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ABSTRACT

A New Approach to Measuring Instantaneous Flow Rates in Unsteady Duct Flows

By

Mahmood Ahmad Akhtar Rahi

In transient duct flows, there are presently few reliable techniques for measuring
instantaneous flow rates accurately. Although transient flows have been studied
previously the understanding gained has not led to improved unsteady flow metering
devices. The main outcome has been to link steady and unsteady flows through semi-
empirical relations. One possible path to devising an accurate measurement technique is
through relationships from the solved, unsteady fluid mechanics equations; however this
has not been undertaken. In this thesis, solutions to unsteady, fully developed Navier-
Stokes equations and Reynolds averaged momentum equations are found and tested in an
experimental test facility that emulates a prototype instantaneous unsteady flow metering

device.

In the case of laminar flow metering, unsteady, fully developed Navier Stokes
equations are solved to express the flow rate as a functional of pressure drop. The
solution consists of a quasi-steady term which is supplemented by an unsteady correction
term. This unsteady correction term is a convolution integral of the product of momentary
pressure drop and a weighting function. This unsteady correction term is an analytically
exact description of the flow history and is necessary in unsteady duct flows. In order to

ascertain the feasibility of unsteady flow metering, an experimental test facility was



designed and fabricated, with miniature pressure sensors embedded in a long transparent
acrylic pipe to measure the instantaneous pressure drop. The momentary flow rate was
then inferred from the pressure-drop functional and compared with the instantaneous
flow rate as inferred from the cumulative collected flow. In test experiments, the

principle appears to work perfectly for duct flows with arbitrary unsteadiness histories.

A similar approach was adopted for unsteady turbulent flow metering. In this
approach Reynolds averaged momentum equations were solved with a modified eddy
viscosity model incorporating a time delayed or history response to the turbulence. This
model represents the averaged eddy viscosity across the duct and was tested against the
experimental data for changes in the Reynolds shear stress during imposed transients.
The solution of the Reynolds averaged momentum equation is similar to the laminar flow
result of flow rate as a functional of pressure drop and consists of a quasi steady term
augmented by an unsteady correction term incorporating an eddy viscosity. Using the
same experimental facility, test experiments revealed that this approximate approach
seems to work reasonably accurate in prediction of instantaneous flow rates in unsteady

turbulent duct flows.
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Chapter 1 Introduction

1.1 Statement of the Problem

In transient duct flows, there are presently no reliable techniques to measure
instantaneous flow rates accurately. The quasi-steady approach is generally used in most
of the unsteady flow measurements, provided that frequencies of pulsation or transients
are small. The common practice has been to relate steady and unsteady flows using semi-
empirical relations. The need for instantaneous flow rate measurement arises for the

following reasons:

). Unsteady flow with spatial pressure gradients fluctuating around non-zero values
occur frequently in nature and engineering. Similarly transient flows are important and

found in many situations. Accurate measuring techniques are needed for them.

ii). While transient flows have been studied previously, the understanding gained has
not led to improved flow metering devices and devices which use steady flow
approximations are inaccurate. The recent series of laboratory tests carried out by Arasi
[1] indicates that orifice or venturi meters give seriously inaccurate results for pulsating

flows.

iil).  As there is no generality in the time-dependence of unsteady flow, it seems that a
transient flow metering solution must be based on time-dependent solutions to the

unsteady fluid mechanics equations, though this has not yet been done.

iv).  There are quite a number of theoretical and experimental accounts of steady flow

through ducts and pipes. However, unsteady flow analysis is relatively limited. While



there is a well-developed theory concerning the energy loss in steady pipe flow, very

limited knowledge exists about the nature of energy dissipation in unsteady flow systems.

V). With the ever-increasing development of microelectronics, real time data is easier
to obtain and process. In order to improve the real time measurements of unsteady flow
rates, there is a great demand for improving and elucidating flow metering systems.
There is also a demand for a new real time flow sensor with improved performance, in

terms of high accuracy and fast response under time varying conditions.

vi).  In bio-fluid engineering, many flows are pulsating. Many engineering flows are
also unsteady, predominantly in dynamic equipment such as reciprocating engines, turbo-
machinery, and control valves; these kind of equipment create pulsations with
frequencies that are a function of the rate of revolution and its harmonics. Similarly, in
the intake and exhaust manifold of an internal combustion engine, we encounter
accelerating, decelerating and reversing flows. The fluid flow in hydraulic and pneumatic
lines and control systems often pulsate. Unsteady flows are also encountered in
aerodynamics, wind engineering and liquid propellant rocket system. However, there are
no means available to predict the momentary flow rates through these unsteady flow

devices accurately.

Several methods for estimating the unsteady laminar flow rates have been
proposed that uses flow parameters that are functions of the instantaneous mean velocity
and acceleration. In sinusoidally varying flows, the velocity amplitudes, the velocity

phase shifts, and unsteady flow parameters are often expressed or modeled as functions
of the dimensionless parameter &= R(w/v)"" . When flow varies arbitrarily with time,

the instantaneous values of flow parameters can now be expressed as functions of the



instantaneous velocity, pressure gradient or shear stress and the weighted past changes of

these quantities, in which the weighting function depends on the dimensionless time
parameter 7 =vt/R? . In this chapter, a review of the related work in transient or unsteady

flows, both in laminar and turbulent regimes is undertaken. The motivation for the

present study will be discussed in the end of this chapter.

1.2 Review of Laminar Flow Studies

Many investigators have studied pulsatile and oscillatory flows theoretically, which
are two representative types of unsteady flows. Analytical and numerical solutions of
continuity, momentum, and energy equations can be found in the laminar regime but are
limited as a result of mathematical complexities involved. Analytical solutions are
particularly difficult to obtain because of the non-linearity of the governing equations when
solving in more than one dimension. However many researchers have attempted numerical

and approximate solutions of these equations when restricted to Newtonian fluids.

