeared when the patch antennas are removed

to a pseudo-ground plane from the circular cylinder with p =50 cm.

In Figure 5.32, 5.33 and 5.34, among all patch antennas with different patch sizes

mounted in a cylinder, the coupling value is the highest for the patch with size of 4 cm x

4 cm at resonance. This is not only because the size of patch is the largest but also the
edge space between the patches is the smallest. Also, the shape of the mutual coupling vs.
frequency curve for the antenna with patch size of 4 cm x 4 cm is the sharpest while it is

the broadest for the antenna with patch size of 2 cm x 2 cm.

5.4 Conclusion

In this chapter, the mutual coupling between patch antennas was investigated. For
the microstrip antenna mounted in the infinite ground plane, the numerical results agree
with the data provided by measurements and the numerical results using moment method
for both E-plane and H-plane coupling. It should be noted that interactions with the side

‘walls of the cavity can alter the coupling. Also, the cavity should be meshed into

elements with length less than 5’% to have accurate results. For E-plane coupling case

with — <0.2, the length of unit cell should be less than :‘% to have a reliable computed

results. Physically, for the H-plane coupling, the surface fields in the space between the

Patches are primarily TE and there is not as strong a dominant mode surface wave
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excitation; therefore there is less coupling observed between the patches. For the E-plane
coupling the fields in the space between the patches are primarily TM, therefore, the
surface wave excitation is stronger between the patches and hence the coupling is greater.

For a microstrip antenna mounted on a circular cylinder and an elliptic cylinder, the
mutual coupling for patch antennas is curvature-dependant. For the H-plane coupling, the
coupling decreases as the radius of curvature increases. Therefore, coupling effects
between patch antennas generally reaches its maximum when it is placed in the ground
plane. Physically, more energy of the surface wave sheds away from the surface in a
region with high curvature, which weakens the antenna coupling. However, for the E-
plane coupling case, the highest coupling occurs at some specific curvature. Generally the
E-plane coupling is more curvature-dependant since there is a stronger surface excitation
between the patches.

However, for the numerical results and discussions for E-plane coupling on a curved
surface, the mutual resistance and reactance as a function of frequency for an antenna
mounted on different circular cylinders shows that the absolute value of the mutual
resistance and reactance at resonance have increased with increasing radius from the
radius of 25 cm to 50 cm, then decreased with increasing radius from the radius of 50 cm
to 100 cm. The numerical results should be further analyzed in future work.

For microstrip antennas with different patch sizes and H-plane coupling, an antenna
‘with larger patches and smaller separation between patches has greater coupling. The

Variation of the mutual coupling due to the surface curvature is more obvious when

—_ 50.11. The primarily change in the mutual coupling due to the variation of the

ER
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surface curvature occurs either for a region with a high curvature or for a region with a

less curvature, depending on the patch size and the separation.
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Figure 5.2 Measured and calculated mutual coupling between two coax-fed
microstrip antennas, for both E-plane and H-plane coupling.
W=10.57 cm, L=6.55 cm, d=0.1588 cm, dielectric constant
=2.55 (David M. 1982).
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Mutual coupling between two microstrip antennas
-10 T T T T

— Moment Method (Pozar)
# Measured (Carver)
- FE-BI
-15}
4
\\
-20 \\ -
\
\
a -
—_ 25} ™~ ,A’ 4
o N Vi
=) \\ V4
[ A4
[\
g .l H-plane ]
-35} .
40 -
#*
45 1 1 ) 1 1 [ 3
0 0.2 0.4 0.6 0.8 1 1.2 1.4
s/lambda

Figure 5.4 Mutual coupling for H-plane case with cavity of 0.1588. cm x 35 cm
X 24 cm shown in Figure 5.3 for the FE-BI method.
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Mutual coupling between two microstrip antennas
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KFigure 5.5 Comparison of mutual coupling calculated by FE-BI with a moment
method solution and data by measurements; the size of cavity-backed
antenna in FE-BI calculation is 0.1588 cm x 53 ¢cm x 30 cm.
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Mutual coupling between two microstrip antennas
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Figure 5.6 Comparison of mutual coupling using FE-BI method between
different size of cavity of 0.1588 cm x 35 cm x 24 cm and 0.1588
cm x 53 cm x 30 cm.
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Figure 5.7 .Geometry for patch antennas with H-plane coupling in pseudo-
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Figure 5.8 Comparison of mutual coupling calculated by FE-BI with a moment
method solution and data by measurements; the size of cavity-backed
antenna in FE-BI calculation is 0.1588 cm x 53 cm x 30 cm, shown in
Figure 5.7.
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Figure 5.9 Comparison of mutual coupling calculated by FE-BI with a moment
method solution and measured data; the size of cavity-backed antenna in
FE-BI calculation is 0.1588 cm x 51 cm x 16 cm and unit cell of 0.1588
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Figure 5.13 Geometry for patch antennas mounted in curved surface with H-plane
Coupling.
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Mutual coupling between two microstrip antennas
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Figure 5.14 Mutual resistance for patch antennas with H-plane coupling.
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Mutual coupling between two microstrip antennas
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Figure 5.15 Mutual reactance for patch antennas with H-plane coupling.
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Mutual coupling between two microstrip antennas
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Figure 5.16 Mutual Coupling for patch antennas with H-plane coupling.
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Mutual coupling between two microstrip antennas
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Figure 5.17 Mutual resistance for patch antennas mounted in an elliptic cylinder
with H-plane coupling.
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Mutual coupling between two microstrip antennas
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Figure 5.18 Mutual for patch d in an elliptic cylinder
with H-plane coupling.
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Mutual coupling between two microstrip antennas
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Figure 5.19 Mutual coupling for patch d in an elliptic cylinder with
H-plane coupling.
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Figure 5.20 Geometry for patch antennas mounted in curved surface with E-plane

