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ABSTRACT

OPTIMAL DESIGN OF DIFFRACTIVE OPTICS
By

Kai Huang

In this dissertation, we consider two problems. Both problems deal with diffractive
optics and design of grating structures.

The first is known as the resonance design problem. In this case, we encounter one
of the most interesting new developments in diffractive optics which is the integration
of a zero-order grating and a planar waveguide to create a resonance. Such structures
are able to yield ultra narrow bandwidth filters which potentially have many extraor-
dinary applications. The main step in the design of such a grating structure is to find
the resonant wavelength. For any fixed grating structure, calculation of the resonant
wavelength is found by solving a nonlinear eigenvalue problem.

The second of the two design problems focuses on nonlinear diffraction gratings.
Here, we will consider a plane wave of frequency w, incident on a grating composed of
some nonlinear optical material. The effects of the nonlinear material interacting with
field give rise to diffracted waves with frequencies w; and wy; = 2w;. The creation of
waves with the doubled frequency is a phenomenon unique to nonlinear optics known
as second harmonic generation (SHG). The design problem in this context is to create

a grating structure which enhances the very weak nonlinear optical effects.
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Introduction

The field of diffractive optics has developed over the past few decades in concur-
rence with the semiconductor industry. The practical application of diffractive optics
technology has driven the need for mathematical models and numerical codes which
provide rigorous solutions of the electromagnetic vector-field equations for grating
structures. Such models and codes allow scientists to predict performance of a given
structure, and to carry out optimal design of new structures.

One of the most interesting new developments in diffractive optics involves the
integration of a zero-order grating with a planar waveguide to create a resonance.
Such structures take the form of a planar dielectric layer with the grating providing
a periodic modulation of the dielectric constant in one or more of the layers. These
grating structures can yield ultra narrow bandwidth filters for a selected wavelength.
In practice, it is desirable to design the grating structures to focus the filtering prop-
erties around a predetermined frequency. The design requirements are specified in
terms of the resonant wavelength A, at which maximum reflectance occurs, the
spectral bandwidth of the resonance A\ , the polarization and angle of the incident
wave, and possibly the “out-of-band” reflectance away from resonance. A great deal
of computation is necessary to draw the reflectance curve response to many different
wavelengths. One of the problems is to find the resonant wavelength without draw-
ing the reflectance curve. Instead of computing the entire reflectance curve, we will

see that information about the location of the resonance frequency can be found by



studying the scattering frequency which saves much in the way of computational cost.

In another grating problem, we consider a plane wave of frequency w; incident
on a grating or periodic structure consisting of some nonlinear optical material. The
nonlinear material produces nonlinear optical interactions which give rise to diffracted
waves at frequencies w; and wy, = 2w;. The creation of waves with the doubled
frequency represents the simplest situation which is unique to nonlinear optics -
second harmonic generation (SHG). An exciting application of SHG is to obtain
coherent radiation at a wavelength shorter than that of currently available lasers.
Unfortunately, it is well known that nonlinear optical effects, including SHG, are
generally so weak that they can only be observed in the presence of very strong
coherent electromagnetic fields such as lasers. Effective enhancement of nonlinear
optical effects presents one of the most challenging tasks in nonlinear optics.

The dissertation is organized as follows. In chapter 1, we describe the direct
diffraction problem. Some basic results that will be used in the next two chapters are
provided . The formulas for the partial derivatives of the reflection and transmission
coefficients with respect to the parameters of a binary grating profile are introduced.
The formulas will be used in determining the thickness of grating in resonant filter
design. Chapter 2, presents the resonant filter design problem. First we consider
how to find a good initial guess of grating thickness and period. Then, we try to
find the resonant wavelength for a given grating structure. Finally, we consider the
design problem. Also, numerical examples are presented . Chapter 3 discusses the
nonlinear grating design problem. In section 3.2, we present the nonlinear scattering
problem. Subsequently, in section 3.3, the perturbed diffraction problem with respect
to smooth variations of the interfaces is studied and a gradient formula is derived.

Numerical examples are given in section 3.4.



CHAPTER 1

The diffraction problem

1.1 Preliminaries

Suppose that the whole space is filled with non-magnetic material with a permittivity
function e, which in Cartesian coordinates (z;,z2,z3) does not depend on zj, is
periodic in z;, and homogeneous above and below certain interfaces. In practice, the
period A of optical gratings under consideration is comparable with the wavelength
A = 2mc/w of incoming plane optical waves, where ¢ denotes the speed of light.
Suppose also that the media are nonmagnetic; i.e., the magnetic permeability constant
u is a fixed constant everywhere. The upper interface is denoted by S*, the lower
interface is denoted by S~. The medium between S* and S~ is inhomogeneous with
€ = €o(z1,Z2), and we assume that the function &g is periodic in z;, €o(z1,22) =
eo(z1 + A, z2) and piecewise constant. Above the surface S* and below the surface
S~, the media are assumed to be homogeneous with £ = €.

Assume the grating is illuminated by a monochromatic plane wave
i . s i i . e s
E! = Aeic® 1/3:26 wt’ H! = Belon! :ﬂ:ze iwt

with 8 # 0.

Here, the complex amplitude vector A is perpendicular to the wave vector k =



) r+

G+

Figure 1.1. Geometry of Grating

(o, —0,0) and B = (wu)k x A.
The incident wave (Ei, H) will be diffracted by the grating.

In region G* above the grating surface S*, the total fields will be given by
EU _ gi ¢ grefl  gup _ gi  gyrefl.

In region G~ below the grating surface S—, the total fields will be given by

gdown _ prefr  gydown _ pyrefr

b

Dropping the factor exp(—iwt), total fields satisfy the time-harmonic Maxwell
equations
VxE = wpH (1.1)

V-eE = 0 (1.2)



VxH = —weFE (1.3)

V-H

I

0 (1.4)

Additionally, the tangential components of the total fields are continuous when

crossing an interface between two continuous media

vx(E'-E) =0, vx(H!'-H?)=0 on S* 8" (1.5)

where v is the unit normal to the interface S*.
E and H can be represented as the superposition of solutions corresponding to

the TE case (field transverse electric), where

El

(0,0, A3) exp(iazx; — ifx,),

H' = —(wp) '(-BAs,ad;,0)exp(iaz, — ifz,),
and to the TM case (field transverse magnetic ) with

El = (A1, A2,0) exp(iaz; — if8z3),
H' = (0,0,84, + aAy) exp(iaz, — if1s).
Denote by u! the normed transverse component El -x3 for TE or Hi. x3 for TM,
ie.
ul = exp(iaz; — ifz;) with a= w\/u;sin 0,8 = w\/u;cos 0.
The functions u*(z,, z;) and uo(z;,T2) equal to either the transverse component
E - x3 for TE or H - x3 for TM in G* and Gy, resp.

The boundary conditions (1.5) are translated into transmission conditions for the

unknowns u* and ug in the following way:

e TE mode: )
. + i
ut ol =g, O(u +u)=6u0 on S+,
ov ov
u” = -B—E—Qu—o on S~
= Yo, ov  ov )

5



e TM mode:

vt +dd = g, 1 0(ut +u') _ 10w
et ov €o OV
10" _ 10w

€~ Ov €0 Ov

on ST,

u~ = up, on S,

We shall assume throughout that the optical index of the grating materials is such

that the ¢ satisfies

Vet >0, (1.6)
RevVe- >0, Imve >0, (1.7)

Re y/eo(z1,22) > 0, Im/eo(z1,22) > 0. (1.8)

It is easily seen that the Maxwell’s equations become Helmholtz equation.

TE case:
Au+ Pueu =0 (1.9)
TM case :

1
V- (—Vu)+*u=0 1.10
(ME ) (1.10)

1.2 Radiation condition and Grating formula
It is obvious that the incident field u! satisfies the following condition:
ul(z; + pA, 2) = ul(zy, 22)ePA (2.1)

Suppose now that u is a solution of (1.9) (resp. (1.10)). Then by the periodicity

of the index ¢, every field u() of the form

ulP)(z) = u(z, + pA, z2)e~PA



for p € Z is a solution of the same problem. Of course, the associated diffracted field
u® has the same behavior for £, — oo as u, and there is no physical criterion to
eliminate some of these solutions.

In order for the problem not to have.inﬁnitely many solutions, we will look only

for a-periodic solutions, i.e. solutions u such that
u(z) + pA, 22) = u(zy, z2)e?*  Vpe Z. (2.2)

As usual, diffraction problems (1.9) and (1.10) are not well-posed and must be
completed by a radiation condition. Since the grating is unbounded in the z;-
direction, the classical Sommerfeld condition is not appropriate.

Because the domain is unbounded in the z,-direction, a radiation condition on
the scattering problem must be imposed at infinity, namely the diffracted fields u*
remain bounded and that they should be representable as superpositions of outgoing
waves.

Define the coefficients

2
ap = a+px7r (2.3)

ﬂf = ﬂ:(a) = ei_;}llu.ﬂ;asi - af,]% (2.4)

where v, = arg(w?pue — a?) € (—m, 7] is an argument of the complex number.

Define the finite sets of indices
P*={peZ:B; €R}. (2.5)

The a-periodicity condition will allow us now to write a radiation condition in the

zo-direction. Indeed, if the diffracted field u is a-periodic, it means that the function
v(z), T9) = u(zT), T2)e (2.6)

is periodic.



