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ABSTRACT
HIERARCHICAL LEARNING AND PLANNING IN PARTIALLY
OBSERVABLE MARKOV DECISION PROCESSES
By

Georgtos Theocharous

Sequential decision making under uncertainty is a fundamental problem in artifi-
cial intelligence. This problem is faced by autonomous agents embedded in complex
environments (e.g., physical systems, including robots, softbots, and automated man-
ufacturing systems) that need to choose actions to achieve long-term goals efficiently.
Incomplete knowledge about the state of the environment, termed as hidden state,
and the uncertain effects of their actions, makes sequential decision making difficult.

Partially Observable Markov Decision Processes (POMDPs) are a general frame-
work for sequential decision making in environments where states are hidden and ac-
tions are stochastic. A POMDP model represents the dynamics of the environment,
such as the probabilistic outcomes of the actions, and the probabilistic relationships
between the agents observations and the hidden states. Unfortunately, “learning” the
dynamics of the environment, and planning, scales poorly as the application domains

get larger.
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In this dissertation, we propose and investigate a Hierarchical POMDP
(HPOMDP) model to scale learning and planning to large scale partially observable
environments. In scaling planning, the key ideas are spatial and temporal abstraction.
In spatial abstraction, grouping of lower level states into abstract higher level states
reduces uncertainty of the agent. In temporal abstraction, the agent uses longer-
duration actions instead of just primitive one-step actions. Macro-actions are crucial,
in that they produce long traces of experience, which help the agent to disambiguate
perceptually aliased situations. In scaling learning, the main advantage of hierarchy
is that a multi-resolution problem representation has advantages in ease of mainte-
nance, interpretability, and reusability. We investigate the new HPOMDP framework
within the context of indoor robot navigation.

This dissertation makes the following principal contributions. We formally in-
troduce and describe the HPOMDP model. We derive a hierarchical EM algorithm
for learning the parameters of a given HPOMDP, and show empirical convergence.
We introduce two approximate training methods, “reuse-training”, and “selective-
training”, which result in fast training and better learned models. We also derive
two planning algorithms for approximating the optimal policy for a given HPOMDP.
We conduct a detailed experimental study of the learning algorithms for indoor robot
navigation, and show how the robot localization improves with our learning methods.
We also apply the planning algorithms to indoor robot navigation, both in simula-
tion and in the real world. The results show that the planning algorithms are very
successful in taking the robot to any environment state starting from no positional

knowledge, and use significantly less number of steps than flat approaches.
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LisT OF TABLES

The table describes the sensor models of the product states of the
HPOMDP in Figure 3.2. For every product state and action there
are four sensors, one for every side of the state (W,S,E,N). Each sensor
model gives the probability of a wall P(w|s,a) and opening P(o|s, a)
given the current state and last action taken. . . . . . . ... ... ..

64

The table shows an initial sensor model which has been created randomly. 86

The table shows the sensor model after training. The sensor models are
almost the same as the original sensor parameters in Table 3.1. . . . .

The table shows the mean and average of the distance of the leaned model
from the original model. The distance was measure using 500 test
sequences of length 40, which were produced by sampling the original
model in the small environment in Figure 4.3. The bold numbers in
the last column show the shortest distance for each experiment. The
“reuse-training method” produces the best results. The EM learning
algorithm for HPOMDPs always produces better models than the EM
learning algorithm for POMDPs. . . . . . .. ... ... ... ....

The table shows the localization error which was computed using the 500
test sequences of length 40. The “reuse-training” method produces
the best models with an exception in experiment 2 where “selective-
training” is slightly better. The EM learning algorithm for HPOMDPs
always produces better models than the EM learning algorithm for
POMDPs. . . . . . . e

The table shows the training times for short training sequences and dif-
ferent training methods. All training times were calculated on a 900
MHz Athlon processor running Redhat Linux 7.1 . .. ... ... ..

The table show the localization error as to the true state of the robot
before and after training, in the Nomad 200 simulator and in the real
environment with the actual robot Pavlov. . . . . .. ... ... ...

The table shows the percentage of transition probabilities that do not
belong to the correct structure before and after learning for the three
level hierarchical model. . . . . . . ... ... ... ... ...

The table shows the percentage of transition probabilities that do not
belong to the correct structure before and after learning, for the four
level hierarchical models. . . . . . . ... . ... ... .. .......
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6.1 The table shows the average number of primitive steps, and the average
number of decisions at the abstract level. The results are for the small
environment in the Nomad 200 simulator. . . ... ... ... ....

6.2 The table shows the average number of primitive steps, and the average
number of decisions at the abstract level. The results are for the large
environment in the Nomad 200 simulator, and in the real world.

6.3 The table shows the planning times for the different environments and
models. The planning times were computed on a 900 MHz Athlon
PIOCESSOT . o o v v v v e e e e e e e e e e e e e e e e e e e e

6.4 The table shows the average number of steps to reach the goal, and av-
erage entropy per run after every training stage. Simply training the
submodels provides an HPOMDP model that can be used successfully
for robot navigation tasks. Retraining the already learned model with

additional data from the navigation tasks improves robot localization.
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LisT oF FIGURES

The agent interacts with its environment by issuing actions. The environ-

ment uses the previous state and current action and transitions into a
new state according to the transition function T'. The state generates
an observation z and a reward signal r. The agent uses z and r to issue
the next action. The agent chooses actions according to its behavior
B, which maps perceptions to actions, such that that its long-term
reward is maximized. . . . . . .. ... L oL Lo oL

The figure shows a perceptually aliased situation where locations J1 and

J2 generate the same observation (T-junction). These locations can
be disambiguated if the robot uses memory of past observations and
actions. For example, if the robot has perceived a dead-end (J3) and
then moved forward where it perceived a T-junction (J1 or J2), then
it knows it is at location J2. . . . . . .. .. ... oL

POMDPs can be thought of as an extension of HMMs with the addition

of a separate transition matrix for each available action. In the same
manner HHMMs are extended to HPOMDPs. In these example de-
cision models there are two actions available, one denoted with solid
arrows, and the other denoted with dashed arrows. . . . ... .. ..

The picture on the left shows a section from a corridor on the 3rd floor

of the Engineering Building at MSU. The picture on the right shows a
real robot named Pavlov (a Nomad 200). Pavlov uses its sonar sensors
to perceive walls and openings on the North, West and South direction.
After every perception, Pavlov takes actions such as go-forward, turn-
left, and turn-right to veer toward a goal location. Navigation in such
environments is challenging due to noisy sensors and actuators, long
corridors, and the fact that many locations in the environment generate
similar sensor values. . . . . . . . ... ... L L oo

1.5 A corridor environment modeled as a flat POMDP. The circles are the hid-

den states of the model and represent the pose of the robot (location
and orientation) in the environment. The figure shows the transition
matrix for the three available actions for state S1, and also the obser-
vation model associated with state S1. . . . . . . .. ... .... ..
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1.6 The figure shows a map of the third floor of the MSU Engineering Building.
The squares indicate two square meter locations in the environment.
The shading represents the probability distribution of possible loca-
tions, and darker means higher values. Pavlov’s task is to be able
to get to any one of the squares in the map starting from any other
square. A problem that may arise during navigation is that the robot’s
belief as to its true location may be multimodal. This could happen
either because the starting location of the robot was unknown, or due
to sensor and motion noise. For example, due to sensor and motion
noise at junction J1, the robot was unable to distinguish the east from
the south corridor. . . . . .. . .. ... ... .

1.7 The figure illustrates a multi-resolution spatial model. The rectangles in-
dicate abstract states representing corridors and junctions. The circles
in the rectangle indicate fine resolution states which are children of the
rectangle abstract states. . . . . ... ... ..o L oL

1.8 Topological map construction can either be learned or provided. The topo-
logical map is compiled into an HPOMDP representation which can be
used for navigation tasks through planning and execution. Navigation
tasks produce sequences of observations and actions that can be used in
an EM training procedure to improve the parameters of the HPOMDP
model. . . . . .. e

2.1 An MDP modeling a simple navigation task. There are two actions avail-
able east and west which succeed with probability 0.9. If they fail
the robot moves in the opposite direction, or stays in the same state
if the opposite direction is a wall. The reward function is structured
such that the robot gets a reward of +1 for actions leading into state
3. Otherwise the robot gets a 0 reward except for a negative —1 re-
ward for actions leading onto the wall. All four states are completely
observable since they generate unique observation symbols. . . . . . .

2.2 The Value Iteration algorithm is a dynamic programming solution to
the non-linear set of equations defined by Equation 2.7. The algo-
rithm works in an iterative fashion by computing the discounted finite-
horizon optimal value functions as the horizon keeps increasing.

2.3 A POMDP agent is made of two main components. The state estimator
module receives observations from the environment, the last action
taken and the previous belief state and produces an updated belief
state. The Policy module maps a belief state to an action. . . .. ..

2.4 In this simple POMDP states 1, 2, and 4 generate the same observation
while state 3 generates a different observation. The agent can take
actions east and west which succeed with probability 0.9. If they fail,
the agent moves in the opposite direction. If a movement is not possible
the agent stays in the same state. . . . . ... .. ... ........
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2.5

2.6

2.7

2.8

2.9

2.10

3.1

3.2

3.3

3.4

3.5

The policy tree indicates the non stationary t-step policy to be executed
for a POMDP. First the action a defined by the root is executed and
then according to the observation z; perceived the £ —1 steps to go tree
ischosen. . . . . . . . . ... e

The figure shows an example of an optimal t-step value function which
is the upper surface of the value functions associated with all t-step
policy trees. . . . . . . . .. L

The figure shows a mapping from the belief space to the appropriate action
defined by the root of a t-step policy tree. The mapping is calculated
by projecting the optimal value function onto the belief space.

The figure show a landmark based topological map representing a corridor
environment. Each node in the topology represent a unique landmark
that can be identified by the robot. Each node also contains informa-
tion as to the distance and orientation to the next node. . . . . . ..

The figure shows an occupancy grid map that models an indoor office
environment and was taken from [1]. . .. .. ... ... ... ....

The figure shows a POMDP model that has multiple chains for each hall-
way. The GROW-BW algorithm adds longer chains as needed so as to

37

37

49

ol

find the length that fits the data the best. The figure was taken from [2]. 54

An example hierarchical HMM modeling two adjacent corridors. Only
leaves (production) states (s4, s5, s6, s7, and s8) have associated ob-
servations. The end-states areel,e2,ande3 . . ... ... ... ...

An example hierarchical POMDP with two primitive actions, “go-left”
indicated with the dotted arrows and and “go-right” indicated with
the dashed arrows. This HPOMDP has two abstract states s; and s,
and each abstract state has two entry and two exit states. The product

state sy4, S5, Sg, Sg, and s;o are associated with sensor models which are
described in Table 3.1. . . . . . . . . . . . . . ... ..

This is the Baum-Welch algorithm for learning the parameters of an
HPOMDP model. The algorithm increases the log likelihood of the
observation sequences given the actions sequences and current model
parameters after every trainingepoch. . . ... .. ... ... ....

The a variables gives the probability of the observation sequence z;...2;4
ending in state s, at time ¢t + k£ (denoted as a bold circle), given that
actions ay, ...a;4x were taken and the parent of s, p(s) was started at
time t from entry state p(s), (also denoted as bold circle). . . .. . .

Equation 3.3 computes the probability that at time ¢ the parent state of
product state s, p(s) produces a single observation z;. The observation
is produced by a vertical activation into product state s from entry
state p(S)n. - - - o oo
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3.6 Equation 3.4 gives us the probability that the parent of the product state
s, p(s) produced observations from time t to time t + k, (k > 1) and
that the last observation was produced by product state s. s’ is either
the exit state of some abstract state s' (such as s}_) or a product state
s (suchassh). . ... ... .

3.7 The figure illustrates Equation 3.5 which is used for situations where the
parent of state s, p(s) starting from entry state p(s), produced obser-
vations from t to t + k (where k > 0), and at time ¢ + k abstract state
s was exited from s;. We need to sum over all lengths of observation
sequences that could have been produced by abstract state s. That is,
s could have produced all observations z;...z;,, or in the other extreme
2y, zi4k—1 could have been produced by the adjacent states of s (such
as s} and s}), and only the last observation z;,; produced by s.

3.8 Each square is a new a computation for a subsequence ¢ + k for some in-
ternal state. The dashed arrows show dependencies on previous com-
putations. . . . . .. ... e e

3.9 The g variable (Equation 3.7) denotes the probability that a state s was
entered at time ¢ from entry state s, and that the observations z;...2;, &
were produced by the parent of s, which is p(s), and actions ay, ...as4&
were taken, and p(s) terminated at time ¢ + k from exit state p(s),. .

3.10 The figure illustrates Equation 3.8 which computes the probability that
at time t the product state s produced observation z; and then the
system exited the abstract state p(s) from exit state p(s)z. . . .. ..

3.11 Equation 3.10 computes the probability that at time ¢ that any of the
children of abstract state s (such as ¢, and i5) has produced observation
2, and then the parent of s p(s) was exited from exit state p(s);. . . .

3.12 The figure illustrates Equation 3.12 which defines the probability that at
time ¢ the product state s produced observation z, and its parent p(s)
continued to produce observations 2,;...2¢4+x and exited at time ¢t + k
from exit state p(s);, where k > 1 (or at least two observations are
produced). . . . .. ...

3.13 The figure describes Equation 3.13 which is the probability that at time
t the abstract state s, starting from entry state s, produced some
observations, and then the parent of s, p(s) continued to produce the
rest of the observations and exited at time ¢t + k from exit state p(s),.
Since s is an abstract state we have to consider all possible lengths of
observations that could have been produced by abstract state s. So s
could have produced a single observation z;, up to all the observations
Zg ik, Where K 2> 100 0 0 0oL

3.14 Each square is a new 3 computation for a subsequence ¢ + k for some in-
ternal state. The dashed arrows show dependencies on previous com-
putations. . . . . ... L

3.15 The £ variable denotes the probability of making a horizontal transition
from exit state s, to entry state s, at time ¢, given a sequence of
observations and actions and the model parameters. . . . . . . . . ..
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3.16

3.17

3.18

3.19

3.20

3.21

3.22

3.23

4.1

4.2

4.3

4.4

4.5

The 7;, variable defines the probability that a state sis entered at time ¢
either vertically or horizontally given a sequence of actions and obser-
vationsuptotimet—1. . . .. .. ... ... ... ... ...

The 7, variable defines the probability that a state s exited at time t and
observations 2,41, ...2r were perceived and actions ag, ..., ar taken.

The x defines the probability that entry state s, of child s was activated
by the entry state p(s), of its parent p(s) at time ¢ given the action
and observation sequence. . . . . . . .. ... ... ...

This is an HPOMDP model where the original transitions have been re-
placed by random values for training. . . . . . . . ... ... ... ..

The random HPOMDP model after training, is more similar to the original
model (Figure 3.2) after training. . . ... ... ... .........

Training runs of three different random models shows that the log like-
lihood converges fast to the original model. The original model does
not improve as expected since it was used to create the training data.
In the log likelihood function Z is the set of observation sequences,
A is the set of action sequences, and Model is the set of parameters
that are improved every training epoch (horizontal matrices, vertical
vectors, and observation models). . . . ... ... ... ... .. ...

This is the equivalent flat POMDP of the hierarchical POMDP shown in
Figure 3.2. . . . . . . . .

For an observation sequence of length 2 the hierarchical likelihood will be
zero, since we need at least three observations to exit the abstracts
state S. While the likelihood in the equivalent flat model will not be
7<) ¢ o S

This is PAVLOV, a Nomad 200. Pavlov is equipped with 16 sonar sensors,
16 infrared-red sensors, two rings of bumper sensors (with a total of
16 switches), an arm, and a camera. Pavlov has an 133 MHz Pentium
onboard processor and an external Pentium II 400MHz laptop. . . . .

This figure illustrates the Nomad 200 simulator. The main window shows a
section of the environment and the simulated robot. The two windows

on the right show infrared and sonar sensor values at the current location.

The figure shows an approximate model of the 3rd floor of the engineering
building that is used with the Nomad 200 simulator. The number next
to the edges is the distance between the nodes in meters. . . .. ..

The figure shows the real 3rd floor of the engineering building. This en-
vironment is used for experiments both, in the Nomad 200 simulator,
and with the real robot Pavlov in the actual physical floor. The me-
ters next to the edges denote the distance in meters between the nodes.
The nodes represent junction locations in the environment. . . . . . .

This is the equivalent flat model of the HPOMDP in Figure 4.6 for the
forward action. . . . ... ..o Lo

XV

77

79

81

85

86

88

88

90

95

96

97

98



ih

3l




4.6 This is a sample three-dimensional view of the HPOMD model for the
forward action. The solid bold arrows represent the vertical transition
matrices. The dashed arrows represent the horizontal transitions. The
bold circles inside the abstract states represent entry-states and the
empty circle represent exit-states. In this representation all the chil-
dren of the root are abstract states. Product states are the leafs of
the model and represent two meter locations in the environment. The
arrows inside a product state represent the orientation of the product
state. For each product state there is an observation model which was
previously described in Chapter 3. . . ... ... ... ... .....

4.7 A local occupancy grid map, which is decomposed into four overlapping
quadrants (left, right, top, bottom), each of which is input to a neu-
ral net feature detector. The output of the net is a multi-class label
estimating the likelihood of each possible observation (opening, wall).
The net is trained on manually labeled real data. . . . ... ... ..

4.8 Learning curves for training the neural net to recognize features. The nets
are trained with 736 examples in an 8-fold cross-validation fashion
using quickprop. . . . . ... Lo e

4.9 Sample local occupancy grids generated over an actual run, with obser-
vations output by the trained neural net. Despite significant sensor
noise, the net is able to produce fairly reliable observations. . . . . . .

4.10 The figure shows the overall navigation architecture. The modules inside
the dashed box are used during actual navigation while the models
outside are used off-line. . . . . . . ... oo oL

5.1 When a short training sequence is collected in state Ss, the probability that
this sequence occurred in S; will be the same as the probability that
it occurred in Ss, since S; and Ss are similar. When a long training
sequence is obtained from Ss to Ss, then the probability that this
sequence was started from S; will be much smaller than the probability
that it started in Ss since the intermediate junction nodes Sy and S,
have different observations. Therefore, for short sequences we provide
the starting state. . . . . . . . .. ... . L Lo o oL

5.2 An example HPOMDP model for which we illustrate our approximate
training methods. For example, in the reuse-training method we train
separately each abstract state child of the root (Si, Sz, S3) as shown in
Figure 5.3 . . . . . . . . L e

5.3 Here the submodels of the HPOMDP in Figure 5.2 are trained as sepa-
rate HPOMDP models. This is the reuse-training method, since the
submodels can be used in the complete model in Figure 5.2. In this
particular example, we don’t need to retrain the whole model in Figure
5.2 (after training separately the various submodels), since the connec-
tions between the abstract states are deterministic. . . . .. ... ..
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5.4 In the “selective-training” method only selected parts of the model are
trained for each training sequence. Here two data sequences define two
valid selections of the whole model which are shown in bold lines.

5.5 The graph describes the fit to the training data during experiment 1.
The vertical axis represents the log likelihood over all 738 training
sequences. The “reuse-training method” converges faster than all other
methods. The EM learning algorithm for POMDPs fits the training
data slightly better than the hierarchical methods. . . . . . . ... ..

5.6 The graph describes the fit to the training data during experiment 2. The
fit to the training data is similar to experiment 1, even though training
started with a better initial model. . . . . . . .. ... .00 L.

5.7 The graph describes the fit to the training data during experiment 3.
The “reuse-training” method clearly converges faster than the other
training methods. . . . . . ... .. oL o o oo

5.8 The graph describes the fit to the training data during experiment 4. The
fit to the data is better than experiment 6 (see Figure 5.10). This is be-
cause data is allowed to start from all states. Nevertheless, navigation
performance is worse than experiment 6 according to Table 5.2.

5.9 The graph describes the fit to the training data during experiment 5.
The POMDP model fits the training data the best while the “reuse-
training” method converges faster than all other methods. . . . . ..

5.10 The graph describes the fit to the training data during experiment 6. Even
though the fit to the data is not as good as in experiment 4 (see Figure
5.8), navigation performance was better. The EM learning algorithm
for POMDPs fits the training data the best. . . . . . .. ... .. ..

5.11 Assume that an observation sequence of length 5 is started from entry state
N, and that, in the correct topology of the environment the transition
probability X; — Nj is zero. In the hierarchical model the topology
will be learned correctly since in order for the transition X; — N3 to be
non-zero we need an observation sequence of at least length 6. In the
flat model the topology will not be learned correctly since the transition
probability S; — S; will not be zero. The hierarchical algorithm is able
to better discover the relationships between groups of states and has
the potential for inferring the structure at the abstract level. . . . . .

5.12 The bold arrow indicates the correct structure for the particular south
exit point of the junction abstract state. The dotted arrows indicate
possible adjacent nodes. We chose adjacent nodes to be corridors of
different size from the correct corridor. . . . . . . .. .. ... ...

5.13 The figure shows the transition probabilities that belong to the correct
structure before training for “model-1”. The probabilities shown are

111

115

118

118

119

119

120

125

127

the ones corresponding to the HPOMDP model when converted to flat. 129

5.14 The figure shows the transition probabilities that belong to the correct
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5.15 The figure shows how “model-1” fits the data over every training epoch,
and for the different training methods. The POMDP model fits the
training data better than the HPOMDP models. . . . . . .. . .. ..

5.16 The figure shows how “model-2” fits the data over every training epoch,
and for the different training methods. The POMDP model fits the
data better than the HPOMDP models. . . . . . ... ... ... ..

5.17 This is a four level representation of the environment where entire sec-
tions of the building where grouped into abstract states at a higher
level. The three large dashed polygons represent the abstraction at
level 2 while the smaller rectangles inside the polygons represent the
spatial abstraction at level 3. The bold arrows indicate the correct
structure at level 2 and the number next to the arrows indicate the
transition probabilities before any learning for model “4level-2”. The
probabilities shown are the ones that belong to the correct structure
when the model is converted toflat. . . . . . ... ... .. ... ...

5.18 The arrows show the transition probabilities of the correct structure, after

training model “4level-2” with the EM learning algorithm for POMDPs. 135

5.19 The arrows show the transition probabilities of the correct structure, after

training model “4level-2” with the EM learning algorithm for HPOMDPs.136

5.20 The graph shows the fit to the data during training of model “4level-1". .

5.21 The graph shows the fit to training data during training of model “4level-
2”. In the graph, the EM algorithm for learning HPOMDPs, and the
EM algorithm for learning POMDPs fit the data better than the plots
in Figure 5.20 despite the fact that the models here are more ergodic.

6.1 This HPOMDP model is used to represent corridor environments. The
dotted arrows from product states show non-zero transition probabili-
ties for primitive actions. The black vertical arrows show non-zero ver-
tical activations of product states from the entry states. The dashed
arrows from exit states show non-zero transition probabilities from
exit-states to adjacent states of the abstract state they are associated

6.2 This is the equivalent flat POMDP model of the hierarchical POMDP
model shown in Figure 6.1. In this model we only represent the prod-
uct states of the hierarchical model. Global transition matrices for
each action are automatically computed from the hierarchical model
by considering all the possible paths between the product states under
the primitive actions. . . . . . . . .. ... . L Lo

6.3 This is a robot run on the Nomad 200 simulator, which was used to collect
observations for the entropy plot in Figures6.4. . . . .. .. ... ..

6.4 The plot shows the normalized entropies of the belief of the robot’s location
at the global product level and at the abstract level. The initial belief
was uniform and observations were collected along the trace shown in
Figure 6.3. . . . . . . . . . ...
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6.5 The figure shows two macro-actions for abstract state S. The letter F’
means go-forward, L turn-left, and R turn-right. The solid arrows
define the transition matrix of the forward action, the dashed arrows
define the transition matrix of the turn-left action, and the dotted
arrows define the transition matrix of the turn-right action. The policy
of exit-states is always the same since exit-states can only be entered
with a single type of primitive action. The two macro-actions differ
only on the policy of state s4. Knowing the policy of exit-states allows
us to know the outcome of the macro-actions at the level above.

6.6 When an exit state S; is entered through another exit state S, the policy
of S; is the same as the policy of S, . . . . .. .. ... .. .. ...

6.7 F means go forward, R means turn right and L means turn left. The
top figure is a macro-action for exiting the East side of the corridor
under the “go-forward” action, the middle figure is a macro-action for
exiting the West side of the corridor with the go-forward action, and
the bottom figure is a macro-action for reaching a particular location
within the corridor. The solid arrows represent the transition matrix
for the go-forward action, the dashed arrows represent the transition
matrix for the turn-left action, and the dotted arrows represent the
transition matrix for the turn-right action. . . . . . . . ... .. ...

6.8 The figure shows the operation of of Equation 6.12. The dashed arrow is
the discounted transition probability for reaching state S, form state 1.
The solid arrows are simply the transition probabilities for the forward
action. . . . . . . . e e e e

6.9 S, S, 53, and S, cannot be activated vertically from states at the abstract
level. Therefore, if the agent was to start in any of these states we don’t
know what is the best macro-action to initiate. . . . . . . ... .. ..

6.10 The value of a state s under a macro-action y is computed by taking into
consideration the total reward and discounted transition probability for
exiting the parent of s, p(s), from all exit states s;, and the values of
the resulting adjacent states to p(s), such as s’. Equation 6.18 defines
the value of a state as the maximum value among all macro-actions u
that belong to the set of of macro-actions MP(*) available for the parent

of s, p(s). -« . o

6.11 The figure describes in detail our hierarchical-MLS execution algorithm.
The algorithm initiates macro actions by recursively finding the most
likely state from root to leaves. Once a macro-action is initiated it
runs until one of the ancestors of the state that the macro-action was
initiated from, is no longer the most likely state. . . . . . .. ... ..
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6.12 The figure shows an example HMLS execution. The bold solid arrows
indicate the macro-actions while the bold dashed arrows indicate a
new macro-action initiation. The beginning of the bold dashed arrows
indicate the state at which, we recursively start choosing the most
likely state until a product state is reached, at which point we can
decide the appropriate next macro-action. Starting from the root we
choose recursively the most likely state, which ends up to be S3. We
then begin to execute the appropriate macro-action from S3 until one
of its ancestors in no longer the most likely state (among its adjacent
states). This happen at time T5 when S5 is the most likely state
among the children of S1. Again, we recursively find the most likely
product state starting from S5, which ends up to be S6. We begin
to execute the appropriate macro-action until time T7 at which point
the most likely state among the children of the root has changed to
S8. We then again, find recursively the most likely state starting from
state S8 which ends up to be state S10. The appropriate macro-action
begins to execute until time T9 at which the most likely state among
the children of S8 changes to state S12. Again, we find recursively
the most likely state starting from S12 which is S13 and execute the
appropriate macro-action. . . . . .. ... ... Lo 163

6.13 Each type of bold arrow represents a different macro-action that can be
initiated from a product state. The H-QMDP heuristic multiplies the
value of executing every macro-action from a product state with the
current belief of the product state. The best macro-action to be exe-
cuted is the one for which the sum of all the products of values and
beliefs is the maximum. Note that choosing a macro-action, also de-
fines the abstract state to be executed under, since every macro-action
is unique to a a particular abstract state. In this example we have
assumed that we only have one macro-action for each abstract state,
but in our navigation models we have multiple macro-actions for each
abstract state. . . . . . . ... .. 164

7.1 The top part show a corridor environment and its flat POMDP represen-
tation. The bottom part shows an extended HPOMDP representation
where abstract states share submodels. This future direction will have
the potential of scaling the algorithm to even larger domains, and ap-
plications to problems that have repetitive structure such as the task
ofreading. . . . . . . . .. L 183
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Chapter 1

Introduction

Sequential decision making under uncertainty is a fundamental problem both for
artificial intelligence agents, and biological organisms (from insects to humans). It
is the problem faced by entitics embedded in complex environments that need to
choose actions to achieve long-term goals efficiently. Incomplete knowledge about the
state of the environment, and uncertainty of the action outcomes, makes this problem
difficult. Partially Observable Markov Decision Processes (POMDPs) are a general
framework for sequential decision making in environments where states are hidden
and actions are stochastic. Unfortunately, learning and planning in POMDPs scales
poorly as the application domains gets larger.

