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ABSTRACT
NATURAL RESONANCE REPRESENTATION OF THE TRANSIENT FIELD
REFLECTED BY A PLANAR LAYERED LOSSY DIELECTRIC
By
JONG CHAN OH

The impulse response of a conductor-backed or air-backed lossy dielectric slab with
frequency independent or dependent (Debye type) material parameters is evaluated
analytically. It is shown that the impulse response consists of a specular reflection
from the interface between free-space and the dielectric slab during the early-time
period, and a natural mode series, which is a pure sum of damped sinusoids whose
frequencies are determined by the poles of the complex s-plane reflection coefficient,
during the late-time period. Time-domain responses using a truncated Gaussian
pulse as an input with an arbitrary incident angle and with parallel or perpendicular
polarization are compared to responses found by the inverse fast Fourier transform.
The results may be applied to material characterization using the E-pulse method,
and also give physical insight into the nature of transient scattering by a layered

medium.
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Chapter 1: Introduction

Time domain electromagnetics has been utilized for various applications such as
target-signature analysis and the determination of the intrinsic properties of
materials [1], mainly due to its adaptability to the broadband signals. The
singularity expansion method (SEM) [2] which views the late-time period transient
response of a scatterer as a series of the residues at the poles of the Green function
[3], has been studied by many researchers for the target-signature analysis purpose.
Here, the late-time period refers to the time period after the forcing function
completely excites the entire body of a scatterer, whereas the early-time period
refers to the time period before the late-time begins. The applications of the
singularity expansion method and its limitations are found in [4]-[6].

On the other hand, the E-pulse method [7]-[9] which is one of the most
successful target identification schemes using the singularity expansion method, can
be used for non-destructive material testing [10], [11]. Here, the E-pulse refers to
the signal that is synthesized to annihilate the output response when it is convolved
with the late-time period target response, such that it can provide a measure to
determine the closeness of the unknown target signature to the library of the known
target signatures.

Layered materials are often applied to conducting surfaces for the purpose of
reducing the scattered field strength within specific frequency bands. Because of the
band-limited nature of the reflected field, a wideband pulse can be used to
interrogate the layered structure so as to characterize the materials or determine
whether the materials have degraded. The E-pulse method can be used to
determine whether the material properties have changed compared to baseline
values determined by previous measurements or constructed by analytically

obtained natural resonance series, provided that the late-time response can be



expressed as a natural resonance series. Therefore, it is important to identify the
natural frequencies, i.e., the poles of the reflection coefficient in the complex s-plane,
and to show that the late-time response is indeed a sum of damped sinusoids.

So far, there has been no detailed analysis of the transient response of a laycred
medium as a resonance series, except the work done by Tihuis and Block in 1984
[12], [13]. They calculated the transient scattering of a normally incident plane wave
by an air-backed lossy dielectric slab using the singularity expansion method.
However, their approach was semni-analytic and did not clearly show that the
late-time response can be expressed as a pure natural resonance series, due to the
difficulty in evaluating the contributions from the branch cut and the closing
contours at infinity when evaluating the Laplace inversion integrals.

In this thesis, we will consider a conductor-backed or air-backed lossy dielectric
slab with frequency independent or dependent (Debye type) material parameters,
and a plane wave excitation of both TE and TM polarization at arbitrary incidence
angle. It will be shown that the integral contribution from the closing contours at
infinity vanishes as long as the input waveform is at least APC (almost piecewise
continuous) and time limited [14]. When viewed as a functional, the delta function
can be considered APC, and thus the impulse response can be computed directly.
Also, it will be shown analytically that the branch-cut contribution for the current
problem vanishes.

By evaluating the impulse response, it will be shown that the transient field
reflected by a conductor-backed or air-backed lossy dielectric slab can be
represented as the sum of early-time and late-time components. The early-time
component consists of the specular reflection from the air-slab interface, which
persists until the arrival of the field reflected by the backing material. The ensuing
multiple reflections can be viewed as the late-time component, which is written as a

pure sum of natural resonance modes. The scattered field impulse response will be



determined as an inverse Laplace transform of the frequency-domain reflection
coefficient, and will be shown that the branch-cut contribution vanishes during the
late-time period, except for the residual contributions at the poles on the
branch-cut, allowing a pure natural resonance representation.

Results computed using the resonance formulation are verified by comparing to
the direct inverse fast Fourier transform (IFFT). The distribution of resonance
frequencies in the complex plane, and their dependence on conductivity and
incidence angle is examined.

This thesis is organized in 6 chapters. In Chapter 2, the frequency domain
formulation of plane-wave propagation in a general planar layered medium is
presented. In particular, the interfacial reflection coeflicient I'(w) and the reflection
coefficient R(w) are distinctively defined, and the definitions are applied throughout
the thesis.

In Chapters 3 and 4, the transient responses from the conductor-backed and
the air-backed cases with frequency independent material parameters are examined.
The complex s-plane poles of the reflection coefficient are found numerically and the
residues at the poles are calculated. The transient responses are constructed from
the residue series and they are compared to the responses obtained by the IFFT.

In Chapter 5, the formulation of the frequency domain reflection with a
frequency dependent Debye type permittivity [28]-[32] for both conductor-backed
and air-backed cases is presented. The transient responses from water with varying
conductivity are constructed and compared to the responses from the IFFT.

Finally, the conclusions and the proposed future research areas are presented in

Chapter 6.



Chapter 2: Frequency Domain
Analysis of Plane-Wave
Propagation in a General Planar

Layered Medium

The frequency domain representation of plane waves in a planar layered
medium can be found in [15]. In this chapter, these representations will be reviewed
and specialized for the current problem. For the subsequent discussion, only

source-free, linear, isotropic, homogeneous materials are considered.

2.1 The frequency domain wave equation

In a source-free and simple material, Maxwell's equations in terms of E and H

are

VxE = —jwuH, (2.1)
VxH = jweE, (2.2)
V-E = 0, (2.3)
V-H = 0, (2.4)

where €€ is the frequency-dependent complex permittivity which is a combination of

the conductivity o(w) and the permittivity e(w). The curl of (2.1) is then,

V x (VXxE)=—jwu(V x H) = —jwu(jweE).




Since, V x (V x E) = V(V - E) — V2E, using (2.3) gives
VZE+K’E =0 (2.5)

Here, k = w\/j1€¢ is the wave number of the medium. Similarly, taking the curl of
(2.2),
V x (V x H) = jwe’(V x E) = jwe*(—jwuH),

and thus

V2H + k?H = 0. (2.6)

Equations (2.5) and (2.6) are the homogeneous vector Helmholtz equations. Thus,

the rectangular components of E and H satisfy the scalar wave equation
V3 + k%Y = 0,
whose solution is a linear combination of the harmonic functions,
sinkx, coskr, ek e IkT,
Consider a propagating-wave solution to the homogeneous vector Helmholtz

equation,

E = Eoe_jkl:ce_jkyye_jkzz
where Ey is the vector amplitude spectrum. If we define the wave vector
k = xk; + yky, + 2k,

then,

E = Eoe /%" (2.7)



where

r=Xr+yy+2z
If k is real, the vector phase constant 5, which is defined by 5 = —V® [16], where &
represents the phase of (2.7), becomes

F=-V(-k-r) =k

Hence, the equiphase surfaces are planes perpendicular to k, and (2.7) represents a

uniform plane wave. If k is complex, it can be represented as

k=73-ja,

where both 7 and & are real vectors. Then, the wave propagation constant ¥ is [16]
§=-V0=-V(-jk 1) =jk=3&+j5

Therefore, the equiphase surface is perpendicular to 3 and the eqiamplitude surface
is perpendicular to &. In general, it is not a uniform plane wave unless @ and 3 are
in the same direction.

Now, from (2.1) and (2.7),

VxE = Vx (Eee7*7)
= e (V x Eg) — Eg x (Ve ™7kT)
= —Ej x (—jke‘jk")

= —jk xE=—jwuH.



Therefore,
_kxE
Cowp

H

Taking the cross product to (2.8) with k,

ka=kx(kxE)=k(k-E)—E(k-k).

wit Wt

Here, k- E = 0, since

V-E V - (Ege™/¥T)

= e—jk"'V . EO - _]k . E()C-.jk.r =0

As a result,

E=-

wee

If we assume a uniformn plane wave, i.e., k = kk, from (2.8) and (2.9)

H =

k X E — k X Eoe—jkf’
1 U]
E = -nkxH,

where 1 = wp/k = \/j/ec. Clearly, these equations represent a TEM wave.

2.2 Reflection from a single interface

2.2.1 Perpendicular polarization

(2.8)

(2.9)

(2.10)

(2.11)

Consider a uniform plane wave incident on a planar interface between two lossy

regions of space as shown in Figure 2.1. Here, the incident wave is perpendicularly

polarized to the plane of incidence, which is defined as the plane containing the

wave propagation vector k and normal to the interface. At this point it should be



noted that, for a uniform plane wave, the field can be decomposed into two
orthogonal components, one parallel and the other perpendicular to the plane of
incidence. Thercfore, the solutions from each case are sufficient to characterize any
arbitrary incident uniform plane wave. For the perpendicularly incident uniform

plane wave, the incident fields are

E = yEée—Jk‘l(ISinG,-+zcos€i)
H = Eé(—)‘(cos@,-+2sin(}i)e—jkl(15i“9i+Z(3059i).

T

Although the reflected field and the transmitted field are not known at this point,
they cannot have vector components not present in the incident field, in order to

satisfy the boundary conditions at the planar surface. Therefore, the reflected and

transmitted fields are

Ef = S'Ege_jkl(if sinf, — zcos6,)

bl

ET . ¥ _ .
H* = 2 (xcosh, + zsinf,)e ki(zsinf, — zcost;)

m

and

E' = gEl—ik(zsing +zcosh)

ES . .
H' = 2 (—xcosf, + zsinb,
12

)e—jl“z(l‘ sin 6, + z(‘os(),),

respectively. In order to satisfy the continuity of tangential E and H over the entire

interface, the z-variation of all three partial fields must be the same, i.e.,

k,sin6; = kysin 8, = kysin ;.



As a result,

0, = 0, (2.12)
snb - _ b e (2.13)
sin 6, ky €512

. . E, . .
Also, z-directed wave impedance Z = A should be continuous at the interface,
that is
A |:=0 = Z’Zl::() . (214)
Here,
(1) 1 r
Zi| _Ey7 _ Ej+ Ej
10 Hil) 0 (E§ — Ep) cosb,/m
E' + ET
m(Eo+ E) (2.15)
cos0,(Ey — EY)
E(2) 1 T2
Zylsmo = — | =- = —. 2.16
212=0 H? I —cosb/n,  cosb, (2.16)
From (2.14) - (2.16),
mEs+E) _
cosb,(E{ — E})  cosb,’
or
E(n;cos; — ny cosb,) = Ej(n, cosb; + 1, cos ).
Therefore,
Ef  macosf; —ncosb,
F = — =
Ey  macosb; + n cosb,
L (2) (1)
_ cosb cosb; _ AR (2.17)

72 4 T Z(Lz)_*_Zil)'
cosf, cosb;




Here, I is the interfacial reflection coefficient, and

T
and are the
cos 6; cos 6,

z-directed wave impedances in region 1 and region 2 respectively. In order to find
the transmission coefficient T, use

2 x (E'+ E")|.=0 = 2 x E'|.20,

and thus
Ei(1+7T)=E}.
Therefore,
t
Bt (2.18)
Finally, collecting the results from (2.17) and (2.18),
PO
I‘_L = J'.—l, T_L =1+ r
Z(Z) + Z(l)
Lty (2.19)
7~ gl 70 _ T _ N2k

cosf;’ T+ cosB,  ky,'

where k;, = k; cosf, is the z-component of k,.

2.2.2 Parallel polarization

Analogous to the perpendicular incidence case, Figure 2.2 shows a uniform

plane wave incident on a planar interface between two lossy regions of space with

10



parallel polarization. In this casec the fields are

E = Eé (x cos; — zsinb,) e—jkl(“c sin ; + z cos 91),

H = y_@e-jkl(xsi119i+zcosﬁi)

Ui
E" = Ej(xcosf, —zsinb,) e_jkl(-[ sinf, — zcosB,)
H = —y Ee—jkl(l sinf, — zcos#f,)
™ ’

E'* = E{(xcosf —zsin6,) e~ Jka(zsind,

Ht = yict)c—jkz(;rsinﬂt+zcos(9,).
T2

As with the perpendicular polarization case, 8, = 6;, and the z-directed wave

+ zcosb;)

bl

bl

: E . . o
impedance Z = —= should be continuous at the interface. In parallel polarization,

v
P EX| cosb(Ey+ Ep)
oo = 5| T B - Eom
0 E1 + ET
= 1 cosly——-
"Ey — Ej
EY
Zs|.=0 Z = 1), cos 6;.
Hy z2=0

(2.20)

(2.21)

Then, in order to satisfy the continuity of the tangential wave impedance at the

interface,
E})+ E}
1 o8 O ——— B ha El = 1), cos by,
or
m cos 0;(Ey + Ef) = ny cos 6,(Ey — Ef).
Hence,
(2) (1)
_ E5 _ mcost —mcost; _ 2" -
Eé 17 cos 6; + ny cos ; Zl(|2) + Zl(ll)’

11

(2.22)



In (2.22), n cos8; and n, cos 6, are the z-directed wave impedances in region 1 and

region 2 respectively. In order to find the transmission coefficient T, use

z x (B' + E")|,—0 = 2 x E'|,—y,

and thus
(1 +T)cosb;Ey = cos b, Ef.
Therefore,
E} cos 6 21, cos 6);
T==2_—(14T L : 2.2
E} (1+ )cos 0, 1mycosb, + n cosb; (2:23)

Note that (2.23) is the ratio of the total electric fields at the interface. Hence, later
when we apply the tangential boundary conditions at the interfaces in order to

obtain the global reflection coefficients of the layered medium, we use

=1+T. (2.24)

This is the tangential ratio of the transmitted to incident electrical field.