Moreover, since u* are analytic above S* (resp. below S™) by the classical regu-
larity results for the Helmholtz equation, the Fourier decomposition of v leads us to

the so-called a-periodic Fourier decomposition of u:

. e . iy

u+(xl,1:2) = Z A-;empthﬁp z2 + B;-emp:cl ifp z2
pEZ

for zo > max S*

u_($1,$2) — 2 A;em,:l-tﬂp z2 + Bp—etap:1+tﬂp z2
PEZ
for zo < min S~

The physics of the problem imposes the obvious condition that the diffracted field
remains bounded as |T3] — co. Thus, we will insist that u* satisfy the outgoing wave

condition (OWC) B;f = 0, i.e. they are composed of bounded outgoing plane waves

in G*:
. . +
ut(zy,22) = ), A;Le“""‘“*'ﬁp *2 for z > max S*
peZ
u (z1,z9) = Z A];e“""““"'ﬁp 2 for z < min S~
pEZ

Since B;* is real for at most finitely many p, there are only a finite number of prop-
agating plane waves in the sums of (2.7). Note that physically the case gy = 0

corresponds to a plane wave propagating parallel to the grating. We assume that

By #0. ie.

() # (ot 22 27)

. s
u+($1,$2) - Z A;etapzl+lﬁp z2
pPEZ
. .+ .
= Y AfermHT «outgoing waves ”
peP+
. .o+
+ > AS e'ormitibpza « gyanescent waves ”
pgpPt



w(zm) = Y Ajernise

pEZ
= Y Ajernm#hE “outgoing waves ”
pEP—
+ ) Aje #1-8p T2 « gyanescent waves ”
pEP~

Each term of the outgoing waves in the above represents a propagating plane
wave, which is called the diffracted wave in the p-th order.
Thus we have derived the following grating formula:

2r
ap =a+ px
or
. . A
sinf, = sinf + P3
Let H3($2) denote the restriction to £ of all functions in the Sobolev space H},.(R?)
which are A-periodic in z;.
Since we look now for a-periodic fields, the problems can be written on a cell of

the grating and we introduce Q = {(z;, ;) : z; € (0,A)}.

Define u, = ue™**!. It is easily seen that if u satisfies (1.9) then u, satisfies
A u+ w?pew =0 in R?
where A, is defined by A, = (V)% = (0;, + ia)? + (0z,)%

Let us consider the following problems:
TE problem Prg: find u € H}(Q)
Aou+ wpeu = 0 in (2.8)
w8 = 4 — 4l has the form (2.7) for |z5| big enough (2.9)
TM problem Pryps: find u € H;(Q)
Vo (ivau) +w’u = 0 in Q (2.10)
wdif = 4 — 4 has the form (2.7) for |z,| big enough (2.11)

9



1.3 Truncating of the domain

We introduce the following notations:
Fix number b > maxS* and —b < min S~ and let Q = (0,A) x (=b,b),Q* =
QNGE QW =0NGo, Tt ={z, =0} NQ, T~ = {z,=-b} N

We introduce the following space:

H'(T) = {v =3 v’ /M= N(1 + 4p?n? /A?)*|up|* < 00} (3.1)
pEZ

pEZ

We define the operators T'*:
T*: Hi([*) - H (%)

T* :v =) ue®/MNa o T*y) =Y ifFv,e®/Mn (3.2)
pEZ pEZ

which are periodic pseudo-differential operators of order 1.

It is easy to check that

ou _ _
au _ + —i03b_iazx) +
- T u — 2Be e onT (3.4)

Thus, the problem can be formulated as following:
TE problem Pz find u € H}(Q)

Aju+wpen = 0 in Q (3.5)
Ohou = Ttu—2ife™® on Tt (3.6)
Ohu = T7u on I'” (3.7)

Similarly, the TM problem can be formulated as following:
TM problem Py.: find u € H)()

Va: (ivau) +wlu = 0 in Q (3.8)
Ohou = Ttu-2ife™® on Tt (3.9)
Ohu = Tu on I''. (3.10)

10



Problems Prg (resp. Pry) and P2p (resp. PP, are clearly equivalent in the sense

of the following proposition.

Proposition 1.3.1 If u is a solution of Prg (resp. Pry ) such that 4 = u|q €
H1(2), then @ is a solution of Prg (resp. Prum). Conversely, if 4 is a solution of

Pl (resp.P2), it can be extended to a solution u of Prg ( resp. Pru).

1.4 Variational formulation

From the TE problem Pf., integration by parts results in the variational relation

Ou ou
. — 2 —
/Vo, Vi — wpueut — —6 v — —6 =0

By (3.3) and (3.4), we have the variational formulation for the TE diffraction

problem

BTE(U,'U) = LTE'U (41)

Bre(u,v) = /(Vau Vol — w?peud) /T+uv - /T ud (4.2)
Lrgv = —/2zﬁe v (4.3)

Similarly, the TM diffraction problem can be formulated as follows.
Find u € H,(?) that satisfies

Bru(u,v) = Lpyv (4.4)
Bry(u,v) = /(ivau Vo — wud) — é /T+u1‘) - ——lt /T"uz‘; (4.5)
a e HET By He L
Lryv = ——p;—*’ /2iﬂe"'ﬂbﬁ (4.6)
We have the following theorem:

Theorem 1.4.1 [2] The problem Pl (P2, ) is well-posed for every value of k ezcept

maybe for a discrete set of values k.

11



1.5 Efficiency

Let u be the solution of the TE or TM variational problem (4.1) or (4.4). The
reflection and transmission coefficients are determined by traces of u on the artificial

boundaries I'#:

— 4 + )
At = (2m)7le tﬂ""_/‘ue me
r+
A = —e %P 4 (27r)_le_mb/u,
r+
A, = (27r)_le_iﬂ’rb/ue—i"".

r-

Then the reflected an transmitted efficiencies in the TE case are defined by

,B:t
e = TIAP peP*, (5.1)
and in the TM case by
+
e;* - FPIA;P, p € P, (5.2)
L ¢ S _
e = ;FIAPI , PE P, (5.3)

For lossless gratings, i.e. all optical indices are real, the principle of conservation

of energy then, in either case, yields the relation

doeg+ D) e =1 (5.4)

peP+ peEP-

1.6 Optimization of grating efficiency

Consider a binary grating profile I' which is composed of a finite number of horizontal

and vertical segments and is determined by the height d and by , say m + 1 transition

12



T2

b
d | Xm Xm Y
A ;
0 t1 tj A I
-b

Figure 1.2. Binary Grating

points 0 =t < t; < -+ < t;o1 <t = A. Since ty and t,, are assumed to be fixed,
we write ' =T'(t),---,tm-1,d)
Assume that the number of transition points is fixed and, for given numbers

¢t € {-1,0,1}, define the functional
J(F) = J(tlr e ’tm—l’d) = che: (61)

We consider the following minimization problem.

Find a binary grating profile I'° such that

min  J([') = J(I'%) (6.2)

(tl )"‘,tm—l 1d)€K

where K is some compact set in the parameter space R™ reflecting some natural

constraints on the design of the profile. Note that the choice ¢ = —1 (resp. ¢ = 1)

n

in (6.1) amounts to maximizing (resp. minimizing ) the efficiency of the corresponding

reflected or transmitted propagating mode of order n.

13



To find local minimal of problem (6.1), gradient-based minimization methods can
be applied. Thus, we must calculate the gradient of J, VJ(I') = (D;J(T'))T*, where
eg forj=1

DJ(T) = lmh™(J(T4) ~ J(D)) (6.3)
= ’lil_lf(l)h-l(‘](tl'*'h’1d)—J(t11$d)) (64)
Here I';, denotes the binary profile with the height d and the transition points

ti+ htg,---,d.

We obviously have, for j =1,---,m

D;J(T) = £2(B}/B){cn"Re (A1 (D))D; A% (D)}

+22(8; /B8){caRe (A; () D; A7 (T)} (6.5)

Therefore , we have to calculate the partial derivatives D; AZ(T) of the reflection
and transmission coefficients.

We fix n € P* and derive a formula for the partial derivative D, A} (T") of the
Rayleigh coefficient of the n-th reflected mode in the TE case.

Let u be the solution of the TE transmission problem and let u, denote the

solution of the corresponding problem for the profile I', = I'(¢; + h,t,,-- -, d):

B'un¢) = [V Vep—Penumnp - [(Tru)o - [(Tru)e  (66)
Q r+

r‘..
- - / 2ifexp(~ifb)p Ve € HL(Q) (6.7)
I+
where
€0, h>0
Ep = in Hh,
et, h<0

en = ¢€in Q\II,

By the reflection and transmission coefficients and the definition of D, A} ("), we

have

14
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d
-
-
21 H;. h>0
-
-
— M
0 t, ti+h !

Figure 1.3. Geometry for the calculation of gradients

D AF(T) = lim ezp(=18b)

lin o F[(Uh — u)ezp(—inz,)dr,

We define the adjoint TE problem, seeks v € H,(f2) such that

B(p,v) = (@, f*) + (9, f7) for all p € H}()

where f* € H;1/2(I‘i).

Let w be the solution of the adjoint transmission problem
B(p,w) = /cpemp(—inxl)dzl\ﬂp € H;(Q).
r+
Then obviously

h! /(uh —u)ezp(—inz,)dr; = h7'B(up —u,w)
r+
= h7Y(B(un,w) — B*(uh,w)))
= h7! /w"’u(eh — €)upw
Q

= w2u(60—5+)|hl'1/uhu‘)
Iy

15

(6.8)

(6.9)

(6.10)

(6.11)

(6.12)

(6.13)

(6.14)



we can prove

'l‘i_r’r(1)|hl'1 /uhﬂ) = /uu‘;dz:g. (6.15)
I, P3N
Together , we have the formulas ([17]):
+ (_l)j_l —ipEp 2 + _ .
D;A; () = e W uleo — € )/U’widl‘g,] =1,---,m—1 (6.16)
s 3
DmA?: = %e‘iﬁ'?w?u(eo—sﬂ /u’lf)id.'lil (617)

Zm

16



CHAPTER 2

Guided Mode Grating Resonance
Filters (GMGRF)

2.1 Introduction

The anomalies of optical diffraction gratings have been of interest since they were
discovered by Wood in 1902. They manifest themselves as rapid variation in the
intensity of the various diffracted spectral orders in certain narrow frequency bands.
They were termed anomalies because the effects could not be explained by ordinary
grating theory. There are two principal types of anomalous effects; the Rayleigh type,
which is the classical Wood’s anomaly, and the less common resonant type.