In this dissertation, we propose and investigate a Hierarchical POMDP
(HPOMDP) model to scale learning and planning to large scale partially observable
environments. In scaling planning, the key ideas are spatial and temporal abstrac-
tion, which reduce the agent uncertainty. In scaling learning, the main advantage

of hierarchy is that a multi-resolution problem representation has advantages in ease
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of maintenance, interpretability, and reusability. We investigate the new HPOMDP
framework within the context of indoor robot navigation.

In this chapter, in Section 1.1, we define the problem of sequential decision making
under uncertainty, and provide a generic model of the problem. In Section 1.2 we
describe the solution to the sequential decision problem under uncertainty. A solution
to this problem can be computed through the rigorous mathematical framework of
Markov decision processes. In section 1.3 we describe the notion of learning partially
observable Markov decision processes which is achieved through an Expectation Max-
imization algorithm (EM). EM type algorithms iteratively modify the parameters of
the model such that the log likelihood of the training data is increased after every
iteration. In Section 1.4 we motivate our hierarchical approach, explain the key ideas
behind our proposed solution, and briefly describe the derivation of our hierarchi-
cal POMDP model. In Section 1.5 we present an important instance of sequential
decision making under uncertainty, which occurs in robot navigation. The robot navi-
gation domain is used throughout the main chapters of the thesis, to demonstrate our
hierarchical POMDP approach and its advantages over flat POMDP approaches. In
Section 1.6 we list the principal contributions made in this dissertation. In the final

Section 1.7, we describe the presentation structure for the rest of the dissertation.

1.1 Sequential decision making under uncertainty

Sequential decision making under uncertainty is a fundamental problem in artificial

intelligence. This problem is faced by autonomous agents embedded in complex
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environments that need to choose actions to achieve long-term goals efficiently. It is
also a core problem in many biological systems, examples of which include navigation,
medical diagnosis, driving, and general everyday activity (from going to get lunch, to
going to graduate school).

For example, in a medical diagnosis task, the physician (agent) cannot directly
observe the internal state (hidden state) of the patient (environment) but rather
perceives the symptoms (observations). Yet, after observing every symptom he has
to issue a treatment (action) which in turn produces a new symptom. Treatments
can produce side-effects because they can change the internal state of the patient in
an unexpected manner. The goal of the physician is to come up with a treatment
plan that will “heal” the patient (i.e., cause a transition in the patient’s “state” from
being “ill” to being “healthy”). The need to decide what is the best treatment that
should be issued now is an instance of the problem of sequential decision making
under uncertainty.

Formally the problem of sequential decision making under uncertainty is visualized
in Figure 1.1, which depicts a generic embedded agent interacting with its environ-
ment. The agent is the decision maker while everything outside the agent, which the
agent interacts with, is the environment. At each point in time the agent chooses the
next action a according to its behavior B. The behavior B is a function that maps
the agent’s perception z into an action. The transition function T of the environment
changes stochastically the state of the environment based on the current state s and
current action a. The new state of the environment depends only on the current

state and action pair, and not on previous state action pairs. The assumption that
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knowledge of the current state and action defines the next state is typically referred to
as the Markov assumption. The new state of the environment produces a numerical
reward signal r, which is communicated to the agent through the reward function
R, and a perception z, which is communicated to the agent through the observation
function O. The agent chooses actions such that its long-term reward is maximized.
For some environments, O is the identity function; that is the agent has access to
the true state of the environment. In real world domains however, the state of the

environment is only partially observable to the agent.

(R |
D

AGENT

_‘_

Figure 1.1: The agent interacts with its environment by issuing actions. The envi-
ronment uses the previous state and current action and transitions into a new state
according to the transition function 7. The state generates an observation z and a
reward signal 7. The agent uses z and r to issue the next action. The agent chooses
actions according to its behavior B, which maps perceptions to actions, such that
that its long-term reward is maximized.
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1.2 Planning

A widely adopted framework for modeling the sequential decision making problem
under uncertainty is the Markov Decision Process (MDP) framework (3] [4]. MDPs
model the states of the environment, the transition function T, the reward function
R, and assume that the observation function O is the identity. An agent’s task is
to compute a policy (also referred to as a plan) m, which maps every state of the
environment to an action through interaction with its environment such that the
long-term reward is maximized. The policy can be computed either through dynamic
programming, if R and T are known [5], or through reinforcement learning, if R and
T are unknown (3]. A detailed description of the MDP framework is given later in
Section 2.1.

A more general model, which does not assume that the observation function O is
identity, is the partially observable Markov decision process model. A POMDP model
represents the dynamics of the environment, such as the probabilistic outcomes of
the actions (the transition function T'), the reward function R, and the probabilistic
relationships between the agents observations and the states of the environment (the
observation function O). In a POMDP model the states of the environment are
typically referred to as “hidden states”, since they are not directly observable by the
agent.

In a POMDP model the process is no longer Markovian, because an agent cannot
predict the next perception based on the current perception and action. For an agent

to be able to compute policies in POMDP models, using the MDP formalism, we
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need to create a new type of state representation, which is completely observable,
and adheres to the Markov assumption. Intuitively, such a state representation can
be formulated from history of past observations and actions. History, or memory of
past observations and actions allows biological and artificial agents to disambiguate

perceptually aliased situations (see Figure 1.2).

I J2

O

Robot

I3

J4

Figure 1.2: The figure shows a perceptually aliased situation where locations J1 and
J2 generate the same observation (T-junction). These locations can be disambiguated
if the robot uses memory of past observations and actions. For example, if the robot
has perceived a dead-end (J3) and then moved forward where it perceived a T-junction
(J1 or J2), then it knows it is at location J2.

In POMDPs memory is represented as a probability distribution over the hidden
states of the environment. A probability distribution over the hidden states of the
environment (otherwise called belief state) is a sufficient information state, in that it
implicitly represents a unique history of observations and actions [6]. This type of
MDP is called belief MDP and complies with the Markov assumption, in that having

information about previous belief states cannot improve the choice of action [6]. The

planning problem now becomes one of finding mappings from belief states to actions.



1.3

Lear:
tion «
were
the r:
tions
the
mair,

time




Using belief states as a new type of state representation however, does not scale well
for large tasks with long planning horizons, since the number of belief states is infinite,

which makes the problem computationally intractable (7], [8].

1.3 Learning

Learning a POMDP model is also difficult because an agent needs to learn the transi-
tion and observation functions of the model without true knowledge of where actions
were taken and observations perceived. For example, in the robot navigation domain
the robot has to learn the probability of perceiving each one of its available observa-
tions for every hidden state of the environment, and also the effects of its actions on
the hidden states of the environment. This however is difficult, since the robot only
maintains a probability distribution over the hidden states of the environment each
time an action is taken and an observation perceived.

A general algorithm for learning the observation and transition functions of a
POMDP is the Baum-Welch algorithm [9], [10], [11], which is an Expectation Max-
imization algorithm [12]. The EM procedure iterates between two steps. The ex-
pectation step (E-step) fixes the current parameters A; = (T,0), and computes
the posterior probabilities over the hidden states S. The maximization step (M-
step) maximizes the expected log likelihood of the perceptions Z as a function of
the parameters, and produces a new set of parameters A;;;. After every iteration
log P(Z|Xiy1) > log P(Z|\).

Later in Section 2.2.2 we present a derivation of the EM algorithm and briefly



sketch its convergence proof. We also describe the Baum-Welch algorithm which is an

adaptation of the EM algorithm and is traditionally used in learning the parameters

of a POMDP model [11].

1.4 Hierarchical learning and planning

In this dissertation, we explore how to scale the solution to large sequential deci-
sion making problems through hierarchical representations. Hierarchical learning and
planning is well motivated from biology and occurs in many real world situations.

Honeybees for example, use different low resolution features when they are travel-
ing either to the hive or to the food (such as mountains and trees), and fine resolution
features when they are close to their goal (such as rocks and flowers) [13]. Humans
also do not seem to be modeling the world at a uniform resolution [14]. In fact, hu-
mans use a hierarchical representation of spatial knowledge which is acquired through
different stages (from sensory motor association to topological maps) [15], [16]. For
example, if a human is about to drive from one city to the next, he does not plan
based on joint movements of his arms and legs, but rather forms a plan based on a
more abstract spatial resolution such as the highways or exits to take.

Hierarchical representations of sequential decision making tasks, where the actions
are stochastic and the states are hidden, has the potential of significantly reducing
uncertainty. There are two intuitive reasons why uncertainty would be reduced. First,
uncertainty reduces at higher levels of abstraction. An intuitive example is human

representation of space, where we usually feel more certain as to our world location at
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a coarse resolution of space, than a finer resolution. The second reason has to do with
temporal abstraction, where an agent can execute multi-step actions. Macro-actions
are crucial in reducing uncertainty in that they enable an agent to acquire long traces
of experience from its environment, which help the agent to disambiguate perceptually
aliased situations. For example, if we are lost in some unfamiliar environment, we
can choose to follow a particular compass direction until we localize.

From an engineering point of view organizing a problem hierarchically has several
advantages, including interpretability, ease of maintenance, and reusability. Reusabil-
ity can be an important factor in solving large scale sequential decision making prob-
lems. In learning, we can train separately the different sub hierarchies of the complete
model and reuse them in larger complete hierarchical models. Or, if different sub-
hierarchies have the same dynamics we could simply just train one of them and reuse
it for all the others. In planning, we can construct abstract actions available to each
abstract state that can be reused for any global plan without the need of worrying
about the details inside the abstract states. For example, if we are given abstract
actions to operate in any US city, and any US highway, then given any global desti-
nation city we can construct a plan to reach the destination city from any other city
by simply using the precomputed abstract actions. Another form of reusing abstract
actions would be to precompute abstract actions that can be used in every city (e.g.
use the subway).

The cornerstone of our approach to hierarchical sequential decision making under
uncertainty is the Hierarchical Hidden Markov Model (HHMM) framework [17]. We

extend the HHMM model to a new model called Hierarchical POMDP (HPOMDP)

9
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which includes actions and rewards. POMDPs can also be viewed as extending the
well-known hidden Markov model to include actions and rewards [10]. Figure 1.3

depicts the relationship between HMMs/POMDPs and HHMMs/HPOMDPs.

POMDP

e ne s

HHMM

Figure 1.3: POMDPs can be thought of as an extension of HMMs with the addition
of a separate transition matrix for each available action. In the same manner HHMMs
are extended to HPOMDPs. In these example decision models there are two actions
available, one denoted with solid arrows, and the other denoted with dashed arrows.

The HHMMs/HPOMDPs models differ from flat models in that they have ab-
stract states which can activate children states through vertical transition matrices.
Abstract states do not directly emit observations but rather produce sequences of
observations which are output by their children states. Only primitive states directly
emit observations which are the leaves of the tree. Horizontal transitions from ab-

stract state are not allowed to occur until the process under the abstract state has

10
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finished (the small white circles inside the abstract states have been entered, see Fig-
ure 1.3). Detailed description of the HPOMDP model is presented later in Section

3.2.

1.5 Robot navigation

In this dissertation the HPOMDP model is applied to learning and planning in the
context of robot navigation, which is a classic and difficult instance of the problem
of sequential decision making under uncertainty. A robot agent acts in physical real
world environments where it can sense the world through sensors such as sonar,
infrared, laser, and camera, and acts upon the environment through effectors such
as motion movements (wheel motors), camera movements (pan-tilt), and arm actions
(pickup objects). Figure 1.4 shows a real robot Pavlov (a Nomad 200), which senses its
environment (the corridors of the MSU Engineering Building) through sonar sensors
and produces perceptions such as wall, and opening. After every perception, Pavlov
can take actions such as “go-forward”, “turn-left”, and “turn-right”. Pavlov’s task
is to be able to navigate to any location in the engineering building shown in Figure
1.6.

The major problem for Pavlov however, is the determination of its exact location
in its environment. Unfortunately due to noisy sensors readings, and the fact that
many location in the environment produce similar sensor values, no amount of im-
age processing of sensor input is guaranteed to yield unique features describing its

location. This realization is quite obvious through the corridor picture in Figure 1.4
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where many locations in the corridor have similar visible features. Not only a robot
agent has trouble identifying its true location but sometimes a human has trouble

too.

PERCEPTIONS (Walls, Openings)
N

Command:
Go get coffee

a
i Sonar
L Sensors

Infra-red
sensors

Bumper
Odometric
sensors

ACTIONS (go_forward, turn_left, turn_right)

Figure 1.4: The picture on the left shows a section from a corridor on the 3rd floor of
the Engineering Building at MSU. The picture on the right shows a real robot named
Pavlov (a Nomad 200). Pavlov uses its sonar sensors to perceive walls and open-
ings on the North, West and South direction. After every perception, Pavlov takes
actions such as go-forward, turn-left, and turn-right to veer toward a goal location.
Navigation in such environments is challenging due to noisy sensors and actuators,
long corridors, and the fact that many locations in the environment generate similar
sensor values.

In order for Pavlov to be able to navigate to any location in the building it has to
solve three problems. First, it has to learn a representation of the environment such
as a map. Second, it needs to be able to construct plans which associate actions to

map locations for every navigation task. And third, it has to be able to execute every

navigation task successfully. A map representation could be a topological graph of
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the environment, where vertices are locations in the environment and edges are the
outcomes of the actions. A topological representation can either be given, or can be
learned through robot experience [18]. Given the graph representation then, a plan
would be the shortest path from every vertex to the goal state, which can easily be
computed using a shortest path algorithm such as Dijkstra’s algorithm [19].

There are however two problems with this straightforward graph-theoretic solu-
tion: sensing and action uncertainty. In order to execute such a plan, the robot will
need to know exactly in which state it is at, so that it can take the action associated
with that state. One way to know the exact state of the robot is to start from an
initial location and keep track of odometry. Unfortunately, keeping track of odometry
(path-integration) is difficult due to wheel slippage, noisy wheel encoders and the fact
that the robot may not be traveling a straight line due to dynamic obstacles. What'’s
more, path integration requires that we give the robot the starting position.

An alternative, is to associate each state with a unique landmark that can be per-
ceived by the robot’s sensors. Still however, landmark based navigation is extremely
prone to errors due to noisy sensors, noisy perception, and the fact that many lo-
cations in the environment generate the same observation (perceptual aliasing) [20].
We need a framework that can incorporate sequences of observations as memory from
the last distinct landmark. In biology, bees and ants seem to combine both path in-
tegration and landmark based navigation to produce robust navigation behavior [21],
(13].

The partially observable Markov decision process framework has been proven to

be a reliable approach to robot navigation, which seamlessly integrates both motion
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and sensor reports [22], [23], [24]. Unlike pure odometric and landmark based systems
it also incorporates the uncertainty of sensors and actuators. In POMDP based nav-
igation systems the robot does not maintain a single estimate of its current location,
but rather a probability distribution over all possible locations (hidden states) in the
environment. A Bayesian update routine is used to update this probability distribu-
tion after every motion and sensor report. Thus, the robot is never completely lost
because it always maintains a belief about its true location.

An example POMDP representation for robot navigation is shown in Figure 1.5,
where the states correspond to fixed regions (e.g., each square meter in the environ-
ment is modeled as four states of the POMDP, one for each robot orientation). The
robot can take non-deterministic actions such as ”go-forward”, ”turn-left”, and ” tun-
right”, and in each state the robot can perceive features such as wall, and opening on
the front, left, back and right side.

The advantage of the POMDP framework is that it provides rigorous algorithms
for learning the transitions matrices and observation models, and for computing map-
pings from belief states to actions. Modeling a real office environment as a flat
POMDP however, may require many thousands of states. The current algorithms
scale poorly in terms of learning and planning in large POMDPs. It is difficult to
learn large models since the standard learning algorithm (the Baum-Welch [10]) does
not provide an obvious way of reusing previously learned sub-models. Exact planning
methods based on dynamic programming are also intractable in large models. Ad-
ditionally, heuristic planning methods such as Most Likely State (MLS) (which only
looks at the peak of the distribution) often used in their stead are mainly effective in
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Figure 1.5: A corridor environment modeled as a flat POMDP. The circles are the
hidden states of the model and represent the pose of the robot (location and ori-
entation) in the environment. The figure shows the transition matrix for the three
available actions for state S1, and also the observation model associated with state

S1.

belief states with unimodal low entropy distributions (see Figure 1.6) [22]. In this dis-
sertation we apply a hierarchical solution to learning and planning in robot navigation
using our hierarchical POMDP framework. Figure 1.7 shows an example hierarchical

representation of a corridor environment where abstract states group together fine

resolution primitive states.

1.6 Contributions

The contributions of this dissertation are summarized as follows:

e We formally introduce and describe the hierarchical partially observable Markov
decision process model. This model is derived from the hierarchical hidden

Markov model with the addition of actions and rewards. Unlike flat partially
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Figure 1.6: The figure shows a map of the third floor of the MSU Engineering Building.
The squares indicate two square meter locations in the environment. The shading
represents the probability distribution of possible locations, and darker means higher
values. Pavlov’s task is to be able to get to any one of the squares in the map starting
from any other square. A problem that may arise during navigation is that the robot’s
belief as to its true location may be multimodal. This could happen either because
the starting location of the robot was unknown, or due to sensor and motion noise.
For example, due to sensor and motion noise at junction J1, the robot was unable to
distinguish the east from the south corridor.
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Figure 1.7: The figure illustrates a multi-resolution spatial model. The rectangles
indicate abstract states representing corridors and junctions. The circles in the rect-
angle indicate fine resolution states which are children of the rectangle abstract states.
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observable Markov decision process models, it provides both spatial and tem-
poral abstraction. Spatial abstraction is achieved by low resolution abstract
states, which group together finer resolution states in a tree like fashion. In
temporal abstraction, a transition from an abstract state cannot occur unless
the process under the abstract state has finished. This model is presented in

Chapter 3.

We derive an EM algorithm for learning the parameters of a given HPOMDP.
We empirically show that the algorithm converges by increasing the log like-
lihood of the data after every training epoch. The algorithm is presented in

Chapter 3, and the empirical convergence results described in Chapter 5.

We introduce two approximate training methods. For the first method, which
we named “sclective-training”, only selected parts of an overall HPOMDP are
allowed to be trained for a given training sequence. This results in faster train-
ing. For the second method, which we named “reuse-training”, submodels of
an HPOMDP model are first trained separately and then reused in the overall
model. This results in better learned models. Both algorithms and results are

presented in Chapter 5.

We derive two planning and execution algorithms for approximating the optimal
policy in a given HPOMDP. The planning and execution algorithms combine
hierarchical solutions for solving Markov decision processes, such as the options

framework [25], and approximate flat POMDP solutions [22] (Chapter 6).

17



e We conduct a detailed experimental study of the learning algorithms for indoor
robot navigation. Experiments are presented for various large scale models
both in simulation and on a real robot platform. The experiments demonstrate
that our learning algorithms can efficiently improve initial HPOMDP models
which results in better robot localization (Chapters 5 and 6). Additionally,
we compare our learned models with equivalent flat POMDP models that are
trained with the same data. We have developed approximate training methods
to learn HPOMDP models that converge much more rapidly than standard
EM procedures for flat POMDP models. When the learned HPOMDP models
are converted to flat, they give better robot localization than the flat POMDP
models that are trained with the standard flat EM algorithm for POMDPs

(Chapter 5).

e We apply the planning algorithms to indoor robot navigation, both in simula-
tion and in the real world. Our algorithms are highly successful in taking the
robot to any environment state starting from no positional knowledge (uniform
initial belief state). In comparison with flat POMDP heuristics, our algorithms
compute plans much faster, and use a much smaller number of steps in executing

navigation tasks (Chapter 6).

1.7 Outline

In Chapter 2 we cover background material. We formally explain the Markov decision

process framework, and the partially observable Markov decision process framework,

18



which extends the NIDP framework with hidden states. We describe the EM algorithm
for learning hidden Markov models, and POMDPs. Additionally, we present the
mainstream approaches to robot navigation, and report on previous studies of robot
navigation involving POMDPs.

In Chapter 3 we first describe the hierarchical HMM model which has been the
building block of our hierarchical approach. We then introduce the hierarchical
POMDP model which is an extension of the HHMM with the addition of actions and
rewards. We describe in detail the algorithm for learning HPOMDPs, and present a
small example to demonstrate the correctness of the learning algorithm. The chapter
continues with a discussion on the relation of hierarchical POMDPs to flat POMDPs.
Finally, the chapter concludes with a discussion of related multi-resolution hidden
Markov models.

In Chapter 4 we describe the robot navigation domain. We describe the different
robot platforms, the navigation environments, and how they are represented as hierar-
chical POMDPs. We present a description of the features that the robot can perceive,
and how they are computed through the use of a neural network. We conclude with
a detail description of the overall robot navigation architecture.

In the next two chapters we describe in detail learning and planning in HPOMDPs
within the context of robot navigation. Learning and planning are integrated in an
overall navigation architecture shown in Figure 1.8. The topological map construction
can be produced either by the programmer or can be learned. In our case we haven’t
implemented any automatic construction of topological maps, but rather we provide

it. Automatic topological map construction has been addressed by many researchers
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(18], [26], [27], and is not the focus of this dissertation. The topological map can be
compiled into an HPOMDP representation, which can be used for navigation tasks.
Before a navigation task can begin we construct a plan, which is a mapping from states
to actions. During execution of the navigation task the robot updates its belief about
its true position after every action and observation, and chooses the next appropriate
action to execute according to its plan and belief state. A navigation task produces
a sequence of observations and actions, which can be used through an EM learning
algorithm to improve the parameters of the HPOMDP model.

In Chapter 5 we describe detailed learning experiments where we train HPOMDP
models to represent hierarchical spatial maps of indoor office environments. Before
any learning experiments, we present two approximate learning methods that enable
fast training of large scale environments. We present a detailed experimental study
where we learn the parameters of HPOMDP models for simulated spatial environ-
ments, and present learning experiments with actual robot platforms. Additionally,
we present experiments for learning the structure of the environment using our learn-
ing algorithms. In structure learning, we allow for semi-ergodic models at abstract
levels of the hierarchy, and prune away incorrect connections using our learning algo-
rithms.

In Chapter 6 we describe planning and execution algorithms, which combine the-
ory from hierarchical MDP solutions, such as the options framework [25], with ap-
proximate POMDP solutions, such as the MLS strategy. We present robot navigation
results both in the Nomad 200 simulator and in the real physical world.

In the final Chapter 7, we summarize the main contributions of the dissertation,
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and describe directions for future research.

INITIAL HPOMDP

TOPOLOGICAL
ENVIRONMENT MAP
—
LEARNING/
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— e T
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[
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Figure 1.8: Topological map construction can either be learned or provided. The
topological map is compiled into an HPOMDP representation which can be used for
navigation tasks through planning and execution. Navigation tasks produce sequences
of observations and actions that can be used in an EM training procedure to improve
the parameters of the HPOMDP model.
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Chapter 2

Background

In this chapter we cover background material. In Section 2.1 we explain Markov
Decision processes which form the basic solution to sequential decision making. In
Section 2.2 we explain the partially observable Markov decision process framework
which extends the MDP framework by taking into consideration hidden states. In
Section 2.2.1 we present the planning solution in POMDPs, and in Section 2.2.2 we
describe the Baum-Welch algorithm for learning POMDP models. In Section 2.3 we
present the main stream approaches to robot navigation; such as metric-based, and
landmark-based navigation. Finally, in Section 2.4 we describe previous studies that

have used POMDP-based navigation systems.

2.1 Markov Decision Processes

Markov Decision Processes (MDPs) model sequential decision making tasks, where

an agent at each point in time observes its current state and based on that chooses
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what action to do next [28]. When an action is chosen, it is carried out and a reward
is received from the agent’s environment. Figure 2.1 illustrates an MDP modeling a

simple navigation task. Formally MDPs are defined as a four tuple (S, A, T, R):
e S: A set of states that represents the state of the system at each point in time.
e A: A set of actions that an agent can take (can depend on state).

e T:AxS xS — [0,1]: The state transition function, which maps each state
action pair into a probability distribution over the state space. The next dis-
tribution over the state space depends only on the current state action pair
and not on previous state action pairs. This requirement ensures the Markov
property of the process. We write T'(s,a,s’) for the probability that an agent

took action a from state s and reached state s'.

e R:Sx A— R: The immediate reward function which indicates the reward for

doing an action in some state.

An agent chooses actions so as to maximize its expected long-term reward. If the
lifetime of the agent is finite, for example if the agent expects to live for the next T
steps, it should choose to maximize its expected reward only for the next T steps.
Such optimality criterion is called finite-horizon optimality and is shown in Equation
2.1, which denotes the expected sum of rewards the agent will receive starting from

state s and following policy 7 (mapping from states to actions) for T steps.

T-1
V™(s) = E” (Z r,) (2.1)
t=0
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Figure 2.1: An MDP modeling a simple navigation task. There are two actions
available east and west which succeed with probability 0.9. If they fail the robot
moves in the opposite direction, or stays in the same state if the opposite direction
is a wall. The reward function is structured such that the robot gets a reward of +1
for actions leading into state 3. Otherwise the robot gets a 0 reward except for a
negative —1 reward for actions leading onto the wall. All four states are completely
observable since they generate unique observation symbols.

However, if the agent’s lifetime is infinite, or if the lifetime is very long compared
to the length of each action, then what seems to be a better optimality criterion is
the infinite-horizon which is shown in Equation 2.2. In this model, the agent chooses
action so as to maximize its expected infinite discounted sum of rewards. The discount
factor v plays different roles. One reason is to give more weight to the rewards in the
near future over the rewards in the far future. Another reason is to make sure that

the sum is bounded.

V™(s) = E" (i 'ytrt) ,0<y<1 (2.2)
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An agent who is taking actions so as to maximize one of the optimality criteria
above is said to be executing a policy. The goal of the agent is to find the best or
optimal policy, which will also receive the most reward in the long-run. In the finite-
horizon model an optimal policy is typically non-stationary, that is it changes over
time. This is because the agent takes into account how many steps are left in its life,
and given the same situation (state), may choose a different action depending on how
many steps it has left. In the infinite-horizon case, there is shown to be an optimal
policy, which is stationary.

In order to evaluate a policy that an agent is executing, we can define the value of
a state s given that the agent starts in state s and executes policy 7 as V" (s). In the
finite-horizon the value of a state s given a policy 7 can be defined as the expected
sum of reward gained from starting in state s and executing non-stationary policy 7
for t steps. This value function can be expanded recursively as shown in Equation

2.3.