Finally, collecting the results from (2.22) and (2.24),

(2) (1)° o ’
Z|"+ 2 (2.25)
. k.
Z](ll) = 1, cos b;, Z](IZ) = 1y cosby = 772k2’ .
)

2.3 Reflection from multiple layers

In this section, the approach used in [15] will be reviewed, and the results will
be specialized for the current problem.
Consider N + 1 regions of space separated by N plannar interfaces as shown in

Figure 2.3, and assume that a uniform plane wave is incident on the first interface

12



at angle ;. Each region is assumed isotropic and homogeneous with a
frequency-dependent comnplex permittivity and perineability. As shown in the single
interface case, in order to satisfy the boundary conditions, each region, except

region N, contains an incident-type wave of the form
E' = Eje /¥
and a reflected-type wave of the form
E" = Eje /X"

In region n, the wave vectors are described as

Here, in order to satisfy the boundary conditions, Snell’s law of reflection should

hold. Therefore,
k;r,n = kl-'o = k() sin 9,’. (226)

For the case of perpendicular polarization, the electrical field in region n,

0<n<N-1,is E=E! +E! where

E:l = yan+le—.}.kl‘,n‘re‘-jk2,n(z - Zn+1)

E; = ybn_He_jkz.nl‘e*'jkz,n(z - zn+1)’

and the magnetic field is H = H} + H/, where

H:l P Man+le—jkx.n‘re—jkl,n(z - zn+l),
knnn

H:; — Manrle’jkz,nIe"_jkz,n(z - zn+1)‘
Knlln

13



When n = N there is no reflected wave, therefore

EN = 5’(1N+le_jk.l,f\'re‘jkz,.’\'(z_z:\')

Y

—Xk.n + Zk, N ik o —ik \
Hy = =N T 20 a~'+1E_JA'I"V're_JAZvN(Z -2,

Ky,

Since a; is the known amplitude of the incident wave, there are 2N unknown wave
amplitudes, and 2N simultaneous equations by applying the boundary conditions at
each of the interfaces. At interface n located at z = 2,, 1 <n < N — 1, from the

continuity of tangential electric field

an + bn — an+lc—jk:,n(zn - zn+l) + bn+1€+jkz,n(zn - zn+l) (227)

while from the continuity of magnetic field

kz.n—l + b" Az,n—l = —any k::,n e—]kz,n(zn — zn+l) +
kn,—lT]n—l 1“11—17711—-1 kn n

—an

k. L (.
b1 7= etIkzn(zn = 2ne1) -~ (2.08)

Noting that the wave impedance of region n for the perpendicular polarization is

_ kn N

Zin
T ke

and defining the region n propagation factor as

P, = e~ JkznBn (2.29)

14



where A, = zp41 — 2, (2.27) and (2.28) become

a'nPn+bn]Dn = Qn+1 +bn+1f)3a (230)
Zin_ Zin-

—an Py baPy = 1 =2 4 by =22 P2 (2.31)
Zin Zi_n

When 2z = 2y, (2.30) and (2.31) hold if we set by, =0 and Py = 1. The 2N
simultaneous equations (2.30) and (2.31) may be solved using standard matrix
methods. However, through a little manipulation, these equations can be solved by

recursion. By subtracting (2.31) from (2.30),

Zin- Zin-
20, Py = Ay {1 + 22 1} + by P2 [1 -2 ‘} . (2.32)
1ln ZJ.n
Defining
ZJ_n - Zi.n—l
n = — =" 2.33
ZJ.n + Z.Ln—l ( )
as the interfacial reflection coefficient for interface n, and
27,
n=o—Fp—=1+T, 2.34
ZLn + ZJ_n—l ( )

as the interfacial transmission coefficient for interface n, (2.32) can be written as

ny1 = anTnPn + bn—HRl(_Fn)Pn- (235)

Finally, if we define the global reflection coefficient R, for region n as the ratio of

the amplitudes of the reflected and incident waves,

15



(2.35) can be written as

Apn41 = (lnTnPn + an+an+1Rl(—Fn)Pn' (23())

If we choose to eliminate a,4; from (2.30) and (2.31) we find that

b" = (lnrn + R,1+]Pn(1 - Fn)a”_‘.l. (2.37)

Equations (2.36) and (2.37) have nice physical interpretations. Consider Figure
2.4, which shows the wave amplitudes for region n. We may think of the wave
incident on interface n + 1 with amplitude a,;, as consisting of two terms. The first
term is the wave transmitted through interface n. This wave must propagate
through a distance A, to reach interface n + 1 and thus has an amplitude a,T,, P,.
The second term is the reflection at interface n of the wave traveling in the —z
direction within region n. The amplitude of the wave before reflection is merely
bn+1 Py, where the term P, results from the propagation of the negatively-traveling
wave from interface n + 1 to interface n. Now, since the interfacial reflection
coefficient at interface n for a wave incident from region n is the negative of that for
a wave incident from region n — 1, and since the reflected wave must travel through
a distance A, from interface n back to interface n + 1, the amplitude of the second

term is bp41 Py(—TI'y) P,. Finally, remembering that b,,; = R,41a,41, We can write

Anyr = anTnPn + Q1L+1Rrx+]Pn(_F71)Rz~

This equation is exactly the same as (2.36) which was found using the boundary
conditions. By similar reasoning, we may say that the wave traveling in the —z
direction in region n — 1 consists of a term reflected from the interface and a term

transmitted through the interface. The amplitude of the reflected term is merely

16



a,',. The amplitude of the transmitted term is found by considering

bpi1 = Ryi1a,41 propagated through a distance A, and then transmitted
backwards through interface n. Since the transmission coefficient for a wave going
region n to region n — 1 is 1 + (=T,,), the amplitude of the transmitted term is

Rns1Po(1 = Ty)ay+y. Thus

bn = rn“n + Rn+1])u(1 - Iﬂn)”‘n+la

which is identical to (2.37).

Now, from (2.34) and (2.36)

(1+T,)P,

o) = ———2 " g, 2.38
" L 4 TR 12 (2.38)
Substituting this into (2.37)
I+ R IP?
b, = ———Hin (2.39)
1+ I‘n }?n+lljr‘12
Using this expression we find a recursive relationship for the gloval reflection
coefficient:
b I, + Rup P?
Rn _n n n+14 p (240)

an B 1+ Fan+1P,f.
The procedure is now as follows. The global reflection coefficient for interface N is

obtained from (2.40) with Ry;1 = 0. We next find Ry_1:

Rn_y = Ty + RyPR
M T 1+ Ty RyPE,

This process is repeated until reaching R;, whereupon all of the global reflection
coefficients are known. We then find the amplitudes beginning with a;, which is the

known incident field amplitude. From (2.40) we find b; = a; R;, and from (2.38) we

17



find
(1+T)P,
ay = T b 21
This process is repeated until all field amplitudes are known.

Note that the process outlined above holds equally well for parallel polarization

as long as we use the parallel wave impedances

kznmn

Z”" = k

when computing the interfacial reflection coefficients.
Now, specializing (2.40) for the problems of interest, first consider a
PEC-backed lossy slab. In this case N = 2 and Ry = —1, thus from (2.40) the

global reflection coefficient in region 0, which is free-space, becomes

r, - r?
Rl = ——. 2.41
T 1-T,P? (241)
Next, for an air-backed lossy slab where Ry = —I';, the global reflection coefficient
in region 0 becomes
I(1-FP)
R = ———=-. 2.42
S 72> (2.42)

18



[ C Z=O . c
region 1: ¢, u, region2: g,, W,

Figure 2.1: Uniform plane wave incident on a planar interface between two lossy
regions of space. Perpendicular polarization.
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z=0
region 1: g/, u, region2: g, u,

Figure 2.2: Uniform plane wave incident on a planar interface between two lossy
regions of space. Parallel polarization.
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n+l aN aN+]
—_—
G .

z=z, z=z, z=z, Z=z,, z=z,

Figure 2.3: Interaction of a uniform plane wave with a multi-layered material.
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n-1
a, T

(n)

z=z,

(n+1)

Z=Zn+l

n+1

n+1

Figure 2.4: Wave flow diagram showing interaction of incident and reflected waves

for region n.
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Chapter 3: Natural Mode Analysis

of a Conductor-Backed Slab

3.1 Formulation of the frequency-domain

reflection

3.1.1 The frequency-domain reflection coefficient

Consider a plane wave of frequency w incident from free space onto an interface

between free space and a conductor backed slab of material with frequency

independent material parameters € = €€, j19, and o, and with thickness A, as

shown in Figure 3.1. In the figure, region 0 and region 1 correspond to free space

and the dielectric slab respectively. Likewise, for the subsequent discussion, the

subscripts 0 and 1 correspond to free space and dielectric, respectively. As seen in

(2.29), (2.33) and (2.41), the reflection coefficients have the general form

_ T(w) - P*(w)
Re) = TPy

where I'(w) is the interfacial reflection coefficient, given in general form by

Z)(w) = Zo

M=z 2

and P(w) is the propagation factor, defined by

P(w) = e~ Jk=18,
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Since

where

. o
o= Wueef, € =e4+ —,
Jw

ken = hosind; = w/iep sinb;,

the z-component of the wave number k; becomes

kiw = (JhE—-Fk2, = \/wzuofc — wjip€o sin® b

;

I
~

. g .
W2 + —) — wppeg sin® 6;
Jw

, o }
= \/wzltofo(ér + - — sin?6,)
Jwéo
o . w o
= k()\/fr + —— —sin?f, = —\/er + — —sin 6. (3.2)
Jweo C Jwe€p

Defining € = €, — sin?#;, (3.2) can be written as

k:i=—F(w), Fw)=,[e+

e Jweg

Hence, for perpendicular polarization

N = ) _k1771_ "o _ o
Z[(u)) = Z_L(u)) = I\‘z,l = F(u))‘ ZO = ZO_L = Cosf)i’ (33)
and for parallel polarization
k. noF(w
Zi(w) = Zy(w) = /*C"” = ’°+ (__) Zo = Zoy = mocosb. (3.4)
1 61‘ jch

24



As a result, (3.1) is written as

R(w) = - T(w)eo@’ (3.5)
where
2A
T(w) = TF(w)

3.1.2 The impulse response

Since R(w) exists, its Laplace domain representation also exists [21]-[23] and is

given by
[(s) —es7()

B(s) = Blomss = T-Tmyesor (3.6)
where
sT(s) = Jwr(w)l,=y/;
2A 2A
= WIS Py, = 50— Je+ 2
c c s€g
= -%-ﬁ\/:, [s+ =
c €p€
2A
NN (3.7
Z\(s) — Zo
I's) = —F/—F———. 3.8
(s) 7,00+ Zo (3.8)
Here v = ¢/V/E and sy = —o/(eo€). For perpendicular polarization the z-directed
impedance Z(s) is
"o "o
Z = —_ = ——
_l.(S) F(Ld) -y = o
s€g

NoS
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and for parallel polarization

1o F (w) Moy/€+
Zy(s) = €+ = T r =
r Jjweg w=s/j r seg
_ VeSS~ s (3.10)
S€, + % ' ’
Therefore, the interfacial reflection coefficient I'(s) in (3.8) can be written as
scosf; — Veé/sy/s — so (L pol)
scos; + VEy/s/s — 50 POt
[(s) = - (3.11)
VEV/s\/5 — 5o — cos b;(se, + Z) (Il pol)

VE/s\/s — 5o + cos B, (se, + ;";) .

The reflection coefficient R(s) is the transfer function of the system. Thus, the

impulse response r(t) is obtained by

r(t) = L {R(s)} = — [ R(s)e"ds (3.12)

B .}277 Br

where Br indicates the Bromwich path. This integral can be evaluated by contour
integration. We must thus examine the singularities and define an appropriate

branch for the integrand.

3.2 Singularities and the branch cut

From the complex square roots in s7(s) and Z;(s), the branch points are
located at s = 0 and s = sp. In order to ensure the continuity of R(s), the branch
cut is taken along the negative real axis between the two branch points.

From (3.6), the poles are the roots of
1 —T(s)e™*"® = 0. (3.13)
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Taking the logarithm of this equation and rearranging gives

In [F(S)e—sr(s)] =1In |I“(S)6—ST(5)

+ jarg [F(S)S_ST(S)] + j2n7r =0, (n =0,1,2,--- )

Since —7 < arg [I‘(s)e‘”(s)] < 7 and the goal is to find roots, n can be set to 0.

Therefore, the poles should satisfy

In |I’(s)e‘”(“)

+ jarg [T(s)e™"®] = 0. (3.14)

Except for the lossless case (0 = 0), wherein the poles can be calculated
analytically, the above equation needs to be solved numerically. For the lossless
case, both I'(s) and 7(s) are independent of s, and —1 < T < 0, i.e. arg(l') = 7. As

a result, from (3.14), the lossless case poles are
1 :
s=;[ln|[‘]i](2n—1)7r], n=123,--- (3.15)

From (3.14) and (3.15), it is clear that the poles occur in complex conjugate pairs as
expected for real signals. Table 3.1 shows the lossless case poles, where §; = 0°,

€, =9 and A = 2 cm. In the table, only poles in the upper-half complex plane are
shown.

When the conductivity is nonzero, equation (3.14) can be solved by 2-D root
search algorithms such as the Newton-Rahpson method [17], which was used in this
work using the lossless case poles as the initial guesses. At this point, it should be
emphasized that the real part of a pole should be less than or equal to zero for a
passive system. This can be shown to be true by noting that the magnitude of
['(s)e™*7) in (3.14) is always less than 1 if Re{s} is greater than zero, since both
the magnitudes of I'(s) and e™*"(*) are less than 1 as can be shown using (3.7) and

(3.11). Here, it should be remembered that sy = —o/(€g€) is a non-positive
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constant. As a result, no solution of (3.14) can exist if Re{s} is positive.

Figure 3.2 and Figure 3.3 show several pole trajectories obtained by the
Newton-Rahpson method when the conductivity ¢ varies from 0 to 10 S/m for
perpendicular and parallel polarization respectively. When the conductivity reaches
a certain value, each pole becomes purely real. In the figures, the conductivity
values at which the poles become real are shown, and the corresponding pole
locations in the complex s plane are shown as the cross-marks. As shown in the
figures, when the conductivity increases, the magnitudes of the imaginary parts of
the poles decrease whereas those of the real parts increase until the poles approach
the real axis and become purely real. This phenomenon is clearly seen in Figure 3.4
and Figure 3.5. Note the difference between the mode 0 pole trajectories of the
perpendicular and parallel polarization cases.

These pole trajectories of both polarizations suggest that when the
conductivity becomes higher, the amplitude decay factors become larger, resulting
in a smaller contribution to the late-time response.

In Figure 3.6 and Figure 3.7, the pole trajectories for varying angle of incidence
are shown, where ¢, =9 and 0 = 0.1 S/m. As seen in Figure 3.6, which depicts the
pole amplitudes of the perpendicular polarization case, as the angle of incidence
increases, the magnitudes of the real parts of the poles monotonically decrease
whereas those of the imaginary parts are relatively unchanged. At this point, it
should be emphasized that the pole locations do not solely determine the late-time
transient responses. In order to obtain the correct transient responses, the residues
corresponding to the poles should be considered. For the parallel polarization case,
as the angle of incidence increases, the magnitudes of the real parts of the poles

show a dip around 70° of incidence angle which approximately corresponds to the
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Brewster angle calculated as [15]

- €2 - 9
O = sin~! =sin"'y [ —— = T1.6°,
Bl €1+ €2 ! 1+9

where we assume the dielectric material is lossless and €, = 9. Also, it should be

noticed that the mode 0 pole becomes real approximately at this angle. This
behavior evidently suggests that the late-time response may be affected by the
Brewster angle. Further discussions on this behavior will be made in the result
section of this chapter. The existence condition for the real poles and the algorithm
for finding such poles are examined next.

Let us assume a complex frequency s to be negative real and denote its

magnitude as x, where x > 0. Then, if s > s, i.e., 0 > —s€o€, from (3.7) and (3.11)

—]—\/—\/ (z + sp), (3.16)

and the reflection coeflicient becomes

—zcosh; — jVEVT/ —(z + s0)

—zcos; + jVEVT/—(T + 50) (L pol.)
e (3.17)

IVEVT/—(z + 50) — cosb;(—ze, + Z) ( 1)
pol.
IVEVZ/—(z + 50) + cos bi(—xe, + ;5)

It is now clear that the magnitudes of both e7*"(*) and I'(s) are 1. As a result,
In IF(s)e‘"(s)| = 0, and the poles need to satisfy only the imaginary part of (3.14),
ie., arg [I’(s)e‘”(s)] = 0. Therefore, if we denote —(2A/v)\/z\/—(x + sp), which is

—s7(s), as ¢; and arg [['(s)] as ¢, the poles need to satisfy
b1+ +2mm =0 n=012-- (3.18)

Here, only the positive sign in front of n is necessary, since ¢, is always negative,
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when s > sp and —7 < ¢ < m. The above equation, which we call the characteristic
function, can be solved by any 1-D root search algorithin, such as the secant
method, which was used in this work. Here, it is very important to note that (3.18)
does not always have solutions, and that the number of solutions is dependent upon
the conductivity, permittivity and incident angle. In addition, great care should be
taken when finding the real roots, especially for the n = 0 case where the
characteristic function can have more than one root, which may cause the usual
secant method to fail. Figure 3.8 and Figure 3.9 show the amplitude of the
characteristic function versus the amplitude of s, which is purely real. In Figure 3.8,
the 0 amplitude line was crossed 3 times by the characteristic function, and the
corresponding values of s are the poles. Here, the left end point of the amplitude
curve of the n = 0 case corresponds to the removable pole located at s = sy as
shown in the following discussion. On the other hand, there is no such crossing in
Figure 3.9 implying no pole exists for that case.