The Rayleigh type is due to one of the spectral orders appearing (or disappearing)
at the grazing angle ( propagating along the surface). Note that for fixed e* and
incidence angle 6, condition (2.7) is violated for a discrete set of frequencies w;,w; —
0o, referred to as Rayleigh frequencies and corresponding to physically anomalous
behavior first observed by Wood. From the efficiency formula, it is natural to expect
that efficiencies will be redistributed when the new propagating mode appears or
disappears.

The resonant type anomaly is due to possible guided modes supportable by the

17



waveguide grating.

One of the most interesting new developments in diffractive optics involves the
integration of a zero-order grating with a planar waveguide to create a resonance.
Taking the form of a planar dielectric layer with the grating providing a periodic
modulation of the dielectric constant in one or more of the layers, such structures

have been demonstrated to yield ultra narrow bandwidth filters for a selected center

wavelength.
[
y.
|
Region 1
surrounding €gyrr
Region 2
core "°°| €EH €L €H €L
Region 3 - A .

substrate €4

Figure 2.1. Waveguide (Single layer)

A conceptual structure representing a GMGREF is illustrated in Figure 2.1. Region
2 consisting of a planar thin film, separates two homogeneous half-space.

The upper half-space is the “surrounding” and designated region 1; The lower
half-space is the “substrate”, called region 3. Electromagnetic radiation (“light”) in
the form of a polarized plane wave can be incident on region from either half-space.

Region 2 is constrained to have two special properties:

1. it must satisfy the requirement of a planar waveguide and have an average

refractive index greater than the refractive indices of both half-spaces.

2. it must have a periodically modulated dielectric function

18



Thus, in addition to being the core of a waveguide that supports guided modes,
region 2 is also a grating.

For a given incident plane wave of wavelength J, incident angle, and polarization,
it is possible to find a grating period A such that a first diffractive order of the grating
couples to a guided mode of the waveguide.

By arranging the grating to support only the zero propagating order, energy of
the guided mode diffracted out of the core can only lie along the direction of the
incident wave, and through this coupling a resonance is established which can lead in

principle to 100% reflectance in a very narrow spectral bandwidth, as illustrated in

Figure 2.2.
1 T T T T T T T T T
09 .
A=03
0.8 d=0.131 ]
L f=05
0.7 2-0
0.6 [ Eg=4.4 7]
_ = g = 3.6 _
R-Eff 0.5 e =231
04 Esup = 2.31 T
03 r |
0.2 4
0.1 4
0 I h ) ) - It } 4
0.5 0.51 0.52 0.53 0.54 0.55 0.56 0.57 0.58 0.59 0.6
Wavelength

Figure 2.2. Resonance example

The resonant wavelength is determined primarily by the grating period, and the
bandwidth primarily by the modulation of refractive index in the grating.

Furthermore, for wavelengths outside the resonance region, the structure appears

19



“homogenized” in its dielectric properties. Thus it may be considered approximately
as a simple thin film structure with reflectance properties described by well-known
thin film expressions ([12], section 1.6). In particular, it is possible to achieve antire-
flection conditions in the thin film structure away from the resonant wavelength.
With such extraordinary potential performance, these “resonant reflectors” have
attracted attention for many applications, such as lossless spectral filters with arbi-
trarily narrow, controllable line width, efficient and low-power optical switch elements,

polarization control etc.

2.2 The reflectance in thin film

For wavelengths outside the resonance region, the structure appear “ homogenized ”
in its dielectric properties, and thus it may be considered approximately as a sim-
ple thin film structure with reflectance properties described by well-known thin film

expressions.

Region 3 n3 = /&3 M

Region1 n; = /g,

Region 2 ny = /&3 62

Figure 2.3. Propagation of an electromagnetic wave through a homogeneous film.
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Define

g = 2—ﬂ'nldcos 6, (2.1)
Ao
p; = mnjcosf; (j=1,2,3) (2.2)

According to the Fresnel formulae, we have, for a TE wave,

ngcosfy —nycosfy, ps —py

S 2.3
21 nycosf, +nacosfy p; + p2 23)
2n, cos 6 2
ty = 200572 _ P (2.4)
nycosf, + nocosf, p + po
n, cos f; — n3 cosf -
ria = 1 1 3 3 _ P1—P3 (2_5)
nycosf; + nycosfs  p, + p3
2 0 2
ts = T, COS 0 _ D1 (2.6)
nycosf; + nzcosfs p; + p3
(2.7)
The formula for r and ¢t become
_ Ta ki (2.8)
1 + 7971328 .
_ tarti3e?” (2.9)
1 + ryyri3e2h .
The reflectivity and transmissivity are therefore given by
R=|rf = T2 +2rf23 + 2rg 113 c08 23 (2.10)
1+ 75,7553 + 2r91713CO8 23
cos @ t2,t2
T — &]t 2M3 3 — 21%13 (2.11)
P2 Ty COS 02 1+ THTiz + 27‘217‘13 Ccos 2,3

We first note (2.10) and (2.11) remain unchanged when g3 is replaced by 8 + m, i.e.,

when d is replaced by d + Ad, where

Ao
Ad = 2n, cos b,

Hence the reflectivity and transmissivity of dielectric films which differ in thickness

Ao
by an integral multiple of —————— are the same.
y & WP 2n, cos 6,
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If we set

(m=0,1,2,---) (2.12)
we find from (2.10) that

R =0 (2.13)
We must distinguish two cases:

1. When m is odd,

. 3o 5N
" 4cosf,’ 4cosb,’ 4cosb,’

(2.14)

then cos23 = —1 and (2.10) reduces to

T21 —T13
R=(— 2,
1 —7rori3

(2.15)

In particular for normal incidence, one has

2
R= (2 "My (2.16)

nyns + n?

2. When m is even, i.e. when the optical thickness has any of the values

o 20 3N
" 2cosf;’ 2cosb;’ 2cosb,’

then cos 8 = 1 and (2.10) reduces to

T tT13
1+ T21T13

R (2.17)

In particular, for normal incidence, this becomes

Ny —Nng

2 2.18
n2+n3) (2.18)

R=(
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Next we must determine the nature of these extreme values.

After a straightforward calculation we have that

maximum, if (—1)™(n; — n;)(n; —n3) > 0. (2.19)
minimum, if (-1)"(n; — n;)(n; — n3) <0. (2.20)

Example

In Figure 2.2, thickness d = 0.131um is the half-wavelength and since the
waveguide is symmetric (Esurr = €suw), the almost zero reflectance is obtained.

When the grating thickness is not close to a multiple of a half-wavelength deter-
mined by the resonance wavelength, a filter response with an asymmetrical line is ob-
tained. For parameters ey = 4.0, = 3.61, €5ypr = 1.0, €50 = 2.31 and A,.; = 0.609,
Figure 2.4 illustrates a calculated asymmetrical line shape corresponding to thick-
ness d = 0.2um while the thickness determined by the resonance wavelength is

d = 0.16um.

o9f -
o8}
o7t -
06}
osf -
04 -
03t -
02f -

0 1 lv

1 1 i 1 1
0.602 0604 0.606 0.608 0.61 0612 0.614 0616 0618 0.62

Figure 2.4. Asymmetric reflectance curve
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2.3 Guided Modes for the Slab Waveguide

n3=\/€_3
MoV 6, f
nzz\/a

Figure 2.5. Guided wave in the slab waveguide.

We simplify the description of the slab waveguide by assuming that there is no

variation in 2z direction, which we express symbolically by the equation

0

5. =0 (3.1)

Maxwell’s equations can be written in the form

OF
.2
V x H=¢on— (3.2)
and
OH
E=—pZt .
V x o (3.3)

TE modes have only three field components : E,, H; and H,,.
Since we are interested in obtaining the normal modes of the slab waveguide, we

assume that the z dependence of the mode fields is given by the function

e e (3.4)
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By combining the two factors, we obtain
e wt-P= (3.5)

With E; =0, E, = 0 and H; = 0, we obtain from Maxwell’s equations:

—iBH, — aaHy: = iweon’E, (3.6)
iBE, = —iwpoH, 3.7)
0E.

5 wpoH, (3.8)

We thus obtain the H components in terms of the E, component

. OF;
i OF,

r = — 3.10
o (3.10)

Substitution of these two equations into (3.6) yields the one-dimensional reduced

wave equation for the E, component:

0’E, 212 2
-6?--{-(71,6 —-B9)E, =0 (3.11)
with k? = w?eopo = (4F)2.

Solve the ordinary differential equation, we must require that E, are continuous

at y =0, y = —d and vanish at y = +oo.