Vi'(s) = R(s,m(s) +7 ) T(s,m(s), 8 Vi (') (2.3)

s'eS
In the infinite-horizon case, the value of a state under some policy 7 is the expected
discounted sum of future rewards for starting in state s and executing stationary
policy . This value function is recursively defined in Equation 2.4. The simultaneous
solution for the linear set of equations that can be derived from Equation 2.4 (one

for every s € S) is unique and gives us the value function of policy =.
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V7 (s) = R(s,m(s)) +7 Y _ T(s,7(s),s)V"(s) (2.4)

s'eS
For example, if the policy in the navigation example in Figure 2.1 is 7 =
[east, east, east, west], then to compute the value function we need to solve a set

of four linear equations shown below:

V(s1) =7[0.9V(s2) + 0.1V (sy)]
V(s2) =1+ 7[0.9V(s3) + 0.1V (s1)]
V(s3) = v[0.9V(s4) + 0.1V (s2)]
V(sy) =14 v[0.9V(s3) + 0.1V (s4)]
If we set v = 0.9 then the solution is [4.844,5.442,4.946, 5.501], which represents
the values of the four states for policy 7.
But, how can we find the optimal policy? One way is to use the optimal value
function, from which we can find the optimal policy. First, for the finite-horizon case
the optimal action to do for the last step is the one that gives the highest immediate

reward (Equation 2.5).

71 (s) = argmax, R(s, a) (2.5)

For every other step t, the optimal action to do in a state s is given by Equation

2.6.

7} (s) = argmax, (R(s, Q) +7vY T(s,a,8)V7, (s’)) (2.6)

s'eS
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For the infinite-horizon case, there exists an optimal stationary policy that can be
followed from any initial state s that can produce the maximum value for that state
[5] . The value function for any optimal policy (note that there can be more than
one optimal policy) is unique and is derived from the solution of the simultaneous

equations defined in Equation 2.7.

V*(s) = max (R(s,a) + ’yz T(s,a, s')V‘(s')) ,VseS (2.7)

s'eS
Given the optimal value function we can derive a greedy optimal policy as shown

in Equation 2.8.

7*(s) = argmax, (R(s, a) + 7 Z T(s,a, s')V”(s’)) (2.8)

ses
Thus one way to find optimal policies is to find the optimal value function. Un-
fortunately due to the max term in Equation 2.7, the set of equations derived is non-
linear and therefore we cannot analytically solve the system of equations. However,
we can find the optimal value function using an iterative procedure called Value Iter-
ation. The value iteration algorithm works by iteratively computing the discounted
finite-horizon optimal value functions as the horizon keeps increasing, and can be

shown to converge to the correct values [29], [30].
However, if we don’t know the transition and reward functions T' and R we can
use an on-line algorithm such as @-learning [31]. We can do that if we re-express

Equation 2.3 in terms of state action values called @) values shown in Equation 2.9.
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. initialize V(s) arbitrarily
. loop until max|V; — V| <e
t=t+1
loop for s € S
loop forae A
Vi(s) = max, (R(s,a) + v ,es T(s,a,8")Viei(s"))
end loop
end loop
. end loop

Figure 2.2: The Value Iteration algorithm is a dynamic programming solution to
the non-linear set of equations defined by Equation 2.7. The algorithm works in an
iterative fashion by computing the discounted finite-horizon optimal value functions
as the horizon keeps increasing.

Q:(s,a) = R(s,a) +7 E T(s,a,s" )V, (s) (2.9)

s'eS
The intuition behind this re-expression is that if an agent has learned the Q values,
it can now choose actions without knowledge of he transition function T and reward
function R. An agent who has learned the optimal Q* values (Equation 2.10) can
choose the optimal action for each state my maximizing over the Q* values (Equation

2.11).

Q*(s,a) = R(s,a) +7 Y _T(s,a,s)V*(s) (2.10)
s'eS
7*(s) = argmax,Q* (s, a) (2.11)

We can also express Equation 2.10 as Equation 2.12, which allows us to devise an

iterative routine for calculating the optimal @* values.
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Q*(s,a) = R(s,a) + Z T(s,a,s)mazy, Q*(s',a') (2.12)

s'€eS

The Q* values can be estimated recursively using Equation 2.13 [31].

Q(s,a) = Q(s,a) + a(r + 7y max Q(s',a") — Q(s,a)) (2.13)

If each action is executed in each state an infinite number of times on an infinite
run and a is decayed appropriately, the @) values will converge with probability 1 to
the optimal Q* values [31, 32]. The r term is the immediate reward the agent receives

from the environment when it executes action a in state s, and « is the learning rate.

2.2 Partially Observable Markov Decision Pro-

cesses

To use the MDP formalism for planning an agent needs to accurately perceive the
state of the environment. Unfortunately however, this is not the case in the real
world. For example, imagine a mobile robot whose task is to navigate an indoor
office environment and that the only features it can perceive are walls and openings.
Obviously, this robot will be unable to tell its exact location in the environment
since its local observation may correspond to different places in the world. Providing
the robot more observation capabilities could reduce perceptual aliasing at the cost of
defining and using more features. Nonetheless, it is always difficult to associate unique

features for each possible location in he environment, especially for large scale robot
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navigation domains. Additionally, too many features can also give rise to perceptual
aliasing in that many locations would correspond to similar features. For example,
if we are navigating in a forest we are able to see an amazing number of tree shapes
and sizes. Yet, for the most part it all appears the same. Thus, we would like to have
an approach that deals with perceptual aliasing rather than an approach that tries
to create unique features.

A way to to disambiguate these spatial locations that generate the same observa-
tions is to use memory, that is, to keep track of all observations and actions that the
robot has taken. A popular way of representing memory is provided by the partially
observable Markov decision process framework. In the POMDP framework, at each
point in time the agent uses the history of past observations and actions to calculate
a probability distribution over the underlying environment state (belief states). The
belief states are a sufficient statistic for the history of the process [33]. This means
that using the belief space as a new type of state representation we can compute
optimal policies for POMDPs using the MDP framework.

Intuitively an agent that is able to act based on its uncertainty as to its true
state will be more successful than simply acting on its current perception as to what
the true state of the environment is. For example, if the robot knows that is highly
confused it could take actions just for the sake of reducing its uncertainty. Or, given
that it believes that it is at different locations at the same time it could take an action
that is the best for all probable locations. Thus planning in POMDPs means that
we need to map every possible probability distribution about the agents belief of its

true state, to the best action for the task at hand.
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2.2.1 Planning in POMDPs

The POMDP framework is a systematic approach that uses belief states to represent
memory of past actions and observations. Thus, it enables an agent to compute
optimal policies using the MDP framework. Formally a POMDP model is defined as

a six tuple (S, A, T, R, Z,0):
e S, A, T, and R describe a Markov decision process.
e Z: A set of observations.

e O:Ax S xZ—[0,1]: A function that maps the action at time ¢t — 1 and the
state at time ¢ to a distribution over the observation set. We write O(s', a, 2)
for the probability of making observation z given that the agent took action a

and landed in state s'.

A POMDP agent can be decomposed into two components as shown in figure 2.3.
The state estimator takes as input the current observation, the action taken and the
previous belief state b; and it outputs a new belief state b'. This calculation is shown

in Equation 2.14.

V(s') = P(s'|z,a,b)

_ P(z|s',a,b)P(s'|a,b)

P(z|a,b)
_ P(z|s',a,b) Y, .5 P(s'|a, b, s)P(s|a,b)
= P(z]a, b) (2.14)
_ P(z]s',a) 3,5 P(s']s,a) P(s]b)
- P(z|a,b)
O(s',a,2) Y ;s T(s,a,5")b(s)

P(z]a,b)
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OBSERVATION

AGENT

\ BELIEF STATE (b)
STATE

POLICY (m)

ESTIMATOR (SE)

Figure 2.3: A POMDP agent is made of two main components. The state estimator
module receives observations from the environment, the last action taken and the
previous belief state and produces an updated belief state. The Policy module maps
a belief state to an action.

Next, we demonstrate a sample belief state evolution based on the POMDP
model described in Figure 2.4 and the belief update procedure described in Equa-
tion 2.14. If the starting belief state is [0.33 0.33 0.0 0.33] and the agent takes
action east and does not perceive the * observation, then the new belief state be-
comes [0.1 0.45 0.0 0.45]. If it takes the action east again and still does not perceive
the * observation, then the belief state becomes [0.1 0.164 0.0 0.736], which is a

good indication that the agent has moved to the most right state.

2 4

Ry

Figure 2.4: In this simple POMDP states 1, 2, and 4 generate the same observation
while state 3 generates a different observation. The agent can take actions east and
west which succeed with probability 0.9. If they fail, the agent moves in the opposite
direction. If a movement is not possible the agent stays in the same state.

3
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After a belief state estimation, the policy component of the POMDP agent must
map the current belief state into an action. Since the belief state is a sufficient
statistic, the optimal policy is the solution to a continuous-space belief MDP, and it

is defined as follows:

e B: A set of belief states, where each belief state b: s— > [0,1] s.t. > _b(s) =1
e A: A set of actions that remain the same as the underlying MDP.

e 7: Ax Bx B — [0,1]: The state transition function which maps each belief
state action pair into a probability distribution over the belief state space. The

state transition function can be calculated according to Equation 2.15.

7(b,a,b') = P(V'|a,b) =3, , P(V'|a, b, z) P(z]a,b),
1if SE(b,a,z) =V (2.15)
where P(V'|b,a,2) =

0 otherwise

e p: B x A — R: The immediate reward function on belief states. The reward

function can be calculated as shown in equation 2.16.

p(b,a) = Z b(s)R(s,a) (2.16)

sES

Since we can formulate the POMDP problem as an MDP whose states are the be-
lief states of the POMDP, we can solve it using value iteration (see Figure 2.2). That
is, determine the optimal policy by iteratively constructing each optimal t-step dis-
counted value function over belief space. Unfortunately, the number of belief states is
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infinite and iteration over belief states is intractable. Nevertheless, the optimal value
function for any finite-horizon POMDP exhibits certain characteristics, which allevi-
ate the computation of optimal policies. In particular, the optimal value function for
any finite-horizon POMDP is always piecewise-linear and convex over the belief space
[34], [35). This is not necessarily true for the infinite-horizon discounted value func-
tion which remains convex but may have infinitely many facets [36]. Still the optimal
infinite-horizon discounted value function can be approximated arbitrarily well by a
piecewise-linear and convex value function, or in other words with a finite-horizon
value function with sufficiently long horizon [37]. This property of the value function
allows for compact representations as well as for the development of algorithms that
are able to calculate the optimal t-step discounted value function from the optimal
t-1 step discounted value function.

To sce how we can compactly represent the optimal finite-horizon value function
of POMDPs, we will review the concept of policy-trees shown in Figure 2.5 [38]. In a
policy-tree the root node represents the action to be taken when there are t steps to
go. Depending on the observation made after the action has been taken, the agent
chooses the next action with ¢ — 1 steps to go. If the agent is at a leaf of a tree
then there is only one thing to do, take the last action. To calculate the expected
discounted value of executing a non-stationary policy for t steps or equivalently the
value of executing a policy tree p from a belief state b, we can re-express Equation

2.3 with Equation 2.17.
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1 steps to go

t -1 steps to go

2 steps to go

| step to go

Figure 2.5: The policy tree indicates the non stationary t-step policy to be executed
for a POMDP. First the action a defined by the root is executed and then according
to the observation z; perceived the ¢ — 1 steps to go tree is chosen.

Voi(b) = p(b,a(p) +7 D 7(b,a(p), b)Vyua (V)
YeB

= p(b,a(p) +7 3 3 PWH)a(p), b, 2) P(=la(p), b) Vi1 (¥)

YeB z2€Z

(2.17)

Where V()1 is the ¢ — 1 step tree to go that was entered with observation z
from its parent V, ;. Since the term P(b'|a(p), b, z) (see Equation 2.15) is deterministic

Equation 2.17 can be re-expressed as Equation 2.18.

5e(0) = p(b,a(p)) +7 Y P(2la(p), ))Vigp -1 (SE(b, p(a), 2)) (2.18)

z€Z

The term P(z|a(p),b) is the normalizing factor in the belief state estimation in

Equation 2.14. Therefore Equation 2.18 can be expressed with Equation 2.19.

35



every

ther,

Vel

Sate.




e(0) =) b(s)R(s,a(p) + 7Y D) b(s)T(s,a(p), s)O(p(a), s, 2)Vigpy.e-1(5")

s€S 2€Z s’€S s€S

= b(s) <R<s, a(p)) +7Y_ Y T(s,a(p),s)O(p(a), s, z)vz(p),t_l(s'))
SES z€Z s'eS

=D b(s)V5u(s)
SES

(2.19)
Where 17,,(s) is the value of executing a policy tree p of depth ¢ starting at state
s. The interesting part of Equation 2.19 is that it tells us that the value function of

every policy tree 1}, is linear in the belief space. If we let oy, = (Vp4(51), ..., Vpe(8n)),

then Equation 2.19 becomes Equation 2.20.

"';,,t(b) =b- Qp ¢ (220)

If P is the finite set of all possible policy trees of depth ¢, then the optimal t-step
value for a belief state b is the value for executing the best policy tree in that belief

state, shown in Equation 2.21.

Vi (0) = maz,ep(b- apy) (2.21)

Each policy tree p induces a value function V},, that is linear in b, and V;* is the
upper surface of this collection of functions, which makes the optimal t-step value
function piecewise-linear and convex. The convexity of the value function is intuitive
since belief states in the middle of the belief space have high entropy and as a result

the agent cannot select actions very appropriately and so tends to gain less long-term
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reward. An example with a two state POMDP s, , s, is shown in Figure 2.6 where

b(s;) is enough to describe the belief space.

Vp2

<

bis1) 1

Figure 2.6: The figure shows an example of an optimal ¢-step value function which is
the upper surface of the value functions associated with all t-step policy trees.

If we are given a piccewise-linear and convex value function, then we can calculate
the best action to do by projecting the optimal value function onto the belief space.

An example is shown in Figure 2.7.

Vpl

vp3
Vp2 /
h
h

0 a(pl) a(p2) a(p3) 1
Figure 2.7: The figure shows a mapping from the belief space to the appropriate
action defined by the root of a t-step policy tree. The mapping is calculated by
projecting the optimal value function onto the belief space.
Now in order to calculate V;* from V;*, (which is what we want to achieve in a

value iteration algorithm) really means to get the set of a,; vectors from the set of

ape—1 vectors. Nevertheless, the complexity of computing the new set of a vectors
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grows exponentially in the number of observations | Z|. In particular, given the current
set of a vectors V;_;, we need to compute |A||V;_1|/! a vectors to represent the value
function V;. The reason is that we need to take into consideration all possible lists (of
alpha vectors in V;_) of length |O|. Solving POMDP problems, is intrinsically hard.
In fact, computing the optimal policy for the finite-horizon is PSPACE-complete [7]

A few algorithms have been developed for solving this problem, [35], [39], [40] [41],
[38]. These algorithms however, are only able to solve small state POMDP problems,
and even worse, they are based on the the fact that the value function is piecewise-
linear and convex which is not necessarily true in the infinite-horizon case [34]. For
the infinite-horizon case finding the optimal policy of a given POMDP is actually
undecidable [8], and thus may not even be computable.

To avoid the computational intractability in computing the exact value function
for a given POMDP, researchers have developed various approximations [42]. Ap-
proximate algorithms have been developed both for approximating the optimal value
function in belief-state MDPs [43], [44] as well as algorithms for approximating the
optimal policy directly [45], [46], [47], [48]. In realistic domains such as robot navi-
gation which require thousands of states exact algorithms are impossible. Instead we
have to rely on approximate algorithms for solving POMDPs such as the algorithms
that will be presented in Chapter 6.

Finally, we should note that alternatives to POMDPs, in terms of computing belief
states, are Kalman filters [49], [50] and temporal Bayesian networks [51]. Kalman fil-
ters have been a great contribution into the world history, in that they have enabled

the mid-course correction scheme for the Apollo missions to the moon [52]. With
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Kalman filters however only restricted sets of probability distributions can be mod-
eled such as Gaussian. Gaussians are unimodal distributions which are not a good
representation for robot navigation beliefs which in many situations are multimodal.
This limitation is overcome with multi-hypothesis Kalman filters. Multiple-hypothesis
Kalman filters represent beliefs using mixtures of Gaussians [53], [54]. Nonetheless,
this approach still inherits the Gaussian noise assumption. Temporal Bayesian net-
works can also model arbitrary probability distributions. Unfortunately the model
size of temporal Bayesian nets grows linearly with the temporal look-ahead and this

limits their usefulness in planning [55].

2.2.2 Learning POMDPs

POMDPs are basically HMMs with the addition of actions and rewards. HHMMs can
be leaned from data through an Expectation Maximization procedure. The learning
algorithm is called Baum-Welch and can be derived from the general theory of EM
algorithms [9] [56] [57] .

In particular, the EM algorithm is well suited for two types of applications. The
first occurs in situations where optimizing the likelihood function is analytically in-
tractable but when the likelihood function can be simplified by assuming the exis-
tence of, and values for additional but missing parameters. One such example is the
mixture-density parameter estimation [58], [59], [60]. The second occurs when the
data has indeed missing values, due to problems with or limitations of the observa-

tion process, such as training of hidden Markov models [9], [56], [61]. The second
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application is what we are interested in, since we need to learn the parameters of a
POMDP model based on observation data which do not directly reveal the under-
ling hidden state of the environment. Next, we give a brief derivation of the EM
algorithm.

For analytical convenience the likelihood function is expressed as the log likelihood

function L(©) = In P(X

©), where X is the training data and © the set of parameters.
The EM algorithm recursively estimates a new set of parameters ©;,, such that
L(©;41) > L(O©;), where ©; is the current set of parameters. The difference between
the log likelihood of a any new set of parameters © and the current set ©; is expressed

in Equation 2.22.

P(X|0)

L(©) - L(8) = In P(X|®) - In P(X[6) = In 725

(2.22)

We would like to choose the new parameters © such that the right-hand side of
Equation 2.22 is maximized. In general, maximization of the right-hand site may be
intractable. The idea of the EM algorithm is to introduce a set of hidden variables Z,
such that if Z where known, computation of the optimal value of © becomes tractable.

Equation 2.22 then, is transformed though conditioning into equation 2.23.

2., P(X|z,©)P(2]0)

L(©) - L(©,) =In X0

(2.23)

Unfortunately, in the above expression the logarithm of the sum is not easy to
deal with. Fortunately due to Jensen’s inequality (Equation 2.24), we can can replace

the logarithm of a sum with the sum of logarithms.
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Ind Ay > Ay, if Y N =1 (2.24)
J J J

In our expression we introduce the term A, = P(z|X, ©;) which transforms Equa-

tion 2.23 into Equation 2.25.

_ | 2: P(X[2,0)P(2]6) P(2| X, 6))
- P(X16;) P(z|X, ©;)

’ P(X|z,0)P(z|0) (225)
> 2 P(z|X,0;)In P(X|©,)P(z|X,0))

L(©) - L(6)

Equation 2.25 can be expressed as Equation 2.26.

L(©) 2 L(®,) + Y P(z|X,0,)In PX|2,0)P@0) _ g (2.26)

P(X|6;)P(z|X,0;)

Now we need to find the parameters ©;,; that maximize the right hand side of

Equation 2.26 as shown in Equation 2.27.

P(X|z,0)P(2|0)
P(X|©,)P(z|X,0,)

= argmaxg }: P(z|X,0,)In P(X, 2|0)

0,4 = argmaxgL(©;) + ZP(ZlX, ©,)In
: (2.27)

In short, Equation 2.27 is the EM algorithm. The E-step is the estimation of the
expectation (expectation of In P(X,2|©) with respect to the hidden variables) and
the M-step is the maximization. At each iteration ©;,, maximizes [(©) and therefore
1(©i41) > I(©;). Since L(©;) = (©;) (from Equation 2.26) and the fact that for

any © L(O) > [(0), the new log likelihood L(©;,;) cannot decrease, and therefore
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L(©i+1) = L(6:).

In cases where the complete maximization of the expected log likelihood is in-
tractable we resolve to partial M-step implementations. Such implementations sim-
ply improve [(©) using a gradient decent method rather than fully maximizing it.
Such algorithms are also guaranteed to increase L(©) and are called Generalized EM
(GEM) algorithms [12]. Next we present an adaptation of the EM algorithm, the
Baum-Welch algorithm, which learns the parameters of an HMM model.

An HMM model is defined formally as a five tuple (S,T, Z, O, ):

e S: A set of states.

T:S xS —[0,1): A function that maps every state to a distribution over the
state set. We write T'(s, s9) to indicate the probability of going from state s,

to state ss.

Z: A set of observations.

O:SxZ —[0,1): A function that maps every state to a distribution over the

observation set. We write O(s, z) for the probability of observation z in state s.

e 7 :I1(S): The initial probability distribution.

When we say we learn an HMM model we mean that given an observation sequence
M = z;,2,...21, and the model parameters A = (T, O, 7), we must adjust the model
parameters such that the log likelihood of the observation sequence is maximized.
That is, maximize log P(M|)). In order to develop the algorithm, we first need to
define some variables. The first variable is called the forward variable a and is defined
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in Equation 2.28. The a variable defines the probability of an observation sequence

21,...2; and that the state at time ¢t is ¢ given the model parameters \.

(1) = P(z1, 20...24, 84 = 1| A) (2.28)

If we know the « variable then it easy to calculate how well the model fits a

sequence of observations M of length T as shown in Equation 2.29

P(MN) =Y ar(s) (2.29)

seS

The a variable can easily be calculated recursively. If t = 1 then
ay(2) = m(1)O(3, z1)

else

S
a1 (j) = Zat(i)T(z‘,j)O(J‘, 2141)

Another variable is the backward variable which defines the probability of an

observation sequence z11,...2r given that the state at time ¢t was ¢ (Equation 2.30).
,Bt(l) = P(ZH.lZH.g...ZT St = i, /\) (230)
The backward-variable can also be calculated recursively as follows: If t = T then

Br() =1
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else

Bi(j) = D T(0,5)00, 2e41) By

=1
Note that if we know the 3 variable, we can rewrite equation Equation 2.29 with

Equation 2.31

P(M|A) =" au(s)Bi(s) (2.31)

SES
The next variable to be defined is the y variable which gives the probability that

at time ¢ the process was in state ¢ (Equation 2.32)

Y:(7) = P(se = i|M, )) (2.32)

The v variable can be calculated from the a and 3 variables as follows:

(i) = a(f() _ _ a(i)B(2)
t P(M]2) Zf:l o (1) Be(2)

The last variable to be defined is the £ variable which is shown in equation 2.33

&(1,7) = p(se = 1, 1 = J, M|A) (2.33)

which can also be calculated from the o and § variable as follows:

o ()T (4, 5)O (4, 241) Brs1(5)
POMDY)

ft(z’J) =

Using the calculated variables defined above we re-estimate the transition model
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as shown in Equation 2.34, the observation model as shown in Equation 2.35, and

the initial distribution as shown in 2.36

T-1 ..
T(l]) _ z¢=1 gt(lv])

© Y (234

. ZtT=1 z= Ye(7)
O(j,k) = m (2.35)
7li] = m(3) (2.36)

It has been proven that each time the model parameters get re-estimated that:
P(M|A)pew > P(M|A)previous- Even though the maximization does not necessarily
converge to the best optimal solution, it converges to local maxima [56]. This limita-
tion requires that a good initial model is provided to the learning algorithm as well
as “adequate” training data.

In [11] an extension of the Baum-Welch algorithm for HMMs [10] is described,
which learns POMDPs, and we describe next. In this version there is also a scaling
factor, which allows the algorithm to run for long training sequences without fear of

exceeding the precision range of any machine.

1. First we compute the scaling factor and the a variable for the first observation:

scale; = Z[P(21|S)P(31 = 5)]

s€ES
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a1 (s) = p(z1|s)P(s1 = s)/scale; Vs € S

2. Next we compute the forward variable and the scaling factor for all t = 1 to

T — 1 in a procedure called “forward propagation”:

temp(s) = Z[P(s|s’, ar)oy(s)]P(z141]s) Vs € S

s'eS

scaleg, ) = Ztemp(s)
sES

ay41(8) = temp(s)/scalei Vs € S

3. Next we initialize the backward variable 3 for time T:

Br(s) = 1/scaler Vs € S

4. Then we estimate the backward variable starting from time ¢t = T — 1 down to

t = 1 in a procedure called “backward propagation”:

Bi(s) = Y _[P(s']s,a) P(2141]5") Bi1(5)] /scale, Vs € S

s'eS

5. After the estimation of the a and (3 variables we can now compute the <y variable:

Ye(s,8") = au(s)P(8']s,a1) P(z141]8") Bryr (s) Vs,8" € S, fort=1toT -1

Y (s) = scaleyay(s)By(s) Vs € S, fort=1toT
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6. Using the as, Js, and ys we can now re-estimate the initial probability distri-

bution, the transition matrices, and the observation models:
(s) =m(s)Vse S

P(s'|s,a) = Z &(s,8") Z Y (s) Vs,s' € Sand Va € A

t=1..T-1|ar=a t=1..T-1lar=a

P(zls)= Y wuls)/ Y(s) Vs € SandVz € Z

2.3 Robot navigation

Robot navigation is a broad topic, covering a large spectrum of different technologies
and applications [62]. It draws on some very ancient techniques, as well as some
of the most advanced space science and engineering. The general problem of robot
navigation can be summarized by three questions: ”Where am 17", "Where am 1
going?”, and "How should I get there?”, according to [63]. In general, we can classify
robot navigation technologies in to two categories: relative and absolute position
measurements [62]. Relative position methods include Dead-reckoning systems such
as systems based on odometric information. Absolute position systems include active
beacon navigation, landmark-based, and map-based navigation.

The dead-reckoning method (derived from ”deduced reckoning” from sailing) is
a simple mathematical procedure for determining the present location of a vehicle
by advancing some previous position through known course and velocity information

over a given length of time. The simplest form of dead-reckoning is often termed
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as odometry. Odometry-based systems use encoders to measure wheel rotation and
steering orientation. The advantage of odometry is that it is self contained (no exter-
nal feedback from the environment is needed). The disadvantage, is that the position
error grows without bounds. The unbounded position error is due to unequal wheel
diameters, misalignment of wheels, travel over uneven floors, travel over unexpected
obstacles, and whecl slippage. Due to the increasing error, odometric systems are
rarely used by them selves but rather are combined with absolute positioning sys-
tems [64].

Active beacon based navigation is an ancient technique that ranges from star fol-
lowing to the Global Positioning System (GPS) [65]. Active beacons systems compute
the absolute position of the robot, by measuring the direction of incidence of three or
more actively transmitted beacons mounted at known locations in the environment.
There are two principle methods for determining the vehicle position: triangulation,
and trilateration. Triangulation measures the angles between the vehicles heading and
a number of beacons, and uses them to estimate its absolute position. Trilateration
uses a measurement of distance between a number of beacons and the vehicle [62].

In landmark-based navigation, the robot computes its absolute position by recog-
nizing distinct features (landmarks) from its sensory input. If the position of land-
marks in the environment is known in advance then the robot will be able to localize
correctly. Landmark-based approaches can incorporate topological maps which rep-
resent the location of the each landmark in the environment (see Figure 2.8). Or,
landmark based navigation could simply be a reactive systems where each landmark
defines the next robot direction or action [66], [67]. The advantage of having a
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topological map is that a robot can use it to construct multiple navigation tasks
(planning). On the other hand, a topological map may be too general, because it rep-
resents multiple navigation tasks. Thus, a separate representation (direct mapping
from landmarks to actions) for each navigation task at hand, may be more efficient
for that particular task. Nonetheless, it is costly to construct, or learn a separate

representation for every possible task.

Figure 2.8: The figure show a landmark based topological map representing a corridor
environment. Each node in the topology represent a unique landmark that can be
identified by the robot. Each node also contains information as to the distance and
orientation to the next node.