1.2.1 Unsteady Laminar Flow-Theoretical Background

Early studies of the Navier-Stokes equations in parallel duct flows focused on those
with specific time dependent pressure gradients. Sexl [2] developed an analytical solution
to the momentum equation for a Newtonian fluid flow in a horizontal circular pipe
subjected to a pressure gradient of the formdp/dx = Ce” . He found an exact solution of
the Navier-Stokes equations, which resulted in an expression for the velocity distribution
throughout the cross section. Shortly thereafter, Szymanski [3] in 1932, using a similar
technique, developed an analytical solution to the momentum equation for a flow subjected
to a step change in pressure gradient such that dp/dx =0for t <0and dp/dx=C fort20,

where C is a constant. The time dependence of the axial velocity in both of the solutions



was assumed to be of the formu = F (r)e"”, where F (r)was expressed in terms of Bessel

functions. For the non-periodic case, he gave another exact solution to Navier-Stokes

equation with the pressure gradient varying as a Heaveside unit step function.

Uchida [4] developed solutions which were variations on Sexl’s oscillatory pressure
gradient flow, by superimposing the oscillations on a constant pressure gradient with
dp/dx=0 for <0 and dp/dx=Ce™ fort>0. He presented an exact solution of
pulsating laminar flow superposed on the steady flow in a circular pipe. His calculations
showed that in rapid pulsations, fluid velocity at the centerline had a phase lag of 90°
behind the pressure gradients and its amplitude diminished with increasing frequency. In
addition his calculations showed that the phase of the sectional mean velocity is delayed

behind that of the pressure gradient while that of shearing stress is delayed less.

Womersley [5] considered the oscillatory flow of a Newtonian fluid studied by Sexl
and Szymanski from a biological perspective by using both rigid and elastic pipe walls.
Womersley also analyzed the phase relationship between the pressure gradient and
resulting velocity field. Womersley showed that, in oscillatory flow, the interaction
between viscous and inertial effects altered the velocity profile so that it no longer
resembled the parabolic shape of a steady flow. He noticed that the resistance and inertance

to flow could be expressed as a function of a single non-dimensional parameter called the

Womersley parameter, @ = R(a)/v)'/2 , where R is the span of the tube, ® is the oscillation

frequency and v is kinematic viscosity, though the function would clearly depend on the

kind of unsteadiness encountered.



In summary, analytical solution for velocity profiles in some unsteady flows with
particular time dependences have long been known. However, these studies have not led to
ways in which the instantaneous flow rate in arbitrarily unsteady flows might be expressed
as a simple function of pressure gradient, as might be useful for design of unsteady flow

meters.

1.2.2 Development of Transient Response Theory and Experimental Verifications
The early investigations on unsteady fluid flow in straight pipes were based on
linearized two-dimensional Navier-Stokes equations. Their main purpose was either to
analyze the surging phenomena, “water hammer”, or to evaluate the energy loss due to
fluid friction. Hence, most of the attention was given to the transient response of the fluid
lines with frequency dependent friction. Therefore, in the 1950°’s most research was
focused on the frequency response characteristics of the fluid lines. It was later reported by
Leonhard [6] that it is theoretically possible to convert frequency response results to

transient response results.

Based on constant viscosity Navier-Stokes equations, Brown [7] derived the

operator forms of the basic transmission parameter, called the “propagation operator” and
characteristic impedance. The propagation operator was expressed asT"(s) = 1,/)’ (s)Z(s),

where / was the distance separating the two stations and Y(s) and Z(s) were the shunt
admittance and series impedance of the fluid transmission line. Given the end conditions,
this propagation operator and the characteristic impedance could be easily applied to
determine either frequency or transient response. With the help of these operators, Brown
was able to describe the effect of frequency dependent viscosity on the propagation of

acoustic waves in fluid transmission lines and provided an analysis for impulse and step



transient decay in lines. However, he neglected the variations of the pressure gradient and

velocity along the length of the line.

Brown and Nelson [8] presented further solutions of step responses to small signal
disturbances for rigid cylindrical lines containing Newtonian, incompressible liquid in
laminar flow. They concluded that the pressure, flow step inputs, and flow outputs for
semi-infinite lines containing constant viscosity fluid can, with the principle of
superposition, be used to estimate the responses of a network of lines for any transient

input.

D’Souza and Oldenburger [9], using the basic Navier-Stokes equations, derived a
transfer matrix relating the dynamic pressure and cross-sectional average velocity for small
diameter hydraulic lines. They then compared the theoretical results with experimental data
obtained from a frequency response run on a half-inch inner diameter test tube. It was then
proposed that the dynamic response of small diameter lines could be predicted correctly by
including the effect of viscosity and compressibility while deriving the transfer function of
the pipe with sinusoidal input. These transfer functions related the pressure and cross-

sectional average velocity variables at two cross sections of the line.

Holmboe and Rouleau [10], performed two experiments to display the effect of
viscous shear on transients in liquid lines. These experiments included a propagation of a
short, rectangular pulse of pressure in a cylindrical tube with initially undisturbed liquid
and a pressure surge resulting from a step change of flow in a pipe. The experimental data
confirmed Brown's [7] constant viscosity transmission parameter theoretical results. They
also noted that in the pulse propagation and water hammer experiments, the one-

dimensional analysis, utilizing a frequency dependent shear term, is valid and can



accurately predict the distortion and decay of transients in a constant diameter line filled

with viscous fluid.

The analytical expressions of Brown, D’Souza and Oldenburger were very
complex. In these expressions frequency dependent effects were deduced from the linear
theory of transfer operators for pressure and flow at two cross sections of the pipe. These
transfer operators required all input functions to be expressed as a summation of step
functions, and in addition all reflections had to be taken into account individually. This
became somewhat tedious for complicated systems consisting of series, branches or
parallel pipes. In the method of characteristics, all reflections could be considered
automatically and complicated systems could be handled without significantly increasing

the difficulty.

Zielke [11], using the method of characteristics, included the effect of the time
varying velocity profile in unsteady laminar flow, deduced from a solution to the one
dimensional Navier-Stokes equation. He solved the problem of transient variation of the
flow exactly relating the wall shear stress to the instantaneous mean velocity and to the
weighted past velocity changes. It constituted a friction law for fully developed pipe flow
undergoing arbitrary unsteadiness from an initially steady state. Therefore exact
calculations of laminar wall friction in transient fully developed pipe flows could be made,
provided that the history of the bulk flow acceleration at all earlier times in the transients

were known. This solution took the form:

(1) =70 (0)+ J‘O[%_(zj(’_’,)—%_ltj(o)][l PR dr’ (1.1)



or
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where W (¢) is the weighting function, 7, is the wall shear stress, U the bulk flow velocity,
L' an inverse Laplace transform operator, R the pipe radius, and 7, the ratio of Bessel

functions, J,, to J,.