E. = Ae™® fory >0 (3.12)
= Acosky + Bsinky for0>y> —d (3.13)
= (Acoskd — Bsinkd)e"¥+9 fory < —d (3.14)

The H, component is obtained

H, = (—i6/wpo)Ae % forz >0 (3.15)
= (—ik/wpo)(Asinky — B cos ky) for0>y>-d (3.16)
= (#y/wpo)(A cos kd — Bsin kd)e?@+9) for y < —d (3.17)
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The H, component does not immediately satisfy the boundary conditions. The
requirement of continuity of H, at y = 0 and y = —d leads to the following system

of equations:

JA+kB = 0 (3.18)
(ksinkd — ycoskd)A + (kcoskd + ysinkd)B = 0 (3.19)

This homogeneous equation system has a solution only if the system determinant

vanishes. We thus obtain the eigenvalue equation
d(k cos kd + ysinkd) — k(ksinkd — ycoskd) = 0 (3.20)

The eigenvalue equation can be written in a different form:

Kk(y +9)

s (3.21)

tan kd =

where

= (eokt = ),
Y= (/B? - 61k2)1/2)

= (ﬁ2 _ €3k‘2)1/2.
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2.4 Design Methodology

Design requirements are specified in terms of the resonant wavelength, A..,, at which
maximum reflectance occurs, the spectral bandwidth of the resonance AJ), as well
as the polarization and angle of the incident wave, and possibly the “out-of-band”
reflectance away from resonance.

Given refractive indices for the surrounding (region 1) and the substrate (region
3), a thin film material must be chosen with refractive index greater than both. If AR
(antireflection) properties are desired, then a multiple thin film structure is generally
required for the waveguide. Since region 2 is also a grating, it must have a periodically
modulated dielectric function.

With these modulated dielectric functions, we need to find the period A, thickness

d of core, and fill factor f.

f*A

EH €L

-—

Figure 2.6. Design parameters

If f represents the fill-factor, the effective dielectric constant for the grating film

is given by (for TE modes )

Eepf =fF*xep+ (1 —f)*eg

This value of €.sy is then used in ordinary thin film design expressions for the AR

stack and in the calculation of the waveguide eigenvalues.
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The calculation of the waveguide eigenvalues makes use of standard expressions
for planar waveguide and can be found for a simple structure in section 2.3 and for a
multilayer structure in [34].

Zero-order gratings are most effective in coupling incident radiation to a guided
mode. Although it is possible to achieve a resonance with a higher order grating, the
existence of more than one channel for light to propagate makes it difficult to get
high reflectance, and in practice we constrain the design only to zero-order gratings.

Intuitively, the coupling between the grating and waveguide is realized by equation

the first-order wave vector of the grating to a wave vector of a guided mode, viz.,

A :
B = k(ng sinaﬂ:ix) mode matching condition, (4.1)

where

= guided mode eigenvalue =axial component of guided mode wavevector

=  wavelength of incident wave in vacuum
k= incident wavenumber = 2{
0 = angle of incident plane wave in region 1
ng = refractive index of region 1

A = grating period

In the case that § = 0, zero-mode corresponding to : = +1, and the mode matching

condition becomes:

A= (4.2)

For unmodulated (e(z) = €.ss) slab waveguide the eigenvalue equation for guided

waves is

K(y +9)

tan(kd) = R

(4.3)
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where d is the thickness of the slab waveguide,

K = (60k2 _ ,82)1/2
v = (52 _ €1k2)1/2

§ = (,32 _ €3k2)1/2

The dielectric modulation is adjusted most easily by the fill factor of the grating.

Since the grating supports only zero order, the period is smaller than the wave-
length, A < Aes.

With the eigenvalues calculated for the effective structure, one can then estimate
the required grating period using (4.1).

The design is not complete at this point because the expressions are only approx-
imately true being rigorous in the limit ey — e, — 0 [24, 33, 34].

To complete the design, one must calculate the performance of the structure using
a rigorous Maxwell solver code to get accurate values for the resonant wavelength,
spectral bandwidth and spectral reflectance. We will study the resonant wavelength
in the following sections.

These values are then compared with the desired values, and if they exceed spec-

ified tolerance, the entire procedure is iterated until a satisfactory structure is found.
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Input Design Values

Polar. w
6
X1'83 ) Ax )

Multilayer Waveguide Solver

- homogenized grating index

- estimate A with mode matching

Rigorous Maxwell Solver

- input actual structure with A
- calculate resonant A, A\

Reflmaz

Figure 2.7. Design methodology for GMGRF

30



2.5 The dissipative diffraction problem

The direct determination of the resonant frequencies appears to be difficult. However,
the study of the singularities of the scattering matrix is easier and provides valuable
information about the resonant frequencies which stay along the real axis in the

vicinity of these scattering frequencies (see Figure 2.8).

1
0.9
0.8
0.7
0.6
0.5
04
03
02|

T

T

T

T

1 1 L 1 1

0.1 o’
0522 0523 0.524 0525 ¢ 0526 0527  0.528

©: singular wavelength *: Resonant wavelength

Figure 2.8. Resonance wavelength and singular wavelength

For sake of simplicity, we assume that only the zero order propagates, with am-
plitude Ay, which is dependent on w, and the grating shape. If we assume the shape
is fixed, Ay is dependent on w only, and we denote it by Ag(w). We consider the ex-
tension of the problem to the complex plane. The research of poles for Ap(w) implies
that we try to see if it possible to find such solutions of Maxwell equations without
any incident wave (homogeneous problem). If we find a value w, for which the prob-
lem has a non trivial solution, it means that there exist finite coefficient Ay without

any incident wave, which has the consequence that, for a given incident wave with
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a complex frequency w, Ap is infinite. For w, lies not far from the real axis in the
complex plane, when w passes near the real part of w,, which is closed to the singular
frequency w,, the coefficient A, takes very high values and gives rise to the resonance
phenomenon.

For £(z) = n%(x) € R, consider the so-called dissipative problem obtained by
extending the physical diffraction problem to complex values of w € C, let v = w? €
C.

The variational formulation becomes:

a,(u,v) = — / 2i3~%y W e H:,(Q) (5.1)
r+
We rewrite it as:
(I+T()u=L; in H;(Q) (5.2)

where

a(u,v) = / (Vau - Vad — vepud) — / T (v)u — / T (v)ub
- n/[vu Vi + (|af? - Ve,u):') . 2z'a@1ut‘)]r—_ / T+ (v)ud — / T~ (v)us
Q + —
(Tw)u,v) = / (Vau- Vad — V- V5 — (vep + 1)ud) -F / T+(v)uw -F / T (v)ud
= n/[|a|2 - (veu-:- 1)ut — 2iad ud) — /ngm-, - /T'(Z;uz') (5.3)
i / 23~y ) )
i

Let A(v) : Hy(Q) — H,(Q) be the continuous operator associated to the sesqulin-

(Lf’ U)

ear form a,

(A(v)u,v) = a,(u,v) for u,v € H,(Q)
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Proposition 2.5.1 For any complex number v, the operator A(v) admits a Fredholm
decomposition, i.e. we have A(v) = B(v) + C(v), where B(v) is an automorphism of

H} () and C(v) is a compact operator on H,(S).

Proof:
Set a, = b, + ¢, where the sesqulinear forms b, and ¢, are defined on H;(Q) X

H)(Q) by:
b,(u,v) = /(Vu -Vo+u-v) - /T+(u)u1'; - /T"(V)m‘)
Q r+ r-
c(u,v) = - /(ueu +1—|af®)u- 7+ ia(ud,o — 6,ud)
Q

Let B(v) and C(v) be the continuous operator of H)(f2) associated to the sesqulin-
ear forms b,(-,-) and ¢, (-, ).
Then it is easy to check that B(v) is an automorphism and C(v) is compact

operator. [

Proposition 2.5.2 (/9/) T(v) is holomorphic in the domain C\R".

A(v) is an analytic perturbation T'(v) of I. From now on we shall denote (I +

T(v))™! by R(v).

2.6 Scattering frequency

v, is scattering frequency, if there exists u # 0 such that
Aw)u=0 (6.1)
ie.,
a,, (u,v) = /{Vau - Val — v,epud} — /r+ T*(v)uv — /T”(u)m‘z =0
" f(fr— Vv € H(Q).
(6.2)
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(I+T@)u=0 in H;(Q). (6.3)

Proposition 2.6.1 The scattering frequencies v, of the diffraction problem are the

solutions of the nonlinear eigenvalue problem (6.3).
Proposition 2.6.2 IfIm (v) > 0, the problem (5.1) has a unique solution.
Proof: Suppose A(v)u = 0, then a,(u,v) = 0 for Vv € H}(Q).

a,(u,v) = /(Vau - Vab — VEpud) — /T*’(u)uz’) - /T“(u)w‘; =0
Q r+ r-

Im (a, (u, u))
= —({Im (vpe)|u|? — Im (F{ T*(v)utz) — Im (rf- T~ (v)uu)
=~ [Im (pe)luf ~ [ S Re(B)uie™a - [ T Re(B;uzea
= —/Im (vue)lul* — Re X B |uf]® — Re ¥ B, lug |?
Im (vue) > 0 and Re 8 > 0

All terms of this expression vanish since they are non-negative.

We have u(z) =0 for z € Q.

Corollary 2.6.1 The resolvent operator R(v) = A~(v) is holomorphic in the half

plane Im (v) > 0. i.e., The scattering frequency is the half plane Im (v) < 0.

2.7 Numerical solution for scattering frequency

By Vi we denote a finite-dimensional subspace of H,(f2). We will find the scattering
frequency v approximation vy in V.