In general, landmark-based navigation systems are difficult to construct and main-
tain in large environments for complicated navigation tasks. The reason is that unique
landmarks and their relationships need to be discovered. Also, recognition of land-
marks may be ambiguous and sensitive to the point of view. If a robot cannot uniquely
identify landmarks then it would be executing inefficient navigation strategies that
may not even be able to get it to its goal (if two places in the environment are
recognized as the same landmark and yet they require a different action). In prac-
tice researchers implement hybrid systems where odometry is used to disambiguate
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landmarks which are perceived the same.

In map-based systems the information acquired from the robot’s onboard sensors
is compared to a map or world model of the environment. If features from the sensor-
based map and the world model map match, then the vehicle’s absolute location can
be estimated. Map-based positioning often includes improving global maps based on
the new sensory observations in a dynamic environment, and integrating local maps
into the global map to cover previously unexplored areas. One type of map is the
topological map used in landmark-based navigation. A classic example of landmark-
based navigation using topological map is presented in [18].

The other type of map is the geometric map. Unlike topological maps, which
represent the relationships between landmarks, the geometric maps represent the
world in a global coordinate system. A classic example of geometric map navigation
is presented in [1] where the environment is represented with a uniform fine grain
resolution which can be as high as 1 square cm.. Figure 2.9 shows an example
occupancy grid map of an office environment taken from [1]. Each grid cell of the
occupancy map contains an occupancy value (probability of obstacle). Occupancy
values are calculated from multiple sonar sensors which are integrated over time
[68]. To build such a map however, a robot needs to know its exact position in the
environment. This is achieved by combining various approaches such as odometry,
the fact that the robot operates in an office environment (90 degree angles), and by
mapping sensor readings to the current global grid map (map correlation).

Nonetheless, it is difficult to construct such maps for cyclic environments where
the odometric error renders them unusable for robot navigation. In such situations
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a better approach is the concurrent mapping and localization method [69], where an
EM type algorithm is used to improve the occupancy grid values. The advantage
of the EM algorithm is that it does not rely on exact odometric information as to
where landmark observations are generated, but rather estimates the probability that
a landmark was generated at a particular environment location. Given a sequence of
landmarks and motion control signals the E-step estimates the robot position, and the
M-step reestimates the occupancy grid values. This approach has also been extended
to on-line learning of spatial environments [70], and recently to learning of 3D maps

of spatial environments [71].

32.2 meters

Figure 2.9: The figure shows an occupancy grid map that models an indoor office
environment and was taken from [1].

Even though it is easy to build and maintain large grid maps which are also view
point independent, planning is inefficient due to the fine-grain resolution, and un-
ecessarily detailed representation. Nonetheless, the fine-grain representation has the
advantage of exact robot localization, and facilitates the disambiguation of differ-
ent places. However, the large number of states imposes significant computational
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burden, even for the simple procedure of belief state update. To overcome these
limitations, researchers have proposed selective updating algorithms [72], tree-based
representations that dynamically change their resolution, and Monte Carlo Localiza-
tion (MCL) methods [73]. Monte carlo localization simply represents the posteriors or
the belief state by a random collection of weighted particles which approximates the
desired distribution. In the literature this is referred to as the Sampling Importance
Resampling (SIR) algorithm [74]. The monte carlo localization approach presented
in [73] called Mixture-MCL, is considered to be the state of the art in robot local-
ization solutions, and has been shown to recover gracefully from global localization
failures. It is able to recover from localization failures generated from the kidnapped
robot problem [75], where a well localized robot is picked up and transferred to some

random location.

2.4 Application of POMDPs to robot navigation

An autonomous mobile robot that has to navigate in an indoor office environment
needs to be able to know its location at each point in time so that it can navigate
successfully. Unfortunately indoor office environments are perceptually aliased, which
means that different places in the environment are perceived to be the same. Even if
the robot had perfect sensors, which is usually not the case, it will not always be able
to distinguish where it is in its environment simply by perceiving its surroundings.
One way to know exactly where the robot is in the environment is to keep track of

odometry, unfortunately this also requires noise-free dead-reckoning and knowledge
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of the starting position of the robot. One solution then, to the above problems is
to model the navigation task as a partially observable Markov decision process (23],
[22]. The POMDP framework can be viewed as a method between landmark-based
and odometry-based based navigation in that it seamlesly integrates both odometric
and sensor reports. In addition, the integration is done in a probabilistic manner
which takes into consideration the noisy sensors, and the uncertainty involved with
dead-reckoning.

In the POMDP framework for robot navigation, for each fixed region of the en-
vironment (e.g., for each square meter) there are four states (one for each robot
orientation) modeling the position and orientation of the robot. The robot can take
actions such as “go-forward”, “turn-left”, and “tun-right”. In each state it can observe
features such as wall, and opening on the front, left, back and right side. Modeling
a real office environment in this manner requires thousands of states and non of the
exact algorithms can solve such a problem. A simple heuristic solution is to assume
that the states of the POMDP are completely observable, and solve it using the MDP
framework. Then, one POMDP execution strategy is to choose the action for each
belief states that corresponds to the state, for which the belief state is peaked. Other
strategies that use the MDP solution over the hidden states are described in [22], [76].

An important issue is how to learn the POMDP model. The obvious way is
to use the standard Baum-Welch algorithm, which requires a “good” initial model.
In [2] an initial model is created from a topological map which is later fine-tuned
with an extension of the Baum-Welch algorithm called GROW-BW. The GROW-
BW algorithm examines multiple Markov chains along each hallway and adds longer
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ones as needed until it finds the best length that fits the data the best. Figure 2.10

shows a POMDP model with multiple chains for each hallway.
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Figure 2.10: The figure shows a POMDP model that has multiple chains for each
hallway. The GROW-BW algorithm adds longer chains as needed so as to find the
length that fits the data the best. The figure was taken from [2].

Another way of learning POMDP models for robot navigation is the algorithm
described in [77], and [78]. This algorithm also extends the Baum-Welch algorithm
by adding the concept of relation-matrices. The relation-matrices store the means
and variances of the distances between states. These matrices are then incorporated
in the calculation of the @ and 3 variables in the standard Baum-Welch algorithm.
Moreover, odometric information collected with each observation, is used to do an
initial clustering of the observations into states, and therefore producing some initial
model.

Both of the above approaches use flat representations where they model the en-
vironment with uniform resolution. Since flat POMDP representations do not scale
well in large scale environments, both in learning and planning, in the rest of this
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dissertation we model robot navigation as a hierarchical POMDP. We present map
learning experiments using a hierarchical EM algorithm as well as experiments using

approximate hierarchical planning and execution algorithms.
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Chapter 3

Hierarchical Partially Observable

Markov Decision Processes

A hierarchical problem representation is not only inspired from biology but it po-
tentially has many advantages from an engineering point of view. As mentioned in
Section 1.4, biological organisms (from insects to humans) seem to solve every day
sequential decision tasks in a hierarchical fashion. From an engineering point of view,
hierarchical modeling has advantages in ease of maintenance, interpretability and
reuseability. Reusability could be a great advantage in learning the model parame-
ters in that sub-hierarchies of the model can be trained separately and then reused
in the overall hierarchical model. In planning, the advantage is that at higher levels
of abstraction (both spatial and temporal) uncertainty is less. Reduced uncertainty
implies more efficient planning algorithms (as we shall see in Chapter 6).

In this chapter we first describe in Section 3.1 the hierarchical HMM model which

has been the building block of our hierarchical approach. In Section 3.2 we introduce
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the hierarchical POMDP model which is an extension of the HHMM with the addition
of actions and rewards. In Section 3.2.1 we describe in detail the algorithm for
learning HPOMDPs. In Section 3.2.2 we present a small example to demonstrate
the correctness of the learning algorithm. The chapter continues with Section 3.2.3
where we describe the relation of hierarchical POMDPs to flat POMDPs. Finally,
the chapter concludes with a discussion of related multi-resolution hidden Markov

models in Section 3.3.

3.1 Hierarchical Hidden Markov Models

The Hierarchical Hidden Markov Model (HHMM) [17] generalizes the standard hid-
den Markov model (HMM) [10] by allowing hidden states to represent stochastic
processes themselves. An HHMM is visualized as a tree structure (see Figure 3.1 in
which there are three types of states; product states (leaves of the tree) which emit
observations, internal states which are (unobservable) hidden states that represent
entire stochastic processes, and end-states which are artificial states of the model
that when entered exit the (parent) abstract state they are associated with. Each
production state is associated with an observation vector which maintains distribution
functions for each observation defined for the model. Each internal state is associated
with a horizontal transition matrix, and a vertical transition vector. The horizontal
transition matrix of an internal state defines the transition probabilities among its
children. The vertical transition vectors define the probability of an internal state

to activate any of its children. Each internal state is also associated with a single
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end-state child. The end-states do not produce observations and cannot be activated
through a vertical transition from their parent. The HHMM is formally defined as a

5 tuple (S,T,11, Z, O):

e S denotes the set of states. The function p(s) denotes the parent of state s.
The function c(s, j) returns the j* child of state s. The end-state child of an
abstract state s is denoted by e®. The set of children of a state s is denoted by

C? and the number of children by |C?|. There are three types of states.
— Product states

— Abstract states

— FEnd-states

e T%: {C*—e°} xC* — [0,1] denotes the horizontal transition functions, defined
separately for each abstract state. A horizontal transition function maps each
child state of s into a probability distribution over the children states of s. We
write T°(c(s, i), c(s, 7)) to denote the horizontal transition probability from the

it" to the j' child of state s. As an example, in Figure 3.1, T°%(s7, s8) = 0.6.

o II*: {C*—¢€°} — [0, 1] denotes the vertical transition function for each abstract
state s. This function defines the initial distribution over the children states

of state s, except from the end-state child e*. For example, in Figure 3.1,

1! (s2) = 0.5.

e 7 denotes the set of discrete observations.
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e O°: C*""" 5 [0,1] denotes a function that maps every product state (child
of s) to a distribution over the observation set. We write OP(®)(s, 2) for the
probability of observing z in state s. C*°™“ is the set of all product states

which are children of s.

Figure 3.1 shows a graphical representation of an example HHMM. The HHMM

produces observations as follows:

1. If the current node is the root, then it chooses to activate one of its children

according to the vertical transition vector from the root to its children.

2. If the child activated is a product state, it produces an observation according to
an observation probability output vector. It then transitions to another state
within the same level. If the state reached after the transition is the end-state,

then control is returned to the parent of the end-state.

3. If the child is an abstract state then it chooses to activate one of its children. The
abstract state waits until control is returned to it from its child end-state. Then
it transitions to another state within the same level. If the resulting transition

is to the end-state then control is returned to the parent of the abstract state.

Fine et al. [17] describe a hierarchical Baum-Welch algorithm that is able to
re-estimate the model parameters (including transitions matrices, vertical vectors,
and observation vectors) of an HHMM from observation sequences. The hierarchical
Baum-Welch algorithm operates in a recursive fashion similar to the standard Baum-
Welch procedure. In the next section we describe the extension of the HHMM into a

decision model, the hierarchical POMDP.
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Figure 3.1: An example hierarchical HMM modeling two adjacent corridors. Only
leaves (production) states (s4, s5, s6, s7, and s8) have associated observations. The
end-states are el, €2, and e3

3.2 Hierarchical Partially Observable Markov De-

cision Process Models

Robot navigation is an example of a planning problem that requires extending the
HHMM model to include actions, as well as reward functions for specifying goals. We
call this extended model Hierarchical Partially Observable Markov Decision Process
model [79]. Unlike HHMMs, we extend the definition to include multiple entry points
into abstract states which we call entry-states, and multiple ezit-states (defined as end-
states in HHMMs). Figure 3.2 shows a sample HPOMDP with multiple entry/exit

states for corridor environments. The exit and entry states represent the spatial
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borders of each (corridor) abstract state. If we only had single exit and entry states,
the consequences of primitive actions would not be modeled correctly. For example,
an exit from the east side of a corridor would have a non-zero transition probability
to an adjacent state of the corridor at the west side.

On the other hand, we could have two abstract states representing each corridor
(one for each direction). However, having two abstract states for the same spatial lo-
cations would mean that the abstract states share children. Even though the HHMM
allows abstract states to share children, each abstract state induces its own set of
parameters on the children (vertical vectors, horizontal transitions, and observation
models). This would imply learning model parameters for each abstract state sepa-
rately, which is redundant. Since we are interested in learning the dynamics of the
world (e.g., effect of actions on states), it would be redundant to learn them more
than once (e.g., once when going to the east, and once when going to the west side
of the corridor).

In effect, since abstract states do not share parameters the representation becomes
equivalent to having each abstract state having its own exclusive set of children. If
we allowed abstract states to share parameters then the spatial abstraction is no
longer obvious and the model abstraction tends to become more temporal and task
specific. For example, if two abstract states shared the same sub-structure (states and
parameters) then we would not be able to distinguish the two abstract states based
on sequences of observations emitted by the substructure. For example, in robot
navigation, it is important that the robot knows its true location or true abstract
state that it is at, so that it can take the appropriate action. If the appropriate
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action for each of the abstract states is different, then the robot will not know which
one to take. However, if both abstract states require the same action then sharing
sub-structures may be possible. In our HPOMDP definition we assume that abstract
states do not share any parameters or any children.

In addition to the above extensions, we have also removed the end-state associated
with the root abstract state. Instead, we consider the end of an episode of a sequence
observations and actions to be the last child state of the root which has produced an
observation (if it is a product state) or the last child state of the root exited (if it an
abstract state). By removing the end-state we allow the model to be trained using
training sequence that can terminate at any child of the root. This is justified, since
we need to use our model for planning where we need to construct arbitrary plans,

which can terminate anywhere, and therefore produce arbitrary training data as well.

We formally describe the HPOMDP model below:

e S denotes the set of states. Unlike HHMMs, we have an additional type of state

called entry states.

Product states which produce observations.

Exit-states which return control to their parent abstract state when en-

tered.

— Entry-states which belong to abstract states and when entered activate the

children of the abstract state they are associated with.

Abstract states which group together product, entry, erit, and other abstract
states. C denotes the product children of abstract state s. C; denotes the
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abstract state children of abstract state s. C denotes the set of exit states
which belong to children abstract states of abstract state s. C3 denotes
the set of entry states which belong to children abstract states of abstract
state s. X° denotes the set of exit states that belong to s and N* denotes
the set of entry-states that belong to abstract state s. p(s) denotes the

parent state of s.

A denotes the set of primitive actions. For example, in robot navigation, the
actions could be go-forward one meter, turn-left 90 degrees, and turn-right 90

degrees. Primitive actions are only defined over product states.

T(s'|sz,a) denotes the horizontal transition probabilities for primitive actions.
If s is an abstract state, s, denotes the current exit state. If s is a product
state then s, refers to the product state itself since there are no exit states for
product states. The resulting state s’ could be the entry point of some abstract

state, an exit state associated with the parent of s, or some product state.

V(s |sn) denotes the probability that entry state n which belongs to abstract

/

state s will activate child state s'. s,

is an entry state of state s’ (if s’ is an

abstract state), and can be the state itself if s’ is a product state.

Z denote the set of discrete observations.

O(z|s, a) denotes the probability of observation z in product state s after action

a has been taken.

R(s,a) denotes an immediate reward function defined over the product states.
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For the example HPOMDP in Figure 3.2, there are 16 distinct observations for
each product state (the combination of wall and opening on the four sides of a state).
The probability of each observation can be constructed from individual sensor models
for each side of the state, which are shown in Table 3.1. Using the different sensor
models for each side of the state we can construct a joint probability distribution that
gives us the probability of each one of the possible 16 observations as described in

Equation 3.1 (assuming independence of the observations, or independence of each

side).

O(zw, zs, 2E, 2na, 8) = P(2wls,a)P(zs|s,a)P(zg|s,a)P(zn|s, a) (3.1)

Orientation | W A S S E E N N
State Action P(w) | P(o) | P(w) | P(o) | P(w) | P(0o) | P(w) | P(o)

S4 go-left 01 10909 01|01 |09] 09 |01
S4 go-right 01 | 0909 |01] 01 |09 09|01
Ss go-left 01 | 09 { 09 | 0.1 | 01 09| 09 | 01
S5 go-right 0.1 09 { 09 | 01 0.1 09 | 0.9 0.1
S go-left 01 { 09|09 | 01 | 01 09| 09 | 01
S6 go-right 01 | 09 | 09 | 01 | 0.1 09 | 09 | 0.1
Sg go-left 01 {0909 [01 ]| 01 {09 | 09 | 01

5o goright || 01 | 09 | 09 | 01 | 0.1 | 09 | 09 | 0.1
510 go-left 01 | 09 ] 09 | 01 ] 01 | 09| 09 |01
s.o | goright || 01 |09 | 09 |01 | 01 | 09 09 | 01

Table 3.1: The table describes the sensor models of the product states of the
HPOMDP in Figure 3.2. For every product state and action there are four sensors,
one for every side of the state (W,S,E,N). Each sensor model gives the probability of
a wall P(w|s, a) and opening P(o|s,a) given the current state and last action taken.
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Figure 3.2: An example hierarchical POMDP with two primitive actions, “go-left”
indicated with the dotted arrows and and “go-right” indicated with the dashed arrows.
This HPOMDP has two abstract states s; and s, and each abstract state has two
entry and two exit states. The product state s4, S5, S, Sg, and s;o are associated
with sensor models which are described in Table 3.1.

3.2.1 Hierarchical Baum-Welch for HPOMDPs

A hierarchical Baum-Welch algorithm (shown in Figure 3.3) for learning the param-
eters of a hierarchical POMDP can be defined by extending the hierarchical Baum-
Welch algorithm for HHMMs. The Baum-Welch algorithm is an Expectation Maxi-
mization algorithm which modifies the model parameters such that the log P(Z|A, \)
is increased after very training epoch, where Z is a sequence of observations, A is a
sequence of actions, and A the current model parameters 7,0, and V.

For the Expectation step the Baum-Welch algorithm estimates two variables, the
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horizontal variable £, and the vertical variable x. The £ variable is an estimation of
the probability of a horizontal transition from every state to every other state (both
of which have the same parent), and for every time index in the training sequence.
The x variable is an estimation of a vertical transition from every parent state and
child, for every time index in the training sequence.

For the Maximization step, the Baum-Welch algorithm reestimates the model pa-
rameters by using the frequencies of occurrence of vertical and horizontal transitions
(provided by € and x). For example, to reestimate the horizontal transition probabil-
ity between two states s and s’ under an action a, the algorithm divides the number
of times a transition occurred from s to s’ under action a over the number of times
a transition occurred from state s under action a. Next, we describe in detail the
Expectation and Maximization steps.

A major part of the expectation step is the computation of the forward a (similar
to flat hidden Markov models) which is defined in Equation 3.2 and described in

Figure 3.4.

a(p(8)n, Sz, t,t + k) =
P(zy,...204x, s exited from s; at t + k | (3.2)

a;_1,Q...a14k, P(s) started at ¢ from entry state p(s),, A)
We say that a product state finishes at time ¢ after the production of observation
z; and an abstract state finishes when its exit state s, is entered after observation
z; has been produced and action a, initiated. We also say that a product state s

started at time ¢, if at time ¢ it produced observation z;. An abstract state s starts
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Procedure HPOMDP-Baum-Welch
e Input

— Sequences of observations Zi,...,Z; and actions
Al Ag.
*x Z;. a sequence of observations zi,...27.
x A;: a sequence of actions ag, ..., ar.

— Model parameters A =T,0,V.

* T horizontal transition matrices.
x O: observation models of product states.

*x V: vertical transition vectors from entry states
to children.

e Output

— A new set of \' parameters such that:

lOg P(Zl, veny Zk|A1, ...Ak, /\I) 2 lOg P(Z], ceny Zk|A11 veey Ak, /\)

Figure 3.3: This is the Baum-Welch algorithm for learning the parameters of an
HPOMDP model. The algorithm increases the log likelihood of the observation se-
quences given the actions sequences and current model parameters after every training

Figure 3.4: The « variables gives the probability of the observation sequence z;...2;4
ending in state s, at time ¢+ k (denoted as a bold circle), given that actions ay, ...a;x
were taken and the parent of s, p(s) was started at time ¢ from entry state p(s), (also
denoted as bold circle).
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at time t, if at time ¢ one of its children produced observation z; but observation z,_;
was generated before s was activated by its parent or any other horizontal transition.
We can calculate the a variable recursively from the leaves of the tree to the root in

ascending time order as follows:

e ForT =1...N—1 where N is the sequence length and for level = D...1 where D
is the tree depth, we calculate the o terms. For all internal states we calculate

the a terms for all sub-sequences t, ¢+ k and for the root only the sequence 1,T.

1. If s is a leaf state at depth = level, then for ¢t = T we can calculate o as
shown in Equation 3.3 and described in Figure 3.5. When p(s) = root we
only use this equation for ¢ = 1, because an observation sequence starts

from the root and can only start at time ¢t = 1.

a(p(s)n, 8,1, 1) = V(s|p(s)a)O(zls, ar-1) (3.3)

(2

Figure 3.5: Equation 3.3 computes the probability that at time ¢ the parent state of
product state s, p(s) produces a single observation z;. The observation is produced
by a vertical activation into product state s from entry state p(s),.

2. If s is a leaf state at depth = level thenfort =1.. T —1,and k =T —t we
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can calculate a as shown in Equation 3.4 and described in Figure 3.6. The
equation computes the probability of an observation sequence that started
at at time t from entry state p(s,) and finished at a child state s at time
t + k. The computation is done iteratively by considering the probability
of the obscrvation sequence which finished at some child s’ a time step
earlier (t + k — 1). When p(s) = root we only use this equation for t = 1,
because an observation sequence starts from the root and can only start

at time t = 1.

a(p(8)n, s, t, t + k) =

Z a(p($)n, szot,t + k = 1)T (|57, arsk—1) | O(2e+klS, @r4k-1)
s,eck®ucy®

(3.4)

Figure 3.6: Equation 3.4 gives us the probability that the parent of the product state
s, p(s) produced observations from time ¢ to time ¢ + k, (k > 1) and that the last

observation was produced by product state s. s, is either the exit state of some

abstract state s’ (such as s}_) or a product state s' (such as s3).
3. If sis an abstract state at depth = level then fort = 1...T,and k = T —t we
can calculate o as shown in Equation 3.5 which can be better understood
with Figure 3.7. When p(s) = root we only use this equation for ¢t = 1.
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a(p($)n, Szt t + k) =

Z V(Sn |p(3)n) Z a(sn, iz, 8,0+ k)T(Sz, |ira at+k)

SnEN? i:€CUC]

+ > alp(s)n, ooty t + DT (snlsh, arss) (39)

=0 S;EC;,(’)UC;(’)

Z a(Sny izt + 1+ 1,t+ k)T (sz, iz, @ryk)

ir€CLUCY

Figure 3.7: The figure illustrates Equation 3.5 which is used for situations where the
parent of state s, p(s) starting from entry state p(s), produced observations from ¢ to
t + k (where k£ > 0), and at time ¢ + k abstract state s was exited from s,. We need
to sum over all lengths of observation sequences that could have been produced by
abstract state s. That is, s could have produced all observations 2;...2;,%, or in the
other extreme 2, 2;4x—1 could have been produced by the adjacent states of s (such
as s] and s}), and only the last observation 2,4 produced by s.

Overall, for each sublevel (or internal state) of the model we need to compute
approximately 72/2 « terms, where T is the length of the observation sequence (see
Figure 3.8). In addition, to compute an a term we might need in the worst case to
look at all the states of the model N and all related o variables calculated in the

past. Thus the time complexity is O(NT?).
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Figure 3.8: Each square is a new a computation for a subsequence t + k for some
internal state. The dashed arrows show dependencies on previous computations.

Once the a variable is calculated it can also be used to estimate the probability
of an observation sequence Z = zi, ...z given an action sequence A = ay...ar and the

model parameters A as shown in Equation 3.6.

P(Z|A)) = z a(s,i,1,T), where s = root entry (3.6)

iEC3UCS
The next important variable for the expectation step is the backward variable 3

(similar to HMMSs), which is defined in Equation 3.7 and described in Figure 3.9.

B(p(s)z, Sn, t,t + k) =
P(2y,...204k|at, -..Q41k, Sp started at t, p(s) generated (3.7)

2y...z14x and exited from p(s), at t + k, )

The beta variable can be calculated recursively from leaves to root. The time

variable is considered in descending order as follows:

e For level = D...1 where D is the tree depth.

1. If s is a leaf state at depth = level, for t = N — 1...1 (where N is the
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Figure 3.9: The 3 variable (Equation 3.7) denotes the probability that a state s
was entered at time ¢t from entry state s, and that the observations z,...z;1x were
produced by the parent of s, which is p(s), and actions a, ...a;+ were taken, and p(s)
terminated at time ¢ + k from exit state p(s),.

sequence length and T = N — 1), Equation 3.8 computes the probability
of a single observation and is described in Figure 3.10. When p(s) = root

we only use these equations for ¢t = T.

B(p(8)z,8,t,t) = O(z4]s,a-1)T(p(8)z]8,a), p(s) # root (3.8)

B(p(s), s, t,t) = O(zs,ai-1), p(s) =root (3.9)

G
O

Figure 3.10: The figure illustrates Equation 3.8 which computes the probability that
at time ¢ the product state s produced observation 2z, and then the system exited the
abstract state p(s) from exit state p(s),.
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2. If s is an abstract state at depth = level, for t = N — 1...1, Equation 3.10
computes the probability of observation 2, and is described in Figure 3.11.

When p(s) = root we only use these equations for ¢t = T.

B(p(8)z, Snyt,t) =

Z Z V(inlsa)B(5zsin,t,t) | T(p(8)z]5z,ar), p(s) # root

s:€Xs |izeciucy

(3.10)

Bp(s), smtst) = Y | D V(inlsn)B(szin,t,t) |, p(s) = root

s:€X® |ineCcyucy

(3.11)

Figure 3.11: Equation 3.10 computes the probability that at time ¢ that any of the
children of abstract state s (such as ¢, and i) has produced observation z, and then
the parent of s p(s) was exited from exit state p(s);.

3. Fort=N-2...1
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(a) If s is a leaf state at depth = level, then for k =1...N — 1 —t, we can
calculate 8 as shown in Equation 3.12 and described in Figure 3.12.

When p(s) = root we only use this equation for t + k = T.

B(p(s)z, s, t, t+ k) =

O(zs,a,_1) > T(ss,a)B(p(s)z, syt + 1, + k)

s,eCRWucE®

(3.12)

Figure 3.12: The figure illustrates Equation 3.12 which defines the probability that
at time t the product state s produced observation z; and its parent p(s) continued to
produce observations z;,,...2;+x and exited at time t + k from exit state p(s),, where
k > 1 (or at least two observations are produced).