The practical significance of Zeilke’s result was that momentary pressure gradients
depend on both local flow conditions and all previous ones, in flows of arbitrary
unsteadiness. Comparison of the theoretical results with experimental data of Holmboe and
Rouleau showed good agreement and an accurate prediction of the distortion effects. His

solution was expressed in terms of the dimensionless time T, given by

z‘=%t (1.3)

Zielke used two distinct series for approximating the inverse Laplace transform in equation

(1.1) or weighting function W (r), one for T greater than ~ 0.02 and second for values of ©

smaller than ~ 0.02. This method was also considered expensive in terms of computer
time, since it required excessive computer storage and computation time, and was
considered to be impractical for analysis of large fluid systems.

Trikha [12] developed a method for simulating frequency dependent friction based
on Zeilke’s result, which was claimed to make the inclusion of the frequency dependent
friction in the method of characteristics almost as convenient and practical as the inclusion

of steady state friction. He also proposed an approximate weighting function to replace the



inverse Laplace transform in Zielke’s expression, which offered the advantage of not
requiring the storage of mean velocity at all earlier times. Tsang et al. [13] used the FFT
method to predict the dynamic behavior of air transmission lines subjected to an impulse,
step or arbitrary excitation. The calculation procedure was considered relatively simple,

while the numerical results showed good agreement with experimental measurements.

Lisheng and Wylie [14] also proposed a numerical method to compute the
transients in complex systems with various frequency dependent factors. They
demonstrated the application of numerical schemes to solve problems of water hammer and
transients in pipes with frequency dependent friction. Comparisons of computed results
with the standard method of characteristics and with physical experiments of Holmboe and
Rouleau [8] showed good agreement. Both Trikha, and Lisheng and Wylie’s methods are
discretized implementations of Zielke’s result, in which the ‘memory’ of earlier transients

is truncated at a convenient point.

The major disadvantage of Zielke’s [11] solution is that it cannot be implemented
easily for large fluid systems because of large memory requirements. In contrast Trikha’s
weighting function was an approximate expression, constructed by adding three
exponential terms and did not match well with the exact weighting function of Zielke for ©
less than 0.00005. Brereton [15], using Zielke’s technique, solved the reciprocal problem of
deducing the momentary flow rate from wall friction or pressure gradient. The potential
advantage of his solution was its applicability for devising sensors for accurate
measurement of unsteady flow. He also introduced the approximation to Zielke’s weighting
function to reduce the storage requirements, by retaining only the most recent flow rate

history, and thus improving its practicality for predicting the transient behavior of large



fluid systems. Using the numerical inverse Laplace transform techniques, his expressions
provided a means of expressing momentary wall friction in terms of bulk-flow acceleration
history, like Zielke’s expressions and reciprocal expressions for flow rates and cumulative
through flow as functions of recent wall friction and pressure gradient histories. His

solution took the form:

! , R*("1op,,. ., RR('(19p, ., 10p
Ut)dt =—— | —=—(t')dt' +— ———(t-t")-—=—=(0) | K (¢)dr'(1.4
[y ar—g [ 220)ae [ (L20-0-220) | ()aras

where K (¢)is a different weighting function to W (¢) in equation (1.2). These expressions

consisted of two terms: first term describing the steady flow behavior for viscous,
Newtonian fluid in pipes; and a second term incorporating the unsteady flow corrections

based on the pressure gradient or wall friction history.

1.2.3 Experimental Studies on Flow Rate, Friction Factor and Velocity Profile

Measurements under Transient Flow Conditions

Kataoka, Kawabata and Miki [16] studied the transient start up response of pipe
flow to step inputs of constant flow rate, using an electrochemical technique to measure the
velocity profile with velocity electrodes. They noticed that the velocity profile development
for the step input had a different trend from that of steady flow development at different
positions in the entrance region of the pipe. The velocity profiles showed minima at the
pipe centerline axis and a maximum in the intermediate region between the axis and the

wall as a result of non-uniformity of the acceleration in the central core.

Muto and Nakane [17] derived an expression for the velocity distribution in a
laminar pulsating flow through a rigid circular tube. Transitions of velocity distribution

with respect to time were then measured by a flow visualization technique using aluminum
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powder suspended in the fluid and photography of the path lines. The experimental data
were in good agreement with their theoretical results. They noticed that the velocity
distribution varied gradually from an initial rectangular like shape to a parabolic one at
steady state. In pulsating flows, they observed that the velocity profile developed in the
positive flow direction at all times provided the ratio of the amplitude of the oscillating
component of the flow to the steady component was near unity. If this ratio was increased

to 2, then the velocity profiles during transition developed in the negative direction as well.

Kurokawa and Morikawa [18] studied accelerated and decelerated flows in a
circular pipe in both laminar and turbulent regimes. They noticed different patterns in the
formation of sectional velocity profiles and in transition to turbulence. For relatively large
accelerations, the flow was characterized by the velocity profile of a wide potential core
and a narrow boundary layer. In contrast, when deceleration was imposed, the variation of
the velocity profile was comparatively small compared to the quasi-steady flow and this
variation became larger with increased deceleration. They also noted that the friction
coefficient of an accelerated flow was larger than that of the quasi-steady flow, in the

laminar region, and that this trend was opposite in the turbulent regime.