Let X denote a complex Banach space and L(X) denote the set of bounded, linear
operators on X. For pencil [A4, B] of operators in L(X) let p[A, B],0[A, B}, and P,(4,5

denote the resolvent set, the spectrum, and the point spectrum defined by
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p[A,B] = {A € C:A— B is boundedly invertible }
olA,B] = C\p[A, B]
P,[A,B] = {A€ C:A— B is not one-to-one }

Q.[A,B] = {)€ P,[A, B]:dimKer[A — AB] < +o0}

For each A in some domain D in C, let F(\) be a linear, compact operator on X
and let F' be holomorphic in \. We call £ € D a nonlinear eigenvalue if A(§) = I—F(§)

1s not one-to-one.

Theorem 2.7.1 ([16, 25]) Define a()) to be the dimension of Ker[I — F(\)]. Then
a()) is constant on D ezcept at a countable number of isolated points. If a(\) = 0 for
at least one point of D, then I — F()) is bounded invertible in D ezcept at a countable

number of isolated points.

Let £ be an isolated nonlinear eigenvalue of I — F(A). Let II, be a bounded
projection from X onto X,, a finite dimensional subspace of X, and assume that

{I1,} converges pointwise to the identity I,
II, - I. point wise ash—0 (7.1)
It is obvious that £ is an eigenvalue of I — F(£) if and only if 0 € Q,[I — F(£), I].

Theorem 2.7.2 [16, 25] Let v > 0 and Let F()\) be an L(X) valued function which
is holomorphic on D = {|)A| < 7} in the complez plane C. For £ € D assume that
0 € Q,[I—F(£), 1] is an isolated point with algebraic multiplicitym. Let U be an open
set which isolates 0 from the remainder of o[I — F(€),I]. Then there is a positive §, a
positive integer p, and a positive integer k < m so that for |\ — €| < 6, the following
hold:
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1. UNa[I = F(X),I] consists of m eigenvalues p; (), -, m(A) counted according
to multiplicity, k of which are distinct; each function p;(\) is a holomorphic
Junction of the principal value of the p-th root of A and satisfies p;(§) = 0; the
average ji(\) = 1‘“"\;;-“4@1 is holomorphic in .

2. for h sufficiently small UNo[I — IaF()),I] consists of m eigenvalues
(A h), -+, um(A; h) counted according to multiplicity; the average fin()\) of

these eigenvalues is holomorphic in A;

3. wi(A; h) converges uniformly to p;(A) as h — 0.

With the above Theorem, we can find &, such that iz,(¢,) = 0.
To compute f, the algebraic multiplicity m must be known. Given A, we first

compute the m eigenvalues u;(A;h),---, pm(A;n) of I — II,F(X) closest to 0, and

(Ah)+-+pm(A;h)
— .

then the arithmetic mean a,(\) = &

Let us consider the homogeneous dissipative problem:

I+T@W@)u=0

(T(w)u,v) = [(Vau-Vad —Vu-Vo — (vep + 1)uv) — /T+(V)u17 - /T"(V)m‘)
r+ r-

I
D, O~

[la|? = (vep + 1)ut — 2iad ud] — /T*(u)m‘) - /T"(u)m')
r+ r-

(Ju,v) = /Vqu + uv (7.2)
Q

Tw)U(v.) = Aw.)JU(v) (7.3)
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It is obvious that scattering frequency is the solution of
Av,) = -1 (7.4)

The solution of (7.4) by Newton’s method requires the derivative \'(v) of A(v).
We assume that A\(v) is a simple eigenvalue of A(v),

Proposition 2.7.1

XN(v) =(T'(W)U(v), 9(v))

where g(v) is the associated eigenvector of the adjoint operator, i.e., satisfying
T*(v)g(v) = A(v)Jg(v)

and

(JU(),9(v)) =1
proof:

Xp) = (T@UW),9(v))
= (T'WU®),9(v))
+H(T(W)U'(v), 9(v)) + (T()U(v),g'(v))]
(TW)U'(v),9(v)) + (T(V)U(v),g'(v))
= (U'(v),T*(v)9(v)) + A()JU(v),4'(v))
= (U'(¥),2X¥)Jg(v)) + A¥)JU(),¢ ()
= AW)(JU'(¥),9(v)) + A¥)(JU(v), g (v))

= Av)(1)
=0

We can rewrite the eigenvalue problem as:
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Find v, such that there exists u # 0,
/Vu -V + |a(v)|*ut — 2ia(v)d ud — /T+(V)uz') - /T‘(V)uz‘; = V/E;zm'; (7.5)
Q r+ r- Q

It is equivalent to

/Vu -V + |of*ut — 2iad uv — /T+m7 - /T“uf) = r(v) /eum‘; (7.6)
0 r+ r- Q

r(v) =v (7.7)
It is a nonlinear eigenvalue problem
A(A\)z = ABz (7.8)

where B S.P.D.

We can solve it by simple iteration, i.e., given wp, 7(wn) = Wn41

The numerical experiment shows that the method converges, but we could not
prove the convergence.

We can solve the nonlinear equation 7(v) — v = 0 by secant method. It is faster
than simple iteration, since the convergent rate 1.618.

Example
For parameters A = 0.3um ( period), d = 0.125um ( thickness of core), f = 0.5
(fill-factor), ey = 4.4,ep = 3.6,€purr = 1,64 = 2.31 and theta = 0, we found 2
eigenvalues in [0.5,0.6], A; = 0.51152267, A\, = 0.51362098.

At A; = 0.51152267, the reflective efficiency is 0.99993363, it is a resonant wave-
length, see Figure 2.7.

At Xy = 0.51362098, the reflective efficiency 0.1445, it is not a resonant wavelength,

see 2.9. We notice that there is a small “bump” near this eigenvalue.
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Figure 2.10. eigenvalue but not resonant wavelength
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2.8 Design of GMGRF

With the function r(f,d,A) which correspond the given grating structure to the
resonance frequency ( wavelength), we may consider the design problem.

Given permittivity constants €y,€r,Esurr and €44, at first, we use fill-factor as
0.5. The grating film thickness is quarter-wavelength, or a multiple thereof. Solve
the waveguide eigenvalue equation, we can decide the period of grating.

Next step, we need to compute the resonance wavelength and bandwidth. It is
hard to get accurate values of the spectral bandwidth. But it is easy to know whether
the bandwidth for the structure is greater or less than a given data.

These values are then compared with the desired values, and if necessary, the
fill-factor will adjusted to get the the specified wavelength. This is to find zero of a
nonlinear equation. After adjusted the fill-factor, we consider the reflectance out of
resonance region. If necessary, we can change the thickness of the grating film. This
is an optimization problem.

Given: €surr,Esu, €H, €L, 0 ( incident angle)

1. Waveguide solver
Initial data :

f = 0.5, fill-factor.

mA

4/Eess

A From mode-matching condition.

d=

thickness of core, m =1,2,---

(a) Waveguide eigenvalue

Solve (3.21) for B (for single layer).

_ Kk(y +9)
tan kd = =
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where

Kk = (e0k® — B%)1/?
= (ﬂz _ €1k2)1/2

§= (ﬂ2 _ €3k2)1/2

(b) mode-matching condition
Solve (4.1) for A.

6 = 0, zero-mode — A = %”

If A is not in the interval (0, A), we need to change the material.

2. Rigorous Maxwell Solver

Input period A, calculate resonant wavelength A

3. iteration

modify fill-factor (first), thickness or period.

From initial start value fo,do, A, we need solve the following two mathematical

problems:

1. Solve nonlinear equation

T(fj+1a dja A) = /\res

This function is a real valued function, we use Van Wijingaarden-Dekker-Brent
method. It combines the bisection and secant methods, providing a synthesis

of the advantages of both.
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2. Optimal problem:

It is hard to get the accurate value of bandwidth. In fact, we don’t need to

know the accurate value of bandwidth.

We can specified a desired bandwidth A\, compute the reflectance at wave-
length A + AX and A — A\, then we know whether the actual bandwidth is

satisfied or not by comparing it with A\.

At wavelengths A+ AX (and/or A — A)), we can compute the reflectance ey by
solving the direct diffraction problem. If it is not satisfied, then at wavelength

A=A+ AX (A= )A; — A)) solve the following optimal problem.

Solve d; 4,
eo(fi+1,dj41,A) = m}neo(fjn, d,A)

For this optimization problem, we can use the gradient formula described in

section 1.6.

The above procedures iterated until a satisfactory structure is found. In numerical

experiment, this procedure is found to converge quite quickly.
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2.9 Numerical example

Given ey = 2.12 = 4.41,e; = 2.02 = 4.0, £44rr = 1.0° = 1.0, €40 = 1.52% = 2.3104 and
6 =0.

The specified resonant center is A, = 0.54

. . . 0.54 .
1. First we need to estimate thickness, d = 2+ (21%05120505) 0.132

Solve (3.21) for 3, we have 5 = 20.423, then A = %r = 0.307

2. For this structure (A = 0.307,d = 0.132, f = 0.5), we found that the eigenvalue

is 0.5385
! ' " T T T T T T
o8t 4
orb - : . U S S
06} : . . - 4
osp : SRR 1
PY| o ]
03fF- - - - . . . o . = . 4
il Jk . : )
05 051 052 053 0.54 055 0.56 057 058 058 08

Figure 2.11. reflectance curve for initial data

Solve nonlinear equation (with A = 0.307,d = 0.132)
r(f) = 0.54

The solution is f = 0.714.
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With fill-factor f = 0.714, the reflectance curve is given by Figure 2.12:
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Figure 2.12. reflectance curve

3. Comnsider AX = 0.015,
At A = \es + AX = 0.5415, Reflectance is 0.0389.
At A = \es — AX = 0.5385, Reflectance is 0.0591.