(b) If s is an abstract state at depth = level, then for k = 1..N — 1 — ¢,
we can calculate 3 as shown in Equation 3.13 and described in Figure

3.13. When p(s) = root we only use these equations for t + k = T.
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.3(1)(3)1» Snytyt + k) =

Z Z V(inlsn)ﬁ(szv in, bt + k) T(p(s)zlsm at+k)

s:r€XS |in€CLUCY
k 1

+ Z V(in|sn)B(5z, tn, t,t +1) (3.13)

=0 |in€C} UC’

$n 18z, @) B(P(S)zy Syt + L+ 1, + k) | |

s ECP(S)UCP(!)

p(s) # root

B(p(s), sn t,t+ k) =

Yo DD Vlialsw)B(sayin tit + k)

sr€X* |in€CIUCS

k-1
+ Z V(in|sn)ﬂ(sx,i,,,t,t+l) (314)
1=0 i"EC’UC’
nlsraaHl) ( ('5)a3mt+l+1 t+k) ’
S ecl’(-')ucp(")
p(s) = root

Calculating the 3 is also an O(NT?) computation. The computation dependencies
are shown in Figure 3.14.
The next variable is £, which is one of the results of the expectation steps, is

defined in Equation 3.15, and described in Figure 3.15.
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Figure 3.13: The figure describes Equation 3.13 which is the probability that at time
t the abstract state s, starting from entry state s, produced some observations, and
then the parent of s, p(s) continued to produce the rest of the observations and exited
at time t + k from exit state p(s).. Since s is an abstract state we have to consider all
possible lengths of observations that could have been produced by abstract state s.
So s could have produced a single observation z;, up to all the observations z;...2;,,
where k > 1.

Figure 3.14: Each square is a new ( computation for a subsequence t + k for some
internal state. The dashed arrows show dependencies on previous computations.
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&(t, sz, s,) = P(s finished at time t from s,
(3.15)
s' started at time t + 1 from s}, | a, ...ar, 21, ...21, A)

Figure 3.15: The £ variable denotes the probability of making a horizontal transition
from exit state s, to entry state s, at time ¢, given a sequence of observations and
actions and the model parameters.

To simplify calculation of the £ variable we define two auxiliary variables called

Nin and 7),,:. The 7;, is defined in Equation 3.16 and described in Figure 3.16.

Nin(t, $n) = P(z,...20—1, s was entered at t from s, | ag, ..., a;—1, A) (3.16)

Figure 3.16: The 7;, variable defines the probability that a state sis entered at time
t either vertically or horizontally given a sequence of actions and observations up to
time ¢t — 1.

We can estimate 7);, recursively from the root to the leaves of the tree.

1. If s is a child of the root and t = 1 we can calculate 7;, as shown in Equation
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3.17, and for t > 1 as shown in Equation 3.18

7]1'71(1, Sn) = V(Snlp(s)n), where p(s)n = root (317)

Mn(tsn) = D a(p(s), sk, 1,t = 1)T(s0]5%, ar — 1) (3.18)

s',EC,’,’(’]UCf(’)

2. If s is not a child of the root

77in(ta Sn) =

Z inin(kvp(s)n) Z a([)(S)ﬂ,S’I,k,t - 1)T(sn|511-7 at—l)

p(s)n€ENP(S) k=0 s,zecg(a)ucg(a)

+ Nin (ta p(s)n)v(snlp(s)n)
(3.19)

which, is the probability that state s, which is not a root child, was entered at
time t from entry state s,. To calculate this probability we have to consider all
the possible times 0...t — 1 and all possible entry states p(s), that the parent of

state s, p(s) was entered.

The 7, variable is defined in Equation 3.20 and described in Figure 3.17. It can

also be estimated recursively from root to leaves.

Nout(t, $z) = P(s finished at ¢, from s;, 2¢41,...27 | @4, ..., a7, A) (3.20)
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Figure 3.17: The 1), variable defines the probability that a state s exited at time ¢
and observations z,,1,...27 were perceived and actions ay, ..., ar taken.

1. If s is a child of the root.

Nout (t, 82) = Z T(sh|8z,at)B(p(s), 85, t+1,T), t <T,p(s) =root
s,eck®uce®
(3.21)
nout(Ta Sx) =1.0 (322)

2. If s is not a child of the root and for t < T, where T = N — 1.
nout(ta 31:) =

> % > T(Shl52:a)B(P(5)xs Syt + 1, k) | one (K, p(5)z)

p(s);EXP(’) k=t+1 SQEC::(’),UC;;(S)

+ T(p(s)2:|3m at)nout(t, p(s)z)
(3.23)

which is the probability that state s, which is not a root child, was exited at
time ¢t from exit state s, and then the observations z,,,...2r were produced.
To calculate this probability we need to consider all the lengths of observation
sequences from t+1...T, including a zero length observation sequence that could

have been produced by the parent of s, p(s) before p(s) exits from exit state
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p(8)z-

Now we can calculate £ in Equation 3.15 recursively from the root to the leaves of

the tree.

1. If s and s are children of the root p(s) = p(s): = p(s)n

é(f S S, ) _ ()’([)(S)n, Sz, 1’ t)T(SInISIvat)ﬂ(p(S)I, S’nst + la T)
hoE T P(Z|A,)) ’

t<T (3.24)

E(T, sz, s,) =0

2. If s and s’ are not root children

E(t, sz, 8,) =

Z Z niﬂ(k,p(s)n) a(p(s)n,sz,k,t) T(S:IISI,CZQ)

_k=l p(s)neNp(-‘) (3.26)

P(Z|A, N

T
S Y B0()ar syt + 1K) Motk p(8)2) |, t< T

k=t+1 p(s)te)\'l’(‘)

f(T, Sz, 5In) =0

which calculates the € variable by considering all the possible times 1..t and
entry states p(s), that the parent state of s, p(s) was entered and then at time

t a transition was made from child exit state s, to child entry state s], and then
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consider all the possible times from ¢ + 1...T and all possible exit states p(s),
that p(s) was exited from. The equation below shows the probability of going

from the non-root child state s, to the exit state p(s), at time ¢.

Nin(ky D(8)n) @(p($)n, Sz, k, t)
k 1 p(s)neNP(-')

T(P(8)z]$z, @) Nout(t,p(8)z), t < T

€lt,520(5)0) = 57T

(3.28)

The second result of the expectation step is the x(t,p(s),, sn) variable, shown in

Equation 3.29 and described in Figure 3.18.

x(t, p(8)n, sn) = P(p(s), started at time ¢, s, started at time ¢ |
(3.29)

AQy +.QT, 215 -2y A)

Figure 3.18: The x defines the probability that entry state s, of child s was activated
by the entry state p(s), of its parent p(s) at time ¢ given the action and observation
sequence.

We can calculate the x variable as follows:

1. If s is a child of the root p(s) = p(s)n = p(s):

() - LI LT g
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2. Otherwise for 1 >t <T

X(Ep(8)n: $n) =

Ilm(t I)(S)Zl 4 ;yzlp n Z Z ,B(I)(S)J;, . t, k) nout(k,p(s)x) (331)

k=t p(s)ze)\ p(s)

Based on these variables we can reestimate the model parameters. The vertical

vectors are reestimated in Equations 3.32 and 3.33.

V(salp(s)n) = X(1,P(8)n, $n), if p(s) = root, s, € CHS U CEL) (3.32)

Z;I‘.:l X(t, p(s)m sn)
Z:s',,ec,‘f"’l.lc,’,"‘) ZtT=1 X(t,(8)n, 57,) (3.33)
if s # root

v(snlp(s)n) =

Equation 3.33 finds the vertical transition to any non-root child by calculating the
number of times the child was vertically entered over the total number of time the
child and its siblings were entered. The horizontal transition matrices are reestimated
in Equation 3.34. The reestimation calculates the average number of times the process
went from state s to state s’ over the number of times the process exited state s under

action a.

T
Et:l'a,:a f(t1 Sz, 3:1)
T
Zt:l]a.:a ES',(EC:(’)UC,’:(") §(t, Sz, S’Ti)

T(sill‘s-'t’ a) =

(3.34)

The observation vectors are reestimated in Equation 3.35. The reestimation of the
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observation model calculates the average number of times the process was in state s

and perceived observation z over the number of times the process was in state s.

T T
Zt:l‘z‘:z‘at_lza X(t’ p(s)"’ S) + Zt:zz,:z,a,_l:a 7in(t’ 3)
T T
Zt:l x(t, p(8)n, 8) + Zt:z Yin(t, 8)

where (3.35)

Al/in(tvs) = Z g(t - 113,3;’ S)

shec?uycp)

O(z]s,a) =

All of the above formulas of the hierarchical Baum-Welch are used to estimate the
model parameters, given a single observation and action sequence. However, in order
to have sufficient data to make reliable estimates of all model parameters, one has to
use multiple observation and action sequences. If we had K sequences of data then
for each iteration the algorithm needs to adjust the model parameters such that the
probability of all sequences is maximized. Assuming the sequences are independent of
each other (iid), then the probability of all sequences can be calculated as the product

of the individual sequences as shown in Equation 3.36

=

P(Zy, ..., Zk| Ay, . Ak, A) = [T P(Zk] Ak, A) (3.36)

k

1

Since reestimation is based on frequencies of occurrence of various events, the new
reestimation formulas can be constructed by adding together the individual frequen-
cies of occurrence for each data sequence. The vertical transition are reestimated in

Equations 3.37 and 3.38, the horizontal in Equation 3.39, and the observation models
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in Equation 3.40.

.
Vi(sulp(s)n) = ZXk(l,P(S)mSn), if p(s) = root, s, € CPIy C,‘,’(s) (3.37)
k=1

V(salp(s)n) = Ek IZt IXk(t P(8)n, Sn)

Zk 123 ecp(’)ucp(’) Et— Xk(t p )n’ n) (338)
if s # root
a —a£ t Sl"
T(sylss00) = 2ok Dot 202 ; (3.39)
Zk 12: lla¢=a Esgec,',’")uc:;(’) E(t, Sx,Sn)
O(Z|8 a) Zk 1 t 12¢—za¢ 1= an(t S mS +Zt =2.2=z,a_1= a'ymk(t,s)
’ K T Xkt P(8)ns 8) + T, Ying (2, 9) (3.40)

3.2.2 Learning a small corridor environment

To test the HPOMDP learning algorithm we created a training set of 100 action and
observation sequences by sampling the original HPOMDP in Figure 3.2. We then used
these sequences to train different models, which were initialized with random transi-
tions (horizontal and vertical) and random observation models. To create sequences
of actions and observations, we simulate the model and choose transitions (vertical
and horizontal ) using the inverse transform technique [80]. For each sequence we first
randomly choose an action ay and then start from the root and vertically activate

submodels until a product state is reached and observation z; produced. We then
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randomly choose the next action and transition to the next state. If the next state is
a product state we produce the next observation. If the next state is an exit state we
transition to an adjacent state of the parent. If the adjacent state is an abstract state,
we transition vertically to submodels until a product state is reached. If the adjacent
state is a product state we produce an observation. Figure 3.19 shows a model with
random transition probabilities and Table 3.2 shows the initial sensor model proba-
bilities. Figure 3.20, and Table 3.2 show the model parameters after training. It is

obvious that the algorithm learns a model which is close to the original.

Figure 3.19: This is an HPOMDP model where the original transitions have been
replaced by random values for training.

We trained different random model whose fit to the training data versus the train-
ing epochs is shown in Figure 3.21. Since we have more than one sequence during

training the log-likelihood log P(Z|A, ) represents all the data sequence (is the sum
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Orientation | W \ S S E E N N
State Action P(w) | P(o) | P(w) | P(o) | P(w) | P(o) | P(w) | P(o0)

S4 go-left 027 1073 | 05 | 0.5 | 064 | 0.36 | 0.29 | 0.71
S4 go-right 0.52 | 048 1 0.63 | 0.37 | 0.1 09 | 0.38 | 0.62
Ss go-left 0.14 | 0.86 | 0.37 | 0.63 | 0.19 | 0.81 | 0.67 | 0.33
S5 go-right 0.57 (0431019 | 081 | 031 069 | 0.7 | 0.3
S6 go-left 057 1043 | 03 | 0.7 | 078 | 022 | 04 | 0.6
S go-right 01 { 09 | 02 | 0.8 | 0.79 |0.21 | 0.34 | 0.66
Sg go-left 0.51 { 0.49 | 0.85 | 0.15 | 0.53 | 0.47 | 0.19 | 0.81

Sg go-right 0.5 0.5 | 034 | 066 | 0.9 0.1 | 0.57 | 0.43
S10 go-left 0.87 | 0.13 | 0.05 | 095 | 0.36 | 0.64 | 0.45 | 0.55
$10 go-right 0.55 | 045 | 0.65 | 0.35 | 0.8 0.2 | 0.36 { 0.64

Table 3.2: The table shows an initial sensor model which has been created randomly.

099 :

0.13

87 y 26

. Ly, 08 Ty 02
‘\ ( ‘\
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Figure 3.20: The random HPOMDP model after training, is more similar to the
original model (Figure 3.2) after training.
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Orientation | W W S S E E N N
State Action P(w) | P(o) | P(w) | P(0) | P(w) | P(o) | P(w) | P(0)

S4 go-left 0.10 | 0.90 | 0.92 | 0.08 | 0.20 | 0.80 | 0.92 | 0.08
S4 go-right 0.0 1.0 1.0 0.0 | 0.06 { 094 | 0.99 | 0.01
Ss go-left 0.01 | 099 | 0.77 1 0.23 | 0.0 1.0 | 0.48 | 0.52
S5 go-right 0.0 1.0 1.0 0.0 | 005 109 | 1.0 0.0
Sg go-left 0.0 1.0 | 0.83 | 0.17 | 0.05 | 0.95 | 0.95 | 0.05
S go-right 0.0 1.0 | 0.81 | 0.19 | 0.15 | 0.85 | 0.87 | 0.13
Sg go-left 0.15 | 0.85 | 0.94 | 0.06 | 0.13 | 0.87 | 0.98 | 0.02

S go-right 0.12 { 0.88 | 0.89 | 0.11 | 0.14 | 0.86 | 0.94 | 0.06
510 go-left 0.26 | 0.74 | 0.92 | 0.08 | 0.0 1.0 1.0 | 0.0
S10 go-right 0.17 | 0.83 | 0.94 | 0.06 | 0.13 | 0.87 | 0.91 | 0.09

Table 3.3: The table shows the sensor model after training. The sensor models are
almost the same as the original sensor parameters in Table 3.1.

of the individual log-likelihoods). It is obvious from the plot that the different random

models converge fast to the original model.

3.2.3 Converting HPOMDPs to POMDPs

Every HPOMDP can be converted to a flat POMDP. The states of the flat POMDP
are the product states of the HPOMDP, and are associated with a global transition
matrix that is calculated from the vertical and horizontal transition matrices of the
HPOMDP. To construct this global transition matrix of the equivalent flat POMDP,
for every pair of states (s;, s3), we need to sum up the probabilities of all the paths that
will transition the system from s; to s, under some action a. For example in Figure
3.2 the transition from sg back to itself under the go-left action is not simply 0.1, but
rather the summation of two paths. On path is sg, s9 which gives probability of 0.1,
and another path is sg, s2, sg which gives probability 0.9 x 0.1.0 = 0.09. Therefore the

total probability is 0.19. The equivalent flat POMDP is shown here in Figure 3.22.
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Figure 3.21: Training runs of three different random models shows that the log like-
lihood converges fast to the original model. The original model does not improve as
expected since it was used to create the training data. In the log likelihood function
Z is the set of observation sequences, A is the set of action sequences, and Model is
the set of parameters that are improved every training epoch (horizontal matrices,
vertical vectors, and observation models).
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Figure 3.22: This is the equivalent flat POMDP of the hierarchical POMDP shown
in Figure 3.2.
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Converting an HPOMDP to flat model, however, is not advantageous since we lose
the abstract states and the vertical transitions which we can exploit later in learning
and planning. For example in model learning, the fact that we have abstract states
allows us to initially train submodels independently, and as a result start training of
the model from a good initial model. This results in better trained models since the
hierarchical Baum-Welch is an expectation maximization algorithm and converges to
local log likelihood maxima depending on the initial model. In planning, we can use
the abstract states to construct abstract state (belief state) representations and also
to construct macro-actions that execute under the abstract states. As a result we
can construct faster and more successful plans. The vertical vectors help to compute
hierarchical plans in that they give us the initial relationship between abstract states
and their children.

Nonetheless, the equivalent flat POMDP will provide different likelihood to the
data than the hierarchical. The reason is that the a term for hierarchical models,
which defines the probability that an an observation sequence starts from some ab-
stract state S and finishes at the exit state of some child state s, will be zero unless
the child state is actually able to produce part of the observation sequence. This
concept is better understood in Figure 3.23. This property of the HHMM/HPOMDP
models, in that the next abstract state cannot be entered until the current abstract

state has exited, allows us to capture relationships between states that are far apart.
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Figure 3.23: For an observation sequence of length 2 the hierarchical likelihood will
be zero, since we need at least three observations to exit the abstracts state S. While
the likelihood in the equivalent flat model will not be zero.

3.3 Related multi-resolution Hidden Markov

Models

HHMDMSs can also be viewed as a specific case of Stochastic Context Free Grammars
(SCFGs). The generalized hierarchical Baum-Welch presented in [17] is inspired by
the Inside-Outside algorithm which is an EM type algorithm for learning the prob-
abilities of SCFG rules [81], [82]. The Inside-Outside algorithm is less efficient than
the EM algorithm for HHMMs because it also runs in cubic time in terms of the
length of the training sequence, but also runs in cubic time in terms of the number
of non-terminal symbols. Additionally, the likelihood of observed sequences induced
by a SCFG varies dramatically with small changes in the parameters of the model.
HHMMs differ from SCFGs in that they don’t share subtrees, and the whole model is

of bounded depth. However, it would not be difficult to extend the generalized Baum-
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Welch in [17] to handle HHMMs whose subtrees share structure. Since the models of
each submodel (vertical vectors, horizontal transitions, and observation models) are
defined separately based on the parent abstract state of the submodel, then one way
of learning shared substructures models is to average all model parameters that are
being shared by different abstract states.

Another way of representing HHMMs is with a special case of Dynamic Bayesian
Networks (DBNs) [83]. The transformation of HHMMs to DBNs allows us to train
them by combining standard inference techniques in Bayesian nets such as the
junction-tree algorithm [84]. The junction-tree algorithm replaces the expectation
step in the hierarchical Baum-Welch algorithm. The major advantage is that with
this combination HHMMs can be trained in linear time while the conventional hier-
archical Baum-Welch algorithm requires cubic time [17]. The disadvantage is that
the DBN model grows linearly with the size of the training data. In addition, it
still remains to be seen how well such representations scale to larger models and
how the learned models compare with models learned by the standard hierarchical
Baum-Welch algorithm.

Another closely related model to HHMMs is the Abstract hidden Markov model
(AHMM) [85]. This is a DBN representation closely related with the options frame-
work [25]. The states however are not fully observable and the model becomes similar
to an HHMM. In this framework at each level of abstraction there is a set of abstract
actions available. The states for which these abstract actions are applicable form
a decomposition of the state space. Plan execution starts from top of the hierarchy

where the most abstract level issues an abstract action. The abstract action may issue
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other abstract actions at the next lower level of abstraction. At the lowest level only
primitive actions are executed which terminate after every time step. Termination
of intermediate level abstract actions depends on a special set of destination states
available for each level of abstraction. Upon termination of an abstract action in
some abstract level the level above chooses the next abstract action. The process ter-
minates when the abstract action at the most abstract level terminates and all other
called abstract actions at lower levels terminated as well. The DBN representation
models the relationships between the different policies at all levels of abstraction, the
termination conditions, the hidden states, and the primitive actions.

The AHMNM framework can be used to infer the probability of each possible ab-
stract action at ecach level given a sequence of observations. The AHMM differs
from HMMM in that it does not model the horizontal relationships between abstract
states (or spatial decompositions). However, it is more similar to our extension of the
HHMM model with actions and rewards, in that it also models multiple actions. This
representation models the effects of abstract actions, while as we shall see later in our
HPOMDP model usage in Chapter 6, the effect of abstract actions are computed
based on the model of the environment.

Embedded hidden Markov models are another special case of the HHMM model,
which were applied to face recognition [86]. The basic difference is that they are
always of depth 2 and the number of observations produced by each abstract state
is known in advance. This leads to efficient algorithms for estimating the model
parameters.

Another well studied class of multi-resolution models are the segment models [87].
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In the simplest segment model the self-transitions of abstract states are eliminated
and state duration is modeled explicitly either in a parametric or non-parametric fash-
ion. The reason is that self transitions induce an exponential duration while explicit
durations can be arbitrary. These simple models are also called variable duration
HMDMs [10] [88], or hidden semi-Markov models [89]. These models can be thought
as special cases of 2 level HHMMs. Unfortunately, the computational complexity
of training durational HHMMs is usually proportional to D? where D is the maxi-
mum allowed duration [10]. Nonetheless, there has been work that demonstrates that
training durational models can be done in time proportional to D rather than D2
[90].

Finally, another related model, which is also called hierarchical POMDP, is pre-
sented in [91]. Even though the underlying dynamics of the world are still represented
as a flat POMDP, the model becomes hierarchical based on the solution the authors
propose. The POMDP solution is based on first solving smaller POMDPs. The
smaller POMDP problems are created based on decompositions of the action space.

This chapter has described the HPOMDP model, its learning algorithm, and a
small experiment that showed how the algorithm converges successfully. It has also
shown the relation of HPOMDPs to flat POMDPs and concluded with a discussion
on related multi-resolution models. In the next chapter we describe the robot navi-
gation domain and show how HPOMDP models are used to model robot navigation

environments.
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Chapter 4

The robot navigation domain

In this chapter we describe the robot navigation domain. In Section 4.1 we describe
the different robot platforms used in the learning and planning experiments of this
dissertation. In Section 4.2 we describe the navigation environments used, and how
they are represented as hierarchical POMDPs. In Section 4.3 we describe the features
that the robot can observed and how it is done through the use of a neural network.

In the final Section 4.4, we describe in detail the overall robot navigation architecture.

4.1 Robot platforms

We have conducted experiments using two robot platforms. The first is a real robot
platform, which is a Nomad 200 robot called Pavlov shown in Figure 4.1 [92]. The
nomad 200 is an integrated mobile robot platform with four sensory modules including
tactile, infrared, ultrasonic, and vision. The platform has an onboard computer for

sensor and motor control, and host computer communication. The mobile base keeps
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track of its position and orientation (integrated over time) [92].

Figure 4.1: This is PAVLOV, a Nomad 200. Pavlov is equipped with 16 sonar sensors,
16 infrared-red sensors, two rings of bumper sensors (with a total of 16 switches), an
arm, and a camera. Pavlov has an 133 MHz Pentium onboard processor and an
external Pentium I 400MHz laptop.

The simulated robot platform simulates the real Nomad 200 robot. In the simu-
lation environment the robot can move in a two dimensional world populated with
convex polygonal structures ( see Figure 4.2). Sensor modules simulate each of the

sensors of the real robot platform and report sensor values according to the current

simulation world [93].

4.2 The environment

In our experiment we used two navigation environments. The first one, whose topol-

ogy is shown in Figure 4.3, is an approximate model of the 3rd floor of the MSU
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Figure 4.2: This figure illustrates the Nomad 200 simulator. The main window shows
a section of the environment and the simulated robot. The two windows on the right
show infrared and sonar sensor values at the current location.

engineering building. The second one, whose topology is shown in Figure 4.4, has the
same dimensions as the 3rd floor of the MSU engineering building.

Such topological maps can either be learned or provided. The topology of the
environment can be learned either by identifying landmark locations and their rela-
tionships [18], or by learning a metric representation of the environment and then
extracting the topology [1]. In our experiments we assume that we start with topo-
logical map which we compile into an HPOMDP representations (see Figure 4.6).
Figure 4.5 shows the equivalent flat of the hierarchical model. When we compile
the topological map in Figure 4.3, the result is an initial HPOMDP model with 575
states. When this initial HPOMDP model is converted to a flat POMDP the num-
ber of states is 465. Compilation of the topological map in Figure 4.4 results in an

HPOMDP model with 1385 states. When this HPOMDP model is converted to a flat
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Figure 4.3: The figure shows an approximate model of the 3rd floor of the engineering
building that is used with the Nomad 200 simulator. The number next to the edges
is the distance between the nodes in meters.

POMDP the number of states is 1285.

To learn the parameters of the HPOMDP models first we need to collect sequences
of observations and actions. To collect data we run the robot in the environment and
save every action taken and every observation perceived. There are three actions
available, “go-forward” which takes the robot forward approximately two meters,
“turn-left”, which makes the robot turn left 90 degrees, and “turn-right” which makes
the robot turn right 90 degrees. An observation consists of 4 components, the ob-

servation of a wall or opening, on the front left, back, and right side of the robot.
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Figure 4.4: The figure shows the real 3rd floor of the engineering building. This
environment is used for experiments both, in the Nomad 200 simulator, and with the
real robot Pavlov in the actual physical floor. The meters next to the edges denote
the distance in meters between the nodes. The nodes represent junction locations in
the environment.
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Figure 4.5: This is the equivalent flat model of the HPOMDP in Figure 4.6 for the
forward action.

The observations are produces by a neural-net (Figure4.7). In the next section we

describe the feature detectors.

4.3 Learning feature detectors

Features such as wall and opening on the four sides of the robot can be detected using
the 16 sonar sensors around the robot. However, because the walls of our environment
are fairly smooth, sonars can produce specular reflections. These reflections make
it difficult to create hard-coded feature detectors for recognizing sonar signatures.
Instead, we use sonar and odometric information values to build local occupancy
grids which depict a local metric representation of the environment [68]. The local
occupancy grids are labeled and then used as training data for a neural net feature
detector which was studied earlier in [24] and [94]. Figure 4.7 shows the neural net
used in feature detection. The net was trained using the quickprop method [95], an

optimized variant of the backpropagation algorithm.
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Figure 4.6: This is a sample three-dimensional view of the HPOMD model for the
forward action. The solid bold arrows represent the vertical transition matrices.
The dashed arrows represent the horizontal transitions. The bold circles inside the
abstract states represent entry-states and the empty circle represent exit-states. In
this representation all the children of the root are abstract states. Product states are
the leafs of the model and represent two meter locations in the environment. The
arrows inside a product state represent the orientation of the product state. For
each product state there is an observation model which was previously described in
Chapter 3.
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Figure 4.7: A local occupancy grid map, which is decomposed into four overlapping
quadrants (left, right, top, bottom), each of which is input to a neural net feature
detector. The output of the net is a multi-class label estimating the likelihood of
each possible observation (opening, wall). The net is trained on manually labeled
real data.

Learning the features could have also be done using any other non-parametric
classifier such as decision trees, or a parametric classifier such as Bayesian [96]. Addi-
tionally, we can extend the HPOMDP model to handle continues features, or extend it
such that neural nets and the parameters of the HPOMDP are trained simultaneously
[97).

Sample local occupancy grids were collected by running the robot through the
hallways. Each local occupancy grid was then used to produce 4 training patterns.
The neural net was trained and tested with 736 hand labeled examples using the m-
fold cross-validation method [96]. Since all sensors predict the same set of features,
it was only necessary to learn one set of weights. Using the 736 examples we created
8 sets of hand-labeled data, where each time we used 7 for training and 1 for testing.
Figure 4.8 shows the learning curves for multiple training data sets using a batch

update. The training error shown in the graph is formulated as the sum of the
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Error curves for neural net feature detectors
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Figure 4.8: Learning curves for training the neural net to recognize features. The nets
are trained with 736 examples in an 8-fold cross-validation fashion using quickprop.

square difference between the actual and the desired output over all training patterns,
Training error = ).y training pMtems(desired — actual)?. For each training run
we stopped training when the classification error on the testing data set reached a
minimum. A testing pattern was classified correctly if the largest value of the actual
output was also the largest value in the desired output. The classification error over
all test data sets had a mean value of u = 7.33 and a standard deviation value of
o = 3.7. For actual use with the robot we chose the neural net that had the smallest
classification error.