Ohmi and Iguchi [19] investigated the relationship between frictional losses and

dimensionless sinusoidal frequency in terms of the instantaneous friction

factor A, (1) =87, /pU*» . They characterized the flow in three distinct flow pattern regions

based on the dimensionless frequency parameter. These parameters were defined as

/1)s.0= (4|2} ([80...

and ,, = A(Apm‘,, /1 ) -Z47 Here 7, is wall shear stress, D is pipe diameter, Ap is the

w.os.n

8., = bl /(|8 ).a, =2£(8p,.,/1)-2u,, .,

Tu‘.m‘.n
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pressure drop, @is the angular frequency, and » denotes quantities associated with the nth
harmonic in the finite Fourier expansion, while os denotes an oscillating component. These
regions were the quasi-steady, intermediate and inertia-dominant regions based on the

relative value of the non-dimensional frequency. They concluded that the instantaneous

friction factor 4, (¢) in oscillatory flow was almost equal to the quasi-steady friction factor
A, in the quasi-steady region. In the intermediate region and inertia-dominant regions

A, (1) was always larger than A, in the acceleration zone of the oscillation cycle and it was

u

larger than A in the first part of the deceleration zone of the cycle. However this trend was

reversed in the rest of the deceleration zone. Hershey and Song [20] found that above a
certain limiting frequency of oscillation, friction factors were greater than their values for
steady flow. Consequently, energy losses would be greater than would be expected for a

quasi-steady model.

Yokota, Kim, and Nakano [21] proposed a new approach for estimating unsteady
flow rates through pipe lines and other components in real time. They demonstrated that
unsteady flow rate could be tenuously estimated by using pipeline dynamics containing
hydraulic oil and measured pressures at two distant locations along the pipeline. They
measured pressure and flow rates at two distinct locations under the unsteady laminar oil
flow condition, and results were then compared with the cylindrical choke type
instantaneous flow meter. The results were in good agreement with each other. In this
approach, an empirical weighting function used for convolution was estimated
experimentally, by using the Inverse Fast Fourier Transform technique, because,

presumably they were unable to solve the Navier-Stokes equations.
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1.3 Review of Turbulent Unsteady Flow Studies

The unsteady duct flows are mostly classified in two main categories: periodic
oscillatory flows and non periodic transient flows. The pulsating periodic flows have
captured much of the attention of researchers because of their practical importance and the
experimental ease with which such flows can be generated. Generally, the investigations on
turbulent unsteady flow have been focused on determining the effect of transients and

pulsations on the velocity profiles, skin friction and turbulent intensity.

1.3.1 Periodic Turbulent Unsteady Flows

Relatively little attention has been paid to improving the prediction of skin friction
in transient turbulent flows. In many flows transient effects are either neglected or allowed
for only approximately when representing skin friction. This is understandable because of
the resulting simplicity, but it is nevertheless misleading in some cases. Some experiments
and theoretical results on frictional losses in incompressible pulsating turbulent pipe flows

are reported below.

Schultz-Grunow [26] generated pulsating flow in a 11.5 feet long, 1.95 inch
diameter smooth pipe. The instantaneous velocity was varied between 3.8 feet per second
and 7.5 feet per second for a time period of oscillation of 2.5 seconds, and from 0.16 feet
per second to 7.1 feet per second for 30 seconds. He noticed a strong similarity between
velocity profiles of decelerated flow in a uniform pipe and steady flow in a divergent pipe.
A similar resemblance was seen for accelerated flow in a straight pipe and steady flow in a
convergent pipe. He concluded that the time averaged values of flow resistance were close
to the steady state values. It should be noted that in transient flows the instantaneous value

is of great importance.
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Daily, Hanky, Olive and Jordaun [27] carried out experiments in a 8.5 feet long,
and one-inch diameter pipe. They established a steady state flow and then subjected it to a
slowly changing acceleration and then a deceleration. In the case of deceleration a rapid
velocity change occurred in the start and became more continuous after some time. The
range of acceleration and deceleration was between 7 and 80 f/sec’. They concluded that
during acceleration, friction is slightly higher than the equivalent steady state value, and
during deceleration friction is appreciably less than the equivalent steady state value. They
also concluded that the initial state from which the flow is initiated affects the subsequent

flow history.

Kirmse [28] carried out measurements of velocities and pressure gradients in a
pulsating turbulent pipe flow by means of directionally sensitive LDV (Laser Doppler
Velocimeter) and inductive pressure transducers. His results suggest that the temporal
average over one period of the measured pressure gradient was always larger than the
spatial pressure gradient of a quasi-steady turbulent flow of the same averaged Reynolds
number. Similarly, results for the Darcy-Weisbach friction factor were between 5 and 10 %
larger than in the corresponding steady flows. He also concluded that pulsating turbulent
flow can not be correctly predicted by existing turbulence models based on the similarity of

the turbulence structure of a stationary boundary layer flow on a flat plate.

Baired, Round and Cardenas [29] measured the frictional pressure drop over one
pulsation cycle in a sinusoidally oscillating pipe flow. They showed that the experimental

values of the pressure gradient term Ap/L agreed well with the values calculated from the

integrated form of the one-dimensional momentum equation of the form:

14



19, 3, At _

0 1.5
pox ot 2D (15)

Here A was calculated using the Karman-Nikuradse equation with coefficients adjusted to

fit the data asl/ \/7 =1.7461n(Re,‘, ‘//1_ )—9.195. They concluded that the quasi-steady

state model was valid within their experimental range. The limiting value of dimensionless

frequency in this case was @, >0.025Re,, where Rey, is a time averaged Reynolds number.

Ohmi and Iguchi [30] estimated friction factors in a pulsating pipe flow from flow
pattern diagrams and compared them with experimental data. They described the
instantaneous friction factor A, (1) =287, /pU%» and the time averaged friction factor

112

. The

wm ta

=(8/pU,. 'T)[I7,U dt as a function of a/Re’, wherea=R(w/v
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instantaneous friction factor 4, (¢) and the quasi-steady friction factor A, were almost

u

¥4

ta

equal in the quasi-steady region denoted by a/ Re;‘,{" <0.145. With an increase in a/ Re
A, (t)became smaller than 4 in the first part of the acceleration zone and larger in the rest
of the acceleration zone. On the other hand, A, () became larger than 4, in the first part
and 4, (#) became smaller than A, in the rest of the deceleration zone. In addition, the time

averaged friction factor 4,,, was greater than4, and it increased with afRel* . 1t was

also concluded that pulsatile turbulent flow structure in a pipe differs widely with changing
characteristic flow parameters, i.e. time averaged Reynolds number, amplitude of

oscillation and the dimensionless frequency.
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Ohmi, Kyomen, and Usui [31] later calculated the velocity distribution in a pulsatile
incompressible turbulent pipe flow by using a t'ime-dependent eddy viscosity £ to model

the Reynolds stresses. They noticed that & varied with friction velocity «"when
referenced to the instantaneous axial velocity profile in the pipe. They modeled time-
dependent eddy viscosity as € =€+ A€ , where € is the quasi-steady component and Ae
the oscillatory component. The quantity Ae was considered to arise from the frictional
velocity change corresponding to the instantaneous velocity distribution. They concluded
that there was a good agreement between numerical and experimental results for the time

dependent eddy viscosity in the low and medium dimensionless frequency range.