We need to solve the minimization problem at wavelength A = 0.5385 (with

A =0.307, f = 0.714):

m}n eo(d)

We got d = 0.131

For this structure (A = 0.307,d = 0.131) , solve nonlinear equation r(f) = 0.54

again, the new fill-factor is f = 0.741.
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At A = Aes + AX = 0.5415, Reflectance = 0.041
At A = A\, — A\ = 0.5385, Reflectance = 0.048

We may stop with the parameters as A = 0.307,d = 0.131, f = 0.741.
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Figure 2.13. reflectance curve for the design example.
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CHAPTER 3

Optimal design of nonlinear grating

3.1 Introduction

Consider a plane wave of frequency w; incident on a grating or periodic structure con-
sisting of some nonlinear optical material. Because of the presence of the nonlinear
material, the nonlinear optical interaction gives rise to diffracted waves at frequencies
w; and wy = 2w,. This process represents the simplest situation in nonlinear optics
- second harmonic generation (SHG). An exciting application of SHG is to obtain
coherent radiation at a wavelength shorter than that of the available lasers. Unfortu-
nately, it is well known that nonlinear optical effects from SHG are generally so weak
that their observation requires extremely high intensity of laser beams. Effective en-
hancement of nonlinear optical effects presents one of the most challenging tasks in
nonlinear optics.

The present research is concerned with important aspects for systematically design
of surface (grating) enhanced nonlinear optical effects. Recently, in a sequence of
papers [29], [30], [27], a PDE model based on Maxwell’s equations has been introduced
to model nonlinear SHG in periodic structures. In particular, it has been announced
in [29] and [30] that SHG can be greatly enhanced by using diffraction gratings or

periodic structures and the PDE model can predict the field propagation accurately.
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Our goal is to provide the mathematical foundation of optimization methods for
solving the optimal design problem of nonlinear periodic gratings. By conducting a
perturbation analysis of the grating problems that arise from smooth variations of
the interfaces, we derive explicit formulas for the partial derivatives of the reflection
and transmission coefficients. Such derivatives allow us to compute the gradients for
a general class of functionals involving the Rayleigh coefficients.

Optimal design of periodic grating has recently received much attention [1], [3],
(6], [17], [18]. For linear grating structures, significant results have been obtained by
Dobson [15](weak convergence), Bao and Bonnetier [3](homogenization), and Eschner
and Schmidt [17], [18] (optimization). To our best knowledge, the present work is
the first attempt to solve the optimal design problem of nonlinear gratings. Little is
known concerning the questions of existence and uniqueness for nonlinear Maxwell’s
equations in periodic structures. In two simple cases, where Maxwell’s equations can
be reduced to a system of nonlinear Helmholtz equations, existence and uniqueness
results have been obtained recently in Bao and Dobson (6] and [7]. Computational
results have also been obtained by using a combination of the method of finite elements
and the fixed point iteration algorithm. More recently, a more general model has been
studied by Bao and Chen [4]. Their model supports a general class of nonlinear optical
materials with cubic symmetry structures. Our present work is devoted to study the
optimal design problem for this model problem.

A good background on the linear theory of diffractive optics in grating structures
may be found in Petit [28] and Bao, Cowsar and Masters [5]. For the underlying
physics of nonlinear optics, we refer the reader to the classic books of Bloembergen

[11] and Shen [31].
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3.2 Modeling of the nonlinear scattering problem

Throughout, the media are assumed to be nonmagnetic with constant magnetic per-
meability. For convenience, the magnetic permeability constant is assumed to be
equal to unity everywhere. Assume also that no external charge or current is present.

The time harmonic Maxwell equations that govern SHG then take the form:

VXE = %H V-H=0, (2.1)
VxH = —%D, V-D =0, (2.2)

along with the constitutive equation:

D = €E + 47x?(z,w) : EE, (2.3)

where E is electric field, H is magnetic field, D is electric displacement, € is dielectric
coefficient, c is speed of the light, w is angular frequency, x(? is the second order
nonlinear susceptibility tensor of third rank, i.e., x(¥ : EE is a vector whose j-th
component is “%1 xﬁ%EkEl, ji=12,3.

Remark 2. 1'._The medium is said to be linear if D = €E or x? vanishes. In
principle, essentially all optical media are nonlinear, i.e., D is a nonlinear function of
E.

The physics of SHG may be described as follows: when a plane wave at frequency
w = w, is incident on a nonlinear medium, because of the interaction of the incident
wave and nonlinear medium, diffracted waves at frequencies w = w; and w = 2w, are
generated. The fact that new frequency components are present is the most striking
difference between nonlinear and linear optics. However, for most media, nonlinear
optical effects are so weak that they may reasonably be ignored. In particular, the

conversion of energy into the new frequency component is very small. The observation
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of nonlinear phenomena in the optical region normally can only be made by using
high intensity beams, say by application of a high intensity laser.

Assume that the depletion of energy from the pump waves (at frequency w = w,)
may be neglected, which is the well known undepleted pump approximation in the
literature, see [29] and [30]. Under the approximation, equation (2.3) at frequencies

w = w; and w = wy = 2wy, respectively, may be written as

D(z,w1) = e(z,w)E(z,w;), (2.4)

D(z,w;) = €(z,w))E(z,ws) + 4mx P (z,ws) : E(z, w1 E(z,w,) . (2.5)

We then reduce the nonlinear coupled system (2.1) and (2.2). Throughout the
paper, all fields are assumed to be invariant in the z3 direction. Here, as in the linear
case, in TE polarization the electric field is transversal to the (z;,z;)-plane, and in
TM polarization the magnetic field is transversal to the (z,,z;)-plane. In the non-
linear case, however, the polarization is determined by group symmetry properties of
x'?. In this work, motivated by applications, we assume that the electromagnetic
fields are TM polarized at frequency w; and TE polarized at frequency w,. This po-
larization assumption is known to support a large class of nonlinear optical materials,
for example, crystals with cubic symmetry structures. See Appendix for additional
discussion.

Therefore

H(xrwl) = H(ZL'],.T2,W1)IE3, (26)
E(.’E,wz) = E(xl,xg,UJg)fg. (27)
Define for convenience
¢ = €(r,72,w;), j=1,2, (2.8)
k; = % &, Im(k)>0,j=12. (2.9)
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The system (2.1), (2.2) at frequency w; can be simplified to

v. (—kl—ZVH) +H=0. (2.10)
1
Because of Equation (2.10),
c
E(z,w,) = iw1€1v x H(z,w,) (2.11)
c
= o (0-,H,—0,,H,0) . (2.12)

Hence the second harmonic field satisfies

4mw?
[A+K)E = — X X (@, wo) (B(z, w1));(E(z,w)),  (2.13)
jtl=112$3
= Z pﬂaszallH ) (214)
=12

where A is the usual Laplace operator and p; = (—1)7H % X:(;? Wz, w) .
1 k)
Let us further specify the problem geometry. Assume that the medium and ma-
terial are periodic in the z; variable of period 27 and are invariant in the z3 variable.

We may then restrict to a single period in z,, as shown in Figure 3.1.

Introduce the notation:

[ = {z2=(-1)"1, 0 < z, < 27}, S; ={0 <z <2m, z2 = ¢j(z1)},
Q) ={0<z <2m ¢(21) < z2 < b}, Q={0<z <2m, —b< 1z < ¢o(1)},
QF ={0<z; <2m, zo > b}, QF ={0< z <2m, z, < -b},
Qo = {0 < z; < 2m, ¢o(z1) < 72 < h1(z1)}, Q={0<z <2m —b<zy,<b}.

Suppose that the whole space is filled with material in such a way that the “indexes
of refraction” n, and n, satisfy
nj in Qi’. U Ql ’
nj(z) =193 njo in
nj2 in Q; U Qg ’
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Figure 3.1. Problem geometry.

for j = 1,2, where n;; and nj; are constants, n;; are real and positive, and Re nj; > 0,
Im nj; > 0. The case Im nj; > 0 accounts for materials which absorb energy. We
assume that njo(z) are piecewise constant functions in €y satisfying Re njo > 0,
I'm njp > 0.

We wish to solve the system (3.8) and (2.13) when an incoming plane wave
uy = w1 T~ (2.15)
is incident on S; from Q} where u; is a real positive constant, a; = kj;siné, 5, =
ki1 cosb, k) = “ngy, and —F < 6 < I is the angle of incidence.
c 2 2
We are interested in “quasi-periodic” solutions (H, E), that is, solutions (H, E)

such that

i —i . 0%
u=He ™™ and v = FEe ™™ (ap = ko sind, ky = —c-nzl)

are 2w-periodic in the z; direction.
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It follows from the system (3.8) and (2.13) that

Va, - (—I—Valu) +u = 0,

k3
(B +K)v = Y p5057u 8,
3d=1,2
where
AQQ = A+ 21:026;,1 — |02|2 , Vm =V+ i(al,O)
and

a i(2a;—az)z ) ; —
pjl—lee( ! 2)11 611_611‘*'201’ a2011‘_612'

Define, for j = 1,2, the coefficients

n i 1/2
.BL')(O) — e:‘h;ﬂikfj _ (n+al)2\ . ne Z,

n S~ - 1/2
,Béj)(a) = ¢'m/? lkgj —(n+ 02)2| / , MNEJZ,
where

M = afg(kfj —(n+a)?), 0<m;<2m,

vy = arg(kl; — (n+a2)?), 0< ;< 2rm.

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

Throughout, assume that k2, # (n + a;)? and k3; # (n + ap)? for all n € Z,

j = 1,2. This assumption excludes the “Rayleigh anomalous” cases where waves

propagate along the z,-axis.