Figure 4.9 illustrates the variation in observation data generated during an actual
run on Pavlov. In these occupancy grids, free space is represented by white, while
black represents occupied space. Gray areas indicate that occupancy information is
unknown. The figures are labeled with the virtual sensors and corresponding features,

as predicted by the neural net. Despite noise due to specular reflections, and noise due
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Figure 4.9: Sample local occupancy grids generated over an actual run, with obser-
vations output by the trained neural net. Despite significant sensor noise, the net is
able to produce fairly reliable observations.
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to robot orientation with respect to the features, the neural note is able to accurately

predict the observations.

4.4 The navigation architecture

Learning and planning are integrated in an overall navigation architecture shown in
Figure 4.10. The topological map construction module produces an initial HPOMDP
model. In our case the we haven’t implemented any automatic construction of topo-
logical maps but we rather provide it. Automatic topological map construction is not
difficult to be done and has been done by previous researchers such as in [18], and
(1).

The planning layer is activated at the beginning of a navigation task and produces
a policy which is a mapping of states to actions. The input to the planning system
is the initial or learned learned HPOMDP model and an external reward signal that
defines the goal. The execution layer is responsible for updating the robot’s belief
after every action and observations and issuing the next action according to the plan.
The Planning and execution layer are presented in Chapter 6.

The neural net forward pass module is responsible for classifying local occupancy
grids into walls and openings. The neural net is trained off-line using labeled local
occupancy grids. The occupancy grid module is responsible for constructing local
occupancy grids based on robot motion and sonar sensors [68].

The behavior based layer is responsible for executing abstract actions such as

move forward two meters, turn left, and turn right, while at the same time avoiding
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obstacles and keeping the robot aligned with the walls. The behavior-based framework

is a widely adopted and successful approach for programming mobile robots [98], [99].

The environment learning layer takes as input an initial HPOMDP and sequences

of observations and actions (produced by the run-time system) and produces a learned

HPOMDP model. Learning of the model is done-off line according to the EM learning

algorithm presented in Section 3.2.1. Next, in Chapter 5 we will present a detail

experimental study for learning HPOMDPs in our navigation environments.

TOPOLOGICAL INITIAL HPOMDP MODEL ENVIRONMENT OBSERVATION
MAP LEARNING SASDUACI(':IOSN
ENCE!
CONSTRUCTION LAYER Q
LEARNED
HPOMDP MODEL
RUN-TIME SYSTEM
PLANNING GOAL
LAYER . REWARD
HPOMDP g
POLICY '
OBSERVATIONS ;
NEURAL NEURAL (Wall, Oppening) | EXECUTION
NET NET LAYER
TRAINING FORWAD PASS ;
ACTION
OctggA; cy (go_forward) ACTION E
LABELED OCCUPANCY GR“’;S (tumn_left) COMPLETION
GRID DATA (turn_right) E
! MOTOR
OCCUPANCY BEHAVIOR | COMMANDS
GRID BASED
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UPDATE

RAW SENSOR DATA
(sonar, infra-red, bumper, odometry)

Figure 4.10: The figure shows the overall navigation architecture. The modules inside
the dashed box are used during actual navigation while the models outside are used

off-line
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Chapter 5

Learning hierarchical spatial

models for robot navigation

In this chapter we describe detailed learning experiments where we train HPOMDP
models to represent hierarchical spatial maps of indoor office environments. Before
any learning experiments, in Section 5.1, we present two approximate learning meth-
ods that enable fast training of large scale environments. In Section 5.2.1 we present
a detail experimental study where we lean the parameters of an HPOMDP model for
the spatial environment presented in Figure 4.3 in Chapter 4. For these set of experi-
ments data is collected by sampling some “good” initial HPOMDP model. In Section
5.2.2 we present learning experiments with our robot platforms. We train both the
small environment (Figure 4.3) and the larger environment (Figure 4.4) using robot
experience. Next, in Section 5.3 we present experiments for learning the structure
of the environment using our learning algorithms. In structure learning we allow

for semi-ergodic models at abstract levels of the hierarchy and prune away incorrect
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connections using our learning algorithms. Finally in Section 5.4 we conclude with a

discussion about the results and significance of the experiments.

5.1 Approximate learning methods

An interesting question is how long should the data sequences be in order to learn
HPOMDP models. Since the time complexity of our algorithm is O(NT?), long
data sequences will require unrealistic training times. Fortunately, in order to learn
relationships between states which are children of the root (and the submodel below
them), training data should at least go through both of those states. This intuition
can be better understood by close examination of the calculation of the probability
of going from one state s, at the abstract level to another state s at time ¢ (or
£(t, sz, s,,)) in Equation 3.24.

However, with short training sequences there is a danger we will not learn the
correct model parameters unless we provide the initial vertical vector from the root,
or in other words the first state that the observation sequence was initiated from.
With longer sequences, it is more likely that the starting position of the observation
sequence will be discovered by itself (see Figure 5.1). In our experiments we used
both short training sequences accompanied with their starting position and longer
training sequences without their starting position. Obtaining the starting position
of an observation sequence is easy, since for every robot run for which data is to be
collected, we know the starting position of the robot. If we always need to collect data

(whenever the robot is acting in the environment), and don’t have an exact initial
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position, then we will have long training times.

SHORT DATA LONG DATA

SEQUENCE SEQUENCE
; R \ R
t 1 ] ]
: S| : S2 : Sl : s2

S, S;

r [ T ] 1 T
] ] S ]
: Ss yoe : Ss S

Figure 5.1: When a short training sequence is collected in state Ss, the probability
that this sequence occurred in S; will be the same as the probability that it occurred
in Ss, since S; and Ss are similar. When a long training sequence is obtained from
Ss to S3, then the probability that this sequence was started from S; will be much
smaller than the probability that it started in Sy since the intermediate junction nodes
S4 and S, have different observations. Therefore, for short sequences we provide the
starting state.

The above realization leads us to create two approximate learning methods that
take advantage of the minimum length of the training data. In the first method,
which we call reuse-training, we collect data for each abstract state separately and
train each abstract state separately. If the horizontal transition model at the abstract
level is deterministic, then we are done. If the horizontal transition model at the
abstract level is not deterministic, then we can collect data for the entire model and
use the submodels learned with the reuse-training method as initial submodels. In
general, this method allows us to come up with better initial models. Since the
hierarchical Baum-Welch algorithm is an expectation-maximization algorithm, it is
highly sensitive to the initial model. In addition, if we have some large environment,
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which has similar corridors (abstract states) we can just train one corridor and use
the learned model parameters for all other similar corridors. Moreover, once we have
trained local abstract states separately of some environment, we can use them as part
of any arbitrary global model. Figure 5.2 shows an example HPOMDP model and

Figure 5.3 shows how we created the different submodels to be trained.

O

Figure 5.2: An example HPOMDP model for which we illustrate our approximate
training methods. For example, in the reuse-training method we train separately
each abstract state child of the root (S}, Sy, S3) as shown in Figure 5.3

For the second method, which we call selective-training, we only compute the
estimation step of the EM algorithm for selected parts of the model. More precisely,
we only compute the a and 3 variables for the abstract states and their children
which are“valid”. The validity of a state depends on the current training sequence.
For each training sequence the valid states are the abstract states (and the states in

their submodel) from which the data sequence was initiated and its adjacent states

to which there is a non-zero transition probability. In addition to computing the o
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Figure 5.3: Here the submodels of the HPOMDP in Figure 5.2 are trained as separate
HPOMDP models. This is the reuse-training method, since the submodels can be
used in the complete model in Figure 5.2. In this particular example, we don’t
need to retrain the whole model in Figure 5.2 (after training separately the various
submodels), since the connections between the abstract states are deterministic.

and J of valid states we zero all vertical transitions from the root except the vertical
transition to the valid state which the training sequence was initiated from. For
each valid abstract state and their submodels we estimate the new updates of the
parameters. A combined update for all model parameters from all training sequences
is done at the end of every epoch (after all training sequences) according to Equations
3.37, 3.38, 3.39, and 3.40. Figure 5.4 shows a graphical description of the selective-

training approach.
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Figure 5.4: In the “selective-training” method only selected parts of the model are
trained for each training sequence. Here two data sequences define two valid selections
of the whole model which are shown in bold lines.

5.2 Maximum likelihood parameter estimation ex-

periments

5.2.1 Simulated learning experiments

To investigate the feasibility of the hierarchical Baum-Welch algorithm and the ap-
proximate training methods in learning large scale corridor environments, we per-
formed experiments using the simulation environment in Figure 4.3. First we created
artificial data using a good hand-coded model (which we refer to as the original
model), and for which all transitions to the next state were set to 0.9 and all self
transitions set to 0.1. For the sensor models we initialized the probabilities of per-
ceiving the correct observation to be 0.9 and all probabilities of perceiving an incorrect
observation to be 0.1.

Using different sets of initial models, different lengths of data sequences, some of
which were labeled with the starting state, and some of which were not labeled with

the starting state, we trained both POMDP and HPOMDP models for the simulated
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environment. We used “short” data sequences where data was collected across two
abstract states and “long” data sequences where data was collected across three ab-
stract states. We used “uniform” initial models where all matrices in the “original”
model were changed to uniform (e.g. 0.1, 0.9 was change to 0.5, 0.5), and “good”
initial models where all values of “0.9” in the original model were changed to 0.6
and all values of 0.1 were changed to 0.4. We collected 738 short training sequences,
246 long sequences, and and 500 test sequences of length 40. We also collected 232
train sequences for training the submodels of the abstract states separately with the
“reuse-training” method. All testing and training data was collected by sampling the
good original model.

We trained uniform and good initial model using 5 training methods. In the first
method, which we name “submodels-only” we simply train the submodels of each
abstract state and did not train the model at the abstract level. The second is the
“reuse-training” method where we train the submodels separately and then retrain
the whole model again. The third method is the “selective-training”, the fourth
is the standard EM learning algorithm for HPOMDPs, and the fifth is the standard
EM algorithm for learning POMDPs. We evaluated and compared the learned models
based on robot localization, log likelihood of the training data, distance of the learned

model from the original model, and computation time.

Log likelihood of the training data was measured using the log likelihood
(Zf log P(Z| Ak, Af)) function defined in Equation 3.36 in Chapter 3. Where Z;

is the observation sequence for training data set k, and Ay is action sequence k. The
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term A refers to the parameters of a flat POMDP (T,0, and initial probability dis-
tribution 7). The reason As refers to the parameters of a flat POMDP is because
we need to be able to compare hierarchical and flat POMDPs. Therefore, before any
comparisons are made we convert the learned HPOMDPs to flat POMDPs. Since
a flat POMDP can also be viewed as a Hierarchical POMDP with a single abstract
state, the root, then we can compute the log likelihood using Equation 3.36. We
used this measure to show both, convergence of the training algorithms, and how the
learned HPOMDPs compare in terms of fit to the training data. Plots of the log
likelihood for different experiments are shown in Figures 5.5, 5.6, 5.7, 5.9, 5.8, and

5.10.

Distance was measured according to Equation 5.1 [10]. Equation 5.1 is a method
for measuring the similarity between two POMDP models A, and A,. It is a measure
of how well model A\, matches observations generated my model A,. The sign of the
distance indicates which model fits the data better. A negative sign means ), is better,
while a positive sign means that A, is better. The equation can also be interpreted in

other ways including cross entropy, divergence, and discrimination information [100].

log P(Z,|Ag, A1) — log P(Z,| A3, As)
T

DAy, x2) = (5.1)

Zy and Aj refer to a sequence of observations and actions that were produced by
model Ay, and T refers to the length of the sequence. In our experiments ), refers
to the good “original” model which we used to create 500 test sequences. Before any
distance measurement was made, all the hierarchical models were converted to flat.
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In Table 5.1 we report the means and standard deviations of the distances of the

learned models from the original model.

Robot localization was done using the most likely state heuristic [22]. To compute
the most likely state we first convert the HPOMDP learned to a flat POMDP as was
shown in Section 3.2.3. Then, for a test data sequence (of actions and observations),
we compute the probability distribution over the states of the model after every action
and observation as was shown in Equation 2.14 in Section 2.2.1 and summarized

below:

O(s',a,2) Y s T(s,a,8")b(s)

v(s") = P(z|a,b)

The most likely state for each belief state b then is sp; s = argmax,b(s). Since
our test data is created by sampling some good HPOMDP model we know the true
state sequence. Thus, we estimate the error on robot localization for a particular test
sequence by counting the number of times the true state was different from the most
likely state. For multiple test sequence we average over all the errors. Table 5.2 shows
robot localization results for the different models trained.

In passing, we should node the most likely state heuristic is a naive way of decoding
the underlying state sequence in an HMM. A better approach is the Viterbi algorithm
which computes the most likely state sequence rather than the most likely state
at every time index [101], [10]. However, the Viterbi algorithm requires the whole

observation sequence before-hand which is not possible in the navigation domain.
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Computation time was done by simply measuring computer time. Computation
times are used to compare training times for the approximate learning algorithms
with the original EM learning algorithm for HPOMDPs and the original EM learning

algorithm for POMDPs. Such results are shown in Table 5.3

Short sequences with starting positions and uniform initial models

“1 OOOO T T T T T
: pomdp EM ——
reuse-training ----%---

! selective-training —e---
-14000 |/ | 5

-16000

-18000

Log(P(ZIA,Model))

-20000

-24000 n ) 1 i i
0 5 10 15 20 25 30

Training epochs
Figure 5.5: The graph describes the fit to the training data during experiment 1.
The vertical axis represents the log likelihood over all 738 training sequences. The
“reuse-training method” converges faster than all other methods. The EM learning

algorithm for POMDPs fits the training data slightly better than the hierarchical
methods.

From Tables 5.1 and 5.2, and from graphs 5.5, 5.6, 5.7, 5.9, 5.8, and 5.10. we

draw the following conclusions:

e In almost all of the experiments described the “reuse-training” method performs
the best. Even when we start with uniform initial models and do not provide
the starting position the “reuse-training” method produces good results both
in robot localization and in distance of the learned models from the original
(Experiments 1, 3, and 5).

115



Initial Distance Training log Training Distance
model D(initial, data likelihood method D(learned,
original) # of seq., | during original)
before # of abs. | training after
training states training
traversed,
i, (o) label i, (o)
original | 0.0, (0.0)
Experiment 1
232, 1,yes submodels-only | -0.40, (0.21)
Figure reuse-training | -0.29, (0.18)
uniform | -1.3, (0.2) | 738,2,yes (5.5) selective-training | -0.34, (0.20)
EM for hpomdps | -0.35, (0.21)
EM for pomdps | -0.80, (0.35)
Experiment 2
232,1,yes submodels-only -0.38, 0.20
Figure reuse-training | -0.30, (0.19)
good | -0.95, (0.18) | 738,2,yes (5.6) selective-training | -0.30, (0.19)
EM for hpomdps | -0.30, (0.19)
EM for pomdps | -0.49, (0.25)
Experiment 3
Figure reuse-training | -0.72, (0.31)
uniform | -1.3, (0.2) | 246,3,n0 (5.7) EM for hpomdps | -1.93, (0.83)
EM for pomdps | -2.15, (0.99)
Experiment 4
Figure reuse-training | -0.72, (0.32)
good | -0.95, (0.18) | 246,3,n0 (5.8) EM for hpomdps | -0.82, (0.35)
EM for pomdps | -0.85, (0.33)
Experiment 5
Figure reuse-training | -0.48, (0.26)
uniform | -1.3, (0.2) | 246,3,yes (5.9) EM for hpomdps | -0.76, (0.30)
EM for pomdps | -1.01, (0.41)
Experiment 6
Figure reuse-training | -0.45, (0.24)
good | -0.95, (0.18) | 246,3,yes (5.10) EM for hpomdps | -0.5, (0.26)
EM for pomdps | -0.61, (0.21)

Table 5.1: The table shows the mean and average of the distance of the leaned model
from the original model. The distance was measure using 500 test sequences of length
40, which were produced by sampling the original model in the small environment
in Figure 4.3. The bold numbers in the last column show the shortest distance
for each experiment. The “reuse-training method” produces the best results. The
EM learning algorithm for HPOMDPs always produces better models than the EM
learning algorithm for POMDPs.
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Initial | Localization | Training Training Localization
model error data method error
before # of seq., after
training # of abs. training
states
%, (o) traversed, p %, (o)
label
original | 17.7, (14.0)
Experiment 1
232,1,yes | submodels-only | 38.01, (21.47)
reuse-training | 33.04, (19.60)
uniform | 89.2, (10.0) | 738,2,yes | selective-training | 37.36, (21.50)
EM for hpomdps | 37.30, (21.62)
EM for pomdps | 66.00, (21.61)
Experiment 2
232,1,yes | submodels-only 36.6, (21.75)
reuse-training 33.16, (19.13)
good | 55.38, (23.88) | 738,2,yes | selective-training | 32.84, (19.61)
EM for hpomdps | 33.2, (19.95)
EM for pomdps | 49.17, (22.5)
Experiment 3
reuse-training | 36.69, (20.83)
uniform | 89.2, (10.0) | 246,3,n0 | EM for hpomdps | 86.02, (10.59)
EM for pomdps | 87.81, (8.85)
Experiment 4
reuse-training | 36.97, (20.26)
good | 55.38, (23.88) | 246,3,n0 | EM for hpomdps | 43.89, (23.07)
EM for pomdps | 48.62, (23.48)
Experiment 5
reuse-training | 34.76, (20.95)
uniform | 89.2, (10.0) | 246,3,yes | EM for hpomdps | 60.45, (23.06)
EM for pomdps | 69.55, (20.99)
Experiment 6
reuse-training | 35.17, (20.29)
good | 55.38, (23.88) | 246,3,yes | EM for hpomdps | 36.60, (20.28)
EM for pomdps | 45.47, (22.25)

Table 5.2: The table shows the localization error which was computed using the 500
test sequences of length 40. The “reuse-training” method produces the best models
with an exception in experiment 2 where “selective-training” is slightly better. The
EM learning algorithm for HPOMDPs always produces better models than the EM

learning algorithm for POMDPs.
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Short sequences with starting positions and good initial models
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Figure 5.6: The graph describes the fit to the training data during experiment 2. The
fit to the training data is similar to experiment 1, even though training started with
a better initial model.

Long sequences with no starting positions and uniform initial models
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Figure 5.7: The graph describes the fit to the training data during experiment 3. The
“reuse-training” method clearly converges faster than the other training methods.
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Long sequences with no starting positions and good initial models
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Figure 5.8: The graph describes the fit to the training data during experiment 4. The
fit to the data is better than experiment 6 (see Figure 5.10). This is because data is
allowed to start from all states. Nevertheless, navigation performance is worse than
experiment 6 according to Table 5.2.

Long sequences with starting positions and uniform initial models
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Figure 5.9: The graph describes the fit to the training data during experiment 5.
The POMDP model fits the training data the best while the “reuse-training” method
converges faster than all other methods.
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Figure 5.10: The graph describes the fit to the training data during experiment 6.
Even though the fit to the data is not as good as in experiment 4 (see Figure 5.8),
navigation performance was better. The EM learning algorithm for POMDPs fits the
training data the best.

e From Tables 5.1 and 5.2 we can conclude that the shorter the distance of the

learned models from the original model, the better the robot localization.

e Almost all of the plots of the log-likelihoods during training show that the EM

learning algorithin for POMDPs fits the training data better. Nonetheless, dur-

ing testing the models learned with the EM learning algorithm for POMDPs

performed the worst. This observation shows that the EM learning algorithm

for POMDPs over-trains the learned models (compared to the hierarchical al-

gorithms) and does not generalize well to unseen test sequences.

e The “selective-training” method works almost as good as the “reuse-training”

method (Experiment 1 and 2). This is a pleasing result since the “selective-

training” method trains much faster than the “reuse-training” method and the

120



EM learning algorithm for HPOMDPs (see Table 5.3).

e It is obvious from Tables 5.1 and 5.2 that the learned models never reach the
performance of the original model. This is due to the fact that EM type algo-
rithms converges to local maxima and are highly dependent on the initial model.
If we compare the results of the EM algorithms in experiments 1 and 2, and
in experiments 3 and 4, and in experiments 5 and 6, we see that training that
started from good initial models produces better learned models than training

that started from uniform initial models.

e Providing the initial state the data was collected from, produces better learned
models. This is obvious if we compare experiment 3 with experiment 5, and

experiment 4 with experiment 6.

e The worst results were produced in experiment 3 where we started with uniform

initial models and did not provide the initial starting position.

e As the number of training data increases so does the performance. Despite the
fact that Experiments 1 and 2 use shorter length sequences than Experiments 3,
4, 5, and 6, they produce better learned models, mainly due to the significantly

larger number of training sequences provided.

We also measured the training times for “short” length sequences (sequences that
were collected through two abstract states) and the different learning methods. Table
5.3 summarizes the results. For short training sequences the “selective-training”

method is much faster than both the “flat” and “hierarchical” training methods.
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Even though the time complexity of the “hierarchical” training methods is O(NT?),
for short training sequences they are faster than flat models whose time complexity
is O(NT). This is is due to the hierarchical representation of the state space which

makes the N term in the hierarchical methods smaller than the N term in the flat

methods.
Experiment | Training method | Time (sec)/epoch
Figures selective 449
5.9, 5.6 flat 3722
hierarchical 1995

Table 5.3: The table shows the training times for short training sequences and dif-
ferent training methods. All training times were calculated on a 900 MHz Athlon
processor running Redhat Linux 7.1

5.2.2 Learning experiments using the robot platforms

In this set of experiments we trained hierarchical POMDP models for the small floor
(Figure 4.3), using robot experience from the Nomad 200 simulator, and experience
with the real robot Pavlov from the actual 3rd floor in Figure 4.4. The purpose of
these experiments was to investigate if learned models can actually be used for robot
navigation.

For both environments we simply trained all submodels of the abstract states
separately. To collect data we run the robot separately in each abstract state. In
corridors we would collect data by simply running the robot from every entry state
of a corridor to the opposite exit state. In junction states, we would run the robot
from every entry state to each one of the other exit states.

To evaluate the learned models we used some known “good” original model, which
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we compare to the “learned” model. For the “good” original model, we made all sensor
probabilities of perceiving the correct observation to be 0.9 and the probability of
perceiving the wrong observation to be 0.1. All self transitions were set to 0.05 and
transitions to the correct state were set to 0.9. In these experiments, for all corridor
states we also added an overshoot transition, set to 0.05. Learning started from a
“bad” model which was created from the “good” original model by increasing the self
transitions to 0.47 and decreasing the transitions to the correct state to be 0.47. We
evaluated the learned models based on robot localization.

Localization performance was computed different this time. Since it is hard to
compute the true location of the robot, we compared the most likely state given
by the “bad” and “learned” model with the most likely state given by the “good”
original model. Since the “good” model is simply based on our insight of what the
parameters should be we relaxed the MLS comparison. The error increases only when
the distance between two states is longer than a single transition. That is, we don’t
increase the error if the most likely state given by the “good” model is the same, or
adjacent to the most likely state given by the “learned” model.

Localization results are summarized in Table 5.4. It is obvious that after training,
the learned models produce low error robot localization. Also note that unlike Table
5.2 in the previous section, the localization error here is quite low. The reason is that
the training and testing data came from actual robot runs. Actual robot navigation
tasks produce similar training and testing sequences of observations and actions (e.g
traversing of corridors). In the previous section the data was collected trough sam-

pling which could have produced training sequences quite different from the testing
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sequences. Additionally, the low localization error is due to the fact that the initial

observation models provided were fairly descent (same as the “good” original model).

Training method | Training Test data | Localization | Localization
data error before | error after
training training
n %, (o) ¢ %, (o)
submodels-only 30 seq. 14 seq. 41.8, (21.4) | 11.8, (18.0)
from from
Nomad 200 | Nomad 200
simulator simulator
(Fig. 4.3) | (Fig. 4.3)
43 seq. 7 seq. 64.9, (20.9) | 2.8, (3.8)
from Pavlov | from Pavlov
in real floor | in real floor
(Fig. 4.4) (Fig. 4.4)

Table 5.4: The table show the localization error as to the true state of the robot
before and after training, in the Nomad 200 simulator and in the real environment
with the actual robot Pavlov.

5.3 Inferring the structure of the environment

We also did experiments to discover whether the HPOMDP model has the ability to
infer the structure of the environment. If at an abstract level we don’t have the correct
topology of the environment, then we would expect the HPOMDP learning algorithm
to perform much better in learning the correct topology than the flat POMDP learning
algorithm. The reason is that the Hierarchical-Baum algorithm does not learn the
relationship between two abstract states (which are root children ) unless the training
data goes all the way to the exit-state of the second abstract state. Again, this
observation can be better understood by close examination of the calculation of the

probability of going from one state s’ at the abstract level to another state s;, at time
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t (or &(t, sz, 5,,)) in Equation 3.24. This probability will be zero unless state s/, exits.
In the flat case the algorithm will still learn relationships between the children of the
abstract states even if the training data does not go all the way through the second

abstract state. This idea is better understood in Figure 5.11.

HIERARCHICAL

CRI /2 RV ST
ORORONOR® & T

FLAT

OROR®

Figure 5.11: Assume that an observation sequence of length 5 is started from entry
state V; and that, in the correct topology of the environment the transition probabil-
ity X; — Nj is zero. In the hierarchical model the topology will be learned correctly
since in order for the transition X; — N3 to be non-zero we need an observation
sequence of at least length 6. In the flat model the topology will not be learned
correctly since the transition probability S; — S; will not be zero. The hierarchical
algorithm is able to better discover the relationships between groups of states and
has the potential for inferring the structure at the abstract level.

5.3.1 Learning the structure of a three level hierarchy

For the simulated environment in Figure 4.3 we trained an HPOMDP model using
245 short training sequences (collected by sampling through two abstract states)

labeled with their starting positions. We used three type of training methods, the
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“selective-training” method, the standard EM learning algorithm for HPOMDPs, and
the standard flat EM learning method for POMDPs. We trained the model starting
from different sets of initial parameters. Each set of parameters defined a different

type of semi-ergodic model. Below we describe the different initial models:

1. A hierarchical model “model-1”, where every exit point of every junction ab-
stract state is connected to the correct corridor and entry-state, and all entry
points of other corridors whose size is different than the correct corridor. Every
corridor is connected to a single junction. A partial example of this type of

initial model is shown in Figure 5.12.

2. A hierarchical model, “model-2”, where every exit point of every junction ab-
stract state is connected to the correct corridor and entry-state, and all entry
points of other corridors whose size is different than the correct corridor. Every
corridor abstract state is connected to a every entry point of every junction

abstract state.

To evaluate each model we examine the percentage of the total transition proba-
bility that is associated with the correct structure of the environment at the abstract
level. The arrows in Figure 5.13 define the correct structure. In an ergodic model
there are more connections among states (at level 2) than the arrows shown in the

figure.

Correct structure was measured according to Equation 5.2.
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Figure 5.12: The bold arrow indicates the correct structure for the particular south
exit point of the junction abstract state. The dotted arrows indicate possible adjacent
nodes. We chose adjacent nodes to be corridors of different size from the correct
corridor.
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correct structure =

(5.2)

Where S’ is the set of states that belong to abstract states different from the
parent of s, p(s), such that s’ and s belong to topologically adjacent abstract states.
S" is the set of states that belong to abstract states different from the parent of s,
p(s) (s and s”do not necessarily belong to topologically adjacent abstract states). In
order to be able to compare flat and hierarchical learning algorithm the transition
functions T'(s'|s, a) and T(s"|s, a) refer to the transition probabilities when the model
is represented as a flat POMDP.