Kita, Adachi and Hirose [32] also proposed a time-dependent eddy viscosity model
to analyze oscillating turbulent flows in straight pipes. The variation of £ was modeled on
the basis of similarity with values of £/ u'R in steady flow. The cross section of the pipe
was divided into five layers. The predictions by this model were then compared with
experiments. The comparison between calculation and measurements over a wide range of

Reynolds number and frequency showed good agreement overall.

Brown, Margolis and Shah [33] applied the & —distribution models of
Taylor&Prandtl and Von Karman by dividing the pipe cross-section into three and four
regions. They studied the response of pulsatile turbulent flows to small amplitude
oscillations at acoustic frequencies between 50 Hz and 3000 Hz. At these high frequencies,
the observed attenuation agreed with calculations using a time-independent viscosity
profile. Based on their results, it was concluded that the flow pattern and turbulence did not
have time to adjust to rapid fluctuations in velocity, and at these high frequencies, the

behavior cannot be considered quasi-steady. Based on these findings they classified the
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pulsatile turbulent flow into three kinds with respect to the dimensionless frequency of

oscillation: low, intermediate and high frequency regions with the limit between low and

0.84
ta

intermediate frequency regions at @, =0.014Re,,”, and between intermediate and high

frequency regions at &, = 0.00025Re.".

1.3.2 Non Periodic Turbulent Unsteady Flows

A number of researchers have studied unsteady turbulent flows which are non-
periodic, with particular emphasis on measurements of wall shear stress. Measurements of
the unsteady wall shear stress are usually based on an indirect method. Shuy [22] carried
out measurements of unsteady wall shear stress in a smooth pipe in accelerating and
decelerating turbulent flows, using two different approaches simultaneously. He measured
wall shear stress directly using a shear tube, and deduced it indirectly from the measured
pressure gradient which is only accurate in quasi-steady flows. He concluded that in slowly
varying flows, both direct and indirect measurements were generally close to their quasi-
steady values. In the case of rapidly accelerating flows, the wall shear deviated increasingly
from quasi-steady values as the rate of acceleration was increased and it was consistently
lower than the equivalent quasi-steady value. During rapidly decelerating flows, unsteady
wall shear stress was consistently higher than the quasi steady values computed from the

Karman- Nikuradse equation for steady smooth pipe flow.

Lefebvre and White [23] conducted accelerating flow experiments in an unsteady
flow loop facility using LDV measurements with flush mounted pressure sensors and hot
film wall shear stress sensors. During the experiments, the starting Reynolds number was
about 50,000 at a mean velocity of 1 m/sec. They noticed that during acceleration wall

shear stress dropped by about 40% at the beginning of the acceleration but then returned
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almost to its quasi-steady value. The turbulence intensity also dropped about 50 % and then
returned to its quasi-steady value. They also noticed that the shape of the turbulence and
wall shear stress time history curves were strikingly similar. This phenomenon was

attributed to the moderate stabilizing effect of the acceleration on the entire flow field.

Jackson and He [24] conducted ramp type transient turbulent flow experiments in a
pipe using water as the working fluid. They noticed that after the imposition of accelerating
transients, turbulent shear stresses remain completely unchanged during the early period of
the transients. They then slowly started to relax towards their quasi-steady flow values.
They also observed that the response of the turbulence to imposed excursions of flow rate
was characterized by three distinct time delays: a delay in response of turbulence
production, a delay in turbulence energy redistribution among its three components and a
delay associated with the propagation/diffusion of turbulence radially. They suggested a

time scale of v/U? for the delay in turbulence production with its value depending on the

initial flow conditions and independent of the nature of the transients. They concluded that
as a result of these delays turbulence intensity is attenuated in accelerating flows and is
increased in decelerating flows. The same trend was earlier observed by Gerrard [25] in
which his findings revealed that the velocity profiles in pulsating turbulent flow change
because of the changes in the turbulent structure of the flow i.e. acceleration reducing the

turbulent intensity and deceleration increasing it.

1.4 Unsteady Transitional and Other Related Flows
There are a number of other studies that are significant to understanding unsteady
flow that have some important general conclusions, discussed here. It is well known that a

strong convective acceleration due to a highly favorable free stream pressure gradient has a
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stabilizing effect on the steady boundary layer flow. In laminar flow, acceleration is known
to delay the transition to turbulence. In turbulent flow, acceleration is believed to thicken
the viscous sublayer, damp the inner layer turbulence, and, if sufficiently strong, induce a
reversion toward laminar flow conditions. Research has been carried out in these areas, and

is described below.

Gilbrech and Combs [34] carried out studies of unsteady pipe flow, in which they
defined a Reynolds number for pulsating flow, relating it to the time average of the cross-
sectional mean velocity. The critical value of the Reynolds number was interpreted as the
value at which the growth rate of turbulent puffs was zero. They suggested that the critical
Reynolds number in unsteady flow is a function of the ratio of the amplitude of the periodic

components of velocity and the time average velocity, and also a function of the
dimensionless frequencya = R(a)/v)llz. They concluded that the critical value of the

Reynolds number in pulsating flow was greater than that in steady flow and that it
increased with increasing amplitude of pulsation, until it reaches a maximum and decreases

with increasing values of dimensionless frequency.