If s < 59, s7(s) becomes negative real causing e=*"®) to be greater than 1, and
I'(s) becomes real. Therefore, in (3.14), arg [[(s)e™*"(*)] = 0 can only be satisfied
when I'(s) > 0. If s < sp and I'(s) > 0, the poles only need to satisfy
In|T(s)e=*"(¥)| = 0. Figure 3.10 shows the amplitudes of the reflection coefficients
for both polarizations, where s < sg. As shown in the figure, for perpendicular
polarization, the reflection coefficient I'(s) = 1 when s = sy and monotonically
decreases as s decreases. In particular, it becomes negative when s < #, since

€r

the reflection coefficient has roots

g

R STey

As a result, one additional real pole can exist when < § < s for

—g
eo(l—cr)

perpendicular polarization. Figure 3.11 shows the amplitudes of —s7(s), In|T'(s)]
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and their sum for perpendicular polarization. In the figure, the point where

In|T'(s)| — s7(s) crosses the 0 amplitude line represents the pole location. It should
be noted that the apparent pole s = sy where both e77(¢) and I'(s) are 1 is a
removable pole, since the numnerator of the reflection coefficient becomes identical to
the denominator.

For parallel polarization, I'(s) = —1 when s = sp, and it has two real roots at

o o
eo(l —€,)  €otan?0; —e,)

S =

Therefore, depending on ¢, and 6;, the amplitude of the reflection coefficient
increases initially, then stays positive or monotonically decreases as s decreases. As
a result, at most 2 real poles can exist when s < sq for parallel polarization. Figure
3.12 shows the case where 2 real poles exist. However, it should be noted that the
contribution to the late time response from the real poles located where s < s¢ are
dominated by the contributions from the other poles, since their real parts are much
smaller than those of the dominant poles.

A complete sketch of the poles is shown in Figure 3.13 and Figure 3.14. In the
figures, the solid lines represent the trajectories of the complex poles, and the
cross-marks represent the real poles. The real poles consist of the poles with
magnitudes less than s and those with magnitudes greater than sy. Since the
complex pole trajectories from different modes follow approximately the same curve
in the complex s plane (before each mode becomes real and diverges), it is difficult
to resolve each complex pole trajectory from the figures. As previously discussed,
the complex poles gradually become real poles as the conductivity increases. Note

that, except for mode 0, each single complex pole splits into a pair of real poles.
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3.3 Evaluation of r(t)

Since all poles and branch points lie in the left half plane including the
imaginary axis, the region of convergence is the right half plane. Therefore, the
Bromwich path is put in the right half plane and the Laplace inversion integral is
evaluated by contour integration. The evaluation is accomplished in two different
time intervals, corresponding to the early-time period and the late-tiine period. The
beginning of the late-time period is 7o = %, which represents the two-way transit

time of the wave inside the dielectric slab.

3.3.1 Casel:t >

When t > 79, the integration contour is closed in the left half plane as shown in
Figure 3.15. Inside the contour, the branch cut lies from 0 to sy and there is a
closed path enclosing the branch cut and several possible real poles on the branch
cut (two of which are shown). We denote the outer integration contour which
includes the Bromwich path as Cy and the closed path which encloses the branch

cut as C, such that

Co = Br+To+ Li+ Ly,

Ci = m+m+-+w+h+lb+--+1.

Then, by Cauchy’s residue theorem,

/ R(s)e*ds = jQﬂZ Res[R(s)e™, poles] (3.19)
Co+Ch

Therefore, if the integral contribution from each path is known, the impulse

response 7(t) can be determined.
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The contribution from I'

On 'y, from (3.7),

Re{r(s)} = Re{ im 22 1+L}

Re{s}—-00 VU SEQE

12

— =Ty
v

If we let t, =t — 79, which is positive since we are evaluating the integral when

t > 19, then

F(S)(?STO — e57(8) S0 .
st — sty — sty <
/w R(s)e* ds /oo T ds /Oo f(s)e* ds

Since f(s) — 0 on I, by Jordan’s Lemma [20], [21],

/ R(s)e’'ds =0 (3.20)

oo

The contribution from L, and L.

On L; and Lo, it is not possible to apply Jordan’s Lemma without imposing
some restrictions that will be introduced in subsequent discussion, since R(s) does
not approach zero over these paths. Furthermore, it would be very difficult to
evaluate the inversion integral directly. However, it is possible to apply Jordan's
Lemma if we use the following theorem [14]:

Theorem Let f(t) be a function which is APC (almost piecewise continuous) and
which is identically zero for t greater than some number T. Then the Laplace
transform of f(t) approaches zero uniformly as s becomes infinite in a right half
plane,

|arg(s — co)| <

Y

SR

where ¢y = 09 + Jwy s any complex constant in the s plane.
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In this theorem, the APC function is piecewise continuous except at a finite
number of isolated points. Let the time response of the incident wave be given by
g(t), and let this function be APC. Then the response of the systemn is given by
G(s)R(s), where G(s) = L{g(t)}. Since G(s) approaches zero on Ly and L,, we can
use Jordan’s Lemma to show that the contribution from L; and L, is zero for an
APC input waveform. When considering the impulse response, we view the delta

function as a functional that is APC [21], [24], and thus

R(s)cds =0 (3.21)
Ly,Lq

The contribution from C,;

The segments of the contour Cy enclosing the branch cut can be divided into
three groups. The first group consists of 4; and 4,4 that enclose the branch points sg
and 0 respectively. The second group consists of the straight lines immediately
below and above the branch cut, and those are designated [, l5, - -+, ls. The last
group consists of y,, ¥3, 75 and 7 that enclose the real poles on the branch cut.
These groups will be examined separately.

Denote the radius of 47 as r, and let 6 to be the angle measured
counterclockwise from the real axis to the point on 74;. Then, any point on 5, can be
represented as

s = sg+rel.
The reflection coefficient on 4, with r — 0, i.e. s — sg, becomes

8o — ZOJ_\/§\/§\/5 — S0

I(s) sno + ZoL VEVSVs — 8o (3.22)
5) = .

NoVeVsv/s — so — Zoj(ser + Z)

MoVEVsys = so+ Zoj(ser + )

— 1, L1-pol

— =1, || - pol
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Then,

I(s) — es70) et . L -pol
R(s)e® = ——————(5;‘ - _ST(s)es' = p
L=T(s)e —e® || - pol
and
IR(s)es'| < elso+nt
Therefore,

<2mreltt 0, (r— 0).

/ R(s)e ds
m

As a result,

/ R(s)e*'ds = 0. (3.23)
7
Similarly, it can be shown
/ R(s)e* ds = 0. (3.24)
T4

For the second group, it is necessary to determine I'(s) and s7(s) along a path
immediately above the branch cut, which we denote as B*, and immediately below
the branch cut, which we denote as B~. If we denote the magnitude of s as x

(so+7r < —x < —r <0), then on Bt

Vsv's —so = jvav/—1 — 5o,
and on B,
\/Evs—So = -J\/EV*I — So-

Now, let Z(s) on B* be denoted as Z*, and Z(s) on B~ as Z~. Then, using (3.11),
it can be shown that

Zt=—7". (3.25)
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Since,

[(s) — e

R(: Bl S
(5) 1-— F(s)e—ST(S)
_ [Z(S) - Z()](»‘%ST(S) _ [Z(@) + ZO](Z—%ST(S)
(Z(s) + Zy)ers™) — [Z(s) — Zolem2°7()
we have,
+— Zoled® — [Z —jo
R(s)|ys = (2o =20 = (2" + Zo)e

[Z+ + Z()](’JO - [Z+ - Z()]C»j‘p
jZ%sing — Zycos d
JjZ*sing + Zgcos ¢

where jo = %sr(s), and

(Z7 = Zyle™7® — [Z~ + Zp)c?®
(Z- + Zyle™70 — [Z— — Zp|es?
—jZ " sin¢p — Zycos é
—JZ~sing + Zycos ¢

R(s)|p- =

Therefore, by (3.25)
R(s)|g+ = R(s)|n-.

As a result,

/ R(s)|g+e®ds + / R(s)|p-€*ds =0 (3.26)
L+l2+13

la+ls+1g
The integral contributions from the third group and the other complex poles
can be determined by calculating the residues of R(s)e®t at the poles. It is found

that all of the poles of R(s) are of first order and thus

F(S) _ e—.s"r(s)
1 —T(s)es7(s)

Res [R(s)e®, poles| |s=s, = lim (s — sx) e | = Age',  (3.27)
S— Sk
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where

[(sg) — e sk7(s%)
Ap = — (3.28)
iz [L(s)e™ 7] o=,

is the complex natural mode amplitude. Carrying out the details gives

A 25 — s
A = —%\/5\/3—50 R 9

where
252 — ss¢

2c0s 0;V/E/5y/5 — sp — cos b; \/_\/E\/s_—s—o
s2cos? 0; + 25Vey/s\/s — sg + (s — o)

for perpendicular polarization and

G(s) =

o, ~ 28—5g -
cos 0;(se, + —)\/— — 26, cos 0;VEV/3Vs — 5o
G(s) = \/_\/s — S0

2
€s(s — sp) + 2 cosb;(se, + \/_\/-\/S-—bo-i-COS 0;(se, + —)

€0

for parallel polarization.
Collecting the results from (3.20)-(3.29), the impulse response r(t) becomes

1 st
r(t) = o ds = Z Age™t  t> 1, (3.30)
Br

and thus the late-time period is a pure natural resonance series, and contains no

branch-cut contribution.

3.3.2 Casell:t < 7

For t < 7, r(t) is found by computing the inverse Laplace transform of

R(s) = T'(s) + R(s), where

e—sr(s)

R(s) = R(s) = T(s) = [[*(s) = 1] 1= e
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Then
— 1 P—ST(S)

R(t) = L7 {R(s)} = ;_Q;/Br [[%(s) — 1] - f(.s)e—sr<s)es'(l3'

To compute this integral, the integration contour is closed in the right half plane, as

shown in Figure 3.16. On I'y, from (3.7),

2A
Re{r(s)} = Ro{ lin — 1+i}

Re{s}—o0 V SE€YE

2A

v

1

If we let t, = t — 79, which is negative since we are evaluating the integral when

t < 79, then

_ —s7(8) 870
/ R(s)e*' ds = / [[%(s) — 1] ffZS)TC-ST(T)es“ ds = (s)e** ds
oo oo g | P9

Here, it is not possible to apply Jordan’s Lemma directly, since f(s) does not
approach zero over the entire contour I',,. However, if we use the theorem

introduced earlier, it can be argued that

/ R(s)e*ds =0

| 4

The inverse transform of I'(s), denoted as I'(t), can be found in [26] and [27]. As a

result, when ¢ < 79, 7(t) becomes
r(t) =T(t), t<r7o. (3.31)

Combining the results (3.30) and (3.31), the impulse response r(t) is

ST Agetrt, t > 7
r(t) = (3.32)
F(f), t < 7.
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3.4 Results

It has been shown analytically that the early-time response is a specular
reflection from the interface between free-space and the dielectric slab, and the
late-time response is a pure sumn of damped sinusoids. In order to verify these
results, the natural mode series is compared to the direct IFFT using a truncated
Gaussian pulse as the input waveform. This waveform is given by f(t) = e~ "(t=#?/7*
where 7 and g are 0.1 and 0.15 ns respectively, and is shown in the inset of Figure
3.17. Figures 3.17-3.25 show the transient responses calculated by the natural mode
series and the IFFT. In addition, the IFFT of the interfacial reflection coefficients
['(s) are also shown in order to explain the early-time behavior. The natural
resonant frequencies of the corresponding cases are shown in Table 3.1-3.9.

As an example of the results, in Figure 3.19 the incident wave is in
perpendicular polarization with an incidence angle of 20°, and the material
parameters are A = 2 cmn, €, = 9 and o0 = 0.1 S/m. Therefore, the beginning of the
impulse response late-time, i.e., the two-way transit time of the wave inside the slab,
is 79 = 0.397 ns. As shown in Figure 3.19, during the early-time period, before 7,
the IFFT of R(w)F(w) (where F(w) is the spectrum of the input waveform)
matches well with the IFFT of I'(w) F(w), which is the specular reflection from the
interface. During the late-time, the IFFT of R(w)F(w) matches well with the
natural mode series. It should be noted that when t < 7y the response from the
natural mode series does not have any meaning; i.e., the natural mode series is valid
only when t > 7q, the late-time period. Since the frequency band of the input
waveform is roughly 0 — 20 GHz, it was found that the first 7 natural modes, which
are shown in Table 3.3, are sufficient to represent the late-time reflected field.

Figure 3.17 shows the response from the lossless, normal incidence case. As
seen in the figure, there are equally spaced replicas of the input waveform with

gradually diminishing amplitudes during the late-time period. Note that the
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amplitude of the first peak is greater than that of the specular reflection in this case.

Comparing Figures 3.20 and 3.21 to Figures 3.18 and 3.19, due to the relatively
higher conductivity in the Figure 3.20 and 3.21 cases, relatively smaller late-time
responses are observed. The corresponding natural resonance frequencies for these
cases are shown in Tables 3.4 and 3.5, and it is seen that the first mode poles of
these cases are purely real.

The responses from both polarizations with the incidence angle 8; = 70°, which
is close to the lossless case Brewster angle, are shown in Figures 3.22 and 3.23. As
seen in Figure 3.22, the interfacial reflection is very small compared to the first peak
of the late-time response for the parallel polarization case. Also, note that no
subsequent late-time response is observed for this case. This property is not
observed for perpendicular polarization case, as shown in Figure 3.23.

Figures 3.24 and 3.25 show the responses when the incidence angle is large
(85°) for parallel and perpendicular polarization respectively. As seen in Table 3.8,
the parallel polarization case has a real pole with a relatively smaller amplitude. As
a result, the late-timne response from the parallel case shows a slower decay rate
than the perpendicular case. On the other hand, it is observed that the late-time
response from the perpendicular case is smaller than the parallel case due to its high

interfacial reflection.
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Table 3.1: Poles and corresponding complex natural mode amplitudes (Ax), loseless

case (e, =9, A =2cm, §; =0°)

Pole Amplitude

Natural Mode Amplitude

Real Part

Imaginary Part

Real Part

Imaginary Part

mode 0

—.17329 x 10'°

78540 x 10'°

.37500 x 10!°

.70819 x 107

mode 1

—.17329 x 10%°

23562 x 10!

.37500 x 1010

26797 x 1073

mode 2

—.17329 x 100

.39270 x 10!

.37500 x 1010

.29858 x 1073

mode 3

—.17329 x 100

54978 x 10!

37500 x 1010

10715 x 1073

mode 4

—.17329 x 10%°

.70686 x 10!

.37500 x 10!°

58186 x 1075

mode 5

—.17329 x 10'°

86394 x 10'!

.37500 x 10!°

.15007 x 104

mode 6

—-.17329 x 10%°

.10210 x 10'?