Overall, our evaluation criterion finds the percentage of transition probability as-
sociated with the arrows in Figure 5.13 over the total transition probability associated
with all the arrows (all arrows starting from the same positions as the arrows shown in
Figure 5.13). Table 5.5 summarizes the results of all the models, and shows that the
hierarchical models improve the structure much more than the flat models. Figures
5.13 and 5.14 show the transition probabilities of the correct structure before and
after learning for initial “model-1”.

We also plotted the log likelihood (logP(Z|, A, ))) as a function of the training
steps as shown in Figures 5.15 and 5.16. The graphs show that that the flat models fit
the data better. Its also obvious that even though, “model-1" is less ergodic, “model-
2” fits the data better. This suggests that for the short length data sequences better
fit to the data does not necessarily mean better navigation model. In addition, even

though the flat model fit the training data better than then hierarchical models, the
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Figure 5.13: The figure shows the transition probabilities that belong to the cor-
rect structure before training for “model-1”. The probabilities shown are the ones
corresponding to the HPOMDP model when converted to flat.
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Figure 5.14: The figure shows the transition probabilities that belong to the correct
structure after training for “model-1", using the “selective-training” method. The
probabilities shown are the ones corresponding to the HPOMDP model when con-
verted to flat.
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Model | Correct structure | Training method | Correct structure

error before error after

training training
selective-training 15.47 %

model-1 46.91 % EM for hpomdps 15.63 %
EM for pomdps 41.79 %

selective-training 59.36 %

model-2 96.02 % EM for hpomdps 60.71 %
EM for pomdps 87.20 %

Table 5.5: The table shows the percentage of transition probabilities that do not
belong to the correct structure before and after learning for the three level hierarchical

model.

hierarchical models produces less error in the correct structure in Table 5.5.

Fit of training data for semi-ergodic model-1
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Figure 5.15: The figure shows how “model-1" fits the data over every training epoch,
and for the different training methods. The POMDP model fits the training data

better than the HPOMDP models.
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5.3.2 Learning the structure of a four level hierarchy

We also did structure learning experiments on a four level hierarchical model. The

second and third level are shown in figure 5.17. In this set of experiments we started
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Figure 5.16: The figure shows how “model-2” fits the data over every training epoch,
and for the different training methods. The POMDP model fits the data better than
the HPOMDP models.

with two types of initial models:

1. In the first model, “4level-1”, only the structure at level 2 was semi-ergodic

where every state at level two was connected to every other state at level 2.

2. In the second model, “4level-2’, all states at the second level where connected
the same as in in the first model “4level-1”. At the third level (for all submodels
of the abstract states at level 2) corridor states were connected to all junction
states, and junction states were connected to all corridor states whose size was

different from the correct corridor (similar to “model-2” in section 5.3.1).

Table 5.6 summarizes the result for the different initial models and different train-
ing methods while Figures 5.20 and 5.21 show how the different methods and different

models fit the data during training. In this experiment, 17 long training sequences

132



were used. For model “4level-1”, both the EM learning algorithm for HPOMDPs and
the EM learning algorithm for POMDPs learn the structure of the model equally well.
The reason the EM learning algorithm for POMDPs performs this well is because we
have used long data training sequence across the abstract states at level 2, and the
fact that the abstract states at level 2 look sufficiently different, thus enabling the
EM learning algorithm for POMDPs to discover the correct state sequence.

For model “4level-2” however, the EM algorithm for learning HPOMDPs out-
performs the EM algorithm for learning POMDPs. The reason is that by adding
ergodicity at level 3 the abstract states at level 2 do not look substantially different
and as a result the EM algorithm for learning POMDPs is unable to discover the
correct sequence of states. Figures 5.19, and 5.18 show the correct structure learned
at level 2, for model “4level-2”, using the EM learning algorithm for HPOMDPs and

the EM algorithm for learning POMDPs.

Model Correct structure Training method Correct structure
error before error after
training training
second level | third level second level | third level
4level-1 | 77.27 % 431 % | EM for hpomdps | 13.25 % 0.22 %
EM for pomdps 12.31 % 0.20 %
4level-2 | 82.46 % 83.61 % | EM for hpomdps | 32.50 % 49.90 %
EM for pomdps 43.85 % 55.34 %

Table 5.6: The table shows the percentage of transition probabilities that do not
belong to the correct structure before and after learning, for the four level hierarchical

models.
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Figure 5.17: This is a four level representation of the environment where entire sec-
tions of the building where grouped into abstract states at a higher level. The three
large dashed polygons represent the abstraction at level 2 while the smaller rectangles
inside the polygons represent the spatial abstraction at level 3. The bold arrows in-
dicate the correct structure at level 2 and the number next to the arrows indicate the
transition probabilities before any learning for model “4level-2”. The probabilities
shown are the ones that belong to the correct structure when the model is converted
to flat.
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Figure 5.18: The arrows show the transition probabilities of the correct structure,
after training model “4level-2” with the EM learning algorithm for POMDPs.
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Figure 5.19: The arrows show the transition probabilities of the correct structure,
after training model “4level-2” with the EM learning algorithm for HPOMDPs.
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Figure 5.20: The graph shows the fit to the data during training of model “4level-1".
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Figure 5.21: The graph shows the fit to training data during training of model “4level-
2”. In the graph, the EM algorithm for learning HPOMDPs, and the EM algorithm
for learning POMDPs fit the data better than the plots in Figure 5.20 despite the
fact that the models here are more ergodic.
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5.4 Conclusions

This chapter has described learning experiments, where we used the HPOMDP model
to represent spatial maps for indoor office environments. Taking advantage of short
training length sequences we have created two approximate training methods. The
“reuse-training” method which starts with better initial models and as a result con-
verges faster, and the “selective-training” method which takes a lot less time per
iteration than any of the other methods. The two approximate training methods
concentrate on smaller parts of the whole model which results in much better models
for robot navigation. Advantages of training with smaller training data sequences is
that first, it is easier to collect more complete training data sets and second, training
is done much faster. A disadvantage of the approximate training methods is that
they require knowledge as to where the data was collected from. Additionally, the
training sequences need to terminate at some root child.

The experimental results show that our hierarchically learned HPOMDP models
are closer to the generative model, from which the training data is produced, than the
models learned through the flat EM procedure for POMDPs. Additionally, the hier-
archically learned models produce better robot localization than the models learned
through the flat EM algorithm for POMDPs.

Overall, the hierarchical Baum-Welch algorithm is better at capturing the rela-
tionship between states which are far apart and as a result more meaningful models
are learned for use in robot localization. Additionally, the hierarchical Baum-Welch

is better in acquiring the initial structure. This algorithm is well suited for domains
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which emit hierarchical data, such as data sets that start from the root and finish
at a child state of the root. In the following chapter we will show how to use the
hierarchical POMDP model to perform navigation tasks. We will show hierarchical
planning algorithms for approximating the optimal policy in a given HPOMDP and

their comparison to flat POMDP methods in robot navigation.
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Chapter 6

Hierarchical planning for robot

navigation

The HPOMDP model inspires a hierarchical framework for planning, which has two
major advantages over flat POMDP solutions. The first advantage is that plans can
be constructed in a hierarchical fashion and thus allow us to reuse low level plans in
different high level plans. The second advantage is that at higher levels of abstraction,
both spatial and temporal, uncertainty is less and therefore plan execution can be
done more successfully than in flat POMDPs.

In this chapter we describe a general hierarchical planning algorithm for
HPOMDPs and apply the framework to corridor navigation to produce and execute
hierarchical plans [102]. At an abstract level we construct abstract plans by computing
mappings from abstract states (e.g whole corridors) to macro-actions (e.g., go down
the corridor) and within abstract states we compute the macro-action plans which are

mapping from product states to primitive actions. Examples of macro-actions within
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abstract states include “exit a corridor” at one of its exit states, “exit a junction”
at one of its exit states, or reach a particular location within some abstract state.
Our experiments show that there is less uncertainty associated with the belief states
defined over higher levels of the HPOMDP hierarchy. The combination of low entropy
at the abstract level, macro-actions, and heuristic POMDP solutions (e.g., choose the
action associated with the most likely state) allow the robot to reach locations of its
environment starting from no knowledge of its original starting location.

In Section 6.1 we motivate our planning algorithm. In Section 6.2 we review
related literature, which forms the building blocks of our planning algorithm. In
Section 6.3 we present our planning, and two execution algorithms. In Section 6.4
we present robot navigation results, both in the Nomad 200 simulator and in the real

physical world. Finally in Section 6.5, we present our conclusions.

6.1 Robot navigation in corridor environments

It was obvious from Figure 1.4 in Chapter 1 that corridors in the MSU engineering
building are quite long (more than 1000 ft.) and locations within the corridors do
not have distinguishing characteristics for a robot to localize. However, this problem
can be alleviated if we treat whole corridors as single states and thus abstract away
information that may be unnecessary for most navigation tasks. The reason is that for
most navigation tasks a robot just needs to know in which corridor it is in, rather than
the precise corridor location, and therefore it can often ignore location uncertainty

that arises within corridors.
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Figure 6.1 shows an HPOMDP model for robot navigation and figure 6.2 shows
the equivalent flat model. Both models are used to represent corridor environments.
The environment is divided into equal fixed regions (e.g two meter regions), where
there are four product states (one for each direction). In the HPOMDP model whole
corridors are represented with a single abstract state, which in addition to the product
states contains two entry-states and two exit-states for the entry and exit points of
the corridor. Junction nodes are represented with four product states as shown in
Figure 6.1. In the HPOMDP model for corridor environments, we use the term global
product level to denote the set of all product states, and abstract level to denote all
the states which are children of the root.

A multi-resolution representation is intuitive for many reasons. First of all, it
allows us to scale up to larger environments since we do not need to represent all
relationships among product states. Second, for many navigation tasks the robot
does not need to know where it is in a corridor but rather that it is in some corridor
which it has to traverse. Third, it offers us the capability of learning local policies (or
macro-actions as shown in Figure 6.7) for the different abstract states, which we can
reuse for any global plan at the abstract level. Finally, as shown in Figure 6.4, the
robot’s belief (see Equations 6.20 and 6.21 ) as to where it is at the abstract level,
represented as a probability distribution over the states at the abstract level, is less
uncertain than its belief as to where it is at a global product level.

The uncertainty of the robots belief about its true location at the abstract and
global product level was measured using the normalized entropy. The normalized
entropy of an |S| dimensional discrete probability distribution can be computed as
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Figure 6.1: This HPOMDP model is used to represent corridor environments. The
dotted arrows from product states show non-zero transition probabilities for primi-
tive actions. The black vertical arrows show non-zero vertical activations of product
states from the entry states. The dashed arrows from exit states show non-zero tran-
sition probabilities from exit-states to adjacent states of the abstract state they are
associated with.
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Figure 6.2: This is the equivalent flat POMDP model of the hierarchical POMDP
model shown in Figure 6.1. In this model we only represent the product states of
the hierarchical model. Global transition matrices for each action are automatically
computed from the hierarchical model by considering all the possible paths between
the product states under the primitive actions.

...........
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shown in Equation 6.1.

entropy
maximum entropy

- Zle P(s)log P(s)

normalized entropy =

T %5 1/IS]108(1/1S)) (6.1)
_ —Xe . P(s)logP(s) _ =3, P(s)log P(s)
—log(1/S)) log(1ST)

In fact, the entropy plot in Figure 6.4 reveals a number of characteristics that

motivate our planning algorithm:
1. It is obvious from the plot that uncertainty is less at an abstract level.

2. Uncertainty reduces dramatically at junctions both at the global and abstract

levels (see Jy, J2, J3 and Jy in Figures 6.3 and 6.4).

3. At the global product level uncertainty increases as the robot traverses corridors
where all observations are usually the same, but at an abstract level it does not

increase.

4. Overall uncertainty decreases as the robot traverses a series of corridors.

Since uncertainty is less at an abstract level, an approximate algorithm that treats
the states at the abstract level as completely observable should be more successful
than an algorithm which treats all product states as completely observable. In addi-
tion, a successful algorithm would be one that is able to execute macro-actions (e.g.,
move from one entry-state of a corridor to the exit-state at the other exit point of
the corridor) so that overall uncertainty is gradually reduced. In the next section we
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Figure 6.3: This is a robot run on the Nomad 200 simulator, which was used to collect
observations for the entropy plot in Figures 6.4.
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Figure 6.4: The plot shows the normalized entropies of the belief of the robot’s
location at the global product level and at the abstract level. The initial belief was
uniform and observations were collected along the trace shown in Figure 6.3.
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present related work from semi Markov decision processes (SMDPs), and heuristic

POMDP solutions that formulate our hierarchical planning and execution algorithms

for HPOMDPs.

6.2 Related work

6.2.1 Hierarchical planning in MDPs

Hierarchical planning in completely observable Markov decision processes has been
explored by many researchers. Most notable are the hierarchical Abstract Machines
framework (HAM) [103], [104], the MAXQ framework [105], and the options frame-
work [25]. Here we briefly review the options framework on which we base much of
the formulation of our hierarchical planning algorithm for HPOMDPs.

An option is either a temporally extended course of action (macro-action) or a
primitive action. If an option is a macro-action, then it is a policy over an underlying
MDP. Options consist of three components: a policy 7 : § x A — [0, 1], a termination
condition 3 : 8* — [0, 1], and an initiation set Z C S. An option < Z, 7, 3 > can be
taken from any state s € Z at which point actions are selected according to policy 7
until the option terminates stochastically according to 3.

An abstract policy p is a policy over options. However, before a policy among
options is computed we need to define its model, which specifies for every state s
where an option o may be started, and when it will terminate (see Equation 6.3).

The total reward that will be received for executing option o in state s is:
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T = E{ryy1 +yreq2 - + ’Yk_lrt+k|5(0a s, 1)} (6.2)

where t + k is the random time at which o terminates, and £(o, s,t) is the event

that option o started at time ¢. The state prediction model is defined as:

Poy =D p(s’, k)7* (6.3)
k=1

which is a combination of the probability value p(s’, k) that o terminates in state
s’ in k steps, together with a measure of how delayed the outcome is according to the
discount factor . The reward and transition model for options allows us to write the
Bellman equation for the value of executing an abstract policy u at some state s as
shown in Equation 6.4. The Bellman equation then, allows us to compute the values
of executing each option from every state that belong in its initiation state Z, and
thus be able to construct policies over options. Note that this equation is similar to

Equation 2.4 in Section 2.1.

VE(s) = E{rep1 + YTeg2 -+ Yk + ’YkV”(St+k)|g(/1a s,t)}
(6.4)

o+ Y P VH(S)
3’

The transition and reward models of options can be learned using an intra-option

learning method [25]. We can express the option models as Bellman equations (see

Equations 6.6 and 6.5) and then solve the system of linear equations either explicitly,

or through dynamic programming as was shown in Section 2.1.
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ro =11+ 3 P - B(s)rd) (6.5)

P =Y PiI (1 - B8P, + B(5)dwa) (6.6)

where d,, = 1 if ' = z and is 0 otherwise. Note that in the above Bellman
equations (6.4, 6.5 and 6.6) the discount term 7, is included within the transition
model. In order to be able to solve these equation using the standard value-iteration
algorithm described in Chapter 2 (Figure 2.2) we can modify the definition of the state
prediction model as shown in Equation 6.7. Equation 6.4 then becomes Equation
6.8. Equations 6.5 and 6.6 become Equations 6.9 and 6.10. This redefinition of the
transition model implies that the transition models for primitive actions (or options
made of a single action) are the same as the transition probability it self. Even though
the end result (Equations 6.8 and 6.4) for both definitions is the same, this redefinition
is easier to interpret, since it uses the same form of value function regardless of whether
we compute a policy over options or a policy over primitive actions. Additionally,
with the new definition its easier to understand how the options framework is adapted

to our macro-action definition, which we present in Section 6.3.

o= p(s', k) (6.7)
k=1

148



VE(s) = E{ren + vme - + Y 7 ek + YV (seax) [E (1, 5, 1)}

6.8

=r]+ ’yZ’P" VH( (6.8)
ro =) 4 ”YE'P”(S 1-B(s')rg) (6.9)
P:x Z Pss’S) [7 )Pso:c + ﬂ( ) S'I] (610)

6.2.2 Approximate POMDP solutions

Since exact POMDP solutions are intractable, researchers have developed approxi-
mate solutions which have been proven to work successfully for robot navigation [23],
(22], [76]. Here, we briefly review two approximations which assume that the POMDP
is completely observable and solve it as was shown in Section 2.1. The MDP policy
computed can then be transformed into a POMDP solution during execution through

the following strategies:

e The Most likely State heuristic executes the action m(s), where m is the

completely observable policy that is associated with states s. The chosen state

s has the highest belief b(s).

a = m(argmax,c gb(s))

e The Qmpp approach does not use the completely observable policy directly, but
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rather uses the QQ values of the state action pairs which were estimated during
the value iteration algorithm (Figure 2.2). The QMDP approach chooses actions
by assuming that the world will become completely observable after the first
step. In other words, the action chosen is optimal if the POMDP becomes
completely observable after the first action. To relate the QMDP approach to
exact POMDP solutions we can think of the Q values of every action as an «

vector (or policy tree value) as was shown in Equation 2.20.

a = argmaxaeAZb(s) r(s,a) +7ZP(3'|S,G)V”(S'))
seS s'eS (6.11)
= argmax,c 4 Z b(s)Q(s,a)

SES

6.3 Planning and execution algorithms

Our planning and execution algorithms combine ideas from hierarchical SMDP plan-
ning with approximate solutions to POMDPs. First, we design a set of macro-actions
that operate over the abstract states. We then compute the models of those macro-
actions, which can be used to produce abstract plans or mappings from entry points
of the abstract states to macro-actions. During execution we can either use a hi-
erarchical most likely state (H-MLS) strategy, or a hierarchical QMDP (H-QMDP)
heuristic.

In the H-MLS strategy we choose the most likely abstract state and then execute
the appropriate macro-action under the abstract state. A macro-action terminates
when the parent abstract state which initiated the macro-action is no longer the most
likely abstract state. In the H-QMDP heuristic we choose the best macro-action to
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execute according to the QMDP heuristic in Equation 6.11, where primitive actions
are replaced with macro-actions. Next, we describe the planning and execution algo-

rithms in detail which are generalized to arbitrary tree depths.

6.3.1 Planning

To find a completely observable plan at an abstract level, we treat the product states
and the entry states (of the abstract states) as the states of an MDP. The set of
actions is the set of primitive actions applicable on product states and the set of
macro-actions for each abstract state s, which are responsible for taking the agent
out of the abstract state s, or to some child state of the abstract state. An exit from
an abstract state can occur under any of the primitive actions, which result in one of
the exit states. We design HPOMDPs such that only one type of primitive action can
enter an exit state. In this manner the policy of each exit state can only be the type
of primitive action that leads into it. Thus, the action associated with the exit-state
can be used to connect the macro-action with states outside the subtree, in which the
macro-action is defined. This idea is better understood in Figure 6.5. We should also
node that in the case where an exit state S; is entered from another exit state S7,
the policy of exit state S; is the same as the policy of exit state S, (see Figure 6.6).

In our navigation HPOMDP model all exits from abstract states occur under the
“go-forward” action. Thus we need one exit-state for each spatial border of each
abstract state. Macro-actions for exiting the abstract states can be computed using

the MDP framework, where the robot is rewarded for taking the forward action in
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Figure 6.5: The figure shows two macro-actions for abstract state S. The letter F
means go-forward, L turn-left, and R turn-right. The solid arrows define the transition
matrix of the forward action, the dashed arrows define the transition matrix of the
turn-left action, and the dotted arrows define the transition matrix of the turn-right
action. The policy of exit-states is always the same since exit-states can only be
entered with a single type of primitive action. The two macro-actions differ only
on the policy of state s;. Knowing the policy of exit-states allows us to know the
outcome of the macro-actions at the level above.

Figure 6.6: When an exit state S; is entered through another exit state S, the policy
of S; is the same as the policy of S,
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the particular exit-state. Macro-actions for reaching a goal state in the middle of an
abstract state can be computed by simply rewarding the robot for any action that it

takes in the goal state. Figure 6.7 shows different macro-actions for corridors.

cxi-satc ?

Coen S A PALEE

cxil-sale : /\/——\I . ' A .. - exit-state

Figure 6.7: F means go forward, R means turn right and L means turn left. The top
figure is a macro-action for exiting the East side of the corridor under the “go-forward”
action, the middle figure is a macro-action for exiting the West side of the corridor
with the go-forward action, and the bottom figure is a macro-action for reaching
a particular location within the corridor. The solid arrows represent the transition
matrix for the go-forward action, the dashed arrows represent the transition matrix
for the turn-left action, and the dotted arrows represent the transition matrix for the
turn-right action.

Overall our macro-action representation is a special case of the options framework

and is similar to work presented in [106]. Each of our macro-actions can be initiated
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at some entry state of an abstract state and terminates at the exit states. More
precisely, we can say that given a macro-action p under an abstract state s, which is
a policy over all the children, (the set of product states defined as Cj, the set of entry
states of other abstract states defined as C;, and the set of exit states of abstract state
s defined as X*), we can formulate one option for every entry state s, € N* (where
N¢ is the set of entry states of abstract state s). This option will have initiation set
I =ilie C;UC;,V(ilsp) # 0, policy p and termination condition § which will be 0
for all children of s except for all exit states s, € X°.

Given the set of macro-actions available for each abstract state s (which we define
to be M?, also explained in Appendix A), we need to evaluate them for each entry
state s,. Equation 6.12 computes the transition probability from entry-state s, € N*
to an adjacent state s’ of the abstract state s under some macro-action p (s’ could
be a product or entry state). Figure 6.8 describes Equation 6.12. An exit from state
s can occur from any exit state s, € X* under the primitive action w;(sz), where 7
defines the policy of macro action p on all states i that are either in the C,,Cy, or X*
sets. If 7 is a product or exit state, then 7(i) is a primitive action. If ¢ is an entry

state, then m5(4) is a macro action that belongs to M7 (where i € N7).

T(s'|sn, p) =

Z Z V(ilsn)TD(lei,u) T(S’|S;,7r;(sx)) (6'12)

Vs;€X® | VieC3uCy
The term T D(s.|t, ) is the expected discounted transition probability for exiting
the parent of state i starting from ¢, and can be calculated by solving a set of linear

equations defined in Equation 6.13. Note how this equation can be derived from the
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TD(S, li, )

Figure 6.8: The figure shows the operation of of Equation 6.12. The dashed arrow
is the discounted transition probability for reaching state S, form state i. The solid
arrows are simply the transition probabilities for the forward action.

option Bellman Equation 6.10 where the termination condition g is 0 for all product
and entry children of state s and 1 for all exit states s, € X°.

TD(s.|i,p) =

T(seli,my(@) +7 Y T(li, w5 (2))TD(sz4, 1) (6.13)

JECHUCE

In a similar manner we can calculate the total reward R that will be gained when

an abstract action p is executed at an entry state s, as shown in Equation 6.14.

R(smﬂ)z Z V(zlsn)RD(z,,u) (614)

i€C3uCy
where the term RD(i,u) can be calculated by solving a set of linear equations

defined in Equation 6.15. Again, this equation is a direct derivation of the option
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Bellman Equation 6.9 where 3 is 0 for all product and entry children of state s and

1 for all exit states s, € X?°.

RD(i, p) =

R+ S TGl @) RDG, 1) (6:13)

JECZUCS
Given any arbitrary HPOMDP and all the macro-actions M* of of every abstract
state, we can calculate all the reward and transition models at the highest level by
starting from the lowest levels and moving toward the top. Once the transition and
reward models are calculated, we can construct a plan among product and entry-
states at the most abstract level (level 2). To find a plan, we first compute the
optimal values of states by solving a set of linear equations defined by the Bellman

equation (as shown below).

‘/'(81) =
Croot (6.16)
ae.:ﬁ%)ﬁ{‘l R(sy,a) + v ; T(s2|s1,a)V*(s2)

where a is either a primitive action or a macro action. We can then associate the

best action for each state (or optimal policy 7*) greedily as shown in Equation 6.17.

m(s1) =

Croot
) (6.17)
argmax,e 4.epn | R(s1,0) +7 Z T(sq]31,a)V*(s2)

82

Executing an abstract plan means that the robot can decide the next macro-action
only when it enters an entry-state at the abstract level. If we know at which entry

state the robot is, we can issue the appropriate macro-action which in turn may issue
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another macro-action at a lower level until a primitive action is issued. In reality, we
never know if the robot is exactly at an entry-state at the abstract level and therefore
the robot may have to decide the next macro-action when it is in the middle of some

abstract state. Figure 6.9 illustrates this problem.

Figure 6.9: S;, S, S3, and Sy cannot be activated vertically from states at the
abstract level. Therefore, if the agent was to start in any of these states we don’t
know what is the best macro-action to initiate.

In other words, we need to know what is the best macro-action to issue next if
the current macro-action is interrupted before it terminates at one of the exit states.
The best macro-action for intermediate states (not direct descendants of the abstract
level) needs to be computed by taking into consideration the plan at the above level,
and the consequences that each macro-action available on that intermediate state will
have on the long term reward. Formally, for any HPOMDP, we compute the values of
all states which are not at the abstract level in an iterative fashion from top to bottom
as explained in Figure 6.10 and described in Equation 6.18. The best macro-action

for each state, which is not a child of the root, is then computed greedily according
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to equation 6.19.

TD(s (Is. 1) RD(s. )

Figure 6.10: The value of a state s under a macro-action p is computed by taking
into consideration the total reward and discounted transition probability for exiting
the parent of s, p(s), from all exit states s;, and the values of the resulting adjacent
states to p(s), such as s’. Equation 6.18 defines the value of a state as the maximum
value among all macro-actions u that belong to the set of of macro-actions MP()
available for the parent of s, p(s).

V(s) =
Cg(p(e))ucg(p(a))
RD ’ + TD I\ T ! ) p(S) z V !
Jmax |RD(s,m)+v 3 Y. TD(sals, T (s']sz, 15 (s5) | V(s')
s Vs €XP(s)
(6.18)
T(s) = argmax ¢ prece)
C{,’(P(’))UC,':(P(’))
RD(s,p)+v > > TD(s|s, )T (s']sz, 72 (s2) | V(5)
s’ VSZEXP(’)
(6.19)
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6.3.2 Execution

To execute the abstract plan we keep track of a probability distribution for each level
of abstraction (at each tree depth). An efficient way to calculate the belief state for
each level of the HPOMDP is to first calculate a global transition matrix among all
product states under the primitive actions, and use that transition matrix to update a
global belief state among product states after every action and observation as shown
in Equation 6.20.

1 S|

b'(s) = F(z—la,—b)-P(zls, a) Z P(s|a, s")b(s") (6.20)

s'=1

where V' is the next belief state, and P(z|s,a) is the probability of perceiving
observation z when action a was taken in state s. In the robot navigation domain,
there are 16 observations, which indicate the probability of a wall and opening on the
four sides of the robot. The observations are extracted from trained neural nets where
the inputs are local occupancy grids constructed from sonar sensors and outputs are
probabilities of walls and openings [94]. P(s|a,s’) is the probability of going from
state s’ to state s under action a and b is the previous belief state. Using the flat
belief state b we can calculate the belief of abstract states in an iterative fashion from
leafs to root, where the belief of an abstract state is equal to the sum of the beliefs
of its children as shown in Equation 6.21.

C3uCs

b(s) = Z b(c(s,1)) if s is an abstract state (6.21)

c(s,i)
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After every action and observation we update the belief state b, and then choose
actions according to two strategies. The first strategy is a hierarchical most likely
state strategy (H-MLS), and the second is a hierarchical QMDP strategy (H-QMDP)

which we describe next.