Lefebvere and White [35] carried out experiments to study the transition to
turbulence in pipe flows started from rest with a linear increase in mean velocity. With the
increase of acceleration rate, the transition Reynolds number Rep increased monotonically
from 2x10° to 5x10°. They further noticed that the transition time is nearly independent of
pipe diameter. They also concluded that pipe start up flow has an almost unique transition
time, which is independent of spatial position for a uniform acceleration. However their
results were not valid for non-constant accelerations. Leutheusser and Lan [36] carried out

experiments on the start up of flow in a pipe. They showed that the transition Reynolds
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number was delayed. Katako, Kawabata and Miki [37] concluded from their start up flow
experiments that transition occurred only after the acceleration had greatly decreased. They
also noticed that the time required for transition from laminar to turbulent flow reduced

with increasing in Reynolds number.

Van der Sande [38] carried out experiments by opening a valve to generate a flow
with slowly decreasing acceleration in a 5 cm diameter water pipe. He noticed that
transition to turbulence occurred at a critical Reynolds number of Rep =58000, far larger

than the value of 2000 normally associated with steady transition.

Moss [39] carried out experiments in accelerating pipe flow at Reynolds number
Rep £ 20000. He did not give any correlation for transition Reynolds number but observed
two different modes of transition: 1) a turbulent “slug” arising naturally in the boundary
layer; and 2) a turbulent “puff” propagating downstream from the pipe inlet. Ramaprian
and Tu [40] carried out LDV measurements in pulsatile oil flow in a smooth circular pipe
at a mean Reynolds number of about 2100. The flow was subjected to a nominally
sinusoidal flow modulation at frequencies varying from 0.05 to 1.75 Hz. They noticed that
flow oscillations increased the critical Reynolds number of a puff type transitional pipe
flow. They also noticed that under certain conditions, the transitional pipe flow might be

laminarized by periodic pulsation.

Gerrard [25] performed experimental work based on cine photography in pulsatile
flow at Re,, = 3700. He observed that flow is inhibited during the acceleration part of the
pulsation cycle and enhanced during the deceleration part. Hinu, Sawamoto and Takasu
[41] also conducted experiments on transition to turbulence, in a purely oscillatory pipe

flow. The Reynolds number was varied from 105 to 5830. They concluded that at a
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Reynolds number of 5830 the flow was only partially turbulent. In that partially turbulent
flow, they observed that turbulence is generated suddenly in the decelerating phase when
the profile of the velocity distribution changes drastically. In the acceleration phase, the

flow recovers to a laminar state.

Some more recent information on turbulent flows has come from direct numerical
simulations of the Navier-Stokes equations for flows in simple geometries. Statistics from a
computation of steady turbulent channel flow have been presented by Kim, Moin and
Moser [48]. Although this thesis is focused on the unsteady duct flows, one steady channel
flow numerical study is worth mentioning as it deals with non local momentum transfer.
Sandam [49] proposed a predictive model for velocity profiles in a turbulent channel flow.

a(u"’)

dy

In this particular case, individual terms for model ejection, transferring low

momentum fluid away from the wall and, sweep, carrying high momentum fluid towards
the wall, with a third term modeling the fluid behavior in the outer region. This model
represents transfer of momentum as a non local process depending on the conditions near
the wall. This model is claimed to show good agreement with experimental data for skin

friction, center line velocity and shape factor.

From the above review, it is concluded that the problem of predicting unsteady
wall shear or friction factors in fully developed turbulent flow is still unsolved, but of
considerable importance. The above literature review indicates that, even in turbulent
flows, wall shear stress or skin friction is dependent upon the history of the flow.
Therefore, it may be useful to try to extend the approach proposed by Zielke and Brereton

for laminar flow to turbulent flow. However turbulent weighting functions for the velocity
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or pressure gradient changes would have to be developed in place of laminar ones. Due to
the strong radial diffusion effects of eddies, the time history of the velocity and pressure
gradient changes are much shorter for turbulent flow than for laminar flow. This might
make the proposed approaches of Zielke and Brereton even more potentially useful, since it

could reduce the computation time further relative to laminar flow calculations.

1.5 Motivation and Objectives of the Present Study

Today’s engineering analyses of transient flows are based on quasi-steady
approximations in which flow characteristics are assumed to be similar to those of steady
pipe flow at the same instantaneous Reynolds number. Existing studies have shown that
such an assumption is invalid particularly during decelerations or when a pulsation
frequency is high. These studies do not give any viable approach for measuring the
instantaneous unsteady flow rates using the fluid dynamics equations. Hence, one must use
truly unsteady approaches for analyzing, measuring and inferring results for unsteady flow

problems.

An exact theoretical solution (Brereton [15]) exists for the instantaneous flow rate
as a function of pressure drop history, in laminar flows, but it has not been tested
practically. Hence it is important to check it in controlled unsteady laminar flow
experiments. This theoretical solution might potentially be extended to prediction of
turbulent flows if it could be modified/tuned against turbulent unsteady-flow data.
However, while there have been numerous unsteady-flow studies of transient turbulent
flows, hardly any include flow rate vs pressure drop data. Therefore it is important to carry
out controlled unsteady turbulent flow experiments to create benchmark data against which

turbulent variations in the laminar flow-rate-to-pressure drop result can be explored.
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With these motivations an experimental study was carried out to explore the
applicability and limitations of these flow-rate-to-pressure drop expressions in various
incompressible Newtonian fluids for laminar flows. A subsequent series of unsteady
turbulent-flow experiments was then carried out to create target data, against which

unsteady turbulent models for transient duct flows were then compared.
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Chapter 2 Theoretical Background For Laminar Newtonian Flow

2.1 Laminar Flow Theory

Laminar flow theory is concerned with solution of the continuity and linear
momentum equations together with a fluid stress to rate of strain model such as the
Newtonian “Law of Viscosity”. While many steady flow results relating flow rate to
pressure gradient are well known, few unsteady flow results have been found. For several
specific cases such as pressure varying sinusoidally, as a Heaviside unit step function or
the Dirac-delta function, the velocity distribution has been calculated and relevant
literature is cited in detail in Chapter 1. In this chapter, an exact solution is derived for the
general case of pressure gradient varying arbitrarily with time. The same approach can be
used to infer the instantaneous shear stress from instantaneous flow rate changes. These
solutions relate the mean velocity to the instantaneous pressure gradient and past pressure
gradient changes. This approach yields a practical approach for measuring unsteady flow
rates instantaneously.