coupling
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Mutual coupling between two microstrip antennas
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Figure 5.21 Mutual resistance for patch antennas mounted in circular cylinders with
E-plane coupling.

145



Mutual coupling between two microstrip antennas
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Figure 5.22 Mutual reactance for patch antennas mounted in circular cylinders
with E-plane coupling.
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Mutual coupling between two microstrip antennas
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Mutual coupling between two microstrip antennas
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Figure 5.24 Mutual resistance for patch antennas mounted in an elliptic cylinder
with E-plane coupling.
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Mutual coupling between two microstrip antennas
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Figure 5.25 Mutual for patch d in an elliptic cylinder
with E-plane coupling.
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Mutual coupling between two microstrip antennas
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Figure 5.26 Mutual coupling between patch antennas mounted in an elliptic
cylinder with E-plane coupling.
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Figure 5.27 Geometry for patch antennas mounted in curved surface with special E-plane
coupling
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Mutual coupling between two microstrip antennas
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Figure 5.28 Mutual resistance for patch antennas mounted in circular cylinders with
special E-plane coupling.

152



Mutual coupling between two microstrip antennas
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Figure 5.29 Mutual reactance for patch antennas mounted in circular cylinders with
special E-plane coupling.
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Mutual coupling between two microstrip antennas
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Figure 5.30 Mutual coupling for patch antennas mounted in circular cylinders with
special E-plane coupling.
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Figure 5.31 Geometry for patch antennas with patch sizes of 2cm x 2 cm,
3cmx3cmand4cmx4cm.
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Mutual coupling between two microstrip antennas with patch size: 4 cm x4 cm
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Figure 5.32 Mutual coupling between patch antennas with patch size of 4 cm x
4 cm.
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Mutual coupling between two microstrip antennas with patch size:3cm x3 cm
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Figure 5.33 Mutual coupling between patch antennas with patch size of 3 cm x

3cm.
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Mutual coupling between two microstrip antennas with patch size:2cm x2 cm
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Figure 5.34 Mutual coupling t patch with patch size of 2 cm x
2cm.

158



CHAPTER 6
SUMMARY AND FUTURE WORK

In this dissertation, a hybrid finite element-boundary integral method has been
presented that is appropriate for simulation of conformal antennas and cavities recessed
in an infinite, perfectly conducting, elliptic cylinder. New elliptic-shell elements were
developed that are suitable for discretizing elliptic-rectangular cavities. These shape
functions are surface conforming and divergence-free. These also reduce, for cylinders
whose major and minor axes are identical, to the cylindrical shell elements previously
reported in [33]. The accuracy of the finite element formulation, and in particular the new
elliptic shell shape functions, was demonstrated by comparison with known results for
circular-rectangular and planar-rectangular cavities. Resonances for an elliptic-
rectangular cavity were also presented.

In Chapter 3, the surface dyadic Green’s function for an infinitely long, perfectly
conducting elliptic cylinder was derived. In this approach, vector wave functions
representing electromagnetic fields in the elliptic cylinder coordinate system are
generated based on the elliptic cylinder scalar wave functions. Since the dyadic Green’s
function, developed by eigenfunction expansion, is very difficult to evaluate numerically,
an efficient asymptotic dyadic Green’s function was derived based on a UTD formulation
[25] and this was specialized for elliptic cylinders. The behavior of this Green’s function
as a function of geodesic path length and curvature was demonstrated.