.37500 x 1010

.64309 x 107°
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Table 3.2: Poles and corresponding complex natural mode amplitudes (Ax), || polar-

ization (¢, =9, A =2 cm, §; = 20°, 0 = 0.5 S/n)

Pole Amplitude Natural Mode Amplitude
Real Part Imaginary Part Real Part | Imaginary Part
mode 0 | —.52539 x 10'° | .62604 x 1010 |/ .50445 x 10'° | .26990 x 10'°
mode 1| —.50527 x 10*° | .23232 x 10" || .41113 x 10'° | .69726 x 10°
mode 2 | —.50419 x 10'° | .39239 x 10'* | .40715 x 10 | .41149 x 10°
mode 3 | —.50390 x 10'° | .55133 x 10! | .40610 x 10'° | .29261 x 10°
mode 4 | —.50378 x 10'° | .70990 x 10'! | .40567 x 10 | .22717 x 10°
mode 5 | —.50372 x 10'° | .86830 x 10'! | .40546 x 10'° | .18569 x 10°
mode 6 | —.50369 x 10!° | .10266 x 10'? | .40534 x 10'° | .15704 x 10°
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Table 3.3: Poles and corresponding complex natural mode amplitudes (A), L polar-
ization (e, =9, A =2 cm, §; = 20°, 0 = 0.1 S/m)

Pole Amplitude Natural Mode Amplitude

Real Part Imaginary Part Real Part | Imaginary Part

mode 0 | —.23079 x 10 | .77397 x 10 || .36509 x 10| .32595 x 10°
mode 1| —.22824 x 10'°| .23661 x 10'! | .35377 x 10'°| .11479 x 10°
mode 2 | —.22804 x 10'° | .39494 x 10'! || .35288 x 10'° | .69136 x 10®
mode 3 | —.22799 x 100 | .55315 x 10! | .35264 x 100 | .49433 x 10%
mode 4 | —.22797 x 10'° | .71131 x 10! | .35254 x 101 | .38464 x 10®
mode 5 | —.22796 x 10'° | .86946 x 10'! |l .35249 x 10'° | .31477 x 10®
mode 6 | —.22795 x 10! | .10276 x 10'? || .35246 x 10'° | .26638 x 10®
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Table 3.4: Poles and corresponding complex natural mode amplitudes (Ayg), || polar-
ization (¢, =9, A =2 cm, 6, = 30°, 0 = 1.0 S/m)

Pole Amplitude Natural Mode Amplitude
Real Part Imaginary Part Real Part Imaginary Part
—.52600 x 1010 0.0 —.68433 x 10'° | —.51876 x 103

mode 0
—.12581 x 101 | .19393 x 10! .10205 x 10! | —.16967 x 10'°

mode 1| —.85250 x 10'° | .22393 x 10!} 45539 x 100 | .16527 x 10'°
mode 2 | —.85010 x 10'° [ .38947 x 10" 45153 x 10%° 194467 x 10°
mode 3 | —.84948 x 10'° | .55133 x 10! 45059 x 100 66634 x 10°

mode 4 | —.84923 x 10'° | .71204 x 10" 45022 x 100 51564 x 10°

mode 5 | —.84910 x 10'° | .87223 x 10! 45004 x 100 42081 x 10°
mode 6 | —.84903 x 10'9| .10322 x 10!? 44993 x 10'° .35555 x 10°
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Table 3.5: Poles and corresponding complex natural mode amplitudes (Ax), L polar-

ization (¢, =9, A =2 cm, 6; = 30°, 0 = 1.5 S/m).

Pole Amplitude Natural Mode Amplitude
Real Part Imaginary Part Real Part Imaginary Part
mode 0 | —.33106 x 10'° 0.0 —.13299 x 10'° | .20254 x 10?
mode 1 | —.11233 x 10'! | .21104 x 10! 32151 x 10%° | .17600 x 10%°
mode 2 | —.11227 x 10'! | .38219 x 10! .32366 x 10'° .97606 x 10°
mode 3 | —.11225 x 10!' | .54621 x 10! 32421 x 10%° 68370 x 10°
mode 4 | —.11224 x 10! | .70808 x 10! .32443 x 10%° 52763 x 10°
mode 5 | —.11224 x 10" | .86900 x 10" || .32454 x 10'® | .43002 x 10°
mode 6 | —.11224 x 10'' | .10294 x 10'? || .32460 x 10'° | .36305 x 10°

45




Table 3.6: Poles and corresponding complex natural mode amplitudes (Ay), || polar-

ization (¢, =9, A =2 cm, §; =70°, 0 = 0.5 S/1n)

Pole Amplitude Natural Mode Amplitude

Real Part Imaginary Part Real Part Imaginary Part
mode 0 | —.37966 x 10'° 0.0 —.58702 x 10'° | —.55113 x 103
mode 1 | —.10993 x 10'! | .21160 x 10! .10655 x 10! | .48499 x 10!
mode 2 | —.11619 x 10" | .39009 x 10! 39566 x 10! | .45363 x 10!
mode 3 | —.11821 x 10! | .56182 x 10! 52026 x 10! | .36984 x 10!
mode 4 | —.11908 x 10'* | .73090 x 10! 57936 x 10! | .30405 x 10"
mode 5 | —.11953 x 10! | .89869 x 10" 61121 x 10! | .25589 x 10"
mode 6 | —.11979 x 10! | .10658 x 10'? 63104 x 10! | .22008 x 10"
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Table 3.7: Poles and corresponding complex natural mode amplitudes (Ax), L polar-
ization (¢, =9, A=2cm, §; =70°, 0 = 0.5 S/m)

Pole Amplitude Natural Mode Amplitude
Real Part Imaginary Part | Real Part | Imaginary Part
mode 0 | —.41396 x 101 | .71833 x 10'° | .13691 x 10'° | .67111 x 10°
mode 1 [ —.41206 x 1010 | .24473 x 10** | .12906 x 10'° | .18876 x 10°
mode 2 | —.41192 x 1019 | 41150 x 10'! | .12854 x 10'°| .11193 x 10°
mode 3 | —.41188 x 100 | .57748 x 10'! | .12840 x 10'° | .79695 x 10®
mode 4 | —.41187 x 100 | .74320 x 10! | .12835 x 10'° | .61904 x 108
mode 5 | —.41186 x 10'° | .90880 x 10! | .12832 x 10'° | .50615 x 10®
mode 6 | —.41186 x 10'° | .10743 x 10'2 | .12830 x 10'° | .42811 x 10®

47




Table 3.8: Poles and corresponding complex natural mode amplitudes (Ay), || polar-

ization (e, =9, A =2 cm, 6, = 85°, 0 = 0.5 S/m)

Pole Amplitude Natural Mode Amplitude
Real Part Imaginary Part Real Part Imaginary Part
mode 0 | —.11692 x 10%° 0.0 —.21180 x 10| .20153 x 103
mode 1| —.50128 x 10| .16532 x 10! | —.30588 x 10'° | .57062 x 10°
mode 2 | —.50326 x 100 | .33249 x 10! | —.31490 x 10'°| .30084 x 10°
mode 3 | —.50365 x 100 | .49921 x 10™ | —.31678 x 10'°| .20275 x 10°
mode 4 | —.50379 x 10'° | .66584 x 10! | —.31745 x 10'°| .15265 x 10°
mode 5 | —.50386 x 100 | .83242 x 10! | —.31777 x 100 | .12234 x 10°
mode 6 | —.50390 x 1010 | .99899 x 10'! || —.31794 x 100 | .10205 x 10°
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Table 3.9: Poles and corresponding complex natural mode amplitudes (Ax), L polar-
ization (e, =9, A =2 cm, §; = 85°, 0 = 0.5 S/1n)

Pole Amplitude Natural Mode Amplitude

Real Part Imaginary Part | Real Part | Imaginary Part

mode 0 | —.36956 x 10'° | .74632 x 10'® || .33232 x 10° | .15734 x 10°
mode 1 | —.36944 x 10'° | .24705 x 10" | .32742 x 10° | .46879 x 108

mode 2 | —.36943 x 10'° | .41468 x 10'! || .32704 x 10° | .27899 x 108

mode 3 | —.36943 x 1010 | .58168 x 10'! || .32694 x 10° | .19883 x 108

mode 4 | —.36943 x 1010 | .74847 x 10! | .32690 x 10° | .15451 x 108
mode 5 | —.36943 x 10'° | 91517 x 10" | .32688 x 10° | .12636 x 108
mode 6 | —.36943 x 10'° | .10818 x 10'? || .32686 x 10° | .10689 x 103

49



X
Free Space (Dielectric|
~, (region 0) [(region1)

N

.
.
‘t
r [
.
‘l
-
K
"
,
1
.
K
,.
]
1]

N

4

Z

0
0

7
€ ’ uo-,» (0) | /

z=0 z!=A

Figure 3.1: A uniform plane wave incident from free space upon a conductor-backed
lossy slab.
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Figure 3.2: Pole trajectories of the reflection coefficient, L polarization (¢, = 9, A = 2
cm, 6; = 30°).
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Figure 3.3: Pole trajectories of the reflection coefficient, || polarization (¢, =9, A =2
cm, 6; = 30°).
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Figure 3.4: The amplitude of the imaginary parts of poles vs. conductivity, L polar-
ization (¢, =9, A=2cm, 0, = 30°, 0 =0 — 10.0 S/m).
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Figure 3.5: The amplitude of the imaginary parts of poles vs. conductivity, || polar-
ization (e, =9, A =2 cm, §; = 30°, 0 =0 — 10.0 S/m).
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Figure 3.17: Time domain response, lossless case (¢, = 9, A = 2 cin, 6; = 0°). Inset
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Figure 3.18: Time domain response, || polarization (¢, = 9, A = 2 cm, §; = 20°,
o =0.5S/m).
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Figure 3.21: Time domain response, L polarization (¢, = 9, A = 2 cm, 6; = 30°,
o =1.5S/m).
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Figure 3.22: Time domain response, || polarization (¢, = 9, A = 2 c¢m, 6; = 70°,

o0 =0.5S/m).

71



1.4

0.4 r
%
o f
TV-02F o
2 v
—_— \
3 by
- 5 1
< 0.4 1 |‘ )
* ]
!
-o6f | | -
Y.
L
o8} - - IFFT [(0)F(o)
* |FFT R(w)F(w)
— Natural Mode Series
-1 a2 a a2 _A 1 1 X
0 0.2 0.4 0.6 0.8 1 1.2
Time (nsec)

o =0.5S/m).

72

Figure 3.23: Time domain response, L polarization (¢, = 9, A = 2 cm, 6; = 70°,



Amplitude

0.6p

0.4}

04

-04

-06



0-6 L ] L] L § L | L ) | ) ) 8
] - = |FFT I'(0)F(w)
Y *  |FFT R(o)F(o)
0.4F " '| — Natural Mode Series N
'}
4
L 1
0.2f ; % ’
[} 1
o |
0
g X
g
-0.2F
<
-0.4F .
-0.6} \} -
-08 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

Time (nsec)

Figure 3.24: Time domain response, || polarization (¢, =9, A = 2cm, §; = 85,
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Chapter 4: Natural Mode Analysis
of an Air-Backed Slab

In the previous chapter. the transient response from the conductor backed slab
has been discussed. For the air backed slab case, most of the previous developments
can be used with a few modifications. The main difference froin the previous case is
that the reflection coefficient has the different form due to its different backing
material. For the detail of the following discussion, refer to the conductor-backed
case in the previous chapter. However, in some parts, the discussion will be

repeated in order to clarify the developments.

4.1 Formulation of the frequency-domain
reflection

Consider a plane wave of frequency w incident from free space onto an interface
between free space and an air backed slab of material with frequency independent
material parameters € = €€, (o, and o, and with thickness A, as shown in Figure
4.1. In the figure, region 0 and region 1 correspond to free space and the dielectric
slab respectively. Likewise, for the subsequent discussion, the subscripts 0 and 1
correspond to free space and dielectric, respectively. As shown in (2.41), (3.3) and

(3.4), the reflection coefficients have the general form

_ [(w)[1 — e77+7@)]
R(w) = 1 — 2 (w)e 7



where I'(w) is the interfacial reflection coefficient, given in gencral form by

_ Zy(w) = Zy
W=z 072
and
T(w) = Z?F(w), F(w) = E+J'_‘jgg'

Since R(w) exists, its Laplace domain representation also exists [21], and is

given by
_T(s)[1 —e*09)]

R(S) = R(‘”)L}:b/] - 1— 1"2(3)e—s7'(5) !

where

sT(s) = —2-1?-\/5\/3 — S0, (4.3)
Z\(s) = 2o
Z] (S) + ZO ,
as shown in (3.7) and (3.8). Here v = ¢/V/ and sy = —0/(¢ge).

For perpendicular polarization the z-directed impedance Z(s) is

T
Zi(s) = Fb— Sg— -
((U) w=s/j €+ s_(:;
NoS
S L — 4.5
\/?\/3\/8 — S0 (45)
and for parallel polarization
o F (w) Moy/E+ 3G
Z(s) = = = o1
r Jjweo w=s/j r seo
_ 770\/%\/5\/3 — Sp 46
- ser + Z ' (4.6)
T €0

76



Therefore, the interfacial reflection coefficient I'(s) in (4.4) can be written as

scosti — VEV/sv/s = s

scosb; + Ve /sV/s =50
VEVEY/T = — cosi(ses + 2)
VEV5V/s — 5o + cosi(se, + Z)

(L pol.)

(Il pol.)

The reflection coefficient R(s) is the transfer function of the system. Thus, the

impulse response r(t) is obtained by

r(t) = £ {R(s)} = J% | R(s)enas (4.8)

where Br indicates the Bromwich path. This integral can be evaluated by contour
integration. We must thus examine the singularities and define an appropriate

branch for the integrand.

4.2 Singularities and the branch cut

From the complex square roots in s7(s) and Z,(s), the branch points are
located at s = 0 and s = sp. In order to ensure the continuity of R(s), the branch
cut is taken along the negative real axis between the two branch points.

From (4.2), the poles are the roots of
1 —T%(s)e™*"® = 0. (4.9)
Taking the logarithm of this equation and rearranging gives
In [[?(s)e™™)] = In|T?(s)e™"")|+jarg [[*(s)e™ "] £ j2nr =0, (n=0,1,2,---).

Since —m < arg [I‘Z(s)e‘“(s)] < 7 and the goal is to find roots, n can be set to 0.
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Therefore, the poles should satisfy
In ‘I‘z(s)e‘s’(s)[ + jarg [I‘z(s)e_”(s)] = 0. (4.10)

Except for the lossless case (o = 0), wherein the poles can be calculated
analytically, the above equation needs to be solved numerically. For the lossless
case, both I'(s) and 7(s) are independent of s, and —1 < I' < 0, i.e. arg(I') = 7. As

a result, from (4.10), the lossless case poles are

s=—[In|l'| £ jn7], n=0,1,2,3,--- (4.11)

NN

Note that, unlike the conductor-backed case, (4.11) has a real pole even for the
lossless case. From (4.10) and (4.11), it is clear that the poles occur in complex
conjugate pairs as expected for real signals. Table 4.1 shows the lossless case poles,
where 6; = 0°, ¢, = 9 and A = 2 cm. In the table, only poles in the upper-half
complex plane including the real axis are shown.

When the conductivity is nonzero, equation (4.10) can be solved by 2-D root
search algorithms such as the Newton-Rahpson method [17] using the lossless case
poles as the initial guesses. Again, it should be emphasized that the real part of a
pole should be less than or equal to zero for a passive system. This can be shown to
be true by noting that the magnitude of I'?(s)e=*"(*) in (4.10) is always less than 1 if
Re{s} is greater than zero, since both the magnitudes of I'(s) and e=*"(*) are less
than 1 as can be shown using (4.3) and (4.7). Here, it should be remembered that
so = —0/(€of) is a non-positive constant. As a result, no solution of (4.10) can exist
if Re{s} is positive.