2.1.1 Navier-Stokes Equations for Fully Developed Pipe Flow, Simplifying

Assumptions and Boundary Conditions.

It is convenient to use cylindrical coordinates whose x-axis is identified with the
centerline of the pipe as shown in the Figure 2.1. Let r be the coordinate in the radial

direction and let ¢t denote time. The following simplifying assumptions are made:
1) The pipe contains an incompressible fluid and is rigid.

ii) The temperature variations are small enough that the fluid viscosity may be

considered constant.
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Figure 2.1: Laminar velocity profile in pipe flow

The incompressible, constant viscosity equation of motion in the x direction can be
written as:

(av‘ +v .ai+v_0i’x_+v Q*_]=-a_p+ + —i( o, )+_l_82 az (2.1
P o0 "or rodf “ox ox PE.TH ) or) r’oé’ ax

and the equation of motion in the r-direction as

(av, av, v,0v, v, av,)
pl =—=+v, ==+ +v, —

o0 "or rod@ r ox

22
dp [l a( av, ) v, 19d%, 2 0dv, azva 22)

or ror or ) r* r*o6* r* o0 ox’

Similarly, the continuity equation in cylindrical coordinates is written as

a(rv.) 19(v,) 9(v,) _
or +r 20 * ox =0

(2.3)

1
;

The following further simplifying assumptions are made:
1) The velocity and the change of all dependent variables in the 8 (circumferential)

direction are negligible due to rotational symmetry i.e. vg =0.
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1) The flow is laminar. This limits the applicability of the solution to Reynolds

number of about 2100 or less.

iii)  The flow is fully developed i.e.d(v,) /ax =0, so pressure is only a function of x
and ¢.

iv) v,= 0 at r = R so from continuity dv, /or =0, therefore v,= 0 everywhere.

V) Equation (2.2) then reduces to the hydrostatic pressure equation

0=-dp/dr+pg,

Therefore, for unsteady laminar, axisymmetric flows of Newtonian fluids that are
fully developed in space, the continuity equation and the constant property Navier-Stokes

equation for streamwise linear momentum may then be written as

ou

P 24)
du l1dp vof du
—_———— |y — 2.
ot p ox rar(rar) (2.5)

where v, is replaced by u, with the companion boundary conditions that ¥ =0 at r =R
and u is finite at or symmetric about » =0. The most common use of these equations is
for flows of Newtonians fluids of constant density and viscosity, or at least »- invariant
viscosity. They are equally applicable to variable-density incompressible flows in which

fluid particles maintain their density along their path so that Dp/Dt=0. The same

approach can be extended to the ducts of different geometries.

2.1.2 Solution Procedure by Laplace Transformation

In transient flows it is convenient to decompose the velocity and pressure fields into

the sum of their values at some initial time ¢ = 0 and subsequent transient changes, i.e.
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u(x,t)=u(x,0) + u'(x,t) (2.6)

p(x,t) = p(x,0) + p'(x,1) 2.7

The linearity of the equation (2.5) then ensures that the initial flow field (g, py) and the
transient component of change in the flow from its initial state are described by equations

of the same form:

ouy, lop, v a( auo)
Gy % VO, % 2.8
ot pox ror "o 25)
and
aiz_lai+ii(,a“ ) 2.9)
ot pox ror\ or

with the same boundary conditions applied to u, and u’as to w.

Since, in fully developed flows, dp/dx is only a function of ¢, it is convenient to re-

express equation (2.5) as

d'u 10u 1ou 19p 1
——— =Y __F 2.10
or’ * ror vot vpox v (t) @19

The linearity and constant coefficients of equation (2.10) permit Laplace transformation,

which yields the transformed ordinary differential equation,

dt ldi s. u

— L F 2.11
dr* rdr v 1% (s) ( )

and equivalent equations for the initial and transient counterparts. In this equation, # is the

one sided Laplace transform of u, F' the transform of F, and u, (r) is the velocity field at
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t=0. The pressure gradient term (1/p)dp/dx = F(t)is assumed continuous, or at least

piecewise continuous, while s is a complex variable, the real part of which is positive. In

the general theory of Laplace transforms, F(¢)can be at most of exponential order as

t >, in which case there is range of values of the real part of s over which
f F (1) e "dt is convergent. However since the behavior of the original function as

s — oo and s — 0 is related to the character of the original functionas t 50 and t — oo,

respectively, and we anticipate solution to the physical problems to exist for 0 <t <o,
we expect that I: F (1) e "dt is convergent for all possible values of the real part of s.

The transformed boundary conditions are 7 =4"=0at r = Rand both 7 and 4’ are

also finite at or symmetric about » =0. For the case of the transient Laplace transformed

velocity field 4’(r,s), for which wu,(r)=0as a consequence of equation (2.6), the

ordinary differential equation (2.11), and its boundary conditions may be solved to give

£ o (i,/(s V)r)

Ll - 2.12)
s1J, (i (s/V)R)

i'(r,s)=

where J,denotes the Bessel function of the first kind, of order zero. Once the Laplace

transformed velocity has been found, expressions for changes in flow rate, changes in
pressure gradients, and relationships between them may be found algebraically in the
Laplace transformed domain, then inverse transformed back to the physical domain.
Hence we can derive expressions for transient flow rates in pipes in terms of pressure

gradients.
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Changes in the mean velocity, and hence flow rate, in the Laplace transform

domain may be found by integrating the transform of the momentary velocity field over

the cross-sectional area of the duct. Using U ’(s) to denote the transform of the transient

part of the mean velocity U’(¢), we define U’(s) as
A 2 R
U'(s)=——2I ri'dr (2.13)
R Jo

Substitution of #’ from equation (2.12) then leads to

ol 2
U'(s)= - J,(i (S/V)R) 1 (2.14)

with 7, (z)=2J,(2)/J,(2).

Unsteady pressure gradient to flow rate relationships may be formed using the
expressions for changes in the flow rate, and pressure gradient, subject to a constraint on
the existence of functions as Laplace transforms, and the corresponding existence of their
inverse transforms. The constraint is the necessary property of Laplace transforms that
the transformed functions F (s) must vanish when s tends through real values to +oo
(Watson [45]).