H-MLS

For the H-MLS strategy we start from the root and iteratively find the most likely
child state until a product state s is reached. To avoid, situations where the robot gets
stuck into loop behavior, we don’t always choose the state at the peak of the belief,
but rather choose randomly among a set of most likely states. For each abstract
state we maintain a separate set of most likely states, which are states that share the
same parent abstract state (or otherwise states that belong in the same sublevel). A
sublevel is a set of states, which all have the same parent. The states that belong in
the most likely state set at the current sublevel are chosen such that their belief is is
closer than 1/|S| to the maximum belief in the current sublevel (where |S| is the total
number of states which are at the same tree depth as the current sublevel). Once
a product state is reached we choose the best macro-action to execute according to
Equation 6.19. The macro-action terminates when one of the ancestors is no longer
among the most likely state set of its sublevel. We then jump at the sublevel where
the change occurred and restart the process.

To execute a macro-action under some abstract state S, we create a new separate
local belief state b’ which we initialize according to the most likely child product state

of S. The macro-action is then executed using the flat MLS strategy [22]. A goal
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is reached when the most likely product state is the same as the goal state, and the
probability of being at the ancestor, at the most abstract level is larger than 0.9.
While Figure 6.11 describes in detail our H-MLS execution algorithm, Figure 6.12

shows an example H-MLS execution.

H-QMDP

For the H-QMDP strategy we find the best macro-action u to execute under every

abstract state S according to Equation 6.22.

[ = argmax, ¢ ass Z b(s)[RD(s, p)+

s€C§
crSuce®) (6.22)
24 Z Z TD(sc|s, p)T(s'|sz, 7 ;A(SI) V(s
s Vs:€XS

The overall best macro-action p and abstract state S is the one which is best over
all abstract state and macro-action pairs. The macro-action is executed under the
abstract state S until another < p,S > pair is maximized (according to the above
equation). Executing a macro-action is done in the same manner as for the H-MLS

heuristic. Figure 6.13 explains graphically the H-QMDP heuristic.
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1. Set current sublevel equal to 2 (children of the root), initialize the belief
b, and create the most likely state sets for each sublevel. The states that
belong in the most likely state set of each sublevel are chosen such that their
belief is closer than 1/|S| to the maximum belief in the sublevel (where |S]| is
the total number of states which are at the same tree depth as the sublevel).

2. Recursively choose randomly a state from the most-likely state set at the
current sublevel until a product state : is reached.

3. Execute the appropriate macro-action p from state . This macro-action is
one of the available macro actions that belong to the parent of i, that is,
j € AMPG)

(a) To execute the macro-action u, create a new belief state b’ which is
defined only for the subtree rooted at the parent of 7. Initialize b’ such
that &'(7) = 1 and the belief of all other product states that belong in
the subtree is 0. Set parent = p(i).

(b) Choose the most likely state 7 among the children of parent according
to b'.

e If the most likely state is an abstract state (which may happen
in unbalanced HPOMDPs), then we find the most likely entry
state j,. The belief of being at an entry state j, is calculated by
summing the beliefs of the children of j (according to b'), which
have non-zero vertical transition from the entry-state j,. The
macro-action g’ to be executed under abstract state j then is
defined by the macro-action p that was initiated under parent,
i = m(jn)bome™. We set parent = j and u = u' and repeat step
3(b).

e If the most likely state j is a product state, then the primitive
action a to be executed is defined by the best macro-action u that

was initiated under parent. a = w( j)zarent

(c) Execute the primitive action, get the action and observation, update
both b and b, and reestimate the most likely state sets for each sublevel

e If the parent of 7 (or above) is not in the most likely state set of
its sublevel, terminate the macro-action, jump to that sublevel,
and go to step 2.

e Otherwise go to step 3(b)

Figure 6.11: The figure describes in detail our hierarchical-MLS execution algorithm.
The algorithm initiates macro actions by recursively finding the most likely state from
root to leaves. Once a macro-action is initiated it runs until one of the ancestors of
the state that the macro-action was initiated from, is no longer the most likely state.
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Figure 6.12: The figure shows an example HMLS execution. The bold solid arrows
indicate the macro-actions while the bold dashed arrows indicate a new macro-action
initiation. The beginning of the bold dashed arrows indicate the state at which, we
recursively start choosing the most likely state until a product state is reached, at
which point we can decide the appropriate next macro-action. Starting from the root
we choose recursively the most likely state, which ends up to be S3. We then begin to
execute the appropriate macro-action from S3 until one of its ancestors in no longer
the most likely state (among its adjacent states). This happen at time T5 when S5 is
the most likely state among the children of S1. Again, we recursively find the most
likely product state starting from S5, which ends up to be S6. We begin to execute the
appropriate macro-action until time T7 at which point the most likely state among
the children of the root has changed to S8. We then again, find recursively the most
likely state starting from state S8 which ends up to be state S10. The appropriate
macro-action begins to execute until time T9 at which the most likely state among
the children of S8 changes to state S12. Again, we find recursively the most likely
state starting from S12 which is S13 and execute the appropriate macro-action.
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Figure 6.13: Each type of bold arrow represents a different macro-action that can
be initiated from a product state. The H-QMDP heuristic multiplies the value of
executing every macro-action from a product state with the current belief of the
product state. The best macro-action to be executed is the one for which the sum of
all the products of values and beliefs is the maximum. Note that choosing a macro-
action, also defines the abstract state to be executed under, since every macro-action
is unique to a a particular abstract state. In this example we have assumed that we
only have one macro-action for each abstract state, but in our navigation models we
have multiple macro-actions for each abstract state.
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6.4 Planning experiments using the robot plat-

forms

6.4.1 Experiments with hand-coded models

We applied the above algorithms to two robot navigation environments, which were
shown in Figures 4.3, and 4.4 in Chapter 4. Both of the environments were repre-
sented as HPOMDPs using hand-coded parameters. The reason we used hand-coded
parameters, was to separate the evaluation of the planning algorithms from the learn-
ing algorithms. Otherwise, it would be difficult to evaluate the planning algorithms
since the learned parameters affect robot performance, as we shall see in Section 6.4.2.

In the small navigation environment, we set up two navigation tasks. One task
was to get to the four way junction in the middle of the environment (node I7)
and the other task was to get to the middle of the largest corridor (between nodes
I2 and 112 ). The reason we set up these two navigation tasks is because they
form two opposite and extreme situations. The four way junction emits a unique
observations in the environment, while the middle of the largest corridor is the most
perceptually aliased location. Experiments in the small navigation environment were
done using the Nomad 200 simulator. We also performed experiments in the Nomad
200 simulator using the larger environment. In these set of experiments, again we
sct up two navigation tasks, where one was to reach the four way junction (node I19),
and the other was to reach the middle of the largest corridor (between nodes I2 and I

16). Additionally, we performed experiments using the real robot Pavlov in the real
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environment. In this set of experiments we formulated 5 different goals.

For each navigation task, we created macro-actions for every abstract state. For
every abstract state, we created one macro-action for each of its exit states (a macro-
action that would lead the robot out of the abstract state through the particular
exit state). For the abstract state that contained the goal location we created an
additional macro-action that could take the robot to the goal state. We then gave a
global reward, where the robot is penalized by —1 for every primitive action executed,
and rewarded it by +100 reward for primitive actions leading to the goal state. In
this way the robot would learn to choose shorter routes so as to minimize the cost.
Based on the reward function we computed the reward and transition models of the
macro-actions, and then computed a plan using macro-actions over the children of
the root.

For the small simulated environments we compared the H-MLS algorithm with
the flat most likely state strategy (F-MLS), and the H-QMDP algorithm with the
flat QMDP (F-QMDP). For each navigation task we started the robot 3 times from
6 different locations and recorded the number of steps it took to reach the goal. We
also recorded the number of times the robot was successful in reaching its goal, over
the total number of runs. The results are summarized in Table 6.1. All experiments
were started both from a uniform initial belief state, where the starting position was
not known, and from a localized initial belief state where the starting position was
known.

It is evident from Table 6.1 that the hierarchical approaches perform better than

the flat. The MLS strategies produce 100% success due to the randomness in the

166



Envir. Initial | Planning | Steps | Macro | Success
position | method steps

small sim. | unknown | H-MLS | 56.1 [ 15.5 | 100 %

F-MLS | 73.15 100 %

H-QMDP | 47 9.6 100 %

F-QMDP | 47 66.6%

known All 29 5.5 100 %

Table 6.1: The table shows the average number of primitive steps, and the average
number of decisions at the abstract level. The results are for the small environment
in the Nomad 200 simulator.

selection of the peak of the belief state. The QMD approaches perform better than
the MLS approaches. However, the flat QMDP approach has a low success rate.
Starting from known initial positions, all approaches perform the same.

For the large simulated environment we tested all the algorithms by starting the
robot 3 times from 7 different locations and measured the steps it took to reach the
goal. The results are summarized in Table 6.2. We also ran the robot in the real
environment using the HPOMDP model. In this experiment we started the robot

from 11 different locations and used 5 different goal destinations. The results are

summarized in Table 6.2.

Envir. Initial Planning | Steps | Macro | Success
position | method steps
large sim. | unknown | H-MLS | 90.5 | 15.8 | 100 %
F-MLS 163 93 %
H-QMDP | 74 12.5 85 %
F-QMDP 28 %
known All 46 6.7 100 %
large rcal | unknown | H-MLS 130 | 22.3 | 100 %
known H-MLS | 53.8 7.2 100 %

Table 6.2: The table shows the average number of primitive steps, and the average
number of decisions at the abstract level. The results are for the large environment
in the Nomad 200 simulator, and in the real world.

It is obvious from Table 6.2 that the hierarchical approaches outperform the flat
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when the starting belief state is uniform. Due to the low success rate in the flat
F-QMDP method (starting from unknown position) we did not report the number of
steps. Failures to reach the goal occur when the robot gets stuck into loop behavior.
The MLS strategies produce high success rates due to the randomness in choosing the
peak of the belief state. When the initial position is known, all the methods produce
the same result. For the real environment we run the most successful hierarchical
approach, the H-MLS, which proved to work successfully. Comparing Table 6.2 with
Table 6.1, we can conclude that the hierarchical approaches scale more gracefully
than flat approaches to large environments.

we also measured the time it took for the robot to construct a plan, including
the time to construct the macro-action that leads to the goal state. The results are
summarized in table 6.3 where for the HPOMDP model it takes significantly less time
to compute a plan. The time complexity of the value-iteration algorithm is O(S?T)
where S is the number of states and T is the planning horizon. If we construct perfect
HPOMDP trees where all leaves are at the same level, and each abstract state has
the maximum number of children, then the time complexity of value iteration over
the children of the root would be O(S §NT), where d is the depth of the tree and
N is the maximum number of entry states for an abstract state. Usually we don’t
construct perfect trees, and therefore, time complexity lies between O(S §NT) and
O(S8?T).

It is apparent from Table 6.3 that hierarchical plans are constructed faster than
flat due to the small number of states at the abstract level, and due to the fact that we

can reuse precomputed macro-actions. For each navigation task only a new macro-
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Environment | Goal location Model Planning time (sec)

17 HPOMDP 2.11

small POMDP 15.34
12-112 HPOMDP 5.7

POMDP 14.67

large I9 HPOMDP 5.05
POMDP 88.02

12-116 HPOMDP 26.12

POMDP 83.57

Table 6.3: The table shows the planning times for the different environments and
models. The planning times were computed on a 900 MHz Athlon processor

action needs to be computed, the one for the abstract state which contains the goal

location.

6.4.2 Experiments with learned models

We also performed experiments with learned HPOMDP models to investigate the
effect of learning HPOMDP models on the navigation system as a whole. The exper-

iments were done in the Nomad 200 simulator using the smaller navigation environ-

ment. The overall training procedure was done as follows:

1. First we started with an initial HPOMDP model.
we set all probabilities of observing the correct observation to be 0.6. In all
corridor states we set the overshoot transition to 0.6 the self transitions to 0.2,
and transitions to the correct states to 0.2. In all junctions states, we set the
self transitions to 0.5 and transitions to the correct state to 0.5. We trained
this model by simply training all the submodels of the abstract states separately
(“submodels-only” strategy). Training data was collected by running the robot

separately in each abstract state. In corridors, we would collect data by simply
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running the robot from every entry state of a corridor to the opposite exit state.

We collected 30 training sequences in this manner, two for each corridor.

2. Given the trained model we were able to run different navigation tasks. For each
navigation task we collected data for the “selective-training” strategy. A data
sequence was recorded if the robot entered an abstract state and was 99% sure
that it was at the particular entry state. Recording stopped when two abstract
states were traversed. We collected 38 training sequences in this manner. We
then retrained the model learned in the first stage, using the new training data,

with the “selective-training method.

To evaluate the different stages of learning we started the robot from 12 differ-
ent locations and provided the initial starting position. The goal was to get to the
four-way junction in the middle of the environment (node I7). Using our hierarchical
planning and execution algorithm H-MLS, we measured the average number of steps,
the success rate of reaching the goal, and the mean of the average entropy per run.
We measured the average entropy of all runs to be H = 1 3, H,, where T is the total
number of steps for all runs. H,; is the normalized entropy of the probability distribu-
tion over all product states, which is computed as was shown earlier in Equation 6.1.
A run was considered a failure if the robot traveled more than 70 steps and still was
unable to reach the goal. We measured the average number of steps in reaching the
goal over successful trials, but we measured the average entropy over both successful

and unsuccessful trials. The results are summarized in Table 6.4.
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Training stage | Average number of steps | Average entropy | Success
before training 51 0.29 16.6 %
submodels-only 27 0.14 100 %
selective-training 27 0.10 100 %

Table 6.4: The table shows the average number of steps to reach the goal, and average
entropy per run after every training stage. Simply training the submodels provides an
HPOMDP model that can be used successfully for robot navigation tasks. Retraining
the already learned model with additional data from the navigation tasks improves
robot localization.

6.5 Conclusions

We have seen in this chapter that our hierarchical approach to robot navigation using
the HPOMDP model outperforms previous flat POMDP based representations. The
algorithms presented take less number of steps than the flat POMDP approaches
in taking the robot to the goal starting from no positional knowledge. Also, the
hierarchical approaches scale gracefully to large environments than the flat approaches
ass can be seen from Tables 6.1, and 6.2. Additionally, abstract plans are constructed
much faster than flat plan representations as can be seen from Table 6.3.

The better performance in taking the robot to its goal is due to two key reasons.
First, the robot takes decisions based on a hierarchical representation of its belief
about its true location. A hierarchical belief representation is advantageous, in that at
higher levels of abstraction uncertainty is less than lower levels due to the significantly
smaller number of states. Second, macro-action termination depends on the abstract
belief state which changes more slowly than the global product belief state. As a
result, macro-actions execute for multiple steps which results in entropy reduction.

The disadvantage of our algorithms, is that they are is still approximate solutions

based on a completely observable hierarchical MDP solution. Even though they
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perform better than flat POMDP approximations they are still far from the optimal
number of steps for reaching the goal, which can be achieved when the initial position
is known. A future direction would be the study of this model with respect to exact
POMDP solutions. A hierarchical approach for planning and execution in POMDPs
that is closer to exact POMDP solutions is described in [91]. In the next chapter we
present in detail the main conclusions and contributions of the this dissertation and

directions for future research.
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Chapter 7

Conclusions and future work

In this final chapter we summarize the main contributions of the thesis and describe
directions for future research. Section 7.1 summarizes the dissertation, and Section 7.2
presents the main contributions. Section 7.3 presents a number of concrete directions

for future research.

7.1 Summary

In this dissertation we have described a framework for learning and planning using
hierarchical models of partially observable environments, and applied it to indoor
robot navigation. We introduced a new multi-resolution model called HPOMDP, and
presented hierarchical learning and planning algorithms for this model.

In Chapter 3 we defined the HPOMDP model and described an EM type learning
algorithm for learning its parameters. In Chapter 4 we described the robot plat-

forms, the extraction of features from the sensor values, the representation of spatial
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environments as HPOMDPs, and the overall navigation architecture.

In Chapter 5 we introduced two approximate learning strategies, “reuse-training”,
and “selective-training”, and presented detailed experimental learning studies for par-
tially observable indoor corridor environments. The experiments were done on a small
simulated environment as well as with robot platforms in the Nomad 200 simulator
and in the real world. We compared the hierarchically learned models with models
learned using the standard EM for flat POMDPs. The comparisons were done using
different metrics such as distance to the generative model, error in robot localization,
log likelihood of the training data, and training time. Additionally we used the hier-
archical learning algorithms to prune away false transition models at higher level of
abstraction both for a three level, and a four level hierarchical model.

The results show that the hierarchical learning algorithms produce learned models
which are statistically closer to the generative model according to our distance metric.
Also the hierarchically learned models produce better robot localization. Additionally
the hierarchical learning algorithms are better at inferring the structure of the envi-
ronment at the abstract level than the EM algorithm for learning flat POMDPs. The
approximate training strategies which take advantage of short length data sequences
have their own advantages. While the “reuse-training” method converges fast (takes
a small number of training epochs) and usually produces better models than all other
learning algorithms, the “selective-training” method in practice trains faster (takes
less time per training epoch) than any of the learning algorithms.

In general the advantage of the hierarchical learning methods is their ability to

better recognize the relationship between states which are spatially far apart (due

174



to the way transitions models are learned at the abstract levels). A disadvantage is
that in our implementation the algorithm’s time complexity is O(NT?). Nonetheless,
a recently developed training algorithm for HMMs uses linear time [83], and could
be adapted to overcome this limitation in our implementation. In addition, training
data sequences needs to start at some root child and finish at some root child. This
implies that training sequences are in some respect labeled. For example, in corridor
environment training data needs to start at an entry state of an abstract state (which
may be a corridor or a junction) and finish at the exit state of an abstract state.

In Chapter 6 we introduced our hierarchical planning and execution algorithms,
and used them in robot navigation experiments. Experiments were performed with
good hand-coded models, for the real environment, and for simulation environments
in the Nomad 200 simulator. To evaluate the planning algorithms we measured
the average number of steps it took for the robot to reach locations in its environ-
ment starting from uniform initial belief states. We also performed experiments with
learned models, in the Nomad 200 simulator, and showed how the whole learning and
planning system is combined in practice. We showed how navigation performance
improves after every learning stage. The learning stages were compared based on
average steps to reach the goal and the average uncertainty per run as the model
parameters improved.

Our planning algorithms use both spatial and temporal abstraction and combine
approaches from hierarchical MDP solutions with approximate POMDP strategies.
Using these algorithms the robot is able to execute navigation tasks starting from no
initial positional knowledge, in less number of steps than flat POMDP strategies. The
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advantages of these algorithms were even more apparent as the environment model
got larger. Other advantages of hierarchical planning, is that macro-action models
can be computed and evaluated once, and then reused for multiple navigation tasks.
Additionally, the fact that abstract plans are mappings from entry states (which
is a small part of the total state space) to macro-actions reduces planning time.
The ability to successfully execute navigation tasks starting from an unknown initial
position makes this navigation system comparable to the current state of the art in
robot navigation systems, such as the monte carlo localization approach described in
[73].

The disadvantage of our planning algorithm is that it assumes abstract and prod-
uct states are completely observable. The assumption that we have different sets
of macro-actions for each abstract state may not be valid in an exact hierarchical
POMDP solution. In general, in an exact HPOMDP solution we would have to cre-
ate POMDP type macro-actions (or POMDP policies as was shown in Section 2.2,
which are policy graphs mapping observations to actions) and evaluate their transition
and reward models for each abstract state. Nonetheless, computing exact POMDP

type macro-actions even for small state spaces is intractable.

7.2 Contributions

We summarize the main contributions of this dissertation below:

e We have formally introduced and described the hierarchical partially observable
Markov decision process model. This model is derived from the hierarchical
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hidden Markov model with the addition of actions and rewards. Unlike flat
partially observable Markov decision process models, it provides both spatial
and temporal abstraction. Spatial abstraction is achieved by low resolution
abstract states, which group together finer resolution states in a tree like fashion.
In temporal abstraction, a transition from an abstract state cannot occur unless
the process under the abstract state has finished. This model was presented in

Chapter 3.

We have derived an EM algorithm for learning the parameters of a given
HPOMDP. We empirically showed that the algorithm converges by increas-
ing the log likelihood of the data after every training epoch. The algorithm
was presented in Chapter 3, and the empirical convergence results described in

Chapter 5.

'e have introduced two approximate training methods. For the first method,
which we named “selective-training”, only selected parts of an overall HPOMDP
are allowed to be trained for a given training sequence. This results in faster
training. For the second method, which we named “reuse-training”, submodels
of an HPOMDP model are first trained separately and then reused in the overall
model. This results in better learned models. Both algorithms and results were

presented in Chapter 5.

We have derived two planning and execution algorithms for approximating the
optimal policy in a given HPOMDP. The planning and execution algorithms
combine hierarchical solutions for solving Markov decision processes, such as the
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options framework [25], and approximate flat POMDP solutions [22] (Chapter

6).

We conducted a detailed experimental study of the learning algorithms for in-
door robot navigation. Experiments were presented for various large scale mod-
els both in simulation and on a real robot platform. The experiments demon-
strate that our learning algorithms can efficiently improve initial HPOMDP
models which results in better robot localization (Chapters 5 and 6). Addi-
tionally, we compared our learned models with equivalent flat POMDP models
that were trained with the same data. We have developed approximate train-
ing methods to learn HPOMDP models that converge much more rapidly than
standard EM procedures for lat POMDP models. When the learned HPOMDP
models where converted to flat, they gave better robot localization than the flat
POMDP models that were trained with the standard flat EM algorithm for

POMDPs (Chapter 5).

We applied the planning algorithms to indoor robot navigation, both in simu-
lation and in the real world. Our algorithms are highly successful in taking the
robot to any environment state starting from no positional knowledge (uniform
initial belief state). In comparison with flat POMDP heuristics, our algorithms
compute plans much faster, and use a considerable smaller number of steps in

executing navigation tasks (Chapter 6).

178



7.3 Future Directions

We now describe some directions for future research including faster training algo-
rithms, structure learning, extension of the model to sharing substructures, and exact

HPOMDP solutions.

7.3.1 Faster training algorithms

It would be useful to think of other approaches to implementing the same learn-
ing algorithm where the time complexity is less than O(NT3). Such an approach
that uses the Dynamic Bayesian network formalism has recently been developed for
HHMMSs in [83]. The transformation of HHMMs to DBNs allows us to train them
by combining standard inference techniques in Bayesian nets such as the junction-
tree algorithm [84]. The junction-tree algorithm replaces the expectation step in the
hierarchical Baum-Welch algorithm. The major advantage is that with this com-
bination HHMMs can be trained in linear time, while the conventional hierarchical
Baum-Welch algorithm requires cubic time [17]. We could adapt such an approach
to learning HPOMDPs, and at the same time verify it’s correctness by comparing it
to the original HHMM training algorithm.

We could also explore approximate inference algorithms for computing the Ex-
pectation step such as Markov Chain Monte Carlo (MCMC) methods [107]. These
methods can be thought of as simulations of Markov processes where they estimate
the number of times a state has been visited (similar to the € variable in Baum-Welch).

Such approaches are used in situations where exact computation of the Expectation
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step is intractable. They have been applied in training factored HMMs [108], as well
as HMMs with continuous action and observation spaces [109]. In our case compu-
tation of the expectation step through sampling may reduce our training time, since
it will eliminate unnecessary summations (specially when the initial starting state is
provided).

Finally, the investigation of an Incremental EM procedure for training HPOMDPs
may eliminate the burden of long training times. Incremental versions of the EM for
HMMIs have been studied in [110], and [111]. In Incremental type EM algorithms the
E-step computes sufficient statistics and can be updated after every new observation.

The M-step is the same as the batch EM algorithm.

7.3.2 Structure learning

Another future direction would be to learn the initial model structure (number of
states, and allowed vertical and horizontal transitions) independent of any specific
application domain. In the past researchers have developed such approaches for flat
HMMSs. One approach is through a top-down state splitting where cross validation is
used to determine if a local change to the model is beneficial [112]. Another bottom-
up approach, which starts with a specific model consistent with the training data and
generalizes the model by merging states together, is presented in [113]. We would like
to extend such approaches to learning the structure of HPOMDPs.

Nonetheless, since HHMMs can be converted to dynamic Bayesian nets [83], we

can use structure learning methods from the Bayesian Network literature. Structure
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learning in Bayesian net has been extensively studied by many researchers [114], [115],

[116], and [117)].

7.3.3 Sharing substructure

Another future direction would be to extend the HPOMDP model such that abstract
states share substructure. In this extension, we would be able to scale-up to even
larger domains since a single submodel would be able to represent multiple abstract
states. In such a representation not only would we have smaller models, but we could
also modify the Baum-Welch calculation of the forward and backward variables such
that it is only done once for abstract states that share the same substructure and as
a result speed up the computation time as well. We could, for example, have at an
abstract level a representation of the spatial environment and at lower levels have the
representation of the notion of corridors. This idea is illustrated in Figure 7.1.

Such an extension however would impose certain requirements, such as the policies
required for each entry point of every abstract state that share the same sub-structure
are the same. Otherwise the robot would not know which action to execute, since its
belief at being at any of the abstract states that share the same substructure would
be the same. Unfortunately, knowledge of the required action means that a policy has
already been computed which means that the model is task specific. One possibility
is to have a representation where some abstract states always represent fixed policies
(e.g., always traverse the corridor). Unlike the approach in [85] where the effects of

abstract actions at abstract levels are an integral part of the AHMM specification, we
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could take a bottom up approach where low level abstractions represent task specific

representations and high level spatial abstraction is task independent.

7.3.4 Exact HPOMDP solutions

Finally, a key question that this dissertation may raise is how does spatial and tempo-
ral abstraction aid in the exact solutions of POMDPs. If a macro-action is a policy-
tree as described in Chapter 2, then when do we initiate and when do we terminate
each macro-action. What is an abstract state in a POMDP? Is it a set of physical
states or a set of belief states?” Do we need to compute macro-actions over a set of
belief states or over a set of physical states. Are macro actions applicable everywhere
or locally? In POMDPs primitive actions need to be applicable everywhere because
the true state is never known; does the same condition hold for macro-actions? If
we were to compute macro-actions over the entire POMDP then the computational
complexity will be the same as solving the whole POMDP and therefore temporal
abstraction may not be as useful. If we assume however, that we are a given a set of
macro-actions over the entire POMDP, then how does the computation of any global

plan based on the macro-actions compares with a flat approach?.
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Figure 7.1: The top part show a corridor environment and its flat POMDP represen-
tation. The bottom part shows an extended HPOMDP representation where abstract
states share submodels. This future direction will have the potential of scaling the
algorithm to even larger domains, and applications to problems that have repetitive
structure such as the task of reading.
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Appendix A

A.1 Table of HPOMDP symbols

Symbol | Definition
C, the set of product children of abstract state s
C; the set of abstract children of state s
C; the set of entry states that belong to abstract states children of s
X the set of exit states that belong to abstract state s
N* the set of entry states that belong to abstract state s
p(s) the parent of state s
Sz exit state that belongs to abstract state s
Sn entry state that belongs to abstract state s
T(s!|sz,a) horizontal transition probability
V(s |sn) vertical transition probability
O(z]s,a) observation probability
R(s,a) immediate reward function
b(s) belief of state s
T D(s|i, p) Discounted transition model
RD(i, ) Discounted reward model
M? the set of macro-actions available under abstract state s
T policy of macro-action p under abstract state s

Table A.1: Table of HPOMDP symbols
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