For function f € H3 (T;) (the Sobolev space of complex valued functions on the

circle), define the operator Tj; by

(T2 f) (1) = 3 —iB (a) fPem,

nez

(2.23)

2n .
for s,j = 1,2, where f™ = L [ f(z;)e™™ and the equality is taken in the sense of
0

distributions.
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From (2.23) and the definition of ﬁﬁ;‘) (@), it is clear that T} is a standard pseudo-

differential operator (in fact, a convolution operator) of order one.
The scattering problem can be formulated as follows [4]:
1 .
Vul * (k_¥Valu) + u = 0 mn Q,

(Do +K)v = Y p585udfu inQ,

§l=1,2

(Th + —6%)14 = —2iu;Bie ' on Iy,
o . O

(TS + E)u = 0 on Iy,
o O
o . 0

Integration by parts results in the variational relation:

1 0l e fora
Brum(u, ¢) =/7€‘§ Vau-Vap— [ug+ ‘kT/(TnU) $+ k_z/(Tmu) 2
5 a g 12

_ 21:’11,,',61 e_—iﬂlb
ki

/¢, Vo e Hy(Q).
r,

Bre(v,9)= [ Ve Varp - [KBop+ [THo)e+ [(T50)e
0 Q | I

== 3 pa [ aruorug, Vo€ HYQ).

jvl=112 Qo

(2.24)

(2.25)

(2.26)
(2.27)
(2.28)

(2.29)

(2.30)

(2.31)

Here Hp(S2) contains the functions of H*(Q2) that are 2z-periodic in the z, direction.

Note that usually the medium above the grating is air with optical index n;; =1,

which is independent of the wavelength. Thus a; = 2a; and p$; = p;; for all incidence

angles, which simplify some of the formulas given below.

In the following, assume that the functions no(z) are constant on subdomains §2;

with piecewise smooth boundaries 9€2;. The angles at the corners of €; are strictly

between 0 and 27. Also, denote by

A =89\ (T UTy)
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the set of interfaces between different materials. Assume further that the problems
(2.30) and (2.31) with vanishing right-hand sides have only the trivial solution. Then
it is well known [17] that the solution u of (2.30) belongs to the Sobolev space H}*4(Q2)
for some § € (0,1/2).

Furthermore, we have

> P50 udtu e HH(Q) (2.32)

il=1,2

by a direct application of the following regularity result of Beals [10].

Proposition 3.2.1 If f € H*(R"), g € H*?*(R"), s; < n/2, s + s2 > 0, then
the product fg € H***2~"/2-%(R"™) for arbitrary § > 0, and || fglls,+s,-n/2—6 <
@)1 lls, llglls.-

In view of (2.32), we obtain the following result.

Theorem 3.2.1 Under the assumptions made above, the problem (2.30), (2.31) has

a unique solution v € H}(Q).

Similar to the linear diffraction problem, the energy propagation of the diffracted
fields is measured by the diffraction efficiencies. The efficiencies of the second har-

monic fields are given by the formula:

e—zwg’;)b .
= B /BIELR with B} = / ve ™1 dz,  for B real.
(8 £
=280 .
e =B /BIE; with By =S / ve ™1 dz,  for A5 real.

| Y

3.3 Optimal design

Our goal is to determine (or design) grating geometries that ensure maximal efficien-
cies of the second harmonic fields. The optimal design problem may be stated as

follows: Find a grating profile A° such that
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max ef(A) = e} (A9).
In order to apply certain gradient based optimization methods, it is essential to study
the differentiability of the efficiencies with respect to perturbations of the interface

A

Consider a family of perturbed interfaces A, given by
Ap = ‘I’h(A) , <I)h(:t) =z+ hx(.’E) , (3.1)

where x = (x1,x2) is C! continuous, 2r—periodic in z; and has compact support
in [0,27] x (—b,b). Clearly, for sufficiently small |h| the mapping ®, is a C? diffeo-
morphism of Q onto itself. Consequently, ®,(2) corresponds to a perturbed grating
geometry which yields new piecewise constant functions e;‘ as well as the perturbed
bilinear forms B%,, and B%;. Moreover, the nonlinear material is contained in the
subdomain Q8 = &,(Q).

It follows that

(n)
Def; = Jim ™' (e (Ax) — e (A)) = 22~ Re (BT DE)

Therefore, to compute De} with respect to the perturbation (3.1), it suffices to cal-

culate the derivatives DE; defined by

—243;"’1;

DE; (= m, g

/(vh —v)e iz, (3.2)

where v solves (2.30), (2.31) and vy, is the solution of the perturbed problem

2zu,[3 e~ ibrb
B”I"M(uhv(p)z - 1 /90’

(3.3)
B o (vn, ¢) Z il /e‘(z"""“’)" O un 0 unp, V€ H;(Q).

0
To compute (3.2), it is useful to employ the concept of the material derivative

[32]. Using the mapping ®;, we introduce the isomorphism
U, : H(Q) - HA(Q)
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which maps u to uo ®;'.

Since x is compactly supported in 2, it is easily seen that

\I’;;lulpj = ’U,lpj ,J=12,Vue H:,(Q) .

Hence

-2ia{Mb

DE}(x) = lim =

. -1 _ —inz)
lim —— (P, vn —v)e dz, . (3.4)

r

Therefore, the derivative DE;(x) is a functional of the material derivative of v with
respect to the diffeomorphisms ¥, which is defined as
o p—lap-1,. _
’1‘1_1’1(1) h= (¥, vy — v).

The material derivative may be evaluated by introducing a change of the variables

y = ®n(z) in the bilinear forms By, and B}g. Note that k? = ¥,k; and
dy = J(z)dz
with
J(2) = 14+ h(0z,x1 + 0z, x2) + h? (02, X102,X2 — Bz X102, X2)

and

= J(@) 7 ((1 + h 82, x2)0z, — h Oz, X20x,)

6y2 = J(I)_l( - ha-‘thI 611 + (1 + hazxXI)azz) .

Applying the change of variables to the domain integrals of B%,,, we obtain

! (- UhuThp + (k,,( 157 Ve Ut Varlnp) dy = Q/u¢J(x)dz
+/((1 + hOax2)01 + i1 J(z) — hd1x202)u (1 + hdzx2)01 — iy J(x) — hd1X20:,)P
A J(z)ki(z)
+/ (= h82x101 + (1 + hO1x1)82)u ( — hBax10: + (1 + hd1x1)02)P
J(z)k¥(z)

= / ( —up k2( )Valuvax‘p)dm + hBTMl(U SO) + h BTMQh(u (p)
Q
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where

Brma(u, ¢) = /(31)(1 + Oax2)u <p+/ 2(Byudop — Dudyp + aPup)

+ 6”‘2(6% "o — 8,u0,7) (3.5)
0

32X1

/ alX2 =7 (B3 Bop + Bu ) + — 5 (B1udrp + Budp))

and the remainder term satisfies
|Braran(u, @) < cllulillelh , u,p € Hy(Q), |hl < ho.
Here we have used the notations 0; = 0,,, 0" = 0., + ia; and the expression
J(z)™' =1 - h(dix1 + O2x2) + O(R?), |h| < ho,

which holds uniformly in z € Q.

Since the boundary terms in the TM bilinear form remain unchanged, we have

thus obtained for |h| < hg
B#M(\Ilhu, \I’h(p) = BTM(U, <p) + hBTM,l(u, cp) + thTM,g,h(u, <p) . (36)

Theorem 3.3.1 ([18]) If the TM diffraction problem (2.30) has a unique solution
and the perturbation of the grating geometry is given by the regular mapping (3.1),
then for all sufficiently small h the perturbed problem (3.3) is also uniquely solvable.

Moreover, the solution of the perturbed problem takes the form
\I!;luh =u+ hu, + h2u2,h , (3.7)
where u is the solution of the original problem (2.30), u, € H)(Q) solves the equation

Brum(uy, ) = =Brma(u,9), Ve€ H;(Q) , (3.8)

and the remainder satisfies ||ua |1 < ¢ for |h| < hy.
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Theorem 3.3.1 indicates that the material derivative of u
uy = lim RT3 up — u)

exists in the sense of H)((2) and satisfies the variational equation (3.8).

Next, we establish formulas to compute the derivative of the reflection coefficients
with respect to the perturbation.

By applying the change of variables y = ®,(z) to the domain integrals of the form
B!, we obtain

/ (= (M) UnvTnp + Vo, Uav - Vo, Unp) dy
9]

= / ( - kgv@ + Vazvvach)dz + hBTE,l ('U, (p) + hQBTEﬂ,h('U, (p) s
Q
with

Brea(v,9) = —/k§(81x1 + 62X2)U¢+/31X1(320@ - alvm + a§v¢)
[} Q

+ [ a0 0% — 8,0 559) (3.9)
Q

= [ (0rxa(@50 D3 + 0:037%) + 81 (810 D0 + 050 B19)).
Q

The remainder term satisfies
|Brean(v, @)l < cllvllillglh , v,9 € Hy(Q), |hl < ho.
Since again the boundary terms in B} remain unchanged, we have for |h| < hg
B} 5(Yhv, Yhe) = Bre(v, ) + hBrei(v,¢) + h2Brean(v, ) . (3.10)

Introduce the adjoint TE problem

e—2i857)b

Bre(p, w) = / pe~"idzy, V€ HY(Q), (3.11)

2
r

which has a unique solution w € H2(Q2) [17].
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From (3.4), it is obvious that
DE}(x) = ’llxg%) h=!Bre(¥; vy, — v,w) . (3.12)
Thus it suffices to consider the form Brg(¥j vs, w). From (3.10), it follows that
Btg(vh, ¥aw) = Bre(¥; va, w) + hBrg1(¥; va, w) + A2Brean(¥; ve, w) (3.13)
On the other hand,