Figure 4.2 and Figure 4.3 show several pole trajectories obtained by the
Newton-Rahpson method when the conductivity o varies from 0 to 10 S/m for

perpendicular and parallel polarization respectively. Here, only the complex poles
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are shown and the mode number 0 is assigned to the pole with the smallest
imaginary part and the mode number 1 for the next smallest, and so on. Similar to
the conductor-backed case, when the conductivity reaches a certain value, each pole
becomes purely real. In the figures, the conductivity values at which the poles
become real are shown, and the corresponding pole locations in the complex s plane
are shown as the cross-marks. As shown in the figures, when the conductivity
increases, the magnitudes of the imaginary parts of the poles decrease whereas those
of the real parts increase until the poles approach the real axis and become purely
real. This phenomenon is clearly seen in Figure 4.4 and Figure 4.5. Note the
difference between the mode 0 pole trajectories of the perpendicular and parallel
polarization cases.

These pole trajectories of both polarizations suggest that when the
conductivity becomes higher, the amplitude decay factors become larger, resulting
in a smaller contribution to the late-time response.

In Figure 4.6 and Figure 4.7, the pole trajectories for varying angle of incidence
are shown, where ¢, = 9 and ¢ = 1.0 S/m. As seen in Figure 4.6, which depicts the
pole amplitudes of the perpendicular polarization case, as the angle of incidence
increases, the magnitudes of the real parts of the poles monotonically decrease
whereas those of the imaginary parts are relatively unchanged. Again, it should be
emphasized that the pole locations do not solely determine the late-time transient
responses. In order to obtain the correct transient responses, the residues
corresponding to the poles should be considered. For the parallel polarization case,
as the angle of incidence increases, the magnitudes of the real parts of the poles
show a dip around 70° of incidence angle which approximately corresponds to the

Brewster angle calculated as [15]

- €2 . 9 .
fpy =sin!, | —— = Ly —— =71.6°,
Bl \/ €1+ € i 1+9
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where we assuine the dielectric material is lossless and €, = 9. Similar to the
conductor-backed case, for the air-backed case, the mode 0 pole also becomes real
approximately at this angle. However, unlike the conductor-backed case where the
mode 0 pole remained real beyond this incidence angle, it becomes complex pole
again (in this case, it becomes real at 68° and becomes complex again at 72° of
incidence angle), and it follows the trajectory of the bottom arc of the higher mode
(mode 1) as shown in the top figure of Figure 4.7. The other modes also show the
similar behavior, i.e. at a certain angle of incidence, they follow the bottom arc of
the trajectories of the next higher modes. It seems that this particular behavior is
due to the periodic nature of the arguments of the complex numbers. The behavior
of the parallel polarization case evidently suggests that the late-time response may
be affected by the Brewster angle. The existence condition for the real poles and the
algorithm for finding such poles are examined next.

Let us assume a complex frequency s to be negative real and denote its

magnitude as z, where £ > 0. Then, if s > sp, i.e., 0 > —s€¢€, from (3.7) and (3.11)

s7(s) =j%\/a_:\/—(x+so), (4.12)

and the reflection coefficient becomes

—xcos@i—j\/%ﬁ\/m (L

—zcosb; + jVEVT\/—(z + 50) pol.)
I(s) = (4.13)

iVEVz/—(z + so) — cos B;(—ze, + +2Z) 0l pol)
JVeEVz/—(x + s0) + cos b (—ze, + )' pol

It is now clear that the magnitudes of both e=*"(*) and I'(s) are 1. As a result,

In IF )2 ‘”(s)l = 0, and the poles need to satisfy only the imaginary part of (4.10),
i.e., arg [[(s)%e7*")] = 0. Therefore, if we denote —(2A/v)y/Z\/—(z + so), which
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is —s7(s), as ¢; and arg [['*(s)] as ¢, the poles need to satisfy
o1+ +2nmr=0. n=0,1,2,--- (4.14)

Here, only the positive sign in front of n is necessary, since ¢; is always negative,
when s > sp and —7 < ¢, < w. The above equation, which we call the characteristic
function, can be solved by any 1-D root search algorithin, such as the secant
method. Here, it is very important to note that (4.14) does not always have
solutions, and that the number of solutions is dependent upon the conductivity,
permittivity and incident angle. In addition, great care should be taken when
finding the real roots, especially for the n = 0 case where the characteristic function
can have more than one root, which may cause the usual secant method to fail.

If s < sq, s7(s) becomes negative real causing e *"®) to be greater than 1, and
['(s) becomes real. Therefore, in (4.10), arg [F(S)ze'”(s)] = 0. As a result, the poles
only need to satisfy 21In|[(s)| — s7(s) = 0. Figure 4.8 shows the amplitudes of the
reflection coefficients for both polarizations, where s < sg. As shown in the figure,
for perpendicular polarization, the reflection coefficient I'(s) = 1 when s = sp and

monotonically decreases as s decreases. In particular, it becomes negative when

s < 60(1"' Pt since the reflection coefficient has roots
—Ctr

g

§s=0, ———.
=5 el —€)

As a result, two additional real pole can exist when s < sy for perpendicular
polarization. Figure 4.9 shows the amplitudes of —s7(s), In|I'(s)| and

2In|I'(s)| — s7(s) for perpendicular polarization. In the figure, the points where
21n|I(s)| — s7(s) cross the 0 amplitude line represent the pole locations (there are
2). It should be noted that the apparent pole s = sp where both e~*"(*) and I'*(s)

are 1 is a removable pole, since the numerator of the reflection coefficient becomes
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identical to the denominator.

For parallel polarization, I'(s) = —1 when s = sy, and it has two real roots at

g g

5= €o(l —€)  eo(tan?6; —¢,)

Therefore, depending on ¢, and 6;, the amplitude of the reflection coefficient
increases initially, then stays positive or monotonically decreases as s decreases. As
a result, at most 4 real poles can exist when s < sp for parallel polarization. Figure
4.10 shows the case where 3 real poles exist.

A complete sketch of the poles is shown in Figure 4.11 and Figure 4.12. In the
figures, the solid lines represent the trajectories of the complex poles, and the
cross-marks represent the real poles. The real poles consist of the poles with
magnitudes less than sg and those with magnitudes greater than sg. Since the
complex pole trajectories from different modes follow approximately the same curve
in the complex s plane (before each mode becomes real and diverges), it is difficult
to resolve each complex pole trajectory from the figures. As previously discussed,
the complex poles gradually become real poles as the conductivity increases. Note

that, except for mode 0, each single complex pole splits into a pair of real poles.

4.3 Evaluation of r(t)

Since all poles and branch points lie in the left half plane including the
imaginary axis, the region of convergence is the right half plane. Therefore, the
Bromwich path is put in the right half plane and the Laplace inversion integral is
evaluated by contour integration. The evaluation is accomplished in two different
time intervals, corresponding to the early-time period and the late-time period. The
beginning of the late-time period is 75 = %, which represents the two-way transit

time of the wave inside the dielectric slab.
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4.3.1 Casel:t > 19

When t > 7, the integration contour is closed in the left half plane as shown in
Figure 4.13. Inside the contour, the branch cut lies from 0 to sy and there is a
closed path enclosing the branch cut and several possible real poles on the branch
cut (two of which are shown). We denote the outer integration contour which
includes the Bromwich path as Cy and the closed path which encloses the branch

cut as (1, such that

C'0 = Br+roc+Ll+L2~,

C, = m+m+-+rw+L+L+--+1.

Then, by Cauchy’s residue theorem,

/ R(s)e*t ds = j27rz Res[R(s)e®, poles] (4.15)
Co+Cq

Therefore, if the integral contribution from each path is known, the impulse

response 7(t) can be determined.

The contribution from I'

On 'y, from (4.3),

Re{r(s)} = Re{ im 28 1+_0_}

Re{s}——-oc V S€p€
2A

— =T
v

12
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If we let t; =t — 19, which is positive since we are evaluating the integral when

t > 79, then

['(s)es™ — T(s)e*™e™7(®) /
LSt — st — sty
/c0 R(s)e* ds /oo T3 () e’ ds - f(s)e*t ds

Since f(s) — 0 on 'y, by Jordan's Lemma [20], [21],

/ R(s)e’ds =0 (4.16)

Foo
The contribution from L, and L,

As seen in the conductor backed case, for L and Ly, the same theorem [14] can

be used to apply Jordan’s Lemma. As a result, it can be shown that

/ R(s)e*ds =0 (4.17)
Li,Ly

The contribution from C,

The segments of the contour C) enclosing the branch cut can be divided into
three groups as did in the conductor backed case. The first group consists of v; and
~v4 that enclose the branch points so and 0 respectively. The second group consists
of the straight lines immediately below and above the branch cut, and those are
designated [y, I3, - - -, lg. The last group consists of 73, 3, 75 and 7 that enclose the
real poles on the branch cut. These groups will be examined separately.

Denote the radius of v, as r, and let 8 to be the angle measured
counterclockwise from the real axis to the point on v;. Then, any point on 4, can be
represented as

s = so +rel.
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The reflection coefficient on v, with r — 0, i.e. s — sg, becomes

STjp — ZM\/%\/;\/S — S0
sno + Zoy \/%\/g\/s — So

)= veaya =m0 - Zoy(ser + 2) (4.18)

— 1, L1 -pol

= o e~ as — =1, || - pol
770\/;\/'—" 5 — 50+ Z()”(S(,. + (26)
Then,
—s7(s st _
R(s)e® = II‘(Q)FQ—- e_s”((:)] st e’ , L1-pol
—T2(s)e et - pol
and
|[R(s)e] < el

Therefore,

<2rrelott 00 (r— 0).

’/ R(s)e* ds

As a result,

/ R(s)e* ds = 0. (4.19)

11

Similarly, it can be shown

/ R(s)e*'ds = 0. (4.20)

"

For the second group, it is necessary to determine I'(s) and s7(s) along a path
immediately above the branch cut, which we denote as B*, and immediately below
the branch cut, which we denote as B~. If we denote the magnitude of s as z

(so+7 < —x < —r < 0), then on BY,

Vsv's —so = jVIv/—1 — s,

and on B™,

VsVs —so = —jVIV=1 — 5.
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Now, let Z(s) on B* be denoted as Z*, and Z(s) on B~ as Z~. Then, using (4.7), it

can be shown that

Zt=-7". (4.21)

Since,

I2(s)[1 — e~s7¥)

R(b) 1 — I‘Z(S)e—sT(s)
_[23s) = ZR)eE) — [22(s) + Z3)ebr

[Z(s) + ZoJ2ez*™) — [Z(s) — Zo|2e~257()

we have,
R(s)|gs = (Z3 = Z2]e?® — [Z%F + Z3e™7?

[ZF + Zy)?es® — [Z+ — Zy)?e0°
27(Z% — Zsin¢
2j(Z% + Z2|sino + 2Z+ Zycos ¢

where j¢ = %.ST(S), and

2 = 23 (2 + Z)o?

(Z- + Zp|?e7I0 — [Z— — Zp)?el?®
9[22 — Z2]sin¢

—2j(Z?% + Z&)sing + 2Z~Zycos ¢

R(s)|s-

Therefore, by (4.21)
R(s)|5+ = R(s)| -

As a result,

/ R(s)|g+e*' ds +/ R(s)|p-€*ds =0 (4.22)
li+la+13

ly+ls+le
The integral contributions from the third group and the other complex poles

can be determined by calculating the residues of R(s)%e®t at the poles. It is found
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that all of the poles of R(s) are of first order and thus

D(s)[1 = =]

Res [R(s)%¢*, pole 8] lsmsx = s]g{l’c(s — Sk) T = T2(3)e= 5 = Age™',  (4.23)
where
T(se)[1 — P—su(s:c)]
Ap = — ok (4.24)
o [Fz(s)e ST |z

is the complex natural mode amplitude. Carrying out the details gives

A 2s —
Ap = T(s)e™ 5 VAVE=0 192G (s) — =I(s ff/% (4.25)
= S0
where
208 0;V/E/5\/5 — 80 — cos b \/_
Gls) = Wit ,
2052 0; + 25VE/s\/s — 5o + €s(s — o)
for perpendicular polarization and
g 25 — sg
cos 0;(se, + \/: — 2¢,cos 0;VEsvV/s — s
G(S) _ ( \/3\/3 — 8o 0
‘ 2

€s (s—so)+2(o<€ s€, + \/_\/—\/s—so-i—cos 0;(se, + 2)

€0

for parallel polarization.

Collecting the results from (4.16)-(4.25), the impulse response r(t) becomes

1
= W/R(s)e“ ds = Z Agert t> 1, (4.26)
B;

and thus the late-time period is a pure natural resonance series, and contains no

branch-cut contribution.
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4.3.2 Casell:t < 19

For t < 79, r(t) is found by computing the inverse Laplace transform of

R(s) = T'(s) + R(s), where

I‘(S)e—sT(s)
1 — I"Z(S)e—sr(.s) '

R(s) = R(s) = [(s) = [[*(s) - 1]

Then

_ _ . e—sr(s)
R(t) = [’_l {R(")} = ‘]_21? /Br [FZ(S) - 1] 1 E(Ifz)(s)e—sr(s)BSIdS'

To compute this integral, the integration contour is closed in the right half plane, as

shown in Figure 4.14. On ', from (4.3),

Re{7(s)} = Re{ i 22 1+L}

Re{s}—o0 V SE€QE
2A

___To
14

R

If we let t; =t — 19, which is negative since we are evaluating the integral when

t < 7o, then

_ \ T'(s e—sT(s)esro . .
/ R(s)e* ds = / [[%(s) —1] I E %2(3)6—“(3) e ds = A (s)e* ds

Here, it is not possible to apply Jordan's Lemma directly, since f(s) does not
approach zero over the entire contour I'y,. However, if we use the theorem

introduced earlier, it can be argued that

/ R(s)e*ds =0

oo
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The inverse transform of I'(s), denoted as I'(t), can be found in [26] and [27]. As a

result, when t < 79, r(t) becomes

r(t) =T(t), t< . (4.27)

Combining the results (4.26) and (4.27), the impulse response r(t) is

Yo Agest, > 1
r(t) = (4.28)
P(t), t < 19

4.4 Results

As with the conductor-backed case, it has been shown analytically that the
early-time response is a specular reflection from the interface between free-space and
the dielectric slab, and the late-time response is a pure sum of damped sinusoids. In
order to verify these results, the natural mode series is compared to the direct IFFT
using a truncated Gaussian pulse as the input waveform. This waveform, which is
identical to the conductor-backed case, is shown in the inset of Figure 4.15. Figures
4.15-4.21 show the transient responses calculated by the natural mode series and the
IFFT. In addition, the IFFT of the interfacial reflection coefficients I'(s) are also
shown in order to explain the early-time behavior. The natural resonant frequencies
of the corresponding cases are shown in Table 4.1-4.7.

As an example of the results, in Figure 4.17 the incident wave is in
perpendicular polarization with an incidence angle of 20°, and the material
parameters are A = 2 cm, €, = 9 and ¢ = 0.1 S/m. Therefore, the beginning of the
impulse response late-time, i.e., the two-way transit time of the wave inside the slab,
is 7o = 0.397 ns. As shown in Figure 4.17, during the early-time period, before 7y,

the IFFT of R(w)F(w) (where F(w) is the spectrum of the input waveform)
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matches well with the IFFT of I'(w)F(w), which is the specular reflection from the
interface. During the late-time, the IFFT of R(w)F(w) matches well with the
natural mode series. Again, it should be noted that when ¢t < 7y the response from
the natural mode series does not have any meaning; i.e., the natural mode series is
valid only when t > 79, the late-time period. Since the frequency band of the input
waveform is roughly 0 — 20 GHz, it was found that the first 7 natural modes, which
are shown in Table 4.17, are sufficient to represent the late-time reflected field.