For solution of the linear system, several techniques have been used to reduce the
large memory requirement and improve the efficiency of the solution computation. In the

computer program used to demonstrate the capabilities of this new formulation, the
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biconjugate gradient (BiCG) solver has been chosen since it requires significantly less
memory than is required for a direct matrix solution method. The BiCG method is also
computationally efficient, since it utilizes only one matrix-vector product per iteration for
symmetric matrices. The Compressed Sparse Row (CSR) [34] storage format is used to
reduce the memory demand for the spare matrix. To increase the computation speed,
several complicated functions like the hard and soft type Fock function have been saved
in a data file to provide available data instead of requiring re-computing each time. Also,
the matrix for the FEM is calculated one time only and the result is saved for later use.

The exterior and interior portions of the hybrid finite element-boundary integral
computer program have been validated for the empty cavity, conformal slot antenna and
conformal patch antenna. The input resistance for a typical conformal patch antenna was
presented. The resonance frequency was seen to shift due to location on the elliptic
cylinder and this behavior is attributed to curvature variation. The input impedance and
resonant frequency are sensitive to the variation of the surface curvature for the patch
antennas mounted in a region of high curvature. Therefore, the performance of the
conformal antennas embedded in a region with little curvature variation can be
approximated by using an equivalent circular cylinder. Such an approximation fails for
the case of antennas embedded in a surface with significant curvature variation. Also, the
dependence of the performance of patch antennas on curvature is relative to the excited
mode associated with the location of the probe feed.

In this research the mutual coupling between two patch antennas was investigated.
For the microstrip antenna mounted in an infinite ground plane, the numerical results

have been shown to agree with the data provided by measurements and numerical results
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using the moment method for both of E-plane coupling and H-plane coupling. It should

be noted that interactions with the side walls of the cavity can alter the coupling. Also,

the cavity should be meshed into elements with edge length less than % to obtain

accurate results. For patch antennas mounted in a ground plane, the H-plane coupling and
E-plane coupling have been discussed with their associated surface wave mode.
Generally, for H-plane coupling the surface wave mode between the patches is primarily
TE and coupling is less significant between the patches. For the E-plane coupling case,
the surface wave mode is primarily TM; therefore, the surface wave excitation is stronger
between the patches resulting in greater coupling.

For a microstrip antenna mounted on a circular cylinder or an elliptic cylinder, the
mutual coupling for patch antennas is curvature-dependant. For the H-plane
configuration, the coupling decreases as the radius of curvature increases. Therefore,
coupling eﬁ'e;:ts between patch antennas generally reach a maximum when the antennas
are placed in a ground plane. Physically, more energy in the creeping wave is shed away
from the surface in regions with high curvature, and this weakens the antenna coupling.
However, for the E-plane configuration, the greatest coupling occurs at some specific
curvature instead of for the ground plane case. Generally the E-plane coupling is more
curvature-dependant since there is a stronger surface excitation between the patches.

For microstrip antennas with different patch size and with H-plane coupling, the
antenna with larger patches and smaller separation between patches has greater coupling.
The primarily change in the mutual coupling due to the variation of the surface curvature
occurs for a region with either higher curvature or lower curvature, depending on the

patch size and the separation.
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The numerical results presented in this dissertation will serve two purposes. First,
they are used to analyze the performance of antennas with respect to surface curvature.
Second, they can be used as a reference for future developments in this area.

In future work, since the computation of fields near the probe feed or of fields with
higher variation in space requires a fine mesh near the antenna geometry, the total
number of unknowns will dramatically increase, especially when the length of the unit
cell is as small as 1/50A. Therefore, the FE-BI program should be upgraded to compute
the cavity field with higher efficiency and be capable of computing a model case with
more than ten thousand unknowns.

A non-uniform mesh should be developed for the FE-BI program to save
computation time and computer resources. Finer elliptic shell elements should be used to
mesh the regions when the fields have higher variation while coarse elliptic shell
elements are applied to mesh the region where fields have less variation. Distorted elliptic
shell elements should be developed to transition from small to larger elements and they
should retain the property of being divergence free.

For the E-plane coupling case the mutual coupling between antennas mounted on a
cylinder with a specific surface curvature is maximum compared to when they are
mounted on a ground plane, unlike the case for the H-plane coupling. Therefore, the
relation between mutual coupling and the surface curvature should be investigated
further. To achieve more accurate results, the antenna cavity should be meshed into finer
unit cells to better represent variation of the fields inside the cavity and upon the aperture

of the antennas.
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The radiation pattern should be analyzed for the patch antennas recessed in different
portions of an elliptic cylinder to realize the influence on the radiation pattern by the
surface curvature. The formulation of asymptotic far-zone dyadic Green’s functions in
the spherical coordinate system transformed from near-zone dyadic Green’s function in
the elliptic coordinates system for both the lit and shadow regions should be developed
and applied to the calculation of the fields.

Also, an experiment should be set up to measure the data for mutual coupling
between patch antennas and for the radiation pattern of patch antennas mounted in

different portions of the elliptic cylinder to verify the numerical results.
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