B}g(vn, ¥aw) = — Y pa / gl —az)n 05 up O up Vpw dy . (3.14)
=12 ga
In the following, the right-hand side of (3.14) is expanded with respect to the powers
of h. The terms are considered separately. In fact, the change of variables leads to
the following formulas:

l.Forj=101=1:

/ ei(zm—m)yl((ay1 + i) Wpu)? Uhp dy

Qg

= [etmmen (@) 5t b T, 0) + BLus(u, 0)
Qo

with

Ju(u, ) = /ei(za‘"°2)zl(61X1 + Oax2 + (201 — a2)x1)(07)*p
Qo

-2 / e‘(Q“““z)"Oflu (alxlalu + 61X262‘U.)¢
Qo
2. Forj=1,10l=2:

/ei(2a1—a2)yl((ayl + ia;)Vhu) 0, ¥ hu Yhpdy
2

- / eiCm—angen, 5.0, 5 4+ h Fia(u, 9) + h2Lia(u, @)
Qo
with

Tialu, ) = = [ 05720291 (01u)? + Bixa(02)) P

+iy /e‘(2"“"’)"u(61xl Oou — Oyx1 O\U) P
Qo

+i(20) — ag)/ei(Qal"“’)"xla‘l"mazu¢
Q
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3. Forj=1l=2:

/ et(2e1—a2)y (aw N/ hu)2 Yyody
g

= [&Cm2m 3B + h Tn(u, ) + h*Laa(u, )
Qo
with

J22(u, p) = /ei(zal-az)zl((am — Bax2 + (201 — a2)x1)(82u)? — 20,x1 O1u Bou) B .
Qo

Thus the right-hand side of (3.14) transforms to

Z p]l/e'(zal"’a2)yla;’]1uha;luhmdy
2%

+h Y puTp(Py un,w) + B Y paLia(Vy un, w) -

jl=1,2 jl=1,2
where J2; = J12. Note that due to (2.32) obviously

L4 (U5 un, )] < | W5 unlHllwll2 < elullf.

Using Theorem 3.3.1, we arrive at

> pj,/ei(z"‘"“?)y‘a;‘uh O;Iuhmdy =Y pj,/ei(z""“’)"('?f’ua,"‘uwdx

j,l=112 9}01 ],l=1,2 QO
+2h Y Pjt/ei(%‘—az)zlafmafmlw+h > piTi(u, w) + O(R?),
=12 g §i=1,2

which implies
B%E(vh, \I/h'lll) = BTE('U, w)

+h Z Pij (.7j,(u,w) + 2/Ci(201—02)116?111 6?111,1 _‘LU) + O(h2)
Qo

=12

Thus from (3.13), we get
Brg(V;, v, w) + hBrg: (Y5 'vh, w) + h2Brean(¥; vk, w)

= Brg(v,w) + h E Pjt (.,7,-j(u, w) + 2/e‘(2"1'°’)"16;?‘ma,"m1 w) + O(h2) ,
Qo

Jl=1,2

which together with (3.12) proves the following theorem.
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Theorem 3.3.2 The derivative of the reflection coefficients EX with respect to the

variations (3.1) of the interface A is given by the formula

DE3(x) = —Brea(v,w)+ Y pi (le(u,w) + Z/ei(z"‘""?)z‘@flu 0wy ‘qumX,?o.lS)
=12 Q

where the bilinear form Brg, is defined by (3.9), u and v denote the solutions of the
diffraction problems (2.30), (2.31), respectively, u, solves (3.8) and w is the solution
of the adjoint TE problem (3.11).

Following [18], the form Brg (v, w) given by (3.9) can be transformed to
Brea(v,w) = = ks [(on) v
A
+ [(Bar + B0) 00 B0+ x2550) + [(101 v+ X202 )( BT + k)
Q Q

= — [k3]a / (x.n)v@+ )Y pa / elPn oGy Gty (x; 1w + x2 Opw)
A Jv‘=112 Qo

where we have used the equation (2.25) and
A w +k—§w=0 in 2,

for the solution w € H%(R2) of the adjoint problem (3.11). Here n denotes the normal
to the interface A, and [k2], stands for the jump of the function k2 when crossing A
in the direction on n.

Thus (3.15) takes the form

DE; (x) = [K]a /(X,n)vm+2 > p,-;/e"<'~’°1—“2>’16;'ma;’m1 wdz
A ],’-_—‘1,2 ()0

+ 3 pa( il w) — [ O (0 B + 2 Bw)

Jl=1,2 Q0
Remark 3.1. To apply the above results to binary gratings by choosing different y,
we can compute the derivative D;EZ of the Rayleigh coefficients with respect to the

transition points. For simplicity, consider a binary grating with two transition points

61



T2

Air
i3

tl t2 =27

Figure 3.2. Cross section of a simple binary gratings

t1,t2 = 27 and the height t3, as shown in Figure 2. Denote O; = (t;,0), O2 = (¢1,13),
03 = (0, t3), and 21 = 0102,22 = 0302, the fill factor FF = %
To compute the derivative D; EZ of the Rayleigh coefficients with respect to the

variation of ¢;, the mapping (3.1) takes the form

Ou(r) =z + hx(z), x(z) = (xa(z),0),

where x; =1 in a neighborhood of ¥, and x € Cg°(U) for a bigger neighborhood U

(not containing other corners of the profile curve A).

3.4 Numerical examples

The above described approach has been numerically tested on a number of examples
in the literature. The numerical solution of the model equations is based on our

generalized finite element (GFEM) discretizations of the bilinear forms Brjs and
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Brg [17). This finite element method avoids the pollution effects associated with
usual domain-based methods for solving Helmholtz equations. Since the method is
restricted to piecewise rectangular sub-partitioning of the integration domain, the
numerical tests have been performed for binary gratings. Also, to obtain the starting
values for the optimization procedure, we have determined the grating structure which
yields minimal reflection in the TM case. This is done by using gradient based
minimization algorithms [17]. We then proceed to compute the derivatives with
respect to the grating depth and transition points as described in Remark 3.1 by
the line search algorithm.

In the following, we present results on specific examples.

First, we consider an example introduced in [30]. It is concerned with the grat-
ing enhancement of the second harmonic nonlinear optical effects for a silver layer.
Obviously, the TE efficiency (the nonlinear effect) for the flat layer is small which is
confirmed by our calculated the efficiency 1.2003160E-04.

The TE efficiency for the binary grating with the period 0.556um, the incidence
angle 64.5°, and the wavelength 1.06um is then computed. With the fill-factor 0.5,
similar enhancement results are obtained as those reported in [30] concerning the
efficiency dependence on the groove depth. In particular, the maximal enhancement
is about 45 which occurs when the groove depth is close to 0.3um.

Our computation indicates in addition that by using the above algorithm, with
the same data, a better enhancement for the fill-factor 0.834 may be achieved. In
fact, at the groove depth 0.392um, the enhancement is more than 80. Figure 3.4
presents the enhancement of the efficiency of the second harmonic field at various
groove depths. It is shown that around the optimal depth, the enhancement depends
on the groove depth sharply.

The second example is concerned with the grating enhancement of the second

harmonic nonlinear optical effects for ZnS overcoated binary silver gratings. Once
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Figure 3.3. Numerical example 1.

again, the enhancement of the second harmonic fields is computed with respect to
the associated flat structure. The period of the grating is d = 0.4um, the incidence
angle is 28.92° at the wavelength A = 1.06um. The optimization parameters are the
thickness of the ZnS coating, the fill factor, and the depth of the binary grating. Our
computation indicates that optimal results are obtained at the thickness of 0.33um of
the coating layer, the fill factor 0.43, and the depth of 0.099um for the binary grating.

Figure 3.4 illustrates the enhancement dependence on the grating depth.

It should be pointed out that other thicknesses of the ZnS coating provide even
higher enhancements for the second harmonic nonlinear optical effects compared to
the flat structure. Figure 3.5 presents the corresponding enhancement factors for the
thickness of 0.672um and a binary grating with the fill factor 0.505. Clearly, the
maximum value is obtained at the depth 0.03um. However this value only amounts

to 17% of the maximum for the thickness 0.33um.
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Figure 3.4. Numerical example 2.

Appendix

Recall that, for nonlinear material, the second order nonlinear susceptibility takes the
form

PP (2w) = xP(2w) : Ew)E(Ww),
te,forj=1,23,
PP (2w) = ) (9w)E,(w)E
29 (2w) = €0 ) X p4(2w) Ex(w) Ey(w) -
k|

According to the convention X;i} = 2d§-i), and by the permutation symmetry:

di(2w) = dij3(2w), define

dim=dig, m=1,---,6,

where

k, if k=1,
9—(k+1), ifk#L
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Figure 3.5. Numerical example 3.

Thus

dll d16

d31 --- dsg

\ 2E.E, |
It is evident that the number of non-vanishing, independent elements of x(? de-
pends upon the group symmetry of the nonlinear medium. In particular, for crystals

with cubic symmetry structures, such as Z,S, the matrix d;, is of the following form:

000O04dasa 0 O
000 O dyg O
000 0 O dgs

For this class of nonlinear optical material, we have the following remarks:
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Remark 5.1. In order to generate a nonlinear polarization at 2w, the pump field
may not be TE polarized.

In fact, it is easily seen that if the field is TE polarized, E(w) = (0,0, E,), then
P®(2w) = 0.

Remark 5.2. If the pump field is TM, H = (0,0, H,), E(w) = (Ex, E,,0), then
P®(2w) = (0,0, 2dy460 E- E,)), which induces nonlinear effects in TE polarization.
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