Figure 4.15 shows the response from the lossless, normal incidence case. As
seen in the figure, there are equally spaced replicas of the input waveforin with
gradually diminishing amplitudes during the late-tiine period.

Comparing Figures 4.18 and 4.19 to Figures 4.16 and 4.17, due to the relatively
higher conductivity in the Figure 4.18 and 4.19 cases, relatively smaller late-time
responses are observed. The corresponding natural resonance frequencies for these
cases are shown in Tables 4.4 and 4.5.

The responses from both polarizations with the incidence angle §; = 70°, which
is close to the lossless case Brewster angle, are shown in Figures 4.20 and 4.21. As
seen in Figure 4.20, there is neither interfacial reflection nor the late-time response
for the parallel polarization case whereas both the interfacial reflection and the

late-time response are observed for the perpendicular polarization case, as shown in

Figure 4.21.
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Table 4.1: Poles and corresponding complex natural mode amplitudes (Ay), loseless

case (¢, =9, A=2cm, §; =0°)

Pole Amplitude

Natural Mode Amplitude

Real Part

Imaginary Part

Real Part

Imaginary Part

mode 0

—.34657 x 10*°

15708 x 10"

.37500 x 10!°

.14164 x 107°

mode 1

—.34657 x 10'°

31416 x 10!

.37500 x 100

28327 x 1075

mode 2

—.34657 x 10%°

47124 x 10!

37500 x 1010

53593 x 1073

mode 3

—.34657 x 10'°

62832 x 10!!

.37500 x 10°

56655 x 10~°

mode 4

—.34657 x 10

78540 x 101!

.37500 x 100

59717 x 1073

mode 5

—.34657 x 10%°

194248 x 10!

37500 x 10'°

10719 x 1074

mode 6

—.34657 x 10'°

.10996 x 1012

.37500 x 1010

21431 x 1073

real

—.34657 x 1010

0.0

.37500 x 100

0.0

91




Table 4.2: Poles and corresponding complex natural mode amplitudes (Ay), || polar-

ization (e, =9, A =2 cm, 6, = 20°, 0 = 0.5 S/m)

Pole Amplitude Natural Mode Amplitude
Real Part Imaginary Part || Real Part | Imaginary Part
mode 0 | —.70815 x 10'® | .14659 x 10" | .44840 x 10'° | .10437 x 10'°
mode 1 [ —.69320 x 1019 | .31060 x 10! || .41426 x 100 | .51448 x 10°
mode 2 | —.69078 x 10'° | .47060 x 10'! | .40902 x 10 | .34128 x 10°
mode 3 | —.68995 x 10'° | .62965 x 10'! | .40725 x 10'° | .25549 x 10°
mode 4 | —.68957 x 1010 | .78832 x 10'! || .40644 x 10 | .20421 x 10°
mode 5 | —.68937 x 10'° | .94680 x 10'! || .40601 x 10 | .17009 x 10°
mode 6 | —.68925 x 10'° | .11052 x 10'? | .40575 x 1010 | .14575 x 10°
real | —.10290 x 10! 0.0 47555 x 1010 0.0
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Table 4.3: Poles and corresponding complex natural mode amplitudes (Ax), L polar-

ization (¢, =9, A =2 cin, 6; = 20°, 0 = 0.1 S/m)

Pole Amplitude Natural Mode Amplitude
Real Part Imaginary Part Real Part | Imaginary Part
mode 0 | —.39505 x 10'° | .15660 x 10! |l .35867 x 100 | .15824 x 10°
mode 1| —.39292 x 10'% | .31545 x 10! || .35399 x 100 | .84744 x 10®
mode 2 | —.39252 x 10'° | .47382 x 10! |/ .35310 x 10%° | .57184 x 10®
mode 3 | —.39239 x 100 | .63206 x 10'! | .35279 x 10'° | .43069 x 108
mode 4 | —.39232 x 10'° | .79024 x 10'! | .35264 x 10'° | .34521 x 10®
mode 5 | —.39229 x 10'% | .94841 x 10" || .35256 x 10'®| .28799 x 10®
mode 6 | —.39226 x 10'° | .11066 x 10'2 | .35252 x 10'° | .24700 x 108
real | —.46054 x 10'° 0.0 .36268 x 100 0.0
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Table 4.4: Poles and corresponding complex natural mode amplitudes (Ayx), || polar-

ization (¢, =9, A =2 cm, §; = 30°, 0 = 1.0 S/m)

Pole Amplitude Natural Mode Amplitude
Real Part Imaginary Part | Real Part | Imaginary Part
mode 0 | —.11099 x 10 | .30179 x 10! | .58349 x 10'°| .16527 x 10*
mode 1| —.10616 x 10" | .30297 x 10! | .46827 x 10'° | .12227 x 10'°
mode 2 | —.10557 x 10! | .40767 x 10! || .45729 x 10'° | .78779 x 10°
mode 3 | —.10538 x 10'!' | .62959 x 10! || .45384 x 100 | .58407 x 10°
mode 4 | —.10529 x 10! | .79044 x 10! || .45231 x 10| .46481 x 10°
mode 5 | —.10525 x 10! | .95077 x 10! || .45149 x 101° | .38624 x 10°
mode 6 | —.10522 x 10! | .11108 x 10'2 | .45100 x 10'° | .33050 x 10°
real | —.17321 x 10" 0.0 63125 x 10'° 0.0
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Table 4.5: Poles and corresponding complex natural mode amplitudes (Ag), L polar-
ization (¢, =9, A=2cm, ; = 30°, 0 = 1.5 S/m).

Pole Amplitude Natural Mode Amplitude

Real Part Imaginary Part Real Part | Imaginary Part

mode 0 | —.13152 x 10! | 95409 x 10'® || .41542 x 10'°| .45363 x 10%°

mode 1| —.12817 x 10! | .29278 x 10! || .33528 x 10'° | .13039 x 10

mode 2 | —.12780 x 10*' | .46117 x 10'! |l .32903 x 100 | .81773 x 10°
mode 3 | —.12768 x 10 | .62478 x 10! | .32709 x 100 | .60124 x 10°
mode 4 | —.12762 x 10 | .78662 x 10'! || .32623 x 10| .47670 x 10°
mode 5| —.12759 x 10" | .94760 x 10" | .32578 x 10'° | .39535 x 10°

mode 6 | —.12758 x 10! | .11081 x 10'2 | .32550 x 101° | .33790 x 10°

real | —.23152 x 101! 0.0 .49068 x 1010 0.0
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Table 4.6: Poles and corresponding complex natural mode amplitudes (Ay), || polar-

ization (¢, =9, A =2cm, 6; =70° 0 = 0.5 S/m)

Pole Amplitude Natural Mode Amplitude
Real Part Imaginary Part Real Part Imaginary Part
mode 0 | —.55910 x 10'° 0.0 —.11317 x 10'° | —.65568 x 10!
mode 1 | —.20677 x 10'! | .26650 x 10!} 31069 x 10! | .77117 x 10"
mode 2 | —.20636 x 10" | .45526 x 10'* || .53730 x 10'! | .50664 x 10'!
mode 3 | —.20624 x 10'! | .63136 x 10'! 60330 x 10! | .37697 x 10!
mode 4 | —.20619 x 10'! | .80298 x 10'! 63188 x 10! | .30038 x 10!
mode 5 | —.20616 x 10'' | .97246 x 10! 64693 x 10! | .24975 x 10
mode 6 | —.20614 x 10! | .11408 x 10'2 65584 x 10! | .21378 x 10!
—.37516 x 10'! 0.0 58574 x 10'2 0.0
real | —.21023 x 10! 0.0 —.15778 x 10!2 0.0
—.39937 x 10! 0.0 41373 x 10*2 0.0
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Table 4.7: Poles and corresponding complex natural mode amplitudes (Ay), L polar-
ization (¢, =9, A =2 cm, §; = 70°, 0 = 0.5 S/m)

Pole Amplitude Natural Mode Amplitude
Real Part Imaginary Part || Real Part |Imaginary Part
mode 0 | —.47744 x 10'°| .15888 x 10'" || .13251 x 10'°| .29387 x 10°
mode 1 | —.47586 x 10'° | .32760 x 10! |[.12925 x 10'° | .14088 x 10°
mode 2 | —.47558 x 1019 | .49408 x 10'! | .12869 x 10'° | .93218 x 10®
‘mode 3 | —.47548 x 10'° | .66002 x 10'' | .12850 x 10'°| .69733 x 108
mode 4 | —.47544 x 10'° | .82574 x 10" | .12841 x 10'° | .55719 x 10®
mode 5 | —.47541 x 10'°| .99136 x 10'' | .12837 x 10'® | .46403 x 108
mode 6 | —.47540 x 10'° | .11569 x 10'? | .12834 x 10'° | .39758 x 10®
real | —.82716 x 10'° 0.0 113535 x 101° 0.0
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Figure 4.1: A uniform plane wave incident from free space upon a Air-backed lossy
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Figure 4.2: Pole trajectories of the reflection coefficient, L polarization (¢, =9, A = 2
cm, 6; = 30°).
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Figure 4.3: Pole trajectories of the reflection coefficient, || polarization (¢, =9, A = 2
cm, 6; = 30°).
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Figure 4.4: The amplitude of the imaginary parts of poles vs. conductivity, L polar-
ization (¢, =9, A=2cm, §; =30°, 0 =0 — 10.0 S/m).
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Figure 4.5: The amplitude of the imaginary parts of poles vs. conductivity, || polar-
ization (¢, =9, A =2 cm, 6, = 30°, 0 = 0 — 10.0 S/m).

102



6 T T T T T T
0 30 45 60° 75 89
t ALD VN —
c‘f al 15 mode 2 |
Z‘ i A A ‘r 4.‘. :;
.g mode 1
g 2t i
E F . —r —t— 4
mode 0

Real Part

10 20 30 40 50 60 70 80 90

Figure 4.6: Pole trajectories of the reflection coefficient vs. angle of incidence, L
polarization (¢, =9, A =2 cm, ¢ = 1.0 S/m).

103



10
6 X T T T T T ' N ! '
g sl T e — v-y b
5 —A——d—db 0de 2
Al < '
> TTT——— ——
Sal S i
s ( , mode 1
Ot —27 o9
g SNV —
- o —lr— ° ) ’ 1
-_— 1 68. 0o -oo-oooc.o.o"" 60° 45 30 o mOde 0
0 . . . , ' g A 1 1 1
26 -24 -22 -2 -18 -16 -14 -12 -1 -08 -06
Real Part 10
x 10
10
1
_0.5 X O . Y T T T T T T
P
~Ipmim e e, Ladi . I BT ", |
g ....... R - K
s a8k T .‘:.,,.s X -:':}I -
T _of ot T
s mode 0 T
_25H - mode 1 |
- = mode 2
_3 1 1 1 L L L ’
0 10 20 30 40 50 60 70 80 90

Incident Angle (Degree)

Figure 4.7: Pole trajectories of the reflection coefficient vs. angle of incidence, ||
polarization (¢, =9, A =2 cm, 0 = 1.0 S/m).

104



Amplitude

\
\
\

-0.2+ \ .

\

\
-0.4} ' .

k

¢
—06 B : ; -
-0.8¢ \ S = c/[£0(1—e )] S=S§ /'= -

: r 0 i

: !

:é.B 86 -84 -82 -8 -78 -76 -74 -72 -7
S(Real) x101°

Figure 4.8: Amplitudes of the reflection coefficients (¢, =5, A =2 cin, 0 = 3.0 S/m,
91' = 300).

105



15 T : T T T T I T T
: - = -S1(8)
== 2N[T (s))

— 2In|T J_(s)l - s1(s)

Amplitude

-15¢
s =ol[e,(1-¢)] s=8§

0 —=

-2 1 1 1 1 L i 1 :
—8.8 -86 -84 -8.2 -8 -78 -76 -74 -72 -7
S (Real) X 1010
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Figure 4.15: Time domain response, lossless case (¢, = 9, A = 2 cm, 6; = 0°). Inset
shows equivalent transmitted waveform.
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Figure 4.16: Time domain response, | polarization (¢, = 9, A = 2 cm, 6; = 20°,

o0 =0.5S/m).
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Figure 4.17: Time domain response, L polarization (¢, = 9, A = 2 cm, 6§; = 20°,
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Figure 4.18: Time domain response, || polarization (¢, = 9, A = 2 cm, 6; = 30°,

0 =10S/m).
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Figure 4.20: Time domain response, || polarization (¢, = 9, A = 2 cm, 6; = 70°,
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Figure 4.21: Time domain response, L polarization (¢, = 9, A = 2 cm, 6, = 70°,
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Chapter 5: Natural Mode Analysis
of a Single Layer with Debye

Material

In Chapter 3 and Chapter 4, a lossy slab of material with frequency
independent material parameters € = €,.€g, po, and o was considered. However, the
time and frequency dependence of the dielectric response necessitates the use of the
time and frequency dependent permittivity models such as the Debye and the
Cole-Cole models [28]-[31]. In this chapter, the Debye model, which is especially
suitable for representing liquid polar materials, will be considered. Note that the
primary purpose of this chapter is to show the validity and the applicability of the
natural resonance representation of the transient dielectric response, rather than to
discuss the theory of the dielectric properties. In the following discussion, both the
conductor-backed and the air-backed cases will be considered, and the developments
made in the previous chapters will be applied without discussing the details.
However, in some parts the discussions will be repeated in order to clarify the

developments.

5.1 Formulation of the frequency-domain
reflection

The geometry of the Debye material case is the same as the

frequency-independent material case except for the frequency-dependent
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permittivity represented by the Debye equation [15], which is written as

€s — €xc

6(5) = € + m,

where s = jw, £ is the relaxation time of the dielectric, €, is the real static
permittivity obtained when w — 0, and e, is the real optical permittivity describing
the high frequency behavior. Note that €; > €, in order to describe the dielectric
loss. Also, note that both w and s will appear in the following discussions for
clarifying the developinents.

The Debye model often includes a conductivity term. Then the complex

permittivity becomes [29], [32]

€s—€x O

Tt (5.2)

Here, the last term represents the loss due to the conduction current. It cannot be
absorbed into (5.1), since they represent different processes. Hence, the Z directed

wave number of the dielectric slab becomes

o = -k,

= \/w2uofc(w) — w?yen sin? 6,

— sin? 6,
€

I sin? 0, + s(es — €x) + (1 + s€)
€o 605(1 + SE)

— u)\//l,()_ﬁo.\/&(:)

5 (e~ sin?@,)(s + s26) + s(e; — ex) + o(1 + s€)
- e €os(1 + s&)

B 5 [826(es — €0sin?B,) + s(eg + 0€ — €sin® ;) + o
- e €0s(1 + s&)

X \/g Y =
= —)— S +B(+C, 3
VYA ’ (5:3)
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where

€0 .
X = = —sin%4;,
€0

€, + €0 — €ysin? b;

(6o — €05in?6;)
o

£(€s — €9sin’ 6;)

The roots of the quadratic equation in (5.3) are

-B+vB?-4C
5 .

s =

Here, it can be shown that these roots are non-positive real, since

B a0 = (€5 + €0 — €9sin? 6;)? — 4€0 (€ — €, 5in° 91-), (5.4)

£2(€oo — €9 sin? 6;)2

and the numerator of this equation becomes

(€5 4+ €0 — €9 sin® 6;)? — 4€0(en — €,5i0% 6;)
= 63 + 2¢,£0 + £20% — 2e4€05in% 0; — 260¢€gsin? 0; + 6(2) sin? 0; — 4€oeq + 4€0€g sin® 6,
_ 2 _ o 2 2 2 .2 2.4,
= € — 26,60+ E0° — 2e4608In” 0; + 280€gsin® O, + egsin” 6; — 4€oe + 4e o

= (&5 — €0 —€osin®0,)% + 4€o (e, — €x0),

which is always positive (€5 > €4).