The transformed pressure gradient term £’ from (2.14) can be expressed in terms

a

of U’ as

pox - 2| 2.15)
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or equation (2.14) can be rewritten as

U'(s)= ﬁ"(s) 2.16)

so, using £ () to denote inverse Laplace transformation,

2

(i (SZV)R) *F(1) (2.17)

-1

U'(r)=L"

With the symbol * used to denote the convolution operation, the mean velocity is related to
pressure gradient in convolution integral form as

U'(1)=k(1)*F'(1) = j ’k(v)F'(t—v)dv 2.18)

0

with

k(t)=C" 2 (2.19)

s| 7, (iyf(s/v)R)

Thus the transient spatial mean velocity or flow rate can be expressed in terms of the time
history of the transient pressure gradient, weighted by a convolution function that
incorporates the effect of the Navier-Stokes equation and its boundary conditions. An
equivalent reciprocal relationship for the transient pressure gradient as a convolution
integral of the transient average velocity equation (2.15) can not be found because the

response of the transient pressure gradient to unsteadiness always leads that of the velocity
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field. Therefore in this unsteady wall bounded flow, one can represent mean flow as a
functional of the pressure gradient, but not vice versa.

Although the transient pressure gradient cannot be expressed as a functional of
transient flow rate history, it is interesting to consider how a realizable relationship for
transient pressure gradient might be formed. The function given in equation (2.15)

s /((2 / 7, (iJGIR)- 1)) has no inverse Laplace transform, though it would if it were

divided by s or some higher power of s. If equation (2.15) is rewritten as

p ox 2 -1 (2.20)

then

exists and

c' [sU'(s)]= d;]’

+U6(1),

where &( )is the Dirac delta function, since the Laplace transform of the time derivative

of the average velocity is £ [0U /d1]=sU’(s)-U, . From equation (2.20) the transient

pressure gradient is therefore related to the transient spatially averaged velocity (for which

U, =0 in the earlier notation) as

31



with

1

|7 (id(s/v)R)

h(t)=L"

-1

2.21)

(2.22)

In this way, the transient pressure gradient is expressed as a functional of the mean flow

accelerationdU /dr .

The extension of these results to form relationships involving time-integrated

quantities is also straightforward. For example, the cumulative volume flow through a duct

during a transient is [;U’(¢) dt, multiplied by the duct area. From the Laplace transform

theory,

-~

el ) =Leqy -2

)

so dividing (2.14) by s,

o0
s s jl(i (s/V)R)

-1
or, after inverse Laplace transformation,
t t
I U'(v)dv=K(£)*F'(1) = j K (V)F'(t-v)dv

0 0

with
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1 2
— -1 (2.29)

s*| 7, (i(s/v)R)

K(r)=C"

The results developed in the preceding paragraphs can be presented more
completely by reintroducing absolute velocities and pressure gradients in favor of their
transient components. From equation(2.12), the mean velocity to pressure gradient results

for pipe flow can be derived and expressed as

_ 1 dp 1 dp 1 2 B ,
U(r)=U(0)+ j (pax(' r')- pax( ))E‘ —_Jn (i s/vR) 1] dt (2.25)
or

2 2
U(r)=U(0)+ j [:)gxat(t ,')_%%(0)) c! SLZ m—l] dr’ (2.26)

We can re express equation (2.26) as

! f ‘(10p 1 9p 1B 2
U(t)d'= | U(0)dr'+ —=(-1)-—=(0) | C' | = ————1 dr’
Io (1) Io (©) Io(Pax( ) pax( )) s? ( s/VR )
(2.27)
or in terms of pressure gradient to flow rate relationship
1 dp 1 op (au ~n OU J I 1 ,
— —(0) | C d 2.28
L2()-2200)+ [ (L(1-1)-Z o) o em
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2.1.3 Pressure Gradient to Flow Rate Results.
The pressure gradient to flow rate relationships can be related more readily to well
known steady flow results if expressed as the sum of a steady state and a transient

contribution. The long time or quasi-steady and transient components can be separated by

splitting the inverse Laplace transform as £'[ ]=C'[]__+(c'[]-£'[]..)

Noting that, as ¢ — oo

2 R (2.29)

120-12(0)-2 v (-0 22 0) o2 [ (S0-0-220) ) yar

0
(2.30)
and
2
h(t)=C" 1:/" +8 2.31)
— -1
7, (if(s/v)R)
When flow is steady prior to a transient, these results simplify to
la—p(t) ——SLU—(Q+L 'd—U(z—t’)h(t’)dt’ (2.32)
p ox R? R? ), dt '
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These results illustrate how the unsteady pressure gradient to flow rate expressions departs
from the quasi-steady Hagen-Poiseuille relationship —(1/p)dp/dx = 8vU/R? for pipe flow.
By expanding the argument of the inverse Laplace transform for large s, it can be shown
that the functions tend to minus infinity as #™"* as the time origin approaches zero.
2.1.4 Flow Rate to Pressure Gradient Results

The relationship reciprocal to the previous equations, i.e. expressing flow rates in

terms of pressure gradient history, can now be devised. The relationships thus found would

be the unsteady counterparts to the Hagen-Poiseuille one. Noting that

c|L 2 ]]=-K

5| 7 (i(s/)R) 8y (2.33)

as t — oo, equation (2.26) can be re-written as

v)=00)- 5 120)-L20)-222(0)

8v | pox p ox P 0xot
2 pif 1 2 52 (2.34)
R~ 1 P ’ 1 P ’ ’
+— ———(t-1t")-—=—=(0) | K(¥)ar
v _[O(paxa:( ) paxat( )J (")
where
1% 2 1
K()=C" - -1||+=
R's*| g (,- (s/v) R) 8 (2.35)
For the case of steady flow prior to transient, this expression simplifies to
2 2 P52
U()=-E—L)+ B 2 iyk () ar (2.36)

8pv ox v Jooxot
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These results express the departure of the unsteady mean velocity from its steady
state value of U = —(R2 /8pv)8p/ax for pipe flow, providing a technique to deduce the
momentary flow rate from the pressure gradient history. They are entirely consistent with

equation (2.25), but can be deduced more conveniently<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>