As a result,

X \/g\/S—Sl\/S—S;;
k= —;X , 5.5
1 I3 /s = 5, (5.5)
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where

-B+vB?-4C
S =
1 2 ’
Lo ]
2 E,
A —B-VBT—4C
S3 = .

2

Here, it is found that s3 < s5 < s; < 0 by substituting s, for s into the quadratic
equation in (5.3) and examining the sign of the result.

Therefore, by (3.3), (3.4) and (3.2) from Chapter 3,

2A /S — — S
s7(s) = jho28= 2B VSVE SV Z & (5.6)
c Joos
k
Zu(s) = Zi(s) =N
kz,l
_ NSy S — 82 (5 7)
XVS\Vs — s1/s — s3° '
k
Zi(s) = Zy(s) = =8
k1
_ No€oXV/5v/S — 51/5 — 82/5 — 83
= . (5.8)
S(S€x — S2€s) + 0(s — $2)
Hence for perpendicular polarization, the interfacial reflection coefficient is
written as
FL(s) = cos0i\/s\/s — 82 — x\/5 — 511/ — 83 | (5.9)
oS 0;\/$/S — 53 + X\/5 — 81/S — 53
and for parallel polarization
[y(s) = €0XV/SVS — 81V/8 — S2\/5 — 83 — cos B;[s(s€x — S26,) + (s — $3)] (5.10)

€0XV/SVS — 1S — S2\/S — 53 + €08 0;[s(S€oc — S2€5) + 0(5 — 59)]
The reflection coefficients R(s) remain the same as in previous chapters, such that

_ T(s)— e
1 =T(s)e~s()’

R(s) (5.11)
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for the conductor-backed case and

R(S) = 1 -— 1"2(8)6——37(3) (512)
for the air-backed case.
Thus, the impulse response r(t) is obtained by
1
r(t) = L7'{R(s)} = — R(s)e’'d 5.13
") = £ (R} = = [ R(s)etas (5.13)

where Br indicates the Bromwich path. This integral can be evaluated by contour
integration. We must thus examine the singularities and define an appropriate

branch for the integrand.

Comparison with the frequency-independent material parameters case

If we let the static real permittivity €, be the same as the optical permittivity

€0, then from (5.4),

- — in2 f.)2
T \/(eoo £o — €ysin® 6;)

£2(eso — € sin? 6;)2
(€ — €0 — € sin? 6;)
E(€o — €0 sin? 6;)

Therefore, s3 becomes
—B—-vB?-4C 1
S3 = 2 C = —E, (514)

which is equal to s;, and

_—B+\/BQ—4C'_ o o

S1

2 €oo — €0 SIN2 G; €0X
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Here, x = \/eoo/eo — sin? 6; is same as Vg, where € = ¢, — sin 6, as defined in
Chapter 3, by letting €,,/€yp = ¢,. Note that /s — s3 and /s — 55 in (5.5) cancel
each other, since s3 = s3. As a result, (5.5)-(5.8) become the same as (3.2), (3.7),
(3.9) and (3.10) respectively; i.c., the current case becomes the frequency-
independent material parameters case if €, = €.

On the other hand, if the DC conductivity o is 0, then s; becomes 0 resulting in
(5.16)

It should be noted that there are only two branch points left for the above

special cases.

5.2 Singularities and the branch cut

From the complex square roots in s7(s) and Z;(s), the branch points are
located at s = 0, s = s1, s = sy and s = s3. These branch points are non-positive
real, and are related by s3 < s < s; < 0. It should be noted that R(s) is continuous
about the negative real axis between s; and sy, i.e., s7(s) and I'(s) are continuous.
Therefore, unlike the previous cases, in order to ensure the continuity of R(s), two
separate branch cuts are made, such that one is taken along the negative real axis
between 0 and s; and the other is taken along the negative real axis between s, and
S3.

From (5.11) and (5.12), the poles should satisfy

In IF(s)e"”(s)| + jarg [F(s)e"”(s)] =0, (5.17)
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for the conductor backed case, and
In |I“2(s)e"”(s)] + jarg [Fz(s)e‘”(s)} =0, (5.18)

for the air-backed case.

Except for the lossless case (€5 = €5 and o = 0), wherein the poles can be
calculated analytically, the above equations need to be solved numerically. When
calculating the poles numerically, it is very important to have good initial guesses
and to know the approximate pole behavior. In this work, the lossless case poles
were used as the initial guesses. In order to trace the poles correctly, first the poles
are traced by gradually increasing the conductivity while keeping €, the same as €.
When the conductivity reaches the target value, € is then increased to its desired
value.

Figures 5.1-5.3 show the pole trajectories obtained by the Newton-Rahpson
method for the conductor-backed, parallel polarization case, when the € varies from
5.0€9 to 78.3¢p, where €, = 5.0¢g, £ = 9.6 x 1072 sec and o = 0.5 S/m. In the
figures the amplitudes vs. the ratios of €, to €., are shown. As seen in the figures,
when the real static permittivities €, become larger, the magnitudes of the real and
imaginary parts of the poles become smaller suggesting that the amplitude decay
factors become smaller.

The pole trajectories for the air-backed, perpendicular polarization case with
the same conditions are shown in Figures 5.4-5.6. The air-backed case also shows
the same behavior as the conductor-backed case. The existence condition for the
real poles and the algorithm for finding such poles are examined next.

Let us assume a complex frequency s to be negative real and denote its
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magnitude as x, where x > 0. Then, if s > s, from (5.6), (5.9) and (5.10)

L 24 ,\/:lf($+81)(117+53)
srlo) = I A,

and the reflection coefficient becomes

[y(s) = jcosbiy/=2(z + 83) = x/(z + 81)(x + 53)
jeosOiy/—z(r + s3) + x/(z + s1)(z + s3)

for perpendicular polarization, and

I (s) = Jeox/=z(z + 81) (2 + 52) (2 + 83) — €08 0, [x (1€ + S265) — (T + 82)]
. JeoX /=T (T + 81)(z + $2)(x + 83) + 08 0;[2(T€0 + S2€5) — 0(T + 52))]

for parallel polarization.

As seen from the above equations, the magnitudes of both e=*7(*) and I'(s) are
1. As a result, the real parts of (5.17) and (5.18) become 0, i.e., In |[(s)e™*")| = 0
and In |I’(s)2e‘“(s)| = 0. Therefore, the poles need to satisfy only the imaginary
part of (5.17) or (5.18), i.e., arg [[(s)e™*"¥)] = 0 or arg [I(s)%e™*"()] =0 for the
conductor-backed and the air-backed case respectively. Here, if we denote —s7(s) as
o1 and arg [['(s)] or arg [['?(s)] as ¢, for the conductor-backed or the air-backed case

respectively, the poles need to satisfy
O+ +2nt=0. n=0,1,2,--- (5.19)

Here, only the positive sign in front of n is necessary, since ¢, is always negative,
when s > s; and —7 < ¢y < m. The above equation, which we call the characteristic
function, can be solved by any 1-D root search algorithm, such as the secant
method. Again, it is very important to note that (5.19) does not always have

solutions, and that the number of solutions is dependent upon the conductivity;,
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permittivities and incident angle.

If s <5< sy, le., -8 <I< —35y,

b

, 2A x(x + s1)(z + s3)
s7(s) = ——x\/

I+ 82

and the reflection coefficient becomes

Fo(s) = cos0;\/—z(z + 82) — X /= (T + 1) (T + s3)
Y cos i/ —x(z + 82) + x/— (T + 81)(T + 53)

for perpendicular polarization, and

—€e0X\/T(T + 81)(T + 82)(T + 83) — €08 B, [T(T€0o + 52€5) — (T + 57)]
—eoX /(T + 51)(z + 82)(z + 53) + cos b [x(Ten + S265) — O (T + 52)]

Ly(s) =

for parallel polarization.

As seen from the equations, when s, < s < s;, $7(s) becomes negative real
causing e~*"(®) to be greater than 1, and I'(s) becomes pure real. Therefore, the
imaginary parts of (5.17) is zero as long as I'(s) is positive, whereas that of (5.18) is
always zero regardless of the sign of I'(s). When the imaginary parts of (5.17) and
(5.18) are zero, the poles only need to satisfy the real parts of the equations, i.e.
In|T(s)e™*"*)| = 0 and In|T'(s)?e™*"*)| = 0 for the conductor-backed and the
air-backed case respectively.

The cases where s3 < s < s9 and s < s3 are analogous to the cases where
51 < s < 0and sy < s < sy respectively. Figure 5.7 and Figure 5.8 show the
amplitudes of the interfacial reflection coefficients for the perpendicular and the
parallel polarization case, where €, = 5.0¢g, €, = 3.0¢g and 0 = 1.0 S/m. From the
figures, it can be observed that I'(s) follows the above discussion.

Finally, it should be emphasized that the real poles in the region where s > s,

dominate the other real poles due to their relatively smaller magnitudes. The
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greatest care should be given to calculating these poles.

5.3 Evaluation of r(t)

Since all poles and branch points lie in the left half plane including the
imaginary axis, the region of convergence is the right half plane. Therefore, the
Bromwich path is put in the right half plane and the Laplace inversion integral is
evaluated by contour integration. The evaluation is accomplished in two different
titne intervals, corresponding to the early-time period and the late-time period. The
beginning of the late-time period is 79 = Zcéx. [t should be emphasized that, unlike
with the previous cases, 7y does not represents the two-way transit time of the wave
inside the dielectric.

In this section, the evaluation will be done for the conductor-backed case. The
air-backed case follows the same procedure giving similar results; for the details

refer to Chapter 4.

5.3.1 Casel:t > 1y

When t > 7, the integration contour is closed in the left half plane as shown in
Figure 5.9. Inside the contour, the branch cuts lie from 0 to s; and from s, to s3,
and there are corresponding closed paths enclosing the branch cuts. Note that the
possible real poles are not shown in the figure. We denote the outer integration
contour which includes the Bromwich path as Cy and the closed paths which enclose

the branch cuts as Cy, such that

C() = Br+Foo+L1+L2.

Ci = m+mt+ynt+nut+th+hL+i+1.
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Then, by Cauchy’s residue theorem,

/ R(s)e'ds = j27r2 Res[R(s)e®, poles] (5.20)
Co+C,

Therefore, if the integral contribution from each path is known, the impulse

response r(t) can be determined.

The contribution from I' o

On I'y, from (5.6),

, 20 /s\/s = s1\/s— s3
Re {s7(s = Re 1 —X
e {ar(s)) e{ne{s?ﬁl_w c X fsos
2A

~ §—x = STy
c

If we let t; =t — 79, which is positive since we are evaluating the integral when

t > 79, then

F(S)CSTO _ e—s-r(s)esro

NSt o — st _ ) st
. R(s)e* ds = /roc I~ T(s)e—0 et ds = /oo f(s)e** ds

Since f(s) — 0 on ', by Jordan's Lemma [20], [21],

/ R(s)e*ds =0 (5.21)
I

The contribution from L; and L,

As seen in the previous chapters, for L, and L,, the same theorem [14] can be

used to apply Jordan's Lemma. As a result, it can be shown that

R(s)e*'ds =0 (5.22)

Ly.L2
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The contribution from C;

The segments of the contour C; enclosing the branch cut can be divided into
three groups. The first group consists of v;, 72, 73 and 74 that enclose the branch
points s3, s2, s; and 0 respectively. The second group consists of the straight lines
immediately below and above the branch cut, and those are designated [y, I, I3 and
l4. The last group consists of the paths that enclose the real poles on the branch cut
which are not shown in Figure 5.9. For the third group, refer to the previous
chapters. The first two groups will be examined separately.

Denote the radius of 7, as r, and let 8 to be the angle measured
counterclockwise from the real axis to the point on «,. Then, any point on 7, can be
represented as

s = s + rel’.

The reflection coefficient on 7, with » — 0, i.e. s — sg, becomes —1 for parallel

polarization and 1 for perpendicular polarization. Then,

[(s) —e™s70) e , L-pol

st __

R(s)e® = —e
1-— F(S)e (s) —e : ” _ pOl

and

|R(S)esl[ < e(so-i—r)t.

/ R(s)e* ds
7

Therefore,

<2omreltIt 0 (r— 0).

As a result,

/ R(s)eds = 0. (5.23)

M
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Similarly, it can be shown

/ R(s)e* ds = 0. (5.24)
Y2.73,74

For the second group. it is necessary to determine I'(s) and s7(s) along a path
immediately above the branch cut, which we denote as BT, and immediately below
the branch cut, which we denote as B~. Also, if we let Z(s) on B* be denoted as

Z%, and Z(s) on B~ as Z~, using (5.7) and (5.8), it can be shown that
Zt=-7". (5.25)

Since,

R = T me
[Z(b) — Z()](!%ST(S) — [Z(b) + ZO]e—%sr(s)
[Z(s) + Zo)e2™®) — [Z(s) = Zole™257()
we have,
7 — Zyled® — [ZF + Zyle™7¢
R(s)|ge = o)e® = [Z* + Zyle

[Z+ + Zp|er? — [Z+ — Zple—1¢
jZ*sing — Zycos ¢
JZ*sing + Zycos ¢

where jo = 3s7(s), and

[Z= = Zple™3® — [Z7 + Zy]e?
(Z— + Zple1® — [Z— — Zp|ed?
—)Z7sin¢ — Zycoso
—j)Z~sing + Zycos ¢

R(s)|p- =

Therefore, by (5.25)
R(s)|p+ = R(s)|p-.
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As a result,

/ R(s)|p+e’tds + / R(s)|g-€e*"ds =0 (5.26)
L +12

I3+14
The integral contributions from the third group and the other complex poles
can be determined by calculating the residues of R(s)e* at the poles. It is found

that all of the poles of R(s) are of first order and thus

= Age™,  (5.27)

— e—57(s)
s R, o] o = Jin 30 [

where
T(s¢) — e=(ss)

45 [D(8)e™7 O] o,

Ap=—

is the complex natural mode amplitude. In this chapter, Ay is calculated by using
the numerically obtained Jacobian at the pole locations.

Collecting the results from (5.21)-(5.27), the iinpulse response r(t) becomes

1

r(t) = E/R(s)e‘” ds = Z Ae®st,  t> T, (5.28)
B,

and thus the late-time period is a pure natural resonance series, and contains no

branch-cut contribution.

5.3.2 Casell:t <7y

For t < 79, r(t) is found by computing the inverse Laplace transform of

R(s) = I'(s) + R(s), where

_ 1] e—sr(s)
1 —T(s)esm0)’

Then

—3s7(s)

R(t) = £ {R(s)} = — /B 6 - 1) el
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To compute this integral, the integration contour is closed in the right half plane, as

shown in Figure 5.10. On Iy, from (5.6),

Re {s7(s)} = Re{ 1i}n %X\/-;\/S‘—Sl\/s—s;;}

12
|
>
Il
»
=

If we let t; =t — 79, which is negative since we are evaluating the integral when

t < 7o, then

— —s7(s) 5,870
/ Hls)erds = / %) = 1] § _eF(s):—sr(s) et ds = A (s)e™ ds

Here, it is not possible to apply Jordan’s Lemma directly, since f(s) does not
approach zero over the entire contour I',. However, if we use the theorem

introduced in the previous chapters, it can be argued that

/ R(s)e*'ds =0
Foo

The inverse transform of I'(s), denoted as I'(t), is the interfacial reflection coefficient
and can be obtained numerically. Note that we are interested in the late-time
responses, rather than the early-time specular reflections. As a result, when t < 7y,

7(t) becomes

r(t) =T(t), t<mo. (5.29)

Combining the results (5.28) and (5.29), the impulse response r(t) is

Z Akeskt, t> To

F(t), t < 719
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5.4 Results

As with the frequency-independent parameter cases, it has been shown
analytically with the Debye material that the early-time response is a specular
reflection from the interface between free-space and the dielectric slab, and the
late-timme response is a pure sum of damped sinusoids. In order to verify these
results, the natural mode series is compared to the direct IFFT using the same
input waveform used for the previous cases. Figures 5.11-5.16 show the transient
responses calculated by the natural mode series and the IFFT. In addition, the
IFFT of the interfacial reflection coefficients I'(s) are also shown in order to explain
the early-time behavior. The natural resonant frequencies of the corresponding
cases are shown in Table 5.1-5.6.

Figure 5.11 and Figure 5.14 show the responses from the pure water at room
temperature from the conductor-backed and the air-backed case respectively, where
€, = 78.3€0, €5 = 5.06p, £ = 9.6 x 1072 sec, 0 =0 S/m, §; = 0° and A = 2 cm. For
these cases, the beginning of the impulse response late-timme is 79 = 0.291 ns. As
shown in figures, during the early-time period, before 7y, the IFFT of R(w)F(w)
(where F(w) is the spectrum of the input waveform) matches well with the IFFT of
['(w)F(w), which is the specular reflection from the interface. During the late-time,
the IFFT of R(w)F(w) matches well with the natural mode series. Note that, even
though 75 = 0.291 ns, the first amplitude peak during the late-time occurs at about
1.3 ns due to the high real static permittivity 5. Again, it should be noted that
when t < 15 the response fromn the natural mode series does not have any meaning;
i.e., the natural mode series is valid only when t > 73, the late-time period. Since
the frequency band of the input waveform is roughly 0 — 20 GHz, the first 7 natural
modes, which are shown in Table 5.1 and Table 5.4, are sufficient to represent the
late-timne reflected field.

Figure 5.12 and Figure 5.15 show the responses from the same material except
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for nonzero conductivity o = 0.1, and with the incidence angle 8, = 30° for
perpendicular polarization. Figure 5.13 and Figure 5.16 represent the responses
obtained with the same condition except for a higher conductivity ¢ = 0.5 and for
parallel polarization.

Comparing Figures 5.12 and 5.14 to Figures 5.13 and 5.16, due to the relatively
higher conductivity in the Figure 5.13 and 5.16 cases, relatively smaller late-time
responses are observed. The corresponding natural resonance frequencies for these
cases are shown in Tables 5.3 and 5.6. Note that there is one real pole for each

air-backed case.
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Table 5.1: Poles and corresponding complex natural mode amplitudes (Ay),
conductor-backed case, normal incidence (e, = 78.3¢g, €5 = 5.0¢9, £ = 9.6 x 10712
sec, A =2cm, 0, =0° 0 =0.0S/m)

Pole Amplitude Natural Mode Amplitude

Real Part Imaginary Part | Real Part | Imaginary Part

mode 0 | —.22382 x 10° | .26557 x 10'° | .38655 x 10° | .13994 x 108
mode 1| —.47802 x 10° | .79638 x 10'° || .38497 x 10° | .41972 x 10®
mode 2 | —.98686 x 10° | .13262 x 10'! | .38180 x 10° | .69914 x 10°
mode 3 | —.17512 x 10'° | .18543 x 10'! | .37703 x 10° | .97797 x 10®
mode 4 | —.27725 x 10'° | 23801 x 10'! | .37063 x 10° | .12560 x 10°
mode 5 | —.40525 x 10'° | .29028 x 10'! | .36264 x 10° | .15329 x 10°
mode 6 | —.55934 x 1010 | .34217 x 10'? || .35291 x 10° | .18084 x 10°
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Table 5.2: Poles and corresponding complex natural mode amplitudes (A),
conductor-backed case, 1 polarization (¢, = 78.3¢g, € = 5.0, € = 9.6 x 1072
sec, A =2 cm, 6; = 30°, 0 = 0.1 S/m)

Pole Amplitude Natural Mode Amplitude
Real Part Imaginary Part | Real Part | Imaginary Part

mode 0 | —.27087 x 10° | .26527 x 10'° | .33517 x 10° | .21358 x 108
mode 1| —.52625 x 10° | .79695 x 100 | .33277 x 10° | .39472 x 108
mode 2 | —.10379 x 100 | .13273 x 10! | .32992 x 10° | .62452 x 108
mode 3 | —.18065 x 10'° | .18559 x 10'! | .32573 x 10° | .86082 x 108
mode 4 | —.28333 x 10| .23820 x 10! | .32013 x 10° | .10987 x 10°
mode 5 | —.41202 x 10 | .29050 x 10! |/ .31316 x 10° | .13366 x 10°
mode 6 | —.56692 x 10'° | .34240 x 10'! | .30466 x 10° | .15738 x 10°
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Table 5.3:

Poles and corresponding complex natural mode amplitudes (Ay),
conductor-backed case, || polarization (¢, = 78.3¢p, € = 5.0¢p, & = 9.6 x 10712

sec, A =2 cm, 6, = 30°, 0 = 0.5 S/m)

Pole Amplitude Natural Mode Amplitude
Real Part Imaginary Part | Real Part | Imaginary Part

mode 0 | —.61336 x 10° | .25908 x 10'® | .45231 x 10° | .79609 x 10®
mode 1 | —.86535 x 10° | .79163 x 1010 | .44129 x 10° | .69074 x 108
mode 2 | —.13741 x 10| .13202 x 10'! || .43689 x 10° | .92938 x 108
mode 3 | —.21385 x 1010 | .18466 x 10! | .43112 x 10°| .12148 x 10°
mode 4 | —.31597 x 10'°| .23704 x 10'! |l .42357 x 10° | .15149 x 10°
mode 5 | —.44396 x 10'° | .28911 x 10'! | .41418 x 10° | .18208 x 10°
mode 6 | —.59800 x 100 | .34078 x 10! || .40280 x 10° | .21285 x 10°
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Table 5.4: Poles and corresponding complex natural mode amplitudes (Ag), air-
backed case, normal incidence (€, = 78.3¢g, €0 = 5.0¢g, £ = 9.6 x 10712 sec, A = 2
cm, 6; =0° 0 =0.0S/m)

Pole Amplitude Natural Mode Amplitude

Real Part Imaginary Part || Real Part | Imaginary Part

mode 0 | —.51014 x 10° | .52968 x 100 | .38462 x 10° | .27874 x 10®
mode 1 | —.89043 x 10° | .10587 x 10" | .38225 x 10° | .55725 x 10®
mode 2 | —.15250 x 10'° | .15864 x 10! | .37830 x 10° | .83529 x 108
mode 3 | —.24149 x 10'° | .21120 x 10" | .37274 x 10°| .11126 x 10°

mode 4 | —.35617 x 10'° | .26350 x 10'! | .36554 x 10°| .13889 x 10°

mode 5 | —.49676 x 100 | .31545 x 10! | .35676 x 10° | .16641 x 10°

mode 6 | —.66349 x 10'° | .36699 x 10'2 | .34621 x 10° | .19376 x 10°
real —.38345 x 10° 0.0 .38540 x 10° 0.0
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Table 5.5: Poles and corresponding complex natural mode amplitudes (Ax), air-
backed case, L polarization (e, = 78.3¢g, €0 = 5.0€g, £ = 9.6 x 107!% sec, A = 2

cm, 6; = 30°, 0 = 0.1 S/m)

Pole Amplitude Natural Mode Amplitude
Real Part Imaginary Part | Real Part | Imaginary Part
mode 0 | —.53216 x 10° | .15660 x 10'° |l .33307 x 10° | .28773 x 10®
mode 1 | —.91452 x 10° | .10598 x 10" | .33058 x 10° | .50640 x 10®
mode 2 | —.15528 x 1019 | .15882 x 10'! |l .32704 x 10° | .73977 x 108
mode 3 | —.24479 x 1010 | .21145 x 10'! | .32215 x 10° | .97629 x 108
mode 4 | —.36014 x 10'° | .26379 x 10! || .31585 x 10° | .12134 x 10°
mode 5 | —.50153 x 10'°| .31579 x 10! | .30818 x 10° | .14503 x 10°
mode 6 | —.66918 x 10'° | .36735 x 10! |/ .29896 x 10° | .16859 x 10°
real | —.47724 x 10° 0.0 33412 x 10° 0.0
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Table 5.6: Poles and corresponding complex natural mode amplitudes (A;), air-
backed case, || polarization (€, = 78.3¢g, €0 = 5.0¢p, £ = 9.6 x 10712 sec, A = 2

cm, 6; = 30°, 0 = 0.5 S/m)

Pole Amplitude Natural Mode Amplitude
Real Part Imaginary Part | Real Part | Imaginary Part
mode 0 | —.92647 x 10° | .52329 x 10'° || .44466 x 10° | .63070 x 10®
mode 1 | —.13048 x 10'° | .10523 x 10! || .43808 x 10° | .79647 x 108
mode 2 | —.19388 x 101 | .15784 x 10! | .43277 x 10° | .10647 x 10°
mode 3 | —.28282 x 1019 | .21022 x 10" | .42603 x 10° | .13578 x 10°
mode 4 | —.39743 x 1010} .26230 x 10! | .41752 x 10° | .16599 x 10°
mode 5 | —.53792 x 10'° | .31403 x 10'* || .40719 x 10° | .19656 x 10°
mode 6 | —.70450 x 10| .36532 x 10! | .39484 x 10°| .22720 x 10°
real | —.11590 x 10'° 0.0 44881 x 10° 0.0
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Figure 5.1: The amplitude of the real parts of poles vs. the ratio of €, to €y, ||
polarization (¢, = 5.0¢g — 78.3¢p, €0o = 5.0¢p, £ = 9.6 x 1072 sec, A = 2 cm,
6; = 30°, 0 = 0.5 S/n).
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Figure 5.2: The amplitude of the imaginary parts of poles vs. the ratio of €, to €.,
| polarization (¢, = 5.0¢g — 78.3€g, € = 5.0¢g, £ = 9.6 x 10712 sec, A = 2 cm,
f; = 30°, 0 = 0.5 S/in).
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Figure 5.3: Pole trajectories of the reflection coefficient, || polarization (e; = 5.0¢g —
78.3€0, €00 = 5.0€0, £ = 9.6 x 1072 sec, A = 2 cm, 0; = 30°, 0 = 0.5 S/m).
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145




x10'"°

Imaginary Part
s T 9

w
T

L 1 1

0 2 4 6 8 10 12 14 16

€ /e
S oo

Figure 5.5: The amplitude of the imaginary parts of poles vs. the ratio of €5 to €,
1 polarization (e, = 5.0e9 — 78.3¢¢, €00 = 5.0€p, £ = 9.6 x 10712 sec, A = 2 cin,
6; = 30°, 0 = 0.5 S/m).
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Figure 5.6: Pole trajectories of the reflection coefficient, L polarization (e, = 5.0¢g —
78.3€0, €5 = 5.0¢g, £ = 9.6 x 1072 sec, A =2 cm, §; = 30°, 0 = 0.5 S/m).
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Figure 5.7: Amplitude of the reflection coefficient vs. frequency for L polarization
(€5 = 5.0¢0, €0o = 3.0€0, £ = 9.6 x 1072 sec, A = 2 cm, §; = 30°, 0 = 1.0 S/m).
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Figure 5.8: Amplitude of the reflection coefficient vs. frequency for || polarization
(€5 = 5.0¢0, €00 = 3.0€p, € = 9.6 x 10712 sec, A = 2 cm, §; = 30°, 0 = 1.0 S/m).
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Figure 5.9: The integration contour when t > 7. |al, |b] — 00, 0 < ¢ < o0.
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Figure 5.11: Time domain response, conductor-backed case, normal incidence, (e, =
78.3€0, €00 = 5.0€0, £ = 9.6 x 1072 sec, A =2 cm, #; = 0°, 0 = 0.0 S/m).
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Figure 5.12: Time domain response, conductor-backed case, L polarization, (e,
78.3¢€0, €5 = 5.0¢g, £ = 9.6 x 1072 sec, A = 2 cm, 6; = 30°, 0 = 0.1 S/m).
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Figure 5.13: Time domain response, conductor-backed case, || polarization, (e,
78.3¢€0, €00 = 5.0€9, £ = 9.6 x 107 sec, A =2 cm, 6; = 30°, 0 = 0.5 S/m).
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Figure 5.14: Time domain response, air-backed case, normal incidence, (e, = 78.3¢,
€00 = 5.060, £ = 9.6 x 1072 sec, A =2 c¢m, 6; = 0°, 0 = 0.0 S/m).
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Figure 5.15: Time domain response, air-backed case, L polarization, (e, = 78.3¢,

€00 = 5.06p, £ = 9.6 x 1072 sec, A =2 cm, §; = 30°, 0 = 0.1 S/m).
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Figure 5.16: Time domain response, air-backed case, || polarization, (e, = 78.3¢,

0o = 5.069, £ = 9.6 x 1072 sec, A = 2 cm, 6; = 30°, 0 = 0.5 S/m).
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Chapter 6: Conclusions

The natural mode representations of the field reflected by conductor-backed
and air-backed lossy layers with frequency independent or dependent (Debye type)
material parameters have been analyzed and obtained numerically. It has been
shown that the late time response can be represented as a pure series of damped
sinusoids. These results are not only useful in the practical application to material
characterization using the E-pulse method, but also give us a significant physical
insight into the nature of the transient scattering.

In this thesis, a complete set of complex s domain poles was determined for each
case. In particular, the existance conditions of the real poles that are indispensable
for calculating the transient response were analyzed, and the determining equation
was formulated and numerically implemented. It should be emphasized that, when
calculating the poles nuinerically, it is very important to have good initial guesses
and to know the approximate pole behavior in order to bound the pole locations.

Unlike in the previous work [12], [13], the evaluation of the Laplace inversion
integral was accomplished analytically without resorting to numerical evaluation. It
was clearly justified that the contributions from the deformation contour located at
infinity and the branch cuts along the negative real axis vanishes. Here, it should be
noted that the assumption of a practically realizable signal which belongs to the
class of almost piccewise continuous (APC) signal [14] is fundamentally crucial in
evaluating the Laplace inversion integrals. In the previous work [12], [13], the
assumption of an unrealistic signal (a rectangular pulse with instant rising time) led
to inaccurate and computationally expensive results.

Also in this thesis, the transient responses from the frequency dependent Debye
type material were evaluated analytically showing the natural resonance

representation works equally well for the frequency dependent material parameters
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case. This result can be used for developing different permittivity models.

In future work, a multiple layer material can be examined with the reflection
coefficient formulated in Chapter 1. Also, it may be possible to develop a different
permittivity model that can better represent a general class of dielectrics. For this
purpose, a series of known permittivity models such as the Debye model can be
considered [32]. As a common structure, a curved structure also deserves to be
examined. Finally, the parameter extraction problem, which is to find material

parameters from a known time-domain response, is worthy of investigation.
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